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LOCALITY OF CENTERED TANGENT CONES IN
THE WASSERSTEIN SPACE

BY AVERIL AUSSEDAT

Asstract. — The geometric tangent cone to a probability measure p is a set of measure-valued
applications that are almost geodesics. This is a nonlocal condition, typically lost when condi-
tioning the measure on a given set. We show that if one removes the barycenter of any element
of the tangent cone, then the resulting set of centered measure fields is characterized by a
local condition. Precisely, centered tangent fields must be concentrated on a family of vector
subspaces attached to any point, and these subspaces correspond to the normal spaces to some
sets of “dimension k” on which the measure p is concentrated.

Resumi (Localité des cones tangents centrés dans I’espace de Wasserstein)

Le cone tangent géométrique en une mesure p est défini comme un ensemble d’applications
a valeurs dans les mesures, chacune décrivant presque une géodésique. Cette propriété n’est
pas locale et est généralement perdue quand la mesure est restreinte & un sous-ensemble. Nous
montrons qu’il suffit de retirer le barycentre des éléments du coéne tangent pour obtenir un
ensemble de champs centrés lui-méme caractérisé par une condition locale. Plus précisément,
les champs tangents centrés sont concentrés sur une famille de sous-espaces vectoriels attachés
en chaque point, correspondant aux espaces normaux a certains ensembles de « dimension k »
sur lesquels la mesure p est concentrée.
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1576 A. AUSSEDAT

INTRODUCTTION

In his inspired article [Lot16], Lott observed that whenever p is the restriction
of a Hausdorff measure to a k-dimensional C? manifold, the measures in the geo-
metric tangent cone to p have a particular structure. It was already known that the
barycenter of such a measure must belong to the Li closure of gradients of smooth
compactly supported functions, as proved in full generality in [Gigl1]. However, once
the barycenter is removed, the remaining centered part turns out to be concentrated
on the normal directions to the manifold. The purpose of this work is to investigate the
general case, using a new line of reasoning that allows us to remove any assumption
on the measure 1 € Z5(R?).

Our main result is a combination of Theorem 3.10, Theorem 4.10 and Proposi-
tion 4.12 below, gathered here into a single statement. A set A C R¢ is DC}, if, up
to a permutation of variables, it is the graph of a map from R* to R%* whose co-
ordinates are all Differences of Convex (DC) functions. A set that can be covered by
countably many DCy, sets is said to be o-DC.

Turorem. — Let p € Po(RY). There exists a unique decomposition j = Zi:o mpp*
into mutually singular measures such that myu* gives 0 mass to DCj _, sets and
is concentrated on a o-DCy set A. Moreover, the centered tangent cone Tanﬁ splits
into ZZ:O my Tanzk, and a centered measure £* belongs to Tanﬁk. if and only if it is
concentrated on the normal spaces to Ay, which exist p*-almost everywhere.

For instance, in dimension d = 2, let u = %uo + %ul + %,uz, where ;0 is atomic, u!
nonatomic and supported on [0,1] x {0}, and p? is absolutely continuous. Let £ be a
probability measure on TR? ~ R? x R? with finite second moment, first marginal x
and barycenter 0 in each fiber. Since the p* are mutually singular, there is a unique
way to write £ = %Zi:o &k with Ww#fk = ¥ for each k. The theorem then states
that ¢ is tangent to p if and only if ¢! is concentrated on pairs (z,v) with v orthogonal
to [0,1] x {0}, and &2 is concentrated on (x,v) with v € (R?)*, hence £2 = (id, 0)xu.

In dimension one, the splitting u = mou® + mypu! reduces to the atomic/diffuse
decomposition. In this case, the statement was already proved in [SW14] (see also
[Aus25al): it says that a centered field £ = mo&® + m ¢! is tangent if and only if
&' = (id,0)xu'. This case is rather special, since 0-DCy sets are exactly countable
sets, and the only 0-DCj set is R itself. In the general case, one has to pay attention
to the regularity of the sets Ay for the intermediate dimensions 0 < k < d.

The relation between DC, _ 1 sets and optimal transport plans for the 2-Wasserstein
distance appeared in the work of [Gigll], which characterizes the measures u satis-
fying the conclusion of the Brenier-McCann theorem [Bre91]. Precisely, a measure p
that gives 0 mass to any DC, _ 1 set (and consequently, to any DCy, set for k < d—1)
does not admit optimal plans that split mass, in the sense that for any other measure
v and optimal transport plan o between p and v, there exists a map f € Li (R4; RY)
such that o = (id, f)xp. The argument runs as follows: optimal plans are known to
be concentrated on c-cyclically monotone sets, which, in the case of ¢(z,y) = |z —y|?,
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[LOCALITY OF CENTERED TANGENT CONES IN THE WASSERSTEIN SPACE 1577

coincide with subdifferentials of convex functions. If an optimal plan splits mass at
some point x, then the convex functions in question must admit several elements
in their subdifferential at x, and hence fail to be differentiable there. A remarkable
theorem of Zaji¢ek [Zaj79] shows that the non-differentiability set of a convex func-
tion can be covered by countably many DC,_ sets, and that any DCy; _ 1 set is
contained in the non-differentiability set of some convex function. Hence p allows
mass splitting if and only if it charges a DCy _ 1 set.

This work generalizes Gigli’s theorem by identifying which part of u allows optimal
plans to split mass in exactly d—k directions, again using Zajicek’s theorem. Moreover,
and this is the main point, each part is concentrated on a set A which admits normal
spaces of dimension d — k at p-almost every point, and the centered tangent measure
fields are exactly the measure fields concentrated on these normal spaces. The intuition
behind this decomposition is that tangent measures try to get away from u as fast as
possible, and therefore choose normal directions to the concentration sets.

It may seem surprising that no regularity assumption on Ay is needed: this is still
a consequence of Zajicek’s theorem, since, quite miraculously, singularities of convex
functions are described using (differences of) convex functions. Indeed, the regularity
of Ay is precisely the one that allows a convex function to fail to be differentiable in
d—Fk independent directions. By Zaji¢ek’s theorem, the singular subset of Ay (at which
the normal directions are not defined) has the “same size” as non-differentiability sets
of convex functions in at least one more direction. In the decomposition, these sets
are seen by the lower-order measures pu’ for j < k, so that each Aj; has a tangent
plane pF-almost everywhere.

Since many properties of Ta ng depend only on the fact that this set is convex in a
certain sense, we first focus on a generic horizontally convex closed cone of centered
fields. However, the tangent cone is constructed in a canonical way for any p, and
can be compared for different measures. As a by-product, we show that the metric
orthogonal Sol,, of Tan, is closed with respect to the Wasserstein distance over TR,

We point out that the statement only concerns centered fields. This is a natural
assumption, since the opposite case of barycentric fields (induced by a map) cannot be
described by a local condition. However, the following can be deduced for any measure
field £ € P5(TRY),,. First, one can always write & = (m,, 7y +b(m,)) 4£°, where b € L2
is the barycenter map, and £° is centered. It is known that £ € Tan,, if and only if both
(id, b)xp and £° are tangent measure fields: hence the theorem applies to £2. Moreover,
anticipating the notation of Section 3, we can further decompose b = bp + bpu,
where bp(z) is the projection of b(x) onto the vector space D(x), and bpr = b — bp.
Corollary 3.3 implies that the measure field 3 [(id, —bp.)xp + (id,bp )4 4] is tangent,
regardless of whether b induces a tangent field or not. From this, one recovers that
(id, bps)xp is itself tangent, once again regardless of b (see [Aus25b, Prop. 5.4.4]).
Hence, the fact that (id, b)xp is tangent restricts only its component bp. This extends
the observation of [Lot16] that the barycenter of a tangent map is only constrained
through its tangential component.
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/

This article is organized as follows: Section 2 is devoted to closed convex cones
of centered measure fields. Section 3 applies the previous results to the centered
geometric tangent cone Ta ng and its metric orthogonal Solz, providing the candidate
decomposition g = " mguF. The fact that each u* is concentrated on a o-DCy set,
and gives 0 mass to DCy, _ 1 sets, is proved in Section 4.2. Section 4.3 shows that the
normal directions are well-defined p*-almost everywhere, and characterize centered
tangent measures. In addition, it is shown that the tangent measures in the sense
of Preiss are supported on planes associated to Solg at p-almost every point. The
appendix collects some lengthy proofs.

Acknowledgements. — The author would like to thank Adolfo Arroyo-Rabasa for
pointing out relevant literature, as well as Guy Bouchitté for comments on a pre-
liminary version of this work.

1. PrRELIMINARIES

In the sequel, @ = R? for d > 1. We keep the notation € to distinguish points
x € Q from vectors v € R<, Open balls with center x and radius » > 0 are denoted
B(x,r). The closure of a set A C Q is denoted A, and its complement A°.

Wasserstein spaces. — The set of Borel probability measures on a Polish space X
is denoted Z(X). If X = X7 x X3 is a product space and pu € Z(X), we write
p = p(dxy, dxs) to name the variables of X, to be used in the canonical projections
T, ¢ (1, 22) = x; for i € {1,2}. The set P2(X) C P(X) collects the measures with
finite second moment, i.e., with fmeX d?(x,0) dp < oo for some o € X.

A measurable function f : X — Y between two Polish spaces X,Y induces a
function fy : 2(X) — P(Y) by (fgu)(A) = u(f~1(A)) for any measurable A C Y.
We refer to fup as the pushforward of u by f.

Given (u,v) € P2(X) x P5(Y), let the set of transport plans between p and v be

L(p,v) = {a=a(dr,dy) € P(X xY) | mppa = pand Typa =v}.
The 2-Wasserstein distance W (u, ) between p and v is given by
W)= nt [ (2, y)da(z, y).
a€l () J(z,)eXxY
We refer the reader to [San15] for an introduction to this distance, and only mention

that the infimum is attained on a set of optimal transport plans denoted T',(u, v).

Measure fields. — Let TQ = {(z,v) |z € Q, v € T, Q} be the tangent bundle of £,
isometric to Q x R?. When useful, we also denote
Q= {(x,vl,vg,...,vn) |z €eQ, v;e T, Qforice [[l,n]]}.

For any measure p € (1), denote by Z5(TQ), the set of Borel probability
measures £ = £(dx, dv) on T Q, with finite second moment, and satisfying the marginal
condition my 4§ = p. These elements can be seen as measure-valued maps in LZ,
generalizing vector fields; for this reason, we refer to them as measure fields. The
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[LOCALITY OF CENTERED TANGENT CONES IN THE WASSERSTEIN SPACE 1579

measure fields of the form & = (m,,my, — m;)4n for n € To(u,v) and v € F5(Q)
are called wvelocities of geodesics. Following [Gig08|, we introduce a metric structure
on Z5(TQ), that takes into account the common marginal p. Namely, given &, ¢ €
P9(TQ),, define

I,(&,¢) = {a = a(dz, dv,dw) € 5”2(T2 Q) | (g, mp)par =& and (my, Ty ) g0 = (}.

These plans only move mass between pairs (x,v) and (y,w) such that & = y. They
define a distance W, by

W2(,¢) = inf / v—deaJs,v,w.
M(g C) €T (€,0) (z,0,w)ET2Q I | ( )

The distance to the zero measure field is abbreviated as [|£||, = (f(z ) |v|2d§)1/2.

The distance W, induces a metric scalar product (-,-), : (?2(TQ),)* = R by

(6. = LG + 012 - W) = sup [ (v, w)do(, v, w).
a€el',(£,¢) J (z,0,w)ET?Q

Subsets of measure fields. — The barycenter of a measure field ¢ is the unique element
b e Lﬁ(Q;Rd) satisfying [ p(z,v)dé = [ p(x,b(x))dp for any quadratically growing
¢ € C(TQ;R) that is linear in v. The measure fields with barycenter 0 are called
centered, and the set of centered measure fields is denoted Z5(T Q)]

For A € R and { € #5(TQ),, define X - § = (7, Am,)»&. We say that a subset
Set, C #5(TQ), is

— a (positive) cone if X - £ € Set, whenever £ € Set,, and A > 0;

— (horizontally) convex if for any A € [0,1], £,¢ € Set, and o € T',(&,(), the
measure field given by (7, (1 — A)m, + Amy,)xa also belongs to Set,,.

We often omit the adjective “positive” in the sequel. Horizontal convexity is stronger
than geodesic convexity, since any transport plan is allowed to produce interpolating
curves. It should also be distinguished from convexity in the Banach space of measures,
which involves curves of the form (1 — \)§ + A(.

Grassmannian sections. — For brevity, let us agree that a Grassmannian section D :
2 = R?is a measurable multivalued map such that D(z) is a vector subspace, possibly
reduced to {0}, for all z € Q. Here measurability is understood in the classical sense,
i.e., if for any open set O C R?, the set {z € Q| D(z) N O # &} is measurable. The
graph of D is the set Graph D = {(x,v) | v € D(x)}, which is a measurable subset of
T Q [Roc69, Cor. 2.2]. The following lemma will be used.

Levma 1.1. Let p € P9(Q) and D : Q = R? be a Grassmannian section. The set
of £ € P2(TQ),, such that {(Graph D) = 1 is closed with respect to the Wasserstein
distance Wrq on the tangent bundle.

Proof. — Let (&,)n C P2(TQ), be a sequence such that &,(Graph D) = 1 which
converges towards £ € Z»(T Q),, with respect to Wr (-, -). Using a Castaing repre-
sentation of D [Roc69, Th. 3], one can find d measurable functions uy, ..., uq : Q@ — R?

JIP — M., 2026, tome 13



1H80 A. AUSSEDAT

such that D(z) = span{u;(x),...,uq(x)} for any x € Q. Let £ > 0. By Lusin’s theo-
rem [Fed96, 2.3.5], there exists a measurable set B, C 2 such that u(B;) > 1 —¢ and
each u; coincides with a continuous function on Bc. Since p(B:) = supg 5. u(Cy),
there is a closed set C. C B. closed such that u(C:) > 1 — 2e. The set
G. = U {z} x D(z) = Graph DN C. x R = |J {z} x span{uy(z),...,u;(x)}
zeC. zeC.
is measurable and closed by the first and second equalities, respectively. Moreover,
&n(G:) = p(C:) 2 1 —2¢ for all n € N. Since ¢ + [ 1¢.d( is upper semicontinuous
with respect to Wrq [AGS05, Lem. 5.1.7],
&(Graph D) > £(G:) = limsup &, (Ge) = 1 — 2¢.

n—oo

Letting ¢ \ 0, we conclude that £(Graph D) = 1. O

2. CLOSED CONVEX CONES OF CENTERED MEASURE FIELDS

Throughout this section, we consider a set Setz C Py(T Q)g with the following
properties.

Assumprion 2.1. — The set Setg is a W,-closed, horizontally convex cone of centered
measure fields.

Here and below, “cone” means “positive cone”. The main motivation is the study
of Ta ng and Solz carried out in Section 3, which explains our notation.

Proprosition 2.2 (Local characterization). — A set Setg satisfies Assumption 2.1 if
and only if there exists a Grassmannian section D : Q = R? such that

£ €Set), = [¢ € P(TQ) and {(Graph D) =1].

As an example, in dimension d = 2, the set of centered ¢ satisfying (v, (1,0)) =0
almost everywhere is W),-closed, horizontally convex, stable under multiplication by
any scalar, and characterized by the constant map D = vect{(0,1)}.

Remark 2.3 (Negative cone). — A direct consequence of Proposition 2.2 is that Setg is
stable under multiplication by any scalar, including negative ones. Such stability was
already noticed in the case of the tangent cone in [Gig08], using ad hoc arguments;
in this case, the property even holds for map-induced fields. Here it is essential to
restrict to centered fields; indeed, already in dimension d = 1, the set of measure
fields concentrated on (z,v) with v > 0 provides a closed and horizontally convex
cone that cannot be characterized by concentration on the graph of a Grassmannian
section.

Remark 2.4 (Vertical convexity). A somewhat surprising implication of Proposi-
tion 2.2 is that Setg is convex as a subset of the Banach space of measures, in the
sense that (1 — )& + A& € Setz whenever £y,&; € Setg and A € [0,1]. Indeed, the
superposition (1 — \)&p + A\¢; remains centered, and concentrated on the graph of D.
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[LOCALITY OF CENTERED TANGENT CONES IN THE WASSERSTEIN SPACE 581

The aim of this section is to prove Proposition 2.2. Our strategy is to represent
Setg as the set of centered measure fields that are orthogonal to a family of “simple”
measure fields, defined in (3) below. These fields will be used to construct D. The key
observation, which justifies our interest in centered fields, is the following.

Lemma 2.5 (Centered is local). — Let £, be measure fields, with £ centered. Then
(€,¢)p = 0, and equality holds if and only if any disintegrations (&z)z, (Cz)a satisfy
(€x+Cx)s, = 0 for p-almost every x.

Proof. — Owing to [Gig08, Prop. 4.2], the metric scalar product can be written as

(1) €= [ (Gl dula).

Fix z € Q. Identifying &,,(, with measures on Z5(T,Q)s, ~ P2(RY), we may
consider the product plan a,, = &, ® (; in the definition of the metric scalar product

to get
(&xyCa)s, = /u,weRd (v, whda, = /ue]Rd vd€,(v) LERd wd(, (w).

As the first term of the right-hand side vanishes p-almost everywhere, the integrand
in (1) is nonnegative. Hence (&,(), = 0, and (£,(), = 0 implies ({;,(z)s5, = 0 for
p-a.e. x. The converse follows directly from (1). O

This observation is used as follows. In the sequel, one often has to prove that
(€,¢) = 0 for some &,( lying in cones of interest. By specific arguments, one first
obtains the inequality (£,¢), < 0. In the Hilbertian case, when working with two-
sided cones, one would typically take —1 - ( in place of {, and conclude with the same
inequality that (&,¢), = 0. However, we do not a priori assume that Setg is stable
under multiplication by a negative scalar, and the missing inequality is provided by
Lemma 2.5.

2.1. THE METRIC ORTHOGONAL COMPLEMENT. Our aim here is to write Setg as the
orthogonal complement of its orthogonal complement. For convenience, we restrict to
centered measure fields, since any measure field induced by a map is orthogonal to
any centered measure field with respect to (-, -),.

Levma 2.6. Let Setg satisfy Assumption 2.1. Then so does
(Setp) 10 == {¢ € 22T Q)% | (£,¢), =0 for all £ € Set)) },
i.e., (Setg)J-0 is a W,-closed horizontally convex cone of centered measure fields.

Proof. By construction, the scalar product is continuous with respect to W,
so that (Setg)l-O is W),-closed. Let (o, (1 € (Setg)lo, a €T, (¢, ¢1)and A € [0,1]. The
measure field ¢\ == (7, (1 — X\)my, + Ay, )z is centered. To show that ¢y € (Setﬁ)lo7
let £ € Setg, and f € T',((x,§). We construct a plan w = w(dz, dvg, dvy,dw) €
', (o, €1, &) such that (74, Ty, Ty Jpw = o and (g, (1 — AN)7yy + ATy, Tw)pw = 3
as follows: first change variables to consider & = (m, Ty, (1 — A)m, + Amy)ga €
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1582 A. AUSSEDAT

I'.(Co,¢x), then glue & and S along their common marginal ¢y by [AGS05, Lem. 5.3.2]
to produce w = W(dx,dv,dvy,dw), and return to the original variables with w =
(T, Moy A (yy, — (1 — A)7ry), M) 2@. Then

/(v, w)dp = /<(1 Ao 4+ Aon w)de < (1= A){Cor€) + A(C1 €)= .

Passing to the supremum over 3, we get that ((\,{), < 0. By Lemma 2.5, the in-
equality (Cx, &), = 0 holds since both fields are centered. Hence {\ € (Setg)m. Lastly,
if ¢ € (Setg)lo and A > 0, we have ({, - (), = (A-§, (), =0forall £ € Setg, so that
A~ € € (Set))t0. O

The next result uses elementary tools from the pseudo-Hilbertian structure of
P5(TQ),, and is very close to similar statements in [Gig08, Aus25a]. For this reason,
we defer the proof to the appendix.

Prorosirion 2.7 (Projection). — Let C satisfy Assumption 2.1. Then any £ €
Po(T Q)g admits a unique metric projection mh§ € C, realizing infecc W, (€, ().
Moreover, for any o € T}, o(&, m5E), the measure field (7, T, — Ty)gov is the metric
projection of & on C+ = {( € Z5(TQ), | ((,7), =0 Vy € C}, and we have

(2) <£a <>H < <7Té'£a C>;L VC € Cv
with equality if ( = —1-( = (my, —my)2C.
Remark 2.8. — The conclusions of Proposition 2.7 are not sharp; as a consequence of

Proposition 2.2, equality will hold in (2) for any ¢ € C. One could additionally prove
that T'y o(&, 742€) reduces to a singleton that is induced by a map in a certain sense,
following the reasoning of [Gig08, Th. 4.33].

Levmva 2.9, — We have Setg = ((Setg)J-O)J-O.

Proof. — The inclusion Set, C ((Set),)*%)0 holds by definition. Conversely, let £ €
((Setg)ﬂ))“’, and denote by 7€ its metric projection on Setﬁ. By Proposition 2.7,
for any o = a(dz,dv,dw) € T\, (&, 7€), the measure field (7,7, — my)x o is the
projection of ¢ on (Set) ). However, this projection is 0y, since W2(¢,¢) = [|€]|% +
[CIIZ for any ¢ € (Setg)“). Hence v = w for a-a.e. (z,v,w), and £ = 7#€ € Setz. O

2.2. REDUCTION TO SYMMETRIC MEASURE FIELDS. — It will be useful to introduce the
following notation: with any f € Lz(Q; R?), we associate

3) 1y = 5 [0~ Pt (0, )] € (D).

Note ‘;ha.t (s, —m)#v.f = 7. For any f,g € Li(Q-;Rd), one can use the transport
plan 3 [(id, £, g) e + (id, — f, —g)n] to get the estimate W (v7,75) < | — gllzz-
Our interest in the measure fields of this form stems from the following lemma.

Levma 2.10. Let f € Li(Q; RY). A centered measure field & is orthogonal to vy if
and only if for some (thus any) measurable f : Q — R? in the equivalence class f,
we have (v, f*(x)) =0 for &-almost every (x,v).
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[LOCALITY OF CENTERED TANGENT CONES IN THE WASSERSTEIN SPACE H83

Proof. If (v, f'(z)) = 0 for &-almost all (z,v), then any transport plan between &
and 7 is concentrated on (z,v,w) with w = £f'(z), and necessarily (v,w) = 0
almost everywhere. This shows that (£, ~), = 0. Conversely, assume that £ is centered
and (§,7), = 0. Let (&)zeq be a disintegration of &, which can be chosen so that
fv vd€; = 0 for all z € Q). By Lemma 2.5, we have, for y-almost every =z,

(4) / (v, wyda, =0 for all o € T'(&ay 3[04+ () + O(—p-(a))])-
(v,w)€(R)?

If we show that (4) implies <v,f‘(:c)> = 0 for £;-almost every v, then the equal-

ity [ (v, f(x))|d¢ = [, [ [(v, f(x))|d€x(v)dpu(z) will ensure that (v, f*(z))=0 for
&- almost every (z,v). In the rest of the proof, we simplify the notation by letting
=& € Z29RYH% and w = f(x) € RY,

Assume by contradiction that there is 4 > 0 such that m4 = { {{(v,w) >4} >0.
Then, as [ (v,w)d( = 0, there exists e_ > 0 such that m_ = { {(v,w) < —e_} > 0.
Let m := min(m_,my) > 0. Construct a transport plan a € I'(¢, 3 [6_w + &z]) by
sending a mass m/m4 from (4 = (L {{v,w) > e} to W, a mass m/m_ from
¢ =C¢L{{v,w) < —e_} to —w, and splitting the rest evenly; explicitly,

enl(Ghe)osee (e o
+((- - )e [(% —m) (B + )]
Then myuo = ¢, and myga = & [0 + 6_z). Moreover,
/(w)@wda_/ d<++—/v— JAC_ +0 > mey +me_ >0,

contradicting (4). Hence ¢ {(v,w) > e} =0 for all e; > 0. Using that ¢ is centered,
we conclude that ¢ = &, is concentrated on the orthogonal complement of w =

f (). 0
Lemma 2.10 will allow us to reduce a “global” orthogonality to a “local” one. Con-
sider again a W)-closed, horizontally convex cone Setg C Po(T Q)g, and introduce
— 20.d 0
F={f e L.(%GRY) | y5 € Set,, }.
The following result shows that the set F suffices to characterize (Setg)J-O

Lemma 211 — If € € Po(T Q) , then & belongs to (Setg)lo if and only if it is
orthogonal to all vy for f € J.

The proof uses a construction that makes it somewhat lengthy, but not complicated.

Proof. — One implication being immediate, we show that if ({,v¢), = 0forall f € F,
then & € (Setg)lo. This is equivalent to 7#¢ = 0,,, where 7#¢ is the metric projection
of £ on Setg7 given by Proposition 2.7. In particular, as vy = (7, —m, )75 for any
f € F, we have (§,7¢), = (7"&,7v¢),. Assume by contradiction that 7#& # 0,:
we construct f € F such that (7#&,vf), > 0, contradicting the assumption on &.
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First consider the constant vector fields g;(x) = e;, where e; is the i*" element of
the canonical basis of R%. By Lemma 2.10, if (7#¢,,,), = 0 for all 4, then (v,e;) =0
for m#€&-almost every (z,v) and each i € [1,d], so that 7#¢ = 0,,. Consequently, there
must be i € [1,d] such that (7#&,~,,), > 0.

Pick o € T}, o(7"€,74,). Then a = %(Wx,m, —e;)uCY + %(Wx,m,e,')#cg_ for some
Y € 25(TQ), such that m¢ = %C_?_ + %CE € Setg. Construct inductively a sequence
(C_’f_, ¢*)ren as follows: assuming that %C_’fr + %§f belongs to Setg, consider the trans-
port plan 3 == 1k @, (% + 3¢* @, ¢*, where for any ¢ € &5(T Q),,, the “pointwise
product plan” is defined as

C®u (= / [0 @ Co @ G) du(z) € Po(T?Q),.
€N
Let (E = (e, § [mo + 70]) , ¢E ®u ¢4 Then

1ok, 1 Ty + My 0
§C+ + 54_ = (ﬂ'z, T)#ﬂ S Setu

by horizontal convexity. The barycenter of each Ci is preserved along the sequence:
indeed, for any ¢ € C(T Q; R) linear in its second argument and with quadratic growth,

+
| etwwdctt = [ (e S p ) afch m, ¢t]
(z,v) (z,v,w)
1

1
—5 [ ewwics+ g [ pwuact,
2 J(z0) 2 J(aw)
hence Bary (¢§") = Bary (¢f) = fy. In fact

%f+ + %f, = Bary (%C?r + %Cg) = Bary (7#¢) =0,

so that f_ = —f}. Now, the sequence (¥ )ren converges to (id, f4)xp: indeed,
. v+ w 2
WHE G ten) = [ [P5  faw)f ket

1
—2x 1 [ - s@pact+2 [
4 J(aw)

(z,v,w
Wi (¢, (id, f1)pm) +0,

)<vé_~_(:p)7 w*£+(x)>d[dc_ D df-]

N =

where we used that I",(&, (id, g) ) always reduces to a singleton whenever g € Li,
and the definition of the pointwise product measure. The same argument implies that
¢F — k(id, fo)gp = (id, — f4)gp with respect to W,. Consequently, the sequence
(%C_’ﬁ + %Cf)keN C Setg converges with respect to W, towards the centered field
3(d, f4)up + 2(id, f-)wp = 75, , which must belong to Setz. Now, recalling the
definition of (7, we have

0=y [ oy [ enddt = [ @i
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so that [|f4[|, > 0; on the other hand, using that (¢, (id, g)%), = (Bary (¢), g)r2 for
any measure field ¢ € 25(T ), and vector field g € L2 (€;R?),

"

1
7<<97 (lda f—)#u)li

1
(M85 )n > 5 (G (G fr) b + 5

1 1
= §||f+H%3 + §||f—|\%g = ||f+||%g > 0.
In conclusion, if 7#&§ # 0, we have constructed fi € F such that 0 < (7"&, vy, ), =
(€,7¢), contradicting the assumption. Hence 7#¢ = 0, and £ € (Solz)J-O. O

2.3. CHARACTERIZATION BY A GRASSMANNIAN SECTION. — We can now turn to the proof
of Proposition 2.2. Our aim is to construct a Grassmannian section D : Q = R¢ such
that £ € Setg if and only if £ is centered and concentrated on Graph D.

Proofof Proposition 2.2. — Assume first that a Grassmannian section D : Q@ = RY is
given, and let Setg be the set of centered measure fields concentrated on Graph D.
Clearly, Setg is a convex cone of centered measure fields. Moreover, for each = € €,
the set of measures in #5(T, ) ~ P5(R?) which are concentrated on the closed set
D(x) is closed with respect to the Wasserstein distance. Hence Setg is closed with
respect to W, ~ Li(Q; (Z2(RY); W)).

Now let Setg be any W,-closed convex cone of centered measure fields. By Lem-
ma 2.9, Set), = ((Set)))10)10. Let F, = {f € L2(%4RY) | 75 € (Set),)10}. Using that
Wu(vs,79) < |If = gllz2 and that (Setﬁ)l0 is W-closed, the set F is closed in L2,
hence separable. Consider a countable dense set (f,,)neny C Fi. From Lemma 2.11
and the continuity of the scalar product, £ € Setg = ((Setg)LO)LO if and only if
(€,7#,)p = 0 for all n € N. By Lemma 2.10, the latter condition is equivalent to
(v, f; (z)) = 0 for &-almost all (z,v), where f; : Q — R? is a measurable map in the
Li—equivalence class f,. For every x € €, define

D(z) = {veR?| (v, f;(z)) =0 for all n € N} .

The map D depends on the precise choice of (f;,)n, but only up to a p-negligible
subset. Each D(z) is a vector space, and by [Roc69, Th.3.(e)], D is measurable as a
multivalued map. If £ is concentrated on the graph of D, then (v, f;,(x)) = 0 for all n
&-almost everywhere. Conversely, if for any n, there exists B™ such that £(B™) = 0
and (v, f,(x)) = 0 for any (z,v) ¢ B", then B = J,, B" is still {-negligible, and
v € D(x) for any x ¢ B. Hence ¢ € Set), if and only if {(Graph D) = 1. O

An interesting corollary of Proposition 2.2 is that Setg is closed with respect to
the (weaker) topology of the Wasserstein distance over the tangent bundle Wrq, i.e.,
with cost ¢((z,v), (y,w)) = \/|z — y[> + [v — w|2. Here, it is necessary to restrict to
centered measure fields: the geometric tangent cone Tan, is a W)-closed, horizon-
tally convex and (two-sided) cone, but is not closed with respect to Wrq in general
(an example can be found below Proposition 2.10 in [Aus25al).
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Cororrary 2.12 (W g-closedness of Setg). Assume that Setg satisfies Assump-
tion 2.1. Let (&)nen C Setg be a sequence converging to & € Po(T ), with respect
to Wrq. Then & € Set)).

Proof. — By [Vil09, Th.6.9], convergence with respect to Wrgq is equivalent to the
convergence of f(m’v) o(x,v)déy — f(m,v) o(x,v)d€ for any continuous and quadrati-
cally growing ¢ : TQ — R. Consequently, [ ¢(z,Bary (¢)(z))du = 0 for any ¢ linear
with respect to its second argument, and Bary (§) = 0. By Lemma 1.1, the set of ¢
such that £(Graph D) = 1 is W q-closed, hence £ € Setg. O

The characterization of Setg provides many examples of closed convex cones of
centered fields; one just has to choose the map D. However, the following section
focuses on two particular subsets of measure fields which are not a priori constructed
from such maps, but can be proved to be closed and horizontally convex, yielding an
additional structure.

3. TANGENT AND SOLENOIDAL MEASURE FIELDS

We introduce the geometric tangent cone Tan,, in its classical definition, as well as
its metric orthogonal, and immediately restrict our attention to their centered subsets.

Derintrion 3.1 (Tanﬁ and Solg). The geometric tangent cone is defined as

Tan, ={X- £ A >0, (Mg, + 7)€ €T0o(1,v), v € 9’2(9)}WM C Z5(TQ),.

The solenoidal cone Sol, is defined as (Tan,)*, i.e.,

Sol, == {¢ € P2(TQ), | (£,¢), =0 for all £ € Tan,,}.

The sets Ta nz and Solz are defined as the intersections of Tan,,, Sol,, with &25(T Q)Y

Remark 3.2 (Alternative definition). — One can show that for any £,¢ € Z2(TQ),,

() (€. Q= (€%, ") + (Bary (€), Bary (O)zz.

where €9, ¢Y are the respective centered components of &, ¢, i.e.,

€° = (mp, o — Bary (€))4&.

Therefore the sets Tang and Solg coincide with the sets of metric projections of
Tan,, Sol,, onto the closed, convex cone Z5(T Q)" The orthogonal decomposition (5)
also implies that ¢ is tangent (resp. ¢ solenoidal) if and only if £ and (id, Bary (€))4p
are tangent (resp. ¢° and (id, Bary (¢))u solenoidal).

Our first result on Tanz and Solg is an application of Proposition 2.2. If D : Q = R?
is a Grassmannian section, denote by D+ the map such that D+ (z) is the orthogonal
complement of D(z) in R
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/

Cororrary 3.3. Let pu € P5(Q). There exists a Grassmannian section D : Q = RY
such that

(€S0l « [¢ € P5(TQ)Y and ((Graph D) =1],

6
(6) e Tang — [5 c ﬁg(TQ)ﬁ and £(Graph D+) = 1}.

In the sequel, D will often be denoted D°°', and D+ will be denoted DT".

Proof. — The fact that Tang is a Wy-closed positive cone of centered fields follows
directly from the definition. The fact that it is horizontally convex is proved in [Gig08,
Prop. 4.25], first by considering optimal plans and using cyclical monotonicity, then
by approximation. The decomposition of the metric scalar product in (5) yields that
Solg = (TanlOL)J-O, so that by Lemma 2.6, Solg is also a closed convex cone of cen-
tered measure fields. Hence the existence of D characterizing Solz as in (6) follows
from Proposition 2.2. The same result yields a Grassmannian section D:Q = R?
characterizing Tangg to conclude, it only remains to show that D = Dt p-almost
everywhere. But this is implied by the following equivalences for & centered:

¢ concentrated on (z,v) such that v € D(x)
—= &€ Tang (Prop. 2.2)
< (&,7f)p =0forany f € LZ such that vf € Solg (Lem. 2.9 and 2.11)
<= £ concentrated on (z,v) such that (v, f*(z)) =0 (Prop. 2.2),

where in the last line, f* ranges over all measurable functions such that f'(x) € D(x)
for all z € Q, and [ |f'|?du < oo. The fact that sufficiently many of such f* can be
found follows from the Castaing representation of the measurable map D, for instance
in [Roc69, Th. 3.(d)]. O

By Corollary 2.12, both Tanﬁ and Solﬁ are closed with respect to the Wasserstein
distance W o on the tangent bundle. In addition, the set of solenoidal measure fields
(possibly with nonzero barycenter) is closed in the same topology.

Cororrary 3.4 (Sol, is Wr o-closed). — Let p € P5(Q). The set Sol,, is Wr o-closed.

Proof. — We first show that any ¢ € Sol,, is concentrated on Graph D. By Remark 3.2,
if ¢ € Sol,,, then g := Bary (¢) € L2(Q;R) is such that (id, g)xu € Sol,,.. By [Aus25a,
Lem.2.4 & 2.7), both measure fields (id, —g)xp and % [(id, g)xp + (id, —g) 4] are
solenoidal. Applying Corollary 3.3 to the latter, we get that g(z) € D>!(x) for
p-almost every x. As the centered field (¥ = (m,, m, — g(m:))4C is solenoidal, it is
also concentrated on Graph D, thus so is ¢ = (7, T, + g(74))2C°.

Now let ((n)nen C Sol, be a Cauchy sequence with respect to Wrq, and let
¢ € P5(TQ), be its limit. By Lemma 1.1, ((Graph D) = 1. Consequently, the cen-
tered component ¢° := (7, T, — Bary (¢)(m;))#( is concentrated on Graph D, hence
solenoidal. To show that Bary ({) also induces a solenoidal field, it is enough to prove
that (f, Bary (¢))r2 = Oforany f € L2 (€ R?) such that (id, f)xp is tangent (by (5)).
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In addition, we may take f = Vi for p € €(;R) [Gig08, Th. 4.14]. In particular,
(z,v) = (f(x),v) is continuous and has quadratic growth, so that

(fBary (O = [ (7a)so)d =t [ (f(@).0)dG = lm (f.Bary (G.))13 = 0.

n— oo

In conclusion, both ¢Y and (id, Bary (¢))4u belong to Sol,,, so that  is solenoidal. O

One might be tempted to think that Tan, is Wt q-closed by the same argument.
This is not correct: it does not hold that ¢(Graph D™") = 1 for every tangent £. It
does hold that

- Tang is W g-closed (by Corollary 2.12),

— the set of f € Li(Q;Rd) such that (id, f)upu € Tan, is weakly closed in L7
(by the previous proof),
but the latter set of vector fields is not strongly closed in L2 1> and the oscillations
captured by the Wr g-limit may leave D™". On the other hand any map inducing a
solenoidal field is already valued in D>, so that oscillations can only produce measure
fields that are again concentrated on D>,

3.1. StABILITY WITH RESPECT TO RESTRICTION. — The aim of this section is to investi-
gate how Tanz and Solg depend on the local properties of the underlying measure .
We start by showing that the centered solenoidal spaces are stable under restriction
of measures. This is valid only for centered measure fields; Remark 3.9 below provides
a counterexample in the case of map-induced fields.

Given a measurable set A C 2, denote by uL A the measure given by (uL A)(B) :=
w(AN B) for any measurable B, and by T A C T Q the set {(z,v) | x € A, v € T, Q}.

Prorosition 3.5 (Restriction of centered solenoidal measure fields). — Let u € 925(Q)
and A C Q be measurable with u(A) € (0,1). Denote pa = (uL A)/u(A). Then

Sol? , = {(CLTA)/u(A) | ¢ €Soll}.

Proposition 3.5 relies on the following intermediate results, whose proofs are de-
ferred to the appendix. The statements are formulated for Sol, instead of Solg, since
centeredness plays no role there.

Levva 3.6. — Let p = (1 — N + Mg € P2(Q) for py € P2(Q) and X € [0,1].
Let n € P5(TQ),, be the velocity of a geodesic, with v := (7, + m,)un compactly
supported. There exists v € P2(TQ),, such that

(7 E=1-Mn+X\y
is the velocity of a geodesic starting from p.

Lemma 3.6 does not stand without the assumption that v has compact support.
Indeed, consider for instance p; = dg, o = 61 and v a Gaussian measure in dimension
one. There is only one 1 such that (7, 7, + m,)xn is optimal between p; and v, and

its support is not bounded in the velocity variable. To construct a ~ satisfying (7),
one should be able to ensure that for any (z,v) € supp#n and (y,w) € supp~y, the
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monotonicity condition |[v]? + |w|? < |z + v — y|? + |y + w — z|? holds. Equivalently,
using that x = 0 and y = 1, one should have 2v — 1 < 1 4 2w; since v can be
arbitrarily large, no finite w satisfies this. Consequently, in order to use Lemma 3.6,
we characterize Sol, by orthogonality with respect to velocities of geodesics ending
at compactly supported measures.

Leyya 3.7, — Let ¢ € Po(TQ), satisfy ((, (7, my — T)pV) = 0 for any v €
Lo(p,v) with v € P2(Q) compactly supported. Then ¢ € Sol,,.

We now turn to our original claim. In the proof, we use the formula given by [Gig08,
Prop. 4.2] to deduce a Chasles relation for the metric scalar product, stating that for
€ P2(Q) and A C 2 measurable,

€0n= [ (enGladu@) = [ (enesdu@)+ [ (e Cs.duta)
zeQ z€A zEA°

Proof of Proposition 3.5. We proceed by double inclusion. Consider ¢ € Solg, and
let (4 == (CLT A)/u(A) and (4 == (CLT A¢)/u(A°). By Lemma 3.7, it suffices to show
that (Ca,&4),, = 0 for any €4 € P5(TQ),, which induces a geodesic between 114
and a compactly supported measure. Consider such a £4. Applying Lemma 3.6 with
p1 = pa, iz = pac and 1 — X = p(A), we obtain a measure field £€4° € 25(TQ),, .
such that & = p(A)¢A + u(A°)EA” belongs to Tan,. As pa and pae are mutually
singular, we have ¢4 = (€LT A)/u(A). Hence

(8)  0={(C,E)u=m(A)Ca,EM s + 1A (Cac, €Y > p(A)(Ca, €M) >0,

where we used that (4 and (4. are centered (see Lemma 2.5). Hence ({4, 5A>uA =0,
and 4 € Sol),,.
Conversely, let (4 € SolgA, and consider ¢ = pu(A)¢(* + p(A°)0,,.. In particular,
¢4 = (CLTA)/u(A). Let £ € Z5(TQ), be the velocity of a geodesic. By restriction
of optimality [Vil09, Th.4.6], £4 := (LT A)/u(A) is also the velocity of a geodesic;

moreover, by Chasles,

<<7§>H = /J'(A)<CA7£A>MA + /j'(Ac)<OllAw£Ac>#Av = /I'(A)<<A76A>MA =0.

Hence ¢ € Solg,

restriction of an element of Solz. O

HAc

and any solenoidal measure field in Solg , can be written as the

As a corollary, we deduce the corresponding statement for Tanz.

Cororrary 3.8 (Restriction of centered tangent measure fields). With the same
notation as in Proposition 3.5,

Tan? = {(€LTA)/u(A) | €€ Tang}.

HA

Proof. First let £ € Tan,O“ and denote £4 == ((LT A)/u(A). By Proposition 3.5,
any (4 € SolgA can be written as ((LT A)/u(A) for some ¢ € Solz. Hence, using
Chasles as in (8), 0= (£,(), = pu(A){(€a,¢) . =0, s0 that €4 € TangA. Conversely,
if ¢4 € Tan® | define &€ == pu(A)EA + u(A)0,,. € Po(T Q)g For any ¢ € Solg,

ra?
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one has (£,), = p(A) (€A, Ca) s, where ¢4 == (CLT A)/u(A) belongs to SoIﬁA by
Proposition 3.5. Hence (£,¢), =0, and £ € Tang, completing the proof. O

We emphasize that the argument is not exactly symmetric between Tanﬁ and Solﬂ;
the difficulty lies in Lemma 3.6, where an optimal plan attached to a measure is
“extended” to an optimal plan attached to another measure. Despite many attempts,
the author could not find a direct proof of an extension result for tangent measure
fields: when letting the optimal time decrease to 0, there is no guarantee that the
narrow/Wasserstein limit remains tangent. However, optimal plans are sufficient to
characterize solenoidal measure fields, so we can first prove the restriction property
for Solg, and then transfer it to Tang.

Remark 3.9 (Necessity of the centered assumption). — Let p € £25(Q2) be the normal-
ized 1-Hausdorff measure restricted to the boundary of the unit square S := 9[0, 1]%.
Parametrize S by a constant-speed closed curve 7 : [0,1] — R? rotating clockwise,
and let ¢ == (7, ¥)#L0,1- We claim that ¢ is solenoidal; since it is induced by a map,
this is equivalent to (¢, ), = 0 for any map-induced tangent £. Any such £ can be ap-
proximated arbitrarily well with respect to W, by (id, V) p for some ¢ € C2°(Q; R)
[Gigl1]. As ((id, V) g, C)p = f[O,l] 4 5 0~dt =0, the measure field ¢ is solenoidal.

However, if v :== 4L [0,1] x {1} is the (normalized) restriction of u to the top
side of the square, then the corresponding restriction ¢ := (id, (1,0))xv belongs to
Tan,, since it induces a geodesic. The reader may check that the centered fields
$[¢+ (g, —my) ] and L [¢ + (my, —7y) <] are both solenoidal.

3.2. DECOMPOSITION ACCORDING TO THE DIMENSION OF SPLITTING. — WIith the above
material, we can now state our first main result.

Tueorem 3.10. — Let p € P5(Q). There exists a decomposition p = EZ:O mpp®,
where my, € [0,1] sum to one and p* € P5(Q) are mutually singular measures, with
the following properties. For each k € [0,d], there exists a Grassmannian section
Dy, : Q@ = R? such that dim Dy, = k, and

(i) ¢ € Sol, if and only if ¢ = Y_f_y muC* with ¢* € Sol% for k € [0,d].

(i) € € Tan') if and only if € = 37 _, my€* with €* € Tan. for k € [0, d].

(iii) If m > 0, ¢* € Solgk if and only if C¥ is centered and concentrated on
Graph Dy.

(iv) If mp > 0, & € Tanﬂk if and only if € is centered and concentrated on
Graph Di-.

In addition, the measures myu* in the decomposition are unique. This follows
directly from the explicit formula given in Theorem 4.10. Figure 1 illustrates Theo-
rem 3.10.

Proof of Theorem 3.10. — By Corollary 3.3, there exists a Grassmannian section D :
Q = R9 such that ¢ € Solg if and only if ¢ is centered and concentrated on Graph D,
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Ficure 1. A measure u € P5(R?) and its section D™" = D+ char-
acterizing Tang.

The measure u° is the sum of the three atoms, and D™ is 2-dimensional. The

measure ' is supported on a countable union of DC; sets, which, in dimension 2,
are graphs of DC functions up to permuting the axes. The direction of the one-
dimensional Grassmannian section D{®" is represented by the arrows, whose
length is irrelevant. The fact that D{®" is orthogonal to the set on which p!
is concentrated will be proved in Proposition 4.12. The remaining measure p? is
transport-regular in the sense that it gives 0 mass to any DC; set, and satisfies
the conclusion of the Brenier-McCann theorem. Consequently, no optimal plan
splits mass, and D3*" = {0}.

and ¢ € Tang if and only if £ € P5(T Q)z and ¢ is concentrated on Graph D+. For
each k € [0,d], define

A ={x € Q|dimD(z) = k}.
Each set Ay is measurable; indeed, by [Roc69, Th.3.(d)], we have

D(z) = conv {g,(x) | n € N}

for some countable family (g, )nen of measurable maps. Then Ay can be written as
the set of z such that any choice of k + 1 vectors g,(x) is linearly dependent, and
there exist k linearly independent vectors (gn; (¥));ei.x] i-€-,
N {detrt1 (9ors - Gorrny) =030 U {detk (901): > Gok)) # 0} -

o:[1,k+1]—N 0:[1,k]—N
Here det; : (R?)J — R is the j-determinant, which is continuous. As each g, is
measurable, the set Ay is itself measurable.

If my, == p(Ag) > 0, define ¥ == (uL A*)/u(Ay). Since (Ax){_, is a partition of Q,
the measures p* are mutually singular, and p = ZZ:O my k. Let

Di(x) D(x) x € Ag,
k() =
vect{ey,...,ex} otherwise.

Clearly, Dy, is measurable. We now show that p* and Dy, satisfy the claims.

Let ¢ € Solg, and write it as ZZ:O myC*, where my¢* := ¢ LT Ay. In particular,
¢* is centered. For each k such that my > 0, Proposition 3.5 yields that ¢* € Solgk.
This proves the first implication of point (i). Conversely, let ((*)kefo,q) be a family of

centered measure fields such that (¥ € Sol), and define ¢ = S mi¢. To show

JILP — M., 2026, tome 13



1502 A. AUSSEDAT
9

that ¢ € Sol?, let ¢ € Tan®, decomposed as ZZ:O my&E¥. By Chasles,

172 J23
d
(€= mr(CF &) .
k=0

By Corollary 3.8, each ¢* belongs to Tanzk, so that every term of the sum vanishes.
Hence ¢ € (Tang)lo = Solg. This proves (i); the argument is completely symmetric
for (ii), with Proposition 3.5 in place of Corollary 3.8.

We turn to point (iii). If ¢¥ € Solgk, then, by (i), the measure field ¢ = mz¢* +
Z?:O,j;ék m;0,; belongs to Solg. As such, it is concentrated on Graph D. Therefore so
is (¥, and since D = Dy, for p*-almost every x, we get that ¢¥(Graph Dy) = 1. On the
other hand, let ¢* € 2, (T Q)gk be concentrated on Graph Dy. As Dy, = D uk—almost
everywhere, ¢* is concentrated on Graph D. Therefore ¢ := my(* + Z;LO, ok M50,
is also concentrated on Graph D, and must belong to Solg. By restriction, (¥ =
(CLT Ag)/my, belongs to Solgk. The point (iv) is proved by repeating the argument
with D+ in place of D. O

4. PROPERTIES OF THE DECOMPOSITION

Theorem 3.10 relies only on the algebraic properties of tangent and solenoidal
cones. We now give a refined description of the measures x* in terms of concentration
on particular subsets. The argument is based on Zajicek’s theorem, recalled below,
which characterizes non-differentiability points of convex functions using DCy sets.
We start with some lemmas specific to DCy, and o-DCy sets, and then return to the
measures (p*)y.

4.1. PreLiminaries ox DCy, sETs

Dermvirion 4.1 (DCy and 0-DCy sets). — Let k € [0,d]. A set A C R? is a difference
of convex functions of dimension k, denoted DCy, if A = ®(R¥) for some function
® : R* — R? which, up to a permutation of coordinates, can be written as

9) O(Xk) = (Xk, (1 — V1) (Xk), - - -5 (0a — Ya)(Xk))

where ¢;,1); : R* — R are convex functions for j € [k + 1,d]. A set that can be
covered by countably many DCj, sets will be called o-DCj.

DCy, sets are called “c—c hypersurfaces of dimension £” in the original work of
Zajicek [Zaj79], and “d-convex surfaces of dimension k” by [Pav04]. By convention,
DCj sets are points, and the only DCy set is R?. The parametrization yields that DCy,
sets are closed; with the notation of (9), a Cauchy sequence in A = ®(R¥) necessarily
has its first k components converging in R¥, hence converges to an element of A by
continuity of the functions ¢;, ;.

Revark 4.2 (Composition). — Let 0 < j < k < d. If A C R* is 0-DC;j, and
® :R¥ — R? can be written as a permutation of (idgk, Prr1 — Vkits---,Pd — Va)
for convex functions ¢;,9; : R¥ — R, then ®(A) is 0-DC; as well. Indeed, this is
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trivial if j = 0 (since A is countable) or j = k (since A = R¥). Otherwise, let (A4,)n
be a countable family of DC; sets covering A, each written as ®,,(R?) for some ®,,
of the form (9). The composition ® o ®,, coincides with the identity on j of its coor-
dinates. Since compositions of DC functions are still DC by [Har59, (I) & (II)], the
remaining coordinates of ® o ®,, are DC functions from R’ to R. Therefore the sets
(®o®,(An))nen are a countable family of DC; sets covering A, i.e., A is 0-DC;.

Throrew (Zajiéek’s theorem). — Let ¢ : RY — R be a convex function. Then each
set
(10) Je(p) = {z € R | dimdpp > d — k}

is 0-DCy, i.e., can be covered by countably many DC), sets. Conversely, if A C R? is
o-DCy, there exists p : R? — R conver such that A C Ji(yp).

If one is given a single DCy, set A, then the convex function can be chosen “uni-
formly non-differentiable” over A. This is merely an observation on the construction
of [Zaj79], but it will be used in the sequel.

Lemvia 4.3, — Let A= ®(R*) C R be a DC}, set, with ® as in Definition 4.1. There
exist a convex function ¢ : R* — R and d — k + 1 measurable vector fields fr, ..., fa
such that fj(x) € 0,9 for each x, and whenever x € A, the vectors fi(x),..., fa(x)
are at distance at least one from each other.

Proof. — We may permute the coordinates of the space so as to write

P = (lda PE+1 *¢k+17~-~780d *d’d)

for some convex functions ¢;,v; : RF — R. Let ¢ = Z;l:kH ¢;, where each ¢; is

given by
¢j($1,...7.’17d) = max(a?j —|-wj(l'1,...,wk),<pj($1,...7.’17k)).

Then ¢; and ¢ are convex. For convenience, write x = (Xk7$k+17 ..., 2q) whenever
z € R For j € [k+1,d], let vj,w; : R¥ — R¥ be measurable selections of dp; and 9v;
respectively. Then 0,¢; contains the vectors (v;(X*),0) € R? and (w;(X*),0) + e;,
with e; € R the j*® vector of the canonical basis. Indeed, since x; = ¢, (X*)—;(X%),
we havev for any y = (Yk)’ Yk+1y- -+, yd)v

¢;(y) = max (y; + ¥;(Y"),0;(YF))
2 max(acj + ij(Xk> + (yj - LBJ‘) + <w]‘(Xk),Yk — Xk>,
@3 (XF) + (0y(X5), YF = X*))

= ¢j(x) + {2,y — ).

max
ze{(w;(X*),0)+e;,(v; (XF),0)}

Recall that 0.¢ = @j:k_H 0.¢; [Roc70, 10.9 & 7.27]. Hence 0,¢ contains the

vector Z?Zkﬂ(vj(Xk),O) and each E?:kJrl}j#(vj(Xk),O) + (we(X*),0) + e, for
¢ € [k + 1,d], which are at pairwise distance at least one. O
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The next lemma allows us to pass from the direction of the non-differentiability
sets of a convex function to that of the subdifferential. A function ¢ is semiconvex if
©+ A -]?/2 is convex for some A € R.

Levva 4.4. — Let ¢ : RT — R be semiconver, A C Ji(¢) be DCk, and x € A such
that

— the dimension of O, is exactly d — k,

— the function ® parametrizing A as in (9) is differentiable at x,

— there exist ¢ > 0 and r > 0 such that for any y € AN PB(x,r), the set Oy
contains d — k + 1 vectors at pairwise distance at least €.

Then Im V®(z) is orthogonal to span{d,p — p} for any p € O,p.

Note that the vector space span{d,p — p} is independent of the point p € J,.
Intuitively, Lemma 4.4 generalizes the observation that J,p is orthogonal to any
differentiable surface contained in its set of minimum points. The assumption that
Oy is sufliciently large for y close to x could be replaced, for instance, by requiring
that all 0, near x contain a given (relative) interior point of J,¢.

Proof. — The function ® : R¥ — R? is injective, since it coincides with the identity
on k of its coordinates. Let X = ®~1(z) € R* and (h,), C (0,1) be a sequence
converging to 0. Fix e € R¥, and denote z,, := ®(X + h,e) € A. By assumption, for
sufficiently large n, there exist vectors (w?)) tefk,a] C Oz, ¢ at distance at least ¢ from

each other. Since ¢ is locally Lipschitz, the sequences (w?), are relatively compact.

Y4
n

semicontinuity, each w® belongs to d,¢, and is still at distance at least e from w? for
¢" # (. Hence the vectors (w’ — wk)ge[[k+17d]] span a space of dimension d — k, which
must coincide with span{d,¢ — w*} since the latter has dimension d — k.

Extracting subsequences successively, we may assume that w’ — ,w’ By upper

Denoting by A the semiconvexity constant of ¢, we have, for any ¢,¢' € [k, d],

A
Plan) > ¢(2) + {0, n = 2) = 3 fon — 2

> o(zn) + (Wl x — zn) + (W an — 3) — N, — x>

Dividing by h,, > 0 and letting n — co, we get
— Wy,
ha,
— (0 =’ , VO(X)(e)).

) BN 4 hey) — B(X)P

n

0> lim <w
n—oo
Interchanging £ and #', we obtain that Im V®(X) is orthogonal to span{d,o—w*}. O
We consider the following definition of differentiability, tailored to o-DCy sets.

Derinition 4.5 (Tangent plane to a o-DCy set). — Let A be a 0-DCy set contained
in {J,, An for DCy, sets A,,. Let N, C N be the subset of n € N such that z € A,,
and for n € N, denote by ®,, a permutation of (idgx, 0} | — Vi ;.. ., @4 — ;) such
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that A, = ®,,(R*). Then A admits P as a tangent plane at x if for each n € N, and
j € [k+1,d], each @7, 47 is differentiable at ®,'(x), and Im V&, (x) = P.

Lemya 4.6. — Let (Ap)nen be a family of DCy, sets, and denote A =, oy An- Then
there exists a 0-DCy.; set B C A such that A admits a tangent plane P at any point
x € AN B in the sense of Definition 4.5.

Proof. — For each n, denote by ®, : R* — R a function as in (9) such that A4, =
®,,(R¥). Let B"™ C R* be the union of the non-differentiability sets of the functions
©j,¥; for j € [k + 1,d]. Each set B™ is 0-DCy_1, and by Remark 4.2, the image
®,(B™) c R? is still a 0-DCy; subset of R%. Denote by P, (x) the image of V&, (1)
at any point z € A, ~ B,

We now construct a o-DCy.; subset of A outside of which the surfaces A, can-
not intersect transversely. Precisely, for each n # m, let B(™™) be the set of = €
A, N Ay~ (B™ U B™) such that P,(x) # Py,(x). We construct a convex func-
tion containing B("™) in its non-differentiability set J,_;. By Lemma 4.3, there exist
convex functions ¢, (™ : R — R such that A, C Jp(¢™), A, C Jp(o(™),
and the subdifferentials of ¢(™, ¢(™) on A,,, A,, contain uniformly separated points.
Denote By, = Je—1(6™) U Jp_1(¢™), which is 0-DC.;. By Lemma 4.4, for any
x € Bm) B, m, the affine space containing aa:qb(”) is orthogonal to P, (x), and
similarly for 9,¢(™ and P,,(z). Since P, (x) # P,,(z), we deduce that the affine hulls
of 9,6 and 8,6 are not parallel. As a consequence, the convex set

(™ + 6™ = {v+w | v e 0™, we dpp™}

has dimension at least d—k+1. Hence B(™™ \ B, ,,, is contained in Ji_1 (¢(™ +¢(™),
which is o-DCy. since ¢(™ +¢(™) is convex. Adding back By, we obtain that Bm)
is 0-DCy_1.

Denote B := |, ey B(")UUn)meNQ B("™) Then B is 0-DCy.1, and if z € A\ B, all
sets A,, containing x admit a plane P,(x) as before. Additionally, P,(z) = P, (z) =
P(xz) for any n#m such that 2 € A,, N A,,, since otherwise z would be in B(™™) C B.

(]

4.2. CHARACTERIZATION OF 1F BY concENTRATION ON DC) sETs. — We return to mea-
sures on 2 = R?, with two intermediate results relating the dimension of the map
D™ = D appearing in Theorem 3.10 to the size of the sets on which u can be
concentrated.

Prorosition 4.7 (Large D™ implies thin concentrations). — Let 0 < k < d — 1,
and p € P5(Q) be a measure such that the Grassmannian section D" : Q = R
characterizing Tang has dimension at least d — k at p-almost every point. Then p is
concentrated on a o-DC}, set.

For ¢ : @ — R semiconvex, denote again Ji(¢) = {z € Q | dimd,p > d — k}.

Proof. — We first consider the case of a compactly supported measure, then proceed
by exhaustion. Precisely, in the first two steps, we show that whenever p is compactly
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supported and such that D" = DIQ” has dimension d — k, then there exists a
measurable o-DCy set B such that u(B) > 1/2.

Compact case: construction of B. — Let ( f3)jelk+1,a) be measurable selections of DTan
such that (f;(z),..., f;(x)) is an orthonormal basis of D@"(z) for any x € €. Such
maps can be constructed by the Gram—Schmidt orthogonalization algorithm applied
to a Castaing representation of D™" provided by [Roc69, Th.3.(d)]. By Proposi-

tion 2.2, the measure field
1 1., ) N
= g0 D 5 L = f)pn+ (id, /)]

belongs to Tang. We show using a Chebyshev-type inequality that if n is close to &
with respect to Wy, then it must put mass on balls around each f; (z) for any x
belonging to a set of large p-measure.

Let j € [k+1,d] and s € {£1}. Since (x,v) = |v—sf;(z)| is measurable from T
to R, the sets

Ajs={(z,0) eTQ||v— sfi(x)] <1/2} CTQ

are measurable. Given a set A C T, denote A* = {v | (z,v) € A}. By the disin-
tegration theorem of [Bog07, 10.4.15], for any n € Z2(TQ),, there exist measures
(Nz)eeq with 1, € Z(R?) such that for any A C TQ measurable, x > 7, (A%) is

measurable, and 1(A) = [, 7z (A”) du(z). Therefore, the set

T

C = cQ ‘ 3(j,s) € [k+ 1,d] x {£1} such that
=< nx(A';‘,s) =Nz (@(8}3(]})7 1/2)) < %

is a measurable subset of ). Let &, = ﬁ Z;'l:kH %[5(%_& (2)) +§($,fj-_(x))] be a partic-
ular disintegration of £&. Whenever x € C, the measure £, places a mass 1/2(d — k) on
each & f;(x), whereas n, places less than (1/2)/2(d — k) on at least one ball of radius
1/2 centered at one of these points. Consequently, any transport plan «, between 7,
and &, will force a mass of at least (1/2)/2(d — k) to travel a distance greater than
1/2. In integral form, [ o, [v|*de > (1/2)/2(d — k)(1/2)? for any = € C. Taking the
infimum over oy, this yields W2(n,, &) = 1/16(d — k), and integrating over x, we get
that

(11) N(C):/EQ nc(x)du(x)g/

ca 1/(16(d — k))
Here the last inequality holds since W?(¢,m) = [, W?(&z,12)dp [Gig08, Prop. 4.2].
Since ¢ is tangent, there exists n € Z2(TQ), inducing a geodesic on [0, 7] for some
7> 0, and such that 16(d — k)W?2(n,£) < e. Let B == C°. By (11), u(B) > 1 —¢.
By definition of C, 1, puts a mass of at least (1/2)/2(d — k) on each @(:I:f] (),1/2)

for € B, so that the restricted measure

L se{£1}
7= U e a i

W2 (1, &) du(z) < 16(d — k)W?2(n, €).
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still puts mass on T B, i.e., B C supp myx7. Moreover, by restriction of optimality
[Vil09, Th. 4.6], v induces a geodesic on [0, 7].

Compact case: B is o0-DCy.. — Define ¢ as the classical explicit Kantorovich potential
[Vil09, (5.13)], i.e.,

1 -
p(z) = > Sup{|TUN|2 —|zy +ToN — 2|2+ Zivzol (|rvil*> = |z; + Tv; — m¢+1|2)},

where the supremum runs over N € N and sequences (x;,v;).; C suppy. Then
o(z) = (JTvol? = |xo + Tvo — z|?)/(27) by taking N = 0. In particular, ¢(z¢) > 0,
and ¢(z0) < 0 by cyclical monotonicity. Moreover, p(x) + |z|?/(27) is a supremum
of convex functions, hence ¢ is semiconvex. Using that sup,c 4 f(a) — sup,c4 9(a) <
sup,ea f(a) — g(a) whenever sup 4 g < oo, we have

1
p@) ~ple) < 5= swp lan - row —aof — lan + oy — 2P
T (¢n,oNn)Esuppy

1‘2—.1'2 xr—x
.

27 T (zN,vN)ESuppy

with the last supremum bounded by diamsupp p + 7(1 + 1/2) < oo. Therefore, ¢ is
real-valued. We now show that if (z,v) € supp~, then v € 9,p. For any ¢ > 0, let
(wi,v;,); C supp~y be t-optimal for the definition of (z). Appending (z,v) to the
sequence (x;,v;);, we get that for any y € Q,

1
P(y) > o |Irol* = |+ 7o —y* + [ron[? = |an + ron — 2l

N-1
+ Z (J7v:* = |2 + Tv; — 2341 [?)
i=0
|z —y[®
2T

Letting ¢ \, 0, we obtain that v € 9. As 7, puts mass on balls of radius 1/2 around
each +f:(x) for any » € B C supppu, with | £ f;(x)| = 1, the convex set 0, has
dimension at least d — k, so that B C Ji(¢). By Zajitek’s theorem, B is o-DCj.

> (v,y —a) - (@)~ o

General case: exhaustion. Consider now pu € Z2(f2) arbitrary. Let Ry > 0 be such
that u(%(0, Rg)) > 1/2. By the restriction formula of Corollary 3.8, the centered
tangent cone to o = uL %(0, Ry)/1u(%(0, Ry)) shares the map D" with . By the
previous steps, there exists a 0-DCy set By C %(0, Ro) such that po(Bg) > 1/2,
which implies p(By) > 1/4.

Assume that an increasing sequence of radii R; and measurable 0-DCy sets B;
have been constructed such that u(B;) > u(Bj_1) + (1 — u(Bj-1))/4 for j € [1,n].
Let R,41 be such that u(BENAB(0, Ryy1)) = 1(BE)/2, and apply the previous steps
to the measure p,41 = plL (BE N B0, Ryy1))/pw(BE N A0, Ryy1)). This yields a
measurable o-DCy set B such that p,41(B) > 1/2. Up to restriction, we may assume
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that B C %4(0, R,,+1) and is disjoint from B,,. Define B, :== B,, U B. Then

(Brs) = (o) + 1B VB0, Bo) X i (B) > i B,) + L2
= u(B,) + L),

The sequence p, = p(B,) satisfies py > % and ppy1 > 1+Z’p"

Therefore, the limit B, of the increasing sequence (B,,), satisfies u(Bx) = 1. As a
countable union of o-DCy sets, By, is o-DCy. O

, so lim, oo pp = 1.

Remark 4.8 (Support). — The conclusion of Proposition 4.7 cannot be improved
to covering the support of p by DCy, sets. Indeed, consider p =}y @nd,, for a
sequence (Z,)nen dense in [0, 1]. By [Aus25a, Prop. 2.9], Tanz is equal to P5(T Q)g,
so that D™ can be taken identically equal to R. The measure y is concentrated on
the 0-DCy (countable) set | J,,cn{zn}, but its support is [0, 1].

The following result is a partial converse to Proposition 4.7.

Lemma 4.9 (Thin concentration implies large DTa”). Let 0 <k <d—1, and let
p € P9(Q) give positive mass to a measurable DCy, set A C Q. Then the map D"
characterizing Tang in Proposition 2.2 satisfies dim D™"(2) > d — k for u-almost
every r € A.

Proof. — By Lemma 4.3, there exist a convex function ¢ : @ - R and d — k + 1

measurable vector fields fg,. .., f4 such that f;(z) € O, for all x, and for any = € A,
|fj(x) = fe(z)| = 1 for j # £ € [k, d]. Let
¢ = 1 Zd: (id, fj —id)gp + (id, fx —id)gp
T d—k+1 2 :
j=k+1

Then (7, 7, + my)#& is concentrated on the graph of the subdifferential of the con-
vex function ¢, and & is the velocity of a geodesic. By Remark 3.2, the centered
measure field ¢° = (7,7, — Bary (§)(72)) 4 € is also tangent, and concentrated on
(z, iw) for j € [k +1,d]. Since the latter vectors are independent, £° splits
mass in at least d — k directions, so that dim D™"(z) > d — k for p-almost every
x € A. |

Combining Proposition 4.7 and Lemma 4.9, we arrive at the following statement.

Tueorem 4.10. — Let p € P5(Q) be decomposed as p = ZZ:O myp® according to
Theorem 3.10. Then, for each k € [0,d] such that my, > 0, the measure u* is concen-
trated on a o-DCy, set and gives 0 mass to 0-DCy._; sets. Moreover, for any k € [0, d]
and measurable set A C Q,

12 mi pF(A) = ma min ANB~\O),

(12) i (A) = max  min p(ANBNC)

measurable measurable

and the order of min and max can be reversed.
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Proof. For each k such that my > 0, the Grassmannian section Dy, characterizing
Tangk has images of dimension d — k. Hence, whenever k < d, Proposition 4.7 implies
that p” is concentrated on a o-DCy set. If k = d, the only 0-DCyq set is €2, and the
statement is vacuous. For k = 0, we get that u° is purely atomic. Moreover, if k > 0,
then pF must give 0 mass to any DCj, _ ; set, since otherwise Lemma 4.9 would imply
that dimDy > d — (k — 1) = d — k + 1 on a set of positive puF-measure. For each k
such that my > 0, let A; be a measurable o-DCy set on which pk is concentrated,
and define A, = @ if my, = 0.

Let k € [0,d], and let A, B,C C R¢ be measurable such that B is 0-DCy and C' is
0-DCy.1. Since p? gives 0 mass to any 0-DCj.; set, it gives 0 mass to any o-DCy set
for £ < j — 1. Then

WANBNC)=Y mjyp/(ANB~\O)

M=

(13)

> <.
|
= O

mipd (AN B~ C) +myu®(AN B).

Il
=]

J
In particular, u(A N B~ C) > muuF(AN B) for any such C, with equality if C is
chosen as a 0-DCy_; set containing Uje[[O,kfl]] Aj. We get that
min  u(ANB~C)=mpu*(ANB).
C o-DCx_q
measurable
Since myp* (AN B) < mgu¥(A), with equality if B = Ay, we can take the maximum
over 0-DCy sets B to obtain (12). Using that u/(ANB~\C) < p/ (B~ C), we can also
first maximize over A in (13), then minimize over C, to obtain the same result. O

As a consequence of the explicit formula (12), the measures p* in Theorem 3.10
are uniquely defined (if my > 0). For k = 0, the measure u° is purely atomic, and
collects the atoms of y; for k = d, the measure u? gives 0 mass to any DCy _ | set,
and is the transport-regular part of . Let us give some examples.

[ExamprLe A. — In dimension one, the decomposition reduces to p = mou® + mipt,
where 1° is concentrated on a o-DCq set and u' gives 0 mass to o-DCyq sets. Since
o-DC sets are exactly countable sets, we get that u° is the (normalized) atomic part
of u, while ! is its (normalized) diffuse part. Note that the Cantor part is classified
in the same component as the absolutely continuous part of u.

Exavere B, — If g = H* LM for H* the Hausdorff measure of dimension k, and M
some k-dimensional C2-manifold with 3¥(M) = 1, then pu = p*. Indeed, covering M
by countably many €2 charts, and using that €2 maps are DC [HUS85], one sees that M
is 0-DCy. Moreover, DC; sets for j < k are negligible for HF (as non-differentiability
sets of convex functions from R* to R). The fact that in this case, the centered
elements of the geometric tangent cone are concentrated on the normal directions
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to M was observed by Lott [Lot16], and will be generalized to any pu € Z22(Q2) in the
next section.

Examrre C. — The regularity in the previous example cannot be weakened to @!.
We sketch a counterexample in dimension d = 2, taking inspiration from [Zaj79,
Juill]. Let f € €(]0,1];]0,1]) be continuous and nowhere approximately differen-
tiable, given for instance by [Kha06, Chap.6]. Define F' : x — f;:() f(y)dy and
p = (id, F)xLi1], with £ the Lebesgue measure. We claim that p = u?, ie.,
D3 = R2.

By the above characterization, it suffices to prove that y gives 0 mass to any DCy
set. By [AS94], any DC; set can be covered by countably many €2 manifolds up to a
set of H{1-measure 0. As u is absolutely continuous with respect to 3!, it is enough
to show that u(A) = 0 for any €2 manifold A. Using a parametrization of A by
graphs of G2 functions, this follows from the fact that Ly 1)({F = ¢}) = 0 for any
¢ € C%([0,1];R). Now, if {F = ¢} has positive Lebesgue measure, one shows that
f(z) = ¢'(z) for any density point @ € {F = ¢}. Therefore L({f = ¢’}) > 0, and
since ¢’ € C!, the function f admits " as an approximate differential at any density
point of {f = ¢'}, contradicting the choice of f.

Remark 4.11 (Difference with the decomposability bundle). — In [AM16], the authors
introduce the decomposability bundle of a measure p as a Grassmannian section con-
structed (roughly) as follows: consider every possible representation of p as a su-
perposition of 1-Hausdorff measures supported on l-rectifiable sets, and let DAM
be the essential union of the approximate tangent planes to each piece. If yu =
(id, F) Lo for F € €1([0,1];R), then DAM(z, F(z)) reduces to the classical tan-
gent plane R - (1, F’(z)). This differs from D' in example Example C. This raises
the following question: can D*M be linked to a Wasserstein tangent cone for another
cost?

4.3. RELATIONS WITH OTHER NOTIONS OF TANGENCY. — The reader might rightfully
complain that so far, no information has been provided concerning the direction of
the Grassmannian section D> in Corollary 3.3. We now remedy this in two successive
steps: first, if p is concentrated on a o-DCy set A, we show that the tangent planes
to A are aligned with D5 at least p-almost everywhere. The definition of tangent
plane involved is rather strong, and might be useful in applications; however, it uses
information coming from a particular set on which y is concentrated, and lacks an “in-
trinsic” character. Therefore, in a second step, we show that Preiss tangent measures
are concentrated on D> at p-almost every point.

In this section, we consider only & € [1,d — 1], since in the extremal cases k = 0
and k = d, the map D5 is either {0} or the whole space R?.

Proposition 4.12 (¥ aligns with D). — Let k € [1,d—1]. Assume that i € P4(N)
is concentrated on a o-DCy set A and gives 0 mass to any o-DCy_; set. Then for
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p-almost every point x, A admits a tangent plane P(x) in the sense of Definition 4.5,

and P(x) = D>(x).

Proof. — Let (A,)n be a cover of A by DCj sets. By Lemma 4.6, there exists a
0-DCy 1 set By C A such that A admits a tangent plane P = P(x) for any € A\ By,
in the sense of Definition 4.5. Our aim is to show that P is orthogonal to D™" p-almost
everywhere.

The beginning of the argument follows that of Lemma 4.9. For each A,, let
©n : 2 = R be a convex function given by Lemma 4.3, i.e., such that A, C Jx(vn)
and Oy, admits d — k + 1 measurable selections fg,..., fq that are at pairwise
distance at least one over A,. Then, for each j € [k + 1,d], the measure field
3(d, fo —id)gp + 3(id, f; — id)xp induces a geodesic since ¢ is convex, so that
by Remark 3.2, its projection onto centered measure fields

%(idh fr . fg)#ﬂJr %(ich i . fk)#M
is tangent. Since centered tangent measure fields are concentrated on Graph D™ by
Theorem 3.10, there exists a p-negligible set Bén) C A such that f;(z) — fu(z) €
D™ (z) for any x € A~ B(()"). As D™"(z) is a subspace of dimension d — k, the
independent vectors f;(x) — fx(z) span it.

We now use the particular choice of ¢,. Recall that for any = € A, ~ By, the
parametrization of A, is differentiable with differential spanning P. Denote B%”) =
Ji—1(vn) the set of x such that dim 0,p, > d — k, which is 0-DCy_ 1. By Lemma 4.4,
for any x € A, ~ (BoUB™),

span {f;(z) — fu(z) | j € [k + L, d]} = P(a)*.
Hence, for any z € A, \ (By U Bén) U B%n)), we have D™"(z) = P(x)*. Since p
gives 0 mass to 0-DCy_; sets, both By and Bgn) are pi-negligible. Hence B := | J,, .y BoU
B(()") U Bgn) is a p-negligible set such that P(x) = D™"(z)* = D%(x) for any
x € A~ B, as claimed. O

The following definition is taken from [Pre87], where it is shown that any measure
admits at least one tangent measure v at p-almost every point.

Derinirion 4.13 (Tangent measure in the sense of Preiss). — Let u € £2(f2) and
x € supp p. A locally finite measure v € .# 1 () is tangent to p at = in the sense of
Preiss if there exist a vanishing sequence (hy,)nen C (0, 1], and a sequence (¢, ), € R,
such that for any ¢ € C.(;R),

/ _ eyiv(s) = lim c, / e )t

Prorvosimion 4.14. — Let k € [1,d—1]. Assume that p € P2(Q) is concentrated on a
0-DCy set A and gives 0 mass to any o-DCy_; set. Then, for u-almost every point x,

any tangent measure v € M 4+ to u at x in the sense of Definition 4.13 is supported
on D>(x).
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Proof. Again, let (A,), be a cover of A by DCy, sets. By Proposition 4.12, there
exists a p-negligible set By C A such that for all z ¢ By, A admits D'(z) as a
tangent plane in the sense of Definition 4.5. For each n, let AY" ==, <n Am- Then
A = U,enAY". By the density theorem [Fed96, 2.9.13], there exists a p-null set
B < AY" such that every x € A" ~. B(™ is a density point of AY", i.e.,

(14) lim 1A O B, b))

o p(B(w,h))

Let B1 = U,en B Then B is p-negligible, and for any = € A \ By, there exists
ng € N such that z is a density point of AY"=,

Let x € A~ (BoU By) be a point at which the measure p admits a Preiss tangent
measure v. Following the notations of Definition 4.13, we let (h)x be a vanishing
sequence and (cg)r € RF be such that v = limg_, o ck(idh:”)#u in C!. By the choice
of By, the set A admits a tangent plan P := D>°!(z) at x in the sense of Definition 4.5.
To show that v is concentrated on P, it is enough to prove that v(£(0, R,)~ P°) =0
for a sequence (R, )m going to +oo, and any € > 0. Here P* := {y € Q| d(y, P) < &}.
Let (R,,)m be an increasing sequence going to +o0o and such that v (04(0, R,,)) =0
for all m, which exists by a classical disintegration argument. For the rest of the proof,
R =R, and € > 0 are fixed.

Let I, C [0, n;] be the subset of indices n such that « € A,,. In particular, for each
n € I, there exists h], > 0 such that A, N %(z, Rs) C (x + P)** for any s € (0,h),).
On the other hand, for each n € [0,n,] \ L., the distance dist(x, A,,) =: h,, from
the point = to the closed set A, is positive. Taking the infimum over all A/, h,, for
n € [0,n.], we obtain h, > 0 such that AY"= N B(x, Rs) C (z + P)*, hence

p((z+ P)=s N A”"= N B(z, Rs))

=1

(15) (AU 1 B ts)) =1 forall s € (0,hy).
For each ¢ € (0, 1), consider ¢ € C2°(€2; [0, 1]) such that 1,1—)r) < ¥ < Lao,R)s
and ¢ € €2°(Q; [0, 1]) such that 1pengo,r) < ¥ < Lpens(o,(1+r)- Then
v (P 0BO,1+0R) o on JOCRR) e (@ 4 PY™ 0 B, Rh))
v(#0,(1=0R)) koo [o(4E)dp koo 11 (B(x, Rhy,))
. w (A9 N B(x, Rhy)) y p ((x + P)" N B(z, Rhy)) .
koo p(A(x, Rhy)) p (A N B(x, Rhy))
In the last line, we used respectively (14) and (15). Sending ¢ to 0, and using that

v(0%4(0,R)) = 0, we get
v(PN%A0,R)) >v(#B(0,R) =v(P°NAO,R) +v(B0,R) \ P°).
Thus v (#(0,R) ~ P¢) =0foralle > 0 and R = R,,, so that v is supported on P. O

It may happen that the inclusion suppr C D%(z) is strict. For instance, in ex-
ample Example C at the end of Section 4.2, the measure (id, F)gu with F € €1
admits (id, F’(z) - id)xLg as its unique Preiss tangent measure at (z, F(z)) € R%. In
particular, v is supported on a line, but D> is equal to R? at p-almost every point.
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APPENDIX

Proof of Proposition 2.7. — The existence and uniqueness of 7/¢ follow verbatim the
steps of [Gig08, Prop.4.30], mimicking the Hilbertian case. We show that for any
a € T, ,(&mhe), the element v = (7,7, — my)pa belongs to CL. Let ¢ € C
be arbitrary, and 8 = B(7g, Ty, Ty, Tw) € Tu(€, 70, C) with (7, 7y, mp) 4 = o
By horizontal convexity, (7, (1 — €)m, +emy)x8 € C. Then

W2(E,The) S WS (E, (T, (1 — &)y + ) 28) < / lu—(1—e)v—ew>dB

(z,v,w)
=W2(E,mhé) + 2s/<u — v, v —w)dp + * / lv — wl|?dp.

Letting ¢ tend to 0, we get 0 < [(u—v, v—w)df. Choosing in particular ( = r-7/¢ € C
for r > 0, and 8 = (7, Ty, Tw, 'Tw) e, we get that [(u — v,v)da = 0 for any
a €Ty o(& mhE). Therefore, for a general ¢ € C,

7O = sup / (u—v,w)dp < / (u—v,v)da =0.
Ber, (5’75570 (z,u,v,w) (z,u,v)
(T, T, Ty ) 2 B=c¢
As the opposite inequality holds by Lemma 2.5, we deduce that v € C*.
Now, for any ¢ € C*, we introduce m/¢ in the definition of Wi(f, ¢) to get

W2(E,¢) = inf / v+ (u—v—w)*d
Moo=t ] e ) dp

(771 3Ty 77‘—21)#B=a

= ||7E€)? + inf 2/ v,u— v —w)dfB + |(u — v) — w|?dB
€l per, Mo o (m’u’v’w)< ) I( ) — wl

(T2, T, T ) 2 B=cx

> WHE) + 5@“%2%670 2/@,%“})(% —w)dB + W3(v,().
(T, w0 ) g B=cr

Here we used respectively that (7, my, T, — Ty )2« is a transport plan between £ and 7,
that [(v,u —v)da = 0, and that (7y, T, — Ty, Tw) % is a transport plan between
and ¢. The middle term is exactly —2(n%&, ()., which vanishes since nf.¢ € C and
¢ € C+. Therefore, for any ¢ € C+, we have Wi(é,g) > Wi(f,v) + Wﬁ(’y,(), and ~y
must be the metric projection of ¢ onto C+.

If now ¢ € C, we have for any § € I',(§, 7/2€, ¢) such that (75, my, 7y )48 = a that
J{u—v,w)dB < (v,¢),, = 0. We deduce that

€0u=  sup / (u — v+ v,w)dB
BeT(&,mhe¢) I (zu,v,w)

(T, T, ) B=0x

<0+ sw / (v, w)dB = (T4E, O,
5€Fu(5,77é§’4) ("D:uvU’w)

(7T:E 3Ty :W'u)#B:a
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If, in addition, { = —1 - ¢, then

Jtu=viw)ds = [ -wids >~ -1 Ou = (.=
and equality holds in the penultimate line, so that (£, (), = (7&€, (). a

Proof of Lemma 3.6. — Let M > 0 be such that suppr C %(0, M), and (zo,vy) €
supp(my, Ty + my) 0. The formula

1 neN, (x;,y)", C
o) = sup{Z?_o 12— gal = X7 et —gil? — [ = gal? (@ g0

SUPP(Ts T + T )47)

defines a semiconvex function from € to R U {oo} with the property that

¢°(y) — p(z) = |z -y
for (75, mp+my ) g n-almost every (z,y) [Vil09, Th. 5.10]. The support of (7, g+, ) %7
is cyclically monotone, so taking x = xo, we get that ¢(zg) < 0. Since each y;
appearing in the supremum is contained in supp(my + m,)xn = suppv C H(0, M),
one has
9 9 Jz,, € Q such that

@)~ plao) <sup{—fo sl o g | FmESmA ML

< Jaol® + 2M |zg — 2| — |,

The function ¢ is bounded from below by —|z — yo|? + |yo — 2o|? by definition, hence
locally bounded, and therefore locally Lipschitz since it is semiconvex. Therefore the
set-valued subdifferential map = — 9, (¢ — |- |*/2) is compact-valued, and upper
semicontinuous in the set-valued sense by [Roc70, Cor.24.5.1]. By the selection the-
orem [ABO06, 18.13], it admits a measurable selection f : @ — T . Then define
&= (1= N1+ A(fepe2). By construction, ¢ is still supported on the subdifferential
of o —|+1?/2, so (my, my + ) £€ is cyclically monotone, hence optimal. O

Proof of Lemma 3.7

By definition, the set of measure fields of the form X - (7g,m, — )%, where
A 2> 0 and v is optimal, is dense in Tan, with respect to W,. The metric scalar
product being continuous and positively homogeneous, one has that ¢ € Sol, if and
only if (¢, (mz, 7y — mg)uv), = 0 for any v € T'o(p,v) and v € FP5(2). To prove the
claim, we have to show that it suffices to consider compactly supported v. Since we
need convergence with respect to W,,, we cannot approximate the target measure by
an arbitrary compactly supported measure and use stability of optimality; hence we
construct an explicit approximation. The results on c-transforms that we use may be
found in [Vil09, §5], in particular Th. 5.10.

Let n € Ty (u, v) for some v € P5(2). Let ¢ : Q@ — R U {oo} be a proper c-convex
Kantorovich potential for the pair (u,v), and ¢¢ : y — infeqo(z) + |2 — y|? its
c-transform, which satisfies () = sup,cq ¢“(y) — [ — y|*>. Denote by T' C Q? the
set of (z,y) such that ¢°(y) — ¢(x) = |z — y|?, which contains supp . and is cyclically
monotone. Our strategy is to “truncate” I' in the y variable, as follows.
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For each R > 0, define
pr(x) = sup ¢°(y) — |z —yl> =swe(y) — |z —y* — xr(y),
y€B(0,R) yeQ
where xg(y) = 0 if |y| < R, and +oo otherwise. The function g is c-convex by
definition, bounded from above by ¢, bounded from below by a quadratic polynomial,
and for any xg € dom ¢,
¢r(r) = pr(o) < sup |zo =yl — |z —y[*> < |zo|* + 2R|zo — x| — [,
yeZ(0,R)

Hence g is locally bounded, and locally Lipschitz since it is semiconvex.

By a classical computation, the set I'r C 2 of pairs (x,y) such that ¢g(z) =
©°(y) — |z — y|? — xr(y) is cyclically monotone, and contained in © x %(0, R). Note
that T'N (Q x %(0,R)) C I'g; indeed, whenever (z,y) € T with |y| < R, we have
o(z) = ¢°(y)—|z—y|? = ¢°(2)—|z—2|? for any 2z € R% In particular, the supremum on
the ball of radius R is also attained at y, and ¢r(x) = p(z) = ¢°(y) — |z —y|*> — xr(v).
We deduce that

(16) suppn N (2 x B(0,R)) C Tg.

For each R > 0, the correspondence x — {y | (z,y) € T'r} is upper semicontinuous
with compact images. By [AB06, 18.13], it admits a measurable selection fg : @ — €,
which satisfies |fr(z)| < R for all € Q. Define ngr by replacing the part of n that
lies outside © x Z(0, R) by the measurable selection fr; explicitly,

nr =1L (Qx Z(0,R)) + (7, fr(72))unL (2 x Z(0,R)°).

Recalling (16), ng is a probability measure concentrated on the cyclically monotone
set I'g, hence an optimal transport plan between its marginals. The measure myungr
is supported on %(0, R) by construction, and since | fr(z)| < R, one has

2
W3 ((Wxaﬂ—y - Wx)#na (ﬂ—xvﬂ—y - Wz)#nR) < / |fR(1') - y| dn
z,y€Q |y|>R

</ (R+ |y))?dv — 0.
yeQ,|y|>R R—o0

Recalling that (¢, (7g, 7y — mz)#nMr), = 0 for any R by assumption, we deduce that
(¢, (Mg, my — m3) M), = 0. Since n and v were arbitrary, ¢ is solenoidal. O
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