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POINCARE INEQUALITY AND QUANTITATIVE
DE GIORGI METHOD FOR HYPOELLIPTIC OPERATORS

BY Francesca Ancescrr, HELGE DiETERT, JESsica GUERAND,

Awmtrie Longr, CLEMEnT Mounor & ANNarAURA REBUCCT

AssTracT. — We propose a systematic approach based on trajectories to prove a Poincaré in-
equality for weak non-negative sub-solutions to hypoelliptic equations with an arbitrary num-
ber of Hormander commutators, both in the local and in the non-local case. As a consequence,
we deduce the weak Harnack inequality and Holder regularity along the line of the De Giorgi
method.

Risumi (Inégalité de Poincaré et méthode quantitative de De Giorgi pour les opérateurs hypo-
elliptiques)

Nous proposons une approche systématique fondée sur les trajectoires pour démontrer une
inégalité de Poincaré pour les sous-solutions faibles positives d’équations hypoelliptiques com-
portant un nombre arbitraire de commutateurs de Hérmander, tant dans le cas local que dans
le cas non local. Nous en déduisons I'inégalité faible de Harnack et la régularité de Holder, dans
la lignée de la méthode de De Giorgi.
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1. InTRODUCTION
1.1. Tue Question At nanp. — This paper is devoted to the regularity theory of

hypoelliptic equations with rough coefficients. We consider equations with an arbitrary
number of commutators in the sense of Hérmander [8], with a diffusive part that is
either local, in which case the equation is of second order, or non-local, in which case
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we deal with an equation of fractional order. In either case though, the diffusion is
degenerate, as it acts only along the direction of one vector field. Our aim is to recover
regularity in all directions, by transferring regularity from the degenerate diffusivity
onto all vector fields.

Concretely, we consider an unknown function f = f(z,t) solving an equation of
the form

(1.1) Of +Bf +A*Af =0,

where B is a first-order differential operator and A is a, possibly fractional, differential
operator. Here t € R and z = (), ... 21, () with each 2(Y) € R%, d; € N* and
i € {0,...,x} such that N :=dy + - - - + d,;. The differential operator A acts merely
in one direction of z, namely z(°), which makes up the diffusive part of the equation.
Even though we assume no regularity on the coefficients of A, we still expect the
diffusivity that stems from A to regularise the solution f of (1.1) at least in the
variable z(9). To recover a regularisation in all remaining directions of z, we require
a so-called Hormander’s commutator condition: the constant coefficient vector fields,
and their commutators (defined as [X,Y] = XY — Y X, where X and Y are any
two smooth vector fields) appearing in (1.1) are supposed to span the whole space.
Any equation with this property is called hypoelliptic. In our notation, x denotes the
number of commutators.

The aim of the current paper is to derive a Poincaré inequality for non-negative
weak sub-solutions to (1.1), which exploits Hormander’s hypoellipticity to deal with
the degeneracy in the diffusive part:

(1.2) /Q (f—|Q1| 5 f)+§/ﬂ A

where @, Q1 are two disjoint cylinders in the open domain Q C RV*+1 so that Q7 is
a time-translation of @~ into the future. The symbol < denotes that the inequality
holds up to a universal constant C. The striking feature of (1.2) is that on the right
hand side there appears merely a differential in the diffusive direction: it is crucial
that no differential in other directions appears in order to deduce the weak Harnack
inequality or Holder regularity of solutions to (1.1).

In this paper we prove a Poincaré inequality with a quantitative control on the
constant hidden in the symbol < in (1.2) for a large class of equations of type (1.1). The
Poincaré inequality is a powerful integral way to measure the oscillation of the sub-
solution, and its use in this context goes back to [15, 14]. We use it to quantitatively to
deduce the De Giorgi lemmas (and thus the Holder regularity for weak solutions), and
the (weak) Harnack inequality for super-solutions following the methodology recently
developed in [7, 11]. The main novelty is the method itself, but the result is also new
when A is a fractional differential operator in the case that more than one commutator
is involved (i.e., k > 1).

The proof is based on a systematic construction of trajectories that encode the
flow of the vector fields underlying (1.1), in such a way that they relate the future
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cylinder QT to any point in the past cylinder Q. The use of trajectories is inspired
from [7], where they consider the local case (second order equation) with one com-
mutator kK = 1. Their trajectories were combining the vector fields of the equation in
a piecewise affine way; yet this was sub-optimal and they had an error term on the
right hand side of (1.2). This approach was improved by L. Niebel and R. Zacher in
[16], where they construct an ad-hoc smooth curve instead of a piecewise affine curve;
however this was not sufficient to get rid of the error term that also appeared in [7].
Here we introduce an approach which picks up on ideas of both these papers: we
construct a smooth trajectory as the solution of a control problem associated to the
equation (1.1). We end up with a clean Poincaré inequality in the form (1.2) without
any error terms on the right hand side.

1.2. Exampres or EQuaTions. — When k = 1, the prototypical local equation is the
so-called Kolmogorov equation

(1.3) Orf +v-Vof =V, - [AV,f]

on the unknown f = f(z,v,t) depending on z,v € R? with d € N, t € R, where the
matrix A = A(z,v,t) is measurable symmetric so that, for some A > 1

(1.4) V(z,v,t) € R2H AT < Az, v,t) < A

When x > 2, the underlying geometry becomes more involuted, and the prototyp-
ical local equation is

(1.5)  Ouf + 2F=1) Voo f + 2(F=2) . Vo f 4+ +v Voo f =V, -[AV,f]
on the unknown
f f( (K:) K 1)7"'7$(1))/U7t)’

depending on (%), z(v=1) 21 y e R? t € R, where the matrix A is measurable,
symmetric and so that, for some A > 1

v (:r(”), 2D My, t) € R{sHDA+T
(1.6)

) 7 )

AT < AR 2D M ) <AL

From now on, we denote v = (9 for notational consistency.

Our method can also handle fractional (non-local) operators. We demonstrate the
application to the fractional setting by considering a fractional toy problem with
rough coefficients. In the case k = 1, it takes the form

(17) atf +v- va:f = (_AU)IB/2 ’ [a (_Av)ﬁ/z f

on the unknown f = f(z,v,t) depending on z,v € R? and t € R, with 8 € (0,1) and
a scalar function a that is measurable and so that, for some A > 1

(1.8) a(x,v,t) € [AT1A].

JILP — M., 2026, tome 13
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For a higher number of commutators, the corresponding version is
(1.9) Of +a D Voo f+2"D Vo ft++v- Voo f

= (=2)" - [a(=a,)" 1]
on the unknown f which depends on z(®),z(*=1) 2 y e R4 t € R, and where
the function a is measurable and so that, for some A > 1,

v (m(”), 25D My, t) € RADAHT

(1.10)
A7V <a(a™ 20 2 M w8 <A

The idea of this fractional setting is to have a divergence form equation of fractional
order 28 € (0,2) with rough diffusion coefficients.

Such a setting is for example motivated by the Boltzmann equation (without cut-
off), which is a kinetic equation with a degenerate fractional diffusion operator in
velocity. In this application, the nonlocal operator (—Av)ﬁ/2 . [a (—Av)’g/2 f} in (1.7)
is replaced by

Lf(:c(“),...,x(l),v,t)

:/Rd {f(gg(ﬂ)7...,a:(1)7w,t) —f(x(n)7._.,m(1)7v7t>} K@®,....eM,0,w,) dw,
where the kernel K satisfies pointwise bounds
(1.11) Vv (x(“), oz v, t) € R(m+2)d+1
A*1|v — w|*(d+25) < K(x(li)7 o1y, w, t) < A|v _ w|—(d+25)7
and the symmetry

(112) V(2,20 o 1) € RO
K(I(K)’ . ,x(l),v,w,t) — K(I(K), o ,I(l),W,v,t).

Such an operator £ is of the usual form of nonlocal diffusion operators and can
be related to Lévy processes. Our results can be adapted to this setting, even though
the operator £ is not of the form studied in (1.7). We will not specify this direction
further in this work, since our focus is the development of an abstract method that
is robust enough to treat a wide class of operators. The robustness of the method,
however, is best demonstrated within a class of equations that can be described under
a simple notation.

1.3. GeNERAL assumptions. — We denote the variable z := (2,t) € RN*! with t € R
and z = (2, ..., 20 v) with each () € R% d; € N* and i € {1,...,x}, and
v € R%. We assume that dy > dy > --- > d, > 1 and denote N :=dy + - - - + d;.

We consider (1.1) with operators A and B as follows. The operator B is given by

B := (Bx) - Va,

JE.P — M., 2026, tome 13
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where the N x N matrix B has the form (O denotes a block matrix of zeros)

O B, 0] )

© 0 B,y O - 0O
(1.13) B—|  + 9 0 0

: : : : O B;

O O e e 0

with d; x d;—1 blocks B; which are constant matrices of rank d; with |B| < A.

The operator A is a linear operator acting only on the variable v and 8-homogeneous
in this variable with 8 € (0,1] and it satisfies the following pointwise control from
above and integral control from below, given ¢ € C>°(RY) such that ||¢||z= > 1:

(110 Mol S IVplZE 012 [l de2 [ |02

where e =0 for 5 =1, and ¢ € (0,1 — ) for 8 € (0,1). We point out that in case of
B =1, we identify with a slight abuse of notation (fAU)% with V,, such that we are
not violating the incorrect inequality [ |Vp| dz 2 [ |(—Au)1/250’ dz. In fact, in the
local case where 8 = 1, there is no need to introduce fractional derivatives at all, but
in order to treat 8 € (0,1] we do so to ease the notation.

The transport operator T := 9, + B naturally defines the non-commutative group
of hyper-Galilean transformations, that generalises the Galilean transformations:

(1.15) (Z,1) o (z,t) = (z + exp(tB)T, t + 1), (x,1), (F,1) € RNFL,

This transformation leaves the operator T invariant: (Tf)(Z o z) = T[f(Z o -)](2).
When considering the principal part operator associated to (1.1), which is obtained
by replacing A in (1.5) with the identity matrix of dimension d in the local case or by
choosing a in (1.9) as the identity in the non-local case, the related equation naturally
defines scaling properties encoded by the following hypoelliptic dilations, defined for
r>0

(1.16) 6 o= diag(r' P21, , ..., 1 2Py, vl r?),
and we have the relation
(T+AA)fod,]=r[(T+AA) f] 04,
These transformations allow to define the hypoelliptic cylinders
Q.(2):=Z0(6,(Q1)) with Qp:=Bj x---x By x (1,0 c RN*1,

The (local) Kolmogorov equation (1.3) corresponds to k = 1, dy = d
(M 2@y = (z,v) € R* x R4 A := VAV, with a d x d-matrix A = A(z,v,
measurable symmetric so that A € [A™!, A], and the matrix

(1.17) B — (8 E;)

JILP — M., 2026, tome 13
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The (local) higher-order Kolmogorov equation (1.5) corresponds to d; = d for all ¢,
(™). 2 p) e REHDL A = \/AV,, with a dxd-matrix A = A(z"®), ... (D) v, t)
measurable symmetric so that A € [A~1, A], and the matrix

OL; 0 ... 0
O 0 I, O :
B:=10 : 0
o : I
O 0 ... ... 0

The fractional Kolmogorov equations (1.7) and (1.9) are obtained along the same
line with A := /a(—A,)?/? and the same matrices B.

1.4. MaiN resurr. — Let us first give the definitions of weak sub-solutions and
sub/super-solutions used in the results.

Derivition 1. — Let Q = Q, X Qp = Q(n_1) X -+ X Q1) X (9) X Q¢ be an open subset
of RN*1. A function f is a locally integrable weak sub-solution of (1.1) if f and Af

are in L{ () and satisfies

O f+Bf +AAf <0,

in the distributional sense. A function f is a sub-solution of (1.1) if f is a weak
sub-solution in L>(Qy; L2(Q)) N LA (Qn_1) X -+ X Q1) x Q3 H? (Qg))) and satisfies

(1.18) Of+BfeLP(QUn-1) % x Q) x Qi H P (o))
A function f is a super-solution of (1.1) if —f is a sub-solution.

Remark 2. — The condition (1.18) is used in [6] and it is weaker than the condition
ouf +Bf € L*(Q),

used in [18]. In the definition of sub-solution, one could also consider a third condition,
only valid for the local case, that reads as follows:

VG :R — R in C? with G’ > 0,G"” > 0 both bounded, G(f) is a weak sub-solution.

This condition was introduced in [7] and is weaker than the other two listed in the
definition above. Indeed, it allows for instance to consider f = f(t) = 1;<0 as a
sub-solution which explains the fact that the cylinders are disjoint in the following
theorems.

Our first result is the Poincaré inequality:

Turorem 3. — Consider operators A, B satisfying the assumptions of Section 1.3. Let
R > 0 be sufficiently large, depending on the number of commutators k and A. Let
Qr :=0r (Q1) and suppose [ is a weak non-negative sub-solution to (1.1) in 2, where

JE.P — M., 2026, tome 13
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(NZ:QR if B=1, that is, in the local case, and Q:BRX. . .xBll;rQ(K_l)ﬁdeox(—E), 0),
if B €(0,1), that is, in the non-local case. Then

1
_ _ <
(1.19) /Q+ (f 1 /o f>+dzw/ﬁ|flf|dz,

where QT :=Q; C Q) denotes the future cylinder, and Q~ =By x---x By x (=5, —4] cQ
denotes the past cylinder (see Figure 1). The constant is universal and depends on k,
B, do,...,d., B, R and A.

Q+

Q

Figure 1. The different cylinders in the statement in Poincaré in-
equality (the time variable is represented vertically and upward).

REMARKS 4

(1) The radius R of the ambient space Q is large enough such that the trajectories
constructed in the proof (see (2.2)) do not exit . Since all maps involved in the
construction of such trajectories are affine, we know that R < 4+oc0. We did not try
to optimise the size of the ambient space.

(2) It is easy to include a source term S in the right hand side of (1.1). Then the
L' norm of S on € should appear on the right hand side of (1.19).

(3) Tt is likely that the approach can be extended to the case where the matrix B
has non-zero terms above the sub-diagonal, since they do not break the commutator
structure. This, however, would require additional techniques, which we leave for
further work.

(4) Under the same assumptions, it could be possible to prove LP versions of the
Poincaré inequality (1.19) by the same method, up to a suitable change in the choice
of the trajectory, for p € (1, 400):

[ U=the)iass [ arras

Furthermore, it is even possible to adapt our proof to obtain a gain of integrability
for f, see the related comments in Remark 8.

JILP — M., 2026, tome 13
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(5) The left hand side of (1.19) could be mollified as follows

(1.20) /Q <f— /Q fw) by de S, /ﬁlﬂfldz,

where 11 € C°(Q%) are non-negative and integrate to one. This amounts to replac-
ing respectively the indicator functions xf(.)>¢ Po-XQ+ and xg- by some mollified
versions 14 and t_ in the proof.

(6) In such a mollified formulation, the Poincaré inequality in the local case would
follow from the following “wholespace hypoelliptic Bogovoskii result” (in the spirit
of [4]): given g = ¥4 — ¢_ with ¢+ as above, construct a vector field F := (Fr, F,)
with Fpr one-dimensional and F,, do-dimensional, so that

T'Fr—V,-F,=¢g and Fr>0 and |V, Frle+ ||Folle Sg1-

This is an open question, but we believe this vector field to exist.

(7) Tt is also possible to prove the local case of our Poincaré inequality through
a “parabolic wholespace Bogovoskii inequality” in (x*), ... () ) (excluding the
z(®©) = v variable, i.e., the velocity in case of a Kolmogorov equation), by follow-
ing the arguments in [5]. This parabolic wholespace Bogovoskii inequality is an easy
generalisation of the Bogovoskii inequality, where the explicit representation of Bogov-
oskil is used to show that the first coordinate of the vector field solving the divergence
problem is controlled below, due to the form of g given in the previous point (6).

It is possible to employ such a Poincaré inequality to prove a weak Harnack in-
equality for weak super-solutions to equation (1.1). We only sketch the proof of this
here (see Section 4 for further details), since it follows from previous literature. Never-
theless, it is one of the main blocks to complete the De Giorgi-Nash-Moser theory for
weak solutions, which consists in proving local quantitative regularity results (such
as the a priori boundedness of weak solutions, the intermediate value lemma and the
Harnack inequality) for weak solutions, and for this reason it is now stated as an
independent result.

Turorem 5 (Weak Harnack inequality). — Let the operators A, B be such that B is
gtven by the assumptions of Section 1.3 and A is more specifically given by

(i) A := VAV, with A € [A=', A] measurable symmetric matriz (local case),

(i) A = a(—A,)P"? with a € [A=', A] scalar measurable (non-local case).

Let f be a super-solution to (1.1) on Q1, such that in the local case, 0 < f in Q1,
and such that in the non-local case, 0 < f <1 on B?“ x R% x [~1,0]. Then there

is C > 0 and ¢ > 0 depending on B, N, k, A such that for rq > 0 sufficiently small the
Weak Harnack inequality is satisfied:

(1.21) (/~ fo(2) olz>1/C <O inf f,

Q;0/2 ro/2

where @;0/2 = Qry/2(0,...,0, _grgﬁ + 1 (r0/2)??) € RNT (the local case is 3 =1).
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Remark 6

(1) In the local case the strong Harnack follows immediately from the weak Har-
nack inequality above and the gain of integrability (first lemma of De Giorgi). By con-
trast, the strong Harnack inequality does not follow as immediately in the non-local
case, since the function values outside the domain affect the solution inside the do-
main. It is however possible to adapt the recent work [1, 13, 12], which proves the
strong Harnack inequality in the non-local case with x = 1, to our setting.

(2) It is standard to deduce the Holder regularity from the weak Harnack inequal-
ity. We do not repeat the argument, but it is identical for instance to those in [7, 11].

(3) The boundedness of f in the non-local case almost everywhere in the z(®) = v
direction is required to make sense of the equation (1.1).

1.5. Motivarion. Kolmogorov equations appear in the theory of stochastic pro-
cesses: equation (1.3) was studied by Kolmogorov in 1934 [10], when A is the identity
matrix, to understand the “time-integrated Brownian motion”. The equation is then
the Kolmogorov forward equation for the process

dVy =dWy, dX; = Vidt.

Kolmogorov obtained the explicit formula for its fundamental solution in [10] which
inspired the seminal work [8]. Integrating twice in time the Brownian motion would
lead to equation (1.5) with x = 2 and A the identity matrix. Due to this connection
to stochastic processes, several mathematical models involving linear and nonlinear
Kolmogorov type equations have also appeared in finance, and in particular equa-
tions of type (1.5) appear in various models for pricing of path-dependent financial
instruments. For example the equation for P = P(S, A, )

(1.22)  OP + L0?S?0%P + (log S)04P + r(S0sP — P) =0, S>0, AteR,
arises in the Black and Scholes option pricing problem

dSt = ,uSt dt + O'St th,
dA, = S, dt,

where o is the volatility of the stock price S, p is the interest rate of a riskless bond
and P = P(S, A,t) is the price of the Asian option depending on the price of the
stock S, the geometric average A of the past price and the time to maturity ¢. For
a more exhaustive treatment of the applications of Kolmogorov operators to finance
and to stochastic theory, we refer to the monograph [17] by Pascucci.

Let us close this paragraph by mentioning that analogously, in the non-local case
when a = 1, or equivalently when A corresponds to the fractional Laplacian, the
stochastic process underlying this fractional diffusion is a Lévy process.

1.6. Stratecy orF proor. — The starting point is the method developed in [7] for
proving the Poincaré inequality using trajectories and deducing the second lemma of
De Giorgi and the weak Harnack inequality.

JILP — M., 2026, tome 13
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The strategy to obtain a Poincaré inequality for the local case when x = 1 in [7]
can be summarised as follows. The first step is to mollify the characteristic function
of @, by adding an error term

/Q+ (f = (flg-), dz < /z+eQ+ (/Z_GQ [f(z4) = f(z2)] @e(y, w) d2_>+dz+

+52d||f||L2(QR)7

with 0 < ¢. < 1 smooth and only depending on (y,w), € > 0, z. = (z,v,t) € QT,
and z_ = (y,w,s) € Q. The second step consists in constructing piecewise affine
trajectories following the two vector fields T := 9, + v - V, and V, to connect any
zy € QT withany z_ € Q™:

r—y -y
(0st) o (25 =001) 5 (v 5=00s) 7 ows)

Note here that a positive time gap between the two cylinders Q~ and Q7 is used to
make sure the intermediate velocity (z —y)/(t — s) remains bounded. We then write
f(z4) — f(2-) as an integral along the chosen trajectory and use Tf + A*Af < 0:

[ ven—selewma= [ [ T s

i /Q /trajectory vvf(' a )@6(y7 ’LU) dsdz_
< * e
~ /Q_ /trajectory [V’U (Avvf)] ( )SDE (y7 ’LU) dsdz_

+/ / Vof( )y, w)dsdz_.
Q~— Jtrajectory

We then want to integrate by parts the v-divergence in the past variable z_. This
integration by parts degenerates near the future point z,, since z; does not depend on
z_, and it produces a non-integrable singularity. In order to overcome this singularity,
the paper [7] introduced an additional small fourth sub-trajectory along V:

Tr+ew—yY
(z,v,t) €> (z +ew,v,t) ?v} (achsw,ﬁ,t)
Tt+ew—y
- (yaﬁas) V*J (y,w, s).

This sub-trajectory “noises” the future position variable with the past velocity.
This produces a second error term of the form &7 f|| Ll Wt which can, however, be

controlled for a small ¢ by the integral regularity Lt{vW; 'L (which can be established
for sub-solutions to the Kolmogorov equation, for a small o > 0). Finally it yields

/Q+ (f = (fo-), dz

SCE/ |S|dz+/ Vofldz + el fllLy wer(qn + e IFlr2i@m
Qr Qr

JE.P — M., 2026, tome 13
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for a constant C; > 0 depending on € > 0. The two additional errors weaken the
Poincaré inequality, but the latter is shown to be sufficient for implementing the next
steps of the De Giorgi theory in [7].

In the present article, we improve the method by simplifying the proof and removing
the two error terms in the inequality. Moreover, the gain of integrability can directly
be extracted from the proof of the Poincaré inequality. The first novel idea is to use
three cylinders @, Q° and Q*, and mollify the characteristic function only in the
intermediate cylinder Q°, see Figure 2.

24

e

A zZ—

DI - Q7

Q

Iricure 2. Construction of the trajectories. The curve I'y connects
any point 2z, € QT to some intermediate point zyp € Q°, whereas the
curve I'_ connects any point z_ € Q7 to some intermediate point

20 € QO.

It is easy to deduce from the triangle inequality

(29) f [5G0~ (fa-], de

< ]iﬁ (fo [f(z4) = f(z0)] @s(xo,vo)dz0>+ dzy
' 72 (][Q [£(20) = f(z-)] =(o, v0) dzO) ds

+
for . > 0 smooth, with mass 1, where 2o = (g, v0,t0) € Q°,24 € Q1,2 € Q~, and
where we have denoted by JCQ =1Q|! /. 0 the normalised integral. We then construct
trajectories to connect z4 to zg, and z_ to zg. This removes the first error term we
had introduced in relation to the mollification ..
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The second novel idea is to connect the points by a curved trajectory, rather than a
piecewise affine one, by solving a control problem with a well-chosen forcing (i.e., con-
trol function), in order to reduce the order of the singularity of the integration by parts
near z4. More precisely, the first idea is to consider trajectories whose speed diverges
at z4 but with an integrable divergence so that the trajectories remain bounded. This
idea is inspired from the reading of [16], but we propose simpler and more systematic
trajectories. The second important idea is to use x + 1 linearly independent control
power functions with such well-balanced diverging behaviour at z4 in order to connect
all points between the cylinders, thanks to the Hérmander commutator condition.

1.7. Ourrine. — In Section 2 we provide the explicit construction of the trajectories
connecting points in the future to points in the past. These trajectories are then used
in Section 3 to prove the Poincaré inequality; they allow to estimate the L' norm in
the future of the difference between f and the past average of f, or in other words,
the left hand side of (1.19). In Section 4, we prove the Harnack inequalities on the
basis of this Poincaré inequality.

Acknowledgements. — We are grateful to Lukas Niebel and Rico Zacher for stimu-
lating discussions and inspiring ideas on the subject of this article.

2. CONSTRUCTION OF THE TRAJECTORIES

2.1. Tue Base case. — Let us first consider the case with one commutator (k = 1),
di = dy = d and B; = Id. Given three points z; € Qt,2z € Q" and z_ € Q,
we want to construct two paths s — I';.(s) and s — I'_(s) for s € [0, 1] such that (see
Figures 2 and 3)

I_(s) = (XW(5), XV5), ()", T_(0)=2, T_(1) =z,
where
S X (s) = mP gt (s) + m g (s),
(2.1) AxP(s) = 62 x0(s),
T (s) = 6oz,

where 6+ := to — t+ and the control functions g; € C?((0,1]) with g;(0) = ¢5(0) =0

for i = 0,1, and mg? € R? for i = 0, 1. Solving the differential equations yields

XP(s) = 2 + mP gy (s) + mL gl (s),
(2.2) X(il)(s) = x(il) + séix(io) + 04 [m(io)go(s) + mil)gl(s)],

Ti(s) = Sto + (1 - S)ti.
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e (1)

Iicure 3. Construction of the trajectories. The curve I'y connects
any point ', (0) = 2y € QT to some intermediate point '} (1) =
29 € Q¥ along the vector fields T and V(o)

Let us denote 1,4 the d-vector of 1’s, 04 the d-vector of 0’s, Idg the d x d identity
matrix, O4 the d x d zero block, and

(0) / /
_(m (s ()1
Me = (m(1)>’ Wis) = (gg(s)ldd 91(S)Idd)7

+
(0) (0) (0)
Ida 04 ) i Ty — Y
WY, (s) == W(s), Y, = = 0 .
() (od 5.1d,) W) = Ly 20— 2 — 5,2
The boundary conditions I'y (1) = zo impose
(2.3) WL (DMg = Yo <= My =W (1)71Yy,

provided that the Wronskian matrix W(1) is invertible at s = 1. We deduce

(0) (0)
Xi (S) _ S Idd Od Ty
<X<il>(s)> =WilMe 5, a1, 14, =0 )

Using (2.3), we obtain that

(0) (0)
X17(8)\ e 5 (11 Idg Oq) (2%
(X(l)(s)> =WL(s)WL(1)" Yy + Sisldy 1dg xg:l)

(0) Id R) 20
W w7t Ty T < d d) +
2 (s) [Wi(D)] <x$)+5iz$) Ssldy Idy x(il)

(0)
- (ﬁv) BT = Aray + B =: 9 (a0)
0

JIP — M., 2026, tome 13
s



1406 K. Axcescrr, H. Dierert, J. Guerano, A. Loner, C. Mounor & A. Repuccr

is an affine function with matrix 21° := W_(s)[W.(1)]~* and a vector B* that depend
only on s and zy. We still have to prove that the matrix 2° is invertible for s € (0, 1].
If so, given s € (0, 1], the derivative along the first variable Xio)(s) of the inverse is

Vo (@1) " =Wl wie] (7).

We choose g;(s) = (1 + ;) 12+ ;) 1s?T2i i = 0,1, with ag,a1 € (—1,0) and
ag # a1. Then the Wronskian matrix is invertible for all s # O:
d
det W(s) = (g6(s)g1(s) — go(s)g1(s))

(Oéo - Oél)d S(3+a0+a1)d 75 0.
(1+ ao)?(1 + a1)4(2+ ao)?(2 + a)

(2.4)

Our choice of two linearly independent control functions gy and ¢; is guided by en-
suring the Wronskian matrix to be invertible. Moreover,

( Idy ) ( Idg :
14+ao 14+a;
Wéi(l) = ( 5.1dy 5.1dy )7
(14a0)(2+ap) (14a1)(2+a1)
SpsPteildy  —sltelndy
Wi(s)*l _ 1 (I+a1)(2Fa1) (I+a1)
(5:|: det W(S) —6.52t20)1d, stteo1d,

(1+ao)(24+a0) (1+ao)

which finally yields

Vi (1) = W) [Wi(s)] " (1)

1 (24 ap)s™ 170 — (24+ ay)s7 1711y,
(g — 1) O+ (s‘l_ao — s_l_al) 14

= O(s717) 4 O(s~ 1),

which remains integrable for ag,a; € (—1,0) with o # 3. Observe also that our
choice of control functions gy and g; implies that all their derivatives up to order
two are integrable on s € [0, 1], which implies that the trajectories are bounded (with
integrable tangent vector field).

2.2. THE GENERAL CASE. Let us now consider the general case with x > 2 commuta-
tors, general dimensions dg > dy > --- > d,, > 1 and surjective d; x d;_; matrices B;.
Consider for s € [0,1] the paths
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and the following control problem

AxO(s) = T ymPg"(s),
LX) = 0B X (s),

(2.5) :
AXP(s) = 6B XL (),

ATy (s) =64

with d1 := ¢y — t1+ and the control functions g; € C**1((0,1]) so that g;(0) = ¢/(0) =
7gz(ﬁ)(0) =0for:=0,1,...,k, and m(i) € R% for i =0,...,x. Then
0 0 K

X ()=l + i gl (5),

X(il)(s) :335[1) +$6i Blei +5i [Z?—O él 1m$)g§'€_1) (S):| y

X:(E)(S) :aj(f) +S(5i§272$(1) + (Slsi) 82 11‘ +(5i [Z?:O %2,1 mi)g§n72) (S)} s

(2.6)
X4 ()=o) + 500y S B 01 [0 Beamgi(s)],
Ty(s)=sto+ (1 — s)t,

where éi,j :=B;B;—1---B; for 1 < j < ¢, which is a d; x d;_1 block matrix.

We denote by O a zero block matrlx with arbitrary size and

0 K K
m;) g(() )(s)IddO g,(g )(s)IddO
(2.7) My = ol W(s) = : : : )
m(i”) go(8)Idg, ... gx(s)Idg,
Idg, 0) 0]
0 B110+ 0 0
(2.8) Wo(s):= | : Q) By162 O | W(s) =: RW(s),
0
9] 9] K 151
O\ (0 <O
(2.9) Yi= = - T+(1) ;
)\ @
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Idg, 9]
(s64)B14 Idg, 0)
(2.10) Ti(s) = : (s04)Bao  1dg, - 9]
0
%’ém (8(&)@,@,5 I,

Note that the matrix W(s) is the Wronskian of the family of functions (g;){, and is
invertible when they are the linearly independent solutions to a (k + 1)-order linear
ODE. The boundary conditions 'y (1) = 2 implies W) (1)Mx+ = Y4 which has at
least the following solution

My := WS (1)~ 1Yy
thanks to Moore-Penrose theory, see for example [3], where (WY (1))~! is the right
pseudo-inverse of W/_(1). Indeed, the right pseudo-inverse of the matrix W?_ (1) always

exists, and is given by the product of the inverse of W(1) times the right pseudo-inverse
of R that we denote here by R™!. Thus we deduce that

0
x{(s)
—1 —1
oany | | T WEOWED] e+ (Te(s) - WaGWA (D] Te()) 2
X{(s)
= Axy + B° =: P (o)
is an affine function with matrix A* := W9 (s)[W%(1)]7! = RW(s)W(1)"'R™! and
vector 2B° that depend only on s and x4. We still have to prove that the matrix 2°
is invertible for s € (0,1]. If so, given s € (0, 1], the derivative along the first variable
X(O)(s) of the inverse is
+

0qg
s\ 1 -1
(2.12) Vo (®%) 7 = W3 (1) Wi (s)] .
04,
We finally choose the control functions
Sl—&-m-&-ai

T+ ai)(24a) - (1+ 5+ o)

(2.13) gi(s) == (

with a; € (—1,0) pairwise distinct for ¢ = 0,...,x. Thus, we are left to prove that
W(1) and 2, are invertible for s € (0, 1], but this boils down to prove the matrix W(s)
is invertible for s € (0, 1]. Indeed, when s # 0 the Wronskian matrix is invertible with
the precise s-behaviour given by the following lemma:
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Lemwva 7. Consider the (k + 1) x (k + 1) matriz P(s) := (s"t*% /p; ;)75 _o with
pij = (1+a;) - - (1+i+a;) and the matriz™ W := P®1dg,. Then their determinants
are given by

det P(s) = (Hiéj_0i<j(a.i - aj)>8<~+1)2(~+2)+2?=0 o
[ =01 +i+ay)

(2.14) G (0 — ;)
det W(s) = ( i,j=0li<j % % )Sdo“‘*”;”*"‘wo S
K . .
Hi,j:o(l + i+ ay)do
Proof'of Lemma 7. — The factorisation in s gives the exponents. It remains to com-

pute the determinant of matrix P(1) := (1/p; ;)7 ;- From now on, for every n > 1,
we define Q,,(X) = H;:()l (X 4+ k+1—j) a polynomial of degree n. Then, we observe:

QH(QO) Qm(Oﬂ) e e Qn(am)
in—l(QO) Qm—l(al) Tt Tt Qn—l(ax)
H (14+1i+4+ «j)det P(1) = det ,
i,7=0
Qi(ao)  Qi(ar) - o Qi)

where the equivalence follows by multiplying the j"-column by Hf:O(l +i+4 ;)
according to classical laws of multiplication by scalars for determinants of matrices.

Then the determinant we are interested in is equal to the determinant of the equiv-
Kk+1—1

alent matrix that comes from performing linear combinations of rows to get a;™;

on the i*" row and j** column which gives a Vandermonde determinant of value
Hf j=0]i< ;@i — ;). The determinant of W directly follows by tensor calculus. O

Then, by Lemma 7, we thus find

1
—1 o .
W(s)™" = JtW(s) Comatrix W(s).

Going back to the calculation of (2.12), and combining (2.14) with the s-scaling of
the entries of the cofactor matrix and our choice (2.13), we get

Idg,
s\~ 1 4 o -1 Odl . —1—a;
(2.15) Vi (1) =Wi(1)[Wi(s)] = O(s )
: i=0
O,
which is integrable for «; € (—1,0). Observe also that our choice of control func-
tions g;, ¢ = 1,..., Kk, implies that all their derivatives up to order x + 1 are integrable

on s € [0, 1], which implies that the trajectories are bounded (with integrable tangent
vector field).

(DThe notation P ® Idg, is the classical tensor product between the matrices P and Idg,,.
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3. Proor or THE POINCARE INEQUALITY

We consider the three cylinders QF,Q~, Q% C Q as in Figure 2, operators A and B
that satisfy the assumptions of Section 1.3, and a weak sub-solution f of (1.1). Let
¢ € C®(RY) be a non-negative function in the first N variables (z(%), ... z(®)
(excluding the time component) with compact support in any time-slice of Q° and
such that fQO @dz = 1. Then

]é (fe - (a-) dar < ]é ][ Fe) = F(e)) ds e,
]éJr ][ —(fe)a ) dz_ dz4
+ /; . ]{_2 . (<f¢>Qo - f(z_>)+ dz_dzy

(3.1)
< ][ { (f(24) = f(20))p(20) dzo } dzy
Q+ Qo N
—.J+
+ ]2_ {][0 (f(20) = f(2=))e(x0) d2o }+dz7

=:J-

where z; = (z4,t4),2- = (zr—,t_) and zp = (o, to). Note that t_ < ¢ty < t;. We now
use the trajectories constructed in Section 2 to estimate the right hand side.
Using the chain rule, (1.1), (2.5) with the choice (2.13) we get

ﬂizi][ (Fles) — 12 >) (z0)dzo = F ][/ L F(Pa(9)) plao) ds o
— 30, ][ / (T1) (1(5)) (o) ds dzg

fo/( X0 (s )'(V(0>f)(ri(8))so(xo)dsdz0

3.2
(32) iéi][o/ [(A%A) 1] (T (s)) (o) ds dzg

=33
]{Qo/ Zs%mi (Vo) f) (T=(s)) e(zo) ds dzo,

::32i

where the above integrals are interpreted in the duality sense. The only difference
between the two terms J™ and J~ is the role of zy: in the former case it is the past
variable, in the latter it is the future variable.

JE.P — M., 2026, tome 13



HyproeLLipTic PoincarE INEQUALITY AND DE GIORGI METHODS i

In the following computations to estimate J and J3, the local and the non-
local case can be treated similarly, upon replacing the integration domain over Q°
by Q% x R in the non-local case, where Q¥ C RNT1=do js the domain of the cylin-
der Q° for the variables (x(l), IO t), that is we slice out the z©) variable.

We now integrate by parts the terms Jli after a change of variables xg — y =
D4 (z9) for s,to fixed ®5 is the affine map defined in (2.11), which is invertible for
s #0):

I =+ |Q0| QO/ [(A*A) £ (T+(s)) (o) ds dzg

= im /QO/ [(A*A) f] (®%(20), sto + (1 — s)t+) @(20) ds g dig

L O Lo - ds dy dto
A*A 1-— P — 7

Sl | 1) s st + (1= 92 0 (02) 7 ) Tt

_ . 0+ ! sy—1 ds dy dto
—i@ <I>;®Id)(Q0)/ [Af] (y, sto+(1—s)ti)ﬂ[<ﬂ((¢i) (y))] Tdet 2|

—im/o/ A1 (s (s)) {4 ((@;)‘l(y))}}ly e oy B30 000

We then use the first bound in (1.14) on the operator A of Section 1.3: for ¢ €

{afe(@ ™ )}, s

,1HB+5

e HV(O) (23)

K B+e K
i (Z s—l—al) <, (Z s—(ﬂ+€)(1+m)>
=0 =0

and deduce finally

7E < ‘QO‘/ / [[Af] (D= (s |<Z ‘W“)(“%)) ds dzg dto.

Now let us turn to J5 in (3.2). We find, using the same change of variables,

1 " A
Iy = :F/ ][0 Zsa"m(ﬁ Vo) f(T+(s))p(x0) ds dzg dio

(4)
_ // sYmy’ - Vi f (y,sto + (1 —s)tx
|Q0|Z (@1 814)(Q) + o (4 sto + ( )t+)

s\ —1 dsdydt
o (@) W) Trae

- Z [ (a0 rae)

X m(i {( Awy)” B2 Vo) {gp [(@i)fl (y)}}} ds dz dty.

ly=23 (wo)

JIP — M., 2026, tome 13



1412 K. Axcescrr, H. Dierert, J. Guerano, A. Loner, C. Mounor & A. Repuccr

For 0 < 8 < 1, we claim that

(—A) P2V ) {@ [(‘I’i)
(3.3)

1 _1H1*ﬁ

W)} 5[V (@)
K 1-5 K
5(251%) <S5 (ta(-9),
§=0

§=0
This can be seen as follows. For 0 < 8 < 1, the operator
Ty := (=) "V (o)

has order 1 — 8 and kernel
v—w
Kﬁ(’l} - 'UJ) = Cdg’ﬁm.
Writing y = (3/,v), where v/ = (y"), ..., y(D) is fixed, we set

g(v) == (%) (¥, v)),

so that, using the cancellation of this odd kernel,

Thao) 5 [ LI

Rdo [V —w
By splitting the integral at radius p,
Ts9(0)| S IV ©0)9lloop” + llgllcop”
Choosing p = ||gllsc/[|V (0)9lloc gives

—1

1Ts9lloc S.do 1915V 09llse®
By the chain rule,

(@D @)l < leler 1900 (2((@2)70)) o S V0 (@)1
Thus, combined with (2.15), this implies (3.3). We deduce

1 1 K
:H: < 7/ / ( sai+5(l+aj)—aj—1> _A B/2 (s ds e dto.
2R Jo Qo i;() ’<( (0)) f) (P ( ))‘ o dto

Tt follows from (3.1) and (3.2) that we are left with estimating
— qt+ - + . _ + +
=47+, h .—][ J d +f J dzg.
Jd:==17 d where Qi{1}+ Z4 Qi{2}+ Z4

The previous estimates imply

(3.4) gi</Qi/0 /( = +1)(B+E)>|(Af)(1“i(s))|dzidsdzo

+/Qi/0 /O(i;()saﬁﬁ(wa])—a]—l) ‘((—A(O))B/Qf) (Fi(s))‘ dzx ds dz.

Given some ¢ > 0, we first choose ¢ > 0 sufficiently small and then choose the «;’s
pairwise distinct and sufficiently close to (2 + 3 +¢)~! — 1.
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Remark 8. Note also that, by adopting the mollified formulation (1.20) and by
keeping the test functions ¥4 until the integral J* above, one could use the variable zo
to integrate the test function in the non-singular region s € [sg, 1], keep an L control
of the test function in the singular region, and optimise sy in order to deduce a gain
of integrability.

Then (3.4) simplifies into, for some ¢ as small as wanted,

3i</Qi/ 575 ) (T (o)) oz sz
- /Q s |(aw ) )| asasaz

We are now in a position to use not only the intermediate variable zy, but also the
future/past variables z1 for a change of variables, since we are now integrating in
both Q° and Q4. Note that it was not possible to use the integration in Q4 before
because of the positive value around the Q° integral.

We split J* as follows, given so € (0, 1),

/ / / dsdzo dz4

Q* JQ°
/i/o/ dsdzodzi—i—/ /O/ dsdzodzi
Q=JQ Q

_‘1 ‘2

The two changes of variables on each part are represented in Figure 4.
To control the part Hli we parametrise I'y (s) by the zy coordinates, for s € [0, so]
and tg, t+ all fixed:

(za,te) — Ta(s) = (T, tos + (1 — s)ty) = U3 (24, t1)

Since s does not approach 1, we can prove that this change of variables is not singular.
The mappings ¥4 are determined by solving (2.11) for x4 instead of z¢. It yields

VS (xy,ty) = (afay + b3, tos + (1 — s)ty)
with the matrix a% and vector b% given by
= (T(s) = WEG) [WA)] T T (1), b= W) (W] o,
which depend only on s and zg. Since we have proved in Lemma 7 that

W(s) = O(st0 ™ o Sig o),

. (st 1) (n+2) "
it follows that W3 (s) = O(s e 4o 307, @) and thus W (s) goes to zero as
s — 0. Since TY is a lower triangular matrix with unitary diagonal it is invertible
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Q

Ficure 4. The change of variables that we use in the proof for some
fixed s € (0,1). For s € (0,s9) we use ¥y that map zy onto I'y,
whereas for s € (sg,1) we use 1 that map zo onto I'y.

for all s, and finally a¥ is invertible with uniformly bounded inverse on s € [0, s¢] for
sg > 0 small enough. We apply this change of variables to estimate Hf:

5i_/o/ / s =5 |(AS) (v )l(dydt)djeizfq
/o/ / I(Qi) L (( A))P? f) ‘|dydtd8dzo

det a®|
. / Af(2)] d,
Q

where we also applied Fubini-Tonelli’s theorem and integrated over s. The part 3; is
controlled by using the same change of variables ®% as before, this time also involving
the time component, and we call it

%i(l‘o,to) = (@i(,’to),tos + (1 — S)ti

for this reason:
dydtdsdz
((~20)72F) (00| e

1
B
Hi:/ // PR
2 Q*t Jsg "i’l(Qo \sdetms\

__B__ dydtdsdzy
2F8 | A t) —/——=
/Qi/ /@ oy AR e e

< / AS(2)] de,
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where we have used first that the integral in s avoids the singularity at 0, and second
assumption (1.14) of Section 1.3. This concludes the proof.

4. Proor OF THE WEAK HARNACK INEQUALITY

In this section we briefly explain how to adapt the approach of [7] for deducing
the intermediate value of lemma of De Giorgi from the Poincaré inequality we have
proved. This approach was developed in the local case with k = 1 and with a weaker
version of the Poincaré inequality. A non-local extension, when x = 1, was developed
n [11]. This approach can be described as a “trajectory viewpoint” on the De Giorgi
theory, and it is fully quantitative.

In order to carry out this analysis, one needs to have an a priori local quantitative
boundedness result for weak solutions to (1.1), also known as the first De Giorgi
lemma, which writes in its simplest form as follows.

Levva 9 (First lemma of De Giorgi). — Let the operators A, B be such that B is
given by the assumptions of Section 1.3 and A is more specifically given by

(i) A := VAV (o) with A € [A~1, A] measurable symmetric matriz (local case),

(i) A = a(—A,)?/? with a € [A=*, A] scalar measurable (non-local case).

Let f be a sub-solution to (1.1) in Q1, such that in the local case 0 < f in Q1, and
such that in the non-local case, 0 < f < 1 in Bi@” x R% x [~1,0]. Then there exist
e>0 andr € (0,1) so that le f? < e implies f <1/2 on Q,.

In the local case, a stronger statement holds where the L°° norm of f on @, is
controlled by a constant (depending on A, B and r) times the L? norm of f on Q.
In the non-local case, variants of this stronger statement exist if f is not only a sub-
solution but also a super-solution; we refer to [13, 12]. The proof is based on an energy
estimate and the gain of integrability of the fundamental solution of the Kolmogorov
equation, local or non-local. This is classical and we refer to [7, 11, 2, 18, 9, 1]. The
non-local case with k > 2 is obtained by scaling arguments, or by calculating the
fundamental solutions in Fourier.

As a next step, one needs to prove the second De Giorgi lemma, also known as the
intermediate value theorem, which controls the gradient of a sub-solution by getting
an explicit bound on the measures of the sets where the solution is in between two
values. It reads as follows:

Lemva 10 (Second lemma of De Giorgi). Let the operators A, B be such that B is
gtven by the assumptions of Section 1.3 and A is more specifically given by

(i) A:= \/ZV(O) with A € [A=1, A] measurable symmetric matriz (local case),
(i) A = a(—A,)P"? with a € [A=', A] scalar measurable (non-local case).

Let 0 < f < 1 be a sub-solution to (1.1) in Q1. Let 01,02 € (0,1). Then there are
constants rg > 0 and v € (0,1) and 6 € (0,1) such that whenever

|{f<0}mQ:0 251|Q:0 and |{f>1_9}QO| 262|Qm|a
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there holds
HO <f<1-0} ﬁQl/Z‘ > v|Q12|

in the local case, or
|{0 < f <1- 0} N B(1/2)1+n/3 X X B(1/2)1+B X [*3,0” = V|Q1/2|

in the non-local case.

The proof of this lemma follows from our Poincaré inequality and the first lemma
of De Giorgi by using the argument of [7, §3.2] in the local case (in fact the proof
is simpler since we do not have the error terms in the Poincaré inequality that were
present in [7]), and it follows from [11, §5.2] in the non-local case (note that we have
removed the mollifications F; of the cutoff functions in the statement of [11] since they
can be used in the proof but removed from the statement by making the border region
small enough). These proofs are done in the case of one commutator but they extend
straightforwardly to the case of several commutators because they do not depend
on the transport part T = J; + B of the equation, but only on A and the Poincaré
inequality and first lemma of De Giorgi.

With the first and second De Giorgi lemma at hand, one can deduce the “measure-
to-pointwise estimate” and the weak Harnack inequality by following [7] in the local
case, and [11] in the non-local case, see [1] also. These proofs are independent of the
equation and only depend on the previously established functional inequalities. The
only minor change is that the kinetic cylinders have a slightly more complicated scaling
on the variables () ..., 2(® t) but the technical changes needed are, although
slightly tedious, clear.
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