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INFINITE SIMPLE CHARACTERISTIC QUOTIENTS

BY Rimr Couron & FraxceEsco Fournier-Facio

AssTracT. — We construct continuum many infinite, simple, characteristic quotients of non-
abelian free groups, answering a 1978 question of James Wiegold. The method is very flexible,
allowing to impose certain properties on the quotients, to generalize the construction to large
classes of groups with hyperbolic features, and to produce quasi-isometrically diverse examples.

Résumic (Quotients caractéristiques simples infinis). — Nous construisons un continu de quo-
tients caractéristiques simples infinis de groupes libres non abéliens, répondant ainsi & une
question posée par James Wiegold en 1978. La méthode est trés flexible et nous permet d’im-
poser des propriétés remarquables & ces quotients, de généraliser la construction a de larges
classes de groupes ayant une forme de courbure négative, et de produire une grande diversité
d’exemples qui, deux & deux, ne sont pas quasi-isométriques.
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1. INnTRODUCTION

A subgroup of a group I is called characteristic if it is invariant under all automor-
phisms of I'; and by extension the corresponding quotients are called characteristic.
Wiegold asked if non-abelian free groups admit infinite simple characteristic quotients
[KM14, Quest. 6.45]. The main goal of this paper is to prove the following theorem,
answering positively Wiegold’s question.

MATHEMATICAL SUBJECT CLASSIFICATION (2020). 20E32, 20E36, 20F06, 20F65, 20F67.
Keyworps. Simple groups, characteristic groups, Wiegold conjecture, small cancellation theory.
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1464 R. Couron & F. Fournier-Facio

Turorem 1.1 (Corollary 4.2). For alln > 2, the free group of rank n admits con-
tinuum many, pairwise non-isomorphic, 2-generated, infinite, simple, characteristic
quotients.

We will state stronger versions later in the introduction (see Theorems 1.5 and 1.6).
Wiegold’s question on the (non-)existence of such a group falls in the context of
growth sequences of simple groups. For a finitely generated group I', we denote
by d(T') its rank, that is the smallest n such that T' is a quotient of the free group
of rank n, denoted by F,,. The growth sequence of I' is the sequence {d(I'?)}p>1.
Growth sequences of finite groups were studied by Wiegold and co-authors, who gave
very precise asymptotic formulas: see [Wie74, EW95] and the references therein.

The case of infinite groups is more mysterious, and was also studied by Wiegold
and several other authors: see [Obr93, Erfd5] and the references therein, as well as
[Wis02, Bri22] for approaches of a different flavor. In particular, Wiegold and Wilson
proved that if T' is a finitely generated infinite simple group, then d(I'?) < d(T') + 1
for all p > 1 [WW78]. However, there seems to be no example of a finitely generated
infinite simple group whose growth sequence is not constant. The question on the
existence of such a group, and more precisely of a finitely generated infinite simple
group such that d(I'?) = d(T') + 1, has been called “irreducibly difficult” [WW78,
Obr93].

This last question admits a reformulation purely at the level of free groups. For a
group I' of rank at most n, let N,,(T") := {N < F,, : F},/N =T} be the set of normal
subgroups of F,, whose quotient is isomorphic to I'. An observation of Wiegold [Wie88]
shows that if I is a finitely generated infinite simple group of rank n, then d(I'?) = n+1
if and only if #N,,(I") = 1. This naturally led Wiegold to ask for two weaker examples:

— [KM14, Quest.16.100] If n > 2, does there exist an infinite simple group I" of
rank at most n such that the action of Aut(F,) on N, (I") is transitive?(!)

— [KM14, Quest. 6.45] If n > 2, does there exist an infinite simple group I of rank
at most n such that the action of Aut(F,,) on N, (I') has a fixed point?

Theorem 1.1 answers the latter question in the affirmative for all n > 2.

These questions also fall into the broader context of the study of the dynam-
ics of Aut(F,) on the space of marked groups G,. This is a compact space that
parametrizes all groups of rank at most n, and is a central tool to study geomet-
ric and model-theoretic properties of finitely generated groups [Gri84, Cha00, CGO5,
MOW21, Osi21]. The dynamics of Aut(F,) on G, is very rich, and can shed light on
generic properties of finitely generated groups [Osi25]. The above questions arise very
naturally in this context, and are instances of the following general problem: To which
extent do certain algebraic properties of the underlying isomorphism type influence
the orbit of Aut(F,) on a marked group?

M1 [KM14, Quest. 16.100], Wiegold asks this question for n = 2 only. For n > 4, it was answered
affirmatively in [GG13, Th.4].

JEP — M., 2026, tome 13
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Remark 1.2. Analogous conjectures on finite groups have also received much atten-
tion:

— [Pak01, Conj.2.5.4] If n > 3, and T is a finite simple group, then the action of
Aut(F,) on N, (') is transitive.

— [Lubll, p.25] If n > 3, and T is a finite simple group, then the action of Aut(F,)
on N,,(T") has no fixed points.
The first conjecture is commonly attributed to Wiegold, and the case of n = 2 is
known to fail [NN51, GS09]. The second conjecture is by Lubotzky, and was recently
shown to fail for n = 2 [CLT26, Han25].

Besides the ranks of products of infinite simple groups, the ranks of infinite simple
groups themselves are also not well understood. There is only one known construction
of a sequence of finitely generated simple groups with unbounded rank, due to Osin
and Thom [OT13]. Our construction does not directly provide simple quotients with
arbitrarily large rank. On the contrary, as we have stated, one can easily ensure
that they are 2-generated. In particular, this provides a negative answer to [KM14,
Quest. 17.62], which asks whether every characteristic quotient of F,, has rank n.

Our construction of the quotients in Theorem 1.1 boils down to the following
general result:

Turorem 1.3 (Corollary 3.6). — Let G be an acylindrically hyperbolic group, and let
H < G be finitely generated, infinite and normal. Then there exists a subgroup N < H,
normal in G, such that H/N is 2-generated, infinite, and simple.

As a corollary we obtain:

Cororrary 1.4 (Corollary 3.7). — Let I' be a finitely generated group such that
[[: Z(T)] = 0o and Aut(T") is acylindrically hyperbolic. Then T' admits an infinite,
2-generated, simple, characteristic quotient.

The existence of infinite simple characteristic quotients of F, (i.e., Wiegold’s ques-
tion [KM14, Quest. 6.45]) then follows, by the acylindrical hyperbolicity of Aut(F,,),
due to Genevois and Horbez [GH21]. In fact, acylindrical hyperbolicity is known in
much greater generality, due to several authors [Gen24, GM19, Genl9, GH21, EH24,
JMS25], which allows us to obtain infinite simple characteristic quotients in large
classes of negatively curved groups; see Example 3.8 for a comprehensive list.

Theorem 1.3 is proved via a small cancellation construction over acylindrically
hyperbolic groups. This construction is quite flexible, and we obtain additional control
over the infinite simple characteristic quotients. In particular, we can map finite sets
injectively, preserve the torsion, and embed outer automorphism groups. Moreover,
we can embed any countable subgroup in an infinite simple characteristic quotient.
This leads to the following stronger and more general version of Theorem 1.1:

Tueorem 1.5 (Theorem 4.1). — Let T' be a torsion-free, non-elementary hyperbolic
group. Then, for every countable group L, there exists a characteristic subgroup N < T’

JILP — M., 2026, tome 13



1466 R. Couron & K. Fournier-Facro

such that T'/N s simple, 2-generated, contains L as a subgroup, and contains an
element of order n € N if and only if L does.

It is well-known that a group I' as in the statement is SQ-universal, that is, every
countable group embeds in a quotient of I' [O1'95, Del96]. Theorem 1.5 shows that SQ-
universality can be achieved just using simple characteristic quotients. By choosing L
in a family of pairwise non-isomorphic finitely generated groups, we deduce in par-
ticular that T' admits continuum many pairwise non-isomorphic simple characteristic
quotients, and moreover the torsion can be prescribed (Corollary 4.2).

We also strengthen Theorem 1.1 in another direction, by producing different exam-
ples up to quasi-isometry:

Turorem 1.6 (Theorem 5.1). — There exist continuum many, pairwise non-quasi-
isometric, infinite, 2-generated, simple, characteristic quotients of F,.

Theorem 5.1 will be proved via a criterion for quasi-isometric diversity in the space
of marked groups [MOW?21]. In order to apply it, we will need to slightly modify our
construction to produce infinite simple characteristic quotients of F;, as marked limits
of finitely presented acylindrically hyperbolic characteristic quotients of Fj,.

We end the paper with two questions on possible extensions and variations of our
results.

Acknowledgements. — The authors are indebted to Yash Lodha for referring them to
Wiegold’s question; and to Anthony Genevois, Camille Horbez, Ashot Minasyan and
Markus Steenbock for comments on a previous version. The authors would also like
to thank the organizers of the conference Groups and Rigidity Around the Zimmer
Program held in Ventotene in September 2023, where this work started. Finally, the
authors thank anonymous referees for their comments and suggestions.

2. SMALL CANCELLATION THEORY

A method to construct simple quotients of groups goes as follows. Start with a
finitely generated “negatively curved” group I', and for an element 1 # ¢ € T" add
relations that ensure that each generator of I' belongs to the normal closure of g. If this
is done in a way that the quotient is still “negatively curved”, then the process can be
iterated, and the direct limit will be normally generated by each of its non-identity
elements, thus simple. Versions of this construction can be found e.g. in [OI'79].

What makes this process rigorous is the theory of small cancellation. In our setting,
in order to obtain characteristic quotients of F,,, we will perform a similar construc-
tion at the level of the automorphism group Aut(F),). Therefore the right notion of
“negative curvature” for us is acylindrical hyperbolicity.

2.1. ACYLINDRICALLY HYPERBOLIC GROUPS. — Acylindricity appears in the work of
Bowditch [Bow08] as a way to extend the techniques of hyperbolic geometry beyond
the scope of proper and co-compact actions. The class of all groups with a non-
elementary, acylindrical action on a hyperbolic space was later named acylindrically

JE.P — M., 2026, tome 13
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hyperbolic groups by Osin [Osil6]. It encompasses several groups of interest in
geometric group theory, such as non-elementary hyperbolic and relatively hyperbolic
groups, mapping class groups and outer automorphism groups of free groups.

As in [BH99, IILH, Def. 1.1], we say that a metric space is §-hyperbolic (in the
sense of Gromov) if its geodesic triangles are §-slim. A metric space is hyperbolic, if it
is d-hyperbolic for some § € R,. In this article we always assume for simplicity that
6 >1.

Derintrion 2.1, Let G be a group acting by isometries on a metric space X. We say
that the action is acylindrical if for all € > 0 there exist R > 0 and n € N such that
the following holds. For all z,y € X such that d(z,y) > R, the set

{9€ G d(z,gz) <e, d(y,gy) < e}

contains at most n elements.

Recall that an action of a group G on a hyperbolic space X is non-elementary if G
has more than two accumulation points in the boundary 0X. A group G is acylin-
drically hyperbolic if it admits a non-elementary, acylindrical action on a hyperbolic
space X. Note that the action of a subgroup of G on X is acylindrical, and therefore
every subgroup of GG acting non-elementarily is also acylindrically hyperbolic.

Lemma 2.2 ([Osi16, Lem. 7.2]). Let G be a group with a non-elementary acylindrical
action on a hyperbolic space X. If H < G is an infinite normal subgroup, then the
action of H on X is also non-elementary. Therefore, H is acylindrically hyperbolic.

Given a (possibly infinite) generating set A C G, we denote by I'(G, A) the Cayley
graph of G with respect to A. For every R € R, we write B4 (R) for the set of all the
elements of G corresponding to vertices of I'(G, A) in the ball of radius R centered
at the identity. The space X appearing in the definition of acylindrically hyperbolic
group can always be chosen to be a Cayley graph.

Tueorem 2.3 ([Osil6, Th.1.2]). — Let G be an acylindrically hyperbolic group. There
exists a (typically infinite) generating set A C G such that the Cayley graph T'(G, A)
is hyperbolic and the action of G on it is non-elementary and acylindrical.

Another important property of acylindrically hyperbolic groups is that they have
maximal finite normal subgroups.

Tueorem 2.4 ([DGO17, Th.2.23], [Hull6, Lem.5.10]). — If G is an acylindrically
hyperbolic group, then G contains a unique maximal finite normal subgroup K. More-
over, G/K is acylindrically hyperbolic, and has no non-trivial finite normal subgroup.

In the remainder of the article we denote by K (G) the unique maximal finite normal
subgroup of an acylindrically hyperbolic group G.

Derinition 2.5. — Let G be a group with a non-elementary acylindrical action on a
hyperbolic space X. Let H be a subgroup of G.

JILP — M., 2026, tome 13



1468 R. Couron & K. Fournier-Facro

— H is elliptic (with respect to this action) if some, hence any, orbit of H is
bounded.

— H is suitable (with respect to this action) if the action of H on X is non-
elementary (i.e., neither elliptic nor virtually cyclic) and H does not normalize a
non-trivial finite subgroup of G.

Note that a suitable subgroup can only exist if K(G) = {1}. A good source of
suitable subgroups is normal subgroups [CIOS25, Lem. 3.23]. Here we will need some-
thing slightly stronger: recall that a subgroup H < G is subnormal if there exists a
chain of subgroups H = Hy < H; < --- < Hj = G such that H; is normal in H;14
for 0 <i<k.

Lemva 2.6. — Let G be a group with a non-elementary acylindrical action on a hyper-
bolic space X. Assume that K(G) = {1}. Then every non-trivial subnormal subgroup
of G is suitable with respect to this action.

Proof. Let H be a non-trivial subnormal subgroup of G, and let
H=Hy<---<Hy,=G

be a chain witnessing this. The proof is by induction on the length k of this chain.
The case £ = 0 is trivial. Assume now that £k > 1 and the statement holds for
k — 1. In particular, H; is suitable, hence non-elementary. It follows from Lemma 2.2
that the action of Hy on X is acylindrical and non-elementary. By [Hull6, Lem. 5.5],
there exists a unique maximal finite subgroup K C G that is normalized by Hj. Let
g € Hy and h € Hy. Since Hy is normal in H;, the element g~ 'hg € Hy normal-
izes K, or equivalently h normalizes gK¢~!. By uniqueness we obtain ¢K¢g~' = K.
Consequently H; normalizes K. Since H; is suitable, this forces K = {1}. O

Levmva 2.7 Let G be a group with a hyperbolic Cayley graph X, such that the
action of G on X is non-elementary and acylindrical. Let H < G be suitable with
respect to this action. Then there exists a 2-generated subgroup L < H that is also
sustable with respect to this action.

Proof. — Let g € G be a loxodromic element. Then there exists a unique maximal
elementary subgroup containing g [DGO17, Lem. 6.5, Cor. 6.6], which we denote by
E(g). By [Hull6, Cor. 5.7], the suitable subgroup H contains two non-commensurable
elements hq, hy such that E(h;) = (h;) for i = 1, 2. In particular, hy ¢ E(hg), and hy
does not normalize a non-trivial finite subgroup. Letting L := (hy, h2) we conclude.

(Il

We need one more lemma that shows that elliptic subgroups are, in a way, uniformly
bounded.

Lemma 2.8. — Let G be a group. Let A be a generating set of G such that T'(G, A)
is &-hyperbolic. For every elliptic subgroup E, there is g € G such that gEg~"' is

contained in B4 (109).

JE.P — M., 2026, tome 13
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Proof. — There is a vertex v € I'(G, A) such that the orbit Ev has diameter at most
104. (Such statement appears in many places in the literature with different values
in place of 109. These differences depend mostly on the definition of hyperbolic space
used by the authors, see e.g. [BH99, IIL.T", Lem. 3.3]. We chose on purpose a very
generous formulation. Recall that we assume that § > 1, so that we always have a
vertex is our set of “almost fixed points”.) However the action of G on the vertex set
of I'(G, A) is transitive, hence there is an element g € G such that gv = vy where vy
is the vertex representing the identity of G. Then the orbit (9Eg~1)vy is contained in
B4 (106). O

2.2. Smarr Cancerration Taeorem. — Small cancellation theory is a powerful and
versatile tool to produce and study groups with prescribed properties. It appears
in many flavors in the literature [LS01, O1'91, Gro01, Osil0, Coul4, DGO17]. The
general philosophy is roughly the following: If a group G admits a “non-degenerate”
action on a negatively curved space X, then so does any quotient of G obtained
by adjoining relations which are “sufficiently independent”, hence paving the way to
iterated constructions. For this paper, we rely on the work of Hull [Hul16].

Trueorem 2.9 (Small Cancellation Theorem [Hull6, Th.7.1]). — Let G be a group and
A C G a generating set of G. Assume that T'(G, A) is hyperbolic and the action of G
on this space is acylindrical and non-elementary. Let H < G be a finitely generated
subgroup that is suitable with respect to the action on I'(G,A). Let B C G be a
finite subset and R € R,.. Then there exists a quotient m: G — G with the following
properties.

(1) There is a subset A C G containing w(A) such that I'(G, A) is hyperbolic and
the action of G on this space is non-elementary and acylindrical.
(2) 7 is injective on Ba(R).
(3) 7(B) C =(H).
(4) w(H) is a 2-generated suitable subgroup of G for its action on I'(G, A).
(5) Every element of G of order n € N is the image of an element of G of order n.
(6) ker 7 is the normal closure of finitely many elements in B - H.

Proof. Without loss of generality we can assume that B contains a finite generating
set of H. Consider a 2-generated suitable subgroup L of H as given by Lemma 2.7
and [Hull6, Th. 7.1] with L (rather than H). In particular, (1), (2), and (5) directly
follows from [Hull6, Th.7.1]. Hull’s statement also tells us that 7#(B) C w(L), hence
m(B) C w(H), which proves (3). On the one hand L C H. On the other hand we
assumed that B contains a generating set of H, so that our previous discussion yields
m(H) C w(L). It follows that w(H) = w(L) is 2-generated. According to [Hull6,
Th. 7.1] it is also a suitable subgroup of G for its action on I'(G, A), which completes
the proof of (4). The last item is a consequence of the construction; see the proof of
[Hull6, Th.7.1]. O

JILP — M., 2026, tome 13



1470 R. Couron & . Fournier-Facio

Remark 2.10. Theorem 2.9 was later refined in various directions, see e.g. [MO19,
Prop. 3.3] or [CIOS25, Th.3.27]. Using these stronger small cancellation theorems
would allow to improve Theorem 1.3 to encompass countable groups H that are not
necessarily finitely generated. However, we do not know of any interesting application
of this more general statement. In addition, the assumption of finite generation allows
for an easier small cancellation setup (which for instance does not require to introduce
hyperbolically embedded subgroups). The next corollary is the only statement in the
article, where assuming that H is finitely generated cannot be avoided. Having finitely
presented quotients as below will play a crucial role in Section 5.

Cororrary 2.11. There exists a finitely presented, 2-generated, acylindrically
hyperbolic quotient Go of Aut(F,,) such that the composition F,, — Aut(F,) — Gq is
surjective, and K(Go) = {1}.

Proof. — The group Aut(F,,) is acylindrically hyperbolic, with no finite normal sub-
groups, see [GH21]. The subgroup F,, = Inn(F,) < Aut(F,) is infinite and normal,
thus suitable (Lemma 2.6). We fix a finite generating set B of Aut(F,). Theorem 2.9
produces an acylindrically hyperbolic quotient 7 : Aut(F,) — Go such that 7(F},) is
2-generated and contains 7(B) while K(Go) = {1}. This shows in particular that F,
surjects onto G which is therefore 2-generated. Moreover, by Theorem 2.9 again, the
map 7 may be chosen to be the quotient of Aut(F;,) by finitely many relations. Since
Aut(F),) is finitely presented [Nie24], so is Gy. O

3. SIMPLE CHARACTERISTIC QUOTIENTS

The construction of characteristic quotients relies on the following simple but key
observation.

Lemma 3.1. Let T be a group. Let w: Aut(T") — @Q be a homomorphism. Then the
kernel of the composition woad : ' — Inn(T") — Q s characteristic in T.

Proof. — Let g € ker(m o ad) and a € Aut(I"). Then ad, € ker(r), so
ada(g) = aadga™" € ker(m)
too. This shows that a(g) € ker(m o ad) and concludes the proof. O

As a warm-up, we provide first a short proof of the existence of infinite simple
characteristic quotients of free groups. We thank an anonymous referee for suggesting
this argument.

Tueorem 3.2. Let n > 2. There exists an infinite simple characteristic quotient
of F,.

Proof. — There exists an acylindrically hyperbolic quotient 7: Aut(F,,) — G¢ such
that 7 is surjective when restricted to F,, (Corollary 2.11). Every quotient of Gy is
a characteristic quotient of F,, (Lemma 3.1). Therefore, it suffices to show that Gg
admits an infinite simple quotient.

JEP — M., 2026, tome 13
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Let H be Higman’s group [Hig51]: this is a finitely generated group with no non-
trivial finite quotients, which is moreover acylindrically hyperbolic [MO15, Cor. 4.26].
By [Hull6, Cor. 1.6] there exists an acylindrically hyperbolic group G; that is a com-
mon quotient of Gy and H. Since G is finitely generated, it follows from Zorn’s lemma
that it contains a maximal proper normal subgroup N. Recall that G; is a quotient
of the Higman group. Hence the index of N in G; must be infinite. Thus Go = G1/N
is an infinite simple quotient of Gy. ]

Remark 3.3. — The above proof goes through Zorn’s lemma, so the group it pro-
duces is not explicit, and it is harder to control its finer properties. We now give an
alternative argument relying on the small cancellation theory techniques introduced
in the previous section. It naturally provides us with additional control, which we will
exploit here and in the next sections.

Derinition 3.4. — For a group I' we denote by 7(I") the set

{n € N: T contains an element of order n}.

Tarorem 3.5. — Consider a short exact sequence
1—H—>G—Q —1,

where H is infinite and finitely generated. Let A C G be a generating set of G. Assume
that T'(G, A) is hyperbolic and the action of G on this space is acylindrical and non-
elementary. Suppose in addition that K(G) = {1}. For every R € Ry, there is a
subgroup N < H, normal in G, with the following properties.

— H/N is simple.

— H/N s 2-generated but not finitely presentable.
— The projection G — G/N is injective on Ba(R).
- 7(H/N)=71(H).

- @ embeds in Out(H/N).

Proof. — By assumption I'(G, A) is d-hyperbolic, for some § € Ri. Without loss
of generality we can assume that R > 100. We fix a finite generating set B of H
and an enumeration {hi,ho,...} of H \ {1}. We are going to build by induction a
nested sequence of subgroups Ny C H, normal in G, with the following properties.
Let Hk = H/Nk and Gk = G/Nk

(1) There is a generating set Aj of Gj containing the image of A such that
['(Gy, Ag) is hyperbolic and the action of Gy, on this space is non-elementary, acylin-
drical. Moreover K(Gj) = {1}.

(2) Hy, is infinite. Moreover, for each ¢ € {1,...,k}, either h; € Ny, or Hj, is the
normal closure in Hy, of (the image of) h;. In addition, Hy is 2-generated, provided
k>1.

(3) The projection G — Gy, is injective on B4(R).

JIP — M., 2026, tome 13



1472 R. Couron & F. Fournier-Facio

(4) The following diagram commutes:

1 H G Q 1
[ .
1 Hy, G Q 1.

From now on, we make an abuse of notation and denote in the same way an element
g € G and its images in the quotients of G.

We start our induction with Ng = {1} for which the above assertions hold. Assume
that we have already built the first k+1 subgroups Ny < Ny < --- < N, where k > 0.
If hgt1 € Ni, we set N1 = N and move on to the next step. Let us assume that
this is not the case. We denote by Ay the generating set of G, given by the induction
hypothesis (1). Recall that A contains the image of A. Consequently the projection
G — Gy induces a 1-Lipschitz map T'(G, A) — T'(Gk, Ax). In particular, the image
of B4(R) is contained in By, (R). Denote by Lj the normal closure of hyi1 in Hy.
As Gj has no non-trivial finite normal subgroup, Ly is a suitable of G} with respect
to its action on I'(Gy, Ax) (Lemma 2.6). Denote by By, the image of B in Hy. Note
that By is a finite generating set of Hj. According to the small cancellation theorem
(Theorem 2.9) there is a quotient G411 of Gy, such that the projection 7: Gy — Gi11
has the following properties.

— There is a subset Agy1 C Gg41 containing the image of Ay (hence the image
of A) such that T'(Gr41, Ak+1) is hyperbolic and the action of Gy on this space is
non-elementary and acylindrical.

— 7 is injective on By, (R).

— 7(By) C w(Lg), so that the image Hyy; of Hy in Gpy1 is normally generated
(as a subgroup of Hy41) by hgy1.

— w(Ly) = w(Hy) is a 2-generated, suitable subgroup of Gy41.

— Every element in G of order n is the image of an element in G, with order n.

— ker 7 is contained in Hy.

We now write Ni;1 for the kernel of the quotient G — Gpy1, and remark that
Nj < Npy1 < H; in fact N1 is also the kernel of the restriction H — Hyq 1.

Since m(Lg) is a suitable subgroup of Gjy1, it follows that Gyy1 has no non-
trivial finite normal subgroup, hence (1) holds. Moreover the normal subgroup Hy.1
is non-trivial, therefore infinite. By construction Hy1 is normally generated by hy1.
However Hj, was normally generated by each element in {hq,..., i} ~\ Ny, hence (2)
holds. Points (3) and (4) directly follow from the construction and the previous dis-
cussion. This completes the induction step.

We now define N to be the increasing union of all the subgroups Nj and let
H,, = H/N and G = G/N. By construction, every non-trivial element h € H
is either in N or normally generates H.,. Hence H., is simple. As a quotient of
every Hy, it is 2-generated. Suppose by contradiction that H, is finitely presentable.
Then N is the normal closure of a finite subset of H. Since N is the directed union of
the Ng, we deduce that N = Ny, for k large enough. Therefore H,, = Hj. But this
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is a contradiction, because H, is simple, while H}, is acylindrically hyperbolic, being
an infinite normal subgroup of the acylindrically hyperbolic group G (Lemma 2.2).
It directly follows from the construction that the projection G — G is injective on
Ba(R).

An induction argument shows that every element of order n in H. has a pre-
image g of order n in G. However the kernel of the projection G — G is contained
in H, hence g belongs to H. Consequently 7(Hy,) C 7(H). Let us prove the converse
inclusion. Let h € H be a finite order element. In particular, (h) is elliptic, thus it is
conjugate to a finite subgroup contained in B4(R), on which the projection G — G
is injective (Lemma 2.8). Hence (h) embeds in G, and a posteriori in H,,. This
shows that 7(H) C 7(H).

Finally, note that the following diagram commutes

1 H G Q 1
I
1 — Hy Goo Q 1

and its rows are short exact sequences. The action by conjugation of G, on Hy,
defines a morphism G, — Aut(H ), so that the image of any element of H, is inner.
Hence it induces a morphism x: @ — Out(Hy). Let us prove that x is injective.
Consider an element ¢ € @ and g € G a pre-image of ¢. Assume that x(¢) = 1.
In particular, there is u € H such that gu centralizes H,. Since H is finitely generated,
this property is ensured by finitely many relations in IV, therefore there exists k € N
such that gu centralizes Hj. Since H}, is non-elementary (Lemma 2.2), (gu) must be
finite [BF02, Prop. 6]. But Hy, is a suitable subgroup of G}, (Lemma 2.6) so it cannot
normalize a non-trivial finite subgroups. It follows that gu = 1 in Gy; in particular
g € Hi and so ¢ = 1. |

As a corollary we obtain Theorem 1.3:

Cororrary 3.6. Let G be an acylindrically hyperbolic group. Let H < G be finitely
generated, infinite and normal. Then there exists a subgroup N < H, normal in G,
such that H/N is 2-generated, infinite, and simple.

Proof. — Let Gy = G/K(G), which is an acylindrically hyperbolic group with no
non-trivial finite normal subgroup (Theorem 2.4). Let Hj be the image of H in Gj.
Theorem 3.5 gives a subgroup Ny < Hy, normal in Gy, such that Hy /Ny is 2-generated,
infinite and simple. Let N’ be the pre-image of Ny in G, and let N := HNN'. Then N
is a subgroup of H, normal in G, and H/N = Hy/Nj is infinite and simple. ]

Combining with Lemma 3.1, we obtain Corollary 1.4:

CororLrary 3.7. — Let T be a finitely generated group such that [T' : Z(T')] = oo
and Aut(T") is acylindrically hyperbolic. Then T admits a characteristic subgroup N
containing Z(I') such that T'/N is 2-generated, infinite, and simple.
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Proof. The hypothesis implies that Inn(T") is an infinite normal subgroup of the
acylindrically hyperbolic group Aut(I'). Thus the result is a combination of Corol-
lary 3.6 and Lemma 3.1. O

Exampre 3.8. — Corollary 3.7 applies when T is a finitely generated group such that
one of the following holds.

— T is non-elementary hyperbolic [Gen19, GH21].

— T is non-elementary hyperbolic relative to a collection of finitely generated sub-
groups, none of which is relatively hyperbolic [GH21, Th.1.3].

— T has infinitely many ends [GH21, Th. 1.1].

— T' is a graph product of finitely generated groups over a finite graph that is not a
join and not reduced to a single vertex [EH24, Th. A.27] (see also [GM19, Th. E] and
[Gen24, Th. 1.5]).

— T' is a torsion-free Artin group, whose underlying graph is connected and has a
separating vertex that is not in the center of I' [JMS25, Th. EJ.

This is not the first time that acylindrical hyperbolicity of automorphism groups
is used to produce Aut-invariant versions of previously known constructions [Osi25,
FFW23]. It would be interesting to see more instances of this.(?)

4. SQ-UNIVERSALITY

Corollary 3.7 proves the existence of a simple characteristic quotient of F,,. In this
section, we prove that there is a wealth of such quotients, by embedding arbitrary
countable groups. We get the following more precise and more general version of
Theorem 1.5.

Tarorem 4.1. — Let T' be a torsion-free non-elementary hyperbolic group, and let C
be a finite subset of I'. Let L be a countable group. Then I" admits a characteristic
subgroup N with the following properties.

— T'/N is simple.

— T'/N is 2-generated but not finitely presentable.

— The quotient I' — I'/N is injective on C.

— The group L embeds in T'/N, and 7(T'/N) = 7(L).

— Out(T") embeds in Out(T'/N).

As a corollary, we obtain the following generalization of Theorem 1.1.

COROLLARY 4.2. Let T' be a torsion-free mon-elementary hyperbolic group. For
every set of primes P, there exist continuum many, pairwise non-isomorphic, infi-
nite, 2-generated, simple characteristic quotients I'/N of T' such that T(I'/N) = P.
In particular, T' admits continuum many torsion-free, characteristic, simple quotients.

(2)More instances did appear since the first version of this paper, see [FF25, FFIM*26].
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Proof. Let E be a countable group such that 7(E) =7, for example E:=%,cpZ/pZ.
Let {L;}icr be a family of continuum many pairwise non-isomorphic finitely generated
torsion-free groups, such as Camm’s simple amalgamated products [Cam53]. Then by
Theorem 4.1, for each ¢ € I there exists a characteristic subgroup N; of I' such
that T'/N; is 2-generated, infinite and simple; moreover E * L; embeds in I'/N; and
7(T'/N)=7(E* L;) =7(F) = P.

Now I'/N; is a countable group containing the finitely generated subgroup L;. Since
every countable group contains only countably many finitely generated subgroups,
it follows that the family I'/N; achieves continuum many isomorphism types. O

Remark 4.3. — We could also more directly obtain continuum many pairwise non-
isomorphic groups by varying P among all infinite sets of primes.

Before proving Theorem 4.1, we start with the following auxiliary result.

Prorosition 4.4. — Let G be a group and A C G a generating set of G. Assume
that T'(G, A) is hyperbolic and the action of G on this space is acylindrical and non-
elementary. Let H < G be a subgroup that is suitable with respect to its action on
I'(G,A). Let L be a countable group and R € R.. There is a quotient T : G — G such
that if we denote H == n(H), and N = ker(r), then the following hold.

— There is a subset A C G containing w(A) such that T'(G, A) is hyperbolic and the
action of G on this space is non-elementary and acylindrical. Moreover K(G) = 1.

— 7:G — G is injective on Ba(R).

— L embeds as a subgroup of H, and its image is elliptic for the action on I'(G, A).

— If in addition, H is normal in G, then N < H and 7(H) = 7(L) UT(H).

Proof. We start by noticing that, since every countable group embeds in a finitely
generated group preserving the values of torsion [LS01, Th.IV.3.1], we may reduce to
the case in which L is finitely generated. Let P denote the free product G * L. The
set A’ := AUL generates P. Since P is hyperbolic relative to {G, L}, it is known that
I'(P, A’) is d-hyperbolic (for some ¢ € R, ) and the action of P on this space is non-
elementary and acylindrical [ABO19, Th. 2.7]. On the one hand, H does not normalize
any non-trivial finite subgroup of P. On the other hand, the graph I'(G, A) admits a
G-equivariant isometric embedding in I'(P, A’). Hence, the action of H on I'(P, A’) is
also non-elementary, and therefore the subgroup H is suitable for the action of P on
(P A.

Without loss of generality we can assume that R > max{l,10d}. Fix a finite
generating set B of L. Note that by construction L is contained in the ball of radius 1
of T'(P, A’). Now we apply Theorem 2.9 to P, and obtain a quotient 7 : P — P with
the following properties. Denote by B, L, H, and G the respective images of B, L, H
and G under 7.

— There is a subset A of P containing the image of A’ such T'(P, A) is hyper-
bolic. The action of P on this space is non-elementary and acylindrical. Moreover
K(P) ={1}.
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— B is contained in H, hence L < H < G.

— 7 is injective on Ba/(R) C P, hence 7|¢g is injective on B4(R) C G.

— Every element of order n in P is the image of an element of order n in P.

— ker(7) is contained in the normal closure of LU H, which we denote by (L U H)).
Let N := G Nker(n). Since L < G, the restriction 7 : G — P is surjective, hence
P = G = G/N is a quotient of G. Note that the diameter of L in T'(P, A’) is 1.
Hence L embeds in P. By construction the map I'(P, A’) — I'(P, A) is 1-Lispchitz,
hence L is elliptic for its action I'(P, A).

Assume now that H is normal in G. Hence the quotient P/ {L U H)) is exactly
G/H. This means that GN (L U H)) = H. However ker(7) is contained in (L U H)),
thus N is subgroup of H. Since L embeds in H, we have 7(L) C 7(H). It is proved
as in Theorem 3.5 that every finite subgroup of P embeds in P, hence 7(H) C 7(H).
Let us prove now the converse inclusion. Consider an element n € 7(H). Let h be an
element of H with order n. We know that h admits a pre-image h € P with the same
order. Since P is a free product, either h is conjugate into L, in which case n € 7(L),
or h is conjugate into G. Recall that H is normal in G, hence so is H in G. Up to
replacing h by a conjugate, we can assume that h actually belongs to G, thus to HN.
However the kernel N of the map G — G is contained in H, hence h belongs to H.
This shows that n € 7(H). O

Proof of Theorem 4.1. Since T' is a non-elementary hyperbolic group, Aut(T") is
acylindrically hyperbolic (Example 3.8), and since I is torsion-free, Z(I") = {1}, and
in particular Inn(T") 2 T is infinite. We claim that Aut(T") has no non-trivial finite
normal subgroup. Indeed, let K < Aut(I") be a finite normal subgroup. Then T" acts
on K by conjugacy, and thus there exists a finite index subgroup I < T" such that
the action of I on K fixes every point. Therefore every automorphism in K fixes I
pointwise. But since I' is torsion-free and hyperbolic, this implies that K is trivial
[BB10, Lem. 2.2 & 2.3].

For simplicity of reference, we now let H := I', which we identify with Inn(T"),
G = Aut(T), and @ = Out(T"). Let L be a countable group. Let A be generating set
of G such that T'(G, A) is hyperbolic and the action of G on this space is acylindrical
and non-elementary (Theorem 2.3). Since H is an infinite normal subgroup of G, it is
non-elementary as well (Lemma 2.2). According to Proposition 4.4, there is a normal
subgroup Ny of G contained in H such that G := G//Nj is acylindrically hyperbolic.
More precisely there is a subset A generating G and containing the image of A such
that I'(G, A) hyperbolic and the action of G on this space is non-elementary and
acylindrical. In addition, K(G) = 1, C embeds in H, L embeds in H as an elliptic
subgroup, and 7(H/Ny) = 7(L). Let H := H/Ny. Since K(G) = 1, the quotient H is
an infinite normal subgroup of G, so that the short exact sequence

l1—H—G—Q—1

satisfies the assumption of Theorem 3.5. Consequently there is a normal subgroup
N, C G contained in H such that H/N; is simple, 2-generated but not finitely
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presented, with 7(H/N;) = 7(H/Np). Moreover C' and L embed in H/N; and Q
embeds in Out(H/N;). We write N for the pre-image of N7 in G, which is a normal
subgroup of G contained in H. We conclude by Lemma 3.1. O

Remark 4.5. Using classical arguments in small cancellation theory, we could pre-
scribe other properties on I'/N. For instance, in the above proof, if we first replace H
by a common quotient of H and an acylindrically hyperbolic group with Property (T)
[Hul16, Cor. 1.6] we would obtain that H/N has Property (T). Similarly, one may try
to construct characteristic quotients of hyperbolic groups that are complete, finitely
presented and Hopfian [L.S01, Th. 10.4], with a prescribed outer automorphism group
[BWO05], and so on. However, it is unclear whether any of these would have interesting
connections to independent problems, the same way that Wiegold’s question [KM14,
Quest. 6.45] is connected to the problem of growth sequences of simple groups.

~
J. QUASI-ISOMETRIC DIVERSITY

Our goal in this section is to strengthen the uncountability result (Corollary 4.2)
to moreover distinguish groups up to quasi-isometry.

Tarorem 5.1. There exist continuum many, pairwise non-quasi-isometric, 2-gen-
erated, infinite, simple, characteristic quotients of F,,.

We will prove Theorem 5.1 by applying a criterion of Minasyan—Osin—Witzel
[MOW?21]. This requires a small amount on background on the space of marked
groups G, (n > 2) [Gri84]. This is the set of normal subgroups of F,,, seen as a
subspace of 2f» with the product topology; in particular it is a compact metrizable
space. We will often identify a normal subgroup N < F,, with the corresponding
marked quotient F,, — F,/N. We will use some standard terminology from descrip-
tive set theory [Kec95, 1.8]: A space is perfect if it is closed and has no isolated
points; a countable intersection of open sets is called a Gg-set. In our settings, a set
is comeager if contains a dense Gs-set (this relies on the Baire category theorem).

Following [MOW?21], we say that a subspace of G, is quasi-isometrically diverse if
every comeager subset of it has continuum many quasi-isometry classes. The proof of
Theorem 5.1 will use the following criterion for quasi-isometric diversity:

Tueorem 5.2 ((MOW21, Cor.1.2]). — FEvery non-empty perfect subset of Gy, contain-
ing a dense subset of finitely presented groups is quasi-isometrically diverse.

Remark 5.3. — The statement of [MOW21, Cor.1.2] is about non-empty perfect
subsets of G, which is a directed union of the spaces G, for n > 2. Since G, is
compact, a perfect subset of G, is also a perfect subset of G, thus Theorem 5.2 is a
direct consequence of [MOW21, Cor. 1.2].

We will apply Theorem 5.2 as in the proof of [MOW?21, Cor. 4.10]. Namely, we will
exhibit a set JH of finitely presented marked groups, and a set 8 of simple characteristic
marked groups, such that 8 is comeager in the closure cl(H). Note that the groups that
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appear in intermediate steps of our construction (Theorem 3.5) are not necessarily
finitely presented, unless G = H.

To bypass this difficulty we use Corollary 2.11: There exists a 2-generated, finitely
presented, acylindrically hyperbolic quotient Gg of Aut(F},) such that the composition
F, — Aut(F,) — Gy is surjective. We fix the marked group Gq for the rest of this
section. Let H C G,, denote the set of marked groups that are finitely presented, acyl-
indrically hyperbolic, and factor through F,, — Go. We further let § denote the subset
of cl(H) consisting of simple groups whose marking factors through F,, = Gjy. Since Gg
is 2-generated, so is every element in §. We make the following key observation:

Lemma 5.4. Every quotient of Gy is a characteristic quotient of F,,. In particular,
every marked group in 8 is a simple characteristic quotient of F,.

Proof. — By the choice of Gy (Corollary 2.11), a quotient F,, — G¢ — H factors
as F, — Aut(F,) — Go — H. The kernel of this composition is characteristic,
by Lemma 3.1. |

Finally, we need to establish a topological property of 8.
Levmva 5.5, — The subset 8 C cl(H) is comeager.

Proof. — The set of marked groups that factor through F,, — G is open, because Gy
is finitely presented. Moreover, simple groups form a Gs-set in §,, [MOW?21, Cor. 4.5].
Therefore the set of simple quotients of G is a Gs-set, which implies that 8 is a
Gs-subset of cl(3).

To show that 8§ is dense in cl(J), it suffices to show that each H € H is an
accumulation point of 8. A neighbourhood basis of H := F,, /Ny consists of the sets

Uy ={N€G,: NNW =NygnW},

where W C F,, is finite. By Theorem 3.5 applied with H = G (and @ = 1), there
exists an infinite simple quotient S of H such that the finite set WNy C F,,/Nyg = H
maps injectively into S. Thus S € Uy . Moreover, the construction of Theorem 3.5
produces a sequence of quotients of H, each of which is acylindrically hyperbolic,
and obtained from the previous one by an application of Theorem 2.9. Since H is
finitely presented, this shows that each of the groups in this sequence belong to I,
and therefore S € cl(H), and so S € 8. O

We are ready to prove Theorem 5.1.

Proofof Theorem 5.1. — Let Gy, H, 8 be as above. Recall that 8 consists of simple
characteristic quotients of Fj, by Lemma 5.4, and that 8§ C cl(H) is comeager, in par-
ticular it is dense. By definition H is also dense in cl(H), and moreover H N8 = &,
because acylindrically hyperbolic groups cannot be simple. Since an isolated point
must belong to every dense subset, it follows that cl(JH) has no isolated points, and
therefore is perfect. Theorem 5.2 now applies to give quasi-isometric diversity of cl(H).
Since 8 is comeager in cl(H), it follows from the definition that 8 has continuum many
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quasi-isometry classes. Finite groups form a single quasi-isometry class, so we con-
clude that there are continuum many quasi-isometry classes of 2-generated, infinite,
simple, characteristic quotients of F),. O

6. OurLook

We end with two questions on possible generalizations and applications of our
results. The first is about how far the list from Example 3.8 can be extended:

Question 6.1. Let I" be a finitely generated acylindrically hyperbolic group. Does I'
admit an infinite simple characteristic quotient?

In [Genl9, Quest.1.1], Genevois asked whether the automorphism group of a
finitely generated acylindrically hyperbolic group is always acylindrically hyperbolic.
In light of Corollary 1.4, an affirmative answer to Genevois’s question implies an
affirmative answer to Question 6.1.

The second question asks for a middle ground between Lubotzky’s conjecture
(Remark 1.2), which is about finite simple characteristic quotients, and our construc-
tion, which produces non-finitely presentable simple characteristic quotients.

QuesTion 6.2. Let n > 2. Does there exist a characteristic subgroup N < Fj, such
that F,, /N is infinite, simple and finitely presentable?
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