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THE SHORELINE PROBLEM FOR
THE ONE-DIMENSIONAL SHALLOW WATER AND
GREEN-NAGHDI EQUATIONS

BY Davip Lannes & Guy METIVIER

Asstract. — The Green-Naghdi equations are a nonlinear dispersive perturbation of the non-
linear shallow water equations, more precise by one order of approximation. These equations
are commonly used for the simulation of coastal flows, and in particular in regions where the
water depth vanishes (the shoreline). The local well-posedness of the Green-Naghdi equations
(and their justification as an asymptotic model for the water waves equations) has been exten-
sively studied, but always under the assumption that the water depth is bounded from below
by a positive constant. The aim of this article is to remove this assumption. The problem then
becomes a free-boundary problem since the position of the shoreline is unknown and driven
by the solution itself. For the (hyperbolic) nonlinear shallow water equation, this problem is
very related to the vacuum problem for a compressible gas. The Green-Naghdi equation include
additional nonlinear, dispersive and topography terms with a complex degenerate structure at
the boundary. In particular, the degeneracy of the topography terms makes the problem loose
its quasilinear structure and become fully nonlinear. Dispersive smoothing also degenerates
and its behavior at the boundary can be described by an ODE with regular singularity. These
issues require the development of new tools, some of which of independent interest such as the
study of the mixed initial boundary value problem for dispersive perturbations of characteris-
tic hyperbolic systems, elliptic regularization with respect to conormal derivatives, or general
Hardy-type inequalities.

Résumt (Le probléme du rivage pour les équations de Saint-Venant et de Green-Naghdi uni-
dimensionnelles)

Les équations de Green-Naghdi sont une perturbation non linéaire et dispersive des équations
de Saint-Venant, dont la précision est meilleure d’un ordre de grandeur. Elles sont utilisées pour
la simulation des écoulements cotiers, en particulier dans des zones ou la profondeur s’annule
(rivage). Le caractére bien posé des équations de Green-Naghdi (et leur justification en tant que
modeéle asymptotique pour les équations des vagues) a été étudié en détail, mais toujours sous
I’hypothése que la hauteur d’eau ne s’annule pas. L’objectif de cet article est s’affranchir de cette
hypothese. Le probleme devient donc un probléme a frontiére libre car la position du rivage est
inconnue. Pour les équations (hyperboliques) de Saint-Venant, ce probléme est relié au probléeme
du vide pour les gaz compressibles. Les équations de Green-Naghdi introduisent des termes
supplémentaires non linéaires et dispersifs, ainsi que des termes de topographie complexes et
dont la structure dégéneére prés du rivage. En particulier, la dégénérescence des termes de
topographie fait perdre aux équations leur caractére quasi-linéaire. La régularisation dispersive
propre aux équations de Green-Naghdi dégéneére également au rivage; elle peut néanmoins
étre décrite a ’aide I’EDO a singularité réguliére. Ces problémes requierent le développement
de nouveaux outils, dont certains sont d’un intérét qui dépasse le cadre de cette étude. Par
exemple : étude du probléme aux limites mixte pour des perturbations dispersives de systemes
hyperboliques, régularisation elliptique par rapport aux dérivées conormales et inégalités de
type Hardy générales.

2010 MATHEMATICS SUBJECT CLASSIFICATION. 35F61, 35J70, 35L80, 35Q53, 76B15.
Keyworps. Green-Naghdi equations, shoreline, degenerate nonlinear dispersive equations, degen-
erate elliptic equation.
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1. InTRODUCTION
1.1. PRESENTATION OF THE PROBLEM. — A commonly used model to describe the evo-

lution of waves in shallow water is the nonlinear shallow water model, which is a
system of equations coupling the water height H to the vertically averaged horizontal
velocity U. When the horizontal dimension is equal to 1 and denoting by X the hori-
zontal variable and by —Hy + B(X) a parametrization of the bottom, these equations
read

OyH + Ox (HU) = 0,
&;U + UaxU + gaxH = —gBXB,
where g is the acceleration of gravity. These equations are known to be valid (see

[ASLO08a, Igu09] for a rigorous justification) in the shallow water regime corresponding
to the condition 0 < p < 1, where the shallowness parameter p is defined as
- ( typical depth )2 _ H}
B= \Torizontal scale/ ~ L2’

where L corresponds to the order of the wavelength of the waves under consideration.
Introducing the dimensionless quantities

H U B t

H=— U=—, B=—, t=—r—=, X=-—
Hoy’ gHo Hy L/\/gHo L’

these equations can be written

>

an {GtH+8X(HU) =0,

U +U0xU 4+ 0xH = —0xB.

The precision of the nonlinear shallow water model (1.1) is O(u), meaning that O(u)
terms have been neglected in these equations (see for instance [Lan13]). A more precise
model is furnished by the Green-Naghdi (or Serre, or fully nonlinear Boussinesq)
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THE SIHTORELINE PROBLEM 457

Frcure 1. The shoreline

equations. They include the O(u) terms and neglect only terms of size O(u?); in their
one-dimensional dimensionless form, they can be written*) (see for instance [Lan13))

{atH +0x(HU) =0,

1.2
( ) D(atU + UaxU) + OxH + ,qu = —0xB,

where H is the (dimensionless) water depth, B is a parametrization of the bottom
topography and U is the (dimensionless) horizontal mean velocity. The dispersive
operator D is given by

DU=U — 3% Ox (H30xU) + % [0x (H?0x BU) — H20x BoxU] + u(dx B)*U,
and the nonlinear term @, takes the form
2 1
Q=55 Ox (H?*(0xU)?) + H(0xU)?*0x B + 57 Ox (H*U?0% B) + U?0% Box B;

of course, dropping O(u) terms in (1.2), one recovers the nonlinear shallow water
equations (1.1).

Under the assumption that the water-depth never vanishes, the local well-posedness
of (1.2) has been assessed in several references [Li06, ASLO8b, Isr11, FI15]. However,
for practical applications (for the numerical modeling of submersion issues for in-
stance), the Green-Naghdi equations are used up to the shoreline, that is, in configu-
rations where the water depth vanishes, see for instance [BCLT11, FKR16]. Our goal
here is to study mathematically such a configuration, i.e., to show that the Green-
Naghdi equations (1.2) are well-posed in the presence of a moving shoreline.

(DThe dimensionless Green-Naghdi equations traditionally involve two other dimensionless pa-
rameters € and 3 defined as

amplitude of surface variations 5= amplitude of bottom variations
, =

typical depth typical depth

Making additional smallness assumptions on these parameters, one can derive simpler systems of
equations (such as the Boussinesq systems), but since we are interested here in configurations where
the surface and bottom variations can be of the same order as the depth, we set ¢ = = 1 for the

sake of simplicity.
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458 D. Laxnes & G. METIVIER

This problem is a free-boundary problem, in which one must find the horizontal
coordinate X (t) of the shoreline (see Figure 1) and show that the Green-Naghdi equa-
tions (1.2) are well-posed on the half-line (X (¢), +00) with the boundary condition

(1.3) H(t,X(t)) =0.

Time-differentiating this identity and using the first equation of (1.2), one obtains
that X (-) must solve the kinematic boundary condition

(1.4) X'(t)y=U(t, X(1)).

When g = 0, the Green-Naghdi equations reduce to the shallow water equa-
tions (1.1) which, when the bottom is flat (B = 0), coincide with the compressible
isentropic Euler equations (H representing in that case the density, and the pressure
law being given by P = gH?). The shoreline problem for the nonlinear shallow water
equations with a flat bottom coincide therefore with the vacuum problem for a com-
pressible gas with physical vacuum singularity in the sense of [Liu96]. This problem
has been solved in [JM09, CS11] (d = 1) and [CS12, JM15] (d = 3). Mathemati-
cally speaking, this problem is a nonlinear hyperbolic system with a characteristic
free-boundary condition. Less related from the mathematical viewpoint, but closely
related with respect to the physical framework are [dP16] and [MW17], where a pri-
ori estimates are derived for the shoreline problem for the water waves equations
(respectively without and with surface tension).

Though the problem under consideration here is related to the vacuum problem
for a compressible gas, it is different in nature because the equations are no longer
hyperbolic due the presence of the nonlinear dispersive terms D and Q. Because of
this, several important steps of the proof, such as the resolution of linear mixed initial
boundary value problems, do not fall in existing theories and require the development
of new tools. The major new difficulty is that everything degenerates at the boundary
H = 0: strict hyperbolicity (when g = 0) is lost, the dispersion vanishes, the energy
degenerates; the topography increases the complexity since it makes the problem fully
nonlinear as we will explain later on. An important feature of the problem is the struc-
ture of the degeneracy at the boundary. As in the vacuum problem for Euler, it allows
to use Hardy’s inequalities to ultimately get the L*>° estimates which are necessary to
deal with nonlinearities. The precise structure of the dispersion is crucial and used at
many places in the computations. Even if they are not made explicit, except at time
t = 0, the properties of D! are important. The dispersion D appears as a degenerate
elliptic operator (see e.g. [BCT73] for a general theory). A similar problem was met in
[BMO06] in the study of the lake equation with vanishing topography at the shore: the
pressure was given by a degenerate elliptic equation. To sum up in one sentence, all
this paper turns around the influence of the degeneracy at the boundary.

Our main result is to prove the local in time (uniformly in p) well-posedness of
the shoreline problem for the one-dimensional Green-Naghdi equations. The precise
statement if given in Theorem 4.2 below. Stability conditions are required. They are
introduced in (4.5) and (4.6) and discussed there. The spirit of the main theorem is
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given in the following qualitative statement. Note that the case 4 = 0 corresponds to
the shoreline problem for the nonlinear shallow water equations (1.1).

TaeEOREM. For smooth enough initial conditions, and under certain conditions on
the behavior of the initial data at the shoreline, there exists a non trivial time interval
independent of u € [0,1] on which there exists a unique triplet (X, H,U) such that
(H,U) solves (1.2) with H >0 on (X(t),+00), and H(X(t)) = 0.

1.2. OUTLINE OF THE PAPER. In Section 2, we transform the equations (1.2) with
free boundary condition (1.3) into a formulation which is more appropriate for the
mathematical analysis, and where the free-boundary has been fixed. This is done
using a Lagrangian mapping, together with an additional change of variables.

The equations derived in Section 2 turn out to be fully nonlinear because of the to-
pography terms. Therefore, we propose in Section 3 to quasilinearize them by writing
the extended system formed by the original equations and by the equations satisfied
by the time and conormal derivatives of the solution. The linearized equations thus
obtained are studied in Section 3.3 where it is shown that the energy estimate in-
volve degenerate weighted L? spaces. The extended quasilinear system formed by the
solution and its derivatives is written in Section 3.4; this is the system for which a
solution will be constructed in the following sections.

Section 4 is devoted to the statement (in Section 4.2) and sketch of the proof of the
main result. The strategy consists in constructing a solution to the quasilinear system
derived in Section 3.4 using an iterative scheme. For this, we need a higher order
version of the linear estimates of Section 3.3. These estimates, given in Section 4.3,
involve Sobolev spaces with degenerate weights for which standard Sobolev embed-
dings fail. To recover a control on non-weighted L? norms and L* norms, we therefore
need to use the structure of the equations and various Hardy-type inequalities (of in-
dependent interest and therefore derived in a specific section). Unfortunately, when
applied to the iterative scheme, these energy estimates yield a loss of one derivative; to
overcome this difficulty, we introduce an additional elliptic equation (which of course
disappears at the limit) regaining one time and one conormal derivative; this is done
in Section 4.4.

The energy estimates for the full augmented system involve the initial value of high
order time derivatives; for the nonlinear shallow water equations (1 = 0), the time
derivatives can easily be expressed in terms of space derivatives but the presence of
the dispersive terms make things much more complicated when p > 0; the required
results are stated in Section 4.5 but their proof is postponed to Section 9.

We then explain in Section 4.6 how to solve the mixed initial boundary value
problems involved at each step of the iterative scheme. There are essentially two
steps for which there is no existing theory: the analysis of elliptic (with respect to
time and conormal derivative) equations on the half line, and the theory of mixed
initial boundary value problem for dispersive perturbations of hyperbolic systems.
These two problems being of independent interest, their analysis is postponed to
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specific sections. We finally sketch (in Section 4.7 and Section 4.8) the proof that the
iterative scheme provides a bounded sequence that converges to the solution of the
equations.

Section 5 is devoted to the proof of the Hardy-type inequalities that have been
used to derive the higher-order energy estimates of Section 4.3. We actually prove
more general results for a general family of operators that contain the two operators
ho0, and hod,+2h(, that we shall need here. These estimates, of independent interest,
provide Hardy-type inequalities for LP-spaces with various degenerate weights.

In Section 6, several technical results used in the proof of Theorem 4.2 are provided.
More precisely, the higher order estimates of Proposition 4.6 are proved with full
details in Section 6.1 and the bounds on the sequence constructed through the iterative
scheme of Section 4.4 are rigorously established in Section 6.2.

The elliptic equation that has been introduced in Section 4.4 to regain one time
and one conormal derivative in the estimates for the iterative scheme is studied in
Section 7. Since there is no general theory for such equations, the proof is provided
with full details. We first study a general family of elliptic equations (with respect
to time and standard space derivatives) on the full line, for which classical ellip-
tic estimates are derived. In Section 7.2, the equations and the estimates are then
transported to the half-line using a diffeomorphism that transforms standard space
derivatives on the full line into conormal derivatives on the half line. Note that the
degenerate weighted estimates needed on the half line require elliptic estimates with
exponential weight in the full line.

In Section 8 we develop a theory to handle mixed initial boundary value problems
for dispersive perturbations of characteristic linear hyperbolic systems. To our knowl-
edge, no result of this kind can be found in the literature. The first step is to assess the
lowest regularity at which the linear energy estimates of Section 3.3 can be performed.
This requires duality formulas in degenerate weighted spaces that are derived in Sec-
tion 8.2. As shown in Section 8.3, the energy space is not regular enough to derive
the energy estimates; therefore, the weak solutions in the energy space constructed
in Section 8.4 are not necessarily unique. We show however in Section 8.5 that weak
solutions are actually strong solutions, that is, limit in the energy space of solutions
that have the required regularity for energy estimates. It follows that weak solutions
satisfy the energy estimate and are therefore unique. This weak=strong result is ob-
tained by a convolution in time of the equations. Provided that the coefficients of
the linearized equations are regular, we then show in Section 8.6 that if these strong
solutions are smooth if the source term is regular enough. The last step, performed
in Section 8.7, is to remove the smoothness assumption on the coefficients.

Finally, Section 9 is devoted to the invertibility of the the dispersive operator at
t = 0 in various weighted space. These considerations are crucial to control the norm
of the time derivative of the solution at ¢ = 0 in terms of space derivative, as raised in
Section 4.5. We reduce the problem to the analysis of an ODE with regular singularity
that is analyzed in full details.
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N.B. A glossary gathers the main notations at the end of this article.

Acknowledgement. — The authors want to express their warmest thanks to Didier
Bresch (U. Savoie Mont Blanc and ASM Clermont Auvergne) for many discussions
about this work.

2. REFORMULATION OF THE PROBLEM

This section is devoted to a reformulation of the shoreline problem for the Green-
Naghdi equations (1.2). The first step is to fix the free-boundary. This is done in
Section 2.1 and Section 2.2 using a Lagrangian mapping. We then propose in Section
2.3 a change of variables that transform the equations into a formulation where the
coeflicients of the space derivatives in the leading order terms are time independent.

2.1. Tue LAcranGIAN mapPING. — As usual with free boundary problems, we first
use a diffeomorphism mapping the moving domain (X(t), +o0) into a fixed domain
(X, +00) for some time independent X,. A convenient way to do so is to work in
Lagrangian coordinates. More precisely, and with X, = X (¢t = 0), we define for all
times a diffeomorphism ¢(t,-) : (X, +00) = (X(t), +00) by the relations

(2'1) Opp(t,z) = U(t,(p(tﬂ;‘)), (p(071‘) =T

the fact that ¢(t, z,) = z(¢) for all times stems from (1.4). Without loss of generality,
we can assume that X, = 0. We also introduce the notation

(2.2) n =0z

and shall use upper and lowercases letters for Eulerian and Lagrangian quantities
respectively, namely,

h(t,z) = H(t, p(t,)), u(t,z) = U(t, o(t,x)), etc.
2.2, Ture GREEN-NAGHDI EQUATIONS IN LAGRANGIAN coorpINATES. — Composing the

first equation of (1.2) with the Lagrangian mapping (2.1), and with 7 defined in
(2.2), we obtain

h
Osh + — 0yu = 0;
n
when combined with the relation
O —O0zu=0
that stems from (2.2), this easily yields

We thus recover the classical fact that in Lagrangian variables, the water depth is

given in terms of 7 and of the water depth hg at t =0,
h

(2.3) h=""
Ui
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462 D. Lannes & G. METIVIER

In Lagrangian variables, the Green-Naghdi equations therefore reduce to the above
equation on n complemented by the equation on u obtained by composing the second
equation of (1.2) with ¢,

O — Ou=0

(2.4) 1 ,
doyu + ; Ozh + pqy, = —B'(p),

with h = ho/n and d defined as

ko (h s 2 3! 2 12
du=u S 8$( ; &Cu) + [0:(h*B' (p)u) — h*B'(¢)0yu] + nB'(¢)*u,

2hn
while the nonlinear term g, is given by
a1 = o 0, (5 (0u?) + 2 (0.0 B () + = 0. (PP B () + 2 B(0)B ().
3hn n? n2 2hn
2.3. Tue Quations 1N (g, u) variaBLES. — In the second equation of (2.4), the term

1/n 0k in the second equation is nonlinear in #; it is possible and quite convenient
to replace it by a linear term by introducing

(2.5) q= %n_Q and therefore 1 = n(q) := (2¢)~V/2.
The resulting model is
(2.6) {c@tq +0,u=0
dowu + £q + gy = —B'(p),
where
(2.7) c=c(q)=(2¢)7%?>0, aslongasq>0

(recall that n,_, = 1 and therefore ¢|,_, = 1/2). The operators £ and d = d[V] are
given by
1

(2.8) L= . 0z (h3-) = hoOy + 2h{
0

and, denoting V. = (q,u) and ¢ = x + fot v,

0, (h3q?D.u) + = [0, (h3gB' (9)u) — h2gB'(9)du] + uB'(9)*u

4
dV]u=u—p— o

3ho
4
(29) =u+pe {—g *hodyu + guB’(g)} — pgB' (¢)hodzu + B (p)?u,

and the nonlinear term g, = q,(V), with V' = (¢, u), is

(210) a,(V)=¢[;

3 ho % (D) + au*B"(¢)| + %o (0au)*B' () +u”B" () B'(¢).

Remark 2.1. — Since by (2.1) we have p(¢t,z) = 2+ f(f u(s, x)ds, we treat the depen-

dence on ¢ in the topography term as a dependence on u, hence the notation g, (V)
and not g, (V, ) for instance.
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3. QUASILII\’EARIZATION OF THE EQUATIONS

When the water depth does not vanish, the problem (2.6) is quasilinear in nature
[Isr11, FI15], but at the shoreline, the energy degenerates and as we shall see, some
topography terms make (2.6) a fully nonlinear problem (this topography terms appear
in Lemma 3.6 in the linearization of the equations and we refer to Remark 4.7 for
comments on their fully nonlinear nature). In order to quasilinearize it, we want to
consider the system of equations formed by (3.2) together with the evolution equations
formally satisfied by V7 := X7V and Vs := X5V, where X7 = 0; and X5 = ho0,, are
chosen because they are tangent to the boundary. After giving some notation in
Section 3.1, we derive in Section 3.2 the linear system satisfied by V3 and V» and
provide in Section 3.3 L2-based energy estimates for this linear system. We then state
in Section 3.4 the quasilinear system satisfied by (V, V1, V2) (the fact that it is indeed
of quasilinear nature will be proved in Section 4).

Throughout this section and the rest of this article, we shall make the following
assumption. Regarding the second point, note that the assumption on p corresponds
to the range of validity of the Green-Naghdi model.

Assumrtion 3.1

(i) The functions hg and B are smooth on RY. Moreover, hg satisfies the following
properties,

ho(0) =0, hG(0) >0, ho(x) >0 for all x>0 and liminf ho(x) > 0.

(ii) We are interested in the shallow water regime corresponding to small values
of i and therefore assume that pn does not take large values, say, u € [0, 1].

Remark 3.2. — In the context of a compressible gas, this assumption corresponds to
a physical vacuum singularity [Liu96]; the equivalent of flows that are smooth up to
vacuum in the sense of [Serl5] is not relevant here.

N.B. — For the sake of simplicity, the dependance on hy and B shall always be
omitted in all the estimates derived.

3.1. A compacr rormuration. — For all V. = (q,u)”, let us introduce the linear
operator .Z[V, d] defined by

C(g)ﬁtq + 8ru

for all V = (q,u)7,

(3.1) ZWﬂV_{

so that an equivalent formulation of the equation (2.6) is given by the following lemma.

Lemme 3.3. If V is a smooth solution to (2.6), then it also solves

(3:2) LV, 0|V = S(V,X1V,X5V)
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464 D. Laxnes & G. METIVIER

with, writing p(t,r) = = + fot u(s, x)ds,

0
(33) A (V,\Vi,Va) = | =B'(¢) — 1 — 5 ¢X2uq1 + qu*B" ()
— uXouqi B' () + pu®B'(0) B" ()
RemArk 3.4. In (3.3), we could have substituted Xou = wus. The reason why we

keep Xou is because we are sometimes led to write Xou = hod,u, to provide some
control on d,u and to use the vanishing of hy at the boundary to control higher order
terms (as in Lemma 6.11 for instance).

Proof. — One obtains directly that V solves (3.2) with . given by
SV, XV, XaV) = (0,-B'(¢) = pay (V)"

and g, (V') as defined in (2.10). In order to put it under the form given in the statement
of the lemma, one just needs to use the first equation of (2.6) to rewrite q; = q,(q, u)
under the form

4
(3.4) q, =4 [_g g XouX1q + qquB’} ~ XouX1gB' +uB'X,B. 0

3.2. Linearization. — As explained above, we want to quasilinearize (3.2), by writ-
ing the evolution equations satisfied by V and X,V (m = 1,2). We therefore apply
the vector fields Xy and Xs to the two equations of (3.2). For the first equation, we
have the following lemma, whose proof is straightforward and omitted.

Lemme 3.5, — IfV = (q,u)T is a smooth enough solution to (2.6), then one has, for
m=1,2,

Catqu + 0 Xpu = (gg(m)(q’ X14q, XQQ)
with
Xmho
ho

F™ (g, q1,42) = —' (@) q1qm — ¢(q) a-

For the second equation, the following lemma holds. The important thing here is
that the term pf(a(u)X,,q) cannot be absorbed in the right-hand-side. As explained
in Remark 4.7 below, this terms makes the problem fully nonlinear.

Lemve 3.6. — If V = (q,u)T is a smooth enough solution to (2.6), then one has, for
m=1,2,

d[q)0: X u + £[ (1 + pa(u)) Xng] = g™,
with g™ = g(()m) + \/ﬁﬂgYn) and

a(u) = X, (uB) and ¢ =gV, X1V, XV) (5 =1,2),

J J
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and where, writing v1 = u and pa2(t,x) := hg + fot Uz, one has
1 _(m
m 4™ (V,Vi,Vo) = (qmB' + qB" o) Xous + q1 B' Xt + XouX ¢y B’
—2B'B" pu1 — 2uu, B'B” — u?(B'B® — (B")?) ¢,

4 1
+ Xouqi B" o — 2X b (qui B' — 3 *Xouy) — ;B”gpm,

1 (m) 8 4 4 4
— V.Vi, Vo) = = qgm X — Xoty, + = ¢XouX1qm + = g X:
N/ (VL V) 3 d4mA2t + 3 dnX2u + 3 A2uiag + 3 dmA2uq1

—u1gB" ¢, — qupmuB” — qu?*B® ..
Proof. — From the definition (2.9) of d, we have
4
ddyu = dyu + ik [fg hodudru + qatuB’] — g B hodydu + u(B')?0yu,

so that, applying the vector field X (throughout this proof, we omit the subscript
m=1,2), we get
Xdowu = doy Xu + pl [72 gXqXoXu+ XuB' Xq+ XlquB/}
— pXgB' XoX1u — pgX B' XoX1u + pX ((B')?) X1u
4
+2uXH, (‘g XX u + leuB')7

where we used the fact that [X, £] = 2Xhy,.
Before computing X q,, we first replace q; by its equivalent expression (3.4). Ap-
plying X we find therefore
4 4 4 , ,
Xq, = £ [—5 XqXouX1q— 3 qXaXuX1q— 3 ¢XouX1 Xq+ XquX, B'+qX (uX, B )]
— XoXuX1qB' — XouX1XqB' — XouX1qXB' + X (uB'X1B’).

Since moreover X £q = £X g+ 2Xh{q, one gets

—i g™ = — X, (¢B) X2 X1u — X1¢B' X Xt — XouX, X,nqB'
+ X (B X1u + X, (uB' X, B') — XouX,¢X,, B’
+2X, b (—g P Xo X u+ leuB’) + % X, B,
—;ﬁ o) = 2 aXnaXo Xy — 5 aX10X0 Xt — 5 X0 Xng
— % XmqXouX1q + X1uqX B + ¢Xpm(uX1 B'),
and the result follows easily. O
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The previous two lemmas suggest the introduction of the linear operator %, [V, d]
defined as

c(q)0rq + Ozu

d[V]9,u + £[(1 + pa(u))q]
Denoting V,,, = X,,,V, we deduce from Lemmas 3.5 and 3.6 that
(3.6) LoV, 0V = S (V, V1, V),

(3.5) LV, 0|V = { for all V = (q,u)7.

where, with the notations of Lemmas 3.5 and 3.6 for .Z (™) and gj(m), one has

‘g\(m) (Q7 q1, QQ)

B0 SmV TV, Ve) = (g“’“(v, Vi, Va)

) with @™ =™ 4+ /ueg™,

The next section is devoted to the proof of L?-based energy estimates for (3.5).

3.3. Linear sTiMaTES. — As seen above, an essential step in our problem is to derive
a priori estimates for the linear problem

C(ﬂ)atq +0u=f
d[V]o,u+£((1+ pa(u))q) =g with g :=go+ /by,
where we recall that

c(q) = (2q)73’/2 and a(u) = X1 (uB'(p)).

(3.8)

As we shall see, (3.8) is symmetrized by multiplying the first equation by h3 and
the second one by hg; since ¢(q) > 0 is bounded away from zero and since (du,u)

controls ||houl|2; 4 pl|hoOyul|2. (see the proof of Proposition 3.7 below), it is natural
to introduce the weighted L? spaces

(3.9) L? =hy*’L*(Ry)  with the norm ||ju|2, = [ h{lu(z)]? da,
s R+

where hg is the water height at the initial time. We shall also need to work with the
following weighted versions of the H'(R,) space

(3.10) A ={ue L?|\/uhodyu € L2} C L?
endowed with the norm
(3.11) [ull 36 = l[ullZ2 + pllhodzull7

(the p in the definition of the norm is important to get energy estimates uniform with
respect to p € [0,1]).
The dual space of 7 is then given by

(3.12) A =1{g:= g0+ Vilar | (90,91) € LT x LT} C H L (Ry)

(this duality property is proved in Lemma 8.2 below), with

(3.13) gl - = lgolZz + llgall7-
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This leads us to define the natural energy space V for V' = (¢, ) and its dual space V'
by

(3.14) V=13xs" and V' =13x6"
We can now state the L? based energy estimates for (3.8). Note that these estimates
are uniform with respect to p € [0, 1].

Prorosition 3.7. — Under Assumption 3.1, let T > 0 and assume that

€ L=([0,T] x Ry).

1
3.15 . g, —, u, Opu, Ofu, ————
(3.15) q, Oiq 7 u, O, O;u 15 pa(e)

If (f,g) € LY([0,T); V'), then if V = (q,u) is a smooth enough solution of (3.8), one
has

t
Vte [OvT]v ||V(t)||v S € X [HV(O)HV +/O H(f(t/)vg(t/)” \4 dt/:|7
where ¢, is a constant of the form

(3.16) ¢ =¢ (T,

|(g, g, 1/q,1/(1 + pa(u)), u, atQ)HLoo([o,T}xRJr))'

Proof. — Remarking that

/ho(d[K]U)U = /hou2 + pho (% hoqO,u — ? B/(E)U)2 + pho (% B/(E)U)Q,

where ¢(t,z) =z + fot u(s, x)ds, the density of energy is

2
V3
with ¢ = ¢(q), a = a(u) and B = B'(yp). We also set

1 2 1 2
e= 3 {h%g(l + u@)qz + hou? + ,uh0< hoqO,u — ? ﬁ'u) + pho (5 ﬁ'u) } ,

E(t) := /e(t, x) dz.
We shall repeatedly use the following uniform (with respect to ) equivalence relations
B2 <0(1(1/g, 4w, 0w)l| =) |V [lv,
IViv < C(I(1/g,:1/(1 + pa))|[=) EY/>.

One multiplies the first equation of (3.8) by hZ(1+ pa)q and the second by hou. Usual
integrations by parts show that

(3.17)

d

p= / [0u(c(1 + pa)) h3¢% + hou(BydV])u]

+ /(hg(l +pa) f g+ hogo u — /i hjg10,u).
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Remarking further that
8
/ hou(Ad[V])u = p / (g ha0ig(Deu)® — 203 B Duqud,u)
8
— /(5 hggatg(&cu)2 + E(ﬁ’&tg)houz),
we easily deduce that

d
ZE <allVIg+ I 9)lv [V,

with ¢; as in the statement of the proposition. Integrating in time, using (3.17), and
using a Gronwall type argument therefore gives the result. (|

Remark 3.8. — The assumption (3.15) contains two types of conditions: L> bounds
and positivity conditions ¢ > 0 and 1+ pa(u) > 0 which are essential to have a definite
positive energy, thus for stability.

3.4. Tue QuASILINEAR sYsTEM. — As explained in Remark 4.7 below, the presence of
the topography term pl(a(u)X,,q) in the equation for X,,u derived in Lemma 3.6
makes the problem fully nonlinear. We therefore seek to quasilinearize it by writing
an extended system for V and X,,V. We deduce from the above that V = (q,u)”
and Vp,, = X,V (m = 1, 2) solve the following system

ga(v:a)vm :ym(vvvlvvé) (m:172)7
Z(V,0)V. =7V, V1,V2),
with . and .7, as defined in (3.3) and (3.7) respectively.

As we shall show in the next sections, (3.18) has a quasilinear structure in the
weighted spaces associated to the energy estimates given in Proposition 3.7, or more

(3.18)

precisely, to their higher order generalization.

4. MAIN RESULT

In this section, we state and outline the proof of a local well-posedness result for
the shoreline problem for the Green-Naghdi equations (2.6). Some necessary notations
are introduced in Section 4.1 and the main result is then stated in Section 4.2. An
essential step in the proof is a higher order energy estimate stated in Section 4.3;
a sketch of the proof of this estimate is provided, but the details are postponed to
Section 6.

In order to construct a solution, we want to construct an iterative scheme for the
quasilinearized formulation (3.18). Unfortunately, with a classical scheme, the topog-
raphy terms induce a loss of one derivative; in order to regain this derivative, we
therefore introduce an additional variable and an additional elliptic equation (which
of course become tautological at the limit). This elliptic equation is introduced in Sec-
tion 4.4 and its regularization properties (with respect to time and conormal deriva-
tives) are stated; their proof, of specific interest, is postponed to Section 7. Solving
each step of the iterative scheme also requires an existence theory for the linearized
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mixed initial value problem; the main result is given in Section 4.6 (here again the
detailed proof is of independent interest and is postponed, see Section 8). The end
of the proof of the main result consists in proving that the sequence constructed us-
ing the iterative scheme is uniformly bounded (see Section 4.7) and converges to a
solution of the shoreline problem (2.6) (see Section 4.8).

4.1. Notrations. In view of the linear estimate of Proposition 3.7, it is quite natural
to introduce for higher regularity based on the spaces L? introduced in (3.9), using
the derivatives X* = X" X5? = 9" (ho0;)*?, @ = (a1, a2). We use the following
notations.

Derinvition 4.1. — Given a Banach space B of functions on R, C%B" [resp. L5 B"]
[resp. L% B"] denotes the space of functions u on [0,7] x Ry such that for all |a| < n,
Xu belongs to C°([0,T7, B) [resp. L*>([0,T], B)] [resp. L*([0, T}, B)], equipped with
the obvious norm, which is the L> norm or L? norm of

lu@®lls = > 11Xt )5

jal<n
We use this definition for B = L2, 7% or B = V, V', with the associated notations

lu@lpzn,  Nu@)ll e, (UG, [F ).

When B = L, we simply write L7 for L3 L°*? which is equipped with the norm

(41) [fllzeewr = sup ||f()llLor,
t€[0,T]
where
(4.2) 1F@)llzoew = D IXF(E Lo @s)-
la<p
4.2. StatEMENT OF THE RESULT. — Our main result states that the Cauchy problem

for (2.6) can be solved locally in time. More importantly, for initial data satisfying
bounds independent of u, the solutions will exist on an interval of time [0, 7] inde-
pendent of p. We look for solutions in spaces C2V™, for n large enough. However,
functions in this space are not necessarily bounded, because of the weights. To deal
with nonlinearities, we have to add additional L> bounds on low order derivatives.
More precisely we look for solutions in

qge CALY" NCYLLY" ' NCYLP 2 N L
(4.3) uwe COLY" NCYL> 1 N L

Vi hoOgu € CRLA™,
satisfying uniform bounds in these spaces, where n and p are integers such that n > 14
and2p>n=>p+7.

Next we describe admissible initial conditions. Following Remark 3.8, the sta-
bility conditions ¢ > 0 and 1 + pa(u) must be satisfied at ¢ = 0. The first one
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is satisfied since (2.5) implies that the initial for ¢ is ¢° = 1/2. Next, recall that
a(u) = O (uB'(p)). Because, by definition, d;p = u and ¢(t = 0,x) = x, one has

a(u)(0,z) = du(0,z) B’ (z) + (0, 2) B" (z)u(0, x).

Thus the condition 14 pa(u) > 6 > at t = 0 involves the time derivative d;u at ¢ = 0.
Using that ¢(0,2) = x and the equation (2.6) under the form
(4.4) Oru=—d "' (Lg + g, (V) + B'(¢))

[t=0’

(we refer to Section 9 for the the invertibility of d) we see that the right-hand-side
only involves u’. Hence The condition 1+ pa(u) > § > 0 at t = 0 can therefore
be expressed as a condition on the initial data u"; using the convenient notation of
Schochet [Sch86], we shall write this condition

(4.5) 36 >0, “1+ pa(u®) =6

Our result also requires a smallness condition on the contact angle at the origin, which
can be formulated as follows

(4.6) Vitho(0) <e,

for some € > 0. We can now state our main result.

Tueorem 4.2. Let n > 14 and assume that Assumption 3.1 holds. There exists
e > 0 such that for all v’ € H"*2(R*") and p € [0, 1] verifying (4.5) and (4.6) there
exists T = T(||u®]| gn+2,071) > 0 and a unique classical solution (q,u) to (2.6) with
initial data (1/2,u°) and satisfying (4.3).

Revark 4.3. With the dimensional variables used in the introduction, one observes
that \/zh'(0) = H'(0). Since moreover, the angle g at the contact line is given by
the formula

H(0) )
1 — (®(0) +B(0))B'(0)

one has ag =~ H'(0) when H'(0) is small, and this is the reason why we say that the
condition (4.6) is a smallness condition on the angle at the contact line. Note that a

ap = arctan (

smallness condition on the contact angle is also required to derive a priori estimates
for the shoreline problem with the free surface Euler equations [dP16, MW17].

Remark 4.4. As already said, the condition (4.5) is necessary for the L? linear
stability, since it is required for the energy to be positive. The status of the other
condition (4.6) is more subtle. It is a necessary condition for the inverse d™' at time
t = 0 to act in Sobolev spaces. So is has something to do with the consistency of
the model for smooth solutions and, at least, seems necessary to construct smooth
solutions from smooth initial data.
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4.3. HIGHER ORDER LINEAR ESTIMATES. We derived in Section 3.3 some L2-based
energy estimates for the linear system

{c(q)@tq +0u=f
d[V]0yu+€((1+ pa(u))g) =g with g =go+ /lg:.

This section is devoted to the proof of higher order estimates. Before stating the main
result, let us introduce the following notations, with V. = (¢,u) and . = (f, g),

(4.7)

my (Vi) = [V oo + |1/, 1/ (1 + pa(u))| e
mo(V;T) := HqHL;S’(L2~P+3ﬁLf'”72) + HUHL%"LZ"*?’
(4.8) m(ViT) = ||“HL;°4’+1 + ||VHL%°V"*1

m(V;T) = ||VHL’§Vn - HqHL;Lf'"*“

s(S5T) = ||fHC':°F(L§’”_1mL2»P+3) + H(go’91)Hc;(Lf‘"—lmL%HmLoom)'

Roughly speaking, m; is used to control the constants that appear in the L? linear
estimate of Proposition 3.7; my controls quantities that do not have the correct weight
to be controlled by the n — 1-th order energy norm, but that do not have a maximal
number of derivatives; m is basically the (n — 1)-th order energy norm; m is used to
control the n-th order energy norm (the reason why it involves an L? rather than L
norm in time is that the control of the n-th order energy norm comes from the elliptic
regularization of Section 4.4); finally s is used to control the source terms.

~

Remark 4.5. — Note that the parameter p enters in the definition of m since, by
(3.11),

VI zan = lalzg am + llullz 12 + sl RoBetly 2o

The higher order estimates can then be stated as follows (note that they are uniform
with respect to p € [0, 1]).
Prorosition 4.6. Let n > 14. Under Assumption 3.1, let T > 0, V. = (q,u),
< =(f,g), and let also My, My, M, M and S be five constants such that
my (Vi T) < My, mo(ViT) < Mz, s(3T) <5,
(9 m(V;T) <M,  @(;T) < M.

There exists a smooth function 7 (-), with a nondecreasing dependence on its argu-
ments, such that if T > 0 satisfies Tﬂ(Ml,Mg,M, M) < 1, any smooth enough
solution V = (q,u) of (4.7) on [0,T] satisfies the a priori estimate

IV | own—1 < C(T, M1)[Co + VT C(T, My, Mz, M, M)S],
where Cy is a constant depending only on the initial data of the form

Co = Co([IV(0)[[yn—1, [[u(0) | Lo .w+2, [lg(0) | L2p-1 - oem-1).
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Remark 4.7. We emphasize here that the estimate above induces a loss of one
derivative in the sense that we need n X-derivatives on V to get estimates of the
(n — 1)-th X-derivatives of the solution. This is due to the topography term a(u) in

(4.7). Tt is therefore the topography that makes the problem fully nonlinear.

Proof. — We only provide here a sketch of the proof; the details are postponed to
Section 6. Introduce the quantities

P = a2, Ly () = la@®ll2m (G =0,1,2),
Un,j(8) = lu@l 2, Xy 3 (1) = lu@®)l 2 (5=0,1),
and, for j = 0, we simply write 2, = 2,0, etc. When j = 0 these quantities

(4.10)

correspond to the components of the m-th order energy norm; when j # 0, the
number of derivatives involved is the same, but the weight is not degenerate enough
to allow a direct control by the energy norm.

Throughout this proof, we denote by p an integer such that p + 7 < n < 2p (such
an integer exists since we assumed that n > 14).

Step 1. — Applying X, to the first equation of (4.7), we obtain
(4.11) (9)0 X g+ 9, X = (@,

where the source term f(*) satisfies on [0, 7] and for |a| < n — 1 < 2p,
(4.12) [| £ (t)||Lg < S+ C(My) (M| q(t)||poer + 2ni(t)).
This estimate is proved in Proposition 6.1 below.

Step 2. — Applying X, with |a] < n —1 < 2p, to the second equation of (4.7), we
obtain

(4.13) d[V]0: X “u + E((l + ua(g))Xaq) = g(a),
where g(®) = g(()a) + \/ﬁﬁgga) satisfies on [0, 7] and with ! as in (3.12),

(4.14) (g O 1 < OT M) (IVOllor (M + Jst)] 2.0 + g 2-1)

Do)+ %n_l(t)> + 8.

This assertion will be proved in Proposition 6.2. We now need to control the terms
Zp—2,1 and ||V pe.» that appear in (4.11) and (4.13) in terms of the energy norm
[V |]yn-1; roughly speaking, we must trade some derivatives to gain a better weight.
This is what we do in the following two steps.

Step 3. — To control 2,,_5 1, we use the Hardy inequality

1F @Oz S €FOlzz + 1F @)z,
which is proved in Corollary 5.4. Using the definition (2.9) of d[V], the equation (4.13)
implies that

(4.15) £ = g5 + gB' XX, X®u — u(B')2 X1 X u.
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with B’ = B'(yp) and
(0% 4 (6% (0%
¢ = (14 pa(u) X — Vg™ +p 5 X2 X1 XU+ pgB' X, X u.

Using the above Hardy inequality on this equation satisfied by ¢(®) for la] < n—2,
we show in Proposition 6.4 that

Du21(t) < C(T, My, My, M) [Co + [VDll e + V| s + .

Step 4. — Control of ||V||pe.». We need a control on X“u and X%q in L for |a| < p.
For X“u, we use the Sobolev embedding

[X%ullpee S ([ X ul[L2 + (|02 X “ul| L2

and use the equation (4.11) to control the last term. For X g, we need another Hardy
inequality proved in Corollary 5.5

[F Oz < Mul®)lLoenrz + 1 @) 22,

which we apply to (4.15). This is the strategy used in Proposition 6.6 to prove that
for T' small enough (how small depending only on M), one has

IV ()||Lr < O(T, My, Mo, M)[Co + ||V | Lgovmrs + S
Step 5. — Since p+6 <n — 1, we deduce from Steps 1-4 that
Hf(a)(t)HLg < C(T, My, My, M) [Co + ||V pgewn— + 5],
lg O] s < C(T. My, Mo, M) [Co+ [V | + )L+ 2, (8) + 2,1, (1),

Using the linear energy estimates of Proposition 3.7 and summing over all || < n—1,
this implies that

[Vl soyn—1 < O(T, My) [Co + C(T, My, My, M) (Co + |V Lgewn— + S)

T
<[z, 2,0
0
Remarking that
T
[ Qv @+ 2, 0,0)d < T VT 1202, 0l
0

<T+VTM,
we finally get
IVl gown—1 < C(T, M1)[Co + VT C(T, My, Mz, M, M)(Co + ||V || own—1 + S)].

For T small enough (how small depending only on M7, My, M and M , this implies
that

||VHL7°9V"’1 < C(T7M1) [CO + \/TC(T7 M17M27M7 M)S:Ia

which completes the proof of the proposition. O
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4.4. THE ITERATIVE SCHEME. We derived in the previous section higher order energy
estimates for the linearized equations from which a priori estimates for the nonlinear
problem can be deduced. The question is how to pass from these estimates to an
existence theory. One possibility (in the spirit of [CS11, CS12]), could be to use a par-
abolic regularization of the equations. To avoid boundary layers, such a regularization
should be degenerate at the boundary; in the presence of dispersive and topography
terms no general existence theorem seems available and we therefore choose to work
with an alternative approach based on elliptic regularization.

The goal of this section is to propose an iterative scheme to solve the quasilinearized
equation (3.18). A naive tentative would be to consider the following iterative scheme

Z,(VE, Q)W = 7, (VEVE V) (m=1,2),
LWE OV = 7 (VEVE V),

with . and .%, as in (3.1) and (3.5) respectively. With such an iterative scheme how-
ever, the nonlinear estimates of Proposition 4.6 say that if V¥ and V¥ (m = 1,2) have
respectively V" and V"1 regularity then V¥*! and V¥*! have only V*~! regularity:
there is a loss of one derivative, as already noticed in Remark 4.7. If we know that
VE+L = X,,V**1 then the V™ regularity for V**! is recovered, but this information
is not propagated by the iterative scheme (even though it is true at the limit).

A usual way to circumvent the loss of derivatives is to use a Nash-Moser scheme,
but here the definition of the the smoothing operators would be delicate because
we need weighted and non weighted norms. So we proceed in a different way and
introduce an additional variable Vj whose purpose is to make the regularity of the
family (V*); one order higher than the regularity of (V}¥, Vi¥),. Instead of (3.18), we
rather consider

D%a(vaa)vm :csﬂm(va V17V2) (m: 172)7
(4.16) LWV, =2V, , V),
E©Q)V  =F(o,W,V2)
and the iterative scheme we shall consider should therefore be of the form
La(VFEOWVEH = 7 (VEVEVE)  (m=1,2),
g(vk7a)vok+1 = y(vk, ‘/1k7 ‘/Qk)a
E(a)vk{»l _ F(ka+1, V1k+1, ‘/2k+1)
with E(9) an elliptic operator (in time and space) so that V*¥*! is more regular than

F(VFFL VL VEFD) and the sequence is defined for all k.
We choose the elliptic equation

in such a way that it is tautological when V) =V, V3 = XjV and V, = XoV. We
choose

(4.18) E=0,+P, Fy=-X,P ' Fy=x?’P7',
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=N

where P = (k% — X3)'/2 = (k% — (ho0,)?)"/? and k > 2. Note that E, F; and F are
scalar operators so that (4.17) consists of two uncoupled equations on ¢ and u. We con-
sider the Cauchy problem for (4.17). The independent proof of the next proposition
is given in Section 7. Note that the gain of one derivative only occurs if we consider
an L%-norm in time (this is the reason why we had to introduce the constant m(V;t)
in (4.8).

Prorosition 4.8. — Let n — 1 € N. For (Vo, V1, Va) in L>=([0,T]; V*~1) and initial
data in V™, the Cauchy problem for (4.17) has a unique solution in L?([0,T]; V") N
C([0,T); V1) and
IV llz2o,z550m) S IV O)llvn + VT (IVollzgewn— + [Vallzgevn—1 + [[Vall Lgevn—1)
IV llgevn—1 SNV (O)lyn-1 + T ([[Vollgevn—r + [[VillLgevn-1 + Vel gevn-1)-
Moreover, the following L™ bounds also hold,
Vilzr S VOl + VT (Woll oo + Vil +1Vallzr).

As a conclusion, the iterative scheme we shall consider is the following

fa(vkaa)vﬁ—H = I (VFVE V) (m=1,2),
(4.19) LVF VT = S (VEVEVE),

E(0)VH+ =V + FoVf + FoVf
(the choice of the first iterate & = 1 will be discussed in Section 4.6 below). We take
the natural initial data : first we choose

(4.20) V\f:o = Vok\t:o = (1/27160)7 Vzk\t:o = (0,X2UO)-

For the initial value of V}*, we take the data given by the equation (2.6) evaluated at
t=0
(4.21) VE o = ( !

' Ll=0 c(q%)
where d is the operator d at time 0, which is known since it involves only the initial
values of ¢ and ¢, that is ¢° = 1/2 and ¢ = z (the invertibility properties of dy are

0’ dyt (B () — £¢° — MQ1|t:0)>

discussed in Section 9).

4.5. THE INITIAL VALUES OF THE TIME DERIVATIVES. — Because the right-hand-side of
the energy estimates involve norms of 85' V|715€:0 (through Cy in Proposition 4.6 for
instance), we have to show that theses quantities remain bounded through the iterative
scheme.
The initial values of 3g V' are computed by induction on j, writing the equation
(3.2) under the form
0V = (V)

where o7 is a non linear operator acting on V. However, &/ involves d™ ', and it is
easier to commute first the equation (3.2) with &7, before applying d~'. This yields
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an induction formula
(4.22) N WVii—o = % (Vis—o, - .., 8] Vis=o)

where the .#7; are non linear operators which involve only 0, derivatives and d0717
where d° = dj¢—o is independent of the initial value ul.

In particular, starting from V;% = (1/2,u°) with u° sufficiently smooth, this formula
defines by induction functions Vlﬁl, as long as dy can be inverted. In particular, if this

allows to define a smooth enough V,,, such that

(4.23) 3 Vappli=o = Vi

in’ J < n.

then V,p,p is an approximate solution of (3.2) in the sense of Taylor expansions up to
order n— 1. This is made precise in Section 9 where we prove the following proposition
that will play a central role in the construction of the first iterate of the iterative

scheme in the next section.

Prorosition 4.9. — There is &, > 0, which depends only on n, such that, for
VER(0) < e, and u® € H"2(Ry), the Vi, are well defined in H" I (R,) so that

in

there is a Vapp € H"T1([0,1] x Ry) satisfying (4.22).

From now on, we assume that the condition \/zh/(0) < &, is satisfied. An im-
portant remark is that the V! remain the initial data of the time derivatives of the
solutions, all along the iterative scheme (4.19).

Prorosition 4.10. — Suppose that (V,V,,V{,V,) is smooth and, for j < n —1,
satisfies

(4.24) {5? Vio = & Vom0 = Vi

in’
O Vim0 = Vi) Vom0 = XaVi,
then any smooth solution (V,Vy, V1, Va) of

ga(Kaa)Vm :ym(K7K17K2) (m: 172)7
(4.25) LWV, 00Vo =2V, V,,Vs)

EO)V =F(Vp, V1, Vo)
with initial conditions
‘/|t:() = ‘/O\tZO = (1/27 u0)7 ‘/Q\t:O = (07X2u0)'
1
11l _ (_ 0o g—1 / o 0 _
Vl\t:O - V;n - ( c(qo) afu ﬂdO (B (l’) eq ,LLQHt:O))

also satisfies the conditions (4.24).

(4.26)

Proof. — The proof is by induction on j. This is true for j = 0 by the choice of the
initial conditions. Making explicit the time derivative, it is clear that the 8,{ Viji=o can
be computed by induction on j, in a unique way. Therefore it is sufficient to show
that the solution to (4.25), (4.26) satisfies the required condition (4.24) This is true
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because (0,V, X2V, V,V) is an approximate solution of (4.16) in the sense of Taylor
expansions up to order n — 2. O

4.6. CONSTRUCTION OF SOLUTIONS FOR THE LINEARIZED INITIAL BOUNDARY VALUE PROBLEM

We have already proved in Proposition 4.8 that the initial value problem for the
elliptic equation is well posed. In order to construct a sequence of approximate solu-
tions (V*); using the iterative scheme (4.19), it remains to solve linear problems of
the form

(4.27) Z(V,0)V =F.

They do not enter in a known framework, because of the dispersive term of the
second equation and also because of the weights. However, one can solve such systems
using a scheme which we now sketch. The key ingredient are the high-order a priori
estimates proved in Proposition 4.6. We proceed as follows.

(1) Assume first that the coefficients @ and V_ are very smooth. The linear system
can be cast in a variational form, and the a priori estimates for the backward problem
imply the existence of weak solutions in weighted L? spaces.

(2) Using tangential mollifications (convolutions in time) and variations on Frie-
drichs’ Lemma, one proves that the weak solutions are strong, that is limit of smooth
solutions. Therefore they satisfy the a priori estimates in L? and in weighted Sobolev
spaces.

(3) Approximating the coefficients, this implies the existence of solutions when a
and V have the limited smoothness.

(4) The gain of weights and L estimates are proved using Hardy type inequalities.

Details are given in Section 8 below. The next proposition summarizes the useful
conclusion for the Cauchy problem with vanishing initial condition.

Consider V and F such that the quantities

(4.28) m (VL T), me(VsT), wm(LT), wm(4T), s(F;T),
defined at (4.8) are finite. Suppose in addition that
(4.29) O Fi—o=0, j<n-—2.

Provositiox 4.11. — Suppose that F € L2V~ satisfies (4.29). Then, the Cauchy
problem for (4.27) with initial data Vii—o = 0 has a unique solution in CAV™1 and
O Viymog =0 for j <n—2.

Together with Propositions 4.8 for the elliptic equation and 4.10 to treat the initial
condition, one can now solve the linearized equations (4.25) with the initial condi-
tions (4.26) and define the iterates [V*] := (V¥ Vi, ViF, ViF). We proceed as follows.

Consider a smooth initial data u® € H""2(R, ). Using Proposition 4.9 introduce
Vapp € H"([0,T] x R;) satisfying the conditions (4.23). We start the iteration
scheme with

(4-30) [Vl] = (V11aV217V01aV1) - (VaprnVapp7atvapva2Vapp)’
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and next define the sequence ([V*]); by induction by solving (4.19) (4.20) (4.21).
Indeed, assume that the quantities

VE| Looor, VET), wm(VkT
(431) { IVkllzes, mVAT), @(V5T)
my

(VET), mo(VF:T), wma(VET)
are finite and that

in»

AV o = VI, OV o = Xo V),

The following lemma is proved in the next section.

Lemve 4.12. The quantities s(%;T) and s(.Z%;T) associated to the source
terms Sk = S (VE VEVE) and ZE(VF VE VE) with & and 7, as given in (3.3)
and (3.7), are finite.

We look for [VF+1] as [V1] + [6V¥], where [§V*] = (6VF, 6VF, 6V, §VF) solves a
system of the form

L(VEO)WVE =675 (m=1,2),
(4.33) ZL(VF )V =067k,
E(0)6VF = 0F*,

with vanishing initial condition [§V*];,—o = 0. By Proposition 4.10, [V*] is an ap-
proximate solution of (4.16) in the sense of Taylor expansion at ¢ = 0, and thus the
source term [§.7%] = (6.7F, 8.7F, 6.7%, 6 FF) satisfies:

(4.34) NS =0 =0, j<n—2.

Hence, Propositions 4.11 and 4.8 imply the following result:

Prorosition 4.13. Under the assumptions above, the equation (4.33) (4.20) (4.21)
has a solution [VFH] = (VT VR VL VEHL) with each term in CQV™ . More-
over, it satisfies (4.32).

The last step needed is the following proposition, proved in the next section together
with precise bounds on the different quantities.

Prorosition 4.14. The quantities
VA pzer, m(VELT), (VL T), my (VEXLT), mo(VEHLT), mo(VEH T)

are finite.
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4.7. Bounps o~ thE sequence (VF VE VE VF),. We have just constructed a se-
quence (VF, VF, Vok, V%), We want to prove that it converges as k — 0o to a solution
(V1, Vo, Vo, V) of the quasilinearized equations (4.16). The first step consists in estab-
lishing the following uniform bounds on this sequence, where we used the notations
given in (4.8), and for some constants My, My, M, ]Tf, N1, N3, S to be chosen carefully,

(4.35) ! .
ml(V ,T) g Ml, and ||Vm||Loo,p N1 (m:0,1,2),
<

<
My and ma(VE:T)< Ny, (m=0,1,2),
and a constant S such that
(4.36) s(.7%T)< S, and s(.7F;T) <S8,
form=0,1,2 and k € N.

PRoli(lSITI()N 4.15. There exists T > 0 and some nonnegative constants My, Ma,
M, M, N1, Ny and S such that the bounds (4.35) hold for all k € N.

Proof. — Here again, we only sketch the proof and postpone the details to Section 6.2.

The proof is by induction on k. In order to show that (4.35);4+1 holds if (4.35)x
is satisfied, we first derive the necessary bounds on VX! (m = 0,1,2) which are a
consequence of the higher order estimates of Proposition 4.6 for the V*~! estimates,
and of Proposition 6.6 for the estimates based on L*°. The required estimates on
VF+1 are then deduced from the estimates on VX1 using the elliptic regularization
properties stated in Proposition 4.8. These results are rigorously stated and proved
in Lemma 6.10.

These upper bounds are then used to prove Lemma 6.11, which provides the re-
quired estimates on .#**1 and .Zk+1. O

Remark 4.16. We note that the proof of the proposition which gives precise bounds,
includes a proof of the Lemma 4.12 and Proposition 4.14 above.

4.8. CONVERGENCE AND END OF THE PROOF OF THEOREM 4.2. We show here that the
sequence constructed in the previous sections converges to a solution of (4.16), and
that the solution (Vq,Va, Vo, V) satisfies Vo = V, Vi = V and V5 = X,V if these
identities are satisfied at t = 0. It follows that V is the solution claimed in the
statement of Theorem 4.2.

Let us write Wkt1 .= YA+l vk wktl . — v+l vk (1 = 0,1,2). From (4.33),
these quantities solve
L(VE Wk = gk (1 =1,2)
(4.37) LVE gWE = gk
E(Q)Wkt! =W+ FoWh + FoWk,
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with, using again the notation .7% = .7, (V¥ VI VF), ete.,
TE = (S~ SE) — (Lu(VF,0) - Z(VETL ) VE,
S = (P ) (2(VF0) - 2(VEL )V

Using the bounds proved on the sequences (V¥); and (V,£), in Proposition 4.15
one easily gets that the right-hand-side in (4.37) has a Lipschitz dependence on
(Wk WE WE WE). Taking a smaller T if necessary, one can therefore classically
show that the series VET1 — V0 = Zf:ll W7 and VEH = V0 4 Zf:ll W, converge
in V to some functions V' and V,, in C([0,7];V). Using again the bounds provided
by Proposition 4.15 and interpolation inequalities, one obtains that (V, Vy, V1, V3) is

a classical solution of

ga(‘/va)vm:ym(v;vhvé) (m:172)»
X(V,G)VO :y(u Vl)‘/2>7
E(O)V =Vi+ FoVa + Folp

and that V € L([0,T]; V") and V;, V,,, € L*([0,T]; V*=1) for m = 1, 2.
We now need to prove that V,,, = X,V and V = 1V} if these quantities coincide at
t = 0. Differentiating the equation on Vj with respect to X,,, one gets

LoV, 0) X, Vo = . (Vo, V, Vi, Va),

where the exact expression for #(Vp,V, V1, V,) can be obtained as for Lemma 3.6.
Writing Z,,, := V,, — X;» Vo, one obtains therefore that

La(V.0) 2 = Sn(V,VI, Vo) = S (Vo, V.V, Ve) - (m=1,2),
and (using the equation to substitute X;¢,, as in (6.19) below), one easily gets that
the right-hand-side has a Lipschitz dependence on V,,, — X,V = Z,,, + X,,(V — Vp)
and V — Vy in L2([0,T); V). Remarking further that

E(0)Vy = X1Vo + F2XoVy + FoVh.

and taking the difference with the above equation on V', we get through Proposition 4.8
that V — Vy is controlled in L2([0,T]; V') by Z, in L?*([0,T]; V). We get therefore
from Gronwall’s inequality that V, =V, V4 =V and Vo = X5V if these identities are
satisfied at ¢ = 0, which concludes the proof of Theorem 4.2.

5. HARDY TYPE INEQUALITIES

As explained in the previous section, we shall need Hardy type inequalities to obtain
non-weighted estimates on X“u and X ®q using the equations. We prove here several
general Hardy type inequalities of independent interest; the inequalities we shall ac-
tually use are the particular cases stated in Corollaries 5.2, 5.4 and 5.5. Throughout
this section, we shall denote by h any function h € C*(]0,00)) N L>°(R™) satisfying
(5.1) h(0) =0, R'(0) >0, h(z)>0 forallz>0, and liminf h(x) > 0.

T—>00
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We also need to introduce the operator D, defined as

(5.2) Dou := hdyu + ah/(z)u = h' =0, (h*u).

Prorosrrion 5.1. Let p € [1,00] and a,0 € R be such that 0 > o — 1/p. If h is as

in (5.1) and h? Dou € LP(RT) and h°+lu € LP(RY), then hu € LP(RY) and
Ih7ullze < [1h” Daullze + A7 ul s

Proof. — Let x be a smooth positive function such that x(0) = 1 and for some
X2 >0, x(x) =0 for all > X5. We decompose u into

U= uq + U, up = XU, ug = (1 — x)u.

Let f := D,uq; one has

o] a—1
h(x)"ul(x) _ _/ h(y)

W f(y)dy.

Since u; and f are supported in [0, X5], one has
0, a—oc—1

h(z)° s (2)] < / y

x

Y71 f(y)ldy

xa—o’

= [ e e an
1
and therefore

1A < ( [ dt)lx"fllw
1

Remarking that ||z° f||z» < |h7 Doul| e+ ||h° ul 1 (recall that h(z) ~ 2 on [0, X5]),
we deduce that

1h7urllze < A7 DaullLe + A7 ul s,

provided that the integral in ¢ converges, which is the case if 0 > o — 1/p.
Since for us, one trivially has ||h%u1||s < [|h7 T u|| e, the result follows. O

We shall use in this paper the following direct corollary of Proposition 5.1 (just
take p =2, 0 =0 and o = 0).

ConroLrARrY 5.2. — Assume that h is as in (5.1) and that hd,u € L*(RT) and h?u €
L2(R*) for some 0 < oy < 1. Then u € L*(R*) and

[ullz S [|POzullz + [|A7 ull2.

Prorosirion 5.3. — Letp € [1,00] and 1/p+1/q =1, and assume that p > q. Let u
be compactly supported and assume that for o < o — 1/p, one has h® Dou € LP(R™)
and h?'u € LY(RT) where 0 < 01 < a — 1/q; then h%u € LP(RY) and

[7ulle S [|P7 Dol Lo
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Proof. Let X5 > 0 be such that u is supported in [0, X3]. With f = D,u introduce
“h(y)*
uy(x) = ———— f(y)dy.
@)= [ 5 )
Since ¢ < a — 1+ 1/gq, one has h(y)* 7! ~ y*=7~1 € LI([0, X3]); therefore, the
integral converges and

a—1—0c

T 1
horue) s [ L gy = [ 1 gt
0 0
with ¢g(y) = |y? f(y)|. Moreover, since « —o — 1/p > 0,
1
_ » S ||RD b.
— 7 lols < 10 Dol

Thus h?wu; and hence h?*u;y belong to LP. Since p > g, their restriction to [0, X5] also

[P7ua| e <

belongs to L1([0, X3]). From the assumption made on u, we deduce that h?* (u—wuy) €
L9([0, X2]). Remarking further that D,(u — u1) = 0, we have v — u; = ch™® and
therefore ho (u—uq) ~ cx ~%; this quantity has to be in L?([0, X3]) and the condition
on o7 implies that this is possible only if ¢ = 0. Hence u = w1 and the proposition is
proved. O

Taking p = ¢ = 2 in Proposition (5.3), one gets the following corollary.

CoroLrary 5.4. — Assume that o < o — 1/2 and that h? Dou € L*(RT) and h®'u €
L?>(RY) witho+1> 0y > 0 and 01 < a — 1/2. Then one has h°u € L2(RT) and

[7ull 2 S 1A Daull L2 + [[A7 | 2

Proof. — Let x be a smooth positive function such that x(0) = 1 and for some
X2 >0, x(z) =0 for all z > Xo. We decompose u into
U= Uy + U, uy = XU, ug = (1 — x)u.

Remarking that
Douy = xDou + hx'u,

one has h? Dou; € L?(RT) since o +1 > o1, and one can apply Proposition 5.3 to u;
with p = ¢ = 2. This yields

[h7urllL> S 1h7 Daullz + [|A7*ull2.
Since ug is supported away from the origin, we also get from (5.1) that
[h7usl[r2 S |7 ul| 2
and the result follows. |

We shall also need the following corollary corresponding to the case p = oo, ¢ = 1.

Cororrary 5.5. — Ifo <a—1, hDou € L2 N L®°(RY) and hotlu € L?>(RY) then
h°u € L*(RT) and

[h7ullLee S W7 Daullze + [|h7 Daul[L2 + |7 ul| L2

JE.P — M., 2018, tome 5



THE SHORELINE PROBLEM 483

Proof. With the same decomposition as in the proof of the corollary above, we
have by the proposition that

7w ||z S 1h Dausllpe S |7 Doullpee + A7 ] poe.
Since ug is supported away from zero, we also deduce from (5.1) that
1h7ur]| e S 1R ul| oo
the result follows therefore from the observation that

1R ul| e S A7 ull 2 + 100 (R )| 2

S [P7ullz> + (|27 Do L2 O

6. TECHNICAL DETAILS FOR THE PROOF OF THEOREM 4.2

We prove here some technical results stated in Section 4 and used to prove The-
orem 4.2. The first one is the proof of the higher order estimates of Proposition 4.6,
presented in Section 6.1 below. The second one is the proof of the bounds on the
sequence of approximate solutions constructed using the iterative scheme (4.19); this
is done in Section 6.2. Other elements of the proof of Theorem 4.2 are of independent
interest and are therefore presented in specific sections: see Section 5 for the Hardy
estimates, Section 7 for the analysis of the elliptic equation, and Section 8 for the
resolution of the mixed initial boundary value problem for the linearized equations.

We recall that, for the sake of clarity, we do not track the dependance on hy and B
in the various constants that appear in the proof.

Before proceeding further, let us state the following product and commutator
estimates, whose proof is straightforward and therefore omitted. Recalling that the
spaces L?’S and L°P have been introduced in (3.9) and (4.2) respectively, we have
for all m > 1 and 8 € N? such that |3| < m, and for j = 0,1,2,

(6.1) IXP(f9)llz S N fllocmllglzoem
(6.2) 11X7, flgllzz < £l poestmrnllgll 2m =1 (19l Lootmra [ f p2.m-

We also use the simplified notations
°@m,j(t) = ”(I(t)”ng;v %m,,j(t) = Hu(t)”L?i';a etc
as in (4.10), as well as

Do jltl = sup 2y, ('), Un;lt] = sup U ('), ete.
t'€[0,t] t'€[0,t]

6.1. TecnNICAL DETAILS FOR THE PROOF OF Prorosition 4.6. Proposition 4.6 has
been proved in Section 4.3 assuming several technical results that we establish here.

The following proposition gives the equation on X“g obtained by applying X¢ to
the first equation of (4.7) and a control of the residual that has been used in Step 1
of the proof of Proposition 4.6.
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Prorosition 6.1. LetT > 0 and V., .7 satisfy the bounds (4.9). Any smooth solution
V = (q,u) satisfies on [0,T], and for |a| < m < 2p,

c(q)0: X%q + 0. X"u = fle
where, for j € {0,1,2} and t € [0, T,
g™ F O 2 < lhg™ " Oz + M) (L ge 7 L g (8) + Lo (1)
Proof. — Consider the first equation written as
hoc(q)0rg — Xou = 0.

In this form, the second term commutes with X¢. Applying hg LX to this equation
we obtain that f(®) is a linear combination

1
(6.3) fOr=Xx0r+3 e (g)% X0hoX g X-1gX g,

where the ¢, are derivatives of the function ¢(-) and the indices satisfy >_ |a;| = |a|+1
and 1 < |ay| < |af if ¢ > 1. Moreover, there is at most one ¢ > 1 such that |o;| > p
(if none, we can choose ¢ as we want). If i = k (i.e., if the higher order derivative is
on ¢), and remarking that X52ho = O(hg), we have

—j2 1 —j
[0 e X5 hoX g Xa0)] o S ME g 22X a(0)]

S M 20 4(1).

If i <k (ie., if the higher order derivative is on ¢), the same quantity is bounded

from above by
_ 1-5/2 va; _
M2 lg() | poen || ho 2 X q(®)|| 2 S MEg(®) |10 2,5 (1),

~

and the proposition follows easily. O

Similarly, an equation on X®u is obtained by applying X% to the second equa-
tion of (4.7); the control of the residual provided below has been used in Step 2 of
the proof of Proposition 4.6. We recall that a(u) = X;(uB’(¢)) and that U, [t] =

SUP¢refo,t] U, (t).

Prorosition 6.2. LetT > 0 and V., . satisfy the bounds (4.9). Any smooth solution
V = (q,u) satisfies on [0,T], and for |o] < m and m+ 1 < 2p,

d[V]or X %u + E((l + ;m(g))Xaq) = g(()a) + \/ﬁ£g§a).

where the source terms géa) and g%a) satisfy on [0,T],

16a6™ YO 12 < ColIV (Ol (L 1 () + L [t) + L1 (1)
+ D11 (t) + Un(t)] + H(QOagl)(t)HL%mv

JE.P — M., 2018, tome 5



THE SHORELINE PROBLEM 485

with Cy = C(T, 4 ,(T)), as well as

195, 6N D] 1o < CLIV @)l 200 (Lo () + X gy 1 1] + X 11 (E))
+ o@m—l,Z(t) + %n,l(t)] + ||(907 gl)(t)HLQ‘m

and

a5, ) Ol < o [IV @Ol (la(®)[powm + () ems)
(@)l goom-s + lu(@®)zoemes | + g0, 9) (D) om.

Proof. — We only prove the fist and third estimates; the second one is established like
the first one, with a straightforward adaptation. We first state the following lemma
that we shall use to control the topography terms.

LemME 6.3. Let T > 0. For 5 =0,1, |a| <m < 2p and t € [0,T],
1-5)/2 vo
[n6 X B (@)(0)] 2 S Cr g 1)
The same control holds for X*X,B'(¢).

Proof of the lemma. — By the chain rule,
(6.4) XB'(g) =) Bu@) XM o X%p, > aj=a, a; £0,

where the B, are derivatives of the function B’. Because Oyp = u, we easily conclude
that for j =0,1

| X ()| o S 1+ M, | Be(@)h$ 2 X%0(1)]] 10 S 1+ 1]

if |ag| < p and |oq| < m respectively. Since at most one index |oy| > p, the first esti-
mate of the lemma follows. The fact that the same estimate also holds for XX B’(y)
stems from the fact that this term is of the form (6.4) with X ®i o replaced by X®iu
for some j. O

Applying X%, with |a| < m, to the second equation of (4.7), we obtain
d[V]0, X u + £((1 + pa(u)X*q) = —[X*, d[V]]0pu — p([X, a(u)]q)
— [X, 2] (1 + pa(u))g) + Xgo + /it X g1,

where we used the fact that [X<, €] = [X*,2h{]. We now consider and give controls
on the different components of the right-hand-side of the above equation.

Control of =[X*, d[V]]0yu — p([X*, a(u)]q). — From the definition (2.9) of d[V], we
can write

—[X?, V)]0 — pl([X*, a(u)lg) = g5+ Vi Loi,
with

. 4
g6 = p[X®, ¢B' 1 Xo X u — p[X®, (B')?]| X1u + p[X*, 2h] (5 X X1u+ gX uB')

; 4
gl = Vit g X1 Xa Xou = VA (X, B'g)Xiu — Vi (X, a(w)le.
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where we recall that a(u) = X1(uB’()). From the product and commutator estimates
(6.1)-(6.2), we deduce that for j = 0,1, one has

19512 < CL[IV )| 0w (L1 () + X [t] + X 1y 1 (1)) + Lrn—1,1 (1) + (1) ]

Control of [ X, 2h(] ((1+ pa(u))q) =: gi'. — Since [X1, hy] = 0 and [Xa, h] = hohfj =
O(hg), and recalling that a(u) = X1 (uB’(¢)), one readily deduces from the product
and commutator estimates (6.1) and (6.2) that

g5 (Dll 2 < CLlIV )l Lo Z po[t] + L1 (1)]-
Control of X“go + /i X“Lg1. — We can write
X%go + X9y = g + g}
with
96" = X%go + p[X*, 2hglgr and g7 = X g,
so that we easily get

g6 )11z + gr" (Ol 2z < (g0, g1) ()] 2

The second estimate of the proposition then follows directly by setting g(a)

;o =95t

g4 + g3t for j =0,1.
Finally, for the L>° estimates we use (6.1) together with the following straightfor-

ward commutator estimate,

Vigl<m, X7, flgllze SN prgillglzoem— + gl oz [l zoom,
and follow the same steps as above. O
The controls provided by Propositions 6.1 and 6.2 involve the quantities Z,_21
and ||V||L~.» that need to be controlled in terms of the energy norm ||V ||yy»-1. For the
first quantity, this means that we need to gain a factor hg in the weighted L2-norms
on g, possibly loosing one derivative. This is done in the following proposition which

is based on the Hardy type inequalities derived in Section 5, and which has been used
to prove Step 3 of the proof of Proposition 4.6.

Prorosition 6.4. LetT > 0 and V., satisfy the bounds (4.9). There is a constant
C, = C(T, My) such that for all smooth solution V. = (q,u) of (4.7) on [0,T], the
following three properties hold, for allt € [0,T]:

(i) For m < 2p, one has
U r () S NF Ol p2m + U (t) + Cy (V)| L0024, () + Lins1 (1))
(ii) For p <m+ 1< 2p, one has

i1 (1) < C [ll0(O) 1251 + IV )l (1 + Ly s () + Z 1)

+ Donlt] + Ui (1) + (90, 9) O] 20 ]
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(iii) For p <m+1 < 2p, one has
Dma(t) < Cy [llq(O)HLz,rl F IV Ollzeor (14 2y 2(8) + Lpysr () + X g11[1])

+ Pmyalt] + Umsa(t) + Hf(t)HLgmH + ’|(90791)(t)||L2,m]

Remark 6.5. A quick look at the proof shows that when m = p or m = p + 1, the
estimate given in the first point of the proposition can be simplified into

(6.5) Up 1 () S NFD) 20 + %p(8) + C12p ()

and

(6.6)  Zpi11(t) S IFOp2wtr + Dpra(t) + C1 (Lpar(t) + 2,0 (O X1a(t) [ 2 ).-
Proof. — Throughout this proof, the dependence on t is omitted when no confusion is
possible.

(i) Control of %, 1. We first rewrite the equation (4.11) under the form
ho0a X = ho [ — c(q)hod X4,

for |a| < m. Using the Hardy inequality provided by Corollary 5.2 (with o1 = 1/2),
we deduce

[X2ull 2 S 11" X ull 2 + le(@hoX*Orall 2 + [[hof ] 2

which, together with the control on Hho f("‘)H 2 brovided by Proposition 6.1 yields
the result.

(ii) Control of 2,, 1. Using the definition (2.9) of d[V], we can rewrite the equation
(4.13) on X*q under the form

(6.7) 24 = — X, Xu+ g\ + pgB' Xo X1 X u — p(B')? X, X “u
with
4
(68) ¢ = (1+ pa(w)X*q — Vigl® + u g X XaX 0+ pgB X0 X,

so that

1 4
X :7[«1) @ 4 22X X, X% — ugB X, X }
q HW(g)q + Vg +pg X2 X0 X% — pgB X1 X u

In particular, for |a| < m, we have
IXalle < Cyox (0] s + 1191 10 + Znsa)-

We now use on (6.7) the Hardy inequality provided by Corollary 5.4 (with o = 2,
o =1/2 and o1 = 1) to obtain

1005 < Cx%hin + 11087z + 10l

(6.9) & (a
S Ci( 2o+ Znt) + (967 1) -

It follows that
1%l 13 S C1 (2o + Zner) + [[ (957, 1™ -
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Using Proposition 6.2 and summing over all |a| < m, this yields
e@m,l < Ql [Vp(QmJ + %m [t] + %m-ﬁ—l) + e@m—l,l + Qm + %’m—i-l + ||(gOa gl)”[/%""])

and by induction, we deduce that
(610) P < Co [V (Lony + L] + X 1)

+Dy11 4 Do+ Ui + ||(go,gl)HL?,,,L}

so that we are therefore left to control 2,_; 1. We actually prove below a stronger
result, namely, a control of 2,_;,. For |a] < p — 1, integrating 0, X“¢q and using
Assumption 3.1 on hq for the second inequality, we see that on [0, 7],

[X%q(®)]| . < [|X*q(0)]],- +t(?(1)11]3 10: X%l 20,1 +T‘811? HatXO‘QHH(l,oo))
)t ,t

< [|Xq(0)]] . +t(?élr]> 10:X*ql| < (0,1) + sup IIhoatX“qlle(l,oo)).
it )t
Summing over all |a] < p — 1 and using Assumption 3.1, this yields

(6.11) 2y 120 < €1 (a2 + (gl +Qylt]) ).

Plugging this estimate into (6.10), we get the second estimate of the proposition.
(iii) Control of £, 2. We proceed as for (ii) but replace (6.9) by the inequality
obtained by using Corollary 5.4 (with « = 2, 0 = 0 and oy = 1), namely, for |a| < m,

142 € Crnrra + 95 || o + 1] 3

S 0o+ Y1) + || (967, 1) o
Using Proposition 6.2 and proceeding as for (ii), this implies that

Dm2 <Cy [HV||L°°=P (2ot X1 lt]) + P12+ Lo+ Xng11 + ||(go, gl)HLz,m} .
Using the result established in (i), we deduce that
Do < C IVl (L2 + Lvr + L1 [])

+ Dz + Lot Yuna + || gones + 1190, 90) | ]
By induction, and with (6.11), we finally obtain the result. |

(6.12)

As said above, we need a control of ||V||p«.» in terms of the energy norm ||V ||yn-1.
The proposition below, also based on Hardy-type inequalities, establishes the result
used to prove Step 4 of the proof of Proposition 4.6.

Prorosition 6.6. — Let T > 0 and V.7 satisfy the bounds (4.9) and let p > 2 and
p+5 < n—1. There exists a nondecreasing function of its arguments 7 (-) such that if
T (My, My, M) < 1, any smooth solution V = (q,u) of (4.7) satisfies the following
estimate,

[Vl peer < C(T, My, My, M) [Co + ||V | oovets + 5],
with Co = [[u(0)||pee.r+2 4 [[q(0)]| L2p—1npecn-1.
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Proof. The proof is decomposed into three lemmas. The first one gives a control
of the sup norms of u since they can be obtained directly; the second lemma provides
some necessary controls on the source terms that allow the use of the Hardy type
inequalities used in the third lemma to get upper bounds on the sup norms of q.
Throughout this proof, the time dependence in the norms is omitted when no confusion
s possible.

Lemvie 6.7. Let T > 0 and V., satisfying the bounds (4.9). There is a constant
C, = C(T, M) such that for all smooth solution V = (q,u) of (4.7) on [0,T], and
form = p such that m 4+ 2 < 2p, one has for all t € [0,T],

(Ol e < Cy [Ja(O) g2t + VO (Z0na6) + Lo a6) + L g 11)
F VOl + 10 gz e + 190 90 | 2 | + 17Oz

Proofof the lemma. — From a classical Sobolev embedding and the equation (4.11)
on X%u, we have for all |a| < m,

Xl o < X w®]

oo ~
S IXu®| 2 + [e(@X*0a®)] 2 + £ O 2
The estimate of f(®) given by Proposition 6.1 implies that
(6.13)  lu(t)llzoem < Zmy + Co(IIV(O)|Loow 2o 2(8) + Lins1,2(8)) + [1F ()] L2

using the first and third point of Proposition 6.4 to control %, 1 and 2,1 2 respec-
tively, we get the result. (]

The following lemma gives some bounds that will be used in the Hardy inequalities
used to bound ¢ from above in L* norm. Note that the difference between the estimate
on 2, in the second point of the lemma with respect with the third estimate of
Proposition 6.4 is that the former only requires ||| .» in the right-hand-side (instead
of [V |zo<):

Levve 6.8. — Let T > 0 and V., satisfy the bounds (4.9). There is a constant
C, = C(T, M) such that for all smooth solution V' = (q,u) of (4.7) on [0,T], the
following properties hold for all || < p.

(i) The source terms are uniformly bounded on [0,T) in L? and L™ norms,
(96”,91°)(®) 122 < (g0, 91) (1) 2
+Cy (%(t) + 2o (t) + ([a(0) | 21 + tllgl pger) 1l poe.rss),
() (a) )

(g0 "5 91 Iz < [1(g0, 91)(¢) [ oo v
+Cy (lu@®)ll s + (lg(O)poer—s + tlal pgor) 1l poeer ).
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(ii) If p = 2, one has the following estimate

Zpa(t) < Cy [H(gngl)(t)”LQvP FNF @l zoer + V@) llvess
+ (l2(0)[lz2o-1 + 100q(0) | + tllgll pger) (et | oo o1 +Qp+1(t))]

Proof of the lemma

(i) For |a| < p, we can use the expression for g ) and g1 given in the proof of
Proposition 6.2 to obtain using direct estimates in L2,

18, 95 )12 < Cr (21 () + ] o2 Zp1.2(1)).
Together with (6.5) and (6.11), this implies the result.
For the L>°-estimate, we proceed similarly, but taking the sup norm instead of the
L?-norm,
1987, il < Cy(l[ullpoeser + Null poorsrllgl zos—) + [[(90, 1) 1oer-

Since ||q[|Lec poor-1 < [|q(0)||poer—1 +t][q]|Lge Lo», this implies the result.
(ii) For the second point, we get from (6.12) that

2p2 < C (,@ +%p+11 Z (g a91 HL2

lo|<p
and we can use the first point of the lemma to get
Pp2 < C1(Zp1 + Ups1 + (19(0) || 201 + tllgll o) [l Loorn) + ([ (g0, 91) 200
Together with (6.6), and observing that || X1g|[z;e < [[X1¢(0)[|r= +t[lgllp=r if p > 2
this implies the result. O

A control of the L* norms of ¢ and of its derivatives is then provided by the
following lemma.

Lemme 6.9. — Let T > 0 and V,.7 satisfy the bounds (4.9). Any smooth solution
V = (q,u) of (4.7) satisfies the following estimate provided that p > 2 and p+5 <
n—1,

lallgor < C(T, My, Mz, M)(Co + ||V || Lovr+e + S),

with Cy = [[u(0)]| ez + |g(0)]| 21z

Proof. — Again we use the equation (6.7) on ¢(®), with ¢(®) as defined in (6.8), for
|a| < p. Using Corollary 5.5 (with o = 2 and o = 0) we see that ¢(®) satisfies

10 < 10 e+ llo6™ = X0 X ut g B X> X X = (B X Xul| oo

from which one readily gets using the definition (6.8) of ¢(®) that

gl = < Cy (Q + Uprra + ull ooz + Y [lgg” ||Lzmo).

lo|<p

JE.P — M., 2018, tome 5



THE SIHTORELINE PROBLEM 4ot

We now use Lemma 6.8(ii) to control £, 2, (6.6) for %,+1,1 and Lemma 6.8(i) for
||géa) |lL2nLe; this yields

lgllzoor < Cy |1fl 2041 + (905 g1)IL2pALoer + IV [lvors + |Ju| poc.ps2
2

+ (IO llzz-pzeers + tallzoe) (Jal gores + 2y ) -
Since ||ul|poop+2 < ||u(0)|| foc.p+2 + t]|ue]| ;o.p+s, We can use Lemma 6.7, (4.9) and the
fact that p+ 5 < n — 1 to obtain the result. OJ
By time integration, one directly gets with Lemma 6.7 and the bounds (4.9) that
ullgoer < [[w(0)][poor + tl|ull oo poopir
< NJu(0) ||z 4 tCy [llg(O)| 201 + [V psovwrs + [V oo My + S].
Adding up with the estimate coming from Lemma 6.9, this implies
[Vlgser < C(T, My, My, M)[Co + |V sovwros + [V oor + S5

for T'small enough, the term involving || V|| L=.» in the right-hand-side can be absorbed
in the left-hand-side and the result follows. O

The fifth and last step of the proof of Proposition 4.6 does not require any additional
technical result, so that the proof is complete.

6.2. Proor or Prorosition 4.15. The goal of this section is to prove the uniform
bounds (4.35) on the sequence (V* VF V¥ VF), constructed through the iterative
scheme (4.19), namely,

ga(vk,a)vﬁrl :jﬂm(Vk,Vlk’Vzk) (m = 1’2)5
(6.14) LVEVGT =S (VEVEVE),

E(Q)Vk+! =V + FoVF + FoV§.
More precisely, we want to show that there exists constants My, My, M, M, Ny,
and N, such that

m(VET) < M,
m(VET) < M,
(6.15) ( )
ml(Vk;T) < ]\417 and ||VTZ||L°°"’ < N1 (m = 07 1,2),
my(VE;T) < M,y and ma(VE:T)< Ny (m=0,1,2),

and a constant S such that
(6.16) s(%T)< S, and s(F;T)<S,

form=1,2and k > 1.

We shall prove by induction that (6.15) holds for all k. The case k = 1 has been
defined in (4.30) and Proposition 4.9; we focus therefore our attention on the proof
of (6.15)x+1 assuming that (6.15) is known. The desired bounds on V**! and Vi+!
(m =0,1,2) are established in the following lemma using the higher order estimates
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of Proposition 4.6 with source terms 5”;“ and .#* (we recall that § > 0 that appears
in the statement comes from the positivity condition (4.5)).

Lemve 6.10. — Assume that [VF] = (VF, VE VEVE) and 7%, FF and FF satisfy
the induction assumptions (6.15) and (6.16) and that V¥t and VE+! solve (6.14).
There exists a constant Cy that depends only on the initial data and of the form

Co = CO(HV(O)”V"7 HQ(O)||L?‘“*10L2,p+4mLoc,p7 ||U(O)HL2’"*1|’TL°°’P+3)

and some nondecreasing functions of their arquments €., €, €, € €|, €} and T (-)
such that if

My > 61(Co,1/8), My >6(Co), M>C(T,Co, M), M =>%E(Cy),
Ny > €(T, Co, My, My, M, S), Ny > G(T, Co, My, My, M, Ny, S)
and T > 0 is small enough to have
T (My, My, M, M, Ny, N5, S) <1,
then VFHL and VE+1 also satisfy (6.15).

Proofof the lemma. — From the first equation of (6.14) and Proposition 4.6 we get
that for m =1, 2,

IVE | poeyn—1 < C(T, M1)[Co + VT O(T, My, My, M, M)S],

where C(+) always denotes a smooth, non decreasing function of its arguments and Cj
is a in the statement of the lemma. If M > C(T, M1)Cy, there exists T' > 0 small
enough such that

(6.17) HszHHL;ovn—l <M.
We can therefore deduce from Proposition 6.6 that
VA | oo < C(T, My, Mp, M) [1+ Co + 8]

choosing N; larger than the right-hand-side yields the needed upper bound on
||Vn’§+1|\L;o,p for m = 1,2. The case m = 0 is treated similarly(®).
We now turn to give an upper bound on m; (V**1:T). For this, we need:

— An upper bound on ||Vk+1HL%oVn—1. Using Proposition 4.8 we get
IVF ) pgeyn—r < [VEFH0) g + 3VT Ny

if My > ||[V**1(0)||y»-1 and T is chosen small enough, then ||Vk+1||L%evn—1 < M.
~ An upper bound on [[1/(1 4 pa(u*1))|| L. By assumption, 1+ pa(u*) <4 at
t = 0 so that

L+ pa(u ) () = 6 — pT|0c(a(u* )| s -

(2)The linear operator involved in the equation for VOk"L:l is Z(V*,9) instead of .Z,(VF,d). The
results proved on the latter obviously hold for the former by substituting a = 0.
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Using the bound on ||Vk+1HL%OVn—1 derived in the previous point, we obtain that
||8t(a(uk+1))||L%o < C(My). Therefore, if My > 1/§ and T chosen small enough, we
obtain that [|1/(1 + pa(u*))||L= < M.

~ An upper bound on [|1/¢F*1 || Lse - Proceeding as for the previous point, and taking
into account that ¢(0) = 1/2 we obtain that [|1/¢" ™| Le < My is My > 2 and T small
enough.

From this three points, we deduce that my (V¥ T) < M.
Let us now turn to control the two components of m(V**1).

Control of [V Leeyn—1. — By (6.17) and Proposition 4.8 one directly gets that
||Vk+1HLoTow4 < M for T small enough and M > ||[VF+1(0)[|yx.

Control of |[uF+*|| ec.p+1. — Using the induction relation and the bounds on ||V,5 || o
and HV’““HL%OVTLA proved above, we get through Lemma 6.7 that for m = 0,1, 2,

a2 (#)]| o wrr < C(T, My, Mo, M) [1+ Co + S].
With Proposition 4.8, this implies that
[ 0l ees < [0 0) [ + VECO(T, M, My, My, N)
and therefore ||uk+1||L;o,p+1 < M if M > ||[u**1(0)| psr+1 and T small enough.

Gathering these two points we get that m(V**1; T') < M. The next step is therefore
to derive the two estimates on ma(V,X+1:T) and mo(V*+1; T). For the first one, we
observe, owing to the induction assumption (4.35), Proposition 6.4 and the control
on HV,QHHL?,;) already proved, and (6.17) imply that

mo(VETLT) < C(Mq)[Co + Ni(1+ Mo + M) + M + 5],

so that we just have to choose Ny larger than the right-hand-side. The estimate on
my(VF+L T then follows following the now usual procedure based on Proposition 4.8.

Finally, the upper bound on m(V**1; T) stems from the upper bounds proved above
on m(VF+LT), ma(VF+1T) and (6.17) and to the elliptic regularization property
given by Proposition 4.8. O

The only thing left to prove is that the last inequality of (6.15) holds at step k+ 1.
This is done in the following lemma.

Lemve 6.11. Assume that [V¥] = (VF, VE VE VE) and 7%, FF and FF satisfy
the induction assumptions (6.15) and (6.16) and that V1 and VET! solve (6.14).
Let also Cy be as in Lemma 6.10. There exist two smooth functions €(-) and 7 (-),
with a nondecreasing dependence on their arguments, such that if

S > 6, (T,Co, M1, My, N1, N3)
and T > 0 is small enough to have

T?(Ml,M27N1,N27S) <1,
then ., A1 and % also satisfy (6.16).
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Proof of the lemma. We prove here the required upper bounds on the different com-
ponents of 5(.7%*1) for m = 1,2. The bounds for s(.#**1) can be obtained similarly
so that we omit the proof.

To alleviate the notations, we do not write the superscript k + 1 throughout this

proof, so that we write .%,,(q, q1,¢2) instead of .Z,, (¢*t1, ¢¥ 1 ¢h™1), ete.

We recall that s(-) is defined through (4.8) and that .7, is given by (3.7); we
therefore have to derive upper bounds for
Hy(m) (CL ql)HL%chx"*Ia ||ym((b q1)||L%°L2=P+3a
and (90, 91)ll e 21 190l 25 L2n-201p00,
with go = go(m)(V7 V1,Vs) and g1 = gl(m)(V7 V1, V3), and %O(m) and gl(m) as in
Lemma 3.6.

Using the bounds proved in Lemma 6.10 and the control on ||g,,]| L2t provided
by (6.17), one readily gets

Hﬁ\(m)(%%)HL%oL;ﬁ"—l + Hﬁ\(m)(qvfh)HL;?Llw‘o‘ < C(T, My, My, Ny, Ns).

For the bounds on gy and g1, we first treat the topography term. Recalling that

Om = mx—l—fot Uy, and using the control on ||ty ||, 2.»-1 provided by (6.17), we easily
1

deduce from Lemma 6.10 that

HB//(QO)QPm||L%°(L?’"71|’7L2>"—20L°"7P) < C(T, Ml, MQ, Nl, Ng)
We are therefore left to give an upper bound on
1™ (V. Vi, V)l e 2ors and G (V, Ve, Vo) Lae (12m-2reon),

for j = 0,1. We just treat the case j = 1 here, the situation being similar for j = 0.
We recall that

1

8 4 4 4
GV VL, Vi) = — = qgmXou1 — = qqr Xotim — = qXouX1qm — = qmX
NG 1 (V,V1, V) 3qq 2U1 311111 2U 3(] 2UA 14 3q 2Uq1

+u1gB" o + qumuB” + qu* B g,
Control Qf||§4j(m)(V, Vi,V2)|| feop2n—1. — This stems from an upper bound on the
T 1

norm ||X“€¢j(m) |2 for all o] <m — 1. We just show how to handle two components

of gl(m), namely, ¢,,gXou; and XouX;¢n,q (the adaptation to the other components
is straightforward).

*Control of X (qmqXau1) with |o] <n — 1. We can develop this term into

(o X m)adtn + Z X g X2 qXo X% uy,

atastaz=a
Jar|<n—1

JEP — M., 2018, tome 5



THE SHORELINE PROBLEM 495

from which we get, with C,,(T) = C(T, IV llpeow, [[Villpoee, ||V2||L;o,p),

quqX?ul”Lf'”*l S HaxUIHLwHQmHLg’"*l

+ Cop(T) (lgml p2m—2 + 211 + [l y1.0-1).
Now, using the equation on ¢; (j = 1,2), we have

(6.18) Opuy = —c(q) X195 + F;(q, 41, 42)
with %;(q, ¢1,¢2) given by Lemma 3.5; together with Lemma 6.10, this implies that
|0zu;||Lee < C(My) and therefore, using (6.17),

||qqu2u1 HL%?L?'”_l 5 C(T, Ml, MQ, 1\7'17 NQ)
*Control of X*(XouX1gmq) with |a] <n—1. — We first develop this expression into

(ho XX 1qm)Dyuq + Z (ho X X1qm )0, X “2uX“3q
a1|+a‘27+a32:oc
e + ) XX XX uX .

ar1tastas=a
la1|<n—3

To handle the first term of this expression, we use the equation on g,, to replace
XlQm by

1
(619) XIQm = Ciq) (_a:rum"‘rym((ququ))a
and then proceed as above. For the first summation, a control is easily obtained in
terms of |0, X *2ul|. This quantity can in turn be controlled in terms of |V||pe.»
and ||Vj||ze=» (j = 1,2) through (6.18). The second summation does not raise any
particular difficulty. Finally, one gets

||X2’U’X1qmq||L%CL%="_1 < C(T7 M17 MQ? N17 NQ)
Gathering all these elements, we deduce that
ng(m)(‘/’ Vi, VQ)HquLff"*I < C(T’ My, My, N17N2)'

Control 0f||gj(m)(V, Vi,Va)llLger2m—2. — Most of the terms can be treated with a
slight adaptation of the above, The only significant change ®) needed is for the control

() we previously used the estimate
”XQX&U]‘HL% < ||Uj|‘%11,n—1 for o] <n—1.

One should be careful that without the hg weight, one cannot use the extra control given by the %’il
based estimate, and one only has

1X2Xu; ] 2 < [lujllgoin—1  for o] <n—2

(and not |luj||;2,n—2), so that there is an extra term to control.
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of the L?-norm of terms of the form X*Xou; (with |a| < n — 2). One needs to use
the equation on ¢; to write

X*Xouj; = X*(—choX1q; — hoqiq; — cXjhoqr)
so that
Viel<n -2, [ X*Xoujlre < Cp(T)(Ln—2 + (a1, a2)ll p20-1)
and one easily deduces that

ng(m)(‘/’ Vi, Vo)l Leop2in—2 < C(T, My, My, Ny, Na).

Control of||§4j(m)(V, Vi, Vo)l poer. One readily checks that all the components of
X O‘%j(m) can be directly bounded from above in L> by

CP(T)(l + | (w, u, UQ)HL%OLOO,TJH)

if |a| < p, except XouX X1 ¢y, q for which one needs to use the substitution (6.19) to
get the same upper bound. We have therefore

19™) (V, Vi, Vo)l g oo < Cop(T)( + || (, ur, w2) || g poersn),

and we therefore need un upper bound on ||(u,u1,uz)| Lsep.r+1. Remarking that

u=ul+ fot Opu (and similar expressions for vy and usg), we get that
[ (w, w1, u2)||Lee pocrtr < Co + T'l|(u, ur, uz) || Loe oo w2,
so that using Lemma 6.7 and Lemma 6.10, we obtain that

[1(w, w1, u2)|| e poewtr < Co + TC(My, My, Ny, N, S).

Plugging this into the above estimate for ng(m) (V. Vi, Va)||Lge Lo», and using Lemma
6.10 once again, we get

(6.20) %™ (V, Vi, Va)llLge e < O(T, My, N1)[1+Co +TC (My, Mz, Ny, Na,, S)].

Conclusion. — Taking S large enough (in terms of M;, My, N1, Ny and S), all the
components of §(.#,,,) are bounded from above by S except |47, (V, V1, V)|l Lo Lo
For this term, we further need to choose S large enough in order to have
S > Cy(Mi,N1)(1+4 Cp); we can then use (6.20) to get the needed control, pro-
vided that T" > 0 is taken small enough. This completes the proof. (|

Using Lemmas 6.10 and 6.11, the result stated in Proposition 4.15 follows by a
simple induction.
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7. THE ELLIPTIC EQUATION

As seen in Section 4.4, it is necessary to introduce an additional elliptic equation
in order to regain space and time regularity with respect to the regularity of the
quasilinearized variables. To our knowledge, there is no existing theory of elliptic
equations on the half line in degenerate weighted spaces; since this theory can be of
independent interest, we present it here in a specific section.

We first consider the analysis on the whole line in Section 7.1 and then transport
them on the half-line in Section 7.2 using a change of variables that transform 9, into
the conormal derivative hgd,. The proof of Proposition 4.8 is a direct application of
these results and is provided in Section 7.3.

7.1. THE EQUATION ON THE FULL LINE. We consider, for ¢ > 0, a general elliptic
problem (in space and time) of the form

(7.1) Opu + P(Dy)u = Q(Dy)f7 Ujt=0 = UO,
where the operators P = p(D,) and Q(D,) are Fourier multipliers of symbol p(n) and
q(n) satisfying

(7.2) (n) < Rep(n) < [p(n)] < C(n)

Ql=

and for all &k

(7.3) o < (', loga)l < ()",

where (n) = (1+[n[*)"/*.

We consider (7.1) as an elliptic boundary value problem on [0,7] x R, with one
boundary condition on {t = 0} and no boundary condition on {t = T'}. The solution
is given by

o~

t
(7.4) a(t,n) = e PMa0(n) + / =00 () F(t' ) it
0

where the symbol "~ denotes the Fourier transform in y. In particular,
t

[t )| < e 0 ()] +C/ e (TOWICIF( )| dt'.
0

This implies the estimates

t
Ju(®)llz> < lu(0)] 22 +/O 1f &) L2 dt’,

and also
Nl zo,mxr) S () g2y + 1l 220,71 xR) -
Commuting with derivatives, one obtains the following elliptic estimates.
Levvie 7.1, — Let T >0 and k € N. If u® € H*/2(R) and f € H*([0,T] x R), then
(7.1) has a unique solution u € H**1([0,T] x R) and

(7.5) llull s o, m)xr)y S 1wl grerare + ILF e o, 7) xR) -
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Moreover, for |a| < k:

t
(7.6) 107y u®llz> < 1107, u(0)]| > +/0 105 £ ()| 2 dt”.

There is no elliptic regularization in L°°-based spaces. Instead, we will use that
the contribution of the source term is small for small times.(®

Levmve 7.2 — Let T > 0 and k € N. For f € L*°([0,T] x R) and u® € L®(R), the
solution u of (7.1) belongs to L>°([0,T] x R) and

ull oo (0,77 %) S 140l pos ) + VT ||l oo (0,775 R) -

Proof. — The formula (7.4) can be written using the semi group e~
t
(7.7) u(t) = e Ful + / e DPQ(D,) f(t') dt.
0

P is a convolution operator on the real line with kernel

1 .
D(t,y) = %/Reftp(")e””’dn.

By Plancherel’s theorem and (7.3), one has
|t ez S 20 Ily®@(E, e S,

The operator e~

implying that
(7.8) 1@(E, ) S 1,
and thus
le™ P u?| e S [l o
The analysis of the second term is more delicate when @) is not a constant, since
Q(Dy) does not necessarily act in L°. However, the convolution kernel of e 7@ is

(79) W) = 5= [ O ()
By Plancherel’s theorem and (7.3), one has
Nt e S 20 Iy (e )l S (VE+1)
implying that for ¢ < 1, one has
1w, S 2

Therefore, the L>° norm of the second term in the right hand side of (7.7) is domi-
nated by

/0 (b — )2 () | e dt

and the lemma follows. O

(4)The estimate of the lemma is not optimal, since one could replace the exponent 1/2 of T by
any 6 < 1, but it is sufficient for our purpose.
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Remark 7.3. Since the equation commutes with 0, and d,, there are similar esti-
mates for derivatives.

We apply the results above to the operator
(7.10) P=(k*-0)"% Q=a+ (810, +fo)P "
with kK > 0, and also to the conjugated operators

Ps=e"Pe ¥, Qs =e"Qe™ Y0
for |0] < k. Their symbols are
) 1/2 ) , ) -1/2

ps(n) = ((+i6)* + 52" and  qs(n) = o+ (iBin+ o +i061) (n+10)* +5%) "
and satisfy the conditions (7.2) and (7.3).

Introduce the spaces H¥ ([0, T]xR) of functions u such that e(*/2¥%y e H* ([0, T|xR)
and H’;S, ([0, T]xR) = H];([O, T xR)+ H"SC,([O7 T] x R). There are similar definitions
of spaces H¥(R) and H’;s,(R) for the initial data.

Prorosrrion 7.4. Assume that |s| < k and |s'| < k. Let T > 0 and k—1 € N.
Then, for all f € H];s,([(),T] x R) and u® € H]:':}(R), the problem (7.1) has a
unique solution in H" T} ([0, T] x R) which satisfies

s,s’

s/

\|U||H§ﬁ}([o,T]xR) S ||UO||H’§§(R) e, qoryxm)-
Moreover,
t
lullex |, < NwO)ax +/0 £ @) gz, dt'.
If f e WP([0,T] X R), then u € WP>°([0,T] x R) and
[l o,71xR) S 1l lwe @)y + VT | fllwe.oe (o,7)xR)-

Proof. — The first lemma above applied to Ps implies the existence together with

’;s, . The uniqueness

estimates in spaces H” for |s| < x, and therefore in spaces H
in the space of temperate distributions in y is clear by Fourier transform. The third
estimate is a direct application of the second lemma above and the remark which

follows it. 0O

7.2. The EQUATION ON THE HALF LINE. — On Ry = (0, 4+00), we consider the operator
X = hg0; with hg > 0 as smooth as needed and such that hg ~ = near the origin and
ho =~ 1 at infinity. We transport the results of the previous section to the half line
using the change of variables y = x(z)

(7.11) rr—y=x(z)= / dxz' /ho(z")
1
which transforms X = ho, into 9. We note that

(7.12) y~lnz foraz <1, y~ax forz>1
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As in (3.9), we consider the spaces L?(R ) of functions u such that hg/Qu € L2(Ry).
The mapping

(7.13) ur—v=wuox !

is an isometry from L? (R, ) onto L?*(R). Moreover, for s > 0, it is an isomorphism
from LZ(R;) onto L2, (R), since v € LZ(Ry) if and only if evst/2y € L2 on
{y <0} and v € L? on {y > 0}.

Similarly, it is an isomorphism from 2% (R.) onto H” +1.0(R) where we recall that

JF(Ry) is the space of functions u such that hf)/ZXju € L? for j < k.

The operators corresponding to (k% — 85)1/2 and a+ (810, + Bo) (k2 — 85)_1/2 are
(7.14) P =(r* — (hod:)")"?, Q=a+ (hX +p)P".
Therefore, the results of Proposition 7.4 are immediately transported to the equation
(7.15) O+ Pu=Qf,  up—o=u’
The next proposition summarizes the results using the notations introduced in Sec-

tion 4.1.

Prorosition 7.5. — Suppose that k > 3 and 0 < s < 2.
() If f € L2522k and u® € S, then (7.15) has a unique solution u € C°HF and

t
Iz S W@l + [ 1Sl at
(i) If u® € SF+L then v € L2245+ and
lull 2 s S Nw(O) | sgper + 1|22,
(iii) If f € L3P and u® € L>P the solution u of (7.15) belongs to L7F and

lullpger S NMw(O)[zoew + VT || £l er-

7.3. Proor or ProrosiTioN 4.8. It is a direct application of the Proposition above.
In (4.17) we have three terms in the right-hand-side : Vi, — X, P~ !V, and x2P~1V}.
All of them are of the form QV} above. The unknown V' has two components, (g, u),
as well as the V; appearing in the right-hand-side, and the equations for the ¢’s and
the u’s decouple. We apply the Proposition above with s = 1 for the u’s and s = 2
for the ¢’s, to get the first two estimates of Proposition 4.8. The L*° estimates follow
from the last part of Proposition 7.4. ]

8. EXIS'I‘ENCE FOR THE LINEARIZED EQUATIONS

This section is devoted to the proof of Proposition 4.11. It turns out that the
linearized equations do not enter any known framework, since there is no existing
theory for initial boundary value problems for degenerate dispersive systems, with
the complication that the weight h has different powers for the components v and q.
Thus, the results gathered here are of independent interest.
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The structure of the linearized equations is given at (3.8). The goal of this section
is to construct solutions to these linear equations.

N.B. — The discussion on the dependence on p is irrelevant for the construction of
a solution to (3.8). For the sake of clarity, we therefore set i = 1 throughout this
section.

It is convenient to work with time independent differential operators in space; to
this end, we introduce p = (1 + a)q as a new unknown so that the equations (3.8)
read

(8.1) c10;(cap) + Opu = f,

doju+4L€p=g with g=go+4£g,
where
(82) du=1+ E[ — bohoOzu + b1u] — b1hoOzu + bou,

with ¢1, co and by, by, ba given. More precisely, we have

4 1
8.3 bo=-¢* b =qB by = B'(),2 = —
( ) 0 3 q, 1 q (£)7 2 (E)a ,  C1 ¢, C2 1+ a’
and we shall also make the following assumption.
Assumrtion 8.1. The functions ¢ := cico and q are positive and bounded from 0

by a positive constant on [0,T] x Ry.

We shall also denote by . the linear operator associated to (8.1),

o))

We derive an energy estimate for this system in Section 8.1, under the assump-
tion that all the functions involved are smooth. If we want to generalize this energy
estimate at low regularity, it is necessary to give sense to the integration by parts,
which requires several duality formulas in weighted spaces that are studied in Sec-
tion 8.2. In Section 8.3, we identify the space W of minimal regularity to justify the
derivation of the energy estimate. We then use this result in Section 8.4 to construct
weak solutions in the energy space V. The energy space Vp however is strictly larger
than Wy and therefore uniqueness is not granted by the energy estimate. This is why
we prove in Section 8.5 that weak solutions are actually strong solutions, i.e., limits
in Vp of solutions in Wp. They satisfy therefore the energy estimate and hence, are
unique. Still assuming that the coefficient are smooth, we then discuss in Section 8.6
the smoothness of these strong solutions. Finally, we relax the smoothness assump-
tions on the coefficients in Section 8.7, which allows us to prove Proposition 4.11 on
the well-posedness of the linear initial boundary value problem for (4.27).
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8.1. ENERGY ESTIMATES FOR SMOOTH FUNCTIONS. Energy estimates for smooth func-
tions are easily obtained by a slight adaptation of the proof of Proposition 3.7. Mul-
tiplying the first equation by h2p, the second by hou and integration. The two basic
identities are that

(8.5) / hipd,u dx = —/ w0y (hip) dx = —/ hou £p dx
Ry R

Ry

since the boundary term (hggu)‘zzo vanishes, and
(8.6) / houdu da: = / o (? + (bo(o0u)? — 2byuhod,u + byu®) ) da.
- R,

They imply the following identity

67 SE@= [ nRder [ 0o+ oo+ gihed) d
R, R,
where ¢ = cp0ic1 — ¢10:co and
(8.8) E(t) = hicieap® + ho (u2 + (bo(ho@gcu)2 4 2byuhgOLu + blug)) dx.
Ry

Remarking now that

1 1
boX* =201 XY + Y = 20X + (B'(9)Y +4X)" > 2 X,

one has
(8.9) B(t) ~ / hip? da + / ho (u® + (hoOyu)?) da

Ry Ry
and a Gronwall argument implies that

t

(8.10) T SO+ [ 1200 ar.
where V and V' are as defined in (3.14)
8.2. Duarity rormuras. — In order to perform energy estimates at low regularity,

we need to extend the necessary integration by parts formulas by duality. The duality

formula giving sense to the identities (8.5) and (8.15) are gathered in this section.
To simplify the exposition, it is convenient to recall and introduce some notations.

We have already used the weighted spaces L? = hy /2p2 (R4 ) equipped with the norm

Jull2; = / g () da.
Ry

The identities (8.5) and (8.15) lead to introduce/recall the following spaces
A = {u € L?| hodyu € L} C L2,
W = {u € L? | hgOpu € L*} C A7,
A" = {90+ €91 | (90.91) € LT x LT} C Hoo (R4),

equipped with the obvious norms.
We first prove that, as the notations suggests, ,%‘i_l is the dual space to J4.
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Lemye 8.2. C§°(Ry) is dense in S and in W. If one identifies L? as its own
dual, the dual space of ' C L? can be identified to %”171 through the pairing

(811) <U,go +£gl>,}fll><jff1 = ('Ung)Lf - (hoa:vuvgl)Lf'

Proof

(a) Introduce the cut off x. = x(x/e) where x = 0 for x < 1 and x(z) = 1 for
x > 2. Because hg =~ x near the origin, the hy0; x. are uniformly bounded in L>°, and
by Lebesgue’s Theorem, x.u — u € 4 when u € S,

We show that x.u — uw € W when u € W. For this, it is sufficient to show that
the commutator ho(9,x:)u — 0 in L2. One has

lho(@axe)ulZs < / 2.
e<r<L2e

To prove that this tends to 0 is is sufficient to show that for « € W one has:

(8.12) zlu(x)?> € L=(0,1) and lim z|u(x)]* = 0.

z—0

Note that u is locally H' and therefore continuous on (0, 1]. Moreover, with f =
x0,u € L*(0,1), one has

()] < Ju(zo)] + /

x

xT

°1 1
; |f(y)ldy < lu(zo)| + 7 I1/122(10,20))-
Taking x = 1, this shows that 2'/?u is bounded on (0, 1]. In addition,
lim83pﬁ|u($)|2— <N fllz2(o,z0)) -
z—

Because xq is arbitrary, this implies (8.12) and thus x.u — u € W when v € W.
Similarly, one can truncate near co and functions with compact support in (0, +00)
are dense in 4! and W One can approximate them by smooth functions and thus
C§°(Ry) is dense both in 4 and W.
(b) The mapping u + (u, hod,u) sends 4! in L? x L} and its range is closed.
Therefore linear forms on 4! are exactly functionals of the form

ur— p(u) = (u, go)r2 + (hoOwu, g1) 12,
with (go,g1) € L3 x L?. Interpreted in the sense of distributions, one has for u € C§°:
p(u) = (u,ho(go — £€91))cgox -1,

where H~! is the usual Sobolev space of order —1 and the duality is taken in the
sense of distributions. By density of C§° in J4!, the linear form p vanishes on 4!
if and only if £g; = go in the sense of distributions. This shows that, as a space of
distributions, the dual space of #' is ho#, " C H~'(R,) and the link with the
pairing defined at (8.11) is that for u € C§° and g = go + £g €

(8.13) <Uag>;f11 x# = (u, hog>cg°><H—1~ U
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We can now use Lemma 8.2 to extend (8.5) at low regularity. By density to u € 54
and p € 4 and

(814) (hoaxuvp)L% = (U”Ep)Lf'

With the identification above, hod, and £ map J4" to L3 and L? to /!, and (8.14)
extends to u € 4! and p € L? as

<’U/7 £p>jf11 xji”l_l = _(hoaa:uvp)L%v

8.15
(8.15) (Lu,p)rz = —(u, hoOep) o1« -

For the second key identity (8.6) of the energy estimates, one has similarly that d
maps ! to /" and for u and v in /4! one has that

(8.16) (du, v>9f1‘1x%11 = (u, dv>£f11><9f1_1
and that this is equal to the right-hand-side of (8.6) when v = u.
We also need another extension of (8.5).

Lemve 8.3. — Foru e W and p € L3 with £p € L%ﬂl_l, one has

(8.17) . hép Opu = —<u,£p>”11x%171.
Proof. — If p € L3 with £p € J# ", both terms are defined and continuous for
u € W. Thus it is sufficient to prove the equality for u € C§° in which case, by (8.13),

<Uafp>;zq1xﬁ;1 = <Uahofp>cg°x%—1 = /Pe*(hou) dx = */Ph(z)azudx

because £ (hou) = —0;(h3u) + 2h{hou = —h20,u. Thus the equality (8.17) is true
when u € C§°, and thus by density for all u € W. O

8.3. ENERGY ESTIMATES AT LOW REGULARITY. — A key step in the construction of solu-
tions to (8.1) is to use the energy estimate (8.10) when U = (p,u) has a very limited
regularity. We therefore discuss here the question to know for which (p, u) the compu-
tations of Section 8.1 are valid, using the duality formulas established in the previous
section.

To state the energy estimate in short notations, we recall that V = L2 x #!; this is
the natural energy space for (p,u). We identify its dual with V' = L3 x %ﬂfl through
the duality

(818) <Ua(b>V’><V = (p7 ¢)L§ + <u7’(/}7>jf&71><'929117
for U = (p,u) € V' and ® = (¢,v) € V. We also introduce the spaces
(8.19) Vr =L*([0,T);V), Vi =L*([0,T];V"),

with the obvious duality. To justify the integrations by parts, we use a smaller space,
U=(pu) €Vr|oU € Vr, }

(8.20) Wy = { hodyu € L2([0,T], L?), £p € L*([0,T], 7 ")
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One reason to introduce this space is that the operator . defined in (8.4) maps Wy
to V.. The other reason is that for U € Wy the integrations by parts used to derive the
identity (8.7) are justified, thanks to Lemma 8.3 and (8.16). Indeed, the energy E(t)
defined in (8.8) is well defined, satisfies E(t) ~ |U(¢)||3 and

d

2, 2
220 :/R+ P do + 2 LU U,

This implies the following result.

Prorosition 8.4. — Suppose that the coefficients are Lipschitz and Assumption 8.1
is satisfied. Then, the space Wr is contained in C°([0,T); V), the operator £ maps
Wr to VI, and for U € Wp

(8.21) IU®)v < IIU(0)||v+/O LU ()]l dt”.

8.4. THE DUAL PROBLEM AND WEAK SOLUTIONS. — Since d is symmetric (actually, self-
adjoint), the dual problem of (8.1) is

(.22 c20h(c19) + Onth = f,
' opdip + £ = 3.

This system is similar to (8.1), but of course the dual problem of the forward Cauchy
problem for (8.1) is the backward Cauchy problem for (8.22). Parallel to (3.1) intro-
duce

(8.23) @ <¢> _ <C25t(01¢) +8wz/}> .

Y Odp + €
Then, for smooth functions, and writing ® = (¢, )7,
(8.24) (LU @)y + (U,2'0), = (U(T),TO(T))y — (U(0),T8(0)),

where Hy = L?([0,7]; H) with H = L3 x L? and

(3)-(2)

With the notations introduced in the previous section, £’ also acts from Wy to V7,
and using again Lemma 8.3, the identity (8.24) extends to functions U and ® in Wr as

(8.26) (LU, ®) U(0),T®(0))

V><V’7<

HU, L),y = (UT),TR(T)) -

V/T XVT

This motivates the following definition.

Derinition 8.5. — Given F = (f,g) € V) and U° = (p°,u°) € V, U = (p,u) € Vr is
a weak solution of (8.1) if for all smooth ® = (¢, ) which vanishes at ¢ = T, one has

B20) (RO), ., (UL, (0 TR0),,, =0
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The Proposition 8.4 can be applied to £’ as well, and to the backward Cauchy
problem since the structure of the equation is preserved when one changes t to —t.
Assuming that the coefficients are Lipschitz and Assumption 8.1 is satisfied, this
implies that for smooth ® = (¢, ) one has for ¢ € [0, T):

T
(8.28) [e®)lv < H‘I’(T)Her/ 1" @) |v dt".
t
In particular, for smooth test functions ® such that ®(7') = 0, one has
12Oy + [®llvr S £ ®llve,-

Moreover,
IT2(0)[lv: < 12(0)[lv < 12" @]lw,-

Consider the map ® — £’® defined on the space of smooth functions such that
®(0) = 0. The estimates above imply that it is invertible on its range # C V.
Denote by #'~! its inverse defined on %Z. Then, for F € V). and Uy € V the linear
form

U — (F,.2"71Y),,

rxvn T (U°, T2 ~1%(0))

Vxv’

is continuous for the norm || ¥||y, . Therefore it can be written —(U, \I/>VTXv, ,and U
T

satisfies (8.27). Therefore, we have proved the following result.

Prorosition 8.6. — If the coefficients are Lipschitz and Assumption 8.1 is satisfied,
then for all F € V. and U® € V, the Cauchy problem (8.1) has a weak solution in V.

8.5. StroNG soruTions. — Consider first the case where the initial data U° identi-
cally vanishes. Let F' € VI, and let U be a weak solution. Extend the coefficients for
negative times and extend U by 0 to obtain a weak solution, still denoted by U, on
(=00, T] x Ry, which vanishes for ¢ < 0. Of course, U satisfies the equations in the
sense of distributions. We show that U is indeed a strong solution, that is, a limit of
solutions in Wr, and thus satisfies the energy estimate and hence is unique.

Prorosition 8.7. — For F € V., the Cauchy problem for (8.1) with initial data
U® =0, has a unique weak solution U. Moreover, U € C°([0,T],V) and satisfies the
energy estimates (8.21) and is a limit in C°([0,T],V) of a sequence U. € Wr such
that U-(0) =0 and LU. — F in V..

To prove this result, we first introduce mollifiers and commute the equations with
them. To prepare for the next section, it is convenient to use the following smoothing
operators,

t oo
(8.29) Jou(t) =1 / e/ ey (s)ds = e / e */Fu(t — s)ds.
oo 0

The following lemma is elementary and the proof is omitted.
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Lemvie 8.8

(i) The operators J. and €0;J. are uniformly bounded in L?((—oo,T]) and for
all w € L*((—o0,T)), ||[Jew — ullp2(jo,ry) — 0. Moreover for all u € L*((—o0,T]),
Jou € HY((—00,T)) and edyJou = u — J.u.

(ii) One has the commutation property

(8.30) [Je, c] = eJe (1) Je.
(iii) If u € H*([0,T]), then
(831) (%]su = Jeﬁtu.

We can now give the structure of the mollification of the first term of the linear
problem (8.1).

Lemme 8.9. — The following holds
Js (Clat(CZP)) = clat(CQJap) + Rajepv
where R is bounded as a mapping L*((—oo,T]) — H'((—o0,T)).

Proof. — By direct computations
R. = 160, J. ((0rc2)v) + J.04(c10¢(cov)) + €2 J.0; (clﬁtJE ((8,502)11)).

Since the €0;J. = €J.0; are uniformly bounded in L?((—o0,T]), the lemma follows.
]

Finally, the structure of the mollified equations is given in the following lemma.

Levvie 8.10. — Let F € V.. If U is a weak solution of (8.1) on (—oo, T, vanishing
fort <0, then U. = J.U € HY([0,T); V) satisfies

(8.32) LU.=J.F+RU., U(0)=0,

where R is bounded from L*([0,T],V) to L*([0,T],V") and from H'([0,T],V) to
H([0,T],V"). Moreover, R.U. tends to 0 in L?([0,T], V') as € tends to 0.

Proof. — We know that J. commutes with 9, and £. Thus it is sufficient to com-
mute J. in the term O;p and dO;u. By Lemma 8.9 and because J. commutes with
the weight hq, ¢10¢(caJep) — Jo(hoc10:(ca)) = F.J.p with F uniformly bounded from
L2([0,T), L%) to L?([0,T], L3) and from H'([0,T], L3) to H'([0,T], L3). Because the
convergence is obviously true for smooth functions, the uniform bound also implies
that

| = Jepll 2 jo,13;:22) — O

It remains to commute J. to dd;. According to (8.3), the terms to look at are
[Je, bhoO0,0)u and [Jg,bd;Ju. By Lemma 8.9 and because hg commutes to J, one
has

[Je, bho0,0tu = Gehody Jeu, [Je, bO¢u = G.J.u,
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where the G are uniformly bounded from L?([0,T], L%) to L?([0,7T], L}) and from
H([0,T],L?) to H'([0,T)], L?). Hence
[Je, dOyu] = LG e Jou+ Go . Jou = GeJeu,
where the Gy are uniformly bounded from L%([0,T], H{) to L*([0,T],L?) and
from H'([0,T],74) to H'([0,T],L?), meaning that G is uniformly bounded from
L2([0,T], 53") to L2([0,T], 2,") and from H'([0,T], 74) to H'([0,T], 47").
Again, by density of smooth functions, this implies that G.J.u tends to 0 in

L%([0,T], 7 "). This finishes the proof of the lemma. O
Cororrary 8.11. — Let F € V.. If U is a weak solution of (8.1) on (—o0,T] van-
ishing for t < 0 then U, = J.U € W satisfies

|Ue = Ullvr =0,
(8.33) |LU. = Fly, — 0,

U.(0) = 0.

Proof. It only remains to prove that for all ¢ > 0, U. € Wyp. Since U, €
H([0,T];V), it is sufficient to prove that

(8.34) dpue € L*([0,T],L3), £p. € L*([0,T],V"),

which follows directly from the equations since we know that p. € H([0,T7]; L3) and
du. € H'(0,T]; V). 0

We have now all the elements to start the proof of Proposition 8.7.

Proof of Proposition 8.7. — Because the U, belong to Wy, we can apply the energy
estimates (8.21) to U.—U.s and conclude that U, is a Cauchy sequence in C°([0,T; V).
Therefore its limit U belongs to C°([0, 7], V), vanish for t = 0 and satisfies the energy
estimates. In particular, U is unique. The proof of the proposition is complete. O

We now construct strong solutions when U® # 0. If U € C§°(Ry). We find a
solution U (t,x) = U%(x) + U(t,z) of the Cauchy problem for (8.1) by solving
(8.35) LU =F-2U°  U()=0.
Moreover, by Proposition 8.7, U is the limit in C°([0,7],V) of a sequence U. € Wr,
which satisfies U.|;—g = UY and £U. — F in V/.. By Proposition 8.4 the U, satisfy
the energy estimates, and thus the limit U also satisfies these energy estimates.
Thus we have solved the Cauchy problem for a dense set of initial data in V, with

solutions which satisfy (8.21). The next theorem follows, by approximating U° by
functions in C§°(R4),

Tueorem 8.12. — For allUY € V, F € V7., the Cauchy problem for (8.1) with initial
data U° has a unique solution in C°([0,T],V), which is the limit a sequence U. € Wy
such that

(i) U. = U in C°([0,T],V),
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(i) LU. — LU in L*([0,T],V"),
(iii) U, — U in V.

[t=0

8.6. Smoori sorurions. — Remind that we still assume that the coefficients of £ are
smooth. We show here that this induces smoothness on the strong solution constructed
in the previous sections.

Provosition 8.13. — Suppose that F € L*((—oo,T]; V') vanishes for t < 0 and satis-
fies 0 (ho0,) F € L?((—o0,T); V') for all k and j. Then the equation LU = F has a
unique strong solution in C°((—oo, T|; V) which vanishes fort < 0, and 0¥ (ho0, )’V €
L?((—00,T); V) for all k and j.

The proof of the proposition is decomposed into several lemmas.

Lemme 8.14. Suppose that F € L?*((—o0,T); V') vanishes for t < 0 and satisfies
O F € L?((—00,T); V). Then the equation £V = F has a unique solution strong in
C%((—00,T); V) which vanishes for t < 0; moreover, U € C1((—o0,T); V), and 0,U
satisfies

where R is a bounded operator from Vo to V7.

Proof. — We use the mollifiers (8.29), set U. = J.U € H'((—o0,T); V) and use
the equation (8.32). In particular, the right-hand-side F. = J.F + R.U. belongs to
H'((—00,T); V') and satisfies

(8.37) 10cFellve, S N10cF |lvr, + 10:Ue vy -

Because we know that U, € H'((—o0,T]; V), we can differentiate in time the equation
(8.32) and see that

(838) f@tUg = 8th + RBtUE,

where R = [0;,.%] is a bounded operator from Vp to V/.. Therefore, one can apply
Proposition 8.7 to 0;U., hence 0,;U. is bounded, and indeed a Cauchy sequence, in
C°([0,T); V). This implies that 9,U € C°((—o0, T]; V) satisfies (8.36). O

Levmve 8.15. — If in addition to the assumptions of Lemma 8.14 one has OFF €
L2((—00,T); V') for k < n, then OFU € C°((—o0,T); V) for k < n.

Proof. — By induction on n, using the equation (8.36) and checking that for smooth
coefficients the operator [9F, R] maps L?((—oo, T); V) into L?((—oco,T]; V). O

The next lemma finishes the proof of Proposition 8.13

Lemvie 8.16. — If in addition to the assumptions of Lemma 8.15 one has
OF (ho0,) F € L%*((—00,T); V') for all k and j, then 0F(hod,)’U € C°((—o0,T];V)
for all k and j.

In the proof, we use an estimate which we now state.
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Lemvie 8.17. Suppose that o > 0 and

(14 ahod7)p = f, Plt=0 = OPj—o = 0.
Then there is C which depends only on the L™ norm of ya/a such that

P2y < CUFE L2,y + 10 |l L2o,m xR, ) -
Proof. — Let e = p? + hoa(9;p)?. Then
dhe = 2f0,p + hodi(D;p)?,

and thus ,

e=2fp+ [ (2] + hodialO))ar.

By Gronwall and Cauchy Schwarz inequalities we conclude that

t t
o) S I+ [ o) e+ max{1,0ia/a) [ et o)
0 0
and the lemma follows. U

Proofof Lemma 8.16. — Before differentiating the equations in ho0, we prove the
necessary smoothness of the solution. Using Lemma 8.15 and the first equation of
(8.1) we gain that

(8.39) hoOyu = —choOip — c10rcahop + ho f,
hoaxﬁtu = —Eh()@fp — (8,554’ C18t62)h0(9tp — 8t(618t82)h0p + hoatf
are in CY([0,T]; L?), where ¢ = c¢jcp. Moreover, we can take one more derivative in
time and hod,0%u also belongs to C°([0, T); L?).
Next, together with the second equation of (8.1), we draw that

© := hol(p — bohoOr0yu + b1 Opu)

belongs to C°([0,T]; L?) as well as ;. Using (8.39), and after several commutations,
we end up with the following property that

Y = (1 4 bochod?) (holp)
and 9,1 belong to C°([0,7]; L?). By Lemma 8.17 (with a = byc), we deduce that
hofp is in C°([0,T]; L?) and therefore that hod.p € C°([0,T]; L3).
Now we have enough smoothness to differentiate the equation in hy0,, and obtain
that ho0,U is a weak solution of a system

(8.40) L (ho0,U) = ho0, F + C10,U + CyU,
where the commutators are computed as in Section 6. In particular, the right-hand-
side belongs to € L2([0,7T]; V') and hence hod,U € C°([0,T]; V').

The Lemma 8.16 now easily follows by induction on j differentiating the equation
(8.40) in powers of hoO;, estimating the commutators as in Section 6, indeed in a

much easier way since we assume here that the coefficients are infinitely smooth. We
do not repeat the details here. O
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8.7. Proor or Prorosrtion 4.11. It remains to relax the condition on the smooth-
ness of the coefficients. The equations (4.27) to solve read

(8.41) LV, 0V =F ¢ L3V, Vitmo = 0,

with either a = 0 or a = 9;(uB’(y)). The assumption (4.29) implies that F' can be
extended by 0 for negative time, so that 8/ X5 F € L2(] — 0o, T]; V') for k4+j < n—1.
Our assumption is that the quantities

(8.42) m (V;T), me(V;T), wm(V;T), m(V;T), s(757),

are finite. We can extend V for negative time and approximate it by a sequence %
of smooth functions such that the same quantities evaluated at V* are bounded.
Similarly, we approximate F by a sequence of smooth functions F* and the Proposi-
tion 8.13 provides us with a sequence V¢ such that V¢ = 0 for t < 0 and 9f (h0,. )’ V* €
C(—00,T); V) for k+j <n—1.

By Proposition 4.6, we see that the sequence V* is bounded in C%(Vn~1). Hence,
passing to weak limits, we conclude that there exists a solution V' of (8.41) such that
V =0 for t <0 and 9F(h¢0,)’V € L>®((—o0,T]; V).

Moreover, the proof of Proposition 8.13 shows that for j +k <n—1

LV ool xkvt = Ff,,

is bounded in L?((—oo, T]; V') and 8£X§V€|tzo = 0. Thus passing to weak limits, we
see that 9] X5V is a weak solution of an equation of the form

LV, 001 X3V = Fjp € L*((=00, T V), 9] X5V = 0.
Hence it is a strong solution and 9F(hod, )’V € C°((—o0,T]; V). This finishes the
proof of Proposition 4.11. |
9. THE INITIAL CONDITIONS

9.1. InveErTIBILITY OF d. In this section we assume that p > 0, otherwise everything
is trivial. The invertibility of d(V) is implicit in the proof of the energy estimates: we
have already noticed that

(9.1) /}R houdu dz > c(||u||2L% + u||h081u||i§)
+

provided that ¢ and B’(yp) are bounded.
We now focus on the inverse of d[V] at time ¢ = 0, where ¢ = 1/2 and ¢ = z.
We call it d° :

1
9.2 dou=u+ (L] — =hodyu + bu| — bhodyu + 4b%u ),
3
where £ = hod, + 2h{, and b = 1 B'(z). The equation

(9.3) d’u=f

JE.P.— M., 2018, tome 5



512 D. Lannes & G. METIVIER

is seen as an elliptic “boundary” value problem on R, associated to the variational
form

(9.4) / ho ((1 + 4pb®)uv + % (hoOzu)(hoOyv) — ubho(vOyu + u@zv)) dx,
Ry

which by (9.1) is coercive on J#!. Using the density Lemma 8.2, this implies that d°

is an isomorphism from 4" (R, ) to ' (R+). If f € L} the equation also gives that

w(hody)?u € L2. Commuting with derivatives (ho0,)¥, this implies the following

Lemme 9.1. For all k > 0, d° is an isomorphism from T2 (Ry) to A (R+)
and there is a constant C, independent of i such that

(9.5) lull s + pllull yrs2 < Clldull sx

Next we consider the action of d° in other weighted spaces L? and also in the usual
Sobolev spaces. This operator enters in the category of degenerate elliptic boundary
value problems and we refer to [BC73] for a general analysis of such problems. How-
ever, for the convenience of the reader, we include short proofs of the needed results.
Our goal is to prove the following estimates.

Prorosition 9.2. — Given an integer k, there is €, > 0 such that if \/uh'(0) < ey,
and f € HE(RY), the solution u € 42(Ry) of (9.3), belongs to H*(R.) as well as
hoOru and (hoOy)?u. Moreover, there is a constant C' that depends only on ej such
that

(9-6) lull g + Vi N hoBwull g + pll (ho)*ull e < Clf | prs-

The difficulty is only near the origin, where the equation d° has a regular singu-
larity. More precisely, d° is a perturbation of

(9.7) d" u = u + pa(zd, +2) (7% 20y + 5)u — pafrdu + 4pfu.
where o = h((0) and S = b(0), in the sense that, near x = 0,
(9.8) d’ =d" + (12292 + 2220, + c3z).

for some coefficients c;.
Associated to d” is the indicial equation eu(r) = 0, the roots of which are the
exponents 7 such that " is a solution of the homogeneous equation d®z" = 0. Here,

a? 202
eu(r) :1—u?r2—u7r+u(2aﬁ+4ﬁ2).
Note that )
a
en(-1) =1+ u(5 +208+48%) > 1,
and
a? a? 9
eu(=1/2) = 1= p T+ (5 +208+46) > 1,

so the indicial equation has two real roots r; < ro which satisfy

1
(99) T1 <—1<—§<T2.
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The indicial equation determines in which weighted spaces the operator d® is invert-
ible.

Lemme 9.3. Let s € R be such that e, (s —1/2) > 0. Then there is a constant C
such that

(9-10) o™ %ullzz + i lla'*Opul 2 + plla™* (20:)ul| 2
< Ceyu(s —1/2) 7 2=*d®ul| L2,
and d° is an isomorphism between the spaces associated to these norms.

Proof. — The equation

2
(9.11) d"u = —u?(x& —r ) (@0 —ro)u=f
can be solved explicitly, and its inverse in L? is given by

_ ° dy
(0,12 (@) @) = Kf@) = [ /s .

0
where
3 "2, r <1,
9.13 Kx)= ———

( ) @) /JO&Q(M—?“l) {x”, x> 1.

On Ry with the measure dz/x, on has the convolution estimates
2° K fll22(daya) < |12° K| 2 (da /o) |27 fll 2 (d f2)-
Applied to —s + 1/2 this gives
la ™K fllz= < a2 K g™ f | e

We note that z=*~1/2K ¢ L*(R,) if and only if s — 1/2 € (r1,73), that is if and only
if e, (s —1/2) > 0 and then

3 1 1 1
s—l/QK _ ( — ) = .
[ I = e = s sz m—sti2) T =12

This implies that
(9.14) lz™ K fllz2 < eu(s = 1/2)7 a7 fl| e

There is an expression for 29, K f similar to (9.12), with a kernel K’, which is ro K’
for + < 1 and 7 K for > 1. Because the roots r; are O(u~'/?), one obtains the
desired estimate for \/u 20, K f. The estimate for (20, )2 K f follows then from the
equation. O

These estimates are then transported to d°.

Lemve 9.4. — For all § > 0, there is a constant C such that for s > 0 and p < 1
satisfying e, (s — 1/2) > 6 and f such that hg° f € L*(Ry), the solution u € J72 of
(9.3) belongs to hiL? as well as hoOyu and (hody)*ho, and satisfies

(9.15) Ihg “ullzz + Vi ho™*Ozuull 2 + pllhg * (hoda)?ull L2 < Cllhg* fl 2
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Proof. The estimates for > 1 are immediate since there hy ~ 1. Therefore it
is sufficient to prove the estimate when u is supported in [0,2]. There we use (9.8)
and Lemma 9.3 to improve by induction the integrability property from u € 42 to
u € AP ,; for 2j—1 < s and finally to /2%, noticing that the condition e, (s—1/2) > 0
means that s — 1/2 < ry (recall that r; is negative) and thus is satisfied in the

intermediate steps 25 — 3/2 < ro. O
Prorosition 9.5. — Given an integer k and p < 1 satisfying
(9.16) ek —1/2) >0

and f € H¥(Ry), the solution u € H#2(Ry) of (9.3), belongs to H*(R,) as well
as hoOyu and (hod,)?u. Moreover, For all § > 0, there is a constant C such that if
en(s—1/2) =6, then

(9.17) lull e + Vel hodsull g + pll(hodz)*ull e < Cl f || v

Remark 9.6. — By a standard Sobolev embedding, the proposition provides a control
of (d°)~'u in L* provided that e, (1/2) > 0. Actually, it could be shown that (d®)~!
acts in L> under the weaker condition e, (0) > 0.

Proof. — Because f € ¥, we already know that u € "2 so that hj+1/28gu €L?
for j < k + 2. To gain the weights, we commute d° to hEOk. Note that

[hED", hody] = hE[DF, holds — hol0., hE)DF = th ) (84ho)dt— 41

because the first term in the first commutator is kh§h)0F and cancels out with the
second term. Similarly

[(h60:;, h307) = hg [0, hilo3 — hi[o3, koo

Developing [0%, h2] and [02, hk] the terms in 9%*! occurring in in h§[OF, h2]0? and
h3[02, hE10E are both equal to 2khhhf ™' @51 and therefore cancel out. The terms
in OF are

1

5kl = Dh0x(hg) = k(k — 1)hg (hohg + hg')
and

h03(hg) = khghg ™ + k(k — Dhg'hg
respectively. Therefore it remains
(h§Ok, hgo2] = th )(OLhg)Oh = — k(k — 2)hf hy Ok,
Commuting next h50¥ to the coefficients, we conclude that
k—1

(9.18) d°(hE9%u) = hEoFd u + z hick j0Iu + puey phi ™ok

Jj=0
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for some coefficients ¢, ;. Then, one easily proves the estimates by induction on k,
using Lemma 9.4 as long as k < 7o : if one knows that dJu € L? for j < k and
pho0:0%1u € L2, then the right-hand-side of (9.18) belongs to h§L?, and by the
cited lemma, hfjO%u € hfL?, that is 0%u € L?, with similar estimates for |/ ho9,0%u
and p(ho0y)20ku. O

Since we need to solve equations of the form du = g with g = go + /1 €g1 € %”171,
we also need similar estimates for the equation

(9.19) d"u = /i hod, f

which has a unique solution in /4" when f € L3 since d” is an isomorphism from .7;"
to A7

Prorosrrion 9.7. Under the condition (9.16) and with f € H*(R.), the solution
u € 4 (Ry) of (9.19), belongs to H*(R.) as well as hoOyzu. Moreover, For all § > 0,
there is a constant C such that if e, (s —1/2) > 0, then

(9.20) [ull s + Vi l[hodxull e < O f[| e
Proof. — Let v = \mhoﬁx(do)_lf. The solution of (9.19) is u = v + w where w

solves

d’w = N [do, hoOz|v = p3/? (c*(hoax)% + cihoOzv + c*v),
where the ¢, denote various smooth coefficients. Then the result follows easily from
the previous proposition. (|

Since )
1 \2 r 2r 1
eulr) = 14 u(28+50) —pe?(5+ 5+ 7).
the condition (9.16) is satisfied if ua? is small enough, and therefore Proposition 9.2
follows.

9.2. Proor or ProrosiTion 4.9. — To compute the initial values V7 = (¢7,u’) of the
time derivatives &/ V it is convenient to commute first the equations with &/ and next
evaluate at t = 0. The commutations have already been written in (4.11) and (4.13)
with detailed computations made in Section 6.1. The first equation in (2.6) yields an
induction formula

(9.21) (g = 0w’ + )y en(a”)g" 0,
where the ¢, are some smooth functions and the indices in the sum satisfy j1+- - -+7j, =
7+ 1 and jir < j. The second equation yields to

(9.22) d'w T = —g? + b I + p(hoOp Mg + M)

where we have used that £ commutes with 0, p;—9 = = is known and J,p = u; in the
sum, the b, are some smooth derivatives of B and the indices satisfy j; +-- -+ j¢ = j;
and ) and A4 are non linear terms which are sum of terms of the form

a: (%, u®, u®) g7t -+ 7" (hoOy) M ul - (hoBy)Fe ule
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with smooth coefficients ji + --- 4+ je +ji + -+ 4y = jand ks +--- + ke < 2,
max{k1, k2} < 1 which means that there are at most two terms involving at most one
ho0, derivative.

Recall that the initial condition for ¢ is ¢° = 1/2, so we only have to consider
the initial condition u°. Using Propositions 9.5 and 9.7 and elementary multiplicative
properties of Sobolev spaces, the induction formulas above imply the following lemma
which concludes the proof of Proposition 4.9.

Levve 9.8, Ifu® € H* and hod,u® € H*! and if the indicial condition (9.16)
is satisfied, then for j < k+ 1, the VI = (¢/,u?) are well defined and satisfy

(9.23) Vie g1, Vithod, V7 € HF 1=,
with uniform bounds if the condition (9.16) is uniformly satisfied.

Proof. — If the condition (9.23) is satisfied up to order j, it is clear the right-hand-
side of (9.21), and thus ¢/*!, satisfies the same condition at order j+ 1. Similarly, the
first two terms in the right-hand-side of (9.22) satisfy the condition at order j + 1,
and we can apply (do)*1 to them, using Proposition 9.5. The last two terms are more
delicate. Using that there is at most one derivative ho0, acting on the u’ /, one obtains
that /i 4 belongs to H**1=J_ Then we can apply Proposition 9.7 to conclude. The
term with .47 is easier, an can be treated with Proposition 9.5. O

NoOMENCLATURE

General notation

B Bottom parametrization, see Figure 1

d Horizontal dimension

D, Defined in (5.2), Dyu = h'=20,(h*0,)u)

ho Depth at rest, satisfies Assumption 3.1

© Lagrangian mapping, ¢(t,z) = x + fot u(t', x)dt’

Quantities appearing in the equations

a = a(u) Leading order topography term appearing in the linearized equations,
see Lemma 3.6

E(0) Elliptic operator defined in (4.18) to regain one derivative in the iter-
ative scheme (4.19)

d =d[V] Dispersive operator, defined in (2.9)

£ Defined in (2.8), £ = (1/hq)d.(h3-)

g, (V) Higher order nonlinear dispersive terms in the Green-Naghdi equa-
tions, see (2.10)

ZL(V,0) Linear operator defined in (3.1) and such that the equations read
ZV,0)V =5

Z,(V,0) Linearized operator, defined in (3.5)

S Source term defined in (3.3) and such that the equations read
L2V, 0) V=2

L Source term defined in (3.7) and such that the equations on V;, read

o%a(‘/y 8)Vrn = ym
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Vo
W1
Va
X1
Xo
Xa
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Place holder for V' in the extended quasilinear system (4.19)
Place holder for 0,V in the extended quasilinear system (4.19)
Place holder for hy0,V in the extended quasilinear system (4.19)
Time derivative, X; = 9

Conormal derivative, Xo = ho0,

X*¥=X"X3?if o= (a1,a2)

Functional spaces, norms and constants

%1
%—1

Weighted H'! space, defined in (3.10)
Dual of 7!, defined in (3.12)

1
H ]; and H” Exponentially weighted Sobolev spaces on the full line

L3

L?n
L,o°P
L7?

my (V5 T)
ma(V;T)
m(V;T)
m(V;T)
s(5T)
D j(t)
Ui (1)
\%

V’I’L

V/

Wr

[ASL08a]
[ASL08b]
[BC73)

[BCL+11]
[BMO6]
[CS11]

[CS12]

Weighted L? space, defined in (3.9), L2 = hO_S/QLQ(]R+)
Space of functions f in L2 such that X®f € L? for |a| < n
Space of functions f in L such that X*f € L for |a| < p
Ly = L*([0, T]; L>P(R4.))

my (V3 T) = [[V[zger + 1(1/¢,1/(1 + pa(u)))|| g

0l gomssnzn s + lullge 2ns

[ull porer + [Vl Lgem—s

1Vl + g g2

Hf||c%(L§'"_lmL2,P+3) + H(g()7gl)”C%(L%‘"_lmL?m*ZmLoo,p)
Defined in (4.10), 2, ;(t) = HQ(t)HLgf”n (j=0,1,2)
Defined in (4.10), %, ;(t) = ||U(t)||LfLm:, (1=0,1)

Energy space, defined in (3.14), V = L% x £}

Space of functions (g, u) in V such that (X%g, X%u) € V for |o| < n
Dual of the energy space, V/ = L2 x %”171

Space with minimal regularity in which the energy estimates can be
made, see (8.20)
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