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KP INTEGRABILITY OF
NON-PERTURBATIVE DIFFERENTIALS

BY ALEXANDER ALExaNDROV, Boris Bycukov,

Perr Dunin-Barkowski, Maxim KAZARIAN & SERGEY SHADRIN

Apstract. — We prove the KP integrability of non-perturbative topological recursion, which
can be considered as a formal h-deformation of the Krichever construction of algebro-geometric
solutions of the KP hierarchy. This property goes back to a 2011 conjecture of Borot and
Eynard.

Résumi (Intégrabilité KP des différentielles non perturbatives). — Nous démontrons 'inté-
grabilité KP de la récursion topologique non perturbative, qui peut étre vue comme une
h-déformation formelle de la construction de Krichever des solutions algébro-géométriques de
la hiérarchie KP. Cette propriété remonte a une conjecture de Borot et Eynard datant de 2011.
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1. INTRODUCTION

The celebrated Novikov conjecture on the Riemann—Schottky problem stated that
the Jacobians of smooth algebraic curves are exactly those indecomposable principally
polarized abelian varieties whose © functions are KP integrable. It prompted enor-
mous developments at the interface of algebraic geometry and integrable systems that

MATHEMATICAL SUBJECT CLASSIFICATION (2020). — 37K10, 14H70, 14H81, 81T45.
Keyworps. — Topological recursion, non-perturbative expansions, Krichever differentials, algebro-
geometric solutions, KP hierarchy.

A.A. was supported by the Institute for Basic Science (IBS-R003-D1). B.B. was supported by the ISF

Grant 876/20. B.B., P.D.-B., and M.K. were supported by the Russian Science Foundation (grant
No. 24-11-00366). S.S. was supported by the Dutch Research Council grant OCENW.M.21.233.

e-ISSN: 2270-518X http://jep.centre-mersenne.org/


http://jep.centre-mersenne.org/

1608 A. ALexanprov, B. Byvcikov, P. Dunin-Barkowskr, M. Kazarian & S. Smaprin

have proved very fruitful for both areas, and it was resolved by Krichever and Shiota
(see [Kri77], [Shi86], and also [KS13] for their joint survey of this topic). A far-reaching
outcome for the theory of integrable systems is a vast supply of the so-called algebro-
geometric solutions of the KP hierarchy constructed by Krichever [Kri77] that can be
associated with a choice of a compact Riemann surface 3, a point p € ¥ with a local
coordinate at it, and a few more parameters. Remarkably, the Krichever construc-
tion admits a system of deformations (preserving the KP integrability property) that
depend on an additional choice of two meromorphic functions (or differentials) on X.
The existence of these deformations was conjectured by Borot and Eynard in [BE12],
and the purpose of this paper is to give a proof of the Borot—Eynard conjecture.

While the implications of the existence of these deformations of the Krichever
algebro-geometric solutions of the KP hierarchy in the context of the Riemann—
Schottky-type problems are yet to be studied, it is worth mentioning that the ideas
that led Borot and Eynard to their conjecture are closely connected to a completely
different corner of mathematics, and they subsequently found applications in knot
theory [BE15]. In a nutshell, the KP integrability in this latter case is a step towards
understanding the strong ties between the hyperbolic geometry of the complement of
a knot and its quantum invariants coming from the Chern—Simons theory (the full
correspondence is the subject of the so-called AJ conjecture).

1.1. Norarion. — Throughout the paper we use the following notation:

« Let [n] be the set of indices {1,...,n}. For each I C [n] let z; denote the set of
formal variables / points on a Riemann surface / functions (respectively, depending
on the context) indexed by i € I.

« For the n-th symmetric group &,,, its subset of cycles of length n is denoted
by C,,. Let det®(A;;) denote the connected determinant of a matrix (A;;) given in the
case of an n X n matrix by

det®(Ay;) = (=" > ] Aioo)-

oceCy i=1

« The operator Lz_m, denotes the restriction of an argument z to the value 2/,
that is, L_}Z, f(z) = f(2'). When we write L_}Z, we mean that the argument of a
function or a differential to which this operator applies is set to z, without specifying
the notation for the former argument.

« To shorten the notation, we often omit the summation sign over an index that
runs from 1 to g. For instance, 6,1 = Y7 | 0xini; [o3 Ow = D5y S, Owis 1(2) 0y =
S0 mi(2) 0w, KT Tk = Zij:l kiTijky, bTw == >0 | bw, etc.

. Let 8(z) denote z~1(e*/2 — e=2/2),

1.2. KP INTEGRABILITY FOR A SYSTEM OF DIFFERENTIALS. — We study KP integrabil-

ity as a property of a system of differentials, see e.g. [KNTY88, Oog90], or, more
recently, [ABDB*25b].

JE.P — M., 2026, tome 13



KP INTEGRABILITY OF NON-PERTURBATIVE DIFFERENTIALS IGO()

Consider a connected smooth Riemann surface . Let w,, n > 1, be a system of
symmetric meromorphic n-differentials such that w,, is regular on all diagonals for
n > 2, and ws has a pole of order two on the diagonal with biresidue 1. Define the
bi-half-differential

(1) Q(z%,27)
2zt z~ = ym z z
B \/iz(z(ﬂ )—%(ﬂ Lo (mE_J,fl.(/ ) (neim) b <>fl<§f>1zdf<<z§>)>2)>7

where y is any meromorphic function, that can serve as a local coordinate in the
vicinity of both points 2T and z~; the result is in fact independent of this choice.

DerintTion 1.1. We say that {w,}n>1 is KP integrable, if the following determi-
nantal identity holds:

Wn(zng) = det® || (2, 25)[l, n>2.

The diagonal entries of the matrix || (2;, z;)|| are not defined, but the connected
determinant does not involve them for n > 2.

Remark 1.2. — The differential w; can also be recovered from €4 by

\/dX(Zl)\/dX(zQ))’

wi(z1) = Laazl (Ql(zl’ZQ)  x(z21) = x(22)

for any choice of a local coordinate x, but this equality holds independently of KP

integrability.

In fact, the choice of wy does not affect KP integrability, and we could simply set
wp; = 0 and to drop the summand with m = 1 in the formula for €;. With this
modification of Q1, the determinantal formula still holds. Note, however, that it does
affect the relation between the actually given w; and €21, so we keep the form of €
given above.

A point o € X is called regular for the system of differentials {w;, } if wy, —0p 2 (glzf;;z

is regular at (o,...,0) € X" for all n € Z~¢, where z is a local coordinate on ¥ near o.
To any regular point o € ¥ and any local coordinate z at this point, we can associate
a formal infinite power series 7 = 7, ,(¢1,%2,...) defined by the power expansion in
the local coordinate z of the following equality:

t—0 *1 (Zl _ 22)

dz1d N 0
wn(2png) = |,_q 0z - - - 0, log(T) + 6n,2217'222, 0, = Z 2F1dy ET
k=1 ;

Then the KP integrability of a system of differentials {w,} is equivalent to the con-
dition that 7 is a KP tau function for at least one choice of regular o and z, and then
it is automatically a KP tau function for any choice of regular o and 2 [ABDB™25b,
Th.2.3].

While discussing KP integrability of a system of differentials {w,}, it is useful to
consider an extended set of n|n differentials (in fact, half-differentials) €, and €2,

JILP — M., 2026, tome 13
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defined as follows. Let B be any symmetric bidifferential with a second-order pole
on the diagonal with biresidue one, in particular, one can set B = ws or simply
B = dzidz /(21 — 22)2 for some local coordinate z. In the global situation, when X
is compact, one usually takes as B the Bergman kernel which is normalized by the
vanishing of its 2-periods. Consider also the form E defined by

1 dx(et \/dx < / / (21, dx(z1)dx(z2) ))
B(z*.27)  x(=F) —x(z 02" e () )
Note that the right-hand side is independent of the choice of a meromorphic func-
tion x that can be considered as a local coordinate in the vicinity of 2T and z~
(see [ABDB'25b, Eq.(3.10)]), but it depends on the choice of B, and, for a spe-
cific B, it coincides with the prime form, see Section 2.2. With this notation, the

so-called disconnected extended n|n differentials are defined by
n

. - Bz 2Bz ,2) 1
@) Q) = 11 E(zz*,z;)E(ZzyzlJr)HE<z+ ;)

1<k<i<n 1) =1 i

(X H

my,...,my, 20 i=
Sy mi=m2>1

+

(/ ) i(wmém,gB)).

Their connected counterparts are given by the following formula:

PN o - o (A -
(3) Uy o) =D —— > LI, 20).

(=1 Liu---Ul,=[n] j=1
Vil; #2

One can check that the definition of these symmetric bi-half-differentials does not
depend on the choice of B. In particular, expressions (2)—(3) for Q1 = Q3 are equiv-
alent to (1). Notice that the poles on the diagonals 2z~ = 2; cancel out for the
connected n|n differentials for n # 1, and we have

w”(z[[n]]) = Ler —Z[n] |J —Z[n] Qn(zﬁtl]]’z[[irl]])’ nz2.

[l [n]

The following statement is a well-known reformulation of KP integrability (see
[ABDB™25b, Th. 4.4], where it is stated in almost the same notation, or, e.g., [EO25]):

Provosirion 1.3. — A system of differentials {wn }n>1 is KP integrable if and only if
the following determinantal identities for extended differentials hold true:

(g 2pag) = det [z 2,
Qs 2gag) = det® [0 (=27
Note that Definition 1.1 can then be recovered as a special case of the second equa-

tion by letting zli — z;, 1 =1,...,n. The following remarks regarding the definitions
of Q2 and (2, are in order.

JE.P — M., 2026, tome 13
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Remark 1.4. Equations (1) and (2) contain an infinite summation in the exponent.
In order to avoid problems with convergence, we either have to interpret these formulas
as expansions in some suitable local coordinate, or assume some extra expansion of
wy, in a formal parameter A such that the coefficients of the expansion in A are finite
expressions.

Remark 1.5. — When working with half-differentials, we have to choose a square root
of the canonical line bundle on ¥ (this concerns both F and ,,). In the constructions
below in terms of the © functions, this choice is dictated by the choice of odd theta
characteristics.

An example of a KP integrable system of differentials is given by the so-called
Krichever differentials [Kri77], which we briefly recall below. Another example of
a KP integrable system of differentials is any system of differentials produced by
topological recursion on a genus 0 spectral curve (we recall the definition below),
see [ABDB*26a, ABDB™25a].

Finally, our main result in this paper is that these two constructions can be merged
into a system of the so-called non-perturbative differentials of topological recursion,
proposed and further studied in [EM11, BE12, BE15, EO25], which we also prove to
be KP integrable, as it was conjectured by Borot and Eynard in [BE12].

We conclude this section with the following remark (not directly concerning KP
integrability directly). For a given system of differentials {w,}, along with the differ-
entials 22, and 2,, we will also use also their certain specializations of them. Namely,
given additionally two additional functions = and y, we can rewrite the connected
n|n half-differentials in different coordinates near the diagonal using the substitution

+ +(uh/2)d

zm=e i z;, where x; = x(z;), y; = y(z;), simultaneously promoting them to

the so-called extended n-differentials:

n
(4) W"(Z[[n]]au[n]]) = <H€Ui (S(Uihd/dﬁfi)_l)yi) L L /D00, Qn(zﬁ;z]]’z[[_n]])’
=1

Zi —e

(5) Wiz, u; 2pn) = Woy1(2, 2n] u,u[[n]])|u[[n]]:0.

Note that w,, is an obvious specialization of these:
dlL’l
Wn (Z[[n]]) = \‘uﬂn]] -0 (Wn (Z[[n]]a u[[n]]) - 5n,1 m) .

The point is that there are explicit combinatorial formulas expressing €,, W,
and W,, in terms of w-differentials with summation over certain graphs. We review
and slightly revisit these formulas in Section 3. Here we only give the formula for W, :

dz
(6) Wi (2, u; 2[n]) = %e%(“‘) Z H‘J"JQI(Z,U;ZJOC),
where [[nL]f;% Ja o

(1) Tn(z,u; 2[np)
o) k ~ g~
1 1 - dz1dx
=D H([zﬁz uh$ (uhd/ dxz‘)@) <wk+n(z[[k]]vz[[n]]) - 5n,o5k,2ﬁ)
+ 6n,0u(8(uh d/dx) — 1)y.

JIP — M., 2026, tome 13
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1.3. ToPOLOGICAL RECURSION. Topological recursion of Chekhov, Eynard, and
Orantin [CEO06, EOQ7] associates a system of meromorphic differentials wﬁbg ), g =0,
n>1,29—2+n >0, to input data that consists of a Riemann surface > and a finite
set of points P C ¥, two meromorphic functions z and y on ¥ such that Lﬁq dex =0
and L}q dy # 0 for each ¢ € P, and a bidifferential B with a double pole on the
diagonal with biresidue 1. It has its origin in the computation of the cumulants of
the matrix models, and by now it has multiple striking applications in algebraic
geometry, enumerative combinatorics, and mathematical physics.

In the local setup [DBOSS14], one can assume that ¥ is just a union of disjoint discs
around points in P. In the global setup, one assumes that ¥ is a compact Riemann
surface, and B is the Bergman kernel. But even in the latter case, it is still sufficient
to have dr and dy defined in some neighborhood of the points in P: the resulting
differentials wT(zg ) of topological recursion are globally defined and meromorphic.

We follow [ABDB*25a], though for the purposes of this paper we restrict ourselves
to the case of a compact Riemann surface ¥ with a fixed choice of 2l and B cycles
and the Bergman kernel B normalized on 2 cycles. Let dx,dy be two meromorphic
differentials on Y. For each point ¢ € ¥ we consider the local expansions of dr and dy
in some local coordinate z,

dr=az""'(1+0(2)dz, dy=bz""(14+0(2))dz, a,b#0, r,s€Z,

and we say that the point ¢ is non-special if either r = s = 1 or r+ s < 0, and special
otherwise.

Derinition 1.6. — The initial data of generalized topological recursion is a tuple
(3, dx,dy,P), where P LI PV is an arbitrarily chosen partition of the set of special
points.

We call the points of P (respectively, P¥) key-points (respectively, V-key-points).

Derinirion 1.7. — The differentials of generalized topological recursion w,(Lg ), g =0,
n>1,29 —2+n >0, for the initial data (¥, dz, dy, P) are defined by wéo) = B and,
for 29 — 2 +n > 0, they are given by

1N\, :
wfzg)(z’z[[nﬂ]]) = ZreSg:q (_ Lz%EZ(_ddi) [u ]ngg_)l(z)u; Z[[n1]])> / B(-, 2),
Y
qe? r>1
where the differentials W,, = Z;OZO R29=2+n W) are computed by (6) for the system
of differentials wy, = 3 gs0  h29720 o = 2(2), y = y(2).

(9,m)#(0,1)

Remark 1.8. — This definition might look intimidating without the context that led
to it; we refer the reader to [ABDB™T25a] for a full discussion. In particular, it indeed
recursively defines wﬁlg ), 2g —2+n > 0, which turn out to be symmetric meromorphic

differentials with the poles only at the key-points.

JEP — M., 2026, tome 13
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Yet another viewpoint on topological recursion is provided by the loop equations.
They apply when dy is holomorphic and non-vanishing at each key-point, while dx
has simple zeros at these points. We refer to this situation as the standard setup of
topological recursion.

Derinrrion 1.9. We say that a system of differentials {w%g)}, g=0n=>1,
2g — 2+ n > 0, satisfies the loop equations at a given point g € P if for any k& > 0 the

following relation holds true:
[uF]e W (2, u) € B,

where the space Z, is spanned by meromorphic differentials of the form (ddl—z)ja,

where j > 0 and « is holomorphic.

Remark 1.10. — In the standard setup, it is sufficient to consider only k = O and k = 1
(the so-called linear and quadratic loop equations), see [ABDB*22, §5]. However,
we keep including all £ > 0 in the parts referring to the standard setup throughout
the paper, as this allows an immediate generalization of the relevant parts to the case
where dx may have higher-order zeros at key-points.

Lemwa 1.11 ((ABDB*25a]). — In the standard setup, the definition of the generalized
topological recursion is equivalent to the following:

. wéo) = B;

o for 2g — 2+ n > 0 the differentials wﬁlg) have poles only at the key-points;

. {w,(lg)} satisfy the loop equations at the key-points;

. they satisfy the projection property:

z
wn (2, 2[n—1]) = Zres;:q wn(Z, Z[nq]])/ B(-, 2).
qeP
In the global setup, that is, if ¥ is compact, there is a canonical choice of B dictated by
the requirement that its A-periods vanish. For this choice of B, the projection property
1s also equivalent to the condition that the globally defined differentials wﬁlg) also have
also vanishing 2A-periods.

If we assume that dz and dy are globally defined on a compact Riemann surface ¥,
we can trace the effect of the swap of x and y in the initial data of topological recursion
on the resulting differentials. This is a powerful technique developed in a number of
papers [BCGF'23, Hoc24a, Hoc23, ABDB*22|, and its natural extension leads to
a vast generalization and a revision of the definition of topological recursion, which
evolved through a sequence of papers in [Hoc24b, ABDBT24a, ABDB*24b] and took
its final form in [ABDB™"25a).

In this paper, we use some techniques developed in [ABDB*25b, ABDB*26a,
ABDB™25a], and we refer the reader to the corresponding parts of these papers when
appropriate:

JIP — M., 2026, tome 13



1614 A. ALexanprov, B. Bycikov, P. Dunin-Barkowski, M. Kazarian & S. SHaprin

o The x — y swap action mentioned above and the fact that it preserves KP inte-
grability of a system of differentials [ABDB™25b].

« In the standard setup, there is a deformation formula that captures the effect of
an infinitesimal change of dy near the key-points; it is shown there to preserve the KP
integrability [ABDB™26a].

« Compatibility of the generalized topological recursion with a particular type of
limiting behavior of the input data [ABDB*25a).

14 NON-PERTURBATIVE DIFFERENTIALS

The following result was proved in [ABDB'25b, ABDB*26a] for the standard
setup of topological recursion and extended in [ABDB*25a] to generalized topological
recursion:

Prorosition 1.12. The system of differentials w,, n > 1, constructed by (gener-
alized) topological recursion is KP integrable if and only if the underlying Riemann
surface ¥ has genus 0.

For the Riemann surfaces of higher genus, one has to deal with the so-called non-
perturbative differentials w)P, n > 1, according to the conjecture of [BE12]. The non-
perturbative differentials were initially introduced in [EM11] in order to achieve the so-
called background independence and modularity of the associated partition function.
In [BE15], they are related to the quantum invariants of knots.

The non-perturbative differentials can be expressed as formal power series in A of
non-topological type, wi? = ZZOZO hwi? ’<d>, with the leading terms given by the so-
called Krichever differentials, which are the cornerstone of Krichever’s construction
of the finite-zone solutions of the KP equations.

Remark 1.13. — Since we have this expansion in i, the adjective “non-perturbative”
might be a bit misleading, but it is by now the standard terminology in this area.

The non-perturbative differentials are the main objects of study in this paper. Their
definition requires some preparation, so in Section 2 we briefly summarize the standard
facts about © functions and recall the construction of the Krichever differentials, and
in Section 3.1 we merge the construction of the Krichever differentials with the input
data of the generalized topological recursion discussed above in order to introduce the
non-perturbative differentials and the associated n|n half-differentials.

The main results of the paper, which concern the non-perturbative differentials,
are presented in the rest of Section 3 and can be summarized as follows:

« In the standard setup, they can be described via the loop equations (Theorem 3.7)
and a certain deformation of the projection property (Theorem 3.9), which makes
them the subject of a suitable generalization of the so-called blobbed topological
recursion [BS17].

JEP — M., 2026, tome 13
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« In the generalized setup, the non-perturbative differentials obey the standard
formulas for the  — y swap (Theorem 3.12). These formulas are known to preserve
the KP integrability of a system of differentials.

« In the standard setup, the non-perturbative differentials obey the standard for-
mulas for the dy-deformations (Theorem 3.13). These formulas are also known to
preserve the KP integrability of a system of differentials.

« The previous two results allow us to prove the KP integrability of the system
of non-perturbative differentials (Theorem 3.14). We also present a version of this
statement with some extra free parameters (Corollary 3.15) that can be tuned to
achieve the background independence and to reintroduce the KP times, which are
otherwise omitted in our approach to KP integrability.

Remark 1.14. Theorem 3.14 resolves the conjecture of Borot and Eynard in [BE12].
We discuss in Section 5 the precise statements in [BE12] and their interrelation in our
notation.

Acknowledgements. We thank G. Borot and B. Eynard for useful discussions and
for encouraging us to apply our methods to this problem. A substantial part of this
project was completed during the stay of the authors at the CGP IBS in Pohang,
which we thank for its hospitality. We also thank the anonymous referees for their
valuable remarks.

A further development. — Since this paper was first submitted, we have found a
new proof of the Borot—Eynard conjecture based on completely different ideas,
see [ABDBT26b]. The principal difference lies between the deformation techniques
used in the present paper (where the Krichever differentials are fixed leading terms
and we move across a variety of KP integrable deformations of the Krichever differ-
entials) and the approach of op. cit. (where the Krichever differentials themselves
are treated as instances of the so-called blobs [BS17] and are deformed through their
restrictions to some open disks).

2. NECESSARY FACTS ABOUT JACOBIANS AND © FUNCTIONS

2.1. ® runcrions. — We fix a smooth algebraic genus g curve X and a system of 2, 8
cycles on it. Let 11,...,ng be the basis of holomorphic differentials on ¥ normalized
by the condition 3%1 n; = 6;; and let B be the Bergman kernel normalized on the 2
cycles, that is, §, B =0 and ﬁf%i B=mn;,i=1,...,9. The g x g matrix T of B
periods T; ; = f% N = 5= P, 55%1 B is symmetric and Im7 is positive definite. The

Jacobian J is defined as the quotient of C® by the 2g-dimensional integer lattice
J=C*/{m+Tn}, m,neZs

The lattice is chosen so that the following Abel map is well defined:

A:¥—J pH(/pmw-w/pUg)

q0 q0

JE.P. — M., 2026, tome 13



1616 A. ALexanprov, B. Bycnkov, P. Dunin-Barkowski, M. Kazarian & S. Snaprin

with the same contours for all integrals and for some base point gy fixed in advance.
The Abel map extends to divisors, A(D> n;p;) = > n;A(p;), or even to PicX, the
linear equivalence classes of divisors: the values of A on equivalent divisors are the

same.

The Riemann © function is defined by the explicit formula
0:C* —C,

O(w) = Ow|T) = Y PmEH TR,

keZzs

The convergence follows from the positive definiteness of ST. A shift of the argument w
by a lattice vector does not preserve © but multiplies it by an easily controlled factor.
As a consequence, it does not define a function on the Jacobian but rather a section
of a certain line bundle over J. In particular, for any vector w, the “function” on X
defined by

F(p) = ©(A(p) + w)
is holomorphic (has no poles) but multivalued. Nevertheless, the divisor of its zeros
(if F' is not identically equal to zero) is well defined.

The function © is even, O(w) = O(—w). It is also useful to consider also its
odd analogue ©,, O,(—w) = —0,(w), defined as follows. Let p = (p1,...,1g) and
v = (1,...,Vq) be two vectors (called theta-characteristics) with the entries in {0, 1}
such that the following congruence holds: 4u”v =1 (mod 2). Then, we set

0.(w) = O (wf7) = 3 (BT TE T Hek) w4)
keZs

This function does depend on the choice of i and v, but it is sufficient to fix one of
these choices. In fact, many relations also do not depend on this choice. For example,
we have the following expression for the Bergman kernel:

B(Zl, 22) = d1d2 log @*(.A(Zl — ZQ))7
independently of the freedom in the definition of ©, [Mum84, §IIIb, §1].

2.2. Privme rorm. — Let us expand O, at the origin,
O..(w) = 0,w + (higher order terms),

and use the coefficients of the linear terms in this expansion to define the holomorphic
differential d¢ = 0.n. Also, introduce the bi-half-differential

1 VdC() V(=)
E(Zl,ZQ) @*(A(Zl - ZQ)) .

It is well defined in a neighborhood of the diagonal, but its global extension is multi-

valued. It should be considered as a section of a square root of the canonical bundle
on X in each of its variables, and the choice of the square root depends on the theta-
characteristics.
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Then, as we have already mentioned above in the Introduction, for any meromor-
phic function x that can serve as a local coordinate at both z; and z5 on X, the prime
form (2.2) is given by

1 _ Vdx1vdxa exp(l /Z1 /21 (B(zl %) — dX~1dX~2)> xi = x(zi)
E(z1,22) X1 — X2 2 ) Ja ’ (X1 —x2?") ™ i

where B is the Bergman kernel (2.1). The integrals on the right-hand side are not

defined without the regularization applied in them, but it is easy to check that the
result is independent of the function x used for the regularization. This equality
implies that 1/E(z1,22) has no singularities outside the diagonal (but is still mul-
tivalued with possible branchings along non-contractible loops on ). The function
O, (A(z1 — #2)) regarded as a function of z;, has a zero at z; and g — 1 further zeros,
denoted by r1,...,74—1. It follows that d( has double zeros at ri,...,r;_1 and these
points do not depend on zs.

Remark 2.1. — Notice the following useful identity for the prime form E(z1,22),
which follows from (2.2) and

B(Zl, 2’2) = dldg IOg(E(Zl, 2’2))

(which is equivalent to (2.1) taking into account (2.2)), and which appears in some
computations:

+ +
ol Bz, 25 )B(2 %)
(8) exp B = — —
zy 2 E(Zl ) %9 )E(Zl ) %9 )
2.3. KRICHEVER DIFFERENTIALS. The Krichever construction associates a KP tau
function to an arbitrary choice of a point g, € ¥ and a local coordinate z at this

point. It is given by the explicit formula

— o(1/2) Ek 51 bretute 0. (3 5z trUk + w)
0. (w) ’

where the vectors U, € C% and the constants by ¢ are determined by the following

T(tl,tg,...)

expansions at the point ¢.:

(9) n(z) = Z Upz*1dz,
k=1
ledZQ k—1 /—1
(10) B(z1,29) = 5+ Z biezy “dz1 25 dza.

(21 = 22) k0>1

Note that (2.3) does depend on the choice of the theta-characteristics (and this de-
pendence is used in applications, cf. Corollary 3.15 below), but this choice does not
affect the KP integrability properties.

Prorosition 2.2 ([Kri77]). — 7 is a KP tau function for an arbitrary (generic) choice
of the g-dimensional parameter w.

JILP — M., 2026, tome 13



1618 A. ALexanprov, B. Bycnkov, P. Dunin-Barkowski, M. Kazarian & S. Snaprin

The n-point differentials wX" associated with this tau function according to (1.2)

extend globally and are given explicitly (see [KNTY88]) by

(11) Wi = (H n(zi)&U) log O, (w|T) + §,.2B.
i=1
Indeed, we see from (2.3) that the loop insertion operator ¢, acts on log T by
o0 a oo
_ k-1 _ k—1 _
0, = ; 2 dz T ; 2570 dz UpOy = 1(2) 0

with a small correction coming from the quadratic terms. This implies (11). Similar
computations also provide also an explicit expression for the n|n half-differentials:

Qe (o )
_ BE(zf ) Bz, 2) 1 (AL (& — %) +w)
B H Bz, 27)E(z,21) H E(zf,27) 6. (w) .

1 0%g AR RNt

1<i<j<n i=1
The KP integrability means that these differentials obey the determinantal identities
wrfr(zﬂn]]) = deto(Qlfr(Zia Zj))7 nz2,

Qg"'(zﬁz]],zﬂ_n]]) = det (X" (2, 27)).

i 0%g

(12)

The differential
e differentia O (A" — =) +w)

E(zt,27)0.(w)
appearing on the right-hand side is known as the Szeg6 kernel.

QlKr(Z+7 Z_) =

Remark 2.3. Equation (12) for n = 2 is a version of the so-called Fay trisecant
identity.
For example, we have
wh' (21, 22) = =1 (21, 22) " (22, 21)

_ O, (A(z1 — 22) + w) Ok (A(z2 — 21) + w)
E(z1,29)%0,(w)?

Remark 2.4. Note that we get not just a single KP integrable system of differentials
but rather a family of such systems parameterized by w and satisfying

w1 (2, 2[n]) = S0 B(z,21) = 0(2) 0w (wh (2[n]) — On.2B(2p2p))-

Also note that the freedom in the choice of the theta characteristics entering the
definition of ©, does not affect the KP integrability: a different choice of ©, leads
to a shift of w, multiplication of ©, by a constant, and multiplication by a factor
whose logarithm is linear in w. All these transformations are obvious KP symmetries
(recall that the KP equations have constant coefficients and are at least quadratic in
derivatives). For example, the last one affects only the differential wX" only.

3. BASIC CONSTRUCTIONS AND PROPERTIES

The proofs of the statements in this section are relegated to Section 4.
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3.1. DEFINITIONS OF NON-PERTURBATIVE OBJECTS. Let (X,dx,dy,?P) be the initial
data of (generalized) topological recursion, with the standard Bergman kernel, and
arrange the differentials that it produces into the series

Wy = Z h2972+mw7(g) .
g=0
295 m>0

Here and below, the expansion in £ is always formal, and the formulas and results as
presented are valid in the realm of formal power series expansions in A.

Derinirion 3.1 ([BE12]). — The non-perturbative disconnected n|n half-differentials
QPP:* are defined as

. - n eXp<1fi+w(0)>
1) o= T BeDEC e
2] [n] reizien BEE2OEG D) B2
1 /1 o
X (exp(Z —<%7iaw) wm>@*(W|7))
m>1

coo( X gran £, (L) )

me,...,Mp 20
n
S gmi=m>=1

0. (w+A(S = —20)7).

This formula contains infinite summations and makes sense only as an expan-
sion in A. Note that, as presented, the explicit dependence on A is contained only
in the exponential prefactor and in w,,, and there is no explicit dependence on 7 in
the ©, factors. However, in non-perturbative applications this might be distorted, as w
might be shifted by an h-dependent term. The internal structure of this expression is
described in the following lemmas.

Lemwva 3.2, The differentials QP* are extended n|n disconnected half-differentials
associated with a certain family of symmetric n-differentials wyP by the following slight
variation of the formulas of Section 1.2:

n -1
(14) W) =D Y HQT}D] 2170,
(=1 I1U--UI=[n] j=1
Vil; #2
(15) WP (2[np, tn]) = 1:[16 uy) E e (in/0m, DL g 2
(16) WP (2, u; 2pnp) = Wby (2, 2[n] s U u[[n]])‘u[[nﬂzo,

. n dxl
(17) Wnp(zﬂnﬂ) = Luﬂn]] 40 (Wnp(Z[[n]];uﬂnﬂ) - 671,1 m>7
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and Q3P*, n = 1, can be reconstructed from wpP, n > 1, as

. _ Bz, 2)E(z,2) 2
(18) P (o) = 1 2% )7 ) H PG

1<k<egnE(zk’zé Ezk,zg
(/ ) i(wgf—ém,gB))

n
x exp ( > I
M1, My 20 1:1
The corresponding non-perturbative n-differentials w]? are formal power series in h,
(9)

Sy mi=m2>1

whose coefficients are finite algebraic expressions in terms of the integrals of wy,’ and
derivatives of log O, (w|T).
Remark 3.3. — Note that the contribution of w§0) = ydz is included in (13), for

consistency with the definitions in the other sources. This contribution does not affect
the KP integrability but might be useful, for instance, for the presentation of the loop
equations. However, these terms are not included in w, or w;P, according to our
convention, in order to avoid the appearance of negative powers of /. For this reason,
the relation between QPP and WP and WP is slightly different from that of (4)—(5).

Lemma 3.4. —  The leading term of the expansion of wlP in h is the corresponding
Krichever differential,
WP = Wik 1+ O(n).
oWt —On 2B = HJ 11M(25)0w log ©,(w|T) is holomorphic and w;P
WK z'fo.),(g) :0f07"2g—2+m> 0.
The coefficient of any positive power of h in wyP is a global symmetric meromorphic
differential whose poles in each variable lie only at the points q € P.

In particular, L

Remark 3.5. — Note that the expansion of the non-perturbative n-differentials in A
is not a topological expansion. Nevertheless, we still can still define wszd) (2[n]) =
[A%JwhP (2(ng ), d = 0. The existence of a topological expansion would mean that these

components could be nonzero only for the values of d of the form 2g —2+n, g € Z>o.
However, in general, there are contributions for all nonnegative integers d.

Remark 3.6. — Explicitly, w!'P is defined in terms of {w,,} and log©, by a closed
combinatorial formula with summation over graphs. As a corollary, we obtain similar
combinatorial formulas for all versions of extended differentials Q7P-*, QPP WP, WIP
associated with {w!P} by Equations (18), (14)—(16). All these combinatorial expres-
sions are reviewed in Section 4.

3.2. LoorP EQUATIONS AND PROJECTION PROPERTY. Assume the standard setup of
topological recursion. Define

WrPd) = [RAWIP (2, u; 2[n])-
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Turorem 3.7. The non-perturbative differentials satisfy the loop equations. Namely,
for any key-point q € P and for any k > 0, we have:

[uF]e W WrPHD) (7 4 2[n]) € Eq,

where y is any local primitive of dy. This relation holds identically in z1, ..., zp.

Remark 3.8. — As in the usual perturbative case [ABDB*22, ABDB"25a], an equiv-
alent way to state the loop equations is to require that

1\"
E (—dd—y> [u" WP (2 2[n]) is holomorphic at z = g for ¢ € P.
r>0

Moreover, this relation holds as well in the general setting, with arbitrary orders of
zeros/poles of dz and dy at the key-points.

np,(d)

Theorem 3.7 allows us to compute the principal parts of wy, in each variable
once we know w:f,”w ) with d’+n’ < d+n. These principal parts allow us to reconstruct
wzp’<d> for d > 1, n > 1, uniquely from wzp’m), n = 1, using the following theorem.
Turorem 3.9. — For anyd >0, n >0, 1 < i < g we have the following projection
property:

Ad
(19 @R Ct) — 0l D ) =
ze2l;

where for n =0

w4 = [n) log(exp(z %(2% ]i aw)mwm) 9*(wlff)>.

m>1

Remark 3.10. This setup is very close to the setup of the so-called blobbed topo-
logical recursion [BS17]. In this analogy, the role of blobs in the present construction
is played by (H?zl n(zi)(?w) log ©,(w|T). Note, however, that the expansion in 7 is
non-topological. The coupling to blobs might also look a bit different at the first
glance, but the geometry of the underlying Riemann surface allows one to reduce
the f% integrals to the residues at the points of P.

Let us mention that this setup can also be applied to generalized topological

recursion, but this requires developing the relevant piece of theory, see Section 1.4
and [ABDB*26b].

Remark 3.11. — Note also that Equation (19) has also an alternative interpretation
as a deformation formula. Namely, we can rewrite it as

(20) Do I (z) = ]f WD (2, ).

zeA;
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3.3. THE £ — Y SWAP RELATION AND d¥y DEFORMATIONS. Assume the generalized setup
of topological recursion.

Consider the dual topological recursion with the initial data (2, dy, dz, PV). We use
the differentials w,, (g ), that it produces, to construct exactly the same sequence of
non-perturbative objects, that is, QIP-V>* QPPY WPV - 0PV “and WiP-V | defined for
exactly the same theta-characteristics and parameters w. Then the x —y swap formula
can be extended to the non-perturbative context:

Tueorem 3.12. — The systems of non-perturbative multi-differentials for (X, dx, dy,P)
and (2, dy,dz,PV) are related by the following formulas (as formal expansions in h):

) L ) = 0 (T () 1 G
(22) Lo @™ () = (—1)" (ﬁ i (—di£> T[u;]) WP (24, Ugnp)-
i=17=0 ¢

A useful tool in the theory of topological recursion is the description of the effect of
the deformations of the initial data dz and dy. Our goal is to find the corresponding
formulas in the non-perturbative case. Since we can use the x — y swap formula
discussed above, it is sufficient to study the deformations of y. However, in this case,
we return to the standard setup of topological recursion in order to formulate the
following result.

Consider a deformation of dy given by dy + ed(Ay) for small £, where Ay is some
local primitive of the deformation of dy near the points in P. Assume that d(Ay) is
regular at the points in P. Let w)P +cAw)P be the corresponding deformations of the
non-perturbative n-differentials.

Tureorem 3.13. — We have

(23) AwP(zp,)) = Z res.—q Wy (2 z[n]])/ Aydz.
qe?P q
3.4. KP inteGraBiLITY. — Assume the generalized setup of topological recursion.

The system of non-perturbative n|n half-differentials and (extended) differentials
satisfies the following KP integrability property, expressed as determinantal formulas;
this is the main theorem of the present paper.

Turorem 3.14. — The system of differentials {wlP} is KP integrable, that is, we have:

(24) WP (zpny) = det®(Q1P(zi, 25)), n =2,
(25) 0P (e 2pnp) = det(21° (27, 27))-

The proof of Theorem 3.14 is given in Section 4.6. To accommodate slightly different
conventions in the definitions of the non-perturbative objects in [EM11, BE12, BE15,
EO25], we also state the following slight variation of Theorem 3.14:
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Cororrary 3.15. Let {@PP} be a system of non-perturbative differentials defined by
the same formulas as in Definition 3.1, but for a different choice of theta characteris-
tics entering the definition of O, or even where we replace O, (w|T) in Equation (13)
by O, (w|T) == ae® o, (w|T) for an arbitrary choice of a constant a and a vector b.
Moreover, in the final expressions for {@WhP}, we can choose arbitrary values of the
parameters w. Then {WhP} is KP integrable.

Indeed, this modification of O, leads to a shift of w or to a modification of le'
in the Krichever construction, which obviously preserves the KP integrability of the
Krichever differentials, and the whole proof of Theorem 3.14 works for the modi-
fied ©,, with an extra caveat concerning the change of the argument of ©, under the

T —y swap.
Remark 3.16. — For instance, in [EM11] the authors use the following choice of
parameters
T
a= e(l/47rih2)(f‘2‘ w§0)) T [y w§0>727rip,TV’ b= _1 wgo),
h Jra

and in the final expressions they set

2’/Tlh B_TA 1

in order to achieve the so-called background independence. Note that this leads to

modified theta functions, and, consequently, to tau functions that are trans-series in .

Remark 3.17. — Corollary 3.15 is also a tool for reintroducing the (multi-)KP times,
as it is done in [BE12, EO25, KZ25], which we have essentially suppressed everywhere
so far for the clarity of exposition, except in Equation (2.3). To this end, we select a
number of points p1,...,pny € X NP, N > 1, and consider differentials of the second
kind dY{ whose only pole is at p, and has order £ +1, « = 1,..., N, normalized
by the condition fm dY¢ = 0. Then the following choice of parameters introduces the
multi-KP variables ¢}, a =1,...,N, k> 1:
a=e? Zar s Tz'{jtgtf, b=0, w= 1 f Zt?dTi‘,
B a,k

"~ 2mi

where Tglﬁ is a bilinear form obtained by expanding the holomorphic parts of the
primitives of dY¢ at pg. We refer to [KZ25, §§3, 4, 5] for a detailed exposition; note
that this construction can be enhanced to include more variables of a “discrete” kind,
cf. also a review in [KS13, Ex. 2 & 3]. We further discuss the KP case in Section 5.

Remark 3.18. Krichever’s differentials QK" can be interpreted as free fermion cor-
relation functions on the Riemann surface, see e.g. [00g90]. Then the non-perturbative
differentials Q7":* correspond to the insertion of Zamolodchikov’s operators [Zam87]
in the standard setup, or of their generalizations in the case of generalized topological
recursion.
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4. Proors

4.1. GrapuicaL rormuras. — The proofs are based on the graphical formula for wfP
proposed in [BE15]. More precisely, in [BE15] the authors give graphical formulas for
the non-perturbative connected n|n half-differentials Q7P, and we further specialize
them here in order to deal with wj? and WJP.

In the rest of this section, as well as in the next section, we use a variety of
(different!) graphs that share many common features. In each formula below, we
define a set G, of 3-level graphs I' with some additional structure, and the common
ingredients are the following:

« The set of vertices V(I') splits into three subsets V(I') = Vo(T") U V,,(T) U Vy(T'),
which we call (multi)leaves, w-vertices and #-vertices, respectively.

. Each edge in the set of edges E(I") connects an w-vertex to either a multileaf or
a f-vertex. Accordingly, the set E(T") splits as E(I") = E;—,(I') U E,—g(T).

o The graph I' must be connected.

« The set V(T") consists of n or, in some cases, of n+1 ordered multileaves, depend-
ing on the particular problem under consideration.

. Each edge e € Ey_,(I') is decorated by an operator O(e) acting on the decoration
of the w-vertex where e is attached. The operators have to be specified in each case.

« There is a map g¢: V,(I') = Zso. An w-vertex v of I' with m(v) edges in
E;_,(T) and k(v) edges in E,_g(T") attached to it and labeled by g(v) is called a
(g(v), m(v), k(v))-w-vertex.

« We require that 2g(v) — 2 4+ m(v) 4+ k(v) > 0 for each w-vertex v.

« The (0,0, 2)-w-vertices are not allowed.

« The two edges attached to the same (0,2, 0)-w-vertex cannot both be attached
to the same leaf.

« The (g, m, k)-w-vertices v are decorated by some differentials w(v). These deco-
rations have to be specified depending on the particular problem under consideration.

. Each 0-vertex v is decorated by 8(v) = log ©.(w|T).

« Each edge e € E,,_(T') is decorated by the bilinear operator

1
= 7/ aun
2mi B

where the f%i operators act on the decoration of the attached w-vertex and the 0,,
act on the decoration of the attached #-vertex.

« |Aut(T")| denotes the order of the automorphism group of a decorated graph T’
that preserves all decorations.

« We associate to a graph T its weight w, (T") defined as

i I ow( T v T o),

eEE veV, (T) veVp(T)

w,(T) == \Aut

where the action of the operators associated to the edges on the decorations of the
vertices is prescribed by the graph I
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This structure is further specified in each particular case further by the choice of
the labels of the (multi)leaves and specific conditions on the index of these vertices
(in some cases, they are indeed of index 1, hence the name “leaves”), the associated
operators O(e) for e € Ey_,,(T"), and the decorations w(v) for the (g, m, k)-w-vertices.

4.1.1. Borot-Eynard formula. — Let Gq, be the set of 3-level graphs I' with some
additional structure described as follows:

« The set V4(T") consists of n ordered multileaves 1, ..., ¢,, that is, there is a fixed
bijection [n] — V4(T') such that i — ;.
n
. Each edge e € Ey_,(T") attached to ¢; is decorated by the operator O(e) = f:_ .

. Each (g, m, k)-w-vertex v is decorated by w(v) = hzg*”m*kwgi_k, and the argu-

(9)

ments of w,? ) are put in bijection with the edges attached to v.

Prorosition 4.1 ([BE15]). — We have

(26) Qy = H ﬁ Z wg,, (T).

Remark 4.2 Proposition 4.1 is already given in [BE15]; we just formalize their
description in a way that is convenient for our proofs below. To this end, in addition
to the standard Feynman graph technique, one has to use two further observations.
First of all, we use Equation (8) in order to dissolve the first factor in (13) into
the (0,2,0)-w-vertices connected to two different multileaves. Moreover, we use the
identity
(27)

O.(w+ A F_2))9) =e —// Bo,, | exp(log O, (w|T

(o a( S =) Im) = e (L5 [ [ o) expttogo.wm)

to generate the (0,1, 1)-w-vertices whose two edges are connected to a multileaf and
to a f-vertex.

Remark 4.3. — The right-hand side of (26) contains an infinite sum. However, both
the left-hand side and the right-hand side of (26) are formal power series expan-
sions in A. For each d, there is still an infinite number of graphs I' € G, that con-
tribute non-trivially to the coefficient of A% in the fi-expansion, but once we remove
all (0,1, 1)-vertices, we get only a finite number of possible “core” graphs. Since the
contribution of all possible configurations with (0, 1, 1)-vertices is of exponential type,
see Remark 4.2, there is no problem with convergence.

Proposition 4.1 can easily be specialized to the definitions of wlP and W7P; let us

describe the necessary modifications.
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4.1.2. A formula for wiP. Let G, be the set of 3-level graphs I" with some addi-
tional structure described as follows:

« The set V;(T') consists of n ordered leaves ¢1,...,¥¢,, that is, there is a fixed
bijection [n] — V4(T') such that i — ;.

« There is exactly one edge attached to each /;.

. The edge e € E;_,(I") attached to ¢; is decorated by the operator O(e) == |

(9)
m+

—z;’

. Each (g, m, k)-w-vertex v is decorated by w(v) = k29~ 2tm+ky 9 "and the argu-
ments of wfgi_k are put in bijection with the edges attached to v.

A direct corollary of Proposition 4.1 is the following:

COROLLARY 4.4. We have
(28) WP = Y we, (1)
reG.,
Remark 4.5. — Equation (28) is an equality of two formal power series in /. For

each d, there is only a finite number of decorated graphs I' € G, that contribute
non-trivially to the coefficient of A? in the h-expansion.

Remark 4.6. Note that the constant term in % in Equation (28) is indeed the one
prescribed by Equation (3.4).

Remark 4.7. — Note also that feeding Equation (28) into the right-hand side of
Equation (18), and subsequently applying Equation (14), we get back to Equation (26)
for Q7P.

Remark 4.8. — Finally, note that (28) also makes sense also for n = 0, where the
left-hand side is defined by (3.9), in which case it holds tautologically.

4.1.3. A formula for WiP. — Let Gy, be the set of 3-level graphs I with some addi-
tional structure described as follows:

« The set Vp(T") consists of n + 1 ordered (multi)leaves ¢y, {1, ..., ¢, that is, there
is a fixed bijection {0} U [n] — Vi(T') such that i — ¢;.

« There is exactly one edge attached to each ¢; for i € [n].

« The edge e € Ey;_,(T") attached to ¢;, i € [n], is decorated by the operator
O(e) = L%Zi.

. Each edge e € Ey_,(T") attached to ¢y is decorated by the operator O(e) :=

uh8 (uhax(z) ) 7(“1(2) L_>z .

« Each (g, m, k)-w-vertex v is decorated by w(v)

(9)
m-+k

. 129—24m+k, (9
=h W,

lk, and the argu-

ments of w are put in bijection with the edges attached to v.

A direct corollary of Proposition 4.1 is the following.
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CoroLLARY 4.9. We have
dx B(z',2") 1
(29) sz = uh exp ( Lz/—m Lz”—m UhS(UHaII)URS(Uhax”) ( dz' dx" B (x/ _ l‘”)2)
X exp (uS(uh@I)y — uy) Z wy, (T).
reGw,,
Here x = z(z2),2' = z(2'), 2" = x(2").
4.2. Proor or THE LOOP EQUATIONS. — In this section, we prove Theorem 3.7. To this

end, we use Corollary 4.9. In the corresponding graphical formula, we see that we can
collect all the prefactors in (29), and the weights of all w-vertices attached to ¢y, and
the operators on the edges incident to ¢y into the known graphical formulas for W,,
for some m > 0. Thus, we have the following lemma:

Lemma 4.10. — We have

(30) W= > ww, (I),
TEG

where Gy is the set of 3-level graphs I with some additional structure described as
follows:

o The set V(') consists of n + 1 ordered leaves lo, {1, ..., L,, that is, there is a
fized bijection {0} U [n] = Vi(T') such that i — ¢;.

« There is exactly one edge attached to each ¢; for i € {0} U [n].

o The edge e € Ey_,(T') attached to ¢;, i € [n], is decorated by the operator O(e) :=
L—>zi .

« The edge e € Ey_,(T') attached to £y is decorated by the operator O(e) == |

« Each (g, m, k)-w-vertex v not connected to £y is decorated by

—z’

— p29-2+m+k ,(9)

(A)(’U) merk’

and the arguments of wfﬁ) are put in bijection with the edges attached to v.

e The only (g,m + 1, k)-w-vertex v that is connected to £y is decorated by w(v) =
h29’1+m+kW§gi_k, and the arguments of ngl_k are put in bijection with the edges
attached to v in such a way that the distinguished one corresponds to the edge that
connects v to {y.

According to the definition of the weight wyy/ (I'), Equation (30) represents WP ()
as a finite linear combination of ng)(z, uy 2y, ...y 20,) with 2g+m < d+ 1 with some

»*m

operators (expressed as a finite sum over graphs) in the variables z{,...,z,,. Note

that each of these Wgﬁ)(z, u; 21, ..., 2 ) satisfies the loop equations, that is, for any

keyspecial point ¢ € P such that both dz and dy are holomorphic at this point and
dy # 0, and for any k > 0, we have:

[uF]e W (2, u) € Z,,

where y is any local primitive of dy (here we use the standard setup). Moreover, this
relation holds identically in z1, ..., z,. Therefore, we have (4.2) in z for any operator in
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the variables 21, ...,z applied to Wgﬁ)(z, w; 2y, ..., 20 ). Thus, WP i expressed

rm rm

as a finite linear combination of elements of Z,. Hence, [uk]e“yW?Lp’(d> € Ey. This
completes the proof of Theorem 3.7.

4.3. PROOF OF THE PROJECTION FORMULA. — In this section, we prove Theorem 3.9.
Consider Equation (28), with n replaced by n + 1. The sum over graphs in this
expression can be split into two parts, depending on whether or not the leaf ¢,,;1 is
attached to a (0,1, 1)-w-vertex that is in turn attached to a #-vertex.

In the first case, since ﬁ f% B(zp+1,°) = n(2n+1), we obtain a sum over graphs
that is manifestly equal to

7(2n+1)0w Z wo (') = 1(2n41) Qwtwy?-

FEGwn
The second sum for each w:ﬁ;g@, d > 0,n > 0, is a finite linear combination of
the differentials wfgll(zi, ey 2 Zny1) With 2g — 14+ m > 0, with some operators in
21, ..,z applied to them. Since each w,(,fi_l (z1,..., 20, Znt1) has vanishing A-periods

in 2,11, we conclude that the same holds for w:fj;g@ —n(zn+1)(9ww2p’<d> . This completes

the proof of Theorem 3.9.

4.4. PROOF OF THE  — iy SWAP RELATION. — In this section, we prove Theorem 3.12.
Recall that, in addition to w'? and w,'®, we also considered in [ABDB¥22] the two-
index differentials wfﬁ?n such that Wﬁg,)o = w,(g) and wé,i = w;f 9 ). These differentials
are introduced by an inductive procedure, but it follows from their construction that
they can also be defined by a closed formula

m+n oo

H Z <_di diyz) T[“ﬂ) Wm,m

1=m-+1 r=0

(31) = (1"
where

Wm,n = <H LUZAO)Wm+n'

i=1
Now, applying the same resummation as we did above in Lemma 4.10 to the Borot—
Eynard formula given in Proposition 4.1, we obtain the following formula for W7P:

Lemva 4.11. — We have
WP = we, (I),
I'eGw,,

where Gy, is the set of 3-level graphs I' with some additional structure described as
follows:

o The set Vy(T') consists of n ordered leaves {1,...,¢y,, that is, there is a fized
bijection [n] — Vo(T') such that i — ¢;.

o There is exactly one edge attached to each ;.

« The edge e € Ey_.,(T) attached to {; is decorated by the operator O(e) = |

—>(zi,ui) :
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« Each (g, m, k)-w-vertex v is decorated by w(v) = h29*2+m+kW§€g}n, and the last m

(respectively, first k) arguments ofW,(fzn are put in bijection with the edges in Ey_,(T)
(respectively, in E,_o(I")) attached to v.

Now, consider the following expression:

n (oo}
~n n 1 " T n
) o= 1 (I () )
The theory of x—y duality in the standard perturbative case, in particular the formulas
for the two-index differentials that we recall above in Equation (31), implies that the
differentials @V defined by this formula are given by exactly the same sum over
decorated graphs as WP, with the following two modifications:

« Now each (g, m, k)-w-vertex v is decorated by w(v) = h29—2+m+kw,(cg?)n7 and the

last m (respectively, the first k) arguments of w,(gr)n are put in bijection with the edges

in E;_,(T) (respectively, in E,_g(T")) attached to v.
. The edge e € E;_,,(I') attached to ¢; is decorated by the operator O(e) == |

—z;’
This is not yet quite the formula for w?PV that one would expect from applying Corol-
lary 4.4 in the dual case. Indeed, according to Corollary 4.4, the expected decoration
of a (g, m, k)-w-vertex v in a graphical formula for w!™" should be ﬁ29—2+m+kw7\;’fk) =

h2g72+m+kw(()g7)n+k .
(9)

To resolve this discrepancy, we note the following. Since the sum w," ,(2) +

(9)
wm,lJrn

differentials), we have

$ == f WD sl
z€EB; z€EB;
Thus

(9) _ k (9)
f o % wk,m - (_1) T wO,m-{—k
21€B4, 2, E€EB;, 21€B4, 2, €B;,

k 9),Vv : :
= (-1) 75 ?{ W1(n+kv 1<, < g,
216‘31‘1 Zke%ik

where the integrals are taken with respect to the first k£ arguments. This implies that

s

(2) is d-exact (here z is the argument that changes the side in the two-index

in the description of @™V we can replace the decoration of a (g, m, k)-w-vertex v by
h29—2+m+kw7\;’ig,3 instead of h2g_2+m+kwl(f2n, with an overall factor of (—1)¥, where
K = )" k(v) is the total number of edges in E,,_4(T"). This factor can be absorbed
by replacing the operator d,, with —d,, on each of these edges. Applying (—30,,)% to
the vertex decoration log ©,(w) is equivalent to applying 9X to log ©,(—u) evaluated
at u = —w. Since O, is an odd function, log ©.(—u) = log ©,(u) + const. Since each
f-vertex is acted upon by at least one derivative, this constant drops out. This identi-
fies WPV defined by Equation (32) with the formula for wP-" given by Corollary 4.4
applied in the dual case and evaluated at —w.
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This proves the first assertion of Theorem 3.12. Now, according to [ABDB'22], the
second statement is a formal inverse of the first one (or, alternatively, one can prove
it by exactly the same argument with the roles of dz and dy reversed).

4.5. PROOF OF THE DEFORMATION FORMULA. — In this section, we prove Theorem 3.13.
We just substitute Equation (28) into the left-hand side and into the right-hand side
of Equation (23).

On the left-hand side, we can combine the known deformation formula for w,&g)

(see e.g. [ABDBT26a]) and the Leibniz rule. This means that we change the dec-

(9)

ok to

oration of one of the (g, m,k)-w-vertices with 2g — 2+ m + k > 0 from w

S tesemg 01 2) 7 Ay

On the right-hand side, there are three possible cases:

(1) The first possibility is that the leaf corresponding to the extra variable z is
connected to a (g, m, k)-w-vertex with 29 —2+m+k > 1. The sum over all such cases
coincides with the left-hand side.

(2) The second possibility is that the leaf corresponding to the extra variable z is
connected to a (0, m, k)-w-vertex with m + k = 3. But then notice that qu Ay dx has
a double zero at ¢ and wéo) has at most a double pole at g. This means that the sum
of residues qeP T€S2=¢ wéo) (2) qu Ay dx vanishes, and these terms do not contribute.

(3) The third possibility is that the leaf corresponding to the extra variable is
connected to a (0,1, 1)-w- or (0,2,0)-w-vertex . But again, wéo) = B is holomorphic
at each ¢ € P, hence the sum of residues )  pres.—, wéo)(z) fqz Ay dx vanishes, and
these terms do not contribute.

Thus, the left-hand side and the right-hand side of Equation (23) are equal. This
completes the proof of the theorem.

4.6. Proor or e KP iNtEGRABILITY. — In this section, we prove Theorem 3.14.

4.6.1. Standard setup. We first assume first that we are in the realm of the stan-
dard setup of topological recursion. That is, we assume that P is the set of zeros of dx
and that dy is regular and non-vanishing at each point ¢ € P.

Note that both the x — y swap and deformations of dy, such that dy remains
regular at the zeros of dx, preserve the KP integrability of a system of differentials,
see [ABDB*25b, Th. 2.8] and [ABDB*26a, Cor. 2.6], respectively. An important extra
observation is that these statements can be directly applied to {wlP}. Indeed, the z—y
swap relation for the differentials {w!P} is described by a combination of (14), (15),
(18), and (21), which, up to a slightly different convention (in particular, note that Qs
and W’s in [ABDB"25b] are not differentials, but the corresponding functions) and
the substitution w — —w, coincides with the x — y swap relation for the differentials
{wn} of [ABDB*25b, §4.1]. Then the proof of [ABDB*25b, Th.2.8] can be applied
to the collection of differentials {w!P} without any changes. We conclude that the
original system of differentials {w]P} evaluated at w is KP integrable if and only if
the dual system of differentials {w!PV} evaluated at —w is KP integrable. Since KP

n
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integrability holds for generic values of the parameter, integrability at —w is equiva-
lent to integrability at w. The formula of Theorem 3.13 is equivalent to [ABDB*26a,
Eq. (22)]. According to [ABDB*26a, Cor. 2.6], the latter equation describes a defor-
mation that preserves the KP integrability of a collection of differentials. Therefore,
the deformation given by Equation (23) preserves the KP integrability of {wfP}.

Combining these two operations, we can also allowed to deform dz in such a way
that dr remains regular at the zeros of dy. Thus, our strategy is to apply a sequence
of deformations of dz and dy such that in the end we arrive at a situation where dz
has poles of sufficiently high order at all zeros of dy. This would mean that the
system of dual differentials {w,vL (g )} is computed by generalized topological recursion
with PV = @, and all differentials in the stable range are equal to zero: W @ =g
for 29 — 2 +n > 0. Hence, by Lemma 3.4, w"" = wX" and this system is KP
integrable. Hence, its « — y dual system of differentials {w!iP} is also KP integrable, as
is any other system of non-perturbative differentials connected to it via KP integrable
deformations, including the original system of non-perturbative differentials.

Let us describe a construction of the desired deformation. Denote the initial differ-
entials by dzg and dyy and assume that dzg is regular and non-vanishing at the zeros
of dyo. We need to choose some dx; and dy; satisfying the following conditions:

« dyo is regular and non-vanishing at the zeros of dz1;
« dy; is regular and non-vanishing at the zeros of dz1;
o dxp is regular and non-vanishing at the zeros of dyo;
« dxy has poles of sufficiently high order at the zeros of dy;.

The choice is made as follows. First, we choose some dy; whose set of zeros is disjoint
from the set of zeros of dyg. Then we choose dz; such that it has poles of sufficiently
high order at the zeros of dy; and no other poles, and its zeros are disjoint from the
zeros and poles of dyg and the poles of dy;. Both choices are obviously possible.

Now we first deform (dzo,dyo) to (dzy,dyg), 0 < t < 1, where dx; is the one
we have chosen, and in order to avoid any problems with the existence of the global
differentials dz; for 0 < ¢t < 1, we demand only that they be defined locally at the zeros
of dyg (this relaxed setup is sufficient for the integrability properties, cf. [ABDB*26a,
§4]). Then we deform (dz1, dyo) to (dz1,dys), 0 < s < 1, where dy; is the one we have
chosen, and dy, for 0 < s < 1 are defined only locally at the zeros of dz;.

As we discussed above, this sequence of deformations preserves KP integrability,
and the resulting system of differentials satisfies the conditions for KP integrability
discussed above. This completes the proof of Theorem 3.14 in the standard setup of
topological recursion.

4.6.2. Extension to generalized setup. Now assume that the input data (X, dz, dy, P)
corresponds to generalized topological recursion in the sense of [ABDB™25a]. Then
we can use exactly the same argument as in [ABDB™25a, Proof of Th.6.4], which,
in a nutshell, says that the system of differentials of generalized topological recursion

JIP — M., 2026, tome 13



1632 A. ALexanprov, B. Bycikov, P. Dunin-Barkowski, M. Kazarian & S. SHaprin

can be realized as the limit of a one-parameter family of systems of the differen-
tials of the standard topological recursion. This extends without any effort to the
non-perturbative systems of differentials. The observation that the KP integrability
property is a closed condition completes the proof in this case.

5. Back To THE BoroT—EYNARD FORMULATION OF KP INTEGRABILITY

The goal of this section is to briefly recall how the concept of KP integrability is
treated in [BE12] and to compare our results with the conjectures in op. cit. First of
all, notice that our Theorem 3.14 coincides with [BE12, Th. 8.1], which is a conditional
statement in op. cit., subject to [BE12, Conj. 7.1]. Indeed, the kernel derived in [BE12,
Prop. 8.1] coincides, for any fixed spectral curve data, with Q. Thus, Equation (24)
reproduces the statement of [BE12, Th. 8.1].

However, note that Theorem 3.14 is proved for any input data of topological recur-
sion, and thus can be considered in families. This is sufficient to reverse the argument
of [BE12] and to directly derive the initial form of their conjecture. Let us explain this.
Throughout this section, we assume the generalized setup of topological recursion.

Let o be a regular point for the system of non-perturbative differentials and z a
local coordinate at o. Let 77, be a formal power series in t1,12,... with the constant
term equal to 1, defined by (1.2) for wlP. The formal variables ¢, s, ... provide what
might be called the Krichever parameterization of the formal neighborhood of the
initial data of topological recursion (cf. [BE12, §4]), but this interpretation is not
important for our analysis.

Using [ABDB™25b, §3.2], we immediately obtain the following corollary:

Corovrrary 5.1. — For any reqular point o and any local coordinate z at o, the tau
Junction T.F, is a tau function of the KP hierarchy.

Let us also give a formula for log 7,7, in terms of the 3-level graphs. Let Giog, be
the set of 3-level graphs I' with some additional structure described as follows:

« The set V4(T') consists of n > 1 unordered leaves ¢1,..., £, (that is, the leaves
can be permuted by the automorphisms of the graph). Here n is not fixed; it is an
arbitrary positive integer.

« There is exactly one edge attached to each /;.

. Each edge e € E;_,(I') is decorated by the operator O(e) = res,—o > pe; ti/z".

« For (g,m,k) # (0,2,0), each (g,m,k)-w-vertex v is decorated by w(v) =
h29’2+m+kw£§ik, and the arguments of wgi
attached to v.

« The (0,2,0) vertex is decorated by B(z1,22) — dz1d2a/(21 — 22)°.

. are put in bijection with the edges

Prorosition 5.2. — We have

log 7%, = E Wiog ().
IeGiog +
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Alternatively, one can rewrite it as (cf. [BE15, Eq. (99)])

P exp(3 Dok br,etite)
7 e (s (5 o 2, EB O )wm (2[m])) O (w)

o 5 oho(fm5)

m,k}O
m+k>0

m+k

H 27“ / wm+k(Z[[m+k]1 ) 0. ( Z tpUr + w),
k=1

where the constants Uy, and bk,g are defined in (9) and (10).

The proof is straightforward by analogy with Proposition 4.1 above. Note that if
the topological recursion is trivial, then by Remark 4.2, in particular by Equation (27),
we recover the original Krichever formula given in Equation (2.3).

Now we can go through our construction, keeping track of the variables tq,to,....
In particular, we introduce

le dZQ
(21 — 22)?
in a neighborhood of the point 0 and then extend them analytically to be formal power
series in t1,to,... whose coefficients are globally defined meromorphic differentials
on X" (note that now we do not set ¢ — 0 as in (1.2)). Note that it is not obvious
that w)P(2[ny | 1,12, ... ) defined by (33) can indeed be analytically extended. To see
this, one can use the following equivalent formula

(33) wﬁp(z[[n]] | ti,ta,... ) = 621 ce 5271’ 10g Tg?z + (57172

wgp(z[[n]] | ti,to,... )
=2
m=0
which gives a globally defined n-differential.

We extend all further definitions to retain this dependence on t1,ts,...; in partic-
ular, we define Q;‘Lp"(zﬁg]], 2[n] |t1,t2,...). A direct corollary of Theorem 3.14 is the

n+m

t np dnd
H res,, —02 k)( Wt (Z[ntm]) — 5”’167"’1%)7

1=n+1

following:

Cororrary 5.3. — The system of differentials {w;P(2[n] | t1,t2,...)} is KP integrable,
that is, we have:

(34) wzp(z[[n]] |t17t2,...) :deto(an(zi,zj|t1,t2,...))7 n = 2.

(35) Q?Lp"(z[[tlwz[@mtl,tg,...) det(an( Zi J |t1,t2,...)).

Note that once we have decided to retain the dependence on t1,ts,..., we get an
additional equation for w)P, namely,

n n dZ1dZQ
wnz_l(Z[[nJrlH |[t1,t2,...) = 5zn+1wnp(2[1n]] |t1,t2,...) + O, 1@.

JILP — M., 2026, tome 13



1634 A. ALexanprov, B. Bycikov, P. Dunin-Barkowski, M. Kazarian & S. SHaprin

Hence,

8P (2, 21 [tuto, .. ) = |+

np/_+
2, =2 Lz;—m 2(

z[[ZH,z[[_Q]] ‘ tl,tg, e )
On the other hand, Equation (35) implies that

Q;p(zﬁ;ﬂvz[[_z]] | t1,t2,... ) = 7Qr11p(zf_722_ | t1,t2,... )QTP(Z; Zl_ |t15 o, ... )
Thus, we obtain the following direct corollary:

CoROLLARY D.4. — We have
P (2 20 [ty ta, .. ) = = QP2 2 |ty e, .. QP (2, 27 | 1, tay ).

This reproduces [BE12, Conj. 7.1], written in the formal Krichever parameterization
of the spectral curve data in the neighborhood of a given spectral curve. In particular,
in the case of a trivial topological recursion, the argument above derives a version of
the trisecant Fay identities from the KP integrability of the Krichever differentials.

REFERENCES

[ABDB*22] A. Arexaxprov, B. Bycukov, P Dunin-Barkowski, M. Kazariax & S. Suabrix — “A univer-
sal formula for the z — y swap in topological recursion”, 2022, (to appear in J. Eur.
Math. Soc.), arXiv:2212.00320.

, “Log topological recursion through the prism of z-y swap”, Internat. Math.
Res. Notices (2024), no. 21, p. 13461-13487.

[ABDBt24b] | “Symplectic duality via log topological recursion”, Commun. Number Theory
Phys. 18 (2024), no. 4, p. 795-841.

, “Degenerate and irregular topological recursion”, Comm. Math. Phys. 406

(2025), no. 5, article no. 94 (31 pages).

, “KP integrability through the  — y swap relation”, Selecta Math. (N.S.) 31
(2025), no. 2, article no. 42 (37 pages).

[ABDB*26a] ____ | “Any topological recursion on a rational spectral curve is KP integrable”,
Comm. Math. Phys. 407 (2026), no. 4, article no. 69 (17 pages).

, “Blobbed topological recursion and KP integrability”, Selecta Math. (N.S.)
32 (2026), no. 2, article no. 25 (39 pages).

[BE12] G. Boror & B. Evnarp — “Geometry of spectral curves and all order dispersive inte-
grable system”, SIGMA Symmetry Integrability Geom. Methods Appl. 8 (2012), article
no. 100 (53 pages).

[ABDB™24a]

[ABDB™*25a]

[ABDB*25b]

[ABDB*26b]

[BE15] _, “All order asymptotics of hyperbolic knot invariants from non-perturbative
topological recursion of A-polynomials”, Quantum Topol. 6 (2015), no. 1, p. 39-138.
[BS17] G. Boror & S. Suaprin — “Blobbed topological recursion: properties and applications”,

Math. Proc. Cambridge Philos. Soc. 162 (2017), no. 1, p. 39-87.
[BCGF*23] G. Boror, S. Cuarsoxnier, E. Garcia-Faieoe, F. Le & S. Suabrin — “Functional relations
for higher-order free cumulants”, 2023, To appear in Astérisque, arXiv:2112.12184.
[CEOO06] L. Cueknov, B. Eynarp & N. Orantin — “Free energy topological expansion for the
2-matrix model”, J. High Energy Phys. (2006), no. 12, article no. 053 (31 pages).
[DBOSS14]  P. Dunin-Barkowski, N. Orantin, S. Suaprix & L. Seirz — “Identification of the Givental
formula with the spectral curve topological recursion procedure”, Comm. Math. Phys.
328 (2014), no. 2, p. 669-700.

[EO0T] B. Exnarp & N. Orantin — “Invariants of algebraic curves and topological expansion”,
Commun. Number Theory Phys. 1 (2007), no. 2, p. 347-452.
[EO25] B. Evnarp & S. Oukasst — “Hirota, Fay and geometry”, Lett. Math. Phys. 115 (2025),

no. 4, article no. 92 (49 pages).

JE.P — M., 2026, tome 13


http://arxiv.org/abs/2212.00320
http://arxiv.org/abs/2112.12184

KP INTEGRABILITY OF NON-PERTURBATIVE DIFFERENTIALS 1635

[EM11] B. Eynarp & M. Marito — “A holomorphic and background independent partition func-
tion for matrix models and topological strings”, J. Geom. Phys. 61 (2011), no. 7,
p. 1181-1202.

[Hoc23] A. Hock — “A simple formula for the z-y symplectic transformation in topological
recursion”, J. Geom. Phys. 194 (2023), article no. 105027 (26 pages).

[Hoc24a) _, “On the z-y symmetry of correlators in topological recursion via loop insertion

operator”, Comm. Math. Phys. 405 (2024), no. 7, article no. 166.

[Hoc24b)] , “ax —y duality in topological recursion for exponential variables via quantum
dilogarithm”, SciPost Phys. 17 (2024), no. 2, article no. 065 (36 pages).

[KNTYSS8] N. Kawamoro, Y. Namikawa, A. Tsvuciiva & Y. Yamapa — “Geometric realization of con-
formal field theory on Riemann surfaces”, Comm. Math. Phys. 116 (1988), no. 2,
p. 247-308.

[KZ25] I. Kricnever & A. Zasrooix — “Quasi-periodic solutions of the universal hierarchy”,
Ann. Henri Poincaré 26 (2025), no. 12, p. 4367-4388.

[Kri77] I. M. KricHever — “Methods of algebraic geometry in the theory of nonlinear equations”,
Uspehi Mat. Nauk 32 (1977), no. 6(198), p. 183-208.

[KS13] I. M. Kricnever & T. Suiora — “Soliton equations and the Riemann-Schottky prob-
lem”, in Handbook of moduli. Vol. II, Adv. Lect. Math. (ALM), vol. 25, Int. Press,
Somerville, MA, 2013, p. 205-258.

[Mum84] D. Mumrorp — Tata lectures on theta. II, Progress in Math., vol. 43, Birkhauser Boston
Inc., Boston, MA, 1984.

[O0g90] H. Oocuri — “Conformal field theory on a Riemann surface”, in Number theory and
physics (Les Houches, 1989), Springer Proc. Phys., vol. 47, Springer, Berlin, 1990,
p. 33-43.

[Shi&6] T. Surora — “Characterization of Jacobian varieties in terms of soliton equations”,
Invent. Math. 83 (1986), no. 2, p. 333-382.

[Zam87) A. B. Zavoroncuikov — “Conformal scalar field on the hyperelliptic curve and critical
Ashkin-Teller multipoint correlation functions”, Nuclear Phys. B 285 (1987), no. 3,
p- 481-503.

Manuscript received 21st June 2025
accepted 2nd October 2026

Avrexanper ALexanprov, Center for Geometry and Physics, Institute for Basic Science (IBS),
Pohang 37673, Korea
E-mail : alex@ibs.re.kr

Boris Bycukov, Department of Mathematics, University of Haifa,
Mount Carmel, 3498838, Haifa, Israel
E-mail : bbychkov@hse.ru

Perr Dunin-Barkowski, Faculty of Mathematics, National Research University Higher School of
Economics,

Usacheva 6, 119048 Moscow, Russia;

HSE-Skoltech International Laboratory of Representation Theory and Mathematical Physics,
Skoltech, Nobelya 1, 143026, Moscow, Russia; & ITEP,

117218 Moscow, Russia

E-mail : ptdunin@hse.ru

Maxiv Kazarian, Faculty of Mathematics, National Research University Higher School of Economics,
Usacheva 6, 119048 Moscow, Russia;

& Center for Advanced Studies, Skoltech,

Nobelya 1, 143026, Moscow, Russia

E-mail : kazarian@mccme.ru

Sercey Suapriv, Korteweg-de Vries Institute for Mathematics, University of Amsterdam,
Postbus 94248, 1090GE Amsterdam, The Netherlands
E-mail : S.Shadrin@uva.nl

JIP — M., 2026, tome 13


mailto:alex@ibs.re.kr
mailto:bbychkov@hse.ru
mailto:ptdunin@hse.ru
mailto:kazarian@mccme.ru
mailto:S.Shadrin@uva.nl

	1. Introduction
	2. Necessary facts about Jacobians and Theta functions
	3. Basic constructions and properties
	4. Proofs
	5. Back to the Borot–Eynard formulation of KP integrability
	References

