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A DETERMINANT ON BIRATIONAL MAPS OF
SEVERI-BRAUER SURFACES

BY Evrimas Kurz

Asstract. — We define a determinant on the group of automorphisms of non-trivial Severi—
Brauer surfaces over a perfect field. Using the generators and relations, we extend this deter-
minant to birational maps between Severi—Brauer surfaces. By means of this determinant and
a group homomorphism found in [BSY24], we can determine the abelianization of the group of
birational transformations of a non-trivial Severi—Brauer surface. This is the first example of
an abelianization of the group of birational transformations of a geometrically rational surface
where the automorphisms are non-trivial. Using the abelianization, we find maximal subgroups
of the group of birational transformations of a non-trivial Severi-Brauer surface over a perfect
field.

Résumic (Un déterminant sur applications birationnelles de surfaces de Severi-Brauer)

Nous définissons un déterminant sur le groupe des automorphismes des surfaces de Severi-
Brauer non triviales sur un corps parfait. A I’aide des générateurs et des relations, nous étendons
ce déterminant aux applications birationnelles entre surfaces de Severi-Brauer. En utilisant ce
déterminant et un homomorphisme de groupes trouvé dans [BSY24], nous pouvons détermi-
ner I’abélianisé du groupe des transformations birationnelles d’une surface de Severi-Brauer
non triviale. Il s’agit du premier exemple d’abélianisé d’un groupe de transformations biration-
nelles d’une surface géométriquement rationnelle dont les automorphismes sont non triviaux.
Au moyen de cette abélianisé, nous trouvons des sous-groupes maximaux du groupe des trans-
formations birationnelles d’une surface de Severi-Brauer non triviale sur un corps parfait.
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1276 E. Kurz

1. INnTRODUCTION

Let S be a geometrically rational surface defined over a field k. The group of bira-
tional transformations Birg(S) has been studied extensively. One problem concerning
the group of birational transformations Birg(S) is to find its abelianization:

Birg(S)/(aba b~ | a,b € Birg(S)),

which is its largest abelian quotient. The term abelianization sometimes also refers to
the quotient map.

Examrre 1.1

. If k = k, then by the Noether—Castelnuovo theorem, we have
Birg (P?) = (PGL3(k), o),

where o: [z:y:2] — [yz:zz:2y]. Since k is algebraically closed, the group PGL3(k) =
PSL3(k) is simple and hence has trivial image in the abelianization. But

o=vloaoy,
where

2

: [y 2] — [22 —ay:2? —yzi2? — 22,

a: [xy:z] — [z — 21—y,

and, since o € PGL3(k), the abelianization of Birg(IP?) is the trivial group.

« For k = R [Zim18] shows that the abelianization of the real Cremona group is
given by the surjective group homomorphism

Birg (P?) — @ Z/2Z.
(0,1]

. Let k be a perfect field. In [L.S24] it was shown that the group Birg(P?) is gen-
erated by involutions and admits many group homomorphisms to Z/27Z and thus the
abelianization is a non-trivial product of copies of Z/27 ([LZ20] and [LS24]).

In all three cases in the example, one can prove that the automorphisms are mapped
to the trivial element of the abelianization. This contrasts with the case of Severi—
Brauer surfaces, where we show that the automorphisms are not all mapped to the
trivial element of the abelianization.

Let k be a perfect field. A Severi-Brauer surface is a smooth projective surface S
over k such that Sg ~ IP%. If S is already isomorphic to P? over k, we say that S
is trivial. By a theorem of Chételet this is equivalent to the existence of k-rational
points. Let k C L be a Galois extension such that S splits (becomes trivial) over L.
Choose an isomorphism ¢: S, ~ P%. Then

0gp "t =a,9, g€ Gal(L/k), a, € PGL3(L).
Thus, under the isomorphism ¢, the action of g on Sy, corresponds to the action of

agog on P%. We check that g — a is a cocycle. Moreover, sending the isomorphism
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SEVERT BRAUER SURFACES 1277

class of S to a4 gives the following one-to-one correspondence ([Ser97, I§5, I11§1]):

{ Severi—Brauer surfaces over k

that Spht over L } — Hl(Gal(L/k),PGL3(L)).

Another classical correspondence is the following (which can be found, for example,
in [Ser04, X§5]):
Central simple algebras

of dimension 9 over k% «— H'(Gal(L/k),PGL3(L)).
that split over L

The groups of birational transformations of Severi-Brauer surfaces are of particular
interest because one of the results of [BSY24] studies birational maps of Severi-Brauer
surfaces and provides a useful group homomorphism:
Birg(S) — ( o) Z/gz) ® ( o) z).
pE(€3~{q}) PELs

The kernel of this group homomorphism contains all the automorphisms. Whereas
in the previous examples the automorphisms always map to the trivial element in
the abelianization, we show that for non-trivial Severi-Brauer surfaces this is not the
case.

Let L be a splitting field of S and let ¢ be an isomorphism ¢: Sy, — P%. For
every a € Autg(9), we have pap~! € PGL3(L). Up to multiplication by a scalar
matrix, we choose a representative A € GL3(L) of this automorphism such that (see
Lemma 3.2)

AV = AJTAA,, g€ Gal(L/k)
for Ay, € GL3(L) such that [Aj] = a4 (cf. Lemma 2.12) and A9 the image of the
matrix A under the action of g. This implies that det(A4) € k* and we prove that
its class in k*/(k*)® depends only on o and not on the representatives A, of ay, the
isomorphism ¢ or any splitting field (Lemma 3.4). This construction therefore gives
a group homomorphism

det: Autg(S) — k*/(k*)3,

which is the abelianization of the automorphism group of S (Lemma 6.2).

To extend this homomorphism to Birg(S), we use the Sarkisov program, which
decomposes elements of Birg(S) into simple birational maps between projective sur-
faces not necessarily isomorphic to S (a detailed description can be found in Sec-
tion 2.1). The Sarkisov program also embeds Birg(S) into a groupoid BirMori(.S) (see
Theorem 2.8 for a definition). For Severi-Brauer surfaces, one has

BirMori(S) = {S1--» S2: S; = S or S; ~ S°P}.
The surface S°P can be constructed using central simple algebras. Let A be the central
simple algebra corresponding to S. We define A°? to be the algebra with the same

underlying set but opposite multiplication, i.e., a *op b := b * a. Thus, S°P is the
Severi-Brauer surface corresponding to A°P.

JE.P. — M., 2026, tome 13



1278 E. Kurz

Using the Sarkisov program, one proves BirMori(S) is generated by the Sarkisov
links based at 3 and 6-points and automorphisms of S, S°P. Here, a d-point is a closed
point of degree d which can be viewed as a Galois orbit of d geometric points over k.
The Sarkisov link based at a 3-point or 6-point p is obtained by blowing up p and
contracting an orbit of 3 or, respectively, 6 disjoint (—1)-curves which are the strict
transforms of the three lines through two of the three components or the six conics
through five of the six components:

Ys Y3
YN YN
S——=—---- -+ S°P S——=—---- -+ S°P
The relations between the Sarkisov links are as follows: the trivial relations x'ax8 = id
or xx' = id for fitting Sarkisov links x, ¥’ and automorphisms «, § and the elementary
relations given in Theorem 5.20. This theorem shows that the determinant behaves
well with the relations and is then the key point for extending the determinant from
Autg(S) to Birg(95).
We consider the following subgroupoid of BirMori(\S)

Gg := {Sl -—-+ S5 ‘ S; € {S, SOp}}.

Gg differs from BirMori(S) only because we do not allow different models of S, S°P
to appear. Any map in BirMori(S) that starts or ends in a different model can be
obtained by an element in Gg composed with some isomorphisms between different
models of S, S°P.

Two Sarkisov links are said to be equivalent if they differ only by multiplication
with automorphisms (cf. Definition 2.14). Let €4, d € {3,6} be the set of equivalence
classes of d-links. We choose a set R of representatives for each class of 3 or 6-links.
We extend the determinant to Gg in the following way:

detp: Gg — k*/(k*)?
R—1
a € Autg(S) — det(a)

B € Autg(S°P) — det(3) .
To prove that this is well defined, it suffices to show that the trivial and elementary
relations are sent to 1. In [BSY24, Lem. 3.3.4] it is shown that the elementary relations
are precisely those in Theorem 5.20 and thus sent to 1 by the determinant. Thus, the
only remaining relations are the trivial ones, which are dealt with in Lemma 3.18.

We therefore obtain a group homomorphism on Birg(S). Taking its direct sum with
the group homomorphism from [BSY24] gives the abelianization of the group.

Turorem A. — Let g € €3 and let R be any choice of representatives of the equiva-
lence classes of Sarkisov links between S and S°P. The abelianization of the group of

JEP — M., 2026, tome 13



SEVERT BRAUER SURFACES 1279

birational transformations of a non-trivial Severi—-Brauer surface S over k is given by:

®: Biny(S) — @ 2/32e (@ 2)@DET,
pe(€s~{q}) PEEs
where DET := det(Autg(S)) C k*/(k*)3. Here ® is the restriction to Birg(S) of the
homomorphism from Gs to @ ¢ (e, (1) Z/3L® (Dpee, Z)  DET that sends x € R
of class p # q to 1,, x € R of class q to 0, the automorphisms « of S to det(«) and
the automorphisms B of S°P to det(371).

This is the first example of a variety in which the abelianization of the group
of birational transformations contains non-trivial classes of automorphisms. Whether
D = k*/(k*)3 remains open and can be studied from an algebraic perspective via cen-
tral simple algebras or a geometric perspective via different splitting fields of 3-points
and their norm map.

Acknowledgements. — 1 would like to thank my thesis supervisor, Jérémy Blanc, for
introducing me to this problem and for countless discussions. I would also like to
thank the authors of [BSY24] for allowing me continue the work they had already
done on this problem. The results taken from their unpublished notes ([BSY]) are
Lemmas 3.2, 3.17, and 3.18, and Theorem 3.4. I would like to thank Gabriel Dill for
giving me some examples of field extensions of degree 3 and results on their norm
maps. I am grateful to the referee for their thorough reading and the many insightful
suggestions that significantly improved the exposition.

2. PRELIMINARIES

2.1. MorI FIBER SPACES AND SARKISOV LINKS. — To study birational maps, we use the
Sarkisov program. The Sarkisov program has been studied extensively under various
hypotheses and is an established tool for studying birational maps; see, for example,
[BSY24]. We use [LZ20] and [Isk96] as references for the Sarkisov program [LZ20]
and [Isk96]; we refer to them for further details. We first introduce rank-r fibrations.
We are particularly interested in Mori fiber spaces because much can be said about
their birational geometry.

Derinition 2.1. — Let X be a smooth surface and B a point or a smooth curve,
both defined over a perfect field k. A surjective morphism 7: X — B is called rank-r
fibration for r > 1, if:

« —Kx is relatively ample, i.e., C-(—Kx) >0 for all curves C of X contracted by 7.

« The fibers of 7 are connected.

« The relative Picard rank p(X/B) is equal to r.

A rank-1 fibration is also called Mori fiber space.

In the case where B is a point, this is the same definition as that of a smooth del
Pezzo surface of Picard rank r. When B is a curve, the map 7 is a conic bundle. For
Severi-Brauer surfaces, we only need the case in which B is a point, B = { P} below.

JIP — M., 2026, tome 13



1280 E. Kurz

ExampLe 2.2 Here are a few examples of rank-r fibrations.

. Let X be a Severi—Brauer surface over k. we obtain a Mori fiber space:

X

|

{r}

« Blowing up X at a 3-point p gives a del Pezzo surface of degree 6 (all 3-points
of X are in general position [Shr20, Lem. 2.8]) which we denote by Y. Since we blow
up one orbit, the rank increases by 1, and we obtain the following rank-2 fibration:

Y

e

|

{P} = {P}

« Let Z be the blow-up of two 3-points of X such that the six geometric points are
in general position. Then, as in the previous example, we obtain a rank-3 fibration:

|

{P} = {P} = {P}

We now give a more formal definition of the construction in the example, by intro-
ducing the notion of a rank 7’ fibration X’ — B’ dominating a rank-r fibration
X — B. This will be useful for developing the tools needed to study the birational
geometry of Mori fiber spaces.

Derinimion 2.3, Let X — B, X’ — B’ be rank r and 7’ fibrations, respectively,
such that there exists a birational morphism X’ — X and there exists a morphism
B — B’ such that:

]

X——B

We then say X' — B’ dominates X — B. If the maps X’ — X, B — B’ are both
isomorphisms, we say that X’ — B’, X — B are equivalent.

Note that ' > r, with equality if and only if the two fibrations are equivalent.
We now introduce the piece associated with a rank-r fibration X, — B,.. This polytope

JE.P — M., 2026, tome 13



SEVERT BRAUER SURFACES 1281

records all rank r’ fibrations X,» — B,» dominated by X, — B,. We use it to study
generators and relations of birational maps between Mori fiber spaces.

DeriNiTioN 2.4, The piece of a rank-r fibration X — B is the (r — 1) dimensional
combinatorial polytope constructed as follows:

Each rank d fibration dominated by X — B is a (d — 1)-dimensional face. For each
pair of faces X; — B;, i = 1,2 the face X; — Bj is contained in Xy — B, if and only
if the second fibration dominates the first one.

The piece of a rank-2 fibration produces a birational map between two Mori fiber
spaces. Those maps are called Sarkisov links and are the building blocks of birational
maps between Mori fiber spaces.

Derinition 2.5. — Let Xo — By be a rank-2 fibration. By the two-rays game there
are exactly two Mori fiber spaces X — B, X’ — B’ dominated by Xy — Bs.

Xo
YN
X-—----X

s
NS

The induced map between X and X' is called Sarkisov link. This is the piece of the
fibration X2 — BQ.

ExamrrLe 2.6. — Let S be a Severi—Brauer surface and p a 3-point. Let L be the orbit
of the 3 (geometric) lines between any two of the three components of p. The map
obtained by blowing up p and contracting the strict transforms of the components
of L is a Sarkisov link.

For a 6-point ¢ of S take the (geometric) conics through any 5 out of the 6 compo-
nents of ¢. They form an orbit, which we denote by C. The map obtained by blowing
up ¢q and contracting the strict transforms of the components of C' is a Sarkisov link.

Y5 Y3
S——=—---- -+ S°P S——=—---- -+ S°P

The piece of a rank-3 fibration will induce a relation between Sarkisov links, which
will play an essential role in determining the homomorphism we are looking for.
An example of such a relation of a Severi—Brauer surface can be found in Figure 1.

Treorem 2.7 ([LZ20, Prop.2.6]). — A 2-piece is homeomorphic to a disk, and its
boundary is a sequence of Sarkisov links, whose product is an automorphism.

JILP — M., 2026, tome 13



1282 E. Kurz

We say that this product encodes an elementary relation between Sarkisov links.
We will use the following final result to study the group of birational self-maps of
Severi—Brauer surfaces; it is known as the Sarkisov program.

Turorem 2.8 ([Isk96] and [LZ20, Th.3.1]). — Let X be a smooth projective surface
over a perfect field k that is birational to a Mori fiber space. The groupoid

BirMori(X) := {X; ---+ X birational | X1, X2 Mori fiber spaces birat. to X}

is generated by Sarkisov links and isomorphisms of Mori fiber spaces. Any relation
between Sarkisov links is generated by trivial and elementary relations.

The trivial relations are x1 o x2 = id, where x; are Sarkisov links, inverse to each
other, and o xy o 8 = X/, where x, x’ are Sarkisov links and «, 3 are automorphisms
of Mori fiber spaces.

2.2. ProPERTIES OF SEVERI-BRAUER surraces. — We consider Severi—Brauer surfaces,
which are k-forms of P2. Their birational geometry has been studied (among others)
by [BSY24], [Shr20], [Wei22].

Derinition 2.9. — Let k be a perfect field. A variety S over k is called a Severi—
Brauer variety if it is isomorphic to P™ over k for some n > 0. A Severi-Brauer variety
is called trivial if it is isomorphic to P™ over k.

By a theorem of Chatelet, a Severi-Brauer surface is trivial if and only if it has a
k-rational point. The first step in constructing our group homomorphism is to study
the Sarkisov links on Severi-Brauer surfaces, as in [BSY24]. Another important tool
in the study of Severi—Brauer surfaces is the orbit of points under the Galois action,
also referred to as d-points.

Levva 2.10 ([BSY24, Cor.2.2.2 with p = 3|, [Kol25]). — Let S be a non-trivial
Severi—-Brauer surface over a perfect field k. Then S does mot contain points of de-
gree d, where d is not divisible by 3. Moreover any non-trivial Severi—-Brauer surface
contains a point of degree 3.

Derinrrion 2.11. Let p be a 3-point of S. Then the splitting field of p is the
smallest field L D k such that the components of p (p = {p1,p2,p3}) are defined
over L. A splitting field of the variety S is any Galois extension L of k such that S
has L-rational points, S(L) # @.

Let L be the splitting field of a 3-point and h € Gal(k/k). Since h(p) = p, p is
defined over h(L), which implies that L C h(L) and by degree considerations L =
h(L). Thus, L is a Galois extension of k. Since Sg, has L-rational points, Sy, ~ P%
and L is also a splitting field of S.

Levmma 2,12 ([BSY24, Lem. 2.3.2]). — Let S be a Severi-Brauer surface over a perfect
field k, p a 3-point of S and L its splitting field. Then the following holds:

JE.P — M., 2026, tome 13



SEVERT BRAUER SURFACES 1283

(1) The Galois group Gal(L/k) acts faithfully and transitively on {p1,ps2,ps}-
In particular, it is isomorphic to Z/3Z or Symg and contains a unique g € Gal(L/k)

of order 3 such that g(p1) = p2, 9(p2) = ps, 9(p3) = p1.
(2) There exists an L-isomorphism ¢: Sg, — P% such that

o(p1) =1[1:0:0], @(p2) =[0:1:0], ¢(ps)=1[0:0:1] and <pogog071=Agog,

with Ay = (ggé) for some £ € LY.
(3) If q is a 3-point of S having the same splitting field as p, there exists a o €

Autg(S) that sends p to q.

As —Kg is ample and p(S) = 1, the surface S is a Mori fiber space. We now
turn to the Sarkisov links of S. Every Severi-Brauer surface corresponds to a central
simple algebra A ([Jah03, §6]). We define A°P to be the ring with the same set but
reversed multiplication (a x4 b = b X 400 a). This algebra corresponds to another
Severi-Brauer surface S°P, which is not k-isomorphic to S unless S is trivial (see
[BSY24, 3.2.5/3.2.6]). S°P is especially important because all Sarkisov links that start
at S end at S°P.

Levwa 2,13 ( [BSY24, 3.2.3, 3.2.7], see also [Wei22], [Shr20]). — Let S be a non-
trivial Severi—Brauer surface over a perfect field k and let x : S--+ S’ be a Sarkisov
link. The following are true:

(1) The Sarkisov links x,x ™! are centered on d-points, where d € {3,6}. The two
d-points at the center of x,x~ ' have the same splitting field.

(2) We have S" ~ S°P and any Mori fiber space birational to S is isomorphic to
either S or S°P.

Composing an isomorphism with a Sarkisov link does not substantially change the
nature of the link. We therefore define equivalence classes of Sarkisov links, which are
useful for constructing quotients of the group of birational self-maps.

Derinirion 2.14. — Let x: X7 --» Xo and x': X| --» X} be two Sarkisov links between
two rank 1 del Pezzo surfaces over k. We say x, x’ (or, respectively, their base points)
are equivalent if there exist isomorphisms «: X; — X7, 8: X5 — X} such that

Box=xoa.
These equivalence classes are needed when working with the trivial relation

aoxof =% and are a key component in constructing the group homomorphism
found in [BSY24].

Levva 2,15 ([BSY24, Lem. 3.3.2]). — In the notation of Definition 2.14, one has the
following:

(1) x,x’ are equivalent.
(2) There exists an isomorphism o as in Definition 2.14 that sends the base points
of x to the ones of .

JIP — M., 2026, tome 13



1284 E. Kurz

(3) There exists an isomorphism ( as in Definition 2.14 that sends the base points
of x~! to the ones of X'~ 1.

Proof
(1) = (2): Let p,p’ be the base points of x, x’. Since 8o x = x’ o « we obtain

p=Tnd(x) = nd(x’ 0 @) = a~*(Ind(y')) = o~ ().

(2) = (3): Set B :=x oaox . We claim that this is an automorphism; it then
acts on the base points as described in (3). We write x = 7o p™!, X' = 7' 0o p/~!
for the minimal resolutions. Then since « sends the points blown-up in p to the ones
blown-up in p’, it follows that p'~!
blown-up in 7 to the ones blown-up in 7/, proving that § is an automorphism.

(3) = (1): As in the second implication, we prove o := x'~! o 0 x is an automor-
phism. This proves (1). O

o« o p is an automorphism sending the points

We define €3, Eg to be the sets of equivalence classes of 3-points and respectively
6-points or equivalently of 3-links and respectively 6-links. The next lemma gives the
elementary relation between the Sarkisov links.

Levmma 2,16 ([BSY24, Lem. 3.3.4]). The elementary relations between Sarkisov links
of a non-trivial Severi—Brauer surface S defined over a perfect field k are as follows:

X6 © X50°X40X30X20x1 =id,

where, fori=1,2,3, x2i—1: S--» S°P are links from the same class and x2;: S°P--» S
are links from the same class.

The figure below shows that each link maps the base points of the neighboring
links to each other. This observation will be useful in the construction of the relation.
The relation is given by the following hexagon (from [BSY24]):

Tueorem 2.17 ([BSY24, Th.A]). — Let S be a non-trivial Severi-Brauer surface
defined over a perfect field k, and let ¢ € E3. Then there exists a surjective group
homomorphism.:

: Bin(S) — @ z/3z0 (@ 17),
pe(€s~{q}) IS
which sends the links x of equivalence class of p € (€3~ {q}) U&¢ to 1, and the links
of equivalence class q to 0.

In [BSY24], the homomorphism maps Birg(S) to a free product which can be
mapped onto a direct sum, as the direct sum is the abelianization of a free product.
One of the links is sent to zero in order to make the homomorphism surjective. In the
proof of Theorem A, we explain why one must choose a 3-link to vanish.

JEP — M., 2026, tome 13



SEVERT BRAUER SURFACES 1285

S Xg Sop
?/X6 y A
Sop X3 S
/ A / //}
X} E! X}
A\ /:
S _3 X6 Sop

Ficure 1. Relation from Lemma 2.16. The center is a del Pezzo sur-
face X3 of degree 3 of Picard rank 3. Each segment denotes the
blow-up of a point of degree 3 (Figure from [BSY24]).

3. THE DETERMINANT MAP

To construct a useful group homomorphism that does not send the automorphisms
to the neutral element, we study how the automorphisms of a Severi-Brauer surface
can be represented in the projective plane over a splitting field of S. We will mainly
use the splitting field of one fixed 3-point to obtain this representation. In this chapter,
we study properties of the links and a useful representation of the birational maps
of S in affine coordinates, which facilitate the study of the elementary relations and
the automorphisms involved in them.

Convention 3.1. — From now on let k be a perfect field and S a non-trivial Severi—
Brauer surface over k.

Conjugating an automorphism a of S with an isomorphism to the projective plane
over some splitting field gives an element of a projective linear group. These elements
commute with the twisted action A4 o g, which imposes restrictions on the possible
elements of the projective linear group. We use these restrictions to find representative
matrices with properties that are essential for constructing the group homomorphism
on the automorphism group.

Lemma 3.2 ([BSY]). Let Y be a Severi-Brauer variety defined over k and k C L
be a finite Galois extension such that Y, ~ P} via some isomorphism ¢. There exist
[A4] € PGL,41(L), for all g € Gal(L/k), such that

pogoyp Tt =[4og.

JIP — M., 2026, tome 13
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Then for every o € Autg(Y') we can find a representative A € GL,,11(L) of poaop™!

such that
(1) A9 = A;lAAg, Vg € Gal(L/k).
The matriz A is unique up to k™.

1 1

Proof. — The [Ay] exists since ¢ 0o go ¢~ ' o g~! is an automorphism. Moreover,
we can observe that for g,h € Gal(L/k) we have [Agn] = [A44]g([Ar]) and therefore
there exists jugp such that Ag, = pgnAgg(An).

Let us choose a representative A of ¢ o a0 ¢~ 1. Since « is defined over k, we find

1

[Aglogo[Al=gpogoaop ™ =poaogop ' =[A]o[4]oy,

and thus [Ag o A9] = [A o A,y]. This implies that there exists A, € L such that
AgAY = ATTAA,. We calculate for g, h € Gal(L/k):

AT Ny = AZFAA G, = (A9 AT AAGAD = A (A7 AAR)T = Agg(An) A",

gh
Thus (g — A;) € H'(Gal(L/k), L*), but this only consists of the class of 1-cobound-

aries by Hilbert’s Theorem 90. Thus, there exists A € L* such that A, = A/g(}),
replacing A by A~1A the claim follows. O

This lemma motivates the following definition, which we later extend to the case
of birational maps. It is also the basis on which we define our determinant, as in the
following theorem.

Derintrion 3.3. Let Y be a Severi-Brauer variety defined over k and k C L be
a finite Galois extension such that Yz, ~ P2 via some isomorphism ¢. Then there
exist [44] € PGL,41(L), for all g € Gal(L/k), such that pogo =t = [4,] 0 g. The

representative A of p o a0 p~! satisfying (1) is called an affine representative.

Tueorem 3.4 ([BSY]). — Let Y be a Severi-Brauer variety of dimension n defined
over k and o € Autg(Y) be an automorphism of Y. Choose an affine representative A
of a.. Then the following statements hold:

(1) det(A) € k™.
(2) Letting det(a) be the image of det(A) in k*/(kK*)" T we obtain the following
group homomorphism:

Autg (V) — k*/(kE*)"H
a — det(a).

Moreover this is independent of the field extension, the isomorphism and the choice
of Ag.

Proof. — Since AY = A7 AA, we find

g(det(A)) = det(A), Vg e Gal(L/k),
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and therefore det(A) € k*. Reducing by (k*)"*! ensures that scaling A by k* does
not change the value, and thus the determinant does not depend on the choice of an
affine representative.

For «, § with affine representatives A, B we conclude that

(AB)Y = AYB9 = AV AA AT BA, = AT ABA,,

Therefore, AB represents aco3. Thus, this determinant is a homomorphism. It remains
to prove that the determinant depends only on a.

« First, the choice of A, is unique only up to a scalar, which cancels out in Ag_lAAg.
Thus the choice of A, does not affect the determinant.

. If we fix L, for two possible isomorphisms ¢, ¢’, we note that ¢’ = v o ¢ for
v € Autr(P"). Using a representative C' of v, we note that we can now choose
CA,(C~1)9 instead of A, and CAC~" instead of A. Therefore, we conclude that

(CAC™1)9 =C9A9(C™1)9 = CIA T AAL(CTH)?
= (CAL(CTH)TICACTHCAG(CTH)).

Therefore, CAC™! is our affine representative and the choice of the isomorphism ¢
does not affect the determinant.

. For different field extensions, we first show the independence for L C F', where
we use @ defined on L and an extended version of ¢ on F.

We take A, A, € GL,41(F), g € Gal(F/k), satisfying (1). The elements in
Gal(F'/L) are elements from Gal(F/k) that restrict to the identity on L. Hence,
for g € Gal(F'/L) we obtain

[Agl =po(p™) =pop™ =id.
therefore, we choose Ay = I,,. We then find A9 = A;lAAg = A, which proves that A
is defined over L.

Since every element g € Gal(L/k) is the restriction of an element ¢’ € Gal(F/k)

we get

[Ag] = po (7" = po(p™") = [Ay].
Thus A9 = A9 = A;lAAg, when we choose the same A; = A,. Therefore, over L
we can choose the same affine representative and the determinant does not change.

. Finally, for two extensions k C L,k C L’ using isomorphisms ¢, ¢’ we take F :=
LL’ and use the independence for L, LL' and L', LL' and one time the independence
for the extensions of ¢, ¢’ to LL'. O

We want to define a map det: Birg(S) — k*/(k*)? using the determinant. We do
this by using the Sarkisov program, i.e., defining the determinant on Sarkisov links and
automorphisms and proving that the map is well defined on the trivial and elementary
relations.

Derinirion 3.5. — Choose a representative x, of every equivalence class p € €3 U Eg
of k-links and collect them in the set R. Then R, Autg(S), Autg(S°P) generates a
subgroupoid of BirMori(.S), which we call Gg. We define:
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(1) for x € R, detr(x) :=1;
(2) for a € Autg(S), detr(a) := det(a);
(3) for B € Autg(S°P), detr(B) := det(B) L.

We will fix the notation R for the rest of the paper as the set of representatives of
the equivalence classes of the Sarkisov links between S and S°P. We want to extend
this definition to a groupoid homomorphism

detr: Gg — k*/(k*)®.

To this end, we use the fact that G is generated by R, Auty(S), Autg(S°P) with trivial
and elementary relations. We thus want to prove that for any trivial or elementary
relation, the natural extension of this determinant map is sent to the identity. We first
prove that the trivial relation is sent to the identity, which will then imply that the
determinant is well-defined on any Sarkisov link. Our trivial relations using only links
in R reduce to relations of the form x = ayxf8, where x is a Sarkisov link and «, 8 are
automorphisms.

Revark 3.6. — Let y: S--+ S°P be a Sarkisov link based on a 3-point. Over k, x is
constructed by blowing-up the 3-point and contracting the three (geometric) lines
through any two of the three components of the 3-point. This yields a map o (up to
isomorphism) of the form

. 2 2
o: P25 P2
[z:y:2] — [yz:zz:2y),

which is called the standard Cremona involution.

Lemva 3.7. — Let x: S--» S°P be a Sarkisov link based at p and let p°P be the base
point of x~'. Then there exists a splitting field L of S, S°P and isomorphisms

0: Sp — PL, P SyP — P2

such that the following statements hold:

' = Do, where D is a diagonal matriz

(1) If p,p°P are 3-points 1p := @°P oy o @~
over L.
(2) If p,p* are G-points, ¥ = P o x 0@\ is the blow-up of 6 points and the

blow-down of the 6 conics through 5 of the 6 points.

1

Proof

« If we blow-up a point of degree 3 in S we have a del Pezzo surface Y of degree 6
which has six (—1)-curves. The three exceptional divisors which form an orbit and
the strict transforms of the geometrical lines through two of the three components
which form an orbit. Therefore, we contract the strict transforms to obtain x. We can
choose ¢, ©°P so that it maps p, p°P to the coordinate points. Thus this construction
of x yields ¢ = Do for a diagonal matrix D and the standard Cremona involution o.
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« If we blow-up a point of degree 6, we obtain a degree 3 del Pezzo surface Y
with 27 (—1)-curves. Six of them are the orbit made up by the exceptional divisors,
and another six are the strict transforms of the (geometric) conics through five of
the six components of our 6-point p. The other 15 (—1) curves come from the strict
transforms of the geometric lines between two of the six points. A small combinatorial
argument shows that they are not contractable because they do not have disjoint
orbits. Therefore, the Sarkisov link based at the 6-point is obtained by contracting
the strict transforms of the six (geometric) conics.

O

In the case of a 3-point the splitting field L and isomorphisms ¢, ©°P are as given
in Lemma 2.12, where we use £ ! as the parameter for S°P. Next we look at the image
of 3-points under Sarkisov links.

Lemva 3.8, — Let p, q be two different 3-points of S and x a Sarkisov link based at q.
Then x(p) is a 3-point with the same splitting field as p.

Proof. — Let g € G := Gal(k/k), since y is g-invariant we have g(x(p:)) = x(9(p:)).
This equation implies that x(p) is a d-point of orbit size smaller than 3. Since the
order of all points of S°P is divisible by 3 we obtain that x(p) is a 3-point.

Let L be the splitting field of p and let L' be the one of x(p). Since p is defined
over L and x is defined over k we conclude that x(p) is defined over L, thus L' C L.
We know that k C L is of degree 3 or 6 with the Galois group Syms. Since the same
holds for k C L' and we conclude that Sym, does not have a quotient of order 3 we
also find that L has no strict subfield that is a degree-3 Galois extension of k. |

A Dbirational map of P? is given by three homogeneous coprime polynomials of
the same degree. The degree of the birational map is defined as the degree of these

polynomials. Using Lemma 3.7 we can study the degree of birational maps between S
and S°P over L.

Remark 3.9. Since Sy ~ ]P’% we introduce tools for studying birational maps of
the projective plane. Let 6 be any birational map 6: P2--» P2. Its homaloidal system
is the pullback of the pencil of lines under #. The characteristic of 6 is given by
d;mq, ..., m,, where d is the degree of the map 6 and m; are the multiplicities of the
base points of § in its homaloidal system. For further details, see [AC02, §2]. We now
have the following three equalities, which are called Noether’s relations [AC02, §2.5,
p.51].

(1) Xioymi=d* -1,

(2) Ximymi =3(d—1),

(3) Ximymi(m; —1) = (d —1)(d - 2).
Take a1, a9, a3 to be the multiplicities in the homaloidal system of the following
points:

p1:=[1:0:0], pz:=1[0:1:0], ps:=][0:0:1].
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We can use [AC02, §4] to calculate the characteristic of foo. We find the multiplicities
of the base points of § remain the same for all points except p1,p2,p3. The points
p1, P2, ps have multiplicities

d—as—az, d—a;—a3, d—a —as.

By Noether’s second relation, we observe that
1 T
d=de 927( m-) 1.
g(0) = 3 ; i)+
Using this for 6 o o also shows that the difference in degree of the two birational maps
is a third of the difference in multiplicities, i.e.,

deg(foo)=d+(d— a1 —az —a3) =2d — a1 —as — as.

Lemva 3.10. — Let p be a 3-point of S and q be a 3-point of S°P with the same
splitting field L. We choose isomorphisms ¢: Sp, — P% and ¢°P: S7° — P% for p,q
as in Lemma 2.12. Then for every ¥: S--» S°P we have

deg(pPopop ) =2 (mod 3),
and, for: S--+ S,
deg(popopt)=1 (mod 3).

Proof. — We start by noting that the result is true for automorphisms. We can write
¥ = xr o---0x1, where x; are Sarkisov links and assume that this decomposition is
minimal. Furthermore, we use the fact that all components have the same multiplicity.
We prove the statement by induction on the length & of a minimal decomposition into
Sarkisov links. Note that 1o x; ' = xx 0-- -0 x2 is a minimal decomposition of length
k—1.

k= 1. If ¢ = x1 we conclude that ¢°P o x; o ¢! is of characteristic 2;1% or

5;2% by Lemma 3.7. We find 2 = 2 (mod 3) and 5 = 2 (mod 3). We also find that
the components of base points belonging to one 3-point or 6-point have the same
multiplicity.

k— k-+1. — We define o; := ¢°P o y; 09~ ! for i odd and o; := @ ox; 0 (¢°P)~! for i
even. Then we need to look at o1 0---00q by induction deg(ogi10---009) = 3r+4,
where § = 2 if k is odd and § = 1 if k is even.

If 0; is as in (1) we write a for the multiplicity of the base points of o7 ! in
Ok+1 0 -+ 00y. Then by Remark 3.9 we get

deg(og10---001) =2(3r +0) — 3a = 3(2r — a) + 24,

which is equivalent to 1 modulo 3 if § = 2 and to 2 modulo 3 if § = 1. The multiplicities
of the base points of afl are now 37 + d — 2q, so they are equal. The multiplicities of
the other points remain the same.

Now, if o7 is as in (2). Then oy is the blow-up of 6 points and the blow down of
the 6 conics through, respectively, 5 of the points. Let « be the multiplicity of the
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base points of 01_1 in ok41 0+ 009, then we conclude that the intersection of the
strict transform of an element C' of the homaloidal map of o;41 0 --- 0 g9 with the
strict transform of the conics is 2(3r 4 0) — 5, which is the new multiplicity of those
points.

The multiplicities of the other points remain unchanged. Using Noether’s second
relation we conclude that

deg(ok410---001) =5(3r+9) — 12a = 3(5r — 4a) + 50,

which is equivalent to 1 if § = 2 and equivalent to 2 if § = 1. For a more detailed
proof of this fact, we refer to [AC02, §4]. a

Convention 3.11. — For a splitting field L of a 3-point p := {p1,pa,p3} of S we
always take g to be the element of the Galois group such that g(p1) = ps2, 9(p2) = ps,
g(p3) = p1. We write ¢ for an L-isomorphism between Sz, and P4 with the properties
given in Lemma 2.12. We also write Ay, £ for the respective objects defined in Lem-
ma 2.12.

By [BSY24, Lem.3.2.9], we can choose for S°P a similar isomorphism denoted
by ¢°P and a similar matrix denoted by AgP given by the parameter § -1

Prorosition 3.12. — Let p be a 3-point of S whose splitting field L satisfies
[L:Kk]=3. We then take o, ¢°? as in Convention 3.11. We may assume that
Gal(L/k) is generated by our g.

For ¢: S--» §°P we find di > 0, Fy, F1,Fy € Lx,y,z] homogeneous of degree
3dy + 2 such that ¢°P o1po =t = [Fy: Fy: Fy] and:
(2) TV F R ) = (A) o (Fo, i, Fa) o A, i=0,1,2.
Forp: S--» S, we find dy > 0, Gy, G1,G2 € L[z, y, z] homogeneous of degree 3ds + 1
such that p o o=t = [Gy:G1:Ga] and:
(3) €7(GY .Gy ,GY ) = A7 0 (Go,G1,Ga) 0 Ayi, i=10,1,2,

Proof. — By Lemma 2.12, we can take
0 0 ¢
Ag=(1 0 0
010

We then also take A;q = I3, A2 = A2, then A3 = I3 and similar for A% just with £~
instead of £. We will just do the first case, and the second will work similarly.

We take F := @°P otpop~! = [Fy: Fy: Fy], where F; € L[z, vy, z] are homogeneous,
coprime of degree 3d; +2 (possible due to Lemma 3.10). Since % is k-birational, we get
FoAjiog' = Azf’ogioF which gives F9' = gtoFog™ = (AZ?)_loFoAgi. Therefore,
there exists p, € L™ such that

(AP)"L o (Fo, Fi, Fy) 0 Ay = (F§, F{' F§ g,

where p;q = 1.
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Next, we show that (g% > j,: /€1@+1)) defines a 1-cocycle. For uy,us in the Galois
group there exist Ay, y,, AP . € L* such that

ul,u2

Aulouz = /\uhuz Aul ul(Au2)> AP =\ A?Aﬁ)ul (A?JE)

U1 0UL U1,U
Since Gal(L/k) = {id, g, g*} our choice of A, implies that all A, ., = 1 except for
Ag2,g2 = Ag2,g = Ag g2 = £ and )‘Zg,gz = X;E’g - )‘222 =<
We then obtain
Huyug (F(q)JIUQv Flltluz,FZuIUQ) = (/\op A?fful (AZ};))_lo(Fm Fy, FQ)O(/\uhuzAul U1 (Auz))

U1,u2
deg(F
— m A°P -1 A
- AOP ul(( 7J.2) O(F07F17F2)O u2)
Uy, U2
deg(F)
_ )\ul,uz :uu1ul(/j‘u2)(Fénuz Fiuluz F;luQ).

op
)‘ul,UQ

Thus,

)\?ffﬁi o U (H’uz )

/\op = Muqp,usg-
u1,u2

Moreover, the fraction A3%%2 /X%P  is equal to 1, except in the case where (uy,uz) €

{(9,97), (6% 9), (g%, 9°)}, in which it is equal to €3¢+ We thus obtain the following
equations:

R )

£2(d+1) — gdtl gd+1?
R 9(#92) Mg gz(ﬂg) Hg — Hg2 gz(ﬂgQ)
Hid = Cl+1) g2(d+1) — g2(d+1) gdl 7 gd+l T £2(d+1) £2(d+1)

We observe that (g° — pgi /614HD) € H(Gal(L/k), L*) which is trivial by Hilbert’s
Theorem 90. Therefore, there exists e € L* such that p, /(@D = /g (). Replac-
ing F; with e~ 1F; gives the result. O

Using this proposition, we can now generalize the definition of affine representatives
to birational maps. For automorphisms, this agrees with the previous definition by
identifying linear automorphisms of A? with invertible matrices.

Derinimion 3.13. — Let p be a 3-point of S such that for its splitting field L we have
[L:k] = 3. Take the conventional ¢, p°P for p and a 3-point ¢ of S°P with the same
splitting field. We may assume that Gal(L/k) is generated by our g. Let ¢: S--» 57,
S’ € {S,5°P} be a birational map. For the F; € k[x,y, 2] found in Proposition 3.12
the map A3 — A% 2 — (Fy(z), Fi(z), Fo(x)) is called an affine representative.

Examrre 3.14. Let o be the standard Cremona involution that has coordinates
[yz:xz:2y]. We define ¥ := (yz,zz,2y) € Llz,y,2]>. A direct calculation shows
that ¥ satisfies the equation in Proposition 3.12 and therefore ¥ is an affine represen-
tative of a birational map from S to S°P. We denote this affine representative by 3
throughout.
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The affine representatives give a way to describe all automorphisms of S defined
over k. Moreover, their affine representatives depend on exactly three parameters,
as proved by the following result.

Lemma 3.15. — The affine representatives of the automorphisms of S correspond to
the following matrices:

a &g(c) &g*(b)

b gla) £&g°(c) |,

c g(b) g¢*(a)

where (a,b,c) € L* ~. {(0,0,0)}.

Proof. — Let a € Autg(S). Proposition 3.12 gives the same result as Lemma 3.2, thus
that the affine representative A of « satisfies A9 = A;lAAg. Let a; be the columns
of A. We can observe that

A7 = AJTAA, = Ag(g(ar)) = az, Ag(g(az)) = as,
= ay = Ay(g(ar)), a3 = A2(g*(ar)).
Thus our matrix is given by:

a &g(c) Eg*(b)
b gla) &g%(c) |,
¢ gb) g*a)

where a; = (a,b,c) # (0,0,0). This matrix is always invertible and thus always an
affine representative, since for any a; # (0,0,0) the Ay o g orbit of a; corresponds to
a 3-point of S which is always in general position by Lemma 2.12. O

Every L-birational map of P? that has such affine representatives corresponds via ¢
to a k-birational map of S, since it does not change under the Galois action. We also
note that such affine representatives always come with L, ¢, ¢°P, A,. This only works
in splitting fields that are degree-3 extensions, and thus we show in the next lemma
that such a field always exists.

Lemma 3.16. — There exists a 3-point of S whose splitting field L is a degree-3 ex-
tension of k.

Proof. — With Lemma 2.3.4 in [BSY24] we find a field L such that the field extension
of k C L is a degree-3 Galois extension and S has points over L (it is isomorphic
to P2 over L). We want to prove that L is a splitting field of a 3-point.

We take the preimage of [1:0:0] with respect to the isomorphism. Then we take
the Galois orbit of this point with respect to Gal(L/k). This is then a d-point for
d < 3. Therefore, it must be a 3-point, since there are no 2-points or 1-points in S.
We then get that the splitting field is in L and is not k, thus it must be L, since 3 is
prime. U
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Given an automorphism of .S, we aim to obtain affine representatives that are easy
to handle. To this end, we prove that they always fix three geometric points that form
a 3-point, and therefore we can choose an L-isomorphism ¢: Sz, — P% such that the
affine representative becomes a diagonal matrix.

Levwa 3.17 ([BSY]). — Let o € Autg(S)~{id}. Then there exists exactly one 3-point
in S whose components are fized by o and its components are the only k-points, fized
by «.

Proof. — We take the degree-3 splitting field L of a point p from Lemma 3.16 and
the according ¢ from Lemma 2.12. We now choose A to be an affine representative
of a and see that its eigenvectors correspond exactly to the fixed points of a. Those
do not necessarily need to be defined over L, but since the eigenvalues come from a
degree-3 polynomial, we can take L’ a Galois extension of k containing L such that
they are defined. We extend ¢ to L’ and replace A by the affine representative of o
over L' (possibly with a different scalar due to the new Galois group).

All eigenvalues of A are defined over L’ and A has an eigenvector defined over L’
for any eigenvalue. Therefore, take v, A an eigenvector and its eigenvalue. We get for
every u € Gal(L'/k) A,A* = AA, and thus A,u(v) is an eigenvector of A with
eigenvalue u(\).

Take V4,. ..,V the eigenspaces of A over L'. And take V the vector space generated
by all of them. We then have A,u(V) = V. Therefore, we conclude that the preimage
of the projectivization of V under ¢ is a twisted linear subvariety, and thus V has
dimension 3.

There are three cases:

(1) 7 =1 and therefore V' = Vj, which is only possible for the identity.

(2) If we have » = 2, then by a reordering we may assume that dim(V;) = 2,
dim(V3) = 1. For v,w a basis of V3 with eigenvalues Ay, A, u(v), Ayu(w) are
eigenvectors of eigenvalue u(A). But dim(V3) = 1, so they are in V; and therefore
A,u(V1)) = Vi, This makes the preimage of the projectivization of V; a twisted linear
subvariety of dimension 1, which is impossible.

(3) The only remaining option is r = 3 and dim(V;) = 1. But then we conclude
that the preimages of the projectivization of V; are three L’-points, which are Galois
invariant as a set, and therefore must form a 3-point. Moreover, any eigenvector of A
over k is a multiple of an eigenvector defined over L’ and therefore their projectiviza-
tions have the same class. ]

We now have all the tools to study how the trivial relations behave under our
generalization of the determinant map.

Lemma 3.18 ([BSY)). If for a € Autg(S), B € Autg(S°P) and x a Sarkisov link
of S we have Bx = xa then det(f) = det(a) L.

Proof. — If we choose a different representative x’ = ~1x72 for k-automorphisms
1,72 of S°P S, we can replace 5, a by v157; v Yo Lays. Since their determinant did
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not change, it is enough to show the result for one representative. We take p, p’ as the
base points of x, x~!. Then we know that p is fixed as a set by « and p’ by 3. Let
i, Pl be the components of p, p’ over k.

. We first assume that p,p’ are 3-points. We now choose L-isomorphisms ¢, °P
from S, S°P to P? as in Lemma 2.12. Then we can see that ¢°Pyp~! has characteristic
2;13,

Ind(p°Pxe ™) = {[1:0:0], [0:1:0], [0:0:1]},

and the same for the inverse. Therefore, it is equal to P Do for some diagonal matrix D,
o the standard Cremona involution and a permutation matrix P. Replacing ¢°P with
P op°? we may assume that P = I5. Since ¥ := (yz, zz, xy) satisfies the properties of
an affine representative, we conclude that o corresponds to a k-birational map from S
to S°P. We therefore change our representative and choose D = I3.

Since p,p’ are fixed as 3-points by «, 3, the affine representatives A, B of «, 3 are
diagonal matrices multiplied by permutation matrices. Those permutation matrices
cannot be transpositions in our case. Otherwise, a would permute p;, po and fix p3.
Then for g € Gal(L/k) that corresponds to a 3-cycle and sends p3 to p;, we obtain

9(p3) = g(a(p3)) = a(g(ps)) = a(p1) = p2,

which is a contradiction.

In the case where the splitting field has degree 6, it can also not correspond to
a 3-cycle with the same type of argument. We see in the case of a degree-3 split-
ting field Ay, AP from Lemma 2.12 satisfy the condition to be representatives of
k-automorphisms since for A = A, we have 49 = A, = A;lAAg and similarly
for AJP. Therefore, we can take A = DAA;A, B = DB(Agp)iB7 where 0 < 74,15 < 2
and D4, Dp are diagonal matrices. We find there exists A € L such that ABYX = YA,
but since both B, 3 A are affine representatives, we have A € k, thus by changing B
we may assume A = 1. Then

Dp(AP)'PY = BY = $A = det(D)¢ D (APP) A%
(in affine coordinates). Then we find
det(B) = det(D4)?¢?4 = det(A)? = det(A4)~!

in k*/(k*)3.

« If p,p’ are 6-points, we can take ¢ as the fixed point of @ (componentwise) from
Lemma 3.17 and observe that ¢’ := x(q) is the componentwise fixed point of 3.

We now choose L-isomorphisms ¢, ¢°P from S, S°P to P? as in Lemma 2.12 for ¢, ¢'.
We again write A, B for the affine representatives of «, 8 and we write @ for the affine
representative of y. Since the image of ¢ under x is fixed by @, @ fixes the points
[1:0:0], [0:1:0], [0:0:1], since ¢' = x(q).

By Lemma 3.7, @ is of degree 5. Since it fixes [1:0:0], [0:1:0], [0:0:1] but cannot
have them as base points, its first entry has an x? component but no y5, 25 compo-
nents, and similarly for the second and third entries. Since [1:0:0], [0:1:0], [0:0:1]
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are fixed by A, B we conclude that A, B are diagonal matrices. We get another A\ € L
such that ABQ = QA and we can eliminate it as in the first case. We now obtain

Q = BT'QA = B7'Q(a11z, axny, assz).

Because of the z° term in the first entry we find b;; = a?l and similarly boy =
a3y,b33 = a3;. Thus B = A® and we conclude that det(B) = det(A)®> = det(A4)~!
modulo (k*)3. O

Cororrary 3.19. For any Sarkisov link x': S--» S°P there exist o € Autg(S),
B € Autg(S°P) and x € R such that X' = Bxa and the following expression
detr(x’) := det(a)det(B8)~! is well defined. For links x': S°P--» S we define
detr(x') :=detr(x’~ 1)L

Proof. There is a x € R, which has the same equivalence class as x’, which by defi-
nition gives the existence of , 8. Assuming there exist o’ € Autg(S), 8’ € Autg(S°P)
such that Bxya = x' = B'x¢’, then we conclude that y = 8~ !fyac’~! and Lem-
ma 3.18 shows that detr (') is well defined. O

It remains to show that the elementary relations are sent onto the identity by

our determinant map, i.e., if 73x372x271 X1 = id is an elementary relation between
Sarkisov links of S, then we have [[°_, detr(r;) detr(x;) = 1 in k*/(k*)3.

4. REWRITING ELEMENTARY RELATIONS

An elementary relation is a product of Sarkisov links y;: S--» S°P, 7;: SP--» S|
1 = 1,2, 3 based at 3-points such that x1, x2, X3 are equivalent, 7, 75, 73 are equivalent,
and

T3X3T2X2T1X1 — id.

By equivalence of Sarkisov links, there exist a;,d; € Autg(S), 74, 5; € Autg(S°P)
such that 7, = a;76;, xi = V:xdi, where x, 7 are the links representing the respective
equivalence class of links in £3. In this section, we prove that the choice of links
representing the class does not affect the determinant of the word. In Section 5 we
then prove that the determinant is always equal to the class of 1 in k*/(k*)3.

Levmwva 4.1, Take an elementary relation

T3X3TeX2T1X1 = id

between Sarkisov links of a Severi—Brauer surface S. Choose T: S°P--» S, x: §--» S°P
such that x; ~ x, 7 ~ 7. By equivalence of Sarkisov links, there exist c;, 6; € Autg(S),
Vi, Bi € Autg(S°P) such that

Ti = ;TP Xi = ViX0i-
Then the product

3
H det(v;d;) det(B;vi) ™"
i=1
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does not depend on the choice of x,T. In particular, the determinant of the word does
not depend on the choice of representatives of the equivalence classes of links.

Proof. — We take 7/: S°P--3 S| x': §--» S°P such that 7 ~ 7/, x ~ x’. Again, using
the equivalence, we find «,d € Autg(S), 7,8 € Autg(S°P) such that 7/ = a7,
X' = vx0 and find

= BT B i =y TN 6T

The determinant of the word with 7, x is
3
H det(aiéi) det(ﬁi'yi)_l,
i=1

and the one with 7/, x/ is

det(Bv) )3

5 3
Hdet(aiaflailrl) det(8;8 iy 1)L = (H det(cv;0;) det(ﬂi%‘)l) (det(aﬁ)
i=1 i=1

= (f[l det(a;6;) det(ﬂm)—l)

in k*/(k")>. O

Levva 4.2, — Let m3xsmexeix1 = id, T4xX57ax4Ti X1 = id, be two elementary rela-

tions between Sarkisov links of a Severi-Brauer surface S. If x1 = x}, Ind(m1) =
Ind(7]), then in k*/(k*)® we have the equality
3 3
[T detr(xi) detr(m:) = [ ] detr(x)) detr(r).
i=1 i=1
Proof. Let x := x1 = x4, 7 := 71. We find oy, d; € Aute(S), v, 5 € Autg(S°P)
such that
i =B, Xi = VX0,
and af, 8 € Autg(S), v}, B; € Autg(S°P) such that
T =B, Xi = X0
If x # 77! we may use 77!, x as the elements of R that represent their respective
equivalence of links. If y ~ 7~ we can choose  to represent its equivalence class and
find that 7 = ay ™13 for some a € Autg(S) and 3 € Autg(S°P). This implies that by
definition detgr(7;) = det(oya) det(,@[lﬂ). In the product of determinants from the
statement, the determinants of «, 3 appear only in a power of 3 and we may assume
that they are the identity.
We take p,p’,q,q" as the base points of x,x !, 7,7~ 1. Since Ind(7;) = Ind(7{) and
by our choice of representatives, we have

041:(51 :(Sllzid,ﬁlz’yl:ﬂi:’yi:id.
Due to the structure of the elementary relation, we conclude that both d2, 53¢ send
71(p") to p. Therefore, there exists €1 € Autg(S) that fixes p such that 155 = d5a].
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With Lemma 3.18 we find €] € Autg(S°P) such that €} x =xe1 and det(e]) det(e1) =1.
We therefore rewrite the second word as follows:

TaX5TaXaTIX = TaX5T2(72X05) (@1 T1)X = T3X573(72X) (0504 )T1 X
= m5X573(12)) (€102)T1X = T3X572(V2XE102)TIX = TEX3T2(V2E1 X02) 1 X
We can repeat this process and use this to find similar €;,€},7 = 2,...,5 such that
Byvad) = 20272, Osaiydy = e3d3ra,  [3y3ds = eafzys,  aidy = esas,
and obtain
id = T3X3TaXTIX = E5T3X3T2X2TIX = E5.

Hence, since det(e;) det(e;) = 1 we can calculate that the determinants are the same.
O

We note that

id = T3x3TaX2TIX1 = @ ' TaXaT2X2TIX1Q, @ € Auty(S).

Given the base points of X1—1 we have x; is unique up to right multiplication with
an automorphism, therefore we can go even further and find that the determinant of
the word 73x372x271X1 only depends, up to (k*)3, on the base points of Xfl and 71
which are both in S°P.

5 ThE DETERMINANT OF AN ELEMENTARY RELATION

If we fix the base points of 7 and fix x; it is enough to choose one of such possible
relations.

T3X3T2X2T1X1 = id
and prove that Hle detp(ri)detr(x;) = 1 in k*/(k*)3. We also choose x := x;1 to
represent its class of links. By Lemma 4.2 this will imply the same type of result for
all other relations with the same base points of 71 and the same x;.
In this chapter, we will find, given 7 and @1 € Autg(S), suitable affine representa-
tives As, ..., Ag of automorphisms as, ..., ag such that

(4) agTasx ... Tagx = id

is an elementary relation. We then take 7; := ai;7a2;_1, X := x and this will be the
explicit elementary relation where we calculate the determinant of the word, i.e.,

H det(ag;" ;) det(auw;).
i=13
We start with the case where for the splitting field L of the base point p of x

we have [L:k] = 3. We choose the conventional isomorphism ¢ for p and ¢°P for
the base point p’ of x~!. We have ¥ := (yz,xz,2y) is an affine representative of a
3-link equivalent to . The affine representative of y only differs from ¥ by a diagonal
matrix, which is itself an affine representative of an automorphism, since ¥ is one.
Thus, using Lemma 4.1 we may assume that ¥ is an affine representative of x.
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Convention 5.1. For this section we take y: S--» S°P? a 3-link with base point p
whose splitting field L satisfies [L:k] = 3 and has affine representative ¥. We also
take the ¢ for p and the ¢°P for the base point p’ of x~!. We recall that we have ¢
such that

00 ¢ 00 ¢!
Ay=[100], AP=(10 o],
010 01 0

where [Ag] = @ o (¢71)9, [AP] = P o ((¢°P)~!)9. If there is no further specification
we take all affine representatives with respect to ¢, p°P, A4, AgP.

Any elementary relation is constructed using two 3-points. We will make a case
distinction between the cases where they have the same class or where they do not
have the same class.

5.1. THE RELATION WITH ONLY ONE CLASS OF POINTS. — We start by figuring out when
exactly a relation of six links of a certain form is an elementary relation. Afterward,
for this section, we will consider the case where the two 3-points in the elementary
relation have the same class. Using the language of Lemma 4.1 and supposing that 7, x
are representatives of their respective equivalence classes of links, we find 77! = .

Lemva 5.2, — Let X;, i = 1,2, 3, be affine representatives of equivalent 3-links 1; and
let o; be the projectivization of ;. If

c;({[1:0:0],[0:1:0],[0:0:1]}) = {[1:0:0],[0:1:0],[0:0:1]},
o(Ind(o; ') = Ind(os4q), i=1,2,
and T3XT2XT1X = id,

then the last expression is an elementary relation.

Proof. We take X the del Pezzo of degree 6 that dominates x and Xg; the del
Pezzo of degree 6 that dominates 7;. By Convention 5.1 we see p,p’ are the base
points of y, x~*. Let p;, p} be the base points of TZ-,Tfl. We have p; ~ pj, 4,7 =1,2,3
and p} ~ pg, 1,5 = 1,2,3. Since Xg; is the blow-up of S in p;, we may assume that
X6, = X6,j, %,J = 1,2,3. We denote this surface by Xg. Take now X3 the del Pezzo
surface of degree 3 that arises as the blow-up of X in p; or as the blow-up of X} in p.
X3 is a rank-3 fibration and therefore gives rise to elementary relations. We want to
prove that 73x7ax71 x = id is one of those relations.

Let pg ...p1 = id be such a relation where p; are Sarkisov links. Since the relation
also depends on a blow-up model X3 — S, we can choose the relation such that the
base point of ,01_1 is p’ and the base point of py is p1. We therefore have p; = ya for
some automorphism «. Conjugating the relation with o we may assume that p; = .
Now in between links p;1p; we can substitute an automorphism 3 as p; 11858 p;
using the trivial relation. Therefore, we can choose ps = 7. We now follow the diagram
in Figure 1 and prove that the Sarkisov links p;,7 > 3 are as in the statement.
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By our assumptions, we have x(p}) = pit+1, ¢ = 1,2 and 7(p’) = p. The link p3 is
based at T2 (p’) = p therefore up to multiplication on the left side with an automor-
phism it is given by x. This automorphism on the left hand side can be substituted
to p4 using the trivial relation as stated before. Therefore, we can choose ps = x.
The base points of py are x(p}) = p2, and we can substitute and choose ps = 2.
Since To(p’) = p is the base point of ps, we can, substituting again, assume that
ps = x. The last link has the base point x(p}) and thus pg = S7¢ for some automor-
phism 8 of S. In this case, we cannot substitute anymore. We see (8 is chosen such
that id = 876X - .. 71x. But the right hand side equals 8 and thus pg = 73. O

In the diagram of the elementary relation Figure 1 we can see that the links act
in a certain way on the base points of their neighboring links. To create affine repre-
sentatives of links that act the same, we look at the action of BoA on the coordinate
points for some matrices A, B and ¢ the standard Cremona involution.

Lemma 5.3. — Let p,p’ be as in Convention 5.1. Take p: S°P--» S a 3-link with
base points different from p’'. Let A = (a1 | a2 | a3) be an affine representative of
a € Autg(S°P) and P an affine representative of p, whose existence follows from
Proposition 3.12. Assume that a(p') UInd(p) are in general position.

Then AP Dy is an affine representative of an automorphism of S, where

AP = (P(ay) | P(ag) | P(as)), D¢ = diag(1,&,&%).

Furthermore, its inverse A’ := Dgl(A”)_1 is an affine representative of o/ € Autg(S),
such that o’ pa sends p' to p.

Proof. Let a;, i = 1,2,3 be the columns of A and b; := P(a;). Since
AP(glar) | g(az) | glas)) = AP AT = AAP = (a2 | a3 | £ ar),
we obtain
az = AP (g(a1)), as = AP (g(az)) = (AP)?*(g%(ar)),
EAGP(g(as)) = E(AP)* (a1) = ar.
Since we have Ay P9(AP)~! = (P, we obtain
by = Ag(g(br)), &bs = Ag(g(b2)) = £ A,(g(Eba)),
EAg(g(b3)) = €1 AS(b1) = by
Therefore, if we look at
APDg = (b | €bz | €2b3) = (b1 | Ag(9(b1)) | A7(9% (1)),

we observe that A Dy satisfies the same properties as affine representatives and thus
corresponds to an element in Autg(S).

We know that [P][A] sends {[1:0:0],[0:1:0],[0:0:1]} to the classes of P(a;) which
are sent back to {[1:0:0],[0:1:0],[0:0:1]} by A’. Since we use p, p°P with p, p’, we con-
clude that {[1:0:0],[0:1:0],[0:0:1]} corresponds to p,p’ and, therefore, o’ pa sends p
to p’, where o’ is the automorphism represented by A’. O
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Remark 5.4. In Lemma 5.3 take any o € Autg(S°P) such that o pa sends p to p’.
Then the affine representative of a”’(a’)~! is a diagonal matrix.

Let A; be the affine representative of o in (4). We define Ay := (A7)71, A3 :=
(AX)~1 ..., Ag := (AZ)~!, which are affine representatives of automorphisms «; of S
if 4 is even and of S°P if i is odd (We remark that in this section 7 = x~1). We will
prove that there exists an automorphism § whose affine representative is a diagonal
matrix such that replacing ag by doag yields an elementary relation as in (4). We will
calculate that the determinant of this relation is 1. By Lemma 4.2 this will be enough
to show that the determinant of any elementary relation where the classes of both
3-points are equal to the class of p (cf. Convention 5.1) is equal to 1.

Examere 5.5. — We take an example from [BSY24, Cor.2.3.6], where k := C(u,v)
and L := k({/u). One can prove that this is a Galois extension of degree 3 and that
its norm map is non surjective, not having & := v~! in its image. Thus, using [BSY?24,
Lem. 2.3.3] there exists a Severi-Brauer surface S¢ and an isomorphism ¢: S — P%
such that for g € Gal(L/k) a generator we have ¢ o go o~ ! = [Ay] 0 g, where A, is
as usual.

We now aim to find an example for the relation and check whether the determinant
behaves like we want it to. For this, we first try to find an a; € Autg(Se). For this,
we need an invertible matrix Ay such that A;A{ = A; A,. For simplicity we choose A;
to be over k, thus we need A;A; = A1 A, To do this, we start with a column (or
a first point) and use these equations to find the other column (its “Galois orbit”).
An example of this would be

1 3v 2v
Ar:=12 1 3w
3 2 1

We now aim to find fitting A;, i = 2,...,6 such that AgoAso ... Ajo = id, where o
is the standard Cremona involution. But we have more information on our relation.
We know that A;0A4;_1 always sends {[1:0:0],[0:1:0],[0:0:1]} to itself. We assume
that there is no permutation within the set and thus we can prove, for a; being the
columns of Aj, that we can choose (X(a;) | £(az2) | X(az))~! as Ay (where we apply
an affine version of o to the a;). We call this matrix (AT)~L.

We can now find, since 0 o A, = AP o o, that if we instead choose Ay :=
D¢-1(AY)™!, where D1 is the diagonal matrix with 1,£7%,¢72 on its diagonal,
A satisfies our restriction AZPAQ = AQA‘;F’. We therefore continue with this principle
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and multiply with some fitting elements in k we find the matrices:

36v% — 6v —3v —18v + 4
Ay = [ —180v% + 4v 3602 — 6v —3v ,
—3v? —18v2 + 4v 36v% — 6v
—90? 4+ 20 6v2 — v 54v3 — 21v?% + 2v
Az = | 5402 = 2lv+2 -9+ 2 6v2 — v ,
6v—1 5402 — 21v 4 2 —9v2 4+ 20
1 23
Ay = v 12],
2t —23v 1
36v% — 6v —18v2 + 4w —3v?
As = =3t—2 3602 —6v —18v2 +4v |,
—18v +4 —3v 36v% — 6v
—9v% 4+ 20 54v2 — 21v + 2 6v—1
Ag = 6v2 — v —9v2 + 20 Bdv? —21v 42|,
54v3 — 21v% + 2v 6v2 — v —9v2 4+ 20
and get det(A;A3As) det(AzA4A46) "1 = 1. We still do not know what
AgoAso ... Ao

is, we just know that it is a diagonal matrix. But one can calculate this with a
computation software and find that it is the identity. Therefore, we have seen an
example of an elementary relation, where the two 3-points that give the elementary
relation have the same equivalence class. Moreover, the determinant of the relation
is 1.

Remark 5.6. — In Lemma 5.7 we need to study the image of certain lines and conics
under ¢. To this end, we will now study how to calculate them.

The map o = myon; ', where m is the blow up of the three points [1:0:0], [0:1:0],
[0:0:1] and 7o the contraction of the strict transforms of the lines through respectively
two out of the three points.

Take L a line such that L contains none of the three base points of o. The strict
transform of L with respect to 7y has self intersection 1 since it does not contain the
base points. The line L intersects the three lines contracted in 7y each exactly once,
and therefore its image has a self intersection 4 and contains the three base points
of o. This makes it a conic through [1:0:0], [0:1:0], [0:0:1]. Performing the exact
inverse calculation one can prove that the image of a conic through those three points
is a line not containing any base point of o.

Take C a conic through exactly two of the base points p;,p; of 0. The strict
transform of C' under 7; has self intersection 2 and does not intersect the line through
Di, pj- It intersects the other two lines contracted by 72 exactly once and therefore the
image of C' has self-intersection 4 and contains p;, p;. Therefore, it is a conic through
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Lemma 5.7. Let U be a field and A € GL3(U) ( where the classes of its columns
n ]P% together with the coordinate points are in general position). Then if we define
M;(A) = A, M;(A) = (M;_1(A)*)",i=2,...,6, where ¥ = (yz,xz,2y), we get
d(A) := det(A " M3(A) "' M5(A)™1) det(Mo(A) My (A)Ms(A))

_ P(A) 14

~ P(A"1)7det((A%))42 det(A)42’
where P is the product of all entries in the matriz. And as birational maps over P2
we get Mg(A)o ... My(A)o Ao = D(A), where D(A) is a diagonal matriz such that:

3 2
D(A);; = det( L=l

1=1 @i
where A = (aij)? 21, A7" = (bij)? ;=1 Thus det(D(A)) = P(A™")?det(A)'®/P(A).

Proof. — To calculate the determinant, we need to calculate det(M;(A)),i = 2,...,6.
We calculate directly:

det(M3(A)) = —(P(A) det(A) det(My(A)*) 1.
With this we can calculate det(M;(A)),s > 3 using M;(A) = M,;_1(Mz(A)) and
replacing det(M;_1(-)) with the previous equality
det(My(A)) = —P(My(A)) " P(A)* det(A)* det(Ma(A))*,
det(Ms(A)) = P(M3(A)) " P(M3(A))*P(A)~° det(A)~1° det(Mo(A)) S,
det(Mg(A)) = P(My(A))"P(M3(A))*P(My(A))*°P(A)° det(A)°° det(Mo(A))*°.
Thus, we need to find P(M;(A)), i = 2,3,4:
P(My(A)) = —P(A—l)P(A)2 det(A)? det(My(A))°.

Using P(Ma(A)~!) = P(A)? and M;(A) = M;_1(Ma(A)) we obtain

P(M(A)) = P(A)*P(A >2det<A>9d ((M(4)) ",

P(My(A)) = P(A~1)=3P(A)7 det(4)~15 det(Ms(4))®

Combining these two equations, we obtain

det(A™1M3(A) " M5(A) 1) det(Ma(A)My(A) Mg(A))
B P(A)14
~ P(A"1)7det((A%))42 det(A)42
The fact that Mg(A)o ... M1(A)o is a diagonal automorphism can be established
using Remark 3.9 to study the characteristics and base points of
M6(A)O'O'MZ(A), 1217,5
Take P := {[1:0:0],[0:1:0],[0:0:1]}
(1) For i = 5 we have the map has characteristic 2; 1% with the three base points
M5 (A)~L(P). In addition, it sends each point in P to itself.
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(2) For i = 4 we have the map has characteristic 4; 23, 13 with the three base points
M4(A)~1(P) of multiplicity 2 and the three base points

My(A)"H(o(Ms(A)H(P))) = P

of multiplicity 1.
(3) For i = 3 we have the map has characteristic 5; 2 with the six base points

Ms(A) " o(My(A)TH(P))) = P, M3 '(P).

(4) For i = 2 we have the map has characteristic 4; 23, 13 with the three base points
M5(A)~1(P) of multiplicity 1 and the three base points

Mo(A)™H(o(M3(A)~H(P))) = P

of multiplicity 2.
(5) For i = 1 we have the map has the characteristic 2; 13 with the base points

My(A)™H o (Ma(A)7H(P))) = P.

By the same argument applied to the inverse, the inverse of the map at ¢ = 1 has
characteristic 2; 1% with base points P. Therefore, the map Mg(A)o ... M;(A)o has
degree 1, i.e., is an automorphism and maps P to P. It remains to prove that the
points are not permuted. It suffices to prove that the map at ¢ = 1 contracts the
line L through p;,p; € P,i # j to the point in P that is not contained in the line.
To this end, we study the image of L by the map Mgs(A)o...oM;(A). To calculate
the image of a curve under o, we refer to Remark 5.6.

(1) We find M3(A)oM;(A) fixes the components of P and has base points
My(A)TH(P)

that by the general position assumption do not lie on the line. The image of L is the
conic through M,(A)(P) and p;, p;.

(2) The image of this conic under ¢ is the conic through o(M2(A)(P)), i, p;-.

(3) We note that M3(A)(c(M2(A)(P))) = P and My(A)oM3(A) fix P. Therefore,
the image under My(A)oM;5(A) of the conic through

o (Mz(A)(P)), pi; p;

is the line through p;, p;.

(4) The map o contracts this line onto the point not contained in L which is then
fixed by M6(A)O'M5(A)

A similar argument as above just using the inverse relation that this diagonal must
map the classes of the columns of (A~1)* to the classes of the columns of Mg(A).
Thus, we now calculate the matrices M;(A) and confirm the form of the matrix D(A)
as given in the statement.

We have for \;(4) € k™, i=2,...,6:

det(A)

MQ(A)1J = (H a]k)bvj/\Q(A)7 >\2(A) = W
ki
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Using M;(A) = M;_1(M(A)) and dividing by P(A), P(A™!) if needed, we obtain

My(A) = 1%/\3(14% As(A) = Ao (M (A) o (A)2P(A),
My(A)i; = M ajk)l(l_[i_l bik)/\4(A)’ Ai(A) = )Q’()f&(;l)),
M = T e o = S

To prove the form of D(A) we define:

[T, b
Dy(A); = det(A)PZE=12E (A7NE =[] by

1=1 Qi s
Thus:
3
(DL (A) (A1), = det(A)° Hk_ll_[bzk TTi: i
1=1
(H3:1(A71)12k)(1_[3:1 a?k)(H #i blg) A (A)
and Mg(A);j = k (H?:fali) l P<6A_1).

Therefore, for the diagonal matrix Dy(A) with

3 As(A)
Da(A)j; = (E a§k> m7
we obtain
Mg(A) = Dy (A)(A™)Dy(A).

Thus, the diagonal D;(A) sends the projective class of the columns of (A~1)* to the
ones of the columns of Mg(A). This is the same action as D(A) and since they are

diagonal and the columns of Mg(A) are in general position to the coordinate points,
we have D(A) = D1(A). O

Remark 5.8. — The matrix Ms(A) is up to a diagonal, the unique matrix M such
that Mo A fixes the coordinate points.
Let D;, i =2,...,6 be diagonal matrices and define

MI(A):= A, M!(A) = D;My(M!_,(A)), i=2,....6.

We study what happens to the product and the determinant if we use M instead
of M;. For any diagonal D

M3(DM;(A)) = det(D) ™' Mo (M;(A))D,  My(M;(A)D) = D2 My(M;(A)).
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And therefore we have in projective coordinates

M3(A) = A3D3M3z(A)Ds, Az = det(Dy) ™,

Mj(A) = \yDy D5 > My (A) D3, )\4—det(D2)2de( 3) 7L,

ML(A) = A\sDs D3> Ms(A)DyD;3 %, = det(D5) "2 det(D3)? det(Dyg) ™!,
M§(A) = X\¢Dg D, > Dy Ms(A)Ds D3 %, )\G:det(DQ) det(D3) "% det(Dy)? det(Ds).

Using [D]o[D] = o we have, in projective coordinates:
M(A)o...oM|(A)o = DDy *DyMg(A)o - -0 Ao = DgD;*DyD(A)
as birational maps. One can also calculate:
det(M; (A) ™ Mj(A) " MY(A) ™) det (Mj(A)Mj (A)MY(A))
= d(A) det(D3)? det(D3) 15 det(Dy4)" det(Ds) ™3 det(Ds)
= det(DgD; 2 D3)d(A)(det(D2)° det(D3)~° det(D4)* det(Ds)~1)3.

Using the preceding results, we now give our first example of an elementary relation.

Lemma 5.9. — Let Ay be an affine representative of a k-automorphism of S°P, where
the classes of the columns of Ay in P% together with the coordinate points are in
general position. We define with the notation of Lemma 5.7:

Ai = Dgt(i)MQ(Ai_l), 1= 2, ey 5, A6 = D(Al)_ngDgt(G)Mg(A5),
where t(i) = —1, i even , t(i) = 1, i odd. Then A; are affine representatives of auto-
morphisms «; and agx -..a1x = id and this is an elementary relation whose deter-
minant is in (k*)3.
Proof. — We use Remark 5.8 with
Di=Dguw, i=2,...,5 and Dg= D(A1) ' D{Deuc).

Thus in projective coordinates we have Ago ... Ajo = DgD;?DiD(A;) = id.

The fact that the A; are affine representatives follows from Lemma 5.3 which
implies that Dgt(i)Mg(Ai,l) is an affine representative and we can calculate that
D(A1)7'D{ is one as well. In Lemma 5.7, we can see that d(A;) equals det(D(A;))
up to (k*)3. Therefore, Lemma 5.7 and Remark 5.8 imply that

det(A2 A4 Ag) det (A7 Az A1) = det(Dg) P*d( A1) det(D(A1)) ! € (K*)3,

since by Lemma 3.15 we see P(A;) € k™. The fact that this relation is elementary
follows from the action of A; on the base points and Lemma 5.2. |

Using this elementary relation, we can now prove the first case of Theorem 5.20
where 77! = x and where L, has degree 3 over k.

Turorem 5.10. — All elementary relations between Sarkisov links of S where both
classes of base points are equivalent and their splitting field is a degree-3 extension
of k have a trivial determinant.
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Proof. We fix an affine representative A; (where the classes of the columns of A;
in P% are in general positions) of a k-automorphism of S. By Corollary 4.2, it suffices
to prove the theorem for one possible choice for the other 5 automorphism. In this
case, we also have only one kind of link for which we will use the one represented
by 3. We choose affine representatives A; as given in Lemma 5.9, which implies that
the determinant is trivial. g

5.2. THE RELATION WITH TWO CLASSES OF 3-PoINTs. — If the base points of 7,x~! are

not equivalent, we again reduce this problem to the case of Lemma 5.7. The difficulty
is that 77! # y and thus we need some information on the base points of 7 and its
inverse. The next few results identify these points, an affine representative of 7 and
the k-automorphisms to find a relation.

Lemma 5.11. — Let p,q € S be two non-equivalent 3-points with splitting fields Ly, L
such that [L,:k] = [Lq:k] = 3. Let F be the compositum of L,, L,. Then we find
Gal(F/k) ~ Gal(F/L,) x Gal(F/Ly)

Proof. — We recall that k C Lp, L, are Galois extensions. We take w,,w, € k
such that L, = k(wp), Ly = k(w,) using the Primitive Element Theorem. Then we
find F = k(wp,wy). Since p,q are not equivalent, we conclude that L, N L, = k.
Assume that a zero of the minimal polynomial of w, over k lies in L,, then by
normality of L, we have L, C Ly, and hence L, = L, a contradiction. Thus we have
L, C F = L,(wp) is of degree 3 and therefore k C F' is of degree 9. Then the map

Gal(F/k) — Gal(F/L,) x Gal(F/L,)
g (9|Lp>9|Lq)

is injective, since wy,w, generate F' and thus since both sides contain 9 elements, it
is also surjective, and thus it is an isomorphism. O

Convention 5.12. From now on we write L,, L, for the splitting fields of non-
equivalent 3-points p,q of S and F := L,L,. We always will identify Gal(F'/k) as
Gal(F/L,) x Gal(F/L,). We will also extend our isomorphisms ¢ as in Lemma 2.12
(for p) to F. Since this can still be represented over L,, the L, part of the Galois
group of F' does not affect . In the case where L, is a degree-3 extension we take ¢’
a generator of Gal(Ly/k).

We extend the preceding constructions to our larger field F'. To this end, we extend
our isomorphism ¢ to F' and then study the new twisted action on this. With the
new twisted action, we can retain our notion of affine representatives while working

with F'.

Lemva 5.13. Let k, L,, Ly, F,p be as in Convention 5.12 where k C L, is
of degree 3. For Ay as usual, we conclude that for every (g,u) € Gal(F/k) ~
Gal(F/L,) x Gal(F /L)

pol(gu)op " =[(4y)]0(g"u), i=0,1,2.
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1308 E. Kurz

Furthermore, for each 3-point ¢ equivalent to q, the components of p(q') are fized by
[A4] 0 (g,id) and permuted by {id} x Autg(Lg), in the same way as ¢' in Sg.

The properties of Theorem 3.12 also remain valid for the extension k C F', where
we replace g* with (g*,u) and choose Atgiuy = Agi-

Proof. We take ¢ as we did before for L,, since it can be defined over F', and we
get ) )
polgu)optolghu) Tt =po(p™H) W =po (e =[(4y)].

Since (g,1id) fixes the geometric points ¢, on Sg we have [A4]o(g,1d) fixes ¢(q]). Since
(id,u) permutes the ¢} and ¢ o (id,u) o =1 = (id, u), the same holds for (id, u) with
o(q;)-

Since the elements in ¢ Birg(S)¢ ! can be defined over L,, we may choose the
same affine representation as in Theorem 3.12. U

We now want to study which points in P% correspond to 3-points ¢’ that split
over L,. By the preceding lemma, these points must be fixed by A4 o (g,id). Assume
that such a ¢’ has a component on one of the geometric lines between the components
of pin S. Then all the components of ¢" would lie on that line, since the lines are fixed
by Autg(L,). But then g would permute the lines and fix ¢ which is impossible.

If a geometric conic existed through all six components of those two 3-points its
strict transform under the link y based at p would be a geometric line through x(q’)
which is still a 3-point and hence this is impossible. Therefore, p U ¢’ are in general
position.

Remark 5.14. In Lemma 5.15 we use the field norm Ng,r . The Galois group
Gal(F/Ly) is generated by (g,id) (which we abbreviate to g) and therefore we have

Np,r,(a) = ag(a)g*(a), a € F.

Levmma 5.15. — Let p,q,Ly, Ly, g" be as in Convention 5.12 and assume that k C
L,, L, are of degree 3. We can construct the following representations of g over F' =
L,L,. There exists b € F such that Ng/r, (b) = €72 and for each such b, define

1 1 1
Bs(b) := [ 1/€9(b) 1/€9(g'(b)) 1/€9(9'(9'(b)))
b g'(b) g'(g'(0))

The classes of the columns of Bg(b) form a 3-point over S wvia the usual isomor-
phism ¢ (extended as in Convention 5.12) and each 3-point equivalent to g not on the
coordinate lines can be given like this. We also have

AyBs(b)? = {Bs(b)Dy, Dy = diag(b, g'(b), ¢’ (¢’ (1))
Furthermore,

’

0 01
Bs(b)? =Bg(b)[1 0 0
010
We will later refer to the permutation matrix used in the above formula as (123)).
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Proof. — Consider [1:b;:bo] satisfying

[1:672g(b5 1) :€ 7 g(ba/bs)] = [€9(b2):1:9(b1)] = [Ag)(g([1:b1:b2])) = [1:ba:bo),
from which it follows that by = g(b; *)¢~" and Np,r,(b2) = €2, Since such a 3-point
is a ¢g’-orbit, this gives the stated structure of Bg(b).

Since ¢ exists and does not lie on one of the lines between the components of p,
such a b exists and therefore also of Bg(b).

Conversely, for every b € F such that N, (b) = ¢ ~2 we get

[Agl(g([1:1/€g(b):b])) = [€g(b):1:1/€9(g(b))] = [1:1/£g(b):b].

Thus, the columns of Bg(b) are fixed by A, o g. Since the columns of Bg(b) form an
orbit with respect to Gal(L,/k) we get, with the previous property, that the columns
form a 3-point.

The identity AyBg(b)? = £Bg(b)D; follows by direct calculation using

[Ag](g([1:1/€9(b):b])) = [€9(b):1:1/€g(g(D))] = [1:1/€g(b):b].
By the construction of Bg(b) we can directly find

’

001
Bs(b)Y =Bs®) [1 0 0]. 0
010

Given such matrices, we find an affine representative of a Sarkisov link 7 that has ¢
as base points if the splitting field of ¢ is a degree-3 extension. Since the determinant
of the word depends only on the base points of Xl_l and 7 this type of link suffices as
a choice of 7.

Levma 5.16. — Take Ly, Ly, F, ¢ as in Convention 5.12, where k C L,, L are of
degree 3. We can take b € F, so that Np/r, (b) = &2 and with Lemma 5.15 we define
B := Bgon(b) (representing a 3-point of S°P) and B’ := Bgs(b™!) (representing a
3-point of S). Then, there is a A € L, such that

S:=(QAB)oYoB!
is an affine representative of a 3-link from S°P to S, where ¥ = (yz,xz,xy).

We will later refer to the projectivization of S as G.

Proof. — The existence of b follows from Lemma 5.15, where in this case we need
Np,r,(b) = & instead of £~2 since we work over S°P instead of S. Since

Ni,/k(det(Dy)) = Np_k(Nr/, (b)) = £°,
we have N, /i(£?/g(det(Dy))) = 1 and therefore, using Hilbert’s Theorem 90, we find
a A € L, such that
X g
g(n)  g(det(Dy))’
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We now get
()Y =(AB9)oxo (B 1)
= (AB'(123)) o X 0 ((123)"'B~1) = (AB'(123)(123) oL o B! = 3.,
This shows that ¢ is defined over L,,. To prove the properties of affine representatives
(since ¢ is surely F-birational, it is also sufficient) we look at:
M) = (9NET1B) oS0 (BT = (9(NA; ' B'DJ 1) o Lo (&(D; )BT AP)
- 2
- 00 Sy

By Lemma 5.15 and the fact that since ¥ = (yz, 22, 1y), we have L o A\l3 = \2[30 %,
A € F, and, for any diagonal matrix D, we have DoX oD = det(D)I30X. This shows
that ¥ is an affine representative of a 3-link from S°P to S. O

A B) oo (BTLAP) = A7 o (5) 0 AP,

If we are looking for [A3]o[A5] that sends the base points of 3! to the ones of 7, we
can search for [B~!A3]o[AsB’] that fixes {[1:0:0],[0:1:0],[0:0:1]}. This leads us to

As := BDy((A;B")®) 71,

where Dy, is a diagonal. We want to find Dy, such that As is the affine representative
of an element of Autg(S°P).

Levwa 5.17. — Let Ly, Ly, F be as in our Convention 5.12, where k C L,, L, are
of degree 3. There exists a b € F such that Np,r (b) = & and B := Bgen(b), B’ :=
Bs(bil).
Let N be the affine representative of a k-automorphism of S. We find a A\, € F
such that for Dy, = diag(Me, 9'(Ms), 9'(9'(Mp))) (where ¢’ is as in Convention 5.12)
M := BD,,((NB)*)~!

is an affine representative of a k-automorphism of S°P.

Proof. — The existence of b follows from Lemma 5.15. Note that Ng,r (g(b)*/£%) =1
and using Hilbert’s Theorem 90 we may choose A\, € F' such that

Ao g(b)?
gN) &
We define Dy, := diag(Ay, ¢’ (M), 9" (¢’ (Ap))) and find:
MY = B(123)D¢ (NB'(123))”)"! = B(123)DY (123)"}(NB')®)~!
= BD,((NB"®)™! = M.

This again shows that M is defined over L,,. For the representation property, we con-
sider

M = € APBI(D, ) Di(Dj- ) (N B)¥) )7 (45P) !
= APBID}((NB)?) ™7 (A) ™" = AP Mo (A7),
since

(D, 1) Dp(Dy-1)? = €72D5,
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by our choice of D}, and Lemma 5.15. Therefore, M is an affine representative of an
automorphism in Autg (S°P). O

We next consider an example for the relation and use this to do our proof. We use
the construction of Lemma 5.7, but this time some modifications are necessary since
we work with ¢ and not all scalars are defined over k.

Levya 5.18. — Let Ly, Ly, F' be as in our Convention 5.12, where k C Ly, L, are of
degree 3. Let b € F such that Np, (b) = £ and B := Bgen(b), B := Bg(b™"). Let &
be as in Lemma 5.16. We define the following:

Ay i=1I3, Agii=De (A5 )P = A" De i My(B 1 Ay 1)B™Y, i=1,2
Al i= Der (AP) ™" = X' Do My(B~" A5) B!
and Asiy1 = BDy((A9;B")*)™' = BD,My(Ay;B'), i=1,2.
Then for T the 3-link represented by o, «; the automorphism represented by A; and og
the automorphism represented by
Ag == A73D(B7Y) "' D Ay,
we get the elementary relation

agT ... a1 = id.

Proof. We first prove that all the matrices are affine representatives. By Lem-
mas 5.3 and 5.17, the A;, A are affine representatives. It remains to prove that
X_?’D(B_l)_ng’ is also an affine representative.

We see that D(B~1) is given by the coefficients of B~! as in Lemma 5.7. We have
(B1)¢" = (123)"'B~!, which is a permutation of the lines of B~!. But using
this, we see D(B~1)9 = D(B~'). Therefore, using A\ € L,, we conclude that

AT3D(B~') "' D} is defined over Ly, Since

3 —1)2
(B¢ =¢(D,")9B AP and  D(A); = det(A)° H’E;(A Jik
1=1 i

a direct calculation gives

D(B™Y, = D((B™1)9)11 = D(&(D; 1)? B~ A1,

5—3}3
= D(B™ (& det((D;, 1)?)?) = D(B™)pp>=<—,
g(A3)
D(B™")3, = D((B™")%)22 = D(£(D; 1)/ B™  AP) 20 -
= D(B™")33(€* det((D; 1)9)?) = D(Bl)33i(xz\) ’
D(B Y4y =D((B")%)33 = D(£(D;, ") B~ AP) 33 N
_ —1 12 4o —1\g\3\ _ _y N3
= D(B™ )11 (§ " det((D, 1)?)°) = D(B )119(X3),

since (A/g(X))3 = &9 /det(Dy)3. Hence X3Dg3D(B_1) is an affine representative.
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We now show that AggAso ... Ajo = id. For this, we relate A; to M;(B~1). To sim-
plify the calculation, we will work with

C2i = AQiB/a 1= 17 27 02i+1 = B_1A2i+1a 1= 07 17 2a CG = Aé}B/a
for which we obtain

Cy = XﬁlDé—lMg(Czi_l), 1=1,2, Ce = X71D£—1M2(05)
Coit1 = DMy (Cyi), i=1,2, C, =B

Thus we observe with Remark 5.8, that in Birg(P?):

A5 As0 ... Ayo = (D(B™') "D} AgB'oB™ A5 ... B~ Ao
= (DB ) 'DHCe0o ... Cro
= (D(B™") "' D¢De-1) (D% )(Dg-1)D(B™Y) = id.

By Lemma 5.2 and using ¢, ¢°P, ag7 ... a1 x = id is an elementary relation. O

Again, this example is enough to prove the case of Theorem 5.20 where the splitting
fields of the base points of x and 7 are both of degree 3 over k.

Tarorem 5.19. — Take an elementary relation between Sarkisov links of S, where
both 3-point classes are non-equivalent and their splitting fields are degree-3 extensions
of k. Then the determinant of the elementary relation is trivial.

Proof. By Lemma 4.2, it suffices to look at all possible base points of 7a; and
choose one version of the other 5 automorphisms such that the base points are sent
to each other by the links, as shown in Figure 1.

We choose B, B’, 5 as in Lemma 5.16. The 3-points occurring in this relation cannot
be on one of the three (geometric) lines between two of the three components of p
by the general position assumption we need for the elementary relation. Using the
isomorphism ¢ this means that the image of the 3-point does not intersect with the
three lines z,y, z = 0. Therefore we can get all 3-points non equivalent to p with B.
We therefore use the example relation from Lemma 5.18.

We now calculate the matrices A; explicitly to be able to find the determinant,
since in this case a priori we are only in (F*)3. We calculate the matrices A; using
the matrices C; from the proof of Lemma 5.18. Note that for a diagonal matrix D, a
general matrix A and a scalar 1 we get as in Remark 5.8 that:

M(AD) = D™2M5(A), Ms(DA) = det(D) ' Ma(A)D, Ma(uA) = p~*Ms(A).
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Using this and M, o My = M3 we get (writing M; instead of M;(B™1)):

Co = X\aD¢ 1 My, Ao =21

Cs = \3D, M3 D1, Az = A2

Cy = \DeMyDy, As = A0 det(D; 1)
Cs = As Dy ' M5 D, A5 = A0 det(Dy)?

Co = \¢De-s Mg Dy, Ao = A2 det(Dy) 5.

It remains to calculate the determinant and verify that it is actually contained in (k*)3
and not only in (F*)3.
Using Lemma 5.7, that:
det(\>D(B~1)Dg®) = N¢ det(D(B™')) = X’P(B~") "L P(B)? det(B~1)™%.
Our goal is to show that
det(A2A4Ag) det(A1 A3A5)71

L — det(Ap Ay Ag) det(A; Az Az) L
det(\3D(B-1)D; ?) (A24adg) detl(4r434;)

belongs to (k*)2. We have
det(A2A4A%) det(AlAgAg,)_l = det(020406) det(010305)_1 det(B’)_3 det(B)3
= d(B~YA" " det(Dy,) '8 det(B') 3 det(B) .

Using Lemma 5.7 we obtain

det(\*D(B~1) D¢ ®) _ NP(B-1)~LP(B)?det(B~1)#

det(As Ay Ag) det(AT AT ASY)  d(B-1)A-117 det(Dy) 18 det(B’)~3 det(B)~3
= P(B~Y)"P(B)? det(B~1)%0 det((B~")*)*2 X120 det(Dy,)'® det(B')? det(B)®.

We now show that this is contained in (k*)3. To this end, we use the following prop-
erties:

g(P(B™) = P((D; ) BT AP) = °g(det(Dy)~*)P(B™') = (\g(\)*P(B™),

Here, the first equality is by interchanging P, g and using Lemma 5.15 on B, and the
second equality is a property of P. Furthermore, e L, and is therefore fixed by ¢'.
In addition, we have (B~1)9" = TB~! for some permutation matrix 7' by Lemma 5.15.
This implies ¢'(P(B~1)) = P(B~!). We obtain

() P(B™MX* € k7,

and a similar calculation shows

P(B)A\? € k7,
which again implies

(6) P(B™YHYP(B) € k*.
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We also see g(det(D,))¢~2 = g(X)/A by Lemma 5.16 and obtain using Lemma 5.15:
_ 2 _ Q(X)
g(det(B)) = £ “g(det(Dy)) det(B) = S det(B).

Again we have X is fixed by ¢'. Using Lemma 5.15 we have BY = BT for some
permutation matrix T of determinant 1. This implies that det(B) is also fixed by ¢’,
thus
(7) det(B)A™! € k¥,
and similarly ~
det(B)\ € k™,
and thus also
(8) det(B) det(B’) € k™.

Since ~
Ab g(b)? A £

a) € g Neyw,(9(0)

it follows that
det(Dy,)
g(det(Dp))
We thus get:
(9) X det(Dy,) € k*.

Nr/r,(9(b))? IO
&6 _( 2 ) '

= Nr/r,(Ao/9(M)) = A

Using these equations to reduce the determinant of the relation by elements of (k*)3.
We will make a sequence of equalities inside k* /(k*)? that all follow either from using
an equation or reducing by (k*)3.

We have

det(\*D(B~1)Dg?)
det(Ay Ay Af) det(A; P AZ T AZT)
= P(B~Y)"P(B)? det(B1)%° det((B~")*)*2 X126 det(Dy,)'® det(B')? det(B)?.

)
From the fact that A;' = AB/(B~1)Z Dy, det(Dy) € (k*)?, X126 = (X3)*2 we obtain
= P(B~Y)7P(B)? det(A;")*? det(Dy,)'® det(B’) =3 det(B) 57
From (6), (8), 39 = 3-13, and det(A;')*? € (k*)? we obtain:
= P(B7Y) "2 det(Dy,)® det(B) 8.
From (5) we get, since 72 = 24 - 3,
= (N det(Dp,)"® det(B) 8.
Using (9) and 72 =18 +54=184+3-3-6
= (\)'® det(B)~S.
Using (7) we finally get the following:
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It remains to consider the case where one or both of the 3-points have a splitting
field that is a degree-6 extension. We can reduce this case to the previous one using
mostly Galois theory.

Turorem 5.20. Let S be a non-trivial Severi—-Brauer surface over k and S°P its
opposite Severi—Brauer surface. Let x,x;: S--» S°P, 7,1;: S°P--» S be Sarkisov links
based on 3-points such that there exist «;,; € Autg(S), vi, B; € Autg(S°P) such that

T = a;TBi,  Xi = YiX0is
and the base points of x, T are in general positions. Furthermore, if

T3X3T2X2T1X1 = 1,

then we have 5
[ det(ais;) det(By:) =" € (k).
i=1

Proof. — We take an elementary relation between Sarkisov links of S, with p, ¢ the
two 3-points of the relation. Let Ly, L, be their splitting fields (we choose the same
field if they are equivalent). Considering ([L,: k], [L,: k]) we have proved the theorem
in the (3,3) case in theorems 5.10, 5.19. In the (3, 6) case, we may invert the relation
to switch p, g. Therefore, it remains to consider the (6,3) and the (6,6) cases.

(1) We start with (6,3). Since k C L, is a Galois extension of degree 6, we find
a field Ly such that k C Ly C L,, where the first extension is of degree 2 and the
second of degree 3.

Assume Sr,, would have Ly-points, then they would correspond to a 2-point in Sk,
since the Galois group of this field extension is of size 2. But this is impossible,
thus Sg, is a non-trivial Severi-Brauer surface over a perfect field.

After a base change to Lo the point g is still a closed point of degree 3. It needs to
be one orbit, since otherwise there would be closed points of order not divisible by 3
on S over Lo, a contradiction. We just need to make sure that it still has a splitting
field with field extension 3. But ¢ splits over LoLy and since [Lo:k] = 2,[Lg:k] = 3
we have Ly N L, = k which implies that Ly C LoL, is of degree 3. This implies that
Ly L, is the splitting field of ¢ over L.

We now are in the (3,3) case and can use the previous result. We can use the
isomorphism ¢, °P for &,¢~1 from Lemma 2.12 that we have always used, since for
degree-6 extensions they give the same A, and we may keep our affine representation
of the automorphisms. Thus, by the theorems in the (3,3) cases, we conclude that
the determinant of the word is in k* N (L3)3. But now it is only left to see that
kN (Ly)3 c (k)3

For this, choose a € k* and b € L} such that a = b3. Then if the polynomial 23 —a
has a solution in k we are done. If not, we see the minimal polynomial of b over k is
of degree 3, which is impossible for a degree-2 field extension. This finishes this case.

(2) For (6,6) we again take Lo so that k C Ly C L, with the same degrees as
above. As above S, is still a non-trivial Severi-Brauer surface over a perfect field
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and ¢ is still a 3-point (its splitting field can be of both degree 3 or 6). We now are
either in the (3, 3) case or in the (3,6) case.

In the (3,3) case the result can be shown as above using the same ¢, ¢°? and
k* N (L3)3 C (k%)3.

In the (3,6) case we again use the same @, p°P and see by the previous case that
the determinant of the word is in (L})3. However, because of the use of the same
isomorphisms, we see it is also an element of k*. We now argue as in the end of the
(6,3) case. O

We now have all the properties needed to extend the determinant homomorphism to
our group of birational self-maps. We can also extend it to the groupoid Gg introduced
in the beginning.

Corovrrary 53.21. — For every choice R of representatives of the different classes of
k-links (from S to S°P) there exists a well defined non-trivial groupoid homomorphism

detp: Gg — k*/(k*)?
R—1
a € Auty(S) — det(a)

B € Autg(S°P) — det(3) !,
where Gg := {p: S1--» S2 : 51,5 € {5, S°P}, ¢ birational}.
Proof. — From Theorem 2.8 and Lemma 2.13 we get that every Gg is generated
by links from R and automorphisms of S, S°P, with elementary relations given by
Lemma 2.16 and trivial relations given by

x Iy =id, x !'Bya=id.
For ¢ € Gg given by

T
¥ = Qri1 HXiai;
i=1

where x; € R and «; are automorphisms of S if ¢ is odd and automorphisms of S°P
if ¢ is even, we define
detr(p) := det(a;) det(az ). ..
The first trivial relation is sent to the identity by definition, the second trivial relation
is sent to the identity by Lemma 3.18. The elementary relation is sent to the identity
by Theorem 5.20. To show that it is non-trivial we take a 3-point p whose splitting
field L, is a degree-3 extension over k (exists, as mentioned above) and hence, using
the usual isomorphism ¢ we obtain the corresponding element & which is not a norm
and hence does not lie in (k*)3. This ¢ is the determinant of A,, and it remains to
prove that A := A, is the affine representative of some automorphism of S.
The matrix A is an affine representative of an automorphism of S if and only if

A9 = ATAA,,
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which, as in Lemma 3.2 comes from A commuting with A, o g which is the formal
definition of A descending to an automorphism of S. But the above equation is true
since A = A, = Ag_lAgAg. |

Combining this group homomorphism with the one constructed in [BSY24] gives
a new homomorphism that will provide the abelianization of the group of birational
self-maps of a non-trivial Severi—Brauer surface S.

Cororrary 5.22 (of Theorem 2.17 and Corollary 5.21). — For every non-trivial
Severi-Brauer surface S over a perfect field k and q a 3-point of S, there exists a
group homomorphism
®: Birg(S) — @ Z/3Z® ( oy Z) o (k*/(k*)?),
pe(€s~{q}) PELs

which does not send every automorphism to the trivial element.

6. TaE ABELIANIZATION OF Birg(.S)

Before determining the abelianization of Birg(S), we study the abelianization of
the automorphism group of S. For this purpose, we use a result from [Wan50] on
the central simple algebra corresponding to our Severi-Brauer surface. We then prove
that every element in the kernel of the map ® from Corollary 5.22 is equivalent to
an automorphism modulo the commutator subgroup. Combining this with our under-
standing of commutators of automorphisms obtained by studying the abelianization
of the automorphism group, we conclude that ® is the abelianization of Birg(.9).

Lemwva 6.1. Let S be a non-trivial Severi—-Brauer surface over k and let L be a
splitting field of a 3-point of S, that is a degree-3 extension over k. Take &, Ay as
usual. The central simple algebra associated to Sg¢ is the following:

D :={A € Matgy3(L): A;'AA, = A%}

Proof. — Note that D is a subring of Matsy3(L). We identify k with kI5. This
makes D an associative k-algebra. We can embed L into D via

A0 0
A— [0 g 0
0 0 ¢

By Lemma 3.15, D is a free left L-module with basis {I3, A, A?]} using this embedding
of L. Therefore, for a b € L, where L = k(b), we conclude that 1,b,b? is a basis of L
over k. Therefore,

{I3, Ag, A2 bI3, bAg, bAZ b I3, b° Ay, b* A2}
is a k basis of D, where we again identify b in D as

b 0 0
0 g 0
0 0 g*b)
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Thus that the dimension is 9. It remains to show that it is a central simple division
algebra over k that is associated to Se.

. We start by finding the center of D. As A3, A € k commutes with all matrices,
we have k C Z(D).
Conversely, let now A € Z(D). The i-th column of bA is given by

bay;, g(b)asi, g*(b)as;.
The i-th column of Ab is given by
a1;b, az;b, az;b,

and since g(b) # b we get as; = as; = 0. Continuing like this, we conclude that A is
diagonal with diagonal c, g(c), g*(c), ¢ € L.

Using (I3 + Ag + A2)A = A(I3 + Ay + A2) we find ¢ = g(c) and thus ¢ € k. Thus,
D is central.

« We then prove that D is a division algebra. Let A € D and a; be its first column.
We find if A # 0, that a; # 0 and thus the columns of A4 are a1, Ay4(g(a1)), 44(9%(a1)),
which is the orbit of a; under A4 o0g and therefore by descent corresponds to a 3-point
of S. Therefore, they are not collinear ([BSY24, Proof of 2.3.2]). Hence A is invertible,
and D is a division algebra.

« Next, we prove the simplicity of D. D is simple because D ~ D* = {0}.

« Then, we prove that D splits over L. We take D’ := D ®g L and the following
homomorphism:

fZD/ HM&tgxg(L), AR®cr— cA.

Since D is simple, we see D’ is also simple. Moreover, since f is L-linear and the
dimension over L is equal to 9 on both sides, we conclude that the map is an isomor-
phism.

. Finally, we identify the Severi-Brauer surface corresponding to D. The corre-
sponding cocycle of S¢ in H'(Gal(L/k),PGL3(L)) is given by A,.

For D, choose a matrix a4 such that fog=a40go f. We have

Flg(A® ) = g A = g\ A, A7A, T = [Ag)(g(f(A@ N)).
Thus S¢ is the Severi-Brauer surface, which corresponds to D ([Jah03, Th.3.6]). O

Levmwva 6.2 Let S be a non-trivial Severi—Brauer surface. The determinant map is
the abelianization of Autg(S).

Proof. — For ¢ as above, we obtain ¢ Autg(S)¢~! ~ D*/k* for D from Lemma 6.1.
After splitting D ®g L via an isomorphism f one can define the reduced norm of the
central simple algebra as Nrdp i (a) := det(f(a®1)) (for a more accurate description,
see [GS06] Chapter 2.6). In our case, the elements of D are L-matrices, and we may
compute the determinant directly on D. We can calculate, using f from Lemma 6.1,
that

Nrdp/k(a) = det(f(a ® 1)) = det(a).
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By [Wan50], the abelianization of D* is given by the reduced norm map. Likewise,
the abelianization of D*/k™ is likewise given by the reduced norm map, mapping to
k*/(k*)3, since any matrix whose reduced norm lies in (k*)? can be represented by
a matrix with determinant 1, which is a product of commutators in D and hence
its class is a product of commutators in D*/k*. Since the reduced norm map and
the determinant agree on Autg(S) ~ D*/k*, the determinant is the abelianization of

Autk(S). O

Before studying the abelianization, we use the fixed points of the automorphisms
and our results on the trivial relations to study the image of the automorphisms of
S, S°P in the determinant homomorphism.

Lemma 6.3. Let S be a non-trivial Severi-Brauer surface. Then det(Autg(S)) =
det(Autg (S5°P)).

Proof. — Let o € Autg(S). By Lemma 3.17 there exists a 3-point p which is fixed
by a. Let x: S--» S°P a Sarkisov link based at p. By Lemma 3.18, the automorphism
B = x"tax € Auty(S)
satisfies det(«) = det (). O

Finally, we have all the tools to prove Theorem A.

Proofof Theorem A. — Let ® be the map from Corollary 5.22 (which is the one de-
scribed in Theorem A). Since the commutator subgroup of Birg(S) is contained in
the kernel of @, we define a map

AP Birg (9)2P — Im(®), [a] — ®(a).

To study the kernel of this map, let a [f] € ker(®4P). By Theorem 2.8, we can write:

k
—1
f - (H a2i1XP2i1a2iXP2i> Q2k+41,

i=1
which in the abelianization is equivalent to
k k
H 2441 H X;?zli,quxq_lazz'XqXJlXpm

=0 i=1
k k k
= <H a2i+1) qul (H a2i> Xq (H BP2i—1»qu»P2i> )
=0 i=1 i=1

where p; € €3 U &g, xp € R are the representatives of the Sarkisov links of class p,
By, q = X;il Xq and a; are automorphisms of S if the index is odd or S°P if the index
is even.

If i is even and j is odd and p; = p;, then we have x,, = X,;, and we obtain
By p;Bp;.q = Bgq = id and can thus substitute. Since B, , = id we may assume

Pi % q.
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If there is a class p that appears more than 3 times there exist g1, ..., B¢ such that

Bix, ' Baxq - - - Boxq = id,

and thus in the abelianization we have

By, = BiB3Bsxg  BaBaboxy-

Using this, we may assume that f has the following form:

a;

f= aXt;laqu i=1Bpi o>
for p; € €3 U &g \ {q} non equivalent and a; # 0, where we have
Vi with 1 <4 < r such that p; € €3, 0<a; <2,

where a € Autg(S), o’ € Autg(S°P). ®AP then maps f to

Z aily, + det(a) det(a’™1)
i=1

BAP we conclude that r = 0.

and since f is in the kernel of
We can now take a 3-point p that is the fixed point of « (see Lemma 3.17) and

see that in the abelianization we have

oy o'xg = (axg 'xp) (%, '/ xg) = alxg 'xp)& (X " Xg) = ad,
where &’ € Autg(S) such that

-1 7 _ ~r -1
Xp a _aXp )

which exists because o' fixes ¢. Finally, the automorphisms of determinant 1, are
products of commutators of automorphisms and thus also products of commutators
in Birg(S). Thus ®*P is injective and thus its image is the abelianization of Bir(.S).
We note also that the image contains ¢ e, (4}) Z/3Z @ D e, Z and that DET is
the set of all the products of determinants of automorphisms of S, S°P and thus by
Lemma 6.3 it is the image of Autg(S) under the determinant. O

Determining DET more precisely is a difficult problem. Every automorphism of
S, 5°P has a fixed point that is a 3-point and over that point’s splitting field the
automorphism is represented as a diagonal matrix. If that point’s splitting field has
degree 3 over k the value of the determinant can be all values in the image of the
norm. If it is of degree 6 further restrictions are needed on the diagonal. From a more
algebraic perspective, the k* /(k*)3 part is generated by the images of the norm map
of the central simple algebras of S, S°P? modulo (k*)3. Therefore, the remaining open
question is:

QUESTION. What is the exact image of Birg(S) under the group homomorphism ®
from Corollary 5.227

As a last result, we may use these group homomorphisms to find some maximal
subgroups.
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Cororrary 6.4. Take q a 3-point of S. Take p € (€3 \ {q}) U & and D, the
composition of ® (defined with q) from Corollary 5.22 with the projection on the p

part of the direct sum.
Define
@;1(01,) if p is a 3-point,

@;1(%2) where a is a prime number if it is a 6-point,

p =

which is the preimage of the the mazimal subgroups. Then M, is a maximal subgroup
of Birg(S).
Proof. — We know that M, contains all blocks of the form

By g p e (€3~ {p}) U&s
as above and
B = x"Bxq: B € Auty(9).

It also contains all elements of Autg(.S). Therefore, the only block missing for gener-
ating Birg(S) is By,p.

Let now ¢ € Birg(S) \ My, we aim to show that (), M,,) = Birg(S5). Set £ := @, (¢)
(in the 3-point case, we take it to be either 1 or —1). Therefore,

o B, € ker(®,) € My,

and thus (¢, My,) = (B ,, M) and we may assume 1) = B .

ap’
After possibly inverting ¥ we may assume that £ > 0. Thus in the case of 3-points,

we have £ = 1 and the claim follows.
In the 6-point case ¢ is not divided by a, thus they are coprime, and we get from
Bézout’s lemma m,n € Z such that m¢ 4+ na = 1. Therefore,

Birg(5) 2 <1/)7Mp> 2 <Bq,paMp> = Birg(5),
which completes the proof. O
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