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MEAN FIELD EQUATIONS, HYPERELLIPTIC CURVES
AND MODULAR FORMS: 11

BY CHaANG-Snou Lin & CHin-Luxe Wane

AssTrACT. — A pre-modular form Zy(o;7T) of weight %n(n + 1) is introduced for each n € N,
where (o, 7) € C x H, such that for E; = C/(Z + Z7), every non-trivial zero of Z,(o;7), i.e. o
is not a 2-torsion of Er, corresponds to a (scaling family of) solution to the equation

(MFE) Au+e* = pdo,

on the flat torus E, with singular strength p = 87n.

In Part I [1], a hyperelliptic curve X, (7) C Sym™E, the Lamé curve, associated to the MFE
was constructed. Our construction of Z,(o; ) relies on a detailed study of the correspondence
PY(C) < X, (1) = E induced from the hyperelliptic projection and the addition map.

As an application of the explicit form of the weight 10 pre-modular form Z4(c;7), a counting

formula for Lamé equations of degree n = 4 with finite monodromy is given in the appendix
(by Y.-C. Chou).

Risumi (Equations de champ moyen, courbes hyperelliptiques et formes modulaires : IT)

Nous introduisons une forme pré-modulaire Zy, (o; ) de poids %n(n—i— 1) pour chaque n € N,
avec (o,7) € C x H, de sorte que pour E; = C/(Z + Zr), tout zéro non trivial de Z,(o;7),
c’est-a-dire que o n’est pas de 2-torsion dans E;, correspond & une (famille de) solution de
I’équation
(MFE) Au+ e = pdo,
sur le tore plat E. avec p = 8mn.

Dans la partie I [1], nous avons construit une courbe hyperelliptique X, (7) C Sym"™E,,
la courbe de Lamé, associée a I’équation (MFE). Notre construction de Zn(o;7) s’appuie sur
une étude détaillée de la correspondance P!'(C) <+ X,(7) — E, induite par la projection
hyperelliptique et ’application d’addition.

Dans ’appendice, Y.-C. Chou donne, comme application de I’expression explicite de la forme
Z4(o;7) pré-modulaire de poids 10, une formule de comptage pour les équations de Lamé de
degré n = 4 avec monodromie finie.
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0. INTRODUCTION

Let E = E; = C/A; be a flat torus, where 7 € H = {r € C | Im7 > 0} and
A=A, = Zw;i + Zwsy with w; =1 and wy = 7. Also w3 := wi + wa.

Conyention. — For z € C we denote [z] := z (mod A) € E. For a point [z] in E we
often write z instead of [z] to simplify notations when no confusion should arise. For
N € N, E[N] := {[#] € E | Nz € A} is the group of N-torsion points in E. Also
E* .= E~ {[0]}.

We will use the Weierstrass elliptic function p(z) = p(z;A) and its associated
functions ((z;A) and o(z;A) extensively. We often write 7 instead of A and even
omit it in the notation when no confusion should arise. We take [14] as our general
reference on elliptic functions.

In this paper, we continue our study, initiated in [9] and developed in Part I [1],
on the singular Liouville (mean field) equation:

(0.1) Au+e" =8mndy on E,

under the flat metric. Here, A = 9?/02% + 0%/0y? is the Laplace operator on F
induced from C, n € N, and Jy is the Dirac measure at [0] € E.

The solvability of equation (0.1) depends on the moduli 7 in a sophisticated manner.
For n = 1, this was only recently settled in [9, 11, 2]. The aim of this paper is to develop
a theory via modular forms to investigate such a dependence for all n € N and to lay
the foundation towards a complete resolution to equation (0.1).

We review briefly in Section 0.1 what had been done in earlier works (mainly in
Part I) to reformulate the problem using Lamé equations and Green functions. More
technical statements will be recalled in later sections whenever needed. In Section 0.2
we describe new results proved in this paper.

0.1. RepucrioN To A GREEN FUNCTION EQUATION OVER THE LLAME CURVE

0.1.1. The Liouville curve. — 1t was shown in [1, Th.0.3 & Th.0.6] that if there is a
solution u to equation (0.1) then it lies in a scaling family of solutions uy through the
Liouville formula:

8¢ /()|
L4 e f(2))?)*

(0.2) ux(z) = log ( AER,
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where f is a meromorphic function on C, known as a developing map, which can be
normalized to satisfy the type II constraints:

(0.3) f+w)=ef(z), 6;€R, j=12

(i) There is a unique A so that uy is even. Moreover, the normalized developing
map f has precisely n simple zeros [a1],...,[a,] in E* := E ~ {[0]} and n simple
poles [—a1], ..., [—ay]. They are characterized by

(ii) The non-degenerate constraints: [a;] ¢ E[2] for all ¢, [a;] # £[a;] for i # j.
(iii) The following n — 1 algebraic equations:

n

(0.4) Zp’(ai)pr(ai) =0, r=0,...,n—2.

i=1

(iv) The transcendental equation on the Green function:™)
(0.5) > VG(ai) =0.
i=1

The affine algebraic curve X,, C Sym™F defined by equations (0.4) and the non-
degenerate constraints is called the (n-th) Liouwville curve.

0.1.2. The Lamé curve. — The Liouville curve X,, has the important hyperelliptic
structure arising from its connection with the integral Lamé equations on E:

(0.6) w” = (n(n+1)p + B)w,

where B € C is usually known as the auxiliary or spectral parameter. For a =
(at,...,ay) € C", let w,y(z) be the classical Hermite—Halphen ansatz:

0.7 o(2) 1= o2 S clan) T ZEZ0i7),

(0.7) wa(z) = e 17005

Then the following statements were proved in [1, Th.0.7].
(i) The point [a] := a (mod A) lies in X, if and only if w, and w_, are independent
solutions to equation (0.6). In that case, the parameter B equals

(0.8) Ba:=(2n—1))  p(a).
i=1
(ii) The compactified curve
X, C Sym"FE

is a hyperelliptic curve, known as the Lamé curve, with the added points X, ~ X,
being the branch points of the hyperelliptic projection

B:X, — PYC).

(UThe Green function G(z) on E is defined by —AG = §p — 1/|E| and [ G = 0, where |E| is
the area of E. Also G(z,w) = G(z — w,0) = G(z — w) by the translation invariance.

JE.P.— M., 2017, tome 4



560 C.-S. L~ & C.-L.. Wane

(ili) A point [a] € X,, is a branched point if and only if [—a] = [a]. In fact

{[—ail} N {la]} # @ = [—a] =a].
Also [0] € {[a;]} = [a] = 0.
(iv) The unique point at infinity [0]® € X, is a non-singular point.
(v) The finite branch points satisfy [a| € (E*)", [a;] # [a;] for i # j, and [a] = [—a];
Wq = W_, is still a solution to equation (0.6) with B = B, . These solutions are known

as the Lamé functions.
(vi) Let Y;, = B71(C) be the finite part of X,,. Then Y,, is parametrized by

Y, = {(B,C) | C? = (,(B)},

where £,,(B) is the Lamé polynomial in B of degree 2n+1, and X, coincides with the
projective hyperelliptic model of Y,,. In particular, the Lamé curve X, is irreducible
and is smooth if and only if ¢, (B) has no multiple roots.

Under this description, for [a] € X,,, the ratio

n
o Wa _ 2yr e TT OB i T)
f=to: w ¢ Ho(z—i—ai;T)

- i=1

gives the candidate of a developing map in (0.2). The original singular Liouville equa-

tion (0.1) is then equivalent to the Green function equation (0.5) over the unramified
(Liouville) loci X,, of the map B : X,, — P(C).

0.2. MAIN RESULTS: A THEORY OF PRE-MODULAR FORMS. — Recall the Weierstrass equa-
tion p? = 493 — gop — g3 = H?Zl(p —¢;), where €;(7) = p(3w;7), i = 1,2,3. We
will also use the quasi-periods 7;(7) := ((z + wi;7) — ((2;7) = 2((%%;7’), 1=1,2,
extensively.

0.2.1. The Hecke function and pre-modular forms. — For z = x + iy = rw; + swa,
r,s € R, it was shown in [9, Lem. 2.3, Lem. 7.1] that

oG
(09) 1 % (17 = C(7) — () — ma(),

For [z] € E-[N] ~ {[0]}, the right-hand side of equation (0.9) first appeared in [§],
where Hecke showed that it is a modular form of weight one with respect to I'(N) =
{A€SL(2,Z) | A= I, (mod N)}. Thus we call the following function
(0.10) Z(z;7) = Zp s (1) = C(rwy + swa; T) — rna(T) — sna2(7),

(z,7) € C x H, the Hecke function. Notice that it is holomorphic only in 7, and for
fixed 7 it depends only on [z] = z (mod A;) € E,. In this paper, functions of this
sort are called pre-modular forms.

Derinition 0.1. An analytic function h in (z,7) € C x H is pre-modular of weight
k € N if it satisfies

(1) For any fixed 7, the function h(z) is analytic in z and Z and it depends only
on z (mod A;) € E,.

JEP M., 2017, lome /4
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(2) For any fixed torsion type z (mod A;) € E;[N], the function h(7) is modular
of weight k with respect to I'(IV).

We write h(z;7) for a pre-modular form h.

By writing z = r+ s7 with , s € R, it is easy to see that condition (1) is equivalent
to saying that h(z) is analytic and periodic in 7, s with period 1. A torsion type in
condition (2) is simply a choice of r, s, € (+Z)/Z. In particular, the Hecke function Z
is pre-modular of weight one.

We may regard pre-modular forms as the restriction of holomorphic functions in
three complex variables (7, s,7) € C2 x H to the R-linear slice L defined by r,s € R.
Although L = C x H, the embedding is not C-linear.

The notion of pre-modular forms allows us to study deformations in z to relate
different modular forms corresponding to different torsion points.

Recently this idea was applied in [2] to achieve a complete solution to equation
(0.1) for n = 1 and for all 7. In that case equations (0.4) are vacuous and the
problem is equivalent to solving non-trivial zeros of Z(z;7), i.e., z &€ E.[2]. Thus,
a key step towards the general cases is to generalize the pre-modular form Z; = Z to
certain “Z,,” for all n > 2.

0.2.2. The main constructions. — By the anti-symmetry of VG, equation (0.5) holds
automatically on the branch points of Y;,, hence they are referred to as trivial solutions.
Nevertheless further investigations on the local structures of the branch points are
indispensable. This is done in Section 1.

We proceed to construct a pre-modular form Z,(o;7), with o € E,, associated to
the family of Lamé curves X,,(7), 7 € H.® It should have the property that every
non-trivial solution [a] = {[a1],..., [an]} € X, (7) to equation (0.5) comes from a zero
of Z,(o;7) with o = Y1 [a;] ¢ E-[2], and vice versa. The construction is stated
in (0.15). Its justification consists of three steps corresponding to Theorems 0.2, 0.3
and 0.4 in the following.

Consider the meromorphic function

n n
(0.11) Zp(a) ::C(Z%) —Zﬁ(ai)
i=1 i=1
on E™. Write a; = rjwy + s;wo. If Z?:l[ai] # 0 then from equation (0.9)
n n

_47'('2 Zg(ai) = Z (C(""iuh + SiW2) — T — Sing) = Z(Z(h) — zn(a).

i=1 i=1

(21t was stated in Part I [1, p.141-142] that such a complete solution for n = 1 will appear
in Part II (this paper), and it was included in the first arXiv version arXiv:1502.03295v1. Later
on we found its deep connection with Painlevé VI equations. Therefore we extracted that part and
published it separately in [2].

(3)In this paper, we often use o as the coordinate on E whenever the map o, : X,, — E defined
in (0.13) is involved. This should not be confused with the Weierstrass ¢ function.

JE.P.— M., 2017, tome 4
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Hence the Green function equation (0.5) is equivalent to

n
(0.12) zn(a) = Z(Zal).

i=1
This motivates us to study the map
(0.13) on: Xn — B, [a] — on((a]) = [a;]

i=1

induced from the addition map E™ — E. Since the algebraic curve X, is irreducible,
oy is a finite morphism and deg o, is defined.

Tueorewm 0.2 (= Theorem 2.4). — The map o, : X,, — E has degree $n(n + 1).

From Theorem 0.2, there is a polynomial

Wi (z) € Qlgz, g3, p(0), ¢/ (0)][2]

of degree 2n(n + 1) in z which defines the (branched) covering map oy,.

The next task is to find a natural primitive element of this covering map, namely
a rational function on X,, which has W,, as its minimal polynomial. This is achieved
by the following fundamental theorem.

Tueorewm 0.3 (= Theorem 3.2). — The rational function z, € K(X,) is a primitive

generator for the field extension K(X,) over K(E) which is integral over the affine
curve E*.

This means that W,,(z,) = 0, and conversely for generic choices of o = oy € E,
the roots of W,,(2)(0o;7) = 0 are precisely those sn(n + 1) values z = z,(a) with
on(a) = og. The proof is contained in Section 3. Here we give a brief sketch of the
idea used in the proof.

A major tool used is the tensor product of two Lamé equations w” = Iw and
w' = Iyw, where I = n(n+1)p(z), I1 = I + B, and Is = I + By,

For a general point oy € E, we need to show that the $n(n+1) points on the fiber
of X,, — E above oy has distinct z,, values. From (0.11), it suffices to show that for

on(a) = on(b) = o9,

> las

i=1
Indeed, then we conclude [a] = [b] if o9 & E[2].
If w) = Lwy and w4 = Iyws, then the product ¢ = wywy satisfies the fourth order
ODE

(0.14) q" —2(I, + I,)q" —6I'¢' + (B, — By)* —2I")q = 0.

)= _¢(b;) = Ba = Bs.

We remark that if B, = By, then I; = I and ¢ actually satisfies a third order ODE
as the second symmetric product of a Lamé equation, which is a useful tool used in
Part T in the study of the Lamé curve.

JEP M, 2017, lome /4
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If however B, # By, by the definition of w, in (0.7) and the addition law,
g = WqaW—_p + W_gWp

is an even elliptic function solution to equation (0.14), hence a polynomial in x = p(z).
This leads to strong constraints on equation (0.14) in the variable x and eventually
leads to a contradiction for generic choices of .

Now we set

(0.15) Zn(o;7) = Wp(Z)(o;T).

Then Z,(0; 7) is pre-modular of weight 2n(n+1). From the construction and equation
(0.12) it is readily seen that Z,(c;7) is the generalization of the Hecke function we
are looking for. In fact, for n > 1, we have

Tueorem 0.4. — To every scaling family {ux} of solutions to the singular Liouville
equation (0.1) on E., the zero set a € X, of its normalized developing map [ sat-
isfies Zn(on(a);T) = 0 with o,(a) ¢ E;[2]. Conversely, given oy € E; \ E;[2] with
Zn(00;7) = 0, there is a unique a € X,, with o,(a) = o9 and it determines a devel-
oping map f = wa/w_q of a scaling family of solutions to equation (0.1).

The proof is given in Section 4, where we also present a version of it in terms of
monodromy groups of Lamé equations in Theorem 4.5.

For o € E.[N], the N-torsion points, the modular form Zs(o;7) and Zs(o; 7) were
first constructed by Dahmen [3] in his study on integral Lamé equations (0.6) with
algebraic solutions (i.e., with finite monodromy group). For n > 4, the existence of a
modular form Z,(c;7) of weight 2n(n + 1) was also conjectured in [3]. This is now
settled by our results.

0.2.3. Relation with finite gap theory. It remains to find effective and explicit con-
structions of Z,,. Since o, is defined by the addition map, which is purely algebraic,
in principle this allows us to compute the polynomial W, (z) for any n € N by elim-
inating variables B and C. In practice the needed calculations are very demanding
and time consuming.

In a different direction, the Lamé curve had also been studied extensively in the
finite band integration theory. In the complex case this theory concerns the eigenvalue
problem on a second order ODE

Lw :=w" — Iw = Bw

with eigenvalue B. The potential I = I(z) is called a finite-gap (band) potential if the
ODE has only logarithmic free solutions except for finitely many B € C. The integral
Lamé equations (with I(z) = n(n + 1)p(z)) provide the first non-trivial examples
of them. Using this theory, Maier [12] had recently written down an explicit map
Tn : Xp — E in terms of the coordinates (B,C) on X,, (cf. Theorem 5.3). It turns
out we can prove

Turorewm 0.5. The map T, agrees with oy, : X, — E.

JE.P.— M., 2017, tome 4
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This is part of Theorem 5.6 where another presentation of z,, in this context is also
given. The main idea in the proof is to compare the Hermite-Halphen ansatz (0.7)
with the Hermite—Krichever ansatz (given in (5.1)) of solutions to the Lamé equations
(0.6).

This provides an alternative way to compute W, (z) by eliminating B, C'. In partic-
ular the weight 10 pre-modular form Z4(o;7) is explicitly written down in Example
5.10. The existence and effective construction of Z, (o;7) opens the door to extend
our complete results on equation (0.1) for n = 1 to general n € N.

As a related application, the explicit expression of Z, is used to solve Dahmen’s
conjecture on a counting formula for Lamé equations (0.6) with finite monodromy in
the n = 4 case. The method works for general n once Z, is shown to have expec-
ted asymptotic behavior at cusps. The details are given in the appendix, written
by Y.-C. Chou.

Acknowledgement. — The second-named author would like to express his gratitude
to the anonymous referee for his/her valuable suggestions.

1. GromeTry oF B : X,, — P(C)

In this section we investigate the local structure of the branch points of the hyper-
elliptic projection B : X,, — P!(C).

1.1. SomE useruL rFormuLas FroM Part . — We give quantitative descriptions on
those results recalled in Section 0.1 which will be used in this paper.
Let f be a normalized developing map of a solution w to equation (0.1) with

simple zeros {[a1],...,[as]} and simple poles {[b1],...,[bs]} in E. One of the crucial
properties proved in Part I (cf. Section 0.1.1 (i)) is the equality
{[oals - [onl} = {[=aa], s [=anl}

With this being established, the logarithmic derivative g := (log f) = f'/f is readily
seen to be an even elliptic function on E of the form

(1.1) g(2) = Z p(zf(“;)(ai).

It has simple poles at £[a;] and only one zero at [0]. Hence ord,—g g(z) = 2n. It leads
to the n — 1 equations in [a1],...,[a,] given in equations (0.4): under the algebraic
coordinates (w, z;,y;) = (p(2), p(ai), 9’ (a;)),

Yi
1—a;/w

+ Z yle -t Z wr+1

gl

g(z) =

i=1

I
HM3
g s

JEP M., 2017, lome /4
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Since ord,—¢ g(z) = 2n and 1/w has a zero at z = 0 of order two, we get x; # x; for
i # 7 and

(1.2) > yiai =0, r=0,...n-2

Equations (1.2), together with the Weierstrass equation y? = 4z3 — gox; — g3 for all
i=1,...,n, give the algebraic form of equations (0.4).

The Green function equation (0.5) is equivalent to the type II constraints (0.3)
([10, Lem. 2.4]). Indeed, by the addition law,

f=exp [gdz=ex / > (26(0) = Gl =) = Gl +2) =
(1.3) ’

n

— 22X ICWH (2 — ai)
z—l—a,
=1

The monodromy effect on f is then calculated from the standard formula
(1.4) o(z+w;) = —CGt39)g(z),  j=1,2.

Let a; = rywi+s;ws for i = 1,..., n. By way of the Legendre relation nws—now; = 2mi
we compute easily that

flz4w) = e~ 42l sit20 (0 ¢(ai) =30 rim =32 Siﬁz)f(z)7
(1.5) f(z + w2) _ e4m‘zi ri+2w2 (3 C(ai)=>rim—> 5“72)f(2).
By equation (0.9) and the linear independence of wy and waq, the equivalence of equa-
tion (0.5) and (0.3) follows immediately.

In Section 0.1.2 we have reviewed the hyperelliptic structure B : X,, — P*(C) on
the Lamé curve induced by a — B, = (2n—1) 3" p(a;). Also X, contains the Liouville
curve X, as the unramified loci. By way of Lamé equation (0.6) with B = B, and
by setting f = w,/w_,, where w, is the ansatz solution (0.7), we see that solving
equation (0.1) is equivalent to solving the integral Lamé equation (0.6) with unitary
projective monodromy groups.

The finite part Y,, of X,, is defined by equation C? = /,(B) where the Lamé
polynomial ¢, (B) is of degree 2n+1 and can be effectively computed (cf. [1, Th.7.4]).
Later we will discuss factorization properties of ¢, (B) in Proposition 2.2. Here, we
focus on formulas which lead to parametrization of the Lamé curve near branched
points, i.e., a € X, with a = —a.

Prorosition 1.1 ([1, (7.5.3) & Prop. 7.5])
(1) Let a € Yy, then (B,C) can be parameterized by B(a) = B, and

(1.6) C(a) = ¢'(a:) [J(plas) — play)).
J7#i
Here, formula (1.6) is valid for any i € {1,...,n}.
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(2) The limiting equations of equations (1.2) at a = 0" € X,, are given by
n
(1.7) dogrtt=0, r=1,..,n-1,
i=1
subject to the non-degenerate constraints t; # 0, t; # —t; fori # j.
Equations (1.7) have a unique non-degenerate solution in P"~1(C) up to permuta-
tions. It gives rise to the unique tangent direction

[t]=1t1: :ta] € P(Ton (X)) C P(Tpn (Sym"E)).
Remark 1.2. — Notice that (1.6) arises from (1.1) and ord,—g g,(2) = 2n in
)

oy 9a) i 9 (o) — olay)
LS R D e e B ) ETE EreTrn

where the numerator reduces to the constant C(a).

1.2. LLOCAL STRUCTURES ON FINITE AND INFINITE BRANCH POINTS. — By working on for-
mula (1.6), we may relate various local parameters of Y;, as follows:

Lemma 1.3. Let a = {a1,...,an} € Y, \ X, be a finite branched point and b =
{b1,...,b,} € X, be a point near a.

(i) Let i be an index with a; € E[2], then C can be used as a parameter for b; — a;
with b;(0) # 0, 00.

(ii) Let i be an index with a; ¢ E[2], and let i’ be the corresponding index with
ay = —a;. Then C can be used as a parameter for b; + by with (b; + b; )’ (0) # 0, co.

Proof
(i) For a; = —a; (2-torsion) in F, we have ©'(a;) = 0 and ¢'(b;) = 9" (a;)(b; —a;) +
o(|b; — a;]). Formula (1.6) then implies that

C(v) = |¢"(a) [T(9(a:) = o(a;)] (b = @) + o [bi — ).

J#i
We get the inverse map C — b;(C) — a; since p’(a;) # 0 for a; € E[2].
(ii) Similarly, for a; ¢ E[2] with a;; = —a;, we have

p(bi) — p(bir) = @ (=) (bi + bir) + o([b; + by]).
Since —b;/ is close to —a; = a;, we get
C() = [@'(%)2 IT (oa:) - @(aj))] (bi +bir) + o([b; + by).
J#

Then we get the inverse map C — (b; + by )(C) since ¢’(a;) # 0. O
Remark 1.4. — From formula (1.6) (with a being substituted by b) we have b; (C) =
—b;(—C), hence b}, (C) = bi(—C). If b;(0) and b, (0) are finite then they are equal and
non-vanishing. If this holds for all i then C' +— b(C) is a holomorphic map in each local
branch of Y,, at a and we conclude that a € Y,, is either a smooth point or a nodal
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Q 7

singularity (y? = 2%). We will see in Remark 5.14 that this is indeed the case. At this
point we conclude only the finiteness of (b; + b;7)'(0) as stated in Lemma 1.3 (ii).

Now we give a precise description of the unique tangent direction at 0" € X,,.
Denote by [t] = [t1, ..., t,] the homogeneous coordinates satisfying the limiting equa-
tions (1.7) with non—degenerate constraints.

Let p; = Y1, t be the j-th Newton symmetrlc polynomial and A; be the j-th
elementary symmetric polynomial of ¢,...,¢,. We use the convention that pg = 0,

Ao = 1and A\; = 0 for j > n. By a Vandermonde determinant argument we have
Al = P1 7é 0.

Prorosition 1.5. — The point [t] € P(Ton (X,,)) is characterized by the recursions
(k—n)
(k—=2n)(k+1)
Proof. — By Proposition 1.1 (2), namely the uniqueness of non-degenerate solutions
o (1.7), we only need to verify that that the point defined by (1.8) satisfies ps = p5 =

- =pan—1 =0.
Since A1 # 0, without loss of generality we assume that A\; = 1. The recursions in
(1.8), with A; = 1, are equivalent to saying that the polynomial

Q(t) = ﬁ 14 t;t) = ZAktk
i=1

coincides with the hypergeometric function F(—n;—2n | 2t). That is, f(¢) := Q(3¢)
satisfies the hypergeometric equation

(1.9) (60— (2n+1) —t(6—n)) f =t(tf"—(E+2n)f +nf) =
where 6 = td/dt. Then g := (log f)' = f'/f satisfies

(1.8) >‘1€+1 =2 /\k)\la 1 < k’ § n — 1.

(1.10) g’+92—<1+27n)g+%:0.
Write g = > pe ) gx t*. From
g:i’:i 3ti _ = Pht1 ok
foE gttt g2k
we have g = pk+1/2k+1 and it suffices to show go = g4 = -+ = gan_2 = 0.

From the series expansions

e}
[\
I
N,
_|_
=
i M8
N

/N
M-
[}

&

Ne}

Eal

<
N———
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we get by equation (1.10) that

n n
—7+7+(gl+i—(%+2ngl))
o0 k

+y ((k + D) grr1 + Y gigh—; — (gr + 2ngk+1)) th =o0.
k=1 =0

Hence g1 = —1/(4(2n — 1)) and for all & > 1 we have recursions
k—1

(1.11) 2n— (k+1)ger1 = > 9igk—;-
j=1

(We have used the fact go = 3 to remove one gj.)

For k = 1, the sum is empty and we get go = 0. Now we conclude the proof by
induction. Suppose that go = g4 = - - - = go,, = 0 with m < n—1. Then for k = 2m—+1
we have 2n—(k+1) = 2(n—(m+1)) > 0, and the recursions (1.11) show that g (1)
is a sum of g;gr—; with either j or k — j being an even number no bigger than 2m.
Hence g3(;n41) = 0, and this completes the induction. O

2. GEOMETRY OF 0y : X, > F

The aim of this section is to prove Theorem 0.2.

2.1. Lameg runcrions [cr. Secrion 0.1.2 (v)]

Derintrion 2.1. The type of a point a € Y,, \ X, is defined to be the number of
half periods contained in a = {a;}. Hence there are four types O, I, IT, III. For n = 2k,
a must be of type O or II. For n = 2k 4+ 1, a must be of type I or III.

The type of a Lame functions w, (with [a] = [—a] € ¥,, \ X,,) is defined to be the
type of its zero set a accordingly.

There are factorizations of the polynomial ¢,,(B) according to the types:

Prorosition 2.2 ([5, 14]). — We may decompose £,(B; g2, 93) as

0n(B; g2, 93) = calo(B)L(B)la(B)l3(B),
where ¢, € Qsq s a constant, 1;(B)’s are monic polynomials in B whose coefficients
are polynomials in eq, es, es such that

(1) For n = 2k, lp(B) = [[(B — B,) with a being of type O, and degly(B) =
in+1=k+1. Fori=1,2,3, ;(B) =[[(B— B,) with a being of type II which does
not contain $w;, also degl;(B) = $n = k.

(2) Forn=2k+1, lo(B) = [[(B — B,) with a being of type III, and degly(B) =
$(n—1)=k. Fori=1,2,3,;(B) = [[(B— B,) with a being of type I which contains
fw;, also degl;(B) = +(n+1) =k +1.

We remark that Proposition 2.2, together with Proposition 1.1 and Lemma 1.3,
will be used in the proof of Theorem 0.2. Here are some examples to illustrate Propo-
sition 2.2:
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Examrre 2.3 (Decompositions of £, (B) for 1 < n < 5)
M)n=1,k=0, X, 2E,

3
C? =101(B) =4B® — 3B — g3 = 4H(B —€).
i=1
(2) n =2, k =1, (notice that e; + eg + e3 = 0)

C? =Uy(B) = ¢+ B° — £g2B® + Lg3B* + 3958 — g293

22 3
= 34 — 392) H (B + 3e;)
=1
(3) n=3,k=1,degl;(B)=2fori=1,2,3,
1
C? =1(3(B) = WB(lGBG — 5049, B* + 237693 B®
+ 4185¢5 B — 364509293 B + 9112593 — 3375g5)
22 2 2 2
=3B [1(B* = 6eiB +15(3¢; — g2)).
1=1

(4) n=4, k=2, degly(B) = 3,

C? =14(B) = @(33 — 5292 B + 560g3) f[l(B2 +10e;B — 7(5€¢2 + g2)).
(5) n=25,k=2,degl;(B)=3fori=1,2,3,
C? =15(B) = M(32 — 27g2)
x [[(B® — 15e; B + (315€7 — 132g2) B + €;(2835¢} — 540g2)).
2.2. THE DEGREE OF THE ADDITION MAP 0,. — We are now ready to study the addition

map o, : Xn = E, a o,(a) =Y., a; defined in (0.13) and determine its degree
dego,,.

For a finite morphism of irreducible curves f : X — Y, the function field K (X) is
a finite extension of K(Y) and deg f = [K(X) : K(Y)]. Geometrically, deg f is the
number of points for a general fiber f~1(p), p € Y. If the image curve Y is smooth,
the degree is equal to the length of the scheme-theoretic fiber f~1(p) for any p € Y.
A standard reference is [6].

Tutorem 2.4 (= Theorem 0.2). — The map o, : X,, — E has degree sn(n+ 1).

Proof. — The idea is to apply Theorem of the Cube [13, p.58, Cor. 2] for morphisms
from an arbitrary variety V' (not necessarily smooth) into abelian varieties (here the
torus F). For any three morphisms f,g,h: V — E and a line bundle L € Pic E, we
have

21 (f+g+h)*L=(f+g) La(g+h) Le(h+f)'Le ff L g L™ ©h L™
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We will apply it to the algebraic curve V = V,, C E™ which consists of the ordered
n-tuples a’s so that V,, /S, = X,,. (Here, S,, is the permutation group on n letters.)
For any line bundle L and any finite morphism f : V — E, we have deg f*L =
deg f deg L. In the following we fix an L with deg L = 1.
We prove inductively that for j =1,...,n the morphism f; : V;, — E defined by

fj(a) =a1+---+aj

has deg f/ L = %j(j + 1)n!l. The case j = n then gives the result since f,, is a finite
morphism which descends to o,, under the S,, action. (Notice that for j < n the
map f; does not descend to a map on X,,.)

Assuming first that it has been proved for j = 1,2. To go from j to j + 1, we let
f(a) = fj-1(a), g(a) = a;, and h(a) = a;j41. Then by (2.1), f},; L has degree n! times
iU+ +3+ 350G +1) 30 -1)j-1-1=30G+1)(+2)

as expected. It remains to investigate the case j =1 and j = 2.

For j = 1, by Section 0.1.2 (iii)—(iv), the inverse image of 0 € F under f; : V,, = FE
consists of a single point 0™. By Proposition 1.1(2), the limiting system of equa-
tions (1.7) has a unique non-degenerate solution in P"~!(C) up to permutations.
From this, we conclude that there are precisely n! branches of V,, — E near 0™. For
a point b € E* close to 0, each branch will contribute a point a with a; = b. In
particular, f; is a finite morphism and deg f{L = deg f1 = n!.

For 7 = 2, we consider the (scheme-theoretic) inverse image of 0 € E under
fo:V, — E. Namely V, 2 a+— a1 +as =0.

The point a = 0 again contributes degree n! by a similar branch argument. Indeed,
over each branch near 0" we may represent a = (a;(z)) by an analytic curve in z. Then
condition ¢;+t; # 0 in Proposition 1.1 (2) implies that z — a1(z)+az(z) € E is still lo-
cally biholomorphic for z close to 0. As a byproduct, since every irreducible component
contains a branch near 0™, f; is necessarily a finite morphism and deg f5 L = deg fa.

For those points a # 0 with fy(a) = 0, we have a; = —as and thus a = —a by
Section 0.1.2 (iii), i.e., a corresponds to a branch point for the hyperelliptic projection
Y, — C. Let b = (by,...,b,) € V,, be a point near a. By Lemma 1.3, we see that
C + (b1 + b2)(C) is bi-holomorphic near C' = 0. If a € V,, is a non-singular point
then C is a local parameter and fy is unramified at a. In that case the degree con-
tribution at a is one. We first treat the case that all branch points are non-singular
points:

If n = 2k, by Proposition 2.2 (1) the degree contribution from type O points a =
{zxaq,...,%ax} is given by

(k+1) x (kEx2x(n—2)!),
while the degree from the type II points {+a1, ..., *ar_1, 3w;, sw;} is
Ixkx((k—1)x2x(n—2).
The sum is 2(4k? — 2k)(n — 2)! = 2nl.
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If n = 2k 4+ 1, by Proposition 2.2 (2), the degree contribution from type III points
{xa1,...,£ax_1, %wl, %wg, %UJ,?,} is
Ex((k—1)x2x(n—2)),
while the type I points {+ay, ..., ta, %wl} contribute
3x (k+1)x(kx2x(n—2)).

The sum is again 2(4k? +2k)(n—2)! = 2n!. Thus in both cases we get the total degree
n! + 2n! = 3n! as expected.

If Y,, = Y, (79) is singular, let a € Y;, \ X,, be a singular (branch) point with C? =
h(B)(B — B,)™, m > 2 and h(B,) # 0. The curve Y,, arises from flat degenerations
of smooth curves Y,,(7) where m linear factors become the same. By Lemma 1.3, f5
leads to an analytic equivalence between C' and by + by near a. That is, the equation
b1 4+ b = 0 is simply C = 0. Let B = B — B,. Then the analytic structure sheaf of
f51(0) at a is given by

C[B,C]/{C* - h(B, + B)B™,C) = C[B]/(B™),

which also has length m. This shows that fs is compatible with the degeneration and
the degree counting then follows from the smooth case. ]

3. THE PRIMITIVE GENERATOR Zj,

We prove Theorem 0.3, in a more precise form, in Theorem 3.2.

3.1. SETUP OF THE PROOF

Derivition 3.1 (The fundamental rational function z, on X,,)
The function

n

Zn(ay,...,a,) = C(Zai) - i{(ai), a; € C,

i=1
is meromorphic and periodic in each a;, hence it defines a rational function on E™.
By symmetry, it descends to a rational function on Sym™E. We denote the restriction
Z”|Yn also by z,,, which is a rational function on X,, with poles along the fiber o, 1(0).

The importance of z, is readily seen from investigation on the Green function
equation (0.5): Let a; = r;w; + s;wz. Then by (0.9),

*472 gg(ai) = Z(g(mwl + siw2) — i1 — 8in2)

=Z()_a;) — zn(a).
Hence Y, VG(a;) = 0 <= z,(a) = Z(0y,(a)). This links o,,(a) with z,.

(3.1)

Turorem 3.2 (= Theorem 0.3). — There is a weighted homogeneous polynomial

Wn(2) € Qlgz, 93, (), ¢ (0)][2]
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of z-degree d,, = deg o, such that for o = o,(a) =>_ a;, we have
W (2zn)(a) = 0.

Here, the weights of z, p(0), ©'(0), g2, g3 are 1,2,3,4,6 respectively.

Indeed, z,(a) is a primitive generator of the finite extension of rational function
field K(X,,) over K(E) with W,,(z) being its minimal polynomial.!

Moreover, the extension is integral over the affine curve E*.

Proof. — There is nothing to prove for n = 1, so we assume that n > 2.

Since z, € K(X,), which is algebraic over K(E) with degree d,, its minimal
polynomial W,,(z) € K(F)[z] exists with d := deg W,, | d.,.

Notice that for oy € E being outside the branch loci of o, : X,, — E, there are
precisely d,, different points a = {a1,...,a,} € X,, with o,,(a) = 3" a; = 0¢. Thus for
the rational function z,, = ¢(>_ a;) —>_ ((a;) € K(X,,) to be a primitive generator, it
is sufficient to show that z, has exactly d,, branches over K(FE). That is, Y ((a;) gives
different values for different choices of those a above 0. Indeed, for any given o = oy,
the polynomial W, (z) = 0 has at most d roots. But now z,(a) with o,(a) = o9
gives d,, distinct roots of W,,(z), hence we must conclude d = d,, and z,, is a primitive
generator.

Hence it is sufficient to show the following more precise result:

Turorem 3.3. — Let a,b €Y, and (a1,...,a,), (b1,...,b,) € C" be representatives
of a, b such that . . . .
(3.2) Doa= b D Cla) =2 ¢
i=1 i=1 i=1 i=1
Suppose that > p(a;) # > p(b;). Then a,b are branch points of Y, — C which
contains the same number of half periods. Equivalently, the Lamé functions w, and wy
are of the same type.

We emphasize that X,, is not required to be smooth. Theorem 3.2 follows imme-
diately by choosing o outside the branch loci of X,, — E and oq ¢ F[2]. Indeed, let
a,b €'Y, with o,(a) = 6,(b) = 09 and z,(a) = z,(b), or more precisely with condi-
tions in (3.2) satisfied. By Theorem 3.3 we are left with the case Y p(a;) = >_ p(b;)
but a # b. Then a = —b by Proposition 1.1(1), and in particular o, (a) = —o,(b).
Together with o,(a) = 0,(b) we conclude that oy = o,(a) = 0,(b) € E[2]. This
contradicts to the assumption oy ¢ F[2]. Hence we must have a = b.

Since z, has no poles over E*, it is indeed integral over the affine Weierstrass
model of E* with coordinate ring (let o = p(0), yo = ©’(0))

2 3
R(E™) = Clzo, yol/ (yo — 425 — 9220 — g3)-
The homogeneity of W, (z) also follows from this. O
()The fact that the coefficients lie in Q, instead of just in C, follows from standard elimination
theory and two facts (i) The equations of X, are defined over Q[gz, g3] (cf. equations (1.2)), and (ii)

the addition map E™ — E is defined over Q. In Section 5, we carry out the elimination procedure
using the resultant for another explicit presentation 7y, of op,.
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Remark 3.4. By Theorem 0.2 we have d,, = 5n(n + 1). We do not use this result

1
sn
2
in the formulation nor in the proof of Theorem 3.2.

We will give two proofs to Theorem 3.3 in Section 3.2 and Section 3.3. The first
proof is longer but contains more information. Both proofs are based on the following
basic lemma.

LLemma 3.5 (Tensor product). — Let I =n(n+ 1)p(z), [ = I+ B, and Iy = I + By,.
Suppose that w] = Lwy and wy = Iywy. Then the product q :== wiws satisfies the
following fourth order ODE:

(3.3) q" —2(I1 + I,)q" — 61'q' + (By — By)* — 2I")q = 0.

Proof. — This follows from a straightforward computation. Indeed,
¢ = wiws + wiwy,
" = (I + I)q + 2w\wh,
q" =2I'q+ (I1 + L)q + 2(Iywywh + Lwjws).

Notice that if a = b (or just B, = By) then I; = Iy and we stop here to get the third
order ODE as the symmetric product of the Lamé equation.
In general, we take one more differentiation to get

" =201"q+4I'q' + (I + L)q" + 2I'q" + 2(11 + L)wiwh + 411 Irq
=2(I, + L) +6I'¢ + (2I" — (I, — I1)*)q.

This proves the lemma. O

Recall from the Hermite-Halphen ansatz in (0.7) that

s CE
Waq(z) = etz 22¢(a:)
E o(z)

wp(z) = 7200
E a(2)

are solutions to w” = (n(n + 1)p(z) + By)w =: Iow. Then ¢, —p = wow_p and
J—qb = W_gwp are solutions to equation (3.3).

3.2. Frst proor or Turorem 3.3. — By assumption we have > a; = Y b;, hence
moo(z—ag)o(z +b;)

34 _ =

( ) 4a, b(Z) 71;[1 0_2 (Z)

is an elliptic function. Similarly g_q5(2) = ¢q,—s(—2) is elliptic. In particular there
exists an even elliptic function solution to equation (3.3), namely

H?:l o(ai)o(bs)

(3.5) Q= 5(qa,—b+q-ap) = (-1)" on

(14 O([2]))-
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Let g be an even elliptic solution to equation (3.3). Then we may investigate it in
variable = p(z). To avoid confusion, we denote

f=0f/0x and f' =08f/0x.

/11

Let y? = p(x) = 423 — goz — g3. Then ¢’ =y, p" = 6p” — 292 = 3p(x). " = 12pp’ =

12zy, 0" = 1202 + 120" = 12p(x) + 6zp(x). Also
¢ = 9" =yi,

q" =" +4p" = p(x)q + 3p(2)4,

q" =Tp" + 340" 0" + 49",

¢" =T+ 600" + 3d(p")? + ddp’ " + dp™"

=p(x)*'d +3p(x)p(z)q + (3p(2)* + 48zp(2)) G + (12p(z) + 62p(z))q.
By substituting these into equation (3.3) we get the ODE in x:
Liq:=p" @ +3ppqd + (3p* —2(2(n* + n — 12)z + B)p)§
(3.6) —((2(n* +n=3)z+ B)p+6(n* + n—2)p)q
+ (@ = n(n+1)p)g =0,

where
(3.7) a:=B,— By, and f:=B,+ By.

We would like to find constraints for equation Lyq = 0 with a # 0 to have a
polynomial solution ¢(z). Here, g2 and g3 could be arbitrary, not necessarily satisfying
the non-degeneracy condition g5 — 27g3 # 0.

Suppose that ¢(x) is a polynomial in z of degree m > 1:

(3.8) q(z) = 2™ — 512" f spr™ T — o (= 1) sy,
which satisfies
(3.9) deg, Lsq(z) < 1.

Then we can solve s; recursively in terms of o?, B and go, gs.
Indeed, the top degree term z™*+2
16m(m — 1)(m — 2)(m — 3) + 144m(m — 1)(m — 2) + 108m(m — 1)
—16(n* +n —12)m(m — 1) — 24(n* +n — 3)m
—24(n*4+n—2)m —12n(n + 1)

in equation (3.6) has coefficient

= (m —n) (4m3 + (4n + 68)m? + (8n — 101)m + 3(n + 1)),

which vanishes precisely when m = n. Thus we may assume m = n.
The next order term z"t! without the s; factor has coefficient

—8n(n —1)8 — 12nf = —4n(2n + 1),
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and the coefficient of —s;2™*! is given by
16(n —1)(n — 2)(n — 3)(n — 4) + 144(n — 1)(n — 2)(n — 3)
+108(n — 1)(n — 2) —16(n* + n — 12)(n — 1)(n — 2)
—24(n*+n—3)(n—1)—24(n* +n—2)(n—1) — 12n(n + 1)
=—-8n(2n—1)(2n +1).

Hence
s
3.10 = —\
(3.10) 1T 52n— 1)
Inductively the coefficients of z"+2~% in equation (3.6) for i = 1,...,n give rise to

recursions to solve s; in terms of 3, & and ¢, g3. Hence we get

Lemva 3.6. — Fori=1,...,n, there is a polynomial expression
Si = 81(042,6,92,93) = Clﬂz + e
which is homogeneous of degree i with dega = deg 8 = 1 and deg g» = 2, deg g5 = 3.(»)

Moreover, C; is a non-zero rational number.

There are still two remaining terms in (3.9). That is,

(3.11) Lyq= Fi(a, B,92,93)x + Fo(, 8, 92, 93)-
The basic structure on the consistency equations is described by the following two
lemmas:
Lemma 3.7. — We have
Fi(e, B, 92,93) = @Gi(a, B, g2, 93) = (1) 'sn1(a?, B, g2, 93) +-- ),
Fo(a, B,92,93) = &*Go(a, B, 92,93) = & ((—1)"sn(a?, B,92,93) + -+ ).
For the remaining terms, each term of them has either g or gs as a factor, hence it
has lower degree in «, 3.
Proof. — Equation (3.11) gives
Fi(a, B,92,93) = (—1)" " ta?s,_1 + terms in s1,...,5,_2,
Fo(a, B,92,93) = (—1)"a?s,, + terms in sy,...,5,_1.

If @ = 0 then for any 5 € C there is an a € Y;, with B, = /2 and a polynomial
solution ¢, (z) = wew_q = [ (x — p(a;)) to the symmetric product of the Lamé
equation, hence a polynomial solution to L4(gq) = 0.

Thus F1(0, 3, g2,93) = 0 = Fy(0, 3, g2, g3). Since F; depends on o?, we have F; =
a?Gy, i = 0,1, for some homogeneous polynomials Gy, G; in o2, 3, g, g3 of degree n

and n — 1 respectively, and G;’s can be written as
Gi=(-1)""spq1 4,
GO — (—1)nsn + PN

(®)Notice that the weight, as assigned in Theorem 3.2, is twice the degree.
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To see the dependence of the remaining terms on go and g3, we let go = 0 = g3,
and then Ly(q) = o?((—1)""ts,_17 + (—=1)"s,) (mod z?) because both p(z) = 423
and p(z) = 1222 vanish modulo z2. Thus we have Fj(a,3) = (=1)""ta?s,_; and
Fo(a, B) = (=1)"a?s,, whenever go = 0 = g3. This proves the lemma. |

Lemma 3.8. The polynomials G1 and Gy have no common factors for any ga, gs.

Proof. — We consider first the special case g2 = g3 = 0. Then (3.9) becomes
1625°G" + 1442°G + (1082 — 823(2(n? + n — 12)z + B))§
(3.12) — (122%(2(n® +n — 3)z + B) + 242°(n* + n — 2))¢
+ (0® —12n(n+1)2*)g =0 (mod C® Cuz).

The coefficients of 2%, k= 0,...,n — 2, lead to recursive equations
(3.13) (71)k(mk Sk42 + NS Spy1 + a2sk) =0,
where the constants my and nj are given by

my =16(n — (k+2))(n—(k+3))(n— (k+4))(n — (k+5))
+144(n— (k+2))(n — (k+3))(n — (k+4))
+ (108 — 16(n* +n — 12))(n — (k +2))(n — (k + 3))
—24(2n? +2n — 5)(n — (k +2)) — 12n(n + 1)
=—4k+2)2n—(k+1)(2n— (2k+1))(2n — (2k + 3)),
n,=08n—(k+1)(n—(k+2)+12(n—(k+1)))
=4(n—(k—1))(n— (kE+1)).
Since k < n — 2, we have my # 0 and ng # 0.

Let v be a non-trivial common factor of G; and Gy. Under the assumption go =
g3 = 0 we have Gy = (—1)""!s,_1 and Gy = (—1)"s,,. Then v and « are co-prime,
because if & = 0 then s,_1(0,3) = ¢,_18" ! and s,(0,3) = ¢,3" for some non-
zero constants ¢,_1 and ¢,. By the recursive equation (3.13) for k = n — 2, we have
v | $n_2(a?,3,0,0) too. By induction on k for k =n —3,...,0 in decreasing order we
conclude that v | sp = 1, which leads to a contradiction.

For g5, g3 € C, we see by Lemma 3.7 that the leading terms of G1, Gg, as polynomi-
alsin aand 3, are (—1)""1s,,_1(a?,3,0,0) and (—1)"s,(a?, 3,0, 0) respectively. Since
sn_1(a?,3,0,0) and s, (a?, 3,0,0) are co-prime, as we have just seen, we conclude that
Gi(a, B, 92,93) and Go(, B, g2, g3) are also co-prime. The proof is complete. |

Prorosition 3.9. — The common zeros of G1 = 0 and Gy = 0 consist of pairs of
branch points (a,b) corresponding to Lame functions of the same type. If X,, is non-
singular, there are exactly n(n — 1) such ordered pairs (a,b)’s.

Proof. — Tt suffices to prove the (generic) case that X,, is non-singular, namely the
case that all the Lamé functions are distinct. The general case follows from the non-
singular case by a limiting argument.
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For any two Lamé functions w,, wy of the same type (cf. Section 2.1), it is easy to
see that we may arrange the representatives of a and b so that equations (3.2) holds.
It follows that ¢ := qq,—t = q—ap (cf. (3.4)) is an even elliptic function solution to
equation (3.3), or equivalently ¢(z) is a polynomial solution to L4 ¢(z) = 0 in variable
x = p(z).

From the above discussion, («, ) must be a common root of G; and Gy (where
o = B, — By, 8 = B, + Byp). By Lemma 3.6 and 3.7, we have degG; = n — 1 and
deg Gy = n and G, Gy are co-prime to each other by Lemma 3.8. Hence by Bézout
theorem there are at most n(n — 1) common zeros.

On the other hand, the number of such ordered pairs can be determined by Propo-
sition 2.2. Indeed, if n = 2k then we have

(k+ 1)k +3k(k — 1) = 4k* — 2k = n(n — 1)
such pairs. If n = 2k + 1, the number of pairs is given by
E(k —1) 4+ 3(k + 1)k = 4k? + 2k = n(n — 1).

Hence in all cases the number of ordered pairs coming from the Lamé functions of
the same type agrees with the Bézout degree of the polynomial system defined by
G1 = 0 = Gy. Thus these n(n — 1) pairs form the zero locus as expected (and there
is no contribution from infinity). O

The above discussions from Lemma 3.5 to Proposition 3.9 constitute a complete
proof of Theorem 3.3. Here is a summary: we already know that @ in (3.5) is an even
elliptic function with singularity only at 0 € E. Thus

—CH p(ci) —cHx—a:

is a polynomial solution to the ODE (3.6) with « = B, — By, 8 = B, + By.

Since @ = B, — By # 0, by Lemma 3.7 («, ) must be a common root of Gy (a, 8) =
0 = Go(a, B). Then Proposition 3.9 says that (a, ) is pair of Lamé functions of the
same type. This proves Theorem 3.3.

For future reference, we summarize the results into the following statement on a
fourth order ODE which arises from the tensor product of two different Lamé equations
with the same parameter n € N.

Tueorem 3.10. Let I(z) = n(n+ 1)p(z). The fourth order ODE

(3.14) ¢""(2) = 2(1 + B)q"(2) = 61'¢/(2) + (a® — 21")q(2) = 0

with o # 0 has an elliptic function solution q if and only if (o, B) is common zero to
Go(a, 8) =0 and G1(«, 8) = 0. Moreover, this solution g must be even.

Examrere 3.11. Forn =2, 8 = B, + By, « = B, — By, we have

1 2 1
S1 = gﬁ’ S2 = 366 7204 292-
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<t
~
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The first compatibility equation from ! is

s1(a? + 36g2) — 6892 = 0.
After substituting s; we get

(3.15) 1a’p=0.
The second compatibility equation from 2V is
sa(0® + 692) — s1(Bg2 + 24g3) + 4895 + 295 = 0.
By substituting s1, so and noticing the (expected) cancellations we get
(3.16) o?(£B%+ Ha® — 1ga) = 0.
If B, # By then (3.15) implies that B, = —B, and then (3.16) leads to
7 =3gs = p(a1) + p(az) = £1/g2/3.

By Example 2.3 (2), such a € X lies in the branch loci of the Lamé curve. In par-
ticular, a,b € 5 '(0). Denote by p(£q+) = +1/92/12. Then a := {qy, —q,} # b =
{q—, —q_} unless go = 0. When g # 0, 25 fails to distinguish the two points a and b.
When g2 = 0 (equivalently 7 = em/ 3), @ = b becomes a singular branch point for

09 :YQ —FE,.

Examrre 3.12. Forn =3, 8= B, + By, « = B, — By. Then
$1 = Tloﬂv
52 = 5 (487 + 0% — 150g2),
83 = 555 (28° + 3028 — 120892 + 900g3).
The two compatibility equations from z! and 20 are
0= 6—(1)0042(4ﬁ2 +a?+ 60g2),
0= 53550°(28° + 30”8 — 90892 + 540g3).
If o # 0 then o? = —43%2 — 60g, and the second equation becomes
B3 + 27923 — 5493 = 0.

It is clear that there are only finite solutions (B, Bp)’s to this, though it may not be
so straightforward to see that these 6 solution pairs (for generic tori) come from the
branch loci as proved in Proposition 3.9.

3.3. SEconD PROOF OF THEOREM 3.3

Proof. — Following the definition of g, _p(z) in (3.4), we now consider the odd elliptic
solution to equation (3.3) (= equation (3.14)) instead:

4(2) = 3(qa,—(2) — q—ap(2)).
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The function ¢(z) has a pole of order 3+ 2] at 0 € E with [ < n — 2. Thus ¢(z)/¢'(2)
is an even elliptic function with the only pole at 0 since q(%wi) =0for1 <i<3. If
q(z) does not vanish completely, then

!
q(2) = ¢/ (2) H(@(z) = p(ei) =: g/ (2) f ((2)),
where f(z) = Hézl(m —p(c;)) =at —spa!=t + -+ (= 1)sy.
Equation (3.14) now reads as
(3.17)  ¢"(2) = 2(B+ 2n(n + 1)p(2))q" (2)
—6n(n+1)p'(2)d (2) + (@® — 2n(n + 1)p" (2))q(z) = 0.

By straightforward calculations, we get derivatives of ¢ in terms of derivatives of p(z)
and f’(x). For example,

q'(2) = ¢"(2) f () + ' (2)* f'(x),
q"(2) = 9" (2)f(x) + 30" (2)¢'(2) f'(x) + ¢/ (2)° f" (), ete.
Then (3.17) is equivalent to
7(@)((360 — 96n(n + 1))a® — 2482 + (4n(n + 1) - 18)gs + 0?)
f(2) ((1320 — 96n(n + 1))2® — 364z>
+ (12n(n + 1) — 150)goz + (6n(n + 1) — 60)gs + 3592)
(@) ((1020 —16n(n + 1))zt — 882° + (4n(n + 1) — 210)goa?
+ (282 + (4n(n +1) — 120)gs)a + 2895 + 243
+f" () (6022 — 30g2) (42> — go — g3)
+ " (x) (42 — gox — g3)? = 0.
By comparing the coefficients of z!*2, we obtain
(360 — 96n(n + 1)) 4+ (1320 — 96n(n + 1)) + (I — 1)(1020 — 16n(n + 1))
+2401(1 — 1)(I —2) + 161(1 = 1)(1 —2)(I = 3) = 0.
After simplification, this is reduced to
dn(n+1) = (20 + 3)(20 + 5),

which obviously leads to a contradiction since the number in the right-hand side is
odd while the number in the left-hand side is even. Therefore we must have ¢ = 0
from the beginning. That is, {a;, —b;} = {—a;, b;}.

If one of a,b does not correspond to a Lamé function, say a € X,, then
{a;} N{—a;} = & by Section 0.1.2 (iii) and we conclude that {a;} = {b;}. Otherwise,
a and b correspond to Lamé functions of the same type. O
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3.4. THE DEGREE OF THE RATIONAL FUNCTION Zj,

Turorem 3.13. — The structure of the map z, : X, — PY(C) over oo € P(C) is
analytically equivalent to o, : X, — E over 0. In particular it has the same degree
as the one for oy, namely deg z,, = deg oy, = gn(n + 1).

Proof. — By definition, z, (c0) = o, 1(0) as sets. So the crucial point is to compare
the ramification structures of X,, — F at 0 € E and X,, — P1(C) at oo € P1(C). Let
a € X, with 0,,(a) = 0. Then for b = {b;}"_; € X,, in a small analytic neighborhood
of a we have b; # 0 all 4.

If @ # 0™, then every b; is away from 0 and

() = (Glon(®) = 3-¢0)) " = 7alb) + 0lon(0)).

In terms of the coordinate of P1(C) at oo, the map z, near a # 0" is seen to be
analytically equivalent to o,.
At a = 0", we compute the expansion of (z, (b))~ as
n

Un(b) =0 a 1 0'4

The tangent direction (¢;) at 0™ is related to (b;) through the asymptotic

t:| B2 ~ —1/b;

(cf. [1, Prop. 7.5] and the proof therein). Hence

lim o, (b) ;g(bi) =>4 ti=i A,

i=1 i=1
The precise value of A,, follows from Proposition 1.5:

A, = Cn-161 _ %n(n—k 1) # —1.

€n

Hence (z,, (b)) ! = (14+A,,)0,(b)+0(0, (b)) and we again have the analytic equivalence
(up to a constant multiple).
In particular, degz, = dego, = $n(n + 1) by Theorem 0.2. O

4. PRE-MODULAR FORMS Zy,(07; T)

Pre-modular forms are defined in Definition 0.1. Since the Hecke function is pre-
modular of weight one, Theorem 3.2 then implies

Cororiary 4.1, Z,(0;7) := W, (Z)(0;7) is pre-modular of weight in(n+ 1), with
Z, 9(0), ¢'(0), g2, g3 being of weight 1,2,3,4,6 respectively.
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4.1. CompLETION OF THE PROOF OF Trrorewm (.4, We call the 2n + 1 branch points
a €Y, ~\ X, trivial critical points since a« = —a and the Green equation (0.5) holds
trivially. They satisfy a nice compatibility condition with the case n = 1 under the
addition map:

Leymva 4.2 Let a = {ay,...,a,} € Y, be a solution to the Green equation
S VG(a;) = 0. Then a is trivial, i.e., a = —a, if and only if 0, (a) € E[2].

Proof. — 1f a is trivial, then o, (a) € E[2] clearly. If a is non-trivial, i.e., a € X,,, by
equations (1.5), it gives rise to a type II developing map f with

flztw) =e™MZisif(z),  fz+ws) =™ Zimf(2).

Here, a; = ;w1 + s;we for i =1,...,n.

If 0, (a) € E[2], then both exponential factors reduce to one and we conclude that
f(2) is an elliptic function on E. Notice that the only zero of f/(z) is at z = 0 which
has order 2n, and the only poles of f'(z) are at —a; of order 2, i = 1,...,n. This
forces that o, (a) = 0 and

f/(z) = Zj:l Ejp(z + aj) + C4
for some constants E1, ..., E, and C1, since f’ is residue free. Then
flz) = — ijl Ei¢(z+a;) 4+ Ciz+ Cy

for some constant Cy. But f(2) is elliptic, which implies that C; = 0 and Z?:1 E;=0.
Now f2F=1(0) = 0 for k = 1
(cf. [1, Lem. 2.3.1]):

,...,n leads to a system of linear equations in Ej;’s

S oMa)E =0, k=1...n

Then p(a;) # p(a;) for i # j forces that E; = 0 for all j. This is a contradiction and
we conclude that o, (a) € E[2]. O

The following theorem completes the proof of Theorem 0.4:

Turorem 4.3 (Extra critical points versus non-trivial zeros of Z,(o;7))

(i) Given og € E; \ E;[2] with Z,(00;7) = 0, there is a unique a € X,, such that
on(a) = oo and z,(a) = Z(oy).

(if) Conwversely, if a € Xy, and z,(a) = Z(o(a)) then Z,(c(a);T) =0 and op(a) &
E.[2].

Proof’

(i) For any given op, by substituting o with o¢ in W,,(z), we get a polynomial
Wi,o(2) of degree $n(n+1). Since W, (z) is the minimal polynomial of the rational
function z, € K(X,) over K(F), those z,(a) with a € X,, and o,(a) = 0o give rise
to all the roots, counted with multiplicities, of W, ,,(a) = 0.

Now Z(0y) is a root of W,, ,(z) = 0 with oy ¢ E[2], hence there is a point a € X,
which corresponds to it. That is, Z (o) = z,(a) with ¢,(a) = 0¢, and «a is unique by
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Theorem 3.3. Notice that if a € X,, \ X,, then @ = —a and then o,,(a) € E[2]. So we
must have a € X,,.

(ii) It is clear that Z,(o(a)) = W,(Z(o(a)) = Wy(zn(a)) = 0. Since a € X,
by equation (3.1) we have Y., VG(a;) = 0. But since a is non-trivial, Lemma 4.2
implies that o,,(a) & E[2]. O

4.2. Monobrowmy aspects. — We present below an extended version of Theorem 0.4
in terms of monodromy groups of Lamé equations. The original case of mean field
equations corresponds to the case with unitary monodromy.

Let a = {a1,...,an} € X, B, = (2n — 1) >, p(a;) and w,, w_, be the inde-
pendent ansatz solutions (0.7) to w” = (n(n + 1)p(z) + By)w. From equations (1.4),
one calculates that the monodromy matrices are given by

(o) = (707 am) ()
(o) cren =70 ) (22

where the two numbers r, s € C (mod Z) are uniquely determined by

(4.2) rw1 + swe = o(a) = Zai, TN+ s = Z C(ay).
i=1 i=1
The system is non-singular by the Legendre relation win, — wom = —2me.

The next lemma extends Lemma 4.2:
Lemwia 4.4. — Let a € X,, with (r,s) given by (4.2). Then (r,s) & 37

Proof. — If (r,s) € 172 then f := w,/w_, is elliptic by equations (4.1). Since

= wyw—_gq —wew',  C
N w2, Cw?,’
we find that z = 0 is the only zero of f/(z) in F, which has order 2n. The proof of

Lemma 4.2 for this f goes through and leads to a contradiction. 0

Now we consider Z, 4(7) in (0.10) but with r, s, € C, and define
(4.3) Zr,s(T) = Wi (Zy s) (7 + 8T57), r,s € C.

It reduces to Z,(o;7) for ¢ = r + s7 when r,s € R (see [2] for its role in the
isomonodromy problems and Painlevé VI equations).

By substituting Z,(o;7) with Z,. ,s(7) and using Lemma 4.4 in place of
Lemma 4.2, the proof of Theorem 4.3 also leads to:

Tueorem 4.5. — Let r,s € C. Then any non-trivial solution T to Z,.,s(1) = 0,
i.e., with r + s7 (mod A;) & E.[2], corresponds to an a = (a1,...,a,) € C" such
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that a (mod A;) € X, (1) and
ZaiZT—FST, ZC(ai;T)ZTnl(T)—FS’I]g(T).
i=1 i=1

Equivalently, by equations (4.2), the Lame equation w” = (n(n + 1)p(z;A;) + By)w
has its monodromy representation given by equations (4.1).

We leave the straightforward justifications to the interested readers.

~
5. AN EXPLICIT DETERMINATION OF Zn

From the equations of X,, C Sym"™E (cf. (1.2)) and the recursively defined algebraic
formula for the addition map E™ — F, in principle it is possible to compute W,
and hence Z,, by elimination theory (cf. [7]). However we shall present a more direct
approach on this to reveal more structures inside it.

5.1. Comparisons with THE HeErRMITE-KRicHEVER ANsaTz. — Besides the Hermite—
Halphen ansatz (0.7), there is another ansatz, the Hermite-Krichever ansatz, which
can also be used to construct solutions to the integral Lamé equation (0.6). It takes
the form
N §'(2) + 6/ () 72 = 0) (c(anyir:

(61 we) = (Ul + Ve T ) T :
where U(z) and V(x) are polynomials in z, the point ag € C~ A, and kK € C is a
constant. As usual, we set (z,y) = (p(2), 9'(2)) and (x0,%0) = (p(a0), p'(ag)) to be
the corresponding algebraic coordinates.

The ansatz (5.1) makes sense since ¢ only has poles at z = 0. The two poles at
2 = =ap from (p(2)—p(ag)) ™! cancel with the zeros from o(z —ag) and @' (2)+¢'(ao).
In order for ord,— ¥(z) = —n, we must have

Lemma 5.1 (Degree constraints)
(i) If n = 2m with m € N then degU < m — 1 and degV =m — 1.
(ii) If n =2m+ 1 with m € NU {0} then degU =m and degV < m — 1.

By an obvious normalization, in case (i) we may assume that
m—1 m—1
Ur) = Z u;z’, V(z) = Z vix'  with v,—1 =1,
i=0 i=0

and in case (ii) we assume that U(z) = Y /" u;x’ with u,, = 1 and V(z) =
21151 v;z'. In both cases, the requirement that ¢(z) satisfies equation (0.6) leads
to recursions on u;’s and v;’s. It turns out to be convenient to work with coordinates
(B, K, xg, Yo ) to parametrize u;’s and v;’s, and this was carried out by Maier in [12, §4].
The following is a summary:

In case (i) the recursion determines v; (vmy,—1 = 1) and then w; for i« = m — 1,
m — 2,... in descending order. In case (ii) it starts with u,, = 1 and determines v;
and then w; for i =m —1,m —2,... also in descending order.
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There are two compatibility equations coming from
u—l(B7 R, X, yO) =0 and U—l(Ba R, X, yO) =0.

The two parameters g, yo satisfy y2 = 4z3 — gox¢ — g3. Hence there are four variables
(B, k,20,10) € C* which are subject to three polynomial equations. By taking into
account the limiting cases with (x¢,%0) = (00, 00), this recovers the Lame curve Y,
(which is denoted by T’y in [12] with £ = n).

There are four natural coordinate projections (rational functions) Y, — P'(C),
namely B, r,ro and yo respectively. The first one B : Y, — P!(C) is simply the
hyperelliptic structure map. The main result in [12] is an explicit description of the
other three maps in terms of the coordinates (B,C) on Y,. To state it we need to
first recall some variants of Lamé polynomials.

Derinrion 5.2 ([12, Def. 3.2, 3.4, 3.6])

(1) The twisted Lamé polynomials lt;(B), j = 0,1,2,3 are monic polynomials
whose zeros correspond to solutions to (0.6) given by the Hermite—Krichever ansatz
with k # 0 and ag = 0, %wl, %wg, %wg respectively, i.e., (xg,40) = (00,00), (e1,0),
(e2,0), (e3,0) respectively.

(2) The theta-twisted polynomial ly(B) is the monic polynomial whose roots cor-
respond to the case k = 0 and ag € E[2]. (For k = 0 and a¢ € F[2] they correspond
to the ordinary Lamé polynomials [;(B)’s.)

Tueorewm 5.3 ([12, Th.4.1]). — For alln € N and i € {1,2,3},

4 1;(B)it;(B)?
n?(n+1)2 lo(B)lte(B)?’
16 C lt1(B)lta(B)lt3(B)
n3(n+1)3c, lo(B)2lt(B)?
H(B’C):_(n—l)(n—i—mg lo(B) .

nn+1) ¢, lo(B)lto(B)
The formula for xo(B) is valid for all three choices of i.
All the factors lie in Q[e1, ez, e3, 92, g3, B] and are monic in B. They are homoge-

neous with degrees of B, e;, g2, g3 being 1,1,2,3 respectively.

I’Q(B) = €; +

(5-2) %(B,C) =

As a simple consistency check, we have C? = /,,(B) by Proposition 2.2.

Remark 5.4. — In [12] v = C/¢, is used instead.

The polynomials lo(B), l;(B) (i = 1,2,3) are written there as L}(B;ga,g3),
LéI(B; €i, 92, g3), called the Lamé spectral polynomials, where £ = n.

The polynomials lto(B), It;(B) (i = 1,2,3) are written there as Lt!(B;ga,g3),
Ltl1(B;ei, g2, g3), called the twisted Lamé polynomials.

Also lg(B) is written there as LOy(B; ga, g3).

The compatibility equations from the recursive formulas for these special cases give
rise to explicit formulas for It;(B)’s and lp(B)’s. Tables for ito(B), lo(B) up ton =8,
and for It;(B) up to n = 6, are given in [12, Tables 5, 6].
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ExamrLre 5.5. We recall Maier’s formulas for {t;(B) and ly(B) for n < 4.

(1) First of all, lg(B) =1 for n < 3. For n = 4,
lo(B) = B> — 13,

Also for n =1, It;(B) =1 for all j.

(2) n=2:1lty(B) =1, It;(B) = B — 6e; for i = 1,2,3.
(3) n=3:lto(B) = B> — Lgy, and for i = 1,2,3,

It;(B) = B> — 15¢;B + 22 g, — 225¢7.
(4) n=4: lto(B) = B> — 383g,B — 18 g5 For i = 1,2, 3,
It;(B) = B* — 55¢;B® + (232, — 945¢7) B*
+ (1960e;g2 + 2450g3) B + 61740€7 go — 68600¢;g3 — 9261g3.

To apply Theorem 5.2, we need to compare the projection map

(5.3) Y, — B, a — mp(a) := ag.

with the addition map o, : Y,, — E. They turn out to be the same!
Tueorem 5.6. — m,(a) = on(a). Moreover, k(a) = —z,(a).

Proof. — During the proof we view a; € C instead of its image [a;] € E.

Let a € Y,,. The two expressions (0.7) and (5.1), which correspond to the same
solution to the Lamé equation (0.6), must be proportional to each other by a constant.
Hence we get

) = 3 Cla) — Clao)
Recall that z,(a) = C(0n(a) - 27, CE;) Then
654 22(0) + () = C(02(@) ~ Clao).
As a well-defined meromorphic function on Y,,, we conclude that
ao(a) = on(a) +

for some constant ¢ € C. Consider a point a € Y,, \ X,, with o,(a) = %wl, ie.,
l1(Bg) = 0. Such an a exists by Proposition 2.2. Then z,(a) = 0 trivially. We also
have x(a) = 0 by Theorem 5.2 since

C? = 21o(Ba)l1(Ba)la(By)l3(B,) = 0

(again by Proposition 2.2). So equation (5.4) implies 0 = %m — C(%wl +¢), and hence
¢ = 0. This proves o,,(a) = ap, which represents m,(a) in E, and also k(a) = —z,(a).
The proof is complete. U
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5.2, EFFECTIVE CONSTRUCTION AND EXPLICIT FORMULAS FOR Z,, n < 4. Now we de-
scribe an explicit construction, based on Theorem 5.3, of the polynomial W, (z) in
Theorem 3.2. It is an application of elimination theory using resultants.

By Theorem 5.3 and Theorem 5.6, we may eliminate C to get

(5.5) Yo _ 16 It1(B)lty(B)lts(B)
. Zn n2(n+1)2(n —1)(n+2) lo(B)lto(B)2le(B)’

which leads to a polynomial equation g = 0 for

n?(n+1)%(n —1)(n+2)
16

3
(56)  g=z]]1t:B) - o lo(B)lto(B)*lg(B).

On the other hand, the three rational expressions of zq lead to f = 0 for

3
o fim %Zli(B)lti(B)Q ~ M lo(B)lto(B)>2
5.7 i=1
n?(n+1)32

= 1;(B)lt;(B)* — (w0 — €;) lo(B)lto(B)?, i€ {1,2,3}.

4
Notice that f, g are polynomials in g9, g3 (and B, xg,yo) instead of in e;’s.

Let R(f,g;B) be the resultant of the two polynomials f and ¢ arising from the
elimination of the variable B. Standard elimination theory (see e.g [7, Chap. 5]) implies

that R(f,g; B) gives the equation defining the branched covering map ¢, : Y,, = E
outside the loci C' = 0:

Provosition 5.7. — R(f,g;B)(z) = AWy (z) € Q[ge, 93, %0, Y0][2], where A\, =
An (g2, 93,20, Y0) is independent of z.

In particular, the pre-modular form Z,(o;7) = W,,(Z)(o; 7) can be explicitly com-
puted for any n € N by way of R(f,g; B).

In practice, such a computation is time consuming even using computer. In the
following, we apply it to the initial cases up to n = 4. As before we denote zo =

p(o) =t p and yo = @'(0) =: .

ExamrLe 5.8. — For n = 2, it is easy to see that
f=B>=99B?+27(g20 + g3),
g=12B%—9¢'B? — 929, B + 27(g2¢’ — 2293).

The resultant R(f, g; B) is calculated by the 6 x 6 Sylvester determinant:

199 0  27(g2p+g3) 0 0

01 -9 0 27(g29 + g3) 0

0 0 1 —9p 0 27(g29 + g3)
z —9¢" —9zgs 27(g2p" — 22g3) 0 0

0 z —9¢ —9zg, 27(g2¢" — 22g3) 0

00 =z —9¢ —9z9; 27(g2p" — 2293)

A direct evaluation gives
R(f,g: B)(z) = =3°A(p")* (2" — 3pz — ¢).
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Here, A = g3 — 27¢3 is the discriminant. This gives Wa(z) = z* — 3pz — o’ and
Zay(oym) =Wa(Z) = 23 - 3pZ — ¢'.

ExameLe 5.9. For n = 3, we have
f =16B°® — 576 B°p + 360B*gy + 5400B> (593 + 4g2¢)
— 3375B%g2 — 84375A — 101250B¢2(3g3 + 2g29),
g = 16B%z — 1440B°p' — 1800B* gz + 5400083 (g2’ — g32)
— 1687582 g2z — 50625083’ + 421875Az.

It takes a couple seconds to evaluate the corresponding 12 x 12 Sylvester determi-
nant (in Mathematica) to get

R(f, g: B)(z) = 25937750 A5 (/) Wi (2),
where W3(z) is given by
Ws(z) = 2° — 15pz* — 200'2> + (%gg — 45012 — 12pp'z — %pa.
It seems impractical to compute this resultant by hand.

Both Zs and Z3 are known to Dahmen [3]. Here is a new example:

Exampere 5.10. — For n = 4, the expansions of the polynomials f and g, as given in
(5.7) and (5.6) by a direct substitution, are already too long to put here. Nevertheless,
a couple hours Mathematica calculation gives

R(f,g; B)(z) = —2*03% 5% 7% A (o) W) (2),
where Wy(z) is the degree 10 polynomial:
Wy(z) = 2" — 4502° — 1200'2" + (232 g5 — 630p%)2° — 504’2’
— 15(280p% — 4992 — 115g3)z* + 15(11gs — 249p°)p'z°
— 2(140p" — 245g20* + 190g3¢ + 2193 )z>
— (409" — 163920 + 125g3) o'z + (2592 — 3p°) (9')*.
The weight 10 pre-modular form Z,(o;7) is then obtained.

(5.8)

53 HEMARKS ON RATIONALITY AND SINGULARITIES OF THE lw\\'ﬂ:j CURVE. — We have con-
structed two affine curves from X,,. One is the hyperelliptic model

Y, = {(B.0) | 0 = t,(B)},
another one is
Y7; = {(w0,y0,2) | y% = 4$(2) — G20 — g3, Wi (xo,y0;2) = 0}
which is a degree 2n(n + 1) branched cover of the original curve
E = {(z0,y0) | 5 = a5 — g2w0 — g3}

under the projection o7, : Y,) — F with defining equation W,,(z) = 0.
The curve Y,, is birational to Y,, over E, namely the addition map o, : ¥;, = F
is compatible with o/, : Y, — E. Notice that both ¢, and W, have coefficients
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in Q[ge, g3]. The explicit birational map ¢ : (B,C) --» (xo,y0,2) (given in Theo-

rems 5.3 and 5.6 via z,, = —k) also has coefficients in Q[g2, g3]. This implies that ¢ is
defined over Q. Moreover ¢ extends to a birational morphism
¢ —

Y, 2X,————Y

by identifying o, '(0g) with z,'(c0). The morphism ¢ is an isomorphism outside
those branch points for Y;, — P*(C) (i.e., C = 0). In particular, the non-isomorphic
loci lie in z,, = 0 by formulas (5.2) and Theorem 5.6.

Remark 5.11. — In contrast to the smoothness of Y,,(7) for general 7, for all n > 3
the model Y, (7) is singular at points z = 0 = gy (and hence 2y = e; for some 3).
Indeed from (5.2) this is equivalent to C' = 0 and I;(B)It;(B)? = 0 for some 1 < i < 3.
For n = 2, there is only one solution B for each fixed 4 (cf. Example 5.5). However,
for n > 3 there are more than one such solutions B. These points (B,0) € Y,, are
collapsed to the same point (xg,40,2) = (&;,0,0) € Y, under ¢, thus (e;,0,0) is a
singular point of Y,/

For n = 3,4 this is easily seen from the equation W, (z) = 0 given above since it
contains a quadratic polynomial in (z, ') as its lowest degree terms.

In particular, the birational map ¢! is also represented by rational functions
B = B(xg, yo,2) and C = C(x0,yo,2z) with coeflicients in Q[g2, g3] and with at most
poles along z = 0. In principle such an explicit inverse can be obtained by a Groebner
basis calculation associated to the ideal of the graph I'y. The following statement is
clear from the above description:

Prorosition 5.12. — Let E be defined over Q, i.e., go,935 € Q. Then the Lamé
curve Y, is also defined over Q for all n € N. Moreover, Y, and all the morphisms
On,y0h, @ are also defined over Q.

n

A rational point (B,C) € Y,, is mapped to a rational point (xq,yo,2) € ?,n by .
For the converse, given (xo,y0) € E(Q), a point (xo,y0,2) in the ol -fiber gives a
unique (B,C) € Y ,(Q) if z € Q and (x0,yo,2) # (e4,0,0) for any i.

Remark 5.13. — It is well-known that there are only few (i.e., at most finite) rational
points on a non-elliptic hyperelliptic curve. This phenomenon is consistent with the
irreducibility of the polynomial W, (z) over K(E) in light of Hilbert’s irreducibility
theorem that there is an infinite (Zariski dense) set of (ga, g3, Z0,%0) € Q* so that
the specialization of W,,(z) over there are all irreducible. Nevertheless, it might be
interesting to see if z,, plays any role in the study of rational points.

Remark 5.14. — Tt was proved in [12, Prop. 3.2] that a Lamé curve is either smooth
or nodal, and there is at most one node. The proof relies on the degree formula
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degm, = %n(n + 1) = deg k which was quoted as a significant formula from finite-
band integration theory without explicit references in [12, p. 1139]. While this might
be well-known to experts in this field, we want to point out that it also follows from
Theorem 5.6 and our degree formula dego,, = gn(n + 1) = degz, in Theorem 2.4
and Theorem 3.13.

APPENDIX. A COUNTING FORMULA FOR LLAME EQUATIONS
< 3 *
By You-Crene Crou®™

Using the pre-modular forms constructed in Sections 4 and 5, we verify the n = 4
case of Dahmen’s conjectural counting formula [3, Conj. 73] for integral Lamé equa-
tions with finite monodromy. It is known that the finite monodromy group is neces-
sarily a dihedral group.

For N € N we denote by ¢(N) := #{k € Z | ged(k,N) =1, 0 < k < N} the Euler
function and we set ¢(IN) =0 if N ¢ N. Similarly we define

\II(N) = #{(kla k2) | ng(kla k?aN) = 17 0< k< N}

A.1. DAHMEN’S CONJECTURE. Let L,(N) be the number of Lamé equations w” =
(n(n + 1)p(2) + B)w, up to linear equivalence, which has finite monodromy group
isomorphic to the dihedral group Dy. Using the Hermite-Halphen ansatz (0.7) and
the theory in Section 4, the problem is reduced to the zero counting of the following

SL(2,Z) modular form
k1+k
M) = T zn(%ﬁ).
0<k1,ka<N
ged(k1,ka,N)=1

Using this, by repeating Dahmen’s argument in [3, Lem. 65, 74], we get
Prorosition A.1. — Suppose that for all N € Z>3 and n € N we have that
Voo (Mn(N)) = and(N) + bno (N/2),

where agy, = aamy1 = m(m +1)/2, bay, = baym_1 = m?. Then

(w — (an,¢(N) + bn¢(N/2))) + %%(N),

where en,(N) =14 N =3 and n =1 (mod 3), and £,(N) = 0 otherwise.
Furthermore, Z,(c;7) with o a torsion point has only simple zeros in T € H.

Lo(N) =1}

Proof. — Recall the formula for SL(2,Z) modular forms of weight k:

vilf) [ vo(f) _ K
P¢§¢,pVP(f)+VOO(f)+T+ p3 =1

(*)Taida Institute for Mathematical Sciences (TIMS), National Taiwan University, Taipei, Taiwan.
Email: b99201040@ntu.edu.tw
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The modular form f = M,(N) has weight k = in(n + 1)¥(NN). Notice that the
counting is always doubled under the symmetry (k1,k2) — (N — k1, N — ko), thus by
[3, Lem. 65] an upper bound for L, (N) is given by

n(n + 1)¥(N)
24

That is, L,(N) < U,(N). Moreover, the equality holds if and only if each factor
Zn((k1 + ko7)/N;7) has only simple zeros.

We will show the equality holds by comparing it with the counting formula for the
projective monodromy group PL,(N) (cf. [3, Lem. 74]).

We recall the relation between L,,(N) and PL,(N):

Un(N) = 3( — (and(N) + bad (N/2))) + 2 £a(N).

Ln(N) + L,(2N) if N is odd,

PL,(N) = ] ]
L,(2N) if N is even.

If n is even and N is odd, we have

(n(n +214)\1/(N) B (%(% +1) S(N) + T¢(N/2))) + 2e,(N)

2
+1 <n(n + 21\1/(2N) _ (%(%; Y o) + qus(zv))) +22,(2N)

N

~X

n(n+1
= 0D (@) - 30(V) + 2euV)
For the last equality, we use £,(2N) =0, ¥(2N) = 3¥(N) and ¢(2N) = ¢(N). If N
is even, the relations are €,(N) = 0, ¥(2N) = 4¥(N) and ¢(2N) = ¢(N).) For
the other three cases with (n, N) being (even, even), (odd, odd) or (odd, even), the
computations are similar. They lead to

n(n+1)
12

On the other hand, using the method of dessins d’enfants, Dahmen showed directly
that the equality holds [4]. Thus all the intermediate inequalities are indeed equalities,

PL,(N) < (T(N) = 36(N)) + § en(N).

and in particular L, (N) = U, () holds. O
A.2. @-EXPANSIONS FOR SOME MODULAR FORMS. — Recall that
1 1 = ,
— (_2771)k ,rlk—leQTl'z'sz7
S b S
1 2 2 2
———— =7’ cot’(mx) + 77,
7% (x4 n)?
1
Z CEE = 7% cot?(mx) + 7 cot(nx).
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2miT.

We compute the g-expansions for gs, g3, @, ¢, Z, where g = ¢

g2 =60 > S — 260(2<(4)+2<_23+i>4203(”)qn)7

1
) ) ot
where ox(n) =324, d*. Similarly,
1 (—2mi)5 &
— 140 ey = 140(2(6) + 22 "),
o T ¢6)+2 "2 S o mhg
(n,m)#(0,0) n=1
Let z = r 4+ s7. For s = 0, we have
1
/
) = —2 I
o' (r;7) Z r+n+m7)
n,mez
1
e
Z (r+n)3 mZ“;Z m7+n+r) (mm4+n—r)3
_ 27” — 2 [ 2win(mT+r) 2min(mT—r)
=2 P -2y LTy —e )
n€eZ m=1 n=1 o
= —27% cot(mr) — 273 cot® (nr) + 167° Z n?sin(27nr) ¢"™.
n,m=1
1 1 1
pirim) =5+ (nm)Z#O O)((r+n+m7)2 - (n+m7')2)
1 1 2
B Z < (r+mn)? _Z n? +m§:1n;z< m7'+7’+n) N (mr—r+n)? (m7'+n)2)
- C0t2(71'7’) + 27T2 + Z 27T’L Z ( 2min(mT+r) + e27r7in(m‘r7'r) - 2627rinm‘r)
m=1 IS n=1
= 7% cot?(mr) + %7‘(2 + 872 Z (1 — cos2nmr)q™™
n,m=1
Also, for the Hecke function Z (cf. (0.10)) we have
Z(ryT) = weot(nr) + 4m Z (sin 2n7r)g"™™.
n,m=1
For s = %, we have

1
(r 4 im7) = =2
p( 2 ) Z (r+n+(%+m)7_)3

(nm) (00
1 1
_ 9 ( _ >
’mzl ngn—l-r—&-(m—%)ﬂ?’ %(n—r—&—(m—%)r)?’

(_27”) = 2 ( 2min(r+(m—1/2)T) 2min(—r)+(m—1/2)7
:_QT Z n (e —e )

n,m=1

= 167> Z (sin 27nr q”(mfl/z).

n,m=1
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Similarly,

p(r + %T; T) = *%ﬂ'2 + 872 Z ng™™ — 8n* Z n(cos 27mr)q"(m*1/2),

n,m=1 n,m=1
and Z(r 4+ 37;7) = 4m Yo7 (sin2mnr)gn(m=1/2),
A.3. Tue countinG FORMULA FOR 1 = 4. — Now we give the computations for n = 4

and prove the formula L4(N) = Us(N) from Proposition A.1.

Tarorem A2 Forn =4 and N € Zx3, we have
Ly(N) = 5 (¥(N) — (36(N) +4¢ (N/2))) -
Moreover, Zy(o;7) with o € E.[N] has only simple zeros in 7 € H.

Proof. — For n = 4, the pre-modular form Z, = W4(Z) is given in (5.8):
Wi(Z) = 2" — 45p7°% — 1200/ Z7 + (3925 — 630p%) Z° — (504p¢) Z°
— 15(2800% — 4992 — 115g3) Z* + 15(11gs — 24p%) ' Z°
— 2(140p* — 245g20° + 190g3p + 21g3) 2>
— (409 — 163920 + 125g3)pZ + 2(25g, — 3p°) ¢,

where Z is the Hecke function. We compute the asymptotic behavior of W4(Z) when
T — 00. Let z = r + sT. We divide the problem into two cases

(1) s=0 (mod 1): according to the g-expansion given in Section A.2, we have
go — %w‘l, g3 — 28—776, Z(z) — mwcot(nr),
/ 3 3. 43 2 .2 22
p'(z) = —27° cot(mr) — 27 cot® (), ©(2) = 7 cot™(mr) 4 7.

A direct computation shows that Wy(Z) has a zero at oo when s = 0.
By replacing all the modular forms go, g3, 0, ¢’ and Z appeared in Wy(Z) with
their g-expansions, we have (e.g. using Mathematica)

Wi(Z) = 2133527 710 cos? (nr) sin? (77) ¢® + O(q?)
(2) s # 0 (mod 1): in this case we have
Z=2mi(s—3), po(z) = —in?, ©(z) =0, g2 = 37t gy — £
Hence the constant term of Wy(Z) is given by
Wi(2) = —647'0(=2 4 8) (=1 + 8)25%(1 4+ 5) (=3 4 25) (=1 + 25)%(1 4 2s) + O(q).
If s #0 (mod 1) then Wy(Z) has a zero at 7 = 0o <= s = 1 (mod 1).

Now we fix s = % and replace the modular forms g9, g3, @, 9’ and Z appeared in
Wy (Z) with their g-expansions. We get

Wi(Z) = 21033527 710 cos? (nrr) sin? (7)) g% + O(¢®).
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These computations for the g-expansions imply that
Voo(M4y(N)) =3#{1 < k1 < N | ged(N, k) =1}
+2#{0 <k <N [ged(N/2, k1) =1}
= 3¢(N) + 4¢(N/2).
Since the value of v (My(N)) coincides with the assumption in Proposition A.1 for
n = 4, the theorem follows from it accordingly. |
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