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HYPERBOLIC ABSOLUTELY CONTINUOUS INVARIANT

MEASURES FOR Cr ONE-DIMENSIONAL MAPS

by Alexandre Delplanque

Abstract. — For r > 1, we show, using the Ledrappier–Young entropy characterization of SRB
measures for non-invertible maps, that if a Cr map f of the interval or the circle has its
Lyapunov exponent greater than 1

r
log ∥f ′∥∞ on a set A of positive Lebesgue measure, then it

admits hyperbolic ergodic invariant measures that are absolutely continuous with respect to the
Lebesgue measure. We also show that the basins of these measures cover A Lebesgue-almost
everywhere.

Résumé (Mesures invariantes absolument continues hyperboliques pour les applications unidi-
mensionnelles de classe Cr)

Pour r > 1, nous montrons, en utilisant la caractérisation entropique de Ledrappier-Young
des mesures SRB pour les applications non inversibles, que si f est une application Cr de
l’intervalle ou du cercle dont l’exposant de Lyapunov est strictement supérieur à 1

r
log ∥f ′∥∞

sur un ensemble A de mesure de Lebesgue positive, alors elle admet au moins une mesure
invariante ergodique hyperbolique qui est absolument continue par rapport à la mesure de
Lebesgue. Nous montrons également que les bassins de ces mesures recouvrent A Lebesgue-
presque partout.
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1. Introduction

In this work, we study the long-term behavior of discrete-time dynamical systems.
More precisely, we consider maps f : X → X where X is the phase space, and we
define the orbit of a point x in X as the sequence obtained by iterating f starting
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1420 A. Delplanque

from x. We are interested in the asymptotic distribution of these orbits, for example
by identifying attractors, their structure, and the set of points that are attracted to
them. Formally, we consider the notion of empirical measure: for a positive integer n
and a point x in X, we define µx

n := 1
n

∑n−1
k=0 δfk(x), where δfk(x) is the Dirac at

fk(x) and fk is the k-th iterate of f . Therefore, the asymptotic behavior of the sys-
tem can be understood by studying the limits of the sequence (µx

n)n as n goes to
infinity. By duality, if µ is an f -invariant Borel probability measure on X, we define
the basin of µ, denoted by B(µ), as the set of points x such that (µx

n)n converges
to µ for the weak-∗ topology. When X is a smooth Riemannian manifold, one can
define a Lebesgue measure on X and search for measures whose basin has positive
Lebesgue measure. They are called physical measures and describe the asymptotic
dynamics of a visible part of the space. As a consequence of Birkhoff’s ergodic the-
orem, f -invariant ergodic probability measures that are absolutely continuous with
respect to the Lebesgue measure are physical measures. Our goal here is to study, for
smooth one-dimensional dynamics, the existence of absolutely continuous probability
measures of positive entropy and to understand their basins.

For one-dimensional dynamics, the existence of such measures has been studied
since the 1970s, by Jakobson for example, for the quadratic family [12] and for near-
quadratic families [13], and by Collet and Eckmann [11] for more general unimodal
maps. As for multimodal maps, some hyperbolicity assumption was usually made,
such as in the results of Keller [14] and Ledrappier [15], which we will discuss later
in the introduction. Regarding higher-dimensional dynamics, the notion of SRB mea-
sures generalizes what absolutely continuous probability measures represent for one-
dimensional systems. These measures first appeared in the works of Sinai [27], Ruelle
[26, 24] and Bowen [2] who showed their existence for uniformly hyperbolic diffeo-
morphisms. The aim has then been to weaken the hyperbolicity assumption, both in
dimension one and in higher dimension. To do so, we use the notion of Lyapunov expo-
nent, which we only define when X = I is one-dimensional: for x ∈ I, the Lyapunov
exponent of f at x is

χ(x) = lim sup
n→+∞

1

n
log |(fn)′(x)|.

Therefore, weakening the hyperbolicity assumption is well illustrated by Viana’s con-
jecture [28]:

Viana’s conjecture. — If a smooth map has only non-zero Lyapunov exponents at
Lebesgue almost every point, then it admits some SRB measure.

We present some previous results in this direction. For one-dimensional dynamics,
and priorly to the conjecture, Keller [14] proved the existence of absolutely continuous
measures for multimodal maps with negative Schwarzian derivative and with positive
Lyapunov exponent on a set of positive Lebesgue measure. Another similar result
is that of Ledrappier [15] where he showed that such measures exist for C2 maps
satisfying the following conditions:

J.É.P. — M., 2026, tome 13



Hyperbolic absolutely continuous invariant measures for Cr one-dimensional maps 1421

(i) Non-degenerate critical points: there are finitely many critical points, all of
finite multiplicity.

(ii) Hyperbolicity: on a set of positive Lebesgue measure, the Lyapunov exponent
is positive.

(iii) Regularity assumption on the Lyapunov exponents: on this set of positive
Lebesgue measure, the lim sup defining the exponent is a limit and the orbits’ distri-
butions converge to an ergodic measure.

The proof of Ledrappier uses an entropy characterization of absolutely continuous
measures: among the ergodic measures of positive entropy, the absolutely continuous
ones are exactly those who satisfy the entropy formula h(µ) =

∫
log |f ′|dµ. As for

higher-dimensional dynamics, the existence of SRB measures has been shown un-
der similar though weaker conditions by Alves, Bonatti and Viana [1]. Moreover,
their proof relies on a geometric study of the probability density with respect to the
Lebesgue measure of the empirical measures rather than on the Ledrappier–Young
entropy characterization [16, 17]. They also prove that the basins of these SRB mea-
sures cover Lebesgue-almost everywhere the set of points with non-uniform expansion
and slow recurrence to the singularities. In the case of weakly expanding maps, Pin-
heiro showed in [21, 22] that we can define weak expansion with a limsup rather than
a liminf, making the hypothesis weaker than in [1], but still obtain the same result.

In this work we deal with interval or circle maps and we only assume some hyper-
bolicity and regularity of the map. Hence, the dynamics is free to display flat critical
points and infinitely many monotone branches.

We now introduce the required definitions and notations to state our result. For
x ∈ R, we denote by ⌊x⌋ the largest integer less than or equal to x. Let I be the
interval [0, 1] or the circle S1 and f : I → I be a Cr map where r > 1. Here, r does
not need to be an integer, so f being a Cr map means that it is C⌊r⌋ and that d⌊r⌋f ,
the ⌊r⌋-th order derivative of f , is Hölder continuous with exponent r − ⌊r⌋, and we
denote the Hölder constant by ∥drf∥∞. We also define

R(f) = lim
n→+∞

1

n
log+ ∥(fn)′∥∞ ⩽ log+ ∥f ′∥∞,

where ∥ · ∥∞ is the supremum norm and log+(x) = max(0, log(x)) for x > 0. Lastly,
we say that an f -invariant probability µ is hyperbolic if, for µ-almost every x, we have
χ(x) > 0.

Theorem 1. — Let f : I → I be a Cr map with r > 1. There are countably many hy-
perbolic ergodic f -invariant measures (µi) that are absolutely continuous with respect
to the Lebesgue measure and such that:

– Lebesgue-almost every x ∈ I such that χ(x) > R(f)/r is in some B(µi) and
(1/n log |(fn)′(x)|)n converges to χ(x) = χ(µi),

– for any δ>0, the set {χ>R(f)/r + δ} is covered by finitely many of these basins,
up to a set of zero Lebesgue measure.

J.É.P. — M., 2026, tome 13



1422 A. Delplanque

In particular, for any δ > 0, there are finitely many ergodic absolutely continuous
measures with entropy larger than R(f)/r + δ.

For smooth interval maps, we get the following corollaries:

Corollary 2. — Let f : I → I be a C∞ map. Then f admits an absolutely continuous
hyperbolic measure if and only if Leb(χ > 0) > 0.

Corollary 3. — Let f : I → I be a C∞ map. If there exists δ > 0 such that χ > δ

Lebesgue-almost everywhere, then there are finitely many physical measures whose
basins cover I Lebesgue-almost everywhere. Furthermore, these physical measures are
hyperbolic ergodic and absolutely continuous.

Furthermore, regarding the finiteness statement in Theorem 1, we explicit a bound
on the number of measures. Such bounds are not known for surface diffeomorphisms,
where Buzzi, Crovisier and Sarig’s methods [10] only provide finiteness of SRB mea-
sures. Moreover, in the case where f is analytic, the bound we obtain has a simple
expression (see Remark 7.6). For the following statement, we introduce an additional
notation: if f is a Cr map, then ∥f ′∥r−1 denotes maxk∈[[1,⌊r⌋]]∪{r} ∥dkf∥∞ where dkf
is the k-th order derivative of f .

Proposition 4. — Let f : I → I be a Cr map with r > 1. There exists a constant Cr

such that, for any δ > 0, the number of hyperbolic ergodic f -invariant absolutely con-
tinuous measures whose basin intersects {χ > log ∥f ′∥∞/r + δ} with positive Lebesgue
measure is less than (log ∥f ′∥∞/δ)(Cr log ∥f ′∥r−1)/δ.

We mention that if we also assume f to be transitive in the previous statements,
then there is at most one hyperbolic absolutely continuous measure. In particular,
whenever such a measure exists, it is unique. We further explain this fact in Re-
mark 7.7.

We also mention that the bound R(f)/r in Theorem 1 is sharp. In [3, App. A],
there is, for any r ∈ Z+, an example of a Cr map f of the interval for which there
exists some set E ⊂ I satisfying

– Leb(E) > 0,
– for x ∈ E, χ(x) = R(f)/r,
– E is in the basin of the Dirac measure at some fixed point of f .

Hence, for such an f , if a < R(f)/r, then the set {χ > a} is of positive Lebesgue
measure but is not covered by basins of absolutely continuous measures.

Let us now explain our strategy to prove Theorem 1 and present the organization
of the paper. The proof relies on a reparametrization lemma, stated in Section 2,
which allows us to precisely control the local dynamics. Such lemmas were introduced
by Yomdin [29] to prove Shub’s entropy conjecture for C∞ systems. The reparame-
trization lemma that we use is an adaptation of Burguet’s one from [5], which he used
to prove the following result, regarding SRB measures for smooth surface diffeomor-
phisms:

J.É.P. — M., 2026, tome 13



Hyperbolic absolutely continuous invariant measures for Cr one-dimensional maps 1423

Theorem (Burguet, [5]). — Let f : M → M be a Cr surface diffeomorphism, where
R ∋ r > 1. There are countably many ergodic SRB measures (µi)i∈I with Λ :=

{
∫
χdµi, i ∈ I} ⊂ (R(f)/r,+∞), such that we have:

– {χ > R(f)/r} = {χ ∈ Λ} Lebesgue-almost everywhere,
– For all λ ∈ Λ, we have Lebesgue-a.e. {χ = λ} ⊂

⋃
i,χ(µi)=λ B(µi).

For C∞ surface diffeomorphisms, part of this result has also been obtained by
Buzzi, Crovisier and Sarig [8].

Then, the idea is to use an entropy characterization of absolutely continuous mea-
sures. It is a version of Ledrappier–Young’s entropy characterization [16, 17] for en-
domorphisms, the precise statement for one-dimensional systems is given by Theo-
rem 7.1 (corresponding to [23, Th. VII.1.1]). Hence, our goal is to build a hyperbolic
measure µ satisfying the entropy formula h(µ) =

∫
log |f ′| dµ. In Section 5, we define

a measure µ as a limit of ”partial” empirical measures: instead of averaging the Dirac
measures δfkx over all k in [[0, n−1]], we only average over points of the orbit where the
dynamic shows some expanding behavior, such k’s are called geometric times (intro-
duced in [5] and inspired by hyperbolic times [1]). We will use this expansion to prove
that µ is hyperbolic. We define geometric times in Section 3, where we also show that
they happen with positive density on a set of positive Lebesgue measure — we use the
bound R(f)/r to do so. We then show in Section 4 that geometric times are in fact
hyperbolic times, in the sense of [1]. A straightforward but important consequence
is that if a point has an imminent geometric time, then it cannot be too close to a
critical point. In other words, our limit measure µ will avoid places where f ′ is too
close to zero.

We explain how we estimate the entropy of µ. We first point out that our sequence
of empirical measures is of the form (µM

n )n where M is a parameter controlling the
distance to geometric times — as M grows, we allow the k’s in the definition of µM

n

to get further from geometric times. We then estimate the entropy of the empirical
measures µM

n for some well-chosen countably infinite partition (Section 6) and show in
Section 7.1 that letting n and M go to infinity gives entropy estimates for µ. We build
this partition by dividing I into monotone branches and regions where log |f ′| is fixed.
The fact that log |f ′| is not bounded and that f may have infinitely many monotone
branches explains why this partition is countably infinite. The question of how to
choose such a partition already arose when dealing with surface diffeomorphisms [5],
but for one-dimensional dynamics, being able to use monotone branches makes the
proof more efficient as it is very suitable with regard to the reparametrization lemma
(see Lemma 6.11). Since the chosen partition is infinite in our case, we must first
show that it has finite entropy for the limit measure µ (Section 6.2). To prove this,
we use an argument from Mañé’s proof of the Pesin’s entropy formula [18], where he
shows that if the diameter of a partition is integrable with respect to some f -invariant
measure, then this partition has finite entropy for that measure. The fact that our
partition has finite entropy will then follow from the integrability of log |f ′| with

J.É.P. — M., 2026, tome 13



1424 A. Delplanque

respect to µ. The proof of the entropy estimate for µM
n is then based on a Gibbs

inequality for this specific partition (Section 6.3). In Section 7.1, we put together all
of the previous results to prove the entropy formula and the absolute continuity of µ.
We eventually prove in Section 7.2 that the union of the basins of such measures covers
{x ∈ I | χ(x) > R(f)/r} Lebesgue-almost everywhere. We also prove the finiteness
of such measures whose Lyapunov exponent is larger than some b > R(f)/r, and we
prove the bound on the number of measures as stated in Proposition 4.

2. Reparametrization lemma

We start by explaining the concept of a reparametrization lemma. The approach
was introduced by Yomdin in [29], and is thus also called Yomdin’s theory. The idea is
to divide the space I into many small dynamically bounded pieces, all the while having
an estimate of the number of pieces. Formally, we will look for reparametrizations
ϕ : [−1, 1] → I such that the derivatives of f ◦ ϕ of all orders are small. With these
notations, the image of ϕ is one of these small pieces. In the end, we study the dynamics
of f through these reparametrizations, allowing for a symbolic interpretation of the
dynamic.

2.1. Bounded reparametrizations. — Let r > 1 and denote by [1, r] the set
[[1, ⌊r⌋]] ∪ {r}. In the case where I=S1, we fix an arbitrary point 0S1 ∈S1. We will say
that a map σ : [−1, 1] → I is a reparametrization if it is a Cr map whose derivative
does not vanish and if, when I = S1, we have:

σ−1({0S1}) is either −1, 1 or empty.

This last condition ensures the injectivity of σ. We give more details about this in
Section 2.3. We denote its image by σ∗ = σ([−1, 1]).

Definition 2.1 (Bounded reparametrization). — A reparametrization σ is said to be
bounded if

max
s∈(1,r]

∥dsσ∥∞ ⩽
1

6
∥σ′∥∞.

Then, for ε > 0, it is said to be ε-bounded if it also satisfies

∥σ′∥∞ ⩽ ε.

Moreover, we say it is (n, ε)-bounded for f : I → I if we have

∀k ∈ [[0, n]], fk ◦ σ is ε-bounded.

The important property satisfied by bounded reparametrizations is the following
control of the distortion:

Lemma 2.2 (Distortion inequality). — If σ is a bounded reparametrization, then we
have

∀t, s ∈ [−1, 1],
|σ′(t)|
|σ′(s)|

⩽
3

2
.

J.É.P. — M., 2026, tome 13



Hyperbolic absolutely continuous invariant measures for Cr one-dimensional maps 1425

Proof. — Consider s0 ∈ [−1, 1] such that |σ′(s0)| = ∥σ′∥∞. By noting r′ = min(2, r),
we get

|σ′(s)− σ′(s0)| ⩽ |s− s0|r
′−1∥dr

′
σ∥∞ ⩽ 2

1

6
|σ′(s0)|.

This leads to
|σ′(s)| ⩾ |σ′(s0)| − |σ′(s0)− σ′(s)| ⩾ 2

3
|σ′(s0)|,

which gives
|σ′(t)|
|σ′(s)|

⩽
|σ′(s0)|
|σ′(s)|

⩽
3

2
. □

We now state a lemma about bounded reparametrizations that we will use in the
next section.

Lemma 2.3 ([5, Lem. 6]). — Let γ : [−1, 1] → I be a bounded reparametrization sat-
isfying ∥γ′∥∞ ⩾ ε. Then there exists a finite family of affine maps (ιj : [−1, 1] →
[−1, 1])j∈L, where L is of the form L ⊔ L and such that:

(i) for any j ∈ L, the map γ ◦ ιj is an ε-bounded reparametrization and

∥(γ ◦ ιj)′(0)∥ ⩾ ε/6,

(ii) [−1, 1] =
(⋃

j∈L ιj([−1, 1])
)
∪
(⋃

j∈L ιj
([
− 1

3 ,
1
3

]))
,

(iii) #L ⩽ 2 and #L ⩽ 6(∥γ′∥∞/ε+ 1),
(iv) for x ∈ γ∗, we have #{j ∈ L | (γ ◦ ιj)∗ ∩B(x, ε) ̸= ∅} ⩽ 100.

2.2. Reparametrization lemma. — We first introduce some more notations. We let
C = Crit(f) = {x ∈ I | f ′(x) = 0}, and for any n ∈ Z+ = [[1,+∞[[, we let

Cn = Crit(fn) and C∞ =
⋃

n∈Z+

Cn.

For z ∈ I ∖ C∞ and n ∈ Z+, if g is an iterate of f , we let

kn,g(z) = ⌊log+ |g′(gn−1(z))|⌋ ∈ [[0, log ∥g′∥∞]],

k′n,g(z) = ⌊log− |g′(gn−1(z))|⌋ ⩾ 0,

where log−(α) = −min(0, log(α)) ⩾ 0 for α > 0. Lastly, for k, k′ ∈ (Z+
0 )

n, where
Z+
0 = Z+ ∪ {0}, we let

Hg(k, k
′) =

{
x ∈ I | ki,g(x) = ki and k′i,g(x) = k′i for any i ∈ [[1, n]]

}
.

Let us explain the purpose of these notations. Consider the orbit of a point x ∈ I

under g. When gix is close to a critical point, meaning that k′i+1,g is large, then the
derivative |g′| at gix may be small compared to higher-order derivatives. However,
to obtain bounded reparametrizations, we want to make the higher-order derivatives
small compared to |g′|. The first step is to work at a scale ε where higher-order
derivatives are small compared to 1. Then, remarkably, it suffices to make only the
r-th order derivative small compared to |g′|. This yields an upper bound on the number
of reparametrizations of max (1, 1/|g′|)1/(r−1)

= exp
(
k′i+1,g/(r − 1)

)
.

J.É.P. — M., 2026, tome 13



1426 A. Delplanque

Furthermore, similarly to Burguet’s reparametrization lemma from [5], our repa-
rametrization lemma will be global in space, but local in terms of values of the log of
the derivative. More precisely, we will not reparametrize σ∗ completely, but only the
intersection of σ∗ with Hg(k, k

′), for any k, k′.
Let us now explain the idea of the proof of the reparametrization lemma. We start

with an ε-bounded reparametrization σ. Fix k1, k
′
1 ∈ Z+

0 , and divide the intersec-
tion σ∗ ∩ Hg(k1, k

′
1) into many pieces so that g composed with the corresponding

reparametrizations has bounded distortion. This gives a first family of reparametriza-
tions: if θ is one of them, then g◦σ◦θ is a bounded reparametrization, and if it is in fact
ε-bounded, then we repeat this construction on g◦σ◦θ. Otherwise, we use Lemma 2.3
to divide the set (σ ◦ θ)∗ once more, then we repeat the previous construction. This
process is illustrated in Figure 1.

Yomdin for the
first iterate

Yomdin for the
second iterateg g

σ∗ (σ ◦ θi1)∗ (g ◦ σ ◦ θi1)∗ (g ◦ σ ◦ θi2)∗

Figure 1. Iterating Yomdin’s division process to bound the distortion
of iterates of g

For k = (k1, . . . , kn) and k′ = (k′1, . . . , k
′
n), we iterate the above construction n

times. We represent the reparametrizations we obtain by a rooted tree (see Figure 2).
We denote by T

(k,k′)
n the n-th level of this tree, so that the associated reparametriza-

tions cover σ−1Hg(k, k
′). As for notations, if in is a vertex of T(k,k′)

n , we denote by θin
the associated reparametrization. For ℓ ⩽ n, we denote by inℓ the parent of in at
level ℓ.

We label every vertex in T
(k,k′)
n with (kn, k

′
n), then we denote by Tn the union of

all T(k,k′)
n for k, k′ ∈ (Z+

0 )
n. Note that this tree may have unbounded degree, although

each T
(k,k′)
n has bounded degree (see Lemma 2.4(5)). Lastly, we say that each vertex

in ∈ Tn is of one of two types: either in ∈ Tn for the ones obtained when applying
Lemma 2.3 and in ∈ Tn for the others. We consider that the vertices obtained when
applying Lemma 2.3 are the ones where we see expansion.

Lemma 2.4 (Reparametrization lemma). — For p ∈ Z+, there exists ε > 0 such that,
for any ε-bounded reparametrization σ : [−1, 1] → I, we have a tree T as above and
affine maps (θin : [−1, 1] → [−1, 1])in∈Tn

such that for any n:
(1) for any in ∈ Tn, the reparametrization σ ◦ θin is (n, ε)-bounded for g = fp,
(2) for any in ∈ Tn, the affine map θin is of the form θinn−1

◦ φin where φin is
an affine contraction of rate smaller than 1/100, and when inn−1 ∈ Tn−1, we have
θin([−1, 1]) ⊂ θinn−1

([−1/3, 1/3]),

J.É.P. — M., 2026, tome 13



Hyperbolic absolutely continuous invariant measures for Cr one-dimensional maps 1427

σ ◦ θin

σ ◦ θin2

σ ◦ θin1

T (k,k′)
n

T ((k1,k2),(k
′
1,k

′
2))

2

T (k1,k
′
1)

1

σ

Figure 2. A tree where children of a node σ◦θ are of the form σ◦θ◦φ
where φ is an affine contraction

(3) for any in ∈ Tn, we have |(gn ◦ σ ◦ θin)′(0)| ⩾ ε/6,
(4) for any kn, k′n ∈ (Z+

0 )
n, the set σ−1Hg(k

n, k′n) is contained in the following
union ( ⋃

in∈Tn s. t.
k(′)(in)=k(′)n

θin([−1/3, 1/3])

)⋃( ⋃
in∈Tn s. t.

k(′)(in)=k(′)n

θin([−1, 1])

)

each set of these unions having non empty intersection with σ−1Hg(k
n, k′n),

(5) for in−1 ∈ Tn−1 and k′n ∈ Z+
0 , we have

#{in ∈ Tn | in−1 = inn−1 and k′n(in) = k′n} ⩽ Cr log ∥g′∥∞emax(log ∥g′∥∞,k′
n/(r−1)),

#{in ∈ Tn | in−1 = inn−1 and k′n(in) = k′n} ⩽ Cr log ∥g′∥∞ek
′
n/(r−1),

(6) I ∖ Cn =
⋃

kn,k′n∈(Z+
0 )n Hg(k

n, k′n).

Proof. — Let r′ = min(2, r) and fix ε > 0 satisfying

(2ε)r
′−1 <

1

2∥g′∥r−1
.

For x ∈ I, let gx2ε : t ∈ [−1, 1] 7→ g(x+ 2εt) ∈ I. We first show the following

∀x ∈ I, ∀s ∈ [1, r], ∥ds (gx2ε) ∥∞ ⩽ 3εmax (1, |g′(x)|) .

When s ∈ (1, r], we have s ⩾ r′, so

|ds (gx2ε) (t)| = (2ε)s|dsg(x+ 2εt)| ⩽ (2ε)r
′
∥g′∥r−1 ⩽ 2ε× 1/2.

And if s = 1, then

| (gx2ε)
′
(t)| = 2ε|g′(x+ 2εt)| ⩽ 2ε (|g′(x+ 2εt)− g′(x)|+ |g′(x)|)

⩽ 2ε|2εt|r
′−1∥dr

′
g∥∞ + 2ε|g′(x)|

⩽ 3εmax(1, |g′(x)|).
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Then, we proceed by induction on n. If n = 0, we let T0 = T0 = {i0} and θi0 =

id[−1,1]. Then assume that we’ve built the tree T up to level n, we build level n + 1.
Let in ∈ Tn and let

θ̂in =

{
θin
(
1
3 ·
)

if in ∈ Tn,

θin if in ∈ Tn.

Let ψ = gn ◦ σ ◦ θ̂in and k, k′ ∈ Z+
0 . By following the proof of the reparametrization

lemma from [5], we obtain a family Θ of affine maps from [−1, 1] to itself such that
(i) ψ−1

(
{x ∈ I | k1,g(x) = k, k′1,g(x) = k′}

)
⊆
⋃

θ∈Θ θ([−1, 1]),
(ii) for any θ ∈ Θ, g ◦ ψ ◦ θ is a bounded reparametrization,
(iii) for any θ ∈ Θ, ∥θ′∥∞ ⩽ e−k′/(r−1),
(iv) #Θ ⩽ Cre

k′/(r−1), where Cr depends only on r.
In fact, for item (ii) when I = S1, we mention that the proof from [5] does not

give that (g ◦ ψ ◦ θ)−1({0S1}) is either −1, 1 or empty, which is required from our
definition of reparametrization. To obtain it, observe that the choice of ε and the fact
that ∥ψ′∥∞ ⩽ ε imply that g ◦ψ ◦ θ([−1, 1]) has a length of at most 1/2. We conclude
by making an additional division, which multiplies the constant Cr in item (iv) by 2.

Then let θ ∈ Θ. If g ◦ ψ ◦ θ is ε-bounded, then we take θin+1 = θ̂in ◦ θ and
in+1 ∈ Tn+1, and label it (kn+1, k

′
n+1). Otherwise, we reparametrize once more by

applying Lemma 2.3 to g ◦ ψ ◦ θ and we let θin+1 = θ̂in ◦ θ ◦ ιℓ for ℓ ∈ L. We let
in+1 ∈ Tn+1 (resp. Tn+1) for ℓ ∈ L (resp. L), and label it (kn+1, k

′
n+1).

Items (1) to (4) and (6) are direct consequences of the construction. For (5), we start
with reparametrizations in Tn+1:

#{in+1 ∈ Tn+1 | in = in+1
n and k′n+1(i

n+1) = k′n+1}

⩽
∑

kn+1∈[[0,⌊log ∥g′∥∞⌋]]

#Θ(kn+1, k
′
n+1)×#L

⩽
∑

kn+1∈[[0,⌊log ∥g′∥∞⌋]]

Cre
k′/(r−1) × 6

(∥(g ◦ ψ ◦ θ)′∥∞
ε

+ 1
)

⩽
∑

kn+1∈[[0,⌊log ∥g′∥∞⌋]]

Cre
k′/(r−1)

(∥g′∥∞∥ψ′∥∞∥θ′∥∞
ε

+ 1
)

⩽
∑

kn+1∈[[0,⌊log ∥g′∥∞⌋]]

Cr(e
log ∥g′∥∞ + ek

′/(r−1)) [∥ψ′∥∞ ⩽ ε and (iii)]

⩽ Cr log ∥g′∥∞emax(log ∥g′∥∞,k′
n+1/(r−1)).

The upper bound on #Tn+1 is even more direct since #L ⩽ 2. □

2.3. The case of circle maps. — A first technical remark is that when computing
derivatives of circle maps, one should take care of the tangent bundle. However, we do
all the computations as for interval maps, which does not change the arguments.

A more important difference relates to monotonicity. For interval maps, if we have
some subinterval where f ′ does not vanish, then f is injective on this subinterval, but
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this is not true for circle maps. With this in mind, we fix an arbitrary point 0S1 in S1

and define monotone branches as follows:

Definition 2.5 (Monotone branches). — The monotone branches of f are the sets of
the form [a, b) where (a, b) is a connected component of the set:

{x ∈ I | f ′(x) ̸= 0 and f(x) ̸= 0S1} if I is the circle,
or {x ∈ I | f ′(x) ̸= 0} if I is the interval.

The main consequence of this definition is Lemma 6.11: if σ is an (n, ε)-bounded
reparametrization for f , then it is contained in the closure of a monotone branch
of fn.

3. Positive density of geometric times

We start by defining geometric times. Let p ∈ Z+ and let g = fp. In Proposition 3.1,
we will choose p large. Let ε > 0 be such that Lemma 2.4 applies to g. Let σ be an
ε-bounded reparametrization and x ∈ σ∗. Let

Ep(x) :=
{
m ∈ Z+

0 | ∃im ∈ Tm, k
′(im) = k′m(x), x ∈ σ ◦ θim ([−1/3, 1/3])

}
.

As in [5], elements of this set will be called geometric times. The idea is that if n is a
geometric time for x, then there is some small neighborhood of x such that:

(i) For the first n iterates of g, we have bounded distortion on this neighborhood,
(ii) The size of this neighborhood decreases exponentially in n, while the size of

its image by gn is uniformly bounded from below.
We now define several notions of density. First, we define the upper density of a

subset E of Z+
0 by

d(E) = lim sup
n→+∞

1

n
#E ∩ [[0, n[[.

Before taking the limit, we let for any n ∈ Z+

dn(E) =
1

n
#E ∩ [[0, n[[.

We also define the density along a specific integer sequence n by

dn(E) = lim
n∋n→+∞

dn(E).

We now explain how the bound R(f)/r in Theorem 1 will force positive upper
density of Ep(x). It is related to the growth rate of the number of pieces we get when
we follow the reparametrization scheme. Let us recall that there are two types of
reparametrizations, as explained in the last paragraph before stating Lemma 2.4:

– The ones in Tn that directly gave (n, ε)-bounded reparametrizations for g = fp.
Their number has an exponential growth rate given by k′/(r − 1) (where k′ is some
k′n,g(x)).

– The ones in Tn that required an additional division to be (n, ε)-bounded. These
are the ones that see the expansion of the system, and their exponential growth rate
is given by max(k′/(r − 1), log ∥g′∥∞).
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So, if the number of pieces has an exponential growth rate larger than k′/(r − 1),
then the second type has to appear often enough. This is achieved if the system is
expanding enough, and we will see that a Lyapunov exponent larger than R(f)/r on a
set of positive Lebesgue measure exactly corresponds to this large enough expansion.

Proposition 3.1. — For b > R(f)/r, there exist p0 and β > 0 such that the following
property holds. For any p ⩾ p0, there exists ε = εp > 0 such that, if σ is an ε-bounded
reparametrization, then

lim sup
n→+∞

1

n
log Leb

({
x ∈ σ∗ | d⌊n/p⌋(Ep(x)) < β and |(fn)′(x)| ⩾ enb

})
< 0.

Proof. — Let p ∈ Z+. Let ε := εp > 0 be given by Lemma 2.4 for g = fp. Let β > 0

be a quantity that we will determine at the end of the proof. Let σ be an ε-bounded
reparametrization. We start with the case where n = mp. Consider the tree given by
Lemma 2.4 up to level m. Take x ∈ σ∗ such that

dm(Ep(x)) < β and |(fn)′(x)| ⩾ enb.

and let (k′1, . . . , k
′
m) = (k′1(x), . . . , k

′
m(x)). By Lemma 2.4(4), we have some im ∈ Tm

such that

k′m(im) = (k′1, . . . , k
′
m) and x ∈ (σ ◦ θim)∗ .

These k′i satisfy the following inequality
m∑
i=1

k′i(i
m) =

m∑
i=1

k′i(x)

⩽
m−1∑
i=0

⌊log ∥g′∥∞⌋ − ⌊log |g′(gix)|⌋

⩽ m log ∥(fp)′∥∞ +m− log |(fn)′(x)|
⩽ m (log ∥(fp)′∥∞ + 1− pb) .

Now, for S ∈ R+, we have the following general statement

#
{
(k′1, . . . , k

′
m) ∈ (Z+

0 )
m |

∑m
i=1 k

′
i ⩽ mS

}
⩽

(
m(S + 1)

m

)
⩽ em log(S+1)+m.(∗)

We will hence choose S = log ∥(fp)′∥∞+1−pb. Then, consider the following inequality

Leb
({
x ∈ σ∗ | dm(Ep(x)) < β and |(fn)′(x)| ⩾ enb

})
⩽

∑
(k′

i)i∈[[1,m]] s.t.∑
k′
i⩽mS

∑
im∈Tm s.t.

k′m(im)=(k′
i)

and #{k∈[[1,m]]|imk ∈Tk}<mβ

Leb((σ ◦ θim)∗ ∩ {|(fn)′| ⩾ enb}).
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Since gm is injective on the image of the (m, ε)-bounded reparametrization σ ◦ θim ,
the change of variable formula (Lemma 6.9) gives

Leb((σ ◦ θim)∗ ∩ {|(fn)′| ⩾ enb})

⩽

(
inf

(σ◦θim )∗∩{|(fn)′|⩾enb}
|(gm)′|

)−1

Leb((gm ◦ σ ◦ θim)∗).

Furthermore, the reparametrization gm ◦ σ ◦ θim is ε-bounded, so

Leb((σ ◦ θim)∗ ∩ {|(fn)′| ⩾ enb}) ⩽ 2εe−nb.

Then, for each im ∈ Tm and k ∈ [[1,m]], we consider the vertices imk in Tk, i.e., the
parents of im, and we denote by j the number of k ∈ [[1,m]] such that imk ∈ Tk. Hence,
Lemma 2.4(5) gives

Leb
({
x ∈ σ∗ | dm(Ep(x)) < β and |(fn)′(x)| ⩾ enb

})
⩽ 2εe−nb

∑
(k′

i)i∈[[1,m]] s.t.∑
k′
i⩽mS

mβ∑
j=0

∑
1⩽i1<···<ij⩽m

j∏
s=1

Cr log ∥g′∥∞emax(log ∥g′∥∞,k′
is

/(r−1))

×
∏

s∈[[1,m]]∖{i1,...,ij}

Cr log ∥g′∥∞ek
′
s/(r−1)

⩽
(∗)

2εe−nb × em log(S+1)+m × 2m × Cm
r (log ∥g′∥∞)

m
emS/(r−1) × ∥f ′∥p×βm

∞ .

Note that S/p −→
p→+∞

R(f)− b, therefore

lim sup
pZ+∋n→+∞

1

n
log Lebσ∗

({
x ∈ σ∗ | dn(Ep(x)) < β and |(fn)′(x)| ⩾ enb

})
⩽ −b+ log(S + 1) + 1

p
+

log(2Crp log ∥f ′∥∞)

p
+

S

p(r − 1)
+ β log ∥f ′∥∞

= −b+ 1

r − 1
(R(f)− b) + β log ∥f ′∥∞ + o

p→+∞
(1)

=
r

r − 1

(R(f)
r

− b
)
+ β log ∥f ′∥∞ + o

p→+∞
(1).

Since R(f)/r − b < 0, this concludes the case n = mp.
For the general case, write n = mp + s with s ∈ [[0, p − 1]]. We let n′ = mp and

show that the previous argument still works. Let x ∈ σ∗ be such that

dm(Ep(x)) < β and |(fn)′(x)| ⩾ enb.

Then

|(fn
′
)′(x)| = |(f−s+n)′(x)| ⩾

|(fn)′(x)|
∥f ′∥s∞

⩾
1

∥f ′∥p∞
enb ⩾

1

∥f ′∥p∞
en

′b.

Previous computations for n′ lead to an upper bound on the Lebesgue measure for n
and we would reach the same conclusion. □
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4. Geometric times are hyperbolic times

In this section, we show some useful properties of geometric times that emphasize
the relationship between geometric and hyperbolic times, as defined by Alves, Bonatti
and Viana [1].

We first introduce some notations that we will use throughout the rest of the paper.
For E ⊂ Z+

0 and M,n ∈ Z+
0 , we let

EM
n =

⋃
n>k,ℓ∈E
|k−ℓ|⩽M

[[k, ℓ[[.

Then, for m ∈ Z+
0 , we define the set EM,m

n as follows: consider the connected
components of EM

n and write EM
n =

⊔
j [[aj , bj [[, we let

EM,m
n =

⊔
j

[[aj , cj [[.

where cj is the largest element of E such that cj ⩽ bj−m+1. In particular, note that
EM,1

n = EM
n . Note as well that for n and m fixed, the set EM,m

n is non-decreasing in
M . Indeed, consider the set ẼM,m

n where we only removed the last m − 1 elements
of each connected component of EM

n . Hence, for M ⩽ M ′, the inclusion EM
n ⊂ EM ′

n

gives ẼM,m
n ⊂ ẼM ′,m

n . Then, to build EM,m
n , we removed more and more elements

at the end of each connected component of ẼM,m
n until we reached an element of E.

Since ẼM,m
n ⊂ ẼM ′,m

n , the element of E that we reach in ẼM ′,m
n cannot come after

the one in ẼM,m
n , which gives EM,m

n ⊂ EM ′,m
n .

Let us explain these notations. By Lemma 4.2, we have a uniform bound for log |g′|
at times of EM

n . Then, we define a measure µM,m
n by pushing forward the Lebesgue

measure along times of EM,m
n . By letting n,M,m go to infinity, we obtain a measure µ.

We want to compare hg(µ,P) (the entropy of g for µ and for some partition P) to the
Lyapunov exponent of µ.

The first step (done in Section 6) is to relate the Lyapunov exponent of µM,m
n to

1
mHµM,m

n
(Pm), where Hλ(R) denotes the entropy of a partition R for a measure λ,

defined as
∑

R∈R −λ(R) log λ(R), and where Pm =
∨m−1

k=0 g
−kP.

The second step (done in Section 7) is to show that 1
mHµM,m

n
(Pm) converges to

hg(µ,P) when n,M,m go to infinity. For this second step, we will see that the choice
of the partition P requires us to bound log |g′| at times of EM,m

n + [[0,m − 1]]. The
trick is that this set is contained in EM

n , so the estimates from Lemma 4.2 hold.
This was not required for surface diffeomorphisms in [5], since log ∥dg∥ is uniformly

bounded.
We let ∂E = E∆(E+1) where ∆ is the symmetric difference. We now prove some

general properties of these sets.

Lemma 4.1. — For M,n,m ∈ Z+
0 , the set EM,m

n satisfies:
(i) ∂EM,m

n ⊂ E,
(ii) lim supn→+∞ dn(∂E

M,m
n ) ⩽ 2/M ,

(iii) M #∂EM,m
n /2 ⩽ n+M ,

(iv) for M ′ ⩾M , #(EM ′,m
n ∖ EM,m

n ) ⩾M (#∂EM,m
n −#∂EM ′,m

n )/2.
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Proof. — To prove (i), note that the set EM,m
n is a union of intervals [[k, ℓ[[ whose

boundary {k, ℓ} lies in E and that for any A,B ⊂ Z+
0 , we have ∂(A∪B) ⊂ ∂A∪ ∂B.

Then, (ii) follows from (iii), so we only prove (iii) and (iv). We illustrate the idea
of the proof in Figure 3.

EM,m
n

EM ′,m
n

≥ M ≥ M ≥ m

Figure 3. A visualization of the sets EM,m
n and EM ′,m

n

Proof of (iii). — For each connected component [[k, ℓ[[ of EM,m
n , consider the interval

[[ℓ, ℓ+M [[ contained in [[0, n+M [[. This gives #∂EM,m
n /2 disjoint intervals of length M

inside [[0, n+M [[.

Proof of (iv). — Since EM,m
n ⊂ EM ′,m

n , we have that each connected component
[[k, ℓ[[ of EM,m

n is contained in a connected component [[a, b[[ of EM ′,m
n . If [[k, ℓ[[ is not

the last component in [[a, b[[, then the set [[ℓ, ℓ +M [[ is contained in EM ′,m
n ∖ EM,m

n .
This gives at least (#∂EM,m

n −#∂EM ′,m
n )/2 disjoint intervals of length M inside

EM ′,m
n ∖ EM,m

n . □

In what follows, E will be the set of geometric times of some point. Let p ∈ Z+.
Let ε := εp > 0 be given by Lemma 2.4 for g = fp. Let σ be an ε-bounded repa-
rametrization. For x ∈ σ∗, n,M,m ∈ Z+

0 , we let EM,m
n (x) = (Ep(x))

M,m
n , and we

let EM,m(x) be the non-decreasing limit in n of EM,m
n (x). Note that we may have

EM,m(x) ∩ [[0, n[[ ̸= EM,m
n (x), although these sets are equal up to the last 2M +m

elements.
In the next statement, the term ”log 10” will only be of use to prove that the

Lyapunov exponent of g is strictly positive µ-almost everywhere (Proposition 5.4).

Lemma 4.2. — For x ∈ σ∗, n,M,m ∈ Z+
0 , we have the following properties:

(i) for k < ℓ and ℓ ∈ E(x), we have

log |(gℓ−k)′(gkx)| ⩾ (ℓ− k) log 10 ⩾ 0,

(ii) if [[a, b[[ is a connected component of EM,m
n (x), then

log |(gb−a)′(gax)| ⩾ (b− a) log 10 ⩾ 0,

(iii) for [[k, ℓ[[⊂ EM,m
n (x), we have

log |(gℓ−k)′(gkx)| ⩾ (ℓ− k) log 10−M log ∥g′∥∞ ⩾ −M log ∥g′∥∞.
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Proof of (i). — By definition of E(x), we may write x = σ ◦ θiℓ(t) with θiℓ = θik ◦φiℓk

and iℓ ∈ Tℓ (i.e., the branch of Tℓ that ends at iℓ passes through some ik, and we
denote by φiℓk

the contraction that goes from ik to iℓ). We hence have

|(g(ℓ−k))′(gkx)| = |(gℓ)′(x)|
|(gk)′(x)|

=
|(gℓ ◦ σ ◦ θiℓ)′(t)|

|(gk ◦ σ ◦ θik)′(φiℓk
(t))| × |(φiℓk

)′(t)|

⩾
2

3

|(gℓ ◦ σ ◦ θiℓ)′(0)|
ε

100ℓ−k [Lemma 2.4(1), (2)]

⩾
2

3

1

6
100ℓ−k [Lemma 2.4(3)]

⩾ 10ℓ−k.

Proof of (ii). — From Lemma 4.1(i), we have ∂EM,m
n (x) ⊂ E(x), so we apply (i).

Proof of (iii). — Let b be the first element of E(x) that is larger than or equal to ℓ.
By definition of EM,m

n (x), we have |b− ℓ| < M . Therefore, we get

log |(gℓ−k)′(gkx)| =
( ∑

i∈[[k,b[[

−
∑

i∈[[ℓ,b[[

)
log |g′(gix)|

⩾
(i)

(b− k) log 10−M log ∥g′∥∞

⩾ (ℓ− k) log 10−M log ∥g′∥∞. □

5. The empirical measure

We may assume that the set A := {χ > R(f)/r} is of positive Lebesgue measure.
By taking a subset of A, still of positive Lebesgue measure, we may assume that we
have some b > R(f)/r such that

∀x ∈ A, χ(x) > b.

Now fix p ⩾ p0, β > 0 and ε > 0 given by Proposition 3.1, and fix σ an ε-bounded
reparametrization such that Leb(A ∩ σ∗) > 0. Let E(x) = Ep(x) for x ∈ σ∗ ∩ A

and g = fp. From Proposition 3.1, one can take a subset of A of positive Lebesgue
measure and assume that for n large enough

∀x ∈ A ∩ σ∗, |(gn)′(x)| ⩾ enpb =⇒ dn(E(x)) > β.

We will use the notation EM,m
n (x) defined in the previous section, for M,n,m ∈ Z+

0 .
Lastly, if J is a subset of I, we will denote by LebJ the normalized Lebesgue measure
on J , i.e., LebJ(·) = Leb(· ∩ J)/Leb(J).

5.1. Definition of the empirical measure

Lemma 5.1. — There is a sequence of positive integers n and measurable sets (An ⊂
A ∩ σ∗)n∈n such that

(i) 1
n log Leb(An) −→

n∋n→∞
0,
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(ii) for m ∈ Z+
0 and M large enough, then

(∫
dn(E

M,m
n (x)) dLebAn

(x)
)
n∈n

con-
verges to βM

m > β, where βM
m ↗

M→∞
β∞ which does not depend on m,

(iii) for any m ∈ Z+
0 , lim supn∋n→+∞M

∫
dn(∂E

M,m
n (x)) dLebAn(x) −→

M→+∞
0,

(iv) define EM,m
n as the partition whose atoms are maximal sets of positive

LebAn-measure where x 7→ EM,m
n (x) is constant. Then for any m ∈ Z+

0 we have
lim supn∋n→+∞

1
nHLebAn

(EM,m
n ) −→

M→+∞
0.

Proof. — For n ∈ Z+
0 , define An = {x ∈ A∩σ∗ | dn(E(x)) > β and |(gn)′(x)| ⩾ enpb}.

Then let n be the sequence of integers in the set {n ∈ Z+
0 | Leb(An) ⩾ 1/n2}. Since

the Lyapunov exponent of f on A is larger than b, every point of A is in infinitely
many An. By using Borel-Cantelli’s lemma, this implies that n is infinite.

Proof of (i). — Simply write log Leb(An) ⩾ −2 log n for n ∈ n.

Proof of (ii). — Once we obtain the convergence in n, the fact that (βM
m )M is non-

decreasing comes from the fact that EM,m
n (x) is non-decreasing in M . We first prove

the convergence in n. Using Cantor’s diagonal argument, we have convergence along
a subsequence of n independent of M , and we may assume that it is in fact along n.
We prove that βM

m > β and that the limit of (βM
m )M does not depend on m after the

proof of item (iii), which only uses the convergence of (βM
m )M .

Proof of (iii). — Let M ⩽M ′ ∈ Z+
0 , n ∈ n and x ∈ An. From Lemma 4.1, we obtain

M
#∂EM,m

n (x)

2
⩽

Lemma 4.1(iv)
#(EM ′,m

n (x)∖ EM,m
n (x)) +M

#∂EM ′,m
n (x)

2

⩽
Lemma 4.1(iii)

#EM ′,m
n (x)−#EM,m

n (x) + n
M

M ′ +M.

Dividing by n, we get

Mdn(∂E
M,m
n (x)) ⩽ 2

(
dn(E

M ′,m
n (x))− dn(E

M,m
n (x)) +

M

M ′ +
M

n

)
.

By integrating and letting n→ +∞, we get for any M ⩽M ′ ∈ Z+
0

lim sup
n∋n→+∞

M

∫
dn(∂E

M,m
n (x))dLebAn

(x) ⩽ 2
(
βM ′

m − βM
m +

M

M ′

)
.

We conclude by letting M ′ → +∞ then M → +∞ and using the convergence in
item (ii).

Proof of (ii), second part: — We prove that βM
m > β for M large enough and that β∞

does not depend on m. From the definition of An, we have

∀n ∈ n, ∀x ∈ An, dn(E(x)) > β.

Then, we have the inequalities #EM
n (x) ⩾ #E(x) − (n+M)/M and #EM,m

n (x) ⩾
#EM

n (x)− (m+M)#∂EM
n (x)/2. Hence, for any M ′ ⩾ M , the previous inequalities
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give

lim
n∈n

∫
dn(E

M,m
n (x))dLebAn

(x)

⩾ lim sup
n∈n

∫
dn(E

M
n (x))− (m+M)

dn(∂E
M
n (x))

2
dLebAn

(x)

⩾ lim sup
n∈n

∫
dn(E(x))− 1

M
− 1

n
− (m+M)

M

M

2
dn(∂E

M
n (x))dLebAn

(x)

⩾ β − 1

M
− m+M

M

(
βM ′

1 − βM
1 +

M

M ′

)
.

Therefore, letting M ′ go to infinity, taking M large enough, and changing β to a
smaller one gives βM

m ⩾ β. To prove that β∞ does not depend on m, we note that for
any m ⩽ m′, we have

#EM,m′

n (x) ⩽ #EM,m
n (x) ⩽ #EM,m′

n (x) + (m′ +M)
#∂EM

n (x)

2
.

Proof of (iv). — Note that any E ⊂ Z+
0 is uniquely determined by ∂E. Let FM,m

n =

maxx∈An
#∂EM,m

n (x), so

HLebAn
(EM,m

n ) ⩽ log#EM,m
n ⩽ log

FM,m
n∑
k=0

(
n

k

)
.

We then have

log

FM,m
n∑
k=0

(
n

k

)
⩽ log

FM,m
n∑
k=0

(
n

FM,m
n

)(
FM,m
n

k

)
= log

(
2F

M,m
n

(
n

FM,m
n

))
⩽
(∗)

FM,m
n

(
1 + log 2 + log

n

FM,m
n

)
.

Then Lemma 4.1(ii) concludes. □

For any n ∈ n and M,m ∈ Z+
0 , we follow the approach from [9] and [6] and define

the empirical probability measure as follows:

µM,m
n :=

∫ ∑
i∈EM,m

n (x) δgix dLebAn(x)∫
#EM,m

n (x) dLebAn(x)
.

We will also use the following measure, which corresponds to µM,m
n with a different

normalization

νM,m
n :=

1

nβ∞

∫ ∑
i∈EM,m

n (x)

δgix dLebAn
(x).

We also let µM
n = µM,1

n and νMn = νM,1
n .
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5.2. Convergence of the empirical measure. — To establish the convergence of
these measures, one may simply extract some subsequence that would converge in
the weak-∗ topology. However, the forthcoming arguments will require some stronger
type of convergence. More precisely, we will use the fact that νM,m

n is non-decreasing
in M to prove that

(
νM,m

)
M

converges in total variation.
Yet, in the following, if we talk about convergence of measures without precising

the topology, it will always be in the weak-∗ topology.

Proposition 5.2. — By taking a subsequence of n, we may assume that
(i) for any M,m ∈ Z+

0 , (µM,m
n )n and (νM,m

n )n converge along n,
(ii) for M,m ∈ Z+

0 , denote by µM,m and νM,m the respective limits from (i). Then
(µM,m)M and (νM,m)M both converge to a g-invariant Borel probability µ, which does
not depend on m,

(iii) for any Borel set B and m ∈ Z+
0 , νM,m(B) ↗

M→∞
µ(B).

Proof. — Item (i) is a consequence of Cantor’s diagonal argument.
For item (ii), we first show that (νM,m)M converges. This will give the convergence

of (µM,m)M as one can apply Lemma 5.1(ii) to the following equality:

νM,m
n =

∫
dn(E

M,m(x))dLebAn(x)

β∞ µM,m
n .

Then, the following inequality gives the convergence of (νM,m)M :

∀ψ : I → RC0, ∀M ⩽M ′,

∣∣∣∣∫ ψdνM
′,m −

∫
ψdνM,m

∣∣∣∣ ⩽ βM ′

m − βM
m

β∞ ∥ψ∥∞.

Then, the inequality that we used to prove that β∞ does not depend on m in Lem-
ma 5.1(ii) gives for any ψ : I → R continuous and any m ⩽ m′:∣∣∣∣∫ ψdνM,m′

−
∫
ψdνM,m

∣∣∣∣ ⩽ lim sup
n∈n

∥ψ∥∞
2β∞ (m′ +M)

∫
dn(∂E

M
n (x)) dLebAn

.

So Lemma 5.1(iii) gives that the limit of (νM,m)M does not depend on m. Let µ be
the limit of the sequence (µM,m)M . Since every µM,m

n is a Borel probability measure,
the limit µ is a Borel probability. To prove g-invariance, we take M,m ∈ Z+

0 and
n ∈ n and note that for ψ : I → R continuous, we have∣∣∣∣∫ ψ dg∗ν

M,m
n −

∫
ψ dνM,m

n

∣∣∣∣
=

1

nβ∞

∣∣∣∣∫ ∑
i∈EM,m

n (x)+1

ψ(gix)−
∑

i∈EM,m
n (x)

ψ(gix) dLebAn
(x)

∣∣∣∣
⩽ ∥ψ∥∞

1

nβ∞

∫
#∂EM,m

n (x) dLebAn(x) .

Therefore, by using Lemma 4.1(ii), we get that the above quantity goes to zero when n
then M go to infinity, which yields the g-invariance of µ.
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For item (iii), we use that when n is fixed, then (νM,m
n )M is a non-decreasing

sequence of measures. Since the convergence in n is in the weak-∗ topology, any non-
negative continuous function ψ : I → R satisfies∫

ψ dνM,m = νM,m(ψ) ↗
M→+∞

µ(ψ) =

∫
ψ dµ.

To go from non-negative continuous functions to characteristic functions, one can use
the outer regularity of the measures νM,m. □

5.3. Properties of the limit measure. — Using Section 4, we show some properties
of the limit measure µ built in the previous subsection. Let ϕg be the geometric
potential defined by

ϕg :

{
I −→ R ∪ {−∞}
x 7−→ log |g′(x)|.

Proposition 5.3. — The function ϕg is µ-integrable.

Proof. — Since ϕg ⩽ log ∥g′∥∞, we only have to prove
∫
ϕ−g dµ < +∞, where ϕ−g :=

−min(ϕg, 0). For k ∈ Z+
0 , let

ϕg,k = min(k, ϕ−g ) : I −→ R+ ↗
k→+∞

ϕ−g .

By monotone convergence and continuity of ϕg,k, we get∫
ϕ−g dµ = lim

k→+∞
↑
∫
ϕg,k dµ = lim

k→+∞
lim

M→+∞
lim

n∋n→∞

∫
ϕg,k dµ

M
n

= lim
k→+∞

lim
M→+∞

lim
n∋n→∞

∫ ∑
i∈EM

n (x) ϕg,k(g
ix) dLebAn

(x)∫
#EM

n (x) dLebAn
(x)

.

We then estimate the term inside the integral. For k ∈ Z+
0 , M ∈ Z+, n ∈ n and

x ∈ An, we have ∑
i∈EM

n (x)

ϕg,k(g
ix) ⩽

∑
i∈EM

n (x)

−min(0, ϕg(g
ix))

⩽
∑

i∈EM
n (x)

(
−ϕg(gix) + log ∥g′∥∞

)
⩽

Lemma 4.2(ii).
0 + #EM

n (x) log ∥g′∥∞.

where we used Lemma 4.2(ii) on every connected component of EM
n (x). This then

leads to
∫
ϕ−g dµ ⩽ log ∥g′∥∞ < +∞. □

For x ∈ I, we let χg(x) = lim supn→+∞
1
n log |(gn)′(x)| be the Lyapunov exponent

of g at x.

Proposition 5.4. — We have χg > 0 µ-almost everywhere and
∫
ϕgdµ =

∫
χgdµ.

J.É.P. — M., 2026, tome 13



Hyperbolic absolutely continuous invariant measures for Cr one-dimensional maps 1439

Proof. — To prove that
∫
ϕgdµ =

∫
χgdµ, we use Birkhoff’s ergodic theorem for the

potential ϕg ∈ L1(µ). Then, to prove that χg > 0 µ-almost everywhere, we adapt
the proof of Lemma 6 from [4]. We will in fact prove that χg ⩾ log 10 µ-almost
everywhere. For m ∈ Z+

0 , we let ϕmg =
∑

k∈[[0,m−1]] ϕg ◦ gk. For M ∈ Z+
0 , let KM =

{x ∈ I | ∃m ∈ [[1,M ]], ϕmg (x) ⩾ m log 10}. Although ϕg is not continuous everywhere,
the set KM is closed because ϕg is not continuous only on the critical set Cg. Then,
for x ∈ σ∗,M ∈ Z+

0 and n ∈ n, we have that any k ∈ EM
n (x) satisfies gkx ∈ KM .

Indeed, if k ∈ EM
n (x), then there exists ℓ ∈ E(x) such that 1 ⩽ ℓ − k ⩽ M , hence

Lemma 4.2(i) gives
ϕℓ−k
g (gkx) ⩾ (ℓ− k) log 10.

Therefore µM
n (KM )=1. Since KM is closed, letting n go to infinity gives µM (KM )=1,

which we rather write as νM (KM ) = βM/β∞, where βM ↗
M→+∞

β∞ as stated in Lemma

5.1(ii). Hence, if we let K =
⋃

M⩾1KM , then Proposition 5.2(iii) gives µ(K)=1.
Since µ is g-invariant, we also have that µ(

⋂
k⩾0 g

−kK) = 1. In other words, for
µ-almost every x ∈ I, we have that

∀k ⩾ 0, ∃m ⩾ 1, ϕmg (gkx) ⩾ m log 10.

By applying this iteratively, we obtain a strictly non-decreasing sequence of inte-
gers (mk) such that

ϕm0
g (x) ⩾ m0 log 10,

ϕm1−m0
g (gm0x) ⩾ (m1 −m0) log 10,

...
ϕmk+1−mk
g (gmkx) ⩾ (mk+1 −mk) log 10.

By summing these inequalities, we obtain that for any k, ϕmk
g (x) ⩾ mk log 10, hence

χg(x) ⩾ log 10. □

6. Entropy of the empirical measure

Let us sum up what we have done so far. We had A = {χ > R(f)/r} and we fixed
g = fp some iterate of f , ε > 0, β > 0 and σ an ε-bounded reparametrization such that
Leb(σ∗∩A) > 0. We applied the reparametrization lemma to σ and g and got a family
of reparametrizations organized as a tree with unbounded degree. For x ∈ σ∗ ∩ A,
we defined E(x) the set of geometric times of x, whose density is larger than β for
Lebesgue-almost every x. Then, using two parameters M and m in Z+

0 , we defined
the sets EM,m(x) so that the orbit of x at these times does not get too close to critical
points. By integrating those pieces of orbits up to time n, we got an empirical measure
µM,m
n . Then, by letting n → +∞ along some sequence n then by letting M → +∞,

we got a g-invariant measure µ, and we proved that µ is hyperbolic and that log |g′|
is µ-integrable. We now wish to prove that µ is absolutely continuous with respect to
the Lebesgue measure. By using the entropy characterization given by Theorem 7.1,
we will in fact prove that µ satisfies the entropy formula hg(µ) =

∫
log |g′|dµ.
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In this section, we give a lower bound of the entropy of the empirical measure µM,m
n

for a specific countably infinite partition Pq that depends on a parameter q ∈ Z+.

6.1. First entropy estimates. — We start this section with a slightly modified ver-
sion of Lemma 5 from [5], which gives a lower bound of the entropy of an empirical
measure for a finite measurable partition. We state a version for countably infinite
measurable partitions for which the measure only sees a finite number of atoms. More
precisely, if P is a measurable partition and µ is a Borel measure, then we ask for the
following set to be finite:

Pµ := {P ∈ P | µ(P ) > 0}.

Also, what we call a measurable partition depends on the measure:

Definition 6.1 (λ-partition). — If (X,A, λ) is a probability space and R is a countable
collection of measurable subsets of X, we say that R is a λ-partition if

(i) for R ̸= R′ ∈ R, λ(R ∩R′) = 0,
(ii) the union

⋃
R∈RR has full λ-measure.

The important remark is that when a measure λ is not preserved by a dynamical
system T , and if R is a λ-partition, then T−1R may not be a λ-partition.

Lemma 6.2. — Let (X,λ) be a probability space and let R be a countable λ-partition.
Let T : X → X be a measurable transformation, which may not preserve λ. Let F
be a finite subset of Z+

0 . Let λF = 1
#F

∑
k∈F T

k
∗ λ and RF =

∨
k∈F T

−kR. Assume
that for every i ∈ F , T−iR is a λ-partition and that RλF is finite. Then for m ∈ Z+,
we have

1

m
HλF (Rm) ⩾

1

#F
Hλ(R

F )−m log(#RλF )
#∂F

#F
.

Proof. — When F = [[a, b]], we use an argument from Misiurewicz’s proof of the
variational principle [19]. We start with the case m ∈ [[1, b− a]], we let r ∈ [[0,m− 1]]

and jr = ⌊(b− a− r)/m⌋. We have

RF =
b∨

i=a

T−iR = T−a
b−a∨
i=0

T−iR

= T−a

[(
jr−1∨
j=0

T−(mj+r)Rm

)
∨
(

r−1∨
i=0

T−iR

)
∨
(

b−a∨
i=r+jrm

T−iR

)]
.

Then, T−iR is a λ-partition when i ∈ F , so its entropy is well defined and we have

Hλ(R
F ) ⩽

jr−1∑
j=0

Hλ

(
T−(mj+r+a)Rm

)
+

r−1∑
i=0

Hλ

(
T−(i+a)R

)
+

b−a∑
i=r+jrm

Hλ

(
T−(i+a)R

)
.

Then, we will use the following fact:

∀i ∈ F, ∀A measurable,
(
λ(T−iA) > 0 =⇒ λF (A) > 0

)
.(∗∗)
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This implies, for i ∈ F , that

Hλ(T
−iR) ⩽ log#RλF .

Indeed, when T−iR is of positive λ-measure, then R ∈ RλF . Therefore, by using
r + (b− a)− (r + jrm) + 1 ⩽ 2m, we get

Hλ(R
F ) ⩽ 2m log#RλF +

jr−1∑
j=0

Hλ

(
T−(mj+r+a)Rm

)
.

Summing over r then gives

mHλ(R
F ) ⩽

b−m∑
i=a

Hλ(T
−iRm) + 2m2 log#RλF

⩽ 2m2 log#RλF +
∑
i∈F

Hλ(T
−iRm).

Then, if m ⩾ |b − a|, we have Hλ(R
F ) ⩽ #F log#RλF ⩽ m log#RλF . So the above

inequality still holds. Hence, by using the concavity of λ 7→ Hλ(R
m), we get

1

m
HλF (Rm) ⩾

1

m#F

∑
i∈F

Hλ(T
−iRm) ⩾

1

#F

(
Hλ(R

F )− 2m log#RλF

)
.

Then, if F is a union of intervals Fk = [[ak, bk]] with k ∈ [[1, N ]], using the concavity
of λ 7→ Hλ(R

m) gives

1

m
HλF (Rm) ⩾

1

m

N∑
k=1

#Fk

#F
HλFk (R

m)

⩾
previous case

N∑
k=1

1

#F

(
Hλ(R

Fk)− 2m log#RλFk

)
⩾
Hλ(R

F )

#F
−

N∑
k=1

2m

#F
log#RλFk .

Note that 2N = #∂F and consider the following fact, analog to (∗∗):

∀k ∈ [[1, N ]], ∀A measurable,
(
λFk(A) > 0 =⇒ λF (A) > 0

)
.

This leads to #RλFk ⩽ #RλF , which concludes. □

For the rest of this section, fix m ∈ Z+,M ∈ Z+
0 , n ∈ n, and recall that EM,m

n is
the partition of A ∩ σ∗ whose atoms are the sets {EM,m

n (x) = E} where E ⊂ Z+
0 are

such that the associated atoms are of positive LebAn
-measure. To shorten notations,

we will denote by E both the atom of EM,m
n and the value EM,m

n (x) for x in this
atom. Then for E ∈ EM,m

n , we let

µE =
LebAn

(E ∩ ·)
LebAn

(E)
and µE =

1

#E

∑
k∈E

gk∗µE .

Let J be the partition of I into monotone branches of g as defined in Definition 2.5.
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Remark 6.3. — The collection J is a µ-partition, because its atoms are disjoint and
cover I ∖ Cg which is of full µ-measure since log |g′| is µ-integrable (Proposition 5.3).
Moreover, every atom of the partition Jn is contained, except maybe for its boundaries,
in a monotone branch for gn.

We first show thatHµE
(JE) < +∞ for E ∈ EM,m

n , this will ensure the computations
of the rest of the section hold. We write

E =
d⋃

j=1

[[aj , bj [[.

So we get

HµE
(JE) ⩽ log#{J ∈ JE | µE(J) > 0}

⩽ log#{J ∈ JE | J ∩An ∩ E ̸= ∅}

⩽
d∑

j=1

log#{J ∈ J[[aj ,bj [[ | J ∩An ∩ E ̸= ∅}.

But when y is in J ∩An ∩ E, then Lemma 4.2(ii) gives

|(gbj−aj )′(gajy)| ⩾ 1.

Therefore the entropy is finite, because gbj−aj is C1, so the number of monotone
branches where the derivative reaches some fixed positive value is finite. We also
mention that in the Cr case, we have an estimate of this number. This is the statement
of the following lemma, though we will only use it in Section 6.2

Lemma 6.4. — Let g : I → I be a Cr map where I is the interval [0, 1] or the
circle S1, and r > 1. Let r′ = min(r, 2). For s > 0, the number of monotone branches
of g where |g′| takes at least the value s is less than C(r′, g)s−1/(r′−1) + 1.

Proof. — Because g is Cr′ , we have the following inequality:

∀x, y ∈ I, |g′(x)− g′(y)| ⩽ ∥dr
′
g∥∞|x− y|r

′−1.

So whenever |g′(x)| ⩾ s, then g′ cannot vanish in the ∥dr′g∥−1/(r′−1)
∞ s1/(r

′−1)-
neighborhood of x. Therefore, there are at most ∥dr′g∥1/(r

′−1)
∞ s−1/(r′−1) +1 intervals

where |g′| reaches s and whose extremities are critical points or points of ∂I. Note
that the +1 is only needed if I is the interval. Now, recall that if I is the circle,
then an interval whose extremities are critical points may not be a monotone branch
(see Section 2.3). So we may divide the previous intervals into at most ∥g′∥∞ pieces.
This requires multiplying our previous bound by ∥g′∥∞ if I is the circle, which
concludes. □

We now give the entropy estimate of the measure µM,m
n for a partition P.
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Proposition 6.5. — Let P be a countable µ-partition of I such that PµE is finite for
every E ∈ EM,m

n and such that g−iP is a µE-partition, when i ∈ E. Then for any
m,m′ ∈ Z+,M ∈ Z+

0 and n ∈ n, we have

1

m′

(∫
#EM,m

n (x)dLebAn(x)

)
HµM,m

n
(Pm′

)

⩾
∑

E∈E
M,m
n

∫
E

− log Leb(PE
x ∩ E ∩An) dLebAn

(x)

+ LebAn
(E) log LebAn

(E)

+ LebAn
(E) log Leb(An)

−m′
∑

E∈E
M,m
n

LebAn
(E) log(#PµE )#∂E

where PE
x is the element of the partition PE that contains x.

Let us dissect this statement. The right hand side contains four terms, our goal will
be to show that when P is a well-chosen partition, then the first term gives the Lya-
punov exponent χg(µ) =

∫
χg dµ and the other three are negligeable. In Section 6.2,

we define this partition, show that its µ-entropy is finite and that the fourth term
is negligeable. The second (resp. third) term is always negligeable by Lemma 5.1(iv)
(resp. 5.1(i)). Then, we estimate the first term in Section 6.3, by establishing a Gibbs
inequality.

Proof of Proposition 6.5. — We consider the equality
∑

E∈E
M,m
n

#E LebAn(E)µE =(∫
#EM,m

n (x)dLebAn(x)
)
µM,m
n . By concavity of µ 7→ Hµ(P

m′
), this gives

1

m′

(∫
#EM,m

n (x)dLebAn
(x)

)
HµM,m

n
(Pm′

)

⩾
∑

E∈E
M,m
n

LebAn
(E)

#E

m′ HµE (Pm′
)

⩾
Lemma 6.2

∑
E∈E

M,m
n

LebAn
(E)

(
HµE

(PE)−m′ log(#(PµE ))#∂E
)

=
∑

E∈E
M,m
n

LebAn(E)

∫
− logµE(P

E
x )dµE(x)

−m′
∑

E∈E
M,m
n

LebAn
(E) log(#(PµE ))#∂E.

We conclude by using the following equality

µE(P
E
x ) =

LebAn(E ∩ PE
x )

LebAn
(E)

=
Leb(An ∩ E ∩ PE

x )

Leb(An) LebAn
(E)
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which gives

LebAn
(E)

∫
− logµE(P

E
x ) dµE(x)

= LebAn
(E)

∫
E

− log
Leb(An ∩ E ∩ PE

x )

Leb(An) LebAn
(E)

dLebAn
(x)

LebAn
(E)

=

∫
E

− log Leb(An ∩ E ∩ PE
x )dLebAn

(x)

+ LebAn
(E) log Leb(An) + LebAn

(E) log LebAn
(E). □

6.2. Definition of the partition Pq. — Let q ∈ Z+ be a parameter, we build a
partition Qq as follows

(1) for k ∈ Z, let Iq,k = (k/q, (k + 1)/q] + a where a ∈ (−1/q, 0) does not depend
on k and is chosen in the proof of item (5) below,

(2) for k ∈ Z, let Qq,k = {x ∈ I | log |g′(x)| ∈ Iq,k}.
Then we define the partition Qq = {Qq,k | k ∈ Z}. Hence, on each atom of Qq, the
value of log |g′| does not vary by more than 1/q. Also note that k/q ∈ Iq,k for any
k ∈ Z. We recall that J is the µ-partition into monotone branches of g. We define

Pq = J ∨ Qq.

This may be a countably infinite partition, and the purpose of this section is to prove
the following statement:

Proposition 6.6. — The collection Pq is a µ-partition satisfying:
(1) Hµ(Pq) < +∞,
(2) for E ∈ EM,m

n , we have #(Pq)µE < +∞,
(3) for E ∈ EM,m

n and i ∈ E, the collection g−iPq is a µE-partition,
(4) lim supn∋n→+∞

1
n

∑
E∈E

M,m
n

LebAn
(E)#∂E log#((Pq)µE ) −→

M→+∞
0,

(5) we can assume that the border ∂Pq has zero µ- and µM,m-measures for any
M,m ∈ Z+

0 .

The core of the argument is that log |g′| is µ-integrable (Proposition 5.3). We point
out that the proof of item (1) uses some ideas from the proof of Lemma 2 from Mañé’s
proof of Pesin’s formula [18]. We will also use the following technical lemma:

Lemma 6.7 ([18, Lem. 1]). — For xk ∈ [0, 1], k ∈ Z, we have∑
k∈Z

−xk log xk ⩽
∑
k∈Z

|k|xk + c0,

where c0 = 4(e(1− e−1/2))−1.

Proof of Proposition 6.6. — By definition, atoms of Pq cover I ∖ Cg, which is of full
µ-measure since log |g′| ∈ L1(µ) (Proposition 5.3). Then, atoms of Qq and J are
disjoint, so Pq is a µ-partition. The argument to prove (3) is similar:
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Proof of (3). — Note that g−iCg ⊂ C∞. Therefore, it is enough to show µE(C∞) = 0,
which is true since A ∩ C∞ = ∅.

Proof of (1). — We first show that Qq is of finite µ-entropy. We will then show that J
as well, which is the part inspired by [18, Lem. 2]. We have

Hµ(Qq) =
∑
k∈Z

−µ(Qq,k) logµ(Qq,k)

⩽
Lemma 6.7

c0 +
∑
k∈Z

|k|µ(Qq,k)

= c0 +
∑
k∈Z

∫
|k|1{x∈I | log |g′(x)|∈Iq,k}dµ(x)

⩽ c0 +
∑
k∈Z

∫
(q| log |g′(x)∥+ 1)1{x∈I | log |g′(x)|∈Iq,k}dµ(x)

= c0 + 1 + q

∫
| log |g′∥dµ <

Proposition 5.3
+∞.

For J, we will also use Lemma 6.7 and Proposition 5.3. We first examine the specifici-
ties of J. Recall that to define J (Definition 2.5), we first divided I according to the
critical points of g, then we divided again some of these pieces into at most ∥g′∥∞
pieces to ensure injectivity in case I is the circle. Therefore, to show that J has finite
entropy, we may assume that J only comes from the division of I according to the
critical points of g. However, this change of definition only holds for this proof. Let
r′ = min(r, 2), we have

∀x ∈ I, |g′(x)| ⩽ dist(x,Cg)
r′−1∥dr

′
g∥∞.

Therefore, if x /∈ Cg and ρ(x) denotes the size of the monotone branch containing x,
then

ρ(x) ⩾
( |g′(x)|
∥dr′g∥∞

)1/(r′−1)

.

Let Jn = {J ∈ J | | log diam J | ∈ [n, n + 1)} = {J (n)
k }k∈Nn and Jn =

⋃
k∈Nn

J
(n)
k .

Thus we have

Hµ(J) =
∑
J∈J

−µ(J) logµ(J) =
∑
n∈Z+

0

∑
k∈Nn

−µ(J (n)
k ) logµ(J

(n)
k ).

Then, concavity of log implies, for any n ∈ Z+
0 , that∑

k∈Nn

−µ(J (n)
k ) logµ(J

(n)
k ) = µ(Jn)

∑
k∈Nn

µ(J
(n)
k )

µ(Jn)
log

1

µ(J
(n)
k )

⩽ µ(Jn) log
#Nn

µ(Jn)
.

We therefore get

Hµ(J) ⩽
∑
n∈Z+

0

µ(Jn) log#Nn − µ(Jn) logµ(Jn).
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Then, any J ∈ Jn has length larger than e−(n+1), so #Nn ⩽ en+1, so Lemma 6.7
implies

Hµ(J) ⩽ c0 + 2
∑
n∈Z+

0

nµ(Jn).

But note that Jn = {x ∈ I | | log ρ(x)| ∈ [n, n+ 1)}, hence

Hµ(J) ⩽ c0 + 2

∫
| log ρ(x)|dµ(x)

⩽ c0 +
2

r′ − 1

∫ ∣∣∣log |g′(x)| − log ∥dr
′
g∥∞

∣∣∣ dµ(x)
<

Proposition 5.3
+∞.

Proof of (2). — Recall the notation from the previous section:

(Pq)µE = {P ∈ Pq | µE(P ) > 0},

where E ∈ EM,m
n . Recall that µE = 1

#E

∑
a∈E g

a
∗(LebAn

)E , thus

µE(P ) > 0 =⇒ ∃a ∈ E, ∃x ∈ An ∩ E, gax ∈ P.

Since Pq = Qq ∨ J, we only have to show that #(Qq)µE < +∞ and #JµE < +∞,
independently. Although we only have to show finiteness, we provide an upper bound
that will be useful to prove item (4). For (Qq)µE , we have

#(Qq)µE ⩽ #{k ∈ Z | ∃a ∈ E, ∃x ∈ An ∩ E, log |g′(gax)| ∈ Iq,k}
⩽ #{k ∈ Z | ∃a ∈ E, ∃x ∈ An ∩ E, k − 1 < q log |g′(gax)| < k + 1}.

But when x∈An∩E and a∈E, Lemma 4.2(iii) gives log |g′(gax)| ⩾ −M log ∥g′∥∞, so

#(Qq)µE ⩽ q log ∥g′∥∞ + 1− (−qM log ∥g′∥∞ − 1) + 1 < +∞.

Then for JµE , using once again Lemma 4.2(iii) gives

#JµE ⩽ #{J ∈ J | ∃a ∈ E, ∃x ∈ An ∩ E, gax ∈ J}

⩽ #
{
J ∈ J | ∃y ∈ J, |g′(y)| ⩾ 1/∥g′∥M∞

}
⩽

Lemma 6.4
C(r′, g)∥g′∥M/(r′−1)

∞ + 1

< +∞.
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Proof of (4). — Note that #((Pq)µE ) ⩽ #((Qq)µE ) × #JµE . By using the upper
bounds proved for item (2), and by choosing M large enough, we get∑

E∈E
M,m
n

LebAn
(E)#∂E log#((Pq)µE )

⩽
∑

E∈E
M,m
n

LebAn
(E)#∂E

× log
[
2Mq log ∥g′∥∞ ×

(
C(r′, g)∥g′∥M/(r′−1)

∞ + 1
)]

⩽
( M

r′ − 1
log(qC(r′, g))

)∫
#∂EM,m

n (x) dLebAn
(x).

We then conclude since lim supn∋n→+∞M
∫
dn(∂E

M,m
n (x))dLebAn

(x) −→
M→+∞

0 by
using Lemma 5.1(iii).

Proof of (5). — By Proposition 5.2(iii), it suffices to obtain that the border of Pq

has zero µ-measure. By the continuity of log |g′| outside the critical points, we can
choose a ∈ (−1/q, 0) such that the border of Qq has zero µ-measure. Thus it remains
to obtain that µ(∂J) = 0. When I = [0, 1], the set ∂J is the set of critical points and
Proposition 5.3 concludes. When I = S1, the set ∂J also contains g−1(0S1). We show
that we can choose 0S1 such that µ({0S1}) = 0. This is not trivial since the definition
of reparametrization depends on the choice 0S1 , hence the measure µ depends on the
choice of 0S1 . We show that there exists 0S1 such that for any k ∈ N and any fk-
invariant measure ν, we have ν(0S1) = 0. By contradiction, assume that any point is
charged by some invariant measure. This implies that all points are periodic for f .
In particular, f is injective, thus is a homeomorphism, and Montgomery’s theorem [20]
gives fn0 = id for some n0, so f has only zero Lyapunov exponents, which does not
satisfy our assumptions. Therefore, we can choose 0S1 such that µ(∂J) = 0. □

6.3. Gibbs inequality. — Let n ∈ n,M ∈ Z+
0 and E ∈ EM,m

n . Recall that ϕg =

log |g′| and let
ϕEg =

∑
k∈E

ϕg ◦ gk.

In this section, we deal with the main term of Proposition 6.5. More precisely, we show
the following:

Proposition 6.8. — For some universal constant C we have∫
E

− log Leb(JEx ∩ QE
q,x ∩ E ∩An)dLebAn

(x) ⩾
∫
E

ϕEg (x) dLebAn
(x)

− LebAn(E)
(
#E/q +#∂E log(C/ε)

)
.

Fix x ∈ An ∩ E. Let b0 = 0 and

E =
d⋃

j=1

[[aj , bj [[.
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We will estimate the Lebesgue measure of the following set:

R := JEx ∩ QE
q,x ∩ E ∩An.

The strategy is to cover R by small sets where the distortion is bounded, then to use
the change of variable formula to estimate the Lebesgue measure of each of these sets.

Lemma 6.9 (Change of variable formula). — Let k ∈ Z+
0 . If J is a monotone branch

of gk and if A,B ⊂ I, then

Leb(J ∩A ∩ g−kB) ⩽
1

infJ∩A |(gk)′|
Leb(B).

Proof. — Since J is a monotone branch of gk, we have

Leb(B) ⩾ Leb(gk(J ∩A ∩ g−kB)) =

∫
A ∩ J ∩ g−kB

|(gk)′(x)| dx.

We then have∫
A ∩ J ∩ g−kB

|(gk)′(x)| dx ⩾
(

inf
A ∩ J ∩ g−kB

|(gk)′|
)
Leb(A ∩ J ∩ g−kB)

⩾
(
inf

A ∩ J
|(gk)′|

)
Leb(A ∩ J ∩ g−kB). □

The gk’s that we will consider for the change of variable are the iterates of g at the
times of ∂E. Such iterates are of two different types, the ones coming from intervals
of times of E, of the form [[aj , bj [[, and others from intervals of [[0, bd[[∖E. Note that
for a point in R, we know to which atoms of J and Qq the points of its orbit belong.
So at these times, the only factor that will come out of the variable change formula is
ϕEg (x), with some error term. The reason why the change of variable formula directly
gives ϕEg at point x, and not some integral of ϕEg , is the following lemma:

Lemma 6.10. — Let k ∈ Z+
0 . If y and z are in the same atom of Qk

q , then∣∣log |(gk)′(y)| − log |(gk)′(z)|
∣∣ ⩽ k

q
.

Proof. — Recall that the Iq,k’s from Section 6.2 have a length of 1/q. □

However, for times of [[0, bd[[∖E, the set R may intersect many monotone branches.
But we can only apply the change of variable formula to one monotone branch, so
we will have to sum what the change of variable formula gives over all monotone
branches. More precisely, we will define a new partition V such that we can apply the
change of variable formula to each of its atoms, then take the trace of V over R. First
let B be a partition of I whose atoms are intervals of size between ε/27 and 2ε/28.
Then, for a partition R and n ∈ Z+

0 , recall that R{n} = g−nR and Rn =
∨n−1

i=0 g
−iR.

For j ∈ [[0, d− 1]], we define

Vaj+1 = B{aj+1−bj} ∨ Jaj+1−bj .

We mention that Vaj+1
is not a Leb-partition of I, since (gaj+1−bj )′ may be zero over

a set of positive Lebesgue measure. However, g−bjVaj+1
does cover R with disjoint
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atoms, which will be sufficient since we only want to estimate the Lebesgue measure
of R.

To get some properties of the atoms of Vaj+1 , we will once again use the
reparametrizations obtained through Lemma 2.4 and fixed at the beginning of Sec-
tion 5 for the definitions, recall that we denoted them by θin . Our choice of definition
for what a reparametrization and a monotone branch are (sections 2.1 and 2.3) gives
the following lemma:

Lemma 6.11. — For k, ℓ ∈ Z+
0 , the interval (gk ◦σ ◦θik+ℓ)∗ is contained in the closure

of a monotone branch of gℓ.

Proof. — By Lemma 2.4(1), the map gk ◦ σ ◦ θik+ℓ is an (ℓ, ε)-bounded reparam-
etrization for g. Thus, for any i ∈ [[0, ℓ − 1]], the derivative of g ◦

(
gi+k ◦ σ ◦ θik+ℓ

)
does not vanish, hence the derivative of g does not vanish on

(
gi+k ◦ σ ◦ θik+ℓ

)
∗. Fur-

thermore, when I = S1, the interior int
(
g ◦
(
gi+k ◦ σ ◦ θik+ℓ

))
∗ does not contain 0S1

and int
(
(gi+k ◦ σ ◦ θik+ℓ)∗

)
is an interval, so it is inside an atom of J. Therefore, the

interval (gk ◦ σ ◦ θik+ℓ)∗ is contained in the closure of an atom of Jℓ and Remark 6.3
concludes. □

We now show that the atoms of Vaj+1
have bounded distortion and a size bounded

from below.

Lemma 6.12. — Let j∈ [[0, d− 1]] and V be an atom of Vaj+1
such that g−bjV inter-

sects R.
(i) For y, z ∈ V , we have |(gaj+1−bj )′(y)| ⩽ 9

4 |(g
aj+1−bj )′(z)|.

(ii) The atom V satisfies Leb(gaj+1−bj (V )) ⩾ ε/27.

Proof. — Let y0 ∈ R be such that gbjy0 ∈ V . Before proving the two items, we make
some preliminary construction, summarized in Figure 4.

gbj

y0
(σ ◦ θiaj+1)∗ (gbj ◦ σ ◦ θiaj+1)∗

gbjy0 V

B

(gaj+1 ◦ σ ◦ θi
aj+1

)∗

gaj+1−bj

Figure 4. We prove that y0 is in some (σ ◦ θiaj+1 )∗ which when iter-
ated by gaj+1 contains B = Bgaj+1y0

, so it had to contain V when
iterated by gbj .
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We have y0 ∈ E, so aj+1 ∈ E(y0) and there exists a vertex iaj+1 ∈ Taj+1
such that

y0 ∈ σ ◦ θiaj+1

([
− 1

3 ,
1
3

])
. Thus, for t ∈ [−1, 1], Lemma 2.4(1) and (3) give∣∣(gaj+1 ◦ σ ◦ θiaj+1 )′(t)

∣∣ ⩾ 2

3

ε

6
.

Therefore, the image of an interval of length 2/3 under gaj+1 ◦ σ ◦ θiaj+1 has length
at least (2/3)× (ε/9). Thus (gaj+1 ◦ σ ◦ θiaj+1 )∗ contains the ball centered at gaj+1y0
and of radius 2ε/27. Since we chose atoms of B to have a length less than 2ε/28,
we get gaj+1−bj (V ) ⊂ Bgaj+1y0

⊂ int (gaj+1 ◦ σ ◦ θiaj+1 )∗, where int denotes the in-
terior of a set. Then, by definition and Remark 6.3, the atom V is contained in
a monotone branch of gaj+1−bj , but int

(
gbj ◦ σ ◦ θiaj+1

)
∗ as well because of Lem-

ma 6.11. Since they intersect, these two branches must be the same. This shows that
V ⊂

(
gbj ◦ σ ◦ θiaj+1

)
∗.

We now show the two items of the lemma. From what precedes, we have s, t ∈
[−1, 1] such that y = gbj ◦ σ ◦ θiaj+1 (t) and z = gbj ◦ σ ◦ θiaj+1 (s). Therefore, we have

|(gaj+1−bj )′(y)| = |(gaj+1−bj )′
(
gbj ◦ σ ◦ θiaj+1 (t)

)
|

=
|(gaj+1 ◦ σ ◦ θiaj+1 )′(t))|
|(gbj ◦ σ ◦ θiaj+1 )′(t)|

⩽
3
2 |(g

aj+1 ◦ σ ◦ θiaj+1 )′(s))|
2
3 |(gbj ◦ σ ◦ θiaj+1 )′(s)|

=
9

4
|(gaj+1−bj )′(z)|.

For the second item, we will in fact prove that

B := Bgaj+1y0
= gaj+1−bj (V ).

We proceed by double inclusion. By definition, we have V = (g−(aj+1−bj)B)∩J , where
J = J

aj+1−bj

gbj y0
. So we are left to show that B ⊂ gaj+1−bj (V ). From the preliminary con-

struction, we know that int
(
gbj ◦ σ ◦ θiaj+1

)
∗ ⊂ J and B ⊂ int (gaj+1 ◦ σ ◦ θiaj+1 )∗.

Therefore, for any y ∈ B, there exists a t ∈ (−1, 1) such that y = gaj+1 ◦ σ ◦ θiaj+1 (t),
hence y′ := gbj ◦ σ ◦ θiaj+1 (t) satisfies

y = gaj+1−bj (y′) and y′ ∈ (g−(aj+1−bj)B) ∩ J = V. □

We define V, a partition of R = JEx ∩ QE
q,x ∩ E ∩An, as follows

V =
d−1∨
j=0

g−bjVaj+1
.

In the following lemma, we estimate the Lebesgue measure of R over an atom of V
by using the change of variable formula.

Lemma 6.13. — For any atom V =
⋂d−1

j=0 g
−bjVaj+1

of V, we have

Leb(R ∩ V ) ⩽ (C/ε)#∂Ee−ϕE
g (x)+#E/q

(d−1∏
j=0

Leb(Vaj+1
)

)
.
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Proof. — Since R forces a precise monotone branch during times of E, and because V
also forces one during times of [[0, bd[[∖E, we know that the set R∩ V is contained in
a monotone branch of gbd . Therefore Lemma 6.9 gives

Leb(R ∩ V ) ⩽
(
inf
R∩V

|(gbd)′|
)−1

Leb(gbd(R ∩ V )).

Then, for y ∈ I, we have

|(gbd)′(y)| = |(ga1)′(y)| × |(gb1−a1)′(ga1y)| × · · · × |(gbd−ad)′(gady)|.

Thus, when y ∈ R ∩ V , we have

|(gbd)′(y)| ⩾
(
inf
Va1

|(ga1)′|
)
×
(

inf
Q

b1−a1
q,ga1x

|(gb1−a1)′|
)
· · ·
(

inf
Q

bd−ad
q,gadx

|(gbd−ad)′|
)
.

For the factors in Qq, if j ∈ [[1, d]] and z ∈ Q
bj−aj

q,gajx
, Lemma 6.10 implies

log |(gbj−aj )′(z)| ⩾ log |(gbj−aj )′(gajx)| − bj − aj
q

.

Then, for j ∈ [[0, d− 1]], the set Vaj+1 is inside a monotone branch of gaj+1−bj , so the
argument that we used to prove the change of variable formula (Lemma 6.9) gives

Leb(Vaj+1) ⩾
(
sup
Vaj+1

|(gaj+1−bj )′|
)−1

Leb(gaj+1−bj (Vaj+1
))

⩾
Lemma 6.12

4

9

(
inf

Vaj+1

|(gaj+1−bj )′|
)−1 ε

27
.

Here, the hypothesis of Lemma 6.12 is satisfied since we may assume that g−bjVaj+1

intersects R. This gives the following estimate for the Lebesgue measure of R ∩ V :

Leb(R ∩ V ) ⩽ e−ϕE
g (x)e#E/q

(d−1∏
j=0

243

4ε
Leb(Vaj+1

)

)
,

and because d = #∂E/2, we may take C = 8. □

Proof of Proposition 6.8. — Recall that we fixed x ∈ An ∩E and let R := JEx ∩QE
q,x ∩

E ∩An. we write

Leb (R) =
∑
V ∈V

Leb (R ∩ V )

⩽
∑

Va1
∈Va1

∑
Va2

∈Va2

· · ·
∑

Vad
∈Vad

Leb

(
R ∩

d−1⋂
j=0

g−bjVaj+1

)

⩽
Lemma 6.13

∑
Va1∈Va1

∑
Va2∈Va2

· · ·
∑

Vad
∈Vad

(C/ε)#∂Ee−ϕE
g (x)+#E/q

d−1∏
j=0

Leb
(
Vaj+1

)
⩽ (C/ε)

#∂E
e−ϕE

g (x)+#E/q.
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We then integrate over x and get∫
E

− log Leb
(
JEx ∩ QE

q,x ∩ E ∩An

)
dLebAn

(x)

⩾
∫
E

− log
(
(C/ε)#∂Ee−ϕE

g (x)+#E/q
)
dLebAn(x)

=

∫
E

ϕEg (x)dLebAn
(x)− LebAn

(E)
(
#E/q +#∂E log (C/ε)

)
. □

7. Proof of Theorem 1

7.1. Absolute continuity. — To get an absolutely continuous measure, we will use
the following entropy characterization:

Theorem 7.1 ([23, Th. VII.1.1]). — Let f : I → I be a Cr map where r > 1 and I is
the interval [0, 1] or the circle S1. Let µ be an f -invariant hyperbolic Borel probability
measure. Then µ is absolutely continuous with respect to the Lebesgue measure on I

if and only if it satisfies the entropy formula

hf (µ) =

∫
I

χ dµ.

In the previous sections, we did not work directly with f but rather with g, an iter-
ate of f . Let us first show how to obtain a hyperbolic absolutely continuous invariant
Borel probability (HACIP) for f once we have one for g. Suppose µ is an HACIP for
g = fp, and consider the following f -invariant Borel probability

ν =
1

p

p−1∑
k=0

fk∗ µ.

One can verify that f has a positive Lyapunov exponent ν-almost everywhere and
that ν satisfies the integrability condition. For the entropy formula, we have

phf (ν) = hfp(µ) = χg(µ) = pχ(ν).

This shows that ν is an HACIP for f . In particular, any ergodic component of ν is
an ergodic HACIP for f .

We now build a measure satisfying the entropy formula and the integrability con-
dition for g = fp, where p and other notations are defined at the beginning of
Section 5, so we get an integer sequence n and converging sequences of measures
(µM,m

n )n∈n,M,m∈Z+
0

and (νM,m
n )n∈n,M,m∈Z+

0
. We show that the limit

µ = lim
M→+∞

lim
n∋n→+∞

µM,m
n

is an HACIP. Proposition 5.2(ii) implies that the limit µ is a g-invariant Borel prob-
ability. The integrability condition and the positivity of the Lyapunov exponent
µ-almost everywhere come from Propositions 5.3 and 5.4. Hence, we are only left
to show that µ satisfies the entropy formula.

Proposition 7.2. — The measure µ satisfies the entropy formula for g.
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Proof. — By Ruelle’s inequality [25] and Proposition 5.4, we only have to show that
hg(µ) ⩾ ϕg(µ). For q ∈ Z+

0 , Proposition 6.6(1) gives that the µ-partition Pq is of finite
µ-entropy. We can thus write

hg(µ) ⩾ hg(µ,Pq) = lim
m→+∞

1

m
Hµ(P

m
q ).

Part 1. Dealing with the error terms. — Let m, q ∈ Z+, M ∈ Z+
0 and n ∈ n. The

purpose of the previous sections was to reach an inequality of the form
1

m
HµM,m

n
(Pm

q ) ⩾
∫
ϕgdµ

M,m
n + error term.

In this first part, we prove that this error term goes to 0 when n then M then q go to
infinity. We will prove in Part 2 that limM→+∞ limn∋n→+∞HµM,m

n
(Pm

q ) = Hµ(P
m
q )

and in Part 3 that limM→+∞ limn∋n→+∞ ϕg(µ
M,m
n ) = ϕg(µ).

In Section 6.1, we proved Proposition 6.5 claiming that
1

m

(∫
#EM,m

n (x)dLebAn(x)

)
HµM,m

n
(Pm

q )

⩾
∑

E∈E
M,m
n

∫
E

− log Leb(PE
q,x ∩ E ∩An)dLebAn

(x)

+ LebAn
(E) log LebAn

(E)

+ LebAn
(E) log Leb(An)

−m
∑

E∈E
M,m
n

LebAn
(E) log(#(Pq)µE )#∂E.

To show that these first error terms go to 0 as n then M go to infinity, we use Lemma
5.1(i) and (iv), and Proposition 6.6(4), which imply the following:

lim sup
n∋n→+∞

− 1

n

∑
E∈E

M,m
n

LebAn
(E) log LebAn

(E) + LebAn
(E) log Leb(An)

−mLebAn(E)#∂E log#((Pq)µE ) −→
M→+∞

0.

Then, for the main term, the Gibbs inequality (Proposition 6.8) gives us∑
E∈E

M,m
n

∫
E

− log Leb(JEx ∩ QE
q,x ∩ E ∩An)dLebAn

(x)

⩾
∫
ϕ
EM,m

n (x)
g (x) dLebAn

(x)− 1

q

∫
#EM,m

n (x)dLebAn(x)

− log (C/ε)

∫
#∂EM,m

n (x)dLebAn(x).

To show that these other error terms converge to 0 as well, we use Lemma 4.1(ii) and
let q go to infinity. Therefore, we obtain

1

m
HµM,m

n
(Pm

q ) ⩾ ϕg(µ
M,m
n )− εn,M,m,q,
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where
lim

M→+∞
lim

n∋n→+∞
εn,M,m,q = εq −→

q→+∞
0.

Hence, parts 2 and 3 of the proof will give

∀q ∈ Z+, hg(µ) ⩾ ϕg(µ)− εq.

Hence letting q → +∞ will give the result.

Part 2. Convergence of the entropy. — We now show that

lim
M→+∞

lim
n∋n→+∞

HµM,m
n

(Pm
q ) = Hµ(P

m
q ).

In fact, we will rather lead the computations for νM,m
n , which will imply the result

for µM,m
n . We first prove that

#{P ∈ Pm
q | ∃n ∈ n, νM,m

n (P ) > 0} < +∞.

For P in this set, we write P =
⋂m−1

j=0 g−jPj . Then, there exists an n ∈ n, x ∈ An

and i ∈ EM,m
n (x) such that for any j ∈ [[0,m− 1]], we have gi+jx ∈ Pj . By definition

of EM,m
n (x), we have i+ j ∈ EM

n (x), and Lemma 4.2(iii) gives |g′(gi+jx)| ⩾ ∥g′∥−M
∞ .

Therefore, the same reasoning as for Proposition 6.6(2) gives that there are only
finitely many such Pj , hence finitely many such P . Then, the choice of a done at the
beginning of Section 6.2 gives νM,m(∂Pq) = 0, therefore

HνM,m
n

(Pm
q ) −→

n∋n→+∞
HνM,m(Pm

q ).

For the limit in M , let ψ : x 7→ −x log(x), so that

HνM,m(Pm
q ) =

∑
P∈Pm

q

ψ(νM,m(P )).

For P ∈ Pm
q , Proposition 5.2(iii) gives that νM,m(P ) ↗

M→+∞
µ(P ). Then note that ψ is

continuous, non-negative and non-decreasing on [0, 1/e], and that at most two atoms
of Pq will ever have a νM,m-measure larger than 1/e. Therefore, using monotone
convergence, we get∑

P∈Pm
q

ψ(νM,m(P )) −→
M→+∞

∑
P∈Pm

q

ψ(µ(P )) = Hµ(P
m
q ).

This gives the result for νM,m
n . To obtain the same for µM,m

n , we let

βM,m
n =

∫
dn(E

M,m
n (x)) dLebAn

(x).

By Lemma 5.1(ii), this quantity satisfies

βM,m
n −→

n∋n→+∞
βM
m −→

M→+∞
β∞ and µM,m

n =
β∞

βM,m
n

νM,m
n .
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Hence
HµM,m

n
(Pm

q ) =
∑

P∈Pm
q

−µM,m
n (P ) log(µM,m

n (P ))

= − log
β∞

βM,m
n

+
∑

P∈Pm
q

− β∞

βM,m
n

νM,m
n (P ) log(νM,m

n (P ))

= − log
β∞

βM,m
n

+
β∞

βM,m
n

HνM,m
n

(Pm
q ) −→

n,M
Hµ(P

m
q ).

Part 3. Convergence of ϕg(µM,m
n ). — We show that

lim
M→+∞

lim
n∋n→+∞

ϕg(µ
M,m
n ) = ϕg(µ).

For the limit in n, we use the fact that ϕg is continuous everywhere except on critical
points. However, Lemma 4.2(iii) gives

∀M,m ∈ Z+
0 , ∀n ∈ n, ∀x ∈ σ∗, ∀k ∈ EM,m

n (x), ϕg(g
kx) ⩾ −M log ∥g′∥∞.

This shows that the support of µM,m
n is at distance at least εM from the set Cg, where

εM > 0 does not depend on n nor m. Therefore, we have

∀M,m ∈ Z+
0 , ϕg(µ

M,m
n ) −→

n∋n→∞
ϕg(µ

M,m).

Note that the same holds for νM,m
n , so that limn∋n→+∞ ϕg(ν

M,m
n ) = ϕg(ν

M,m), for
any M,m ∈ Z+

0 . We now prove that
(
ϕg(ν

M,m)
)
M

converges to ϕg(µ). Note that this
is true if ϕg were to be a characteristic function, because of Proposition 5.2(iii). By lin-
earity, monotone convergence, and Proposition 5.2(iii), which gives that

(
νM,m

)
M

is
non-decreasing, it is true for any non-negative measurable function. This is therefore
true for any function that is µ-integrable and νM,m-integrable for every M,m ∈ Z+

0 .
We thus get the convergence of

(
ϕg(ν

M,m)
)
M

from Proposition 5.3. To prove the
convergence of

(
ϕg(µ

M,m)
)
M

, we write

ϕg(µ
M,m) = lim

n→∞
ϕg(µ

M,m
n )

= lim
n→∞

nβ∞∫
#EM,m

n (x) dLebAn
(x)

ϕg(ν
M,m
n ) −→

M→+∞
ϕg(µ)

where the last convergence comes from Lemma 5.1(ii) and previous remarks. □

7.2. Cover by the basins

Proposition 7.3. — We have the following inclusion Lebesgue-almost everywhere:

{χ > R(f)/r} ⊂
⋃

µ HACIP ergodic
B(µ) ∩ {χ = χ(µ)} ∩ {x | χ(x) converges}.

Proof. — Let R be the set of points x such that
(
1
n log |(fn)′(x)|

)
n

converges. From
Oseledets theorem, R is of full measure for any invariant measure for which log |f ′|
is integrable. Let B =

⋃
µ HACIP ergodic B(µ) ∩ {χ = χ(µ)} ∩ R. By contradiction,

assume that there is A ⊂ {χ > R(f)/r} such that Leb(A) > 0 and A ∩ B = ∅.
From Proposition 3.1, we may take a subset of A and assume that for every x ∈ A,
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d(E(x)) > β > 0. Let A′ be the set of density points of A. Let x ∈ A and n ∈ E(x),
let θin ∈ Tn be a reparametrization such that x ∈ σ ◦ θin

([
− 1

3 ,
1
3

])
, and let

Hn(x) = (σ ◦ θin)∗ and Dn(x) = gnHn(x) = (gn ◦ σ ◦ θin)∗ .

Therefore, Dn(x) is an interval of length at least ε/27 on each side of gn(x). We also
have

∀x ∈ A′,
Leb(Hn(x) ∩A)
Leb(Hn(x))

−→
E(x)∋n→+∞

1.

Let A′′ be a subset of A′, still of positive Lebesgue measure, such that this convergence
is uniform on A′′. Since the convergence is along a sequence that depends on x,
we precise how to obtain this uniform convergence. For x ∈ A′, we consider the
sequence

vn(x) := sup
n⩽k∈E(x)

∣∣∣∣Leb(Hk(x) ∩A)
Leb(Hk(x))

− 1

∣∣∣∣ .
Therefore, vn(x) −→

n→+∞
0. We thus take A′′ so that the convergence of vn is uniform

on A′′, hence

sup
x∈A′′

sup
n⩽k∈E(x)

∣∣∣∣Leb(Hk(x) ∩A)
Leb(Hk(x))

− 1

∣∣∣∣ −→
n→+∞

0.

We now build an HACIP µ as in the previous sections but starting from A′′. We keep
the same notations as in Section 5, that is g = fp and ν = 1

p

∑p−1
k=0 f

k
∗ µ is an HACIP

for f . Thus every ergodic component νerg of ν satisfies νerg(B) = 1, so ν(B) = 1, and
µ(B) = 1. Then we note that

{x ∈ I | µ((x− ε/54, x+ ε/54)) = 0} ⊂ I ∖ supp µ.

So by using µ≪ Leb, we get

µ ({x ∈ I | Leb((x− ε/54, x+ ε/54) ∩B) = 0}) = 0.

Therefore, there exists c > 0 such that

µ ({x ∈ I | Leb((x− ε/54, x+ ε/54) ∩B) > c}) > 1− β.

Let G be the ε/54-open neighborhood of the set

{x ∈ I | Leb((x− ε/54, x+ ε/54) ∩B) > c}.

For n ∈ n, let

ζn =

∫
1

n

∑
k∈E(x)∩[[0,n[[

δgkx dLebAn
(x).

Let ζ be an accumulation point of (ζn)n∈n for the weak-∗ topology. Since ζn(I) ⩾ β,
we have ζ(I) ⩾ β. Also note that ζ ⩽ µ, hence

ζ(G) = µ(G) + ζ(G)− µ(G)

⩾ µ(G) + ζ(I)− µ(I)

> 1− β + β − 1 = 0.
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Thus 0 < ζ(G) ⩽ lim infn∋n→+∞ ζn(G), and there exist infinitely many n and xn ∈ A′′

such that
gnxn ∈ G and n ∈ E(xn).

Note that for any n, we have B ∩ gnA ⊂ gn(A ∩B) = ∅. Then recall that Dn(xn) is
an interval of length at least ε/27 on each side of gnxn, for infinitely many n. This
implies:

0 = Leb(B ∩ gnA)
⩾ Leb(Dn(xn) ∩B ∩ gnA)
= Leb(Dn(xn) ∩B)− Leb(Dn(xn) ∩B∖ gnA)

⩾ c− Leb(Dn(xn)∖ gnA).

Our goal is to show that Leb(Dn(xn)∖gnA) → 0. We use the fact that gn has bounded
distortion on Hn(xn), which gives

Leb(Dn(xn)∖ gnA) = Leb(Dn(xn))
Leb(Dn(xn)∖ gnA)

Leb(Dn(xn))

⩽ 2ε× 9

4

Leb(Hn(xn)∖A)

Leb(Hn(xn))
.

We conclude using uniform convergence on A′′ and the fact that xn ∈ A′′. □

We now prove the finiteness of ergodic absolutely continuous measures whose Lya-
punov exponent is larger than R(f)/r + δ, for any δ > 0.

Proposition 7.4. — For δ > 0, there are finitely many ergodic HACIP whose basins
intersect {χ > R(f)/r + δ} with positive Lebesgue measure.

Proof. — We prove that any such measure must have the Lebesgue measure of its
basin bounded from below by a constant depending only on δ, r and f . Let b =

R(f)/r + δ and apply Proposition 3.1 to this b, which gives p, β and ε that depend
only on δ, r and f . Set

Bbounded =
⋃

µ HACIP ergodic s.t.
Leb(B(µ))⩾8ε/243

B(µ).

By contradiction, assume that there exists A ⊂ {χ > R(f)/r + δ} of positive Lebesgue
measure such that A ∩ Bbounded = ∅. We define A′, A′′ as in the proof of Proposi-
tion 7.3, and let µ be a g-invariant measure obtained by using the construction of the
previous sections but starting from A′′, then let ν = 1

p

∑p−1
k=0 f

k
∗ µ. We prove that any

ergodic component of ν must have its basin of Lebesgue measure larger than 8ε/243.
This is enough to conclude, since it gives ν(Bbounded) = 1, then µ(Bbounded) = 1, and
the rest of proof of Proposition 7.3 gives, for any x ∈ A′′ and n ∈ E(x), that

0 = Leb(Bbounded ∩ gnA) ⩾ c− 2ε× 9

4

Leb(Hn(x)∖A)

Leb(Hn(x))
.

J.É.P. — M., 2026, tome 13



1458 A. Delplanque

We thus get a contradiction by taking n large enough. Let νerg be an ergodic compo-
nent of ν. Then let x be a density point of B(νerg). Thus, for any n ∈ E(x), the fact
that gn has bounded distortion on Hn(x) gives

Leb(B(νerg)) ⩾ Leb (B(νerg) ∩Dn(x))

= Leb(Dn(x))
Leb (B(νerg) ∩Dn(x))

Leb(Dn(x))

⩾ Leb(Dn(x))
4

9

Leb (B(νerg) ∩Hn(x))

Leb(Hn(x))

⩾
2ε

27
× 4

9

(
1 + o(1)

E(x)∋n→+∞

)
.

Hence, letting n ∈ E(x) go to infinity concludes. □

We then explain how to obtain the bound stated in Proposition 4.

Proof of Proposition 4. — By applying Proposition 3.1 to

b =
log ∥f ′∥∞

r
+ δ ⩾

R(f)

r
+ δ,

we obtain an ε > 0 and a p large enough such that the set of geometric times Ep(x) has
positive density for Lebesgue-almost every x. Then, in Proposition 7.4, we showed that
basins to consider are of Lebesgue measure larger than 8ε/243. Therefore, to estimate
the number of these basins, we estimate ε. From the proof of Lemma 2.4, we can
take ε such that (2ε)min(2,r)−1 < 1/2∥(fp)′∥r−1. Thus, we first estimate p. From the
proof of Proposition 3.1, it suffices to choose p such that

− b+
log(log ∥(fp)′∥∞ + 1− pb+ 1) + 1

p
+

log(2Crp log ∥f ′∥∞)

p

+
log ∥(fp)′∥∞ + 1− pb

p(r − 1)
< 0.

One can check that this is obtained by taking p such that

2 log(pBr log ∥f ′∥∞)

p
< δ,

where Br is a constant depending on r. So we can take p = (4/δ) log(2Br log ∥f ′∥∞/δ).
We now estimate ∥(fp)′∥r−1. From Lemma 3.5 from [7], we have

∥(fp)′∥r−1 ⩽ (r − 1)!pr−1∥f ′∥r(p−1)+1
r−1 .
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In the end, if we let α = min(2, r) − 1, then we obtain that the number of basins is
bounded by

243

8ε
⩽ C (2∥(fp)′∥r−1)

1/α

⩽ C exp
(rp
α

log ∥f ′∥r−1 +
r

α
log(pr)

)
⩽ C exp

(
4r

δα
log
(2Br log ∥f ′∥∞

δ

)
log(∥f ′∥r−1) +

r

α
log r +

r

α
log(4/δ)

+
r

α
log log

2Br log ∥f ′∥∞
δ

)
⩽ C exp

(8r log r
α

log ∥f ′∥r−1

δ
× log

2Br log ∥f ′∥∞
δ

)
⩽
( log ∥f ′∥∞

δ

)(Cr log ∥f ′∥r−1)/δ

. □

Remark 7.5. — It is possible to estimate the constant of Lemma 2.4 and obtain that
it is smaller than C(2r)r+3, where C is a universal constant. This implies that the
constant Cr of Proposition 4 is smaller that C(r log(r))2. Then, we can show that if f
is C∞, then there exists a constant C depending on ∥f ′∥∞ such that, for any δ > 0,
the number of hyperbolic ergodic f -invariant absolutely continuous measures whose
basin intersects {χ > δ} with positive Lebesgue measure is less than

(
∥f ′∥C/δ

)C/δ4 .

Remark 7.6. — If f is analytic, we have the following fact:

∃ε > 0, ∀k ∈ Z+, ∥dkf∥∞ ⩽ (k/ε)
k
.

Consequently, there exists a constant C depending only on ∥f ′∥∞ such that, for δ < ε,
the number of hyperbolic ergodic f -invariant absolutely continuous measures whose
basin intersects {χ > δ} with positive Lebesgue measure is less than C1/δ5 .

Remark 7.7. — We now explain the transitive case. Suppose that µ is an ergodic
HACIP and let ρ be its probability density with respect to the Lebesgue measure.
By using [23, Lem. VII.9.1], we obtain that there exists an open set U where ρ is
positive. If we do the same for another ergodic HACIP ν, then we get an open set V
where the probability density of ν is positive. By applying transitivity to U and V ,
one can show that Leb(B(ν) ∩ U) > 0, which implies that µ(B(ν)) > 0, so µ = ν.
When µ and ν are not supposed ergodic, then the previous case shows that all the
ergodic components of µ and ν are equal, so µ and ν are in fact ergodic and µ = ν.
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Index of notations

A {χ > R(f)/r} . . . . . . . . . 1434
An Subset of A where Ep(x)

has uniformly bounded
density . . . . . . . . . . . . . . . 1434

b b>R(f)/r s.t.
Leb(χ>b)>0 . . . . . . . . . 1434

B Partition of I into small
balls . . . . . . . . . . . . . . . . . . 1448

B(µ) Basin of µ . . . . . . . . . . . . 1420
β Value such that

d(Ep(x)) > β . . . . . . . . . 1434
βM,m
n

∫
dn(EM,m(x)) dLebAn

. . . . . . . . . . . . . . . . . . . . . . . 1454
C Critical points of f . . . . 1425
Cn Critical points of fn . . 1425
C∞ Union of Cn’s . . . . . . . . . 1425
χ(x) Lyapunov exponentat x

. . . . . . . . . . . . . . . . . . . . . . . 1420
χg(µ)

∫
χg dµ . . . . . . . . . . . . . . . 1443

dn(E) 1
n
#(E ∩ [[1, n]]) . . . . . . . 1429

dn(E) limn∈n dn(E) . . . . . . . . . 1429
d(E) lim supn dn(E) . . . . . . . . 1429
∂E Border of E, i.e.,

E∆(E + 1) . . . . . . . . . . . 1432
dkf k-th order derivative of f

. . . . . . . . . . . . . . . . . . . . . . . 1422
ε Yomdin’s scale for fp . 1434
E Some fixedEM

n (x) of the form
E=

⋃
j∈[[1,m]][[aj , bj [[ . . 1447

E(x) Ep(x) with p large
enough . . . . . . . . . . . . . . . 1434

Ep(x) Geometric times of x
for fp . . . . . . . . . . . . . . . . . 1429

EM
n Defined as⋃

n>k,ℓ∈E
|k−ℓ|⩽M

[[k, ℓ[[⊂ Z+
0 . 1432

EM,m
n Subset of EM

n . . . . . . . . . 1432
EM,m

n (x) (Ep(x))
M,m
n . . . . . . . . . . 1433

E
M,m
n Partition into values of

EM,m
n (x) . . . . . . . . . . . . . 1435

fk f iterated k times . . . . . 1420
g g = fp with p large

enough . . . . . . . . . . . . . . . 1434
HACIP Hyperbolic absolutely

continuous invariant
probability . . . . . . . . . . . . 1452

Hg(k, k′) {x | k(′)i,g(x) = k
(′)
i } . . . . 1425

⌊x⌋ Integer part of x . . . . . . 1421
Iq,k (k/q, k + 1/q] + a for

some fixed a . . . . . . . . . . 1444
J Partition into

monotone branches of
g of the form (x, y) . . . 1441

kn,g(z) ⌊log+ |g′(gn−1(z))| . . . . 1425
k′n,g(z) ⌊log− |g′(gn−1(z))| . . . . 1425
LebJ Leb(· ∩ J)/Leb(J) . . . . 1434
µE LebAn (·∩E)/LebAn (E)

. . . . . . . . . . . . . . . . . . . . . . . 1441
µM,m
n Empirical probability

measure . . . . . . . . . . . . . . 1436
µM
n Empirical probability

measure . . . . . . . . . . . . . . 1436
µM,m limn∈n µM

n . . . . . . . . . . . . 1437
µ µ=limM µM =limM νM

. . . . . . . . . . . . . . . . . . . . . . . 1437
n Sequence of integers

along which we have nice
convergence properties 1434

νM,m
n (βM,m

n /β∞)× µM,m
n . . 1436

νMn (βM
n /β∞)× µM

n . . . . . . 1436
νM,m limn∈n νMn . . . . . . . . . . . . 1437
ν ν = 1

p

∑p−1
k=0 f

k
∗ µ . . . . . . 1452

p p s.t. Ep(x) has positive
density . . . . . . . . . . . . . . . 1434

Pµ {P ∈ P | µ(P ) > 0} . . . 1440
Pq Qq ∨ J . . . . . . . . . . . . . . . . 1444
ϕg log |g′| . . . . . . . . . . . . . . . . 1438
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