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MEAN FIELD SINGULAR STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS

BY IsmAEL BArLLEUL & Nicoras MoENCH

Asstract. — We study some systems of interacting fields whose evolution is given by some
singular stochastic partial differential equations of mean field type. We provide a robust setting
for their study and prove a well-posedness result and a propagation of chaos result.

Résumic (EDP stochastiques singuliéres de type champ moyen). — Nous étudions un systéme de
champs en interaction dont les évolutions sont données par des équations aux dérivées partielles
stochastiques singuliéres de type champ moyen. Nous introduisons un cadre robuste pour I’étude
de tels systemes et de leurs dynamiques limites. Nous démontrons le caractére bien posé de ces
équations et un théoréme de propagation du chaos pour le systéme de champs en interaction.
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1. INnTRODUCTION

Let (£%);>1 stand for a sequence of independent, identically distributed, random
spacetime distributions on the 2-dimensional torus T? defined on a common proba-
bility space (€2, F,P). Assume in this introduction that the &° are almost surely some
continuous functions of time with values in the space of (o — 2)-Holder regular distri-
butions over T2, for some 2/3 < a < 1. The archetype of such a noise is given by the
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1100 I. BarLeur &« N. Moexen

time-independent space white noise. We study a system of interacting fields whose
evolution is given by the following system of singular stochastic partial differential
equations (SPDEs)

(1.1) (0 — A)uf = fuf, pp) &+ glup, pp),  (L<i<n),

where 1
n ..__ .
o= 3 b
i=1

is the running time empirical measure of the system, a probability measure on some
appropriate function space. Some (possibly random) initial conditions in that function
space are given. We write here ul for u’(t).

The first works on mean field type systems of stochastic partial differential equa-
tions are due to Chiang, Kallianpur and Sundar [8] and Kallianpur and Xiong [18].
They consider the case of a constant diffusivity f = 1 and a spacetime white noise £
and relate the corresponding equation to some models of large assemblages of inter-
acting neurons. The dynamics of interacting polymer systems can also be modeled by
this special kind of equations [12, 10]. All these and subsequent works consider the
case of a spacetime white noise . This allows to use the tools of stochastic/Itd calcu-
lus to make sense of the equations considered and study them. However the relevance
of spacetime white noise as a model of real life noise is questionable in a number of
situations. The present work is a first step to building a robust approach of this kind
of systems that applies to a large class of noises that goes beyond the semi-martingale
class of noises of stochastic calculus. We take profit for that purpose of the tools that
were developed for the study of the so-called singular stochastic partial differential
equations.

Recall the rule of thumb: One can make sense of the product of two distributions
with some given Hdélder regularities if and only if the sum of their regularity exponents
is positive. The term singular in the expression singular stochastic partial differential
equation refers to the fact that, given the low regularity of the noise, the regularizing
effect of the heat resolvent does not give a priori a sufficient regularity to the u’
to make sense of the products f(u?, u?) £ in (1.1) — neither as a space product at
any fixed time or as a product of parabolic distributions/functions. The diffusivity
term f(u®, u?) is expected to have at best parabolic regularity o while the product
fut, ut) € is well defined if and only if @ + (o — 2) > 0. This condition does not hold
in our case where o < 1.

The settings of regularity structures and paracontrolled calculus have been devel-
oped in the last ten years to deal precisely with this kind of problem and one can
indeed use either of them to make sense of Equation (1.1) as an equation of the form
(1.2) (0 = A)u™ = f(u™) €M) 4 g(u™),
for some n-dimensional unknown u(™ = (ul,..

€M = (¢,
and to identify some conditions on the functions f and g under which (1.2) has a unique
solution over a given time interval. This way of proceeding does not take profit from

.,u™) and some multi-dimensional
noise
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MEAN FIELD SINGULAR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 1101

the specific structure of the mean field type equation (1.1). It is in particular unclear
how to prove a propagation of chaos result for the interacting field system from this
point of view. The necessity of a point of view tailor-made to mean field-type dynamics
gets even clearer if one looks at what should most naturally be the limit dynamics of a
fixed field in the system (1.1) when n tends to oo, say the field with label i = 1. Based
on symmetry/exchangeability considerations, this field is expected to be a solution of
the equation

(1.3) (Or — A)ug = f(ug, L(ue))&e + g(ur, £(ur)),

where L(u;) stands for the law of the random variable u; = u(t) and £ stands for
a random distribution with the same law as the ¢. The dynamics (1.3) comes with
an initial condition ug in some function space. This type of equations appears as the
large scale picture of all the above mentioned works. One has for instance in the study
of the large N linear sigma model of quantum field theory the equation

(1.4) (0 — D)@ = ~E[$*] D + &,

where £ stands here for a spacetime white noise. This equation was studied in depth
by Shen, Smith, Zhu and Zhu in [21, 20]. The additive character of this equation
makes it possible to use some tools that are not available in the more general setting
of the dynamics (1.3) with multiplicative noise. Stochastic fluid models, or simplified
climate models, also provide some motivation for studying mean field type equations
of the form (1.3). See for instance the recent works of Ren, Tang and Wang [19] and
Crisan, Holm and Korn [11] and the references therein.

Our first aim in this work is to develop a setting within which one can make sense of
the system (1.1) and the equation (1.3) in a unified way, for a large class of spacetime
noises &, for some mean field-dependent non-constant diffusivity f.

Denote by z and 2z’ some generic spacetime points. The choice of some particular
class of functions f and g in (1.1) and (1.3) is guided by the physics of the phenomenon
modeled by the system (1.1). The phenomenology of the linear sigma model leads for
instance to (1.4), with its quadratic, but signed, diffusivity —E[®?]. To make things
concrete we consider in this introduction the case where f(u,u) and g(u, 1) depend
linearly on their measure argument and are of the form

flu ) = [ [P0 bz ) de ()

(1.5)
= E{/F(u(z), V(2'))k(z,2) dz’}

for u a real-valued function on T2, for a random function V defined on (2, F,P), with
law 1, and a real-valued function F on R%. Think of the kernel k as a parameter that
captures the range of the interaction between the different fields in the system, with
extreme cases k(z,z’) = 1 and k(z,2’) = §,.(2’), and intermediate cases represented by
some bounded C? kernels, with bounded derivatives, for instance. The physics behind
the two extreme cases is very different and we will technically deal with them in a

JILP — M., 2026, tome 13



1102 I. BarLeur &« N. Moexen

different way. For k € C? we talk of a regular interaction. For k(z,2") = 6,(2") we talk
of a pointwise interaction. Our main result reads informally as follows.

Turorewm 1. One can design a setting where Equation (1.3) makes sense.

(a) Under some Lipschitz type regqularity assumptions on f and g there exists a
deterministic positive time T such that the system (1.1) and Equation (1.3) have
some unique solutions on the time interval [0,T).

(b) The law of any fized finite tuple of fields in the field system (1.1) converges to
a tuple of independent, identically distributed, solutions of (1.3) as n tends to oo, on
the time interval [0,T].

So there is propagation of chaos for the system (1.1), with mean field dynamics
given by the mean field type equation (1.3). See Theorem 22 and Theorem 24 for
some proper versions of Theorem 1. We note here that Theorem 1 applies to some
nonlinear functions f, g of their measure argument. We note as well that one can prove
some much stronger results in the case of an additive noise (f = 1). The equation is
in particular well-posed globally in time. See Theorem 4 in Section 2.

1. Paracontrolled approach. — While Equation (1.3) and the system (1.1) share the
common feature of being singular, in the sense that they involve some ill-defined
products, the mean field interaction in (1.3) causes a different kind of problem. A close
situation was studied by Bailleul, Catellier and Delarue in their analysis of mean
field type random rough differential equations [3]. They used therein the language of
controlled paths. We design in the present work an approach similar to [3, 4] for the
study of (1.3), using the language of paracontrolled calculus to build our setting.

The original form of paracontrolled calculus was introduced by Gubinelli, Imkeller
and Perkowski in [14]; one can find a nice short account of the basics of paracontrolled
calculus in Gubinelli and Perkowski’s lecture notes [15]. The paracontrolled structure
involves an operator © that will be introduced below. Denote by w € Q) a generic
chance element and write X (w) for —(9;—A)~!(£(w)), and X for an independent copy
of the random variable X, both defined on the probability space (2 x Q,F ®@ F, P®?).
We use a notion of paracontrolled field that is tailor made to capture not only the
paracontrolled structure of u needed to make sense of its product with £ but also of
the structure needed to describe the mean field specific spacetime function

(t,x) — f(ue, £(ug)) ().

This comes under the form of a definition saying that a random field ¢(w) is
w-paracontrolled by a reference field X (w) of parabolic Holder regularity « if one has
almost surely

(1.6) $(w) =~ (6:¢)(w) © X(w) + E[(0,9)(w,) © X ()]

up to a remainder with better regularity, for some random functions (4,¢)(w) and
(0,0)(w, @) on T2 that depend on w and an additional independent chance element w
that is averaged out in the E expectation. A precise definition, conveying in particular

JE.P — M., 2026, tome 13



MEAN FIELD SINGULAR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 1103

the meaning of the notations d.¢, d,,¢, is given in Section 5.2. This definition will play
a key role in our construction of a robust solution theory for (1.3). One can think
of them as the classical and some generalized Gubinelli derivatives of ¢ with respect
to X and X.

2. Enhanced noise and renormalization. — Setting up a framework for the study of a
given singular stochastic partial differential equation driven by a realization £(w) of a
random noise usually requires that we enhance the noise with the additional datum of
some quantities that do not make sense analytically w-wise. In the archetypal example
of the 2-dimensional parabolic Anderson model equation we are given a space white
noise ¢ that is almost surely of space Holder regularity —1 — n for all n > 0. The
dynamics is

(1.7) (0r — A)v = €.

Enhancing the noise consists in building a random variable £ that plays the role of
the w-wise ill-defined product of £(w) and (9; — A)~1(¢(w)). This random variable is
given by the L2(£2,P) limit of the renormalized regularized quantity
é-e (at o A)*l(fé‘) o C«e’

where £° stands for an arbitrary smooth regularization of £ by convolution that con-
verges to £ in the space of distributions with Holder regularity —1 — n, and C¢ is
an explicit constant that diverges to +o0o as a multiple of |loge|. This limit random
variable is suggestively denoted by (£X)(w). The fact that the naive approximation

&8 (w)(9; — A)71(€%(w)) is not converging leads to the interpretation of the solution v
to (1.7) as a limit (in probability) of solutions v® to the renormalized equation

(0 — A)v® = v — C*0°,
rather than as a limit of solutions to the parabolic Anderson model equation driven
by the regularized noise £°. We talk in this setting of the pair of random variables
(€,£3)) as an enhanced noise.

A richer enhancement of the noise £ is needed in the analysis of the mean field
equation (1.3). Not only do we need to add the random variable (£X)(w) to our
notion of enriched noise, but the description (1.6) of an w-controlled field should make
it plain that we also need to add a doubly random variable that plays the role of the
analytically ill-defined product of &(w) and (9; — A)~1(é(w)), where (w, @) € Q2 and
we work with the product probability P®? on (Q2,F%?). Luckily, the independence
of £ and ¢ allows to define a doubly random variable (EY) (w, ) as the L2(Q2,P®?)
limit of the regularized quantity

_ —€
€0 = 2)7TH(E)
without any renormalization. This will lead us to the interpretation of a solution to

Equation (1.3) as the limit in probability as e > 0 goes to 0 of the solution u® to the
renormalized equation

(0 — A)us = f(u, £(uf)) & — C=(f'f) (w5, £(uf)) + g(u®, £(uf)),

JIP — M., 2026, tome 13



1104 I. Bartreurn & N. Moe~crt

where f’ stand for the derivative of f with respect to its first argument and C* is a
constant diverging as € > 0 goes to 0. See Theorem 22 for a proper statement.

Organization of this work. — We treat the elementary case of a system (1.1) and
Equation (1.3) with additive noise (f = 1) in Section 2. Some very robust results can
be obtained in this simple setting, leading in particular to a simple proof of propa-
gation of chaos for the corresponding system of interacting fields for an essentially
arbitrary random noise ¢ of the form (9; — A)Z, for Z € CrC®. This setting covers
the case where £ is a spacetime white noise. No tools from paracontrolled calculus are
needed to deal with this case.

We use the language of paracontrolled calculus to study some more general equa-
tions or systems. We recall what we need from this domain in Section 3 and study
Equation (1.3) in the simple setting of a diffusivity of the form (1.5) with a C? ker-
nel k in Section 4. The classical tools of paracontrolled calculus are sufficient to make
sense of (1.3) and prove a local in time well-posedness result.

The setting of Section 3 is not sufficient to deal with (1.3) when the interaction
kernel is the Dirac d,,(y) kernel. The interacting fields have in that case a purely point-
wise interaction. We introduce a notion of mean field enhancement of the noise in Sec-
tion 5.1, and describe an associated notion of paracontrolled structure in Section 5.2.
This structure specific to the mean field setting allows to give a fine description of
some function of the form f(u,£(u)). The well-posed character of (1.3) in an ad hoc
space of paracontrolled functions is the object of Section 5.3. The quantitative regu-
larity result that we obtain for the solution u of (1.3) as a function of the enhanced
noise entails in Section 6 a propagation of chaos result for the system (1.1).

We gather in some appendices some side results. Appendix A provides a pedestrian
approach of the probabilistic construction of the enhancement of a relatively large class
of noises. The mean field nature of (1.3) requires that we deal with some non-exploding
dynamics. The global well-posedness problem for classical singular stochastic PDEs
is a tricky problem that was solved recently in some generality in the regime that we
consider. Our proof of Theorem 1 involves a variation of some a priori estimates of
Shen, Zhu and Zhu [22] whose proof is detailed in Appendix B.

For a general overview of the domain of propagation of chaos for mean field type
dynamics we recommend the review articles [5, 6] by Chaintron and Diez.

Notations. — We gather here a number of notations that we will use frequently.
We write a := b to define a as being equal to b.

— For v € R~ N the Besov-Holder spaces C7 over T? and their norms |||, are
defined from some Littlewood-Paley projectors A, : D’(T?) — C°°(T?) setting

£l = sup 27| A:(f)lo
iz—1

and defining C” as the closure of C” under this norm. Set

Agj:= Z A,

i<j—1

JE.P — M., 2026, tome 13



MEAN FIELD SINGULAR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 1mob

and define the paraproduct f @ ¢ of any two distributions f,g on T? as
(1.8) feg=> A i(f)Aig).

i>1
The resonant operator f ® g is defined formally as
(1.9) fog= >, 8i(f)Aig).

li—jl<1
For any Banach space E, regularity exponent r > 0 and time horizon T' € (0, c0),
we set

CrE :=C"([0,T],E)
and write L¥ E for L°°([0,T]; E'). We will also need the parabolic Holder space €5 on
[0,T] x T2, for & > 0, which is isometric to C’;/QLOo (T2) N C7C(T?) equipped with
its natural norm. For v € €} we denote by u; its value at time ¢ — this is a function
on T2.
— We will denote by (P;);»o the semigroup generated by the Laplace-Beltrami
operator A on an ad hoc function space. Recall the elementary estimate
(1.10) 1P ()l ges S min(t, 1)~ ullon,
for any v € R and § > 0. We write
L= 8t - A

for the heat operator and define the inverse operator

t
270 = [ Pu(C)ds.
0
We have for any 0 < T' < co the continuity estimate

(L.11) 127 (Olleree St liCllerca-2

— We denote by LP(€; E) the space of E-valued random variables in L?(Q, F, P).
We denote by £(Z) the law of a random variable Z.

— For an integrability exponent 1 < p < oo we denote by P,(E) the set of prob-
ability measures on the metric space (E,d) that have a moment of order p. We also
denote by W, g the p-Wasserstein metric on P,(E)

Wy e(P,Q) = inf{ (fE d(z,y)? ~v(dz, dy))l/p;’y € Po(Ex E) has marginals P and Q}.
Bt
For a > 0 we define a distance on LFP,(C*) setting

drgsw, oo (1, 1) = sup Wy ca (g, f17)-
t€[0,T]
— For a measure p on a metric space E and ¢ € Cy(F) we write p(¢p) for the
integral of ¢ with respect to pu.
— We fix throughout this work some regularity exponents

2
(1.12) §<6<a<1.

JILP — M., 2026, tome 13



1106 I. BarLeur &« N. Moexen

2. ADDITIVE NOISE

Fix Tp € (0,00) and 1 < p < oo. For Z a function on [0, 7] x T2 we set
(=2X2(2).

Following Coghi, Deuschel, Friz and Maurelli [9] we begin our work by studying the
case of a mean field type equation with additive noise

(2.1) (0 = A)u = ¢+ glu, £(u))

and random initial condition ug, assuming that the random variable (Z,ug) is an
element of IL” (Q, Cr,C" x C””) with Z null at time 0, for some regularity exponent r > 0.
This setting includes the case where ( is a spacetime white noise. We rewrite (2.1) in
integral form

(2.2) up = Py(uo) + Z4 —|—/0 P (g(us, L(us))) ds (0 <t < Tp).

No singular product is involved in the study of this equation and we are able to solve
it with some classical elementary tools. We prove in Section 2.1 that Equation (2.2)
is well-posed if ¢ is Lipschitz continuous in the sense of (2.3) below. The law of the
solution to (2.2) turns out to be a Lipschitz continuous function of the law of (Z, ug)
in the Wasserstein p-space. This strong result leads in Section 2.2 to a propagation of
chaos result for an associated system of interacting fields.

2.1. ADDITIVE MEAN FIELD EQUATION. For peP,(Cr,C") and t€ [0, Tp], we write p;
for the image measure of p in C" by the ¢-time coordinate map v € C1,,C" — u, € C".
We make the following regularity assumption on g.

ASSUMPTION ON g. There exists a constant L such that for every vi,vy € C" and
v1,vs € P,(C") we have

(2.3) lg(vi,11) — g(v2,10)] cr2 < L([Jor — vallor + Wy or (v1,12)).

For instance, for a globally Lipschitz function G : C" x C™ — C"~2 the functions
s(v) = [ Glowlu(du) or G(o. [wntdn)

satisfy the Lipschitz bound (2.3). The particular case g(v, ) = ¢ fwu(dw), for some
constant ¢, is already interesting. The Schauder estimate (1.11) ensures that the map

¢
Bu) = Pouo) + Z + | Pic(ofs o)) ds

0

is a well defined map from C7,C" into itself.

Prorosition 2. — Suppose Assumption (2.3) holds. For any finite Ty > 0, for any
€ Pp(Cr,C"),up € C" and Z € Cp,C" the map ® has a unique solution u*(Z, ug) €
Cp,C".

JEP — M., 2026, tome 13



MEAN FIELD SINGULAR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 1107

Proof. — For u,v € Cp,,C", using Assumption (2.3) and (1.11), we have

t t
||¢(u)t_q)(v>t”CT g/o||Ptfs(g(usa,us))_Ptfs(g(Um//fs))‘vadsg/OLHus_Us”CT ds.

Denote by Ag(0,t) the simplex {0 < s7 < -+ < s < t} and write ds for dsq .. .ds.
An iteration of the previous bound gives

o o LTy)*
9w = @ llor < 2 [ g, v llovds < 1

HU — 'U”C cr.
Aw(0,0) k! o

The map ®°F is thus contracting for k large enough, so it has a unique fixed point. [0
We now work with (Z, ug) random, an element of P (Q, Cr,C" % CT).
Prorosririon 3. For each (1€ P,(Cr,C") the law of w*(Z, ug) belongs to Pp(Cr,CT).

Proof. — Write dg for Dirac distribution on the null function 0. We have the estimate

t
lutlloe < C(lluollor + 1 Zellon + / g, )

cr dS)

t
< (laller + 12l + [ 1a(0. 6001 + Ll + WG, ) s
0

< C(lluoller + 1 Zellor + Tollg(0, 60) e + LToWy .y o (125 00))

t
+C’L/ [lus]
0
for some positive constant C'. We get the inequality
lusller < C(lluollor + | Zeller + Tollg(0, d0)llor + ToWp,crer (1, 80)) e

from Gronwall’s lemma, from which the conclusion follows since Z € LP(2, Cp,,C™).
O

CrdS,

Set

(1, (Z, 1)) — L(u"(Z,u0)).
We define a solution to (2.2) as a fixed point of the map
(-, (Z,up)) : Pp(Cp,C") — Pp(C,, CT).

v {TP(CTOCT) x LP(Q, Cp, C" x CT) — P, (C, C7)

Turorem 4. — Suppose the Lipschitz regularity assumption (2.3) on g holds. Then
(2.2) has a unique solution denoted by u(Z,up). We have the Lipschitz estimate

(2'4) WP7CTUCT (L(U(Z’ UO))7 L(U(Z/a ué))) 5 WP,CTOCTXCT (L(Za UO), L(ZI’ UE)))’

for an implicit multiplicative constant that depends only on g,p and Ty.

Proof. — Fix (Z,up) and use the shorthand notation Wy ,,(-) for ¥(, (Z, up)). For
w,v € Pp(CrCT) write ut and u” for u*(Z,up) and u”(Z, up), respectively. One has

uét 7uty :A (Pt—s(g(ug7u“s)) *Pt—s(g(UZ,Vs)))dS

JIP — M., 2026, tome 13



1mo8 I. BarLeur &« N. Moexen

and
t
o =2 < € [ (= 2] +39, (0, 0.0)" ).

for some positive constant C, so we get from Gronwall lemma the estimate

t
(2.5) Wy, c.or (L(ufg_ﬂ),ﬁ(u’[’w]))p < CeCTO/O W, c.or (u[o7s},u[07s])pds.

Recall we write {0 < 51 < -+ < s < Tp} for the simplex and we use the shorthand
notation ds for dsj ...ds, when integrating over the simplex. Starting from (2.5),
an elementary iteration gives for any k > 2

Wp,CTOCT (\I’OZ’qu (:U“)? \I/%]?uo (V))p g (CeCTO)k Ak vacskcr ('U[Orsk]’ V[O:Sk])pds
t

1
<(CeTTY S Wy oy (1)

The map \Il%”qu is thus a contraction for & sufficiently large, from which it follows that
Equation (2.1) has a unique solution.

Pick now Z,Z’ € Cp,)C" and ug,u € C". Pick p € P,(Cr,,C") and write u and o’
for w(Z,ug) and u(Z’, uj), respectively. We can assume without loss of generality
that Z, Z',ug,ug are such that the p-th moment of |[u — u'llc,, ¢ is equal to the
p-Wasserstein distance between £(u(Z,up)) and L(u(Z’,ug)). Since

Us — uls = Ps(UO - U/O) +Zs — Zé + /0 (Ps—r (g(ura /u'r)) - P, (g(ufm ﬂr)))dr,

we have

t
sup [, = wflcr < o = wpler + 12 = Z'loger +C [ s = ulflcnds
s€0,t] 0

and

B[ sup [lue — w12 S5 o = I + E[IZ ~ 2112, c:]

s€0,t]

t
+/ E[ sup ||u, —ul||%..]ds.
0 rel0,s]

We get the Lipschitz estimate (2.4) from Gronwall lemma. O

Note that we do not assume that the noise Z and the initial condition uy are
independent.

2.2. PropaGaTioN oF cHA0S. — Let now (Z%,u});>1 be a sequence of independent,
identically distributed, random variables with common distribution the law of (Z, ug).
Write ¢ for £ (Z%). Denote by (2, F,P) the probability space on which this sequence
of random variables is defined, with w € Q a generic element of (. Fix w € Q. For
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an integer n > 1 consider the interacting system of fields (u'"(w), ..., u™"(w)) with

initial conditions (uf(w),...,u(w)) and dynamics

(0 = A)u"™(w) = (" (w) + g(u"" (W), uft (@),
1 n
E ;67/5’"(1;.1)’

for 1 < i < n. H. Tanaka [24] was the first to notice that the system (2.6) is actually, for
each w € 1, an equation of the form (2.1) set on the finite probability space {1,...,n}
equipped with the uniform probability measure A,. Following [4], we call this observa-

(2.6)

pi (w) :

tion ‘ Tanaka’s trick’. Random variables on the space {1,...,n} are n-tuples indexed
by 1 < i < n. Denote by £, (X) the law under A, of an arbitrary random variable X
defined on {1,...,n}. Denote also by

U,:j—]

the canonical random variable on {1,...,n}. Tanaka’s trick says that a solution to
the system

(0 — A (W) = ' (W) + g(u' (w), La, (@O (w))),  (1<i<n)
with parameter w and chance element 7 € {1,...,n}, is precisely given by the n-tuple

(v (W), ..., u""™(w))

of solutions to the field system (2.6).

Recall that a sequence (1™)n>1 of probability measures on E™, invariant by the
action on E™ of the permutation group of n elements, is said to be u-chaotic if for
every 1 <k <nand ¢1,...¢; € Cp(E), we have

k
n e ®(n—k) .
pHr @01 ) — Hlu(@)
=
A well-known criterion of p-chaoticity is given by the convergence in law of the empir-
ical mean of an independent, identically distributed, n-sample of x” to the measure
w itself — see for instance Proposition 2.2 in Sznitman’s lecture notes [23]. Now the
law of large numbers tells us that the empirical mean

1 n
=~ O ap )
=1

converges P-almost surely in WP7CTOCT_2XcT to L£({,up); it converges a fortiori in
law to the same limit. The following fact is thus a consequence of the Lipschitz esti-
mate (2.4) and Sznitman’s criterion. In the next statement we write u € L?(Q2, Cr,,C")
for the solution to Equation (2.2).

1n
e

k,n)

Tueorem 5. — For any integer k > 1 the law of the tuple (u 7 converges

weakly to £(u)®* when n tends to +oo.
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3. BASICS ON PARACONTROLLED CALCULUS

The study of Equation (1.3) with a non-constant diffusivity f(-) requires that we use
one of the languages that have been developed in the last ten years for the study of a
large class of singular stochastic partial differential equations. The problem involved in
this class of equations is best illustrated on the toy example of the parabolic Anderson
model equation

(Or — A)u = ug

set on T2, with £ a space white noise. Recall £ has almost surely Holder space regularity
—1—¢ for all € > 0. One expects from the Schauder estimates satisfied by the resolvent
of the heat operator that u has parabolic regularity (a — 2) + 2 = «. This regularity
is not sufficient for making sense of the product u{ since o + (o — 2) < 0. There
are at least two languages one can use to circumvent this problem and set a robust
solution theory for this equation and a whole class of equations involving the same
pathology. We choose to work here with the language of paracontrolled calculus first
introduced by Gubinelli, Imkeller and Perkowski in [14]. We recall in Section 3.1 the
notions and results from paracontrolled calculus that we will use; we refer the reader
to the works [15, 17, 13] of Gubinelli and Perkowski for some accounts of the basics
on the subject. The results of the present section are sufficient to deal with the soft,
but already interesting, case of a mean field Equation (1.3) with diffusivity given by
the model function (1.5) with a C? kernel k. We deal with that case in Section 4 as
a warm-up for Section 5.

On the methodological side, as in Section 2, we follow the usual two step fixed point
formulation of a mean field equation: Fix a probability measure p in an ad hoc space
of probability measures, solve an associated equation where y stands as a parameter
and formulate the initial equation as a fixed point problem on the space of u. The
additional complexity that stems from the singular feature of the dynamics (1.3) will
later be embodied in the structure of the space of u. In the setting of Section 4 it
takes the classical form p € P,(€7). It takes a different form in Section 5.

We recall some basic facts about paracontrolled calculus in Section 3.1: The para-
product and resonant operators € and ®, the corrector C, some paracontrolled struc-
tures on some sets of functions or distributions on T2 or [0,7] x T? and a paralin-
earization result. All these tools will be used in the sequel.

3.1. BASICS ON PARACONTROLLED CALCULUS. Let hy and hs be two distributions
on T2. We use the notations h; © ho and h; ® ho for the paraproduct and the resonant
operators defined from the Littlewood-Paley projectors as in (1.8) and (1.9). For any
hy € C* and hy € C*? we have the continuity estimates

171 © hallay S 1P1llocllP2lla, a1 >0
and

1P1© hallay+as S [1Pallas 1h2lla, — if a1 <O.
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The resonance hi ® hy is well defined if and only if oy + as > 0, in which case it is
a continuous bilinear function of hy € C*' and hy € C*2. (See for instance [1, §2.6]
for a reference.) The following two continuity results involving the paraproduct and
resonant operators will be used below. One has

3.1 la© (b&c) = (ab) @ || gaysay < llallLs [Bllcez [lellces,

for all a € L, b € C*? with @y in (0,1) and ¢ € C* with —3 < a3 < 3. (The
regularity exponent 3 has no particular meaning; it is purely technical. One can find
this statement and its proof in [2, Prop. 14].) Last we recall from [14, Lem. 2.4] that
the corrector

Cla,b,c):=(a©b)®c—a(bOc)
has a continuous extension from C? x C? x C? to C* x C* x C with values in

Coateetes if ap + a3 <0and 0 < ag + ag + ag < 1.

1. Spatial paracontrolled structure. From its definition hi © ho is well defined for
all distributions k1, ho on T2 and has high Fourier modes that are some modulations
of the high Fourier modes of hy by the low Fourier modes of h;. On that ground it
makes sense to think of h; © hy as a distribution that ‘looks like’ hs.

This brings us to the following definition.

Derinition 6. — Pick a reference distribution A € C? with p € R. A distribution v
on T? is said to be paracontrolled by A if there exists a positive regularity exponent
and functions v € C7 and v! € C7** such that

v= (' @A)+
We denote by D7(A) the space of all such pairs (v, v*), equipped with the norm
s o) o = [|0'| oy + l10* |-

For two reference distributions Aj, As € C? and vy = (v’l,vﬁ) € DY(A;) and vy =
(vh,v8) € DV(Ay), we set

dp~(v1,v2) = ||U/1 - ”é”m + ||U§ - ”§||Cv+p'

The expression ‘ Gubinelli derivative of v’ is sometimes used to talk about v’. Note
that the exponent v in DV(A) does not refer to the regularity of v but rather to the
regularity exponents of v’. Indeed the distribution v is in C”.

Paralinearization. — Let a and b be two functions in C* with « € (2/3,1) and with
a € DB(b) for B € (2/3,a), with Gubinelli derivative a’. Bony’s paralinearization
states that if h stands for a C3 function from R into itself then

h(a) = h'(a) © a + Ry(a)
for some ‘remainder’ term Ry (a) € C*T# with

IBn(a)llgats S 1+ llal|Ee.
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The estimate 3.1 implies that h(a) € D?(b), with Gubinelli derivative h(a)’ = h'(a)a’
and h' the classical derivative of h. (See e.g. [14, §2.3].) We denote by h(a)* the
remainder term in the description of h(a) as an element of D?(b).

The next proposition gives an example of application of this result that is of interest
for us. Assume we are given a function F € C3(R?,R) and a C? kernel k(z,y) on the
torus T2. Recall 8 € (2/3, ). For a € C* and pu € P,(C%), with 1 < p < oo, we define
here for z € T2

(3:2) flaie) = [ [ Plate). b)) bla ) dy ().

Cc! T2

This is a linear function of its measure argument. We denote below by 01 F' the partial
derivative of F' with respect to its first argument.

Prorosition 7. — For any reference function A € C, any a = (a’,a*) € DP(A) and
€ Pp(C*), one has

fla,p) = fla,n) @ A+ f(a, p)*
with

flap)'(x) = / OnF (a(x),b(y)) k(z. y) dy p(db),

Ca T2

and

1 (@, wflloats S (1+ [AIE) (1 + lla'llos + llabllce) (L + llallcs + lla¥|gare).

Furthermore, for A; € C* and a; € DP(A;), p; € Pp(C%), fori € {1,2}, one has

(3.3) [|f(ar, )" = faz, p2)*|| prs S dos (@1, a2) + Wy oo (11, p2) + | A1 — Azl o,

for an implicit constant that is a polynomial of degree 3 of

K2

nax {1, [laill oo cxtys Wp.oa (i 80), | X e .

Proof. We paralinearize with respect to the = variable, with y in the role of a
parameter in the paraproducts below. We use the shorthand notations

ky(x) == k(x,y), Fyy)() = F(-,b(y)).
With these notations one has

Fla,b(y)) = 01 F(a,b(y)) © a+ Fyy(a)*
= (01 F (a.b(y))a') © A+ D1 F(a, b(y)) © af
+1F(a,b(y)) @ (' @ A) — (81F (a,b(y))a’ @ A) + Fyy (a)f
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and
Fla,p) = (a/ / 1 F (a, b(y)) ky dy u(db)) oA
T2xCe
+ / (0P (a.b(y))a’ @ A)ky = {ky01 F (a,b(y))a'} © A)dy ()
T2xC
+ / ky{01F(a,b(y)) © (a’ © A) — {81 F(a,b(y))a’} © A} dy pu(db)
T2xC«
+ / key Fyy (a)* dy pu(db) + / (01F(a,b) © a*)ky dy pu(db)
T2xC« @ JT2
= (a’/ OF (a,b(y))k, dy u(db)) © A+ f(a,b)*.
T2xCe
We estimate each term separately to show that the remainder is regular, using some

commutator type estimates when needed. First, since k,, is C’f and o+ < 2 we have
from (3.1) the continuity estimate

||({31F(a,b(y))a'} © A)ky — {k01F(a,b(y))a'} © AHCQ+B
S Mlkyllo2a (|01 F (a, b(y))a'[|os [|A ]l o
S Ellez (1 + llalle«) ' oo | Allca
S (LHIAIZ) (1 + 1dI[Es + lla*[|E)

and
161 F(a,b(y) © (a" © A) — {01 (a, b(y))a’} © Al| o
S 0 (a,b(y)llcs lla’ [ csl|Allce
S (L4 llalice)lla’llosl|Allc-
S L+ A1) (L + lla'IEs + laflIEe)
and

lky Foy) (@) lloats S I lleg (1 + llallE) < ( &) (L+ Nl [Es + llaf]1Ze )

and

1(0LF (a,b(y)) © a*)kyllcara S (1 + llallca) la¥ | are
S (1 +IAlea) (1 + lldllos + llafllow ) la | cars.-

Integrating over y and summing we see that
17 (@ ) lloers S (L4 AZa) (1 + lla" s + la¥llow) (1 + lla'[lce + [la*]lcats).

We leave the proof of the Lipschitz estimate (3.3) to the reader as it is very similar
to what we have just done. |
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2. Parabolic paracontrolled structure. We will denote by k1 < ko the ‘parabolic’
paraproduct on spacetime distributions introduced in [14, §5]. It is defined for k1, ko €
CrD'(T?) as

ki < kg = Z Ao 1(Qik1)Ai(k2),

i>—1

T . .
Qlkl(t) = /0 22l(p(221(t — s))kl(s)ds

and ¢ some smooth compactly supported function with mass 1. It is a parabolic

with

version of the space paraproduct operator © that has the same analytic properties in
the scale of Besov parabolic function spaces as the operator © in the scale of spatial
Besov function spaces. The parabolic paraproduct almost commutes with the heat
operator in the sense that we have the useful estimate

(@ = D) (ky < k2) — k1 < (O = D)ka)| oy casis S knlleg B2l opes-

When applied to some parabolic distributions k; € C’%/ 2L°°,k2 € CrCP the two
paraproducts © and < are related by the continuity relation

(3.4) [k1 @ ks — ky < k| ¢ cars S 1kl core o lR2llor oo

These above two estimates are the content of [14, Lem. 5.1]. We use the < paraproduct
and a slightly different notion of size to deal with parabolic functions paracontrolled
by a reference parabolic function =.

Derivition 8. — Pick a reference function E € €2 with p > 0. A parabolic function
u on [0,T] x T? is said to be paracontrolled by = if there exists a positive regularity
exponent v and a function u’ € €7 such that

ui=u—u <Z €€, and  sup t“7/2||ui1
t€(0,T]

HC/’+’Y < too.

We denote by €7.(Z) the space of all such pairs (u/, u¥); it is equipped with the norm

16y = gy + Il + 0 P
For two reference functions Z1,2y € %% and uw, = (u},u?) € €1(21) and uy =
(uhy, ud) € 1.(Z,) we set
dey (wr,u2) i= [[uf = bl + Juf — bl + Sup 072w = wll e

We note that if w € €7.(Z), with = € €. and p > 0, then it follows from (3.4) that
up = (u),ul) € DV(Z) forall 0 < t < T.

Warning. — We will only work in the sequel with some situations where the reference
object E € €7 in a parabolic paracontrolled structure is a function and p > 0. On the
other hand we will sometimes deal with some situations where the reference object
A € C? in a space paracontrolled structure is only a distribution and p < 0.

We now recall a kind of Schauder-type estimate first proved by Gubinelli, Imkeller
and Perkowski in [14, §5]. The starting point of the next statement is the description
for each time 0 < t < T of the right hand side of a parabolic equation as a space
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paracontrolled distribution, in the sense of Definition 6. The statement provides as an
outcome a description of the solution of the equation as a parabolically paracontrolled
function, in the sense of Definition 8.

Prorosrrion 9. For m € C7C*2 we set Il = £ Y(w) € €. Then for every
w' € €2 and w* such that

(3.5) sup t5/2|’wtﬁ||(a_2)+5 < o0

for every ug € C'*, the solution u to the equation
(3.6) 0 —Au=wer+w, u0)=u,
belongs to 8?(1‘[) and u' = w'. We further have the estimate

H(U'»uﬁ)Heg(n)

S lluollce +TC P2 ([ lgg (1 + lImllopea-2) + Sup 92| wf[| oz
€,

For i € {1,2} and w} € €5 and wf satisfying (3.5), for different distributions m; €
CrC*2, set

m' = ig{li}é}{l’ willgs: Imillcpca—2}

and denote by uy,us the corresponding solutions to Equation (3.6) with associated

paracontrolled decomposition wi,us. There is a quadratic polynomial P such that we
have

dgp (u1,uz) S P(m') T2 (|lw) — whllgg + [l — m2llopon-

+ sup tﬂ/2ng(t) —wg(t)Hcmfz)w)'

te(0,T]
3.2. NoISE ENHANCEMENT AND PRODUCT DEFINITION. — Fix a positive finite time hori-
zon T
1. Noise enhancement. We define the lifting operator

L: CrC™ x C([0,T],R) — CrC™ x CpC™
(lyc) — (6, L7 @l —c).

The space N7 of enhanced noises is the closure in C7C®~2 x CpC?*~2 of the range
of L. The letter Nt is chosen for the word ‘noise’. We denote by

¢=(¢,¢®)

a generic element of Np. The natural norm of Eas an element of the ambient product
space is denoted by ||¢||. We use the Schauder estimate (1.11) to define an element
of €7 by setting here

Z:=271¢) € 68,
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The following statement provides a large class of random noises with a natural
enhancement defined as some random element of Ny from a renormalization pro-
cedure. The following renormalization statement can be seen as a consequence of a
similar statement in Gubinelli and Perkowski’s work [16] or as a direct consequence of
the deep results on renormalized models obtained in the recent years. For the reader’s
convenience we provide a self-contained pedestrian proof of it in Appendix A.

Tueorem 10. — Let (&)o<i<r, stand for a time-dependent Gaussian random distri-
bution on T2 with covariance of the form

E[(&,0)(&s, )] = c(t, s) (¥ * D, ¢) >

for some distribution D on T2, for any test functions v, ¢ € C>, with  the convolu-
tion operator. We assume that the Fourier transform of D satisfies for somen < 1—«
the condition
[D(k)| < [K[",
and that the function c satisfies the inequality
0 < ct,t) + (s, s) — 2¢(s,t) < |t — s[°
for some positive exponent 6. Then one defines a random variable

X 0 ¢elY(Q,CrC??)

setting

(3-7) (X © 5)@) = /0 (Ptfs(éLS) ©& — E[Ptfs(gs) O] ft])ds

One further has X ® & € LP(Q,CrC?*=2) for all r € [1,00), and if £ stands for a
space regularization of & by convolution then

L(¢% E[X° © &)
converges in " (Q, C7C?*72) to X ® € as e > 0 goes to 0.
As a shorthand notation, for ¢ € C([0,T],R), we set here for later use

(3.8) Le(-) = L(-0).

2. Product definition. — The end of this section deals with deterministic enhanced
noises. The datum of an element of Nt allows to give a definition of some otherwise
ill-defined product. Recall that 2/3 < 8 < a < 1 so we have 8 > 2 — 2a.

Derinition 11, — Pick Z € Ny and 0 < t < T. Pick u; = (ué,ug) € DP(Zy).
We define the product u;(; as the element of D?((;) defined by the decomposition

Wiy = © G + (wily)?,
where

(weGe)® = G @ ue +uf © G+ C(uf, Zo, ) + up¢?
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and
2
(i) lga-2vs S sz (ICelloa-z + 1 Zelloa ¢l oa2 + (|62 pas)
< llullpsz,) (1 + ([ ESE

For (' = (¢, ¢'®) e Ny, 20 = £71((") and u} € DF(Z]), with i € {1,2}, we set

(3.9)

= lg?’é}{ﬂf lazs 167 | o 2’”“'5”8“21 J
mo = Inax {HC ’C’“*” |<Z(2)Hc2a72}'

i€{1,2}

The proof of the following proposition can be found in [14], Theorem 3.7 therein.
Prorosition 12. — We have the local Lipschitz estimate
Iuic)? = (wF6) lgars S ma(dps (ul,uf) + 1 = ¢ [|,)
and zle = Z\Q = E and u} € D?(Z;) we have
It = (W2G) | pomavs S Mo ds (uf, ).

Further if u € Sg(Z) then the function t — w,(; is in CpC* 2,

4. MEAN FIELD EQUATIONS WITH A REGULAR INTERACTION IN THE DIFFUSIVITY

We show in this section how to use directly the settings and statements of Section 3
to formulate and solve uniquely the mean field type equation (1.3) in a particular,
but still interesting, case. We assume in this section that the diffusivity f in (1.3) has
the form

(4.1) / /TZF a(x), b(y))k(z,y) dy p(db)

with F € CZ(R%R) and k € CZ(T? x T2,R). Proposition 7 holds for this function,
saying that f(u,u) is paracontrolled in space if u is paracontrolled in space. Given
an enhanced noise { € Nr,, for some time horizon Ty € (0, 00), assume we are given
uy € DP(Z;) and a probability measure i, € P,(C?) for every t € (0,7p]. We denote
by f(ug, us) € DP(Z;) the space-paracontrolled function given by Proposition 7. The
product f(us, pt)¢; is then defined for each ¢ as in Definition 11. (We will proceed
differently in Section 5, where k(x,y) = d,(y), as this situation is outside of the scope
of Definition 11.)
For the moment we assume throughout this section that the drift term g(a, 1) in
(1.3) is of the form
9(a, 1)(2) = gla(z), 1)

for some function g : R x P,(C®) — R that is a C'! function of z and satisfies

sup  sup [0:g(z, p)| < o0

2€R peP,(Cv)

and the Lipschitz condition
(42) g, 1) — g v)ller € Wp,oo (1. 7).
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This condition is stronger than the Lipschitz condition (2.3) from Section 2.1. The
reason for this difference is that g is here considered as a remainder term, hence
more regular, while in Section 2.1 we only need ¢ to produce an element of C'* after
applying the classical Schauder estimate, so g is controlled in C*~2 in that section.
The minimal regularity required from g is C(®~2+# We ask the relatively stronger
bound (4.2) in C'* norm as this kind of regularity is needed to use some non-explosion
result on the solutions of some (gPAM) type equations.

We follow the classical formulation of a mean field type equation X = ®(X, £(X)),
for some random variable X and some function ®. We first fix a probability u on the
space where X takes its values and show that the fixed point equation X = ®(X, u)
has a unique solution X*. A solution to the mean field equation is then defined
as a fixed point of the map p — L(X*) in some appropriate space of probability
measures. In the present case the first step of the reasoning is dealt with by the
following proposition. Recall from Definition 8 the definition of the spaces €£.

Prorosition 13. — Fiz Ty € (0,00). For every initial condition ug € C%, for every
enhanced noise ( € N, and any p € Pp(6F, ), there exists a unique solution in S%)(Z)
to the equation

(4.3) Lug = [, pue) G + gug, prg).

Proof. — We separate the analysis of the local in time well-posedness from the non-
explosion question.

Step 1. Local in time well-posedness. — Rewrite (4.3) as the fixed point equation

t
Uy = Pt(UO) + /0 P (f(usa ,LLS)CS + g(“s, ,Ufs)) ds.

We get from Proposition 7 and Proposition 12 that f(us, ps)Cs + g(us, us) is for
each s an element of D((;) with Gubinelli derivative f(us,us) and remainder
(f (s, 11s)Cs)* + g(us, pts). With the Schauder-type Proposition 9 in mind, we check
that f(u,p) € €5 and (f(us, 11s)Cs)* + g(us, ps) satisfies (3.5).

Take u € 8§O(Z). First, for (s, ), (t,y) € [0,Tp] x T? with s < ¢, one has

‘f(utaﬂt)(y) - f(USal"sxm)‘

= | F(ui(y),ve(2))k(y, z) — F(us(z),vs(2)) k(, 2) dz p(dv)|

T2xER
< [ (1Pt @) (k0.2) - ko, 2)
1P (ue (), 0 (9) — F(ua(2), va(a))| |k<x,z>|) dz p(dv)
< / (1 =yl + (lullgs + lollae) (1 — 51 + [t — 5]°/2)) dz p(dv)
T2x G
< (14 Julley + Wy (12 80)) (12 — ol + [t — 5I72),

JE.P — M., 2026, tome 13



MEAN FIELD SINGULAR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS 1119

so we have the norm estimate
17 (s lleg, S (L 17l ) (Lt + Wiy, (1,50))-

Second, for T' € (0,Tp], we can see u as an element of P,(%5) and rewrite the above
estimate on ‘f(ut,ut)(y) — f(us, ps) ()|, for 0 < s <t < T, with €f in place of €7
in the integrals. We thus have

4.4 872 )N+ g(u,
(4.4) t:(%l?ﬂ | (f (s o) M) + g Nt)||a,2+ﬁ

S (1+ 1T I) (1 lul2y + Wiz (1, 60)

from Proposition 7 and Proposition 12 and the Lipschitz assumption (4.2) on g.
It follows from Proposition 9 that the map

s, E0(Z) — ER(Z)
which associates to u € Eg(Z ) the solution paracontrolled w of the equation

with initial condition wgy = ug, is well defined and satisfies the estimate

(4.5) H(I)E,M(U)HSQ(Z)
< JJuollce + T(afﬁ)/z(l + ||EH;T) (1+ HUHig(X) + Wp.ea (11, 60) ).
One can then find
M = M([[uolla + 1€ Iz + Wz (11, 0))
and
T = T(luollo + IlIvr + W,z (1 0))
such that the map ®» sends the ball {u € Eg(Z); ||u||8? < M} into itself. For

Cyuo,p
||u||EB(Z) < M, Proposition 9 tells us that
T

de oy (@2

Zu(w); @

Z,M(uz)) Swm T(O‘fﬁ)mdsé{ (w1, u2),

so choosing T small enough ensures that the map ‘IDAH has a unique fixed point in

e5(2).

Step 2: Long-time well-posedness. — Following some recent long work of Chandra,
Feltes and Weber [7] formulated in the language of regularity structures Shen, Zhu
and Zhu gave in [22] a simple and short proof of the non-explosion of the solution to

e2.(2)

the equation

(0r — A)vy = f(ve)G
on paracontrolled functions, with initial condition uy € C?, for f € C?. It is elemen-
tary to follow their proof when

(Or = A)vy = f(ve, )G + g(vr)
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for some f € CZ(R x T?) and g € C}, and obtain the same a posteriori estimates that
guarantee the non-explosion of the solution. (See Appendix B for a more complex
situation. The regularity of g is used for the local in time well-posedness result and the
bounded character of g is used for the a posteriori global in time estimates. With the
notations of [22], insert g(v;) inside the right hand side of the dynamics of uf.) A close
inspection of the proof of the main result of [22], making explicit the dependence of
all the implicit multiplicative constants as some functions of f € CZ(R x T?) and
g € C}(R), shows that the analysis of [22] also works for some equations

(4.6) (0 — A)vy = f(vg, -, )¢ + g(vg, 1),

where f and g are time-dependent with finite C7C?(R x T?) and C7C'-norms respec-
tively. Equation (4.6) is globally well-posed and there are some exponents k1, k2, k3 €
[1,00) independent of the time horizon T from Step 1 such that

A7) Nullgs iz £ @+ 1Cn)™ (1 + flloree + llgllorer)™ (1 + lluolles) ™.

(We note that they use a time weight to measure u in €*. This is only used to deal
with an initial condition in L*°, and one can work with an unweighted norm for
if the initial condition is in C“, as here. Then the norms on the space of paracon-
trolled functions used in [22] and the present work are equivalent.) The local in time
well-posedness result from Step 1 and the a posteriori estimate (4.7) together prove
Proposition 13. (|

We note that [7] gives some bound on the uniform norm of u on [0, 7] x T? that is
linear in |jug||ce. The bound above is polynomial in ||Jug||ce but the norm ||u||€§(z)
is stronger.

We now specialize the result of Proposition 13 to the case where Z is the random

~

enhancement &(w) of a random noise ¢ provided by Theorem 10. Given € > 0 we set
(1) = E[X; 0 ]

Let us write f’ for the derivative 91 f of f with respect to its first argument. It is a
consequence of Step 2 that the equation

(4.8) (O = D)ug® = fugh, p) G — ™ (F1 ) (ug®, pe) + g(ug pie)

is globally well-posed on [0, Tp] x T2.

Lemma 14. — There is a sequence €, > 0 converging to 0 such the u®* converge
almost surely in €3, to u.

Proof. — The enhanced noise € is the almost sure limit in N7, of the sequence of
enhanced smooth noises Eak = (£5k, €5k © Xk — k), for an appropriate choice of
sequence (gx)g>1. It follows from Proposition 13 that the function w is the limit in
@f: of the sequence u** where u* is the solution to (4.3) with the enhanced noise g
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in place of Z . But we have

P W)€ + 9@ 1)
= J@ 1) © € + €% & (@, 1) + [@ 1) 0 €
£ U@ ), X&)+ (D@ 1) (€7 © X =) + 9@ )
= J@* W)€ = (D@ p) + 9@ p),

so u®* is a solution of the equation

(O = A)ug" = fug", p)&5* — H O ) + 9 (05" ),

and one has indeed u®* = u®* since they have the same initial condition. O

We now proceed with the second step of the resolution of the mean field equation
(1.3) in the special case considered in this section, where f is given by (4.1) in terms
of F' and an interaction kernel k € CZ.

Tueorem 15. — Fiz Ty € (0,00) and p € [1,00). Assume F € C} and g satisfies the
Lipschitz assumption (4.2). There exists T € (0,Ty] with the following property. For
every ug € C® there exists a unique paracontrolled solution u to the mean field Equa-
tion (1.3) in LP(Q; ‘57‘3‘) It is a locally Lipschitz continuous function of the enhanced
noise Ee L™ (2 N), for some appropriate choice of exponent r1 € (0,00). Further-
more the function u associated with w is the limit in ILP (Q; ‘5:%) of the solutions u® of
the renormalized equations

(0 — A)us = f(us, £(uf)) ¢ — (O f) (v, £(uf)) + g(u, £(uf))

with initial condition ug.

We only obtain here a local in time well-posedness result for (1.3) as we use a naive
fixed point and small time contraction strategy to prove this statement. Since wug is
fixed we do not record in the notations in the proof the dependence of the different
objects on ug. The precise value of the exponent r; does not matter so much in so far
as we consider some noises that are actually in all the LI(€; N7, ) spaces.

We note as a preliminary remark to the proof of Theorem 15 that if one writes f
in (4.1) in the form f(a,p)(z) = f(a(z),z, 1), with some obvious notation, then for
all path (p;)o<i<r of probability measures on €, the quantity
(4.9) sup [If(-, -, ue)lezrxre) < [|Fllcz2([kll e

tx

has an upper bound independent of (u;)ogicr. On the other hand the regularity
assumption (4.2) on g gives the path-dependent bound

(4.10) sup |lg(, pe)llorry < sup |uellp, (o)
0<t<T 0<t<T

Proof. — Pick T € (0, Tp]. Write uéi for the paracontrolled solution of (4.3) with £ in
place of ¢ and denote by ugi its associated function. We first check that ufg_i e LP(;65)

JE.P — M., 2026, tome 13



1122 I. BarLeur &« N. Moexen

using the pathwise bounds
llles S (141X g el ez

and (4.7). They imply with Cauchy-Schwarz inequality and the uniform upper
bounds (4.9) and (4.10) that

el gy S I8 1A o0y (1 SHR Tl 0m) ™

The exponent r; in the statement of the theorem is chosen larger than 2px;. Recall we
denote by £(Z) the law of a random variable Z. It follows from the previous estimate
that we define a map Wz from P, (%7) into itself by setting

\Ilg(u) =L (ug)

Pick A > 0. For M sufficiently big and T' = T'(M) even smaller, the map Wz sends
the ball

{,U € Py(r); Wy ¢z (1, 00) < M}
into itself. Now pick &, &, in L™ (Q;N7) and 1, po in Pp(€5) such that
(411) Wpfg%(/_j/i,ég) < M,
for i € {1,2}. Write u; for @ (u;) and define the random variable
A= &, + 1]y, -
Combining Proposition 9, Proposition 7 and Proposition 12, we have
g () S TG~ G, + g, 2) 4 V0 (7))

for some implicit positive multiplicative constant that is a polynomial of A. The
exponent 71 € [1,00) in the statement of the theorem is chosen larger than two times
the degree of that polynomial. Integrating and using Cauchy-Schwarz inequality we
get

E[d, (ur,us) ™)

ST NE]E - &1,] + Eldgg (wn,u2) ™) + W (1, 2) 7},
so taking 7' > 0 deterministic, small enough ensures that
E[dgs (w1, u2) )" S TP (E[lIr - &II"] + Wyep (1, 12) ).

Now, since

ex S (141X

||’LL1 — Usg 95;) dgé{ (’u,l,UQ) + ||X1 — X2||<€7‘f ||'UJ2H££;‘(X2)7

we obtain from the Cauchy-Schwarz inequality the estimate
2
Efllur — uz2||%,]
S+ IE[HXlH?;%]) E[dgs (w1, )] + E[|| X1 — X2||?;;1] E[[|us||

2p ]
ef(Xp)d
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Since
2pKo

(1 + o
[”'UQHSB x )] E[ll€152)( OiltlgTHmH?pw )

we see in the end that

Wy (Vg (1), Vg, (12))
SE NS gy (L M) B[ = &N, ] + TOD2W, g5 (1, 1),

To make this estimate useful requires that we ask r; to be larger than or equal
to 4p. In the end (1.3) is well-posed in small time and its unique fixed point defines a
locally Lipschitz function of §A € L™ (2; N7). The convergence part of the statement
of Theorem 15 is a consequence of Lemma 14. O

5 MEaN FIELD EQUATIONS WITH POINTWISE INTERACTION IN THE DIFFUSIVITY

We dealt in Section 4 with a situation where the singular and mean field features
of the equation (1.3) did not interact. This is why we could use the classical tools
first introduced by [14] for the study of singular equations from the paracontrolled
point of view. We deal now with a large family of mean field type equations (1.3)
where the interaction in the diffusivity f can be pointwise. In the example (4.1) of
diffusivity f it means working with k(z,y) = d,(y) with J, the Dirac distribution
at . The enhancement of the noise needed to make sense of (1.3) in that case is spe-
cific to the mean field setting and described in Section 5.1. The term f(u;, £(u))&e
then has a particular structure whose definition involves a paracontrolled structure
for f(ut, £L(uy)) different from the paracontrolled structures from Definition 6 or Def-
inition 8. This specific structure is described in Section 5.2. The random variable u
itself is still the function associated with an element u of the random space &%(X).
The proper statement and proof of item (a) of Theorem 1 is done in Section 5.3. The
proof of item (b) in Theorem 1 is the object of Section 6.

Assumptions on f and g in (1.3). — We assume in this section that

(5.1) /F (@), (@) p&" (dvy . . . doyy,)

for some integer m > 1, for a function F : R™*! — R of class Cg’ — or we assume
that f is a linear combination of such monomials. Notice that in (5.1) we evaluate
the v; at the same point € T2 as u. With m = 1, and compared to the regular
interaction (3.2) studied in Section 4, the function (5.1) corresponds to a pointwise,
non-regular, Dirac kernel

As in Section 4 we assume that

(5.2) g(u,p)(z) = g(u(z),p)  (Vz€[0,Ty) x T?)

satisfies the Lipschitz-type condition (4.2).
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5.1. MEAN FIELD ENHANCEMENT OF THE NOISE. As above we work with the class
of random Gaussian noises specified in Theorem 10. The random field £ is initially
defined on a probability space (2, F,P). We extend it canonically as a random variable
defined on the probability space (22, F¥2 P®?) setting

g(waw) = g(w)
We also define

{(w,w) = &(w);

this is under P®? an independent copy of £. For a distribution A on T2 and a positive
regularization parameter € we set

A :=AoP. c(C™

with P. the heat operator at time . Recall T; stands for the time horizon that we
use in our definition of the space of enhanced noises N, — the interval [0, Tp] is our
maximal interval of time. Pick 1 < p < co. We define on (2, F92, P¥?) the €5} -valued
random variable

X:=2719).

Note that E[(€5 ® X )(2)] = 0 for all ¢ € (0,1] and all z € [0,Tp] x T2 The
proof of Theorem 10 can be repeated verbatim to see that the random variables
€ (w) ® L7 H(E€4(w)) converge in some " (P®?) to some limit random variable

£O X e L"(P®? Cr, C**72),
as € > 0 goes to 0. We have for P-almost every w € Q and P-almost every w € (2

Q; Cr,C?** %) <00 and H(ﬁ@Y)(-,w)’

Q.

]Lr( L (€2 O, C22—2) <

We use below the notation E to denote the (partial) expectation operator with respect
to w on the product probability space.

Derinition 16. — The mean field enhancement of the random noise £ is the random
variable

£ (w, @) = (£W), (€0 X) W), &), (§ © X) (w, @) € N, x Ny,
defined on (QQ, F2, IP’®2). We define on (2, F,P) the L'P(Q; R) random variable
(53) (€N)(W) = [6W)llcryco2 + Hﬁ(z)(W)HCTOCzMQ
+E[[[Ew, My cn2] " +E[IE© D), )by, 0202

1/4

Below we talk of “our class of noises” as the class of Gaussian random distributions
specified in Theorem 10.
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5.2. PARACONTROLLED STRUCTURE FOR MEAN FIELD SINGULAR SPDEs

1. The mean field paracontrolled structure in space. — The appropriate notion of space
paracontrolled structure for the term f(u¢, £(u)) in the right hand side of (1.3) is
captured by the following definition.

Derinition 17. — Let A : Q — C“ be an L2 random variable. A C“-valued random
variable ¢ on §2 is said to be w-paracontrolled by A if there are some random variables

5.6:Q—CP 6,6:Q—LY3(C% and ¢ :Q-— CF
such that one has
(5.4) $(w) = (6:0)(w) © Aw) +E[(6,0)(w,-) © A(-)] + ¢ (w)

for P-almost all w € Q, and
||5Z¢HIL2(Q;CB) + ’|5H¢HL2(Q;L4/3(Q;CB) + H(ﬁﬁH]L?(Q;CaJFﬁ) < o0.

Let §+ be the mean field enhancement of the random noise ¢ and ¢; be w-para-
controlled by X;. We set &, = (gbt, 0,0, 0,4, ¢§) and we define

(5.5) (®:61) (w) = Br(w) © & (w) + (B161) ()
with
(®:60)F (w) := §t(w) © ¢ (w) + ¢f(w) © & (w)
(5.6) + C((0:61) (w), X (w), &(w) + E[C((3uee) (w, ), X (), & (w))]
+ (0200 @& (@) + E[(6ud) (w,) (€ 0 X) (@, )]

The proof of the next statement comes from some standard continuity estimates on the
paraproduct and corrector operators and from Holder inequality in the expectation E;
it is left to the reader.

Prorosition 18. — Let §A+ stand for the mean field enhancement of a noise & in our
class of noises. Assume we are given some random variables d,¢,0,¢ and @ and
1 < p < oo such that

(5.7)  16:8llw(; crce) + 1600l : corars; oy + 198 o (@ 18/20pcatsy < 00

We define ¢ from (5.4) with the random variables & and & in the roles of A and A.
One has P-almost surely (9€)(w) € CrC*~2 and

H( tft Hm 248
< (14 END@)2) (16206 @)l os + E[[|5ude(w, ) |ee ]’ + [[05(0)]| posn )-

Pick two noises €', €2 in our class, with respective mean field enhancements §1+, §2+,
and two sets of random variables 6,¢°,6,¢°, ¢**, for i € {1,2}, both satisfying (5.7).

JIP — M., 2026, tome 13



1126 I. BarLeur &« N. Moexen

One has P-almost surely
[(@1€)}(w) — (27€1) ()| oo
< (rat.w) x (18:6} = 86| o +E[ll500} — 8.0 1]
+[[61F = 9% | oo + (€1 = EFD(w)),
for allt € (0,T], where (x)12(t,w) is a quadratic polynomial of

& i = i14/313/4 i
max {(ED(@). 166l co E[I0u0{1 ] 6 oo ).

2. A paralinearization formula. — We lift the function f: C*xP,(C*)— C* from (5.1)
into a C®-valued function on C* x LP(Q,P; C%) setting
fo(a"A) = f(avﬁ(A)L

fora € C* A e P (Q,F; C‘l). Given that f, is polynomial in its second argument it
will be useful below to work on the probability space

(Q’m+17 3r®(m+1)7 P@(m-}-l))
and write
(wawla s 7wm)

for an element of Q™*!. We denote by E’ the expectation operator with respect to
the variable w;, and for I = (i1,...,i;) a subset of the integer interval [1,m] we
write E! for the expectation operator with respect to the variables (w;,,...,w, )
In those terms, and for a € C%, A € LP(Q2,P; C®) and pu = L(A), one has

Fla,m)(@) = fo(alA) (@) = BV [F(a(@), A(wn) (@), .., Alwn)(@))]-
As F € Cg C C’bl one has
[P (@A), . Awn)l|ga S 1+ llalles + 3 4G lco

Also, since A € C® is integrable the function f,(a|A) on T2 is indeed P®(™+1)_almost
surely an element of C*. For i € [1,m] we set

0;fo(a A)(2) := BV [(0,F) (a(z), Aw) (@), ..., Alwn)(2))].

From the structural assumption (5.1) on f there also exists a constant L such that
for every aj,as in C* and by, by in LP(Q; C*) we have

(5.8) [ folarbr) = folazlbo)|| po < L(lar — aslloe +E[Ib1 — b2]2a] 7).

Prorosition 19. — Fix t > 0 and assume we are given two random variables hy =
(W), hE) and ky = (K, kD) in LP(Q; DP(X,)), with corresponding C functions hy, k
on T2, Then f,(h¢|k;) is w-paracontrolled by X, in the sense of Definition 17, with

(0= fo) (hel k) (w) = (01 fo) (he(w)[ke) B (w)
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and

(5uf0) (ht|kt)(wv w)
_ ZE“L’”“\{” (0541 F) (he (), (w1, - ke (wj 1), K (), K (w; 1),

ki (wm)) ] B (),

and
(| fo (P (@)Bor)*|| ass
S (14 1 Xe@) )2 + E[IXE.]7)
x (14 By ()lles + B (w)llow + E[[1%]]l&s]
X (L+ B @)llos + 1B @)llcara +E[Ik]40]

LRk

Y EIR N ra] ).

For X}, X? associated with two enhanced noises 5’\1*,?*, for hi and k:ff in the space

LA(; D(X7})), fori € {1,2}, we have

(5.9) ([ fo (Rt @)[k})" = fo (RF @)K | pars S (Nt )X} (@) = X7 (@)
+E[||X; = X¢[|ga]" + dos (] (@), b} (@) + E[dos (k) k7) ']},

where (¥)12(t,w) is a polynomial function of

s {1X5 @)oo, BIIXENE], (B o EDREIS]).

It follows from Proposition 18 and Proposition 19 that the random variable

fo(ht|k:)&: is well-defined and is an element of LP(2,P; D(&;)).

Proof. — One has from paralinearization
F(ht(W), kt(wl), ey kt(wm))
= 81F(ht(w), kt(w’l), ey kt(wm)) @ ht(W)

+ ZajHF(ht(w), ki(wi), oo ki(wm)) © ki(wi)+ R (he(w), ke(w1), - -, ki(wm))
=1

= (1 F (he(w), ke(wr), .. ke (wim) ) hy(w)) © Xy (w)

+ Z(aj-HF(ht(w)v ki(wi), .- s ke(wm)) ki(w;)) © Xi(w)) + Rr 4+ Ro + ZR]"

where Rp = Rp (he(w), ki(w1), -+, ki(wpm)) € C*F and

Ro = {01F (he(w), ky(w1), ... ke(wm)) © (B (w) © X¢(w))
— (81F(ht(LU), k:t(wl), ey kt(wm))hi) Q Xt(w)}
+ O F (he(w), ke(@i), - ke(wm)) © BE(w),
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and R; is given by the explicit formula

Rj = {011 F (he(w), ke (wr), -, kt(wm)) CAC

© X (w;))
— <6j+1F(ht( ) kt(wl

)©
k(W) ) ki (w;)) @Xt(wj)}

+8]+1F(ht( ) kt(wl)
From classical results in paradifferential calculus we have

IRFlloass S IF ez (1+ The(@)lEa + 370 1Ke(w))l1Ze)
S (L IXe@)Ea + 375 X (wi)l2e)

(L4 IR @) 180 4 I @) [Ee + STy K7 @) Es + K] (@)1
and ||Ro||ga+s is bounded above by

01 (Re(w), ke(wr), -+ s ke wm)) ]| g (175 @)oo |1 Xe (@)oo + 117 (@)l grs)

(14 he(@)lee + 72y ke(wp)llow) (IRgllos [ Xe(@)llon + 175 @)l gars)
(L + X e(@)llEw + 327 11X e(w))IE)
x (14 ||hy(w

(
x (1+ [|hy(w
<

IZANRZAN

os + i @)llca + 372 Ik wi)les + 1k (w))llce)
Moo + 115 @)l cats + 35 Ike(ws)llos + 1k (@j)llce)
m, we have for ||R;||ca+s the upper bound

(1 + X (@)[Ea + 3252 X e(w))[1Za)

and, for 1 < ¢

< AL+ lhy@)llos + I @)l + 327 Ik wi)lles + [k (w5)lles }
X {1+ | @)llos + B @)llce + 1k Wllowrs + 350 K@) les + Ik (wj)lloe }

So we have for ||Rr + Y72 R;|| suss the bound

(L + X (@)[Ea + 3255 X e(w))[12:e)
(L+ Ihtllos + 1B llca + 3780 Ik @il + 1k (@j)llo)
(14 1Btllos + Rllcass + S5my ks (ws)llos + (1K @) lgass)

Taking the Eﬂl’mﬂ expectation one gets

Fo(he(w)lkr) = (01 fo(he(w)|ke) hi(w)) © Xi(w)

+E“””“[Z 41 F) (he(w), ke(w1), - ke (wm) Vo (07) © X (w5) | + folha () [Rer)?

= (O Lo (@) |E)he(w)) © Xi(w) +ZEF"“”“\{”[(6 \F)

X (ht(w), kt(wl), s ,k‘t(w]‘_l), kt(w), kt(wj+1), ..

.,kt(wm)) X kjé(w)] @yt(w)]
+ folhe(w)|ky)F,
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with
1 fo (e ()lE)? | s

< (U1K @) e +E[XE]")

x (1+ 1By @)llos + IBf @) lom +E[Iki 4] + E[Ik1E])

x (141 @)lles + 1B @)llcors + B[k 1&6] " + BRI &ars] )
This concludes the proof of the proposition. O
5.3. Sowvine Equarion (1.3). — Fix a time horizon Ty € (0,00), an integrability
exponent p € [4,00) and uy € C®. Recall from (3.8) the definition of the lifting
maps L., for ¢ € C([0,Tp],R), and the existence of a sequence (gi) decreasing to 0

and some functions ¢** € C([0,Ty],R) such that the random variables L., (§%) are
converging in " (€2, C,, C?*~2) to the random variable £~ 1(£) ©¢ forall 1 < r < oc.

Prorosition 20. — For every v € LP(Q,IP; 8% (X)) there exists a unique solution

ug , € 8% (X) to the equation

(5.10) (0 — A)uy = folus|ve) & + go(ut|ve)

with initial condition ug. It satisfies almost surely the local Lipschitz continuity prop-
erty

(5.11) dyp (ugs o, (@), gy o, (@) < M'@)(E[or = vallppg.en )] + (6 ~ E)w))

for M'(w) a non-increasing function of maXizl,Q{E[Hvl‘”Zﬁ ],qgj‘p(w)} The random
To

variable u§+7v(-) € €, on §) associated with u§+7v(~) is the limit in probability of the
solutions u®* of the equations

(5.12) (O = D)ugh = folug*ve) &F + golug* [ve) — ¢ (t) (f2.fo) (ui* [ve)

with initial condition ug.
Proof. — We proceed in three steps.

Step 1: Local in time well-posedness. Rewrite (5.10) as the fixed point equation

= P;(uo) +/0 P (fO(US‘US)gs + g(us\vs))ds.

We get from Proposition 18 and Proposition 19 that f,(us|vs)€s + go(us,vs) is for
each s an element of D(&;) with Gubinelli derivative f(us|vs) and remainder

(folts|v)€)F + goluslvs)-

— We check first that for any u € Sgw(X(w)) the quantities f,(ulv) € €2 and

(fo(us|'us)§s)u + go(us|vs) satisfy the bound (3.5) involved in the Schauder type esti-
mate of Proposition 9. Recall from (5.3) the definition of the mixed pathwise/averaged
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random variable (£+))(w). Take any T € (0,Tp] and u € &2 (X). First, from the struc-
tural assumption (5.1) on f where F' € Cg, and from the parabolic paracontrolled
structure of u and v from Definition 8, one has the estimate

I folulo)lleg S 1+ llulleg +Ellvleg] S (1+ €FD) (1 + lullgy +Eflvl2a]").

Second, combining the estimates from Lemmas 18 and 19, one gets at some fixed time
t the estimates

(| (foluelv) &) s
S L+ D) (102 f (us, ve) | oo +E[||6Hf(ut,vt)||4c/§’]3/4 + 1 f (g, 02)F | o)
S 1+ EDH{A+ luelce +Efllvelca]) lulles
+ (1 luellos +EffoelZa] ) E[lvplda]* + 11 (e, 0 lowrs }
< (14 ) (L + upllos + Nubllen+ EloilEa] Y+ Eflofli4]")
X (1+ lfllos + lufllcars +E[Io)&s] " + E[l0f16ass] ).
It follows from this bound that we have

-~ = 1/2
sup 5/ (fo(uelv)) llga-srs < (1+ E1D) (1 + llul2s +E[Jlold,]"?).
te (0,7 T T

We also have from the structural assumption (5.2) on g and the assumption (4.2) on g
that

sup 72\ go(welve) | a2+6 S sup 772 go(uelve)| oo
te(0,T] te(0,T)

2a]"")

< (1+ EN) (1 + 1wl +Efl0l2,]'").

< sup tﬁ/2(1+ ||t
t€(0,T]

co + E[[loe]

We have in the end the pathwise estimate

sup 1972 (folueloe) )+ gouelve) | gssn S (LHETDY) 1+l +E[[l0l125]2).
t€(0,T] T T

— It follows from Proposition 9 that the map
Oz, EL(X (W) — EL(X(w))
which associates to u € Eg(X (w)) the solution w of the equation on the time interval
[0, 7]
(O — A)w = folwue|ve)€s + go(ue|ve)
with initial condition wg = ug € C*, is well defined and satisfies the bound
a ~ = 1/2
[8es @Iz < uollon + T2+ € (1 + [l +Ellloll24]?).
Recall 4 < p < 00. One can then find some positive random variables

Mw)=ME[lol}]. €)w).  Tilw) =Ti(E[lvl},]. € w)),
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such that the map <I>§+ » Sends the ball
{u € &L (X(W);illullgs < M(w)}

into itself. Now, given a‘,@' in L¥(Q% Np x N7) and vy, vz in LP (€ 8%} (X (w))),
we define a random variable

M'(w) = M’ (max{E[[lvill}, ], (€7)(w)}) > M(w).

For ||u|l.s < M’'(w) Proposition 9 tells us that
T

des (Pgp o, (W), Ogy ,, (u2))
SMr(w) T(a—ﬁ)/2{d£§(u1,u2) + [lv1 - U2HM(Q;3§) + (&~ EJD(W)}
So, choosing a random time T'(w) with
0<T@) =T( Y {Ivillsoez) + €D} ) < Taw)
ie{1,2}

small enough ensures that the map <I>§+ u has a unique fixed point Ugy #(w), which
further satisfies

(3.13)  dgs (ugs ,, (W) ugr ,, (@) Sarw) 01 = vallpaes) + (& — EDw).

Step 2: Long time well-posedness. — We follow the analysis of [22] as in the proof of
Proposition 13 in Section 4.

Turorem 21. — One has a polynomial bound
618 gl £ (@)™ (1 +E[oI2,])™ 0+ Juolloe)™
for some positive finite constants k1, Ko, K3.

The proof of this statement is given in Appendix B.

Step 3: Renormalized equation. — Recall that (£, X © £) € Np, is the limit in any
L9() space, 1 < g < 00, of the sequence of enhanced noises (§Ek,§5k © X¢k —csk), for
some appropriate diverging functions ¢**, and that £ ® X is the limit in LI(Q2, P®2)
of &5+ © X" We then have

fo(u™|v4)§" + go(u™vy)
= fu[v) © &% + &+ © fo(u™[vr) + folu™[ve)* © &+
+ C(0. fo(u[vr), X, &%) + E[C (8 fo(u o), X, )]
62 fo(u™ [0) (€ © X7 — ™) + E[8, fo(u™ur) (67 © X))
+ go(u™|vy)
= folu [v)&" — ™ (fofo) (W™ [ve) + go(u* [vy),
so the function u®* is a solution of the renormalized equation

(0 — A)u = fo(uT™ o) — ™ (fofo) (U™ [ve) + go(u].
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As we know from (5.13) and Step 2 that the solution ug, , € 8%) (X) is a continuous

function of £+ € Nr, X N7y, and since €5++ converges to £+ in probability, we see that
Ugs is the limit in probability of the sequence of elements of 8%} (X*=*r) associated
with u®k. |

The proof of well-posedness of Equation (1.3) requires a second fixed point which
is the object of the next statement. We fix as above p € [4, 00).

Turorem 22. Assume that g satisfies the Lipschitz assumption (4.2). There exists
a deterministic positive time T < Ty with the following property.

— For every ug € C% there ewists a unique solution u = (u',u*) to (1.3) in
LP(Q; €5(X)). The law L(u) € P,(E5(X)) of u depends continuously on &+ in some
fized ball of L™ (Q2% N x N7) for some appropriate choice of exponent r1 € (0,00).

— The function u € 63 associated with w is the limit in probability of the family of
solutions of the renormalized equations

(0r = A)ut = fu™, L(ug")) & — i (ff) (w™, L(ug*)) + g(u™, L(ug*)).

The proof makes clear the dependence of the time horizon T on the size of E*‘ €
L™ (QQ, NT X NT)
Proof. — We proceed in two steps.
— First we check that the mag\lf v ug,  sends LP(8; Eg(X)) into itself for
an appropriate choice of T = T'(E[[|v]|?,]). One has from the fact that ug, , solves
g ;

the equation (5.10) and from Proposition 9

e - = 1/2
o+ TO2 (14 ED(@)!) (1 + luge 12, +E[Jloll2,]")-
Using Theorem 21, we get the bound

a— - K w 3r2/2 1/2
luge alleg S T+TEOD2 (14 €D /) (1+ Bllolg ] ™) e |15

gt ollez 5 lluo

Integrating and using Holder inequality we get for some appropriate exponents 1, ry
Efllug: o [52)° S 1+ 77D+ E[(ED )0 +Eflollds] ) E lug, 12,
So for T = T(E[HUH@%D sufficiently small we have
T

1/ a— Sarp11/2 r2/
E[llullg.s] " S 1+ TP+ E[ED] ) Ell0llF, ]
Pick

A > max(Cg, 2E[(¢1)'7]).
For M sufficiently big and T'= T'(M, A) even smaller the map Uz, sends the ball

{v e LP(Q; €5(X)); 10llLs0;e2) < M}

into itself. Now pick vy, vs in LP(€; 8?()()) and gj,gj in L™ (Q% Nz x Nr) such
that
E[E"] <A Efludl,] <M
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for i € {1,2}. Write u; for @z (v;) and define the random variable

R(w) = (&) () + (&2 D(w).
We have
~ = 491/4
~ =~ = 491/4
Sty T{E = E)@) + s (wr,us) V24 Eldys (01, 0%) "]},
for some implicit positive multiplicative constant that is a polynomial of R(w), com-

bining Propositions 9, 19 and 18. Integrating and using Cauchy-Schwarz inequality
we obtain the estimate

E[dgs (u1,u2)"]” S B[] — &%)+ T {E[dgs (u, us)"]+E[dgs (v1,v2) "),
so taking T' > 0 deterministic small enough ensures that we have
E[dgg (us, uz)p]2 SE[E - &) + T2P5E[d£fo (vl,v2)4]p/2.

As p € [4,00), we conclude that Equation (1.3) has a unique local solution u in
?p(Eg(X)), and that the law £(u) € TP(S?(X)) of u depends continuously on £ €
L (Q2, NT X NT)

The second statement in Theorem 22 follows from Step 3 in the proof of Proposi-
tion 20. ]

6. PROPAGATION OF CHAOS

Let now (£%,u}) be a sequence of independent and identically distributed random
variables with common law £(&,ug), defined on some probability space (Q,F,P).
We fix w €  and an integer n > 1 and study the dynamics

(00 — Ay (w) = F(u (W), wP)E W) + g(u (@), i1 W), (1<i<n)
(6.1) . 13
i (w) = n 2 5ui'”(w)’
with initial conditions (u$(w),...,u§(w)). We suppose here that f is of the form (5.1)
with F: R™*1 — R of class C3, and that g satisfies the Lipschitz condition (4.2).

The system (6.1) can either be understood as a multidimensional singular stochas-
tic PDE driven by a multidimensional (enhanced) noise or as a mean field singular
stochastic PDE.

Taeorem 23. The multi-dimensional and mean field interpretations of the sys-
tem (6.1) coincide.

Proof. — To lighten the notations we consider here the case that the diffusivity f
is linear in its measure argument — see (6.2) below. The polynomial case is treated
similarly. One can see Equation (6.1) as a single multidimensional singular stochastic
equation

(0 — At = F(u)™ + g(ul)
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with multi-dimensional unknown u(™ = (u", ..., u™") and noise {™ = (¢1,..., &),

and where f is (f!,..., f") with
fi: (ul’”, ut) e futr, L 2?21 Syim) =1 f(ub™, um),

with a similar definition of g. The noise (™ needs to be enhanced to make sense of
the equation. The solution will be a tuple of paracontrolled functions

ui,n _ (ui,n)/ o Xz + (ui,n)ﬁ _ fi(ul,n’ o ’un,n) © Xi + (ui,n)ﬁ’

so we will have from paralinearization

fi (ul,n7 . 7un,n) — Z(a]fz (ul,n7 o 7un,n) (uj,n)/) o Xj + fz (ul,n7 o ,un,n)ﬁ7
j=1
with .
8jfi (ul’", .. ,u"’") = 6i7j81f(ui’", u”) + E@gF(ui’", /f‘),
since
) 1 & )
(6.2) ftuty = =3 F(ut,ul")
j=1

The singular product in (6.1) then reads

f(ui,n7ﬂn)§i _ f(ui,n7uln) @gi + gi o f(ui,n,un) + f(ui,n’,un)u ®§i
(6.3) @O i) (W), XL E) + 37 (O Rl u) (Y, X7, )
j=1
FOuf (" ) () (€0 © X7) + % D RF (W, m)(w) (¢ o X7).
j=1

Our task is now to prove that (6.1) may also be understood as a mean field sin-
gular stochastic PDE with a suitable enhancement of the noise and that the two
interpretations coincide. With the notations of Section 2.2, Tanaka’s trick gives an
interpretation of (6.1) as the mean field type equation

(64) (9 — A)u'"(w) = fo(u"™ (W) [u” (W)€ (W) + go (u' (@) [ (w)
studied in Section 5, but now set on the finite probability space ([[1,71]],2[[1’"]],/\”),
with generic chance element ¢. The enhanced noise from Definition 16 is then

{¢, fox’, ¢, é‘j@Xi}l@j@,
where the index ¢ plays the role of w and j the role of w. Let us now clarify the
meaning of the singular product. We have

S (0™ 0) = 0y (B ) (Y,

and
8pufo (™ [uln ()Y = 9y F (ut, pUn (1) (yUn ()Y,
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In the sense of Section 5.2 the singular product in Equation (6.4) is defined as
fo (ui,n|uUn(<),n)€i
— f(ui,n|uUn(-),n) @gz + §Z o fo (ui,n|uUn(-),n) + f o (ui,n|uUn(-),n)ﬁ @52
(6.5) + C(81fo (ui,nluUn(~),n) (ui7n)’) Xi, 57) + 01 fs (uz‘,n|uUw,(~),n) (wn)/(f ® X)i
+o ; C(BF (™) (™), X7, €1)
+ % ; Qo F (uh", uU"(')’") (uU"(')’”)/(fi ® X7).

We conclude from (6.3) and (6.5) that the two formulations coincide as they amount
to solving the same classical PDE for the remainders (u®™)%, O

We know from the continuity result of Theorem 22 that the almost sure conver-

gence of Lo
o+
Wy (n > O gy L6 ’“0)>
i=1

to 0 granted by the law of large numbers entails the convergence
1 n
WP,CTCQ (n z; 5u'i,n 5 L(U)) nj()o O,
1=

where u is the function associated with the solution w of the mean field dynamics (1.3).
It follows then from Sznitman’s Proposition 2.2 in [23] that there is propagation of
chaos for the system (6.1) of interacting fields to the mean field limit dynamics (1.3).

Tarorem 24. — For any fized integer k the law of (ul’",...,uk’") converges to
ZL(u)®* when n tends to +oc.

The setting of Section 5 is more general than the setting of Section 4. Theorem 24
thus holds for the two settings at once.

ArpENDIX A. ENHANCING SOME RANDOM NOISES

We prove Theorem 10 in this section. Recall from (3.7) the definition of the random

variable X ® £. Write e, for the function x — exp(i(k,x)) and £(k) for (&, ex). Our
noises satisfy the identity

(A1) E[& (k)& (k)] = Lp=p c(t, s) (k).
We denote below by VAR(A) the variance of a random variable A.

Lemma 25. — There exists a positive constant k such that on has for all £ € N,
s,t,a,b € Ry and x € T2, the estimate
229260 o )
Var (A (P(&) © &) () S — e " (c(s, 8) c(a, a) + c(s, a)?)
and
2262260 o2 )
Var(Ay(((Id — P)Pi(&)) © &) () Sb——e" (c(s,s) c(a,a) + c(s,a)?).

t
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Proof. The proof follows closely the proof of [14, Lem. 5.2]. We have

A¢(Py(&s) @ &) (@)
= (2m) 72 Y B py(k)F(Py(&s) © &a) (K)

kez?

=m) Y ST pelks + ki) e E (k) pj (k) a () ey ko (),

k1,k2€Z? |i—j|<1

then VAR(A¢(Pi(&) ® &) (x)) is equal to

@)™ > D D skt k) pilka) e ()

k1 ka2, Kk kg [i—5|<1 | =5 |<1
X Pe(k?:/t + ]flz) Pi'(ki) e_tlklllz Pj'(klz) COV(gs(kl)an(kz% gs(kll)gz(ké))ek1+kz+k;+k§ ().

Using Wick theorem and the identity A.1 one gets

= (2m)* 7(k1) (k2) (Liy =k ko —ty, €(5, 8) (@, @) + Ly = ks pye—pr (s, 0)?)

consequently

VAR<AZ(P7€(§S) Oga)(x))
=Y > > @m)ilk) k) pelkr + k2)? pi(ky) pj (k2)

k1,ka |i—j|<1 i =5/ |<1
2 2 2
x (c(s, s) c(a, a) py (k1) pjr (k2)e M1 4 e(s, a)?pir (ko) pje (Key) e~ F1F1 T =R,

The factors p;(k1) pi (k1) and p;(k1) pjs (k1) ensure that one can restrict the sum on ¢
and i’ to pairs (4,7') such that i|l| < || < plé| for some constant p, which will be
denoted by i ~ i, Likewise the factor pg(k1 + k2) enables us to restrict the sum to

—2tk* < p—tro2%
~

|i| > (1/u')¢ for some p’. There exists some g > 0 such that e for

k € supp(p;), so that for some £ > 0

VAR(A@(Pt(fs) o ﬁa)(x))
S (e(s,) elasa) +e(5,0)*) D Lpilimirmjngs Y Loupp(p) (k1 + k2)
IR R kl,kz
X 1supp(pi)(kl)lsupp(/’j)(kQ)
5 (C(S’S) C(CL,CL) + C(S,CL)Q) Z 22i22522in672t/{22z
0,650

22ine—2tn221’

20920
272 ne—2m2‘”

< (c(s7s) c(a,a) —|—c(s,a)2) ; ,
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7t|k‘1

hence the first estimate. For the second estimate we notice that the e ”is replaced

by (1 — e~bk1l*y e=tIkil and that

2 2 2 2
(1 _ e—blkl\ )e—t\kll < b|k1|26—t|k1\ 5 Ue—t\kll /2

The remainder of the proof is the same as for the first estimate. O

We can now prove Theorem 10. We estimate E[|| (X ® &) (t) — (X ©¢) (S)H?;a_z],
2p,2p
and use then Kolmogorov continuity criterion and Besov embedding. For 0 < s < ¢
we write

t s
/ Pru(ta) © & da — / Pr_o(€a) © 6 da
0 0

= /S((Pt—s - Id)PS—a(ga)) ©&tda +/SPs—a(§a) © (ft - gs) da +/ Pt—a(ga) © & da
0 0 s

= /Osﬁl(a)dwfosﬁg(a)dﬁ/:Zg(a)da

and set
A=A -E[4]  (ie[1,3]).
The quantity
E[I(X ©€)(t) = (X ©€) ()] 2a]

2p,2p

is equal to

S [ Bladxe9w- (o)
=y 2wl / H / ApAs(a) da + / Ay Ay (a) da + / A¢As(a

>—1 T
From Gaussian hyper-contractivity we have
s s t 2p
]EH / Ay Ay (a) da + / Ay As(a) da + / Ay As(a) da }
0 s
s t 2p
E[/ Aeds(@)]da+ [ [Acdx(o)] da+ [ |A2A3<a)\da}
0 s
2p s 2p
< ([ =ia@) i) ([ Bl )
2p ’
*(/[mmwﬁﬂwﬁv

so that the bounds for

W

flco g - (xo gl
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becomes

2p 1/2p
<Z 22p€(2a72)/ ]E|: :|>
>—1 T2
<> 2“20“—2)(/ EHAgAl(a)ﬁ”gdH/ E[|AcAs(a)[*]? da

>-1 0 0

/ " AcAy(a) da + / " AAs(a) da + / t A¢As(a) da

0 0 s

t
+ [ Ellaa@” d“)
=: 51+ Sy + Ss.

We use Lemma 25 to estimate the EHA@Ai((I)’Q]. First we have

E[|AcAr(a)[*] = VAR(A¢(((Pies — 1) Pa_a(£4)) © &))

<(—s) 2:?22" =02 (o(s, 5) e(a, a) + c(s,0)?)
and
E[|A Az (a)[*] = VAR(AL((Pea(ta)) @ (& — £)))
§ Z2 -2 () (et 0) + e(5,5) = 2e(.0)
and

E[|ArAs(a)|”] = VAR(AL((P—a(&a) © &))
< 22622277

~

— e =02 (ot t)e(a, a) + clt, a)?).

So, writing cg for c(t,t) + c(s, s) — 2¢(s, t), we get

S ’ 20-1 da
/ ]E[|A€A1(a)|2:| 1/2 da S (t _ 3)1/22522Z7]/ 67'{(570’)2 3 71/2’
0 ; =0

’ ° -1 da
R e
0 0 (s —a)

‘ t
- d
/]E[‘AgAg(a)‘Q]l/Qdas262267,/ e_,.g(t_a)Qzlz lﬁ.

‘We have

) e~ da
Sl g (t o 8)1/2 24(20‘+277*1)/ e*N(Sfa)22/ 17
e;1 0 (s —a)l/?

S +o0
5 (t _ 3)1/2/ / 2m(2a+2n—1)e—n(s—a)22”1 dx dci .
0o J-1 (s —a)¥/

S +oo
S(t—s)'? / / (s — a)_O‘_7’y20“+27’_2e_"iyz/2 dy da
0 0
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and similarly

SQ < 31/2 Z 2[(2a71) /S 67’4(57&)22271 da

Pt 0 (s —a)t/?

+o0o
N 1/2/ / s—a) a— ny2a+277 2 e~ Y /Qdyda

and

l(2a0—1) —k(t—a)2%1 da
S3 S Z 24 / (t—a)l/2

>-1
+oo 5
§/ / (t — a) = MyPotin=2—ry /2dyda.
s 0

Finally we see that
E[|(X 080 = (X0 ®)52:] S (¢ =)+l + (= s))”
S [t — s,
with
m:=min{1/2, 6/2, 1 —a —n}.

From Kolmogorov continuity criterion and Besov embedding, for every a < 1 and

1 < p < oo, the process X ® ¢ is almost surely an element of C7.'~ 1/pr2a—2-1/p.

The mollifier approximation result in the statement of Theorem 10 comes from the
same arguments and calculations writing

(X 08)(1) — ((X° 0&)(t) - E[(X° 0 £)(1)])
- / (Pral€a — €) @& — E[Pra(é0 — €) 0 &])da
/0 (Pral) ® (€ — &) — E[Pra() © (& — £)])da

If ¢ is the Fourier transform of the mollifier, we have

E (k) = p(ke) (k)

and the same calculations as in the proof of Lemma 25 give

VAR(AZ(Pt—a(Ea 56) © gt Z 1€<z i~ gy’
'L Z 7],]
x Z 1= ¢ (k1€)) Laupp(pr) (F1 + kz)ls‘lpp(ﬁi)(kl)1S“PP(PJ')(k2)22m6_2tn22[
k1,k2

. 24
< Z 1o<i Z — ©(k1€)) Lsupp(pe) (k1 + k2)1supp(pi)(kl)lsupp(pj)(k2>22me AT
k1,k2
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1

For some integer N = N (&), one can decompose the last sum as

in — 202
Z 1Z§i Z (1 - (p(klg))lsupp(f?z)(kl + k2) supp(p )(kl) supp(,oj)(k2)22m€ 2in2
iSN k1,k2

in  —otroi
+ Z Le<i Z (1 = @(k1€)) Lsupp(pr) (k1 + k2)1supp(pi)(kl)lsupp(pj)(k2)22me 2
i>N k1 ko
226920 20
< 1— —k(t—a)2
< el e =T

22N22N77 711(t7a)22N .
So, choosing N (g) such that N(g) — oo and eN(g) — 0 as € goes to zero, one gets
92((1+n) 20
VAR(Ae(Prcalta — £0) © 6(2)) S vle) 2 e -0,
where 1(e) € [0, 1] tends to 0 as e > 0 goes to 0. Likewise one has
22((1+n)

—k(t—a)2%

e

VAR(A(Pi—a(&) © (& — &)(2))) S (o)
The same calculations as above give for

E[(X @&)(t) — {(X° @ €)(t) —E[(X° @)t ]}HBM ]

t—a

the bound ,
ZQ/JZ 2@ 2a+2n—2) / E[|AeA3(CL)|2] 1/2 da.
0

£20
The result then follows from dominated convergence argument, as the series

22€(2a+2n 2)/ [|A2A3(a)|2]1/2da

£>0

is seen to be convergent.

ArpEnDIX B. Proor or Turorem 21
We follow closely Shen, Zhu and Zhu’s work [22].
B.1. Serup axp strateGy. — Let « be such that 2/3 < a < a, < a+1n < 1, where 5
is given in the assumptions of Theorem 10. For v > 0 and any T € (0, 00) we set

lae — as|| L~
lallva = s " (laclles + = —05),

t<s<T
and
[bly.20 = sup t7||by]|c2a and |blyo = sup t7||b| pee-

0<t<T 0<t<T

We write also i I
Qg QAg|| oo
u o = su po/2 070 TsTL™
| ‘tcx/zct /2L<x> 0<t<£)<T |t* S|a/2

To lighten the notations we denote in this appendix by u the function associated with
Ugy o It will be useful consider it as an element of the larger space of paracontrolled
functions {w = (w, w¥)} with [|[w[|a/2,e < 00 and |w#|, /2,24 < 0.
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We will see in Proposition 28 below that the paracontrolled structure of u that the
explosion time of (u,uf) is given by the explosion time of uf € t*/2C,C?*. We will
obtain an a posteriori bound on uf by looking at its dynamics. We have first

(B.1) Luf = f(u)€ — L(f(u) © X=p) (u*(0) = up).

We choose to decompose the right hand side of (B.1) into the sum of a term with

positive regularity at positive times and another term. We split accordingly u! =

ug + uﬁ and identify each term separately. Given another integer parameter n; we

write §(>2,)L , for the high frequencies in space of £ ) in a Littlewood-Paley decomposi-
tion. We define uti and ug from their initial conditions, uti = up and ug = 0, and the
equations

(B'2) fuf& = fo(ut|vt) ©&sn — Z(fo(uth)t) © X>n) + (€>n © f(ut|vt))
+ 5zfo(ut‘vt)u£ (5 O X)>n1 + 5,ufo(ut‘vt)vzlf(£ © y)>nl + g(ut|vt)'
and
(B.3) iﬂug# = folu|ve) @ Esn + folurve)écn — 02 fo(ue|ve) folue|ve) (6 © X)sn,
+ E[0,fo(ueve)v; (€ © X) s, -

Lemva 26. — The right hand side of (B.3) has positive regularity at any positive
time.

Proof. — Fix a positive time. Using the corrector C we have
fo(ulv) © Esn — 0 fo(urv)uy (€ © X)spy — 8y folurve)vi (€ © X)sn,
= C(ézfo(utwt)ué» Xa £t) + E[C (aQF(uv v)v/,Y, 6)} + f(u)Ti © §>n7

which has indeed positive regularity. (]

The cut-off parameters n and ny will be taken later as some functions of E T and u
itself. We will see that

[uflajz.2aS 27" ullajoa + 1 and  fullajsa S l6llasza +1,

and we will finally obtain a control Hugﬂa/zg_g1 < 1of ug in a norm stronger than
the | - |a/2,2a norm (2 — 2a, < £1 < 2 — 2a).

B.2. Everyrine pepexns ox uh. — We use the dynamics (B.2) of u} to show that u}
is controlled in terms of some norms of ug
Prorosition 27. — An adequate choice of ny depending on ||[ullq/2.a, a parameter

£1 € (0,3a — 2] and £F ensures that one has both
||u§||CTC‘1 S 1+ E[””Hié{}v

(B4) ﬁ | _
o220 S 27"l .0+ Elll0]] 2],
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1142 I. Bartreun & N. Moe~crt

The first estimate will be used in (B.7) below. What matters presently is the second
estimate. The proof actually shows that we also have |u§|%2a§ 27— ||yl o + 1
for 0 < v < 1; we will use this fact in the sequel.

Proof. — Recall the continuity estimate (0 < S < 1land 0 < a <7)
(B.5) 1L~ (M) ll—a.8 < |1l 52420
First estimate. — With P, the free propagation operator, write for any fixed time
u (1) = Pi(uo) + 2 (folutlor) © €5
+ (E5n © foluelve)) + 0z foluelve) fo(ue|ve) (€ © X)sn,
+ E[6fo (o) v; (€ © X)sn, | + goluelvy)) = folu]ve) © X
= Py(uo) + Z7H((1) + (2) + (3) + (4) + (5)) — (6).

(B.6)

and estimate % in C* at a fixed time. Since || P, (ug) | is of order ||ug o independently
of the time (in a fixed time interval) it is useless to have some small additive constants
in the estimates. We estimate (1) and (2) in C7C*~2 and use (B.5) with y = a = 0 for
these two terms. Since F is bounded they are of size || fo(u|v)||oo < || F |0, uniformly
in n. This is also true for the terms (5) and (6). Since (£® X)spn,, (EOX)sp, € C272
we introduce a parameter 0 < €1 < 3o — 2 and use (B.5) to write

1 71(3)

00 S1B)1—ater/2,—ate
< (lulli-ase, /2.0 +Elllvlli-ate, /2,0]) (€ © X)sni[-a+te,
S (lulli-ate, /2.0 +E[[Jvllgs ]) 27 G270,

Likewise one has

||$—1(4) ]) 2—n1(3a—2—51).

00 S (lulli-ate, /2,0 +E[Ilvllig
We choose ni here as a function of u to ensure that
(B.7) 271G ) iy a0 > 1.

Second estimate. — The quantity |u§|a/272a < ||u§||a/2,2a is bounded from above by
a constant multiple of

[uolla + [|-£ 7 (folulv) © Exn) = folulv) © Xonl|, 00
+ (‘u|a/2,a + EH’U|oz/2,(:z]) (|§>n|0,0472 + |(£ © X)>n1 |O,2a72)
+ EUu|o¢/2,o¢ + |’U|a/2,a|(§ ©) Y)>nl |O,2a72] .

A commutator lemma gives an upper bound of the second term by a constant multi-
ple of

(lullasz,al +Ellvllasz,a)lénlo.a-z S (lullajo,a +Ellollgs))27" ).

Now since a > 3a — 2 —¢7 and 2a — 2 < —a + €1, because 0 < g1 < 3a — 2, the
condition (B.7) implies that

€O X)on, Trenzma) <,

Ul a2, 0,202 S [ulli—ate, /2,02
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idem for the term involving (¢ ® X). This gives in the end an upper bound
277"l 3,0+ E[|[0]] g5 ]

This concludes the proof. O
Prorosition 28. —  For the same parameter €1 as in Proposition 27 one has
(B.8) [ullasze S 6hllaj2.a + 1

The proof shows that we have more generally the inequality ||u~,o S ||uﬁ2||ya +1
for 0 < v < 1. We will use this fact in the sequel. It follows from (B.4) and (B.8) that
|u§|a/2,2a§ 2_n(ao_a)||uﬁ2”a/2,a +1, 80 |uﬁ2|a/2,2a 5 ||ugHa/2,a +1.

Proof. — We first look at the size in ta/2Cta/2L°° of a number of quantities. One has
first from the paracontrolled structure of u that
|u|t°‘/2C?/2L°° 5 |f0(u|v) © X>n|ta/QCf‘/2Loc + |uﬁ|ta/2cg/2Loo

with

(B.9)  [fo(ulv) © Xonlyarzgorzpoe S IFllor (Julyasocorz o + Elllvlles]) [€5nlorca-2
F F |z lEsnlorca-a-

Since [|ésnllopoa-2 S 27M@ =Y (€| o cao-2, choosing n large enough as a function

~

of ¢ ensures that
‘ult"‘/2cg/2[,°° 5 |uu|ta/ché/2Loo +E|:||’U||8§“] + L.

We now estimate |u§| by looking at its different pieces in (B.6). First,

ta/2c:“/2Loo

we have | P;(ug) par2ce/? < |up|ca. From (B.5) we have

’g_l((l) et (5)){@(/20;"/2[/00 S |(1) +oo (5)|

a/2,a—2"
One has |(1) + (Dla/zacs S ([ulerzcy e + EllollsDlEsnlorca-s. For (3), as we
have from (B'7) ||u|‘1—a+a1/27a|(§ © X)>n1|0,—a+81 /Sila with 1 —a + 51/2 < 04/27
we see that [(1) + -+ (5)|a/2,a—2 is bounded by 1 + IE[HUH(%ﬂ] We thus have
T
|u’i|t0/20ta/2La¢ S/ 1 +E|:H”H(2gé'{j| + |u|t0/2cz’/2Loo |§>7L|CTC(’72
SLHE[lvl35] + esnloroa-s (fulla/zcarz o T 63l agnrz )
Taking n even larger if necessary eventually gives
|U§\tn/gcg/2m Sl +E[||v||ig] + |§>n|CT0a72|Uﬂ2|ta/2(;g/2m,
SO
|u|t°‘/20ta/2L°° /S |U’ﬁl|to</ch‘/2Loo + |ug|t°‘/2C$/2L°° +1

(B.10) - . o )
<1+ |u2|ta/gcta/2Loo +E[||v||8§].
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With |u|q/2,0 S 1+ |uﬁ\a/2,a from the paracontrolled structure of w, it follows that

HuHa/Z,a = ‘ula/Z,a + |u|ta/2cf/2Loo S 1+ |uﬁ‘a/2,a + ‘un2|ta/2c;}/2Loo +E[HUHZ£}]

ST+ Jubllana +EfI0I2, ). 0

B.3. Bouxps ox uf. — We will prove that

luillasoz—e, ST and Jublzz S 1+ ubl 20,

tx N

for some appropriate choice of €1 € (0,1) and exponent r € (0,1).

Prorosrriox 29. Assume 4/5 < o < 1. If one chooses the constant €1 € (0,3a —2)
from Proposition 27 such that 1 > 2(1 — «) then, for all e2 € (1 — «a, ] there is a
vector-valued function g, € C'1°2 that depends on u such that one has the uniform
in time estimate

(B11) || £o(w|v)* © €5n — (9 © E5n) VEF|

S s nlla—e{t + Jula + [uifoa + [uba—c, } (1 +E[l|vlgs])
pointwise in time, and the function g, has a decomposition g, = g. + g2 where
(B.12) Gulira ST+ la +Ellollgs],  lg2liee Sw bl
for any k € (0,2 — 1].

Proof. — Applying[22, Lem. 4.1] to F, and setting the decomposition v# = vfb + 1)2#

with v¥ = 0 (so as to paralinearize with respect to v), we obtain

| F (we|v)® @ & — (ha(we]vy) © 5>n)vu# + (ha(wivy) © E50) VOF || oo
S lésnllam2 (T4 Nulla + uf ll2a + 1ud 2= + vlla + [[v#]2q),

where both h; and hy decomposes as h; = hl+h2 with [h! 110 < 14|t o+ v#]o and
|h2|14es Sk |uﬁ2ﬁiﬁ Integrating this decomposition on § gives indeed the proposition
with g/ = E[h](ulv)], as the term E[hy(u;|v;) ® €s,)Vo#] can be estimated by the
right hand side of (B.11). O

The parameters x and €2 will be chosen later. We see in particular, using Propo-
sition 27, that

(B.13) g lira S 1+ Ello]lcs].
Write here as a shorthand notation

Ly = (90 © &) Vb + (%),
where

Ay = fo(u,0)* O bap — (gu © Esn) Viih
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and

(%) = (0zfofo) (Wv){(€ © X)>n = (£ © X)sn, +Cn}
+ 5zfo(u|v) (C(fo(u‘v)v X>n7 £>n) + uﬁ © £>n)
+E[C(82F(U7'U)U/aya é)} + C((;zfo(u|v)vua§>n) + Ay + (gu © §>n)vu§

The refined maximum principle [22, Th. 4.2] applied to the parabolic dynamics of ug
tells us that

(B.14) |z, S 1(%)]ay2,0-

Lemma 30. — Assume 0 < g1 < 2 — 2. There is an explicit exponent r € (0,1) such
that one has, for all p > 0 sufficiently small,

(B.15) (Olaszo S (14 Eflollgs]®) (14 11 e, + ).
Together (B.14) and (B.15) give
i, S (1 E[ollgs]®) (1 + bl sy ).

Proof. — We estimate each term separately.

~ Since F' € C} the first term is bounded by a constant multiple of 22720 4
2(2720¢)n1.

— For the second term one has from Proposition 28
162 fo (o) (C(fo(ulv), Xon €on) + 1 © Exn)lay20
S ([ulayz,a + 6oz, +Elljollgs]) 277"
< (1 F ldbfajza + Efollga]) 20,
— For the third term we write as above
C(6: fo(ulv), v, €5n) = C(0:f (ulv), £ (ulv) © Xom, E5n) + C(0= fo(ulv), v, €5n)

and use that F € CZ, put the time weight on |X-,|, and see with Proposition 28
that [C(d2 fo(ulv), u,€5n)]ay2,0 is bounded above by

(14 Elllollgs] + lubllazo + ltblayoza) 27
S (L Ellvllgs] + ledllajza + [65laszz—c) 277",
since 0 < g1 < 2 — 2a. Likewise we have
[E[C(0:F(u,0)0", X, )], 00 S L+ Ellvllgn] + 65llayza + [ublaszz-e,)2 %70
— We already know from Proposition 29 that [|Ay|lq /2,0 is bounded above by
271t fulg o+ [0 220+ b aj22c, + E[[[0]l e ])
<271t bz + [tblasza—cr +El[0lles])

from Proposition 27 and Proposition 28.

JILP — M., 2026, tome 13



1146 I. Bartreurn & N. Moe~crt

- Recall (1+ &2) + (o —2) > 0. Last we have from Proposition 29 and (B.13)
|(gu © £>n)vu§ |oc/2,0

< max 172\ gy ® Esnllpoe [l (1) e

2 (Lt a2 1 B0l ]) g /207 O

n(oo—a il 2a—1—kK
S 270 (14 |2, 1 +Eflvllgs]) I Ioca ™

po/2(1=e2) | b (4| (IHR—)/a
X max a1 () 2q

We used the elementary interpolation result

0 ()1 S Juif (8|21 g () o) e

in the third inequality. Choose k to have (1 + k — a)/a = a(1 — e2)/2. Use the fact
that ||’U,2||CTCQ < 1, from 27, and
[l la/2,20 S 27" [ubllaso,a + 1+ Elljo)l o]
from Proposition 28, to obtain
|(gu®§>n)vu§‘a/2 0
Qo—Q)N —(ao—a)n (1_ ) o 2
2O bl (@ i 20 + ) (L Efoll])

Sy, ) (2 @m0 g e 1) (14 E ol ]?).

a/2, 1+n>( a/2,«

Altogether this gives for |(x)|4 /2,0 the upper bound
(14 Effo]lp]*) (1 + 227200 4 22200m
T
+ 2771 4 |[ub|aj2.0 + [uh|a22-2,)

+92- (cvo— a)n(1+|u2 )(2_(a°_a)(1_82)n||uﬁ||(1_€2)+l)).

a/2,1+k 2l /2,

Set
o) = c(p)l|[ufllaj22—c, + pllul L.
We have

(2 1— 2— (2 1— 2—
P A 11 el 14 Al 171 =T

from the interpolation bounds and Young inequality, for 4 > 0 small and an associated
constant ¢(y) > 0. Similarly we have

(1+r)/(2 (1+r)/ (2~
b ]a/2,14n S Iug\a/z’; /ey (40 (e

1+~ 2 1 1—(14+k 2 1
1 A s 171 sl

S e(w).
We can alsouse 0 < a < < 2,0< p < By/aand 0 < pu < 1 the useful interpolation
bound
Bl € IRI IRI? S ) llos + pll Bl
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S ©(p). We also have |ubla/22-c, < [6hllas22-z, and [ub]ay21 1 <

~

||Uﬁ2||a/2,1+n < ©(p). We thus get for

Tt gives |45 ]|a/2,0

(*)]a/2,0 the upper bound

(1+Effv]l g5 ]*) (1 + 2027207 4 27200 4 97(2e 700 6 ()
27 (@01 o)) (2 oD g (e 4 1),

Now we have for all a € (0,1) and z > 0 the elementary inequality

1+ 2% fal7=2p1 72 p o172 < a2 4ol 752,
By choosing 2 — 2a, < €3 = €1 < 2 — 2q, it gives in the end the estimate

| |ay20 S 1+ 9(2—2a)n | 9(2-2a)n1 | g9—(ac—a)n o (1) + 9= (@e—a)(2=c1)n o (1)
The parameter n was first chosen after (B.9) as a function of £+, We choose n even
larger to have
27 4 a2 2ey = [|Ub]1% 00, +C

for a large constant C' > 0 and a constant r that we chose below. We chose ny in (B.7).
We can choose an even larger n; that ensures that 2771 (3a=2-1) ||ug||1_a+81/27a ~1
Then we have

22200 (bl s ey C) 320 G020
with (2 —2a)/(3a — 2 —¢;1) < 1 for 0 < &1 < b — 4. This finally gives for [(x)|q/2,0
the upper bound

= 2(1-r)(1—a) /(o —a) 2—2a)/(3a—2—
(B16) (1 +E[[Jv]]gp]2) (1 + [[uf 20,20 (07 g 200/ o m2men)

bl 2,2y + pllublze).

We deduce the inequality [[ufl|i—ate,/20 S [Ublle)S5 "2 b=/ ®7*) from (22)
since @/2 < (1 — a+¢€1/2)(2 — e1)/a for an appropriate choice of €1 small. We then

have from Young inequality

2—2« 3a 2— s
(B.17) [ e (7171 AP Y 74 8

with

1 2a(1 — )
5= <1l
2—¢13a—2—-—¢e1—(2-2a)(1 —a/2—¢€1)

Taking r such that 1 — 5=0s < <1, all the exponents of ||u2||a/2 o in (B.16) and
(B.17) are strictly smaller than 1. |

Schauder estimate and Lemma 30 tell us that
|uhllas2.2—c; S 1(Gu @ Esn) Vidh + (F)]aj20

(B.18) , = 2
S 1(9u @ €5n) Viiblasao + (L4 bl j22-e,) (L +Efll0]lgs]7)-
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Lemma 31. One has
(B19)  (9u ® Exn)Viiblaszo S (llubllasoz—e + 163l 2 2—c,) (1 +Ellvllgs])

for a constant p > 0 that can be chosen arbitrarily small and for some other exponent
"e(0,1).

This inequality allows to conclude from (B.18) that ||Uu2||a/2,2—51 < 1. As said
above, the bounds from Propositions 27 and 28 then show that the paracontrolled
distribution (u,u*) remains bounded.

Proof. — To see that the lemma holds we write at any fixed time ¢t € [0, T
t°2|(9u © Exn)lofublin S 7 (1+ W53 + Elllvllgs ] lublin

using first the Proposition 29 and estimate (B.13). The point is that this bound
involves the relatively weak | - |14+, norm so we can use interpolation to bound it in
terms of the L® and | - |2, norms

|Uﬁ2|1+n + ‘“ﬁzﬁi? < lu 2|L°°|u2|2 o T Ju Uslp,

with £; = (1 —e; —k)/(2—¢1) and £§ = (14 x)/(2 — £1). Taking the supremum
over ¢ € [0,T] we thus have

(1+51)€O | |(1+61)€
2 2 €1

(1+ (14e)ed =
|(gu®§>n)Vun2|%oN (IuZ‘LW|U’2|2 1 + |u 2| ) 0| 22 ;11 0)(1+E[||”Hg§{])-

For any p € (0,1) we then get from Young’s inequality that

1+e1)l, =
(9 @ En)Vihlas20 S (llubllasa e, +c(u) (U512 + ub |5t ") (1+ Elv]l 5 1)

with ¢ = (2 — 51)/(2 - 51 — (14¢&1)(1 + k)), for some positive constant c(u). Recall-
ing the bounds |“2|Lt - S (1—|—Hu2 Ha/272_61) (1+EH|”H3§D’ we see that what matters is
that g(1+¢1)¢; r < 1. This strict inequality holds true when x = 0 and £1 > 2(1 —aw)
is small enough. It suffices then to assume from scratch that a, < 1 is close enough
to 1 to conclude that an appropriate choice of k > 0 gives ¢(1 4+ £1)fyr < 1. O

Combining all the previous lemmas, we are finally ready to prove Theorem 21.
Indeed we obtain the bound for Hujﬁﬂa/zza from Lemma 31 and estimate (B.18) by
taking p small enough. Then, we get the bound for [[ul/4 /2, from Proposition 28.
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