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LOCALITY OF CENTERED TANGENT CONES IN

THE WASSERSTEIN SPACE

by Averil Aussedat

Abstract. — The geometric tangent cone to a probability measure µ is a set of measure-valued
applications that are almost geodesics. This is a nonlocal condition, typically lost when condi-
tioning the measure on a given set. We show that if one removes the barycenter of any element
of the tangent cone, then the resulting set of centered measure fields is characterized by a
local condition. Precisely, centered tangent fields must be concentrated on a family of vector
subspaces attached to any point, and these subspaces correspond to the normal spaces to some
sets of “dimension k” on which the measure µ is concentrated.

Résumé (Localité des cônes tangents centrés dans l’espace de Wasserstein)
Le cône tangent géométrique en une mesure µ est défini comme un ensemble d’applications

à valeurs dans les mesures, chacune décrivant presque une géodésique. Cette propriété n’est
pas locale et est généralement perdue quand la mesure est restreinte à un sous-ensemble. Nous
montrons qu’il suffit de retirer le barycentre des éléments du cône tangent pour obtenir un
ensemble de champs centrés lui-même caractérisé par une condition locale. Plus précisément,
les champs tangents centrés sont concentrés sur une famille de sous-espaces vectoriels attachés
en chaque point, correspondant aux espaces normaux à certains ensembles de « dimension k »
sur lesquels la mesure µ est concentrée.
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1576 A. Aussedat

Introduction

In his inspired article [Lot16], Lott observed that whenever µ is the restriction
of a Hausdorff measure to a k-dimensional C2 manifold, the measures in the geo-
metric tangent cone to µ have a particular structure. It was already known that the
barycenter of such a measure must belong to the L2

µ closure of gradients of smooth
compactly supported functions, as proved in full generality in [Gig11]. However, once
the barycenter is removed, the remaining centered part turns out to be concentrated
on the normal directions to the manifold. The purpose of this work is to investigate the
general case, using a new line of reasoning that allows us to remove any assumption
on the measure µ ∈ P2(Rd).

Our main result is a combination of Theorem 3.10, Theorem 4.10 and Proposi-
tion 4.12 below, gathered here into a single statement. A set A ⊂ Rd is DCk if, up
to a permutation of variables, it is the graph of a map from Rk to Rd−k whose co-
ordinates are all Differences of Convex (DC) functions. A set that can be covered by
countably many DCk sets is said to be σ-DCk.

Theorem. — Let µ ∈ P2(Rd). There exists a unique decomposition µ =
∑d

k=0mkµ
k

into mutually singular measures such that mkµ
k gives 0 mass to DCk − 1 sets and

is concentrated on a σ-DCk set Ak. Moreover, the centered tangent cone Tan0µ splits
into

∑d
k=0mk Tan

0
µk , and a centered measure ξk belongs to Tan0µk if and only if it is

concentrated on the normal spaces to Ak, which exist µk-almost everywhere.

For instance, in dimension d = 2, let µ = 1
3µ

0 + 1
3µ

1 + 1
3µ

2, where µ0 is atomic, µ1

nonatomic and supported on [0, 1]× {0}, and µ2 is absolutely continuous. Let ξ be a
probability measure on TRd ≃ Rd × Rd with finite second moment, first marginal µ
and barycenter 0 in each fiber. Since the µk are mutually singular, there is a unique
way to write ξ = 1

3

∑2
k=0 ξ

k with πx#ξ
k = µk for each k. The theorem then states

that ξ is tangent to µ if and only if ξ1 is concentrated on pairs (x, v) with v orthogonal
to [0, 1]×{0}, and ξ2 is concentrated on (x, v) with v ∈ (R2)⊥, hence ξ2 = (id, 0)#µ

2.
In dimension one, the splitting µ = m0µ

0 + m1µ
1 reduces to the atomic/diffuse

decomposition. In this case, the statement was already proved in [SW14] (see also
[Aus25a]): it says that a centered field ξ = m0ξ

0 + m1ξ
1 is tangent if and only if

ξ1 = (id, 0)#µ
1. This case is rather special, since σ-DC0 sets are exactly countable

sets, and the only σ-DC1 set is R itself. In the general case, one has to pay attention
to the regularity of the sets Ak for the intermediate dimensions 0 < k < d.

The relation between DCd − 1 sets and optimal transport plans for the 2-Wasserstein
distance appeared in the work of [Gig11], which characterizes the measures µ satis-
fying the conclusion of the Brenier–McCann theorem [Bre91]. Precisely, a measure µ
that gives 0 mass to any DCd − 1 set (and consequently, to any DCk set for k ⩽ d−1)
does not admit optimal plans that split mass, in the sense that for any other measure
ν and optimal transport plan α between µ and ν, there exists a map f ∈ L2

µ(Rd;Rd)

such that α = (id, f)#µ. The argument runs as follows: optimal plans are known to
be concentrated on c-cyclically monotone sets, which, in the case of c(x, y) = |x−y|2,
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Locality of centered tangent cones in the Wasserstein space 1577

coincide with subdifferentials of convex functions. If an optimal plan splits mass at
some point x, then the convex functions in question must admit several elements
in their subdifferential at x, and hence fail to be differentiable there. A remarkable
theorem of Zajíček [Zaj79] shows that the non-differentiability set of a convex func-
tion can be covered by countably many DCd − 1 sets, and that any DCd − 1 set is
contained in the non-differentiability set of some convex function. Hence µ allows
mass splitting if and only if it charges a DCd − 1 set.

This work generalizes Gigli’s theorem by identifying which part of µ allows optimal
plans to split mass in exactly d−k directions, again using Zajíček’s theorem. Moreover,
and this is the main point, each part is concentrated on a set Ak which admits normal
spaces of dimension d− k at µ-almost every point, and the centered tangent measure
fields are exactly the measure fields concentrated on these normal spaces. The intuition
behind this decomposition is that tangent measures try to get away from µ as fast as
possible, and therefore choose normal directions to the concentration sets.

It may seem surprising that no regularity assumption on Ak is needed: this is still
a consequence of Zajíček’s theorem, since, quite miraculously, singularities of convex
functions are described using (differences of) convex functions. Indeed, the regularity
of Ak is precisely the one that allows a convex function to fail to be differentiable in
d−k independent directions. By Zajíček’s theorem, the singular subset of Ak (at which
the normal directions are not defined) has the “same size” as non-differentiability sets
of convex functions in at least one more direction. In the decomposition, these sets
are seen by the lower-order measures µj for j < k, so that each Ak has a tangent
plane µk-almost everywhere.

Since many properties of Tan0µ depend only on the fact that this set is convex in a
certain sense, we first focus on a generic horizontally convex closed cone of centered
fields. However, the tangent cone is constructed in a canonical way for any µ, and
can be compared for different measures. As a by-product, we show that the metric
orthogonal Solµ of Tanµ is closed with respect to the Wasserstein distance over TRd.

We point out that the statement only concerns centered fields. This is a natural
assumption, since the opposite case of barycentric fields (induced by a map) cannot be
described by a local condition. However, the following can be deduced for any measure
field ξ ∈ P2(TRd)µ. First, one can always write ξ = (πx, πv+b(πx))#ξ

0, where b ∈ L2
µ

is the barycenter map, and ξ0 is centered. It is known that ξ ∈ Tanµ if and only if both
(id, b)#µ and ξ0 are tangent measure fields: hence the theorem applies to ξ0. Moreover,
anticipating the notation of Section 3, we can further decompose b = bD + bD⊥ ,
where bD(x) is the projection of b(x) onto the vector space D(x), and bD⊥ = b− bD.
Corollary 3.3 implies that the measure field 1

2 [(id,−bD⊥)#µ+ (id, bD⊥)#µ] is tangent,
regardless of whether b induces a tangent field or not. From this, one recovers that
(id, bD⊥)#µ is itself tangent, once again regardless of b (see [Aus25b, Prop. 5.4.4]).
Hence, the fact that (id, b)#µ is tangent restricts only its component bD. This extends
the observation of [Lot16] that the barycenter of a tangent map is only constrained
through its tangential component.

J.É.P. — M., 2026, tome 13



1578 A. Aussedat

This article is organized as follows: Section 2 is devoted to closed convex cones
of centered measure fields. Section 3 applies the previous results to the centered
geometric tangent cone Tan0µ and its metric orthogonal Sol0µ, providing the candidate
decomposition µ =

∑
mkµ

k. The fact that each µk is concentrated on a σ-DCk set,
and gives 0 mass to DCk − 1 sets, is proved in Section 4.2. Section 4.3 shows that the
normal directions are well-defined µk-almost everywhere, and characterize centered
tangent measures. In addition, it is shown that the tangent measures in the sense
of Preiss are supported on planes associated to Sol0µ at µ-almost every point. The
appendix collects some lengthy proofs.

Acknowledgements. — The author would like to thank Adolfo Arroyo-Rabasa for
pointing out relevant literature, as well as Guy Bouchitté for comments on a pre-
liminary version of this work.

1. Preliminaries

In the sequel, Ω = Rd for d ⩾ 1. We keep the notation Ω to distinguish points
x ∈ Ω from vectors v ∈ Rd. Open balls with center x and radius r ⩾ 0 are denoted
B(x, r). The closure of a set A ⊂ Ω is denoted A, and its complement Ac.

Wasserstein spaces. — The set of Borel probability measures on a Polish space X

is denoted P(X). If X = X1 × X2 is a product space and µ ∈ P(X), we write
µ = µ(dx1, dx2) to name the variables of X, to be used in the canonical projections
πxi : (x1, x2) → xi for i ∈ {1, 2}. The set P2(X) ⊂ P(X) collects the measures with
finite second moment, i.e., with

∫
x∈X

d2(x, o) dµ <∞ for some o ∈ X.
A measurable function f : X → Y between two Polish spaces X,Y induces a

function f# : P(X) → P(Y ) by (f#µ)(A) = µ(f−1(A)) for any measurable A ⊂ Y .
We refer to f#µ as the pushforward of µ by f .

Given (µ, ν) ∈ P2(X)×P2(Y ), let the set of transport plans between µ and ν be

Γ(µ, ν) :=
{
α = α(dx, dy) ∈ P(X × Y ) | πx#α = µ and πy#α = ν

}
.

The 2-Wasserstein distance W (µ, ν) between µ and ν is given by

W 2(µ, ν) := inf
α∈Γ(µ,ν)

∫
(x,y)∈X×Y

d2(x, y)dα(x, y).

We refer the reader to [San15] for an introduction to this distance, and only mention
that the infimum is attained on a set of optimal transport plans denoted Γo(µ, ν).

Measure fields. — Let TΩ := {(x, v) | x ∈ Ω, v ∈ Tx Ω} be the tangent bundle of Ω,
isometric to Ω× Rd. When useful, we also denote

Tn Ω :=
{
(x, v1, v2, . . . , vn) | x ∈ Ω, vi ∈ Tx Ω for i ∈ [[1, n]]

}
.

For any measure µ ∈ P2(Ω), denote by P2(TΩ)µ the set of Borel probability
measures ξ = ξ(dx, dv) on TΩ, with finite second moment, and satisfying the marginal
condition πx#ξ = µ. These elements can be seen as measure-valued maps in L2

µ,
generalizing vector fields; for this reason, we refer to them as measure fields. The
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Locality of centered tangent cones in the Wasserstein space 1579

measure fields of the form ξ = (πx, πy − πx)#η for η ∈ Γo(µ, ν) and ν ∈ P2(Ω)

are called velocities of geodesics. Following [Gig08], we introduce a metric structure
on P2(TΩ)µ that takes into account the common marginal µ. Namely, given ξ, ζ ∈
P2(TΩ)µ, define

Γµ(ξ, ζ) :=
{
α = α(dx, dv, dw) ∈ P2(T

2 Ω) | (πx, πv)#α = ξ and (πx, πw)#α = ζ
}
.

These plans only move mass between pairs (x, v) and (y, w) such that x = y. They
define a distance Wµ by

W 2
µ(ξ, ζ) := inf

α∈Γµ(ξ,ζ)

∫
(x,v,w)∈T2 Ω

|v − w|2 dα(x, v, w).

The distance to the zero measure field is abbreviated as ∥ξ∥µ =
( ∫

(x,v)
|v|2dξ

)1/2.
The distance Wµ induces a metric scalar product ⟨·, ·⟩µ : (P2(TΩ)µ)

2 → R by

⟨ξ, ζ⟩µ :=
1

2

[
∥ξ∥2µ + ∥ζ∥2µ −W 2

µ(ξ, ζ)
]
= sup

α∈Γµ(ξ,ζ)

∫
(x,v,w)∈T2 Ω

⟨v, w⟩dα(x, v, w).

Subsets of measure fields. — The barycenter of a measure field ξ is the unique element
b ∈ L2

µ(Ω;Rd) satisfying
∫
φ(x, v)dξ =

∫
φ(x, b(x))dµ for any quadratically growing

φ ∈ C(TΩ;R) that is linear in v. The measure fields with barycenter 0 are called
centered, and the set of centered measure fields is denoted P2(TΩ)0µ.

For λ ∈ R and ξ ∈ P2(TΩ)µ, define λ · ξ := (πx, λπv)#ξ. We say that a subset
Setµ ⊂ P2(TΩ)µ is

– a (positive) cone if λ · ξ ∈ Setµ whenever ξ ∈ Setµ and λ ⩾ 0;
– (horizontally) convex if for any λ ∈ [0, 1], ξ, ζ ∈ Setµ and α ∈ Γµ(ξ, ζ), the

measure field given by (πx, (1− λ)πv + λπw)#α also belongs to Setµ.
We often omit the adjective “positive” in the sequel. Horizontal convexity is stronger
than geodesic convexity, since any transport plan is allowed to produce interpolating
curves. It should also be distinguished from convexity in the Banach space of measures,
which involves curves of the form (1− λ)ξ + λζ.

Grassmannian sections. — For brevity, let us agree that a Grassmannian section D :

Ω ⇒ Rd is a measurable multivalued map such thatD(x) is a vector subspace, possibly
reduced to {0}, for all x ∈ Ω. Here measurability is understood in the classical sense,
i.e., if for any open set O ⊂ Rd, the set {x ∈ Ω | D(x) ∩ O ̸= ∅} is measurable. The
graph of D is the set GraphD := {(x, v) | v ∈ D(x)}, which is a measurable subset of
TΩ [Roc69, Cor. 2.2]. The following lemma will be used.

Lemma 1.1. — Let µ ∈ P2(Ω) and D : Ω ⇒ Rd be a Grassmannian section. The set
of ξ ∈ P2(TΩ)µ such that ξ(GraphD) = 1 is closed with respect to the Wasserstein
distance WTΩ on the tangent bundle.

Proof. — Let (ξn)n ⊂ P2(TΩ)µ be a sequence such that ξn(GraphD) = 1 which
converges towards ξ ∈ P2(TΩ)µ with respect to WTΩ(·, ·). Using a Castaing repre-
sentation of D [Roc69, Th. 3], one can find d measurable functions u1, . . . , ud : Ω → Rd

J.É.P. — M., 2026, tome 13



1580 A. Aussedat

such that D(x) = span{u1(x), . . . , ud(x)} for any x ∈ Ω. Let ε > 0. By Lusin’s theo-
rem [Fed96, 2.3.5], there exists a measurable set Bε ⊂ Ω such that µ(Bε) ⩾ 1− ε and
each uj coincides with a continuous function on Bε. Since µ(Bε) = supCε⊂Bε

µ(Cε),
there is a closed set Cε ⊂ Bε closed such that µ(Cε) ⩾ 1− 2ε. The set

Gε :=
⋃

x∈Cε

{x} ×D(x) = GraphD ∩ Cε × Rd =
⋃

x∈Cε

{x} × span{u1(x), . . . , uj(x)}

is measurable and closed by the first and second equalities, respectively. Moreover,
ξn(Gε) = µ(Cε) ⩾ 1 − 2ε for all n ∈ N. Since ζ 7→

∫
1Gεdζ is upper semicontinuous

with respect to WTΩ [AGS05, Lem. 5.1.7],

ξ(GraphD) ⩾ ξ(Gε) ⩾ lim sup
n→∞

ξn(Gε) ⩾ 1− 2ε.

Letting ε↘ 0, we conclude that ξ(GraphD) = 1. □

2. Closed convex cones of centered measure fields

Throughout this section, we consider a set Set0µ ⊂ P2(TΩ)0µ with the following
properties.

Assumption 2.1. — The set Set0µ is a Wµ-closed, horizontally convex cone of centered
measure fields.

Here and below, “cone” means “positive cone”. The main motivation is the study
of Tan0µ and Sol0µ carried out in Section 3, which explains our notation.

Proposition 2.2 (Local characterization). — A set Set0µ satisfies Assumption 2.1 if
and only if there exists a Grassmannian section D : Ω ⇒ Rd such that

ξ ∈ Set0µ ⇐⇒
[
ξ ∈ P2(TΩ)0µ and ξ(GraphD) = 1

]
.

As an example, in dimension d = 2, the set of centered ξ satisfying ⟨v, (1, 0)⟩ = 0

almost everywhere is Wµ-closed, horizontally convex, stable under multiplication by
any scalar, and characterized by the constant map D ≡ vect{(0, 1)}.

Remark 2.3 (Negative cone). — A direct consequence of Proposition 2.2 is that Set0µ is
stable under multiplication by any scalar, including negative ones. Such stability was
already noticed in the case of the tangent cone in [Gig08], using ad hoc arguments;
in this case, the property even holds for map-induced fields. Here it is essential to
restrict to centered fields; indeed, already in dimension d = 1, the set of measure
fields concentrated on (x, v) with v ⩾ 0 provides a closed and horizontally convex
cone that cannot be characterized by concentration on the graph of a Grassmannian
section.

Remark 2.4 (Vertical convexity). — A somewhat surprising implication of Proposi-
tion 2.2 is that Set0µ is convex as a subset of the Banach space of measures, in the
sense that (1 − λ)ξ0 + λξ1 ∈ Set0µ whenever ξ0, ξ1 ∈ Set0µ and λ ∈ [0, 1]. Indeed, the
superposition (1− λ)ξ0 + λξ1 remains centered, and concentrated on the graph of D.

J.É.P. — M., 2026, tome 13



Locality of centered tangent cones in the Wasserstein space 1581

The aim of this section is to prove Proposition 2.2. Our strategy is to represent
Set0µ as the set of centered measure fields that are orthogonal to a family of “simple”
measure fields, defined in (3) below. These fields will be used to construct D. The key
observation, which justifies our interest in centered fields, is the following.

Lemma 2.5 (Centered is local). — Let ξ, ζ be measure fields, with ξ centered. Then
⟨ξ, ζ⟩µ ⩾ 0, and equality holds if and only if any disintegrations (ξx)x, (ζx)x satisfy
⟨ξx, ζx⟩δx = 0 for µ-almost every x.

Proof. — Owing to [Gig08, Prop. 4.2], the metric scalar product can be written as

⟨ξ, ζ⟩µ =

∫
x∈Ω

⟨ξx, ζx⟩δxdµ(x).(1)

Fix x ∈ Ω. Identifying ξx, ζx with measures on P2(Tx Ω)δx ≃ P2(Rd), we may
consider the product plan αx := ξx ⊗ ζx in the definition of the metric scalar product
to get

⟨ξx, ζx⟩δx ⩾
∫
v,w∈Rd

⟨v, w⟩dαx =

∫
v∈Rd

vdξx(v)

∫
w∈Rd

wdζx(w).

As the first term of the right-hand side vanishes µ-almost everywhere, the integrand
in (1) is nonnegative. Hence ⟨ξ, ζ⟩µ ⩾ 0, and ⟨ξ, ζ⟩µ = 0 implies ⟨ξx, ζx⟩δx = 0 for
µ-a.e. x. The converse follows directly from (1). □

This observation is used as follows. In the sequel, one often has to prove that
⟨ξ, ζ⟩µ = 0 for some ξ, ζ lying in cones of interest. By specific arguments, one first
obtains the inequality ⟨ξ, ζ⟩µ ⩽ 0. In the Hilbertian case, when working with two-
sided cones, one would typically take −1 · ζ in place of ζ, and conclude with the same
inequality that ⟨ξ, ζ⟩µ = 0. However, we do not a priori assume that Set0µ is stable
under multiplication by a negative scalar, and the missing inequality is provided by
Lemma 2.5.

2.1. The metric orthogonal complement. — Our aim here is to write Set0µ as the
orthogonal complement of its orthogonal complement. For convenience, we restrict to
centered measure fields, since any measure field induced by a map is orthogonal to
any centered measure field with respect to ⟨·, ·⟩µ.

Lemma 2.6. — Let Set0µ satisfy Assumption 2.1. Then so does

(Set0µ)
⊥0 :=

{
ζ ∈ P2(TΩ)0µ | ⟨ξ, ζ⟩µ = 0 for all ξ ∈ Set0µ

}
,

i.e., (Set0µ)⊥0 is a Wµ-closed horizontally convex cone of centered measure fields.

Proof. — By construction, the scalar product is continuous with respect to Wµ,
so that (Set0µ)⊥0 is Wµ-closed. Let ζ0, ζ1 ∈ (Set0µ)

⊥0, α ∈ Γµ(ζ0, ζ1) and λ ∈ [0, 1]. The
measure field ζλ := (πx, (1− λ)πv + λπw)#α is centered. To show that ζλ ∈ (Set0µ)

⊥0,
let ξ ∈ Set0µ, and β ∈ Γµ(ζλ, ξ). We construct a plan ω = ω(dx, dv0, dv1, dw) ∈
Γµ(ζ0, ζ1, ξ) such that (πx, πv0 , πv1)#ω = α and (πx, (1 − λ)πv0 + λπv1 , πw)#ω = β

as follows: first change variables to consider α̃ := (πx, πv, (1 − λ)πv + λπw)#α ∈
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1582 A. Aussedat

Γµ(ζ0, ζλ), then glue α̃ and β along their common marginal ζλ by [AGS05, Lem. 5.3.2]
to produce ω̃ = ω̃(dx, dv, dvλ, dw), and return to the original variables with ω :=

(πx, πv, λ
−1(πvλ − (1− λ)πv), πw)#ω̃. Then∫
⟨v, w⟩dβ =

∫
⟨(1− λ)v0 + λv1, w⟩dω ⩽ (1− λ)⟨ζ0, ξ⟩µ + λ⟨ζ1, ξ⟩µ = 0.

Passing to the supremum over β, we get that ⟨ζλ, ξ⟩µ ⩽ 0. By Lemma 2.5, the in-
equality ⟨ζλ, ξ⟩µ ⩾ 0 holds since both fields are centered. Hence ζλ ∈ (Set0µ)

⊥0. Lastly,
if ζ ∈ (Set0µ)

⊥0 and λ ⩾ 0, we have ⟨ξ, λ · ζ⟩µ = ⟨λ · ξ, ζ⟩µ = 0 for all ξ ∈ Set0µ, so that
λ · ξ ∈ (Set0µ)

⊥0. □

The next result uses elementary tools from the pseudo-Hilbertian structure of
P2(TΩ)µ, and is very close to similar statements in [Gig08, Aus25a]. For this reason,
we defer the proof to the appendix.

Proposition 2.7 (Projection). — Let C satisfy Assumption 2.1. Then any ξ ∈
P2(TΩ)0µ admits a unique metric projection πµ

Cξ ∈ C, realizing infζ∈C Wµ(ξ, ζ).
Moreover, for any α ∈ Γµ,o(ξ, π

µ
Cξ), the measure field (πx, πv − πw)#α is the metric

projection of ξ on C⊥ := {ζ ∈ P2(TΩ)µ | ⟨ζ, γ⟩µ = 0 ∀γ ∈ C}, and we have

⟨ξ, ζ⟩µ ⩽ ⟨πµ
Cξ, ζ⟩µ ∀ζ ∈ C,(2)

with equality if ζ = −1 · ζ = (πx,−πv)#ζ.

Remark 2.8. — The conclusions of Proposition 2.7 are not sharp; as a consequence of
Proposition 2.2, equality will hold in (2) for any ζ ∈ C. One could additionally prove
that Γµ,o(ξ, π

µ
Cξ) reduces to a singleton that is induced by a map in a certain sense,

following the reasoning of [Gig08, Th. 4.33].

Lemma 2.9. — We have Set0µ = ((Set0µ)
⊥0)⊥0.

Proof. — The inclusion Set0µ ⊂ ((Set0µ)
⊥0)⊥0 holds by definition. Conversely, let ξ ∈

((Set0µ)
⊥0)⊥0, and denote by πµξ its metric projection on Set0µ. By Proposition 2.7,

for any α = α(dx, dv, dw) ∈ Γµ,o(ξ, π
µξ), the measure field (πx, πv − πw)#α is the

projection of ξ on (Set0µ)
⊥0. However, this projection is 0µ, since W 2

µ(ξ, ζ) = ∥ξ∥2µ +

∥ζ∥2µ for any ζ ∈ (Set0µ)
⊥0. Hence v = w for α-a.e. (x, v, w), and ξ = πµξ ∈ Set0µ. □

2.2. Reduction to symmetric measure fields. — It will be useful to introduce the
following notation: with any f ∈ L2

µ(Ω;Rd), we associate

γf :=
1

2
[(id,−f)#µ+ (id, f)#µ] ∈ P2(TΩ)0µ.(3)

Note that (πx,−πv)#γf = γf . For any f, g ∈ L2
µ(Ω;Rd), one can use the transport

plan 1
2 [(id, f, g)#µ+ (id,−f,−g)#µ] to get the estimate Wµ(γf , γg) ⩽ ∥f − g∥L2

µ
.

Our interest in the measure fields of this form stems from the following lemma.

Lemma 2.10. — Let f ∈ L2
µ(Ω;Rd). A centered measure field ξ is orthogonal to γf if

and only if for some (thus any) measurable f · : Ω → Rd in the equivalence class f ,
we have ⟨v, f ·(x)⟩ = 0 for ξ-almost every (x, v).
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Proof. — If ⟨v, f ·(x)⟩ = 0 for ξ-almost all (x, v), then any transport plan between ξ

and γ is concentrated on (x, v, w) with w = ±f ·(x), and necessarily ⟨v, w⟩ = 0

almost everywhere. This shows that ⟨ξ, γ⟩µ = 0. Conversely, assume that ξ is centered
and ⟨ξ, γ⟩µ = 0. Let (ξx)x∈Ω be a disintegration of ξ, which can be chosen so that∫
v
vdξx = 0 for all x ∈ Ω. By Lemma 2.5, we have, for µ-almost every x,∫

(v,w)∈(Rd)2
⟨v, w⟩dαx = 0 for all αx ∈ Γ

(
ξx,

1
2

[
δf ·(x) + δ(−f ·(x))

])
.(4)

If we show that (4) implies ⟨v, f ·(x)⟩ = 0 for ξx-almost every v, then the equal-
ity

∫
|⟨v, f ·(x)⟩|dξ =

∫
x

∫
v
|⟨v, f ·(x)⟩|dξx(v)dµ(x) will ensure that ⟨v, f ·(x)⟩=0 for

ξ-almost every (x, v). In the rest of the proof, we simplify the notation by letting
ζ := ξx ∈ P2(Rd)0 and w := f ·(x) ∈ Rd.

Assume by contradiction that there is ε+ > 0 such that m+ := ζ {⟨v, w⟩>ε+}>0.
Then, as

∫
v
⟨v, w⟩dζ = 0, there exists ε− > 0 such that m− := ζ {⟨v, w⟩ < −ε−} > 0.

Let m := min(m−,m+) > 0. Construct a transport plan α ∈ Γ(ζ, 12 [δ−w + δw]) by
sending a mass m/m+ from ζ+ := ζ {⟨v, w⟩ > ε+} to w, a mass m/m− from
ζ− := ζ {⟨v, w⟩ < −ε−} to −w, and splitting the rest evenly; explicitly,

α := m
[( 1

m+
ζ+

)
⊗ δw +

( 1

m−
ζ−

)
⊗ δ−w

]
+
(
ζ − m

m+
ζ+ − m

m−
ζ−

)
⊗
[(1

2
−m

)
(δw + δ−w)

]
.

Then πv#α = ζ, and πw#α = 1
2 [δw + δ−w]. Moreover,∫

(v,w)

⟨v, w⟩dα =
m

m+

∫
v

⟨v, w⟩dζ+ +
m

m−

∫
v

⟨v,−w⟩dζ− + 0 ⩾ mε+ +mε− > 0,

contradicting (4). Hence ζ {⟨v, w⟩ > ε+} = 0 for all ε+ > 0. Using that ζ is centered,
we conclude that ζ = ξx is concentrated on the orthogonal complement of w =

f ·(x). □

Lemma 2.10 will allow us to reduce a “global” orthogonality to a “local” one. Con-
sider again a Wµ-closed, horizontally convex cone Set0µ ⊂ P2(TΩ)0µ, and introduce

F :=
{
f ∈ L2

µ(Ω;Rd) | γf ∈ Set0µ
}
.

The following result shows that the set F suffices to characterize (Set0µ)
⊥0.

Lemma 2.11. — If ξ ∈ P2(TΩ)0µ, then ξ belongs to (Set0µ)
⊥0 if and only if it is

orthogonal to all γf for f ∈ F.

The proof uses a construction that makes it somewhat lengthy, but not complicated.

Proof. — One implication being immediate, we show that if ⟨ξ, γf ⟩µ = 0 for all f ∈ F,
then ξ ∈ (Set0µ)

⊥0. This is equivalent to πµξ = 0µ, where πµξ is the metric projection
of ξ on Set0µ, given by Proposition 2.7. In particular, as γf = (πx,−πv)#γf for any
f ∈ F, we have ⟨ξ, γf ⟩µ = ⟨πµξ, γf ⟩µ. Assume by contradiction that πµξ ̸= 0µ:
we construct f ∈ F such that ⟨πµξ, γf ⟩µ > 0, contradicting the assumption on ξ.
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First consider the constant vector fields gi(x) ≡ ei, where ei is the ith element of
the canonical basis of Rd. By Lemma 2.10, if ⟨πµξ, γgi⟩µ = 0 for all i, then ⟨v, ei⟩ = 0

for πµξ-almost every (x, v) and each i ∈ [[1, d]], so that πµξ = 0µ. Consequently, there
must be i ∈ [[1, d]] such that ⟨πµξ, γgi⟩µ > 0.

Pick α ∈ Γµ,o(π
µξ, γgi). Then α = 1

2 (πx, πv,−ei)#ζ
0
− + 1

2 (πx, πv, ei)#ζ
0
+ for some

ζ0± ∈ P2(TΩ)µ such that πµξ = 1
2ζ

0
++ 1

2ζ
0
− ∈ Set0µ. Construct inductively a sequence

(ζk+, ζ
k
−)k∈N as follows: assuming that 1

2ζ
k
+ + 1

2ζ
k
− belongs to Set0µ, consider the trans-

port plan β := 1
2ζ

k
+ ⊗µ ζ

k
+ + 1

2ζ
k
− ⊗µ ζ

k
−, where for any ζ ∈ P2(TΩ)µ, the “pointwise

product plan” is defined as

ζ ⊗µ ζ :=

∫
x∈Ω

[δx ⊗ ζx ⊗ ζx] dµ(x) ∈ P2(T
2 Ω)µ.

Let ζk+1
± :=

(
πx,

1
2 [πv + πw]

)
#
ζk± ⊗µ ζ

k
±. Then

1

2
ζk+1
+ +

1

2
ζk+1
− =

(
πx,

πv + πw
2

)
#
β ∈ Set0µ

by horizontal convexity. The barycenter of each ζk± is preserved along the sequence:
indeed, for any φ ∈ C(TΩ;R) linear in its second argument and with quadratic growth,∫

(x,v)

φ(x, v)dζk+1
+ =

∫
(x,v,w)

φ
(
x,
v + w

2

)
d
[
ζk+ ⊗µ ζ

k
+

]
=

1

2

∫
(x,v)

φ(x, v)dζk+ +
1

2

∫
(x,w)

φ(x,w)dζk+,

hence Bary
(
ζk+1
±

)
= Bary

(
ζk±

)
=: f±. In fact

1

2
f+ +

1

2
f− = Bary

(
1
2ζ

0
+ + 1

2ζ
0
−
)
= Bary (πµξ) = 0,

so that f− = −f+. Now, the sequence (ζk+)k∈N converges to (id, f+)#µ: indeed,

W 2
µ

(
ζk+1
+ , (id, f+)#µ

)
=

∫
(x,v,w)

∣∣∣v + w

2
− f+(x)

∣∣∣2d [ζk+ ⊗µ ζ
k
+

]
= 2× 1

4

∫
(x,v)

|v − f+(x)|2dζk+ + 2

∫
(x,v,w)

〈v − f+(x)

2
,
w − f+(x)

2

〉
d
[
ζk+ ⊗µ ζ

k
+

]
=

1

2
W 2

µ

(
ζk+, (id, f+)#µ

)
+ 0,

where we used that Γµ(ξ, (id, g)#µ) always reduces to a singleton whenever g ∈ L2
µ,

and the definition of the pointwise product measure. The same argument implies that
ζk− → k(id, f−)#µ = (id,−f+)#µ with respect to Wµ. Consequently, the sequence(
1
2ζ

k
+ + 1

2ζ
k
−
)
k∈N ⊂ Set0µ converges with respect to Wµ towards the centered field

1
2 (id, f+)#µ + 1

2 (id, f−)#µ = γf+ , which must belong to Set0µ. Now, recalling the
definition of ζ0±, we have

0 < ⟨πµξ, γgi⟩µ =
1

2

∫
(x,v)

⟨v,−ei⟩dζ0− +
1

2

∫
(x,v)

⟨v, ei⟩dζ0+ =

∫
⟨f+(x), ei⟩dµ,
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so that ∥f+∥µ > 0; on the other hand, using that ⟨ζ, (id, g)#⟩µ = ⟨Bary (ζ), g⟩L2
µ

for
any measure field ζ ∈ P2(TΩ)µ and vector field g ∈ L2

µ(Ω;Rd),

⟨πµξ, γf+⟩µ ⩾
1

2
⟨ζ0+, (id, f+)#µ⟩µ +

1

2
⟨ζ0−, (id, f−)#µ⟩µ

=
1

2
∥f+∥2L2

µ
+

1

2
∥f−∥2L2

µ
= ∥f+∥2L2

µ
> 0.

In conclusion, if πµξ ̸= 0µ, we have constructed f+ ∈ F such that 0 < ⟨πµξ, γf+⟩µ =

⟨ξ, γf ⟩, contradicting the assumption. Hence πµξ = 0, and ξ ∈ (Sol0µ)
⊥0. □

2.3. Characterization by a Grassmannian section. — We can now turn to the proof
of Proposition 2.2. Our aim is to construct a Grassmannian section D : Ω ⇒ Rd such
that ξ ∈ Set0µ if and only if ξ is centered and concentrated on GraphD.

Proof of Proposition 2.2. — Assume first that a Grassmannian section D : Ω ⇒ Rd is
given, and let Set0µ be the set of centered measure fields concentrated on GraphD.
Clearly, Set0µ is a convex cone of centered measure fields. Moreover, for each x ∈ Ω,
the set of measures in P2(Tx Ω) ≃ P2(Rd) which are concentrated on the closed set
D(x) is closed with respect to the Wasserstein distance. Hence Set0µ is closed with
respect to Wµ ≃ L2

µ(Ω;
(
P2(Rd);W

)
).

Now let Set0µ be any Wµ-closed convex cone of centered measure fields. By Lem-
ma 2.9, Set0µ = ((Set0µ)

⊥0)⊥0. Let F⊥ :=
{
f ∈ L2

µ(Ω;Rd) | γf ∈ (Set0µ)
⊥0

}
. Using that

Wµ(γf , γg) ⩽ ∥f − g∥L2
µ

and that (Set0µ)
⊥0 is Wµ-closed, the set F⊥ is closed in L2

µ,
hence separable. Consider a countable dense set (fn)n∈N ⊂ F⊥. From Lemma 2.11
and the continuity of the scalar product, ξ ∈ Set0µ = ((Set0µ)

⊥0)⊥0 if and only if
⟨ξ, γfn⟩µ = 0 for all n ∈ N. By Lemma 2.10, the latter condition is equivalent to
⟨v, f ·n(x)⟩ = 0 for ξ-almost all (x, v), where f ·n : Ω → Rd is a measurable map in the
L2
µ-equivalence class fn. For every x ∈ Ω, define

D(x) :=
{
v ∈ Rd | ⟨v, f ·n(x)⟩ = 0 for all n ∈ N

}
.

The map D depends on the precise choice of (f ·n)n, but only up to a µ-negligible
subset. Each D(x) is a vector space, and by [Roc69, Th. 3.(e)], D is measurable as a
multivalued map. If ξ is concentrated on the graph of D, then ⟨v, f ·n(x)⟩ = 0 for all n
ξ-almost everywhere. Conversely, if for any n, there exists Bn such that ξ(Bn) = 0

and ⟨v, f ·n(x)⟩ = 0 for any (x, v) /∈ Bn, then B :=
⋃

nB
n is still ξ-negligible, and

v ∈ D(x) for any x /∈ B. Hence ξ ∈ Set0µ if and only if ξ(GraphD) = 1. □

An interesting corollary of Proposition 2.2 is that Set0µ is closed with respect to
the (weaker) topology of the Wasserstein distance over the tangent bundle WTΩ, i.e.,
with cost c((x, v), (y, w)) :=

√
|x− y|2 + |v − w|2. Here, it is necessary to restrict to

centered measure fields: the geometric tangent cone Tanµ is a Wµ-closed, horizon-
tally convex and (two-sided) cone, but is not closed with respect to WTΩ in general
(an example can be found below Proposition 2.10 in [Aus25a]).
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Corollary 2.12 (WTΩ-closedness of Set0µ). — Assume that Set0µ satisfies Assump-
tion 2.1. Let (ξn)n∈N ⊂ Set0µ be a sequence converging to ξ ∈ P2(TΩ)µ with respect
to WTΩ. Then ξ ∈ Set0µ.

Proof. — By [Vil09, Th. 6.9], convergence with respect to WTΩ is equivalent to the
convergence of

∫
(x,v)

φ(x, v)dξn → n

∫
(x,v)

φ(x, v)dξ for any continuous and quadrati-
cally growing φ : TΩ → R. Consequently,

∫
φ(x,Bary (ξ)(x))dµ = 0 for any φ linear

with respect to its second argument, and Bary (ξ) = 0. By Lemma 1.1, the set of ξ
such that ξ(GraphD) = 1 is WTΩ-closed, hence ξ ∈ Set0µ. □

The characterization of Set0µ provides many examples of closed convex cones of
centered fields; one just has to choose the map D. However, the following section
focuses on two particular subsets of measure fields which are not a priori constructed
from such maps, but can be proved to be closed and horizontally convex, yielding an
additional structure.

3. Tangent and solenoidal measure fields

We introduce the geometric tangent cone Tanµ in its classical definition, as well as
its metric orthogonal, and immediately restrict our attention to their centered subsets.

Definition 3.1 (Tan0µ and Sol0µ). — The geometric tangent cone is defined as

Tanµ := {λ · ξ | λ ⩾ 0, (πx, πx + πv)#ξ ∈ Γo(µ, ν), ν ∈ P2(Ω)}
Wµ ⊂ P2(TΩ)µ.

The solenoidal cone Solµ is defined as (Tanµ)
⊥, i.e.,

Solµ :=
{
ζ ∈ P2(TΩ)µ | ⟨ξ, ζ⟩µ = 0 for all ξ ∈ Tanµ

}
.

The sets Tan0µ and Sol0µ are defined as the intersections of Tanµ,Solµ with P2(TΩ)0µ.

Remark 3.2 (Alternative definition). — One can show that for any ξ, ζ ∈ P2(TΩ)µ,

⟨ξ, ζ⟩µ = ⟨ξ0, ζ0⟩µ + ⟨Bary (ξ),Bary (ζ)⟩L2
µ
,(5)

where ξ0, ζ0 are the respective centered components of ξ, ζ, i.e.,

ξ0 = (πx, πv − Bary (ξ))#ξ.

Therefore the sets Tan0µ and Sol0µ coincide with the sets of metric projections of
Tanµ,Solµ onto the closed, convex cone P2(TΩ)0µ. The orthogonal decomposition (5)
also implies that ξ is tangent (resp. ζ solenoidal) if and only if ξ0 and (id,Bary (ξ))#µ

are tangent (resp. ζ0 and (id,Bary (ζ))#µ solenoidal).

Our first result on Tan0µ and Sol0µ is an application of Proposition 2.2. If D : Ω ⇒ Rd

is a Grassmannian section, denote by D⊥ the map such that D⊥(x) is the orthogonal
complement of D(x) in Rd.
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Corollary 3.3. — Let µ ∈ P2(Ω). There exists a Grassmannian section D : Ω ⇒ Rd

such that
ζ ∈ Sol0µ ⇐⇒

[
ζ ∈ P2(TΩ)0µ and ζ(GraphD) = 1

]
,

ξ ∈ Tan0µ ⇐⇒
[
ξ ∈ P2(TΩ)0µ and ξ(GraphD⊥) = 1

]
.

(6)

In the sequel, D will often be denoted DSol, and D⊥ will be denoted DTan.

Proof. — The fact that Tan0µ is a Wµ-closed positive cone of centered fields follows
directly from the definition. The fact that it is horizontally convex is proved in [Gig08,
Prop. 4.25], first by considering optimal plans and using cyclical monotonicity, then
by approximation. The decomposition of the metric scalar product in (5) yields that
Sol0µ = (Tan0µ)

⊥0, so that by Lemma 2.6, Sol0µ is also a closed convex cone of cen-
tered measure fields. Hence the existence of D characterizing Sol0µ as in (6) follows
from Proposition 2.2. The same result yields a Grassmannian section D̃ : Ω ⇒ Rd

characterizing Tan0µ; to conclude, it only remains to show that D̃ = D⊥ µ-almost
everywhere. But this is implied by the following equivalences for ξ centered:

ξ concentrated on (x, v) such that v ∈ D̃(x)

⇐⇒ ξ ∈ Tan0µ (Prop. 2.2)

⇐⇒ ⟨ξ, γf ⟩µ = 0 for any f ∈ L2
µ such that γf ∈ Sol0µ (Lem. 2.9 and 2.11)

⇐⇒ ξ concentrated on (x, v) such that ⟨v, f ·(x)⟩ = 0 (Prop. 2.2),

where in the last line, f · ranges over all measurable functions such that f ·(x) ∈ D(x)

for all x ∈ Ω, and
∫
|f ·|2dµ < ∞. The fact that sufficiently many of such f · can be

found follows from the Castaing representation of the measurable map D, for instance
in [Roc69, Th. 3.(d)]. □

By Corollary 2.12, both Tan0µ and Sol0µ are closed with respect to the Wasserstein
distance WTΩ on the tangent bundle. In addition, the set of solenoidal measure fields
(possibly with nonzero barycenter) is closed in the same topology.

Corollary 3.4 (Solµ is WTΩ-closed). — Let µ ∈ P2(Ω). The set Solµ is WTΩ-closed.

Proof. — We first show that any ζ ∈ Solµ is concentrated on GraphD. By Remark 3.2,
if ζ ∈ Solµ, then g := Bary (ζ) ∈ L2

µ(Ω;Rd) is such that (id, g)#µ ∈ Solµ. By [Aus25a,
Lem. 2.4 & 2.7], both measure fields (id,−g)#µ and 1

2 [(id, g)#µ+ (id,−g)#µ] are
solenoidal. Applying Corollary 3.3 to the latter, we get that g(x) ∈ DSol(x) for
µ-almost every x. As the centered field ζ0 := (πx, πv − g(πx))#ζ is solenoidal, it is
also concentrated on GraphD, thus so is ζ = (πx, πv + g(πx))#ζ

0.
Now let (ζn)n∈N ⊂ Solµ be a Cauchy sequence with respect to WTΩ, and let

ζ ∈ P2(TΩ)µ be its limit. By Lemma 1.1, ζ(GraphD) = 1. Consequently, the cen-
tered component ζ0 := (πx, πv − Bary (ζ)(πx))#ζ is concentrated on GraphD, hence
solenoidal. To show that Bary (ζ) also induces a solenoidal field, it is enough to prove
that ⟨f,Bary (ζ)⟩L2

µ
= 0 for any f ∈ L2

µ(Ω;Rd) such that (id, f)#µ is tangent (by (5)).
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In addition, we may take f = ∇φ for φ ∈ C∞
c (Ω;R) [Gig08, Th. 4.14]. In particular,

(x, v) 7→ ⟨f(x), v⟩ is continuous and has quadratic growth, so that

⟨f,Bary (ζ)⟩L2
µ
=

∫
⟨f(x), v⟩dζ = lim

n→∞

∫
⟨f(x), v⟩dζn = lim

n→∞
⟨f,Bary (ζn)⟩L2

µ
= 0.

In conclusion, both ζ0 and (id,Bary (ζ))#µ belong to Solµ, so that ζ is solenoidal. □

One might be tempted to think that Tanµ is WTΩ-closed by the same argument.
This is not correct: it does not hold that ξ(GraphDTan) = 1 for every tangent ξ. It
does hold that

– Tan0µ is WTΩ-closed (by Corollary 2.12),
– the set of f ∈ L2

µ(Ω;Rd) such that (id, f)#µ ∈ Tanµ is weakly closed in L2
µ

(by the previous proof),
but the latter set of vector fields is not strongly closed in L2

µ, and the oscillations
captured by the WTΩ-limit may leave DTan. On the other hand, any map inducing a
solenoidal field is already valued in DSol, so that oscillations can only produce measure
fields that are again concentrated on DSol.

3.1. Stability with respect to restriction. — The aim of this section is to investi-
gate how Tan0µ and Sol0µ depend on the local properties of the underlying measure µ.
We start by showing that the centered solenoidal spaces are stable under restriction
of measures. This is valid only for centered measure fields; Remark 3.9 below provides
a counterexample in the case of map-induced fields.

Given a measurable set A ⊂ Ω, denote by µ A the measure given by (µ A)(B) :=

µ(A∩B) for any measurable B, and by TA ⊂ TΩ the set {(x, v) | x ∈ A, v ∈ Tx Ω}.

Proposition 3.5 (Restriction of centered solenoidal measure fields). — Let µ ∈ P2(Ω)

and A ⊂ Ω be measurable with µ(A) ∈ (0, 1). Denote µA := (µ A)/µ(A). Then

Sol0µA
=

{
(ζ TA)/µ(A) | ζ ∈ Sol0µ

}
.

Proposition 3.5 relies on the following intermediate results, whose proofs are de-
ferred to the appendix. The statements are formulated for Solµ instead of Sol0µ, since
centeredness plays no role there.

Lemma 3.6. — Let µ = (1 − λ)µ1 + λµ2 ∈ P2(Ω) for µi ∈ P2(Ω) and λ ∈ [0, 1].
Let η ∈ P2(TΩ)µ1

be the velocity of a geodesic, with ν := (πx + πv)#η compactly
supported. There exists γ ∈ P2(TΩ)µ2

such that

ξ = (1− λ)η + λγ(7)

is the velocity of a geodesic starting from µ.

Lemma 3.6 does not stand without the assumption that ν has compact support.
Indeed, consider for instance µ1 = δ0, µ2 = δ1 and ν a Gaussian measure in dimension
one. There is only one η such that (πx, πx + πv)#η is optimal between µ1 and ν, and
its support is not bounded in the velocity variable. To construct a γ satisfying (7),
one should be able to ensure that for any (x, v) ∈ supp η and (y, w) ∈ supp γ, the
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monotonicity condition |v|2 + |w|2 ⩽ |x + v − y|2 + |y + w − x|2 holds. Equivalently,
using that x = 0 and y = 1, one should have 2v − 1 ⩽ 1 + 2w; since v can be
arbitrarily large, no finite w satisfies this. Consequently, in order to use Lemma 3.6,
we characterize Solµ by orthogonality with respect to velocities of geodesics ending
at compactly supported measures.

Lemma 3.7. — Let ζ ∈ P2(TΩ)µ satisfy ⟨ζ, (πx, πy − πx)#γ⟩µ = 0 for any γ ∈
Γo(µ, ν) with ν ∈ P2(Ω) compactly supported. Then ζ ∈ Solµ.

We now turn to our original claim. In the proof, we use the formula given by [Gig08,
Prop. 4.2] to deduce a Chasles relation for the metric scalar product, stating that for
µ ∈ P2(Ω) and A ⊂ Ω measurable,

⟨ξ, ζ⟩µ =

∫
x∈Ω

⟨ξx, ζx⟩δxdµ(x) =
∫
x∈A

⟨ξx, ζx⟩δxdµ(x) +
∫
x∈Ac

⟨ξx, ζx⟩δxdµ(x).

Proof of Proposition 3.5. — We proceed by double inclusion. Consider ζ ∈ Sol0µ, and
let ζA := (ζ TA)/µ(A) and ζAc := (ζ TAc)/µ(Ac). By Lemma 3.7, it suffices to show
that ⟨ζA, ξA⟩µA

= 0 for any ξA ∈ P2(TΩ)µA
which induces a geodesic between µA

and a compactly supported measure. Consider such a ξA. Applying Lemma 3.6 with
µ1 = µA, µ2 = µAc and 1 − λ = µ(A), we obtain a measure field ξA

c ∈ P2(TΩ)µAc

such that ξ = µ(A)ξA + µ(Ac)ξA
c belongs to Tanµ. As µA and µAc are mutually

singular, we have ξA = (ξ TA)/µ(A). Hence
0 = ⟨ζ, ξ⟩µ = µ(A)⟨ζA, ξA⟩µA

+ µ(Ac)
〈
ζAc , ξA

c〉
µAc

⩾ µ(A)⟨ζA, ξA⟩µA
⩾ 0,(8)

where we used that ζA and ζAc are centered (see Lemma 2.5). Hence ⟨ζA, ξA⟩µA
= 0,

and ζA ∈ Sol0µA
.

Conversely, let ζA ∈ Sol0µA
, and consider ζ := µ(A)ζA + µ(Ac)0µAc . In particular,

ζA = (ζ TA)/µ(A). Let ξ ∈ P2(TΩ)µ be the velocity of a geodesic. By restriction
of optimality [Vil09, Th. 4.6], ξA := (ξ TA)/µ(A) is also the velocity of a geodesic;
moreover, by Chasles,

⟨ζ, ξ⟩µ = µ(A)⟨ζA, ξA⟩µA
+ µ(Ac)⟨0µAc , ξAc⟩µAc = µ(A)⟨ζA, ξA⟩µA

= 0.

Hence ζ ∈ Sol0µ, and any solenoidal measure field in Sol0µA
can be written as the

restriction of an element of Sol0µ. □

As a corollary, we deduce the corresponding statement for Tan0µ.

Corollary 3.8 (Restriction of centered tangent measure fields). — With the same
notation as in Proposition 3.5,

Tan0µA
=

{
(ξ TA)/µ(A) | ξ ∈ Tan0µ

}
.

Proof. — First let ξ ∈ Tan0µ, and denote ξA := (ξ TA)/µ(A). By Proposition 3.5,
any ζA ∈ Sol0µA

can be written as (ζ TA)/µ(A) for some ζ ∈ Sol0µ. Hence, using
Chasles as in (8), 0 = ⟨ξ, ζ⟩µ ⩾ µ(A)⟨ξA, ζA⟩µA

⩾ 0, so that ξA ∈ Tan0µA
. Conversely,

if ξA ∈ Tan0µA
, define ξ := µ(A)ξA + µ(Ac)0µAc ∈ P2(TΩ)0µ. For any ζ ∈ Sol0µ,
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one has ⟨ξ, ζ⟩µ = µ(A)⟨ξA, ζA⟩µA
, where ζA := (ζ TA)/µ(A) belongs to Sol0µA

by
Proposition 3.5. Hence ⟨ξ, ζ⟩µ = 0, and ξ ∈ Tan0µ, completing the proof. □

We emphasize that the argument is not exactly symmetric between Tan0µ and Sol0µ;
the difficulty lies in Lemma 3.6, where an optimal plan attached to a measure is
“extended” to an optimal plan attached to another measure. Despite many attempts,
the author could not find a direct proof of an extension result for tangent measure
fields: when letting the optimal time decrease to 0, there is no guarantee that the
narrow/Wasserstein limit remains tangent. However, optimal plans are sufficient to
characterize solenoidal measure fields, so we can first prove the restriction property
for Sol0µ, and then transfer it to Tan0µ.

Remark 3.9 (Necessity of the centered assumption). — Let µ ∈ P2(Ω) be the normal-
ized 1-Hausdorff measure restricted to the boundary of the unit square S := ∂[0, 1]2.
Parametrize S by a constant-speed closed curve γ : [0, 1] → R2 rotating clockwise,
and let ζ := (γ, γ̇)#L[0,1]. We claim that ζ is solenoidal; since it is induced by a map,
this is equivalent to ⟨ξ, ζ⟩µ = 0 for any map-induced tangent ξ. Any such ξ can be ap-
proximated arbitrarily well with respect to Wµ by (id,∇φ)#µ for some φ ∈ C∞

c (Ω;R)
[Gig11]. As ⟨(id,∇φ)#µ, ζ⟩µ =

∫
[0,1]

d
dtφ ◦ γ dt = 0, the measure field ζ is solenoidal.

However, if ν := 4µ [0, 1] × {1} is the (normalized) restriction of µ to the top
side of the square, then the corresponding restriction ς := (id, (1, 0))#ν belongs to
Tanν , since it induces a geodesic. The reader may check that the centered fields
1
2 [ζ + (πx,−πv)#ζ] and 1

2 [ς + (πx,−πv)#ς] are both solenoidal.

3.2. Decomposition according to the dimension of splitting. — With the above
material, we can now state our first main result.

Theorem 3.10. — Let µ ∈ P2(Ω). There exists a decomposition µ =
∑d

k=0mkµ
k,

where mk ∈ [0, 1] sum to one and µk ∈ P2(Ω) are mutually singular measures, with
the following properties. For each k ∈ [[0, d]], there exists a Grassmannian section
Dk : Ω ⇒ Rd such that dimDk ≡ k, and

(i) ζ ∈ Sol0µ if and only if ζ =
∑d

k=0mkζ
k with ζk ∈ Sol0µk for k ∈ [[0, d]].

(ii) ξ ∈ Tan0µ if and only if ξ =
∑d

k=0mkξ
k with ξk ∈ Tan0µk for k ∈ [[0, d]].

(iii) If mk > 0, ζk ∈ Sol0µk if and only if ζk is centered and concentrated on
GraphDk.

(iv) If mk > 0, ξk ∈ Tan0µk if and only if ξk is centered and concentrated on
GraphD⊥

k .

In addition, the measures mkµ
k in the decomposition are unique. This follows

directly from the explicit formula given in Theorem 4.10. Figure 1 illustrates Theo-
rem 3.10.

Proof of Theorem 3.10. — By Corollary 3.3, there exists a Grassmannian section D :

Ω ⇒ Rd such that ζ ∈ Sol0µ if and only if ζ is centered and concentrated on GraphD,
J.É.P. — M., 2026, tome 13



Locality of centered tangent cones in the Wasserstein space 1591

Figure 1. A measure µ ∈ P2(R2) and its section DTan = D⊥ char-
acterizing Tan0µ.

The measure µ0 is the sum of the three atoms, and DTan
0 is 2-dimensional. The

measure µ1 is supported on a countable union of DC1 sets, which, in dimension 2,
are graphs of DC functions up to permuting the axes. The direction of the one-
dimensional Grassmannian section DTan

1 is represented by the arrows, whose
length is irrelevant. The fact that DTan

1 is orthogonal to the set on which µ1

is concentrated will be proved in Proposition 4.12. The remaining measure µ2 is
transport-regular in the sense that it gives 0 mass to any DC1 set, and satisfies
the conclusion of the Brenier–McCann theorem. Consequently, no optimal plan
splits mass, and DTan

2 ≡ {0}.

and ξ ∈ Tan0µ if and only if ξ ∈ P2(TΩ)0µ and ξ is concentrated on GraphD⊥. For
each k ∈ [[0, d]], define

Ak := {x ∈ Ω | dimD(x) = k} .

Each set Ak is measurable; indeed, by [Roc69, Th. 3.(d)], we have

D(x) = conv {gn(x) | n ∈ N}

for some countable family (gn)n∈N of measurable maps. Then Ak can be written as
the set of x such that any choice of k + 1 vectors gn(x) is linearly dependent, and
there exist k linearly independent vectors (gnj

(x))j∈[[1,k]], i.e.,⋂
σ:[[1,k+1]]→N

{
detk+1

(
gσ1 , ..., gσ(k+1)

)
= 0

}⋂ ⋃
θ:[[1,k]]→N

{
detk

(
gθ(1), ..., gθ(k)

)
̸= 0

}
.

Here detj : (Rd)j → R is the j-determinant, which is continuous. As each gn is
measurable, the set Ak is itself measurable.

If mk := µ(Ak) > 0, define µk := (µ Ak)/µ(Ak). Since (Ak)
d
k=0 is a partition of Ω,

the measures µk are mutually singular, and µ =
∑d

k=0mkµ
k. Let

Dk(x) :=

{
D(x) x ∈ Ak,

vect{e1, . . . , ek} otherwise.

Clearly, Dk is measurable. We now show that µk and Dk satisfy the claims.
Let ζ ∈ Sol0µ, and write it as

∑d
k=0mkζ

k, where mkζ
k := ζ TAk. In particular,

ζk is centered. For each k such that mk > 0, Proposition 3.5 yields that ζk ∈ Sol0µk .
This proves the first implication of point (i). Conversely, let (ζk)k∈[[0,d]] be a family of
centered measure fields such that ζk ∈ Sol0µk , and define ζ :=

∑d
k=0mkζ

k. To show
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that ζ ∈ Sol0µ, let ξ ∈ Tan0µ, decomposed as
∑d

k=0mkξ
k. By Chasles,

⟨ζ, ξ⟩µ =

d∑
k=0

mk⟨ζk, ξk⟩µk .

By Corollary 3.8, each ξk belongs to Tan0µk , so that every term of the sum vanishes.
Hence ζ ∈ (Tan0µ)

⊥0 = Sol0µ. This proves (i); the argument is completely symmetric
for (ii), with Proposition 3.5 in place of Corollary 3.8.

We turn to point (iii). If ζk ∈ Sol0µk , then, by (i), the measure field ζ := mkζ
k +∑d

j=0,j ̸=kmj0µj belongs to Sol0µ. As such, it is concentrated on GraphD. Therefore so
is ζk, and since D = Dk for µk-almost every x, we get that ζk(GraphDk) = 1. On the
other hand, let ζk ∈ P2(TΩ)0µk be concentrated on GraphDk. As Dk = D µk-almost
everywhere, ζk is concentrated on GraphD. Therefore ζ := mkζ

k +
∑d

j=0,j ̸=kmj0µj

is also concentrated on GraphD, and must belong to Sol0µ. By restriction, ζk =

(ζ TAk)/mk belongs to Sol0µk . The point (iv) is proved by repeating the argument
with D⊥ in place of D. □

4. Properties of the decomposition

Theorem 3.10 relies only on the algebraic properties of tangent and solenoidal
cones. We now give a refined description of the measures µk in terms of concentration
on particular subsets. The argument is based on Zajíček’s theorem, recalled below,
which characterizes non-differentiability points of convex functions using DCk sets.
We start with some lemmas specific to DCk and σ-DCk sets, and then return to the
measures (µk)k.

4.1. Preliminaries on DCk sets

Definition 4.1 (DCk and σ-DCk sets). — Let k ∈ [[0, d]]. A set A ⊂ Rd is a difference
of convex functions of dimension k, denoted DCk, if A = Φ(Rk) for some function
Φ : Rk → Rd which, up to a permutation of coordinates, can be written as

Φ(Xk) = (Xk, (φk+1 − ψk+1)(Xk), . . . , (φd − ψd)(Xk))(9)

where φj , ψj : Rk → R are convex functions for j ∈ [[k + 1, d]]. A set that can be
covered by countably many DCk sets will be called σ-DCk.

DCk sets are called “c–c hypersurfaces of dimension k” in the original work of
Zajíček [Zaj79], and “δ-convex surfaces of dimension k” by [Pav04]. By convention,
DC0 sets are points, and the only DCd set is Rd. The parametrization yields that DCk

sets are closed; with the notation of (9), a Cauchy sequence in A = Φ(Rk) necessarily
has its first k components converging in Rk, hence converges to an element of A by
continuity of the functions φj , ψj .

Remark 4.2 (Composition). — Let 0 ⩽ j ⩽ k ⩽ d. If A ⊂ Rk is σ-DCj, and
Φ : Rk → Rd can be written as a permutation of (idRk , φk+1 − ψk+1, . . . , φd − ψd)

for convex functions φj , ψj : Rk → R, then Φ(A) is σ-DCj as well. Indeed, this is
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trivial if j = 0 (since A is countable) or j = k (since A = Rk). Otherwise, let (An)n
be a countable family of DCj sets covering A, each written as Φn(Rj) for some Φn

of the form (9). The composition Φ ◦ Φn coincides with the identity on j of its coor-
dinates. Since compositions of DC functions are still DC by [Har59, (I) & (II)], the
remaining coordinates of Φ ◦ Φn are DC functions from Rj to R. Therefore the sets
(Φ ◦ Φn(An))n∈N are a countable family of DCj sets covering A, i.e., A is σ-DCj.

Theorem (Zajíček’s theorem). — Let φ : Rd → R be a convex function. Then each
set

Jk(φ) :=
{
x ∈ Rd | dim ∂xφ ⩾ d− k

}
(10)

is σ-DCk, i.e., can be covered by countably many DCk sets. Conversely, if A ⊂ Rd is
σ-DCk, there exists φ : Rd → R convex such that A ⊂ Jk(φ).

If one is given a single DCk set A, then the convex function can be chosen “uni-
formly non-differentiable” over A. This is merely an observation on the construction
of [Zaj79], but it will be used in the sequel.

Lemma 4.3. — Let A = Φ(Rk) ⊂ Rd be a DCk set, with Φ as in Definition 4.1. There
exist a convex function ϕ : Rd → R and d− k + 1 measurable vector fields fk, . . . , fd
such that fj(x) ∈ ∂xϕ for each x, and whenever x ∈ A, the vectors fk(x), . . . , fd(x)
are at distance at least one from each other.

Proof. — We may permute the coordinates of the space so as to write

Φ = (id, φk+1 − ψk+1, . . . , φd − ψd)

for some convex functions φj , ψj : Rk → R. Let ϕ :=
∑d

j=k+1 ϕj , where each ϕj is
given by

ϕj(x1, . . . , xd) := max (xj + ψj(x1, . . . , xk), φj(x1, . . . , xk)) .

Then ϕj and ϕ are convex. For convenience, write x = (Xk, xk+1, . . . , xd) whenever
x ∈ Rd. For j ∈ [[k+1, d]], let vj , wj : Rk → Rk be measurable selections of ∂φj and ∂ψj

respectively. Then ∂xϕj contains the vectors (vj(X
k), 0) ∈ Rd and (wj(X

k), 0) + ej ,
with ej ∈ Rd the jth vector of the canonical basis. Indeed, since xj = φj(X

k)−ψj(X
k),

we have, for any y = (Y k, yk+1, . . . , yd),

ϕj(y) = max
(
yj + ψj(Y

k), φj(Y
k)
)

⩾ max
(
xj + ψj(X

k) + (yj − xj) + ⟨wj(X
k), Y k −Xk⟩,

φj(X
k) + ⟨vj(Xk), Y k −Xk⟩

)
= ϕj(x) + max

z∈{(wj(Xk),0)+ej ,(vj(Xk),0)}
⟨z, y − x⟩.

Recall that ∂xϕ =
⊕d

j=k+1 ∂xϕj [Roc70, 10.9 & 7.27]. Hence ∂xϕ contains the
vector

∑d
j=k+1(vj(X

k), 0) and each
∑d

j=k+1,j ̸=ℓ(vj(X
k), 0) + (wℓ(X

k), 0) + eℓ for
ℓ ∈ [[k + 1, d]], which are at pairwise distance at least one. □
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The next lemma allows us to pass from the direction of the non-differentiability
sets of a convex function to that of the subdifferential. A function φ is semiconvex if
φ+ λ| · |2/2 is convex for some λ ∈ R.

Lemma 4.4. — Let φ : Rd → R be semiconvex, A ⊂ Jk(φ) be DCk, and x ∈ A such
that

– the dimension of ∂xφ is exactly d− k,
– the function Φ parametrizing A as in (9) is differentiable at x,
– there exist ε > 0 and r > 0 such that for any y ∈ A ∩ B(x, r), the set ∂yφ

contains d− k + 1 vectors at pairwise distance at least ε.
Then Im∇Φ(x) is orthogonal to span{∂xφ− p} for any p ∈ ∂xφ.

Note that the vector space span{∂xφ − p} is independent of the point p ∈ ∂xφ.
Intuitively, Lemma 4.4 generalizes the observation that ∂xφ is orthogonal to any
differentiable surface contained in its set of minimum points. The assumption that
∂yφ is sufficiently large for y close to x could be replaced, for instance, by requiring
that all ∂yφ near x contain a given (relative) interior point of ∂xφ.

Proof. — The function Φ : Rk → Rd is injective, since it coincides with the identity
on k of its coordinates. Let X := Φ−1(x) ∈ Rk and (hn)n ⊂ (0, 1) be a sequence
converging to 0. Fix e ∈ Rk, and denote xn := Φ(X + hne) ∈ A. By assumption, for
sufficiently large n, there exist vectors (wℓ

n)ℓ∈[[k,d]] ⊂ ∂xn
φ at distance at least ε from

each other. Since φ is locally Lipschitz, the sequences (wℓ
n)n are relatively compact.

Extracting subsequences successively, we may assume that wℓ
n → nw

ℓ. By upper
semicontinuity, each wℓ belongs to ∂xφ, and is still at distance at least ε from wℓ′ for
ℓ′ ̸= ℓ. Hence the vectors (wℓ − wk)ℓ∈[[k+1,d]] span a space of dimension d − k, which
must coincide with span{∂xφ− wk} since the latter has dimension d− k.

Denoting by λ the semiconvexity constant of φ, we have, for any ℓ, ℓ′ ∈ [[k, d]],

φ(xn) ⩾ φ(x) + ⟨wℓ, xn − x⟩ − λ

2
|xn − x|2

⩾ φ(xn) + ⟨wℓ′

n , x− xn⟩+ ⟨wℓ, xn − x⟩ − λ|xn − x|2.

Dividing by hn > 0 and letting n→ ∞, we get

0 ⩾ lim
n→∞

〈
wℓ − wℓ′

n ,
Φ(X + hne)− Φ(X)

hn

〉
− λ

hn
|Φ(X + hnej)− Φ(X)|2

= ⟨wℓ − wℓ′ ,∇Φ(X)(e)⟩.

Interchanging ℓ and ℓ′, we obtain that Im∇Φ(X) is orthogonal to span{∂xφ−wk}. □

We consider the following definition of differentiability, tailored to σ-DCk sets.

Definition 4.5 (Tangent plane to a σ-DCk set). — Let A be a σ-DCk set contained
in

⋃
nAn for DCk sets An. Let Nx ⊂ N be the subset of n ∈ N such that x ∈ An,

and for n ∈ Nx, denote by Φn a permutation of (idRk , φn
k+1−ψn

k+1, . . . , φ
n
d −ψn

d ) such
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that An = Φn(Rk). Then A admits P as a tangent plane at x if for each n ∈ Nx and
j ∈ [[k + 1, d]], each φn

j , ψ
n
j is differentiable at Φ−1

n (x), and Im∇Φn(x) = P .

Lemma 4.6. — Let (An)n∈N be a family of DCk sets, and denote A :=
⋃

n∈NAn. Then
there exists a σ-DCk-1 set B ⊂ A such that A admits a tangent plane P at any point
x ∈ A∖B in the sense of Definition 4.5.

Proof. — For each n, denote by Φn : Rk → R a function as in (9) such that An =

Φn(Rk). Let B(n) ⊂ Rk be the union of the non-differentiability sets of the functions
φj , ψj for j ∈ [[k + 1, d]]. Each set B(n) is σ-DCk-1, and by Remark 4.2, the image
Φn(B

(n)) ⊂ Rd is still a σ-DCk-1 subset of Rd. Denote by Pn(x) the image of ∇Φn(x)

at any point x ∈ An ∖B(n).
We now construct a σ-DCk-1 subset of A outside of which the surfaces An can-

not intersect transversely. Precisely, for each n ̸= m, let B(n,m) be the set of x ∈
An ∩ Am ∖ (B(n) ∪ B(m)) such that Pn(x) ̸= Pm(x). We construct a convex func-
tion containing B(n,m) in its non-differentiability set Jk−1. By Lemma 4.3, there exist
convex functions ϕ(n), ϕ(m) : Rd → R such that An ⊂ Jk(ϕ

(n)), Am ⊂ Jk(ϕ
(m)),

and the subdifferentials of ϕ(n), ϕ(m) on An, Am contain uniformly separated points.
Denote Bn,m := Jk−1(ϕ

(n)) ∪ Jk−1(ϕ
(m)), which is σ-DCk-1. By Lemma 4.4, for any

x ∈ B(n,m) ∖ Bn,m, the affine space containing ∂xϕ
(n) is orthogonal to Pn(x), and

similarly for ∂xϕ(m) and Pm(x). Since Pn(x) ̸= Pm(x), we deduce that the affine hulls
of ∂xϕ(n) and ∂xϕ

(m) are not parallel. As a consequence, the convex set

∂x(ϕ
(n) + ϕ(m)) =

{
v + w | v ∈ ∂xϕ

(n), w ∈ ∂xϕ
(m)

}
has dimension at least d−k+1. Hence B(n,m)∖Bn,m is contained in Jk−1(ϕ

(n)+ϕ(m)),
which is σ-DCk-1 since ϕ(n)+ϕ(m) is convex. Adding back Bn,m, we obtain that B(n,m)

is σ-DCk-1.
Denote B :=

⋃
n∈NB

(n)∪
⋃

n,m∈N2 B(n,m). Then B is σ-DCk-1, and if x ∈ A∖B, all
sets An containing x admit a plane Pn(x) as before. Additionally, Pn(x) = Pm(x)=:

P (x) for any n ̸=m such that x∈An ∩Am, since otherwise x would be in B(n,m)⊂B.
□

4.2. Characterization of µk by concentration on DCk sets. — We return to mea-
sures on Ω = Rd, with two intermediate results relating the dimension of the map
DTan = D⊥ appearing in Theorem 3.10 to the size of the sets on which µ can be
concentrated.

Proposition 4.7 (Large DTan implies thin concentrations). — Let 0 ⩽ k ⩽ d − 1,
and µ ∈ P2(Ω) be a measure such that the Grassmannian section DTan : Ω ⇒ Rd

characterizing Tan0µ has dimension at least d− k at µ-almost every point. Then µ is
concentrated on a σ-DCk set.

For φ : Ω → R semiconvex, denote again Jk(φ) := {x ∈ Ω | dim ∂xφ ⩾ d− k}.

Proof. — We first consider the case of a compactly supported measure, then proceed
by exhaustion. Precisely, in the first two steps, we show that whenever µ is compactly
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supported and such that DTan = DTan
µ has dimension d − k, then there exists a

measurable σ-DCk set B such that µ(B) ⩾ 1/2.

Compact case: construction of B. — Let (f ·j)j∈[[k+1,d]] be measurable selections of DTan

such that (f ·k+1(x), . . . , f
·
d(x)) is an orthonormal basis of DTan(x) for any x ∈ Ω. Such

maps can be constructed by the Gram–Schmidt orthogonalization algorithm applied
to a Castaing representation of DTan, provided by [Roc69, Th. 3.(d)]. By Proposi-
tion 2.2, the measure field

ξ :=
1

d− k

d∑
j=k+1

1

2

[
(id,−f ·j)#µ+ (id, f ·j)#µ

]
belongs to Tan0µ. We show using a Chebyshev-type inequality that if η is close to ξ

with respect to Wµ, then it must put mass on balls around each f ·j(x) for any x

belonging to a set of large µ-measure.
Let j ∈ [[k+1, d]] and s ∈ {±1}. Since (x, v) 7→ |v− sf ·j(x)| is measurable from TΩ

to R, the sets

Aj,s :=
{
(x, v) ∈ TΩ | |v − sf ·j(x)| ⩽ 1/2

}
⊂ TΩ

are measurable. Given a set A ⊂ TΩ, denote Ax := {v | (x, v) ∈ A}. By the disin-
tegration theorem of [Bog07, 10.4.15], for any η ∈ P2(TΩ)µ, there exist measures
(ηx)x∈Ω with ηx ∈ P(Rd) such that for any A ⊂ TΩ measurable, x 7→ ηx (A

x) is
measurable, and η(A) =

∫
x∈Ω

ηx (A
x) dµ(x). Therefore, the set

C :=

{
x ∈ Ω

∣∣∣∣ ∃(j, s) ∈ [[k + 1, d]]× {±1} such that
ηx(A

x
j,s) = ηx

(
B(sf ·j(x), 1/2)

)
⩽ 1/2

2(d−k)

}
is a measurable subset of Ω. Let ξx = 1

d−k

∑d
j=k+1

1
2 [δ(x,−f ·

j(x))
+δ(x,f ·

j(x))
] be a partic-

ular disintegration of ξ. Whenever x ∈ C, the measure ξx places a mass 1/2(d− k) on
each ±f ·j(x), whereas ηx places less than (1/2)/2(d− k) on at least one ball of radius
1/2 centered at one of these points. Consequently, any transport plan αx between ηx
and ξx will force a mass of at least (1/2)/2(d− k) to travel a distance greater than
1/2. In integral form,

∫
v∈Rd |v|2dαx ⩾ (1/2)/2(d− k)(1/2)2 for any x ∈ C. Taking the

infimum over αx, this yields W 2(ηx, ξx) ⩾ 1/16(d− k), and integrating over x, we get
that

µ (C) =

∫
x∈Ω

1C(x)dµ(x) ⩽
∫
x∈Ω

W 2(ηx, ξx)

1/(16(d− k))
dµ(x) ⩽ 16(d− k)W 2(η, ξ).(11)

Here the last inequality holds since W 2(ξ, η) =
∫
x∈Ω

W 2(ξx, ηx)dµ [Gig08, Prop. 4.2].
Since ξ is tangent, there exists η ∈ P2(TΩ)µ inducing a geodesic on [0, τ ] for some
τ > 0, and such that 16(d − k)W 2(η, ξ) ⩽ ε. Let B := Cc. By (11), µ(B) ⩾ 1 − ε.
By definition of C, ηx puts a mass of at least (1/2)/2(d− k) on each B(±f ·j(x), 1/2)
for x ∈ B, so that the restricted measure

γ := η
⋃ s∈{±1}

j∈[[k+1,d]]Aj,s
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still puts mass on TB, i.e., B ⊂ suppπx#γ. Moreover, by restriction of optimality
[Vil09, Th. 4.6], γ induces a geodesic on [0, τ ].

Compact case: B is σ-DCk. — Define φ as the classical explicit Kantorovich potential
[Vil09, (5.13)], i.e.,

φ(x) :=
1

2τ
sup

{
|τvN |2 − |xN + τvN − x|2 +

∑N−1
i=0

(
|τvi|2 − |xi + τvi − xi+1|2

)}
,

where the supremum runs over N ∈ N and sequences (xi, vi)
N
i=1 ⊂ supp γ. Then

φ(x) ⩾ (|τv0|2 − |x0 + τv0 − x|2)/(2τ) by taking N = 0. In particular, φ(x0) ⩾ 0,
and φ(x0) ⩽ 0 by cyclical monotonicity. Moreover, φ(x) + |x|2/(2τ) is a supremum
of convex functions, hence φ is semiconvex. Using that supa∈A f(a)− supa∈A g(a) ⩽
supa∈A f(a)− g(a) whenever supA g <∞, we have

φ(x)− φ(x0) ⩽
1

2τ
sup

(xN ,vN )∈supp γ

|xN + τvN − x0|2 − |xN + τvN − x|2

=
|x0|2 − |x|2

2τ
+

|x− x0|
τ

sup
(xN ,vN )∈supp γ

|xN + τvN |,

with the last supremum bounded by diam suppµ + τ(1 + 1/2) < ∞. Therefore, φ is
real-valued. We now show that if (x, v) ∈ supp γ, then v ∈ ∂xφ. For any ι > 0, let
(xi, vi)

N
i=1 ⊂ supp γ be ι-optimal for the definition of φ(x). Appending (x, v) to the

sequence (xi, vi)i, we get that for any y ∈ Ω,

φ(y) ⩾
1

2τ

[
|τv|2 − |x+ τv − y|2 + |τvN |2 − |xN + τvN − x|2

+

N−1∑
i=0

(
|τvi|2 − |xi + τvi − xi+1|2

)]
⩾ ⟨v, y − x⟩ − |x− y|2

2τ
+ φ(x)− ι.

Letting ι↘ 0, we obtain that v ∈ ∂xφ. As γx puts mass on balls of radius 1/2 around
each ±f ·j(x) for any x ∈ B ⊂ suppµ, with | ± f ·j(x)| = 1, the convex set ∂xφ has
dimension at least d− k, so that B ⊂ Jk(φ). By Zajíček’s theorem, B is σ-DCk.

General case: exhaustion. — Consider now µ ∈ P2(Ω) arbitrary. Let R0 > 0 be such
that µ(B(0, R0)) ⩾ 1/2. By the restriction formula of Corollary 3.8, the centered
tangent cone to µ0 := µ B(0, R0)/µ(B(0, R0)) shares the map DTan with µ. By the
previous steps, there exists a σ-DCk set B0 ⊂ B(0, R0) such that µ0(B0) ⩾ 1/2,
which implies µ(B0) ⩾ 1/4.

Assume that an increasing sequence of radii Rj and measurable σ-DCk sets Bj

have been constructed such that µ(Bj) ⩾ µ(Bj−1) + (1 − µ(Bj−1))/4 for j ∈ [[1, n]].
Let Rn+1 be such that µ(Bc

n ∩B(0, Rn+1)) ⩾ µ(Bc
n)/2, and apply the previous steps

to the measure µn+1 := µ (Bc
n ∩ B(0, Rn+1))/µ(B

c
n ∩ B(0, Rn+1)). This yields a

measurable σ-DCk set B such that µn+1(B) ⩾ 1/2. Up to restriction, we may assume
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that B ⊂ B(0, Rn+1) and is disjoint from Bn. Define Bn+1 := Bn ∪B. Then

µ(Bn+1) = µ(Bn) + µ(Bc
n ∩ B(0, Rn+1))× µn+1(B) ⩾ µ(Bn) +

µ(Bc
n)

4

= µ(Bn) +
1− µ(Bn)

4
.

The sequence pn := µ(Bn) satisfies p0 ⩾ 1
4 and pn+1 ⩾ 1+3pn

4 , so limn→∞ pn = 1.
Therefore, the limit B∞ of the increasing sequence (Bn)n satisfies µ(B∞) = 1. As a
countable union of σ-DCk sets, B∞ is σ-DCk. □

Remark 4.8 (Support). — The conclusion of Proposition 4.7 cannot be improved
to covering the support of µ by DCk sets. Indeed, consider µ =

∑
n∈N αnδxn for a

sequence (xn)n∈N dense in [0, 1]. By [Aus25a, Prop. 2.9], Tan0µ is equal to P2(TΩ)0µ,
so that DTan can be taken identically equal to R. The measure µ is concentrated on
the σ-DC0 (countable) set

⋃
n∈N{xn}, but its support is [0, 1].

The following result is a partial converse to Proposition 4.7.

Lemma 4.9 (Thin concentration implies large DTan). — Let 0 ⩽ k ⩽ d − 1, and let
µ ∈ P2(Ω) give positive mass to a measurable DCk set A ⊂ Ω. Then the map DTan

characterizing Tan0µ in Proposition 2.2 satisfies dimDTan(x) ⩾ d − k for µ-almost
every x ∈ A.

Proof. — By Lemma 4.3, there exist a convex function φ : Ω → R and d − k + 1

measurable vector fields fk, . . . , fd such that fj(x) ∈ ∂xφ for all x, and for any x ∈ A,
|fj(x)− fℓ(x)| ⩾ 1 for j ̸= ℓ ∈ [[k, d]]. Let

ξ :=
1

d− k + 1

d∑
j=k+1

(id, fj − id)#µ+ (id, fk − id)#µ

2
.

Then (πx, πx + πy)#ξ is concentrated on the graph of the subdifferential of the con-
vex function φ, and ξ is the velocity of a geodesic. By Remark 3.2, the centered
measure field ξ0 := (πx, πv − Bary (ξ)(πx))# ξ is also tangent, and concentrated on(
x,± fj(x)−fk(x)

2

)
for j ∈ [[k + 1, d]]. Since the latter vectors are independent, ξ0 splits

mass in at least d − k directions, so that dimDTan(x) ⩾ d − k for µ-almost every
x ∈ A. □

Combining Proposition 4.7 and Lemma 4.9, we arrive at the following statement.

Theorem 4.10. — Let µ ∈ P2(Ω) be decomposed as µ =
∑d

k=0mkµ
k according to

Theorem 3.10. Then, for each k ∈ [[0, d]] such that mk > 0, the measure µk is concen-
trated on a σ-DCk set and gives 0 mass to σ-DCk-1 sets. Moreover, for any k ∈ [[0, d]]

and measurable set A ⊂ Ω,

mk µ
k(A) = max

B σ-DCk
measurable

min
C σ-DCk-1

measurable

µ(A ∩B ∖ C),(12)

and the order of min and max can be reversed.
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Proof. — For each k such that mk > 0, the Grassmannian section Dk characterizing
Tan0µk has images of dimension d− k. Hence, whenever k < d, Proposition 4.7 implies
that µk is concentrated on a σ-DCk set. If k = d, the only σ-DCd set is Ω, and the
statement is vacuous. For k = 0, we get that µ0 is purely atomic. Moreover, if k > 0,
then µk must give 0 mass to any DCk − 1 set, since otherwise Lemma 4.9 would imply
that dimDk ⩾ d − (k − 1) = d − k + 1 on a set of positive µk-measure. For each k

such that mk > 0, let Ak be a measurable σ-DCk set on which µk is concentrated,
and define Ak = ∅ if mk = 0.

Let k ∈ [[0, d]], and let A,B,C ⊂ Rd be measurable such that B is σ-DCk and C is
σ-DCk-1. Since µj gives 0 mass to any σ-DCj-1 set, it gives 0 mass to any σ-DCℓ set
for ℓ ⩽ j − 1. Then

(13)

µ(A ∩B ∖ C) =

d∑
j=0

mjµ
j(A ∩B ∖ C)

=

k−1∑
j=0

mjµ
j(A ∩B ∖ C) +mkµ

k(A ∩B).

In particular, µ(A ∩ B ∖ C) ⩾ mkµ
k(A ∩ B) for any such C, with equality if C is

chosen as a σ-DCk-1 set containing
⋃

j∈[[0,k−1]]Aj . We get that

min
C σ-DCk-1
measurable

µ(A ∩B ∖ C) = mkµ
k(A ∩B).

Since mkµ
k(A ∩B) ⩽ mkµ

k(A), with equality if B = Ak, we can take the maximum
over σ-DCk sets B to obtain (12). Using that µj(A∩B∖C) ⩽ µj(B∖C), we can also
first maximize over A in (13), then minimize over C, to obtain the same result. □

As a consequence of the explicit formula (12), the measures µk in Theorem 3.10
are uniquely defined (if mk > 0). For k = 0, the measure µ0 is purely atomic, and
collects the atoms of µ; for k = d, the measure µd gives 0 mass to any DCd − 1 set,
and is the transport-regular part of µ. Let us give some examples.

Example A. — In dimension one, the decomposition reduces to µ = m0µ
0 +m1µ

1,
where µ0 is concentrated on a σ-DC0 set and µ1 gives 0 mass to σ-DC0 sets. Since
σ-DC0 sets are exactly countable sets, we get that µ0 is the (normalized) atomic part
of µ, while µ1 is its (normalized) diffuse part. Note that the Cantor part is classified
in the same component as the absolutely continuous part of µ.

Example B. — If µ = Hk M for Hk the Hausdorff measure of dimension k, and M

some k-dimensional C2-manifold with Hk(M) = 1, then µ = µk. Indeed, covering M

by countably many C2 charts, and using that C2 maps are DC [HU85], one sees that M
is σ-DCk. Moreover, DCj sets for j < k are negligible for Hk (as non-differentiability
sets of convex functions from Rk to R). The fact that in this case, the centered
elements of the geometric tangent cone are concentrated on the normal directions
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to M was observed by Lott [Lot16], and will be generalized to any µ ∈ P2(Ω) in the
next section.

Example C. — The regularity in the previous example cannot be weakened to C1.
We sketch a counterexample in dimension d = 2, taking inspiration from [Zaj79,
Jui11]. Let f ∈ C([0, 1]; [0, 1]) be continuous and nowhere approximately differen-
tiable, given for instance by [Kha06, Chap. 6]. Define F : x 7→

∫ x

y=0
f(y)dy and

µ := (id, F )#L[0,1], with L the Lebesgue measure. We claim that µ = µ2, i.e.,
DSol ≡ R2.

By the above characterization, it suffices to prove that µ gives 0 mass to any DC1

set. By [AS94], any DC1 set can be covered by countably many C2 manifolds up to a
set of H1-measure 0. As µ is absolutely continuous with respect to H1, it is enough
to show that µ(A) = 0 for any C2 manifold A. Using a parametrization of A by
graphs of C2 functions, this follows from the fact that L[0,1]({F = φ}) = 0 for any
φ ∈ C2([0, 1];R). Now, if {F = φ} has positive Lebesgue measure, one shows that
f(x) = φ′(x) for any density point x ∈ {F = φ}. Therefore L({f = φ′}) > 0, and
since φ′ ∈ C1, the function f admits φ′′ as an approximate differential at any density
point of {f = φ′}, contradicting the choice of f .

Remark 4.11 (Difference with the decomposability bundle). — In [AM16], the authors
introduce the decomposability bundle of a measure µ as a Grassmannian section con-
structed (roughly) as follows: consider every possible representation of µ as a su-
perposition of 1-Hausdorff measures supported on 1-rectifiable sets, and let DAM

be the essential union of the approximate tangent planes to each piece. If µ =

(id, F )#L[0,1] for F ∈ C1([0, 1];R), then DAM(x, F (x)) reduces to the classical tan-
gent plane R · (1, F ′(x)). This differs from DSol in example Example C. This raises
the following question: can DAM be linked to a Wasserstein tangent cone for another
cost?

4.3. Relations with other notions of tangency. — The reader might rightfully
complain that so far, no information has been provided concerning the direction of
the Grassmannian section DSol in Corollary 3.3. We now remedy this in two successive
steps: first, if µ is concentrated on a σ-DCk set A, we show that the tangent planes
to A are aligned with DSol at least µ-almost everywhere. The definition of tangent
plane involved is rather strong, and might be useful in applications; however, it uses
information coming from a particular set on which µ is concentrated, and lacks an “in-
trinsic” character. Therefore, in a second step, we show that Preiss tangent measures
are concentrated on DSol at µ-almost every point.

In this section, we consider only k ∈ [[1, d − 1]], since in the extremal cases k = 0

and k = d, the map DSol is either {0} or the whole space Rd.

Proposition 4.12 (µk aligns with DSol
k ). — Let k ∈ [[1, d−1]]. Assume that µ ∈ P2(Ω)

is concentrated on a σ-DCk set A and gives 0 mass to any σ-DCk-1 set. Then for
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µ-almost every point x, A admits a tangent plane P (x) in the sense of Definition 4.5,
and P (x) = DSol(x).

Proof. — Let (An)n be a cover of A by DCk sets. By Lemma 4.6, there exists a
σ-DCk-1 set B0 ⊂ A such that A admits a tangent plane P = P (x) for any x ∈ A∖B0,
in the sense of Definition 4.5. Our aim is to show that P is orthogonal to DTan µ-almost
everywhere.

The beginning of the argument follows that of Lemma 4.9. For each An, let
φn : Ω → R be a convex function given by Lemma 4.3, i.e., such that An ⊂ Jk(φn)

and ∂φn admits d − k + 1 measurable selections fk, . . . , fd that are at pairwise
distance at least one over An. Then, for each j ∈ [[k + 1, d]], the measure field
1
2 (id, fk − id)#µ + 1

2 (id, fj − id)#µ induces a geodesic since φ is convex, so that
by Remark 3.2, its projection onto centered measure fields

1

2

(
id,

fk − fj
2

)
#
µ+

1

2

(
id,

fj − fk
2

)
#
µ

is tangent. Since centered tangent measure fields are concentrated on GraphDTan by
Theorem 3.10, there exists a µ-negligible set B(n)

0 ⊂ A such that fj(x) − fk(x) ∈
DTan(x) for any x ∈ A ∖ B

(n)
0 . As DTan(x) is a subspace of dimension d − k, the

independent vectors fj(x)− fk(x) span it.
We now use the particular choice of φn. Recall that for any x ∈ An ∖ B0, the

parametrization of An is differentiable with differential spanning P . Denote B(n)
1 :=

Jk−1(φn) the set of x such that dim ∂xφn > d− k, which is σ-DCk-1. By Lemma 4.4,
for any x ∈ An ∖ (B0 ∪B(n)

1 ),

span {fj(x)− fk(x) | j ∈ [[k + 1, d]]} = P (x)⊥.

Hence, for any x ∈ An ∖
(
B0 ∪ B

(n)
0 ∪ B

(n)
1

)
, we have DTan(x) = P (x)⊥. Since µ

gives 0 mass to σ-DCk-1 sets, bothB0 andB(n)
1 are µ-negligible. HenceB :=

⋃
n∈NB0∪

B
(n)
0 ∪ B

(n)
1 is a µ-negligible set such that P (x) = DTan(x)⊥ = DSol(x) for any

x ∈ A∖B, as claimed. □

The following definition is taken from [Pre87], where it is shown that any measure µ
admits at least one tangent measure ν at µ-almost every point.

Definition 4.13 (Tangent measure in the sense of Preiss). — Let µ ∈ P(Ω) and
x ∈ suppµ. A locally finite measure ν ∈ M+(Ω) is tangent to µ at x in the sense of
Preiss if there exist a vanishing sequence (hn)n∈N ⊂ (0, 1], and a sequence (cn)n ∈ R+

∗ ,
such that for any φ ∈ Cc(Ω;R),∫

x∈Ω

φ(x)dν(x) = lim
n→∞

cn

∫
y∈Ω

φ
(y − x

hn

)
dµ(y).

Proposition 4.14. — Let k ∈ [[1, d−1]]. Assume that µ ∈ P2(Ω) is concentrated on a
σ-DCk set A and gives 0 mass to any σ-DCk-1 set. Then, for µ-almost every point x,
any tangent measure ν ∈ M+ to µ at x in the sense of Definition 4.13 is supported
on DSol(x).
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Proof. — Again, let (An)n be a cover of A by DCk sets. By Proposition 4.12, there
exists a µ-negligible set B0 ⊂ A such that for all x /∈ B0, A admits DSol(x) as a
tangent plane in the sense of Definition 4.5. For each n, let A∪n :=

⋃
m⩽nAm. Then

A =
⋃

n∈NA
∪n. By the density theorem [Fed96, 2.9.13], there exists a µ-null set

B(n) ⊂ A∪n such that every x ∈ A∪n ∖B(n) is a density point of A∪n, i.e.,

lim
h↘0

µ (A∪n ∩ B(x, h))

µ(B(x, h))
= 1.(14)

Let B1 :=
⋃

n∈NB
(n). Then B1 is µ-negligible, and for any x ∈ A ∖ B1, there exists

nx ∈ N such that x is a density point of A∪nx .
Let x ∈ A∖ (B0 ∪B1) be a point at which the measure µ admits a Preiss tangent

measure ν. Following the notations of Definition 4.13, we let (hk)k be a vanishing
sequence and (ck)k ∈ R+

∗ be such that ν = limk→∞ ck(
id−x
hk

)#µ in C ′
c. By the choice

of B0, the set A admits a tangent plan P := DSol(x) at x in the sense of Definition 4.5.
To show that ν is concentrated on P , it is enough to prove that ν(B(0, Rm)∖P ε) = 0

for a sequence (Rm)m going to +∞, and any ε > 0. Here P ε := {y ∈ Ω | d(y, P ) ⩽ ε}.
Let (Rm)m be an increasing sequence going to +∞ and such that ν (∂B(0, Rm)) = 0

for all m, which exists by a classical disintegration argument. For the rest of the proof,
R = Rm and ε > 0 are fixed.

Let Ix ⊂ [[0, nx]] be the subset of indices n such that x ∈ An. In particular, for each
n ∈ Ix, there exists h′n > 0 such that An ∩ B(x,Rs) ⊂ (x+ P )εs for any s ∈ (0, h′n).
On the other hand, for each n ∈ [[0, nx]] ∖ Ix, the distance dist(x,An) =: hn from
the point x to the closed set An is positive. Taking the infimum over all h′n, hn for
n ∈ [[0, nx]], we obtain hx > 0 such that A∪nx ∩ B(x,Rs) ⊂ (x+ P )εs, hence

µ ((x+ P )εs ∩A∪nx ∩ B(x,Rs))

µ (A∪nx ∩ B(x,Rs))
= 1 for all s ∈ (0, hx).(15)

For each ι ∈ (0, 1), consider φ ∈ C∞
c (Ω; [0, 1]) such that 1B(0,(1−ι)R) ⩽ φ ⩽ 1B(0,R),

and ψ ∈ C∞
c (Ω; [0, 1]) such that 1P ε∩B(0,R) ⩽ ψ ⩽ 1P ε∩B(0,(1+ι)R). Then

ν (P ε ∩ B(0, (1 + ι)R))

ν (B(0, (1− ι)R))
⩾ lim

k→∞

ck
∫
ψ
(
y−x
hk

)
dµ

ck
∫
φ
(
y−x
hk

)
dµ

⩾ lim
k→∞

µ
(
(x+ P )εhk ∩ B(x,Rhk)

)
µ (B(x,Rhk))

= lim
k→∞

µ (A∪nx ∩ B(x,Rhk))

µ (B(x,Rhk))
×
µ
(
(x+ P )εhk ∩ B(x,Rhk)

)
µ (A∪nx ∩ B(x,Rhk))

= 1.

In the last line, we used respectively (14) and (15). Sending ι to 0, and using that
ν(∂B(0, R)) = 0, we get

ν
(
P ε ∩ B(0, R)

)
⩾ ν (B(0, R)) = ν

(
P ε ∩ B(0, R)

)
+ ν (B(0, R)∖ P ε) .

Thus ν (B(0, R)∖ P ε) = 0 for all ε > 0 and R = Rm, so that ν is supported on P . □

It may happen that the inclusion supp ν ⊂ DSol(x) is strict. For instance, in ex-
ample Example C at the end of Section 4.2, the measure (id, F )#µ with F ∈ C1

admits (id, F ′(x) · id)#LR as its unique Preiss tangent measure at (x, F (x)) ∈ R2. In
particular, ν is supported on a line, but DSol is equal to R2 at µ-almost every point.
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Appendix

Proof of Proposition 2.7. — The existence and uniqueness of πµ
Cξ follow verbatim the

steps of [Gig08, Prop. 4.30], mimicking the Hilbertian case. We show that for any
α ∈ Γµ,o(ξ, π

µ
Cξ), the element γ := (πx, πv − πw)#α belongs to C⊥. Let ζ ∈ C

be arbitrary, and β = β(πx, πu, πv, πw) ∈ Γµ(ξ, π
µ
Cξ, ζ) with (πx, πu, πv)#β = α.

By horizontal convexity, (πx, (1− ε)πv + επw)#β ∈ C. Then

W 2
µ(ξ, π

µ
Cξ) ⩽W 2

µ (ξ, (πx, (1− ε)πv + επw)#β) ⩽
∫
(x,v,w)

|u− (1− ε)v − εw|2 dβ

=W 2
µ(ξ, π

µ
Cξ) + 2ε

∫
⟨u− v, v − w⟩dβ + ε2

∫
|v − w|2dβ.

Letting ε tend to 0, we get 0 ⩽
∫
⟨u−v, v−w⟩dβ. Choosing in particular ζ = r·πµ

Cξ ∈ C

for r > 0, and β = (πx, πv, πw, rπw)#α, we get that
∫
⟨u − v, v⟩dα = 0 for any

α ∈ Γµ,o(ξ, π
µ
Cξ). Therefore, for a general ζ ∈ C,

⟨γ, ζ⟩µ = sup
β∈Γµ(ξ,π

µ
Cξ,ζ)

(πx,πu,πv)#β=α

∫
(x,u,v,w)

⟨u− v, w⟩dβ ⩽
∫
(x,u,v)

⟨u− v, v⟩dα = 0.

As the opposite inequality holds by Lemma 2.5, we deduce that γ ∈ C⊥.
Now, for any ζ ∈ C⊥, we introduce πµ

Cξ in the definition of W 2
µ(ξ, ζ) to get

W 2
µ(ξ, ζ) = inf

β∈Γµ(ξ,π
µ
Cξ,ζ)

(πx,πu,πv)#β=α

∫
(x,u,v,w)

|v + (u− v − w)|2 dβ

= ∥πµ
Cξ∥

2
µ + inf

β∈Γµ(ξ,π
µ
Cξ,ζ)

(πx,πu,πv)#β=α

2

∫
(x,u,v,w)

⟨v, u− v − w⟩dβ + |(u− v)− w|2dβ

⩾W 2
µ(ξ, γ) + inf

β∈Γµ(ξ,π
µ
Cξ,ζ)

(πx,πu,πv)#β=α

2

∫
(x,u,v,w)

⟨v,−w⟩dβ +W 2
µ(γ, ζ).

Here we used respectively that (πx, πv, πv−πw)#α is a transport plan between ξ and γ,
that

∫
⟨v, u − v⟩dα = 0, and that (πx, πu − πv, πw)#β is a transport plan between γ

and ζ. The middle term is exactly −2⟨πµ
Cξ, ζ⟩µ, which vanishes since πµ

Cξ ∈ C and
ζ ∈ C⊥. Therefore, for any ζ ∈ C⊥, we have W 2

µ(ξ, ζ) ⩾ W 2
µ(ξ, γ) +W 2

µ(γ, ζ), and γ

must be the metric projection of ξ onto C⊥.
If now ζ ∈ C, we have for any β ∈ Γµ(ξ, π

µ
Cξ, ζ) such that (πx, πu, πv)#β = α that∫

⟨u− v, w⟩dβ ⩽ ⟨γ, ζ⟩µ = 0. We deduce that

⟨ξ, ζ⟩µ = sup
β∈Γµ(ξ,π

µ
Cξ,ζ)

(πx,πu,πv)#β=α

∫
(x,u,v,w)

⟨u− v + v, w⟩dβ

⩽ 0 + sup
β∈Γµ(ξ,π

µ
Cξ,ζ)

(πx,πu,πv)#β=α

∫
(x,u,v,w)

⟨v, w⟩dβ = ⟨πµ
Cξ, ζ⟩µ.
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If, in addition, ζ = −1 · ζ, then∫
⟨u− v, w⟩dβ = −

∫
⟨u− v,−w⟩dβ ⩾ −⟨γ,−1 · ζ⟩µ = −⟨γ, ζ⟩µ = 0,

and equality holds in the penultimate line, so that ⟨ξ, ζ⟩µ = ⟨πµ
Cξ, ζ⟩µ. □

Proof of Lemma 3.6. — Let M ⩾ 0 be such that supp ν ⊂ B(0,M), and (x0, v0) ∈
supp(πx, πx + πv)#η. The formula

φ(x) := sup

{∑n
i=0 |xi − yi|2−

∑n−1
i=0 |xi+1−yi|2 − |x− yn|2

∣∣∣∣ n ∈ N, (xi, yi)ni=1 ⊂
supp(πx, πx + πv)#η

}
defines a semiconvex function from Ω to R ∪ {∞} with the property that

φc(y)− φ(x) = |x− y|2

for (πx, πx+πv)#η-almost every (x, y) [Vil09, Th. 5.10]. The support of (πx, πx+πv)#η
is cyclically monotone, so taking x = x0, we get that φ(x0) ⩽ 0. Since each yi
appearing in the supremum is contained in supp(πx + πv)#η = supp ν ⊂ B(0,M),
one has

φ(x)− φ(x0) ⩽ sup

{
−|x− yn|2 + |x0 − yn|2

∣∣∣∣ ∃xn ∈ Ω such that
(xn, yn) ∈ supp(πx, πx + πv)#η

}
⩽ |x0|2 + 2M |x0 − x| − |x|2.

The function φ is bounded from below by −|x− y0|2 + |y0 − x0|2 by definition, hence
locally bounded, and therefore locally Lipschitz since it is semiconvex. Therefore the
set-valued subdifferential map x 7→ ∂x

(
φ− | · |2/2

)
is compact-valued, and upper

semicontinuous in the set-valued sense by [Roc70, Cor. 24.5.1]. By the selection the-
orem [AB06, 18.13], it admits a measurable selection f : Ω → TΩ. Then define
ξ := (1 − λ)η + λ(f#µ2). By construction, ξ is still supported on the subdifferential
of φ− | · |2/2, so (πx, πx + πv)#ξ is cyclically monotone, hence optimal. □

Proof of Lemma 3.7
By definition, the set of measure fields of the form λ · (πx, πy − πx)#γ, where

λ ⩾ 0 and γ is optimal, is dense in Tanµ with respect to Wµ. The metric scalar
product being continuous and positively homogeneous, one has that ζ ∈ Solµ if and
only if ⟨ζ, (πx, πy − πx)#γ⟩µ = 0 for any γ ∈ Γo(µ, ν) and ν ∈ P2(Ω). To prove the
claim, we have to show that it suffices to consider compactly supported ν. Since we
need convergence with respect to Wµ, we cannot approximate the target measure by
an arbitrary compactly supported measure and use stability of optimality; hence we
construct an explicit approximation. The results on c-transforms that we use may be
found in [Vil09, §5], in particular Th. 5.10.

Let η ∈ Γo(µ, ν) for some ν ∈ P2(Ω). Let φ : Ω → R ∪ {∞} be a proper c-convex
Kantorovich potential for the pair (µ, ν), and φc : y 7→ infx∈Ω φ(x) + |x − y|2 its
c-transform, which satisfies φ(x) = supy∈Ω φ

c(y) − |x − y|2. Denote by Γ ⊂ Ω2 the
set of (x, y) such that φc(y)−φ(x) = |x− y|2, which contains supp η and is cyclically
monotone. Our strategy is to “truncate” Γ in the y variable, as follows.
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For each R > 0, define

φR(x) := sup
y∈B(0,R)

φc(y)− |x− y|2 = sup
y∈Ω

φc(y)− |x− y|2 − χR(y),

where χR(y) = 0 if |y| ⩽ R, and +∞ otherwise. The function φR is c-convex by
definition, bounded from above by φ, bounded from below by a quadratic polynomial,
and for any x0 ∈ domφ,

φR(x)− φR(x0) ⩽ sup
y∈B(0,R)

|x0 − y|2 − |x− y|2 ⩽ |x0|2 + 2R|x0 − x| − |x|2.

Hence φR is locally bounded, and locally Lipschitz since it is semiconvex.
By a classical computation, the set ΓR ⊂ Ω2 of pairs (x, y) such that φR(x) =

φc(y)− |x− y|2 − χR(y) is cyclically monotone, and contained in Ω× B(0, R). Note
that Γ ∩ (Ω × B(0, R)) ⊂ ΓR; indeed, whenever (x, y) ∈ Γ with |y| ⩽ R, we have
φ(x) = φc(y)−|x−y|2 ⩾ φc(z)−|x−z|2 for any z ∈ Rd. In particular, the supremum on
the ball of radius R is also attained at y, and φR(x) = φ(x) = φc(y)−|x−y|2−χR(y).
We deduce that

supp η ∩
(
Ω× B(0, R)

)
⊂ ΓR.(16)

For each R > 0, the correspondence x 7→ {y | (x, y) ∈ ΓR} is upper semicontinuous
with compact images. By [AB06, 18.13], it admits a measurable selection fR : Ω → Ω,
which satisfies |fR(x)| ⩽ R for all x ∈ Ω. Define ηR by replacing the part of η that
lies outside Ω× B(0, R) by the measurable selection fR; explicitly,

ηR := η
(
Ω× B(0, R)

)
+ (πx, fR(πx))#η (Ω× B(0, R)c).

Recalling (16), ηR is a probability measure concentrated on the cyclically monotone
set ΓR, hence an optimal transport plan between its marginals. The measure πy#ηR
is supported on B(0, R) by construction, and since |fR(x)| ⩽ R, one has

W 2
µ ((πx, πy − πx)#η, (πx, πy − πx)#ηR) ⩽

∫
x,y∈Ω,|y|>R

|fR(x)− y|2 dη

⩽
∫
y∈Ω,|y|>R

(R+ |y|)2dν −→
R→∞

0.

Recalling that ⟨ζ, (πx, πy − πx)#ηR⟩µ = 0 for any R by assumption, we deduce that
⟨ζ, (πx, πy − πx)#η⟩µ = 0. Since η and ν were arbitrary, ζ is solenoidal. □
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