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ARTHUR’S MULTIPLICITY FORMULA FOR GSp, AND
RESTRICTION TO Sp,

BY ToBy GEE & OLIvier TAiB1

Asstract. — We prove the classification of discrete automorphic representations of GSpy,
explained in [Art04], as well as a compatibility between the local Langlands correspondences
for GSp, and Sp,.

Reésumi (La formule de multiplicité d’Arthur pour GSp, et restriction & Sp,)

Nous donnons une preuve de la classification des représentations automorphes discrétes
de GSp, expliquée dans [Art04], ainsi que de la compatibilité avec les correspondances de
Langlands locales pour GSp, et Sp,.
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1. INTRODUCTION

1.1. — In the paper [Art04], Arthur explained his classification of the discrete au-
tomorphic spectrum for classical groups in the particular case of GSp, = GSpin;.
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470 T. Gee & O. Taisr

Later, in [Art13] he proved this classification for quasi-split special orthogonal and
symplectic groups of arbitrary rank, but now with trivial similitude factor. The clas-
sification stated in [Art04] is important for applications of the Langlands program
to arithmetic. In particular, it is used in [Mok14] to associate Galois representations
to Hilbert—Siegel modular forms, and these Galois representations have been used to
prove modularity lifting theorems relating to abelian surfaces, for example in [BCGP].
It is therefore desirable to have an unconditional proof of this classification. While
it is expected that the methods of [Art13] could be used to handle GSpin groups,
the proofs involve a very complicated induction, which even in the case of GSpiny
would involve the use of groups of much higher rank, so there does not seem to be
any way to give a (short) direct proof of the classification of [Art04] by following the
arguments of [Art13].

In this paper, we fill this gap in the literature by giving a proof of the classification
announced in [Art04]. We also prove some new results concerning the compatibility
of the local Langlands correspondences for Sp, and GSp,. While, like Arthur, our
main technique is the stable (twisted) trace formula, and we make substantial use
of the results of [Art04] for the group Sp,, we also rely on a number of additional
ingredients that are only available in the particular case of GSp,; in particular, we
crucially use:

— the exterior square functoriality for GL4 proved in [Kim03] (and completed
in [Hen09]);

— the results of [GT11a]: the local Langlands correspondence for GSp, (established
using theta correspondences), and the generic transfer to GSp, (with local-global
compatibility at all places) for essentially self dual cuspidal automorphic representa-
tions of GL4 of symplectic type;

— the results of [CG15], which check the compatibility of the local Langlands cor-
respondence of [GT11b] with the predicted twisted endoscopic character relations
of [Art04] in the tempered case.

We now briefly explain the strategy of our proof, and the structure of the paper.
We begin in Section 2 with a precise statement of the results of [Art13] and of their
conjectural extension to GSpin groups. Roughly speaking, these statements con-
sist of:

(1) An assignment of global parameters (formal sums of essentially self-dual dis-
crete automorphic representations of GL,,) to discrete automorphic representations
of classical groups.

(2) A description of packets of local representations in terms of local versions of
the global parameters (which in particular gives the local Langlands correspondence
for classical groups).

(3) A multiplicity formula, precisely describing which elements of global packets are
automorphic, and the multiplicities with which they appear in the discrete spectrum.

In Arthur’s work these statements are all proved together as part of a complicated
induction, but in this paper (which of course uses Arthur’s results for Sp,) we are
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able to prove the first two statements independently, and then use them as inputs to
the proof of the third statement.

In Section 3 we study the local packets. In the tempered case, the work has already
been done in [CG15], and by again using that [Art13] has taken care of the cases where
the similitude character is a square, we are reduced to constructing the local packets
in two special non-tempered cases. We do this “by hand”, following the much more
general results proved in [MWO06] and [AMR18].

As a consequence of the stabilisation of the twisted trace formula [MW16a,
MW16b], we can apply the twisted trace formula for GL4 x GL; to associate a global
parameter to any discrete automorphic representation of GSpin; (which is a twisted
endoscopic group for GLy x GL; endowed with the automorphism g — g=1). We
recall the details of this twisted trace formula in section 4, which we hope can serve
as an introduction to the results of [MW16a, MW16b] for the reader not already
familiar with them. In section 5 we briefly recall results about the restriction of
representations to subgroups, which we apply to the case of restriction from GSp,
to Spy.-

In section 6 we show that the global parameter associated to a discrete automorphic
representation of GSp, by the stable twisted trace formula is of the form predicted by
Arthur, by making use of the symplectic/orthogonal alternative for GLy and GLy, the
(known) description of automorphic representations of quasi-split forms of GSpin, in
terms of Asai representations, and the tensor product functoriality GLs x GLy — GL4
of [Ram00]. We also make use of [Art13] in two ways: if the similitude character is
a square, then by twisting we can immediately reduce to the results of [Art13]. If
the similitude character is not a square, then the possibilities for the parameter are
somewhat constrained, and we are able to further constrain them by using the fact
that by restricting to Sp, and applying the results of [Art13], we know the possible
forms of the exterior square of the parameter.

In section 7, we prove the global multiplicity formula in much the same way
as [Art13], as a consequence of the stable (twisted) trace formulas for GLs x GL;
and GSping, together with the twisted endoscopic character relations already estab-
lished.

Finally, in section 8 we show that the local Langlands correspondences for Sp,
established in [GT10] and [Art13] coincide. The correspondence of [GT10] was con-
structed by restricting the correspondence for GSp, of [GT1la] to Sp,, which by
the results of [CG15] is characterised using twisted endoscopy for GL4 x GL;. The
correspondence for Sp, obtained in [Art13] is characterised using twisted endoscopy
for GLs.

We postpone to the appendix two basic results concerning twisted endoscopy for
GLy x GL; which are slight generalisations of results of Arthur for GLy: the clas-
sification of endoscopic data and the surjectivity of geometric endoscopic transfer for
“simple” endoscopic data.
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479 T. Gee & O. Taisr

In the discrete case we prove this by a global argument, by realising the parameter
as a local factor of a cuspidal automorphic representation, and using the exterior
square functoriality for GL4 of [Kim03] and [Hen09]. In the remaining cases the
parameter arises via parabolic induction, and we are able to treat it by hand. We are
also able to use these arguments to give a precise description in terms of Arthur para-
meters of the restrictions to Sp, of irreducible admissible tempered representations
of GSp, over a p-adic field.

We end this introduction with a small disclosure, and a comparison to other work.
While we have said that the results of this paper are unconditional, they are only
as unconditional as the results of [Art13] and [MW16a, MW16b]. In particular, they
depend on cases of the twisted weighted fundamental lemma that were announced
in [CL10], but whose proofs have not yet appeared in print, as well as on the references
[A24], [A25], [A26] and [A27] in [Art13], which at the time of writing have not appeared
publicly.

The strategy of using restriction to compare the representation theory of reductive
groups related by a central isogeny is not a new one; indeed it goes back at least as
far to the comparison of GLy and SLs in [LL79]. In the case of symplectic groups,
there is the paper [GT10] mentioned above; while this does not make any use of
trace formula techniques, we use some of its ideas in Section 8, when we compare the
different constructions of the local Langlands correspondence.

More recently, there is the work of Xu, in particular [Xul8, Xul6], which also builds

n [Art13], using the groups GSp,, and GO, where we use the groups GSpin,,
(of course, these cases overlap for GSp,). However, the emphasis of Xu’s work is
rather different, and is aimed at constructing “coarse L-packets” (which in the case
of GSp, are unions of L-packets lying over a common L-packet for Sp,), and proving
a multiplicity formula for automorphic representations grouped together in a similar
way. Xu’s results are more general than ours in that they apply to groups of arbitrary
rank, but are less precise in the special case of GSp,, and our proofs are independent.

Acknowledgements. — We would like to thank George Boxer, Frank Calegari, Gagé-
tan Chenevier, Matthew Emerton and Wee Teck Gan for helpful conversations, and
Florian Herzig for useful comments on the article.

1.2. N()TATI()N AND CONVENTIONS

1.2.1. Algebraicgroups. — We will use the boldface notation G for an algebraic group
over a local field or a number field, and we use the Roman version G for reductive
groups over C, or their complex points. Thus for example if F' is a number field,
we. will write GL,, for the general linear group over I, F, with Langlands dual group
GLn = GL,,, which we will also sometimes write as GLn = GL,(C).

For a real connected reductive group G, write g = C ®g Lie(G(R)), and let K be
a maximal compact subgroup of G(R). When working adelically we will sometimes
abusively call (g, K)-modules “representations of G(R)”. This should cause no confu-
sion as we will mostly be considering unitary representations in this global setting (see
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[Wal88, Th. 3.4.11], [War72, Th. 4.4.6.6)), and distinguish between (g, K )-modules and
representations of G(R) when considering non-unitary representations.

1.2.2. Thelocal Langlands correspondence. — If K is a field of characteristic zero then
we write Galg for its absolute Galois group Gal(K/K). If K is a local or global field
of characteristic zero, then we write Wy for its Weil group. If K is a local field of
characteristic zero, then we write WD g for its Weil-Deligne group, which is W if K
is Archimedean, and W x SU(2) otherwise.

If 7 is an irreducible admissible representation of GLy (F) (F local) or GLx(AF)
(F global), then w, will denote its central character. We write rec for the local Lang-
lands correspondence normalised as in [HTO01], so that if F' is a local field of charac-
teristic zero, then rec(m) is an N-dimensional representation of WDp. If F' is p-adic
then for this normalisation a uniformiser of F' corresponds to the geometric Frobenius
automorphism.

1.2.3. The discrete spectrum. — Let G be a connected reductive group over a number
field F'. Write

G(Ap)' ={g€ G(Ap) | VB € X*(G)*, |B(g)| = 1},

so that G(F)\G(Ar)! has finite measure. Let Ag be the biggest central split torus in
Resp/q(G), and let Ag be the vector group Ag(R)?. Then G(Ap) = G(Ap)! x Ag.
We write

A%(G) = A*(G(F)Ac\G(AF)) = A%(G(F)\G(Ar)")
for the space of square integrable automorphic forms. This decomposes discretely, i.e.,
it is canonically the direct sum, over the countable set Igisc(G) of discrete automor-
phic representations 7 for G, of isotypical components

AZ%(G),

which have finite length.
If xg is a character of g, we could more generally consider the space of yg-
equivariant square integrable automorphic forms

A%(G) = A*(G(F)\G(AF), xc)-

Since we can reduce to the case yg = 1 considered above by twisting, we will almost
never use this more general definition.

2. ARTHUR’S CLASSIFICATION

2.1. GSpin crours. — We now recall the results announced in [Art04] for GSp,, as
well as those for Sp, proved in [Art13]. In fact, for convenience we begin by recalling
the conjectural extension of Arthur’s results to GSpin groups of arbitrary rank, and
then explain what is proved in [Art13].

We work with the following quasi-split groups over a local or global field F' of
characteristic zero:

— The split groups GSpin,,,, ;.
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— The split groups Sps,, X GL;.
— The quasi-split groups GSpins,,.

Here we can define the groups GSpin,,, ,; and GSpin$, as follows. If & € F* /(F*)2,
we have the quasi-split special orthogonal group SO, , which is defined as the special
orthogonal group of the quadratic space given by the direct sum of (n— 1) hyperbolic
planes and the plane F[X]/(X? — «) equipped with the quadratic form equal to the
norm. We have the spin double cover

0 — po — Sping, — SO3, — 0,

and we set
GSping, := (Sping,, x GL1)/u2,

where ps is embedded diagonally. Note that GSping, is split if and only if a = 1.
We define the split group GSpin,,,; in the same way. This expedient definition is
of course equivalent to the usual, more geometric one (see [Knu91, Ch.IV, §6]). The
spinor norm is induced by (g, \) — A2. It is convenient to let GSpin(l) = GSpin,; =
GLl.

The corresponding dual groups are as follows.

G | G |
GSpiny,, GSp,,(C)
Sp2n X GL1 GSOQn+1(C) = SOQn+1(C) X GLl(C)
GSping, GS02,(C)

Let p : GL; — Z(G) be dual to the surjective “similitude factor” morphism
7i : G = GL;(C). Note that in the case G = Sps, X GL1, 1 : GLy — Z(G) is the
map x — (1,2?%), and it is the only case where it is not injective. Moreover the image
of p1 is Z(G)? except in the case G = GSpin$.

We set LG =G o W g, where the action of W on G is trivial except in the case
that G = GSpinj, with a # 1, in which case the action of Wp factors through
Gal(F(y/a)/F) = {1,0}, and o acts by outer conjugation on GSOs,. More precisely,
in this case we identify G 0 Gal(F(y/a)/F) with GOs,(C) as follows: if SOs, is
obtained from the symmetric bilinear form B on Ce; @- - - @ Ceay, given by B(e;, e;) =
0i2n+1—;, then 1 O o is the element of Oy, (C) which interchanges e,, and e,41 and
fixes the other e;.

We have the standard representation

Stdg : “G — GLx(C) x GL(C),

~

where N = N(G) = 2n if G = GSpinj, or G = GSpin,,, and N = 2n +1
if G = Sp,, x GL;. In the first two cases the representation is trivial on Wp,
and is given by the product of the standard N-dimensional representation of G and
the similitude character. In the final case it is given by the product of the natural
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inclusion Og,+1(C) C GL2,41(C) and the identity on GL;(C). The standard repre-
sentation realises G as an elliptic twisted endoscopic subgroup of GLy x GL1, as we
will explain below.

We set sign(G) = 1 if G = GSping,, or GL; x Sp,,, and sign(G) = —1 if
G = GSpin,,, , (equivalently, we set sign(G) = —1 if and only if G is symplectic).

2.2. LLEVI SUBGROUPS AND DUAL EMBEDDINGS. — As in our description of the dual
group SOs, above, we may realise the groups SOF, and SOs, 1 as matrix groups
using an antidiagonal symmetric bilinear form (block antidiagonal with a 2 x 2 block
in the middle for SO3, with o # 1). Let B be the Borel subgroup consisting of
upper diagonal elements (block upper diagonal in the case of SOS,). Let T be the
subgroup of diagonal (resp. block diagonal) elements. This Borel pair being given, we
can now consider standard parabolic subgroups and standard Levi subgroups. (We
recall that we only need to consider Levi subgroups up to conjugacy; indeed, given a
Levi subgroup L of a parabolic P, we obtain an L-embedding “L < “G, which up
to (A}—conjugacy is independent of the choice of P.)

It is well-known that the standard Levi subgroups are parametrised as follows.
Consider ordered partitions n = Y _._, n; +m, where m > 0 if G = SO3,, with a # 1,
and m # 1 if G = SOj,,. Such a partition yields a standard Levi subgroup L of G
isomorphic to GL,, x --- x GL,, X Gy,, where G, is a group of the same type as
G of absolute rank m. Explicitly, an isomorphism is given by

(2.2.1) (915,90, h) — diag (g1, ..., gr, 1, S g7 S, S ) fg7 S0, ),

Ny

where S, denotes the antidiagonal n x n matrix with 1’s along the antidiagonal.
For G = SO%n and m = 0 and n, > 1, there are two standard Levi subgroups
of G corresponding to the partition n = Zle n;: the one described above and its
image under the outer automorphism of G. This completes the parameterisation of
all standard Levi subgroups of special orthogonal groups. Standard Levi subgroups
of Sp and GSp admit a similar description. In all three cases, two standard Levi
subgroups are conjugated under G(F') if and only if they have the same associ-
ated family (|{i | n; = k}|)k>1 (i-e., same associated multi-set {ni,...,n,}), except
when G = SO3, and m = 0 and all n;’s are even, in which case there are two
G(F)-conjugacy classes of Levi subgroups of G(F) corresponding to the same multi-
set, swapped by the non-trivial outer automorphism of G.

Denote G’ = GSpinj, if G = SO3, and G’ = GSpin,, ., if G = SOy,4;.
Parabolic subgroups of G’ correspond bijectively to parabolic subgroups of G, and
the same goes for their Levi subgroups. Consider L as above, and let L’ be its preimage
in G’. An easy root-theoretic exercise shows that there exists a unique isomorphism

GL,, x---xGL,, x G/, ~L’

lifting (2.2.1) such that for any 1 6 ¢ 6 r, the composition of the induced embedding
of GL,, in G’ with the spinor norm G’ — GL; is det. Alternatively, the embeddings
GL,, — GSpin%m can be constructed geometrically using the definition of GSpin
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groups via Clifford algebras (see [Knu91, Ch.IV, §6.6]), and the above parameterisa-
tion of L easily follows. The conjugacy class of L' under G’(F) is determined by the
multi-set {ny,...,n.}.

Dually, this corresponds to identifying the dual Levi subgroup Lof G = GSOs,
or GSp,,, with GL,, x--- x GL,, ><é;T via the block diagonal embedding:

(glv"’ag’l“ah)'—>diag(gla‘"»grahvﬁ(h)snrtg;lsg}v"' ( )S’nl gl S )

2.3. Enxposcoric Grouprs AND TRANSFER. — Before stating the conjectural parameter-
isation, we need to recall some definitions and results about endoscopy. We begin by
recalling that an endoscopic datum for a connected reductive group G over a local
field F' is a tuple (H,H ,s,&) (almost) as in [KS99, §2.1]:

— H is a quasi-split connected reductive group over F,

- ¢ H — G is a continuous embedding,

— H is a closed subgroup of “G which surjects onto Wy with kernel & (ﬁ), such
that the induced outer action of Wr on £(H (A) coincides with the usual one on H
transported by &, and such that there exists a continuous splitting WF —H

~andseGisa semlslmple element whose connected centraliser in G is ¢&H A) and

such that the map Wy — G induced by h € H + shs~'h~! takes values in Z(G)
and is trivial in H (W, Z(G)).
Note that we modified the notation slightly: in [KS99] H is not contained in G and
instead £ is an embedding of H in “G. We choose this convention because in contrast
to the general case where z-extensions are a necessary complication, in all cases that
we will consider the embedding ¢ : H — G will admit a (non-unique) extension as
L¢ . I'H — L'G. Of particular importance are the elliptic endoscopic data, which are
those for which the identity component of £(Z(H )GalF ) is contained in Z (é)

For G belonging to the three families introduced in Section 2.1 the groups H will
be products whose factors are either general linear groups, or quotients by GL; of
products of groups of the form considered in Section 2.1. At this level of generality we
content ourselves with specifying the group H, for each equivalence class of non-trivial
(s & Z(G)) elliptic endoscopic datum of G. They are as follows.

— If G = GSpin,,, |, then H = (GSpin,, ; x GSpiny, ,,)/GL; with a 4 b = n,
ab # 0, and the quotient is by GL; embedded as z — (u(z), u(z) 7).

— If G = Sp,,, x GL1, then

H = (Sp,y, x GL; x GSping;)/GL; = Sp,, x SO5, x GL;,
where a +b=mn, ab# 0, and o # 1 if b = 1.
- If G = GSping,,, then H = (GSpinga x GSpin},)/GL1, where a +b = n,
By=a,B#1ifa=1,and y#1if b= 1.
In this paper we will also need one case of twisted endoscopy. Recall [MW16a,
§L.1.1] that if F' is a local field of characteristic zero (in the paper we will also take F'

to be a number field), and G is a connected reductive group defined over F, then a
twisted space G for G is an algebraic variety over F' which is simultaneously a left
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and right torsor for G. Consider the split group GL,, x GL; over a local or global
field of characteristic zero F', and let € be the automorphism of GL,, x GL; given
by 0(g,x) = (Jig~*J "1 zdetg), where J is the antidiagonal matrix with alterna-
ting entries —1,1,—1,... (that is, J;; = (—=1)*; nt+1—;). The reason for defining 6 in
this way is that it fixes the usual pinning E of G consisting of the upper-triangular
Borel subgroup, the diagonal maximal torus and ((0;,40;j,a+1)i,j)16a6n—1. Then G =
GL,, x GL; 0 {0} is a twisted space which happens to be a connected component of
the non-connected reductive group GL,, x GL; 0 {1, 6}.

There is a notion of a twisted endoscopic datum (H,H ,s,£) for the pair
(GL,, x GL4, ), for which we again refer to [KS99, §2.1] (taking w there to be equal
to 1, as we will throughout this paper, and using the same convention as above for )
and [MW16b, §VI.3.1]. In the appendix we classify twisted endoscopic data (up to
isomorphism). We give slightly more details in the case n = 4 which is the main focus
of this paper in Section 4.2 below. In the present section we shall only need the fact
that if H is one of the groups considered in Section 2.1 (denoted G there), then H is
part of an elliptic twisted endoscopic subgroup of (GLN(ﬁ) x GLq,0).

Remark 2.3.1. — The definitions in [MW16a] and [MW16b], using twisted spaces
rather than a fixed automorphism of G (not fixing a base point), are more general
than those used in most of [KS99], due to an assumption in [KS99] that is only
removed in (5.4) there. Note in particular the notion of twisted endoscopic space
[MW16a, §1.1.7]. In the cases considered in this paper, where G is either G (standard
endoscopy) or G O 6 where 0 € Aut(G) fixes a pinning E of G (defined over F, i.e.,
stable under Galg), this notion simplifies and we are under the assumption of [KS99,
(3.1)]. Namely, the torsor Z (é,E) under Z (G) := Z(G)/(1 — 6)Z(G) defined in
[MW16a, 1.1.2] is trivial with a natural base point 1 0 6, and so for any endoscopic
datum (H,H ,5,¢) for é, the twisted endoscopic space H:=H xz @) Z (CN}) is
trivial with natural base point 1 O 8, where # now acts trivially on H. For this reason
we can ignore twisted endoscopic spaces in the rest of the paper, and simply consider
endoscopic groups as in most of [KS99].

We now very briefly recall the notion of (geometric) transfer in the setting of
endoscopy. Suppose that F' is a local field of characteristic zero, and that (G, (NS})
belongs to one of the four families of twisted spaces considered above, that is G =
GSpin,,,, |, Sp,, x GL; or G = GSping, with G = G, or G = GL, x GL;
with G = G 0 0. Given an endoscopic datum ¢ = (H,H ,s,¢) for G, and a choice
of an extension “¢ : 'H — LG of the embedding ¢, Kottwitz and Shelstad defined
transfer factors in [KS99], that is a function on the set of matching pairs of strongly
regular semisimple G(F)-conjugacy classes in G(F) and regular semisimple stable
conjugacy classes in H(F'). In general such a function is only canonical up to C*,
but in all cases considered in this paper there is a Whittaker datum w = (U, \)
of G fixed by an element of G(F) and this provides [KS99, §5.3] a normalisation
of transfer factors, which we denote by Ale,“¢,w]. To be more precise we use the
transfer factors called Ap in [KS12], corresponding to the normalisation of the local
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Langlands correspondence identifying uniformisers to geometric Frobenii. In all cases
of ordinary endoscopy one can choose an arbitrary Whittaker datum of G.

In the case that G = GSpinj,,, there is an outer automorphism § of G which
preserves the Whittaker datum. This § can be chosen to have order 2 and be induced
by an element of the orthogonal group having determinant —1; if F' is Archimedean,
for simplicity we can and do choose the maximal compact subgroup K of G(F) to be
d-stable. To treat all cases at once we let § = 1 if G = GSpin,,,; or Sp,, x GL;.

In this paper we are particularly interested in the case G = GSpiny. By Hilbert’s
theorem 90 the morphism GSpin,,, | | (F) — SOq,41(F') is surjective, so GSpin,,, |
is of adjoint type and there is up to conjugation by GSpiny,, , ;(F') only one Whittaker
datum in this case.

For G = (GL,, x GL;) 0 8 we choose for U the subgroup of unipotent upper
triangular matrices in GL,, and A((gi,;)i,;) = H(Z?;ll g¢,¢+1)7 where kK : F — St
is a non-trivial continuous character. This is the Whittaker datum associated to E
and k. This Whittaker datum is fixed by 6 (this is the reason for the choice of this
particular 6 in its G(F')-orbit).

Derinition 2.3.2. — If F is p-adic, then we let H (G) denote the space of smooth
compactly supported distributions on G(F') with C-coefficients. Then
H (G) = lim H (G(F)//K),
K

where the limit is over compact open subgroups of G(F) and H (G(F)//K) is the
subspace of bi-K-invariant distributions. If F' Is Archimedean, then we fix a maximal
compact subgroup K of G(F), and write H (G) for the algebra of bi- K-finite smooth
compactly supported distributions on G(F') with C-coefficients.

Under convolution, the space H (G) is a bi-H (G)-module, where H (G) is the
usual (non-twisted) Hecke algebra for G.

In the case that G = GSpins,,, we let I—T(G) denote the subalgebra of H (G)
consisting of §-stable distributions, and otherwise we set H (G) = H (G) and & = 1.

An admissible twisted representation of G is by definition a pair (7, 7) consisting
of an admissible representation 7 of G(F') and a map 7 from G to the automorphism
group of the underlying vector space of m, which satisfies

w(g979') = m(9)T(1)7(g)
for all g,¢' € G(F), v € G. (This is the special case w = 1 of the notion of an
w-representation of a twisted space, which is defined in [MW16a].) If F = R or C
there is an obvious notion of (g, K')-module, where K C G(F) is a torsor under K
normalising K.

We will consider (invariant) linear forms on H (G). In particular, for each admis-
sible representation 7 of G(F'), there is the linear form

(o)) = e [ . F@)r(a)ds ).
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If F is Archimedean and 7 is an admissible (g, K')-module the action of H (G) is
not obviously well-defined but it is so when 7 arises as the space of K-finite vectors
of an admissible Banach representation of C-‘:(F ), independently of the choice of this
realisation (see [War72, p.326, Th.4.5.5.2]). In this paper all (g, K)-modules will
naturally arise in this way, even with “Hilbert” instead of “Banach”, although not all
of them will be unitary.

We write I(G) for the quotient of I:Iv(é) by the subspace of those distribu-
tions f(g)dg with the property that for any semisimple strongly regular v € é(F),
the orbital integral O~(f(g)dg) vanishes. There is a natural topology on I(G): see
[MW16a, 1.5.2]. Similarly, we write ST (é) for the quotient by the subspace for which
the stable orbital integrals SO (f(g)dg) vanish. We say that a continuous linear form
on I—/|V(G) is stable if it descends to a linear form on SI(G).

Given an endoscopic datum (H, H , s, ) for é, and our choice of Whittaker datum,
there is a notion of transfer from I(G) to SI(H) (see [KS99, §5.5], [MW16a, §1.2.4 &
IV.3.4)); this transfer is defined by the property that it relates the values of orbital
integrals on G to stable orbital integrals on H, using the transfer factors recalled
above. Most importantly, this transfer ezists ([Wal97], [Ng610], [Shel2]). Dually, we
may transfer stable continuous linear forms on I:IV(H) to continuous linear forms
on I:IV(G)

In the twisted case where G = (GLy x GL;) 0 6 over a p-adic field F, the cho-
sen Whittaker datum yields a hyperspecial maximal compact subgroup K of G(F)
(see [CS80]), which is stable under 6, so it is natural to consider the hyperspecial sub-
space (see [MW16a, §1.6]) K = K 06 of G(F). For any unramified endoscopic datum
(H,H ,5,€) for G (also defined in [MW16a, §1.6]), with the above trivialisation of H,
the associated H,q4(F)-orbit of hyperspecial subspaces of His simply the obvious one,
that is the set of K/ 0 0, where K’ is a hyperspecial maximal compact subgroup of

By the existence of transfer and [LMW15], [LW15] ([Hal95] in the case of stan-
dard endoscopy), the twisted fundamental lemma is now known for all elements of
the unramified Hecke algebra, with no assumption on the residual characteristic. We
formulate it in our situation, which is slightly simpler than the general case by the
above remarks.

Tueorem 2.3.3. — Let G be a twisted group over a p-adic field F' belonging to one of
the four families introduced at the beginning of this section. Assume that G is unrami-
fied. Let (H,H ,5,&) be an unramified endoscopic datum for G. Choose an unramified
L-embedding V€ : "H — “G extending . Let K be the hyperspecial subspace of é(F)
associated to the chosen Whittaker datum for G. Let 1 be the characteristic function
of K multiplied by the G(F)-invariant measure on G(F) such that K has volume 1.
Letb: H (G(F,)//K,) - H (H(F,)//K]) be the morphism dual to
(ﬁ o Frob) SS/I/-\I—conj — (é O Frob) SS/a‘r—conj

via the Satake isomorphisms (see [Bor79, §7]). Then for any f € H (G(Fy)//K), b(f)
is a transfer of fx 1.
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Remark 2.3.4. — In the above setting, there is a natural notion of unramified twisted
representation: extend an unramified representation (m, V') of G(F') which is isomor-
phic to its twist by G(F) to a twisted representation by imposing that K acts trivially
on VE,

2.4. Locar parameTERS. — Let F' be a local field of characteristic zero. Let U (G)
denote the set of G-conjugacy classes of continuous morphisms

¥ : WD x SLy(C) — LG
such that

— the composite with the projection “G — Wp is the natural projection
WDpg x SLa(C) = Wp,

— for any w € WDp, ¥(w) is semisimple, and

— the restriction v|sy,, (c) is algebraic.

We let ¥(G) C U (G) be the subset of bounded parameters.

Lemya 2.4.1. — Let G = GSpin,,, |, Spy, X GL; or GSpinj,,. Let 8 be the auto-
morphism of “G dual to the involution § of G defined in the previous section. Then
composition with Stdg induces an injective map

{1,0)\TH(G) — TF(GLy g, x GL).

Proof. — The case G = GSpin,,, ,; is proved in [GT11a, Lem. 6.1]. The proof in the
other cases is almost identical.

Let W(@) and ¥ (G) be the set of {1,3}—orbits of parameters as above. For ¢ €
U (G) let ¢, be the Langlands parameter associated to 1, that is ¢ composed with
the embedding

w € WDp — (w, diag(|w|"/?, |w|™'/?)) € WD x SLy(C).
We write Cy, for the centraliser of 4 in G, Sy = Z((A})C,p, and
Sy = mo(S4/2(G)),

an abelian 2-group. We let SJ = Hom(Sy,C*) be the character group of Sy.
Write s, for the image in Cy of —1 € SLy(C).

We can now formulate the conjectures on local Arthur packets in terms of endo-
scopic transfer relations.

Consecrure 2.4.2. — Let G = GSpiny, ., Spy, x GL; or GSpinj,,. Then there
is a unique way to associate to each (V) € \I/(G) a multi-set 1L, of {1, d}-orbits of
irreducible smooth unitary representations of G(F), together with a map II, — Sd\)/,
which we will denote by > (s, m), such that the following properties hold.

(1) Let 7T$L be the representation of

GLyg)(F) x GLy(F)
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associated to (Stdg opy) by the local Langlands correspondence for GLN(é) x GL;,
and let 7?51‘ be its extension to (GLN(é)(F) x GL1(F)) 06 recalled in Section 3.2.

Then

Z (sy,m)trm

welly
is stable and its transfer to GLN(a)(F) x GLy(F) 00 is tr%ﬁ’l‘, i.e., for any
fe I((GLN(é) (F) x GLy(F)) 0 6) having transfer f' € SI(G) we have

tr %ﬁl‘(f) = Z (sy,m) tr(f").
melly,

(2) Consider a semisimple s € Cy, with image 5 in Sy. The pair (1, s) determines
an endoscopic datum (H,H |s,£) for G (with H = Cent(s, é)ow(WDF)), and if we
fir an L-embedding ¢ : "H — YG extending & we obtain ' : WDg x SLy(C) — 'H
such that ¢ = L& o' Then for any f € I(G) with transfer f' € SI(H), we have:

Z Ssy,m)ytro(f) = Z (syr, ') tr o’ (f7).
melly TF’EHd,/
(3) If lsLycy = 1, then the elements of Tly, are tempered and 11y is multiplicity
free, and the map I, — Su\}/ is injective; if F' is non-Archimedean, then it is bijective.
Every tempered irreducible representation of G(F') belongs to exactly one such I1.

Remark 2.4.3. — Note that the uniqueness of the classification is clear from proper-
ties (1) and (2) and Proposition 2.4.4 below, as irreducible representations are deter-
mined by their traces. This Proposition is the generalisation of [Art13, Cor.2.1.2]
from GLy to GLY x GL;. Now that [MW16a] has appeared, it is clearer to prove
the Proposition following the constructions in [MW16a]. We give the proof in the
appendix (Section A.3).

Prorosition 2.4.4. — In the situation of Conjecture 2.4.2, the transfer map
P S K}
1S surjective.
Remark 2.4.5. — Part (3) of this conjecture gives the local Langlands correspondence

for tempered representations of G(F') (up to outer conjugacy in case G = GSping,, ).
It can be extended to give the local Langlands correspondence for all local parame-
ters ¢ € UF(G) with |sp,(c) = 1; indeed if Conjecture 2.4.2 is known for all G, then
a version can be deduced for U (G) using the Langlands classification (see [Lan89],
[Sil78] and [SZ14]).

Remark 2.4.6. — In the case where F' is Archimedean and for an arbitrary reductive
group the local Langlands correspondence was established by Langlands and Shelstad
(see [Shel0], [She08]). Compatibility with twisted endoscopy was proved by Mezo
[Mez16] (under a minor assumption, see (3.10) loc. cit., which is satisfied in all cases
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considered in the present article) up to a constant which a priori might depend on
the parameter (see [AMR18, Ann. C]).

Remark 2.4.7. — If F is p-adic and G is unramified over F, then there is a unique
G(F)-conjugacy class of hyperspecial maximal compact subgroups of G(F') which is
compatible with the Whittaker datum fixed above (in the sense of [CS80]), and we
will say that a representation of G(F') is unramified if it is unramified with respect
to a subgroup in this conjugacy class.

If v € @“‘(G) and tY|wp, is unramified, then assuming the conjecture the
packet U, contains a unique unramified (orbit of) representation. It has Satake
parameter ¢, (up to outer conjugation if G = GSpins,) and corresponds to the
trivial character on S,,. This follows from the fundamental lemma (Theorem 2.3.3).

Remark 2.4.8. — By [Moegll] if F' is p-adic and the conjecture holds then the pack-
ets I, are sets rather than multi-sets.

2.5. GLOBAL PARAMETERS AND THE CONJECTURAL MULTIPLICITY FORMULA. — Now let F
be a number field, and fix a continuous unitary character x : A5 /F* - C*. If ris a
cuspidal automorphic representation of GLy/F such that 7 ® (x o det) = , then
we say that 7 is y-self dual. Note that this implies that w2 = x¥ (so in particular
if N is odd, then x = (w,x*"N)/2)? is a square).

If 7 is x-self dual and S is a big enough set of places of F' then precisely one of
the L-functions L (s, x"'@A?(r)) and L (s, x ' ® Sym? (7)) has a pole at s = 1, and
this pole is simple (see [Sha97]). In the former case we say that (m, x) is of symplectic
type, and set sign(m, x) = —1, and in the latter we say that it is of orthogonal type,
and we set sign(m, x) = 1.

We write (GLx X GLj, ) for the set of formal unordered sums ¢ = ;m;[d;],
where the 7; are x-self dual automorphic representations for GLy,/F and the d; > 1
are integers (which are to be thought of as the dimensions of irreducible algebraic
representations of SLy(C)), with the property that ) . N;d; = N. We refer to such
a sum as a parameter, and say that it is discrete if the (isomorphism classes of)
pairs (m;,d;) are pairwise distinct.

Remark 2.5.1

(1) By the main result of [MW89], a discrete automorphic representation 7 of
GLy/F with 7V @ (x o det) = = gives rise to an element of ¥(GLY x GLy, x).
Indeed, there is a natural bijection between such representations m and the elements
of U(GLY XGLy, x) of the form 7[d] (that is, the elements where the formal sum
consists of a single term). We will use this bijection without further comment below.

(2) The set of formal parameters W(GLx x GL1,x) that we consider does not
contain all non-discrete x-self-dual parameters, for example those containing a sum-
mand of the form 7 ((x o det) ® V) for a non-y-self-dual cuspidal automorphic
representation 7 for GL,,. Our ad hoc definition will turn out to be convenient when
we will consider the discrete part of (the stabilisation of) trace formulas.
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Derinition 25.2. — Let G = GSpiny,, , Spy, X GL; or GSping, over F. We
let Waise(G, x) be the subset of W(GLy (), x) given by those ¢» = ;m;[d;] with the
properties that

— 1 is discrete,

— for each 4, we have sign(m;, x) = (—1)%!sign(G),

— if G = GSping,, then x "], w,dr;'; is the quadratic character corresponding to
the extension F,/F.

(Conditions analogous to this last bullet point could be formulated for the other
groups G, but in fact they are conjecturally automatically satisfied.)

If G # GSping, we also let W45 (G, x) = \TldiSC(G, X). The reason for writing U
in the case of even GSpin groups is that this set only sees orbits of (substitutes for)
Arthur-Langlands parameters under outer conjugation.

As a particular case of the above definition, for 7 a cuspidal automorphic represen-
tation for GLy /F such that (x o det) ® 7V ~ 7 there is a unique group G as above
such that N(a) = N and 7[1] € Ugie(G).

Consecrure 2.5.3. — For m and G as above and for each place v of F', the represen-
tation (rec(m,),rec(xy)) factors through Stdg : 'G — GLN(G)(C) x GL1(C), so that

by Lemma 2.4.1 we can regard (my, xo) as an element of U (G(F,)).

Remark 2.5.4

(1) This conjecture is the analogue of [Art13, Th. 1.4.1] (reformulated using The-
orem 1.5.3 loc. cit.). In particular it holds for G = Sp,,, x GLj;.

(2) Since we do not know the generalised Ramanujan conjecture for GL,, and
do not wish to assume it, we can at present only hope to establish that the local
parameters 1, are elements of \T/Jr(G F,); they are, however, expected to be elements
of U(Gp,).

Given a global parameter ¢ € \T/diSC(G, x), we define groups Cy, Sy, Sy as follows.
For each i, there is a unique group G; of the kind we are considering for which w; €
\fldiSC(Gi, X). We let L, denote the fibre product of the LG, over Wg. Then there
is a map 1 : Ly x SLa(C) — EG such that Stdg ot is conjugate to @®; Stdg, ®va,,
where vy, is the irreducible representation of SLy(C) of dimension d;. The map w
is well-defined up to the action of Aut(Y*G). We let Cy, be the centraliser of v, and
similarly define Sy and Sy.

For each finite place v, under Conjecture 2.5.3 (applied to the 7;’s) we may form
a local Arthur-Langlands parameter 99 : WD p, x SLy(C) — L. Composing with P,
we obtain 1, € @*(G r, ). The composition of v, with Stdg is given by

— X on the GL; factor,
— the direct sum of the representations ¢, , ® v4, on the GL N@) factor, where

Priv = rec(ﬂ'i,v ) .
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Conjecture 2.5.6 below makes precise the expectation that the elements of the
corresponding multi-sets II,,, of Conjecture 2.4.2 are the local factors of the discrete
automorphic representations of G with multiplier y. Before stating it, we need to
introduce some more notation and terminology.

For each place v of F, write H (G,) for the Hecke algebra defined after Definition
2.3.2, and write H (G) for the restricted tensor product of the H (G,). Assuming
Conjecture 2.5.3, we have an obvious map Sy — Sy, for each v, and we can associate

to 1 a global packet (a multi-set) of representations of H (G):
I, := {&\m, | 7, € I, with 7, unramified for all but finitely many v}.

For each 7w € ﬁw, we have the associated character on Sy,

(x,m) = H(mv,ﬂv>

v

(note that by Remark 2.4.7, we have (s, m,) = 1 for all but finitely many v, so this
product makes sense).

Associated to each 1 is a character €, : Sy — {£1} which can be defined explicitly
in terms of symplectic e-factors. In the case y = 1 this is defined in [Art13, Th. 1.5.2],
and this definition can be extended to the case of general x without difficulty. Since we
will only need the case G = GSping in this paper, and in this case the characters ey,
are given explicitly in [Art04] and are recalled below in Remark 6.1.8, we do not give
the general definition here.

DeriNtrion 2.5.5. — ﬁw(aw) is the subset of ﬁ¢ consisting of those elements for
which (s, 1) = €y.

This is the correct definition only because the groups Sy, are all abelian. Recall
that we have fixed a maximal compact subgroup K., of G(F ®q R) in Section 2.3.
Let g = C ®g Lie(G(F ®q R)). We write A%(G(F)\G(Ar), ) for the space of x-
equivariant (where the action of Ay /F* is via f1) square integrable automorphic forms
on G(F)\G(Ar). It decomposes discretely under the action of G(Ap f) x (g, Koo )-

Consecture 2.5.6. — Assume that Conjectures 2.4.2 and 2.5.3 hold. Then there is an

isomorphism of H (G)-modules
AAGIFNGAN NS B my D
€W aise (G, x) wElly (ey)
where my = 1 unless G = GSpins3,,, in which case my = 2 if and only if each N;d;
15 even.

2.6. Tur resuLts oF [Artl3]. — As we have already remarked, the conjectures above
are all proved in [Art13] in the case that y = 1. As we now explain, the case that x is
a square follows immediately by a twisting argument. The main results of this paper
are a proof of Conjectures 2.4.2 (Theorem 3.1.1) and 2.5.6 (Theorem 7.4.1) in the
case that G = GSpin; = GSp, for general x. Conjecture 2.5.3 for G = GSpiny is
a consequence of [GT11a], see Proposition 7.3.1. The case that x is a square will be
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a key ingredient in our arguments, as if y is not a square, then it is easy to see that
there are considerably fewer possibilities for the parameters ¢, and this will reduce the
number of ad hoc arguments that we need to make. Moreover in the remaining cases,
the statements pertaining to local tempered representations are covered by [CG15].

Turorem 2.6.1 (Arthur). — If x = n? is a square, then Conjectures 2.4.2, 2.5.3
and 2.5.6 hold.

Proof. — Given a y-self dual cuspidal automorphic representation 7, the twist
7 ® (nodet)™! is self dual. Similarly, we may twist the local parameters by the

restriction to Wg, of the character corresponding to n~!

, and we can also twist
representations of G(F) and G(F,) by n~!. All of the conjectures are easily seen to
be compatible with these twists, so we reduce to the case x = 1. In this case, repre-
sentations of GSpiny,, ,,, (resp. GSpinj,,, resp. Sp,,, x GL;) with trivial similitude
factor (recall that this was defined in Section 2.1 as the composition of the central
character with p) are equivalent to representations of SOq,,11, (resp. representations
of SO3,,, resp. pairs given by a representation of Sp,, and a character of GL; of

order 1 or 2), so the conjectures are equivalent to the main results of [Art13].

In particular, since in the case G = Sp,,, x GL; the character x is always a square,
Theorem 2.6.1 always holds in this case.

2.7. Low rank Groups. — If N(é) 6 3 then Conjectures 2.4.2, 2.5.3 and 2.5.6 also
hold unconditionally.

(1) If N =1 the results are tautological.

(2) if N = 2 then G = GSpin; or G = GSping. In the first case G ~ GLq
and the results are also tautological. In the second case where G = GSping ~
Resp(\/a)/F(GLl) we are easily reduced to the well-known Theorem 2.7.1 below, the
symplectic/orthogonal alternative for GLs.

(3) f N = 3 then G = Sp, x GL; and we are reduced to a special case of
Theorem 2.6.1. Note that the local Langlands correspondence and the multiplicity
formula in this case go back to Labesse-Langlands [LL79] and [Ram00].

Turorem 2.7.1. — Let 7 be a x-self dual cuspidal automorphic representation of GLs.
Then either

(1) X = wx, and L(s, A2(m) @ x ') has a pole at s = 1; or

(2) wrx~! is the quadratic character given by some quadratic extension E/F, 7 is
the automorphic induction of a character of A /E* which is not fized by the non-
trivial element of Gal(E/F), and L (s, Sym?(m) ® x~1) has a pole at s = 1.

Proof. — Certainly L%(s, A2(1) ® x~!) = L%(s,w,x"!) has a pole at s = 1 if and
only if x = wy. So if L3(s,Sym?(7)®x ') has a pole at s = 1, we see that w,x !
non-trivial quadratic character corresponding to an extension E/F. Since we always
have 7V ® (wy o det) = 7, this implies that 7 = 7 ® (wyx ! o det), and it follows

is a
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(see [Lan80, end of §2]) that 7 is the automorphic induction of a character of Ay /E*
which is not fixed by the non-trivial element of Gal(E/F').

2.8. Tur rocarn LANGLANDS CORRESPONDENCE FOR GSp,. — Let F' be a p-adic field.
The local Langlands correspondence for GSp,(F') was established in [GT11a], but
was characterised by relations with ~-factors, rather than endoscopic character rela-
tions. The necessary endoscopic character relations were then proved in [CG15]. In
particular, we have:

Tueorem 2.8.1 (Chan—Gan). — If F' is a p-adic field then Conjecture 2.4.2 holds
for GSping and parameters 1 which are trivial on SLa(C), i.e., tempered Langlands
parameters.

Proof. — Parts (1) and (2) of Conjecture 2.4.2 are an immediate consequence of the
main theorem of [CG15] (note that bounded parameters are automatically generic,
in the sense that their adjoint L-functions are holomorphic at s = 1). Part (3) then
follows from the main theorem of [GT11al.

Remark 2.8.2. — Recall from Remark 2.4.6 that over an Archimedean field the local
Langlands correspondence and (ordinary) endoscopic character relations are known
in complete generality, and the twisted endoscopic character relations are known up
to a constant (which might depend on the parameter).

If F' is Archimedean and 1 is a tempered and non discrete Langlands parameter for
GSpin;, then the twisted endoscopic character relation was verified in [CG15, §6],
which amounts to saying that the above constant (the only ambiguity in Mezo’s
theorem) is 1. In Proposition 7.2.1 below we will show using a global argument as in
[AMRI18, Ann. C] that this also holds for the discrete tempered .

3. CONSTRUCTION OF MISSING LOCAL ARTHUR PACKETS FOR GSpin;

3.1. Locar packers. — Let F be a local field of characteristic zero. In this section
we complete the proof of the following theorem, which completes the proof of Con-
jecture 2.4.2 for GSpinj.

Tueorem 3.1.1. — Let ¢ : WDp xSLy — GSp, be an element of ¥(GSpin;).
Then there is a unique multi-set 11, of irreducible smooth unitary representations
of GSping(F'), together with a map I, — SJ, which we will simply denote by
7 (o, 1), such that the following holds:

(1) Let 7711; be the representation of T'(F) associated to Stdgspin, oy by the
local Langlands correspondence, and let WZ be its extension to f‘(F ) (Whittaker-

normalised as explained in Section 3.2). Then the linear form ZweH¢<S¢’ mytrw oon

I(GSping(F)) is stable and its transfer to T is tr wg.
(2) Consider a semisimple s € Cent (), GSpy), and denote by 3 its image in Sy.
The pair (1, s) determines an endoscopic datum (H,H ,s,£) for GSping, as well as
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' WDp x SLy — H such that Y =¢&oq'. Then for any f € I(GSping(F')) we have
N Gsymytrr(f) = Y sy )tra(f).

melly Tr/Enw/

Note that in the second point H is either GSpiny or a quotient of a product of
general linear groups by a split torus, and so Il is well-defined. In the latter case it
is a singleton and Sy is trivial.

As we recalled above (Theorems 2.6.1, 2.8.1 and Remark 2.8.2) this theorem is
already known in the following cases:

— if o1 is a square,

— if F is p-adic and ¢|sp, =1,

— if F is Archimedean, |s1,, and % is not discrete.

We will prove the case where F' is Archimedean, v tempered discrete and y not
a square later in Proposition 7.2.1, since we will use a global argument using the
stabilisation of the trace formula.

This section is devoted to the proof of Theorem 3.1.1 in the remaining cases, where
¥|sL, is not trivial and fi o ¢ is not a square. It is easy to see that Sthspin5 o) ~
(¢[2], x), where ¢ : WDp — GLg is y-self-dual of orthogonal type. Then ¢ factors
through Wy and det /(i 0 ©) has order 1 or 2. There are two cases to consider.

(1) If ¢ is irreducible then det ¢/(fiot)) has order 2. Let E/F be the corresponding
quadratic extension and denote ¢ the non-trivial element of Gal(E/F). We have ¢ ~
Indg,p p for a character p : E* — C* such that u® # p and p[px = x. Then
Cent(y, GSp,) = Z(GSp,) and so we simply have to produce Il = {7} such that
trm transfers to the trace of 7711;.

(2) If ¢ is reducible then ¢ = 1 ® 1y with m1m2 = x and 71 # 7. Then
Cent(y, GSp,) = {diag(u1 Iz, uzl2)} and so we are led to define

I, = {Indg P ((rec(n1) o det) ® rec(x))},

where L ~ GL3 x GSpin;. Then the second point in Theorem 3.1.1 is automatically
satisfied (see [CG15, §6.6]), and again we have to check that the twisted endoscopic
character relation holds.

We will prove these two cases separately, distinguishing between the cases where F'
is p-adic, real, or complex (in which case only the second case occurs). Before doing so,
we recall some material on Whittaker normalisations.

3.2. WHITTAKER NORMALISATION FOR GENERAL LINEAR GROUPS. — In this section F' de-
notes a local field of characteristic zero, G = GL,, x GL; over F' and G=God.
Following [MWO06, §5], [Shal0], [AMR18, §8] we briefly recall the Whittaker normali-
sation of extensions to G(F) of irreducible representations of G(F) fixed by 0. Recall
that we have fixed a #-stable Whittaker datum (U, \) for G. If F' is Archimedean
for simplicity we choose the maximal compact subgroup K to be O, (F) x {£1}

(resp. U(n) x U(1)) if F is real (resp. complex), so that (K) = K.
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First consider the case of essentially tempered representations. Let m be an essen-
tially tempered (in particular, essentially unitary) irreducible representation of G(F).
By [Sha74] there exists a continuous Whittaker functional  for 7. If F is p-adic this
is just an element of the algebraic dual of the space mx of smooth vectors. If F' is
Archimedean this is a continuous functional on the space m., of smooth vectors for
the topology defined by seminorms as in [Sha74, p. 183]. Now if 7 is fixed by 0,
define 7(6) as the unique element A € Isom(m,7%) such that Q o A = Q. This does
not depend on the choice of 2. So we have an extension 7 of 7 to a representation
of G(F), well-defined using the Whittaker datum (U, \).

Next consider representations parabolically induced from a 6-stable parabolic sub-
group. Fix the usual (diagonal) split maximal torus T of G, as well as the usual (upper
triangular) Borel subgroup B = TU of G. Both are 6-stable. Let wg be the longest
element of the Weyl group W(T,G). Let P = MN be a standard parabolic sub-
group of G, with standard Levi subgroup M D T. Assume that P is 6-stable, which
means that M = (GL,, x --- x GL,, ) x GL; (block diagonal) with n; = n,,1_; for
all i. Let ¢ be an irreducible admissible representation of M(F') fixed by 6, that is
o~ (01® - ®0,)®x with (xodet) ® 0} ~ 0,41_; for all i. Let Dy be the largest
split torus which is a quotient of M, so that we have a canonical isogeny An; — Dy.
In the present case we have a natural identification Dy ~ GL] x GL; via the de-
terminants GL,, — GL;. For v € X*(Dy) ® C inducing a character of M(F),
consider the parabolically induced (normalised) representation m, := Inds((g)) ocRu.
We also assume that v = (v1,...,1,,1p) is fixed by 6, ie., v; + voy1-; = v for
all i. Let wng be the longest element of W(T, M) (for BN M) and w = wgwnm.
Let P~ = MN™ be the parabolic subgroup of G opposite to P with respect to M,
and let P/ = M/'N’ = wP~w™! = wGP’w(_;1 be the standard parabolic subgroup
conjugated to P~. Choose a lift @ of w in Ng(p)(T). Let AYy : (M NU)(F) — S!
be the generic character defined by A (u) = A(wuw~!). Assume that the space
Hom vy (r) (o, )\%) of Whittaker functionals for ¢ with respect to /\ﬁ is non-zero
and thus one-dimensional, and fix a basis §2, of this line. In the p-adic case, according
to a theorem of Rodier ([Rod73], [CS80], explained in [Shal0, §3.4]) we then have
that Homy F)(Indg((;)) (o ®v), ) also has dimension one. A basis €., can be made
explicit: for f in the space of Indg 0 ® v whose support is contained in the big cell
P(F)w 'U(F),

(3.2.1) O (f) = / oy QLT A

is well-defined (the integrand is smooth and compactly supported). For arbitrary f
the same formula holds with N’(F') replaced by large enough open compact subgroup
which depends on f but not on v (as usual realising the vector space underlying
Indg'((llj)) o ® v independently of v by restriction to K), so that v — Q. (f) is holo-
morphic.

The Archimedean case is more subtle, since the notion of Whittaker functional
requires a topology on the underlying space of the representation to be well-behaved
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(it is not defined directly on (g, K)-modules). So in this case one considers the smooth
parabolically induced representation m, := Indg’ (000 ® V), whose subspace m, g of
K-finite vectors is naturally isomorphic to the (g, K)-module algebraically induced
from ong(p)ni (see [BWOO, §IT1.7]). Assume that the central character of o is unitary.
Then the integral (3.2.1) is absolutely convergent for v € X*(Dy) ® C satisfying

(3.2.2) Va e ®(T,N), (o', Rv) >0,

and extends analytically to X*(Dnm) ® C ([Shal0, Th. 3.6.4]). The proof of Theorem
3.6.7 in [Shal0] also shows uniqueness (up to a scalar) of a Whittaker functional for
Ind$ (700 @) (note that the argument for uniqueness only involves the Jordan-Holder
factors of a principal series representation, and so one may replace P by another
parabolic subgroup of G admitting M as a Levi factor and such that the opposite
of (3.2.2) is satisfied, so that any generic subquotient of Ind§ (¢ ® v) appears as a
quotient).

We can now treat the p-adic and Archimedean cases together. Assume that v is
chosen so that Endg ) (m,) = C. This is the case if the central character of o is unitary
and v satisfies (3.2.2) (this follows from the fact that 7, then has a unique irreducible
quotient which occurs with multiplicity one in its composition series), or if —v satisfies
(3.2.2) (m, then has a unique irreducible subrepresentation). Then one can define the
action of # on 7, to be the unique Ay € End(r,) such that Agom,(g) = 7, (6(g)) o Ag
for all g € G(F) and Q,, o A = Q. . This can be made more explicit in the case at
hand, see [MWO06, §5.2]. The operator Ay does not depend on the choice of w made
above.

For this definition we followed [AMRI1S8, §8]. As explained there, the result-
ing canonical extension of m, coincides with the extension defined by Arthur in
[Art13, §2.2], by [MWO06, §5.2] and analytic continuation (see [AMR18, Rem. 8.3]).

Finally, consider an arbitrary irreducible smooth representation 7 of G(F') (admis-
sible (g, K)-module in the Archimedean case). By the Langlands classification ([Lan89,
Lem. 3.14 and 4.2], [Sil78], [BWO00, Ch.IV]), 7 is the unique irreducible quotient of
IndS (o ® v) (resp. unique irreducible subrepresentation of IndS_ (o ® v)) for v €
X*(Dnm) ® C satistying (3.2.2), with o tempered (in particular, with unitary cen-
tral character) and the pair (P,o ® v) is well-defined up to conjugation. These two
realisations of 7 as quotient (resp. subrepresentation) of a parabolically induced rep-
resentation give two canonical extensions of 7w to (~}, by the above. In fact these two
canonical extensions coincide: consider the composition

mdS(c @ v) — 7 — IndS- (6 @ v)

which is clearly non-zero. From the properties of these induced representations men-
tioned above it follows that dim Homgp) (Ind$ (0 ® v),IndS- (¢ ® v)) 6 1. There-
fore the above composition coincides with the usual intertwining operator [Wal03,
Th.IV.1.1], [VWI0] (up to a scalar and a normalising factor to make this intertwin-
ing operator holomorphic at v). But this operator varies analytically if we vary v,
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and generically it is an isomorphism between irreducible parabolically induced repre-
sentations, thus generically it intertwines the two Ay’s, and by analytic continuation
this also holds for the original v.

3.3. Proor or Tueorem 3.1.1. — We now prove Theorem 3.1.1 in the cases described
at the end of Section 3.1.

Proof in the first case for F' p-adic. — The proof is a very special case of the generali-
sation of [MWO06, Th.4.7.1] to essentially self-dual representations. See also [Mceg06].
Let p be the supercuspidal representation of GLy(F') such that rec(p) = . Then
(x odet) ® p¥ ~ p. We will give an ad hoc definition of I, using special cases of
results of [MWO6] to check compatibility with twisted endoscopy for GLy x GL;. In
[MWO06] Meeglin and Waldspurger consider self-dual parameters, and we will argue
that their arguments extend to the case at hand without substantial modification,
the essential input being compatibility of local Langlands for GSpin; for twisted
endoscopy (and the same for GSping and GSpin,, which is trivial). Let A be the di-
agonal embedding SU(2) — SU(2) x SL2(C), so that )0 A is the essentially tempered
Langlands parameter obtained by tensoring ¢ with the 2-dimensional irreducible rep-
resentation of the factor SU(2) of WD . Then Cent(¢ o A, GSp,) = Z(GSpy), and so
ITyon (as defined by Gan-Takeda in [GT11a]) consists of a single irreducible discrete
series representation myoa of GSping(F'). Let P be the standard parabolic subgroup
of GSpin; with Levi subgroup L ~ GL2 x GSpin; (conventions as in Section 2.2).
Then Jacp(myon) = p|det|'/? @ x, where Jac denotes the normalised Jacquet mod-
ule. We briefly recall the proof. Let 7T,$OLA be the (discrete series) representation of
GL4(F) corresponding to pr; Std oo A : WD — GL4(C). Denoting by P the up-
per block triangular parabolic subgroup of GL4 with Levi subgroup GL2 x GLg, it is
well-known that JacpeL (7T$OLA) = p|det|*/? @ p|det| /2. Let 7T11;oA be the Whittaker-
normalised (see Section 3.2 or [MWO06, §5.1]) extension of Wz(ioLA ® x to I'(F). By (ii)
in the main theorem of [CG15] we have that tr WEOA is a transfer of trmyoa. The
parabolic subgroup PG x GL; of T is stable under 6, write P= (PSL x GL;) 04.
By (an obvious generalisation of) [MWO06, Lem. 4.2.1], tr Jacf,(ﬂ'EOA) is a transfer of
tr Jacp (myoa ), and thus Jacp (mypon) = pldet|'/? ® x. By Frobenius reciprocity, Tapo
is naturally a subrepresentation of IndSSpir15 (p|det|1/2 ® x). By [BZ77, Th. 2.8] this
parabolic induction has length 6 2 and so the cokernel of

Tpor Indlcjspins (p|det|_1/2 ®X)

is an irreducible Langlands quotient which we denote 7. We let II, = {my}. Since
Cent (¢, GSp,(C)) = C*, we only have to check the twisted endoscopic character rela-
tion (Theorem 3.1.1 (1)). Following [MWO06], this will be a consequence of comparing
the short exact sequence

(3.3.1) 0 — Tyon — Indg P (p|det|/? @ x) — my — 0

with a similar one for T.

JEP — M., 2019, lome 6



ARTHUR'S MULTIPLICITY FORMULA FOR GSp4 AND RESTRICTION TO Sp4 /|()I

We have a short exact sequence of representations of I'(F') = GL4(F) x GL1(F):
(3.3.2) 00— ﬂﬁol‘A XX — E1(7T$OI‘A) XX — 7751‘ ®x —0

obtained as in [MWOG Prop. 3.1.2], by applying functorial constructions to Wwo %\ to
get a resolution of 71'7#O % by sums of standard modules except possibly for the last
term, which is defined as a cokernel and shown to be irreducible with Langlands
parameter (1) o A)¥ = 1) (the general definition of % is given in [MWO06, §3.1.2]). The
definition of the middle term is

Ey(rGL) := dS%: (Jacpor (myon)) = IndSE; (p|det\1/2 ®p\det|*1/2)

and in the present case Mceglin and Waldspurger’s resolution does not involve any non-
trivial “proj”, so that the resolution actually goes back to [Aub95], [SS97]. Following
Moeglin and Waldspurger one can extend wgoLA ® x from T'(F) to T (F) by choos-
ing an action of 6 (see [MWO06, §§1.7-1.9]), that we denote by €5/ . The resolution
(3.3.2) inherits an action of 8 by functoriality (see [MWO06, §3.2]), and fortunately the
resulting action on wgl‘ ® x happens to coincide with 0y (see [MWO06, Lem. 3.2.2],
in which we have j(¢¥) = 1 and so S(¢¥ o A, p,6 d) = +1). Another way to choose
an extension of 7T,$OLA ® x (resp. 7, GL 2 ) to 0 is to use Whittaker functionals and
the Langlands classification as we recalled in Section 3.2. Denote the resulting actions
of 8 by 6y . In general 8y, and 0,y differ by a sign, but here fortunately Oy = 0w
on both WfOI‘A ® x and wgl‘ ® x (a special case of [MWO06, Prop. 5.4.1]). Thus we have
a well-defined extension

(3.3.3) 0— (rSh@y) — ErSh) o) — GFrox) —0

of (3.3.2) to TN (F'). The trace of the left term is known to be the transfer of tr myon.
By compatibility of stable transfer with Jacquet modules [MWO06, Lem.4.2.1] and
parabolic induction (a consequence of the explicit formula for parabolic induction
([vD72], [Clo84], [Lem10, §7.3, Corollaire 3])), the trace of the middle term is the

transfer of the middle term of (3.3.1). So we can conclude that tr(wgl‘ ® X)+ is the
transfer of trmy,.

Proof in the second case for p-adic F'. — This is similar to the previous case but now
@ : Wr — GL2(C) is reducible and so it defines a principal series representation of
GLy(F,). Write ¢ ~ rec(n;) @ rec(nz), so that x = m172. As explained above we can
assume that 7y # 12. Define my = IndGSpm"’ ((m odet) ® x), where the standard
parabolic subgroup P has Levi L ~ GL3 x GSpin, and II, = {m,}. The representa-
tion my is certainly irreducible (see [Moegll, §4.2]), but since this is not necessary to
prove the Theorem we simply take the definition II, = {7y} to mean that II; is the
multi-set of constituents of .
Consider the parabolic induction for GL4 x GL;

(3.3.4) = Indpgt (11 0 det) ® (n2 o det)) ® x,

where PG is the standard parabolic subgroup of GL, with Levi GLy x GLz. The
twisted representation 7J; of T'(F) obtained from (3.3.4) using the canonical action
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of 0 (defined as in [MWO06, §1.3]) is such that its trace is the transfer of the trace
of 7y, by compatibility of parabolic induction with transfer. This is almost the twisted
endoscopic character relation, but again we need to be careful with the definition of
Whittaker normalisation. The Whittaker-normalised action of 6 on 775 is obtained by
realising it as the Langlands quotient of

(3.35) mdSL: (771| 2@l M2 @ Y2 @ - |—1/2) ® X,

where BGL is the standard Borel subgroup of GLy, which coincides with the canonical

action of 6 on this parabolic induction by (the obvious generalisation of) [MWO06,
Lem. 5.2.1].

Let us sketch the proof of the fact that these two actions of 6 on 7r£ coin-
cide. It will be convenient to denote o; X --- X o, for the parabolic induction
(using the standard parabolic) of an admissible representation o1 ® -+ ® o, of
GL,,(F) x -+ x GL,, (F) to GLp,+...4n.(F). Recall that for any s € C the
parabolic induction |- |'/2+% x |- |~1/27* is irreducible by [BZ76, Th.3], since
the assumption that x = 7172 is not a square implies that 771‘0; #+ 772|0;' The
intertwining operator

Is :,,72| . |1/2+s

|71/27s |71/27s 1/2+s

— ml|- X M2l - |

defined by the usual integral formula for R(s) > 0, is rational in ¢—* (where ¢ is the
cardinality of the residue field of F') by [Wal03, Théoréme IV.1.1], and so there is a
polynomial r(s) in ¢—° such that r(s)Is is well-defined and non-zero for any s, and
therefore an isomorphism. It induces an isomorphism I norm:

UNE

—S

ml- V2| VAR |- TR ] |1

— |- [V [TV s [V ) 712
Denote s (resp. ma,s) the LHS (resp. RHS). Since 72| - [71/2 = x/ (m] - |'/?) and
ml|-|7Y275 = x/ (na| - [V/*7%), there is a canonical extension of 7 s ® x to T (F)

(see [MWOG, §1.3]). Denote by 6, this canonical action of 6 on the space of 71 s ® x
(one can easily check that it does not depend on s), so that for s = 0 we recover the
Whittaker normalisation on (3.3.5). The irreducible representation

((771‘ . |1/2 > 771| . |—1/2—s) ® (,'72‘ . |1/2+s ™ 772| . |—1/2)) ® X

of the f-stable parabolic subgroup P x GL; of T is also fixed by 6, and so w3 s ® x
also admits a canonical extension to f‘(F ). Denote 65 this canonical action of 6 on the
space of 7o s ® x, which for s = 0 recovers the canonical action on the quotient (3.3.4).
An easy computation that we skip shows that for R(s) > 0 we have I, norm © 01 =
02 o Is norm, and the case of an arbitrary s € C follows by analytic continuation.

Proof in the first case for F = R. — This is similar to the first case for F' a p-adic
field except we now follow arguments of [AMRI18]. For a € 3Z>¢ let I, be the
tempered Langlands parameter Wr — GLo(C) obtained by inducing the character
2 (2/2)% := (2/|2])?® of C*. Up to twisting we can assume that ¢ = I, with a > 0
integral, with x equal to the sign character sign of Wg. Let 7T$L4 be the irreducible
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unitary representation of GL4(R) associated to ¢,. Let x : GL1(R) — {£1} be the

sign character, so that (y odet) ® (W$L4)v o~ ’/TELA‘. As in the p-adic case we have the

Whittaker-normalised extension wi of 7r£ = 7'('51‘4 ® X.
We have a (short) resolution from [Joh84] (see [AMRIS, §6.2] where this resolution
is made completely explicit for GLg,, and parameters I,,[n] for w € %Z>0)

GL4 GLo

GL2 GLZ
0 — 7, —>7TIQH_1/2 X T e — T

Toti/2

GL:

X 7T1a71/2

— 0,

where |-| is the norm character of Wg (i.e., the square of the usual absolute value on C*
and |j| = 1) and we denoted parabolic induction for standard parabolic subgroups of
GL as in the p-adic case. In [AMR18, Lem. 9.9] only the first case occurs, so comparing
normalisations (Whittaker and imposed by induction in Johnson’s construction of the
resolution) is particularly simple: we obtain the analogue of [AMR18, Théoréme 9.7]
with A; = Af.

Proof in the second case for /' = Ror C. — Up to twisting we can assume that ¢ ~
1@ x with x = sign in the real case and x(z) = (2/2)%|z|" witha € ZrZ andt € R
in the complex case. The proof is identical to the p-adic case and we do not repeat
the argument. Note that the complex case is the analogue of [MR15, Prop. 6.5].

4. STABILISATION OF THE TWISTED TRACE FORMULA

We now state the stabilisation of the twisted trace formula proved by Moeeglin
and Waldspurger in [MW16a], [MW16b] following the case of ordinary (i.e., non-
twisted) endoscopy proved by Arthur in [Art02], [Art01], [Art03] (also following
[Lan83], [Kot86], [Lab99], and of course [LW13]). We recall some of the definitions
needed to state the stabilisation, and mention some simplifications occurring in the
cases at hand.

4.1. Tue DISCRETE PART OF THE SPECTRAL sipE. — Consider a connected reductive
group G over a number field F and an automorphism 6 of G of finite order. Let
G = G o6. Let Ay be a maximal split torus in G. We will only consider Levi
subgroups of G which contain Ag. Let K =[], K, be a good maximal compact sub-
group of G(Ap) with respect to Ag as in [LW13, §3.1]. Choose a minimal parabolic
subgroup Py of G containing Ag.

Following [MW16b, §X.5], let us recall the terms occurring in the discrete part
of the spectral side of the twisted trace formula. To work with discrete automorphic
spectra it is necessary to fix central characters (at least on a certain subgroup of the
centre), and we follow [MW16b, §X.5.1]. We now elaborate on the notation for the
discrete automorphic spectrum introduced in Section 1.2.3. Recall that 2Ag denotes
the vector group Ag(R)", where Ag is the biggest central split torus in Resp/q(G).
Then G(Ar) = G(Ar)! x Ag, where

G(Ap)' = {g € G(Ap) | V3 € X*(G)%"r, |B(g)] =1},
so that G(F)\G(Ap)! has finite measure. Let 25 =2%. Then g =(1—-6)(Ac) xAg.
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In the general definition of twisted endoscopy one considers a character w of G(Af);
in all cases considered in this paper we have w = 1. Mceglin and Waldspurger consider
a character xg of %g which is trivial on 2 and satisfies f(xc) = Xew|ug; since we
will always have w = 1 in this paper, we will have yg = 1.

Let L be a Levi subgroup of G. Up to conjugating by G(F') we can assume that L
is the standard Levi subgroup of a standard parabolic subgroup P of G. There is
a canonical splitting Ay, = Ag X% Qlf (with Qlf included in the derived subgroup of
G(F®qR)), and we write xg, L for the extension of xg to 2, such that XG,L|2>1§ =1.
As remarked above in all cases considered in this paper we simply have xg,. = 1. The
space of square integrable automorphic forms A ?(L(F)\L(Ar), xa.L) decomposes
discretely, i.e., it is canonically the direct sum, over the countable set Il4isc(L, x@,1.)
of discrete automorphic representations 7y, for L such that g |o, = xq L, of isotypical
components

A2(L(F)\L(AF), xG,L)m

which have finite length. Denote by Up the unipotent radical of P. Recall [MW94,
§1.2.17] the space A ? (Up(Ar)L(F)\G(AF), xa,L) of smooth K-finite functions ¢ on
Up(Ap)L(F)\G(AFr) such that for any k € K,

x — 0p () V2 (x)p(xk)
is an element of A 2(L(F)\L(AF), xa.L). In other words,
A2 (Up(Ap)L(F)\G(Ar), xa.r) = Indga") (AX(L(F\L(AF). xeL) .

This space is endowed with the usual left action of H (G), which we will denote by pS.
If 7y, is an irreducible admissible representation of L(Af) such that wy, |a, = X@,L,
denote by

A?(Up(Ar)L(F)\G(AF),XG.L)m,

the sub-H (G)-module of A ?(Up(Ar)L(F)\G(AFr), xa.L) consisting of functions ¢
such that for any k € K,

(2 dp(x) "% (2)¢(zk)) € AX(L(F)\L(AR), XG.L)

Let W (L, G) = Norm(L, G(F))/L(F), where the action of G(F) on G is the adjoint
action coming from the definition of a twisted space [MW16a, §I.1.1]. For w €
W(L,G) and f(Z)dZ € H (G), we have a map [MW16b, bottom of p. 1204]

P8 5(f) - A*(Up(Ar)L(F)\G(AF), X 1)
(4.1.1) — A?(Uge) (Ap)L(F)\G(AF), xa.L);

b —> (g — /~ d)(i[)lgi)f(%)cﬁ)
G(Ar)
and for f1, fs € H (G) and f> € H (G) we have

S a(fr# fox f3) = pSipy(f1) 0 pS 5(f2) 0 pS (fa).
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If 7, is an irreducible admissible representation of L(Ap) such that wy, |a, = xa L,
then for any f € H (G), pgﬂ(f) restricts to

A?(Up(Ap)L(F)\G(AF), xa.L)m — A*(Uge) (Ar)L(F)\G(AF), XG.L)a(r ),

where w(ng,) = 7, o Ad(w™1).
By meromorphic continuation of the usual integral formula, there is an intertwining
operator

Mp)ip)(0) : A2 (Uge) (Ar)L(F)\G(Ar), xa.L)
— A2 (Up(Ar)L(F)\G(AF), xa L) -
Since xg, is unitary, Mp|gp) is well-defined (i.e., holomorphic) at 0, and is in
fact unitary. Moreover for any irreducible admissible representation 7y, of L(Af),
Mp|3p)(0) restricts to
A?(Uge)(Ar)L(F)\G(Ar), xa,L)m, — A*(Up(Ar)L(F)\G(Ar),XG L)
Therefore for f € H (é) the composition Mp|gp)(0) o pg'@(f) maps

A%(Up(Ap)L(F)\G(AF), xc L)
to itself and restricts to
A?(Up(Ap)L(F)\G(AF), xa,L)r. — A*(Up(Ap)L(F)\G(AF), XG.L)d(r)-

We can finally recall the contribution of L to Ehe discrete part of the spectral side
of the twisted trace formula for G. For f € H (G), let

Igéf(f) = |W(L,G)|™! Z |det (@ — 1 9‘5) |~ tr (Mp|z(p)(0) o /)g@(f))7
ﬁeW(Lré)reg

where W(L, é)reg is the set of @ € W (L, G) such that (a&)® = 0. As the notation

suggests, Ig’s’f(f) only depends on f and the G(F')-conjugacy class of L. In fact it de-

pends on f only via its image in I(G). The fact that the trace of Mp 5@ (0) opg@(f)
on A%(Up(Ar)L(F)\G(AF), xa,L) is well-defined and equals the absolutely conver-
gent sum

>t (Mepae)(0) 0 0 5(f) | AX(Up(ARLIF)\G(AR), Xa.L)r )

7L €Maise (Lyxa,L)
1]7(7TL)27TL

is a consequence of work of Finis, Lapid and Miiller, as explained in [LW13, §14.3]
and [MW16b, §X.5.2 and X.5.3].

The most interesting case is of course for L = G, since (f) is simply the trace
of f on the discrete automorphic spectrum for G and xg. We will recall below the

G,G
Idisc
refinement of discrete terms by infinitesimal character and Hecke eigenvalues following
Arthur and Meeglin—Waldspurger, that allows one to forget about convergence issues
and work with finite sums. But first we make explicit the condition w(7y,) ~ 7y, in
the cases at hand.
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(1) For G = GLy x GL; and a standard (i.e., block diagonal) Levi L =~
(ITp=1(GLg)™) x GLy (where nj, = 0 for almost all k and Y_,_, kny = N), there

always exists an element of G(F) normalising L (for example 6y = (J=1,1) 00, so
that for any (g,z) € G we have 0y(g,2)0y " = (‘g~',zdet g)). Moreover there is a
natural identification W(L,G) ~ [[,~, &,,. For w = (o%)r=100 € W(L, G), @ is
regular if and only if for every k > 1, the decomposition of g in cycles only involves
cycles of odd length. For such a regular @ and if 7 = (@~ (k1 @+ @ Tpon,,)) D X
is an irreducible admissible representation of L(Ag), then w(w) ~ 7 if and only if
each 7y, ; satisfies m/; @ (x o det) ~ 7y ; and for every k > 1, the isomorphism class
of (7 i)16i6n, is fixed by oy (i.e., Tk =~ m ; if ¢ and j belong to the same cycle in
the decomposition of oy).

(2) In the non-twisted cases G = GSpiny, ; or GSpinj,, recall that in Sec-
tion 2.2 we chose (non-uniquely) an isomorphism L ~ [[,_,(GL;)" x G,,, where
m+Y ., ir; = nand Gy, is a GSpin group of the same type as G of absolute rank m.
There is a natural embedding W (L,G) < [[,~, ({£1}"" 0 &,,) which is surjective
unless G = C‘:Spinén7 m = 0, and there exists an odd i > 1 such that r; > 0, in
which case it is of index two. An element w = ((€,j)16j6r;, O 0i);~, is regular if and
only if for every ¢ > 1 and every cycle (j; ... js) appearing in the decomposition of o;,
[1,_, &, = —1. For such w € W(L, G)yeg and 7, ~ Q= (151 @ -+ @ Ty p,) @ TG,
an irreducible admissible representation of L(Ar), we have w(ry,) ~ 7, if and only

(a) for every i >1and 1 6 j 6 7;, m/; @ (xodet) ~ 7; j, where x : A — C*
is 7q,, © i, and
(b) for every ¢ > 1 the isomorphism class of (7; j)16;6r,; is fixed by o;.

We now recall from [MW16b, p.1212] the refinement of the discrete part of the
spectral side of the twisted trace formula by infinitesimal characters (using Arthur’s
theory of multipliers) and families of Satake parameters.

DeriNtrion 4.1.2

(1) Let IC(G) be the set of semisimple conjugacy classes in the Lie algebra of
the dual group (over C) of Resp/q(G). This is the set where infinitesimal characters
for irreducible representations of G(F ®q R) live. In the twisted case let IC(G) =
e (G)a. For 7o an irreducible admissible representation of G(F ®q R), denote by
v(Ts) € IC(G) its infinitesimal character.

(2) Let S be a large enough (i.e., containing Viam as in [MW16b, §VI.1.1]) finite
set of places of F. Let FS(G) = [] g (G 0 Frob,)™/G, and in the twisted case

let FSS(G) = (FS%(G))?. Write also FS(G) = lim  FS°(G) and in the twisted
case FS(G) = lim  F S5(G). If * = @7, is an irreducible admissible representation
of G(Ar), we will write ¢(m) for the associated element of F'S(G) via the Satake
isomorphisms.

(3) For v € IC(G), S as above, ¢ = (Co)vgs € FS5(G), and L a Levi subgroup
of G, let Ilgisc(L, x@,L)v,cs be the set of my, € Igisc(L, Xg,r.) such that the infin-

itesimal character of 7y, oo maps to v via Lie(ResF/ L)) — Lie(ResF/ G)), and
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for every v ¢ S, 7y, is unramified for K, and its Satake parameter maps to ¢, via
IL - LG. For f € ®,.5H (G(F,)), let

veES
I, () =WELG) > det(@—1]AF)| > oy, (),
BEW (L,G)reg 7L €Haise(Lyxa L), .5
’lf)(ﬂL)’ZﬂL

where we write

trr, (f) = (Mpjae) (0) 0 o5 & (f) | A*(Up(Ap)L(F\G(AR), xG.L)m)-
Finally let

(4.1.3) IShewes () =D Igr, o5 (F);
L

where the sum is over G(F)-conjugacy classes of Levi subgroups of G.

Seeing this as a sum over triples (L, @, 7y,), all but finitely many terms vanish.
Indeed, if we fix v, S, ¢® and an idempotent e of @ucs H (G(F,)), then there is a
V=00

finite set Y(v,S,c%, e) of triples (L, w,rr,) such that for any f € X,es H (é(Fv))
for which e * f = f* e = f, the terms corresponding to (L, w,rr) & T (v, 5,¢%, e) in
the double sum defining IS (f) all vanish.

disc,v,cS

Remark 4.1.4

(1) By [JS81] and [MW89], taking the image in FIS(GLy) is injective on formal
sums of elements of Ilgisc(GLy,, X) (note that it is essential that all of the summands
are x self-dual for the same character x). For this reason we will often identify such

formal sums and their image.
(2) In [MW16b] Mceglin-Waldspurger multiply (4.1.3) by

(G = |det(1 — O|AG/Ag)|
but this factor is also present in (G, H) with their definition.

DerintTION 4.1.5

(1) We will say that ¢ € FS(G) occurs in ISL if there exists v € IC(G) and

disc
feH (é) such that up to enlarging S we have Igs’fu s(f) #0.
(2) Let D be an induced central torus in G, so that there is a dual morphism

LG — ID. For ¢® ¢ FS((NS}) occurring in Iss’f we define the central character
of ¢® to be the (unique by weak approximation for D [PR94, Prop.7.3]) charac-
ter we : Ag(Ar)/Ag(F) — C* such that for almost all places v of F, the Langlands

parameter of (w.), equals the image of ¢, in “D.

Note that in all cases considered in this paper the connected centre of G is split
and so one can take D to be the full connected centre.
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Levva 4.1.6. — Let G = GLy x GLy and G = G 0. If c € FS(G) occurs in IS,

and x 1s the central character of ¢, then there is a unique ¢ € U(G, x) such that ¢ is
associated to 1.

Proof. — This simply follows from Remark 4.1.4 (1) and the above description in
the case at hand of the pairs (w,7r) with w € W(L, G)reg, L € Haise(L) and
T ~ TL.

Remark 4.1.7. — Let G = GLy x GL; and G = G 0 6.

(1) For P a parabolic subgroup of G with Levi L and 7, € Ilgisc(L, xg L), the
parabolically induced representation A 2(Up(Ar)L(F)\G(AF))r, is irreducible by
[MW89] (implying multiplicity one for the discrete automorphic spectrum for L) and
[Ber84, §0.2], [Vog86, Th. 17.6] (irreducibility of unitary parabolic induction for gen-
eral linear groups).

(2) It follows from [JS81], [MW89] and Lemma 4.1.6 that for ¢ € FS(G) occurring

in Igéf, L is determined by c.

(3) For S C 9, the linear form ISSC oS ON I(Gg) is simply the tensor product

of ISSC%CS with the unramified linear form on I (CN-‘rsr rs) corresponding to the Satake
parameters (¢, )ycs rs (see Remark 2.3.4). This is particular to GL,, and is a direct
consequence of strong multiplicity one. Also by strong multiplicity one for a given
¢S € FS5(Q) there is at most one v € IC(G) such that Liisc,v,cs # 0. By these
remarks, for ¢ € FS(G) we have a well-defined linear form ISSC,C on I(G), whose

restriction to I(Gg) (for large enough S) is I G for the unique v such that this

disc,v,cS
is non-zero, or 0 if no such v exists.

4.2. Evrvreric Enposcoric Grouprs. — Consider the split group I' = GLy x GL; over F
and its automorphism 6 : (g, z) — (Jig=1J ! x det g), where

0 0 0 —1
0010
‘]_0—100
1 0 0 0

was chosen so that the usual pinning of GL, x GL; is stable under 6. Note that if
(m, x) is a representation of I'(F,) for some place v of F, then

(m,x) 00 = (7 @ (x o det), x).

The dual group T is naturally identified with GL4(C) x GL4(C), and a(g,x) =
(jtg_lj_lx,x), where J = J (but with coefficients in a different field). Denote
I' = ' 04 (that is, the non-identity connected component of I' 0 {1, 8}). We consider
twisted endoscopy with w = 1.

Then the elliptic endoscopic data (H,H ,s,¢) for T are easily seen to be of the

following form.
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(1) H = GSping, dual H = GSp,, for s = 1: The first projection identifies
£1(GSPim;) = T% with the general symplectic group defined by J, and the “simili-
tude factor” morphism Gm% — GL; equals pry O£1|Gmr. Both I'" and GSpin;
are split, so there is an obvious choice for 1¢ : LGSpin; — Li".

(2) GSping, with o € F*/F*2 dual G@fﬂfﬁ = GSO, with action of Gal(E/F) if
a is not a square, where E = F(y/a). Pick s = diag(—1, —1,1,1), then [Ad(s)o0 — GOy
for the Gram matrix

0 0 01
0 0 -10
0 -1 0 0
1 0 0 0

If o = 1 the group GSpin, is split and we choose the obvious “¢. Otherwise let ¢ be
the non-trivial element of Gal(E/F), and define “¢ by mapping 1 O ¢ to

1000

o O O
o = O
O O =
— O O

(3) R*:=(GSpinsxGSpin,)/{(z,27') | z€ GL1}, for non-trivial a. The dual R~
is the subgroup of GSO2 x GSp, of pairs of elements with equal similitude factors,
and Gal(E/F') acts on the first factor. Let s = diag(—1,1,1,1), so that

f(f/{?") = {diag(z1, A,x2) | A € GLy, 129 = det A}.

Define “¢ by mapping 1 0 ¢ to

_ o O O
o O = O
o = O O
S O O =

We also need to consider the elliptic endoscopic groups for GSping and GSpin,.
Let H; be the unique non-trivial elliptic endoscopic group for GSping, so that Hy ~
GLy x GLy/{(212, 271 I3)}. Then H; is the subgroup of GSp,(C) x GSp4(C) of pairs
of elements with equal similitude factors, so we have an obvious embedding of dual
groups ﬁl — Ggi’iﬂs = GSp,(C), inducing an embedding of L-groups “¢’ : TH; —
LGSpin;,.

Let o € FX/F*? and let aj,as € FX/F*? r {1} be such that ajas = a.
Let H3"'** be the elliptic endoscopic group for GSpinj associated to {ay,as}, so
that HY"*? ~ GSping' x GSpin5?/{(z,27!) | 2 € GL1}. Recall that GSpin$’
is naturally isomorphic to Resp( a;), r(GL;1). Then H‘é"‘&“ is the subgroup of
GSO3(C) x GSO3(C) consisting of pairs of elements with equal similitude factors, so
we again have an obvious embedding of dual groups H‘;N‘? — Gmﬂél = GSO4(C).
Let u (resp. ji1, p12) be the morphism Gal(F/F) — Z/2Z having kernel Gal(F/F(y/a))
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(resp. Gal(F/F(y/ay)), Gal(F/F( /az))). Denote A = (9}) € GLy(C). Writing
Gal(F(v/a)/F) = {1,c}, define ¢’ : 'HY — LGSpin, by mapping 1 0 o to

diag(A*1(?) | A#2(9)) diag(1, A*?) 1) 0 0.

4.3. STABILISATION OF THE TRACE FORMULA. — We will need to use the stabilisation of
the (twisted) trace formula for T and its elliptic endoscopic groups. Consider the latter
first: let (H,H ,s,£) be an elliptic endoscopic datum for (T, f‘) The stabilisation of
the trace formula for H is as follows. Fix v € IC(H), S a big enough set of places,
and ¢ € FS%(H). Choose representatives (H',H ', s,¢) for the isomorphism classes
of elliptic endoscopic data for H, and for each representative choose “¢' : “'H' — 'H
extending ¢ (for example as in the previous section). It induces maps ¢ : FS(H') —
FS(H) and L¢' : IC(H') — IC(H). Inductively define a linear form on I(H(Fs)) by

H H H' H’
(431) Sdisc,u,c(f) = Idisc,u,c(f) - Z L(e/) Z Sdisc,u’7c’(f )7
J/=H'H",s¢) c;>—>c
H/;ﬁH V=
where the sum is over equivalence classes of nontrivial elliptic endoscopic data for H,
fH is a transfer of f (see Section 2.3), and the constants u(¢) are recalled after the
following theorem.

Tueorewm 4.3.2 ([Art02, Global Ths. 2 & 2, and Lem. 7.3(b)])
The linear form S(Il_ilsc,y,c is stable, i.e., factors through SI(H(Fs)).

Note that in general (4.3.1) is only well-defined thanks to Theorem 4.3.2 applied
to H'. However, for the groups H considered here, and for any non-trivial endoscopic
group H', the only elliptic endoscopic group for H' is H’, and so SE;C =1 g;c.

Let us recall the definition of +(¢’), both for ordinary endoscopy and for twisted
endoscopy. Assume that G is a twisted space and ¢ = (H,H ,s,¢) is an elliptic

endoscopic datum. Let
)
Le) = )
7(H) 7o (Aut(e))]
where 7 is the Tamagawa number and the superscript 0 denotes the identity com-
ponent. We have not included the factor |det(1 — |...)|~! from [MW16b, VL5.1]

because of Remark 4.1.4 (2); compare with the definition on p.109 of [KS99] using
[KS99, Lem. 6.4.B]. Recall [MW16b, p.693] that there is a short exact sequence

1— (2(G)/Z(G) n TP %" 5 Aut(e) /H — Out(e) — 1.

In the ordinary (non-twisted) case we have T00 = T > Z((A}) and thus u(e) =
7(G)7(H) | Out(e)|~". The only twisted case that we need in this paper is the case
of T', when T%° = {((t1,...,ts),2) | Vi, t; =Atgjim} and so Z(G) N T%0 ~ Cx.
Similarly it is easy to see that Z(G)/Z(G) N T?%° ~ C* with trivial action of Galp,
so we can conclude that t(¢) = 7(T)7(H) '] Out(e)|~! for any elliptic endoscopic

datum e = (H,H ,s,&) of T.
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Let us make the constant ¢(e) explicit in the only two cases where it will be needed
in this paper:

(1) For the elliptic endoscopic group Hy of GSping, ¢(e) = 1/4.

(2) For the elliptic endoscopic group GSping of T, t(e) = 1.

We can finally state the stabilisation of the twisted trace formula for (I',T). As in
the case of ordinary endoscopy we fix representatives e = (H, H , s, ) of isomorphism
classes of elliptic endoscopic data for T and for each ¢ we also choose an L-embedding
L¢e: 'H — I'G extending ¢ (for example the ones defined in the previous section).

Treorem 4.3.3 ([MW16b, X.8.1]). — For any v and ¢ we have
I(isc,u,c(f) = Z L(e) Z Scli_ilsc,u’,c’ (fH)?

e=(H,H ,s,¢) vy
e

where the first sum is over equivalence classes of elliptic endoscopic data for T.

5. RESTRICTION OF AUTOMORPHIC REPRESENTATIONS

5.1. RESTRICTION FOR GENERAL GRoUPs. — Let us recall a consequence of [HS12, §4]
that we will need. Since in all cases considered in this paper the assumption of [Chel8,
Prop. 1 (iii)] will be satisfied, one can use the more precise result of [Chel8] (which can
be formally generalised from cuspidal to square-integrable forms) instead. Consider
an injective morphism G < G’ between connected reductive groups over a number
field F' such that G is normal in G’ and G’/G is a torus. Choose a maximal compact
subgroup K/ of G'(F ®q R); then
Ko :=G(F®qR)N K.,
is a maximal compact subgroup of G(F ®q R). Note that if 7’ is an irreducible
unitary admissible (g/, K..) X G'(Ap,f)-module then Resg (7') is a unitary admis-
sible (g, Koo) X G(Ap f)-module, but it has infinite length in general. We have a
(9, Koo) X G(AFp, r)-equivariant map
resg/ cA2(Aq G (F)\G'(Ar)) — A%(AgG(F)\G(AFr))

obtained by restricting automorphic forms.

The fact that resG’ takes values in A 2(2AgG(F)\G(Ar)) is a routine verification,
except for square-integrability which follows from the proof of [HS12, Lem. 4.19] (see
also Remark 4.20 op. cit.). If 7' € Hgisc(G') and ¢ : 7" — A2(Aa G (F)\G'(Ar)),
then res& (u(n')) is naturally identified with a quotient of Resg/ (7). This quotient
can be proper and of infinite length, but in any case it is non-zero. In particular
there exists an irreducible constituent 7 of Resg,(ﬁ’ ) such that 7 € Igisc(G). In this
situation we will say that m is an automorphic restriction of «'. Unsurprisingly, this
notion of restriction is compatible with the Satake isomorphism at almost all places:

Lemva 5.1.1 (Satake). — Suppose that m ~ Q. m, € Haisc(G) is an automorphic
restriction of 7’ ~ Q! w! € Waise(G'), then for almost all places v of F the Satake
parameter c(m,) of m, is the image of ¢(w.) under the natural map

(C/}\’ o Frobv)ss/(/}\’—conj — (é o Frobv)ss/é—conj.
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Proof. — For almost all places v, m, is the unique unramified direct summand in
Resg(g”))(ﬁ,’u). The result follows from [Sat63, §7.2] applied to G x T — G’, where T
is any central torus in G isogenous to G’/G, and the translation in terms of dual

groups [Bor79, Prop.6.7].

Let us now formulate a direct consequence of [HS12, Th. 4.14], ignoring multiplic-
ities.
Tueorem 5.1.2 (Hiraga—Saito). — The map resgl is surjective, and so any discrete
automorphic representation for G is an automorphic restriction of a discrete auto-
morphic representation for G'. In other words, there exists a surjective map

ext§ : Muise(G) — Muise(G')/ (G (Ar)/G(AR)G(F)Agr)”
such that for any 7' € ext§ (r), 7 is a subrepresentation of Resg/ (7).

In general this map extg is not uniquely determined. We will mainly use this result
for Sp, — GSpiny. This will be fruitful thanks to exterior square functoriality for
GL, [Kim03] and the commutativity of the following commutative diagram of dual
groups:

GSP#n, = GSp, —— Sp, = SO;

GL4 X GL1

[suten

SLg

where f := A?(pr;) @ pry '

6. GrosaL ARTHUR LANGLANDS PARAMETERS FOR GSpin

6.1. CLASSIFICATION OF GLOBAL PARAMETERS. — Let x : Ax/F* — C* be a continu-
ous unitary character. Recall the set \Il(f‘, x) of formal global parameters defined in
Section 2.5. Recall that in Section 4.2 we fixed a representative (H,H , s, &) for each
equivalence class of elliptic endoscopic data for f‘, and in each case an L-embedding
Le o 'H - I'T = T x Wr. We also fixed, for each H as above, a representative
(H',H ', s ¢ for each equivalence class of elliptic endoscopic data for H, as well as
an L-embedding “¢' : “H' — “H. Throughout this section we will use this generic
notation.

A difficulty in using the twisted trace formula is to separate contributions from dif-
ferent endoscopic groups. In our case the problematic endoscopic groups are GSpin
and GSpin,. For this reason we begin with parameters of orthogonal type, although
they will not be our main focus.

There are two natural conjugacy classes of morphisms of complex algebraic groups
GL3 x GLy = GSOy: up to scalars there is on C2? a unique non-degenerate alternating
bilinear form, so that we have GLys = GSp,, and the tensor product bilinear form
on C? ® C? is symmetric. A simple computation by restriction to a maximal torus
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shows that the composition of any such morphism GL; x GLs — GSO4 with the
standard representation of GSQy is isomorphic to (Sym? Std ® det)®(det @ Sym? Std).
Dually we get two conjugacy classes of embeddings ¢ : GSpin, — GL2 x GLag,
with image the distinguished subgroup {(gi1,92) | detgs = detgs}. Note that the
equality GLe = GSp, is reflected by the fact that for any irreducible representation 7
of GLy(F,) we have (w, odet) ® 7V ~ m. Ramakrishnan [Ram00, Th. M] defined
the “tensor product” functoriality GLo x GLs — GL4, which we will denote by
(my,me) — m  ma, for cuspidal 7;’s. This is an isobaric automorphic representation
for GLy, i.e., we may see it as formal sum of cuspidal automorphic representations for
GL,, with ), n; = 4. If wr, wy, is unitary then m; 72 is a formal sum of cuspidal
representations having unitary central character. (Note that this condition is put in
the definition of isobaric automorphic representations in [Ram00], as is apparent in
§2.2 loc. cit., contrary to the original definition in [Lan79].) We will only need this lift
in the weak sense, i.e., compatibility with Satake parameters at all but finitely many
places. This transfer is easily extended to discrete representations:

— if m = n[2] for some character 7 and 7o is cuspidal, then
w1 e = ((nodet) ® m)[2].
—if mp = m[2] and mo = n5[2], then w11 m =mn2  Mmn2[3].

Prorosition 6.1.1. — For any discrete automorphic representations w1, mo for GLg
such that wy,wy, = x we have 11 w3 € Yaisc(GSpiny, x).

Proof. — If m; or m is discrete but not cuspidal this is clear, so we may assume that
both are cuspidal. We have m; w9 =7} --- 7. and this decomposition is x-self-dual,
so that each factor 7] is either x-self-dual or occurs together with 7/ =~ (x odet) @ ;"
for some j # 4. For any large enough S we have

LS(s, N2 (m m)@x )= HLS(S, A(rl)@x ™) H L5 (s, 7} x T x x ).
i=1 16i<;67
Each factor is meromorphic and does not vanish at s = 1 [Sha81, Th.5.2], and
L5 (s, 7 x 7 x x7') has a pole at s = 1 if and only if 7} ~ (x o det) ® m}¥ [JS81,
Prop. 3.6]. So to prove that each factor 7} is x-self-dual of orthogonal type and occurs
with multiplicity one it is enough to prove that the L-function L® (s, A?(1; mo)®@x~!)
is holomorphic at s = 1. We have

L(s, N2 (m1 m2) @ (wrywmy) 1) = L (5,ad" (1)) L% (s, ad” (m2)),

where ad’(m;) is the Gelbart-Jacquet lift [GJ78] of 7;. The Gelbart-Jacquet lift decom-
poses as follows (see Theorem 9.3 and Remark 9.9 loc. cit.). Recall that any continuous
character n : A%/F* — C* such that m; ® (1 o det) ~ m; satisfies > = 1. Denote
Y(m)={n|m @ (nodet) ~m}.

(1) If ¥(m;) = {1} then ad®(m;) is a self-dual cuspidal automorphic representation
for GL3 with trivial central character.
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(2) It X(m;) = {1,n} for some non-trivial character 7 then letting E be the
quadratic extension of F' corresponding to 7, there exists a continuous charac-
ter v:AL/E* — C* such that m; corresponds to Ind&F/Ex(v), and denoting
Gal(E/F) = {l,¢} we have (vy/7°)? # 1. In particular w,, = 7|A;/FX77. Then
ad’(m;) = n o, where o is the self-dual cuspidal automorphic representation for
GL; of orthogonal type corresponding to Indxvg 1 (v/79).

(3) The last possibility is that X(m;) has 4 elements, say X(m;) = {1,191, 12, m1n2}-
Then ado(m) =mn1 1n2 mn2. This case is similar to the previous one except that

E/F is not unique, v/7° is a quadratic character and o is not cuspidal.

In any case no factor of ad’(m;) is the trivial representation of A% /F* and so
L5(s,ad"(m;)) is holomorphic at s = 1.

When we state the symplectic/orthogonal alternative (Proposition 6.1.7 below),
we will for completeness include the non-split case in the statement. For this reason
we next state a special case of the non-split analogue of Proposition 6.1.1.

Let E = F(y/a) be a quadratic extension of F. We now consider the analogue of
Proposition 6.1.1 for GSpiny. Any one of the two conjugacy classes of embeddings
with distinguished image GSpiny xp E — GL2 g X GLg g descends to a unique
conjugacy class of embeddings :* : GSpinj — Resg,r GL. Dually this corresponds
to two morphisms “(Resp,p GL2) — “GSpin,. The composition with the embed-
ding ¥¢ : “'GSpiny — LT gives the dual of the inclusion GL; — Resp/r GL; =
Z(Resg/p GL2) on the second factor, and one of the two Asai representations on
the first factor. Recall that the two Asai representations ©(Resg s GL) — GLy4 are
the two representations extending the representation Std ® Std ®1 of the index two
subgroup GLg x GLs xWpg; in particular they are twists of each other by the qua-
dratic character Wr — Gal(E/F) ~ {+1}. We will not need to distinguish these
Asai representations, since we will only use the fact that their composition with the
exterior square morphism GL4 — GLg is the unique representation of “(Res GLy) =
(GL3 x GLy) © Wg which coincides with (Sym? Std ® det ®1) @ (det ® Sym? Std ®1)
on GLy X GLy xWg, i.e., the induction of either factor. For a cuspidal automorphic
representation 7 for Resp/p GLg, its Asai lift As(m) was constructed in [Ram02] and
[Kri03] and is an isobaric automorphic representation for GL,4 which is a sum of cus-
pidal representations having unitary central character. As in the previous case we will
only need compatibility at unramified places. This construction is trivially extended to
non-cuspidal discrete automorphic representations for Resg,p GLo: for a continuous
character v of A} /E™, one of the two Asai lifts of 7[2] is A/|AIX,/FXnE/F 7|A;/FX (3],
where g/ is the quadratic character of AL /F* corresponding to E.

Prorosition 6.1.2. — As above let E = F(y/a) be a quadratic extension of F. Let
be a discrete automorphic representation for Resg/p GLa. Assume that the restric-
tion of wy to Ag/EF* equals x. Then (II,x) is of orthogonal type, i.e., for any large
enough S the L-function L° (s, Sym*(II) @ x~') has a pole at s = 1.
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Proof. — Asin the proof of Proposition 6.1.1 the case where 7 is not cuspidal is trivial,
and in the cuspidal case it is enough to prove that the L-function L (s, A2 As(m)®@x ')
is holomorphic at s = 1. We have

L%(s, N2 As(m) @ x 1) = L¥(s, IndE (ad” 7).

As we recalled in the previous proof the Gelbart-Jacquet lift ad0(7r) may decompose
into one, two or three cuspidal representations but in any case the trivial represen-
tation of A% /E* does not occur. Thus the trivial representation of A% /F* does not
occur in the automorphic induction Ind%(ad® ).

Remark 6.1.3. — In [Kril2, App. A] the precise decomposition of the tensor product
and Asai lifts are given.

CoroLLARY 6.1.4. — Let o € F*/F*2. Let Il be a discrete automorphic represen-
tation for GSping and let ¢(II) € FS(GSping) be the associated family of Satake
parameters. Assume that I1 has central character x, i.e., i(c(Il)) = c(x). Then
Lf(C(H)) € \IJdisc(GSpinZa X)'

Proof. — We use an embedding +* as introduced before Propositions 6.1.1 and 6.1.2
and Theorem 5.1.2 to realise II as an automorphic restriction of some discrete auto-
morphic representation for Resp( /), GL2. The fact that (7, x) is of orthogonal type
then follows from Propositions 6.1.1 and 6.1.2.

Proposition 6.1.6 below shows that we may associate a parameter in the set \Il(f‘, X)
to each discrete automorphic representation of GSpin; with central character .
We will refine this in Proposition 6.1.9 to show that these parameters are in fact
contained in the subset Uq;.(GSpins, x). The following elementary remark will help
us to distinguish parameters coming from different endoscopic subgroups for T.

Remark 6.1.5. — For any o € F*/F*? r {1} the sets
(“6(FS(GSping)) U H€(FS(GSpiny))) and (“6(FS(GSping)) U “€(FS(RY)))

are pairwise disjoint, because we can recover a as follows (by the definition of Z¢):
for H = GSpin{ or H = R®, ¢® € FS(H) and (¢°,2°) = %¢(c%), for any v & S,
then v splits in F(y/a) if and only if det g, = 2. On the other hand if H = GSpin;
or H = GSpin, then we always have det g, = 22.

Prorosition 6.1.6

(1) For L a proper Levi subgroup of GSping, any ¢ € FS(GSpin;) occurring in
Igipin5’L such, that Ji(c) = c(x) satisfies L£(c) € (T, x) and this element of U(T', x)
is not discrete.

(2) Let H = (GLa x GLy) /{(2I2,27 115 | 2 € GL1} be the unique non-trivial
elliptic endoscopic group for GSping. Then any ¢ € FS(H) occurring in I, = S
and such that i(c) = c(x) satisfies (2€ o L€')(c) € U(T, y).

JEP. — M., 2019, tome 6



506 T. Ger & O. Tais1

(3) Let a« € F*/F*2. Let H be a non-trivial elliptic endoscopic group for
GSpiny. Then any ¢ € FS(H') occurring in Ig;c = S™ and such that fi(c) = ¢(x)
satisfies (€ o L&) (c) € (T, X) and each one of its factors is of orthogonal type with
respect to x.

(4) Let a € F*/F*2. For L a Levi subgroup of GSping, any ¢ € FS(GSpiny)
oceurring in Iﬁsscpinz’l' and such that fi(c) = ¢(x) satisfies L&(c) € W(T,x). If L #
GSpin§ then “£(c) is not discrete.

(5) Any ¢ € FS(GSpiny) occurring in
Le(e) € W(T, ), and if this parameter is discrete then each one of its factors is of
orthogonal type with respect to x.

(6) Any c € FS(GSping) occurring in Sgsscpin"’
Le(e) € BT, x).

(7) Any c € FS(GSpin;) associated to a discrete automorphic representation for

GSping with central character x satisfies L¢(c) € U(T, ).

GSpiny
Sdisc

and such that fi(c) = ¢(x) satisfies

and such that i(c) = c(x) satisfies

Proof. — We use repeatedly the description of Ig'éf explained in Section 4.1, namely
that if ¢ € FS(G) occurs in Igs’g‘, then there is a regular element @ € W (L, G),

and 7, € Hgisc(L) such that 7% ~ 7 and ¢(ng,) maps to ¢ via ‘L — LG.

(1) The possible proper Levi subgroups L and the embeddings “L — “GSpin,

are listed in Section 2.2. In the case at hand, the possibilities are

(a) GL; x GSping = GL; x GLsg,

(b) GLs x GSpin; = GLy x GL4, and

(C) GLl X GLl X GSpil’ll = GLl X GL1 X GLl
In the first case we find that the corresponding parameter is of the formn =« 7,
where 7 is a unitary discrete automorphic representation of GLo(Ap) with w, = x and
n? = x; in the second case, that the parameter is of the form 7, where 7 is a unitary
discrete automorphic representation of GLy(AFp) such that 7V ® (x odet) ~ ; and in
the third case that the parameter is of the form 1, 72 72 71 with n? =n2 = x.

(2) By the description of H as a quotient, ¢ corresponds to a pair (7, ms) with
each 7; either an element of Ilgis.(GL2) with w,, = x or 7, with n?> = x. It is
easy to check that (L& o L&) (c) = (c(m1) ® c(ma), (X)), so that the corresponding
parameter is m;  To.

(3) This is similar to the previous two parts. Write H' = Hy"'*? as in Section 4.2,
so that an element of T14;sc(H') is given by a pair of automorphic representations p1, pa
for the tori GSpin3* ~ Resg, /p(GL1) (here E; = F(y/a)) whose restrictions to GL;
are equal to x. Then via the natural embedding “GSpiny* = GSO, 0 Gal(E;/F)) —
GLy, we have (Y€ o L¢")(c) = (c(m) ® c(m2),c(x)), where m; and 7 are the cuspi-
dal automorphic representations for GLs with central character x automorphically
induced (for E;/F) from p; and ps seen as unitary characters of Ag /E*.

(4) We use the embedding ¢ introduced before Proposition 6.1.1 (or rather one of
the two possible embeddings, the choice being irrelevant as before). If ¢ is discrete
automorphic, i.e., it occurs in I$oP ™ ESPhon by Theorem 5.1.2 it comes from

disc
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the automorphic restriction of some (71, m2) € Igise(GL2x GL2), with c(wr, )c(wn,) =
c(x) and 50 Wy, wr, = x. Then ¢(c) = (e(m1) ® e(m2),¢(x)), and the corresponding
parameter is m; 7o, considered in Proposition 6.1.1.

GSpin,,

Otherwise ¢ occurs in [ L for some proper Levi subgroup. By the description

disc
given in Section 2.2, we see that L is isomorphic to GLy X GSpiné ~ GL,; x GL;
or to GL; x GL; x GSpin(l) =~ GL; x GL; x GL;. In either case we can compute
explicitly as in (1), and we find that we obtain parameters of the form 7 7, where 7
is a discrete automorphic representation of GLa(Ar) such that 7V ® (x o det) ~ m,
and parameters of the form ;72 m2 1 with n¥ = n3 = x.

(5) This follows immediately from the stable trace formula (4.3.1) for GSpin, and
the two previous points.

(6) This follows from the stable twisted trace formula of Theorem 4.3.3 and Re-
mark 6.1.5. Observe that we can associate an element of \I/(f‘, X) to any family of
Satake parameters occurring in Sgsscpin‘* r
content of (5), and in the latter case it follows from Lemma 4.1.6.

(7) This follows as in (6), this time using the stable trace formula for GSpin;, and

applying parts (2) and (6).

or to Igisc; in the former case this is the

Note that points 4 and 5 in Proposition 6.1.6 could be proved for GSpiny in a
similar way, but we will not need this case in the sequel.

We can now prove the symplectic/orthogonal alternative for GL4. This is well
known, and can also be proved using the theta correspondence or converse theorems;
indeed, [AS14, Th. 4.26] proves a corresponding result for GSpin groups of arbitrary
rank, showing that a x-self dual cuspidal automorphic representation 7w of GL,, arises
as the transfer of a globally generic representation of a GSpin group which is uniquely
determined by the data of which of the corresponding symmetric and alternating
square L-functions has a pole, together with the central character of 7.

However, our emphasis here is slightly different (we wish to determine which repre-
sentations have Satake parameters which occur in the discrete spectrum of GSpin;),
and in any case we find it instructive to show how this follows from the trace formula
together with Kim’s exterior square transfer [Kim03].

Prorosition 6.1.7. — Let w be a x-self dual cuspidal automorphic representation for
GLy, and let S be a finite set of places of F' containing all Archimedean places and
all non-Archimedean places where w is ramified.

(1) There is a unique (up to isomorphism) elliptic endoscopic datum (H,H ;s,¢)
for T such that there exists ¢ € FS(H) satisfying L¢(c') = (c(n), c(€)). Moreover H
is not isomorphic to R®, and for any ¢ as above we have, for any large enough finite
set S of places of F' and any v € IC(H),

S

_ H _ ,HH
isc,v,(c’)S T Id I

isc,v,(c’)S T diéc,u,(c/)s'

2)
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(a) If H ~ GSpin§ for some a € F*/F*2 then (m, ) is of orthogonal type,
i.e., for any large enough S the L-function L°(s,Sym?(n) @ x~') has a pole at
s=1.

(b) IfH ~ GSpin; then (m, x) is of symplectic type, i.e., for any large enough
S the L-function L°(s,\*(7) ® x~') has a pole at s = 1.

Proof

(1) By Remark 4.1.7(2) we know that (¢(m),c(x)) does not occur in Igi’slc‘
proper Levi subgroup L of T'. Since (7, x) occurs with multiplicity one in the discrete
automorphic spectrum for T', the automorphic extension 7 of 7 to r (provided by
(4.1.1) for L = G, with w = ) has non-vanishing trace (see [Leml0, Prop. A.5]
for the p-adic case, the Archimedean case is proved similarly). Therefore (¢(7),c(x))
occurs in I};SC. In the stabilisation of the twisted trace formula (Theorem 4.3.3) this
contribution comes from at least one elliptic endoscopic datum, i.e., there is an elliptic
endoscopic group H and ¢’ € FS(H) occurring in S such that ££(¢') = (e(n), c(x)).
Again using [JS81] we see that H ~ R* would contradict cuspidality of 7. By (2),
(3) and (4) in Proposition 6.1.6 we also know that ¢’ cannot come from a proper Levi
subgroup of H or from a non-trivial endoscopic datum for H. We have proved every

statement of the first point except for uniqueness of H, which will follow from the

for any

second point.
(2) Let H and ¢’ be as above. The previous point shows that there exists a discrete
automorphic representation IT for H such that “&(c(IT)) = (¢(IT), ¢(x))-
(a) If H ~ GSpiny the result follows from Corollary 6.1.4.
(b) If H ~ GSping, let II' be an automorphic restriction (in the sense of
Section 5) of II to (GSping)ger =~ Spy. Then II' is a discrete automorphic rep-
resentation for Sp,, and Arthur associates a discrete parameter ¢ € WU gisc(Spy)
to I’ (see Theorem 2.6.1). Now A%(c(m)) ® ¢(x) ™! = 1® c(¢)) (see the commu-
tative diagram (5.1.3)) and so L¥(s, A%(7) ® x 1) = (2(s)L°(s,1). Moreover
by [Kim03, Th.5.3.1], 1 & ¢(¢’) is associated to a (unique by [JS81, Th.4.4])
isobaric sum of unitary cuspidal representations, and so the same holds for 1)’
This implies that L°(s,v’) does not vanish on the line R(s) = 1, by the main
result of [JS77].

REmark 6.1.8. — Thanks to Theorem 2.7.1 we see that W 4;sc(GSping, x) is the subset
of \I/(f, X) consisting of pairs (1, x) with ¢ of the following kinds. (We have labelled
them in the same way as in [Art04]. The groups S are easy to compute; for the
values of €y, see [Artl3, (1.5.6)].)

(a) cuspidal automorphic representations m of GLy4 such that 7V ® (x o det) ~ 7
and L9(s,x~! ® A%r) has a pole at s = 1. (General type, Sy = 1, &, = 1.)

(b) m1 7o, where m; are cuspidal automorphic representations of GLa, wy, =
wr, = x and my % . (Yoshida type, Sy =Z2/2Z, ¢ = 1.)
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(¢) m[2] for 7 a cuspidal automorphic representation for GLg such that w,/x has
order 2 (i.e., (m, x) is of orthogonal type, which means that 7 is automorphically
induced from a character n : A;/E* — C* for the quadratic extension E/F cor-
responding to wy/x, such that n° # 1 and 77|A;/Fx = x). (Soudry type, Sy = 1,
Eyp = 1.)

(d) 7 n[2] with 7 cuspidal for GLy and w, = n? = x. (Saito-Kurokawa type,
Sy, =2/2Z,ey =sgnif e(1/2,7®n~') = —1, and e, = 1 otherwise.)

(e) m[2] m2[2] with n? = n3 = x and 11 # 12. (Howe-Piatetski-Shapiro type,
Sw = Z/2Z, Eyp = ].)

(f) n[4] with n? = x. (One dimensional type, Sy =1, g, = 1.)

Prorosition 6.1.9. — For ¢ € F.S(GSping) associated to a discrete automorphic rep-
resentation II of GSping with central character x, the associated element of ¥(T', x)
(by Proposition 6.1.6) belongs to the subset Ugisc.(GSping, x).

Proof. — As in the proof of Proposition 6.1.7, we use an automorphic restriction IT’
of IT to Sp,, and the associated parameter ', which we know to be discrete. We also
know that 1@ c(¢’) = A%(c(¥)) @ c(x) L.

By Theorem 2.6.1, we can and do assume that y is not a square. In particular,
this implies that ¢ does not have a summand of the form 7, [2] or n[4] (as the
condition that 7 is y-self dual forces n? = x). In addition, if ¢» = ¢; 1, then
c(@') = (A2(c(h)) ® c(X)’l)EBQ@ado(c(dzl)), which contradicts the discreteness of 1’
Thus we have the following possibilities for .

(1) ¥ =11 1o, where 1); is a cuspidal automorphic representation for GLg such
that ¥ @ (x o det) ~ 1; and 1; % 1. We need to show that w., = x, i.e., that
(mi, x) is of symplectic type. Suppose not. We have w?ri = x2, and by Remark 6.1.5
we also have wy,wr, = x? and so Wy, = wg,. Then we find that A2(y) @ x ! =
(Wr /X)  (Way/x)  (x7'm1  m2). Since wy, /X = wWr,/X is a non-trivial quadratic
character, this cannot be written as 1 ¢’ with v’ discrete, a contradiction.

(2) ¥ = m[2], where 7 is a cuspidal automorphic representation for GLy such that
7 @ (x o det) ~ . In this case we need to check that w,/x has order 2, i.e., is
non-trivial. But if y = w, then ¢/ = A%(7[2]) ® wy ! = ad”(7)  [3], which cannot be
written as an isobaric sum of 1 and discrete automorphic representations for general
linear groups, a contradiction.

(3) ¥ = m[1], where 7 is a cuspidal automorphic representation for GL4 such that
7V ® (x o det) =~ w. This case was considered in Proposition 6.1.7.

7. MULTIPLICITY FORMULA

In this section we prove the multiplicity theorem for GSpin; (Theorem 7.4.1),
which describes the discrete automorphic spectrum in terms of the packets IL(ey)
defined in Definition 2.5.5. We begin with some preliminaries.
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7.1. CANONICAL GLOBAL NORMALISATION VERSUS \\’THITTAKER NORMALISATION

Recall from Remark 4.1.7 that for G = GLy x GL; and G=Go 0, for a
Levi subgroup L of G and 7, € Igisc(L) the parabolically induced representation
A2(Up(Ap)L(F)\G(Ap))s, is irreducible. For @ € W(L,G) we have a canon-
ical (“automorphic”) extension of this representation of G(Ap) to G, denoted
Mp 5P (0) o Pg,m in Section 4. We have another canonical normalisation of this
extension, namely the Whittaker normalisation recalled in Section 3.2.

Levmma 7.1.1 (Arthur). — These two extensions coincide.

Proof. — The proof of [Art13, Lem. 4.2.3] readily extends to the case at hand.

7.2. THE TWISTED ENDOSCOPIC CHARACTER RELATION FOR REAL DISCRETE TEMPERED PA-
RAMETERS

Prorosirion 7.2.1. — Let ¢ : Wg — GSp, be a discrete parameter. Then the twisted
endoscopic character relation holds for I, (as defined by Langlands in [Lan89]), i.e.,
part 1 of Theorem 3.1.1 holds.

Recall that for ¢ such that i o ¢ is a square, this twisted endoscopic character
relation is a direct consequence of [Mez16] and [AMR18, Ann. C].

Proof. — We use a global argument similar to (but simpler than) [AMRI18, Ann. C].
Up to twisting we can assume that Stdaspin, ¢ ~ (I, ® Ia,, sign?®1 ), where aj,as €
%Z>0 are such that a; — as € Zsg (and as before, I, = Indgvxm(z — (2/2)*)). Fix
a continuous character x : AX/RsoQ* — C* such that y|gx = sign®*'. There are
cuspidal automorphic representations m, mo for GLo/Q with central characters w,, =
wr, = x and such that rec(m; o0) = I, (apply [Ser97, Prop. 4] withn =1, k = 2a;+1
fixed and N of the form fcond(x), where cond(x) is the conductor of x and £ — +oo
prime). Let ¥ =71 72 € Uaisc (GSping, X), so that 1. = .
By [Mez16] there is z(¢) € C* such that for any f. € I(f‘R) we have

7 (foo) = 2() (trmi (f) + trmg (L))

where 7 (resp. ) is the generic (resp. non-generic) element of IL,, i.e., (s, 7L)
(resp. (s, 7)) is the trivial (resp. non-trivial) character of S,. We need to show that

z(¢) = 1. Recall that for any finite prime p the twisted endoscopic character relation

wal (f) = > trm(f))

Trpel'[wp

holds by the main theorem of [CG15].

In the discrete part of the trace formula for f, the contribution I(I;SC’CW) of ¢(¢)) only
comes from L = GLy x GL3 and w = 6y, using notation as in the discussion preceding
Definition 4.1.2. By Lemma 7.1.1 and since det(w — 1|AF) = 2 this contribution is
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(on I(L'g) for S containing oo and all places where 7, or my ramify)
1 ~
H Ry — 3 Htr ﬂ'iu (hy),
veS v

where 7r£v is the Whittaker-normalised extension to f‘(FU) of the irreducible parabol-

ically induced representation m , X 2 ,. Thus we get for h = HUGS h, € I(f‘s)

_ . .
(7.2.2) e e (h) = (2“’)1_[ > trmy (hGSPs),

vES m, €Iy,

By the stabilisation of the twisted trace formula (Theorem 4.3.3), and using Re-
mark 6.1.5 and Proposition 6.1.6 (5) which imply that the endoscopic groups GSping
(for « € F*/F*?) and R (for « € F*/F>*? r {1}) have vanishing contributions
corresponding to ¢(1)?, (7.2.2) equals

Sdisc,l/(cp),c(w)s (thpin5 ) .

By surjectivity of the transfer map h — hGSPis (Proposition 2.4.4), this determines

s GSping
the stable linear form Sdisc,u(w),c(zp)s' Let

H = (GLy x GLy) /{(2I3,27 ' I, | z € GL}
be the unique non-trivial elliptic endoscopic group for GSpins. The (v(v), c(1)?)-

part of the stabilisation of the trace formula (Theorem 4.3.2) for GSping now reads,
for f =[],cq fo € 1(GSping),

GSping zZ(p 1
Lisentiy,ewys (F) = (Q)H 2 w7 D Stewses (M),

vES m, €Iy, v ()
cFire(y)®

Now S’gse s = Igsc s 18 non-vanishing if and only if (v/,c
(my,m2) or to (me,m ), in which case it equals tr (m ® m) or tr(m ® 7). By the

endoscopic character relations, in either case we have

'9) is associated to

Scli_ilsc,u’,c’s (fH) = H Z <S3 7TU> tr '/Tv(fv),

vES Ty €Ly,
where s is the non-trivial element of Sy,. Thus we obtain
GSpin Z((p) + HU <Sa 7T?)>
Idiscl,:)u(jz),c(w)s(f) = Z = H tr 7Tv(fv)~

2
(TFU)UEHUQS Ly, veSs

By Proposition 6.1.6 (1) the left-hand side simply equals the trace of f in the
(v (1), c(1)®)-part of the discrete automorphic spectrum for GSpins. Varying S,
the above equality means that the multiplicity of 7 = ®/m, € I, in A?(GSpin;)
equals (z(¢) + (s,7))/2. Comparing with [CG15, Th.3.1] (which relies on the theta
correspondence and not trace formulas) for any 7 we finally obtain z(p) = 1.
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Remark 7.2.3. — Arguing as in [AMR18, Lem. C.1] one could certainly prove the
Proposition without using [CG15, Th. 3.1], since |z(¢))] = 1 and (z(¢) —1)/2 € Z=g
imply z(¢) = 1 (consider the multiplicity of 7 ® ®; 7p, where (s,m,) = +1 for
all p).

7.3. LocaL paramETERS. — In this section we obtain Arthur’s multiplicity formula for
GSping, by formally using the stable twisted trace formula and twisted endoscopic
character relations to get the desired expression for Sﬁssc?ci% for ¢ corresponding to
¥ € W4isc (GSping), and then the stable trace formula for GSpin.

We begin with the following important point, which is Conjecture 2.5.3 for G =

GSpin;.

Prorosition 7.3.1. — If 7 is a x-self dual cuspidal automorphic representation
of GL4(AFR) of symplectic type, then for any place v of F, the pair (rec(m,),rec(x,))
is of symplectic type, i.e., factors through GSp,(C).

Proof. — This follows from [GT11a, Th. 12.1], which shows that 7 arises as the trans-
fer of a (globally generic) automorphic representation II of GSp,(Ar), and that at
each place v, the pair (rec(m,),rec(x,)) is obtained from the L-parameter associated
to IL, by the main theorem of [GT11a].

Remark 7.3.2. — There are at least two alternative ways of proving Proposition 7.3.1.
One is to use the main results of [Kim03] and [Hen09], which imply in particular that

~! contains the trivial repre-

for each place v the representation A2 rec(m,) ® rec(xy)
sentation, together with a case by case analysis. The other is to follow the argument

of [Art13, §8.1].

7.4. THE GLOBAL MULTIPLICITY FORMULA. — Given Proposition 6.1.9, the multiplicity
formula is morally equivalent to the following formula for any ¢ € Ug;s.(GSpins;),
f € H (GSping) and S large enough:
GSpin, ETS(ZT) Z (sy,mytrm  if v=uv()
disc,v,c(y)S melly
0 otherwise.

This is the simplification (for discrete parameters) of the general stable multiplicity
formula (see [Art13, Th.4.1.2]).

We now prove the multiplicity formula; the following theorem is Conjecture 2.5.6,
specialised to the case G = GSpins. We write II;(ey) for the set of representations
defined in 2.5.5 (with no tilde, since we are working with GSpiny).

Tueorem 7.4.1. — There is an isomorphism of H (GSping)-modules

(7.4.2) A ?(GSpin;) = &) T,
X:AR/F*Rs0—C*
Y€V qisc (GSping, x)
melly (ey)

where x Tuns over the continuous (automatically unitary) characters.
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Proof. — Fix a continuous character x : AX/F*Rso — C*, and write
A *(GSping, x)

for the space of x-equivariant square-integrable automorphic forms on which A% /F*
acts via x. For any v € IC(G) and ¢ € FS(G), write

A*(GSpin;, )y := i A*(GSping, X)u.c:-
S

Then we have

A*(GSpins,x) = @ A*(GSpins, x)u.c
velC(G)
ceEFS(G)

= SY) A Q(Gspins))u,c(w)-
velC(G)
YEWqisc(GSping, x)
Indeed, it follows from Proposition 6.1.9 that for any ¢ with A 2?(GSping, x). # 0,
there is some ¥ € Wqi.(GSping, x) such L&(e(r)) = c(v). Tt follows that we are
reduced to showing that for each 1 € Uqi5.(GSping, x), we have

.
(7.43) A2(@Sping), o = { Dretiien ™ BV

0 if v #£v(y).
Fix v € IC(G) and ¢ € Uqi.(GSping, x). If x is a square, then we are done by
Theorem 2.6.1 (that is, by reducing to SOs3, already proved by Arthur). So we only
have to consider the following cases:

(1) Cuspidal 7 for GLy4 such that 7V ® (x o det) ~ 7 and (, ) is of symplectic
type.

(2) m  mq, where the m;’s are distinct cuspidal automorphic representations for
GL; with w,, = x (Yoshida type).

(3) m[2], where 7 is a cuspidal automorphic representation for GLgy such that wr/x
is a quadratic character, i.e., m¥®(yodet) ~ 7 and (7, x) is of orthogonal type (Soudry
type).

In case (2), the multiplicity formula is a special case of [CG15, Th. 3.1], proved using
the global theta correspondence. So we can and do assume that we are in case (1) or
case (3), so that in particular Sy, = 1 and € = 1. Furthermore, in either case we know
that for any place v, the parameter v, is of symplectic type, i.e., factors through GSp,
(in case (1) this is Proposition 7.3.1, and in case (3) it follows from Theorem 2.7.1).

We will prove (7.4.3) by computing Igipjnzf(,ﬁsmns (f) for each f e H (GSpinj),
which by definition is the trace of f on the left hand side of (7.4.3) (note that this
IGSpiHS,GSpinE)
disc,v,c(y)S
end, note firstly that by Proposition 6.1.6 (1), we know that for any proper Levi L of
GSping,L
Idisc v °

is well-defined, and equal to (f) for any sufficiently large S). To this

GSpin;, and for any ¢ € FS(GSpin;) occurring in , with central charac-

ter x, we have £¢(c) € U(T, x) r ¥ 4;.(GSpins, x). Consequently, we see that for any
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Y € U4isc(GSping, x), we have

(7.4.4) Saeetwy = Laseetiy T

Denoting as usual the unique non-trivial elliptic endoscopic group of GSpin; by H,
we have that Sii,. ., . vanishes identically for any ' € IC(H) and any ¢ € FS(H)
such that L¢/'(¢/) = c(w) (because the proof of Proposition 6.1.6 (2) shows that any ¢’

occurring in S} is such that “¢ol¢’(¢') is a sum of at least two discrete automorphic

disc

representations of general linear groups). It follows that we have
GSping _ GSping
(745) Idisc v,e(yp) Sdisc v,e()”

By Proposition 6.1.6 (5), for any ¢’ occurring in Sdlip1"4 we have L¢(c') # c(1), so
that (using also Remark 6.1.5) the contribution of ¢ to the stabilisation of the twisted

trace formula for I" simply reads

(746) IdlSC v,c(y) (h) SGspln5 (hGSpins)’

disec,v,c()

where on the right-hand side ¢(¢) denotes the unique element of F'S(GSpin;) which
is the preimage of c¢(¢0) € FS(T) by ¢, and similarly for v seen as an element
of IC(GSpiny). By surjectivity of h + hGSPins (see Proposition 2.4.4), and Re-

mark 4.1.7, this implies that Sgsscp:r;? ) vanishes identically if v # v(v). In the defi-

nition of IT ) S a sum over Levi subgroups, the only non-vanishing summand

disc,v,c(y
corresponds to L = GL4. By Lemma 7.1.1 we have for h =[], h, € I(T")

r _ T
Tdisc v (),c(u) (M) = Htr Ty, (B)

Applying Theorem 3.1.1 (1) (or rather its extension to parameters in ¥ (GSpin;)
via parabolic induction; see [Art13, §1.5]) to the right-hand side of this equality and
using (7.4.6) we obtain

gsscpum%c(w)va =1[ > trm(fo)

v my€lly,
Combining this with (7.4.4) and (7.4.5), we conclude that

GSpin, GSping H £) = H Dompert,, Tu(fo) i v =v(1)
disc,v,c(y) v 1f1/7£ V(’L/J)

Recalling that Sy = 1 and € = 1, this is equivalent to 7.4.3, so we are done.

Remark 7.4.7. — A consequence of the multiplicity formula and [AS14] is that for
any discrete automorphic representation m for GSpiny which is formally tempered
(i-e., of general or Yoshida type), there exists a globally generic discrete automorphic
representation 7’ for GSping such that for any place v of F', 7, and 7], have the same
Langlands parameter. Indeed letting v € Wqis.(GSping, x) be the parameter of 7
(well-defined by the multiplicity formula), Shahidi’s conjecture (proved in [GT11a])
implies that there is a unique representation in I, which is generic at each place.
In fact the multiplicity formula asserts that it is automorphic with multiplicity one.
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By (the converse part of) [AS14, Th. 4.26] there exists a globally generic discrete (even
cuspidal) automorphic representation 7’ for GSpiny such that «/ ~ m, for almost all
v. In particular 7/ has parameter ¢, and for any place v of F, 7} is generic.

Note that in the case x = 1, Arthur used the the analogue of [AS14] in order to
prove Shahidi’s conjecture: see [Art13, Prop. 8.3.2]. More precisely, he used the descent
theorem of Ginzburg, Rallis and Soudry (and thus indirectly the converse theorem of
Cogdell, Kim, Piatestski-Shapiro and Shahidi).

Remark 7.4.8. — Let G be an inner form of GSpiny over a number field F. Us-
ing the stabilisation of the trace formula for G qualitatively (i.e., only considering
families of Satake parameters), we see that for any 7w € Ilgisc(G, x), there is a well-
defined ¢ € W(T, ) such that c(x) = (c(¥),c(x)). Moreover if 1 is discrete then
¥ € Uaise(GSping, x). If ¥ € P4isc(GSping, x) is tempered (i.e., either of general
type or of Yoshida type) then using the stabilisation of the trace formula quantita-
tively and the endoscopic character relations proved in [CG15] for inner forms as well,
one could certainly prove the multiplicity formula for the part of the discrete auto-
morphic spectrum for G corresponding to (¢(¢), c¢(x)) € F'S(G). The proof would be
similar to those of Proposition 7.2.1 and Theorem 7.4.1. Note however that to even
state the multiplicity formula, one has to fix a normalisation of local transfer factors
satisfying a product formula. This normalisation was achieved in [Kall5] and used in
[Tail9] to prove the multiplicity formula for certain inner forms of symplectic groups.
It would thus be necessary to compare Kaletha’s normalisation of local transfer factors
for the non-split inner form of GSp, realised as a rigid inner twist with Chan-Gan’s
ad hoc normalisation [CG15, §4.3].

8. (:Ol\'ll’ATlBlLlTY OF THE LOCAL LANCLAN])S CORRESPONDENCES FOR
Sp, ANp GSping

In this section, we study the compatibility of the local Langlands correspondence
with restriction from GSp,(F) ~ GSpins(F) to Sp,(F), where F is a p-adic field.
We do not consider the case of Archimedean places, which could certainly be done by
a careful examination of the Langlands—Shelstad correspondence.

8.1. CompaTiBILITY WiTH RESTRICTION. — Let F' be a p-adic field. The proof of the ex-
istence of the local Langlands correspondence for GSp,(F) ~ GSpin;(F) in [GT11a]
used the theta correspondence, and its compatibility with the correspondence stated
in [Art04] (characterised by (twisted) endoscopic character relations) was proved
in [CG15]. In the paper [GT10], a local Langlands correspondence for Sp,(F') was
deduced from the correspondence for GSp,(F) by restriction. This correspondence is
uniquely characterised by the commutativity of the diagram

II(GSpin;) ——— ®(GSpiny)

(8.1.1) l lpr

(Sp,) —————— ©(Spy)
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where II(GSping) (resp. II(Sp,)) is the set of equivalence classes of irreducible admis-
sible representations of GSping(F) (resp. Sp,(F)), ®(GSpin;) (resp. ¢(Sp,)) is the
set of equivalence classes of continuous semisimple representations of WD valued
in GSp,(C) (resp. SO5(C)), the horizontal arrows are the local Langlands correspon-
dences, and pr is the projection GSp,(C) — PGSp,(C) = SO5(C). The left hand
vertical arrow is not in fact a map at all, but a correspondence, given by taking any
restriction of an element of II(GSpin;) to Sp,(F).

Of course, [Art13] gives another definition of the local Langlands correspondence
for Sp,, which is characterised by twisted endoscopy for (GLs5,g ~ fg~1). It is not
obvious that this correspondence agrees with that of [GT10]; this amounts to proving
the commutativity of the diagram (8.1.1), where now the horizontal arrows are the
correspondences characterised by twisted endoscopy. Proving this is the main point of
this section; we will also prove a refinement, describing the constituents of the restric-
tions of representations of GSping(F') to Sp,(F') in terms of the parameterisation of
L-packets.

We begin by recalling some results about restriction of admissible representations,
most of which go back to [GK82], and are explained in the context of GSp,,, in [GT10].
They are also proved in [Xul6], which we refer to as a self-contained reference. If 7
is an irreducible admissible representation of GSping(F), then 7|gp, (r) is a direct
sum of finitely many irreducible representations of Sp,(F) ([Xul6, Lem.6.1]), and
these representations are pairwise non-isomorphic ([AP06, Th. 1.4]). Furthermore if 7
is an irreducible admissible representation of Sp,(F), then there exists an irreducible
representation 7 of GSping(F) whose restriction to Sp,(F) contains 7, and 7 is
unique up to twisting by characters ([Xul6, Cor. 6.3, 6.4]). There is also an analogue
of these statements for L-parameters, which is that L-parameters for Sp, may be
lifted to GSpin;, and such lifts are unique up to twist; see [GT10, Prop. 2.8] (see also
[Lab85, Th.7.1] for a more general lifting result).

In particular, it follows that if = € II(Sp,), and 7 lifts 7, with L-parameter oz,
then proys depends only on 7 (because ¢z is well-defined up to twist, as 7 itself
is); we need to show that it is equal to the L-parameter of 7 defined by the local
Langlands correspondence of [Art13].

Tueorem 8.1.2. — The diagram (8.1.1) commutes, where the horizontal arrows are
the correspondences of [Art13, Art04] determined by twisted endoscopy; that is, the
local Langlands correspondences for Sp, of [GT10] and [Art13] coincide.

Proof. — By the preceding discussion, it suffices to show that for each irreducible
admissible representation 7, there is some lift 7 of 7 such that ¢, = prowsz.

We begin with the case that 7 is a discrete series representation. Then by [Clo86,
Th. 1B] and Krasner’s lemma, we can find a totally real number field K, a finite
place v of K, and a discrete automorphic representation IT of Sp,(A), such that:

(1) K, 2 F (so we identify K, with F' from now on).

(2) I, ~ .
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(3) at each infinite place w of K, II,, is a discrete series representation.

(4) for some finite place w of K, II,, is a discrete series representation whose
parameter is irreducible when composed with Stdgp, : SO5 — GL5 (for example the
parameter which is trivial on Wy and the “principal SLs” on SU(2)).

By Theorem 5.1.2, there is a discrete automorphic representation Il of GSpin;(Ax)
such that ﬁ|Sp4(A ) contains I1. We can and do assume that the infinitesimal character
of IT is sufficiently regular, so that in particular the parameter 1 of II is tempered.
By (4) above, v is just a self-dual representation for GL5/K with trivial central
character. Write J for the parameter of 11.

As in the proof of Proposition 6.1.7 (2) (i.e., comparing at the unramified places us-
ing (5.1.3)), we see that 1 ¢ = /\%J)@wil. Given the possibilities in Remark 6.1.8 we

see (using [GJ78] to rule out the case 1 = m[2], see the proof of Proposition 6.1.7 (1))
that 1; is necessarily tempered. If zz =m; 7y was of Yoshida type then we would have
¢=1 (m =), a contradiction with the fourth property of IT above. Therefore 1
is of general type, i.e., a x-self-dual cuspidal automorphic representation for GL4/K
of symplectic type for some character x of Ay /K*. By the main results of [Kim03]
and [Hen09], the Langlands parameter of 1 1 at v equals A2(rec(ih,)) ® rec(wgz)
which implies that ¢m, = pr Py - Taking 7 = ﬁm we are done in this case.

We now treat the case that the parameter ¢, is not discrete, but is bounded modulo
centre. Recall that a minimal Levi subgroup “M of £Sp, such that ¢, (WDr) C M
is unique up to conjugation by Cent(@ﬂ,S/p:) [Bor79, Prop.3.6]. Then ¢, factors
through a well-defined discrete parameter pn : WD — “M. Since Sp, is quasi-split
we have a natural identification of “M with the L-group of a Levi subgroup M of
GSp, (well-defined up to conjugation by normalisers in Sp,, resp. S/p\4) Since @, is
assumed to be non-discrete we have “M # LSp,. It follows from the construction

in [Art13] (see the proof of Proposition 2.4.3 loc. cit., in particular (2.4.13)) that 7 is a
a
F
of Sp, with Levi M, and m is in the L-packet of ong. Recall that this L-packet is

defined via the natural identification M with a product of copies of GL groups with
Sp,, for some 0 6 a < 2, using rec for the GL factors and Arthur’s local Langlands
correspondence for the Sp factor.

Write M = M N Sp,, where M is a Levi subgroup of GSp,, and similarly

constituent of the parabolic induction Indg M, where P is any parabolic subgroup

P=Pn Sp,. Let T be an essentially discrete series representation of M(F ) whose
restriction to M(F') contains mng. Then there is an irreducible constituent 7 of the
(semisimple) parabolic induction Indg(s}%ins(F) mm such that 7 is a restriction of 7.
We will prove that ¢, = props. Note that for non-discrete parameters, the local
Langlands correspondence for GSpin;(F') of [GT11a] is also compatible with para-
bolic induction (see [CG15, §6.6] and [GT11b, Prop. 13.1]), i.e., the parameter of 7 is
¢ (the Langlands parameter of ;) composed with “M C “GSpin;. Note that M
is isomorphic to a product of GL and for such a group the (bijective) local Langlands
correspondence is well-defined, i.e., it does not depend on the choice of an isomor-

phism. This follows from compatibility of rec with twisting, central characters and
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duality. The same argument shows that any morphism with normal image between
two such groups is also compatible with the local Langlands correspondence. We have
a commutative diagram

LM —— LGSpin,

M— LSP4

so that to conclude that ¢, = prowsz it is enough to show that ¢n = prows;, which
is simply a compatibility of local Langlands correspondences for M and M. There
are three cases to consider. We write the standard parabolic subgroups of GSping
and Sp, as in Section 2.2. We do not justify the embedding M — M, as this is a
simple but tedious exercise in root data.

- M = GL? x GSpin;, M = GL?, the embedding M — M is (21,22) —
($1$2,$1/x2,l‘1_1). This case is trivial.

~ M = GL; x GSpin,, M = Sp, x GLy, the embedding M — M is (g,21) —
(921,27 "). This case is not formal as for the factor Sp, the local Langlands cor-
respondence that is used is Arthur’s from [Art13] and it is not obvious that it is
compatible with rec for GLj3, in other words that Arthur’s local Langlands correspon-
dence for Sp, ~ SLy (characterised by twisted endoscopy for GL3) coincides with
Labesse-Langlands [LL79]. Fortunately Arthur verified this compatibility in [Art13,
Lem. 6.6.2].

- M = GL; x GSpin;, M = GL; x GL3, the embedding M — M is g —
(det g, g/ det g), where we have identified GSping with GLs. This case also follows
from the above remark about the local Langlands correspondence for groups isomor-
phic to a product of GL.

Finally, we must treat the case that ¢ is not bounded modulo centre. The descrip-
tion of the L-packets in this case is again in terms of parabolic inductions from Levi
subgroups (“Langlands classification”). This is well-known and completely general
(see [Sil78], [SZ14]). The argument is similar to the above reduction, except that P
and P are uniquely determined by a positivity condition and that = and 7 are unique
quotients of standard modules and not arbitrary constituents. We do not repeat the

argument.

We now examine the restriction from GSpin;(F') to Sp,(F’) more closely, proving
a slight refinement of the results of [GT10]. In [GT10, App. A], a detailed qualitative
description of the constituents of 7|gp, () is given, which is obtained by examining the
local Langlands correspondence (see [GT10, §5, 6] for the corresponding calculations
with L-parameters). However, since the local Langlands correspondence of [GT10]
is not characterised in terms of twisted and ordinary endoscopic character relations,
they cannot describe precisely which elements of the L-packets for Sp,(F) arise as
the restrictions of given elements of the L-packets for GSpin; (F).
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Theorem 8.3.2 below answers this question. In its proof, we need to make use of
the results of Section 5 for SO4 — H, where

H = (GL;y x GLy) /{(2I3,27'I5 | z € GL1}

is the non-trivial elliptic endoscopic group of GSpins. Here SOy is identified with
the subgroup of pairs (a,b) with (det a)(det b) = 1. Indeed, H may be identified with
the subgroup GSO, of GO, given by the elements for which det = v2, where v is
the similitude factor.

Note that SOy is an elliptic endoscopic group for Sp, and that we have the fol-
lowing commutative diagram:

H SO, = SO,

(8.1.3) ng [L ¢

G3P¥m. = GSp, —— Sp, = SO;

8.2. MurrreLicity oNE. — In studying restriction from H to SO4 we will make use
of the following variant of the results of [AP06]. In fact, we could prove the special
case that we need in a simpler but more ad-hoc fashion by using the description of H
in terms of GLo, but it seems worthwhile to prove this more general result.

Prorosition 8.2.1. — Let n > 1, and let V' be a vector space of dimension 2n over F
endowed with a non-degenerate quadratic form q. Let w be an irreducible admissible
representation of GSO(V,q) = GSO(V,q)(F). Then the irreducible constituents of
the restriction 7T|50(V7q) are pairwise non-isomorphic.

Proof. — By [AP06, Th.2.3], it suffices to show that there is an algebraic anti-
involution 7 of GSO(V,q) which preserves SO(V,q) and takes each SO(V,q)-
conjugacy class in GSO(V, q) to itself. To define 7, we set 7(g) = v(g)6"g~ 1", where
6 € O(V, q) is an involution with det § = —1. This obviously preserves SO(V, q), so we
need only check that it also preserves SO(V, g)-conjugacy classes in GSO(V, q). To see
this, we claim that it is enough to show that we can write g = zy with z € O(V, q),
y € GO(V,q) (so v(y) = v(g)) satisfying 22 = 1, det(x) = (—1)", ¥*> = v(y). Indeed,
we then have

7(9) = v(9)0"g 107" = d"w(y)y te T = §"yxs "
= 0"z N(zy)xd ™™ = (267 ") Lg(xsT),
as required. The result then follows from Lemma 8.2.2 below, which is a slight refine-

ment of [RV18, Th. A].

Lemvia 8.2.2. — Let n > 0, let K be a field of characteristic 0, and let V be a
vector space of dimension 2n over K endowed with a non-degenerate quadratic form q.
If g € GSO(V,q) then we can write g = xy with © € O(V,q), y € GO(V, q) satisfying
2?2 =1, det(z) = (—=1)", v = v(y).
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Proof. — We argue by induction on n, the case n = 0 being trivial. Suppose now that
n > 0. By [RV18, Th. A], we can write g = zy with z € O(V,q), y € GO(V, q) satis-
fying 22 = 1, y? = v(y) = v(g). If det(z) = (—1)" then we are done, so suppose that
det(z) = (=1)"*! and so det(y) = (—1)" v (y)". Since y* = v(y), any eigenvalue (in
an extension of K) of y is a square root of v(y). Since det(y) = (—1)" v (y)", we see
that the two eigenspaces of y do not have equal dimension. It follows that v(y) is a
square, as otherwise the characteristic polynomial of y would be a power of the irre-
ducible polynomial X2 — v(y). So the eigenvalues of y are in K, and up to dividing g
and y by one of these eigenvalues we can assume that g € SO(V, q) and y € O(V, q)
with det(y) = (—1)"*!. Then y has an eigenspace (for an eigenvalue 41) of dimension
at least n+1. The same analysis applies to x, and it follows that there is a subspace W
(the intersection of these eigenspaces for z and y) of dimension at least 2 of V on
which g acts by a scalar which is £1. Up to replacing g by —g and y by —y, we can
assume that ker(g — 1) has dimension at least 2. We have a canonical g-stable de-
composition of V as the direct sum of ker((g — 1)?") and its orthogonal complement,
and they both have even dimension over K since g € SO(V, ¢) with dimg V even. If g
is not unipotent, we conclude using the induction hypothesis for the restriction of g
to ker((g — 1)?") and to its orthogonal complement. Suppose for the rest of the proof
that g is unipotent. If n = 1 the conclusion is trivial, so assume that n > 1, so that
SO(V, q) is semisimple. By Jacobson-Morozov (see for example [Bou05, Ch. VIII §11])
there is an algebraic morphism SLs — SO(V,¢) mapping ((1) %) to g, unique up to
conjugation by the centraliser of g in the subgroup Aut.(so(V,q)) of SO(V, q)/{£1},
where Aut, is the subgroup of automorphisms of the Lie algebra generated by expo-
nentials of nilpotent elements. For d > 1 fix an irreducible representation Uy of SLy of

d—1

dimension d as well as a non-degenerate (—1)*~'-symmetric SLo-invariant pairing By

on Uy. We have a canonical decomposition

V = EBUd®Vd,

d=>1

where Vy = (V @k U} )SL2 The quadratic form ¢ corresponds to an element of
Sym? VSt = @ sym* (Vi) e @ AV
d>1 odd d>2 even
and non-degeneracy of ¢ is equivalent to non-degeneracy of each factor. Writing
each Vy for d odd (resp.even) as an orthogonal direct sum of quadratic lines
(resp. planes endowed with a non-degenerate alternate form), we are left to prove a
decomposition ¢’ = z’y’ in the following cases.

(1) V' has odd dimension 2m + 1 and is endowed with a non-degenerate quadratic
form ¢’ and a unipotent automorphism ¢’. Applying [RV18, Th. A] we obtain ¢’ = 2’y
with 2/, 4y’ involutions in O(V, ¢). Up to replacing (z’,y’) by (—a’, —y') we can assume
that det(z') is =1 as we may desire.

(2) V' = U, @V" where V' is 2-dimensional and endowed with a non-degenerate
alternating form B, and ¢’ = ¢” @ Idy» € SO(V’,¢’) for ¢’ the quadratic form
corresponding to the symmetric bilinear form B’ = Bs,, ® B and ¢ a unipotent
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11,11

element of Sp(Usy,, Bam ). Applying [RV18, Th. A] again we can write ¢” = z"y",
where z”,y" are involutions in GSp(Usy,, B2, ) having similitude factor —1. Slmllarly
write Idy . = x”’y”' where 2, y""" are involutions in GSp(V"”, B"’) having similitude
factor —1. Then ¢’ = (" @ ") (y" ® y'") is the desired decomposition as a product

of involutions in SO(V’,¢").

8.3. RustricTiON OF LOCAL ARTHUR PACKETS. — We now give our description of the
restriction of representations of GSpins(F). Recall that if ¢ : WDp — GSp, is a
bounded parameter, then the corresponding component group S, is either trivial or
is Z/2Z = {1, s}. In the former case, the L-packet II, associated to ¢ is a singleton,
and in the latter case it is a pair {7z, 7}, where n¥ is characterised by the fact
that tr7™ — tr 7~ is the transfer to GSping(F') of trm,,, where pg € ®(H) is the
parameter mapping to (p,s) via £¢’. In either case, if we write ¢/ = proyp, then
by [GT10, Prop. 2.8], we have
(8:3.1) D 7lsp,m = D 7.

mell, ' €Il
(Indeed, this follows from Theorem 8.1.2, the fact that lifts of representations
of Sp,(F) to GSp,(F) are unique up to twist, and the fact that the restrictions
of representations of GSp,(F) to Sp,(F) are semisimple and multiplicity free.)
The following theorem improves on this result by giving a precise description of the
restrictions of the individual elements of II,.

Turorem 8.3.2. — Let ¢ be a bounded L-parameter, and write ©' = proyp, so that
S, — Sy. Write Il, and 11, for the respective L-packets. If S, is trivial, and
I, = {n}, then

Tlspur = D 7
™ 2y

IfS,=2/2Z ={1,s}, and I, = {n*, 7~} as above, then
s = @

71'/61_[(/,/

(s,m"y==1
Proof. — In the case that S, is trivial, this is (8.3.1), so we may suppose
that S, is non-trivial, so that ¢ is endoscopic. We can write ¢ = 1 © g2, where
01,02 : WDp — GLy are bounded with same determinant; that is, ¢ = “¢ o ¢y,
where oy = P1 X 3 WDpg x SLQ(C) — H. Via L¢’ we can see s as the non-trivial
element, of Z(H)/Z(G3Pmy), i.e., the image of (1,—1) € H C GL; x GLy. Then
by Conjecture 2.4.2 (2) for GSp1n5 (i.e., the main theorem of [CG15]), we have an
equality of traces

trrt (f) —trn (f)= > traa(fM).

€l
Applying Conjecture 2.4.2 (2) (or rather Theorem 2.6. 1) for Spy, and writing ¢4y for
the composite of g and the natural map H - SO4, we also have an equality of
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traces
doour(H— D wd()= D trase,(f).
W’GH@/ ’ ’
<S’7T/>:1 <S>

')
The result now follows from (8.3.1) and Theorem 8.3.3 below.

’
2 Tsoy en«pi_l
=1

We end with a result on the restriction of representations from H ~ GSQO4 to SOy
that we used in the course of the proof of Theorem 8.3.2. The arguments are very
similar to those for GSping, but are rather simpler, as H has no non-trivial elliptic
endoscopic groups. Since H is isomorphic to the quotient of GLs x GLs by a split
torus, the local Langlands correspondence for H, and the corresponding endoscopic
character identities, are easily deduced from those for GLy. The correspondence and
endoscopic character identities for SOy are of course proved in [Art13] (up to the
outer automorphism 9).

By Proposition 8.2.1, if 7 is an irreducible admissible representation of H(F'), then
T|so ,(F) is a direct sum of representations occurring with multiplicity one. The proof
of [GT10, Lem. 2.6] goes through unchanged and shows that 71 |so, (), T2|so,(r) have
a common constituent if and only if 71, w9 differ by a twist by a character. By [GT10,
Lem. 2.7], the analogous statement is also true for L-parameters: every L-parameter
¢ : WDp — S/O\4(C) arises from some ¢ : WDy — H(C), which is unique up to
twist.

Tueorem 8.3.3. — Let ¢ : WDp — H(C) be a bounded L-parameter, and let ¢ :
WDFr — SO4(C) be the parameter obtained from (8.1.3). Let w be the tempered irre-
ducible representation of H associated to . Then

Mo = & .
Proof. — By the preceding discussion, we need to show that for each bounded L-
parameter ¢’ : WD — S/(i;(C) (up to outer conjugacy), and each 7" € Il,/, there is
some 7 lifting 7/ (or 7/%) whose L-parameter ¢ lifts ¢’
Suppose firstly that ¢’ is discrete. As in the proof of Theorem 8.1.2, by Krasner’s
lemma and [Clo86, Th. 1B], we can find a totally real number field K, a finite place v
of K, and a discrete automorphic representation II' of SO4(Af), such that:

- K, 2 F (so we identify K, with F' from now on).

-1, =

— at each infinite place w of F, II/, is a discrete series representation.

By Theorem 5.1.2, there is a discrete automorphic representation IT of H(Agk)
such that I|go,(a,) contains II'. Then II corresponds to a pair 71,75 of discrete
automorphic representations of GLg (A ) with equal central characters. The condition
that I, is a discrete series representation at an infinite place w of K implies that
and 7o are cuspidal.
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We now consider the following commutative diagram of dual groups:

H— 5 S0,=S0,

(8.3.4) j j

GLy x GLy ————— G4

where the vertical arrows are the natural inclusions, and the lower horizontal arrow
is given by (g,h) + (detg)~'g ® h. Since the functorial transfer from GLy x GLy
to GL4 exists (as we recalled at the beginning of Section 6), we may compare at the
unramified places and then use strong multiplicity one to compare at the ramified
places, and we obtain that the composite

/
WDy —2— H —s GLy x GLy — GL,

is given by ¢, ® %Vm, where 1 ,, 2, are the L-parameters of m , and w9, respec-
tively. Since the L-parameter of II,, is ¢1 , ® 2,4, we can take m = II,,, so we are done
in the case that ¢’ is discrete.

Suppose now that ¢’ is not discrete. Then one can argue as in the proof of 8.1.2,
since both local Langlands correspondences for H and SO, are compatible with para-
bolic induction. In fact the proof is simpler since all proper Levi subgroups are simply
products of GL, and we do not repeat the argument.

Remark 8.3.5. — Theorem 8.3.2 (or rather its straightforward extension from tem-
pered to generic parameters) gives the complete spectral description of the automor-
phic restriction map of Section 5 for Sp, C GSping for formally tempered global
parameters. This is the analogue of the results of Labesse-Langlands [LL79] (ignoring
inner forms) and the multiplicity one theorem of Ramakrishnan for SLy [Ram00]. It
would perhaps be interesting to extend this to parameters which are not formally
tempered, but in the interests of brevity we do not consider this question here.

ArPENDIX. CLASSIFICATION OF ENDOSCOPIC DATA AND SURJECTIVITY OF TRANSFER

In this appendix we denote I' = GLxy x GL; over a local or global field F' of
characteristic zero. Let J be the anti-diagonal N x N matrix with J; n41-; = (—1)".
Let 6 be the automorphism of T' given by 0(g,z) = (Jtg~1J !, x det g). The matrix .J
was chosen so that the standard pinning (B, T, ((E;+1,0))16i6N—1), Where T is the
diagonal torus and B the upper triangular Borel, is fixed by 6. A basis of X.(T) is
given by (ef,..., ek, z"), where ef(z) = (diag(1,...,,...,1),1) (z is the i-th term)
and z*(z) = (1,x). Let (e1,...,en,2) be the dual basis of X*(T). Then the roots
of T are e; — e; for i # j, the positive ones (with respect to B) being those for which
¢ < j. The Langlands dual group T is also isomorphic to GLx x GL; (now over C),
and we also fix the usual (upper triangular and diagonal) Borel pair (B, T ) of T. To
make the identification explicit, for y € C* we have ¢;(y) = (diag(1,...,y,...,1),1)
and z(y) = (1,y). We also fix the usual pinning consisting of the elements (E; ;11,0)
of Lie B.
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Let T be the twisted space I' 0 6. A simple computation shows that the automor-
phism 6 of T' dual to 6 (preserving the chosen pinning of T') is

(g,2) —> (j\tg_lj_la:,x)7

where J is J (but now over C). It extends to an automorphism 26 of LT = T'x Wp
which acts trivially on Wg. Recall that an endoscopic datum of Tisa quadruple
(G,G,s,&) where

— G is a quasi-split connected reductive group over F,

- ¢ G — T is a continuous embedding,

~ G is a closed subgroup of “T' which surjects onto Wy with kernel §((A}), such
that the induced outer action of Wr on §(A) coincides with the usual one on G
transported by ¢, and such that there exists a continuous splitting Wr — G,

—and s € T is such that (Ads) o g is quasi-semisimple (i.e., it stabilises a Borel
pair of T), (I‘(Ads)oe) =¢(G) and such that the map Wp — T induced by h € G
sLO(h)s'h~! takes values in Z(T') and defines an element of H'(Wp, Z(T)) which
is trivial at every place of F.

Instead of giving s one could also give s = sO 0 which belongs to the twisted space
LT := LT 0§ for the group “T'. The action of Gal(F/F) on Z(T) is trivial so this
cocycle Wgp — Z(f‘) is in fact trivial and we simply have G C [(Ads)od o Wp. It is
clear that the endoscopic datum (G, G, s,&) can be recovered from s and the locally
constant morphism « : Gal(F/F) — (f‘(AdS)Og) such that

€G)={gxoeTA0 Wi |gea(o))

So to classify endoscoplc data - up to isomorphism it is enough to classify I- conjugacy
classes of elements s 0 € T 06 such that (Ads) o 0 is quasi-semisimple and to
determine WO(F(AdS)O(’).

A.1. CoNJUGACY CLASSES IN I O § AND CENTRALISERS. — Let us first consider conjuga-
tion by T' in T’ 0 . For (y,t) € T and (sy,s1) € I' we compute

() (s, 51) 0 0) (v, 71) = (ysw 'y 17" 1) OB,

Thus the map s08 — ( SN ,51) is a bijection T0f ~ GLy x GL; which intertwines
the conjugation action of T on T 00 with the action on GLy x GL; given by the
formula

(y,) - (hyu) = ("y~ thy ™'t ).

In particular, denoting h = f’lsx,l we see that T(Ads)od

GAut(h) = {(y,t) € T | tyhy = th}.

Denote by vj, the morphism GAut(h) — GL1, (y,t) + t. Denote hgym = (h + *h)/2
for the symmetric part and hani; = (b — th)/2 for the antisymmetric part of h. Note
that h defines a bilinear form B : (X,Y) + !XhY on V := CV, and that the similarly
defined bilinear form Bgyn, (resp. Banti) associated to hgym (resp. hanti) is symmetric

equals
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(resp. antisymmetric). The decomposition A = hAgym + hanti is canonical. In particular
we have GAut(h) = {g € GAut(hsym) N GAUt(hanti) | Vagym (9) = Vhana (9)}-

Levmva A1

(1) Let Vsym = ker Bangi and Vanti = ker Bgym. Then Bgym
non-degenerate.

(2) Let Vsi,‘{fsym be the orthogonal of Vaym in V' with respect to Beym. Let Vaif"“‘“

be the orthogonal of Vanti itn V' with respect to Banti- Let Vioth = VS;I’HBSY"‘ A V1 Banti

anti

Voym and Banti ‘ Va

anti

are

Then V = Viym @ Vanti © Vootn and this decomposition is orthogonal with respect to
Bsym and Banti-

Proof. — The condition h € GLy implies that Viym N Vanei = 0, and that the restric-
tion of Bgym t0 Viym (resp. of Bangi t0 Vangi) is non-degenerate. The second point
follows easily.

This decomposition is clearly canonical. Both Bgsym|vi.,, and Banti|vi., are
non-degenerate. Let ¢ be the endomorphism of Vg, defined by Banti(z,y) =

Baym(,(y)) for all 2,y € Viotn-
Levmva A1.2. — For any A € C we have ker(¢ — ) = (im(p — \)) = Bovm . The set of
eigenvalues of ¢ is contained in C r {—1,0,1} and stable under X — —\.
Proof. — Easy.
From now on we assume that (Ads) o ¢ is quasi-semisimple.

Lemma A.1.3. — The endomorphism ¢ of Viotn @s semisimple.

Proof. — The hypothesis means that up to conjugating s O ) by an element of f‘, we
may assume that s € T . Then h is antidiagonal, say
hy
(A.1.4) h=
hn

There is a natural partition {1,..., N} = Igym U Tanti U Jhotn, where

Iy = {i | hi = hny1-i},

Lonti = {i | hi = —hny1-i},

Tvotn = {Z | hzz # h?v+17i}~
Let e; be the standard basis of CV. For ? € {sym, anti, both} the family (e;);cr, is a

basis of V7. In this basis of Viotn the matrices of Bsym and Bayti are antidiagonal and
so the matrix of ¢ is diagonal.

In particular we have a canonical orthogonal (with respect to Bsym and Banti)
decomposition

1
Vooth = €D @D ker(p —A)
HECT{0,1} AEC
A=p
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and each ker(y — A) is totally isotropic for Bgym and Bani and in perfect duality with
ker(¢p+ A) (using either bilinear form). Let R be a set of representatives for the action
of {£1} on the set of eigenvalues of .

We obtain a canonical (except for the choice of R) identification

GAUt(h) = {(gsymvgantiy (g/\)XER) gx € GL(ker(QO - )‘))agsym S GAUt(Vsyma Bsym)a
Ganti S GAUt(Vantia Banti) SatiSfying V(gsym) = V(ganti)}

obtained by restricting to the stable subspaces Viym, Vanti and ker(¢ — X) C Viotn
for A € R. To go from the right to the left, define for A € R the element g\ €
GL(ker(¢ + A)) determined by the relation

Biym(9-2(2), 92 () = v(gsym) Bsym (2, y)
for all (z,y) € ker(p + A) x ker(p — A).

A.2. Exposcoric pata. — Let S be the finite subset of C r {0,1} such that \? € S
if and only if ker(p — A) # 0. Let Nyym = dim Viym, Nangi = dim Vi, and for
p € S let N, = dimker(¢p — ) (for either of the two A such that A% = p). We
have N = Ngym + Nanti + 2Zues N, in particular Ngyry, = N mod 2. The group
mo(GAut(h)) has one or two elements, and it has two if and only if Ny > 0. The
characteristic polynomial of ¢ is clearly an invariant of the conjugacy class of s O 0.
We have associated a quintuple (Ngym, Nanti, S, (Nu)ues, &) to any endoscopic datum
for T. It is easy to check that two endoscopic data are isomorphic if and only if the
associated quintuples are equal.

Conversely if we give ourselves:

— a finite set S C C r {0, 1},

— a partition N = Ngym + Nanti + 22#65 N, with Ngym = 0, Nanti = 0 even and
N, >0forall ues,

— a continuous morphism « : Gal(F/F) — {#1} which is trivial if Ngym, = 0,

it is not difficult to exhibit an endoscopic datum such that the associated quintuple
is (Nsym, Nanti; Ss (Ny)ues, @). We have thus proved the first part of the following
classification result.

Prorosrrion A.2.1

(1) Isomorphism classes of endoscopic data of T are parametrized by tuples
(Nsyms Nanti, S; (N, pes; @) as above.
(2) An endoscopic datum. is elliptic if and only if the corresponding tuple

(Nsym7 Nantia Sa (N;t),u657 a)

satisfies:
- 8=72, and
— a 15 non-trivial if Neym = 2.
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Proof of the second part. — If S is not empty then the center of GAut(h) contains
a torus isomorphic to GL‘ls‘ which is not included in the center of T, and so the
endoscopic datum cannot be elliptic.

If S is empty then the connected center of GAut(h)? is 1 x GL; C r except in
the case where Neym = 2, in which case it is isomorphic to SOz x GL;. The action
of Galg on the factor SO5 has kernel GalF(\/a), SO SOQGMF’0 is contained in Z(GLy)
(the first factor of f‘) if and only if «v # 1.

Let ¢ = (G,G,s,£) be an elliptic endoscopic datum for f‘, corresponding to
(Nsyms Nanti, @) as above. Since the standard N-dimensional representation of G
(obtained by composing £ with the first pI‘OJGCthI’l r - GLN) is irreducible, we
have an embedding Out(e) C Out( )o, where Out(G )0 C Out(QG) is the subgroup of
clements acting trivially on {(MIn,)\) | A e GL} C G. If Nsym = 0 or if Ngym, is odd
we simply have Out(G)o = 1. If Ngym > 0 is even then Out(G)o = Z/2Z, and there
is a non-trivial element in Out(e). Indeed, we can assume that h is antidiagonal and
that Igym = {(IN — Neym)/2+1, ..., (IN + Ngym)/2}, and in this situation the element

diag (I /2 Inugmyz—15 (§8) INymj2—15 INgwiy2) €T
belongs to Aut(e) r £(G)Z(T).

A.3. SursecTIviTY OF TRANSFER. — We now assume that F' is local and consider the
particular case of elliptic endoscopic data e=(G, G, s, ) for r satisfying Ngym Nanti =0
(the analogous ones in [Art13] were called “simple” endoscopic data), i.e., the case
where G is not a product of two non-trivial groups, and prove Proposition 2.4.4. We
simply follow the strategy of the proof of Proposition 1.4.11 in [MW16a], observing a
few facts which are particular to our situation (in particular Key Fact A.3.3 below).
For simplicity we fix “¢ : G ~ G extending ¢, avoiding the use of arbitrary auxiliary
datum which is necessary in general (see §1.2.5 loc. cit.). Note that since the action of
Galp on Z(T) is trivial, Z(T) is a subgroup of Aut(e) which acts trivially on SI(G),
and so the action of Aut(e) on SI(G) factors through Out(G) := Aut(e)/Z(L)¢(G) =
{1,0} (with § defined as in Section 2.3, so that this group has cardinality dividing 2).

First we need to recall basic facts about Levi subgroups. There is an injec-
tion from the set of G(F)-conjugacy classes of Levi subgroups of G to the set of
G- conjugacy classes of Levi subgroups of “G, and similarly for T and LT (see
[MW16a, §1.3.1] for the notion of Levi subspace of LT = Lré) More precisely,
for any Levi subgroup L of G (resp. Levi subspace M of T with assomated Levi
subgroup M of T') there is a well-defined G- conjugacy class (resp T- conjugacy
class) of L-embeddings tr, : *L < “G (resp. iy : LM < LT), and (L)
(resp. LM(LM)) is a Levi subgroup of “G (resp. Levi subspace of LT). Tt is well
known (see [Bor79, §1.3]) that a choice of parabolic subgroup of G admitting L
as a Levi factor induces such an embeddlng, and the extension to the twisted case
is straightforward. The fact that the G- conjugacy class (resp. I‘-conjugacy class)
does not depend on the choice of a parabolic subgroup (resp. subspace) can be

JE.P. — M., 2019, tome 6



598 T. Ger & O. Tais1

checked using the Springer section (in particular [Spr98, Prop.9.3.5]). In the case
at hand since G (resp. I') is quasi-split the map on conjugacy classes L — u1,(*L)
(resp. M — LM(LM)) is also surjective. By [MW16a, 1.3.1 (8)], we also have an
identification between W(L,G) := Norm(L, G(F))/L(F) and W(LL(LL),é) =
NOI‘IH(LL(LL) G)/wL(L) (resp. between W(M ) = Norm(M,I‘(F))/M(F) and
W([,M(LM),I‘) = Norm(¢~(LM) )/L~L( )). As explained loc. cit. these identi-
fications depend on choices of parabolic subgroups, but it is easy to check that the
embeddings ¢1, and g also pin them down. Finally, recall that we can recover L
(resp. M) as the centraliser of Ay, in G (resp. of Ag; in I'), where Ay, (resp. Ag) is
the largest split torus in G (resp. I') centralizing L (resp. M). On the dual side we
similarly have

i (FL) = Cent(Z(1,(*L))°, G) = Cent (1, (Z(L)%7:0), G)
and Lﬁ(Lﬁ) = Cent(Cent(LM(Lﬁ), )’ 1) = Cent(Lﬁ(Z(ﬁ)Galp’g’o), L.
We now recall a construction from [MW16a, §1.3.4]. Let L be a Levi subgroup of G.

We fix an embedding o, as above. Let MY (resp. M , Tesp. M) be the centraliser of
E(LL(Z(L)GB‘IF’ )) in r (resp. LT, resp. LT'). Then M is a Levi subspace of LT and

it contains 3 := sf. Since I is quasi-split, there exists a Levi subspace M and an
1somorphlsm e LM ~ M, which identifies M (resp. M) with M© (resp. M). Let
=GNM, then

CLevi = (L, Ll%/il(L ), L;’Zl(s)v L'_Ml ofo LL|E)
is an elliptic endoscopic datum for M. In particular dim Ag; = dim Ay,. The pair
(M, ¢Levi) is only well-defined up to the action of Aut(m, eLevi), the group of g € r
normalising L such that gsg=! € LM(Z(ﬁ))g. In particular any g € Aut(/l\7[7 CLevi)
normalises Z(L )NL? = §(LL(Z(i)Ga1F7O)) and thus also M. We have the following
commutative diagram with exact rows (by definition of all objects in the right column)
and where all vertical arrows are injective.

1 — ¢@) ——— ¢ (Norm(LL(LL),é)) — s W(L(*L),G) — 1

£ J

1 —— Z(T)¢(i (L)) — Norm(E€(in(PL)), Aut(e)) — W (i (YL),¢) — 1

[ l

1 — g5 (Aut(erevi)) ——— Aut(M, erovi) ———— W (M, eren) — 1

I I

1 MO Norm(M,T) ——— 5 W(M,T) —— 1
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We now make all these objects explicit in the cases at hand. In Section 2.2 we
recalled that to a G(F)-conjugacy class of Levi subgroups of G is associated a fam-
ily (7;)i>1 with r; € Z>g satisfying 2", ir; 6 N with strict inequality if G is not split
and 2% ir; # N —2 if N = Ny, is even and G is split, and any such family occurs.
This family determines the conjugacy class except when N = Ny, is even, G is split,
2> ,ir; = N and r; = 0 for all odd 4, in which case there are two conjugacy classes
corresponding to (r;);, swapped by the non-trivial outer automorphism ¢ of G. We
may assume that the element h introduced in the previous section is antidiagonal, say

hy
h =
hn
and that hy = -+ = h|n/2) = 1. Let k be the smallest integer > 0 such that r; = 0

o~

for any i > k, S; is the i-dimensional antidiagonal complex square matrix with 1’s on
the antidiagonal, and

hivy i,
n = € GLy 2%, ir, (C).
hn—s. i,
Then the (conjugacy class of a) Levi subgroup L corresponding to (r;); is characterised

by the fact that there exists a Levi embedding ¢, : YL < G such that & o ¢, (FL) is
either an open subgroup of

(A.3.1) {(diag(gk’l, s Gl -5 91,15 G100 Ty )\:S’\fltgiil §1, . )\ggltglzjgk), A) ‘
gi; € GLi(C), (z,)) € GAut(h’)} x Wp LT,

or, if N = Ngym is even, G is split, >, ¢r; = N/2 and r; = 0 for all odd ¢, an open
subgroup of the conjugate of (A.3.1) by diag(In/2—1, (9 §), In/2—1)- In the rest of the
argument we shall refer to this case as the exceptional case. We fix L and such an
embedding tr,. There is a natural embedding W (t,(*L),*G) < [[,=,{£1}" 0 &,,,
which is surjective unless N = Ngyr, is even, G is split, >, ir; = N/2 and there exists
an odd ¢ > 1 such that r; > 0, in which case the image of this embedding has index

two.
To be explicit, MY is the diagonal Levi subgroup
(A.3.2) (GLyF x-+- x GL* x GLy_g5, 4, X GLT* x -+ X GLj*) x GLy

of T, M = M? x Wy and M = M@, except in the exceptional case where the
situation is conjugated by (A.3.2) under diag(/y/2—1, ((1) (1)),IN/2_1). In particular
W(M,v,f‘) = WM O,f)§ in the non-exceptional cases, and in any case W(M’v,f‘) is
identified to [[,-;{£1}" 0 &,,. Thus:

(1) If Nyym = 0 or if N = Ny, is odd, we simply have W (ir,(XL), G) = W(M,T)
and Out(e) = 1.
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(2) If N = Ngym is even and ) ir; < N/2, we again have W(L(*L),G) =
W(MN,f‘), and there exists an element of tg7(Aut(erevi)) N Aut(e) mapping to the
non-trivial element of Out(e).

(3) If N = Ngym is even, Y ir; = N/2 (this implies that G is split) and there
exists an odd i such that r; > 0, then W (up(*L), é) has index two in the group
W (i (FL),e) = W(MN,IA“), and there exists an element of Norm(&(ur,(YL)), Aut(e))
which maps to the non-trivial element of Out(e).

(4) Finally in the exceptional case we have W (., (FL), G) = W(MN,f‘) and § does
not fix the G(F)-conjugacy class of L.

We also observe the following.

Key vacr A.3.3. — The I'(F)-conjugacy class of M determines the Out(e)-orbit of
the G(F)-conjugacy class of L, i.e., each fibre of L — M consists of (at most) one
Out(e)-orbit.

Now start with an arbitrary Levi subspace M of T. Denote by Icusp(ﬁ) the sub-
space of [ (M) consisting of all functions whose orbital integrals at non-elliptic semi-
simple regular elements vanish. The endoscopic transfer induces an isomorphism (see
[MW16a, §1.4.12 p.97], as well as §IV.3.5 loc. cit. to deduce the K-finite case if F' is
Archimedean)

W(M,T)

TV ) = (@ STy (1)) = @ Sleusp (1)),

where the mlddle sum is over equivalence classes of elliptic endoscoplc data ¢ =
(L,L,d,¢) for M, the sum on the right-hand side is over W(M T')-orbits of such
equivalence classes, and Slcusp is defined similarly to I.,sp, replacing “orbital inte-
grals” by “stable orbital integrals”. Note that in the case F' = R the above isomorphism
only holds for a K-space for M (see §1.1.11 loc. cit.), but since H'(F, My.) = 1 the
space Mis a K -space. By the Key Fact A.3.3 and using a straightforward argument
in each of the four cases detailed above, the natural map
Aut(e)

(A.3.4) @SICHSP(L)AUt(M’c,) N (GLB SICHSP(L)W(L,G)) 7

where the sum on the right-hand side is over conjugacy classes of Levi subgroups
of G mapping to the conjugacy class of M, is surjective. This is the crucial step in
the proof of Proposition 2.4.4, and to conclude the proof it simply remains to follow
the strategy of [MW16a, §1.4.12], using natural filtrations on I(T') and SI(G)Aut(¢),
To this end we now recall compatibility properties of endoscopic transfer for Levi
subgroups As above we consider a Levi subgroup L of G, and a corresponding Levi
subspace M of T. It follows easily from [BT65, Th.4.13] that the maps Hl(F L) —
HY(F,G) and H'(F,M) — H(F,T) are injective. Thus for any T-regular v € M(F),
the natural map from the set of M(F)-conjugacy classes in M(F ) stably conjugated
to v to the set of T'(F)-conjugacy classes in f‘(F) stably conjugated to «y is bijective,
and similarly for L C G. As explained in [MW16a, §1.3.1, p.57], this implies that
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the “constant term map” I(G) — I(L)" &) induces a well-defined map SI(G) —
SI ( YW@G) Moreover the restriction of a transfer factor for the endoscopic datum e
to D-strongly regular matching pairs in L(F) x M( ) coincides with the restriction of a
unique transfer factor for egey;. This is seen by choosing a parabohc subgroup PL of G
admitting L as a Levi factor (resp. a parabolic subspace P~ of T admitting M as a
Levi factor), which gives corresponding parabolic subgroups in Langlands dual groups,
and following the constructions in [MW16a, §1.2.2] using Borel subgroups contained in
these parabolic subgroups and choosing y-data which is trivial on asymmetric Galois
orbits. Using such a transfer factor for erey, it is straightforward to check that the
diagram

I(T) SI(G)

| !

I(MWMD) _, gr(L)W (LG

is commutative, where the vertical arrows are “constant term” maps and the horizontal
arrows are transfers maps.

Recall from [MW16a, §1.4.2] that there is a filtration (Fil” I(T')),=_; such that the
“constant term” maps identify Gr™ I(T') with

D LMD,
M s.t. dim Ag;=n

where the sum is over I'(F)-conjugacy classes of Levi subspaces in . There is an
analogous filtration (Fil" ST(G)),=—1 of SI(G), which by §[.4.15 loc. cit. is simply
the image of the natural filtration of I(G), such that Gr™ ST(G) is identified with
a5 STensp (L)W BG).,
L s.t. dimAr=n
This filtration is clearly stable under Aut(e), and a straightforward induction allows
one to deduce Proposition 2.4.4 from the surjectivity of (A.3.4).
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