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ON THE LINKS BETWEEN
HOROCYCLIC AND GEODESIC ORBITS ON
GEOMETRICALLY INFINITE SURFACES

BY ALEXANDRE BELLIs

ApstrRacT. — We study the intersection between an almost minimizing half-geodesic and the
closure of the corresponding horocyclic orbit on a smooth geometrically infinite surface. We
prove that if the half-geodesic goes through an infinite number of parts of the surface with
injectivity radii bounded from above, then the intersection contains an unbounded sequence of
points. We also prove that if the half-geodesic goes through arbitrarily thin parts of the surface,
the intersection is the whole half-geodesic. Finally, we construct an example proving that this
last condition is not necessary.

Riésumi (Sur les liens entre les orbites horocycliques et géodésiques sur les surfaces géométrique-
ment infinies)

Nous étudions l'intersection entre une demi-géodésique quasi-minimisante et ’adhérence de
P’orbite horocyclique correspondante sur une surface hyperbolique lisse géométriquement infinie.
Nous démontrons que si la demi-géodésique traverse un nombre infini de parties de la surface
de rayons d’injectivité bornés supérieurement, alors ’intersection contient une suite non bornée
d’éléments. Nous démontrons aussi que si la demi-géodésique traverse des parties arbitrairement
fines de la surface, I'intersection est toute la demi-géodésique. Enfin, nous construisons un
exemple montrant que cette derniére condition n’est pas nécessaire.
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1. INnTRODUCTION

Among the curves of constant curvature in the Poincaré half-plane H? are the
geodesics of curvature zero and the horocycles of curvature one. They give rise to
two flows in the unitary tangent bundle T'H? which are deeply related: the geodesic
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flow and the horocycle flow respectively. Consider now a Fuchsian group I'" and the
quotient surface S := I'\H?. Both flows descend to the quotient TS := T'\(T H?).
We denote them by gr and hg respectively.

The orbits of the geodesic flow have many different topological behaviors. By con-
trast, those of the horocycle flow tend to be rigid. This is illustrated by a result of
G. Hedlund in [Hed36] stating that when the surface S is compact, for every u in TS,
the orbit hgu is dense in T1.S. This result is deduced from a fundamental link between
horocyclic and geodesic orbits: if the projection on S of gg+u, denoted by u(R™), is
almost minimizing (specifically: 3C > 0,Vt > 0,d(u(0),u(t)) > t — C), then hgu is
not dense in the non-wandering set €, of the horocycle flow. In [Ebe77], P. Eberlein
proves that this implication is actually an equivalence.

As a consequence of this link, one obtains that if the surface is geometrically finite
(i.e., with a finitely generated fundamental group) and if « is in Qj, then hgu is either
dense in 2, or periodic.

This rigidity property was generalized by M. Ratner to Lie groups and unipotent
actions in [Rat91]. However, it does not extend to geometrically infinite surfaces (i.e.,
not geometrically finite). Indeed, S is geometrically finite if and only if every horocyclic
orbit in Qj, is dense in 2, or periodic (see [Dalll]).

In this paper, we are interested in the topological dynamics of the horocycle flow on
geometrically infinite surfaces, for which little is known. Untwisted hyperbolic flutes
are the simplest examples of such surfaces (see [Haa96] or [CM10]). More precisely, we
investigate the links between the geodesic flow and the horocycle flow. We associate
to z in S the real number Inj(z) defined as the maximal radius of a ball centered at
x without self-intersection. It is the injectivity radius of S at x.

The main result of this paper is:

Turorem 1.1. — LetT" be a Fuchsian group without elliptic elements and such that the
quotient surface S := T'\H? is geometrically infinite. Consider u in the non-wandering
set Qp, of hg in T1S. Suppose that u(R™) is almost minimizing and that hgu is not
periodic and define Inj(u(R™)) := ltlgligj’ Inj(u(t)).

If Inj(u(RT)) < +o0, then there exists a sequence of times t, converging to +oo
such that g;, u € hgu for all n.

Moreover, if Inj(u(RT)) = 0, then gg+u C hgu.

In particular, when Inj(u(R")) < +oo for every w in TS (O.Sarig calls such a

surface weakly tame, see [Sarl0]) then, if hgu is not periodic, there always exists a
positive time t such that g;u € hgu. As a corollary, we get:

Corovrrary 1.2. — Let T' be a Fuchsian group with neither elliptic nor parabolic ele-
ment such that the quotient surface S := T'\H? is geometrically infinite. If S is weakly
tame, then the horocycle flow does not admit any minimal set on T'S.
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This corollary gives an easy way to construct surfaces without a minimal set for
the horocycle flow. The first example of such a surface was produced by M. Kulikov
in [Kul04]. Later, theorems of non-existence were obtained in [Mat16] and [GL17].

In the setting of Theorem 1.1, we can ask:

Question. — Is it possible that gg+u C hgu if 0 < Inj(u(RT)) < +00?

Clearly, if hgu is not recurrent (i.e., it does not accumulate on itself), then gp+u ¢
hru. This implies in particular that hgu is locally closed (there exists a neighbour-
hood V of u such that V N (hgu — hgu) = @) even though it is not closed. In [Sta95],
A.N. Starkov gives an example of a surface S satisfying the hypotheses of Theorem 1.1
such that 0 < Inj(u(R™)) < 400 and hgu is not recurrent. F. Ledrappier claimed that
this example could be generalized to manifolds with bounded geometry (see [Led97,
Prop. 3]): let M be a manifold with bounded geometry and u in T*M such that u(R™T)
is asymptotically almost minimizing. Then, for every t € R, the strong stable leaf

W**(gru) := {v € T*M | d(gs+s5u, gsv) s Sihe 0}

1s locally closed.

When S is a hyperbolic surface, this assertion is equivalent to saying that if the
injectivity radius of S is uniformly bounded from below by a positive constant, then
hru is locally closed provided that u € €, and that u(R™) is almost minimizing.

Actually, this proposition is false and I construct in Section 4 the following counter-
example which also answers the previous question:

Turorem 1.3. — There exists a geometrically infinite surface S with an injectivity ra-
dius everywhere bigger than some positive constant C (i.e., S has bounded geometry),
with u in Qy, satisfying:

(i) w(R™) is almost minimizing.

(ii) gr+u C hgu.

(i) Inj(u(R")) < +oo.

In particular, hgu is not locally closed.

Acknowledgements. — 1 thank my Ph.D advisor Frangoise Dal’Bo for her numerous
and precious advices about the redaction of this paper. I also thank Yves Coudéne
for fruitful discussions.

2. NOTATION AND TOOLS

For two points z and 2’ in H? and two points ¢ and 7 in OH? := R U {oo}, we
denote by [z, z'] the hyperbolic segment between z and 2/, by [z, ) the half-geodesic
joining z to £ and by (n, £) the geodesic between 7 and £. We denote by gg and hg the
geodesic, respectively horocycle, flow in the unitary tangent bundle T H?2. For any u
in T'H?2, the function symbol u(t) refers to the projection on H? of g;u and u* refers
to the endpoint in OH? of the half-geodesic u(R™).

JE.P.— M., 2018, tome
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Consider now two elements v and v in T'H?2. Denote by z and 2z’ the base points
of u and v respectively and suppose that u™ = vt = £. Then there exists ¢ in R such
that gihru = hrv. The Busemann cocycle B¢(z,2') centered at £ between z and 2’
is by definition the number Be¢(z,2’) = t. Thus, the set {z'|Be(z,2) = 0} is the
horocycle centered at ¢ passing through z.

Level sets of isometries. — The group PSLy(R) acts by orientation preserving isome-
tries on (H?2, d), where the distance d is defined by the measure dz? := (dz? + dy?)/y>.
Let v € PSL2(R) be a hyperbolic isometry. We denote by v~ and v respectively the
repelling and attractive fixed points of v in OHZ. Observe that a point z € H? is moved
by 7 along the hypercycle (which is either a piece of an Euclidean circle, or a straight
half-line if oo = v~ or co = 4*) passing through v, z and v*. We denote that
hypercycle by C,(z). For a positive integer k, the point +*2 belongs to the portion of
C,(z) between z and y*.

Let ¢, := inf,cg2 d(z,7v2) be the translation length of v, realized on its axis
(v~,~vT). We have:

Prorosttion 2.1 ([PP15, §5]). — For any hyperbolic isometry v and any z in H?, we

)
2

have:

14
sin = cosh s sinh -,
where s = d(z, (v7,7T)).

When + is parabolic, we denote by C,(z) the horocycle centered at the unique
fixed point y© = ¥~ of « and passing through z. We have:

Prorosition 2.2 ([PP15, §6]). — Consider a parabolic isometry v and pick any zo
in H?. Denote by £, (zy) the distance £ (zy) = d(z0,720). For any z in H?, we have:

)

sinh d(z,;/z) = e®sinh G

where s = B+ (2,C,(20)).

To prove our theorems, we will translate the dynamics of the horocycle flow on
I'\(T'H?) in terms of the action of I' on H? and dH? using the following proposition.

Prorositiox 2.3 ([Dalll, Chap.5, Prop.2.1]). — Take a vector u in T*S and a posi-
tive real number r. Denote by U a lift of w in T'H? and suppose that ut is not fized
by any element of I' except the identity. Then

(9o € Pt — i)

T

(3 (@) € TV st anii™ — " and By (0,"i,5(0)) — Br (i,ﬂ(r))).

JE.P — M., 2018, tome 5
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3. Proor or THeEOREM 1.1

Derivition 3.1. — Let S := I'\H? be a hyperbolic surface. The injectivity radius of S
at pis: N
Inj(p) := min d(p, vp),
yel
y#id
where p is any lift of p to HZ.

We shall now prove Theorem 1.1 in several steps. Consider a lift % of w in 7 H?2.
Up to conjugacy, we can suppose & = oo and u(0) = i. Note that with our choice of
lift w of u, the equivalence of Proposition 2.3 becomes:

(1) (gru € hgu — hgu) <= (3 (an)y €Y, @, — 00 and Boo(a, bi, i) — r) .
The key is to find elements o, in I on which to apply this equivalence.

Lemwva 1. There is a sequence of points (qn)n going to oo on the half-geodesic
[i,00) = [w(0),u") and a sequence of elements v, in T that are all distinct such that

(1) d(gn ngn) —_Inj(u(RY)).

(ii) For every sequence of positive integers (k,)n we have v¥r oo A
n—-+0oo

Proof. — The hypothesis Inj(u(R*)) < 400 of Theorem 1.1 gives us a sequence of
points ¢, going to co in JH? along the half-geodesic [i, o0) and a sequence of elements
(Yn)n>o0 in I' — {Id} satisfying Property (i) of Lemma 1. Since neither ggu nor hgu is
periodic, these elements +,, are all distinct.

Let us consider a subsequence of (7,)y, that we still denote by (7,)n, such that
lim, 100y, =7 and lim, s o v =&

Suppose first that n # ¢. In this case, for any z in H?, the distance s, =
d(z, (v, ,7})) is bounded from above. Thus, since £, < d(gn,Vngn) for every n,
Proposition 2.1 implies that for any z in H?2, the elements v,z stay in a compact.
This contradicts the discreteness of T'.

Suppose now that n = £ # oco. If the elements ~,, are hyperbolic, consider the half-
geodesic [p, §) starting from a point p on (0, o) and orthogonal to (0,00) (ifn =§ =0,
consider any point p on (0,00)). For n big enough, we have

d(p, (V> 18 )) < dgn, (V7 7)-

Thus, Proposition 2.1 implies that d(p,y.p) < d(¢n,VnGn). Since the latter is
bounded from above, we get again a contradiction with the discreteness of T
Finally, if the elements +, are parabolic, for any z and any zy in H?, we eventu-
ally have B+ (2,05, (20)) < Bﬁ(qn,(]% (20)). Thus, Proposition 2.2 implies that
d(z,vnz) < d(qn,VYnqn), which again gives a contradiction with the discreteness of T

In conclusion,
(2) n=¢=o0.
Choose now the following orientation for the elements ~,,.

— If =, is hyperbolic, choose |7, | < |y;F]-

JE.P.— M., 2018, tome 5
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— If =y, is parabolic, choose it such that |y,00| > |y, ].

This choice of orientation combined with (2) enables us to conclude the proof. ]

Lemwva 2. For every positive integer n big enough and every nonpositive integer a,
there exists a point p,. . in H? satisfying the two following conditions.

(i) d(pn,av'ann,a) = d(an’YnQn)-
(ii) BOO(pn,a”ygLi) = —d(75i7pn,a)-

Proof. — Take an isometry v, as in Lemma 1. Observe that a point in C,_ (g,) N
[v24, 00) would satisfy Property (i) and also Property (ii) according to Proposition 2.1
and Proposition 2.2. We prove that this intersection is not empty.

Suppose that -, is hyperbolic. There are two cases. The first case is when the signs
of 7, and ~,I are opposed. Since lim, 007, = lim, 1007, = 0o, the graph of
C,, (1) lies below that of C.,, (¢n). So every geodesic starting from a point z on C,,, (7)
and ending at oo has an intersection with C,,(g,). This is true in particular when
z = Y.

The second case is when v, and ~, have the same sign. Observe then that we
eventually have d(i, (v, ,7,7)) > d(gn, (7, ,7})), because the converse would contra-
dict the discreteness of I', as seen by using Proposition 2.1. Thus, if n is big enough,
the graph of C,, (i) is not contained in the same component of H?> — C., (gn) as
(v, 7.F). Observe now that as a is a nonpositive integer, the point 72 belongs to
the portion of C.,, (i) between i and =, , and that for any point z in this portion of
C,, (1), the intersection C.,, (¢,) N [z, 00) is not empty.

If ~, is parabolic, the proof is similar to the second case, when replacing
d(i, (v, v ) and d(gn, (v, 7)) by B+ (i, Cy,(20)) and B +(qn, C5,(20)) respec-
tively, and using Proposition 2.2 instead of Proposition 2.1. (|

Levwia 3. — Fiz e > 0 and an interval I of RT of length Inj(u(RT)) +e. If n is big
enough, there exists an integer k, such that Boo (v, *"i,1) belongs to I.

Proof. — For every positive integers n and k we put:
k—1
Page 7= Boo(1,"6,1) = D Boo (¥4, 7, M),
£=0

Let us prove that for n big enough, each step Boo (7, ¥4, 4, ¥T¢+1i) is smaller than
Inj(u(R1)) +&.

For convenience, let us set s, o := d(724,Pn.a) and Ay ¢ := Boo (v, ¥4, v, k1),
Using Lemma 2, we compute:

At = Boo (v, ", 7 P —kret1) + Boo (Y 'Pr— kb t1, P —kte41)
+ Boo(pn,—kte1, 7, T

<AV ",y Pk 1) AV Py — k15 Py — o t41) — Sny—re41

= Sp,—kto+1 + d(Gn, Vndn) — Sn,—k+o+1

= d(Qna ’YnQn)~

JE.P — M., 2018, tome 5



ON THE LINKS BETWEEN HOROCYCLIC AND GEODESIC ORBITS ON GEOMETRICALLY INFINITE SURFACES /|/|()

As d(Gn,Ynqn) is eventually smaller than Inj(u(RT)) + €, we obtain that for n big
enough:

3) Ape = Boo (7, i, 7 ) < Inj(u(RT)) + e

n

Thus, 7, is a sum of k terms Ay, for £ = 0,...,k — 1, all smaller than
Inj(u(R™)) + & which is the length of the interval I of R*. We now use the fact
that since limy_, 1o 7, ¥i = v, # oo for every n, we have limy_, 4o Tn,k = +00 for
every n. Thus, there exists an integer k,, such that r, x, belongs to I. O

Proofof Theorem 1.1. — Take the elements ~,, given by Lemma 1. Fix an ¢ > 0, cho-
sen arbitrarily small, and an interval I of R* of length Inj(u(R™)) 4 . Consider the
sequence of positive integers (k,, )y given by Lemma 3. Since the numbers B, (7;, ¥4, 1)
eventually all belong to I, the sequence of numbers (B (v, *7i,4))y admits an accu-
mulation point 7 in I. Thus, setting o, := 75 and applying the equivalence (1), we
get that g,u € hpu — hgu.

Now, applying the same argument to a partition (I;)y of RT in intervals of lengths
Inj(u(RT)) + €, we get a sequence of times (t;)n, where each t, is in I, and such
that g,,u belongs to hgu for every £. Moreover, if Inj(u(R")) = 0, as the intervals I
will be of length 0 4 ¢ for an € > 0 arbitrarily small, we get ggp+u C hgu. |

4. AN EXAMPLE TO PROVE THEOREM 1.3

The Dirichlet domain centered at i of a Fuchsian group I' with no elliptic element
fixing 4 is defined by:
Di(l') := ) Hi(y),

yel

y#id
where H;(y) := {z € H? | d(z,i) < d(z,7(i))}. The following classical result (see
[Dalll, Chap.I, Prop.4.9]) shows a link between the ideal boundary of the Dirichlet
domain and the almost minimizing character of geodesics.
Prorosition 4.1. — If u € T\(T'H?) and if for some lift @ in T'H? the point u*

belongs to D;(T) N OH2, then u(RT) is almost minimizing.

Let us now construct our example. Consider, for any rational number ¢ € [4, +00)
and any n in N, the hyperbolic isometry:

g - \/a (1 - q)rn
q,mn _1/Tn \/Z] ’

where (r,)y is the sequence of real numbers defined by:

ry=2
rn =3rn_1, Vn > 2.
Let Fy := {gyn | ¢ € QN [4,+00), n € N}. We now conjugate the isometries g4, by

- o — (1tq,
the isometries Ty, := (| ‘4"

0% ), for any rational number ¢ € (1,4) and any n in N,

JE.P.— M., 2018, tome



450 A. BELLs

with g, := —rn(y/q — 2). We have:
4=V Tl(VT-2)? - 3])
—1/rn Va '

Set Fy := {hyn | ¢ € QN (1,4), n € N}. For every ¢ € QN (1,+00), we define the
hyperbolic isometry f, ., by:

hgn = Tq_,'r{ 9an Tgn = (

P hen fqgeQn(l,4),
o 9gn if ¢ € QN [4,400),

and set F:=F1 UFy = {fgn,g € QN (1,4+00)}.

For any non-elliptic isometry v in PSLy(R), define O0H;(7y) to be the perpendicu-
lar bisector of the segment [i,~i]. Also denote by c¢(v) the centre of the Euclidean
half-circle OH; () and by ey(7), with £ = 1,2, the endpoints in OH? of OH; (7).
Finally, denote by C(, ¢)(2) the hypercycle with endpoints 7 and £ in OH? and passing
through z in H2. The following key proposition gives us all the necessary information
about the perpendicular bisectors OH;(y) (see Section 5 for the proof).

Prorosirion 4.2. — For every q € (1,+00) we have the following:
N _ : -1y _
() I _e(fyn) = o0 and lm_e(f;4) = +oo.
.o . _ . _1 — —
(ii) ngr—{-loo er(fgn) = —00 and ngr-lr—loo ee(fyn) = o0 for £ =1,2.

(iii) If n is big enough, the perpendicular bisector 8Hi(qurll) do not meet the hyper-
cycle Co,00) (1 + 2i//5).

By means of Proposition 4.2, we shall choose a sequence of elements ~,, of F'
such that all the perpendicular bisectors OH; () are disjoint and which contains an
infinite number of elements f, ,, for every rational number g € (1, 400).

Consider any bijection ¢ : N — QN (1,+00) x N and set ¢(m) = (gm, ¥2(m)).
Observe that for every ¢ in (1,400), there is an infinite number of elements ¢,, such
that ¢, = q. We can now write F' = {f;  y,(m) | m € N}.

Choice of the elements ~y,. Put vo := fy4,,0 and set 2C to be the distance between
the geodesic (0, 00) and the hypercycle Cg, oc)(1 + 2i/+/5). Then, for every m > 1, we
define 7, by induction. We ask that v, = fy,.n,. Where n,, is the smallest integer
among the integers p satisfying the following properties:

(i) ler(fgmp)| > le2(ym—1)| and lex(fy ! )| > le2 (v, 50l

(ii) d(OH;(fy,,.p) OHi(fy,! ;) = 2C.

(ili) d(OH;(fq,,p), OHs(vF")) = C and d(OH;(f, ! ,), OHi(v; 1)) > C for all integers
s<m.
Such a sequence (v, )y exists according to Proposition 4.2. We set I := (7, | m € N)
and prove that S = I'\H? fulfills the properties of Theorem 1.3.

JE.P — M., 2018, tome 5
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By a classic ping-pong argument (see [Dalll]), the group I" is discrete and free.
Moreover, its Dirichlet domain centered at 4 is:

Dy(T) = QNHmm) n QNHZ-(ﬁ).

Fix u in T'H? such that @(0) = ¢ and 4™ = oo and consider its projection u to
TS = T\(T*H?). Since oo is in D;(T') N OH?, according to Proposition 4.1, the
half-geodesic u(R*) is almost minimizing. Hence (i) of Theorem 1.3.

To prove condition (ii), we use Proposition 2.3. Observe that it follows directly
from the definition of f; , that for every rational number ¢ in (1, +o00), we have

-1
(4) q’nOO n—>—+>oo oo

Moreover, since lim,,_, 4 o im(fy %) = 1/¢, we have:
(5) Boo(fq,niv Z) njoo Boo(i/% Z) = |1D(Q)|'

Now, for every ¢ € QN (1, +00) there is an infinite number of elements f; , in ()N,
thus in I". So, according to (4), (5) and Proposition 2.3, it follows that all the elements
9| 1n(q)|% belong to hru. Hence, gg+u is included in hgu and we get (ii) of Theorem 1.3.

Finally, fix z in the interior of D;(T") and any v = ’yf}bl - 7,’,’;k in ' different from

i1

my and

the identity, written as a reduced word in the letters v,,. If k = 1, then v =~
d(z,7z) = d(z,77"2) > max(d(z, 0H;(Ym,)), d(2, 0Hi(7;,,)))
Since d(OH; (v, ), OH;(v,,1)) = 2C, we obtain that d(z,vz) > C. If k > 1,

d(z,72) = d(z, 78, - Vih 2) = d(y 2,2, vk 2)
> d(OH, (vEY), 0H, (vEL)) = C.

It follows that the injectivity radius on S is everywhere bigger than C. Finally, since
all the axes of the elements ~,, in I' intersect the half-geodesic [i, 00), and since their
translation length £, is constant by definition of the elements f,,, the injectivity
radius Inj(u(RT)) is also finite. So C' < Inj(u(R")) < +o0. Hence Property (iii) of
Theorem 1.3. This completes the proof. o O

5. Proor or ProprosiTiON 4.2

Using the classical formula
VabeH?, spn®®Y _ _ le-b
2 2,/im(a) im(b)

we get:

Prorosirion 5.1. — Consider a point P = R+l in H?. The equation of the perpen-
dicular bisector of the hyperbolic segment between i and P is:

2 2
(H%) +y21(1+ujj1)2).

JE.P.— M., 2018, tome 5
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For the following calculations, we distinguish the case ¢ € [4,400) from the case
q € (1,4).

Case I: fir q € [4,400). — We have fg i = Ry, + l,, where

Ry = \/a(l — 9~ \/(?/Tn and I, = 71 .
q+1/r2 q+1/r2
Since lim,, o 1y = 400, the quantities R, ,, and I, are equivalent to r,(1—q)/\/q
and 1/q respectively as n converges to +o0o. Applying Proposition 5.1 we get the
following asymptotic equivalence:

C(fq,n) - -

R
4 = —Tp/q.

I, —1 notoo

qn
Hence, the centres c¢(f,,n) converge to —oo as n goes to +oo.
Let us now study the radii of the geodesics OH;(f;n). We have

R? 1/2 1 R 1
VIpn(1l4+ —22 = T = n)-
q, ( + (Iq,n — 1)2) n—stoo \/g Iq,n 1 \/a C(fq, )

According to Proposition 5.1, the endpoints ey(fy,n) for £ = 1,2 of the geodesics
OH;(fq,n) converge to —oo as n goes to +o0o. Moreover, since 1/,/q < 2/3, all these
geodesics are below the hypercycle C(g o0)(—1 + 2i/\/5).

We now study the case of H;(f; ). We have:

Flio \/g(qfl)rn+\/§/rn+i 1
on q+1/r2 q+1/r2’

We observe that the real part of fq’nlz is the negative of the real part of f; 7. So the

geodesics OH; (f, 1) and OH,(f,,) are symmetric with respect to the imaginary axis.

In particular, they are below the hypercycle C(g (1 + 2i//5).

Case2: fir q € QN (1,4). — We have f, i = Ry, + 11, where
A2 =8 Gy 1

q+1/r2 RS VN
Since ¢ € (1,4), the number /q((\/q — 2)? — 3) is different from 0. Thus, as n goes
to +00, we have the equivalences:

(Vi-2?-3 |

Ryn =

Ryn n_)x%o Ty NG and Iy, n_)x+oo 6
Hence, according to Proposition 5.1,
R (Vi—2)*-3
e BN B
qn — n—-4o0o 1— q

where /q((y/q—2)* —3)/(1 — q) is a real number greater than 2. Thus, these centers
converge to —oo as n goes to +oo.
Let us now study the radii of the geodesics OH;(f;n). We have
2

R 1/2 1 R 1
(e M Y L Ry L
»q + (Ian _ 1)2 n——4o0 \/&In,q . 1 \/aC(f(L )
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where 1/,/q belongs to (1/2,1). Thus, again, the endpoints ey(fq,) for £ = 1,2 of the
geodesics OHj;(fy,n) converge to —oo as n goes to +oo.
We now study the case of f,} for ¢ € (1,4). We have f, }i = Ry, +ily, where

—rn(4 = VOI(Va—2)* = 3]+ @/ 7 1
and Iy, = .
(4 - Va2 +1/rj B G ) R VA r
Since g € (1,4), the number (4 — ,/q)[(y/q — 2)* — 3] is different from 0. Thus, we get
the equivalences

Rgn =

O OV ) k) 1

o e g M e R G
from which we deduce
C(f_l) _ _ Rq,n - —r ((\/6_2)2 _3)(\[_4)
q,n Iypn —1 n—=too 1— (4 _ ﬁ)Q

Since the number ((,/g —2)? —3)(,/g —4)/(1 — (4 — /q)?) is negative for ¢ € (1,4),
the centers ¢(f; 1) of the geodesics OH;(f; ) converge to +00 as n goes to +0o0.
We now study the radii:

R? 1/2 1 Ryn 1
I, q (1 + 7’(1) = = = - c(f_r%,)a
v (Ing—1?2) notecd— Jglo,—1 44— g o
where the number 1/(4 — ,/q) belongs to (1/3,1/2). Thus, the endpoints e.(f,})
for £ = 1,2 converge to +0o as n goes to 4+oco. Moreover, from the inequality
1/(4 — \/q) < 2/3, we deduce that the geodesics OH;(f, ) do not meet the hypercy-

cle C(g,00)(1 +2i/V/5) as claimed. O

REFERENCES

[CM10] Y. Coupine & F. Mauvcourant — “Horocycles récurrents sur des surfaces de volume infini”,
Geom. Dedicata 149 (2010), p. 231-242.

[Dalll] F. Dar’Bo — Geodesic and horocyclic trajectories, Universitext, Springer-Verlag London, Ltd.
& EDP Sciences, London & Les Ulis, 2011.

[Ebe77] P. EserLEN — “Horocycle flows on certain surfaces without conjugate points”, Trans. Amer.
Math. Soc. 233 (1977), p. 1-36.

[GL17] M. Gave & C. Lo — “Sur l'inexistence d’ensembles minimaux pour le flot horocyclique”,
Confluentes Math. 9 (2017), no. 1, p. 95-104.

[Haa96] A. Haas — “Dirichlet points, Garnett points, and infinite ends of hyperbolic surfaces. 17,
Ann. Acad. Sci. Fenn. Math. 21 (1996), no. 1, p. 3-29.

[Hed36] G. A. HepLuxp — “Fuchsian groups and transitive horocycles”, Duke Math. J. 2 (1936),
p. 530-542.

[Kul0o4] M. Kurikov — “The horocycle flow without minimal sets”, Comptes Rendus Mathématique
338 (2004), no. 6, p. 477-480.

[Led97] F. Leprareicr — “Horospheres on abelian covers”, Bol. Soc. Brasil. Mat. (N.S.) 28 (1997),
no. 2, p. 363-375, Erratum: Ibid. 29 (1998), no. 1, p. 195.

[Mat16] S. Marsumoro — “Horocycle flows without minimal sets”, J. Math. Sci. Univ. Tokyo 23
(2016), no. 3, p. 661-673.

[PP15] J. Parkkonex & K. Paurin — “On the hyperbolic orbital counting problem in conjugacy classes”,
Math. Z. 279 (2015), no. 3-4, p. 1175-1196.

JE.P.— M., 2018, tome 5



454 A. BELLs

[Rat91] M. Rarner — “Raghunathan’s topological conjecture and distributions of unipotent flows”,
Duke Math. J. 63 (1991), no. 1, p. 235-280.
[Sar10] O. Saric — “The horocyclic flow and the Laplacian on hyperbolic surfaces of infinite genus”,

Geom. Funct. Anal. 19 (2010), no. 6, p. 1757-1812.
[Sta95] A. N. Starkov — “Fuchsian groups from the dynamical viewpoint”, J. Dynam. Control Sys-
tems 1 (1995), no. 3, p. 427-445.

Manuscript received rith July 2017
accepted 27th April 2018

AvLexanprE BeLLis, Institut de Recherche Mathématique de Rennes, Université de Rennes 1
263 Avenue du Général Leclerc, 35042 Rennes, France

E-mail : alexandre.bellis@univ-rennesl.fr

Url : https://perso.univ-rennesl.fr/alexandre.bellis/

JE.P — M., 2018, tome 5


mailto:alexandre.bellis@univ-rennes1.fr
https://perso.univ-rennes1.fr/alexandre.bellis/

	1. Introduction
	2. Notation and tools
	3. Proof of Theorem 1.1
	4. An example to prove Theorem 1.3
	5. Proof of Proposition 4.2
	References

