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HYPERBOLIC ABSOLUTELY CONTINUOUS INVARIANT
MEASURES FOR ¢ ONE-DIMENSIONAL MAPS

BY ALEXANDRE DELPLANQUE

Asstract. — For r > 1, we show, using the Ledrappier—Young entropy characterization of SRB
measures for non-invertible maps, that if a C” map f of the interval or the circle has its
Lyapunov exponent greater than % log || f/|loc on a set A of positive Lebesgue measure, then it
admits hyperbolic ergodic invariant measures that are absolutely continuous with respect to the
Lebesgue measure. We also show that the basins of these measures cover A Lebesgue-almost
everywhere.

Riésumic (Mesures invariantes absolument continues hyperboliques pour les applications unidi-
mensionnelles de classe C™)

Pour r > 1, nous montrons, en utilisant la caractérisation entropique de Ledrappier-Young
des mesures SRB pour les applications non inversibles, que si f est une application C” de
Pintervalle ou du cercle dont I’exposant de Lyapunov est strictement supérieur a %log 1]l oo
sur un ensemble A de mesure de Lebesgue positive, alors elle admet au moins une mesure
invariante ergodique hyperbolique qui est absolument continue par rapport a la mesure de
Lebesgue. Nous montrons également que les bassins de ces mesures recouvrent A Lebesgue-
presque partout.
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1. InTRODUCTION

In this work, we study the long-term behavior of discrete-time dynamical systems.
More precisely, we consider maps f : X — X where X is the phase space, and we
define the orbit of a point = in X as the sequence obtained by iterating f starting

MATHEMATICAL SUBJECT CLASSIFICATION (2020). 37D25, 37C40, 37E05, 37TE10.
Keyworps. — Dynamical systems, SRB measures, Yomdin theory, entropy, Lyapunov exponent.
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1420 A. DELPLANQUE

from x. We are interested in the asymptotic distribution of these orbits, for example
by identifying attractors, their structure, and the set of points that are attracted to
them. Formally, we consider the notion of empirical measure: for a positive integer n
and a point z in X, we define p := %Zz;é dpr(z), Where dpr(,) is the Dirac at
f¥(x) and f* is the k-th iterate of f. Therefore, the asymptotic behavior of the sys-
tem can be understood by studying the limits of the sequence (u%), as n goes to
infinity. By duality, if p is an f-invariant Borel probability measure on X, we define
the basin of p, denoted by B(u), as the set of points x such that (u),
to p for the weak-x topology. When X is a smooth Riemannian manifold, one can
define a Lebesgue measure on X and search for measures whose basin has positive

converges

Lebesgue measure. They are called physical measures and describe the asymptotic
dynamics of a visible part of the space. As a consequence of Birkhoff’s ergodic the-
orem, f-invariant ergodic probability measures that are absolutely continuous with
respect to the Lebesgue measure are physical measures. Our goal here is to study, for
smooth one-dimensional dynamics, the existence of absolutely continuous probability
measures of positive entropy and to understand their basins.

For one-dimensional dynamics, the existence of such measures has been studied
since the 1970s, by Jakobson for example, for the quadratic family [12] and for near-
quadratic families [13], and by Collet and Eckmann [11] for more general unimodal
maps. As for multimodal maps, some hyperbolicity assumption was usually made,
such as in the results of Keller [14] and Ledrappier [15], which we will discuss later
in the introduction. Regarding higher-dimensional dynamics, the notion of SRB mea-
sures generalizes what absolutely continuous probability measures represent for one-
dimensional systems. These measures first appeared in the works of Sinai [27], Ruelle
[26, 24] and Bowen [2] who showed their existence for uniformly hyperbolic diffeo-
morphisms. The aim has then been to weaken the hyperbolicity assumption, both in
dimension one and in higher dimension. To do so, we use the notion of Lyapunov expo-
nent, which we only define when X = I is one-dimensional: for x € I, the Lyapunov
exponent of f at x is

x(x) = limsup ~ log (/") (x).
n—+oco N
Therefore, weakening the hyperbolicity assumption is well illustrated by Viana’s con-
jecture [28]:

VIANA'S CONJECTURE. If a smooth map has only non-zero Lyapunov exponents at
Lebesgue almost every point, then it admits some SRB measure.

We present some previous results in this direction. For one-dimensional dynamics,
and priorly to the conjecture, Keller [14] proved the existence of absolutely continuous
measures for multimodal maps with negative Schwarzian derivative and with positive
Lyapunov exponent on a set of positive Lebesgue measure. Another similar result
is that of Ledrappier [15] where he showed that such measures exist for C? maps
satisfying the following conditions:

JEP — M., 2026, tome 13
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(i) Non-degenerate critical points: there are finitely many critical points, all of
finite multiplicity.

(ii) Hyperbolicity: on a set of positive Lebesgue measure, the Lyapunov exponent
is positive.

(iii) Regularity assumption on the Lyapunov exponents: on this set of positive
Lebesgue measure, the lim sup defining the exponent is a limit and the orbits’ distri-
butions converge to an ergodic measure.

The proof of Ledrappier uses an entropy characterization of absolutely continuous
measures: among the ergodic measures of positive entropy, the absolutely continuous
ones are exactly those who satisfy the entropy formula h(u) = [log|f’|du. As for
higher-dimensional dynamics, the existence of SRB measures has been shown un-
der similar though weaker conditions by Alves, Bonatti and Viana [1]. Moreover,
their proof relies on a geometric study of the probability density with respect to the
Lebesgue measure of the empirical measures rather than on the Ledrappier—Young
entropy characterization [16, 17]. They also prove that the basins of these SRB mea-
sures cover Lebesgue-almost everywhere the set of points with non-uniform expansion
and slow recurrence to the singularities. In the case of weakly expanding maps, Pin-
heiro showed in [21, 22] that we can define weak expansion with a limsup rather than
a liminf, making the hypothesis weaker than in [1], but still obtain the same result.

In this work we deal with interval or circle maps and we only assume some hyper-
bolicity and regularity of the map. Hence, the dynamics is free to display flat critical
points and infinitely many monotone branches.

We now introduce the required definitions and notations to state our result. For
x € R, we denote by |x| the largest integer less than or equal to z. Let I be the
interval [0, 1] or the circle S' and f: I — I be a C" map where r > 1. Here, r does
not need to be an integer, so f being a C” map means that it is C1") and that dl™! f,
the |r]-th order derivative of f, is Holder continuous with exponent r — ||, and we
denote the Holder constant by ||d" f||s. We also define

: 1 + n\/ + !
= — <
R =t~ logh (") lle < log™ 1l
where || - || is the supremum norm and log™ (z) = max(0,log(z)) for > 0. Lastly,
we say that an f-invariant probability u is hyperbolic if, for py-almost every x, we have
x(z) > 0.

Taeorem 1. — Let f: I — I be a C" map with r > 1. There are countably many hy-
perbolic ergodic f-invariant measures (p;) that are absolutely continuous with respect
to the Lebesgue measure and such that:

— Lebesgue-almost every x € I such that x(xz) > R(f)/r is in some B(u;) and

(1/nlog|(f™) (x)]),, converges to x(z) = x (1),
— forany >0, the set {x>R(f)/r + &} is covered by finitely many of these basins,
up to a set of zero Lebesgue measure.

JIP — M., 2026, tome 13



1422 A. DELPLANQUE

In particular, for any § > 0, there are finitely many ergodic absolutely continuous
measures with entropy larger than R(f)/r + 4.

For smooth interval maps, we get the following corollaries:

Cororrary 2. — Let f: I — I be a C™ map. Then [ admits an absolutely continuous
hyperbolic measure if and only if Leb(x > 0) > 0.

COROLLARY 3. Let f: I — 1 be a C™ map. If there exists § > 0 such that x > §
Lebesgue-almost everywhere, then there are finitely many physical measures whose
basins cover I Lebesque-almost everywhere. Furthermore, these physical measures are
hyperbolic ergodic and absolutely continuous.

Furthermore, regarding the finiteness statement in Theorem 1, we explicit a bound
on the number of measures. Such bounds are not known for surface diffeomorphisms,
where Buzzi, Crovisier and Sarig’s methods [10] only provide finiteness of SRB mea-
sures. Moreover, in the case where f is analytic, the bound we obtain has a simple
expression (see Remark 7.6). For the following statement, we introduce an additional
notation: if f is a C™ map, then || f’||,—1 denotes maxye[1, |, juir} |d* flloc Where d* f
is the k-th order derivative of f.

Prorosrtion 4. Let f: I — 1 beaC" map withr > 1. There exists a constant C,
such that, for any d > 0, the number of hyperbolic ergodic f-invariant absolutely con-
tinuous measures whose basin intersects {x > log || f'||co /7 + 0} with positive Lebesgue

measure is less than (log ||f’||oo/(5)(CT tog I llr—1)/3

We mention that if we also assume f to be transitive in the previous statements,
then there is at most one hyperbolic absolutely continuous measure. In particular,
whenever such a measure exists, it is unique. We further explain this fact in Re-
mark 7.7.

We also mention that the bound R(f)/r in Theorem 1 is sharp. In [3, App. A],
there is, for any r € Z*, an example of a C” map f of the interval for which there
exists some set ¥ C [ satisfying

— Leb(FE) > 0,

—for x € E, x(x) = R(f)/r,

— F is in the basin of the Dirac measure at some fixed point of f.

Hence, for such an f, if a < R(f)/r, then the set {x > a} is of positive Lebesgue
measure but is not covered by basins of absolutely continuous measures.

Let us now explain our strategy to prove Theorem 1 and present the organization
of the paper. The proof relies on a reparametrization lemma, stated in Section 2,
which allows us to precisely control the local dynamics. Such lemmas were introduced
by Yomdin [29] to prove Shub’s entropy conjecture for C° systems. The reparame-
trization lemma that we use is an adaptation of Burguet’s one from [5], which he used
to prove the following result, regarding SRB measures for smooth surface diffeomor-
phisms:

JEP — M., 2026, tome 13
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Turorem (Burguet, [5]). Let f : M — M be a C" surface diffeomorphism, where
R > r > 1. There are countably many ergodic SRB measures (u;)icr with A :=
{[ xdu;,i € I} C (R(f)/r,+00), such that we have:

—{x > R(f)/r} = {x € A} Lebesgue-almost everywhere,
— For all A € A, we have Lebesgue-a.e. {x = A} C Ui,x(/u):\ Bps)-

For C*° surface diffeomorphisms, part of this result has also been obtained by
Buzzi, Crovisier and Sarig [8].

Then, the idea is to use an entropy characterization of absolutely continuous mea-
sures. It is a version of Ledrappier—Young’s entropy characterization [16, 17] for en-
domorphisms, the precise statement for one-dimensional systems is given by Theo-
rem 7.1 (corresponding to [23, Th. VIL.1.1]). Hence, our goal is to build a hyperbolic
measure £ satisfying the entropy formula h(n) = [log|f’| du. In Section 5, we define
a measure p as a limit of "partial” empirical measures: instead of averaging the Dirac
measures d gx,, over all k in [0,n—1], we only average over points of the orbit where the
dynamic shows some expanding behavior, such k’s are called geometric times (intro-
duced in [5] and inspired by hyperbolic times [1]). We will use this expansion to prove
that p is hyperbolic. We define geometric times in Section 3, where we also show that
they happen with positive density on a set of positive Lebesgue measure — we use the
bound R(f)/r to do so. We then show in Section 4 that geometric times are in fact
hyperbolic times, in the sense of [1]. A straightforward but important consequence
is that if a point has an imminent geometric time, then it cannot be too close to a
critical point. In other words, our limit measure p will avoid places where f’ is too
close to zero.

We explain how we estimate the entropy of u. We first point out that our sequence
of empirical measures is of the form (u}!),, where M is a parameter controlling the
distance to geometric times — as M grows, we allow the k’s in the definition of p2/
to get further from geometric times. We then estimate the entropy of the empirical
measures p for some well-chosen countably infinite partition (Section 6) and show in
Section 7.1 that letting n and M go to infinity gives entropy estimates for u. We build
this partition by dividing I into monotone branches and regions where log | f’| is fixed.
The fact that log|f’| is not bounded and that f may have infinitely many monotone
branches explains why this partition is countably infinite. The question of how to
choose such a partition already arose when dealing with surface diffeomorphisms [5],
but for one-dimensional dynamics, being able to use monotone branches makes the
proof more efficient as it is very suitable with regard to the reparametrization lemma
(see Lemma 6.11). Since the chosen partition is infinite in our case, we must first
show that it has finite entropy for the limit measure p (Section 6.2). To prove this,
we use an argument from Mafié’s proof of the Pesin’s entropy formula [18], where he
shows that if the diameter of a partition is integrable with respect to some f-invariant
measure, then this partition has finite entropy for that measure. The fact that our
partition has finite entropy will then follow from the integrability of log|f’| with
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1424 A. DELPLANQUE

respect to p. The proof of the entropy estimate for u? is then based on a Gibbs
inequality for this specific partition (Section 6.3). In Section 7.1, we put together all
of the previous results to prove the entropy formula and the absolute continuity of .
We eventually prove in Section 7.2 that the union of the basins of such measures covers
{z € T| x(x) > R(f)/r} Lebesgue-almost everywhere. We also prove the finiteness
of such measures whose Lyapunov exponent is larger than some b > R(f)/r, and we
prove the bound on the number of measures as stated in Proposition 4.

2. REPARAJ\'lETRlZATlON LEMMA

We start by explaining the concept of a reparametrization lemma. The approach
was introduced by Yomdin in [29], and is thus also called Yomdin’s theory. The idea is
to divide the space I into many small dynamically bounded pieces, all the while having
an estimate of the number of pieces. Formally, we will look for reparametrizations
¢ : [—1,1] — I such that the derivatives of f o ¢ of all orders are small. With these
notations, the image of ¢ is one of these small pieces. In the end, we study the dynamics
of f through these reparametrizations, allowing for a symbolic interpretation of the
dynamic.

2.1. BOUNDED REPARAMETRIZATIONS. Let » > 1 and denote by [1,7] the set
[1, [r]]U{r}. In the case where I =S!, we fix an arbitrary point Os: € S'. We will say
that a map o : [—1,1] — I is a reparametrization if it is a C™ map whose derivative
does not vanish and if, when I = S!, we have:

071 ({0s1}) is either —1, 1 or empty.

This last condition ensures the injectivity of o. We give more details about this in
Section 2.3. We denote its image by 0. = o([—1, 1]).

Derintrion 2.1 (Bounded reparametrization). A reparametrization o is said to be
bounded if

1

max ||d® < =o' so-

max 0] < Gl

Then, for £ > 0, it is said to be e-bounded if it also satisfies
lo']lo < e

Moreover, we say it is (n,e)-bounded for f : I — I if we have

Vk € [0,n], f* oo is e-bounded.

The important property satisfied by bounded reparametrizations is the following
control of the distortion:

Lemma 2.2 (Distortion inequality). — If o is a bounded reparametrization, then we
have
lo’(t)] _ 3
Vt,s e [—1,1 < —.
) [ Y ]7 |0'/(S)| 2

JE.P — M., 2026, tome 13
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Proof. — Consider s € [—1,1] such that |0’ (s9)| = ||¢’||co. By noting = min(2,r),
we get
0/(5) ~ o/ (0] < Is — sol” 1" o]l < 250" (s0)].
This leads to
0/()] > lo'(s0)] ~ 10’ (s0) = 0" ()] > 210’ (s0),

which gives

lo'®)] _ [o’(s0)l _ 3
< < = ]
o/ (s)] ~ fo'(s)] T 2
We now state a lemma about bounded reparametrizations that we will use in the
next section.

Levwa 2.3 ([5, Lem. 6]). — Let v : [-1,1] — I be a bounded reparametrization sat-
isfying ||V'|l«c = €. Then there exists a finite family of affine maps (¢v; = [—1,1] —
[—1,1])jer, where L is of the form LU L and such that:

(i) for any j € L, the map v o ¢; is an e-bounded reparametrization and
1(v045) (0)I] = /6,

() (1,1 = (Ujep 5s=11) U (Usez s ([-3.31)),
(iif) #L <2 and #L < 6(|['[lo/ + 1),
(iv) for x € 7., we have #{j € L | (yo¢j)« N B(z,¢) # @} < 100.

2.2. REPARAMETRIZATION LEMMA. We first introduce some more notations. We let
C=Crit(f) ={x e I] f'(z) =0}, and for any n € ZT = [1, +o0o[, we let
C, =Crit(f*) and Cp= | €.
neZt

For z € I ~ Cy, and n € Z*, if ¢ is an iterate of f, we let

king(2) = [log™ |g' (9" (2))I] € [0,10g 19" [l
ki g(2) = Llog™ g’ (9"~ (2))I] >0,

where log™ (o) = —min(0,log(a)) > 0 for @ > 0. Lastly, for k, k" € (Z$)", where
Z§ =7+ U {0}, we let

Hy(k, k') = {z €I | kig(z) = ki and ki ,(x) = kj for any i € [1,n] }.

Let us explain the purpose of these notations. Consider the orbit of a point x € I
under g. When ¢’z is close to a critical point, meaning that k§+17g is large, then the
derivative |¢'| at g'z may be small compared to higher-order derivatives. However,
to obtain bounded reparametrizations, we want to make the higher-order derivatives
small compared to |g'|. The first step is to work at a scale e where higher-order
derivatives are small compared to 1. Then, remarkably, it suffices to make only the
r-th order derivative small compared to |g’|. This yields an upper bound on the number
of reparametrizations of max (1,1/]¢g/)"/ ™Y = exp (kity,/(r—1)).

JIP — M., 2026, tome 13



1426 A. DELPLANQUE

Furthermore, similarly to Burguet’s reparametrization lemma from [5], our repa-
rametrization lemma will be global in space, but local in terms of values of the log of
the derivative. More precisely, we will not reparametrize o, completely, but only the
intersection of o, with Hy(k, k'), for any k, &’

Let us now explain the idea of the proof of the reparametrization lemma. We start
with an e-bounded reparametrization o. Fix ki, k] € ZS’ , and divide the intersec-
tion o, N Hy(k1,k}) into many pieces so that g composed with the corresponding
reparametrizations has bounded distortion. This gives a first family of reparametriza-
tions: if 0 is one of them, then gooof is a bounded reparametrization, and if it is in fact
e-bounded, then we repeat this construction on gooof. Otherwise, we use Lemma 2.3
to divide the set (o o ). once more, then we repeat the previous construction. This
process is illustrated in Figure 1.

Yomdin for the Yomdin for the
first iterate p second iterate p
PR PN ™ — A P
— A
Ox (eri‘)* (gOUO(‘)il)* (goo’ogiz)*

Iicure 1. Iterating Yomdin’s division process to bound the distortion
of iterates of g

For k = (ki1,...,kn) and k' = (k},...,k],), we iterate the above construction n

ERAL7)
times. We represent the reparametrizations we obtain by a rooted tree (see Figure 2).
We denote by ‘Ty(Lk’k,) the n-th level of this tree, so that the associated reparametriza-
tions cover o~ 3, (k, k). As for notations, if i" is a vertex of ‘J}(lk’k/), we denote by 6;n
the associated reparametrization. For ¢ < n, we denote by ij the parent of i" at
level ¢.

We label every vertex in TEE) with (kn, kL), then we denote by T, the union of
all ‘J}(,k’k/) for k, k' € (Zg ). Note that this tree may have unbounded degree, although
each ‘J'%k’k/) has bounded degree (see Lemma 2.4(5)). Lastly, we say that each vertex
i"™ € T, is of one of two types: either i” € T, for the ones obtained when applying
Lemma 2.3 and " € T, for the others. We consider that the vertices obtained when
applying Lemma 2.3 are the ones where we see expansion.

Levva 2.4 (Reparametrization lemma). — For p € Z*, there exists € > 0 such that,
for any e-bounded reparametrization o : [—1,1] = I, we have a tree T as above and
affine maps (O : [—1,1] = [=1,1])ineg, such that for any n:

(1) for any i™ € T,,, the reparametrization o o 0;n is (n,e)-bounded for g = fP,

(2) for any i" € T,, the affine map O;n is of the form 0;n o @in where @in is
an affine contraction of rate smaller than 1/100, and when i'_, € T,_1, we have
0in([~1,1]) C Opn_ ([~1/3,1/3]),

JE.P — M., 2026, tome 13
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00 B;n 7;5’”"')

VVY N

: : a0 O g kuha) (k5 42))
. g o 01111 ﬂ(lﬁ,ki)

g

Iicure 2. A tree where children of a node o o8 are of the form cgofoy
where ¢ is an affine contraction

(3) for any i™ € T,,, we have |(g" o 00;x)'(0)| > ¢/6,

1427

(4) for any k™, k'™ € (Zg)", the set o= 1H (k™ k™) is contained in the following

union

U  n(-1/3 1/3])> U< U 91‘"([_1’1D>

i"€T, s. L. i"€Ty st

k(')(i"):k(')" k(')(i”):k(')"

each set of these unions having non empty intersection with o_lﬂfg(k”, k™),
(5) for it € T,,_1 and k!, € Zg, we have

#{i" € T, | e i, and K, (i") = kI,} < C, log Hg’”wemax(logHg’\loo,k;,/(rfl)x
<

B{im € Ty | "N = iy and k(") = K}
(6) INCp= Uk",k/"E(Zar)" Ho (k" E™).

C, log ||/ [|sce®n/ D),

Proof. — Let ' = min(2,r) and fix e > 0 satisfying

, 1
2e)" -1 < -
@) < gl

For z € I, let g3, : t € [—1,1] — g(z + 2¢t) € I. We first show the following
Ve el, Vs L], [ld°(g2.) o < 3emax(L,]g'(x)]).
When s € (1,7], we have s > ', so
|@° (95.) ()] = (22)°|d°g (@ + 2¢t)| < (26)" [|g/[lr—1 < 26 x 1/2,

And if s =1, then

| (95.)" ()] = 2¢lg’ (z + 2¢t)| < 2¢ (|g' (2 + 2¢t) — ¢'(2)| + |9/ (2)])

< 2ef2et]” | g0 + 21’ ()]

< 3emax(l,|¢'(z)]).

JILP — M., 2026, tome 13



1428 A. DELPLANQUE

Then, we proceed by induction on n. If n = 0, we let Ty = To = {i°} and 6,0 =
id[_1,1j. Then assume that we’ve built the tree T up to level n, we build level n + 1.
Let i" € T, and let

1 Y0 T
é\in _ Hzn (g) if i" € 77“
O if i € Ty

Let v =g" o0 o0 @-n and k, k' € Z§ . By following the proof of the reparametrization
lemma from [5], we obtain a family © of affine maps from [—1, 1] to itself such that

(i) w71 ({x €l kl,y(x) =k, k/l,g(x) = kl}) < UGe@ 0([-1,1]),

(ii) for any 6 € ©, go ) o 0 is a bounded reparametrization,

(iti) for any 0 € ©, ||§']|oe < e F/(=1),

(iv) #6 < C,e¥'/"=1)  where C, depends only on 7.

In fact, for item (ii) when I = S!, we mention that the proof from [5] does not
give that (g o o0)~1({0g1}) is either —1, 1 or empty, which is required from our
definition of reparametrization. To obtain it, observe that the choice of € and the fact
that ||¢']|ec < € imply that goto6([—1,1]) has a length of at most 1/2. We conclude
by making an additional division, which multiplies the constant C,. in item (iv) by 2.

Then let 8 € ©. If g o9 o @ is e-bounded, then we take 6;n+1 = 92 of and
"t € T,41, and label it (kny1, k], ). Otherwise, we reparametrize once more by
applying Lemma 2.3 to g o ¥ o 6 and we let Ont1 = 51-” ofou for £ € L. We let
"t € Tpiq (vesp. Tppq) for £ € L (vesp. L), and label it (kni1, Ky q)-

Ttems (1) to (4) and (6) are direct consequences of the construction. For (5), we start
with reparametrizations in T, y1:

#{"H € T |7 =it and k;erl(in-H) =Ky}

< Z #@(kn+17 ;L-i-l) X #f
knt1€[0,log 19’ [l oo ]]

Z Ol /r=1) o G(M + 1)
kn+1€[0,log |19’ [l oo ]] c

S o« ek'/(r_n(Hg’||oo||¢'||oo||9'||oo +1)
En+1€[0,log [lg' [l I1 ©

Cr(elog”g,“‘x’ + ek,/(r_l)) [|%']|c0 < € and (iii))

knt+1€[0,log 19’ [l ]1

< O, log ||g'[|eoe™x (08118 lloo b1/ (r=1))

N

N

N

The upper bound on #7,,41 is even more direct since #L < 2. O

2.3. THE CASE OF CIRCLE MAPS. A first technical remark is that when computing
derivatives of circle maps, one should take care of the tangent bundle. However, we do
all the computations as for interval maps, which does not change the arguments.

A more important difference relates to monotonicity. For interval maps, if we have
some subinterval where f’ does not vanish, then f is injective on this subinterval, but
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this is not true for circle maps. With this in mind, we fix an arbitrary point Og1 in S!
and define monotone branches as follows:

DeriNiTion 2.5 (Monotone branches). — The monotone branches of f are the sets of
the form [a, b) where (a,b) is a connected component of the set:

{zel|f'(z)#0and f(z) #0s1} if I is the circle,
or {zxellf(x)+#0} if T is the interval.

The main consequence of this definition is Lemma 6.11: if o is an (n, €)-bounded
reparametrization for f, then it is contained in the closure of a monotone branch
of f.

?). POS[TIVE DENSITY OF GEOMETRIC TIMES

We start by defining geometric times. Let p € Z* and let ¢ = fP. In Proposition 3.1,
we will choose p large. Let € > 0 be such that Lemma 2.4 applies to g. Let o be an
e-bounded reparametrization and x € o,. Let

Ey(z) :={m e Z{ | 3™ € Ty, K'(i") = k""" (x), x € 0 0 0;m ([-1/3,1/3])}.

As in [5], elements of this set will be called geometric times. The idea is that if n is a
geometric time for x, then there is some small neighborhood of z such that:

(i) For the first n iterates of g, we have bounded distortion on this neighborhood,
(ii) The size of this neighborhood decreases exponentially in n, while the size of
its image by ¢" is uniformly bounded from below.

We now define several notions of density. First, we define the upper density of a

subset E of Z$ by
d(FE) = limsup l#E N0, nJ.
n—+4oo T

Before taking the limit, we let for any n € Z*

d,(E) = %#E A [0, n[.
We also define the density along a specific integer sequence 7 by

” .

d’(E) = ﬂa}Lgn+m dn(E).

We now explain how the bound R(f)/r in Theorem 1 will force positive upper
density of E,(z). It is related to the growth rate of the number of pieces we get when
we follow the reparametrization scheme. Let us recall that there are two types of
reparametrizations, as explained in the last paragraph before stating Lemma 2.4:

— The ones in 7, that directly gave (n,e)-bounded reparametrizations for g = f?.
Their number has an exponential growth rate given by &'/(r — 1) (where k' is some
K o(@). B

— The ones in 7, that required an additional division to be (n,e)-bounded. These
are the ones that see the expansion of the system, and their exponential growth rate
is given by max(k’/(r — 1),1og ||¢’|lc0)-
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So, if the number of pieces has an exponential growth rate larger than k'/(r — 1),
then the second type has to appear often enough. This is achieved if the system is
expanding enough, and we will see that a Lyapunov exponent larger than R(f)/r on a
set of positive Lebesgue measure exactly corresponds to this large enough expansion.

Prorosition 3.1. — For b > R(f)/r, there exist py and B > 0 such that the following
property holds. For any p > po, there exists € = €, > 0 such that, if o is an e-bounded
reparametrization, then

hmsup logLeb ({z € 0 | d|n/p) (Ep(z)) < B and |(f")'(z)| = €"}) < 0.

n—-+o0o

Proof. Let p € Z*. Let € := ¢, > 0 be given by Lemma 2.4 for g = f?. Let 8 > 0
be a quantity that we will determine at the end of the proof. Let ¢ be an e-bounded
reparametrization. We start with the case where n = mp. Consider the tree given by
Lemma 2.4 up to level m. Take z € o, such that

din(Bp(z)) < B and |(f")' ()] = €.

and let (Kf,..., k) = (i (x),...,kl,(z)). By Lemma 2.4(4), we have some i € T,
such that

K™ @@™) = (ki,...,k,) and z € (cob;im),.

These k. satisfy the following inequality

m

Z k™) =Y k()

m—

<Y llogllg'llse) — loglg'(g'2)]

1=0
< mlog||(f7) loc +m —log|(f")' (z)]
<m (log[|(f") |l +1 = pb).

Now, for S € R, we have the following general statement

m m(S + 1) mlo m
() #{ (Ko k) € (Z5)™ | ST K < S}g( i )ge log(S+1)+m
We will hence choose S = log ||(f7)’||oc +1—pb. Then, consider the following inequality
Leb ({ € 0. | dm(Ey()) < 8 and |(f") (z)] > €™})
< X Z Leb((0 0 0 ). N {I(f")'] = €™}).
(k;)ieﬂl,m]] s.t. i €T, st
Sk <mS K (Em) = (k)

and #{k€[L,m][iT" €Ty }<mp
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Since g™ is injective on the image of the (m,e)-bounded reparametrization o o 0;m,
the change of variable formula (Lemma 6.9) gives

Leb((o 0 0im). N{|(f")'| > €"*})

<

X

-1
inf g™y ) Leb((g™ 00 0 0;im).).
<(009m)*ﬂ{|(f")'|26""} ™)l (( )+)

Furthermore, the reparametrization g™ o ¢ o ;= is e-bounded, so
Leb((o 0 0im ). N {|(f™)'| = e™}) < 2ee™ ™.

Then, for each (™ € T, and k € [1,m], we consider the vertices i}" in Tj, i.e., the
parents of ", and we denote by j the number of k € [1,m] such that }* € Tk Hence,
Lemma 2.4(5) gives

Leb ({z € 04 | dn(Ep(z)) < B and |(f") (z)| = e"*})

mpB
<2 YN Gl el )

(k) ieqi,my st. 3=0 1<i1<--<ij<m s=1
Sk <ms e
X H Crlog ||g'[|sc€®s/ 1)
se[l,m]~{é1,...,i5}
< 28€_nb % 6mlog(S-{-l)-{-rn W 9™ % C;ﬂ (log”gI”oo)m emS/(r—l) % ||fl||;;<>’<6m
(%)

Note that S/p — R(f) — b, therefore
p—+o0

limsup  logLebo, ({ € 0 | du(E,(x)) < 8 and |(f)(2)] = ¢™})

pZt3n—s4o00 T
Llos(S 1) 41 log(2Cplos |f'])

S ,
+ + Blog || f'llco

s p P p(r—1)
= b = (R() ~b) + Blog|f e + o)

R
= (D) g+ o ()

Since R(f)/r — b < 0, this concludes the case n = mp.
For the general case, write n = mp + s with s € [0,p — 1]. We let n’ = mp and
show that the previous argument still works. Let « € o, be such that

din(Bp(z)) < B and |(f") ()] = €.

Then

n\/
|(f/)(.’b)| > /]'penb> /]'penb
1115 1115 11115

Previous computations for n’ lead to an upper bound on the Lebesgue measure for n

(™) (@) = [(F*F) ()] =

and we would reach the same conclusion. O

JILP — M., 2026, tome 13



1432 A. DELPLANQUE

4. GEOMETRIC TIMES ARE HYPERBOLIC TIMES

In this section, we show some useful properties of geometric times that emphasize
the relationship between geometric and hyperbolic times, as defined by Alves, Bonatti
and Viana [1].

We first introduce some notations that we will use throughout the rest of the paper.
For E C Z§ and M,n € Z7, we let

By = U [k
n>k{cE
|k—el<M

Then, for m € ZS’ , we define the set EM™ as follows: consider the connected
components of EM and write EM = L;las, b;[, we let

Eptm = laj, ¢
J

where c; is the largest element of E such that c; < b; —m+ 1. In particular, note that
EM:1 = EM Note as well that for n and m fixed, the set E2™ is non-decreasing in
M. Indeed, consider the set Eﬁ”m where we only removed the last m — 1 elements
of each connected component of EM. Hence, for M < M’, the inclusion EM ¢ EM’
gives E‘% moC Eflw ™ Then, to build EMm | we removed more and more elements
at the end of each connected component of Eﬁ/[ ™ until we reached an element of E.
Since Ef‘[[m C E,]l”/’m, the element of E that we reach in E%/7m cannot come after
the one in E,]lw’m, which gives EM™ C Eﬁ/[,’m.

Let us explain these notations. By Lemma 4.2, we have a uniform bound for log |¢'|
at times of EM. Then, we define a measure p"™ by pushing forward the Lebesgue
measure along times of EM ™. By letting n, M, m go to infinity, we obtain a measure .
We want to compare hy(p, P) (the entropy of g for 11 and for some partition P) to the
Lyapunov exponent of p.

The first step (done in Section 6) is to relate the Lyapunov exponent of u2™ to
o H prm (P™), where Hy(R) denotes the entropy of a partition R for a measure A,
defined as ) i —A(R)log A(R), and where P™ = \/ZZO1 g k.

The second step (done in Section 7) is to show that %Hﬂi\fﬂn (P™) converges to
hg(p, P) when n, M, m go to infinity. For this second step, we will see that the choice
of the partition P requires us to bound log|¢’| at times of EM™ + [0,m — 1]. The
trick is that this set is contained in EM | so the estimates from Lemma 4.2 hold.

This was not required for surface diffeomorphisms in [5], since log ||dg|| is uniformly
bounded.

We let OF = EA(E + 1) where A is the symmetric difference. We now prove some
general properties of these sets.

Levmwva 4.1, For M,n,m € ZS‘, the set EM™ satisfies:
(i) OEMm™ C E,
(ii) limsup,, , 4o dn(OEM™) < 2/M,
(iii) M #OEM™/2 <n+ M,
(iv) for M' > M, #(EM'm  EM:m) > M (#EM-m — 4yEM' m) /2,
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Proof. — To prove (i), note that the set EM™ is a union of intervals [k, [ whose
boundary {k, ¢} lies in E and that for any A, B C ZZ, we have (AU B) C AU OB.

Then, (ii) follows from (iii), so we only prove (iii) and (iv). We illustrate the idea
of the proof in Figure 3.

ng’,m
_ _ L [
C L
E;lw,m
_ _ E [ _[ [ _ [ [ _ _ _
C L C L C L
_ N _
>M >M >m

Ficure 3. A visualization of the sets EM™ and EM'm

Proofof (iii). For each connected component [k, /] of EM™  consider the interval
[¢, ¢+ M| contained in [0, n+M[. This gives #9EM-™ /2 disjoint intervals of length M
inside [0,n + M].

Proof of (iv). — Since EM™ < EM'™  we have that each connected component
[k, €] of EM-™ is contained in a connected component [a, b[ of EM" ™ 1f [k, ¢] is not
the last component in [a,b[, then the set [¢,¢ 4+ M[ is contained in EM ™ ~ EM:m
This gives at least (#OEM™ — #9EM' ™) /2 disjoint intervals of length M inside
EM'm  pMm, O

In what follows, E will be the set of geometric times of some point. Let p € Z*.
Let ¢ :== g, > 0 be given by Lemma 2.4 for ¢ = fP. Let 0 be an e-bounded repa-
rametrization. For x € o., n,M,m € Z$, we let EM™(z) = (E,(z))M™, and we
let EM™(x) be the non-decreasing limit in n of EM™(z). Note that we may have
EMm(z) N [0,n] # EM™(z), although these sets are equal up to the last 2M + m
elements.

In the next statement, the term ”log 10” will only be of use to prove that the
Lyapunov exponent of g is strictly positive p-almost everywhere (Proposition 5.4).

Lemvia 4.2, — Forx € o,,n, M, m € Zar, we have the following properties:
(i) for k <€ and ¢ € E(x), we have

log |(g“~ %) (g*z)| = (¢ — k)log 10 > 0,
(ii) if [a,b[ is a connected component of EM™(x), then
log [(9"~%)'(9"x)| = (b — a)log 10 > 0,
(iii) for [k,¢[C EM™(x), we have
log|(g“ ™) (¢"x)| = (¢ = k)1og 10 — M log ||g e = —M l0g [|g[|oc-
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Proofof (i). By definition of E(z), we may write x = 00 0;¢(t) with 0;c = 0;x 0p;¢

k

and i € T, (i.e., the branch of T, that ends at i* passes through some ¥, and we

denote by Pt the contraction that goes from i* to i*). We hence have
[(g")' ()] _ (g 07 08:)(t)]

[(g")' @) [(gF oo 00) (i ()] x [(¢se)(T)]
(9" 000 6;)'(0)]
€
2 1

Z 36
> 10*

(9“7 (g"2)| =

100°"%  [Lemma 2.4(1), (2)]

5 2
”3

~100"%  [Lemma 2.4(3)]

Proofof (ii). — From Lemma 4.1(i), we have dEM™(z) C E(z), so we apply (i).

Proofof (iii). — Let b be the first element of E(z) that is larger than or equal to /.
By definition of EX™(z), we have |b — ¢| < M. Therefore, we get

log |(g* gwl—(Z Z)loglg (g'z)|

ie[k,b[  i€[e,b]
> (b—k)log 10 — Mlog ||¢/[|oc

i

—
=

> (0 —k)log 10 — M log ||¢' | =

5. THE EMPIRICAL MEASURE

We may assume that the set A := {x > R(f)/r} is of positive Lebesgue measure.
By taking a subset of A, still of positive Lebesgue measure, we may assume that we
have some b > R(f)/r such that

Vee A, x(z) >0

Now fix p = pg, 8 > 0 and € > 0 given by Proposition 3.1, and fix ¢ an e-bounded
reparametrization such that Leb(ANo,) > 0. Let E(zx) = E,(z) for z € 0. N A
and g = fP. From Proposition 3.1, one can take a subset of A of positive Lebesgue
measure and assume that for n large enough

Ve e Ano., |(g")(z)] =" = d,(E(z)) > B.

We will use the notation EM™(z) defined in the previous section, for M,n,m € Zg.
Lastly, if J is a subset of I, we will denote by Leb; the normalized Lebesgue measure
on J, i.e., Leb;(-) = Leb(- NJ)/Leb(J).

5] . DEFINITION OF THE EMPIRICAL MEASURE

Lemwva 5.1, There is a sequence of positive integers n and measurable sets (A, C
ANoy)nen such that

(i) LlogLeb(4,) — 0,

ONn—00
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(i) for m € Z§ and M large enough, then ([ d,(EM™(z))dLeba, (x))n con-

€n
verges to BM > B, where M 7 B which does not depend on m,
M —o0

(iii) for any m € Z limsup,,,_, o M [ d(OEM™(2)) dLeba, (z) M—+> 0,
— 400

(iv) define EM™ as the partition whose atoms are mazimal sets of positive
Leb 4, -measure where x — EM™(z) is constant. Then for any m € Zg we have
hm Supn9n~>+oo %HLCbAn (87114,777,) M:k)oo 0
Proof. — Forn € Z7 , define A,, = {x € ANo. | d,(E(x)) > B and |(g")(z)| > e"P*}.
Then let 7 be the sequence of integers in the set {n € Z{ | Leb(A,) > 1/n?}. Since
the Lyapunov exponent of f on A is larger than b, every point of A is in infinitely
many A,. By using Borel-Cantelli’s lemma, this implies that 7 is infinite.

Proofof (i). — Simply write logLeb(A,,) > —2logn for n € 7.

Proofof (ii). — Once we obtain the convergence in n, the fact that (8)),, is non-
decreasing comes from the fact that E)™(z) is non-decreasing in M. We first prove
the convergence in n. Using Cantor’s diagonal argument, we have convergence along
a subsequence of 7 independent of M, and we may assume that it is in fact along 7.
We prove that 32 > 3 and that the limit of (32/)s; does not depend on m after the
proof of item (iii), which only uses the convergence of (3M)y;.

Proofof (iii). — Let M < M' € Z,n € » and = € A,,. From Lemma 4.1, we obtain

EM,m , EM',m
2 Lemma 4.1(iv) 2
M'm M,m M
Lemma 4.1(iii) M

Dividing by n, we get
/ M M
Md, (DB} (@) < 2(dy (BN (@) = du( BN (@) + 17 + — ).
By integrating and letting n — 400, we get for any M < M’ € Z§
/ M
limsup M [ d,(OEM™(x))dLeba, (z) < Z(ﬁnj\ff —pM 4 —,)
73n—+00 M
We conclude by letting M’ — +oo then M — +oo and using the convergence in
item (ii).

Proofof (i), second part: — We prove that M > B for M large enough and that 3
does not depend on m. From the definition of A,,, we have
Vn€n, Ve € A, do(E(z)) > 5.

Then, we have the inequalities #EM (z) > #E(x) — (n+ M)/M and #EM™(z) >
#EM(2) — (m + M)#OEM (2)/2. Hence, for any M’ > M, the previous inequalities
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give

lim [ d,(EM™(x))dLeba, ()

nezn
EM
>limsup/dn(ETJlVI(x)) — (m—&-]\f)dn(a 2" (x))dLebAn(gc)
nen
) 1 1 (m+M)M M
>1 JE@) — — — =~ =T OE L
msup [ du(E(@) ~ 37— 5 — T (OB (2))dLeba, (2)
]. m—l—M ’ M M
D _ -
> 6 M M (ﬂl ! +M/)

Therefore, letting M ’ go to infinity, taking M large enough, and changing 3 to a

smaller one gives > (. To prove that 5°° does not depend on m, we note that for

TYL
any m < m’, we have

#OEY (x)

HEN™ (2) < #E (@) < #E (0) + (m! + M) T

Proofof (iv). Note that any E C Zg is uniquely determined by OF. Let FM™ =
max e, #OEM™ (1), so

FMm

Hiea, (€57™) <log #EN™ < log Z ( )

We then have

FM m FI\/I m

<0 ()
(e (3)

< F,ﬁ”vm(l +log2 + log L)
(%) R

Then Lemma 4.1(ii) concludes. O

For any n € 7 and M, m € Zg , we follow the approach from [9] and [6] and define
the empirical probability measure as follows:

. f ZiEEﬁ/I,m(x) 591‘:5 dLebAn (SL‘)
[#E)""(z) dLeba, (z)

,m .,

/~Ln

We will also use the following measure, which corresponds to ™ with a different

M .nﬁm/ Z §gmdLebA()

GEIVI m

normalization

M,1 M,1

We also let pM = pM1 and vM = v}
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5.2. CONVERGENCE OF THE EMPIRICAL MEASURE. To establish the convergence of
these measures, one may simply extract some subsequence that would converge in
the weak-* topology. However, the forthcoming arguments will require some stronger
type of convergence. More precisely, we will use the fact that v-™
in M to prove that (¥*™),  converges in total variation.

Yet, in the following, if we talk about convergence of measures without precising

is non-decreasing

the topology, it will always be in the weak-* topology.

Prorosition 5.2. By taking a subsequence of 72, we may assume that

(i) for any M,m € Z, (u2™),, and (vM™),, converge along 7,
(ii) for M,m € Zg , denote by p*™ and v*™ the respective limits from (i). Then
(™Y 5 and (VM) s both converge to a g-invariant Borel probability pi, which does
not depend on m,

(iii) for any Borel set B and m € Zg, v*™(B) 7 u(B).

M—o00

Proof. — Ttem (i) is a consequence of Cantor’s diagonal argument.

For item (ii), we first show that (™), converges. This will give the convergence

of (u™"™) s as one can apply Lemma 5.1(ii) to the following equality:

yMm fdn(EM’m(x))dLebAn () MM,m

n - BOO n
Then, the following inequality gives the convergence of (vM:)
. 5M’
v T RCY, VM < M, ’/wduM o [t < P B =B ...

Then, the inequality that we used to prove that 8°° does not depend on m in Lem-
ma 5.1(ii) gives for any ¢ : I — R continuous and any m < m':

‘/deA/I’m, _/deM,m < limsup H’L/)HOO
nezn 2BOO

So Lemma 5.1(iii) gives that the limit of (z™),; does not depend on m. Let p be
the limit of the sequence (u™)

(m’ + M) / d,(OEM (2)) dLeba.

- Since every pM™ is a Borel probability measure,
the limit p is a Borel probability. To prove g-invariance, we take M, m € Z(J{ and
n € 7 and note that for ¢) : I — R continuous, we have

’/wdg*u%m—/wdu%m‘

- == [ X va- 3 v i)

EM 7n I)Jrl Eﬁl,m(w)
< Wl e / #OEM™(2) dLeby, )

Therefore, by using Lemma 4.1(ii), we get that the above quantity goes to zero when n
then M go to infinity, which yields the g-invariance of u.
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For item (iii), we use that when n is fixed, then (™

2™ is a non-decreasing

sequence of measures. Since the convergence in n is in the weak-* topology, any non-
negative continuous function v : I — R satisfies

/ M = M) A () = / o
M—+o00

To go from non-negative continuous functions to characteristic functions, one can use

the outer regularity of the measures v*>™. O

5.3. PROPERTIES OF THE LIMIT MEASURE. Using Section 4, we show some properties
of the limit measure p built in the previous subsection. Let ¢, be the geometric
potential defined by

{1 — RU{—o0}
¢g: ,
x +— log|g’ ().

Prorosition 5.3. The function ¢4 is u-integrable.

Proof. — Since ¢g < log||g|lec, We only have to prove [ ¢, du < 400, where ¢ :=
—min(¢g,0). For k € Z7, let

¢gr =min(k, ¢, ) : I — Ry 7 ¢,

k——+oo

By monotone convergence and continuity of ¢4 1, we get

—_ T T . . M
/QSQ dM o k:gr};loo T / ¢g,k d/l o kgriloo Ml—l)rﬂoo nSl’rlLrgoo / d)g,k dﬂn

y i i S Xicma(z) bg.k(g') dLeba, (2)
= 1m 1m 1m
k—+o0o M—+00 23n—00 f #Efl\/[ (1') dLebAn (g;)

We then estimate the term inside the integral. For k € Z§, M € Z*, n € n and
x € A,, we have

Yo bgrlgie) < ). —min(0,¢y(g'w))
i€EM () i€BM ()

< Y (—oglg'x) +logllg )

1EEM (x)

< 0+ #E (2) loglg' -
Lemma 4.2(ii).

where we used Lemma 4.2(ii) on every connected component of EM (x). This then
leads to [ ¢, dp < log|lg'llee < +00. O

For z € I, we let x4(z) = limsup,_, . 1 log|(¢g")'(z)| be the Lyapunov exponent
of g at x.

ProrosiTion 5.4. We have x4 > 0 p-almost everywhere and [ ¢qdp = [ xgdp.
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Proof. — To prove that [ ¢psdu = [ x4dp, we use Birkhoff’s ergodic theorem for the
potential ¢, € L'(u). Then, to prove that Xg > 0 p-almost everywhere, we adapt
the proof of Lemma 6 from [4]. We will in fact prove that x, > log10 p-almost
everywhere. For m € Z;, we let oyt = Zke[[o,mfll] ¢g0g*. For M € Z§, let Ky =
{z e I|3me[1,M], ¢7'(x) = mlog10}. Although ¢, is not continuous everywhere,
the set K is closed because ¢4 is not continuous only on the critical set C,. Then,
for x € 0., M € Z$ and n € 7, we have that any k € EM(z) satisfies g*z € K.
Indeed, if k € EM(x), then there exists ¢ € E(x) such that 1 < ¢ — k < M, hence
Lemma 4.2(i) gives
o4 *(g"a) > (£ — k) log 10.

Therefore uM (K ) =1. Since Ky is closed, letting n go to infinity gives ™ (Kp) =1,

which we rather write as v (Kj;) = M /3>, where M 3 as stated in Lemma
M —+o00

5.1(ii). Hence, if we let K = J);5, Kn, then Proposition 5.2(iii) gives p(K)=1.
Since p is g-invariant, we also have that p([;50 g %K) = 1. In other words, for
p-almost every x € I, we have that

Vk >0, dm > 1, (b;”(gkx) > mlog 10.

By applying this iteratively, we obtain a strictly non-decreasing sequence of inte-
gers (my) such that

¢y ()

> my log 10,
LTI (gMO ) > (my — myg) log 10,

¢7gnk+1—mk (gm’“x) > (karl _ mk) log 10.

By summing these inequalities, we obtain that for any k, ¢g'* () = my log 10, hence
Xg(z) > log 10. O

6. ENTROPY OF THE EMPIRICAL MEASURE

Let us sum up what we have done so far. We had A = {x > R(f)/r} and we fixed
g = fP some iterate of f, e > 0, 8 > 0 and o an e-bounded reparametrization such that
Leb(o.NA) > 0. We applied the reparametrization lemma to o and g and got a family
of reparametrizations organized as a tree with unbounded degree. For = € o, N A,
we defined E(z) the set of geometric times of x, whose density is larger than g for
Lebesgue-almost every x. Then, using two parameters M and m in Zg , we defined
the sets EM-™(z) so that the orbit of x at these times does not get too close to critical
points. By integrating those pieces of orbits up to time n, we got an empirical measure
pMm Then, by letting n — 400 along some sequence 7 then by letting M — +oo,
we got a g-invariant measure u, and we proved that p is hyperbolic and that log |¢'|
is p-integrable. We now wish to prove that u is absolutely continuous with respect to
the Lebesgue measure. By using the entropy characterization given by Theorem 7.1,
we will in fact prove that p satisfies the entropy formula hy(p) = [log|g'|dp.
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M,m
n

for a specific countably infinite partition P, that depends on a parameter g € Z*.

In this section, we give a lower bound of the entropy of the empirical measure

6.1. IirstT ExTROPY ESTIMATES. — We start this section with a slightly modified ver-
sion of Lemma 5 from [5], which gives a lower bound of the entropy of an empirical
measure for a finite measurable partition. We state a version for countably infinite
measurable partitions for which the measure only sees a finite number of atoms. More
precisely, if P is a measurable partition and p is a Borel measure, then we ask for the
following set to be finite:

Pu={P e?| uP) >0}
Also, what we call a measurable partition depends on the measure:

Derinirion 6.1 (A-partition). — If (X, A, A) is a probability space and R is a countable
collection of measurable subsets of X, we say that R is a A-partition if

(i) for R#R € R, (RN R') =0,

(ii) the union Jzcy R has full A-measure.

The important remark is that when a measure X is not preserved by a dynamical
system T, and if R is a A-partition, then T-'R may not be a A-partition.

Lemma 6.2, — Let (X, ) be a probability space and let R be a countable \-partition.
Let T : X — X be a measurable transformation, which may not preserve \. Let F
be a finite subset of Z(‘f.‘ Let \F' = ﬁZkeFTf/\ and RY = \/;cp T7FR. Assume
that for every i € F, T™'R is a A-partition and that Ryr is finite. Then for m € Z*,

we have

1 1 HOF
EH)\F(ZR ) = ﬁHA(RF) — mlog(#Ryr) 4F
Proof. — When F = [a,b], we use an argument from Misiurewicz’s proof of the

variational principle [19]. We start with the case m € [1,b — a], we let r € [0,m — 1]
and j, = [(b—a —r)/m]. We have
b ) b—a )
RE =\ TTR=T""\ T7'R

1=a =0

Jr—1 . r—1 . b—a .
=T K V T‘(mJ+T)Rm> v (\/ T‘WQ) v < V Tﬂﬂ%)].
7=0 =0 i=r+jr-m

Then, T7*R is a A-partition when i € F, so its entropy is well defined and we have
Il r—1 b—a
H)\(:RF) < Z H)\ (T*(’mj+7‘+a)fRﬂ’L) + Z H)\ (Tf(i+a):R) + Z H)\ (Tf(’H*a)fR).
=0 =0 i=r+j,.m

Then, we will use the following fact:

(%) Vi € F, VA measurable, (AT "4) >0 = A(4) > 0).
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This implies, for ¢ € F', that

H) (TﬁZfR) < log #Ryr.

Indeed, when TR is of positive A\-measure, then R € Ryr. Therefore, by using
+(b—a)—(r+jm)+1<2m, we get
Jr—1
Hy\(RF) < 2mlog #Ryr + Z Hy (T~ (mitrtagm),
§=0

Summing over r then gives
mH,(RF) < Z Hy(T7'R™) 4 2m? log #Rr

< 2m® log #Ryr + > HA(TT'R™).
i€F
Then, if m > |b — a|, we have Hy(RF) < #F log #Ryr < mlog#R,r. So the above
inequality still holds. Hence, by using the concavity of A — H)(R™), we get

1 m —ipm 1 F

—Hyr(R™) > m#F ZH,\ R > ry2 —— (HA(RT) — 2mlog #Ryr ).

Then, if F is a union of intervals Fy, = [ag, bx] with k € [1, N], using the concavity
of A= Hy(R™) gives

N
1 my 1 3 #F,
*H}\F R Eki #7 )\Fk )

>

=
previous case

#L (HA(IRF’“) — 2mlog #R)\Fk)

?TMZ

> Z 7 log # Ry

Note that 2N = #0F and consider the following fact, analog to (x):
Vk € [1, N], VA measurable, (Af%(4) >0 = X\(4) >0).
This leads to #R,r, < #R,r, which concludes. |

For the rest of this section, fix m € Z*, M € Z{,n € 7, and recall that EM™ is
the partition of AN o, whose atoms are the sets {EM™(z) = E} where E C Z] are
such that the associated atoms are of positive Leb 4, -measure. To shorten notations,
we will denote by E both the atom of EM™ and the value EX™(z) for z in this
atom. Then for E € €M™ we let

Leba, (EN-)
= —" 2 and E .
He Leby, (E) M 7 keEg e

Let d be the partition of I into monotone branches of g as defined in Definition 2.5.
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Remark 6.3. The collection J is a p-partition, because its atoms are disjoint and
cover I \ €, which is of full g-measure since log|¢’| is p-integrable (Proposition 5.3).
Moreover, every atom of the partition J" is contained, except maybe for its boundaries,

in a monotone branch for g".

We first show that H,,,,(J¥) < +oo for E € EM-™ this will ensure the computations
of the rest of the section hold. We write

d
E = U [[aj7bj[['
j=1

So we get

log #{J € 3" | up(J) > 0}
log#{J € ¥ | TN A, NE +# @}

d
<Y log#{J € gleotil | TN A, NE # o).

Jj=1

H,,@") <
<

But when y is in J N A, N E, then Lemma 4.2(ii) gives

(g %) (g% y)| > 1.

Therefore the entropy is finite, because g*%~% is C', so the number of monotone
branches where the derivative reaches some fixed positive value is finite. We also
mention that in the C” case, we have an estimate of this number. This is the statement
of the following lemma, though we will only use it in Section 6.2

Levva 6.4. — Let g : I — I be a C" map where I is the interval [0,1] or the
circle St, and r > 1. Let v’ = min(r,2). For s > 0, the number of monotone branches
of g where |¢'| takes at least the value s is less than C(r',g)s™/("'=1) 41,

Proof. — Because g is C", we have the following inequality:
Ve,y €I, |g'(x) = g'(y)| < ld" glloolz —yI"

So whenever |¢'(x)] > s, then ¢’ cannot vanish in the ||d’"'g||gol/(T/_l)sl/(”"l)—
neighborhood of x. Therefore, there are at most HdT/g||éé(T/_1)571/(T'*1) + 1 intervals
where |¢'| reaches s and whose extremities are critical points or points of 1. Note
that the 4+1 is only needed if I is the interval. Now, recall that if I is the circle,
then an interval whose extremities are critical points may not be a monotone branch
(see Section 2.3). So we may divide the previous intervals into at most ||¢'||co pieces.
This requires multiplying our previous bound by ||¢'||e if I is the circle, which
concludes. ]

We now give the entropy estimate of the measure ™ for a partition P.
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Prorosition 6.5. Let P be a countable p-partition of I such that P,e is finite for
every B € EM™ and such that g~'P is a pp-partition, when i € E. Then for any
m,m' € Z*, M € Z§ and n € 7, we have

1 ,
= ( / #EM™ (1) dTeba, (a:)) H s (P)

> ) / —logLeb(PPNENA,)dLeba, (z)
Eegﬁ\}/l,'m E
+ Leby, (E)logLeby, (F)

+ Leby, (E)log Leb(A,,)
—m' Y Leba, (E)log(#P,z)#0E

Eeedm™

where PE is the element of the partition PE that contains x.

Let us dissect this statement. The right hand side contains four terms, our goal will
be to show that when P is a well-chosen partition, then the first term gives the Lya-
punov exponent x, (@) = f Xg dp and the other three are negligeable. In Section 6.2,
we define this partition, show that its p-entropy is finite and that the fourth term
is negligeable. The second (resp. third) term is always negligeable by Lemma 5.1(iv)
(resp. 5.1(i)). Then, we estimate the first term in Section 6.3, by establishing a Gibbs
inequality.

Proof of Proposition 6.5. — We consider the equality »_pceamm #E Leby, (E)uf =
([ #EM™(x)dLeba, (x)) ™. By concavity of yu v H, (P™), this gives

% (/ #E'fl\/f’m(x)dLebAn(m)> Hﬂi\;,,m(g)m’)
s S e

EeegMm

> > Leba, (E) (Hup(PF) — m' log(#(P .z ) ) #0E)

Lemma 6.2

Eee)™
= 3 Loba,(B) [~ logus(?E)due(z)
Beghtm
—m' Y Leba, (E)log(#(P,z))#0E.
Eegﬁ/l,wz

We conclude by using the following equality

Lebys, (ENPE)  Leb(A, N ENPE)

pe(Py) = Leba, (E)  Leb(A,)Leba, (E)
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which gives

LebAn(E)/—loguE(Tf) dug(zx)

Leb(A, N ENPE) dLeby, (z)
eba, ( )/E 8 Teb(A,) Leba (E) Leby (E)

)

:‘/)—JogLeb@4nrNErWTf)dLebAnQ@
E

(

+ Lebga, (E)logLeb(A,) + Leba, (E)logLeby, (E). O

v

6.2. DerFinition oF THE parTITION P. — Let ¢ € Z1 be a parameter, we build a
partition Q, as follows

(1) for k € Z, let I, = (k/q,(k +1)/q] + a where a € (—1/¢,0) does not depend
on k and is chosen in the proof of item (5) below,

(2) for k€ Z,let Qqr={z €1]|loglg'(z)| € I, i}
Then we define the partition Q; = {Qqx | k € Z}. Hence, on each atom of Qg, the
value of log |¢’| does not vary by more than 1/q. Also note that k/q € I, for any
k € Z. We recall that J is the p-partition into monotone branches of g. We define

P, =3V Q,.

This may be a countably infinite partition, and the purpose of this section is to prove
the following statement:

Prorosition 6.6. — The collection Py is a p-partition satisfying:
(1) Hu(Pq) < 400,
2) for B € EM™  we have #(Pg)m < +o0,
3) for E € EM™ and i € E, the collection =P, is a up-partition,

4) imsup,, 5,400 = > pegmm Leba, (E)#OElog #((Pq) ) M:L}oo 0,

5) we can assume that the border OP, has zero p- and p?"™-measures for any
M,m e Zar .

(
(
(
(

The core of the argument is that log |¢’| is p-integrable (Proposition 5.3). We point
out that the proof of item (1) uses some ideas from the proof of Lemma 2 from Maiié’s
proof of Pesin’s formula [18]. We will also use the following technical lemma:

Lemva 6.7 ([18, Lem. 1]). For x, € [0,1],k € Z, we have
Z —x log zp < Z |k|zk + co,
keZ kezZ
where co = 4(e(1 — e 1/2))~1,
Proof'of Proposition 6.6. — By definition, atoms of P, cover I \ €4, which is of full

p-measure since log|g'| € L'(u) (Proposition 5.3). Then, atoms of Q, and J are
disjoint, so P, is a p-partition. The argument to prove (3) is similar:
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Proofof (3). Note that g7*C, C Cs. Therefore, it is enough to show pg(Coo) = 0,
which is true since ANCy = @.

Proofof (1). — We first show that Q, is of finite y-entropy. We will then show that J
as well, which is the part inspired by [18, Lem. 2]. We have

H,(Q) = Z —1(Qqk) log 1(Qq.)

keZ

< o+ kmQqr)

Lemma 6.7

keZ
—60+Z/Ik|1{w€1|10g|g (@)1, ()
keZ
CO+Z/ q“Og‘g( )H +1)]l{z€l|log|g "(x)|€lq, k}dll«( )
kEZ

:co+1+q/|log\g'\|du < +00.

Proposition 5.3

For g, we will also use Lemma 6.7 and Proposition 5.3. We first examine the specifici-
ties of J. Recall that to define J (Definition 2.5), we first divided I according to the
critical points of g, then we divided again some of these pieces into at most ||¢’||co
pieces to ensure injectivity in case [ is the circle. Therefore, to show that J has finite
entropy, we may assume that J only comes from the division of I according to the
critical points of g. However, this change of definition only holds for this proof. Let
r’ = min(r, 2), we have

Veel, |g(z)] < dist(z,Cq)" M d" gl
Therefore, if x ¢ €, and p(z) denotes the size of the monotone branch containing x,
then
g (z 1/(r'=1)
o> ()0
" gl oo

Let 3, = {J € J | |log diam J| € [n,n + 1)} = {JV hren, and J, = Upen, I
Thus we have

Hy (@) =Y —u(Dlogu(l) = >SS —u(I")log u(J{™M).

Jed n€Z+ kEN,,

Then, concavity of log implies, for any n € Zsr, that

n n J 1 NTL
ST —u(") log (™) Z a ’“ G S p(Jn) log #
kEN, kEN, N(Jk )

We therefore get
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Then, any J € J, has length larger than e~ (1 so #N, < e"!, so Lemma 6.7
implies

Hy(3) <co+2 Y nu(Jn).

nEZg

But note that J,, = {z € I | |logp(x)| € [n,n + 1)}, hence

H,(9) < co+2 / | og p() | dpu(z)

2 /
<t o2 [ lonls o))~ ol o
< +00.
Proposition 5.3
Proofof (2). — Recall the notation from the previous section:

(Po)pe = (P €2y | 1E(P) > 0},
where E € EM™_ Recall that u? = ﬁ > acr 9e(Leby, ) g, thus
pf(P)>0 = Ja e E,3x e A,NE, g°c¢cP.
Since P, = Q, V J, we only have to show that #(Q,),r < 400 and #J,= < +oo,

independently. Although we only have to show finiteness, we provide an upper bound
that will be useful to prove item (4). For (Q,),=, we have

#(Qg) e <#{k€Z|3acE, Jx e A, NE, logl|g (9°x)| € Igr}
<H#{k€Z|JaeE,FJx € A,NE, k—1<qlog|g(¢g"z)| < k+1}.

But when z€ A, NE and a € F, Lemma 4.2(iii) gives log |¢'(¢%z)| = —M log ||¢'| 0o, SO
#(Qqg)ue < qloglg’lsc + 1 = (—gMlog lg'[lsc — 1) +1 < Fo0.
Then for J

42, using once again Lemma 4.2(iii) gives

{J€J|FacFE Iz A, NE, g°x € J}

{Jed|3yel |dwl=1/dg|IX}
< O llg 1M 4
a 6.4

NN
F* Fk

JEP — M., 2026, tome 13



HYPERBOLIC ABSOLUTELY CONTINUOUS INVARIANT MEASURES FOR C7 ONE-DIMENSIONAL MAPS T/|/|7

Proof of (4). Note that #((Pq),.z) < #((Qq)ur) x #d,2. By using the upper
bounds proved for item (2), and by choosing M large enough, we get

Y Leba, (E)#0Elog #((Py),»)
Beelm™
< ) Leba, (E)#0E

Eegym™

< log [2Mqlog ' x (Cr". )l |24/ +1)]

< (rz‘f loa(aC(r ) / HOEM™ (3) dLeb s, ().

We then conclude since limsup,,5,, 1 o0 M [ d,(OEM™(z))dLeby, () M—+> 0 by
— 400

using Lemma 5.1(iii).

Proof of (5). — By Proposition 5.2(iii), it suffices to obtain that the border of P,
has zero p-measure. By the continuity of log|¢’| outside the critical points, we can
choose a € (—1/¢,0) such that the border of Q, has zero y-measure. Thus it remains
to obtain that ©(9g) = 0. When I = [0, 1], the set 9] is the set of critical points and
Proposition 5.3 concludes. When I = S, the set 97 also contains g~*(0gs1). We show
that we can choose Og1 such that p({0s1}) = 0. This is not trivial since the definition
of reparametrization depends on the choice Og1, hence the measure p depends on the
choice of Ogi. We show that there exists Og1 such that for any & € N and any f*-
invariant measure v, we have v(0s:) = 0. By contradiction, assume that any point is
charged by some invariant measure. This implies that all points are periodic for f.
In particular, f is injective, thus is a homeomorphism, and Montgomery’s theorem [20]
gives f™° = id for some ng, so f has only zero Lyapunov exponents, which does not
satisfy our assumptions. Therefore, we can choose Og1 such that (9d) = 0. O

6.3. Gisps INeQuaLITY. — Let n € ,M € Z§ and E € €M™, Recall that ¢, =
log |¢'| and let
05 =) 500"
keE

In this section, we deal with the main term of Proposition 6.5. More precisely, we show
the following:

Prorosition 6.8. — For some universal constant C we have
/ —logLeb(3X N QY , NEN A,)dLeba, (z) > / ¢r () dLeby, (x)
E E
— Leba, (E)(#E/q + #0Elog(C/e)).

Fix x € A, N E. Let by = 0 and

d
E= U lay,b[
Jj=1
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We will estimate the Lebesgue measure of the following set:
R:=3nal. nENA,.

The strategy is to cover R by small sets where the distortion is bounded, then to use
the change of variable formula to estimate the Lebesgue measure of each of these sets.

Lemma 6.9 (Change of variable formula). Let k € Z§ . If J is a monotone branch
of g* and if A,B C I, then
1

Leb(JNANg *B < ———
( 9B S Al

Leb(B).
Proof. — Since J is a monotone branch of g*, we have
Leb(B) > Leb(¢*(JNANg*B)) = / (") (2)| da.
AnJng—*B
We then have

ky/ : ky\/ —k
dr > f Leb(ANJN B
/Ammug Y@lde> (| il 1)) Leb 4 B)

. kN7 —k
>(Al%fj|(g)|) Leb(ANJ N g *B). O

The ¢*’s that we will consider for the change of variable are the iterates of ¢ at the
times of OF. Such iterates are of two different types, the ones coming from intervals
of times of E, of the form [a;,b;[, and others from intervals of [0,bq[\E. Note that
for a point in R, we know to which atoms of J and Q, the points of its orbit belong.
So at these times, the only factor that will come out of the variable change formula is
gbf (z), with some error term. The reason why the change of variable formula directly
gives gi)f at point x, and not some integral of qbf , is the following lemma:

Lemwva 6.10. Let k € Z§ . If y and z are in the same atom of ij, then

k
[log [(9*)' ()] — log [(¢")'(2)]| < .
Proof. — Recall that the I, ’s from Section 6.2 have a length of 1/q. O

However, for times of [0, bg[\ F, the set R may intersect many monotone branches.
But we can only apply the change of variable formula to one monotone branch, so
we will have to sum what the change of variable formula gives over all monotone
branches. More precisely, we will define a new partition V such that we can apply the
change of variable formula to each of its atoms, then take the trace of V over R. First
let B be a partition of I whose atoms are intervals of size between /27 and 2¢/28.
Then, for a partition R and n € Z, recall that R = g7 R and R = \/?;01 g'R.
For j € [0,d — 1], we define

v = Blaj+1=bi} \y gaj+1-b;

ajt1
is not a Leb-partition of I, since (g%+1~%)" may be zero over
does cover R with disjoint

We mention that V,_,

a set of positive Lebesgue measure. However, g~% Va1
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atoms, which will be sufficient since we only want to estimate the Lebesgue measure
of R.

To get some properties of the atoms of V., ,, we will once again use the
reparametrizations obtained through Lemma 2.4 and fixed at the beginning of Sec-
tion 5 for the definitions, recall that we denoted them by 6;». Our choice of definition
for what a reparametrization and a monotone branch are (sections 2.1 and 2.3) gives
the following lemma:

Levmva 6.11. Fork,l e Zg, the interval (g¥ o 0 0 0;x44) is contained in the closure
of a monotone branch of g°.

Proof. — By Lemma 2.4(1), the map g* o o o ;¢ is an (¢, )-bounded reparam-
etrization for g. Thus, for any i € [0, — 1], the derivative of g o (¢g"** 0 g 0 f;x+¢)
does not vanish, hence the derivative of g does not vanish on (g™ 0 o 0 fu+¢) . Fur-
thermore, when I = S', the interior int (g o (¢°™" 0 o 0 6;+¢))_ does not contain Os:
and int ((g”k ogo aik+5)*) is an interval, so it is inside an atom of J. Therefore, the
interval (gk 00 0 0k+e), is contained in the closure of an atom of J¢ and Remark 6.3
concludes. O

We now show that the atoms of V have bounded distortion and a size bounded

from below.

aj+1

LEvva 6.12. Let j€[0,d — 1] and V be an atom of V
sects R.
(i) Fory,z € V, we have |(g%+ %) (y)| < 2
(ii) The atom V satisfies Leb(g%+17% (V) >

such that g~%V inter-

aj+1

[(ge+17%)' (2)].
e/217.

Proof. — Let yo € R be such that g¥yy € V. Before proving the two items, we make
some preliminary construction, summarized in Figure 4.

(ga;Hl oo o ez‘%ﬂ)*

gbi g“r;‘ﬂ*”j
\
\ }B
— T\
o b
(U 0 Ojoj41)s (gl’a oo o 9i”]+l)* Ul 14

Ficure 4. We prove that yo is in some (o 0 62541 ), which when iter-
ated by g“f“ contains B = Bgaj+1,,, so it had to contain V' when

iterated by g%

Yo
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We have yg € E, so a;4+1 € E(yo) and there exists a vertex %+ € T, such that

aj41

Yo € 0 000501 ([—3,%]). Thus, for t € [~1,1], Lemma 2.4(1) and (3) give
2¢
aj+1 Qa:rr) > -
(g 00 0 b (1)] > 22

Therefore, the image of an interval of length 2/3 under g%+ o ¢ o ;4,41 has length
at least (2/3) x (¢/9). Thus (¢%+* 0 0 00,2511 ), contains the ball centered at g% +!yq
and of radius 2¢/27. Since we chose atoms of B to have a length less than 2¢/28,
we get g?+17% (V) C Byesir,, C int(g%+ 00 0 6e41),, where int denotes the in-
terior of a set. Then, by definition and Remark 6.3, the atom V is contained in
a monotone branch of g%+ =% but int (gbi ooo Hi"’j+1>* as well because of Lem-
ma 6.11. Since they intersect, these two branches must be the same. This shows that
V C (gbi oogo Hiaj+1)*.

We now show the two items of the lemma. From what precedes, we have s,t €
[~1,1] such that y = g% o0 0 6;a,41(t) and 2z = g% o 0 0 ;4,41 (s). Therefore, we have

(g% 7%) ()] = (g% 7%) (9" 0 7 0 Ogesia (1)) |
(g%*t 0o 0bai11)' (1))
(g% 000 0za511)' ()]
2l(g%+ 00 00041) (s))|
(g% 0 00;0551)'(s)|
9

= gy )l

For the second item, we will in fact prove that

B = Bgaji1y, = gi+17bi (V).

We proceed by double inclusion. By definition, we have V = (g*(“Hl*bJ)B) NJ, where
J = 3‘;5;;"”. So we are left to show that B C g“+*=% (V). From the preliminary con-
i Yo

struction, we know that int (gbi oogo 9i”'j+1>* C J and B C int (g%+* 00 0 6;a541),.
Therefore, for any y € B, there exists a t € (—1,1) such that y = g%+ 00 0 ;a;11 (1),
hence y' := g% 00 0 6,a;41 (1) satisfies

y=g%+t %) and y e (gf(aHer)B) nNJ=V. 0

We define V, a partition of R = g2 N Q(ﬁz NENA,, as follows

d—1
V=V gV
j=0

Gjy1-

In the following lemma, we estimate the Lebesgue measure of R over an atom of V
by using the change of variable formula.
Lemma 6.13. — For any atom V = ﬂ?;é g Va,oa of V, we have

d—1
Leb(RNV) < (C/e)#9F %5 @)+#E/a (H Leb(vaj+1)>.
=0
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Proof. Since R forces a precise monotone branch during times of E, and because V'
also forces one during times of [0, bs[\ F, we know that the set RNV is contained in
a monotone branch of g’¢. Therefore Lemma 6.9 gives

-1
: ba\/ by
Leb(RN V) < (}%w(g ) \) Leb(g? (RN V).
Then, for y € I, we have

(8" ()] = 1(g™) (W) x 1(g" ) (g™ )| x -+ x [(g" =) (g"y)].

Thus, when y € RNV, we have

@yl > (at g1) x (e Kaneyt) o (e gy
ay Qq}gaﬁlm quiga,(;[i

For the factors in Qg, if j € [1,d] and z € QZ’;}; , Lemma 6.10 implies
bi—aj;\/ bj—aj\/(, a; bj —aj
log (") (2)| = log |(g~") (9% z)| — .

Then, for j € [0,d — 1], the set V,,_, is inside a monotone branch of ¢%+17% 50 the
argument that we used to prove the change of variable formula (Lemma 6.9) gives

-1
Leb(Va,,,) = (sup [(9%7%)'])  Leb(g™ " (Va,,.,))
aj+1
9

> 2t gy o

=
Lemma 6.12 Vaj+1 27

Here, the hypothesis of Lemma 6.12 is satisfied since we may assume that g% Vi

intersects R. This gives the following estimate for the Lebesgue measure of RNV
B 943
Leb < e % (@) #E/q 222 1eb
eb(RNV) <e e ||4Ee(V ),

aj+1
7=0

and because d = #0F /2, we may take C = 8. O

Proof of Proposition 6.8. — Recall that we fixed z € A, NE and let R:=JFnQk n
ENA,. we write

Leb(R) = > Leb(RNV)
vev

<Y X e ¥ (0ot

Va1 €Vay Vag€Vay Vi, €Vay,
d—1

< Z Z e Z (C/E)#BEe—%E(xH#E/q H Leb (Vi)

Lemma 6.13 .
Va1 €Vay Vay €Va, Vay€Vay, 7=0

< (C/E)#SE e—d?f(w)-‘r#E/q.
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We then integrate over x and get

/ —logLeb (37 NQF, NENA,)dLeba, (z)
E
> [ —1 C'/e)#OE o= ¢3 (@)+#E/a) 41,eb
| s ((c/ey#o"e ) dLebs, (x)
:/ qng(m)dLebAn(x) — Leby, (E)(#E/q+ #0Elog (C/e)). O
E

7. Proor or TueoreEMm 1

7.1. ABSOLUTE CONTINUITY. To get an absolutely continuous measure, we will use
the following entropy characterization:

Tueorem 7.1 ([23, Th. VIL.1.1]). — Let f: 1 — I be a C" map where r > 1 and I is
the interval [0, 1] or the circle S'. Let i be an f-invariant hyperbolic Borel probability
measure. Then p is absolutely continuous with respect to the Lebesgue measure on I
if and only if it satisfies the entropy formula

hy(p) = /Ix dp.

In the previous sections, we did not work directly with f but rather with g, an iter-
ate of f. Let us first show how to obtain a hyperbolic absolutely continuous invariant
Borel probability (HACIP) for f once we have one for g. Suppose u is an HACIP for
g = [P, and consider the following f-invariant Borel probability

121
v=-> ffu
p k=0

One can verify that f has a positive Lyapunov exponent v-almost everywhere and
that v satisfies the integrability condition. For the entropy formula, we have

phy(v) = hge (1) = xg(p) = px(v).
This shows that v is an HACIP for f. In particular, any ergodic component of v is
an ergodic HACIP for f.

We now build a measure satisfying the entropy formula and the integrability con-
dition for ¢ = fP, where p and other notations are defined at the beginning of
Section 5, so we get an integer sequence 7z and converging sequences of measures
(uf‘f’m)neﬂWLmEZg and (Vﬁf’m)ngﬂvMﬁmezg. We show that the limit

_ . li M,m
" M1—1>m+oo nangn-‘roo Fn
is an HACIP. Proposition 5.2(ii) implies that the limit p is a g-invariant Borel prob-
ability. The integrability condition and the positivity of the Lyapunov exponent
p-almost everywhere come from Propositions 5.3 and 5.4. Hence, we are only left
to show that p satisfies the entropy formula.

Prorosition 7.2 The measure p satisfies the entropy formula for g.
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Proof. By Ruelle’s inequality [25] and Proposition 5.4, we only have to show that
hy(1) = ¢g(p). For q € Z7 , Proposition 6.6(1) gives that the u-partition P, is of finite
p-entropy. We can thus write

1
h’g(:u) =2 hg(/ivqu) = lim *Hu(ipm)

m——+oco m

Part 1. Dealing with the error terms. Let m,q € ZT, M ¢ ZS‘ and n € 7. The
purpose of the previous sections was to reach an inequality of the form

m Hn

—H mm (P) = /qﬁgduy’m—i— error term.

In this first part, we prove that this error term goes to 0 when n then M then ¢ go to
infinity. We will prove in Part 2 that limas— oo lim,,5n— 0o Hﬂﬁy,m(ﬂ);”) = H,(P})
and in Part 3 that limps 1 o0 lim,,5n— 400 (;Sg(ﬂﬁ/Lm) = ¢g(1).

In Section 6.1, we proved Proposition 6.5 claiming that

% < / #EM™(2)d Leba, (x)) H o (PG

z / log Leb(P¥ N EN Ay)dLeba, (x)
EGEM m

+ Leby, (E)logLeba, (E)

+ Lebg, (E)log Leb(A4,,)

—m Y Leby, (E)log(#(Py),z)#0E.

Eeglw m
To show that these first error terms go to 0 as n then M go to infinity, we use Lemma
5.1(i) and (iv), and Proposition 6.6(4), which imply the following:

1
limsup —— > Leba,(E)logLeba, (E) + Leba, (E)log Leb(A,)

73IN——+00
Eegy™

—mULeby, (E)#0Elog#((Pq),2) — 0.

M —~+oco
Then, for the main term, the Gibbs inequality (Proposition 6.8) gives us

Z —logLeb(J2 N QY. NENA,)dLeba, (x)
M,m E
EE((_:/,L ’

/¢EM "@) () dLeba, ( 77/#EM’“( )dLeba (2)

~log (C/e) / HOEM™(2)d Leb A, ().

To show that these other error terms converge to 0 as well, we use Lemma 4.1(ii) and
let ¢ go to infinity. Therefore, we obtain

1
g (P) 2 0a(™) — et
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where

lim lim ¢ =g, — 0.
M — 400 723n—~+00 n.M,m.q qq*)+oo

Hence, parts 2 and 3 of the proof will give

Vg e Z*, hy(p) = ¢g(p) — eq-

Hence letting ¢ — +oo will give the result.

Part 2. Convergence of the entropy. — We now show that

liIIl hm H M,m (fP;n) = H#({Pm)

M—+oco n3n—+oc0 Hn a

M,m

In fact, we will rather lead the computations for v,

for pMm™. We first prove that

, which will imply the result

m M,m
#{PeP)|Inen,v,"(P)>0} < +oo.

m—1

For P in this set, we write P = ﬂj:_o g7’ Pj. Then, there exists an n € 7, z € A,
and i € EM™(z) such that for any j € [0,m — 1], we have g**ix € P;. By definition
of EM:™ (1), we have i + j € EM(x), and Lemma 4.2(iii) gives |¢'(¢**x)| = ||¢'||I2M.
Therefore, the same reasoning as for Proposition 6.6(2) gives that there are only
finitely many such Pj, hence finitely many such P. Then, the choice of a done at the
beginning of Section 6.2 gives vM™(9P,) = 0, therefore

H, i (P

q ) — H, mm (ﬂ)gl)

72Nn——+00

For the limit in M, let ¢ : x — —zlog(x), so that

Hypo (P7) = D (™ ™(P)).

PePp

For P € P, Proposition 5.2(iii) gives that ™ (P) = 7 pu(P). Then note that 1 is
M ——+oco

continuous, non-negative and non-decreasing on [0, 1/e], and that at most two atoms
of P, will ever have a v ™-measure larger than 1/e. Therefore, using monotone
convergence, we get

Do w@Mm(P) — > b(u(P)) = Hu(PY).

M —+o0
PE(PZ" PGT;’L

M,m

This gives the result for v}/, To obtain the same for p’

, we let

g = / dn(EY™(z)) dLeba, ().
By Lemma 5.1(ii), this quantity satisfies

00
M,m M 00 M,m B M,m
’ — — and M= v,
ﬁn 73n—+00 ﬁm M —+o00 B Hn %,m "
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1

Hence

Hopon (Py) = Y —pp™(P)log(ph"™(P))

Pe?y
= log at > - Mm va' ™ (P) log(v,"™ (P))
pPePy
ﬁ°° B m m
= —log 5 s Hypnom (P7) — Hu(P7)

Part 3. Convergence of ¢ (u2™). — We show that
lim lim ¢g( ) = dg(1).

M—+o00 23n—+00
For the limit in n, we use the fact that ¢, is continuous everywhere except on critical
points. However, Lemma 4.2(iii) gives

VM, m € Z3, Vn € n, Y € 0., Yk € EM™(2),  ¢,(g"2) = —Mlog||¢'||co-

Mm ;

This shows that the support of u,""™ is at distance at least €, from the set €4, where

en > 0 does not depend on n nor m. Therefore, we have

VMamEZara (ng(:ui:L ) — ¢g( Mym)'

729M—>00

Note that the same holds for v}™ so that lim, 5,40 ¢g(VM™) = ¢,(vM™), for
any M,m € Zar. We now prove that ((;59 (VM’"‘))M converges to ¢4(u). Note that this
is true if ¢, were to be a characteristic function, because of Proposition 5.2(iii). By lin-
earity, monotone convergence, and Proposition 5.2(iii), which gives that (™) is
non-decreasing, it is true for any non-negative measurable function. This is therefore
true for any function that is p-integrable and v™-™-integrable for every M, m € Z .
We thus get the convergence of (¢g(uM’m)) »s from Proposition 5.3. To prove the

convergence of (¢g(uM>m))M, we write

¢g(ﬂM7m) = hm ¢g(ﬂMm)
— 1 nfg> M,m
o T ) e, ) ) s P

where the last convergence comes from Lemma 5.1(ii) and previous remarks. |

7.2. COVER BY THE BASINS

Prorosition 7.3. — We have the following inclusion Lebesgue-almost everywhere:

{x> R(f)/r} C HACIQ } B(pu) N {x = x(w)} N {z | x(z) converges}.

Proof. — Let R be the set of points x such that (L log |(f”)’(x)\)n converges. From
Oseledets theorem, R is of full measure for any invariant measure for which log |f’|
is integrable. Let B = U, gacp ergodic B(#1) N {Xx = x(1)} N R. By contradiction,
assume that there is A C {x > R(f)/r} such that Leb(A) > 0 and ANB =

From Proposition 3.1, we may take a subset of A and assume that for every x € A,
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d(E(x)) > 8> 0. Let A’ be the set of density points of A. Let x € A and n € E(x),

let 8;» € T,, be a reparametrization such that x € o o @;n ([—%, %]), and let

H,(x)=(c06;), and D,(r)=g¢"H,(zr)=(g"0c0co0bmn),.

Therefore, D,,(z) is an interval of length at least £/27 on each side of g™ (x). We also
have
Leb(H,(z) N A) . 1

Leb(Hn(x)) E(z)3n—+o0
Let A” be a subset of A’, still of positive Lebesgue measure, such that this convergence
is uniform on A”. Since the convergence is along a sequence that depends on =z,
we precise how to obtain this uniform convergence. For x € A’, we consider the

Vo e A,

sequence
Leb(H, NnA
(@) = Leb(Hy(z) N 4) 1’ )
n<keE(x) Leb(Hj(x))
Therefore, v, (x) 2 0. We thus take A” so that the convergence of v,, is uniform
n—-+0oo
on A”, hence
Leb(Hy(x) N A)
sup sup _— -1 — 0.
2€A" n<keE(z) | Leb(Hy(z)) n—+oo

We now build an HACIP p as in the previous sections but starting from A”. We keep
the same notations as in Section 5, that is g = f? and v = % Zz;é * 1 is an HACIP
for f. Thus every ergodic component Ve of v satisfies verg(B) = 1, so v(B) =1, and
(B) = 1. Then we note that

{z eI|u((z—e/b4,z+¢/54)) =0} C I~ supp pu.
So by using p < Leb, we get
w({zel]|Leb((x—e/b4,2z+¢/54)NB)=0})=0.
Therefore, there exists ¢ > 0 such that
w({zel|Leb((z—e/54,24+¢/54)NB)>c})>1-0.
Let G be the €/54-open neighborhood of the set
{z € I |Leb((z —e/54,z +¢/54) N B) > c}.

For n € 7, let

1
gn:/ﬁ S Gy dleba, (@),
keE(z)N[0,n]

Let ¢ be an accumulation point of ({,)ne, for the weak-x topology. Since (,(I) > 8,
we have ((I) > . Also note that ¢ < p, hence

((G) = (@) +¢(G) — u(G)
> u(G) + (1) — p(I)
>1-p+p-1=0.
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Thus 0 < {(G) < liminf, 5,100 (n(G), and there exist infinitely many n and z,, € A”
such that

9"z, € G and n € E(zy).

Note that for any n, we have BN g"A C g"(ANB) = @. Then recall that D, (z,) is
an interval of length at least £/27 on each side of g"x,, for infinitely many n. This
implies:

0

eb(BNg"A)
eb(Dy,(z,) NBNgrA)

b(Dy(2,) N B) — Leb(Dy,(z,) N B\ g™ A)
¢ — Leb(Dy(x,) \ g™ A).

WV

L
Leb(D
Leb(D

WV

Our goal is to show that Leb(D,,(z,)~g"A) — 0. We use the fact that g™ has bounded
distortion on H,(x,), which gives
Leb(D,,(zy,) \ g™ A)
Leb(Dy,(z))
<2 x 9 Leb(Hn(zn) N A)
4  Leb(Hy(zy))

Leb(D,,(x,) ~ g"A) = Leb(D,,(2,))

We conclude using uniform convergence on A” and the fact that =, € A”. O

We now prove the finiteness of ergodic absolutely continuous measures whose Lya-
punov exponent is larger than R(f)/r + ¢, for any ¢ > 0.

Prorosition 7.4. — For 0 > 0, there are finitely many ergodic HACIP whose basins
intersect {x > R(f)/r + ¢} with positive Lebesgue measure.

Proof. — We prove that any such measure must have the Lebesgue measure of its
basin bounded from below by a constant depending only on d,7 and f. Let b =
R(f)/r + 6 and apply Proposition 3.1 to this b, which gives p, 8 and e that depend
only on 4,7 and f. Set

Bbounded = U CB(,U)

p HACIP ergodic s.t.

Leb(B(n))>8e/243
By contradiction, assume that there exists A C {x > R(f)/r + ¢} of positive Lebesgue
measure such that A N Byoundeda = F. We define A’, A” as in the proof of Proposi-
tion 7.3, and let p be a g-invariant measure obtained by using the construction of the
previous sections but starting from A”, then let v = % ZZ;(I) *1. We prove that any
ergodic component of ¥ must have its basin of Lebesgue measure larger than 8¢/243.
This is enough to conclude, since it gives v(Bpounded) = 1, then p(Bboundea) = 1, and
the rest of proof of Proposition 7.3 gives, for any « € A” and n € E(z), that

9 Leb(Hn(z) N A)

= Leb(Brounded N 9" A) > ¢ — 2
0 = Leb(Bhoundea N g"A) = ¢ S Leb(H,(x))
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We thus get a contradiction by taking n large enough. Let v¢;s be an ergodic compo-
nent of v. Then let « be a density point of B(verg). Thus, for any n € E(z), the fact
that g™ has bounded distortion on H,(z) gives

Leb(B (Verg)) = Leb (B(Verg) N Dy ()

Leb (B(Verg) N Dp(x))
Leb(D,(z))

4 Leb (B(Verg) N Hp(x))

9 Leb(H,, ()

> = §(1+E o) ).

(z)on—+o0

= Leb(D,(z))

> Leb(D,,(z))

Hence, letting n € E(z) go to infinity concludes. a
We then explain how to obtain the bound stated in Proposition 4.

Proof of Proposition 4. — By applying Proposition 3.1 to

R(f)

:%+5>7+5
r )

r

b

we obtain an € > 0 and a p large enough such that the set of geometric times E,(z) has
positive density for Lebesgue-almost every . Then, in Proposition 7.4, we showed that
basins to consider are of Lebesgue measure larger than 8¢/243. Therefore, to estimate
the number of these basins, we estimate €. From the proof of Lemma 2.4, we can
take e such that (2¢)™nZ7) =1 < 1/2||(fP)'|l,—1. Thus, we first estimate p. From the
proof of Proposition 3.1, it suffices to choose p such that

N log(log [|(f*) flc +1—pb+1)+1 N log(2C,plog || f'[|oc)
p p
log [|(f?) llec +1 —pb
_|_
p(r—1)

—-b

< 0.

One can check that this is obtained by taking p such that

2log(pBylog || f'|ls) <
p

0,

where B, is a constant depending on r. So we can take p = (4/9) log(2B, log || f'||oc/9)-
We now estimate ||(f?)||,—1. From Lemma 3.5 from [7], we have

1Y llr < G = DR
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In the end, if we let &« = min(2,7) — 1, then we obtain that the number of basins is

bounded by
243 1/«
=2 <oy, -
2 <oy le)
r r
< Cexp (Llog|flr-1 + - log(pr)
dr 2B, log ”f/”oo ’ r r
< - Z—r ol Hoo _ _
< Coxp (30 ton (P B Y tog 1), 1) + Lo+ Zton(a/s)
2B, 1og || /||
4+ T loglog og ||.f']l )
e 1)
! I
< Cexp(8r log r log H]; Ilr—1 « log 2B, 10g6||f ||Oo)
log || f|loo \ (Crlog 1fllr—1)/8
< | —— .
<(&5) 0
Remark 7.5. — It is possible to estimate the constant of Lemma 2.4 and obtain that

it is smaller than C(2r)""3, where C is a universal constant. This implies that the
constant C,. of Proposition 4 is smaller that C(rlog(r))?. Then, we can show that if f
is C*°, then there exists a constant C' depending on || f’||~ such that, for any § > 0,
the number of hyperbolic ergodic f-invariant absolutely continuous measures whose

4
basin intersects {x > d} with positive Lebesgue measure is less than (||f'||c/5)c/(S

Remark 7.6. — If f is analytic, we have the following fact:
>0, VheZ, |d*flle < (k/e)".

Consequently, there exists a constant C' depending only on || f/||~ such that, for § < ¢,
the number of hyperbolic ergodic f-invariant absolutely continuous measures whose
basin intersects {x > §} with positive Lebesgue measure is less than oV,

Remark 7.7. — We now explain the transitive case. Suppose that p is an ergodic
HACIP and let p be its probability density with respect to the Lebesgue measure.
By using [23, Lem. VIL.9.1], we obtain that there exists an open set U where p is
positive. If we do the same for another ergodic HACIP v, then we get an open set V
where the probability density of v is positive. By applying transitivity to U and V,
one can show that Leb(B(v) N U) > 0, which implies that pu(B(v)) > 0, so p = v.
When p and v are not supposed ergodic, then the previous case shows that all the
ergodic components of p and v are equal, so u and v are in fact ergodic and p = v.
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