
Marnie Smith
Phase mixing for the Hartree equation and Landau damping in the
semiclassical limit
Tome 13 (2026), p. 1483-1546.

https://doi.org/10.5802/jep.353

© L’auteur, 2026.

Cet article est mis à disposition selon les termes de la licence
LICENCE INTERNATIONALE D’ATTRIBUTION CREATIVE COMMONS BY 4.0.
https://creativecommons.org/licenses/by/4.0/

Publié avec le soutien
du Centre National de la Recherche Scientifique

Publication membre du
Centre Mersenne pour l’édition scientifique ouverte

www.centre-mersenne.org
e-ISSN : 2270-518X

https://doi.org/10.5802/jep.353
https://creativecommons.org/licenses/by/4.0/
http://www.centre-mersenne.org/
http://www.centre-mersenne.org


Tome 13, 2026, p. 1483–1546 DOI: 10.5802/jep.353

PHASE MIXING FOR THE HARTREE EQUATION AND

LANDAU DAMPING IN THE SEMICLASSICAL LIMIT

by Marnie Smith

Abstract. — The asymptotic behaviour of the Hartree equation is studied near translation-
invariant steady states. For short-range interaction kernels satisfying a uniform Penrose stability
condition, including the screened Coulomb interaction, phase-mixing estimates in finite regu-
larity are established. These demonstrate density decay and scattering of solutions in weighted
quantum Sobolev spaces, providing a quantum analogue of Landau damping in classical plasma
physics. The results hold uniformly in the semiclassical limit, thereby bridging the quantum
and classical regimes.

Résumé (Mélange de phase pour l’équation de Hartree et amortissement Landau dans la limite
semi-classique)

Nous étudions le comportement asymptotique de l’équation de Hartree au voisinage d’états
stationnaires invariants par translation. Pour des noyaux d’interaction à courte portée satisfai-
sant une condition de stabilité de Penrose uniforme, parmi lesquels l’interaction de Coulomb
écrantée, nous établissons des estimations de mélange de phases en régularité finie. Ces esti-
mations nous permettent de démontrer la décroissance de la perturbation de densité et le
scattering des solutions dans des espaces de Sobolev quantiques à poids, fournissant ainsi un
analogue quantique de l’amortissement Landau en physique classique des plasmas. Les résul-
tats sont uniformes dans la limite semi-classique et établissent ainsi un lien entre les régimes
quantique et classique.
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1. Introduction

1.1. The Hartree equation. — The Hartree equation, a mean-field model describing
the dynamics of infinitely many interacting fermions, is expressed as:iℏ∂tγ =

[
−ℏ2

2
∆ + w ∗ ργ , γ

]
,

γ(0) = γin,
(1)

Mathematical subject classification (2020). — 35Q40, 35B40, 35Q83, 81Q20.
Keywords. — Hartree equation, Landau damping, phase mixing, semiclassical limit, Penrose condi-
tion, Wigner transform, scattering.

e-ISSN: 2270-518X http://jep.centre-mersenne.org/

http://jep.centre-mersenne.org/


1484 M. Smith

where γ(t) is a self-adjoint operator on L2(Rd;C). The function ργ(t, x) = γ(t, x, x)

represents the density, with γ(t, x, y) denoting the integral kernel of γ(t). The nonlin-
ear convolution term w∗ργ describes the mean-field interaction between the particles,
where w : Rd → R is a specified two-body interaction kernel. The parameter ℏ > 0

represents the Planck constant, and the semiclassical limit involves taking ℏ → 0.
For any nonnegative function g ∈ L∞(Rd)∩L1(Rd), define the translation-invariant

operator
γg := (2πℏ)dg(−iℏ∇)

on L2(Rd;C). The integral kernel of γg is

γg(x, y) = ĝ
(y − x

ℏ

)
,

and its constant density is given by

ργg
= ĝ(0) =

∫
Rd

g(k) dk.

These operators represent a class of steady-state solutions to the Hartree equation (1),
as they satisfy the commutation relations [−∆, γg] = 0 and [w ∗ ργg

, γg] = 0, where
w ∗ ργg is a constant multiple of the identity operator. The trace of a solution to (1)
determines the total number of particles. For the steady states γg with g ̸≡ 0, this
number is infinite due to the constant positive density: Tr γg =

∫
Rd ργg

dx = +∞.

The interaction kernel and steady state are assumed to satisfy a linear stability
criterion, known in kinetic theory as the Penrose condition. In the present setting,
the condition must hold uniformly for all ℏ ∈ (0, 1] in order to remain valid in the
semiclassical limit ℏ → 0. This motivates the following formulation:

Definition 1.1 (Uniform Penrose condition). — An interaction kernel w : Rd → R
and steady state γg = (2πℏ)dg(−iℏ∇) satisfy the uniform Penrose condition if there
exists a constant cP > 0 such that the inequality

inf
Reλ⩾0

k∈Rd

∣∣∣1 + L̃ (λ, k)
∣∣∣ ⩾ cP(2)

holds uniformly for all ℏ ∈ (0, 1], where

L̃ (λ, k) =
2

ℏ
ŵ(k)

∫ ∞

0

e−λt sin
(
1
2ℏt|k|

2)
ĝ (kt) dt.

Sufficient conditions on w and g ensuring the uniform Penrose condition (2) are
established in Section 2.2. These include the case of a radial, positive steady state
and a repulsive interaction, corresponding to the defocusing regime. Specifically, the
condition (2) holds if w ∈ L1(Rd) satisfies ŵ(k) ⩾ 0 and g ∈ H

3/2+δ0
1+⌈d/2⌉(R

d) is radial
and positive-valued, for some 0 < δ0 ≪ 1.

Only short-range interaction kernels w ∈ L1(Rd) are considered, excluding the
Coulomb kernel. For the nonlinear statement, an additional decay condition is
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Phase mixing for the Hartree equation 1485

required:

|ŵ(k)| ≲ 1

⟨k⟩M−1/2
,

where M := ⌈(d+1)/2⌉ and ⟨k⟩ := (1+|k|2)1/2. A physically relevant example satisfy-
ing these assumptions in dimension d = 3 is the screened Coulomb kernel (or Yukawa
potential), given by

w(x) =
e−α|x|

|x|
, ŵ(k) =

4π

|k|2 + α2
,

for α > 0. The screening length α−1 controls the range of the interaction: as α → 0,
the kernel approaches the unscreened Coulomb kernel, which does not satisfy the
required assumptions. A further physically relevant example in dimension d = 3 is
the regularised attractive van der Waals-type potential

w(x) = − a

(1 + |x|2)3
, ŵ(k) = −aπ2

4
(1 + |k|) e−|k|,

for a > 0.
Define the perturbation Q := γ − γg, where γ is a solution of (1) and γg =

(2πℏ)dg(−iℏ∇) is a translation-invariant steady state. The evolution of Q is governed
by the nonlinear Hartree equationiℏ∂tQ =

[
−ℏ2

2
∆ + w ∗ ρQ, Q+ γg

]
,

Q(0) = Qin.
(3)

The main result establishes phase-mixing estimates for Q, describing the long-time
behaviour of solutions near equilibrium: Theorem 1.6 demonstrates mode-by-mode
decay of the density ρQ and the scattering behaviour of Q, with bounds that remain
uniform in the semiclassical limit ℏ → 0.

1.2. Existing results. — The well-posedness of the Hartree equation was established
by Bove, Da Prato and Fano [6, 7], and independently by Chadam [9], under the
assumption that the initial data is a trace-class operator. This framework does not
include solutions near translation-invariant steady states, which correspond to sys-
tems with infinitely many particles and fall outside the trace-class setting. Lewin and
Sabin proved local well-posedness for sufficiently regular perturbations of translation-
invariant states, together with global well-posedness in several physically relevant
cases [20]. Global well-posedness for the analogous nonlinear Schrödinger system was
obtained by Chen, Hong and Pavlović [10].

Lewin and Sabin also addressed large-time stability of stationary states, proving
weak convergence to equilibrium in two dimensions [19]. These results were exten-
ded to higher dimensions by Chen, Hong and Pavlović [11], and to the nonlinear
Schrödinger system by Hadama [16]. Related results were obtained by Collot and
de Suzzoni, who studied an analogous formulation of the Hartree equation for random
fields and proved convergence under weaker assumptions on the interaction kernel and
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1486 M. Smith

at the critical regularity for initial data [13, 14]. A recent preprint by Borie, Hadama
and Sabin further establishes asymptotic stability for all short-range kernels within
this critical regularity framework [5].

Under stronger regularity assumptions on the initial data, sharper results have been
obtained, with decay and scattering statements that are pointwise in time. Nguyen
and You addressed the case of the Coulomb kernel, which differs significantly as the
Penrose condition fails for all steady states. Their first results concerned the linearised
dynamics [24], followed by decay estimates and modified scattering for the nonlinear
equation near vacuum [23].

The classical analogue is Landau damping, a well-studied phenomenon in plasma
physics where small perturbations in plasma density decay over time due to collective
particle motion. This behaviour is described by the Vlasov equation

∂tf + v · ∇xf −∇x(w ∗ ρf ) · ∇vf = 0,(4)

where f = f(t, x, v) is a distribution function, w is an interaction kernel and ρf =∫
Rd f dv is the spatial density. In his foundational work, Landau demonstrated that

solutions of the linearised Vlasov equation around homogeneous steady states, under
specific stability conditions, exhibit this time decay [18]. The first proof of Landau
damping for the nonlinear Vlasov equation was provided by Mouhot and Villani in
analytic regularity [22], and nonlinear Landau damping has remained an active area
of research since, e.g. [2, 3, 15, 4, 17]. This paper establishes the quantum analogue
of a Landau damping result by Bedrossian, Masmoudi and Mouhot, proved in finite
regularity on the whole space for the Vlasov equation with the screened Coulomb
kernel [3].

The reduced Planck constant ℏ ≈ 1.054× 10−34 J s is a fundamental physical con-
stant that governs the scale at which quantum effects become significant. Its small
magnitude means that, in macroscopic systems, classical mechanics provides an accu-
rate description. However, in regimes with sufficiently small spatial or energetic scales,
quantum effects become dominant. Mathematically, the limit ℏ → 0 formalises the
transition from quantum to classical dynamics: quantum behaviour appears as a per-
turbation of classical behaviour, and in the limit, quantum corrections vanish and clas-
sical dynamics emerge. For mean-field models, this transition connects the Hartree
equation, describing the evolution of a quantum many-body system, to the Vlasov
equation, the classical analogue that governs the evolution of a macroscopic particle
density under mean-field interactions:

Hartree ℏ → 0−−−−−−−−−−−→ Vlasov

This correspondence is supported by several results. Among these, Lewin and Sabin
showed that, for the nonlinear Hartree equation near a translation-invariant steady
state, solutions converge weakly to solutions of the Vlasov equation in the semiclassical
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limit [21]. Chong, Lafleche and Saffirio further established strong L2 convergence for
trace-class solutions [12].

In a recent preprint, You [26] independently established phase-mixing estimates for
the nonlinear Hartree equation with short-range kernels. Although the conclusions,
such as density decay and scattering, resemble those of the present work, the results
are of a different nature: you works at fixed ℏ, whereas the present analysis establishes
uniform control in the semiclassical limit. His approach leverages the finite-difference
structure of the Hartree equation, which features a commutator in place of a deriva-
tive. After suitable transforms, the nonlinearity takes the approximate form

fℏ(v + ℏ
2∇x)− fℏ(v − ℏ

2∇x)

ℏ
(w ∗ ρfℏ),(5)

which, as ℏ → 0, formally converges to the nonlinear term in the Vlasov equation:

∇vf · ∇x(w ∗ ρf ).

At fixed ℏ, this structure allows the two terms in (5) to be controlled separately,
effectively gaining one derivative compared to the Vlasov equation. The trade-off is
that the estimates do not remain valid as ℏ → 0. In contrast, the present work estab-
lishes decay and scattering estimates that are uniform in the semiclassical parameter,
by extending the methods of Bedrossian, Masmoudi and Mouhot [3]. The price is
a stronger regularity requirement, but uniform control is achieved in a more robust
norm, namely a weighted quantum Sobolev space. In short, the gain in regularity at
fixed ℏ in [26] is exchanged here for uniformity in the semiclassical limit.

fin f∞

γ∞γin

t → ∞

t → ∞

ℏ → 0 ℏ → 0

Figure 1. Semiclassical limit and scattering map (schematic; see Sec-
tion 1.7).

Figure 1 illustrates how uniform-in-ℏ scattering can be combined with a fixed-time
semiclassical limit to identify the semiclassical limit of the Hartree scattering profile
with the Vlasov scattering profile obtained by Bedrossian, Masmoudi and Mouhot [3].
The interpretation of the diagram, the relevant topology and the conditional limit-
exchange argument are made precise in Section 1.7, once the required tools are avail-
able.
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1488 M. Smith

1.3. Quantum operators and norms. — To formulate phase-mixing and scattering
estimates in the quantum setting, quantum analogues of classical derivatives and
weighted Sobolev norms are introduced. The standard and double Japanese brackets
are defined by ⟨x⟩ := (1 + |x|2)1/2 and ⟨x, y⟩ := (1 + |x|2 + |y|2)1/2, respectively. For
a multi-index α = (α1, . . . , αd) ∈ Nd, write |α| = α1 + · · ·+ αd and Dα = ∂α1

1 · · · ∂αd

d .

Definition 1.2 (Quantum derivatives and weights). — The quantum analogues of
spatial and velocity derivatives are

∇xQ := [∇, Q], (∇xQ)(x, y) = (∇x +∇y)Q(x, y),

∇ξQ := [ xiℏ , Q], (∇ξQ)(x, y) = (x−y
iℏ )Q(x, y).

The quantum analogues of spatial and velocity weights are

xQ := 1
2 (xQ+Qx), (xQ)(x, y) = (x+y

2 )Q(x, y),

ξQ := − iℏ
2 (∇Q+Q∇), (ξQ)(x, y) = − iℏ

2 (∇x −∇y)Q(x, y).

Remark 1.3 (Commutation of the quantum operators). — The operators of Defini-
tion 1.2 satisfy the commutation relations

[∇x,∇ξ] = [x, ξ] = [∇x, ξ] = [x,∇ξ] = 0,

in exact analogy with the classical operators ∇x, ∇ξ, x, ξ acting on functions f(x, ξ).
Indeed, on the level of integral kernels, x and ∇x involve only the sum x+ y, while ξ

and ∇ξ involve only the difference x− y: for instance,

(∇x −∇y)
[(

x+y
2

)
Q(x, y)

]
=
(
x+y
2

)
(∇x −∇y)Q(x, y),

which gives [x, ξ] = 0, and similarly (∇x + ∇y)(x − y) = 0 gives [∇x,∇ξ] = 0.
The remaining relations hold since ∇x and ξ are both constant-coefficient differential
operators, and x and ∇ξ are both multiplication operators. In particular, products
such as ξαxβ are independent of the order of the factors. By contrast, [∇x,x] ̸= 0

and [∇ξ, ξ] ̸= 0, again as in the classical case.

The classical weighted Sobolev norm ∥·∥Hσ
M

is now recalled.

Definition 1.4 (Weighted Sobolev norm). — Let σ ⩾ 0 and let M ⩾ 0 be an integer.
For a function g = g(v), the weighted Sobolev norm Hσ

M is defined as

∥g∥Hσ
M

:=
∑

|α|⩽M

∥vα⟨∇⟩σg∥L2 .

For a function f = f(x, v), the weighted Sobolev norm Hσ
M is defined as

∥f∥Hσ
M

:=
∑

|α|⩽M

∥vα⟨∇x,∇v⟩σf∥L2 ,

where the weight applies only to the velocity variable.

J.É.P. — M., 2026, tome 13



Phase mixing for the Hartree equation 1489

The quantum Sobolev norms Hσ
M and Hσ

N,M are now defined. The former includes
weights in ξ, while the latter includes weights in both x and ξ. The norms depend
on ℏ both through a prefactor and through the definitions of the quantum derivative
and weight operators ∇ξ and ξ.

Definition 1.5 (Quantum norms). — For an operator Q on L2(Rd;C) with integral
kernel Q = Q(x, y), the following norms are defined for N,M ∈ N:

(a) Quantum Lebesgue norm L2:

∥Q∥L2 := (2πℏ)−d/2∥Q(x, y)∥L2
x,y

.

(b) ξ-weighted quantum Sobolev norm Hσ
M :

∥Q∥Hσ
M

:=
∑

|α|⩽M

∥ξα⟨∇x,∇ξ⟩σQ∥
L2 .

(c) x–ξ-weighted quantum Sobolev norm Hσ
N,M :

∥Q∥Hσ
N,M

:=
∑

|α|⩽M
|β|⩽N

∥∥xβξα⟨∇x,∇ξ⟩σQ
∥∥
L2 .

Note that the norm ∥Q(x, y)∥L2
x,y

is equal to the S2 Schatten norm, that is, the
Hilbert–Schmidt norm.

1.4. Main result. — The main result establishes quantitative phase-mixing and scat-
tering estimates for the nonlinear Hartree equation near translation-invariant steady
states, with bounds that remain uniform in the semiclassical limit. This provides a
robust quantum analogue of nonlinear Landau damping in the Vlasov equation.

Theorem 1.6 (Nonlinear phase mixing). — Fix dimension d ⩾ 3 and M := ⌈(d+1)/2⌉.
Choose constants N0 > σ1 > σ0 satisfying

σ1 ⩾ d+ 8, N0 − σ1 > 3d/2 + 7/2 and σ1 − σ0 > d+ 1.

Let g ∈ H
N0+7/2+δ0
2+⌈d/2⌉ (Rd;R+) for some constant δ0 ∈ (0, 1], and let w ∈ L1(Rd,R)

satisfy

|ŵ(k)| ≲ 1

⟨k⟩M−1/2
(6)

for all k ∈ Rd. Assume g and w satisfy the uniform Penrose condition (2) with
constant cP. Then there exist constants C > 0 and ε0 > 0, depending only on
N0, σ1, σ0, w, g, cP, d, δ0, and independent of ℏ ∈ (0, 1], such that the following holds.

For any ε ∈ (0, ε0] and any self-adjoint initial data Qin ∈ HN0

M,M with

∥Qin∥HN0
M,M

⩽ ε,

the nonlinear Hartree equation (3) admits a unique global self-adjoint solution Q(t),
which satisfies:

J.É.P. — M., 2026, tome 13



1490 M. Smith

– Density decay: for all k ∈ Rd and t ⩾ 0,

|ρ̂Q(t, k)| ⩽
Cε

⟨k, kt⟩σ1
.(7)

– Scattering: there exists an operator Q∞ ∈ Hσ0

M (Rd;C) such that, for all t ⩾ 0,∥∥∥e−i(ℏ/2)t∆Q(t)ei(ℏ/2)t∆ −Q∞

∥∥∥
H

σ0
M

⩽
Cε

⟨t⟩d/2
.(8)

The decay estimate for the density in Fourier space established in Theorem 1.6
implies physical-space decay in Lp norms, as stated in the following corollary.

Corollary 1.7 (Physical-space decay). — Let d ⩾ 3, p ∈ [2,∞] and let N0 > σ1 > 0

with

σ1 ⩾ d+ 8 and N0 − σ1 > 3d/2 + 7/2.

Then for any n < σ1 − d(1− 1/p), there exist constants C > 0 and ε0 > 0, depending
only on d, p, n,N0, σ1, and the parameters in Theorem 1.6, and independent of ℏ ∈
(0, 1], such that the following holds.

For any ε ∈ (0, ε0] and any self-adjoint initial data Qin ∈ HN0

M,M with

∥Qin∥HN0
M,M

⩽ ε,

the solution Q(t) to the nonlinear Hartree equation satisfies

∥⟨∇x, t∇x⟩nρQ(t, ·)∥Lp(Rd) ⩽
Cε

⟨t⟩d(1−1/p)
.(9)

Proof. — By the Hausdorff–Young inequality,

∥⟨∇x, t∇x⟩nρQ(t, ·)∥Lp(Rd) ≲p

(∫
Rd

⟨k, kt⟩p
′n|ρ̂Q(t, k)|p

′
dk

)1/p′

.

Using the decay estimate (7) and requiring convergence of the integral yields the
result. □

Remark 1.8. — The physical-space decay rate in (9) is optimal within the stated class.
Indeed, the hypotheses admit w = 0, for which the Penrose condition holds trivially,
and for rank-one initial data the density is then the squared modulus of a solution
of the free Schrödinger equation, see Lewin and Sabin [20]. The sharp large-time
asymptotics of the free flow, see e.g. [8, Ch. 2], therefore preclude any decay uniformly
faster than ⟨t⟩−d(1−1/p). The underlying free phase-mixing mechanism is described
in Section 1.6. The scattering rate ⟨t⟩−d/2 in (8) is dictated by the low-frequency
linear response: the leading linear contribution in the Duhamel representation of the
conjugated perturbation decays at rate ⟨t⟩−d/2−1, and its time integral at rate ⟨t⟩−d/2.
The scattering rate ⟨t⟩−d/2 in (8) coincides with that obtained for the corresponding
Vlasov problem in [3].
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Remark 1.9. — In dimension d = 3, the assumptions on w include the screened
Coulomb kernel, extending the nonlinear Landau damping theorem of Bedrossian,
Masmoudi and Mouhot [3] for the Vlasov equation to the quantum setting with
uniform-in-ℏ control. Compared with the weak-convergence and stability results dis-
cussed above, the present theorem assumes more regularity of the initial data and
yields convergence in a stronger topology, while retaining uniformity in ℏ. The inter-
action kernel, by contrast, is not required to be bounded: only w ∈ L1(Rd) together
with the Fourier decay (6) is assumed, so that kernels which are singular in physical
space, such as the screened Coulomb potential, are admitted. This contrasts with
the bounded short-range potentials assumed, for instance, in the work of Lewin and
Sabin [20].

Remark 1.10. — The distinguishing feature of Theorem 1.6 is that the scattering
estimate is uniform in ℏ ∈ (0, 1] and is formulated in a quantum Sobolev topology
compatible with the semiclassical limit. This uniformity provides a framework for com-
paring the quantum and classical scattering profiles. A precise conditional statement
is given in Section 1.7.

1.5. Fourier and Wigner preliminaries. — This subsection collects the Fourier con-
ventions and basic properties of the Wigner transform used throughout the paper.

Throughout, integrals such as
∫
x
dx denote integration over Rd in the x variable.

The following conventions are adopted for the Fourier transform of functions g = g(v)

and f = f(x, v):

ĝ(p) :=

∫
v

e−ip·vg(v) dv, f̂(k, p) :=

∫
x

∫
v

e−ik·xe−ip·vf(x, v) dvdx.

On the Fourier side, the operators defined in Definition 1.2 obey the relations:

∇̂xQ(k, p) = i(k + p)Q̂(k, p), ∇̂xQ(k2 + p, k
2 − p) = ikQ̂(k2 + p, k

2 − p),

∇̂ξQ(k, p) = 1
ℏ (∇k −∇p)Q̂(k, p), ∇̂ξQ(k2 + p, k

2 − p) = 1
ℏ∇p

[
Q̂(k2 + p, k

2 − p)
]
,

x̂Q(k, p) = i
2 (∇k +∇p)Q̂(k, p), x̂Q(k2 + p, k

2 − p) = i∇k

[
Q̂(k2 + p, k

2 − p)
]
,

ξ̂Q(k, p) = ℏ
2 (k − p)Q̂(k, p), ξ̂Q(k2 + p, k

2 − p) = ℏpQ̂(k2 + p, k
2 − p).

The Wigner transform facilitates the representation of the density matrix in phase
space, revealing structural parallels with classical kinetic equations.

Definition 1.11 (Wigner transform). — For an operator Q on L2(Rd;C) with integral
kernel Q(x, y), define the Wigner transform of Q, W [Q] : Rd × Rd → C, by

W [Q](x, ξ) =
1

(2π)d
1

ℏd

∫
Rd

e−iξ·y/ℏQ
(
x+ y

2 , x− y
2

)
dy.

The Fourier transform of the Wigner transform of Q satisfies

Ŵ [Q](k, η) =

∫
x

e−ik·xQ
(
x− ℏη

2 , x+ ℏη
2

)
dx =

1

(2π)d

∫
p

e−iℏη·pQ̂
(
k
2 + p, k

2 − p
)
dp,

and can be controlled by the H0
M,M norm of Q via the Sobolev embedding.
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1492 M. Smith

Lemma 1.12. — Suppose Q ∈ H0
M,M (Rd;C). Then the Wigner transform of Q satis-

fies, for all k, η ∈ Rd, ∣∣Ŵ [Q](k, η)
∣∣ ≲d ∥Q∥H0

M,M
.

Proof. — For 0 < δ̃ ⩽ 1/2, Definition 1.2, Cauchy–Schwarz and Sobolev embedding
give∣∣∣Ŵ [Q](k, η)

∣∣∣ = ∣∣∣∣∫
x

e−ik·xQ
(
x− ℏ

2η, x+ ℏ
2η
)
dx

∣∣∣∣
≲

(∫
x

∣∣∣⟨x⟩d/2+δ̃Q
(
x− ℏ

2η, x+ ℏ
2η
)∣∣∣2 dx)1/2

≲

(∫
x,y

∣∣∣⟨∇y⟩d/2+δ̃
[
⟨x⟩d/2+δ̃Q

(
x− ℏ

2y, x+ ℏ
2y
)]∣∣∣2 dxdy)1/2

=

(∫
x,y

∣∣∣⟨ℏ2 (∇x −∇y)⟩d/2+δ̃⟨x⟩d/2+δ̃Q
(
x− ℏ

2y, x+ ℏ
2y
)∣∣∣2 dxdy)1/2

= ℏ−d/2
∥∥⟨ξ⟩d/2+δ̃⟨x⟩d/2+δ̃Q(x, y)

∥∥
L2

x,y

≲ ℏ−d/2
∑

|α|,|β|⩽M

∥∥ξαxβQ(x, y)
∥∥
L2

x,y
,

where the final inequality uses that M := ⌈(d+1)/2⌉ is an integer with M ⩾ d/2+ δ̃,
together with the commutation of ξ and x (Remark 1.3). The lemma then follows
from the definition of the quantum Sobolev norm. □

The operators defined in Definition 1.2 interact nicely with the Wigner transform:

Lemma 1.13. — Suppose Q ∈ L2(Rd;C). Then the Wigner transform of Q satisfies
the following:

∇xW [Q](x, ξ) = W [∇xQ](x, ξ), ikŴ [Q](k, η) = W [∇xQ]̂(k, η),

∇ξW [Q](x, ξ) = W [∇ξQ](x, ξ), iηŴ [Q](k, η) = W [∇ξQ]̂(k, η),

xW [Q](x, ξ) = W [xQ](x, ξ), i∇kŴ [Q](k, η) = W [xQ]̂(k, η),

ξW [Q](x, ξ) = W [ξQ](x, ξ), i∇ηŴ [Q](k, η) = W [ξQ]̂(k, η).

Proof. — These statements follow directly from the definitions of the Wigner trans-
form (Definition 1.11) and the quantum operators (Definition 1.2). □

The L2 norm of W [Q] is related to the L2 norm of Q via the following relation:

Lemma 1.14. — Suppose Q ∈ L2(Rd;C). Then the Wigner transform of Q satisfies

∥W [Q](x, ξ)∥L2
x,ξ

= (2πℏ)−d/2∥Q(x, y)∥L2
x,y

= ∥Q∥L2 .
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Proof. — The result follows from the observation that

W [Q](x, ξ) = (2πℏ)−dF
[
Q
(
x+ ·

2 , x− ·
2

)]
(ξ/ℏ) ,

combined with Plancherel’s theorem. □

Remark 1.15. — Combining Lemma 1.13 with Lemma 1.14 shows that the Wigner
transform is an isometry between the quantum and classical weighted Sobolev scales:
for every σ ⩾ 0, every integer M ⩾ 0 and every Q ∈ Hσ

M (Rd;C),

∥W [Q]∥Hσ
M

= ∥Q∥Hσ
M
.

Indeed, the Wigner transform maps the quantum operators ∇x, ∇ξ and ξ to ∇x, ∇ξ

and multiplication by ξ, respectively, so that ξα⟨∇x,∇ξ⟩σW [Q] = W [ξα⟨∇x,∇ξ⟩σQ];
the identity then follows term by term from Lemma 1.14.

For an operator Q, the density ρQ(x) := Q(x, x) is, formally, the velocity marginal
of the Wigner transform, ρQ(x) =

∫
ξ
W [Q](x, ξ) dξ: on the Fourier side, setting η = 0

in the Fourier representation of the Wigner transform above,

ρ̂Q(k) = Ŵ [Q](k, 0) =
1

(2π)d

∫
p

Q̂
(
k
2 + p, k

2 − p
)
dp.

The following lemma makes this representation rigorous.

Lemma 1.16. — Suppose Q ∈ H0
M,M (Rd;C), where M = ⌈(d + 1)/2⌉, identified with

its integral kernel Q = Q(x, y). Then the density ρQ(x) := Q(x, x) satisfies, for all
k ∈ Rd,

ρ̂Q(k) =
1

(2π)d

∫
p

Q̂(k − p, p) dp =
1

(2π)d

∫
p

Q̂
(
k
2 + p, k

2 − p
)
dp,

both integrals converging absolutely.

Proof. — First suppose that the kernel Q(x, y) is a Schwartz function on Rd × Rd.
By Fourier inversion and Fubini’s theorem,

ρQ(x) = Q(x, x) =
1

(2π)2d

∫
k′

∫
p

ei(k
′+p)·xQ̂(k′, p) dp dk′

=
1

(2π)d

∫
k

eik·x
[

1

(2π)d

∫
p

Q̂(k − p, p) dp

]
dk,

where the final equality follows from the substitution k′ = k−p. Hence ρQ is the inverse
Fourier transform of the bracketed function, which gives the first representation; the
second follows from the change of variables p 7→ k

2 − p.
It remains to extend the identity to Q ∈ H0

M,M . Set FQ(k, p) := Q̂
(
k
2 + p, k

2 − p
)
.

Since M > d/2, the Cauchy–Schwarz inequality in p and the Sobolev embedding in k
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give

sup
k

∫
p

|FQ(k, p)| dp ≲d ℏ−d/2 sup
k

∥∥⟨ℏp⟩MFQ(k, ·)
∥∥
L2

p

≲d ℏ−d/2
∑

|β|⩽M

∥∥∂β
k

(
⟨ℏp⟩MFQ

)∥∥
L2

k,p

≲d ∥Q∥H0
M,M

,

where the final inequality bounds ⟨ℏp⟩M by a finite sum of absolute monomials
(M being an integer) and uses the relations

x̂Q
(
k
2 + p, k

2 − p
)
= i∇kFQ(k, p), ξ̂Q

(
k
2 + p, k

2 − p
)
= ℏpFQ(k, p),

iterated, together with Plancherel’s theorem and the normalisation of the quantum
Lebesgue norm. Thus the integrals in the statement converge absolutely, uniformly
in k.

For each fixed k, the estimate above shows that the right-hand side of the stated
identity depends continuously on Q ∈ H0

M,M , while, since ρ̂Q(k) = Ŵ [Q](k, 0) by the
Fourier representation of the Wigner transform, Lemma 1.12 shows the same for the
left-hand side. The identity therefore extends to all of H0

M,M by density of Schwartz
kernels. □

1.6. Free phase mixing. — Consider the linear equation obtained by removing the
interaction term from the Hartree equation, referred to here as the free Schrödinger
equation: iℏ∂tQFS =

[
−ℏ2

2
∆, QFS

]
,

QFS(0) = Qin,
(10)

where QFS(t) is an operator on L2(Rd;C). The solution is given explicitly by

QFS(t) = ei(ℏ/2)t∆Qine
−i(ℏ/2)t∆,(11)

with integral kernel and Fourier transform

QFS(t, x, y) = ei(ℏ/2)t(∆x−∆y)Qin(x, y), Q̂FS(t, k, p) = e−i(ℏ/2)t(|k|2−|p|2)Q̂in(k, p).

By Lemma 1.16, the density of QFS has Fourier transform

ρ̂QFS
(t, k) =

1

(2π)d

∫
p

e−iℏp·ktQ̂in

(
k
2 + p, k

2 − p
)
dp = Ŵ [Qin](k, kt).

The next result gives decay estimates for each Fourier mode of the density under
free evolution.

Proposition 1.17 (Phase mixing for the free Schrödinger equation). — Fix N0 ⩾ 0.
Then for any t ⩾ 0 and k ∈ Rd, the density of the solution QFS to (10) satisfies

∣∣ρ̂QFS
(t, k)

∣∣ ≲d

∥Qin∥HN0
M,M

⟨k, kt⟩N0
.
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Proof. — First recall that ρ̂QFS
(t, k) = Ŵ [Qin](k, kt). Since ∇x and ∇ξ commute

(Remark 1.3), the relations of Lemma 1.13 extend from the individual operators to
the joint weight ⟨∇x,∇ξ⟩N0 , whence

⟨k, kt⟩N0 ρ̂QFS
(t, k) = ⟨k, η⟩N0Ŵ [Qin](k, η)

∣∣∣
η=kt

= W
[
⟨∇x,∇ξ⟩N0Qin

]̂
(k, kt).

The result then follows from Lemma 1.12. □

The same type of estimate for the nonlinear Hartree equation is established in
Theorem 1.6 under stronger regularity assumptions on the initial data. Moreover, the
scattering statement (8) indicates that the solution Q(t) of (3) behaves like a solution
of the free Schrödinger equation as t → ∞.

1.7. Semiclassical limit of the scattering profiles. — The limit exchange sug-
gested by Figure 1 is now made precise as a conditional consequence of Theorem 1.6.
The upper horizontal arrow is provided by the uniform quantum scattering esti-
mate, while the lower horizontal arrow follows from the classical scattering theorem
of Bedrossian, Masmoudi and Mouhot [3]. Assuming that the left vertical arrow prop-
agates from the initial data to each fixed time, these two scattering statements yield
the right vertical arrow. The argument uses the three-dimensional formulation of the
classical theorem, so d = 3 is fixed throughout this subsection; this restriction comes
from the classical input rather than from Theorem 1.6.

Fix 0 ⩽ σ ⩽ σ0, where σ0 is the regularity index of the scattering estimate (8),
and assume that N0 is chosen sufficiently large that the regularity hypothesis on g

in Theorem 1.6 implies the regularity required by the classical theorem for scattering
in Hσ

M . Since w ∈ L1 is already assumed in Theorem 1.6, impose in addition

|ŵ(k)| ≲ ⟨k⟩−2,

as required by the three-dimensional classical result; this strengthens (6) and is satis-
fied, in particular, by the screened Coulomb interaction. Under the stated regularity
assumption on g, the classical Penrose condition follows from the uniform condi-
tion (2) by dominated convergence as ℏ → 0 in the dispersion function. Define the
free transport operator

(TtF )(x, ξ) := F (x+ tξ, ξ).

– For the upper horizontal arrow, fix a family of self-adjoint initial perturbations
Qℏ

in, ℏ ∈ (0, 1], satisfying

sup
ℏ∈(0,1]

∥∥Qℏ
in

∥∥
H

N0
M,M

⩽ ε

for some ε ∈ (0, ε0]. For each ℏ ∈ (0, 1], write γℏ
g := (2πℏ)dg(−iℏ∇),

Qℏ(t) := γℏ(t)− γℏ
g , P ℏ(t) := e−i(ℏ/2)t∆Qℏ(t)ei(ℏ/2)t∆,
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and let Qℏ
∞ := limt→∞ P ℏ(t) be the scattering profile of Theorem 1.6, the limit taken

in Hσ0

M . Since σ ⩽ σ0, the scattering estimate (8) and Remark 1.15 give

sup
ℏ∈(0,1]

∥∥W [P ℏ(t)]−W [Qℏ
∞]
∥∥
Hσ

M

−→ 0 as t −→ ∞.(12)

– For the lower horizontal arrow, let hin be mean-zero and satisfy the weighted
Sobolev regularity and smallness assumptions of the classical theorem, and let
f(t, x, v) = g(v) + h(t, x, v) be the solution of the Vlasov equation (4) with initial
datum g + hin. The theorem of Bedrossian, Masmoudi and Mouhot provides a
scattering profile h∞ ∈ Hσ

M such that

Tth(t) −→ h∞ in Hσ
M as t −→ ∞.(13)

– The left vertical arrow is assumed: suppose that

W [Qℏ
in] −→ hin in Hσ

M as ℏ −→ 0,

and that this convergence propagates to each fixed time:

W [Qℏ(t)] −→ h(t) in Hσ
M as ℏ −→ 0(14)

for every fixed t ⩾ 0.
Then the right vertical arrow holds:

W [Qℏ
∞] −→ h∞ in Hσ

M as ℏ −→ 0.

To prove this, note that direct computations from Definition 1.11 give

W [γℏ
g ](x, ξ) = g(ξ) and W

[
e−i(ℏ/2)t∆Qei(ℏ/2)t∆

]
= TtW [Q].

Moreover, Tt is bounded on Hσ
M for each fixed t:

∥TtF∥Hσ
M

≲t,σ,M ∥F∥Hσ
M
.

For every fixed t ⩾ 0, the free-flow identity and the triangle inequality give∥∥W [Qℏ
∞]− h∞

∥∥
Hσ

M

⩽
∥∥W [Qℏ

∞]−W [P ℏ(t)]
∥∥
Hσ

M

+
∥∥Tt

(
W [Qℏ(t)]− h(t)

)∥∥
Hσ

M

+ ∥Tth(t)− h∞∥Hσ
M
.

Taking the upper limit as ℏ → 0 and using (14) and the boundedness of Tt yields

lim sup
ℏ→0

∥∥W [Qℏ
∞]− h∞

∥∥
Hσ

M

⩽ sup
ℏ∈(0,1]

∥∥W [P ℏ(t)]−W [Qℏ
∞]
∥∥
Hσ

M

+ ∥Tth(t)− h∞∥Hσ
M
.

The left-hand side is independent of t. Letting t → ∞ and applying (12) and (13)
proves the right vertical arrow. Equivalently, setting γℏ

∞ := γℏ
g+Qℏ

∞ and f∞ := g+h∞,
the identity W [γℏ

g ] = g gives

W [γℏ
∞]− f∞ = W [Qℏ

∞]− h∞ −→ 0 in Hσ
M as ℏ −→ 0.

Establishing the fixed-time convergence (14) in this strong topology is left to future
work; the uniform estimates of Theorem 1.6 provide a natural framework for it.
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1.8. Fourier and Wigner formulations of the Hartree equation. — This subsec-
tion rewrites the nonlinear Hartree equation in both Fourier and Wigner form, making
the structure of the linear and nonlinear terms explicit.

1.8.1. Fourier formulation. — The nonlinear Hartree equation (3) takes the form

iℏ∂tQ(t, x, y) = −ℏ2

2
(∆x −∆y)Q(t, x, y) +

(
V (t, x)− V (t, y)

)(
γg(x, y) +Q(t, x, y)

)
,

where V (s, x) = w ∗ ρQ(s, x). Applying Duhamel’s formula yields an implicit expres-
sion for Q:

Q(t, x, y) = ei(ℏ/2)(∆x−∆y)tQin(x, y)

− i

ℏ

∫ t

0

ei(ℏ/2)(∆x−∆y)(t−s) [V (s, x)− V (s, y)] (γg(x, y) +Q(s, x, y)) ds.

Taking the Fourier transform in both spatial variables gives

Q̂(t, k, p) = e−i(ℏ/2)(|k|2−|p|2)tQ̂in(k, p)

− i

ℏ
1

(2π)d

∫ t

0

e−i(ℏ/2)(|k|2−|p|2)(t−s)
[
V̂ (s, k) ∗k −V̂ (s, p)∗p

](
γ̂g(k, p) + Q̂(s, k, p)

)
ds.

Recalling that γ̂g(k, p) = (2π)2dℏdg(ℏk) δ(p+k), where δ denotes the Dirac delta, and
V̂ (t, k) = ŵ(k)ρ̂Q(t, k) gives

Q̂(t, k, p) = e−i(ℏ/2)(|k|2−|p|2)tQ̂in(k, p)

− iℏd−1(2π)dŵ(k + p) [g(−ℏp)− g(ℏk)]
∫ t

0

e−i(ℏ/2)(|k|2−|p|2)(t−s)ρ̂Q(s, k + p) ds

− i

ℏ
1

(2π)d

∫ t

0

∫
ℓ

e−i(ℏ/2)(|k|2−|p|2)(t−s)ŵ(ℓ)ρ̂Q(s, ℓ)
(
Q̂(s, k− ℓ, p)− Q̂(s, k, p− ℓ)

)
dℓds.

1.8.2. Conjugation by the free Schrödinger flow. — Recall the operator P obtained by
conjugating Q along the free evolution:

Q(t, x, y) = ei(ℏ/2)(∆x−∆y)tP (t, x, y), Q̂(t, k, p) = e−i(ℏ/2)(|k|2−|p|2)tP̂ (t, k, p).(15)

This conjugation reverses Q along the free flow, removing the dominant free dynamics
and allowing P to encode the interaction-driven dynamics alone. The operator P thus
provides a natural change of variables in which the regularity of the initial data is
expected to be largely preserved, in contrast to Q, which is subject to the mixing
effects of the free evolution. At the level of the Wigner transform, this conjugation
is a free-transport change of variables. The conjugation relation (15), together with
|k/2 + p|2 − |k/2− p|2 = 2k · p, gives

Ŵ [Q](t, k, η) =
1

(2π)d

∫
p

e−iℏη·pQ̂
(
t, k

2 + p, k
2 − p

)
dp

=
1

(2π)d

∫
p

e−iℏ(η+kt)·pP̂
(
t, k

2 + p, k
2 − p

)
dp = Ŵ [P ](t, k, η + kt).
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Writing z for the spatial variable carried along the free flow and v for the velocity,
this is equivalent to

W [P ](t, z, v) = W [Q](t, z + tv, v).

Thus W [P ] is W [Q] read along the free characteristics x = z+ tv, the exact quantum
analogue of the classical relation g(t, z, v) = f(t, z + tv, v) between a profile g and a
solution f of the Vlasov equation.

The conjugated perturbation P satisfies the integral equation

P̂ (t, k, p) = Q̂in(k, p) +

∫ t

0

L̂P (s, k, p) ds+

∫ t

0

N̂P (s, k, p) ds.(16)

Here LP denotes the linearised contribution, arising from the interaction of the per-
turbation with the homogeneous equilibrium, and is defined by

L̂P (s, k, p) := −iℏd−1(2π)dŵ(k + p) [g(−ℏp)− g(ℏk)] ei(ℏ/2)(|k|
2−|p|2)sρ̂Q(s, k + p).

The term NP denotes the nonlinear self-interaction of the perturbation and is
defined by

N̂P (s, k, p) := − i

ℏ
1

(2π)d

∫
ℓ

ŵ(ℓ)ρ̂Q(s, ℓ)
(
e−i(ℏ/2)(|k−ℓ|2−|k|2)sP̂ (s, k − ℓ, p)

− e−i(ℏ/2)(|p|2−|p−ℓ|2)sP̂ (s, k, p− ℓ)
)
dℓ.

By Lemma 1.16 and the Fourier conjugation relation (15), the density ρ̂Q can be
expressed in terms of P as

ρ̂Q(t, k) =
1

(2π)d

∫
p

e−iℏp·ktP̂ (t, k
2 + p, k

2 − p) dp.(17)

Substituting the representation (16) into this formula and applying the changes of
variables p 7→ p− ℓ/2 and p 7→ p+ ℓ/2 in the two nonlinear terms leads to

(18) ρ̂Q(t, k) = ρ̂QFS
(t, k)

− iℏd−1ŵ(k)

∫
p

[
g
(
ℏ(p− k

2 )
)
− g

(
ℏ(p+ k

2 )
)] ∫ t

0

e−iℏp·k(t−s)ρ̂Q(s, k) dsdp

− 2ℏ−1

(2π)2d

∫ t

0

∫
ℓ

ŵ(ℓ)ρ̂Q(s, ℓ) sin
(ℏ
2 ℓ · k(t− s)

)
×
∫
p

e−iℏp·(kt−ℓs)P̂
(
s, k−ℓ

2 + p, k−ℓ
2 − p

)
dpdℓds.

The sine factor in the nonlinear term follows from the identity

e−i(ℏ/2)ℓ·k(t−s) − ei(ℏ/2)ℓ·k(t−s) ≡ −2i sin
(ℏ
2 ℓ · k(t− s)

)
.
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1.8.3. Wigner formulation and derivative bound. — Taking the Wigner transform of
equation (16), as defined in Definition 1.11, yields the following evolution equation
for Ŵ [P ]:

∂tŴ [P ](t, k, η) = Ŵ [LP ](t, k, η) + Ŵ [NP ](t, k, η),

Ŵ [LP ](t, k, η) = −2ℏ−1ŵ(k)ρ̂Q(t, k) sin
(ℏ
2k · (η − kt)

)
ĝ(η − kt),

Ŵ [NP ](t, k, η) = − 2ℏ−1

(2π)d

∫
ℓ

ŵ(ℓ)ρ̂Q(t, ℓ) sin
(ℏ
2 ℓ · (η − kt)

)
× Ŵ [P ](t, k − ℓ, η − ℓt) dℓ,

(19)

where LP and NP are defined in (16).
Essential to the analysis are bounds on derivatives of the Wigner transform in the η

variable, Dα
η Ŵ [P ], corresponding to velocity weights ξ on P . For multi-indices α with

|α| ⩾ 2, additional terms of order O(ℏ) arise from differentiation of the oscillatory
phase, in stark contrast to the classical case.

Lemma 1.18. — Let α be a multi-index. The Wigner transform of LP satisfies∣∣Dα
η Ŵ [LP ](t, k, η)

∣∣ ≲ |k||ŵ(k)||ρ̂Q(t, k)||η − kt|
∣∣Dα

η ĝ(η − kt)
∣∣

+ |k|⟨ℏk⟩|α|−1|ŵ(k)||ρ̂Q(t, k)|
∑

|β|⩽|α|−1

∣∣Dβ
η ĝ(η − kt)

∣∣.
The Wigner transform of NP satisfies∣∣Dα

η Ŵ [NP ](t, k, η)
∣∣

≲
∫
ℓ

|ℓ| |ŵ(ℓ)| |ρ̂Q(t, ℓ)| |η − kt|
∣∣Dα

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓ

+
∑

|β|⩽|α|−1

∫
ℓ

|ℓ| ⟨ℏℓ⟩|α|−1 |ŵ(ℓ)| |ρ̂Q(t, ℓ)|
∣∣Dβ

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓ.

When |α| = 0, sums over |β| ⩽ |α| − 1 are understood to be empty.

Proof. — Applying the Leibniz rule to the linear term gives

Dα
η

[
sin
(ℏ
2k · (η − kt)

)
ĝ(η − kt)

]
=
∑
β⩽α

(
α

β

)
Dα−β

η

[
sin
(ℏ
2k · (η − kt)

)]
Dβ

η ĝ(η − kt).

For the term with β = α, use |sinx| ⩽ |x| to get∣∣sin (ℏ2k · (η − kt)
)∣∣ ⩽ ℏ|k||η − kt|.

For terms with β < α, differentiate sin directly and use |sinx|, |cosx| ⩽ 1 to obtain∣∣Dα−β
η

[
sin
(ℏ
2k · (η − kt)

)]∣∣ ⩽ (ℏ|k|)|α−β|.

This leads to the estimate∣∣∣Dα
η

[(
e−i(ℏ/2)k·(η−kt) − ei(ℏ/2)k·(η−kt)

)
ĝ(η − kt)

]∣∣∣
≲ ℏ|k||η − kt|

∣∣Dα
η ĝ(η − kt)

∣∣+∑
β<α

(ℏ|k|)|α−β|∣∣Dβ
η ĝ(η − kt)

∣∣.
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Since for any β < α, (ℏ|k|)|α−β| ≲ ℏ|k|⟨ℏk⟩|α|−1, this gives the bound for Ŵ [LP ]. The
estimate for Ŵ [NP ] follows similarly. □

1.9. Bootstrap scheme. — This subsection introduces the bootstrap scheme used to
prove the nonlinear phase-mixing estimates, based on propagating a set of weighted
quantum Sobolev norms.

1.9.1. Bootstrap assumptions. — Fix positive constants σ4 > σ3 > σ2 > σ1 such that

σ1 ⩾ d+ 8, σ2 − σ1 > 3/2, σ3 − σ2 > d/2,

σ4 − σ3 > (d+ 1)/2, σ4 < N0 − (d+ 3)/2
(20)

and constants Ki ⩾ 1 determined by the proof. Set 0 < δ ≪ 1/2 such that σ4 − σ3 >

(d+ 1)/2 + δ. For each fixed ℏ ∈ (0, 1], standard local well-posedness and persistence
of regularity provide a unique maximal self-adjoint solution Q to (3) on an interval
[0, Tmax). Fix T ∗ ∈ (0, Tmax) and suppose that the following bootstrap controls hold
on [0, T ∗]: ∑

|α|⩽M

∥⟨∇x,∇ξ⟩σ4⟨t∇x,∇ξ⟩ (ξαP (t))∥2
L2 ⩽ 4K1⟨t⟩2d−1ε2,(B1)

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥2
L2

t ([0,T
∗],L2

k)
⩽ 4K2ε

2,(B2)

∑
|α|⩽M

∥∥⟨∇x,∇ξ⟩σ3 |∇x|δ (ξαP (t))
∥∥2
L2 ⩽ 4K3ε

2,(B3)

∥∥|k|1/2⟨k, kt⟩σ2 ρ̂Q(t, k)
∥∥2
L∞

k L2
t ([0,T

∗])
⩽ 4K4ε

2,(B4)

⟨k, η⟩2σ1

∣∣∣Ŵ [P ](t, k, η)
∣∣∣2 ⩽ 4K5ε

2.(B5)

Remark 1.19. — The bootstrap controls (B1), (B3), and (B5) are analogous to those
used by Bedrossian, Masmoudi and Mouhot [3], but adapted to the quantum setting.
A key refinement in the present setting is the inclusion of the weight ⟨ℏk⟩ inside
the norm in (B2), which has no analogue in the classical framework. Precisely, the
additional norm ∥∥ℏk|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)
⩽ 4K2ε

2

is propagated, reflecting a structural difference between the Hartree and Vlasov equa-
tions. While the quantum setting allows control of one more derivative, uniformity in
the semiclassical limit requires pairing it with a factor of ℏ. This refinement enables
the result in Theorem 1.6 to cover the screened Coulomb kernel. As ℏ → 0, the norm
in (B2) reduces to the classical counterpart used in [3], and the norm in (B4) already
coincides with its classical analogue.
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Remark 1.20. — The decay statement (7) in Theorem 1.6 follows solely from the
control (B5), and the scattering statement (8) follows from (B3) and (B5), as shown
in Lemmas 1.24 and 1.25.

1.9.2. Justification of the bootstrap norms. — The bootstrap assumptions (B1), (B3),
and (B5) are initially satisfied under the smallness condition ∥Qin∥HN0

M,M
⩽ ε in The-

orem 1.6. For instance, at t = 0, the left-hand side of (B5) satisfies

⟨k, η⟩2σ1

∣∣∣Ŵ [Qin](k, η)
∣∣∣2 =

∣∣∣W [⟨∇x,∇ξ⟩σ1Qin ]̂(k, η)
∣∣∣2 ≲ ∥Qin∥2Hσ1

M,M
⩽ ε2,

where Lemma 1.12 has been used. The density estimates (B2) and (B4) are trivially
satisfied at t = 0, but their long-time structure is less obvious. The next lemma shows
that these norms are natural: for the free Schrödinger evolution, they are directly
controlled by the initial data Qin. This motivates their appearance in the bootstrap
framework.

Lemma 1.21. — Fix σ > 0 and let ρQFS
be the density of the solution to the free

Schrödinger equation (10), defined in (11). Then, for s1 > (d+ 1)/2 and s2 > 1/2,∥∥|k|1/2⟨k, kt⟩σρ̂QFS
(t, k)

∥∥
L2

t ([0,∞),L2
k)

≲s1 ∥Qin∥Hσ+s1
M,M∥∥|k|1/2⟨k, kt⟩σρ̂QFS(t, k)

∥∥
L∞

k L2
t ([0,∞))

≲s2 ∥Qin∥Hσ+s2
M,M

.

Proof. — Recalling that ρ̂QFS
(t, k) = Ŵ [Qin](k, kt),∥∥|k|1/2⟨k, kt⟩σρ̂QFS

(t, k)
∥∥
L2

t ([0,∞),L2
k)

=

(∫ ∞

t=0

∫
k

|k|⟨k, kt⟩2σ
∣∣∣Ŵ [Qin](k, kt)

∣∣∣2 dkdt)1/2

⩽ sup
k,η

∣∣∣⟨k, η⟩σ+s1Ŵ [Qin](k, η)
∣∣∣(∫

k

∫ ∞

t=0

|k|
⟨k, kt⟩2s1

dtdk

)1/2

.

Then, by making the change of variables t 7→ t/|k|, and denoting ε = s1 − d+1
2 ,∫

k

∫ ∞

t=0

|k|
⟨k, kt⟩2s1

dtdk =

∫
k

∫ ∞

t=0

1

⟨k, t⟩d+1+2ε
dtdk ≲

∫
k

1

⟨k⟩d+ε
dk

∫
R

1

⟨t⟩1+ε
dt ≲ 1.

The bound then follows by applying Lemma 1.12. The second estimate is proved
similarly. □

1.9.3. Bootstrap proposition and strategy. — The following proposition forms the
backbone of the nonlinear analysis. The inequalities (I1)–(I5) below are referred to
as the bootstrap improvements: they coincide with the bootstrap controls (B1)–(B5),
but with each constant 4Ki halved to 2Ki. The proposition thus asserts that, on
any interval on which the controls hold, the solution in fact obeys strictly stronger
bounds. By continuity, these strict improvements allow the bootstrap controls to be
propagated throughout the maximal lifespan. The continuation argument is given at
the end of the proof.
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Proposition 1.22 (Bootstrap). — Let the assumptions on w, g and Qin be as in Theo-
rem 1.6. There exist ε0 = ε0(N0, w, g, cP, d, δ0, σi) and Ki = Ki(N0, w, g, cP, d, δ0, σi)

such that, for every T ∗ ∈ (0, Tmax), if the bootstrap controls (B1)–(B5) hold on [0, T ∗]

and ε < ε0, then∑
|α|⩽M

∥⟨∇x,∇ξ⟩σ4⟨t∇x,∇ξ⟩ (ξαP (t))∥2
L2 ⩽ 2K1⟨t⟩2d−1ε2,(I1)

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥2
L2

t ([0,T
∗],L2

k)
⩽ 2K2ε

2,(I2)

∑
|α|⩽M

∥∥⟨∇x,∇ξ⟩σ3 |∇x|δ (ξαP (t))
∥∥2
L2 ⩽ 2K3ε

2,(I3)

∥∥|k|1/2⟨k, kt⟩σ2 ρ̂Q(t, k)
∥∥2
L∞

k L2
t ([0,T

∗])
⩽ 2K4ε

2,(I4)

⟨k, η⟩2σ1

∣∣∣Ŵ [P ](t, k, η)
∣∣∣2 ⩽ 2K5ε

2,(I5)

for all t ∈ [0, T ∗]. Consequently, the maximal solution is global and the bootstrap
controls hold for all t ⩾ 0.

Remark 1.23. — Among the improvements, (I2) presents the main analytical diffi-
culty, as it permits neither regularity loss nor time growth. Precise control is required
over the nonlinear interaction term in (18), which includes a bilinear contribution in
the perturbation and allows earlier density modes ρ̂Q(s, ℓ) to influence the evolution of
ρ̂Q(t, k). In certain regimes, this interaction may accumulate and produce resonances
at large times, see e.g. [1]. In the Hartree equation on Rd with d ⩾ 3 and sufficiently
regular w, such resonances are controlled by a dispersive mechanism. The mechanism
relies on separating the nearly collinear interactions, for which

|ℓ⊥| ≲
|k|b

⟨s⟩ζ
, ℓ⊥ := ℓ− k · ℓ

|k|2
k,

from the non-resonant interactions, for suitable exponents b, ζ ∈ (0, 1). The resonant
set is a shrinking cylinder around the line spanned by k, whose decreasing cross-
section provides sufficient smallness. On its complement, the bound |kt− ℓs| ⩾ s|ℓ⊥|
yields additional decay. The resulting time-response kernel matches that arising in
the Vlasov–Poisson system and is handled similarly in Section 3.2.3.

The proposition is proved below using the estimates established in Sections 3 and 4.

Proof of Proposition 1.22. — Fix dimension d ⩾ 3, constants σ0, σ1, N0, kernel w,
steady state g and initial perturbation Qin as in Theorem 1.6 and choose parameters
σ2, σ3, σ4 satisfying (20). Section 3 establishes that the constants K2 and K4 appear-
ing in the bootstrap assumptions (B2) and (B4) may be chosen depending only on
the fixed setup. Section 4 then shows that the remaining constants K1, K3, and K5
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can also be selected depending only on the setup and on K2,K4. If ε0 > 0 satisfies

ε0 ⩽ min
{ 1√

K3K5 +K2K5

,
1√

K4K5 +
√
K3K5

,
1√

K2K3 +
√
K1K5 +

√
K3K5

}
,

then, for any 0 < ε ⩽ ε0, all bootstrap improvements (I1)–(I5) hold by Sections 3.2,
3.3, 4.3, 4.1 and 4.2.

(B2)

(B1)

(B5)

(B3)

(B4)

Figure 2. Bootstrap dependencies: each arrow indicates an
assumption used to establish an improvement, e.g. (B1) →
(B2) reflects the use of (B1) in proving (I2).

The proof is concluded by a standard continuity and continuation argument. Local
well-posedness and the initial estimates imply that the bootstrap controls hold for
sufficiently small times. Proposition 1.22 gives strict improvements on every interval
on which the controls hold. By continuity, the bootstrap estimates therefore persist
throughout [0, Tmax). In particular, (I1) bounds the lower-order Sobolev norm entering
the local continuation criterion on every finite interval. Hence Tmax = ∞. Persistence
of regularity retains the regularity required above on every finite time interval. □

1.10. Deduction of Theorem 1.6. — This section completes the proof of Theorem 1.6
by showing how the decay and scattering statements (7) and (8) follow from the
bootstrap estimates.

The decay estimate on the density (7) follows directly from the bootstrap con-
trol (B5).

Lemma 1.24. — The global bootstrap control (B5) implies that, for all t⩾0 and k∈Rd,

|ρ̂Q(t, k)| ⩽
2
√
K5 ε

⟨k, kt⟩σ1
.

In particular, Proposition 1.22 implies the damping estimate (7) in Theorem 1.6.
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Proof. — The Fourier transform of the Wigner transform gives

Ŵ [Q](t, k, 0) = ρ̂Q(t, k),

while the conjugation identity of Section 1.8.2 gives

Ŵ [Q](t, k, 0) = Ŵ [P ](t, k, kt).

Hence

|ρ̂Q(t, k)| =
∣∣Ŵ [P ](t, k, kt)

∣∣ ⩽ 2
√
K5 ε

⟨k, kt⟩σ1
,

by bootstrap assumption (B5) evaluated at η = kt. Since Proposition 1.22 shows
that the bootstrap control (B5) holds globally, the estimate (7) follows with C =

2
√
K5. □

Bootstrap assumptions (B3) and (B5) suffice to deduce the scattering state-
ment (8).

Lemma 1.25. — Proposition 1.22 implies the scattering statement (8) in Theorem 1.6.

Proof. — Let |α|⩽M . To prove convergence of P (t) in Hσ0

M , the Duhamel formula (16)
is analysed in Fourier–Wigner variables. The aim is to show that both the linear and
nonlinear contributions decay sufficiently fast to be absolutely integrable in time in
the Hσ0

M norm, yielding the existence of an asymptotic state Q∞ := limt→∞ P (t).
For the linear term, apply Lemma 1.14 and Plancherel’s theorem to obtain

∥⟨∇x,∇ξ⟩σ0(ξαLP (t))∥2L2 ⩽
∥∥⟨k, η⟩σ0Dα

η (Ŵ [LP ](t))
∥∥2
L2

k,η

.

Lemma 1.18 is used to extract the highest-order Dα
η derivative falling on Ŵ [LP ]. Using

assumption (6) on w, which gives ⟨ℏk⟩|α|−1|ŵ(k)| ≲ 1, and the inequality ⟨k, η⟩σ0 ≲
⟨k, kt⟩σ0⟨η − kt⟩σ0 , one obtains∥∥⟨k, η⟩σ0Dα

η (Ŵ [LP ](t))
∥∥2
L2

k,η

≲
∫
k,η

|ŵ(k)|2|k|2⟨k, kt⟩2σ0 |ρ̂Q(t, k)|2⟨η − kt⟩2σ0 |η − kt|2
∣∣Dα

η ĝ(η − kt)
∣∣2 dkdη

+
∑

|β|⩽|α|−1

∫
k,η

⟨ℏk⟩2|α|−2|ŵ(k)|2|k|2⟨k, kt⟩2σ0 |ρ̂Q(t, k)|2⟨η − kt⟩2σ0
∣∣Dβ

η ĝ(η − kt)
∣∣2 dkdη

≲ ∥g∥2
H

σ0+1

M

∫
k

|k|2⟨k, kt⟩2σ0 |ρ̂Q(t, k)|2 dk

≲ K5ε
2∥g∥2

H
σ0+1

M

∫
k

|k|2

⟨k, kt⟩2σ1−2σ0
dk,

where the final bound follows from the bootstrap estimate (B5) (via Lemma 1.24).
Provided 2σ1−2σ0 > d+2, this integral is uniformly bounded in time after the change
of variables k 7→ k/⟨t⟩, leading to

∥⟨∇x,∇ξ⟩σ0(ξαLP (t))∥L2 ≲

√
K5ε

⟨t⟩d/2+1
.
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The nonlinear term is handled similarly. Lemma 1.18 extracts the highest-order Dα
η

derivative falling on Ŵ [P ], and the factor ⟨ℏℓ⟩|α|−1|ŵ(ℓ)| ≲ 1 on the lower-order terms
is again controlled by (6). Using the inequalities |η − kt| ≲ ⟨t⟩⟨k − ℓ, η − ℓt⟩ and
⟨k, η⟩σ0 ≲ ⟨ℓ, ℓt⟩σ0⟨k − ℓ, η − ℓt⟩σ0 , together with the bootstrap estimate (B5) (via
Lemma 1.24), one obtains

∥∥⟨k, η⟩σ0Dα
η (Ŵ [NP ](t))

∥∥2
L2

k,η

≲ K5ε
2⟨t⟩2

∑
|β|⩽M

∫
k,η

(∫
ℓ

|ℓ|
⟨ℓ, ℓt⟩σ1−σ0

⟨k − ℓ, η − ℓt⟩σ0+1

×
∣∣Dβ

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓ)2 dkdη.

By Lemma 1.13, multipliers in the Fourier variables (k, η) and derivatives in η corre-
spond, respectively, to the quantum derivatives ⟨∇x,∇ξ⟩ and the velocity weights ξ

acting on P . In particular,

⟨k − ℓ, η − ℓt⟩σ0+1Dβ
η Ŵ [P ](t, k − ℓ, η − ℓt)

= (−i)|β|W [⟨∇x,∇ξ⟩σ0+1(ξβP )]̂(t, k − ℓ, η − ℓt).

In order to apply bootstrap assumption (B3), Cauchy–Schwarz in ℓ is applied with
weight |k − ℓ|δ, for 0 < δ ≪ 1/2 as introduced in Section 1.9.1, yielding

(∫
ℓ

|ℓ|
⟨ℓ, ℓt⟩σ1−σ0

∣∣∣W [⟨∇x,∇ξ⟩σ0+1(ξβP )]̂(t, k − ℓ, η − ℓt)
∣∣∣ dℓ)2

⩽

[∫
ℓ

1

|k − ℓ|2δ
|ℓ|

⟨ℓ, ℓt⟩σ1−σ0
dℓ

]
×
∫
ℓ

|ℓ|
⟨ℓ, ℓt⟩σ1−σ0

|k − ℓ|2δ
∣∣∣W [⟨∇x,∇ξ⟩σ0+1(ξβP )]̂(t, k − ℓ, η − ℓt)

∣∣∣2dℓ.
To bound the first factor by its supremum over k, set q := ⟨t⟩k. The change of variables
ℓ 7→ ℓ/⟨t⟩ sends ⟨ℓ, ℓt⟩ to ⟨ℓ⟩, so that∫

ℓ

1

|k − ℓ|2δ
|ℓ|

⟨ℓ, ℓt⟩σ1−σ0
dℓ =

1

⟨t⟩d+1−2δ

∫
ℓ

1

|q − ℓ|2δ
|ℓ|

⟨ℓ⟩σ1−σ0
dℓ.(21)

Splitting the remaining integral into the regions |q − ℓ| ⩾ 1, where |q − ℓ|−2δ ⩽ 1, and
|q − ℓ| < 1, where the singularity is integrable as 2δ < d, shows that

sup
k

∫
ℓ

1

|k − ℓ|2δ
|ℓ|

⟨ℓ, ℓt⟩σ1−σ0
dℓ ≲

1

⟨t⟩d+1−2δ
,

J.É.P. — M., 2026, tome 13



1506 M. Smith

provided σ1 − σ0 > d+ 1. Inserting this bound yields∥∥⟨k, η⟩σ0Dα
η (Ŵ [NP ](t))

∥∥2
L2

k,η

≲ K5ε
2⟨t⟩2 1

⟨t⟩d+1−2δ

∫
ℓ

|ℓ|
⟨ℓ, ℓt⟩σ1−σ0

dℓ
∑

|β|⩽M

∥∥∥W [|∇x|δ⟨∇x,∇ξ⟩σ0+1(ξβP )]̂ (t)
∥∥∥2
L2

k,η

≲ K5ε
2⟨t⟩2 1

⟨t⟩d+1−2δ

1

⟨t⟩d+1
K3ε

2,

where the final step uses bootstrap assumption (B3), together with Plancherel and
Lemma 1.14. Hence, for the nonlinear term,

∥⟨∇x,∇ξ⟩σ0(ξαNP (t))∥L2 ≲

√
K5K3ε

2

⟨t⟩d−δ
.

Consequently, define

Q∞ := Qin +

∫ ∞

0

LP (s) ds+

∫ ∞

0

NP (s) ds ∈ Hσ0

M .

Inequality (8) then follows from

∥P (t)−Q∞∥Hσ0
M

≲
∑

|α|⩽M

(∫ ∞

t

∥⟨∇x,∇ξ⟩σ0(ξαLP (s))∥L2
x,y

ds+

∫ ∞

t

∥⟨∇x,∇ξ⟩σ0(ξαNP (s))∥L2
x,y

ds

)

≲
√

K5ε

∫ ∞

t

1

⟨s⟩d/2+1
ds+

√
K5K3ε

2

∫ ∞

t

1

⟨s⟩d−δ
ds

≲
ε

⟨t⟩d/2
,

as the contribution from the nonlinear term satisfies∫ ∞

t

⟨s⟩−(d−δ) ds ≲ ⟨t⟩−d+δ+1 ⩽ ⟨t⟩−d/2

for d ⩾ 3 and 0 < δ ≪ 1/2, ensuring the overall decay rate ⟨t⟩−d/2. □

This completes the proof of the scattering statement (8), and hence of Theorem 1.6,
subject to the bootstrap estimates established in the following sections.
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2. Linearised phase mixing

The linearised Hartree equation is obtained by removing the quadratic-in-Q term
[w ∗ ρQ, Q] from (3), which is expected to be small:iℏ∂tQL =

[
−ℏ2

2
∆, QL

]
+ [w ∗ ρQL

, γg] ,

QL(0) = Qin.
(22)

2.1. Fourier–Laplace transform. — Writing (22) in kernel form gives

iℏ∂tQL(t, x, y)=−ℏ2

2
(∆x−∆y)QL(t, x, y) + (w ∗ ρQL

(t, x)−w ∗ ρQL
(t, y)) ĝ

(y − x

ℏ

)
.

By Duhamel’s formula, the solution of the linearised Hartree equation can be writ-
ten as

(23) QL(t, x, y) = ei(ℏ/2)(∆x−∆y)tQin(x, y)

− i

ℏ

∫ t

0

ei(ℏ/2)(∆x−∆y)(t−s) [w ∗ ρQL
(s, x)− w ∗ ρQL

(s, y)] ĝ
(y − x

ℏ

)
ds.

Taking the Fourier transform of (23) yields

(24) Q̂L(t, k, p) = e−i(ℏ/2)(|k|2−|p|2)tQ̂in(k, p)

− iℏd−1(2π)dŵ(k + p) [g(−ℏp)− g(ℏk)]
∫ t

0

e−i(ℏ/2)(|k|2−|p|2)(t−s)ρ̂QL(s, k + p) ds.

Using Lemma 1.16, the corresponding expression for the density is

ρ̂QL(t, k) =
1

(2π)d

∫
p

e−iℏkt·pQ̂in

(
k
2 + p, k

2 − p
)
dp

− iℏd−1ŵ(k)

∫
p

∫ t

0

e−iℏ(t−s)k·p [g (ℏ(p− k
2 )
)
− g

(
ℏ(p+ k

2 )
)]

ρ̂QL
(s, k) dsdp.

This is a Volterra equation of the form
ρ̂QL(t, k) = ρ̂QFS(t, k)− L̂ ∗t ρ̂QL(t, k),(25)

where ρ̂QFS
(t, k) is the spatial Fourier transform of the density of the free Schrödinger

equation (10), and the kernel L̂ is given by

L̂ (t, k) := iℏd−1ŵ(k)

∫
p

e−iℏkt·p [g (ℏ(p− k
2 )
)
− g

(
ℏ(p+ k

2 )
)]

dp

= iℏd−1ŵ(k)Fp

[
g
(
ℏ(p− k

2 )
)
− g

(
ℏ(p+ k

2 )
)]

(ℏkt)

=
i

ℏ
ŵ(k)

(
e−i(ℏ/2)|k|2t − ei(ℏ/2)|k|

2t
)
ĝ (kt)

=
2

ℏ
ŵ(k) sin

(
1
2ℏt|k|

2)
ĝ (kt) .

Observe that since w, g ∈ L1(Rd), the zero mode vanishes: L̂ (t, k = 0) = 0 for all
t ⩾ 0.
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In order to find an explicit equation for ρ̂QL
, the Laplace transform in time is

applied to (25). Denoting, for λ ∈ C with Reλ > 0, f̃(λ, k) :=
∫∞
0

e−λtf̂(t, k) dt, the
transformed equation reads(

1 + L̃ (λ, k)
)
ρ̃QL

(λ, k) = ρ̃QFS
(λ, k),(26)

where

L̃ (λ, k) =
2

ℏ
ŵ(k)

∫ ∞

0

e−λt sin( 12ℏt|k|
2
)ĝ(kt) dt.(27)

2.2. Uniform Penrose condition. — This section formulates conditions on the inter-
action kernel w and the steady state g under which the uniform Penrose condition (2)
holds.

The following lemma shows that, in the space Hσ
M , moments and derivatives can be

reordered freely, allowing them to be applied in whichever order is most convenient.

Lemma 2.1 (Ordering of moments). — Let σ ⩾ 0, let M ∈ N, and g ∈ Hσ
M (Rd). Then

the following norms are equivalent:

∥g∥Hσ
M

:=
∑

|α|⩽M

∥⟨∇k⟩σ(kαg)∥L2 ∼
∑

|α|⩽M

∥kα⟨∇k⟩σg∥L2 .

The Sobolev L2 trace lemma is also recalled.

Lemma 2.2 (L2 trace [3, Lem. 2.15]). — Let g ∈ Hs(Rd) with s > (d− 1)/2 and
C ⊂ Rd be an arbitrary straight line. Then, there holds

∥g∥L2(C) ≲s,d ∥g∥Hs(Rd).

These lemmas imply the following estimate for directional integrals of derivatives
of ĝ:

Lemma 2.3. — Let n ⩾ 0, and let α be a multi-index. Then, for every k ̸= 0,∫ ∞

0

⟨s⟩n
∣∣∂α

k ĝ
(

k
|k|s
)∣∣ ds ≲d,δ0,n,|α| ∥g∥Hn+1/2+δ0

|α|+⌈d/2⌉
.

Proof. — Applying Cauchy–Schwarz followed by Lemma 2.2,∫ ∞

0

⟨s⟩n
∣∣∂α

k ĝ
(

k
|k|s
)∣∣ ds ≲δ0

(∫ ∞

0

⟨s⟩2n+1+2δ0
∣∣∂α

k ĝ
(

k
|k|s
)∣∣2 ds)1/2

≲d

(∫
Rd

k

∣∣∣⟨∇k⟩⌈d/2⌉
(
⟨k⟩n+1/2+δ0∂α

k ĝ(k)
)∣∣∣2 dk)1/2

.
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Then, by Plancherel and Lemma 2.1:∫ ∞

0

⟨s⟩n
∣∣∂α

k ĝ
(

k
|k|s
)∣∣ ds ≲d

∥∥⟨x⟩⌈d/2⌉⟨∇x⟩n+1/2+δ0 (xαg(x))
∥∥
L2

≲
∑

|β|⩽⌈d/2⌉

∥∥xβ⟨∇x⟩n+1/2+δ0 (xαg(x))
∥∥
L2

≲n

∑
|β|⩽⌈d/2⌉

∥∥⟨∇x⟩n+1/2+δ0
(
xβ+αg(x)

)∥∥
L2

≲α ∥g∥
H

n+1/2+δ0
|α|+⌈d/2⌉

. □

With Lemma 2.3 in hand, estimates on the linearised operator are now derived. The
notation L̃ (λ, k; ℏ) is used to make the dependence on ℏ ∈ (0, 1] explicit, facilitating
the analysis of uniformity in the semiclassical limit. For k ̸= 0, a change of variables
in (27) yields

L̃ (λ, k; ℏ) =
2

ℏ|k|
ŵ(k)

∫ ∞

0

e−λs/|k| sin(ℏ2 |k|s)ĝ
(

k
|k|s
)
ds.(28)

To compare with the classical setting, consider the limit

L̃ (λ, k; 0) := lim
ℏ→0

L̃ (λ, k; ℏ),

which evaluates to

L̃ (λ, k; 0) = ŵ(k)

∫ ∞

0

e−λs/|k|sĝ
(

k
|k|s
)
ds.

This coincides with the linearised operator of the classical theory [3, Eq. (2.6)].
To study the behaviour of L̃ (λ, k; ℏ) along Reλ = 0, the Plemelj formula is applied.

For ℏ ∈ (0, 1] and λ = iτ , it gives

(29) L̃ (iτ, k; ℏ)

= ŵ(k)
1

ℏ|k|

(
p.v.

∫
R

[ gk(p1)

p1 − τ/|k|+ ℏ|k|/2
− gk(p1)

p1 − τ/|k| − ℏ|k|/2

]
dp1

+ iπ [gk (τ/|k|+ ℏ|k|/2)− gk (τ/|k| − ℏ|k|/2)]
)
,

where p.v. denotes the Cauchy principal value and gk denotes the marginal of g along
the direction −k, defined by

gk(u) :=

∫
{k}⊥

g (−(k/|k|)u+ w) dw.

Similarly, applying the Plemelj formula to L̃ (λ, k; 0) yields

L̃ (iτ, k; 0) = ŵ(k)

(
−p.v.

∫
R

g′k(p1)

p1 − τ/|k|
dp1 + iπg′k(τ/|k|)

)
.

Using Lemma 2.3, uniform bounds and decay properties of L̃ (λ, k; ℏ) are now
established for all ℏ ∈ [0, 1].
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Lemma 2.4. — Suppose w ∈ L1(Rd) and g ∈ H
3/2+δ0
⌈d/2⌉ (Rd). Then:

(a) As |k| → ∞, the quantity L̃ (λ, k; ℏ) → 0, with decay uniform in Reλ ⩾ 0 and
ℏ ∈ [0, 1].

(b) There exists a constant C1 = C1(d, δ0), independent of ℏ ∈ [0, 1], such that for
all Reλ ⩾ 0 and k ∈ Rd, ∣∣L̃ (λ, k; ℏ)

∣∣ ⩽ C1∥w∥L1∥g∥H3/2+δ0
⌈d/2⌉

.

(c) If in addition g ∈ H
3/2+δ0
1+⌈d/2⌉(R

d), then there exists a constant C2 = C2(d, δ0),
independent of ℏ ∈ [0, 1], such that for all Reλ ⩾ 0 with λ ̸= 0 and k ∈ Rd,∣∣L̃ (λ, k; ℏ)

∣∣ ⩽ C2
|k|
|λ|

∥w∥L1∥g∥H3/2+δ0
1+⌈d/2⌉

.

Proof. — First observe that L̃ (λ, k = 0; ℏ) = 0 for all Reλ ⩾ 0 and ℏ ∈ [0, 1]. Now fix
ℏ ∈ (0, 1]. For k ̸= 0 and Reλ ⩾ 0, the representation (28) together with Lemma 2.3
yields the estimate∣∣L̃ (λ, k; ℏ)

∣∣ ≲d |ŵ(k)| 1

ℏ|k|

∫ ∞

0

∣∣sin (ℏ2 |k|s) ĝ( k
|k|s
)∣∣ ds

≲ |ŵ(k)|
∫ ∞

0

s
∣∣ĝ( k

|k|s
)∣∣ ds

≲d,δ0 |ŵ(k)|∥g∥
H

3/2+δ0
⌈d/2⌉

.

Since w ∈ L1(Rd), the Fourier transform ŵ(k) → 0 as |k| → ∞, establishing part (a).
Moreover, |ŵ(k)| ⩽ ∥w∥L1 for all k, yielding part (b).

For part (c), the expression (28) can be integrated by parts in s, with no boundary
contributions, to obtain

L̃ (λ, k; ℏ)

= 2ŵ(k)
1

ℏ|k|

(
−|k|

λ

)∫ ∞

0

∂s
(
e−λs/|k|) sin(ℏ2 |k|s) ĝ( k

|k|s
)
ds

= 2ŵ(k)
1

ℏλ

∫ ∞

0

e−λs/|k|
[
ℏ
2 |k| cos(

ℏ
2 |k|s)ĝ

(
k
|k|s
)
+ sin(ℏ2 |k|s)

k
|k| · ∇kĝ

(
k
|k|s
)]

ds.

Therefore, ∣∣∣L̃ (λ, k; ℏ)
∣∣∣ ≲ |k|

|λ|
∥w∥L1

∫ ∞

0

[∣∣ĝ( k
|k|s
)∣∣+ s

∣∣∇kĝ
(

k
|k|s
)∣∣]ds

≲d,δ0

|k|
|λ|

∥w∥L1∥g∥H3/2+δ0
1+⌈d/2⌉

.

The same bounds hold for the classical limit L̃ (λ, k; 0), with identical estimates. □

Next, using the argument principle, a condition on the behaviour of L̃ along the
imaginary axis is shown to imply the uniform Penrose condition. The low frequencies
require separate attention: L̃ (λ, 0; ℏ) = 0, whereas (28) and dominated convergence
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give, for every ℏ ∈ [0, 1], Reµ ⩾ 0 and ω ∈ Sd−1,

lim
r↓0

L̃ (rµ, rω; ℏ) = L̃0(µ, ω) := ŵ(0)

∫ ∞

0

e−µss ĝ(ωs) ds,

so L̃ is not in general continuous at (λ, k) = (0, 0).

Lemma 2.5. — Suppose w ∈ L1(Rd), g ∈ H
3/2+δ0
1+⌈d/2⌉(R

d), and that the following impli-
cations hold:

∀ℏ ∈ [0, 1], τ ∈ R, k ∈ Rd, Im L̃ (iτ, k; ℏ) = 0 =⇒ Re L̃ (iτ, k; ℏ) > −1,(30)

and, for the low-frequency response,

∀τ ∈ R, ω ∈ Sd−1, Im L̃0(iτ, ω) = 0 =⇒ Re L̃0(iτ, ω) > −1.(31)

Then the uniform Penrose condition (2) is satisfied.

Proof. — For each ℏ ∈ [0, 1] and k ∈ Rd, the assumptions on w and g ensure that the
map λ 7→ L̃ (λ, k; ℏ) is analytic in the half-plane {Reλ > 0}, continuous on {Reλ ⩾ 0}
and, by Lemma 2.4 (c), tends to zero as |λ| → ∞. By the argument principle, the
number of zeros of the function λ 7→ 1 + L̃ (λ, k; ℏ) in {Reλ > 0} is equal to the
winding number of the curve

Γ :=
{
L̃ (iτ, k; ℏ) : τ ∈ R

}
around the point −1. The implication (30) ensures that Γ does not meet the half-
line (−∞,−1]. It follows that 1 + L̃ (λ, k; ℏ) has no zeros in {Reλ ⩾ 0}. The same
argument, applied to µ 7→ 1+ L̃0(µ, ω) for fixed ω ∈ Sd−1 and using (31), shows that
1 + L̃0(µ, ω) has no zeros in {Reµ ⩾ 0}.

It remains to show that the infimum in (2) is positive. For k ̸= 0, ℏ ∈ [0, 1] and
Reλ ⩾ 0, the representation (28) reads

L̃ (λ, k; ℏ) = ŵ(k) Φ (λ/|k|, ℏ|k|, k/|k|) ,

Φ(µ, h, ω) :=

∫ ∞

0

e−µs 2

h
sin (hs/2) ĝ(ωs) ds,

where the factor 2h−1 sin(hs/2) is understood as s when h = 0, so that L̃0(µ, ω) =

ŵ(0)Φ(µ, 0, ω). The function Φ is continuous on {Reµ ⩾ 0} × [0,∞)× Sd−1. Indeed,
the integrand is continuous and bounded by s∥ĝ∥L∞ , so the integral over [0, R] is
continuous for every R > 0, while

∣∣2h−1 sin(hs/2)
∣∣ ⩽ s and the Cauchy–Schwarz and

trace estimates in the proof of Lemma 2.3 give, uniformly in Reµ ⩾ 0, h ⩾ 0 and
ω ∈ Sd−1,∫ ∞

R

∣∣∣e−µs 2

h
sin (hs/2) ĝ(ωs)

∣∣∣ ds ⩽ (∫ ∞

R

s2

⟨s⟩3+2δ0
ds

)1/2(∫ ∞

0

⟨s⟩3+2δ0 |ĝ(ωs)|2 ds
)1/2

≲d,δ0 R−δ0∥g∥
H

3/2+δ0
⌈d/2⌉

,

so Φ is a uniform limit of continuous functions. Now set
F (µ, r, ω, ℏ) := 1 + ŵ(rω) Φ(µ, ℏr, ω),

so that F (µ, r, ω, ℏ) = 1 + L̃ (rµ, rω; ℏ) for r > 0 and F (µ, 0, ω, ℏ) = 1 + L̃0(µ, ω).
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By Lemma 2.4, there exist constants K > 0 and M > 0 such that, for k ̸= 0 and
Reλ ⩾ 0, if either (i) |k| ⩾ K, or (ii) |λ| ⩾ M |k|, then∣∣1 + L̃ (λ, k; ℏ)

∣∣ ⩾ 1

2

uniformly in ℏ ∈ [0, 1], while
∣∣1 + L̃ (λ, 0; ℏ)

∣∣ = 1. Writing λ = rµ and k = rω, the
remaining region corresponds to the compact set

K :=
{
(µ, r, ω, ℏ) : Reµ ⩾ 0, |µ| ⩽ M, 0 ⩽ r ⩽ K, ω ∈ Sd−1, ℏ ∈ [0, 1]

}
.

On this compact set, the function F is continuous, since ŵ and Φ are, and it does not
vanish, by the first paragraph. Hence

cP := min {1/2, minK |F |} > 0

is a lower bound for
∣∣1 + L̃ (λ, k; ℏ)

∣∣ over Reλ ⩾ 0, k ∈ Rd and ℏ ∈ [0, 1]. This
establishes the uniform Penrose condition (2). □

Three sufficient conditions on the interaction kernel w and the steady state g

are now presented, each of which implies the uniform Penrose condition (2). These
include a smallness assumption, a repulsive interaction with decreasing marginal, and
a generalised Penrose-type criterion.

Proposition 2.6. — Suppose one of the following assumptions holds. Then the uni-
form Penrose condition (2) follows.

(i) Smallness: w ∈ L1(Rd), and g ∈ H
3/2+δ0
⌈d/2⌉ (Rd), for some 0 < δ0 ≪ 1/2, satisfy

C1∥w∥L1∥g∥H3/2+δ0
⌈d/2⌉

< 1,

where C1 is the constant from Lemma 2.4.
(ii) Repulsive interaction and decreasing marginal: w ∈ L1(Rd) with ŵ(k) ⩾ 0, and

g ∈ H
3/2+δ0
1+⌈d/2⌉(R

d) is radial and satisfies{
g′k(u) < 0 if u > 0,
g′k(u) > 0 if u < 0,

(32)

for all k ∈ Rd ∖ {0}.
(iii) Generalised uniform Penrose condition: w ∈ L1(Rd) and g ∈ H

3/2+δ0
1+⌈d/2⌉(R

d),
and the following conditions hold. For every k ̸= 0 and u ∈ R, the classical condition is

g′k(u) = 0 =⇒ −ŵ(k) p.v.

∫
R

g′k(p1)

p1 − u
dp1 > −1.

For every k ̸= 0, u ∈ R and ℏ ∈ (0, 1], the quantum condition is

gk (u+ ℏ|k|/2) = gk (u− ℏ|k|/2)

=⇒ ŵ(k)

ℏ|k|
p.v.

∫
R
gk(p1)

[
1

p1 − u+ ℏ|k|/2
− 1

p1 − u− ℏ|k|/2

]
dp1 > −1.

In addition, the classical condition also holds with ŵ(k) replaced by ŵ(0) (the low-
frequency condition).
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Remark 2.7. — In dimensions d ⩾ 3, if w ∈ L1(Rd) with ŵ(k) ⩾ 0 and g ∈
H

3/2+δ0
1+⌈d/2⌉(R

d) is radial and positive-valued, then the condition (32) in part (ii) is
satisfied.

Proof. — In case (i), apply Lemma 2.4(b) directly. For case (iii), first note that
L̃ (iτ, 0; ℏ) = 0 for every τ ∈ R and ℏ ∈ [0, 1], so (30) holds at k = 0. For k ̸= 0, set
u := τ/|k|. If ŵ(k) = 0, then L̃ (iτ, k; ℏ) = 0 and (30) holds trivially. Otherwise, by the
Plemelj formula (29) and its classical counterpart, Im L̃ (iτ, k; ℏ) = 0 is precisely the
hypothesis of the quantum condition when ℏ ∈ (0, 1] and of the classical condition
when ℏ = 0, and Re L̃ (iτ, k; ℏ) > −1 is the corresponding conclusion, so (30) holds.
For the low-frequency response, with ω := k/|k|, the classical Plemelj formula gives

L̃0(iτ, ω) = ŵ(0)

(
−p.v.

∫
R

g′k(p1)

p1 − τ
dp1 + iπg′k(τ)

)
,

so the low-frequency condition gives (31) in the same way, trivially so when ŵ(0) = 0.
In case (ii), first consider ℏ ∈ (0, 1] and assume g is radial and satisfies (32). Then

for k ̸= 0, the equality gk (τ/|k|+ ℏ|k|/2) = gk (τ/|k| − ℏ|k|/2) can only occur when
τ = 0, by the evenness of gk and its strict monotonicity on (0,∞). When τ = 0, the
Plemelj formula (29) yields

Re L̃ (0, k; ℏ) = ŵ(k)
2

ℏ|k|
lim
ε↓0

∫ ∞

ε

gk (p1 − ℏ|k|/2)− gk (p1 + ℏ|k|/2)
p1

dp1,

which is non-negative by the assumption g′k(u) < 0 for u > 0. For the low-frequency
response, the formula for L̃0 displayed above gives

Im L̃0(iτ, ω) = πŵ(0) g′k(τ), Re L̃0(0, ω) = ŵ(0)

∫
R

(
−g′k(p1)

p1

)
dp1.

If ŵ(0) = 0, then L̃0 ≡ 0 and (31) holds trivially. Otherwise ŵ(0) > 0, so the
imaginary part vanishes only at τ = 0, where the real part is non-negative by (32).
This gives (31). The same argument, with ŵ(0) replaced by ŵ(k), applies in the
classical case ℏ = 0, see e.g. [2], again leading to (30). In cases (ii) and (iii), Lemma 2.5
then yields (2). □

2.3. Inverse Laplace transform of Green function. — Throughout the remainder
of the paper, the interaction kernel w and the steady state g are assumed to satisfy
the uniform Penrose condition (2) with constant cP > 0. Under this assumption, the
formula

ρ̃QL
(λ, k) = G̃ (λ, k) ρ̃QFS

(λ, k)(33)

is justified, where

G̃ (λ, k) :=
1

1 + L̃ (λ, k)
.(34)

The analysis of the inverse linearised operator, referred to as the Green function,
follows the approach of Nguyen and You [24]. Specifically, this includes Lemma 2.8,
Lemma 2.9, and Proposition 2.10.
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For k ̸= 0, define the Lindhard function mg by

mg(λ, k) =
2

ℏ

∫ ∞

0

e−λt sin(ℏ2 t|k|
2
)ĝ(kt) dt

=
2

ℏ|k|

∫ ∞

0

e−λs/|k| sin(ℏ2 |k|s)ĝ(
k
|k|s) ds,

(35)

so that L̃ (λ, k) = ŵ(k)mg(λ, k). The Lindhard function plays a central role in the
physics literature; see [19].

Lemma 2.8 (Decay of mg(λ, k)). — For any integer n ⩾ 0, if g ∈ H
n+3/2+δ0
2+⌈d/2⌉ (Rd),

then
(i) |∂n

λmg(iτ, k)| ≲n,d,δ0 |k|−n∥g∥
H

n+3/2+δ0
⌈d/2⌉

, and

(ii) |∂n
λmg(iτ, k)| ≲n,d,δ0

⟨ℏk⟩2|k|2−n

⟨ℏk⟩2|k|2 + τ2
∥g∥

H
n+3/2+δ0
2+⌈d/2⌉

.

Proof. — Differentiating (35) n times in λ yields

(−1)n∂n
λmg(λ, k) =

1

|k|n
2

ℏ|k|

∫ ∞

0

e−λs/|k|sn sin(ℏ2 |k|s)ĝ(
k
|k|s) ds.

Hence, for any Reλ ⩾ 0,

|∂n
λmg(λ, k)| ≲n

1

|k|n
∫ ∞

0

sn+1
∣∣ĝ( k

|k|s)
∣∣ ds ≲n,d,δ0

1

|k|n
∥g∥

H
n+3/2+δ0
⌈d/2⌉

using Lemma 2.3, which proves part (i).
To establish part (ii), consider λ = iτ ∈ iR and n ⩾ 2. Multiply both sides by τ2

and integrate by parts twice:
τ2(−1)n∂n

λmg(iτ, k)

=
1

|k|n
2

ℏ|k|

∫ ∞

0

τ2e−iτs/|k|sn sin(ℏ2 |k|s)ĝ(
k
|k|s) ds

=
|k|2

|k|n
2

ℏ|k|

∫ ∞

0

(−∂2
s )
(
e−iτs/|k|)sn sin(ℏ2 |k|s)ĝ( k

|k|s) ds

=
|k|2

|k|n
2

ℏ|k|

∫ ∞

0

e−iτs/|k|
[
ℏ2

4 |k|2sn sin(ℏ2 |k|s)ĝ(
k
|k|s)− n(n− 1)sn−2 sin(ℏ2 |k|s)ĝ(

k
|k|s)

− 2nsn−1 sin(ℏ2 |k|s)
k

|k|
· ∇kĝ(

k
|k|s)− ℏ|k|nsn−1cos(ℏ2 |k|s)ĝ(

k
|k|s)

− ℏ|k|sncos(ℏ2 |k|s)
k
|k| · ∇kĝ(

k
|k|s)− sn sin(ℏ2 |k|s)(

k
|k| · ∇k)

2ĝ( k
|k|s)

]
ds.

The first term is exactly (−1)n(ℏ2/4)|k|4∂n
λmg(iτ, k). Moreover, all the other terms

in the integrand are O(ℏ|k|), and hence

τ2|∂n
λmg(iτ, k)|

≲ ℏ2|k|4|∂n
λmg(iτ, k)|+ |k|2−n

∫ ∞

0

⟨s⟩n+1
(∣∣ĝ( k

|k|s)
∣∣+ ∣∣∇kĝ(

k
|k|s)

∣∣+ ∣∣∇2
kĝ(

k
|k|s)

∣∣)ds
≲ ℏ2|k|4−n∥g∥

H
n+3/2+δ0
⌈d/2⌉

+ |k|2−n∥g∥
H

n+3/2+δ0
2+⌈d/2⌉

,
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again using Lemma 2.3. The cases n = 0 and n = 1 give rise to fewer terms upon the
integration by parts and are treated similarly. Finally, combining this with the bound
from part (i) gives

(⟨ℏk⟩2|k|2 + τ2)|∂n
λmg(iτ, k)| ≲ ⟨ℏk⟩2|k|2−n∥g∥

H
n+3/2+δ0
2+⌈d/2⌉

,

which proves part (ii). □

To quantify the deviation from the identity in the Green function, define the
remainder

G̃ r(λ, k) :=
L̃ (λ, k)

1 + L̃ (λ, k)
=

ŵ(k)mg(λ, k)

1 + ŵ(k)mg(λ, k)
,

so that G̃ (λ, k) = 1− G̃ r(λ, k).

Lemma 2.9 (Decay of G̃ r(λ, k)). — Let n ⩾ 0 be an integer and suppose w ∈ L1(Rd)

and g ∈ H
n+3/2+δ0
2+⌈d/2⌉ (Rd) satisfy the uniform Penrose condition (2) with constant cP.

Then, there exists a constant C = C(n,w, g, cP, d, δ0) such that∣∣∂n
λ G̃ r(iτ, k)

∣∣ ⩽ C
⟨ℏk⟩2|k|2−n

⟨ℏk⟩2|k|2 + τ2
.

Proof. — For n = 0, the estimate follows directly from Lemma 2.8(ii) and the uniform
Penrose condition. Using the Faà di Bruno formula, for any n ⩾ 1,

dn

dxn

[ f(x)

1 + f(x)

]
=
∑
π∈Πn

(−1)|π|+1|π|!
(1 + f(x))|π|+1

∏
B∈π

f (|B|)(x),

where π runs through the set Πn of all the partitions of the set {1, . . . , n}. So,

∂n
λ G̃ r(iτ, k) =

dn

dλn

[
ŵ(k)mg(λ, k)

1 + ŵ(k)mg(λ, k)

] ∣∣∣∣
λ=iτ

=
∑
π∈Πn

(−1)|π|+1|π|!
(1 + ŵ(k)mg(iτ, k))|π|+1

∏
B∈π

ŵ(k)∂
|B|
λ mg(iτ, k).

Moreover, writing π = {B0}∪ (π∖{B0}) and using Lemma 2.8(ii) to bound the term
∂
|B0|
λ mg(iτ, k) and Lemma 2.8(i) to bound the ∂

|B|
λ mg(iτ, k) terms in the (possibly

empty) π ∖ {B0},∣∣∂n
λ G̃ r(iτ, k)

∣∣ ≲ ∑
π∈Πn

(
1

cP|π|+1

⟨ℏk⟩2|k|2−|B0|

⟨ℏk⟩2|k|2 + τ2
|ŵ(k)|∥g∥

H
|B0|+3/2+δ0
2+⌈d/2⌉

×
∏

B∈π∖{B0}

|ŵ(k)||k|−|B|∥g∥
H

|B|+3/2+δ0
⌈d/2⌉

)

⩽
⟨ℏk⟩2|k|2−n

⟨ℏk⟩2|k|2 + τ2

∑
π∈Πn

|ŵ(k)||π|

cP|π|+1

∏
B∈π

∥g∥
H

|B|+3/2+δ0
2+⌈d/2⌉

. □

The decay of the Green function on the Fourier side is now obtained by taking the
inverse Laplace transform.
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Proposition 2.10 (Decay of Ĝ r(t, k)). — Let n ⩾ 0 be an integer and assume w ∈
L1(Rd) and g ∈ H

n+3/2+δ0
2+⌈d/2⌉ (Rd) satisfy the uniform Penrose condition (2) with con-

stant cP. Then, there exists a constant C = C(n,w, g, cP, d, δ0) such that∣∣Ĝ r(t, k)
∣∣ ⩽ C

⟨ℏk⟩|k|
⟨kt⟩n

.

Proof. — By the uniform Penrose condition (2), the map λ 7→ G̃ r(λ, k) is analytic in
Reλ > 0 and extends continuously to Reλ = 0. Moreover, Lemma 2.9 ensures suffi-
cient decay in Imλ, so the inverse Laplace contour can be deformed to the imaginary
axis:

Ĝ r(t, k) =
1

2πi

∫
Reλ=0

eλtG̃ r(λ, k) dλ =
1

2π

∫
R
eiτtG̃ r(iτ, k) dτ.

Assume first |k|t ⩾ 1. Integrating by parts n times and applying Lemma 2.9,∣∣Ĝ r(t, k)
∣∣ = 1

2πtn

∣∣∣∣∫
R
∂n
τ

(
eiτt
)
G̃ r(iτ, k) dτ

∣∣∣∣ = 1

2πtn

∣∣∣∣∫
R
eiτt∂n

τ G̃ r(iτ, k) dτ

∣∣∣∣
≲

1

(|k|t)n

∫
R

⟨ℏk⟩2|k|2

⟨ℏk⟩2|k|2 + τ2
dτ

= π
⟨ℏk⟩|k|
(|k|t)n

,

where it was used that
∫
R

a2

a2+x2 dx = πa for a > 0. No boundary terms arise by
Lemma 2.9. For 0 ⩽ |k|t ⩽ 1, the estimate follows from Lemma 2.9 with n = 0,
without integration by parts. □

2.4. Linearised decay and scattering. — Taking the inverse Laplace transform of
(33), the density can be written as

ρ̂QL
(t, k) = ρ̂QFS

(t, k)−
∫ t

0

Ĝ r(t− s, k)ρ̂QFS
(s, k) ds.(36)

The next proposition quantifies decay of the density ρ̂QL and scattering for QL.

Proposition 2.11 (Linearised phase mixing). — Let N0, N1 ⩾ 0 be constants such
that 0 ⩽ N1 < N0 − d/2− 1. Assume w ∈ L1(Rd) and g ∈ H

N0+9/2+δ0
2+⌈d/2⌉ (Rd), for some

0 < δ0 ≪ 1, satisfy the uniform Penrose condition (2) with constant cP. Assume the
initial perturbation satisfies

∥Qin∥HN0+1

M,M
< ∞.

Then, there exists a constant C = C(N0, w, g, cP, d, δ0), independent of ℏ ∈ (0, 1],
such that the solution QL to the linearised Hartree equation (22) with initial data
QL(0) = Qin satisfies the following.

– Density decay: for all k ∈ Rd and t ⩾ 0,

⟨k, kt⟩N0 |ρ̂QL
(t, k)| ⩽ C∥Qin∥HN0+1

M,M
.
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– Scattering: there exists an operator Q∞ ∈ HN1(Rd;C) such that, for t ⩾ 0 and
ℏ ∈ (0, 1],∥∥∥⟨t∇x,∇ξ⟩N1

[
e−i(ℏ/2)t∆QL(t)e

i(ℏ/2)t∆ −Q∞
]∥∥∥

L2
⩽ C

∥Qin∥HN0+1

M,M

⟨t⟩d/2
.(37)

Remark 2.12. — Observe that each spatial derivative of e−i(ℏ/2)t∆QL(t)e
i(ℏ/2)t∆ im-

proves the convergence to Q∞ by a power of t.

Proof. — Apply Proposition 1.17 to bound the free density ρ̂QFS
, and Proposition 2.10

for decay of the Green function remainder Ĝ r, in the representation (36). This yields

|ρ̂QL(t, k)| ≲
∥Qin∥HN0+1

M,M

⟨k, kt⟩N0+1
+

∫ t

0

⟨ℏk⟩|k|
⟨ks⟩N0+3

∥Qin∥HN0+1

M,M

⟨k, k(t− s)⟩N0+1
ds

≲
∥Qin∥HN0+1

M,M

⟨k, kt⟩N0+1
+

⟨ℏk⟩∥Qin∥HN0+1

M,M

⟨k, kt⟩N0+1

∫ t

0

|k|
⟨ks⟩2

ds

≲
⟨ℏk⟩

⟨k, kt⟩N0+1
∥Qin∥HN0+1

M,M
,

where the inequalities ⟨k, kt⟩≲⟨k, k(t−s)⟩⟨ks⟩ and
∫ t

0
|k|/⟨ks⟩2 ds=

∫ |k|t
0

1/⟨r⟩2 dr ≲ 1

were used. Since ℏ ∈ (0, 1], the desired density decay estimate follows.
To establish scattering, perform the change of variables (k, p) 7→ (k2 + p, k

2 − p):

eiℏk·ptQ̂L(t,
k
2 + p, k

2 − p)− Q̂in(
k
2 + p, k

2 − p)

= −iℏd−1(2π)dŵ(k)
[
g
(
ℏ(p− k

2 )
)
− g
(
ℏ(p+ k

2 )
)] ∫ t

0

eiℏk·psρ̂QL(s, k) ds.

For any σ ⩾ 0 and multi-index α satisfying σ + |α| ⩽ N1, define

Aσ,α(s) :=
1

ℏd/2
∥∥∥|k|σ ( 1ℏ∇p

)α [
iℏd−1(2π)dŵ(k)

×
[
g
(
ℏ(p− k

2 )
)
− g
(
ℏ(p+ k

2 )
)]

eiℏk·psρ̂QL(s, k)
]∥∥∥

L2
k,p

.

The finite-difference estimate is∫
x

|f(x+ ℓ)− f(x)|2 dx ≲ |ℓ|2
∫
x

|∇f(x)|2 dx.

Applying this estimate, the Leibniz rule, the bound |ŵ(k)| ⩽ ∥w∥L1 and the density
decay estimate gives

Aσ,α(s) ≲ ∥Qin∥HN0+1

M,M
∥w∥L1

∑
β⩽α

∥∥∇βg
∥∥
Ḣ1

(∫
k

|k|2σ+2|ks|2|α−β|

⟨k, ks⟩2N0
dk

)1/2

.

For m = |α− β|, the change of variables k 7→ k/⟨s⟩ yields(∫
k

|k|2σ+2|ks|2m

⟨k, ks⟩2N0
dk

)1/2

=
1

⟨s⟩d/2+σ+1
(s/⟨s⟩)m

(∫
k

|k|2σ+2+2m

⟨k⟩2N0
dk

)1/2

≲
1

⟨s⟩d/2+σ+1
,
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where the final integral is finite since 2N0 − 2σ − 2m − 2 > d, which follows from
m ⩽ |α|, σ + |α| ⩽ N1 and N1 < N0 − d/2− 1. Consequently,

Aσ,α(s) ≲
∥Qin∥HN0+1

M,M
∥w∥L1∥g∥H1+|α|

⟨s⟩d/2+σ+1
.(38)

Since the right-hand side of (38) is integrable in s, the asymptotic state Q∞ is well
defined by

Q̂∞(k, p) := Q̂in(k, p)

− iℏd−1(2π)dŵ(k + p) [g(−ℏp)− g(ℏk)]
∫ ∞

0

ei(ℏ/2)(|k|
2−|p|2)sρ̂QL

(s, k + p) ds.

Minkowski’s inequality and (38) then give

1

ℏd/2
∥∥∥|k|σ ( 1ℏ∇p

)α [
eiℏk·ptQ̂L

(
t, k

2 + p, k
2 − p

)
− Q̂∞

(
k
2 + p, k

2 − p
)]∥∥∥

L2
k,p

⩽
∫ ∞

t

Aσ,α(s) ds ≲
∥Qin∥HN0+1

M,M

⟨t⟩d/2+σ
,

where the dependence on w and g is absorbed into the implicit constant. Since this
holds for all σ + |α| ⩽ N1, the scattering estimate (37) follows. □

3. Energy estimates on the density

This section initiates the nonlinear analysis by establishing the bootstrap improve-
ments (I2) and (I4) on the density ρQ. The approach applies part of the linear theory
from Section 2 to the nonlinear equation.

3.1. Linear damping in L2
t . — The first step is to derive an estimate for a general

Volterra equation of the form

ϕ(t, k)=H(t, k)−
∫ t

0

L̂ (t− s, k)ϕ(s, k) ds, L̂ (t, k)=
2

ℏ
ŵ(k) sin(ℏ2 t|k|

2
)ĝ (kt) .(39)

Proposition 3.1. — Fix T ∗ > 0. Let m ∈ R and σ ⩾ 0. Suppose w ∈ L1(Rd) and
g ∈ H

⌈σ⌉+3/2+δ0
2+⌈d/2⌉ (Rd) satisfy the uniform Penrose condition (2) with constant cP.

Assume

∥|k|m⟨k, kt⟩σH(t, k)∥L2
t ([0,T

∗]) < ∞.

Then there exists a constant CLD = CLD(σ, d, δ0, w, g, cP) such that the solution ϕ(t, k)

to the system (39) satisfies the pointwise-in-k estimate

∥|k|m⟨k, kt⟩σϕ(t, k)∥L2
t ([0,T

∗]) ⩽ CLD∥|k|m⟨k, kt⟩σH(t, k)∥L2
t ([0,T

∗]).

Proof. — The result follows by taking Laplace transforms and applying Plancherel’s
theorem. The key point is to control the resolvent G̃ (λ, k) uniformly in k along the
imaginary axis.
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Taking the Laplace transform of (39) yields

ϕ̃(λ, k) = G̃ (λ, k)H̃(λ, k),(40)

where G̃ is defined in (34). Assume first that σ is an integer. For any 0 ⩽ n ⩽ σ,

|k|n∂n
λ ϕ̃(λ, k) =

∑
j⩽n

(
n

j

)
|k|j∂j

λG̃ (λ, k)|k|n−j
∂n−j
λ H̃(λ, k)

= G̃ (λ, k)|k|n∂n
λ H̃(λ, k)−

∑
1⩽j⩽n

(
n

j

)
|k|j∂j

λG̃ r(λ, k)|k|n−j
∂n−j
λ H̃(λ, k),(41)

recalling that G̃ (λ, k) = 1 − G̃ r(λ, k). For the first term on the right-hand side, note
that

∣∣G̃ (iτ, k)
∣∣ ⩽ cP

−1, which follows from w and g satisfying the uniform Penrose
condition (2). Along the imaginary axis λ = iτ , Lemma 2.9 can be applied to the
other terms in (41) to bound |k|j

∣∣∂j
λG̃ r(iτ, k)

∣∣ ≲ 1. Therefore,

|k|n
∣∣∂n

λ ϕ̃(iτ, k)
∣∣ ≲∑

j⩽n

|k|j
∣∣∂j

λH̃(iτ, k)
∣∣.

Taking the L2 norm in τ and applying Plancherel’s theorem yields

∥|kt|nϕ(t, k)∥L2
t ([0,T

∗]) ≲ ∥⟨kt⟩nH(t, k)∥L2
t ([0,T

∗]).

Moreover,

⟨k⟩σ
∣∣ϕ̃(iτ, k)∣∣ = ⟨k⟩σ

∣∣G̃ (iτ, k)H̃(iτ, k)
∣∣ ≲ cP

−1⟨k⟩σ
∣∣H̃(iτ, k)

∣∣.
Using ⟨k, kt⟩σ ∼ ⟨k⟩σ + |kt|σ, it follows that

∥⟨k, kt⟩σϕ(t, k)∥L2
t ([0,T

∗]) ≲ ∥⟨k, kt⟩σH(t, k)∥L2
t ([0,T

∗]).

Multiplying the preceding estimate by |k|m yields the result for integer σ. For non-
integer σ, the result follows by interpolation between the integer cases ⌊σ⌋ and ⌈σ⌉ [25].

□

3.2. Bootstrap improvement (I2). — To prove the bootstrap improvement (I2), the
weighted norm is split into two contributions according to ⟨ℏk⟩2 = 1 + ℏ2|k|2. Each
contribution is treated separately. First, it is shown that under the bootstrap hypothe-
ses (B1) and (B5), there exists a constant K ′

2 > 0 depending only on the fixed
parameters in Proposition 1.22 and independent of ℏ, T ∗, ε, Qin and the bootstrap
constants Ki, such that, for ε sufficiently small,∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)
⩽ 2K ′

2ε
2.(42)

Following this, it will be shown that there exists K ′′
2 > 0 such that, for ε sufficiently

small, ∥∥ℏ|k|3/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥2
L2

t ([0,T
∗],L2

k)
⩽ 2K ′′

2 ε
2.(43)

Choosing K2 := K ′
2 +K ′′

2 establishes the bootstrap improvement (I2).
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3.2.1. Estimate for (42). — From (18), the density satisfies

ρ̂Q(t, k) = H(t, k)−
∫ t

0

L̂ (t− s, k)ρ̂Q(s, k) ds, L̂ (t, k) =
2

ℏ
ŵ(k) sin(ℏ2 t|k|

2
)ĝ (kt) ,

with

H(t, k) = ρ̂QFS
(t, k)

− 2ℏ−1

(2π)d

∫ t

0

∫
ℓ

ŵ(ℓ)ρ̂Q(s, ℓ) sin
(ℏ
2 ℓ · k(t− s)

)
Ŵ [P ](s, k − ℓ, kt− ℓs) dℓds.

Under the assumptions of Theorem 1.6, Proposition 3.1 implies∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥2
L2

t ([0,T
∗],L2

k)

⩽ CLD

(∥∥|k|1/2⟨k, kt⟩σ4 ρ̂QFS(t, k)
∥∥2
L2

t ([0,T
∗],L2

k)
+N(B2),1

)
,

where

N(B2),1 =

∫ T∗

t=0

∫
k

∣∣∣∣|k|1/2⟨k, kt⟩σ4

∫ t

0

∫
ℓ

ŵ(ℓ)ρ̂Q(s, ℓ)ℏ−1

× sin
(ℏ
2 ℓ · k(t− s)

)
Ŵ [P ] (s, k − ℓ, kt− ℓs) dℓds

∣∣∣∣2dkdt.
The initial data term is controlled by Lemma 1.21 and the assumption ∥Qin∥HN0

M,M
⩽ ε,∥∥|k|1/2⟨k, kt⟩σ4 ρ̂QFS

(t, k)
∥∥2
L2

t ([0,T
∗],L2

k)
≲

∑
|α|,|β|⩽M

∥∥ξαxβQin

∥∥2
HN0

≲ ε2,

provided that σ4 < N0 − (d + 1)/2. For the nonlinear term N(B2),1, the triangle
inequality ⟨k, kt⟩σ4 ≲ ⟨k−ℓ, kt−ℓs⟩σ4+⟨ℓ, ℓs⟩σ4 gives the decomposition into transport
and reaction parts N(B2),1 ≲ T(B2),1 + R(B2),1, where

T(B2),1 ≲
∫ T∗

t=0

∫
k

[∫ t

0

∫
ℓ

|k|1/2⟨k − ℓ, kt− ℓs⟩σ4 |ŵ(ℓ)||ρ̂Q(s, ℓ)||ℓ|

× |k(t− s)|
∣∣Ŵ [P ] (s, k − ℓ, kt− ℓs)

∣∣ dℓds]2dkdt,
R(B2),1 ≲

∫ T∗

t=0

∫
k

[∫ t

0

∫
ℓ

|k|1/2⟨ℓ, ℓs⟩σ4 |ŵ(ℓ)||ρ̂Q(s, ℓ)||ℓ|

× |k(t− s)|
∣∣Ŵ [P ] (s, k − ℓ, kt− ℓs)

∣∣ dℓds]2dkdt.
The regularity of the solution moves along the flow, allowing control of the transport
term through the bootstrap assumption (B1). The reaction term, however, introduces
the time response kernel and requires careful handling of resonances.

3.2.2. Control of transport term. — For T(B2),1, since k(t− s) = kt− ℓs− s(k− ℓ), the
factor |k(t− s)| is bounded by a constant multiple of ⟨s(k−ℓ), kt−ℓs⟩, and the weights
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are absorbed onto P using Definition 1.2. Writing Ps := ⟨s∇x,∇ξ⟩⟨∇x,∇ξ⟩σ4P (s)

for s ∈ [0, T ∗],

⟨s(k − ℓ), kt− ℓs⟩⟨k − ℓ, kt− ℓs⟩σ4
∣∣Ŵ [P ] (s, k − ℓ, kt− ℓs)

∣∣=∣∣Ŵ [Ps] (k − ℓ, kt− ℓs)
∣∣.

This leads to

(44) T(B2),1

≲
∫ T∗

t=0

∫
k

[ ∫ t

0

∫
ℓ

|k|1/2|ŵ(ℓ)||ρ̂Q(s, ℓ)||ℓ|
∣∣Ŵ [Ps] (k − ℓ, kt− ℓs)

∣∣ dℓds]2dkdt.
Applying Cauchy–Schwarz in s and ℓ and the bound |ŵ(ℓ)| ≲ 1,

T(B2),1 ≲
∫ T∗

t=0

∫
k

[∫ t

s=0

∫
ℓ

⟨s⟩d−1/2|ℓ||ρ̂Q(s, ℓ)| dℓds
]

×
[∫ t

s=0

∫
ℓ

⟨s⟩−(d−1/2)|ρ̂Q(s, ℓ)||ℓ||k|
∣∣Ŵ [Ps] (k − ℓ, kt− ℓs)

∣∣2 dℓds] dkdt.
Bootstrap assumption (B5) (via Lemma 1.24) implies∫ t

s=0

⟨s⟩d−1/2

∫
ℓ

|ℓ||ρ̂Q(s, ℓ)| dℓds ≲
√

K5ε

∫ ∞

0

⟨s⟩d−1/2

⟨s⟩d+1
ds ≲

√
K5ε

provided that σ1 > d + 1, which allows control over the first s-ℓ integral. For the
second, Fubini’s theorem is applied:

T(B2),1 ≲
√
K5ε

∫ T∗

s=0

∫
ℓ

⟨s⟩d−1/2|ℓ||ρ̂Q(s, ℓ)|dℓds

× sup
s∈[0,T∗],ℓ∈Rd

⟨s⟩−2d+1

∫
k

∫ ∞

t=−∞
|k|
∣∣∣Ŵ [Ps] (k − ℓ, kt− ℓs)

∣∣∣2 dtdk.
The s-ℓ integral is controlled again using (B5). Finally, the change of variable t 7→ t/|k|
is made, and the L2 trace lemma (Lemma 2.2) is applied to the η-variable:

T(B2),1 ≲ K5ε
2 sup
s∈[0,T∗],ℓ∈Rd

⟨s⟩−2d+1

∫
k

∫ ∞

t=−∞

∣∣Ŵ [Ps]
(
k − ℓ, k

|k| t− ℓs
)∣∣2 dtdk

≲ K5ε
2 sup
s∈[0,T∗]

⟨s⟩−2d+1

∫
k

sup
ω∈Sd−1,x∈Rd

∫ ∞

t=−∞

∣∣Ŵ [Ps] (k, ωt− x)
∣∣2 dtdk

≲ K5ε
2 sup
s∈[0,T∗]

⟨s⟩−2d+1

∫
k

∥∥⟨∇η⟩qŴ [Ps] (k, η)
∥∥2
L2

η
dk

≲ K5ε
2 sup
s∈[0,T∗]

⟨s⟩−2d+1
∑

|α|⩽M

∥vαW [Ps](z, v)∥2L2
z,v

,

where (d− 1)/2 < q ⩽ M . Using Definition 1.2 and Lemma 1.14, the resulting norm
coincides with the quantity controlled by the bootstrap assumption (B1). Hence,
it follows that the transport term satisfies

T(B2),1 ≲ K1K5ε
4.

J.É.P. — M., 2026, tome 13



1522 M. Smith

3.2.3. Control of resonances. — For the reaction term R(B2),1, the bound |k(t− s)| ≲
⟨s⟩⟨k − ℓ, kt− ℓs⟩ is utilised, and bootstrap assumption (B5) is used to control

R(B2),1 ≲ K5ε
2

∫ T∗

t=0

∫
k

[∫ t

0

∫
ℓ

⟨s⟩|ŵ(ℓ)||k|1/2|ℓ|1/2

⟨k − ℓ, kt− ℓs⟩σ1−1
|ℓ|1/2⟨ℓ, ℓs⟩σ4 |ρ̂Q(s, ℓ)| dℓds

]2
dkdt.

Consequently,
R(B2),1 ≲ K5ε

2
∥∥R[|k|1/2⟨k, kt⟩σ4 |ρ̂Q(t, k)|

]∥∥2
L2

t ([0,T
∗],L2

k)
(45)

with the integral operator R : L2
t ([0, T

∗], L2
k) → L2

t ([0, T
∗], L2

k) defined by

R[f ](t, k) =

∫ t

0

∫
ℓ

⟨s⟩|ŵ(ℓ)||k|1/2|ℓ|1/2

⟨k − ℓ, kt− ℓs⟩σ1−1
f(s, ℓ) dℓds.(46)

Through this kernel, density modes at earlier times 0 ⩽ s ⩽ t can influence the
k-th mode of the density at time t. Preventing a cascade of resonances is crucial: the
ℓ-th mode of the density at time s may sequentially drive the k-th mode at time t,
and so on, potentially causing growth in the nonlinear interaction at arbitrarily large
times. Schur’s test implies that
(47)

∥∥R∥∥2
L2

t ([0,T
∗],L2

k)→L2
t ([0,T

∗],L2
k)

⩽

(
sup

t∈[0,T∗],k∈Rd

∫ t

0

∫
ℓ

⟨s⟩|ŵ(ℓ)||k|1/2|ℓ|1/2

⟨k − ℓ, kt− ℓs⟩σ1−1
dℓds

)

×
(

sup
s∈[0,T∗],ℓ∈Rd

∫ T∗

s

∫
k

⟨s⟩|ŵ(ℓ)||k|1/2|ℓ|1/2

⟨k − ℓ, kt− ℓs⟩σ1−1
dkdt

)
.

The following lemma provides control over these integrals, analogous to [3, Lem. 3.1 &
3.2], with the proof extended to d ⩾ 3. The main challenge in managing the integrals
in (47) arises from the ⟨s⟩-growth in the numerator, which becomes difficult to handle
due to potential cancellations in ⟨k − ℓ, kt − ℓs⟩ when k and ℓ are nearly collinear.
To address this, a resonant region in Rd is identified, where k and ℓ are nearly collinear,
and which diminishes over time. The integral over this resonant region converges as
it shrinks at a sufficient rate to ensure convergence in the time variable. Outside
the resonant region, where ℓ and k are sufficiently non-collinear, additional decay is
extracted from the denominator through powers of |kt− ℓs|.

Lemma 3.2 (Control of resonances). — Fix dimension d ⩾ 3 and let T ∗ ⩾ 0, m ⩾
max{1, (d− 3/2)/2} and β ⩾ d+ 6. The following integral inequalities hold:

sup
t∈[0,T∗],k∈Rd

∫ t

0

∫
ℓ∈Rd

⟨s⟩|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β
dℓds ≲ 1(48)

and

sup
s∈[0,T∗],ℓ∈Rd

∫ T∗

s

∫
k∈Rd

⟨s⟩|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β
dkdt ≲ 1.(49)

Schur’s test thus shows that the operator R, defined in (46), satisfies∥∥R∥∥
L2

t ([0,T
∗],L2

k)→L2
t ([0,T

∗],L2
k)

≲ 1.
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Proof. — To establish inequality (48), fix t ∈ [0, T ∗] and k ∈ Rd. If k = 0, the integral
vanishes, so assume k ̸= 0. The integral over early times is controlled as follows:∫ 1

0

∫
ℓ

⟨s⟩|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β
dℓds ≲

∫
ℓ

|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ⟩β
dℓ ≲

∫
ℓ

|ℓ|1/2

⟨ℓ⟩m−1/2⟨k − ℓ⟩β−1/2
dℓ ≲ 1,

where ⟨k⟩ ≲ ⟨ℓ⟩⟨k − ℓ⟩ was used.
Assume T ∗ > 1. Decompose ℓ ∈ Rd into parallel and orthogonal components

relative to k as ℓ∥ := (k · ℓ)k/|k|2 and ℓ⊥ := ℓ − ℓ∥. Define IR ⊂ Rd as a cylinder
around the line spanned by k with radius shrinking over time, and set INR = IcR,
where

IR =
{
ℓ : |ℓ⊥| < |k|b/⟨s⟩ζ

}
and INR =

{
ℓ : |ℓ⊥| ⩾ |k|b/⟨s⟩ζ

}
,

with b := (1− ζ)/2, where ζ is chosen to satisfy

2

d− 1/2
< ζ < 1 and x :=

1

1− ζ
<

11

2
.

Such a choice is possible since (1− ζ)−1 → (2d− 1)/(2d− 5) ⩽ 5 as ζ ↓ 2/(d− 1/2),
for all d ⩾ 3.

The integral over the cylinder IR satisfies, using |ℓ|1/2 ≲
∣∣ℓ∥∣∣1/2 + |ℓ⊥|1/2,

IR :=

∫ t

1

∫
IR

⟨s⟩|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β
dℓds

≲
∫ t

1

∫
IR

⟨s⟩|k|1/2

⟨ℓ∥⟩m⟨k − ℓ∥, kt− ℓ∥s⟩β
(∣∣ℓ∥∣∣1/2 + |ℓ⊥|1/2

)
dℓds.

Applying the bound for |ℓ⊥| on IR and the volume of its cross-section gives

IR ≲
∫ t

1

∫ ∞

−∞

⟨s⟩|k|1/2

⟨ℓ∥⟩m⟨k − ℓ∥, kt− ℓ∥s⟩β
|k|(d−1)b

⟨s⟩(d−1)ζ

(∣∣ℓ∥∣∣1/2 + |k|b/2

⟨s⟩ζ/2
)
dℓ∥ds,

leading to two contributions I1 and I2. For I1, the change of variable s 7→ s/
∣∣ℓ∥∣∣

and (d − 1)ζ ⩾ 1 yield convergence under the conditions β + m − 2(d − 1)b > 3/2

and β,m ⩾ 1/2 + (d − 1)b. The second term I2 converges due to the choice of ζ,
ensuring that 1/⟨s⟩(d−1/2)ζ−1 is integrable, for β +m > 2 + 2(d − 1/2)b and m,β ⩾
1/2 + (d− 1/2)b.

On INR, for s ⩾ 1, it holds that |kt− ℓs| ≳ s|ℓ⊥| ≳ |k|b⟨s⟩1−ζ , so

INR :=

∫ t

1

∫
INR

⟨s⟩|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β
dℓds

≲
∫ t

1

∫
INR

⟨s⟩|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β−1/(2b)|k|1/2⟨s⟩(1−ζ)/(2b)
dℓds.

Using (1− ζ)/(2b)−1 = 0, and applying the change of variable s 7→ s/|ℓ|, the integral
INR converges for β +m− 1/(2b)− 1/2 > d.
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To establish inequality (49), it is observed that:

sup
s∈[0,T∗],ℓ∈Rd

∫ T∗

s

∫
k∈Rd

⟨s⟩|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β
dkdt

⩽ sup
s∈[0,T∗],ℓ∈Rd

∫ T∗

0

∫
k∈Rd

⟨t⟩|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β
dkdt.

For fixed s ∈ [0, T ∗] and ℓ ∈ Rd, the integral over early times is estimated as∫ 1

0

∫
k

⟨t⟩|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β
dkdt ≲

∫
k

|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ⟩β
dk ≲

∫
k

|k|1/2

⟨k⟩β
dk ≲ 1.

Assume T ∗ > 1. If ℓ = 0, the integral vanishes, so assume ℓ ̸= 0. Decompose k ∈ Rd

into parallel and orthogonal components relative to ℓ, defining k∥ := (ℓ · k)ℓ/|ℓ|2 and
k⊥ := k − k∥, and partition

JR =
{
k : |k⊥| < |ℓ|b/⟨t⟩ζ

}
and JNR =

{
k : |k⊥| ⩾ |ℓ|b/⟨t⟩ζ

}
,

with ζ, b and x as in the proof of (48).
The integral over JR satisfies

JR :=

∫ T∗

1

∫
JR

⟨t⟩|ℓ|1/2

⟨ℓ⟩m⟨k∥ − ℓ, k∥t− ℓs⟩β
(∣∣k∥∣∣1/2 + |k⊥|1/2

)
dkdt

≲
∫ T∗

1

∫
R

|ℓ|1/2

⟨ℓ⟩m⟨k∥ − ℓ, k∥t− ℓs⟩β
|ℓ|(d−1)b

⟨t⟩(d−1)ζ−1

(∣∣k∥∣∣1/2 + |ℓ|b/2

⟨t⟩ζ/2
)
dk∥dt,

leading to two contributions, J1 and J2. Following the change of variable t 7→
t/
∣∣k∥∣∣ in J1, the integrals converge under the conditions m ⩾ (d − 1/2)b + 1/2 and

(d− 1/2)ζ − 1 > 1.
On JNR, for t ⩾ 1, it holds that |kt− ℓs| ≳ t|k⊥| ≳ |ℓ|b⟨t⟩1−ζ , so

JNR :=

∫ T∗

1

∫
JNR

⟨t⟩|ℓ|1/2|k|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β
dkdt

≲
∫ T∗

1

∫
JNR

|ℓ|1/2|k|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩β−x|ℓ|bx⟨t⟩x(1−ζ)−1
dkdt.

Since x(1 − ζ) = 1 and bx = 1/2, the change of variable t 7→ t/|k| shows that the
integral is uniformly bounded provided β− x− 1/2 > d. By the choice x < 11/2, this
condition follows from β ⩾ d + 6. The remaining conditions obtained above follow
from β ⩾ d+ 6 and m ⩾ max{1, (d− 3/2)/2}. □

Applying Lemma 3.2 to (45) yields the bound

R(B2),1 ≲ K5ε
2
∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)
.
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3.2.4. Conclusion of (42). — It has been shown that there exists a constant K ′
LD > 0,

depending only on the fixed parameters in Proposition 1.22 and independent of ℏ, T ∗,
ε, Qin and the bootstrap constants Ki, such that∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)

⩽ K ′
LD

(
ε2 +K1K5ε

4 +K5ε
2
∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)

)
.

For ε sufficiently small so that K ′
LDK5ε

2 ⩽ 1/2, the final term may be absorbed into
the left-hand side, yielding∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)
⩽ 2K ′

LD

(
ε2 +K1K5ε

4
)
.

Choosing K1K5ε
2 ⩽ 1 and defining K ′

2 := 2K ′
LD, the estimate (42) follows.

3.2.5. Estimate for (43). — Following the strategy of Section 3.2.1,∥∥ℏ|k|3/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥2
L2

t ([0,T
∗],L2

k)

⩽ CLD

(∥∥ℏ|k|3/2⟨k, kt⟩σ4 ρ̂QFS
(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)
+N(B2),2

)
,

where

N(B2),2 =

∫ T∗

t=0

∫
k

∣∣∣∣ℏ|k|3/2⟨k, kt⟩σ4

∫ t

0

∫
ℓ

ŵ(ℓ)ρ̂Q(s, ℓ)ℏ−1

× sin
(ℏ
2 ℓ · k(t− s)

)
Ŵ [P ] (s, k − ℓ, kt− ℓs) dℓds

∣∣∣∣2dkdt.
The initial data term is controlled by Lemma 1.21 and the assumption on Qin. For
the nonlinear term, observe that the additional factor of ℏ|k| in (43) cancels the ℏ−1

denominator. The triangle inequality ⟨k, kt⟩σ4 ≲ ⟨k− ℓ, kt− ℓs⟩σ4 + ⟨ℓ, ℓs⟩σ4 gives the
decomposition N(B2),2 ≲ T(B2),2 + R(B2),2, where

T(B2),2 =

∫ T∗

t=0

∫
k

[∫ t

0

∫
ℓ

|k|3/2⟨k − ℓ, kt− ℓs⟩σ4 |ŵ(ℓ)||ρ̂Q(s, ℓ)|

×
∣∣sin (ℏ2 ℓ · k(t− s)

)∣∣∣∣Ŵ [P ] (s, k − ℓ, kt− ℓs)
∣∣ dℓds]2dkdt,

R(B2),2 =

∫ T∗

t=0

∫
k

[∫ t

0

∫
ℓ

|k|3/2⟨ℓ, ℓs⟩σ4 |ŵ(ℓ)||ρ̂Q(s, ℓ)|

×
∣∣sin (ℏ2 ℓ · k(t− s)

)∣∣∣∣Ŵ [P ] (s, k − ℓ, kt− ℓs)
∣∣ dℓds]2dkdt.

To control the transport part, the bound
∣∣sin (ℏ2 ℓ · k(t− s)

)∣∣ ⩽ 1 is used. The
additional factor of |k| in (43) is decomposed into |k| ⩽ |ℓ|+ |k − ℓ|. This leads to two
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terms, with T(B2),2 ≲ T
(B2),2
1 + T

(B2),2
2 where

T
(B2),2
1 =

∫ T∗

t=0

∫
k

[∫ t

0

∫
ℓ

|k|1/2|ℓ||ŵ(ℓ)||ρ̂Q(s, ℓ)|

×
∣∣∣W [⟨∇x,∇ξ⟩σ4P ]̂ (s, k − ℓ, kt− ℓs)

∣∣∣ dℓds]2dkdt,
T
(B2),2
2 =

∫ T∗

t=0

∫
k

[∫ t

0

∫
ℓ

|k|1/2|ŵ(ℓ)||ρ̂Q(s, ℓ)|

×
∣∣∣W [|∇x|⟨∇x,∇ξ⟩σ4P ]̂ (s, k − ℓ, kt− ℓs)

∣∣∣ dℓds]2dkdt.
The contribution T

(B2),2
1 is controlled by (44), and hence

T
(B2),2
1 ≲ K1K5ε

4.

For T
(B2),2
2 , observing that∫ t

0

∫
ℓ

⟨s⟩d−3/2|ρ̂Q(s, ℓ)| dℓds ≲
√
K5ε

∫ t

0

∫
ℓ

⟨s⟩d−3/2

⟨ℓ, ℓs⟩σ1
dℓds ≲

√
K5ε

and proceeding as in Section 3.2.2 leads to

T
(B2),2
2 ≲ K5ε

2 sup
s∈[0,T∗]

⟨s⟩−2d+3
∑

|α|⩽M

∥vαW [|∇x|⟨∇x,∇ξ⟩σ4P ] (s, z, v)∥2L2
z,v

.

Using bootstrap assumption (B1),

sup
s∈[1,T∗]

⟨s⟩−2d+3
∑

|α|⩽M

∥∥vαW [|∇x|⟨∇x,∇ξ⟩σ4P ] (s, z, v)
∥∥2
L2

z,v

≲ sup
s∈[1,T∗]

⟨s⟩−2d+1
∑

|α|⩽M

∥∥vαW [|s∇x|⟨∇x,∇ξ⟩σ4P ] (s, z, v)
∥∥2
L2

z,v

≲ K1ε
2,

while, for s ∈ [0,min {1, T ∗}], the spatial-derivative estimate (53), which is derived
from the bootstrap assumptions (B1), (B2), (B3) and (B5) alone, together with the
choice of K1 and the smallness condition ε ⩽ (

√
K2K3 +

√
K1K5)

−1 made in Sec-
tion 4.1, gives

sup
s∈[0,min{1,T∗}]

⟨s⟩−2d+3
∑

|α|⩽M

∥∥vαW [|∇x|⟨∇x,∇ξ⟩σ4P ] (s, z, v)
∥∥2
L2

z,v
≲ K1ε

2.

Altogether, the transport term satisfies

T(B2),2 ≲ K1K5ε
4.

For the reaction term R(B2),2, bounding∣∣sin (ℏ2 ℓ · k(t− s)
)∣∣ ≲ ℏ|ℓ||k(t− s)|

and arguing as in Section 3.2.3 yields

R(B2),2 ≲ K5ε
2

∫ T∗

0

∫
k

[∫ t

0

∫
ℓ

⟨s⟩|ŵ(ℓ)|ℏ|k|3/2|ℓ|1/2

⟨k − ℓ, kt− ℓs⟩σ1−1
|ℓ|1/2⟨ℓ, ℓs⟩σ4 |ρ̂Q(s, ℓ)| dℓds

]2
dkdt.
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Splitting the additional weight using the triangle inequality ℏ|k| ⩽ ℏ|ℓ| + ℏ|k − ℓ|
yields two contributions: R(B2),2 ≲ R

(B2),2
1 +R

(B2),2
2 . The first contribution is exactly

R
(B2),2
1 = K5ε

2
∥∥R[ℏ|k|3/2⟨k, kt⟩σ4 |ρ̂Q(t, k)|

]∥∥2
L2

t ([0,T
∗],L2

k)
,

where the integral operator R : L2
t ([0, T

∗], L2
k) → L2

t ([0, T
∗], L2

k) is defined in (46).
Lemma 3.2 implies

∥∥R∥∥
L2

t ([0,T
∗],L2

k)→L2
t ([0,T

∗],L2
k)

≲ 1, and hence

R
(B2),2
1 ≲ K5ε

2
∥∥ℏ|k|3/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)
.

This term will be absorbed into the left-hand side. For the second contribution, use
that ℏ ∈ (0, 1] and |ŵ(ℓ)| ≲ ⟨ℓ⟩−m with m = M − 1/2, by (6), and absorb |k − ℓ| into
the denominator:

R
(B2),2
2

≲ K5ε
2

∫ T∗

t=0

∫
k

[∫ t

0

∫
ℓ

⟨s⟩|k|1/2|ℓ|1/2

⟨ℓ⟩m⟨k − ℓ, kt− ℓs⟩σ1−2
|ℓ|1/2⟨ℓ, ℓs⟩σ4 |ρ̂Q(s, ℓ)| dℓds

]2
dkdt.

By Lemma 3.2 and (42),

R
(B2),2
2 ≲ K5ε

2
∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)
≲ K ′

2K5ε
4,

provided that σ1 ⩾ d+ 8.

3.2.6. Conclusion of (43). — There exists a constant K ′′
LD > 0, depending only on

the fixed parameters in Proposition 1.22 and independent of ℏ, T ∗, ε, Qin and the
bootstrap constants Ki, such that∥∥ℏ|k|3/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)

⩽ K ′′
LD

(
ε2 +K1K5ε

4 +K ′
2K5ε

4 +K5ε
2
∥∥ℏ|k|3/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)

)
.

Choosing ε sufficiently small such that K ′′
LDK5ε

2 ⩽ 1/2 permits absorption into the
left-hand side,∥∥ℏ|k|3/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗],L2

k)
⩽ 2K ′′

LD

(
ε2 +K1K5ε

4 +K ′
2K5ε

4
)
.

Finally, for ε chosen such that K1K5ε
2 ⩽ 1 and K ′

2K5ε
2 ⩽ 1, the improvement (43)

follows upon setting K ′′
2 := 3K ′′

LD. This completes the proof of the bootstrap improve-
ment (I2).

3.3. Bootstrap improvement (I4). — This subsection establishes the improvement of
bootstrap assumption (B4). The argument combines the linear damping result with
a decomposition of the nonlinear term.

As in Section 3.2, the linear damping result (Proposition 3.1) is applied to the
nonlinear equation, yielding∥∥|k|1/2⟨k, kt⟩σ2 ρ̂Q(t, k)

∥∥2
L2

t ([0,T
∗])

≲
∥∥|k|1/2⟨k, kt⟩σ2 ρ̂QFS

(t, k)
∥∥2
L2

t ([0,T
∗])

+N(B4)(k),
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where

N(B4)(k) =

∫ T∗

t=0

∣∣∣∣|k|1/2⟨k, kt⟩σ2

∫ t

0

∫
ℓ

ŵ(ℓ)ρ̂Q(s, ℓ)

× ℏ−1 sin
(ℏ
2 ℓ · k(t− s)

)
Ŵ [P ] (s, k − ℓ, kt− ℓs) dℓds

∣∣∣∣2dt.
The initial data term is controlled by Lemma 1.21, while the nonlinear contribution
is decomposed into transport and reaction terms, with N(B4) ≲ T(B4)(k) + R(B4)(k),
where

T(B4)(k) ≲
∫ T∗

t=0

[∫ t

0

∫
ℓ

|k|1/2⟨k − ℓ, kt− ℓs⟩σ2 |ŵ(ℓ)||ρ̂Q(s, ℓ)|

× |ℓ||k(t− s)|
∣∣∣Ŵ [P ] (s, k − ℓ, kt− ℓs)

∣∣∣ dℓds]2dt
R(B4)(k) ≲

∫ T∗

t=0

[∫ t

0

∫
ℓ

|k|1/2⟨ℓ, ℓs⟩σ2 |ŵ(ℓ)||ρ̂Q(s, ℓ)|

× |ℓ||k(t− s)|
∣∣∣Ŵ [P ] (s, k − ℓ, kt− ℓs)

∣∣∣ dℓds]2dt.
To control the transport term, apply the bounds |ŵ(ℓ)| ≲ 1 and |k(t− s)| ≲ |k|t.

Then

T(B4)(k)

≲ K5ε
2|k|3

∫ T∗

0

t2
[∫ t

0

∫
ℓ

|ℓ|
⟨ℓ, ℓs⟩σ1

⟨k − ℓ, kt− ℓs⟩σ2

∣∣∣Ŵ [P ] (s, k − ℓ, kt− ℓs)
∣∣∣ dℓds]2dt

≲ K5ε
2|k|3

∫ T∗

0

t2
[ ∫ t

0

(∫
ℓ

|ℓ|2

⟨ℓ, ℓs⟩2σ1

1

|k − ℓ|2δ⟨k − ℓ, kt− ℓs⟩2(σ3−σ2)
dℓ

)1/2

×
(∫

ℓ

|k − ℓ|2δ⟨k − ℓ, kt− ℓs⟩2σ3

∣∣∣Ŵ [P ] (s, k − ℓ, kt− ℓs)
∣∣∣2 dℓ)1/2

ds

]2
dt,

where the second line uses Cauchy–Schwarz in ℓ. To estimate the first integral
in ℓ, fix a parameter j > 0 such that j ⩽ min {σ1, σ3 − σ2}. Using the inequality
⟨ℓ, ℓs⟩⟨k − ℓ, kt− ℓs⟩ ≳ ⟨k, kt⟩, it follows that

1

⟨ℓ, ℓs⟩2σ1⟨k − ℓ, kt− ℓs⟩2(σ3−σ2)
≲

1

⟨ℓ, ℓs⟩2σ1−2j⟨k, kt⟩2j
.

To estimate the second integral in ℓ, the Sobolev embedding and Lemma 1.14 imply,
for d/2 < s ⩽ ⌈(d+ 1)/2⌉,∫

ℓ

sup
η

∣∣∣∣W [|∇x|δ⟨∇x,∇ξ⟩σ3P ]̂(ℓ, η)

∣∣∣∣2 dℓ
≲
∫
ℓ

∫
η

∣∣∣∣⟨∇η⟩sW [|∇x|δ⟨∇x,∇ξ⟩σ3P ]̂(ℓ, η)

∣∣∣∣2dηdℓ
≲
∑

|α|⩽M

∥∥∥W [
ξα|∇x|δ⟨∇x,∇ξ⟩σ3P

]∥∥∥2
L2

z,v

≲ K3ε
2,
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where the final step uses bootstrap assumption (B3). Substituting into the earlier
bound yields

T(B4)(k) ≲ K3K5ε
4|k|3

∫ T∗

t=0

t2

⟨k, kt⟩2j

[∫ t

s=0

(∫
ℓ

|ℓ|2

⟨ℓ, ℓs⟩2σ1−2j

1

|k − ℓ|2δ
dℓ

)1/2

ds

]2
dt

≲ K3K5ε
4

∫ |k|T∗

t=0

t2

⟨k, t⟩2j
dt

[∫ ∞

s=0

1

⟨s⟩d/2+1−δ
ds

]2
≲ K3K5ε

4,

provided that σ1 − j > d/2 + 1− δ and j > 3/2. These conditions are satisfied under
the assumption σ3 − σ2 > d/2 and σ1 > d/2 + 5/2− δ.

To control the reaction term, apply the bound |ŵ(ℓ)| ≲ 1 and perform Cauchy–
Schwarz in both ℓ and s:

R(B4)(k) ≲
∫ T∗

t=0

|k|3t2
(∫ t

s=0

∫
ℓ

|ℓ|⟨ℓ, ℓs⟩2σ4 |ρ̂Q(s, ℓ)|2 dℓds
)

×
(∫ t

s=0

∫
ℓ

|ℓ|⟨ℓ, ℓs⟩−2(σ4−σ2)
∣∣Ŵ [P ] (s, k − ℓ, kt− ℓs)

∣∣2 dℓds) dt

≲ K2K5ε
4

∫ T∗

t=0

|k|3t2
∫ t

s=0

∫
ℓ

|ℓ|
⟨ℓ, ℓs⟩2(σ4−σ2)⟨k − ℓ, kt− ℓs⟩2σ1

dℓdsdt.

Fix a parameter j > 0 such that j ⩽ min {σ1, σ4 − σ2}. Using the inequality

⟨ℓ, ℓs⟩⟨k − ℓ, kt− ℓs⟩ ≳ ⟨k, kt⟩,

it follows that
1

⟨ℓ, ℓs⟩2(σ4−σ2)⟨k − ℓ, kt− ℓs⟩2σ1
≲

1

⟨ℓ, ℓs⟩2(σ4−σ2−j)⟨k, kt⟩2j
,

and hence,

R(B4)(k) ≲ K2K5ε
4

∫ T∗

t=0

|k|3t2

⟨k, kt⟩2j

∫ t

s=0

∫
ℓ

|ℓ|
⟨ℓ, ℓs⟩2(σ4−σ2−j)

dℓdsdt

≲ K2K5ε
4,

where the ℓ-s integral converges for j < σ4−σ2−(d+1)/2, and the t integral converges
for j > 3/2. For such a j to exist, the condition σ4 − σ2 > d/2 + 2 is required.

Conclusion of bootstrap improvement (I4). — Under the bootstrap assumptions (B2),
(B3), and (B5), there exists a constant K̃ > 0, depending only on the fixed parameters
in Proposition 1.22 and independent of ℏ, T ∗, ε, Qin and the bootstrap constants Ki,
such that∥∥|k|1/2⟨k, kt⟩σ2 ρ̂Q(t, k)

∥∥2
L∞

k L2
t ([0,T

∗])
⩽ K̃

(
ε2 + (K3K5 +K2K5)ε

4
)
.

Define K4 := K̃. Then for ε2 ⩽ (K3K5 +K2K5)
−1, the improvement (I4) in Propo-

sition 1.22 follows.
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4. Energy estimates on the density matrix

This section establishes the bootstrap improvements (I1), (I3) and (I5). The esti-
mates are derived from energy bounds on P in weighted quantum Sobolev spaces,
formulated via the Wigner transform. Throughout this section the Wigner transform
of P is written W [P ](z, v), in the free-flow phase-space variables (z, v) introduced in
Section 1.8.2.

The following lemma is used repeatedly in the analysis.

Lemma 4.1 ([3, Lem. 2.9]). —

(a) Let f1, f2 ∈ L2(Rd
k × Rd

η) and r ∈ L1(Rd). Then∣∣∣∣∫
η

∫
k

∫
ℓ

f1(k, η)r(ℓ)f2(k − ℓ, η − ℓt) dℓdkdη

∣∣∣∣ ≲ ∥f1∥L2
k,η

∥f2∥L2
k,η

∥r∥L1
k
.

(b) Let f1 ∈ L2(Rd
k × Rd

η) and f2 ∈ L1(Rd
k;L

2(Rd
η)) and r ∈ L2(Rd). Then∣∣∣∣∫

η

∫
k

∫
ℓ

f1(k, η)r(ℓ)f2(k − ℓ, η − ℓt) dℓdkdη

∣∣∣∣ ≲ ∥f1∥L2
k,η

∥f2∥L1
k(L

2
η)
∥r∥L2

k
.

Proof. — The proof of (a) relies on the Cauchy–Schwarz inequality, while the proof
of (b) incorporates Young’s convolution inequality. □

4.1. Bootstrap improvement (I1). — This subsection establishes the improvement of
the bootstrap assumption (B1). The analysis is carried out on the Wigner transform,
using the equivalence∑

|α|⩽M

∥⟨∇x,∇ξ⟩σ4⟨t∇x,∇ξ⟩ (ξαP (t))∥2
L2 =

∑
|α|⩽M

∥⟨t∇z,∇v⟩ (vαW [P ])∥2Hσ4

as given by Lemma 1.14.

4.1.1. Estimate on the velocity derivative. — Let α be a multi-index such that |α| ⩽ M .
An energy estimate yields

(2π)2d
1

2

d

dt
∥⟨∇v⟩(vαW [P ])∥2Hσ4 = L(B1),V +N(B1),V ,

where

L(B1),V = Re

∫
k,η

⟨η⟩⟨k, η⟩σ4Dα
η Ŵ [P ](t, k, η)⟨η⟩⟨k, η⟩σ4Dα

η Ŵ [LP ](t, k, η) dηdk,

N(B1),V = Re

∫
k,η

⟨η⟩⟨k, η⟩σ4Dα
η Ŵ [P ](t, k, η)⟨η⟩⟨k, η⟩σ4Dα

η Ŵ [NP ](t, k, η) dηdk.

The terms Ŵ [LP ](t, k, η) and Ŵ [NP ](t, k, η) are defined in (19).
To estimate L(B1),V , Lemma 1.18 is applied to isolate the highest-order contribu-

tion, in which all Dα
η -derivatives fall on ĝ(η − kt), from the remainder terms. This
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gives the decomposition
∣∣L(B1),V

∣∣ ≲ L
(B1),V
0 + L

(B1),V
M , where

L
(B1),V
0 =

∫
k,η

⟨η⟩⟨k, η⟩σ4

∣∣Dα
η Ŵ [P ](t, k, η)

∣∣⟨η⟩⟨k, η⟩σ4

× |k||ŵ(k)||ρ̂Q(t, k)||η − kt|
∣∣Dα

η ĝ(η − kt)
∣∣ dηdk,

L
(B1),V
M =

∑
|β|⩽|α|−1

∫
k,η

⟨η⟩⟨k, η⟩σ4

∣∣Dα
η Ŵ [P ](t, k, η)

∣∣⟨η⟩⟨k, η⟩σ4

× ⟨ℏk⟩|α|−1|k||ŵ(k)||ρ̂Q(t, k)|
∣∣Dβ

η ĝ(η − kt)
∣∣ dηdk.

For L
(B1),V
0 , observe that ⟨η⟩ ≲ ⟨kt⟩⟨η − kt⟩ and ⟨k, η⟩σ4 ≲ ⟨k, kt⟩σ4⟨η − kt⟩σ4 .

The decay assumption (6) on w implies ⟨kt⟩|k||ŵ(k)| ≲ ⟨t⟩|k|1/2. Substituting these
bounds gives∣∣L(B1),V

0

∣∣ ≲ ⟨t⟩
∫
k,η

⟨η⟩⟨k, η⟩σ4
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣|k|1/2⟨k, kt⟩σ4 |ρ̂Q(t, k)|

× ⟨η − kt⟩σ4+2
∣∣Dα

η ĝ(η − kt)
∣∣ dηdk

≲ ⟨t⟩
∥∥⟨∇v⟩W [P ]

∥∥
H

σ4
M

∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

∥g∥
H

σ4+2

M
.

To estimate L
(B1),V
M , the full decay assumption on the interaction kernel (6) is used

to ensure ⟨k⟩M−1/2|ŵ(k)| ≲ 1, which allows the bound

⟨kt⟩⟨ℏk⟩|α|−1|k||ŵ(k)| ≲ ⟨t⟩⟨ℏk⟩|k|1/2⟨k⟩M−1/2|ŵ(k)| ≲ ⟨t⟩⟨ℏk⟩|k|1/2,

valid uniformly for ℏ ∈ (0, 1]. Applying Cauchy–Schwarz then gives

L
(B1),V
M ≲ ⟨t⟩∥⟨∇v⟩W [P ]∥Hσ4

M

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

∥g∥
H

σ4+1

M
.

To control the nonlinear contribution N(B1),V , Lemma 1.18 is used to isolate the
highest-order term in which all Dα

η -derivatives fall on Ŵ [P ], yielding the decomposi-
tion N(B1),V = N

(B1),V
0 +N

(B1),V
M . The leading term will be treated explicitly below.

The remainder is controlled using Lemma 1.18. Explicitly,

N
(B1),V
0 = Im

∫
k,η

⟨η⟩⟨k, η⟩σ4Dα
η Ŵ [P ](t, k, η)⟨η⟩⟨k, η⟩σ4

×
[

ℏ−1

(2π)d

∫
ℓ

ŵ(ℓ)ρ̂Q(t, ℓ)
(
e−i(ℏ/2)ℓ·(η−kt) − ei(ℏ/2)ℓ·(η−kt)

)
×Dα

η Ŵ [P ](t, k − ℓ, η − ℓt) dℓ

]
dkdη

and∣∣N(B1),V
M

∣∣ ≲ ∑
|β|⩽|α|−1

∫
k,η,ℓ

⟨η⟩⟨k, η⟩σ4

∣∣Dα
η Ŵ [P ](t, k, η)

∣∣⟨η⟩⟨k, η⟩σ4

× |ŵ(ℓ)||ℓ|⟨ℏℓ⟩|α|−1|ρ̂Q(t, ℓ)|
∣∣Dβ

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη.
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To estimate N(B1),V
0 , a cancellation is used by subtracting an integral that evaluates

to zero:

(50) N
(B1),V
0

= Im

∫
k,η,ℓ

⟨η⟩⟨k, η⟩σ4Dα
η Ŵ [P ](t, k, η) (⟨η⟩⟨k, η⟩σ4 − ⟨η − ℓt⟩⟨k − ℓ, η − ℓt⟩σ4)

×
[

ℏ−1

(2π)d
ŵ(ℓ)ρ̂Q(t, ℓ)

(
e−i(ℏ/2)ℓ·(η−kt) − ei(ℏ/2)ℓ·(η−kt)

)
×Dα

η Ŵ [P ](t, k − ℓ, η − ℓt)

]
dℓdkdη.

The integral that has been subtracted is now shown to vanish. Observe that the
Wigner transform of P satisfies the equation

∂tW [P ](t, z, v) = W [LP ](t, z, v) +W [NP ](t, z, v)

W [LP ](t, z, v) = − iℏ−1

(2π)d

∫
k

eik·(z+vt)ŵ(k)ρ̂Q(t, k)
(
g(v − ℏ

2k)− g(v + ℏ
2k)
)
dk,

W [NP ](t, z, v) = − iℏ−1

(2π)d

∫
ℓ

eiℓ·(z+vt)ŵ(ℓ)ρ̂Q(t, ℓ)

×
(
W [P ](t, z + ℏ

2 ℓt, v −
ℏ
2 ℓ)−W [P ](t, z − ℏ

2 ℓt, v +
ℏ
2 ℓ)
)
dℓ.

(51)

Using Plancherel’s theorem, the subtracted integral corresponds to an expression on
the physical side of the form:∫

k,η,ℓ

⟨η⟩⟨k, η⟩σ4Dα
η Ŵ [P ](t, k, η)⟨η − ℓt⟩⟨k − ℓ, η − ℓt⟩σ4

×
[

ℏ−1

(2π)d
ŵ(ℓ)ρ̂Q(t, ℓ)

(
e−i(ℏ/2)ℓ·(η−kt)−ei(ℏ/2)ℓ·(η−kt)

)
Dα

η Ŵ [P ](t, k−ℓ, η−ℓt)

]
dℓdkdη

= (2π)d
∫
z,v

⟨∇v⟩⟨∇⟩σ4 ((−iv)αW [P ]) (t, z, v)ℏ−1

∫
ℓ

eiℓ·(z+vt)ŵ(ℓ)ρ̂Q(t, ℓ)

×
[
(⟨∇v⟩⟨∇⟩σ4((−iv)αW [P ])) (t, z + ℏ

2 ℓt, v −
ℏ
2 ℓ)

− (⟨∇v⟩⟨∇⟩σ4((−iv)αW [P ])) (t, z − ℏ
2 ℓt, v +

ℏ
2 ℓ)
]
dℓdzdv,

where ⟨∇⟩ = ⟨∇z,∇v⟩. To see that this integral has zero imaginary part, define

f(z, v) = ⟨∇v⟩⟨∇z,∇v⟩σ4 ((−iv)αW [P ]) (t, z, v)

and write f±(z, v) := f(z ± ℏ
2 ℓt, v ∓ ℏ

2 ℓ), so that the integral above equals −(2π)dI,
where

I := ℏ−1

∫
z,v,ℓ

f(z, v)eiℓ·(z+tv)ρ̂Q(t, ℓ)ŵ(ℓ) [f−(z, v)− f+(z, v)] dℓdzdv.

Apply the change of variables z 7→ z+ ℏ
2 ℓt, v 7→ v− ℏ

2 ℓ in the first term and z 7→ z− ℏ
2 ℓt,

v 7→ v+ ℏ
2 ℓ in the second, followed by the substitution ℓ 7→ −ℓ, which interchanges f+
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and f−. Then

I = ℏ−1

∫
z,v,ℓ

(f+(z, v)− f−(z, v))e
iℓ·(z+tv)ρ̂Q(t, ℓ)ŵ(ℓ)f(z, v) dℓdvdz

= ℏ−1

∫
z,v,ℓ

(f−(z, v)− f+(z, v))e
−iℓ·(z+tv)ρ̂Q(t,−ℓ)ŵ(−ℓ)f(z, v) dℓdvdz

= ℏ−1

∫
z,v,ℓ

f(z, v)eiℓ·(z+tv)ρ̂Q(t, ℓ)ŵ(ℓ) [f−(z, v)− f+(z, v)] dℓdzdv

= I.

The penultimate equality uses that w and ρQ(t) are real-valued. Indeed, since Q(t) is
self-adjoint, ρQ(t, x) is real-valued, and hence ŵ(−ℓ) = ŵ(ℓ) and ρ̂Q(t,−ℓ) = ρ̂Q(t, ℓ).
Therefore, I = I, so Im I = 0.

Therefore, N(B1),V
0 can be controlled using (50):

∣∣N(B1),V
0

∣∣ ≲ ∫
k,η,ℓ

⟨η⟩⟨k, η⟩σ4
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣|⟨η⟩⟨k, η⟩σ4 − ⟨η − ℓt⟩⟨k − ℓ, η − ℓt⟩σ4 |

× |ŵ(ℓ)||ℓ||ρ̂Q(t, ℓ)||η − kt|
∣∣Dα

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη.

To estimate the difference of weights, write it as

(⟨η⟩ − ⟨η − ℓt⟩) ⟨k, η⟩σ4 + ⟨η − ℓt⟩
(
⟨k, η⟩σ4 − ⟨k − ℓ, η − ℓt⟩σ4

)
.

The first bracket is bounded by |ℓt| ⩽ ⟨ℓt⟩, by the reverse triangle inequality. By the
Mean Value Theorem, the second is bounded by σ4|(ℓ, ℓt)|⟨k−ℓ′, η−ℓ′t⟩σ4−1 for some
ℓ′ = sℓ with s ∈ (0, 1). Both ⟨k, η⟩ and ⟨k−ℓ′, η−ℓ′t⟩ are at most ⟨ℓ, ℓt⟩+⟨k−ℓ, η−ℓt⟩
by the triangle inequality, using |ℓ− ℓ′| ⩽ |ℓ| for the latter. Hence

|⟨η⟩⟨k, η⟩σ4 − ⟨η − ℓt⟩⟨k − ℓ, η − ℓt⟩σ4 |

≲ ⟨ℓt⟩⟨ℓ, ℓt⟩σ4 + ⟨η − ℓt⟩|(ℓ, ℓt)|⟨ℓ, ℓt⟩σ4−1

+ ⟨ℓt⟩⟨k − ℓ, η − ℓt⟩σ4 + ⟨η − ℓt⟩|(ℓ, ℓt)|⟨k − ℓ, η − ℓt⟩σ4−1.

This leads to the decomposition, with R denoting the reaction contribution and T the
transport contribution:∣∣N(B1),V

0

∣∣ ≲ R
(B1),V
0,1 + R

(B1),V
0,2 + T

(B1),V
0,1 + T

(B1),V
0,2 ,

corresponding to the four terms above.
For R(B1),V

0,1 , note that |η − kt| ≲ ⟨t⟩⟨k−ℓ, η−ℓt⟩ and ⟨ℓt⟩|ℓ||ŵ(ℓ)| ≲ ⟨t⟩|ℓ|1/2. These
yield the bound

R
(B1),V
0,1 ≲ ⟨t⟩2

∫
k,η,ℓ

⟨η⟩⟨k, η⟩σ4
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣⟨ℓ, ℓt⟩σ4 |ℓ|1/2|ρ̂Q(t, ℓ)|

× ⟨k − ℓ, η − ℓt⟩
∣∣Dα

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη.
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Lemma 4.1(b) then implies

R
(B1),V
0,1 ≲ ⟨t⟩2∥⟨∇v⟩W [P ]∥Hσ4

M

∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

×
∫
k

∥∥⟨k, η⟩Dα
η Ŵ [P ](t, k, η)

∥∥
L2

η
dk.

The remaining integral is bounded using Cauchy–Schwarz in k:∫
k

∥∥⟨k, η⟩Dα
η Ŵ [P ](t, k, η)

∥∥
L2

η
dk ≲

∥∥|k|δ⟨k⟩d/2⟨k, η⟩Dα
η Ŵ [P ](t, k, η)

∥∥
L2

k,η

≲
√

K3ε.

The second reaction term R
(B1),V
0,2 is estimated similarly. It follows that

R
(B1),V
0,1 + R

(B1),V
0,2 ≲

√
K3ε⟨t⟩2

∥∥⟨∇v⟩W [P ]
∥∥
H

σ4
M

∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

.

The transport term T
(B1),V
0,1 is estimated using the inequality

|η − kt| ≲ ⟨t(k − ℓ), η − ℓt⟩,

together with Lemma 4.1(a):

T
(B1),V
0,1 ≲

∫
k,η,ℓ

⟨η⟩⟨k, η⟩σ4
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣⟨ℓt⟩⟨k − ℓ, η − ℓt⟩σ4

× |ŵ(ℓ)||ℓ||ρ̂Q(t, ℓ)||η − kt|
∣∣Dα

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη

≲ ∥⟨∇v⟩W [P ]∥Hσ4
M
∥⟨t∇z,∇v⟩W [P ]∥Hσ4

M

∫
ℓ

⟨ℓt⟩|ℓ||ρ̂Q(t, ℓ)||ŵ(ℓ)| dℓ

≲

√
K5ε

⟨t⟩d+1
∥⟨∇v⟩W [P ]∥Hσ4

M
∥⟨t∇z,∇v⟩W [P ]∥Hσ4

M
,

where the last step uses the decay assumption (6) and the bootstrap assumption (B5),
provided that σ1 > d+ 2. The second transport term T

(B1),V
0,2 is treated analogously.

For N(B1),V
M , the weight ⟨η⟩⟨k, η⟩σ4 is decomposed into transport and reaction com-

ponents using

⟨η⟩⟨k, η⟩σ4 ≲ (⟨ℓt⟩+ ⟨η − ℓt⟩) ⟨ℓ, ℓt⟩σ4 + (⟨ℓt⟩+ ⟨η − ℓt⟩) ⟨k − ℓ, η − ℓt⟩σ4 ,

which leads to the bound∣∣N(B1),V
M

∣∣ ≲ R
(B1),V
M,1 + R

(B1),V
M,2 + T

(B1),V
M,1 + T

(B1),V
M,2 .

To estimate the reaction terms, apply assumption (6) and proceed as in the estimate
for R

(B1),V
0,1 :

R
(B1),V
M,1 + R

(B1),V
M,2 ≲

√
K3ε⟨t⟩2

∥∥⟨∇v⟩W [P ]
∥∥
H

σ4
M

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

.

The transport terms T
(B1),V
M,1 and T

(B1),V
M,2 are treated analogously to T

(B1),V
0,1 , yielding

T
(B1),V
M,1 + T

(B1),V
M,2 ≲

√
K5ε

⟨t⟩d+1
∥⟨∇v⟩W [P ](t)∥2Hσ4

M
.
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4.1.2. Conclusion of the velocity derivative estimate. — The preceding estimates imply

1

2

d

dt
∥⟨∇v⟩W [P ](t)∥2Hσ4

M

≲ ⟨t⟩∥⟨∇v⟩W [P ](t)∥Hσ4
M

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

+
√
K3ε⟨t⟩2∥⟨∇v⟩W [P ](t)∥Hσ4

M

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

+

√
K5ε

⟨t⟩d+1
∥⟨∇v⟩W [P ](t)∥Hσ4

M
∥⟨t∇z,∇v⟩W [P ](t)∥Hσ4

M
.

Dividing through and estimating the derivative of the norm gives

d

dt
∥⟨∇v⟩W [P ](t)∥Hσ4

M
≲
(
⟨t⟩+

√
K3ε⟨t⟩2

)∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

+

√
K5ε

⟨t⟩d+1
∥⟨t∇z,∇v⟩W [P ](t)∥Hσ4

M
.

Integration in time, using the bootstrap assumptions (B1) and (B2), yields

∥⟨∇v⟩W [P ](t)∥Hσ4
M

− ∥⟨∇v⟩W [Qin]∥Hσ4
M

≲
∫ t

0

(
⟨s⟩+

√
K3ε⟨s⟩2

)∥∥⟨ℏk⟩|k|1/2⟨k, ks⟩σ4 ρ̂Q(s, k)
∥∥
L2

k

ds

+

∫ t

0

√
K5ε

⟨s⟩d+1
∥⟨s∇z,∇v⟩W [P ](s)∥Hσ4

M
ds

≲

(∫ t

0

(
⟨s⟩+

√
K3ε⟨s⟩2

)2
ds

)1/2 ∥∥⟨ℏk⟩|k|1/2⟨k, ks⟩σ4 ρ̂Q(s, k)
∥∥
L2

t ([0,T
∗],L2

k)

+
√
K1K5ε

2

∫ t

0

⟨s⟩d−1/2

⟨s⟩d+1
ds

≲
√
K2ε

(
1 +

√
K3ε⟨t⟩

)
⟨t⟩3/2 +

√
K1K5ε

2.

Hence, there exists a constant K̃V > 0, depending only on the fixed parameters in
Proposition 1.22 and independent of ℏ, T ∗, ε, Qin and the bootstrap constants Ki

such that

(52) ℏ−d
∑

|α|⩽M

∥ξα⟨∇x,∇ξ⟩σ4⟨∇ξ⟩P (t)∥2L2
x,y

⩽ K̃V ε
2
[√

K2 + ε
(√

K2K3 +
√
K1K5

)]2
⟨t⟩5.

4.1.3. Estimate on the spatial derivative. — Let α be a multi-index with |α| ⩽ M .
As in the velocity case, an energy estimate yields

(2π)2d
1

2

d

dt

∥∥⟨∇z⟩vαW [P ]
∥∥2
Hσ4

= L(B1),Z +N(B1),Z ,

J.É.P. — M., 2026, tome 13



1536 M. Smith

where the linear and nonlinear terms are defined analogously. The linear contribution
is controlled as in Section 4.1.1, giving

L(B1),Z ≲
∥∥⟨∇z⟩W [P ]

∥∥
H

σ4
M

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

∥g∥
H

σ4+1

M
.

For the nonlinear term, the decomposition N(B1),Z = N
(B1),Z
0 + N

(B1),Z
M is used, fol-

lowing the same approach as in Section 4.1.1, with∣∣N(B1),Z
0

∣∣ ≲ ∫
k,η,ℓ

⟨k⟩⟨k, η⟩σ4
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣|⟨k⟩⟨k, η⟩σ4 − ⟨k − ℓ⟩⟨k − ℓ, η − ℓt⟩σ4 |

× |ŵ(ℓ)||ℓ||ρ̂Q(t, ℓ)||η − kt|
∣∣Dα

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη,∣∣N(B1),Z

M

∣∣ ≲ ∑
|β|⩽|α|−1

∫
k,η,ℓ

⟨k⟩⟨k, η⟩σ4
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣⟨k⟩⟨k, η⟩σ4

× |ŵ(ℓ)||ℓ|⟨ℏℓ⟩|α|−1|ρ̂Q(t, ℓ)|
∣∣Dβ

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη.

To control N(B1),Z
0 , the Mean Value Theorem yields

|⟨k⟩⟨k, η⟩σ4 − ⟨k − ℓ⟩⟨k − ℓ, η − ℓt⟩σ4 |

≲ ⟨ℓ⟩⟨ℓ, ℓt⟩σ4 + ⟨k − ℓ⟩|(ℓ, ℓt)|⟨ℓ, ℓt⟩σ4−1

+ ⟨ℓ⟩⟨k − ℓ, η − ℓt⟩σ4 + ⟨k − ℓ⟩|(ℓ, ℓt)|⟨k − ℓ, η − ℓt⟩σ4−1,

which splits the estimate into four contributions:∣∣N(B1),Z
0

∣∣ ≲ R
(B1),Z
0,1 + R

(B1),Z
0,2 + T

(B1),Z
0,1 + T

(B1),Z
0,2 .

These terms are analogous to those in Section 4.1.1, and are treated using the same
estimates, except that the leading-order reaction term R

(B1),Z
0,1 yields one less power

of ⟨t⟩. In conclusion, provided σ3 > d+ 2, the estimate

∣∣N(B1),Z
0

∣∣ ≲ √
K5ε

⟨t⟩d+1
∥⟨∇z⟩W [P ]∥Hσ4

M
∥⟨t∇z,∇v⟩W [P ]∥Hσ4

M

+
√
K3ε⟨t⟩∥⟨∇z⟩W [P ]∥Hσ4

M

∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

follows. The same argument applies to N
(B1),Z
M .

4.1.4. Conclusion of the spatial derivative estimate. — Proceeding as in Section 4.1.2,
it follows that

1

2

d

dt

∥∥⟨∇z⟩W [P ](t)
∥∥2
H

σ4
M

≲
∥∥⟨∇z⟩W [P ](t)

∥∥
H

σ4
M

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

+
√
K3ε⟨t⟩

∥∥⟨∇z⟩W [P ](t)
∥∥
H

σ4
M

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

+

√
K5ε

⟨t⟩d+1

∥∥⟨∇z⟩W [P ](t)
∥∥
H

σ4
M

∥∥⟨t∇z,∇v⟩W [P ](t)
∥∥
H

σ4
M

.
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This implies

d

dt

∥∥⟨∇z⟩W [P ](t)
∥∥
H

σ4
M

≲
(
1 +

√
K3ε⟨t⟩

)∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

+

√
K5ε

⟨t⟩d+1

∥∥⟨t∇z,∇v⟩W [P ](t)
∥∥
H

σ4
M

.

Integrating in time and applying the bootstrap assumptions (B1) and (B2) yields∥∥⟨∇z⟩W [P ](t)
∥∥
H

σ4
M

−
∥∥⟨∇z⟩W [Qin]

∥∥
H

σ4
M

≲
∫ t

0

(
1 +

√
K3ε⟨s⟩

)∥∥⟨ℏk⟩|k|1/2⟨k, ks⟩σ4 ρ̂Q(s, k)
∥∥
L2

k

ds

+

∫ t

0

√
K5ε

⟨s⟩d+1

∥∥⟨s∇z,∇v⟩W [P ](s)
∥∥
H

σ4
M

ds

≲

(∫ t

0

(
1 +

√
K3ε⟨s⟩

)2
ds

)1/2 ∥∥⟨ℏk⟩|k|1/2⟨k, ks⟩σ4 ρ̂Q(s, k)
∥∥
L2

t ([0,T
∗],L2

k)

+
√
K1K5ε

2

∫ t

0

⟨s⟩d−1/2

⟨s⟩d+1
ds

≲
√
K2ε

(
1 +

√
K3ε⟨t⟩

)
⟨t⟩1/2 +

√
K1K5ε

2.

Hence, there exists a constant K̃Z > 0, depending only on the fixed parameters in
Proposition 1.22 and independent of ℏ, T ∗, ε, Qin and the bootstrap constants Ki,
such that

(53) ℏ−d
∑

|α|⩽M

∥ξα⟨∇x,∇ξ⟩σ4⟨∇x⟩P (t)∥2L2
x,y

⩽ K̃Zε
2
[√

K2 + ε
(√

K2K3 +
√
K1K5

)]2
⟨t⟩3.

4.1.5. Conclusion of bootstrap improvement (I1). — Choose

K1 := 2max
{
K̃V , K̃Z

}(√
K2 + 1

)2
and impose ε ⩽ (

√
K2K3 +

√
K1K5)

−1. Then, combining the bounds (52) and (53),
it follows that

ℏ−d
∑

|α|⩽M

∥ξα⟨∇x,∇ξ⟩σ4⟨∇ξ⟩P (t)∥2L2
x,y

⩽
1

2
K1ε

2⟨t⟩5

and

ℏ−d
∑

|α|⩽M

∥ξα⟨∇x,∇ξ⟩σ4⟨∇x⟩P (t)∥2L2
x,y

⩽
1

2
K1ε

2⟨t⟩3.

Therefore, for d ⩾ 3, the bound

ℏ−d
∑

|α|⩽M

∥ξα⟨∇x,∇ξ⟩σ4⟨t∇x,∇ξ⟩P (t)∥2L2
x,y

⩽ 2K1⟨t⟩5ε2 ⩽ 2K1⟨t⟩2d−1ε2

holds, completing the proof of (I1).
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4.2. Bootstrap improvement (I3). — This section establishes the bootstrap improve-
ment (I3) by employing the equivalence∑

|α|⩽M

∥∥⟨∇x,∇ξ⟩σ3 |∇x|δ (ξαP (t))
∥∥2
L2 =

∑
|α|⩽M

∥∥|∇z|δ⟨∇z,∇v⟩σ3 (vαW [P ])
∥∥2
L2 .

Fix a multi-index α with |α| ⩽ M . Differentiating one of the terms on the right-hand
side yields

(2π)2d
1

2

d

dt

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥2
L2

= Re

∫
k,η

|k|δ⟨k, η⟩σ3Dα
η Ŵ [P ](t, k, η)|k|δ⟨k, η⟩σ3Dα

η Ŵ [LP ](t, k, η) dηdk

+Re

∫
k,η

|k|δ⟨k, η⟩σ3Dα
η Ŵ [P ](t, k, η)|k|δ⟨k, η⟩σ3Dα

η Ŵ [NP ](t, k, η) dηdk,

where Ŵ [LP ](t, k, η) and Ŵ [NP ](t, k, η) are defined in (19). Denote the linear and
nonlinear contributions by L(B3) and N(B3), respectively.

To estimate L(B3), Lemma 1.18 is applied to extract the leading-order contribu-
tion from the remainder terms. This yields

∣∣L(B3)
∣∣ ≲ L

(B3)
0 + L

(B3)
M . For L

(B3)
0 , the

inequality ⟨k, η⟩σ3 ≲ ⟨k, kt⟩σ3⟨η − kt⟩σ3 is used, along with the estimate

⟨k, kt⟩σ3 |k|1+δ
= |k|1/2⟨k, kt⟩σ4

|k|1/2+δ

⟨k, kt⟩σ4−σ3
⩽

|k|1/2⟨k, kt⟩σ4

⟨t⟩1/2+δ
,

valid under the assumption σ4 − σ3 ⩾ 1/2 + δ. Consequently,

L
(B3)
0 ≲

1

⟨t⟩1/2+δ

∫
k,η

|k|δ⟨k, η⟩σ3
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣|k|1/2⟨k, kt⟩σ4 |ρ̂Q(t, k)|

× ⟨η − kt⟩σ3+1
∣∣Dα

η ĝ(η − kt)
∣∣ dηdk

≲
1

⟨t⟩1/2+δ

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥
L2

∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

∥∥g∥∥
H

σ3+1

M

,

where Cauchy–Schwarz is applied in η and then k. Similarly, under the assumption (6)
on w,

L
(B3)
M ≲

1

⟨t⟩1/2+δ

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥
L2

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

∥∥g∥∥
H

σ3
M

.

To estimate the nonlinear term N(B3), apply Lemma 1.18 to decompose it as
N(B3) = N

(B3)
0 +N

(B3)
M , where N

(B3)
0 captures the contribution with the highest-order

derivatives. As in Section 4.1.1, a cancellation is used to isolate a difference of weights.
Specifically, subtracting an integral that evaluates to zero allows the replacement

|k|δ⟨k, η⟩σ3 7→ |k|δ⟨k, η⟩σ3 − |k − ℓ|δ⟨k − ℓ, η − ℓt⟩σ3 ,
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which introduces a commutator structure and leads to additional decay. The resulting
term satisfies∣∣N(B3)

0

∣∣ ≲ ∫
k,η,ℓ

|k|δ⟨k, η⟩σ3
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣∣∣|k|δ⟨k, η⟩σ3 − |k − ℓ|δ⟨k − ℓ, η − ℓt⟩σ3

∣∣
× |ŵ(ℓ)||ℓ||ρ̂Q(t, ℓ)||η − kt|

∣∣Dα
η Ŵ [P ](t, k − ℓ, η − ℓt)

∣∣ dℓdkdη,
while the lower-order term satisfies∣∣N(B3)

M

∣∣ ≲ ∑
|β|⩽|α|−1

∫
k,η,ℓ

|k|δ⟨k, η⟩σ3
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣|k|δ⟨k, η⟩σ3

× |ŵ(ℓ)||ℓ|⟨ℏℓ⟩|α|−1|ρ̂Q(t, ℓ)|
∣∣Dβ

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη.

To estimate
∣∣N(B3)

0

∣∣, apply the Mean Value Theorem to the difference of weights:∣∣|k|δ⟨k, η⟩σ3 − |k − ℓ|δ⟨k − ℓ, η − ℓt⟩σ3
∣∣

⩽
∣∣|k|δ − |k − ℓ|δ

∣∣⟨k, η⟩σ3 + |k − ℓ|δ|⟨k, η⟩σ3 − ⟨k − ℓ, η − ℓt⟩σ3 |

≲ |ℓ|δ⟨k, η⟩σ3 + |k − ℓ|δ|(ℓ, ℓt)| sup
|ℓ′|⩽|ℓ|

⟨k − ℓ′, η − ℓ′t⟩σ3−1

≲ (|ℓ|δ + |k − ℓ|δ)⟨ℓ, ℓt⟩σ3 + |ℓ|δ⟨k − ℓ, η − ℓt⟩σ3 + |k − ℓ|δ|(ℓ, ℓt)|⟨k − ℓ, η − ℓt⟩σ3−1.

This gives three contributions∣∣N(B3)
0

∣∣ ≲ R
(B3)
0 + T

(B3)
0,1 + T

(B3)
0,2 .

For the reaction term, note that |η − kt| ⩽ |η − ℓt|+ t|k − ℓ|, which motivates decom-
posing R

(B3)
0 into four parts according to whether the prefactor contains |ℓ|δ or |k − ℓ|δ,

and whether |η − kt| is controlled by |η − ℓt| or t|k − ℓ| :

R
(B3)
0 ≲

∫
k,η,ℓ

|k|δ⟨k, η⟩σ3
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣|ℓ|δ⟨ℓ, ℓt⟩σ3

× |ŵ(ℓ)||ℓ||ρ̂Q(t, ℓ)| (|η − ℓt|+ t|k − ℓ|)
∣∣Dα

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη

+

∫
k,η,ℓ

|k|δ⟨k, η⟩σ3
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣|k − ℓ|δ⟨ℓ, ℓt⟩σ3

× |ŵ(ℓ)||ℓ||ρ̂Q(t, ℓ)| (|η − ℓt|+ t|k − ℓ|)
∣∣Dα

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη

= R
(B3)
1;V + R

(B3)
1;Z + R

(B3)
2;V + R

(B3)
2;Z ,

where the subscripts V and Z indicate association with the velocity variable v (terms
involving |η − ℓt|) and the spatial variable z (terms involving t|k − ℓ|), respectively.
These four terms are treated separately, beginning with R

(B3)
1;V , which is the most

delicate: it alone lacks a positive power of |k − ℓ| in the integrand, so it cannot be
controlled directly through the (B3) norm, and (B2) is used in its place. The starting
point is the algebraic bound

|ℓ|1+δ⟨ℓ, ℓt⟩σ3 = |ℓ|
1
2 ⟨ℓ, ℓt⟩σ4

|ℓ|1/2+δ

⟨ℓ, ℓt⟩σ4−σ3
⩽ |ℓ|

1
2 ⟨ℓ, ℓt⟩σ4

|ℓ|1/2+δ

|(ℓ, ℓt)|1/2+δ
=

|ℓ|1/2⟨ℓ, ℓt⟩σ4

⟨t⟩1/2+δ
,
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valid provided σ4 − σ3 ⩾ 1/2 + δ, which replaces the density weight |ℓ|1+δ⟨ℓ, ℓt⟩σ3 by
the weight |ℓ|1/2⟨ℓ, ℓt⟩σ4 governed by (B2), and extracts the decay factor ⟨t⟩−(1/2+δ).
Applying Lemma 4.1(b) with the L1

kL
2
η norm applied to ηDα

η Ŵ [P ](t, k, η), and noting
that the weight |k|−2δ⟨k⟩−2(σ3−1) is integrable when d ⩾ 3, then yields

R
(B3)
1;V ≲

1

⟨t⟩1/2+δ

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥
L2

∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

×
∫
k

∥∥⟨η⟩Dα
η Ŵ [P ](t, k, η)

∥∥
L2

η
dk

≲
1

⟨t⟩1/2+δ

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥2
L2

∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

.

Each of the remaining terms R(B3)
1;Z , R(B3)

2;V , R(B3)
2;Z contains a positive power of |k − ℓ|

in its integrand, allowing the use of Lemma 4.1(a) with the L1 term applied to
the density, incorporating the appropriate weights. For R

(B3)
1;Z , observe that |k − ℓ| ⩽

|k − ℓ|δ⟨k − ℓ, η − ℓt⟩σ3 , so

R
(B3)
1;Z ≲ t

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥2
L2

∫
ℓ

|ℓ|1+δ|ŵ(ℓ)|⟨ℓ, ℓt⟩σ3 |ρ̂Q(t, ℓ)| dℓ

≲ t
∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])

∥∥2
L2

∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

×
(∫

ℓ

|ℓ|1+2δ

⟨ℓ, ℓt⟩2σ4−2σ3
dℓ

)1/2

≲
1

⟨t⟩d/2−1/2+δ

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥2
L2

∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

provided that σ4 − σ3 > d/2 + 1/2 + δ. The remaining terms R
(B3)
2;V , R

(B3)
2;Z can be

estimated in the same fashion, leading to

R
(B3)
2;V + R

(B3)
2;Z ≲

1

⟨t⟩
∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])

∥∥2
L2

∥∥|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

.

Next, the transport terms T
(B3)
0,1 and T

(B3)
0,2 are addressed. For T

(B3)
0,1 , the additional

factor of |η − kt| necessitates the use of the bootstrap estimate (B1), which grows like
⟨t⟩d−1/2. Since no time growth is allowed in (I3), decay must instead be extracted
from |ρ̂Q(t, ℓ)| ≲

√
K5ε⟨ℓ, ℓt⟩−σ1 to control this term. Using the bound |η − kt| ≲

⟨t(k − ℓ), η − ℓt⟩, the term can be estimated as follows:

T
(B3)
0,1 ≲

∫
k,η,ℓ

|k|δ⟨k, η⟩σ3

∣∣∣Dα
η Ŵ [P ](t, k, η)

∣∣∣|ℓ|1+δ|ρ̂Q(t, ℓ)|

× ⟨t(k − ℓ), η − ℓt⟩⟨k − ℓ, η − ℓt⟩σ3
∣∣Dα

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη

≲
∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])

∥∥
L2

∥∥⟨t∇z,∇v⟩W [P ]
∥∥
H

σ4
M

∫
ℓ

|ℓ|1+δ|ρ̂Q(t, ℓ)| dℓ

≲

√
K5ε

⟨t⟩d+1+δ

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥
L2

∥∥⟨t∇z,∇v⟩W [P ]
∥∥
H

σ4
M

.
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For T(B3)
0,2 , the additional flexibility allows for the expression |η − kt| ≲ ⟨t⟩⟨k−ℓ, η−ℓt⟩

to be used, leading to control via the (B3) norm:

T
(B3)
0,2 ≲ ⟨t⟩

∫
k,η,ℓ

|k|δ⟨k, η⟩σ3
∣∣Dα

η Ŵ [P ](t, k, η)
∣∣|ℓ||(ℓ, ℓt)||ρ̂Q(t, ℓ)|

× ⟨k − ℓ, η − ℓt⟩σ3 |k − ℓ|δ
∣∣Dα

η Ŵ [P ](t, k − ℓ, η − ℓt)
∣∣ dℓdkdη

≲ ⟨t⟩
∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])

∥∥2
L2

∫
ℓ

|ℓ||(ℓ, ℓt)||ρ̂Q(t, ℓ)| dℓ

≲

√
K5ε

⟨t⟩d
∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])

∥∥2
L2 .

This estimate is valid provided that σ1 > d+ 2.
For the remainder term N

(B3)
M , the triangle inequality yields |k|δ ⩽ |ℓ|δ + |k − ℓ|δ

and ⟨k, η⟩σ3 ≲ ⟨ℓ, ℓt⟩σ3 + ⟨k − ℓ, η − ℓt⟩σ3 . This gives the bound

|k|δ⟨k, η⟩σ3 ≲ (|ℓ|δ + |k − ℓ|δ)⟨ℓ, ℓt⟩σ3 + |ℓ|δ⟨k − ℓ, η − ℓt⟩σ3 + |k − ℓ|δ⟨k − ℓ, η − ℓt⟩σ3 .

Consequently, three terms are obtained such that
∣∣N(B3)

M

∣∣ ≲ R
(B3)
M +T

(B3)
M,1 +T

(B3)
M,2 . The

reaction term is controlled in the same way as the leading-order contribution R
(B3)
0

above:

R
(B3)
M ≲

1

⟨t⟩1/2+δ

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥
L2

×
∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)

∥∥
L2

k

∥∥|∇z|δW [P ]
∥∥
H

σ3
M

.

The transport term T
(B3)
M,1 is treated similarly to T

(B3)
0,1 , leading to

T
(B3)
M,1 ≲

√
K5ε

⟨t⟩d+1+δ

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥
L2

∥∥⟨t∇z,∇v⟩W [P ]
∥∥
H

σ4
M

.

Finally, T(B3)
M,2 is handled as in T

(B3)
0,2 :

T
(B3)
M,2 ≲

√
K5ε

⟨t⟩d+1

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ])
∥∥
L2

∥∥|∇z|δW [P ]
∥∥
H

σ3
M

.

Conclusion of bootstrap improvement (I3). — Combining the estimates derived above,
it follows that for each multi-index α with |α| ⩽ M and d ⩾ 3,

d

dt

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ](t))
∥∥
L2

≲
1

⟨t⟩1/2+δ

∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥
L2

k

(
1 +

∥∥|∇z|δW [P ](t)
∥∥
H

σ3
M

)
+

√
K5ε

⟨t⟩d+1+δ

∥∥⟨t∇z,∇v⟩W [P ](t)
∥∥
H

σ4
M

+

√
K5ε

⟨t⟩d
∥∥|∇z|δW [P ](t)

∥∥
H

σ3
M

.
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Integrating in time and applying the bootstrap assumptions (B1), (B2), and (B3)
gives∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [P ](t))

∥∥
L2 −

∥∥|∇z|δ⟨∇z,∇v⟩σ3(vαW [Qin])
∥∥
L2

≲ (1 +
√
K3ε)

∫ t

0

1

⟨s⟩1/2+δ

∥∥∥⟨ℏk⟩|k|1/2⟨k, ks⟩σ4 ρ̂Q(s, k)
∥∥∥
L2

k

ds

+
√

K5ε

∫ t

0

1

⟨s⟩3/2+δ
sup

0⩽s⩽T∗

(∥⟨s∇z,∇v⟩W [P ](s)∥Hσ4
M

⟨s⟩d−1/2

)
ds+

√
K3K5ε

2

∫ t

0

1

⟨s⟩d
ds

≲ (1 +
√
K3ε)

(∫ t

0

1

⟨s⟩1+2δ
ds

)1/2 ∥∥∥⟨ℏk⟩|k|1/2⟨k, kt⟩σ4 ρ̂Q(t, k)
∥∥∥
L2

t ([0,T
∗],L2

k)

+
√
K1K5ε

2 +
√
K3K5ε

2

≲ ε
[√

K2 +
(√

K2K3 +
√
K1K5 +

√
K3K5

)
ε
]
.

Hence, there exists a positive constant K̃ > 0, depending only on the fixed parameters
in Proposition 1.22 and independent of ℏ, T ∗, ε, Qin and the bootstrap constants Ki,
such that

1

ℏd
∑

|α|⩽M

∥∥⟨∇x,∇ξ⟩σ3 |∇x|δξαP (t)
∥∥2
L2

x,y

⩽ K̃ε2
[√

K2 +
(√

K2K3 +
√
K1K5 +

√
K3K5

)
ε
]2

.

Choosing K3 := K̃(
√
K2 +1)2/2 and ε ⩽ (

√
K2K3 +

√
K1K5 +

√
K3K5)

−1 yields the
desired bootstrap improvement (I3).

4.3. Bootstrap improvement (I5). — This section establishes the improvement of the
bootstrap assumption (B5): it suffices to show

⟨k, η⟩σ1
∣∣Ŵ [P ](t, k, η)

∣∣ ⩽√2K5 ε

for all t ∈ [0, T ∗], provided ε is sufficiently small.
Using the decomposition (19), the triangle inequality yields

⟨k, η⟩σ1
∣∣Ŵ [P ](t, k, η)

∣∣
⩽ ⟨k, η⟩σ1

(∣∣Ŵ [Qin](k, η)
∣∣+ ∫ t

0

∣∣Ŵ [LP ](s, k, η)
∣∣ ds+ ∫ t

0

∣∣Ŵ [NP ](s, k, η)
∣∣ ds)

=: I(B5)(k, η) + L(B5)(k, η) +N(B5)(k, η).

The initial term satisfies

I(B5)(k, η) = ⟨k, η⟩σ1

∣∣∣Ŵ [Qin](k, η)
∣∣∣ = ∣∣∣W [⟨∇x,∇ξ⟩σ1Qin ]̂(k, η)

∣∣∣ ≲ ε,

by Lemma 1.12 and the assumption on Qin in Theorem 1.6.
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To estimate the linear term, apply ⟨k, η⟩σ1≲⟨k, ks⟩σ1⟨η−ks⟩σ1 , the bound |ŵ(k)|≲1,
the bootstrap estimate (B4), and Lemma 2.2:

L(B5)(k, η)

= ⟨k, η⟩σ1

∫ t

0

∣∣2ℏ−1ŵ(k)ρ̂Q(s, k) sin
(ℏ
2k · (η − ks)

)
ĝ(η − ks)

∣∣ ds
≲
∫ t

0

⟨k, ks⟩σ1 |ŵ(k)||ρ̂Q(s, k)||k|⟨η − ks⟩σ1 |η − ks||ĝ(η − ks)| ds

≲
∥∥|k|1/2⟨k, kt⟩σ2 ρ̂Q(t, k)

∥∥
L2

t ([0,T
∗])

(∫ t

0

|k|⟨η − ks⟩2σ1+2|ĝ(η − ks)|2 ds
)1/2

≲
√
K4ε

(∫ ∞

0

⟨η − k
|k|s⟩

2σ1+2
∣∣ĝ(η − k

|k|s)
∣∣2 ds)1/2

≲
√
K4ε∥g∥Hσ1+1

M
.

For the nonlinear term, the inequality ⟨k, η⟩σ1 ≲ ⟨ℓ, ℓs⟩σ1 + ⟨k − ℓ, η − ℓs⟩σ1 leads
to the decomposition N(B5)(k, η) ≲ R(B5)(k, η) + T(B5)(k, η), with

R(B5)(k, η) ≲
∫ t

0

∫
ℓ

⟨ℓ, ℓs⟩σ1 |ŵ(ℓ)||ρ̂Q(s, ℓ)||ℓ||η − ks|
∣∣Ŵ [P ](s, k − ℓ, η − ℓs)

∣∣ dℓds,
T(B5)(k, η) ≲

∫ t

0

∫
ℓ

|ŵ(ℓ)||ρ̂Q(s, ℓ)||ℓ||η − ks|

× ⟨k − ℓ, η − ℓs⟩σ1
∣∣Ŵ [P ](s, k − ℓ, η − ℓs)

∣∣ dℓds.
For the reaction term, use |η − ks| ≲ ⟨s⟩⟨k−ℓ, η−ℓs⟩ and Cauchy–Schwarz in time

for fixed ℓ:

R(B5)(k, η) ≲ sup
ℓ∈Rd

∥∥|ℓ|1/2⟨ℓ, ℓt⟩σ2 ρ̂Q(t, ℓ)
∥∥
L2

t ([0,T
∗])

×
∫
ℓ

(∫ t

0

⟨s⟩2⟨ℓ, ℓs⟩−2(σ2−σ1)|ℓ|⟨k − ℓ, η − ℓs⟩2
∣∣∣Ŵ [P ](s, k − ℓ, η − ℓs)

∣∣∣2 ds)1/2

dℓ,

≲
√
K4K5ε

2

∫
ℓ

(∫ t

0

⟨s⟩2 |ℓ|
⟨ℓ, ℓs⟩2(σ2−σ1)⟨k − ℓ, η − ℓs⟩2σ1−2

ds

)1/2

dℓ.

Setting j1 := σ2 − σ1 and j2 := σ1 − 1, and noting ⟨ℓ, ℓs⟩2(σ2−σ1) ⩾ ⟨ℓs⟩2j1 and
⟨k − ℓ, η − ℓs⟩2σ1−2 ⩾ ⟨k − ℓ⟩2j2 , the bound becomes

R(B5)(k, η) ≲
√
K4K5ε

2

∫
ℓ

1

⟨k − ℓ⟩j2

(∫ t

0

|ℓ| ⟨s⟩2

⟨ℓs⟩2j1
ds

)1/2

dℓ

≲
√
K4K5ε

2

∫
ℓ

1

⟨k − ℓ⟩j2

(∫ ∞

0

⟨s/|ℓ|⟩2

⟨s⟩2j1
ds

)1/2

dℓ

≲
√
K4K5ε

2

∫
ℓ

max
{
1, |ℓ|−1}
⟨ℓ⟩j2

dℓ,

which converges for j1 > 3/2 (i.e., σ2 − σ1 > 3/2) and j2 > d (i.e., σ1 > d+ 1).
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For the transport term, again use |η − ks| ≲ ⟨s⟩⟨k − ℓ, η − ℓs⟩ and apply Cauchy–
Schwarz in ℓ:

T(B5)(k, η) ≲
∫ t

0

⟨s⟩
∫
ℓ

|ρ̂Q(s, ℓ)||ℓ|⟨k − ℓ, η − ℓs⟩σ1+1
∣∣Ŵ [P ](s, k − ℓ, η − ℓs)

∣∣ dℓds
≲
√
K5ε

∫ t

0

⟨s⟩
(∫

ℓ

|ℓ|2

⟨ℓ, ℓs⟩2σ1 |k − ℓ|2δ
dℓ

)1/2

×
(∫

ℓ

|k − ℓ|2δ⟨k − ℓ, η − ℓs⟩2σ1+2
∣∣Ŵ [P ](s, k − ℓ, η − ℓs)

∣∣2 dℓ)1/2

ds.

Treating the ℓ integral as in (21) gives

sup
k

∫
ℓ

|ℓ|2

⟨ℓ, ℓs⟩2σ1 |k − ℓ|2δ
dℓ ≲

1

⟨s⟩d+2−2δ
,

provided that σ1 > d/2+1. For the second ℓ integral, the change of variables ℓ 7→ k−ℓ,
the Sobolev embedding and bootstrap assumption (B3) yield∥∥|k − ℓ|δ⟨k − ℓ, η − ℓs⟩σ1+1Ŵ [P ](s, k − ℓ, η − ℓs)

∥∥
L∞

η L2
ℓ

≲
∥∥|k|δ⟨k, η⟩σ3Ŵ [P ](s, k, η)

∥∥
L2

kL
∞
η

≲
∑

|α|⩽M

∥∥Dα
η

(
|k|δ⟨k, η⟩σ3Ŵ [P ](s, k, η)

)∥∥
L2

k,η

≲
√
K3ε.

Therefore,

T(B5)(k, η) ≲
√
K3K5ε

2

∫ t

0

1

⟨s⟩d/2−δ
ds ≲

√
K3K5ε

2.

Conclusion of bootstrap improvement (I5). — Under the bootstrap assumptions (B3),
(B4), and (B5), there exists a constant K̃ > 0, depending only on the fixed parameters
in Proposition 1.22 and independent of ℏ, T ∗, ε, Qin and the bootstrap constants Ki,
such that

⟨k, η⟩σ1
∣∣Ŵ [P ](t, k, η)

∣∣ ⩽ K̃
(
ε+

√
K4ε+

(√
K4K5 +

√
K3K5

)
ε2
)
.

Choose ε sufficiently small such that
(√

K4K5 +
√
K3K5

)
ε ⩽ 1. Then

⟨k, η⟩σ1
∣∣Ŵ [P ](t, k, η)

∣∣ ⩽ K̃
(
2 +

√
K4

)
ε.

Setting √
K5 :=

K̃(2 +
√
K4)√

2

establishes the bootstrap improvement (I5):

⟨k, η⟩σ1
∣∣Ŵ [P ](t, k, η)

∣∣ ⩽ √
2
√
K5 ε.

This completes the proof of Proposition 1.22.
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