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PHASE MIXING FOR THE HARTREE EQUATION AND
LANDAU DAMPING IN THE SEMICLASSICAL LIMIT

BY MARNIE SMITH

Asstract. — The asymptotic behaviour of the Hartree equation is studied near translation-
invariant steady states. For short-range interaction kernels satisfying a uniform Penrose stability
condition, including the screened Coulomb interaction, phase-mixing estimates in finite regu-
larity are established. These demonstrate density decay and scattering of solutions in weighted
quantum Sobolev spaces, providing a quantum analogue of Landau damping in classical plasma
physics. The results hold uniformly in the semiclassical limit, thereby bridging the quantum
and classical regimes.

Résumic (Mélange de phase pour 1’équation de Hartree et amortissement Landau dans la limite
semi-classique)

Nous étudions le comportement asymptotique de I’équation de Hartree au voisinage d’états
stationnaires invariants par translation. Pour des noyaux d’interaction & courte portée satisfai-
sant une condition de stabilité de Penrose uniforme, parmi lesquels ’'interaction de Coulomb
écrantée, nous établissons des estimations de mélange de phases en régularité finie. Ces esti-
mations nous permettent de démontrer la décroissance de la perturbation de densité et le
scattering des solutions dans des espaces de Sobolev quantiques & poids, fournissant ainsi un
analogue quantique de Iamortissement Landau en physique classique des plasmas. Les résul-
tats sont uniformes dans la limite semi-classique et établissent ainsi un lien entre les régimes
quantique et classique.
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1. InTRODUCTION
1.1. Ture HARTREE EQUATION. The Hartree equation, a mean-field model describing

the dynamics of infinitely many interacting fermions, is expressed as:

(1)

, h?
zh@wz [—?A+w*p77’7:|7
’Y(O) = 'Yin,

MATHEMATICAL SUBJECT CLASSIFICATION (2020). 35Q40, 35B40, 35Q83, 81Q20.
Keyworps. — Hartree equation, Landau damping, phase mixing, semiclassical limit, Penrose condi-
tion, Wigner transform, scattering.
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1484 M. Smiri

where v(t) is a self-adjoint operator on L?(R%; C). The function p,(t,z) = y(t,z, x)
represents the density, with (¢, z,y) denoting the integral kernel of (). The nonlin-
ear convolution term w* p,, describes the mean-field interaction between the particles,
where w: R? — R is a specified two-body interaction kernel. The parameter i > 0
represents the Planck constant, and the semiclassical limit involves taking i — 0.

For any nonnegative function g € L>(R%)NL!(R?), define the translation-invariant
operator

1y = () lg(~ihV)
on L?(R% C). The integral kernel of -, is
~(Y—T
Volz,y) = g( = )

and its constant density is given by

p, =30) = [ atk)a.

These operators represent a class of steady-state solutions to the Hartree equation (1),
as they satisfy the commutation relations [-A,~,] = 0 and [w * p,,,74] = 0, where
w * p,, is a constant multiple of the identity operator. The trace of a solution to (1)
determines the total number of particles. For the steady states v, with g # 0, this
number is infinite due to the constant positive density: Try, = f]Rd Py, dT = +00.

The interaction kernel and steady state are assumed to satisfy a linear stability
criterion, known in kinetic theory as the Penrose condition. In the present setting,
the condition must hold uniformly for all # € (0,1] in order to remain valid in the
semiclassical limit A — 0. This motivates the following formulation:

Derinition 1.1 (Uniform Penrose condition). — An interaction kernel w: R? — R
and steady state v, = (21h)%g(—ihV) satisfy the uniform Penrose condition if there
exists a constant cp > 0 such that the inequality

) Lt ‘1 + Z0k)| > e
keR?
holds uniformly for all h € (0, 1], where
N 9 o0
PO0k) = %@(/ﬂ)/ M sin (Lhtk?)g (kt) dt.
0

Sufficient conditions on w and g ensuring the uniform Penrose condition (2) are
established in Section 2.2. These include the case of a radial, positive steady state
and a repulsive interaction, corresponding to the defocusing regime. Specifically, the
condition (2) holds if w € L*(R?) satisfies @(k) > 0 and g € Hfﬁ‘gf% (R%) is radial
and positive-valued, for some 0 < §y < 1.

Only short-range interaction kernels w € L'(RY) are considered, excluding the
Coulomb kernel. For the nonlinear statement, an additional decay condition is
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PriasE MIxXING FOR THE HARTREE EQUATION 1485

required:
1

(k)M~1/2"

where M := [(d+1)/2] and (k) := (1+|k|*)}/2. A physically relevant example satisfy-
ing these assumptions in dimension d = 3 is the screened Coulomb kernel (or Yukawa
potential), given by

[w(k)| <

e—alzl =R 4
w(r) = ) w(k) = m,

|z
for & > 0. The screening length a~! controls the range of the interaction: as o — 0,

the kernel approaches the unscreened Coulomb kernel, which does not satisfy the
required assumptions. A further physically relevant example in dimension d = 3 is
the regularised attractive van der Waals-type potential
2
a am
w(x) = -

- = O(k) = Pl
e C Ry el G

for a > 0.

Define the perturbation @ := v — 74, where v is a solution of (1) and v, =
(2mh)4g(—ihV) is a translation-invariant steady state. The evolution of @ is governed
by the nonlinear Hartree equation

) 2

ihd:Q = [—EA +w*pg,Q+ 79}7

Q(0) = Qin.

The main result establishes phase-mixing estimates for ), describing the long-time
behaviour of solutions near equilibrium: Theorem 1.6 demonstrates mode-by-mode

decay of the density pg and the scattering behaviour of ), with bounds that remain
uniform in the semiclassical limit 7 — 0.

3)

1.2. EXISTING RESULTS. The well-posedness of the Hartree equation was established
by Bove, Da Prato and Fano [6, 7], and independently by Chadam [9], under the
assumption that the initial data is a trace-class operator. This framework does not
include solutions near translation-invariant steady states, which correspond to sys-
tems with infinitely many particles and fall outside the trace-class setting. Lewin and
Sabin proved local well-posedness for sufficiently regular perturbations of translation-
invariant states, together with global well-posedness in several physically relevant
cases [20]. Global well-posedness for the analogous nonlinear Schrodinger system was
obtained by Chen, Hong and Pavlovié¢ [10].

Lewin and Sabin also addressed large-time stability of stationary states, proving
weak convergence to equilibrium in two dimensions [19]. These results were exten-
ded to higher dimensions by Chen, Hong and Pavlovi¢ [11], and to the nonlinear
Schrodinger system by Hadama [16]. Related results were obtained by Collot and
de Suzzoni, who studied an analogous formulation of the Hartree equation for random
fields and proved convergence under weaker assumptions on the interaction kernel and

JILP — M., 2026, tome 13



1486 M. Smiti

at the critical regularity for initial data [13, 14]. A recent preprint by Borie, Hadama
and Sabin further establishes asymptotic stability for all short-range kernels within
this critical regularity framework [5].

Under stronger regularity assumptions on the initial data, sharper results have been
obtained, with decay and scattering statements that are pointwise in time. Nguyen
and You addressed the case of the Coulomb kernel, which differs significantly as the
Penrose condition fails for all steady states. Their first results concerned the linearised
dynamics [24], followed by decay estimates and modified scattering for the nonlinear
equation near vacuum [23].

The classical analogue is Landau damping, a well-studied phenomenon in plasma
physics where small perturbations in plasma density decay over time due to collective
particle motion. This behaviour is described by the Vlasov equation

(4) atf+v'vzrf_va:(w*pf)'vvf:07

where f = f(t,z,v) is a distribution function, w is an interaction kernel and p; =
fRd f dv is the spatial density. In his foundational work, Landau demonstrated that
solutions of the linearised Vlasov equation around homogeneous steady states, under
specific stability conditions, exhibit this time decay [18]. The first proof of Landau
damping for the nonlinear Vlasov equation was provided by Mouhot and Villani in
analytic regularity [22], and nonlinear Landau damping has remained an active area
of research since, e.g. [2, 3, 15, 4, 17]. This paper establishes the quantum analogue
of a Landau damping result by Bedrossian, Masmoudi and Mouhot, proved in finite
regularity on the whole space for the Vlasov equation with the screened Coulomb
kernel [3].

The reduced Planck constant i ~ 1.054 x 10734 Js is a fundamental physical con-
stant that governs the scale at which quantum effects become significant. Its small
magnitude means that, in macroscopic systems, classical mechanics provides an accu-
rate description. However, in regimes with sufficiently small spatial or energetic scales,
quantum effects become dominant. Mathematically, the limit & — 0 formalises the
transition from quantum to classical dynamics: quantum behaviour appears as a per-
turbation of classical behaviour, and in the limit, quantum corrections vanish and clas-
sical dynamics emerge. For mean-field models, this transition connects the Hartree
equation, describing the evolution of a quantum many-body system, to the Vlasov
equation, the classical analogue that governs the evolution of a macroscopic particle
density under mean-field interactions:

Hartres] — "0 [Viasor]

This correspondence is supported by several results. Among these, Lewin and Sabin
showed that, for the nonlinear Hartree equation near a translation-invariant steady
state, solutions converge weakly to solutions of the Vlasov equation in the semiclassical

JE.P — M., 2026, tome 13



Prase MixiNG FOR THE HARTREE EQUATION 1487

limit [21]. Chong, Lafleche and Saffirio further established strong L? convergence for
trace-class solutions [12].

In a recent preprint, You [26] independently established phase-mixing estimates for
the nonlinear Hartree equation with short-range kernels. Although the conclusions,
such as density decay and scattering, resemble those of the present work, the results
are of a different nature: you works at fixed A, whereas the present analysis establishes
uniform control in the semiclassical limit. His approach leverages the finite-difference
structure of the Hartree equation, which features a commutator in place of a deriva-
tive. After suitable transforms, the nonlinearity takes the approximate form

h Evz _ rh _va
) PO sV 2023V ),

which, as i — 0, formally converges to the nonlinear term in the Vlasov equation:

Vo f - Va(w = py).

At fixed h, this structure allows the two terms in (5) to be controlled separately,
effectively gaining one derivative compared to the Vlasov equation. The trade-off is
that the estimates do not remain valid as 2~ — 0. In contrast, the present work estab-
lishes decay and scattering estimates that are uniform in the semiclassical parameter,
by extending the methods of Bedrossian, Masmoudi and Mouhot [3]. The price is
a stronger regularity requirement, but uniform control is achieved in a more robust
norm, namely a weighted quantum Sobolev space. In short, the gain in regularity at
fixed & in [26] is exchanged here for uniformity in the semiclassical limit.

TR s e, O

h—0 h—0

fianoo

Figure 1. Semiclassical limit and scattering map (schematic; see Sec-
tion 1.7).

Figure 1 illustrates how uniform-in-# scattering can be combined with a fixed-time
semiclassical limit to identify the semiclassical limit of the Hartree scattering profile
with the Vlasov scattering profile obtained by Bedrossian, Masmoudi and Mouhot [3].
The interpretation of the diagram, the relevant topology and the conditional limit-
exchange argument are made precise in Section 1.7, once the required tools are avail-
able.

JILP — M., 2026, tome 13



14188 M. Smiti

1.3. QUANTUM OPERATORS AND NORMS. To formulate phase-mixing and scattering
estimates in the quantum setting, quantum analogues of classical derivatives and
weighted Sobolev norms are introduced. The standard and double Japanese brackets
are defined by (z) := (1 + |z|°)Y/2 and (z,y) := (1 + |z|* + |y|>)*/2, respectively. For
a multi-index o = (o, ..., aq) € N9, write |a| = a1 + -+ + ag and D* = 97 - - - 957,

Derinition 1.2 (Quantum derivatives and weights). The quantum analogues of
spatial and velocity derivatives are

Va:Q = [va Q]’ (VTQ)(xvy) = (vx + Vy)Q(Ia y)7
VeQ:=[57.QlL  (VeQ)(z,y) = (5H)Q(x, y).
The quantum analogues of spatial and velocity weights are
zQ = 3(2Q + Qu), (@Q)(x,y) = (39)Q(z,y),
£Q = _%(VQ'FQV)’ (5@)('7;)3/) = _%(VZ —Vy)Q(x,y).

Remark 1.3 (Commutation of the quantum operators). — The operators of Defini-
tion 1.2 satisfy the commutation relations

[V Ve = [2,€] = [Va, €] = [&, V] = 0,

in exact analogy with the classical operators V,, Vg, z, £ acting on functions f(x,&).
Indeed, on the level of integral kernels, @ and V, involve only the sum z + y, while &
and V¢ involve only the difference x — y: for instance,

(Vo = Vy) [(55%) Q)] = (3%) (Vo = V,)Q(,9),

which gives [z,€] = 0, and similarly (V, + V,)(z —y) = 0 gives [V, V¢] = 0.
The remaining relations hold since V, and £ are both constant-coefficient differential
operators, and & and V¢ are both multiplication operators. In particular, products
such as £€*z? are independent of the order of the factors. By contrast, [V,,x] # 0
and [V¢, €] # 0, again as in the classical case.

The classical weighted Sobolev norm ||-|| g, 18 now recalled.

Derinition 1.4 (Weighted Sobolev norm). Let 0 > 0 and let M > 0 be an integer.
For a function g = g(v), the weighted Sobolev norm H, is defined as

l9llzrg, = D 10 (V)7gll .

ol <M

For a function f = f(x,v), the weighted Sobolev norm H; is defined as

1Fllzrg, o= D 10V, Vi) Fll e

la| <M

where the weight applies only to the velocity variable.

JE.P — M., 2026, tome 13



Prase MixiNG FOR THE HARTREE EQUATION 1489

The quantum Sobolev norms Hf, and HY ,, are now defined. The former includes
weights in &, while the latter includes weights in both  and &. The norms depend
on /i both through a prefactor and through the definitions of the quantum derivative
and weight operators V¢ and §.

Derizition 1.5 (Quantum norms). — For an operator Q on L?*(R%; C) with integral
kernel Q = Q(x,y), the following norms are defined for N, M € N:

(a) Quantum Lebesgue norm L£2:

1Qll > := (2wh)—d/2||Q(x,y)lng,y~

(b) &-weighted quantum Sobolev norm Hq, :

IQllscs, == > 11€*(Vay V) Qll 2

|| <M

(c) x-&-weighted quantum Sobolev morm H; -

1Qllgeq, = > 276 (Ve Ve)7Q o
’ lal<M
IBISN
Note that the norm ||Q(z,y) ;> is equal to the &2 Schatten norm, that is, the
T,y
Hilbert-Schmidt norm.

1.4. Mai~ resuLt. — The main result establishes quantitative phase-mixing and scat-
tering estimates for the nonlinear Hartree equation near translation-invariant steady
states, with bounds that remain uniform in the semiclassical limit. This provides a
robust quantum analogue of nonlinear Landau damping in the Vlasov equation.

Tueorewm 1.6 (Nonlinear phase mixing). — Fiz dimensiond > 3 and M := [(d+1)/2].
Choose constants Ng > o1 > og satisfying

o1 =>d+8, N0—0'1>3d/2+7/2 and o1 —o09>d—+1.
Let g € Hﬁ’@%?”ﬂ (R4 R, for some constant & € (0,1], and let w € L'(R4,R)
satisfy

1

(6) [w(k)| < ICEEE

for all k € Re. Assume g and w satisfy the uniform Penrose condition (2) with

constant cp. Then there exist constants C > 0 and 9 > 0, depending only on

Ny, 01,00, w,9,cp,d,d, and independent of i € (0,1], such that the following holds.
For any € € (0,e9] and any self-adjoint initial data Qin € %Jl\vﬁM with

1@l <<,
the nonlinear Hartree equation (3) admits a unique global self-adjoint solution Q(t),

which satisfies:

JILP — M., 2026, tome 13



1490 M. Smiti

— Density decay: for all k € R? and t > 0,

Ce

(7) PQ(t, k)| < Tkt

— Scattering: there exists an operator Qoo € H79(R%; C) such that, for allt > 0,
Ce

sy S 7

®) Hefi(h/Q)tAQ(t)ei(h/Q)tA _ Qoo”

The decay estimate for the density in Fourier space established in Theorem 1.6
implies physical-space decay in LP norms, as stated in the following corollary.

Cororrary 1.7 (Physical-space decay). — Let d > 3, p € [2,00] and let Ng > 01 >0
with

0'1>d+8 and N070'1>3d/2+7/2.

Then for any n < o1 — d(1 — 1/p), there exist constants C > 0 and €9 > 0, depending
only on d,p,n, Ng,01, and the parameters in Theorem 1.6, and independent of h €
(0,1], such that the following holds.

For any € € (0,e9] and any self-adjoint initial data Qiy € UfﬁM with

||Qin||%iv£M <e,

the solution Q(t) to the nonlinear Hartree equation satisfies

n Ce
(9) 72,9200t o) < iz

Proof. — By the Hausdorff-Young inequality,

, 1/p'
72 7.0 000 M 5o ([ Gk e k)

Using the decay estimate (7) and requiring convergence of the integral yields the
result. |

Remark 1.8. The physical-space decay rate in (9) is optimal within the stated class.
Indeed, the hypotheses admit w = 0, for which the Penrose condition holds trivially,
and for rank-one initial data the density is then the squared modulus of a solution
of the free Schrodinger equation, see Lewin and Sabin [20]. The sharp large-time
asymptotics of the free flow, see e.g. [8, Ch. 2], therefore preclude any decay uniformly
faster than (t)~¢1=1/P). The underlying free phase-mixing mechanism is described
in Section 1.6. The scattering rate (t)~%2 in (8) is dictated by the low-frequency
linear response: the leading linear contribution in the Duhamel representation of the
conjugated perturbation decays at rate (t)~%/2~1 and its time integral at rate (t)~%2.
The scattering rate (t)~%?2 in (8) coincides with that obtained for the corresponding
Vlasov problem in [3].

JEP — M., 2026, tome 13



Prase MixinG FOr THE HARTREE EQUATION 491

Remark 1.9. In dimension d = 3, the assumptions on w include the screened
Coulomb kernel, extending the nonlinear Landau damping theorem of Bedrossian,
Masmoudi and Mouhot [3] for the Vlasov equation to the quantum setting with
uniform-in-£ control. Compared with the weak-convergence and stability results dis-
cussed above, the present theorem assumes more regularity of the initial data and
yields convergence in a stronger topology, while retaining uniformity in A. The inter-
action kernel, by contrast, is not required to be bounded: only w € L'(R?) together
with the Fourier decay (6) is assumed, so that kernels which are singular in physical
space, such as the screened Coulomb potential, are admitted. This contrasts with
the bounded short-range potentials assumed, for instance, in the work of Lewin and
Sabin [20].

Remark 1.10. — The distinguishing feature of Theorem 1.6 is that the scattering
estimate is uniform in 7 € (0,1] and is formulated in a quantum Sobolev topology
compatible with the semiclassical limit. This uniformity provides a framework for com-
paring the quantum and classical scattering profiles. A precise conditional statement
is given in Section 1.7.

1.5. Fourier AND WIGNER PRELIMINARIES. This subsection collects the Fourier con-

ventions and basic properties of the Wigner transform used throughout the paper.
Throughout, integrals such as fx dz denote integration over R in the x variable.

The following conventions are adopted for the Fourier transform of functions g = g(v)

and f = f(z,v):
a) = [ mrgtoyde,  Fp) = [ [ etre v e dud.

On the Fourier side, the operators defined in Definition 1.2 obey the relations:

V.Qk,p) = i(k+ p)Qk, p), V.Q( +pk-p) = zk@( +p. %~ p),
VeQ(kp) = (Vi = V,)Qkp),  VeQ(5 +p.5—p) = £V,[Q% +p,5 - )],
2Qkp) = 5(Ve+V)Qkp). Q5 +p. 5 —p) = zvk[ (5+p.5 -0,
EQ(k,p) = L(k — p)Q(k,p), QL +p.5—p) =mpQ(5+p. 5 —p).

The Wigner transform facilitates the representation of the density matrix in phase
space, revealing structural parallels with classical kinetic equations.

Derintrion 1.11 (Wigner transform). For an operator Q on L*(R%; C) with integral
kernel Q(z,y), define the Wigner transform of Q, W[Q]: R? x RY — C, by

1 1
w — —i&-y/h Yy — ¥\ qd
(@19 = Gana /Rde Qz+%w—14) dy.
The Fourier transform of the Wigner transform of @) satisfies

Tl = [0~ s B)e = il [0 (540t -0)

and can be controlled by the Hg& a Dorm of @) via the Sobolev embedding.
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1492 M. Smiti

Lemva 1.12. Suppose @ € H%’M(Rd; C). Then the Wigner transform of Q satis-
fies, for all k,n € R,

Q. m)| Sa Q5o

MM

Proof. — For 0 < § < 1/2, Definition 1.2, Cauchy-Schwarz and Sobolev embedding
give

Q)| = | [ @ (e~ o+ ) do

</

_ _ 1/2
< (/ ’(Vy>d/2+6 [<x>d/2+6Q (x — %y,x + %y)} ‘2 d:cdy)
wly

-(/,

= 2| (€) V2 (@) VO Q(w, y) ||

Sy ey,

lal,|Bl<M

_ 2 1/2
(2)¥/?2+0Q (z— Bn,z+ %n)’ dx)

~ ~ 2 1/2
<%(VI - Vy)>d/2+5<x>d/2+5Q (x — %y,x + %y)‘ dxdy)

where the final inequality uses that M := [(d+ 1)/2] is an integer with M > d/2 + 5,
together with the commutation of & and & (Remark 1.3). The lemma then follows
from the definition of the quantum Sobolev norm. g

The operators defined in Definition 1.2 interact nicely with the Wigner transform:

Lemma 1.13. — Suppose Q € L£L2(R?;C). Then the Wigner transform of Q satisfies
the following:

Ve W[Ql(z,8) = WIV.Ql(x,8),  kWI[Q|(k,n) = W[V.Q](k,n),

VW [Ql(@,€) = WIVeQl(@,6).  inW[Ql(k.n) = W[VeQ](k.m).
WIQ)(.&) = WleQ)(w,©),  iViWIQI(k.n) = WiaQl(k.m),
EWIQI(z, &) = WIEQ](x,€), iV, WIQ](k,n) = WIEQ] (K, n)

Proof. These statements follow directly from the definitions of the Wigner trans-
form (Definition 1.11) and the quantum operators (Definition 1.2). O

The L? norm of W|Q)] is related to the £2 norm of @ via the following relation:

Levmva 1.14. — Suppose Q € L2(R?; C). Then the Wigner transform of Q satisfies

IWIQ &)z , = @xh)21Q(w 1)l 12 = @l

JE.P — M., 2026, tome 13



Prase MixiNG FOR THE HARTREE EQUATION 1493

Proof. The result follows from the observation that
WQl(z,&) = (2nh)~'F [Q (z + 5,2 — 5)] (¢/h),
combined with Plancherel’s theorem. O

Remark 1.15. — Combining Lemma 1.13 with Lemma 1.14 shows that the Wigner
transform is an isometry between the quantum and classical weighted Sobolev scales:
for every o > 0, every integer M > 0 and every Q € Hg,(R%; C),

W@z, = 1 @Qllses,-

Indeed, the Wigner transform maps the quantum operators V,, V¢ and § to V,, V¢
and multiplication by &, respectively, so that £(V,, V)" W[Q] = W [€*(V ., V)7 Q);
the identity then follows term by term from Lemma 1.14.

For an operator (), the density po(x ) Q(m x) is, formally, the velocity marginal
of the Wigner transform, po(z) = [, W ¢ (z,€) d&: on the Fourier side, setting n = 0
in the Fourier representation of the W1gner transform above,

—

k) = WAk 0 = g [ @G +p b —p) v
The following lemma makes this representation rigorous.

Lemma 1.16. — Suppose Q € %%!M(Rd; C), where M = [(d + 1)/2], identified with
its integral kernel Q = Q(x,y). Then the density pg(x) := Q(x,x) satisfies, for all
k€ R,

1 ~
po(k /Q dp = @i /pQ(’; +p, & —p) dp,
both integrals converging absolutely.

Proof. — First suppose that the kernel Q(x,y) is a Schwartz function on RY x RY.
By Fourier inversion and Fubini’s theorem,

pale) = Q) = o [ QU ) dpa

= i | [ /Q’”” dp}dk

where the final equality follows from the substitution &’ = k—p. Hence pq is the inverse
Fourier transform of the bracketed function, which gives the first representation; the
second follows from the change of variables p — % —p.

It remains to extend the identity to Q € U—(M u- Set Fg(k,p) := Q ( +p, 5 —p).
Since M > d/2, the Cauchy—Schwarz inequality in p and the Sobolev embeddlng in k

JIP — M., 2026, tome 13
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give
sup / [Falkup)l dp Sa ™ sup | (i) Fo k. )
p P

Son i S Jof ()M Fo)
1BI<M v

Sa 1@l

o’

where the final inequality bounds (Ap)™ by a finite sum of absolute monomials
(M being an integer) and uses the relations

iterated, together with Plancherel’s theorem and the normalisation of the quantum
Lebesgue norm. Thus the integrals in the statement converge absolutely, uniformly
in k.

For each fixed k, the estimate above shows that the right-hand side of the stated
identity depends continuously on @ € 33, ,,, while, since pg (k) = W@(k’7 0) by the
Fourier representation of the Wigner transform, Lemma 1.12 shows the same for the
left-hand side. The identity therefore extends to all of U{%L u by density of Schwartz

kernels. ]
1.6. Free paase mixing. — Consider the linear equation obtained by removing the
interaction term from the Hartree equation, referred to here as the free Schrodinger
equation:
h2

. RGN }
(10) ihdyQrs [ 5 , QFs |,

Qrs(0) = Qin,
where Qs (t) is an operator on L?(R¢;C). The solution is given explicitly by
(11) QFS(t) — ei(h/?)tAQine—i(h/mtA,

with integral kernel and Fourier transform

Qrs(t,2,y) = WD) Q (2 y),  Qrs(t, k,p) = e "W/ PG (1 ).

By Lemma 1.16, the density of Qrs has Fourier transform

_ 1 - =
PQrs (t, k) = W/e "R Qi (E+p & —p) dp=WI[Qin](k, kt).
P

The next result gives decay estimates for each Fourier mode of the density under
free evolution.

Prorosririon 1.17 (Phase mixing for the free Schrédinger equation). — Fiz Ny > 0.
Then for any t > 0 and k € RY, the density of the solution Qps to (10) satisfies

@,
t - e
|pQFS( ) )} ~d <k‘,k’t>N°
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—

Proof. — First recall that pops(t, k) = W[Qin|(k, kt). Since V, and V. commute
(Remark 1.3), the relations of Lemma 1.13 extend from the individual operators to
the joint weight (V,, V)Mo whence

(b, k)70 (k) = (k) WIQu (k)| = W (Vo V)0 Qu] (k).
The result then follows from Lemma 1.12. O

The same type of estimate for the nonlinear Hartree equation is established in
Theorem 1.6 under stronger regularity assumptions on the initial data. Moreover, the
scattering statement (8) indicates that the solution Q(t) of (3) behaves like a solution
of the free Schrodinger equation as t — oco.

1.7. SEMICLASSICAL LIMIT OF THE SCATTERING PROFILES. — The limit exchange sug-
gested by Figure 1 is now made precise as a conditional consequence of Theorem 1.6.
The upper horizontal arrow is provided by the uniform quantum scattering esti-
mate, while the lower horizontal arrow follows from the classical scattering theorem
of Bedrossian, Masmoudi and Mouhot [3]. Assuming that the left vertical arrow prop-
agates from the initial data to each fixed time, these two scattering statements yield
the right vertical arrow. The argument uses the three-dimensional formulation of the
classical theorem, so d = 3 is fixed throughout this subsection; this restriction comes
from the classical input rather than from Theorem 1.6.

Fix 0 € 0 < 09, where o is the regularity index of the scattering estimate (8),
and assume that Ny is chosen sufficiently large that the regularity hypothesis on g
in Theorem 1.6 implies the regularity required by the classical theorem for scattering
in HY,. Since w € L! is already assumed in Theorem 1.6, impose in addition

@ (k)| < (k)7

as required by the three-dimensional classical result; this strengthens (6) and is satis-
fied, in particular, by the screened Coulomb interaction. Under the stated regularity
assumption on g, the classical Penrose condition follows from the uniform condi-
tion (2) by dominated convergence as i — 0 in the dispersion function. Define the
free transport operator

— For the upper horizontal arrow, fix a family of self-adjoint initial perturbations
h . h € (0,1], satisfying

in’

h
521(15?1] ||Qin||g.c1]§1(?M <e€

for some ¢ € (0, o). For each ki € (0,1], write 7 := (2rh)?g(—ihV),

QM) =" (1) =l Pt = e DA el h28,
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and let Q" := lim;_,~, P"(t) be the scattering profile of Theorem 1.6, the limit taken
in 7). Since o < 09, the scattering estimate (8) and Remark 1.15 give

(12) sup HW[Ph(t)] - W[QZO]HHG —0 as t — oo.
hE(O,l] M

— For the lower horizontal arrow, let h;y, be mean-zero and satisfy the weighted
Sobolev regularity and smallness assumptions of the classical theorem, and let
f(t,z,v) = g(v) + h(t,z,v) be the solution of the Vlasov equation (4) with initial
datum ¢ + hy,. The theorem of Bedrossian, Masmoudi and Mouhot provides a
scattering profile ho, € Hf; such that

(13) Tih(t) — heo in Hj; as t — oo.
— The left vertical arrow is assumed: suppose that
W[QM) — hin  in HY as h — 0,
and that this convergence propagates to each fixed time:
(14) W[Q™Mt)] — h(t)  in H as h — 0
for every fixed t > 0.
Then the right vertical arrow holds:
W[QM) — hee  in HY as i — 0.
To prove this, note that direct computations from Definition 1.11 give
Whl(w,6) = g(§) and W [e W2AQ AT — T, W[Q).
Moreover, T; is bounded on HY, for each fixed ¢:
HTtF”HX{ Sto.M ||F||Hg4~

For every fixed ¢t > 0, the free-flow identity and the triangle inequality give

[WIQA] = hooll o < [WIQR] = WP O],
+ ||Tt (W[Qh(t)] - h(t))HH;;I + || Teh(t) — hoo”H&
Taking the upper limit as i — 0 and using (14) and the boundedness of T; yields

. R h h
timsup [W[Q%] — hoollrg, < sup [WIPH(O] = WIQL] g, +ITeh(t) — hocllag,

The left-hand side is independent of ¢. Letting ¢t — oo and applying (12) and (13)
proves the right vertical arrow. Equivalently, setting 7% := 7;4'@20 and foo := g+heo,
the identity Whg] = g gives

WHL] = foao = WIQ™] — hoo — 0 in HY as h — 0.
Establishing the fixed-time convergence (14) in this strong topology is left to future

work; the uniform estimates of Theorem 1.6 provide a natural framework for it.
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1.8. Fourier aAND WIGNER FORMULATIONS OF THE HARTREE EQUATION. This subsec-
tion rewrites the nonlinear Hartree equation in both Fourier and Wigner form, making
the structure of the linear and nonlinear terms explicit.

1.8.1. Fourier formulation. — The nonlinear Hartree equation (3) takes the form

ihatQ<taxa y) = _%2 (Aw - Ay) Q(t7 x,y) + (V(t7 J}) - V(tvy)) (7g(x’y) + Q(t,.’l), y))7

where V(s,x) = w * pg(s, z). Applying Duhamel’s formula yields an implicit expres-
sion for Q:

Q(t,z,y) = MG 8Qy (2, )
-
. e M2 Ra=2y)(E=8) [/ (5 3) — V(s z,y) + Q(s,x ds.
h ) Y 'Y(] Y y Ly Y
0
Taking the Fourier transform in both spatial variables gives

~

— i/ 2R =)
Qt,k,p) =e Qin(k, p)

. t
- / e~ /DD [V (5, k) s, =V (5, p)5p) (7 (k, p) + Qls. k. p)) ds.
0

h(2m)d
Recalling that 4, (k,p) = (27)2?hdg(hk) §(p+ k), where & denotes the Dirac delta, and
V(t, k) = w(k)pgo(t, k) gives

Q(t, k,p) = e " WDURE=G () p)

t
— ik 2m) @k + p) [g(—hp) — g(hk)] / e~ 2R =PI =) 55 (5 | + p) ds
0

i1 ! —i(h/2)(|k]?=p|?) (t—8) ~( p) 7~ A A
i [ [ (07 (5,0) Qs — ) = Qs .= ) s,

1.8.2. Conjugation by the free Schrodinger flow. — Recall the operator P obtained by
conjugating @) along the free evolution:

(15) Q(t,a,y) = WD E=B)p(t ¢y Q(t, k,p) = e WDURED B¢ g p).

This conjugation reverses ) along the free flow, removing the dominant free dynamics
and allowing P to encode the interaction-driven dynamics alone. The operator P thus
provides a natural change of variables in which the regularity of the initial data is
expected to be largely preserved, in contrast to @), which is subject to the mixing
effects of the free evolution. At the level of the Wigner transform, this conjugation
is a free-transport change of variables. The conjugation relation (15), together with
lk/2 +p|> = |k/2 — p|* = 2k - p, gives

—

1 e
W[Q](t,k,n)=w/6 MPQ (5 +p, & —p) dp
p
- /e‘m(”““)"’l3 (t,% + p, & —p) dp = W[P](t,k, 7 + kt).
(27T)d » 2 2
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Writing z for the spatial variable carried along the free flow and v for the velocity,
this is equivalent to

WIP|(t,z,v) = WI[Q]|(¢, z + tv,v).

Thus W[P] is W[Q] read along the free characteristics = z +tv, the exact quantum
analogue of the classical relation g(t, z,v) = f(t,z + tv,v) between a profile g and a
solution f of the Vlasov equation.

The conjugated perturbation P satisfies the integral equation

t t
(16) P(t7k7p) = an(kap) +/ LP(S7kap) d8+/ NP(S7kap) ds.
0 0

Here Lp denotes the linearised contribution, arising from the interaction of the per-
turbation with the homogeneous equilibrium, and is defined by

—— sy d— ~ 3 2_1p|2)g —~
Lp(s, k,p) = —ih® 1 (2m)%@(k + p) [g(~Tip) — g(hk)] e’ W/DURT=IPD 55 (5 | + p).

The term Np denotes the nonlinear self-interaction of the perturbation and is
defined by

= 7 ~ — —i 02— 1k1?)s D
NP(Sa k’p) = _ﬁ (27T)d /Zw(g)pQ(sve) (6 (R/2) (k=€ ~1k[%) P(Sa k — &p)
=i/ (PP =1p=t7)s B(g k p — 4)) d.

By Lemma 1.16 and the Fourier conjugation relation (15), the density pg can be
expressed in terms of P as

—~ 1 —ihp-kt D
a7 Rt k) = g [P 0 5= ) do
p

Substituting the representation (16) into this formula and applying the changes of
variables p — p — £/2 and p — p + £/2 in the two nonlinear terms leads to

(18)  pQ(t k) = PQes (t, k)

- [ o0 f§> 9 (14 )] [ 0 s by

2h1

(s,0)sin (B¢ k(t — s))
/ —ihp-(kt— Es)ﬁ (S, % +p, % — p) dpdlds.
p

The sine factor in the nonlinear term follows from the identity

emi/DER(E=5) _ Gi(h/DER(=5) = _9jin (B4 . k(t - 5)).
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1.8.3. Wigner formulation and derivative bound. Taking the Wigner transform of
equation (16), as defined in Definition 1.11, yields the following evolution equation

for W[P]:
OWIP](t,k,1) = WILp(t, k,n) + W[Np](t, &, 1),

—

WILp(t, k,n) = =20 '@ (k)pg(t, k) sin (2k - (n — kt)) g(n — kt),

A [a0m osn (e (- w)
X WIP|(t, k — £, — £t) dC,

(19) -
W[NP] (tv k, 77) =

where Lp and Np are defined in (16).

Essential to the analysis are bounds on derivatives of the Wigner transform in the n
variable, D?W[P], corresponding to velocity weights & on P. For multi-indices a with
|a] > 2, additional terms of order O(h) arise from differentiation of the oscillatory
phase, in stark contrast to the classical case.

Lemva 1.18. — Let a be a multi-index. The Wigner transform of Lp satisfies
| DgWILP](t, k)| < |01 (t Bl — Kt DG — k)|
+ [k[(hk) M@k oo (6, k) D [Digln — k).
18I<]er]—1
The WigneT transform of Np satisfies
|Dew VNG (¢, k, )|

S /|€| @0 pQ(t, O)] [n — kt| |DRWIP)(t, k — £, — (t)| dl

+ > /|£| he\al1|w()||the\|D6W [P](t, k — £, — ¢t)| de.

1BI< ]| -1

When |a| =0, sums over |B| < |a| — 1 are understood to be empty.

Proof. — Applying the Leibniz rule to the linear term gives
Dy [sm( (n—kt))g(n — kt)] = Z (ﬁ) Dy~ A [sm( k-(n—kt)] D g(n— kt).
BLa
For the term with 8 = «a, use |sinz| < |z| to get
|sin (3% - (n — kt))| < hlk||n — kt|.
For terms with 8 < «, differentiate sin directly and use |sinz|, |cosz| < 1 to obtain
D2~ [sin (5 - (n — kt))]| < (h|k[)!*=1.
This leads to the estimate

‘D,? [(e—i(h/Q)k.(n—kt) _ ei(h/z)k(n—kt))g(n . k:t)”

< hlklln — kel [ D0 — k)| + 3 (BIkDI"| DEgn — k)|

B<a
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Since for any 8 < a, (hlk|)!*=81 < h|k|(hk)!*I=1 ] this gives the bound for m] The
estimate for W[Np] follows similarly. O

1.9. Boorstrar scneme. — This subsection introduces the bootstrap scheme used to
prove the nonlinear phase-mixing estimates, based on propagating a set of weighted
quantum Sobolev norms.

1.9.1. Bootstrap assumptions. Fix positive constants o4 > 03 > 09 > o1 such that

0'12d+8, 0'270'1>3/2, 0370’2>d/2,

(20) o4 —o03>(d+1)/2, 04 < No —(d +3)/2

and constants K; > 1 determined by the proof. Set 0 < § < 1/2 such that o4 — o3 >
(d+1)/24 4. For each fixed & € (0, 1], standard local well-posedness and persistence
of regularity provide a unique maximal self-adjoint solution @ to (3) on an interval
[0, Trax)- Fix T* € (0, Timax) and suppose that the following bootstrap controls hold
on [0,T*]:

(B1) Y (Ve V)T 1V, V) (€7P(1))Ize < 4K (1>,
el <M
(B2) kY12 e k)7 53 8 B[ e 12 < 427,
(B3) > V= Va7Vl (€0 P(0)|[ < 4Kae®,
la|<M
(B4) H|]‘C|1/2 k kt>02pQ (t, k) HLOOLZ([O T+]) < 4K4€2’

— 2
(B5) (k)™ [WIPI(E k)| < 4Kse™.

Remark 1.19. — The bootstrap controls (B1), (B3), and (B5) are analogous to those
used by Bedrossian, Masmoudi and Mouhot [3], but adapted to the quantum setting,.
A key refinement in the present setting is the inclusion of the weight (fik) inside
the norm in (B2), which has no analogue in the classical framework. Precisely, the
additional norm

el 2 G, Bt 7 5 (8 ) | 2 < 4Koe?

([0,7%],L2)

is propagated, reflecting a structural difference between the Hartree and Vlasov equa-
tions. While the quantum setting allows control of one more derivative, uniformity in
the semiclassical limit requires pairing it with a factor of /. This refinement enables
the result in Theorem 1.6 to cover the screened Coulomb kernel. As i — 0, the norm
in (B2) reduces to the classical counterpart used in [3], and the norm in (B4) already
coincides with its classical analogue.
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Remark 1.20. The decay statement (7) in Theorem 1.6 follows solely from the
control (B5), and the scattering statement (8) follows from (B3) and (B5), as shown
in Lemmas 1.24 and 1.25.

1.9.2. Justification of the bootstrap norms. The bootstrap assumptions (B1), (B3),
and (B5) are initially satisfied under the smallness condition ||Qin||4 v < € in The-
M,M

orem 1.6. For instance, at ¢ = 0, the left-hand side of (B5) satisfies

— 2 I 2
(k)27 [WQul(kym)| = [WHVa, Vo Qul(k, )| S 1@l | <&

where Lemma 1.12 has been used. The density estimates (B2) and (B4) are trivially
satisfied at ¢ = 0, but their long-time structure is less obvious. The next lemma shows
that these norms are natural: for the free Schrodinger evolution, they are directly
controlled by the initial data Q;,. This motivates their appearance in the bootstrap
framework.

Levvia 1.21. — Fiz 0 > 0 and let pg.s be the density of the solution to the free
Schrodinger equation (10), defined in (11). Then, for s1 > (d+1)/2 and sg > 1/2,

1/2 o——
H‘k| <kakt> pQFS(t’k)HL%([O,oo),Li) 551 ||QmHg{;I+;}
1/2 o——
H'kl <k‘,kjt> pQFS(t’k)HLzOLf([O,oo)) 582 HQmeH;;E
Proof. — Recalling that pops (¢, k) = m}(k, kt),

H|k|1/2<kakt>gl’/QF\s(t k)HL’;‘([o,oo),Li)

: </j/k b1k )27 [ 7Qu) O )| dkdt) :

1/2
sup‘(k W[ Qml (k, n) (// dtdk) .
t 0

d+1
9

e = [ [ <)
dtdk = —dtdk < | ——=dk —dt < 1.
//t 0 k kt (L Lt\2s1 . O k- t d+1+25 & <k>d+e R <t>1+s ~

The bound then follows by applying Lemma 1.12. The second estimate is proved

Then, by making the change of variables t — t/|k|, and denoting & = s; —

similarly. O

1.9.3. Bootstrap proposition and strategy. — The following proposition forms the
backbone of the nonlinear analysis. The inequalities (I1)—(I5) below are referred to
as the bootstrap improvements: they coincide with the bootstrap controls (B1)-(B5),
but with each constant 4K; halved to 2K;. The proposition thus asserts that, on
any interval on which the controls hold, the solution in fact obeys strictly stronger
bounds. By continuity, these strict improvements allow the bootstrap controls to be
propagated throughout the maximal lifespan. The continuation argument is given at
the end of the proof.

JILP — M., 2026, tome 13



1502 M. Smrtn

Prorosition 1.22 (Bootstrap). Let the assumptions on w, g and Qi be as in Theo-
rem 1.6. There exist eg = e9(No, w, g, cp,d, do,0;) and K; = K;(No,w,g,cp,d,dy,0;)
such that, for every T* € (0, Tiax), if the bootstrap controls (B1)—(B5) hold on [0, 1%
and € < g9, then

(I1) D UV, Vo)™ 1V, Ve) (62 P(1)) |7 < 2K (1> 162,
lal<M
(12) (| (k) 2 (K, Kt 74 B (8, ) HLZ 0. 12) < 2K5e?,
(13) > Ve, Vo) V| (£°P(1) %e < 2Kae?,
la| <M
(14) 11612 (k, k)72 55 (¢, k) HLOOLQ (o) < 2Kae,
— 2
(15) (k)27 [WIPI(t, k)| < 2656,

for all t € [0,T*]. Consequently, the mazimal solution is global and the bootstrap
controls hold for allt > 0

Remark 1.23. — Among the improvements, (I2) presents the main analytical diffi-
culty, as it permits neither regularity loss nor time growth. Precise control is required
over the nonlinear interaction term in (18), which includes a bilinear contribution in
the perturbation and allows earlier density modes pg (s, £) to influence the evolution of
po(t, k). In certain regimes, this interaction may accumulate and produce resonances
at large times, see e.g. [1]. In the Hartree equation on RY with d > 3 and sufficiently
regular w, such resonances are controlled by a dispersive mechanism. The mechanism
relies on separating the nearly collinear interactions, for which
b
< |k| k-t

0L =0~k

‘£i| ~ TN
()¢ I

from the non-resonant interactions, for suitable exponents b, € (0,1). The resonant
set is a shrinking cylinder around the line spanned by k, whose decreasing cross-
section provides sufficient smallness. On its complement, the bound |kt — £s| > s|¢ |
yields additional decay. The resulting time-response kernel matches that arising in
the Vlasov—Poisson system and is handled similarly in Section 3.2.3.

The proposition is proved below using the estimates established in Sections 3 and 4.

Proof'of Proposition 1.22. Fix dimension d > 3, constants oy, o1, Ny, kernel w,
steady state g and initial perturbation Q;, as in Theorem 1.6 and choose parameters
09, 03, 04 satisfying (20). Section 3 establishes that the constants Ky and K4 appear-
ing in the bootstrap assumptions (B2) and (B4) may be chosen depending only on
the fixed setup. Section 4 then shows that the remaining constants K;, K3, and Kj5
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can also be selected depending only on the setup and on Ko, Ky. If g > 0 satisfies

o <min 1 1 )
0= VE3Ks + KoKs ' VK K5 + VE3Ks VK2 K3 + VK1 K5 + VK3 K5 )

then, for any 0 < e < &g, all bootstrap improvements (I1)—(I5) hold by Sections 3.2,
3.3, 4.3, 4.1 and 4.2.

(B2)

(B4)
B

Iicure 2. Bootstrap dependencies: each arrow indicates an
assumption used to establish an improvement, e.g. (B1) —
(B2) reflects the use of (B1) in proving (I2).

The proof is concluded by a standard continuity and continuation argument. Local
well-posedness and the initial estimates imply that the bootstrap controls hold for
sufficiently small times. Proposition 1.22 gives strict improvements on every interval
on which the controls hold. By continuity, the bootstrap estimates therefore persist
throughout [0, Tiyax)- In particular, (I1) bounds the lower-order Sobolev norm entering
the local continuation criterion on every finite interval. Hence Ty,.x = 0o. Persistence
of regularity retains the regularity required above on every finite time interval. (|

1.10. Depucrion or Taeorem 1.6. — This section completes the proof of Theorem 1.6
by showing how the decay and scattering statements (7) and (8) follow from the
bootstrap estimates.

The decay estimate on the density (7) follows directly from the bootstrap con-
trol (B5).

Lemva 1.24. — The global bootstrap control (B5) implies that, for allt >0 and k€R?,

2\/ K5 3

PO < .
|pQ(t? k)| ~ <k, kt>o—1

In particular, Proposition 1.22 implies the damping estimate (7) in Theorem 1.6.
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Proof. The Fourier transform of the Wigner transform gives

WIQI(t, k,0) = pq(t, k),

while the conjugation identity of Section 1.8.2 gives

WIQ(E k. 0) = WIPI(t, k. k).
Hence
2\/K5€
kD7
by bootstrap assumption (B5) evaluated at n = kt. Since Proposition 1.22 shows
that the bootstrap control (B5) holds globally, the estimate (7) follows with C' =

2/ K. ]

Bootstrap assumptions (B3) and (B5) suffice to deduce the scattering state-
ment (8).

1558, k)| = [WIP](t, k, k)| <

Levmma 1.25. — Proposition 1.22 implies the scattering statement (8) in Theorem 1.6.

Proof. — Let |a| <M. To prove convergence of P(t) in H37, the Duhamel formula (16)

is analysed in Fourier—-Wigner variables. The aim is to show that both the linear and

nonlinear contributions decay sufficiently fast to be absolutely integrable in time in

the H3} norm, yielding the existence of an asymptotic state Qoo = limy—,o0 P(t).
For the linear term, apply Lemma 1.14 and Plancherel’s theorem to obtain

(72, V)™ (€°Lp ()3 < || (k.m) D (WILA®)|]7, -

-

Lemma 1.18 is used to extract the highest-order Dj derivative falling on W[Lp]. Using
assumption (6) on w, which gives (hik)!*I=1@ (k)| < 1, and the inequality (k,7)7° <
(k, kt)?o(n — kt)°°, one obtains

g (a4 T 2
|7 D (WP,
o~ oo |7 o a 2
< /k 1B (k) P12 (B, kY200 55 (1, B) 2 — kt) 20|y — k| D2G(n — kt) | didn
sM

—215 o0 |5 o0 3 2
+ > /k (hk)21=2|@ (k) P || (k, k) 270 55 (8, ) * (n — kt)27° | DEG(n — kt)|” dkdn
N

[BI<]a| -1
S llll [ (k, kt)>7° | pg (¢, k)| dk
~ 119 lr_]]'T/IO‘*'l . y PQ\L,

k[®

< 2 2 |

S Kse HQHH;IO‘*'l/k <k,/€t>201_200 dk,

where the final bound follows from the bootstrap estimate (B5) (via Lemma 1.24).

Provided 201 —20¢ > d+2, this integral is uniformly bounded in time after the change
of variables k — k/(t), leading to

\/K5E

(V2 V) (€7Lp ()l 2 S a2
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The nonlinear term is handled similarly. Lemma 1.18 extracts the highest-order Dy

derivative falling on m, and the factor (h)!*1=1%(¢£)| < 1 on the lower-order terms
is again controlled by (6). Using the inequalities |n — kt| < (t)(k — ¢,n — ¢t) and
(k,m)70 < (£,£t)7°(k — £,m — £t)°°, together with the bootstrap estimate (B5) (via
Lemma 1.24), one obtains

u<k,n>oopg<m]@>>u;

‘€|
< K oo+1
~ 56 Z / / ( gt o1—00 <k 5777 £t>

IBI<M ,
x | DEW(P](t,k — £,n — €1)| de) dkd).

By Lemma 1.13, multipliers in the Fourier variables (k,7n) and derivatives in 7 corre-
spond, respectively, to the quantum derivatives (V,, V¢) and the velocity weights £
acting on P. In particular,

(k— €, — )7 DEWP](t, k — £,n — ft)
— (=) P WV, V)T (€PP)(t k — £, — Lt).

In order to apply bootstrap assumption (B3), Cauchy—Schwarz in ¢ is applied with
weight |k — 0, for 0 < 6 < 1/2 as introduced in Section 1.9.1, yielding

(s

- 2
WV, Ve @ Ptk — b~ f0)] at

1 14| }
< dl
[/e |k — £ (€, £t)7r =0

¢ B P — 2
< [ e = 0 Vv @ Pk~ b~ t0)

>a‘1 —00

To bound the first factor by its supremum over k, set g := (t)k. The change of variables
£ £/(t) sends (£, ¢t) to (¢), so that

1 I 1 / 1 I
21 / dl = de
&) ¢ |k — ¢ (&, Ltyer=oo (B2 Jy g — 0% ()=

Splitting the remaining integral into the regions |¢ — ¢| > 1, where |q — €|725 <1, and
|g — £ < 1, where the singularity is integrable as 2 < d, shows that

4] 1
gp/e ke — % (€, bt)or—o0 =~ (t)d+1-207
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1506 M. Smrtn

provided o1 — g > d + 1. Inserting this bound yields

|k, my D (WINEI )7,

5 K552<t>2<t>d—31—26 /€ <£7£t|>£o|'1—do dt Z HW[|VI|6<V:L’7V§>UO+1(£5P)]<t)‘ :

L2
|Bl<M ko

1 1

2 2
S Kse™(t) I (pyar

K3€27
where the final step uses bootstrap assumption (B3), together with Plancherel and
Lemma 1.14. Hence, for the nonlinear term,

K5K3€2

||<V$7V§>UO(£(XNP(t))”L2 5 <t>d,5

Consequently, define

Qoo = Qin + /OOO Lp(s)ds + /000 Np(s)ds € HI.
Inequality (8) then follows from
1P() = Quelgey

< ([ 1vnvamenol, ast

lal<M

oo

92, 97 € Np o).y, )

) 1 ) o) 1
,S, vV K5E/t W ds + \/ K5K3€ /f <5>d75 ds
e

A

—~

t> d/2’
as the contribution from the nonlinear term satisfies

/ <s>7(d76) ds S <t>7d+6+1 < <t>7d/2
t

for d > 3 and 0 < § < 1/2, ensuring the overall decay rate (t)~%2. O

This completes the proof of the scattering statement (8), and hence of Theorem 1.6,
subject to the bootstrap estimates established in the following sections.

Acknowledgement. The author is grateful to Clément Mouhot for suggesting the
topic, for numerous helpful discussions and for his encouragement throughout this
work, and to Chiara Saffirio for her careful reading and constructive feedback. The
author also thanks the anonymous referees for their detailed corrections and helpful
suggestions, which substantially improved the manuscript.
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Prase MixinG FOr THE HARTREE EQUATION 5oy

2. LINEARISED PHASE MIXING
The linearised Hartree equation is obtained by removing the quadratic-in-Q) term
[w* pg, Q] from (3), which is expected to be small:
hZ
Z.hatC)L - |:_?A7 QL:| + [U) * pQLa ,Yg] )
QL (O) = Qin~

(22)

2.1. Fourier-LAPLACE TRANSFORM. Writing (22) in kernel form gives

h2 -
ih@tQL(t,m,y)Z—j (Az=Ay) Qult,,y) + (w* poy (L, x) —w * pQL(t’y))g(y 7 x)

By Duhamel’s formula, the solution of the linearised Hartree equation can be writ-

ten as
(23)  Qu(t,x,y) = WD BB, (2, y)

= [ O A O s g (5,0) — wx po (o)) ) d.
h h

Taking the Fourier transform of (23) yields
(24) Qut.k,p) = e WAWTERIQ,, (1, p)

t
crd— ~ —q 2_1p12)(t—8) ——
i 2m) D0+ p) o) — (b)) [ e RO G ) d.
0
Using Lemma 1.16, the corresponding expression for the density is

- 1 I—
pQL(t7k’) = (27T)d /6 Pkt PQin (% + D, g *p) dp
p

_ Z.hd—1@(k)//0 p—ih(t=s)k-p [g (h(p _ g)) —g (h(p+ g))] paor (s, k) dsdp.

This is a Volterra equation of the form
(25) Par(t.k) = PQes (t k) — £ ¢ pa (t, k),

where pops (t, k) is the spatial Fourier transform of the density of the free Schrédinger

equation (10), and the kernel Zis given by

Lt k) =ik @ (k) / e~ g (h(p — %)) — g (h(p+ £))] dp

p

= ih" ' w(k)F, [g (A(p — £)) — g (R(p + £))] (hkt)
w(k) (e_i(h/Q)\klzt _ ei(hm)lk‘%)ﬁ(kt)

W (k) sin(3nt|k[*)g (kt) .

St Do St =

Observe that since w,g € L*(R?), the zero mode vanishes: ,,?(t,k‘ = 0) = 0 for all
t>0.
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In order to find an explicit equation for pg,, the Laplace transform in time is
applied to (25). Denoting, for A € C with Re A > 0, f(\ k) := fooo e M f(t, k) dt, the
transformed equation reads

(26) (1+ 2L\ F)par (A k) = pges (A ),
where
— ) o
(27) ZL(\k) = ﬁ@(k)/ e M sin(%ht|k:|2)§(kt) dt.
0
2.2. Untrorm PENROSE conpITiON. — This section formulates conditions on the inter-

action kernel w and the steady state g under which the uniform Penrose condition (2)
holds.

The following lemma shows that, in the space H,, moments and derivatives can be
reordered freely, allowing them to be applied in whichever order is most convenient.

Lemwa 2.1 (Ordering of moments). — Let o > 0, let M € N, and g € H{;(R?). Then
the following norms are equivalent:

l9llsrg, = D VTR Dl ~ D 1k (Vi)7gll -

lal<M lal<M
The Sobolev L? trace lemma is also recalled.

Lemma 2.2 (L? trace [3, Lem.2.15]). Let g € H*(R?Y) with s > (d—1)/2 and
C C R? be an arbitrary straight line. Then, there holds

19120y Ss.a 191 s may-
(©) (R)

These lemmas imply the following estimate for directional integrals of derivatives
of g:

Lemva 2.3, — Letn >0, and let « be a multi-index. Then, for every k # 0,

o0
| 6071083( ) ds Sasumgar 9l
0

le|+Td/2]

Proof. — Applying Cauchy—Schwarz followed by Lemma 2.2,

1/2

/0 ()" 07 (i) | ds Sa ( / ()22 95 () | ds)

< (/
R¢

2 1/2
(V) 1421 ()20 0 k) )| d’“) '

JE.P — M., 2026, tome 13



Prase MixinG FOr THE HARTREE EQUATION 1509

Then, by Plancherel and Lemma 2.1:
| 08a (gs) s S [0 21 (9,2 (gl

S D A L CarICO)] [P
|BI<[d/2]
Sno Do (W) (g (@) |
1BI<[d/2]
Se Mol .

With Lemma 2.3 in hand, estimates on the linearised operator are now derived. The
notation .,270\, k;h) is used to make the dependence on 7 € (0, 1] explicit, facilitating
the analysis of uniformity in the semiclassical limit. For k # 0, a change of variables
in (27) yields

2 o ns/IE] .
(28) LAk h) = wa(k)/o e~ s/ Ik] sm(%|k|s)g(‘—’,§|s) ds.

To compare with the classical setting, consider the limit

Z(A\k;0) := lim Z(\ k; h),
h—0
which evaluates to

,?(A7 k;0) = @(k)/ e_’\s/‘kls’g\(%s) ds.
0

This coincides with the linearised operator of the classical theory [3, Eq. (2.6)].

To study the behaviour of £ (A, k; i) along Re A = 0, the Plemelj formula is applied.
For i € (0,1] and A = i7, it gives

(29) Z(ir, k;h)

PN gr(p1) - gk(p1)
- (’“)mm(p' '/R[pl—r/wmk\/z o =)

+im[gr (7/|k] + hIk[/2) — gk (7/|K] = ﬁlkl/Q)])

where p.v. denotes the Cauchy principal value and g denotes the marginal of g along
the direction —k, defined by

gr(u) := /{k}L g (—(k/|k)u + w) dw.

Similarly, applying the Plemelj formula to Z(\, k;0) yields

Déﬂv(iT, k;0) = w(k) (—p.v. /R m dp1 + 171'9;@(7'/|k|)>

Using Lemma 2.3, uniform bounds and decay properties of Z(\, k; /) are now
established for all h € [0, 1].
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Leviva 2.4, Suppose w € L*(R?) and g € H?ﬁ;éo (RY). Then:

(a) As |k| — oo, the quantity 3()\ k;h) — 0, with decay uniform in Re A > 0 and
ke [0,1].

(b) There exists a constant C1 = C1(d, dy), independent of h € [0,1], such that for
allReX >0 and k € RY,

|-L (A k;h)| < Cl||w||L1||g||H?é?;5o~

(¢c) If in addition g € Hf_ﬁgf% (RY), then there exists a constant Cy = Cs(d, &),

independent of h € [0,1], such that for all Re X > 0 with A\ # 0 and k € R?,

> K
200k ] < Ol el oz,

Proof. — First observe that .:ZT()\7 k=0;h) =0forallReA > 0and & € [0,1]. Now fix
h € (0,1]. For k # 0 and Re A > 0, the representation (28) together with Lemma 2.3
yields the estimate

| L\ ks )| Sa (k) hk|/ [sin (5kls) g(r7s)| ds

< |w(k)] / % ds

§d750 |w( )|||g||H‘F’ﬁ;50
Since w € L*(RY), the Fourier transform (k) — 0 as |k| — oo, establishing part (a).
Moreover, |W(k)| < ||w]| ;. for all k, yielding part (b).

For part (c), the expression (28) can be integrated by parts in s, with no boundary
contributions, to obtain

L\ ki h)
= 2000 g (<50) [ 06l sin( k1) 3(7ks) s

0
1

= 20(k) 7 /Ome—ks/l’fl |31kl cos(4 k17 (f5) + sin(3[K]s) ;- Vig(fiys) | ds.

Therefore,
|k| -
20k )| < plele: | 13(59)] + 5[ Vaa () ] s
||
< 1
Sddo [ ”wHLln.gHHf’f&jgw'
The same bounds hold for the classical limit 927(/\, k;0), with identical estimates. [
Next, using the argument principle, a condition on the behaviour of 2 along the

imaginary axis is shown to imply the uniform Penrose condition. The low frequencies
require separate attention: .Z(\,0; k) = 0, whereas (28) and dominated convergence

JEP — M., 2026, tome 13



Prase MixinG FOr THE HARTREE EQUATION 511

give, for every h € [0,1], Rep > 0 and w € S,
lig)l;?z/(ru,rw;h) = %(u,w) = 13(0)/ e " sg(ws)ds,
r 0

so . is not in general continuous at (A k) =(0,0).

Levma 2.5, — Suppose w € LY(R?), g € Hff[jihfgl

cations hold:

(R%), and that the following impli-

(30) Vhe[0,1],7€R, keRY  Im.Z(it,k;h) =0 = Re Z(it,k;h) > —1,
and, for the low-frequency response,

(31) VreR, we S, Im%(ir, w) =0 = Re%(ir,w) > —1.

Then the uniform Penrose condition (2) is satisfied.

Proof. — For each h € [0,1] and k € R?, the assumptions on w and g ensure that the
map A — £ (A, k; h) is analytic in the half-plane {Re A > 0}, continuous on {Re A > 0}
and, by Lemma 2.4 (c), tends to zero as |A\| — oo. By the argument principle, the

number of zeros of the function A — 1+ Z (A k;h) in {ReA > 0} is equal to the
winding number of the curve
I:= {gir,k;h) iTE R}

around the point —1. The implication (30) ensures that I" does not meet the half-
line (—oo, —1]. It follows that 1 + g?()\,k; i) has no zeros in {Re A > 0}. The same
argument, applied to p +— 1+%(u,w) for fixed w € S¥~! and using (31), shows that
1+ %(u,w) has no zeros in {Re u > 0}.

It remains to show that the infimum in (2) is positive. For & # 0, ki € [0,1] and
Re A > 0, the representation (28) reads

L (N ks h) = w(k) ® (N ||, hlE], k/[K]),
D(p, h,w) :z/0 e_“s%sin(hs/Q)ﬁ(ws)ds,

where the factor 2h~!sin(hs/2) is understood as s when h = 0, so that %(,u,w) =
@(0)®(p,0,w). The function ® is continuous on {Re u > 0} x [0,00) x S¥~1. Indeed,
the integrand is continuous and bounded by s||g||;«, so the integral over [0, R] is
continuous for every R > 0, while |2h~! sin(hs/2)| < s and the Cauchy-Schwarz and
trace estimates in the proof of Lemma 2.3 give, uniformly in Rey > 0, A > 0 and
we S

/R Oo’e—/w % sin (hs/2) Guws)| ds < ( /R OO<€9>§;50 ds)1/2 ( /0 )20 5 0s)? ds)” 2

Sasy R% ”g”H?é?ﬂ% :
2

so ® is a uniform limit of continuous functions. Now set
F(u,r,w,h) =14 0(rw) ®(p, hr,w),
so that F(u,r,w,h) =1 —|—.i7(7“,u,, rw; h) for r > 0 and F(u,0,w,h) =1 —&—%(,u,w).

JIP — M., 2026, tome 13



1519 M. Smrtn

By Lemma 2.4, there exist constants K > 0 and M > 0 such that, for & # 0 and
Re A > 0, if either (i) |k| > K, or (ii) |A| = M]|k|, then

|1+.,27(/\,k;h)\>%

uniformly in & € [0,1], while ‘1 + ,,é”v()\,O; h)‘ = 1. Writing A = ru and k = rw, the
remaining region corresponds to the compact set

K= {(p,r,w,h): Rep >0, [y < M, 0<r <K, wesSt he [0,1]}.

On this compact set, the function F is continuous, since @w and ® are, and it does not
vanish, by the first paragraph. Hence

cp := min{1/2, ming [F|} > 0

is a lower bound for |1+ Z(\ k; h)| over ReA > 0, k € R and h € [0,1]. This
establishes the uniform Penrose condition (2). O

Three sufficient conditions on the interaction kernel w and the steady state g
are now presented, each of which implies the uniform Penrose condition (2). These
include a smallness assumption, a repulsive interaction with decreasing marginal, and
a generalised Penrose-type criterion.

Prorosition 2.6. — Suppose one of the following assumptions holds. Then the uni-
form Penrose condition (2) follows.

(i) Smallness: w € L*(R?), and g € H%/Q;é" (R%), for some 0 < &y < 1/2, satisfy

Cullwlipllgll garzese <1,
ra/21
where Cy is the constant from Lemma 2.4.

(ii) Repulsive interaction and decreasing marginal: w € L*(R?) with w(k) > 0, and
g€ H3/24% (R?) is radial and satisfies

1+[d/2]
{g}c(u) <0 if u>0,

(32) ge(u) >0 if u <0,

for all k € RY~ {0}.
(iii) Generalised uniform Penrose condition: w € L'(R?) and g € Hfﬁ;;s;] (RY),
and the following conditions hold. For every k # 0 andu € R, the classical condition is

/
gp(u) =0 = —@(k)p.v./ Mdpl > —1.
RP1—U

For every k # 0, u € R and h € (0,1], the quantum condition is
gk (u+ hlk|/2) = gi (u — hlk[/2)

:M v/ ( )[ ! - ! dpy > —1
alk) P S I o = k2 T p—u—Rlk2) T

In addition, the classical condition also holds with W(k) replaced by @W(0) (the low-
frequency condition).
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Remark 2.7. In dimensions d > 3, if w € L'(R?) with w(k) > 0 and g €
£73/2+60

1+[d/2]
satisfied.

(R%) is radial and positive-valued, then the condition (32) in part (ii) is

Proof. — In case (i), apply Lemma 2.4(b) directly. For case (iii), first note that
Gg(iT,O; h) = 0 for every 7 € R and & € [0, 1], so (30) holds at k = 0. For k # 0, set
u:=7/lk|. If W(k) = 0, then .,27(1'7'7 k; h) = 0 and (30) holds trivially. Otherwise, by the
Plemelj formula (29) and its classical counterpart, Im .,27(2’7, k;h) = 0 is precisely the
hypothesis of the quantum condition when & € (0,1] and of the classical condition
when A = 0, and Re .,27(1'7', k;h) > —1 is the corresponding conclusion, so (30) holds.
For the low-frequency response, with w := k/|k|, the classical Plemelj formula gives

Fylir,w) = ©(0) (- Py, /R IP1) g m;(ﬂ),

p1—T
so the low-frequency condition gives (31) in the same way, trivially so when @w(0) = 0.
In case (ii), first consider % € (0,1] and assume g is radial and satisfies (32). Then
for k # 0, the equality gx (7/|k| + hlk|/2) = gi (7/]k| — h|k|/2) can only occur when
7 = 0, by the evenness of g and its strict monotonicity on (0,00). When 7 = 0, the
Plemelj formula (29) yields

2 2 > — hlk|/2) — hilk|/2
Reg(o7k;h)@(;€)w1§$/ gk (P1 K|/ )plgk(p1+ |k|/ )dp

which is non-negative by the assumption g; (u) < 0 for u > 0. For the low-frequency

1

response, the formula for %, displayed above gives

(_glk(pl)>dp1
D1

If w(0) = 0, then % = 0 and (31) holds trivially. Otherwise @w(0) > 0, so the
imaginary part vanishes only at 7 = 0, where the real part is non-negative by (32).
This gives (31). The same argument, with @w(0) replaced by @w(k), applies in the
classical case i = 0, see e.g. [2], again leading to (30). In cases (ii) and (iii), Lemma 2.5
then yields (2). O

Im 2y (ir,w) = 75(0) go(r),  Re.Zo(0,w) = B(0) /R

2.3, InveErsE LarLACE TRANSFORM OF GREEN FUNcTION. — Throughout the remainder
of the paper, the interaction kernel w and the steady state g are assumed to satisfy
the uniform Penrose condition (2) with constant cp > 0. Under this assumption, the
formula

(33) PaL (N k) =G (N, k) pQes (A )

is justified, where

B 1

IREERZIW

The analysis of the inverse linearised operator, referred to as the Green function,

follows the approach of Nguyen and You [24]. Specifically, this includes Lemma 2.8,
Lemma 2.9, and Proposition 2.10.

(34) G\ k)
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For k # 0, define the Lindhard function mg4 by

2 oo
mg(A k) = ﬁ/o e sin(Bt[k[2)g(kt) dt

o=/ Ikl &
h|]€|/ Sln( |k| ) (k )dS,

so that 3()\ k) = w(k)mgy(A, k). The Lindhard function plays a central role in the
physics literature; see [19].

(35)

Levya 2.8 (Decay of mg(A, k)). For any integer n > 0, if g € H;:Fd//i—s]-éo (RY),
then

(@) 108mg(i7, k)] Sn.ago [ llgll rntasasso, and

Rk)2| k|2
(k)71 gl 715

i) |00mg (i1, k)| Snodsy ——tt
(i) [0xmg (i, k)| Sn.a.0 e rrs/at

Proof. — Differentiating (35) n times in A yields

(1" &m0 b) = e hlkl/ e/l g gin (B k|51 5) d.

Hence, for any Re A > 0

1
[0xmg (X, K| Sn

o0
1
+1|~ k
G s Suas relalggyess

using Lemma 2.3, which proves part (i).
To establish part (ii), consider A = i7 € iR and n > 2. Multiply both sides by 72
and integrate by parts twice:

2 (=1)" 03 myg i, k)

1 2 002—1'7—3/|k\n. h Yk
:WW 0 Te o Sln(?‘k|s>g(m8)ds

— g [ O sin ks g ) s

k —17'9 2 . R o ~
||k|| h|k|/ /\kl[h |k[*s s1n(%|k|s)g(|,’z—|s)—n(n_1)s 281D(%|k|s)g(ﬁs)

—2ns" " ' sin(2|k|s ) ng(% 5) — hlk|ns" " cos(§|k|s)g (% )

]
— ks cos(5|K|s) fy - Via(s) — 5" sin(5kls) (k- V)25 9) | ds.

The first term is exactly (—1)"(h2/4)|k|* 0¥myg(it, k). Moreover, all the other terms
in the integrand are O(%i|k|), and hence

7210%my (i, k)|
S IRy 1)+ P [0 (] + (Wit )| + ()]s

S BRI T gl orsszrso + KT gl ynra/zeso
rd/2] 24[d/2]
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again using Lemma 2.3. The cases n = 0 and n = 1 give rise to fewer terms upon the
integration by parts and are treated similarly. Finally, combining this with the bound
from part (i) gives

(AR [K[* + 72) 05 my (i, k)| S (PR [E[* " (gl fyosaraso
2+[d/2]
which proves part (ii). O
To quantify the deviation from the identity in the Green function, define the
remainder
LK) B(k)mg(\ k)

Gr(\ k) = 1+:?7()\7k) 1+ aw(k)mg(\ k)’

so that (A, k) =1 —97(\, k).

Levva 2.9 (Decay of @“()\, k)). — Letn >0 be an integer and suppose w € L'(R?)

and g € H;:ﬁi/fg% (RY) satisfy the uniform Penrose condition (2) with constant cp.

Then, there exists a constant C = C(n,w,g,cp,d,dy) such that
hE)? k>
¢ {2
(hk)?[k[" + 72
Proof. — Forn = 0, the estimate follows directly from Lemma 2.8(ii) and the uniform
Penrose condition. Using the Faa di Bruno formula, for any n > 1,

d" 1 f@) 7 (=Dt (18D
dx"[l—kf(x)]_wg_; (1+ f(z |vr\+1 f 1

where 7 runs through the set IT,, of all the partitions of the set {1,...,n}. So,
d" w(k Ak
KRG (i, k) = [ k)my (A, k) ]

|02 (ir k)| <

dxr [1+ @(k)mg()\ k)1 Iazir
|7r\+1|7r|1 \B|
_ Z FymeGir, BT H w(k)0y 'mg(iT, k).

mell, Bern

Moreover, writing m# = {Bo} U (7~ {By}) and using Lemma 2.8(ii) to bound the term
a‘AB()'mg(iﬂ k) and Lemma 2.8(i) to bound the 8/‘\B|mg(i7', k) terms in the (possibly
empty) ™~ {Bo},

— 1 (hk)? [k
NG (ir, k)| < k ol+3/245
RIGn RIS 2 (cp'”'+1 T R i

mell,
< I |@<k>|k|‘B'||g||H.B.+3/z+ao)
BGTK‘\{B()} el
PR [
< po lgll \B\+3/2+60 O
S > S L,

The decay of the Green function on the Fourier side is now obtained by taking the
inverse Laplace transform.
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Prorosirion 2.10 (Decay of @’(Lk)) — Let n > 0 be an integer and assume w €
LY(R?) and g € ngﬁd/fg% (RY) satisfy the uniform Penrose condition (2) with con-
stant cp. Then, there exists a constant C' = C(n,w, g, cp,d, o) such that

(k)| k|

|97 (t, k)| < C D

Proof. — By the uniform Penrose condition (2), the map A\ — ?T()\, k) is analytic in
Re A > 0 and extends continuously to Re A = 0. Moreover, Lemma 2.9 ensures suffi-
cient decay in Im A, so the inverse Laplace contour can be deformed to the imaginary
axis:

1 —~ 1 L~
Gr(tk) = — /R - NG\ k) dA = o /R e G (i, k) dr.

21

Assume first |k|t > 1. Integrating by parts n times and applying Lemma 2.9,

97 (t, k)| = Q;n /R o (i) G (ir, k) dr| = 27;” /R e oG (it k) dr
< 1 / (k)2 [k
~ (K™ Jr (k)2 (K] + 72
__(hk)|k|
(|%[t)™”

where it was used that fR #22 dr = wa for a > 0. No boundary terms arise by
Lemma 2.9. For 0 < |k[t < 1, the estimate follows from Lemma 2.9 with n = 0,
without integration by parts. O

2.4. LINEARISED DECAY AND SCATTERING. — Taking the inverse Laplace transform of
(33), the density can be written as

t
(36) Por(t.k) = par (k) — / Gr(t — 5, K)ogns (s, k) ds.

The next proposition quantifies decay of the density pg, and scattering for Qr..

Prorosition 2.11 (Linearised phase mixing). — Let Ny, N1 > 0 be constants such
that 0 < Ny < Ny —d/2 — 1. Assume w € L*(R?) and g € Hé\_]f[tl%%”o (R%), for some

0 < 0o < 1, satisfy the uniform Penrose condition (2) with constant cp. Assume the
initial perturbation satisfies

HQian}(%O,;Il < 0.

Then, there exists a constant C = C(Ny,w, g,cp,d,dy), independent of A € (0,1],
such that the solution Qr, to the linearised Hartree equation (22) with initial data
QL(0) = Qin satisfies the following.

— Density decay: for all k € R and t >0,

(k,kt>N0|pr\L(t, k)| < CHQMH%%;.
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— Scattering: there exists an operator Qo € HN'(R%; C) such that, for t > 0 and
h e (0,1],
Qi

(37) H<tvzv VE>N1 [ —i(h/2) tAQ ( ) i(h/2)tA Qoo]‘ o < W

Remark 2.12. — Observe that each spatial derivative of e_i(h/z)m‘QL(t)ei(h/Q)tA im-
proves the convergence to @, by a power of ¢.

Proof. — Apply Proposition 1.17 to bound the free density po.s, and Proposition 2.10
for decay of the Green function remainder 4", in the representation (36). This yields
ot < 2oy [ s @l
GBS k)Mot T T fy Ths) Mot (k, k(e — s))No+1 @7
- ”Qin”g.fjl\v’lt?ﬁl . <hk>||Qin||HQ'Ic3L1 /t k|
™ (k, kt)Nott (k,kt)yNott [y (ks)?

(k)
o 1@l

ds

<

where the inequalities (k, kt) < (k, k(t—s)) (ks) and [! [k|/(ks)2ds= """ 1/(r)2dr S 1
were used. Since & € (0, 1], the desired density decay estimate follows
To establish scattering, perform the change of variables (k,p) — (g + p, g —p):

QU S+ 5 =) = Qs +p.5 —p)

— —int 2m) (k) [g(h(p — £)) — g (h(p + £)] /0 " (5, K) ds.
For any o > 0 and multi-index « satisfying o + |a| < Ny, define
Ao als) = g |IKI7 (£9) " [in? 2m) (k)

< [o(blp — §)) ~ (o + )] €755, (s, )]

]

.
Lk,p

The finite-difference estimate is
[Vras 0= P de S 16P [ V1) do

Applying this estimate, the Leibniz rule, the bound |@w(k)| < ||w||,. and the density
decay estimate gives

|k|20'+2|k |2|OL ﬁ| 1/2
Aaals) % Qg oll 32 19l ([ B —ae)
B<La

For m = |a — 3|, the change of variables k — k/(s) yields

2042 2m 1/2 20424+2m 1/2
[ ) = s 0™ ([ P o
. <]€, kS>2N0 <S>d/2+a+1 & <k>2NO

1
~ (s)d/2tot1
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where the final integral is finite since 2Ny — 20 — 2m — 2 > d, which follows from
< |af, 0+ |a] < Ny and Ny < Ny —d/2 — 1. Consequently,

|Qinllgervo+t[wll Lallgll grasiad
M, M
(38) -Aa,a(s) 5 <S>d/2+a+1

Since the right-hand side of (38) is integrable in s, the asymptotic state Q is well
defined by

Qoo (k) = Qin(k, p)
— b 2m) @k + p) [g(—hp) — g(hk)] / " G (s 4 p) ds,
0

Minkowski’s inequality and (38) then give

hd/QHW (iv )a[emwt@;(t,%—i—p,%—p)—@w( —‘,—p’f—p)”

L2
k.p
o0 1@inl 301
S/t Agals)ds S Tyazte

where the dependence on w and g is absorbed into the implicit constant. Since this
holds for all o + |a| < Ny, the scattering estimate (37) follows. O

3. ENERGY ESTIMATES ON THE DENSITY

This section initiates the nonlinear analysis by establishing the bootstrap improve-
ments (I2) and (I4) on the density pg. The approach applies part of the linear theory
from Section 2 to the nonlinear equation.

3.1. Linear paweine in L. — The first step is to derive an estimate for a general
Volterra equation of the form

(39) ot k)= H(t, k)— /0 DUt — 5, k)(s, k) ds, Pt k)= 2 D(k) sin(Etk[2)F (kt)

Prorosition 3.1. — Fiz T* > 0. Let m € R and o > 0. Suppose w € L*(R?) and

g € Hgﬂ;r/%%% (RY) satisfy the uniform Penrose condition (2) with constant cp.

Assume

11| (&, kt)” H (2, k)| 20,747 < 00-

Then there exists a constant Cr,p = CLp(0,d, dg, w, g, cp) such that the solution ¢(t, k)
to the system (39) satisfies the pointwise-in-k estimate

115" &, k) S(t, )| 2 0,71y < Cup k™ (k, k) H (&, )| 2 0,74 -

Proof. — The result follows by taking Laplace transforms and applying Plancherel’s
theorem. The key point is to control the resolvent ¢ (A, k) uniformly in k& along the
imaginary axis.

JE.P — M., 2026, tome 13



Prase MixinG FOr THE HARTREE EQUATION 1519

Taking the Laplace transform of (39) yields

(40) oM k) =9GN k) H (N k),

where ¢ is defined in (34). Assume first that o is an integer. For any 0 < n < o,

nan L n I A D n—j3an—7j rr
| amu,mzz(j) OGN Rk (A, k)

Jj<n

(a) —GO IR EN D = 3 (1) W ET ORI HOR)
1<jsn

recalling that G(\ k) =1—%"(\ k). For the first term on the right-hand side, note

that |% (i1, k)| < cp~!, which follows from w and ¢ satisfying the uniform Penrose

condition (2). Along the imaginary axis A = i7, Lemma 2.9 can be applied to the
other terms in (41) to bound |k|’|%" (i, k)| < 1. Therefore,

k" |0R(ir, k)| < k[P |0 H (i, k).
i<n

Taking the L? norm in 7 and applying Plancherel’s theorem yields

Ikt 3(t, k) L2 0.7y S 1RO H (8, 5)lI 120, 7+)-
Moreover,
(k) |p(ir, k)| = (k)|“ (i, k) H (i, k)| S ep~ (k)| H (i, k).
Using (k, kt)? ~ (k)7 + |kt|, it follows that
[[{F, k)7 &(t, B) | 12 1o,y S 1K K6)TH (L, )| 210,74

Multiplying the preceding estimate by |k|™ yields the result for integer o. For non-
integer o, the result follows by interpolation between the integer cases |0 | and [o] [25].
]

3.2. Boorstrap ivprovemenT (I12). — To prove the bootstrap improvement (I12), the
weighted norm is split into two contributions according to (hk)? = 1 + h2|k|2. Each
contribution is treated separately. First, it is shown that under the bootstrap hypothe-
ses (B1) and (B5), there exists a constant K5 > 0 depending only on the fixed
parameters in Proposition 1.22 and independent of i, T*, €, @iy and the bootstrap
constants K, such that, for ¢ sufficiently small,

PR 2
(42) 1R R, k)75 (8 1) | 2 0 ey ) S 2K3E%

Following this, it will be shown that there exists K4 > 0 such that, for ¢ sufficiently
small,

3/2 on 2
(43) [AIRI2 G k)7 5 (1 B[ (0 .12, < 25

Choosing K5 := K} 4+ K establishes the bootstrap improvement (I12).
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3.2.1. Estimate for (42). From (18), the density satisfies

—~

ot k) / (t— s, k)55 (s, k) ds, Pt k) =

with

@ (k) sin(5tk[*)g (kt),

D?‘\l\')

H(t,k) = pQFS(t k)
Qh : // 0)pg(s,€)sin (Le- k(t—s))W[ 1(s,k — £, kt — £s) déds.

Under the assumptions of Theorem 1.6, Proposition 3.1 implies

172 (e, k)™ 5t 1) 52

([0,7%],L.2)
< Cr ([|[512 e, kt)7* s (¢, F) HL2([0 ey TNE),
where
w21 _ [T 1/2 L
NEEE = (k, kt) B(0)55(s, O)h
2

x sin (20 k(t — ) W[P] (s,k — £, kt — {s) dlds| dkd.

The initial data term is controlled by Lemma 1.21 and the assumption ||Qin 470 < €,
M, M

H‘k|1/2 k, kt>a4pQFS (t, k) HL2 ([0,T*],L%) S Z HfamﬁQinHJ{No Se )
lels|BI<M

provided that o4, < Ny — (d + 1)/2. For the nonlinear term N(B2):1 | the triangle
inequality (k, kt)7* < (k—£, kt—{s)7*+({, £s)°* gives the decomposition 1nto transport
and reaction parts N(B2)1 < g(B2)1 L R(B2).1 where

* r rt
g5 [ 1[0 ekt ey @(0) 73 (s, 0
t=0 Jk LJO J¢ <9
x |kt — 5)||[W[P] (s, k — £, kt — £s)| deds| dkdt,

* _ t N
xets [ a0z ol
t=0 JkLJO J¢ <2
x [kt — 8)|[W[P] (s, k — £, kt — £s)| deds | dkdt.

The regularity of the solution moves along the flow, allowing control of the transport
term through the bootstrap assumption (B1). The reaction term, however, introduces
the time response kernel and requires careful handling of resonances.

3.2.2. Control of transport term. — For TB2):1 since k(t — s) = kt — £s — s(k — {), the
factor |k(t — s)| is bounded by a constant multiple of (s(k—¢), kt—£s), and the weights
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are absorbed onto P using Definition 1.2. Writing Py := (sV,, V)(V,, V)74 P(s)
for s € [0,7%],

(s(k — £), kt — €s)(k — €, kt — £)7* [W[P] (s, k — £, kt — £s)|=|W[Py) (k — £, kt — £s)].
This leads to

(44) TB21

T t - )
5/ / U /|k|1/2\@(£)llﬁa(s,é)\|£|yW[Ps] (k—¢, kt—és)]déds} dkdt.
t=0 JEk o Je

Applying Cauchy—Schwarz in s and ¢ and the bound |w(¢)| < 1,

T* t
e AT eI
t=0 Jk s=0J/
t —_—
y U /<s>—<d—1/2>|55(s,z)||e|\k|yW[PS] (k—ﬂ,kt—és)fdﬁds} dkd.
s=0

Bootstrap assumption (B5) (via Lemma 1.24) implies
o < S>d—1/2

t
/ (s>d_1/2/€|£\|ﬁ§(s,€)|d€ds < \/K55/ e ds s VFae
s=0 0

provided that o; > d + 1, which allows control over the first s-¢ integral. For the
second, Fubini’s theorem is applied:

-~
1O < VEe [ [t g, o) deds
s=0 J4

x sup  (s) 2d“// |k|’W ] (k— Ekt—ﬂs)‘ dtdk.
LeRY t=—00

s€[0,T*],

The s-£ integral is controlled again using (B5). Finally, the change of variable ¢t — ¢/|k|
is made, and the L? trace lemma (Lemma 2.2) is applied to the n-variable:

TEDL < K2 sup 2d+1// WP (k— 0, kit — ts) | dedk
sE[O,T*],ZERd

< Kse? sup (s)72dH! / sup / |V[//[-]?q] (k,wt — 1:)|2 dtdk
s€0,T*] k weSd—1 zeRd Jt=

2

< Kse® sup (s) 2‘“1/!! P, (k)| dk
s€[0,7*] n

< Kse? sup (s) 724+ Z [|[v*W [ Ps](2 v)||L2 ,
s€[0,7*] la|<M

where (d —1)/2 < ¢ < M. Using Definition 1.2 and Lemma 1.14, the resulting norm
coincides with the quantity controlled by the bootstrap assumption (B1). Hence,
it follows that the transport term satisfies

TBAL < K Kyel
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3.2.3. Control of resonances. For the reaction term R®2):1 the bound |k(t — s)| <
(s)(k — £, kt — {s) is utilised, and bootstrap assumption (B5) is used to control

|k|1/2|£|1/2 s 2
R(BQ)1<K5/ /U / Il Mt e 1 )7 . ) dts i,

Consequently,

B2), - 1/2 ou | 2
(45) RO < Ko |[ R (k, k)74 1508 )] | 20 1) 22
with the integral operator R: L?([0,T*], L?) — LZ([0,T*], L?) defined by
@ (0) ||k|“2|e|”2
4 .
(46) 1(t,k) //k byt O s

Through this kernel, density modes at earlier times 0 < s < t can influence the
k-th mode of the density at time ¢. Preventing a cascade of resonances is crucial: the
{-th mode of the density at time s may sequentially drive the k-th mode at time ¢,
and so on, potentially causing growth in the nonlinear interaction at arbitrarily large
times. Schur’s test implies that

(47) ||RHL2 [0,7*],L2)—L2([0,T*],L%)

B(0)||k 1/2)p11/2
(o [ [tm0M ||ld£d5>
telo, T* keRd k— £kt —ls)

(ORI
dkdt ).
SORTIANE = e

The following lemma provides control over these integrals, analogous to [3, Lem. 3.1 &
3.2], with the proof extended to d > 3. The main challenge in managing the integrals
in (47) arises from the (s)-growth in the numerator, which becomes difficult to handle
due to potential cancellations in (k — ¢, kt — ¢s) when k and ¢ are nearly collinear.

To address this, a resonant region in R? is identified, where k and ¢ are nearly collinear,
and which diminishes over time. The integral over this resonant region converges as
it shrinks at a sufficient rate to ensure convergence in the time variable. Outside
the resonant region, where £ and k are sufficiently non-collinear, additional decay is
extracted from the denominator through powers of |kt — £s|.

Lemma 3.2 (Control of resonances). — Fizx dimension d > 3 and let T* > 0, m >

max{1, (d — 3/2)/2} and B > d+ 6. The following integral inequalities hold:
G

48) sup / / dbds <1

( €[0,T*],keRd E]Rd k é kt — £S>

and
G

49) sup / / dkdt < 1.

( c0,7+],eer? Js  Jrera k €kt — ls)B

Schur’s test thus shows that the operator R, defined in (46), satisfies

HRHLf([O,T*],L%)HL%([O,T*],Li) St
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Proof. — To establish inequality (48), fix t € [0,7*] and k € R<. If k = 0, the integral
vanishes, so assume k # 0. The integral over early times is controlled as follows:

1/2)1/2 1/2191/2 1/2
/ / u L Py L ey w<t
m(f — 4 kt — €s)P O™k — £)B o (0)m=1/2( — £)5-1/2

where (k) < (€)(k — ¢) was used.

Assume T* > 1. Decompose ¢ € R? into parallel and orthogonal components
relative to k as £ := (k- Ok/|k|* and £, = € — (). Define Ir C R? as a cylinder
around the line spanned by k with radius shrinking over time, and set Iyr = I§,
where

In={0:16 | <|k["/(s)¢} and Ing={0:|00]>[k]"/(s)¢},
with b := (1 — {)/2, where ( is chosen to satisfy

1 11
Such a choice is possible since (1 —¢)™! — (2d — 1)/(2d —5) <5 as ¢ L 2/(d — 1/2),
for all d > 3.

The integral over the cylinder I satisfies, using |€|1/2 < Vl\ ’1/2 Ll |1/2
|k‘1/2|€|1/2
jR_// k 7kt — ts)p 10
(s[4 V2 e
¢ ¢ deds.
/ In é“ k €H7kt_€|\5 (’ H| + €1 ) S

Applying the bound for |¢) | on Ix and the volume of its cross-section gives

(s)Ik|'2 TPV U
14 déyd
fRN/ / @) nLk 0, kt — £s)7 (s)(d= 1)<(| H| <>C/2) |ds,

leading to two contributions .#; and %. For .#7, the change of variable s — s/ |£”|
and (d — 1)¢ > 1 yield convergence under the conditions S + m — 2(d — 1)b > 3/2
and B,m > 1/2 4 (d — 1)b. The second term .#; converges due to the choice of ¢,
ensuring that 1/(s)(¢=1/2<=1 is integrable, for B +m > 2 + 2(d — 1/2)b and m, 3 >
1/24 (d—1/2)b.

On Iyg, for s > 1, it holds that |kt — £s| > s[¢1| > |k|"(s)'=¢, so

ded
//,NR k 0kt —0s)8 T

1/2111/2
/ / (s)|KI""1e| dtds
Inn (O™ (k — £, kt — £s)B=1/C@0)[|'/? (5)(1=0)/(20)

Using (1 —¢)/(2b) — 1 = 0, and applying the change of variable s — s/|¢|, the integral
FNr converges for §+m —1/(2b) —1/2 > d.
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To establish inequality (49), it is observed that:

sup / / dkdt
s€[0,T*],4€Rd J s kerd k C kit — Us)P

1/2)1/2
sup / / (ke dkdt.
SG[O T+],cRE rera (O)™(k — L, kt — ls)P

For fixed s € [0,7%] and ¢ € R%, the integral over early times is estimated as

// ol 7 dkdt</|k|l/2|£|1/2 dk < L'm dk <
m(k — £, kt — (s)P ~ e (0™ (k— 08 T~ (k)8

Assume T* > 1. If £ = 0, the integral vanishes, so assume ¢ # 0. Decompose k € R?

into parallel and orthogonal components relative to ¢, defining k) := (¢ - k){/ 1¢)* and
k1 =k — k), and partition

Jr=1{k: k| <[00/} and Jng={k:|ki| >0/ )°},

with ¢, b and x as in the proof of (48).
The integral over Jp satisfies

o / 0 ik
R JR k'er kHths I +

02 N (I + i ) by,
k“ — 4, k”t — €S> (t >(d_1)<_1 I (t >C/2 l

leading to two contributions, _#; and _#,. Following the change of variable ¢
t/|ky| in #1, the integrals converge under the conditions m > (d — 1/2)b+ 1/2 and
(d—1/2)¢—1>1.

On Jyg, for t > 1, it holds that |kt — £s| > t|k.| > " (£)1~¢, so

()10 k|
/NR—/ /JNR Ok — £kt—£>dkdt

1/2,.,1/2
</ / o "
JNR k 0, kt — €S>B m|g| < >m(1—<)—1

Since z(1 — ) = 1 and bxr = 1/2, the change of variable ¢t — t/|k| shows that the
integral is uniformly bounded provided § —z —1/2 > d. By the choice z < 11/2, this
condition follows from $ > d + 6. The remaining conditions obtained above follow
from 8 > d+ 6 and m > max{1, (d — 3/2)/2}. O

Applying Lemma 3.2 to (45) yields the bound
ROV S K[| |12, kt) 7 5 8 R |0 e 12
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3.2.4. Conclusion of (42). — It has been shown that there exists a constant K{ > 0,
depending only on the fixed parameters in Proposition 1.22 and independent of &, T%,
€, Qin and the bootstrap constants K;, such that

%172 (. k)7 538 W) [ 2 0,1,

(4 K+ Ko [ k05300 1)

For ¢ sufficiently small so that K[ Kse? < 1/2, the final term may be absorbed into
the left-hand side, yielding

12 (ks k)™ 5o (¢ 1) 75 <2K{p (2 + K1 Kset) .

((0,7+],L})

Choosing K1 Kse? < 1 and defining K} := 2K] 1, the estimate (42) follows.

3.2.5. Estimate for (43). — Following the strategy of Section 3.2.1,

Hh|k|3/2 k, kt)7* pq(t, k) ||L2 ([0,T*],L2)

CLD(||h|k‘3/2 k kt>a4pQFS t k HL2 (0.7+1,22) +N(B2)’2>7

where

T t
o — [ a2k [ [ aomes on
t=0 Jk 0 J¢

x sin (50 k(t — )) W[P] (s, k — €, kt — Ls) dlds

2
dkdt.

The initial data term is controlled by Lemma 1.21 and the assumption on @;,. For
the nonlinear term, observe that the additional factor of Alk| in (43) cancels the h~*
denominator. The triangle inequality (k, kt)74 < (k— €, kt — £s)7+ + (£, £s)°+ gives the
decomposition N(B2):2 < J(B2).2 4 R(B2).2 where

T* t
g2 = [ [ 0= ekt = e o (s, o)

2
x |sin (20 k(t — s))||WI[P] (s, k — £, kt — s)| déds} dkdt,
T t
w2 — [ 1 oo mis.0
t=0 Jk LJO J¢
2
x |sin (B¢ k(t — s))||WI[P] (s, k — £, kt — s)]| déds} dkdt.

To control the transport part, the bound ’sin (gﬂk(t — s))’ < 1 is used. The
additional factor of |k| in (43) is decomposed into |k| < |¢| + |k — £|. This leads to two
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terms, with T(B2):2 < ‘T§B2)’2 + ‘J'éBQ)’Q where

T* t
Tng)QZ/ /[/ /|k|1/2|g||@(é)||p’5(s,£)\
t=0 Jk LJO J¢

2
X ‘W[(Vm V)7 P (s,k — 0, kt — Es)‘ dzzds] dkdt,

T* t
T£B2)72 :/ /[/ /|k|1/2|@(€)|\p/§(87€)|
t=0 Jk LJO J¢

2
x ‘W[\V$|<Vw, V)P (s, k — €, kt — és)‘ dfds] dkdt.

The contribution T;BQ)’Q is controlled by (44), and hence
T(BQ)’Q < K1K5€4.

For ‘J'( 2 , observing that

// Y3255 (s, 0)| dbds < VK. s// d@ds SV EKse

and proceeding as in Section 3.2.2 leads to

TED? < Kse? sup ()72 3T 00 W |V |(Va, V) P) (s, 2,0) |72
SG[O,T*} \a|<M z,v

Using bootstrap assumption (B1),
sup ()72 ST [0t W (| Vo[(Va, V)4 P) (5, 2,0)||;

Lz,
s€[1,T*] lal<M
< sup <s>_2d+1 Z HUO‘W[|3V$|(V$,V5>"4P] (s,2,v HL2
s€[1,T*] lal<M zZv
g K1527

while, for s € [0, min {1,7*}], the spatial-derivative estimate (53), which is derived
from the bootstrap assumptions (B1), (B2), (B3) and (B5) alone, together with the
choice of K and the smallness condition ¢ < (vVK2K3z + K1 K5)~! made in Sec-
tion 4.1, gives

_ o o 2
sup  (s)72F N0 W | VL(Va, V)7 P (5,2,0)] [}, S Kag?.
s€[0,min{1,T*}] la|<M z,v

Altogether, the transport term satisfies
TB22 < K Kiet
For the reaction term R(2)2 bounding
|sin (B¢ k(t —s))| < Ale||k(t — s)|

and arguing as in Section 3.2.3 yields

(B2).2 |h|/~s|3/2w|”2 12 .
R < Kse? k é Kt — s)m 1 [€] (¢, £s)7*|pg (s, C)| dlds | dkdt.
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Splitting the additional weight using the triangle inequality %i|k| < A|¢| + Ak — ¢|
yields two contributions: R(B2):2 < fR(lBQ) 24 fRéBQ) ®. The first contribution is exactly

R(P2 Kse2||R[AIK[ (k, kt) 5o (, k)| ]HL2 ([0,7+],L2)’

where the integral operator R: L7([0,7*],L?) — L?([0,T*],L?) is defined in (46).

Lemma 3.2 implies ||EHL2 [0.7],12 )= L2((0,T+],L2) ~ < 1, and hence

RED? < Ko |, k) 754 D1 13

This term will be absorbed into the left-hand side. For the second contribution, use
that i € (0,1] and |w(€)| < (¢)~™ with m = M — 1/2, by (6), and absorb |k — ¢| into
the denominator:

(B2),2
" SRV . 2
< Ky /to/{// k o — g6 s, Ol dtds | ks

By Lemma 3.2 and (42),

R S Kse? [k, kt) 7 5 (1 B)|[ < Kb K56t

({0,7+],L%) ~

provided that o1 > d + 8.

3.2.6. Conclusion of (43). — There exists a constant K|, > 0, depending only on
the fixed parameters in Proposition 1.22 and independent of h, T%, &, Qi, and the
bootstrap constants K;, such that

Hh|k|3/2 k, k)7 pa(t, k) HL2 ([0,7%],L2)

< K (2 4 KB+ Kgoet 5 K [ 0 770 )

Choosing ¢ sufficiently small such that K{'pKse? < 1/2 permits absorption into the
left-hand side,

([l (&, ) 4 5 (1, K) HL2 < 2Ky (2% 4 K1 Kset + Kb Kset).

(lo,7=],L3) =

Finally, for € chosen such that K;Ksze? < 1 and K3Kse? < 1, the improvement (43)
follows upon setting K4 := 3K{',. This completes the proof of the bootstrap improve-
ment (12).

3.3. Boorstrar improveMENT (I4). — This subsection establishes the improvement of

bootstrap assumption (B4). The argument combines the linear damping result with
a decomposition of the nonlinear term.

As in Section 3.2, the linear damping result (Proposition 3.1) is applied to the
nonlinear equation, yielding

(1K (&, kt) 72 55 (¢, k) ||L2 o) S [1E1M2 (&, kt) 72 s (t, k) |\L2 + NBD k),

([0, 7+])
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where

T* t
K12k, k) o2 / / D073, 1)
=0 0 Y/

N () = /t

2
x h™sin (B0 k(t — s)) W[P] (s, k — €, kt — {s) dids| dt

The initial data term is controlled by Lemma 1.21, while the nonlinear contribution
is decomposed into transport and reaction terms, with NB4) < JB4) (k) 4 RB (k)
where

T* t
700 < [ [/ J 20— ke~ 5 Ol 5.0
t=0 0 Y/

2
x |6||k(t — s)|’W[P] (s.k — €kt — 65)’ déds} dt

w005 [ ([ [ miaoimEe o

2
< 6|k (t — 5)|’W[P] (s.k — €kt — és)’ déds} dt.

To control the transport term, apply the bounds |w(¢)] < 1 and |k(t — s)| < |klt.
Then

(B4) (k‘)

4
< 2 2 | . o2
Kse |k\ / t {/ / 005} k 0kt — Us)
|€| 1 1/2
< Kse?|k / tz[/ / Al
| ‘ €, €s)%7 |k — €|25(k 0, kt — (s)2(o3—02)

x (/|k — 0k — 0, kt — €5)%7®
4

where the second line uses Cauchy-Schwarz in ¢. To estimate the first integral
in ¢, fix a parameter j > 0 such that j < min{o1,05 — 02}. Using the inequality
(0, 0s)(k — £, kt — Us) Z (k, kt), it follows that
1 < 1
(0, 08)201 (k — £, kt — £s)2(03=02) ™~ ({ (5)201=2] (f;, k)27
To estimate the second integral in ¢, the Sobolev embedding and Lemma 1.14 imply,
ford/2 <s<[(d+1)/2],

2
WP (s,k — 0, kt — 65)‘ dfds] dt

- /2 12
WP (s,k — ¢, kt—fs)) cw) ds} dt,

2

[ R ]
| 2
//' V.|’ (Va, Ve) ™ PI(¢, 77)’ dnd/l
s X |w [€“|V (9. vamr][

z,v
loe| <M

< Kse?,
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where the final step uses bootstrap assumption (B3). Substituting into the earlier
bound yields

(B4) 411,13 ) t? ! |€|2 1 12 ?
T < K.
() < KsKselH =0 (k, kt)* [/s_—o (/e (£, 0s)201 =2 |k — €|26 dﬁ) ds] “

4 LIE t2 o 1 2
~ 3R 5E ‘/t:O </€, t>2J [~/9—0 <S>d/2+1*5 S:|

S K3K564a

provided that o1 —j > d/2+1— 6 and j > 3/2. These conditions are satisfied under
the assumption o3 — o > d/2 and 01 > d/2+5/2 — .

To control the reaction term, apply the bound |@(¢)] < 1 and perform Cauchy—
Schwarz in both ¢ and s:

T t
R(B4)(k)§/ 2 (/ /|£|<€,€s>2"4|ﬁ§(s,€)|2dst)
t=0 s=0J¢
t —_—
X (/ /w@,esr?(@—“ﬂ\ww] (s,k— ¢, kt—es)fdzds) dt
s=0J¥¢

T* t
4
< Ko Kset k3t2/ / | dbdsdt.
~ et /t:o' RN Ay E eI AT SR

Fix a parameter j > 0 such that j < min{oy,04 — 02}. Using the inequality

(€, 05)(k — €, kt — 0s) > (k, kt),

it follows that

1 1
<
(0,05)2(04=02) (], — ( kit — s)201 ™ (0, 0s)2(0a=02=5) ([ |t)2i’
and hence,
T* 2
k|’t MI

REBY (k) < Ky K, / IR / / y dldsdt

(k) S K>Kse! k8% |y J, (€, 05)2@a=oa=0) ©°

< KoKse?,

where the (-s integral converges for j < o04—09—(d+1)/2, and the ¢ integral converges
for j > 3/2. For such a j to exist, the condition o4 — o9 > d/2 + 2 is required.

Conclusion of bootstrap improvement (I4). — Under the bootstrap assumptions (B2),
(B3), and (B5), there exists a constant K > 0, depending only on the fixed parameters
in Proposition 1.22 and independent of A, T*, €, Q;, and the bootstrap constants K,
such that

161" (k, kt) 7255 (¢, k) HLW( < K (2 + (K3 K5 + Ko Ks)et) .

0T =

Define K4 := K. Then for £2 < (K3Ks5 + K2K35)™1, the improvement (I4) in Propo-
sition 1.22 follows.
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4. ENERGY ESTIMATES ON THE DENSITY MATRIX

This section establishes the bootstrap improvements (I1), (I3) and (I5). The esti-
mates are derived from energy bounds on P in weighted quantum Sobolev spaces,
formulated via the Wigner transform. Throughout this section the Wigner transform
of P is written W[P](z,v), in the free-flow phase-space variables (z,v) introduced in
Section 1.8.2.

The following lemma is used repeatedly in the analysis.

Lemma 4.1 ([3, Lem. 2.9]). —
(a) Let f1, f € L*(RE x RY) and r € L'(R?). Then

<Uiliz Nfollzz Nl

/77 /k /L,fl(k7 mr(€) f2(k — €,n — £t) dldkdn

(b) Let f1 € L*(R{ x RY) and f, € L'(R{; L*(RY)) and r € L*(R?). Then

] fl(k,n)r(f)fz(k—&n—ft)dfdkdn‘Sf1IILi Vfells oo -
n " ' F

Proof. — The proof of (a) relies on the Cauchy—Schwarz inequality, while the proof
of (b) incorporates Young’s convolution inequality. O

4.1. Boorstrap improvemenT (I1). — This subsection establishes the improvement of
the bootstrap assumption (B1). The analysis is carried out on the Wigner transform,
using the equivalence

> Ve, Ve 1V, Ve) (0P 2e = D V., Vo) W [P)) 5o

lo| <M || <M

as given by Lemma 1.14.

4.1.1. Estimate on the velocity derivative. — Let a be a multi-index such that |a| < M.
An energy estimate yields
(om) 5 T o WP e, = £ 4 NEDY,
where
SO0V = Re [ )™ DEWIPL( ko) o)) DG WL )
NI = Re [ )5 2) ™ DRI b)) 20 D WINLC )

- o —

The terms W[Lp](t, k,n) and W[Np](t, k,n) are defined in (19).
To estimate £(BD:V Lemma 1.18 is applied to isolate the highest-order contribu-
tion, in which all Djy-derivatives fall on g(n — kt), from the remainder terms. This
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gives the decomposition |L(B1)’V| < L(()Bl)’v

LY = /k () (ks )
n

(B1),V

+ L5, 7", where

DWIP(t, k, )| (n) (k, )
x |K[[@ (k)| |7 (t, k)|ln — kt| | DG — kt)| dndk,
DSWIP|(t, k )| (m) (e, m)

x (k)11 K| @(k)| 5o (¢, k)| Dy g(n — kt)| dndk.

A / () Gk )

1Bl<]ef =1

For LY observe that (n) < (kt)(n — kt) and (k)7 < (k, kt)7*(n — kt)7s.

The decay assumption (6) on w implies (kt)|k||w(k)| < <t>|k\1/2
bounds gives

. Substituting these

£EVY| < <t>/k () (k) | DRV P, K )[R 2 00, k)™ 73 (1, )|
sM
x (n — kt)7?| Deg(n — kt)| dndk
< DT Py M2k )7 53 0 )]

To estimate LS\EI)’V, the full decay assumption on the interaction kernel (6) is used
to ensure (k)M ~1/2|w(k)| < 1, which allows the bound

(Jet) (kY12 Kl [ @(k)| < () (k) |2 ()M 22| @ (R)| S () (k) ]2,
valid uniformly for i € (0, 1]. Applying Cauchy—Schwarz then gives
B1),V o4
L577Y S OITIW P g || B K1 G, k)7 58, )| ] -

To control the nonlinear contribution NB1:V Lemma 1.18 is used to isolate the
highest-order term in which all Dj-derivatives fall on W[P], yielding the decomposi-

tion NBL:V — NéBl)’V + NS\];D’V. The leading term will be treated explicitly below.
The remainder is controlled using Lemma 1.18. Explicitly,

NEDY =t [ o)) DI ) ) )

ht _ ; ;
% { /@(ﬁ)pQ(t,é) (e—z(h/2)€-(n—kt) _ ez(h/2)é-(n—kt))

(2m) J,
X D;’]‘W[P](t, k—{0,n—Lt) d(} dkdn

and

|N(B1 |< Z /M (k, )7

1BI< | -1

DWIP](t, k,n)|(n) (k. n)*

x [@(0)[1¢](he) = g (8, O|| DEW [P](t, k — £, — €¢)| dldkdn.
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To estimate N(()Bl)’v, a cancellation is used by subtracting an integral that evaluates

to zero:

B1),V
(50) N

——

— 1 [ )0k} D WP k) ()™ — G — 6) = £y~ £2)°)
k,n,t

-1
X [(Zﬂ) _B(0)55(t 0) (e—i(h/m(n—kt) _ ei(ﬁ/Q)Nn—kt))

—

x DSW[P](t,k — €, — Et)] dldkdn.

The integral that has been subtracted is now shown to vanish. Observe that the
Wigner transform of P satisfies the equation

WWP|(t, z,v) = WILp|(t, z,v) + W[Np]|(t, z,v)

WILp](t, z,v) = — (Zz)d/eik‘(””t)@(k)ﬁé(t, k;)(g(v - %k) —g(v+ %k))dk,
(51) 1 i
WNpI(t 2, 0) = — (’%)d /g i G0 5 (1, £)

x (W[P](t, z + Bet,v — 20y = W[P|(t, 2 — Let, v + L)) de.

Using Plancherel’s theorem, the subtracted integral corresponds to an expression on
the physical side of the form:

|y DR ek — )0 — € — )

—1 o
« [(Z)d@(g)@(t’ 0) (efi(h/2)€~(n7kt) 7ei(h/2)é-(777kt))D;VW[p](t’ k—¢, 77575)} dldkdn
™

- ey | R GORUGIOEn e ame
« [ (V)7 (i) WIPD) (b2 + 610 — B)
— (Vo) (V)7 ((=iv)*W[P))) (t, 2 — 2t v + L0)| dldzdv,
where (V) = (V.,V,). To see that this integral has zero imaginary part, define
F(20) = (V)T Vo) (=) WIP]) (¢, 2,0)

and write fi(z,v) = f(z £ 2¢t,v F 20), so that the integral above equals —(27)%1,
where

I:= h_l/ F(z,0)e " CHIGE (4, 0@ () [f_(2,v) — f4(z,v)] dbdzdv.
z,0,4

Apply the change of variables z — z—l—%ﬁt, Ui v— gf in the first term and z — z— %ét,
Vi v %E in the second, followed by the substitution ¢ — —¢, which interchanges f;
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and f_. Then

I

W[ TG e Y G, 0 () (2. 0) dedud
z,v,0

W T e T ~0@(~0) z.o) dedud

s Uy

_ hfl/ F(z,0)eitCGH o5 (8, 0D (E) [f-(2,v) — fi(z,v)] dldzdv
ERON
=1

The penultimate equality uses that w and pg(¢) are real-valued. Indeed, since Q(t) is
self-adjoint, pg(t,z) is real-valued, and hence @(—¢) = @ (£) and po(t, —£) = po(t, £).
Therefore, I = I, so Im I = 0.

Therefore, N(()Bl)’v can be controlled using (50):

INEDY| < /k €<n><k,n>04\D3W[F](t,kﬂ7)|l<n><k,77>"“ = {n—tt){k — &, — £)™]

—

< @165 ¢, O)lln — k| DLWIPI(t, k — £, — €6)] dedkdy.
To estimate the difference of weights, write it as

({m) = (= £6)) (k)™ + (n — £6) (k)™ — (b — £, — €4)77).

The first bracket is bounded by |[¢t| < (¢t), by the reverse triangle inequality. By the
Mean Value Theorem, the second is bounded by o4|(¢, £t)|(k —¢',n—£'t)74~! for some
0" = st with s € (0,1). Both (k,n) and (k—¢',n—{'t) are at most (¢, £t)+ (k—£,n—{t)
by the triangle inequality, using |¢ — ¢/| < |¢| for the latter. Hence

[(m) (ks m)* — (n — £t)(k — £,n — ()]
SOV, 08)75 4 (n — £8)| (4, )| (€, )74t
+ )k —€,n — L6)7* + (n — )| (L, et)[(k — ¢, n — Kt)“‘l.

This leads to the decomposition, with R denoting the reaction contribution and T the
transport contribution:

B1),V B1),V B1),V B1),V B1),V
‘N(() ) | 5326,1) 'HRé,z) +{‘T((),1) +7((),2) ;

corresponding to the four terms above.
For R}"Y, note that | — kt| < (&) (k—€,n—£t) and (¢)|€)|@(0)| < (t)]¢]"/*. These
yield the bound

s ~

ROV < (1) / k)7 [DIWIPI(E k)¢ )7 |62 55 (¢, 0)|
B

x (k= £,n — L8| DEW[P](t, k — £, — £t)| dfdkdn.
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Lemma 4.1(b) then implies
Ryt S OV )W [P g [[ 1Rk, Rty 725 (1 B 0

< [ k) DRI o) | .
The remaining integral is bounded using Cauchy—Schwarz in k:

KgE.

~

NG DRt ) e 415082 DRI k)

),V

The second reaction term fRégl is estimated similarly. It follows that

RoY + R SV szt [T WPy [ K12 0 ety 55 8 B)

The transport term ‘J'éﬁ”’v is estimated using the inequality
In—kt| S (t(k —€),n — L),

together with Lemma 4.1(a):
TS [ ) [ DEIPIC. kon) |8 = € — 1)
i
< |@(O11E1173(t, 0)ln — ktI| DIV BI(t, k — £,y — £6)] dedkey

S T IW Pz 09 WPy [ enlelate,0](0)

S LTI P T TV Pl

where the last step uses the decay assumption (6) and the bootstrap assumption (B5),
provided that o7 > d + 2. The second transport term ‘J'(()gl)’v is treated analogously.

For Ng\?l)’v, the weight (n)(k,n)?* is decomposed into transport and reaction com-
ponents using

() (k)7 S ((0t) + (n — €)) (€, )7 + ((€t) + (n — £t)) (k — €, — ££)°*
which leads to the bound

‘N(Bl ‘ < R® Bl) v fR Bl v T](\311),v n T](\413,12),v

To estimate the reaction terms, apply assumption (6) and proceed as in the estimate
(B1),V
for Ro,l

Rygy + RS SV Eae W [V WP o | B) K2 (ks k)7 55 (1 )|

The transport terms ‘J'g\?)ll)’v and ‘I](\?}Q)’V are treated analogously to ‘J'((J)l WV , yielding

B1),V Bl),V VKse
Ty + T8 (V)W [P (6)] 34

ors
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4.1.2. Conclusion of the velocity derivative estimate. The preceding estimates imply

(Vo) WIPY(E) |32
S O WIPI O g | (B K2 e, k)7 5o (8, R
+ VEse O IV ) WP |y | (RE) R (R, k)7 (8, B) | 12

+ LRI WIPNO g |07 T POy

2dt|

Dividing through and estimating the derivative of the norm gives

T TIWPION gy < (10) + VE5(0)?) (IR (k. k)7 7300, R
VKse

T

eV, VW POl -
Integration in time, using the bootstrap assumptions (B1) and (B2), yields
Vo) WIPI@)] rga = KV )W Qin][ o
< [ (19 + VRse(ol) s ko) 7501y

N / @\\(svz,vﬁW[P](S)”H;’f ds

o (s)+!

¢ ) 1/2
S (A (( Kse(s 2 dS) hk>|k‘|1/ <k’ k8>04pQ s, k‘ HL2 ((0,7+],L2)

(syd— 1/2

+ v/ K1K5¢e? / <5>d+1
Koe (1 + K35<t>) )*? + /K Kse%,

Hence, there exists a constant IN(V > 0, depending only on the fixed parameters in
Proposition 1.22 and independent of A, T*, &, Qi, and the bootstrap constants K;
such that

(52) bt €M(Va, VO (V) P17,

loo| <M

< Kye? [ K> +e(VEK2K3 + \/K1K5)]2 {t)°.

4.1.3. Estimate on the spatial derivative. — Let o be a multi-index with |a| < M.
As in the velocity case, an energy estimate yields

2d1 H

£BD.Z L \(BL).Z
5 dt +

]||Hf’4
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where the linear and nonlinear terms are defined analogously. The linear contribution
is controlled as in Section 4.1.1, giving

T [ T R N et A I e

For the nonlinear term, the decomposition NBD-Z — N(()Bl)’ + Ng\?l)’z is used, fol-
lowing the same approach as in Section 4.1.1, with

NGB |</k 8y | DS TEP e 6 )™ = (= )k = € = )"
B
< [ @013t Ol — ktuD:;W[P](t, k— £, — 6)| dedkdn,

R / » (K e,y | DS (P, by )| () (ke )
BI<|af =17

@(0)|[|(he) 1= o (¢, ¢ ||D5W [P)(t, k — £,n — ¢t)| dtdkdn.
To control N(()Bl)’z, the Mean Value Theorem yields
|(R) ()7 = (k= ) (k — £, — £5)7 |
SO, )7 + (k — 0)|(L, 08)| (L, £t)o3 ™!
+ (O (k — £,m — 06)7* + (k — 0)|(6, 06)|(k — £, — ££)74 1
which splits the estimate into four contributions:
’NéBl),Z‘ < :Ré],gll n :R(Bl {J,(()]’311),Z n T(()]’B;),Z

These terms are analogous to those in Section 4.1.1, and are treated using the same
estimates, except that the leading-order reaction term R(()]il)’z yields one less power

of (t). In conclusion, provided o3 > d + 2, the estimate

S LTI Py 4692, T WPy

Kse()I{V )W [Pl g [[ 1K1k, kt) 7 55 (2, B) |

o>

follows. The same argument applies to Ng\?l)’z.
4.1.4. Conclusion of the spatial derivative estimate. — Proceeding as in Section 4.1.2,
it follows that
1d 2
5 g (VWP [z

< H(VZ>W H (R kM2 (e, kt) 74 5 (8, &) HL2

HHM

Kae(t)|[(V U4H<hk>|k|1/2<k LOMIZEI D1

Ol

e <t>||H;V;||<tvz,vv>W[P]<t>HH;;-
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This implies

d
ZITIWIPIO s S (14 VEae(t)) || k) kI kKt 5 (8 )| 2
VEse

+< d+1

07 WP s

Integrating in time and applying the bootstrap assumptions (B1) and (B2) yields
VWP 70 = [V WIQun[| s

t
5/ (1+ Kse(s )H (hE) kM2 (e, ks) 7 5 (s, k) )|z ds
0

/ d+1|| sV, V) (S)HH"4 ds

t 1/2
S (/0 (1+ K35(3>) ds) ([ (k) |2 (ke ks) 7 5 (5, k) ez o122
s)d— 1/2

+ \/K K55 / d+1
< VK a(1+ el >) OV 4 /K K.

Hence, there exists a constant K z > 0, depending only on the fixed parameters in
Proposition 1.22 and independent of A, T*, €, Qi, and the bootstrap constants K,
such that

(53) B Y €V VTV PO,

loo| <M

~ 2
< Kze? [\/ K2+8(\/K2K3+ \/K1K5)] ()3
4.1.5. Conclusion of bootstrap improvement (I11). — Choose

K1 = Zmax{f(v,f?z}(\/ KQ + ].)2

and impose ¢ < (vVK2K3 + K1 K5)~!. Then, combining the bounds (52) and (53),
it follows that

— a o4 1
WY 16(Ve, VO (Ve P)I7: < St ()?
la|<M

and

1
*K1€2 <t>3.

Y 6L VTV PO, < 5

lal<M
Therefore, for d > 3, the bound

h Z ||€a<Vz,Vg)"4<th,V5>P(t)\|i%y < 2K (106 < 2K (1)24 12
ol <M

holds, completing the proof of (I1).
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4.2. Boorstrap imPROVEMENT (I3). This section establishes the bootstrap improve-
ment (I3) by employing the equivalence

S Ve VO VL (€ PO = D [IV-1(V2, Vo)™ (0 WP)[;..

la|l<M la|<M

Fix a multi-index o with |a| < M. Differentiating one of the terms on the right-hand
side yields

sl d

2
(2m)? 2 dt

19192, Vo) (0" WP

~ Re / 1|2 (k, )7 DA [P](t, ke, m) | k|° (k, )7 DEW [Lp) (¢, ke, ) dipdlk
k.n

4 Re / IK]? (k, ) D W [Pt k., m) k| (k, ) DEWNp) (¢, k. ) ddk,
k,n

where m] (t,k,n) and VIT[N\p](t, k,n) are defined in (19). Denote the linear and
nonlinear contributions by £B3) and N®B3) | respectively.

To estimate £(B3) Lemma 1.18 is applied to extract the leading-order contribu-
tion from the remainder terms. This yields ’L(B3)‘ S L(()Bs) + LS\EB). For L(()Bg), the
inequality (k,n)?3 < (k, kt)?3(n — kt)“® is used, along with the estimate

L R (Y D5

E, k) k|0 = (k)Y 2k, kt)o <
< ) > | | I | < ) > <k’kt>g4—g’3 <t>1/2+6 ’

valid under the assumption o4 — o3 > 1/2 4+ 4. Consequently,

B 1 o' a [
RS <WM/ [FI° )7 D WL, k) K2 (. ) 7 |3 (8, )

x (= kt)s DG (y — kt)| dndk:
1

< TUM|||vz|6<vz,vv>ag( VWP HLQH|k|1/2<k,kt)%ﬁé(t’k)||Li||gHH;f+1,

where Cauchy—Schwarz is applied in 7 and then k. Similarly, under the assumption (6)

on w,

(B3)
MS {t >1/2+5

V-1V, Vo) WP o | (k) R G Rt 72 56 (8 B 9] s

Dz

To estimate the nonlinear term N®3) apply Lemma 1.18 to decompose it as
NB3) = N(()Bg) + Ngg), where N(()Bg) captures the contribution with the highest-order
derivatives. As in Section 4.1.1, a cancellation is used to isolate a difference of weights.

Specifically, subtracting an integral that evaluates to zero allows the replacement

k| (ky )™ s K| (o) — [k — € (k — £, — £8)°3,
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which introduces a commutator structure and leads to additional decay. The resulting
term satisfies

|:N6B3)|§/k ‘k| knm|Da tk’r)|||k| (k, )73 \k—€|6<k—€,n—€t>03|

< |@(0)] 161173t 0) |n — Kt | DSWIP](t, b — €, — £¢)| dédkdn,

while the lower-order term satisfies

PSS [ g ke )

[B]<]er| =1
x |@(0)][€](h0)*1=Y 75 (t, 0)] | DEW[P](t, k — £, — €¢)| dedkdy.
To estimate ’NéBS) ,
|1KI° (e, m) 7 — |k — €° (k — £,m — €8)7]

< Hk|5 - |kj - £|5’<k'a77>”3 + ‘k - £|5|<ka77>03 - <k - &77 - £t>03‘
SO (k)7 + [k — €°[(0,0t)] sup (k—€',n— £'t)7e !
[1<1€]
S0 + [k — €°)(E, )7 + 1€° (k — £, — £8)72 + |k — £°|(£, 8| (k — €, — £8)72 7L,
This gives three contributions
|N(BB ‘ < CR (B3) +,J.(()B3) 78823)~

For the reaction term, note that |n — kt| < |n — £t| +t|k — £|, which motivates decom-
posing fRéBg) into four parts according to whether the prefactor contains |¢ \5 or|k—¢ |57
and whether | — kt| is controlled by |n — ¢t| or t|k — ¢] :

R{P?) 5/}6 k[ (e, m) 7 [ DEW [P](t, k, ) |€]° (€, ££)°3
R

X [@(0)]1€]173 (¢, )] (In — £t] + tlk — €]) | DSW[P](t, k — €, — €t)| dedkdn
+/ k[ (e, m)* | DEW [P](t, &, ) ||k — £)° (€, €8)7
b

x [w(O)|[€)pg(t, 0)] (|n — €t + t|k — £]) |DOY [P](t,k — £,n — tt)| dédkdn

B3) (B3 B3) (B3
= RED + R 4 R + R,

where the subscripts V and Z indicate association with the velocity variable v (terms
involving |n — ¢t|) and the spatial variable z (terms involving ¢|k — £|), respectively.
These four terms are treated separately, beginning with IRSB‘?), which is the most
delicate: it alone lacks a positive power of |k — ¢| in the integrand, so it cannot be
controlled directly through the (B3) norm, and (B2) is used in its place. The starting
point is the algebraic bound

| £|1/2+5

(€, tty7i—os

1 MR ey

1+6 o3 _ |3 o4
1177 (L, )7 = €)= (¢, £t) (¢, 0172 BRCTEE I

< |02 (8, ety
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valid provided o4 — 03 > 1/2 + §, which replaces the density weight |€\1+5<€ £t)s by
the weight [¢]"/2(¢, ££)7+ governed by (B2), and extracts the decay factor (¢)~(1/2+9).
Applying Lemma 4.1(b) with the L; L7 norm applied to nDﬁW[P](t, k,n), and noting
that the weight k|2 (k)~2(°s=1) is integrable when d > 3, then yields

5 S sl 191092 T @O WPl 205 )7 7 )
< N DLl

I A P
Each of the remaining terms ngBZ?’), 3233)7 R(B?)) contains a positive power of [k — (|

in its integrand, allowing the use of Lemma 4.1(&) with the L' term applied to

the density, incorporating the appropriate weights. For 31(11,323), observe that |k — ¢| <

Ik —0]°(k — 0, — ££)°%, so
o3 « 2 - o3|
RS S|V (V2 V) WP, / ) 0 |@ ()], )72 oy (., 0)] e

S IV (V2 Vo) (0 WIPD | (1K (R, k)5 8, R

|£|1+25 1/2
——d/
‘ </ (€, tr)27 =27 )

12k, kt) 725 (8, B 2

Iz

1

& W“'WW%vwwmp])

2

provided that o4 — o3 > d/2 + 1/2 + 6. The remaining terms 92% v)v fRél?Zg) can be

estimated in the same fashion, leading to

Ry + Ry fnw P(V, V)7 @ WIPD [ [ IF'2 (k. k)7 552 1)
Next, the transport terms ‘J’éﬁg) and ‘3'8323) are addressed. For Téﬁg), the additional
factor of |n — kt| necessitates the use of the bootstrap estimate (B1), which grows like
(t)4=1/2_ Since no time growth is allowed in (I3), decay must instead be extracted
from [pg(t,0)] S VEse(l, £t)~ to control this term. Using the bound |n— kt| <

(t(k — £),n — L£t), the term can be estimated as follows:
1S [ e
k.l

x <t(k—z)m—£t><k—e,n—et>ffs|m/?](t k— €, — 0t)| dedkdn

DyWIP(t, k,m) €] 75 (¢, )]

suwzﬁwz,w WP o[0T VWP, [ 107 V(e 0)
~ <t>d+1+5 HV | VZ’V > 3( W HLQH tvz’vU>W P]HH;}

JEP — M., 2026, tome 13



PriasE MIxXING FOR THE HARTREE EQUATION 1541

For 76{323)’ the additional flexibility allows for the expression |n — kt| < (t)(k—¢,n—Lt)
to be used, leading to control via the (B3) norm:

%?Esw/’gm (k, )| DEW [P](t, k, n)|1€]1 (£, £8) |55 (¢, £)]
\1,
x (k—0,n — )7k — £]°| DOW WIP|(t,k — £,5 — ot)| dedkdn
<wWVAGMVJWWWWHWB/VW&MW%WOME
\/ 5&

r\/

T 19:° (92, ) (0 WP
This estimate is valid provided that o1 > d + 2.

For the remainder term Ng3)7 the triangle inequality yields |k|° < |¢]° + |k — ¢]°
and (k,n)7% < (€, 0t)73 + (k — £, — £t)°3. This gives the bound

k|2 ()7 S (10 + [k — €°) (0, )72 + |0 (k — £, — £6)7% + |k — €] (k — £, — £t)7

Consequently, three terms are obtained such that ’N$3)| < fRE\l;’g) +‘J'](MB’31) —|—‘TJ(\4B’32). The

reaction term is controlled in the same way as the leading-order contribution ZRBB?’)

above:

Ry” < 1912V, Vo) (v W [P

M o~ (t >1/2+5 HL2

||k ]k, )7 G (1 )| o (19 WP

3) 3)

The transport term T](MBJ is treated similarly to ‘J'(()]i , leading to
VEKse
Thrd S V-1 (92 V) @ WP o [ 4V, Vo) WP -

M1 S <t>d+1+6

Finally, Tj(v]?,gz) is handled as in ‘3’51’323):

F(B3) < v 5¢

V=492, Vo) (@ WP 2 [V WPy

M2 S d+1

Conclusion of bootstrap improvement (13). — Combining the estimates derived above,
it follows that for each multi-index o with |o| < M and d >
d 0 g3 (0%
V= (V2 V)72 (WP @) .

< LH Rk k|2 (k, k)7 5o (8, K| (1+ V. 1" WP )

~ )17z PQ( L2 z HI?

5€ 5€
7 TR0 g5 + Y [0 WPI)

(tyd+1+6
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Integrating in time and applying the bootstrap assumptions (B1), (B2), and (B3)
gives

[1V-1°(V 2, V)2 (@ WP ) | o = V=1 (V2 Vo) (0 W [Qun)) |

S 0 VE2) | | ke s )|
(V2 Vo )WIP)(s)l| s

t 1 t 1
vV K —_— K2 K22 _
+ 55/0 (5)37278 sup ( (5) 1172 ) ds + 3 K5e /0 5 ds

0Ls<T™

ds

Ly

< (1+ Ese) (/Ot <s>11+26ds>1/2 H(hk>|k\1/2<k,kt)‘”p’é(t,k)‘

+ \/K1K5€2 + \/K3K5€2

L3 ([0,7*],L})

S;E |: K2+ (\/K2K3+ \/K1K5+ \/K3K5)€:| .

Hence, there exists a positive constant K> 0, depending only on the fixed parameters
in Proposition 1.22 and independent of A, 7%, ¢, @i, and the bootstrap constants K;,
such that

1
DI A8 Al A2 SOl
|l <M

~ 2
< Ke? [ Ky + (VE2Ks + VE K5 + ¢K3K5)g}

Choosing K3 := [?(\/72_'_ 1)2/2 and ¢ < (VK2 K3 + VK1 K5 +VK3K5) ™! yields the
desired bootstrap improvement (I3).

4.3. Boorstrapr improveEMENT (I5). — This section establishes the improvement of the
bootstrap assumption (B5): it suffices to show

(k) [WIP](t, kym)| < V/2Ks e

for all ¢ € [0, T*], provided ¢ is sufficiently small.
Using the decomposition (19), the triangle inequality yields

()™ [WIPI(t, k)|
< (o (19T + [ 1Rk ds-+ [ W) s
= 9B (k) + LB (K, ) + NB (k, ).
The initial term satisfies

9B (k,n) = (k,n)"*

WIQul(ksn)| = [WI(Va, VO Qul(k,n)| S e,

by Lemma 1.12 and the assumption on @j, in Theorem 1.6.
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To estimate the linear term, apply (k, n)7* < (k, ks)?(n—ks)°*, the bound |w(k)| <1,
the bootstrap estimate (B4), and Lemma 2.2:

LB (k, n)
= (k)7 / (2R (k)7 (s, k) sim (5 - (n — s)) Gl — k)] ds
t
S [ ko) @00 s, )l — ko) b~ ks ~ ) s
0
t 1/2
SR (ks k)26 (8 R | 0. ( /0 [kl(n = ks)** 2 [G(n — ks)|” ds)

oo 1/2
< VEae ( | o s ot o) ds)
0
K46H9HHX}+1'
For the nonlinear term, the inequality (k,n)7* < (£,£s)7 + (k — £,n — £s)?* leads
to the decomposition N (k n) < REB% (k1) + T (k, 1), with

t —_—

R (k) < / /<z, £Y7 1 @(0)175 (5, O) ||l — ksl [WP)(s, k — £, — £5)] deds,

59 (k) < / / @015 (s, 1l — ksl
x (k—4£4,n— 63”1|W k—0,n—ls)|dds.

For the reaction term, use |n — ks| < (s)(k—¥,n—{s) and Cauchy—Schwarz in time
for fixed ¢:

fR(B‘))(k n) < sup|||€|1/2 (€, 0t)2pg(t,0) ||L2([0 T))

1/2

t — 2
X / (/ (5)2(0, £5) =22 =70 |¢| (ks — 0,7 — €s>2‘W[P](s, k—0,n— Ks)’ ds) e,
L 0

t 1/2
< \/K4K552/(/ (s)? 4 e ds) de.
¢ \Jo "

(0, 0s)2(02=0)(k — ( n — Is

Setting j1 := 02 — 01 and j2 := o1 — 1, and noting (¢, Zs)Q(“'?_Ul) > (£s)%1 and
(k —€,m —0s)271=2 > (k — £)?72 the bound becomes

R (5, 1) S /Ky Kpe? /e i = i ( / g <§j>>fﬁ ds)mdé
< \/MEQ/Z G jg>j2 (/OOO <S/|f|>2 d8>1/2dg

<5>2J1
1t
< /K4K552 Mdﬁ,
¢ (£)7
which converges for j; > 3/2 (i.e., 03 — 01 > 3/2) and jo > d (i.e.,, 01 > d+1).
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For the transport term, again use |n — ks| < (s){k — ¢, — ¢s) and apply Cauchy—
Schwarz in ¢:

t —
B (k) < / (s) / 1755, 1101k — £, — £)7+ [W[P](s,k — €, — bs)| deds
0 4

t |€|2 1/2
< K55/ (s) (/ 55 dﬁ)
0 ¢ (0, Ls)2o1 |k — ¢

. 1/2
X </ |k — €)% (k — £,n — £s)>7 V2| W[P](s, k — £,7 — Ls)|? d£> ds.
4

Treating the ¢ integral as in (21) gives

sup / 4 e s 1
L ’ <€’ £S>201 ‘k _ €|25 ~ <s>d+2*267
provided that o1 > d/2+ 1. For the second ¢ integral, the change of variables ¢ — k—¢,
the Sobolev embedding and bootstrap assumption (B3) yield

1k = €7 = £, = €)™ WP (s, e = £ = 65)|
n 14
5 s T
5 H|k‘ <k’77> 3W[P}(8ak777)”[/i[1%o
« 6 [oX et
< 2 1D (kP k) WP, k)| 2
lal<M v
S Kgé'.
Therefore,
t
1
T(BS) (kﬂ?) S \% K3K562/ m ds S V K3K5€2.
0 S
Conclusion of bootstrap improvement (I5). — Under the bootstrap assumptions (B3),

(B4), and (B5), there exists a constant K > 0, depending only on the fixed parameters
in Proposition 1.22 and independent of h, T*, €, Q;, and the bootstrap constants K,
such that

(e ) [WIP](, by )| < I~((£ +VKae + (VEKs + \/K3K5)52>.

Choose ¢ sufficiently small such that (\/K4K5 + VK3K5)e < 1. Then

(k) [W[P](t, k)| < K (2 + VKD,
Setting

N K(2+VKy)

==

establishes the bootstrap improvement (I5):
(k) [WIP](t, k,m)| < V2V/Kse.
This completes the proof of Proposition 1.22.

JEP — M., 2026, tome 13



(1]
(2]

Prase MixiNG FOR THE HARTREE EQUATION 45

REFERENCES

J. BEprossian — “Nonlinear echoes and Landau damping with insufficient regularity”, Tunis.
J. Math. 3 (2021), no. 1, p. 121-205.
J. Beprossian, N. Masmoupt & C. Mounor — “Landau damping: paraproducts and Gevrey regu-
larity”, Ann. PDE 2 (2016), no. 1, article no. 4 (71 pages).
, “Landau damping in finite regularity for unconfined systems with screened interac-
tions”, Comm. Pure Appl. Math. 71 (2018), no. 3, p. 537-576.
___, “Linearized wave-damping structure of Vlasov—Poisson in R3” SIAM J. Math. Anal.
54 (2022), no. 4, p. 4379-4406.
A. Borig, S. Hapama & J. Sasin — “Scattering for the positive density Hartree equation”, 2025,
arXiv:2504.19552.
A. Bove, G. Da Prato & G. Fano — “An existence proof for the Hartree-Fock time-dependent
problem with bounded two-body interaction”, Comm. Math. Phys. 37 (1974), p. 183-191.
__, “On the Hartree-Fock time-dependent problem”, Comm. Math. Phys. 49 (1976), no. 1,
p- 25-33.
T. Cazenave — Semilinear Schrédinger equations, Courant Lecture Notes in Math., vol. 10, Amer-
ican Mathematical Society, Providence, RI, 2003.
J. M. Cinapam — “The time-dependent Hartree-Fock equations with Coulomb two-body interac-
tion”, Comm. Math. Phys. 46 (1976), no. 2, p. 99-104.
T. Cuen, Y. Hong & N. Pavrovi¢ — “Global well-posedness of the NLS system for infinitely many
fermions”, Arch. Rational Mech. Anal. 224 (2017), no. 1, p. 91-123.
, “On the scattering problem for infinitely many fermions in dimensions d > 3 at positive
temperature”, Ann. Inst. H. Poincaré C Anal. Non Linéaire 35 (2018), no. 2, p. 393-416.
J. J. Cuone, L. LarLecue & C. Sarririo — “On the L2 rate of convergence in the limit from the
Hartree to the Vlasov-Poisson equation”, J. Ec. polytech. Math. 10 (2023), p. T03-726.
C. Corror & A.-S. pE Suzzont — “Stability of equilibria for a Hartree equation for random fields”,
J. Math. Pures Appl. (9) 137 (2020), p. 70-100.
, “Stability of steady states for Hartree and Schrédinger equations for infinitely many
particles”, Ann. H. Lebesgue 5 (2022), p. 429-490.
E. Grenier, T. T. Neuven & I. Ropnianskr — “Landau damping for analytic and Gevrey data”,
Math. Res. Lett. 28 (2021), no. 6, p. 1679-1702.
S. Habpama — “Asymptotic stability of a wide class of stationary solutions for the Hartree and
Schrodinger equations for infinitely many particles”, Ann. H. Lebesgue 8 (2025), p. 181-218.
A. D. lonescu, B. Pausaper, X. Wane & K. Wipmaver — “Nonlinear Landau damping for the Vlasov-
Poisson system in R3: the Poisson equilibrium”, Ann. PDE 10 (2024), no. 1, article no. 2
(78 pages).
L. Laxpau — “On the vibrations of the electronic plasma”, Acad. Sci. USSR. J. Phys. 10 (1946),
p. 25-34.
M. Lewin & J. Sasiv — “The Hartree equation for infinitely many particles, II: Dispersion and
scattering in 2D”, Anal. PDE 7 (2014), no. 6, p. 1339-1363.

, “The Hartree equation for infinitely many particles I. Well-posedness theory”, Comm.
Math. Phys. 334 (2015), no. 1, p. 117-170.

, “The Hartree and Vlasov equations at positive density”, Comm. Partial Differential
Equations 45 (2020), no. 12, p. 1702-1754.
C. Mounor & C. ViLeant — “On Landau damping”, Acta Math. 207 (2011), no. 1, p. 29-201.
T. T. Neuyen & C. You — “Modified scattering for long-range Hartree equations of infinite rank
near vacuum”, SIAM J. Math. Anal. 57 (2025), no. 6, p. 6486-6497.

, “Plasmons for the Hartree equations with Coulomb interaction”, Probab. Math. Phys.
6 (2025), no. 3, p. 913-960.
E. M. Steiy & G. WErss — “Interpolation of operators with change of measures”, Trans. Amer.
Math. Soc. 87 (1958), p. 159-172.
C. You — “Phase mixing estimates for the nonlinear Hartree equation of infinite rank”, 2024,
arXiv:2408.15972.

JILP — M., 2026, tome 13


http://arxiv.org/abs/2504.19552
http://arxiv.org/abs/2408.15972

1546 M. Swyirrn

Manuscript received 14th February 2025
accepted 15th September 2026

Mar~ie Swirti, Department of Pure Mathematics and Mathematical Statistics, University of

Cambridge,
Wilberforce Road, Cambridge CB3 OWB, United Kingdom
E-mail : ms2724@cam.ac.uk

JE.P — M., 2026, tome 13


mailto:ms2724@cam.ac.uk

	1. Introduction
	2. Linearised phase mixing
	3. Energy estimates on the density
	4. Energy estimates on the density matrix
	References

