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p-ADIC L-FUNCTIONS FOR GSp(4) x GL(2), 11

BY ZmHENG LU

AsstrAcT. — We construct a four-variable p-adic L-function for cuspidal Hida families on
GSp(4) x GL(2) and prove a complete interpolation formula for it. The Archimedean zeta
integrals are computed by using a partial interpolation formula for the four-variable p-adic
L-function, combined with Yoshida lifts and some previously constructed p-adic L-functions—
specifically Kubota—Leopoldt p-adic L-functions, Rankin—Selberg p-adic L-functions, and
p-adic (standard) L-functions for Sp(4).

Risumic (Fonctions L p-adiques pour GSp(4) x GL(2), IT). — Nous construisons une fonction L
p-adique & quatre variables pour les familles de Hida cuspidales sur GSp(4) x GL(2) et en
démontrons une formule d’interpolation compléte. Les intégrales zéta archimédiennes sont cal-
culées a l’'aide d’une formule d’interpolation partielle pour la fonction L p-adique & quatre
variables, combinée & des relévements de Yoshida et & certaines fonctions L p-adiques déja
construites auparavant — notamment les fonctions L p-adiques de Kubota-Leopoldt, les fonc-
tions L p-adiques de Rankin-Selberg et les fonctions L p-adiques (standard) pour Sp(4).
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1030 7. L.iv

1. INnTRODUCTION

In this paper, we generalize the construction of the cyclotomic-variable p-adic
L-functions for GSp(4) x GL(2) in [Liu23] to construct four-variable p-adic L-func-
tions for Hida families on GSp(4) and GL(2). (The weights included in the inter-
polation range satisfy the condition (1.1).) By exploiting the existence of the four-
variable p-adic L-functions and their partial interpolation properties, we calculate the
Archimedean zeta integrals in Furusawa’s formula for holomorphic discrete series of
general vector weights. This calculation yields a complete interpolation formula for
the p-adic L-functions constructed in loc. cit. and this paper.

We describe the setting for stating the main theorem. Fix an odd prime p and an
isomorphism ép = C. Let F be a sufficiently large finite extension of Q, and O be
its ring of integers. For G = GL(2), GSp(4), let Ag be the Iwasawa algebra for G
over O defined in (2.2.1), and Tg ora be the Hecke algebra acting on the Ag-module of
Hida families on G of tame level K7, (chosen as in Section 3.1). Given geometrically
irreducible components

%1 C Spec(TaL(2),ord)s %2 C Spec(Tasp(4),ord)s
denote by l, , I, their coordinate rings and by Fy, , Fe, their function fields. We con-
struct the (imprimitive) p-adic L-function for €7, %> and verify its interpolation prop-
erties, without uncomputed local zeta integrals, as predicted by Coates and Perrin-
Riou [CPR89, Coa91] when the weight ¢ of the specialization of % and the weight
(€1, ¢3) of the specialization of %% belong to the region

(1.1) min{—& +lo+ L, 0+ by — 6} = 3,

(which is the region (D) in the convention of [LR25]). The constructed p-adic L-func-
tion is an element in

57\/[661/8(Q><\As)f/[]p7 |<gl(§)|<g2) ®|<g1®|cg2 (F%1®F%2),

X

where UP is a certain open compact subgroup of (Ag f) , and

Meas(Q*\AG /U7, b, Bl

denotes the lg, ®lg,-module of lg, ®lg,-valued p-adic measures on QX\AS f/ ur
(namely continuous Z,-linear maps from the space of all Z,-valued continuous
functions on QX\AS’f JUP, equipped with the topology of uniform convergence,

to |<g1®|<g2).

Tueorem 1.1. Given Hida families €1, 6> on GL(2), GSp(4) and the auxiliary data:
| a b/2
-S= {b/2 c ] € Sym,(Q)>o,
— a p-adically continuous Hecke character A : iKX\A;Qf — AéSp(4) with X =

Q(v/—detS), such that A|A3 = we,, the central character associated to 63,
— a finite set S of places of Q containing p, 0o such that everything is unramified
outside S, (see Section 3.1 for the precise condition on S),

JE.P — M., 2026, tome 13



p-apic L-runcrions ror GSp(4) x GL(2), 11 1031

~ an open subgroup U? of ZP* =], ... , Z% containing [],¢s 2},

taking B1 € Qso, P2 € Symy(Q)so, there exists a four-variable p-adic L-function

L%lffzaﬁl,ﬂz = MeaS(QX\AS’f/Upa Iﬁpﬂ&x\)lﬁfg) ®|(€1®|(52 (F%1®F<g2)
= (I, @1, ) [Q\AG /U] @y, a1y, (Fei®F¢,)
satisfying the interpolation property:

) = gtttz Z Jefs, Z M

S
L%h‘@,ﬁl,% (HV z

p P
fELGL(2) = (fv f) PESasp(a),@ ((pa (,0)
(rh+l O+ 0y +1
xEoo(k—l—%’HﬁXﬁxxx)EP(k_‘_%?HxXMXX)
xLS(kjLw)HszXX)?

where

€ %1(Q,) x62(Q,) is a point at which the weight projection map (3.1.1) is étale
with arithmetic image

(7, (r1,72)) = ((6:€), (01, £2,€1,€2) € Homeons (T 2)(Zp) X Thspia) (20).Q5 )

and k = (k, x) is an arithmetic point in Homcont (QX \Aaf/Up, 6:), (see Section 3.1.1
for some of the notations), such that

_min{—& + Uy 44, 0 -l-fz—f} +2</€+£1 +ly+ £
(1.2) 2 2
< min{f& +€2+€, 61 +£2 7@} 1
X 9 ]

(when min{—~fy + ¥y + £, by + 0o — €} >3, s=k+ (L4 €1+ £3)/2 for such k’s are all
the critical points for the L-function L(s,11, X 73 X X)),

~ Jan@),e (resp. Lasp(a),z) 5 an orthogonal basis (with respect to the modified
Petersson inner product defined in (3.3.5), (3.3.6)) of the space spanned by ordinary
cuspidal holomorphic forms on GL(2) of weight £ and tame level KéL(2) (resp. GSp(4)
of weight (¢1,¢3) and tame level Kgsp(4)) with nebentypus at p given by (3.1.3), belong-
ing to the Hecke eigenspace parameterized by x,

— 7y (resp. 1) is any unitary cuspidal irreducible automorphic representation
of GL(2,Aq) (resp. GSp(4,Aq)) inside the representation generated by SGr(2)x
(resp. SGsp(a),e) twisted by a real power of | det |,

— the factors E,, Es are the modified Euler factors for p-adic interpolation (see
(3.3.2), (3.3.4) for the precise formula),

— fe, fa, (resp. pp,) denote the Fourier coefficient of f indexed by c, 51 (resp. of ¢
indexed by Bs), the modified Petersson inner products P(f, f),P(p, @) are defined as
in (3.3.5), (3.3.6),

— A is the classical Hecke character corresponding to the specialization of A at
(11,72), and B;A(go) is the Bessel period with a modification at p. (See (3.3.7) and
[Liu23, §2.2.1] for the precise definition.)

JILP — M., 2026, tome 13



1032 7. L.iv

Given a Hecke eigensystem corresponding to an x as in the above theorem, if Il ,,
does not belong to Ila or IVa in the classification in [RS07] (in particular if II, , is
unramified or isomorphic to a principal series inducing sufficiently ramified characters
or IT,  is not of scalar weight), then one can choose (S, A),c, 51,02 and rearrange
the tame level K gL(2) if necessary such that the factor

fcf51 BQA (QD) PB2
2 P(f,f) 2 P(p, )

F€LaL(2) = PESLaSp(4),T

in the interpolation formula is nonzero (cf. the end of [Liu23]). Then by Proposi-
tion 4.2.2, we also know that this factor does not vanish in a neighborhood of that
given Hecke eigensystem in the Hida family. If II, , belongs to IIa or IVa, then more
work is needed to check whether (S, A),c, 81, B2 can be chosen such that the factor is
nonzero.

We make some remarks on comparisons between our results and other related works
on p-adic L-functions for GSp(4) x GL(2). For weights in the region (1.1) considered in
this paper, a one-variable p-adic L-function (with ¢ = ¢y = {5 = —k—1) is constructed
in [Aga07], and a three-variable p-adic L-function with
{14+ 4o+ 0 . min{—fl +ly+ L, 0+ Us —é} 1

2 2 ’
is constructed in [LR25], and a one-variable cyclotomic p-adic L-function is con-
structed in [Liu23]. For weights in a different region where —¢; + ¢3 + ¢ < 1 (which is
the region (F) in the convention of [LR25]), a one-variable cyclotomic p-adic L-func-
tion is constructed in [LPSZ21], a three-variable p-adic L-function is constructed
in [LZ21], and a four-variable p-adic L-function is constructed in [GR24]. (In all
the previous constructions, the interpolations formulas are less complete than the

k+

one we prove in Theorem 1.1. They include unramified conditions at p or condi-
tions at ramified places away from p or uncomputed local zeta integrals.) The con-
structions in [Aga07, Liu23] start with the same automorphic integral as we uti-
lize in this paper, i.e., Furusawa’s formula recalled in Section 2.3. The constructions
in [LPSZ21, LZ21, LR25, GR24] start with a different automorphic integral involv-
ing globally generic (non-holomorphic) automorphic forms on GSp(4) and Eisenstein
series on GL(2). The constructions in [LPSZ21, LZ21, LR25] are motivated by study-
ing Euler systems for GSp(4) x GL(2) constructed from Siegel units for modular
curves. One major motivation for our construction is studying congruences between
Yoshida lifts and other cuspidal automorphic representations on GSp(4).

The main focus of [Liu23] is a complete computation of local zeta integrals at p in
Furusawa’s formula for p-adic interpolation under the ordinarity assumption. One of
the main aspects here is the computation of Archimedean zeta integrals in Furusawa’s
formula for all holomorphic discrete series of weights satisfying (1.1). Such compu-
tation is crucial for studying algebraicity of critical values for L(s,II x 7) and have
been extensively studied in [Fur93, PS09, Sah09, Pit11, Sah10, Mor14, Mor18]. Before
[Mor18], the Archimedean zeta integrals have only been computed for holomorphic
discrete series of scalar weights. For general vector weights, the computation achieved

JE.P — M., 2026, tome 13



p-apic L-runcrions ror GSp(4) x GL(2), 11 1033

in [Morl8] is up to Q*. Here, by utilizing the existence of the four-variable p-adic
L-functions, we obtain a quantitative result (4.3.1).

The idea of the computation is to compare two four-variable p-adic L-functions:
one for Hida families of Yoshida lifts (with uncomputed Archimedean zeta integrals
contained in the interpolation formula), and the other one obtained as a product
of Rankin—-Selberg p-adic L-functions constructed in [Hid88], and deduce the full
interpolation property of the former based on the later, and then obtain results on
the Archimedean zeta integrals. The main difficulty in this comparison is handling the
periods which are in terms of Petersson norms of Yoshida lifts and modular forms. One
possible approach is to apply Rallis inner product formula. However, for our purpose,
this approach requires precise computation of local zeta integrals at p in Rallis inner
product formula for ramified principal series, which is not currently available. (The
cases treated in [HN18] only include the unramified and Steinberg cases, and are
not exactly the ones needed for p-adic interpolation.) Our strategy is to bypass this
computation by making use of the p-adic standard L-functions for Hida families on
Sp(4) constructed in [Liu20].

Remark 1.2. — At the end of this introduction, we include a few remarks. The first
one is about computing local integrals in Rallis inner product formula. In the com-
putation of local zeta integrals at p for p-adic interpolation, the case of (sufficiently)
ramified principal series is typically easier to handle than the unramified and Stein-
berg cases. However, the Rallis inner product formula seems to follow the opposite
pattern — in an ongoing joint work with Ming-Lun Hsieh, we manage to compute the
unramified and Steinberg cases for p-adic interpolation furthering the computation
in [HN18], but the case of ramified principal series seems more challenging. On the
other hand, our computation here can be used to deduce results in that case.

Another remark is about the use of Hida families of Yoshida lifts. Yoshida lifts
are a special case of functorial lifts, and it is well known that functorial lifts can
be useful for calculating Archimedean zeta integrals. For example, the symmetric
square lifts of modular forms are used in [LW21] for computing Archimedean zeta
integrals for GL(3). Besides functorial lifts, a more crucial ingredient in our approach
for computing Archimedean zeta integrals here is the multi-variable p-adic L-func-
tion for Hida families of functorial lifts. Because of this, comparing periods is the
technical crux in our approach. In contrast, comparing periods are not needed in
loc. cit. because what is essentially computed via functorial lifts there are ratios of
Archimedean zeta integrals at s = 0 and s = j for the same representation and p-adic
families of representations are not needed.

The last remark is about the condition (1.1). The Archimedean sections in our
construction of the Eisenstein measure in Section 3.2 are chosen from a special type
of sections, namely those obtained from applying differential operators to the stan-
dard holomorphic sections for Siegel Eisenstein series. The condition (1.1) ensures the
existence of such sections with nonvanishing Archimedean zeta integrals. To consider
weights in other regions listed in [LR25], one needs to consider more general sections.

JE.P. — M., 2026, tome 13
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2. Notarion AND REVIEW OF HipA THEORY AND FURUSAWA’S FORMULA

2.1. Norarion. — We fix an odd prime number p, an isomorphism Gp = C, and a
sufficiently large finite extension F' of Q,. Denote by O the ring of integers of F'.
We use v to denote a place of Q. We fix the additive character

e~ 2milzte i 4 £ o0,
wAQ = ®'(/)v : Q\A » C%, %(33) = { omiz iy —
v e if v = o0,

where {x}, is the fractional part of z, i.e., {}, € QN [0,1) with  — {z}, € Z,.
Given a positive integer n, denote by 1,, the identity matrix of size n, and define
the algebraic group GSp(2n) over Z as

(2.1.1) GSp(2n,R) = {g € GL(2n, R) : tg[_(in 5lg = I/g[_gn wlvg € RX}

for all Z-algebra R. Given an imaginary quadratic field X, define the algebraic group
GU(n,n) over Z as

(2.1.2) GU(n,n)(R)
— {g € GL(2n,0% ® R) : t’g[_:oln 10”]_(] = I/g[_gn 10“'], vy € RX},

where for « € X, @ denotes its image under the nontrivial element in Gal(X/Q).
Given g € GSp(2n) or GU(n,n), we call the vy in (2.1.1)(2.1.2) the similitude of g.
In this paper, we will work with GSp(4), GSp(2) = GL(2), GU(3,3), GU(1,1).

Fix the following maximal torus of GSp(2n), GU(n,n):

Tasp(zn) = {diag(al, U . uafl, coovat) € G:Sp(?n)}7
Taummn) = {diag(al, v, vt € GU(n,n)}7
and Siegel parabolic subgroups

Qasp(2n) = {{g‘ ,,cf—l] € GSP(QH)},

QGU(n,n) = { {%[ V%Bq} S GU(n, n)},

where the matrices are written in n x n blocks. Denote by Mgsp2n) C Qasp(zn)
Mgun,n) C Qau(n,n) the Levi subgroups. Let

(2.1.3)

Thsp(any = Tasp(zn) N SP(2n), Tau(mm = Tau(mm N U(n,n),
Mcl}sp(zn) = MGSp(2n) N Sp(2n)a MCI}U( = MGU(n,n) n U(nv n)a

n,n)
where Sp(2n) (resp. U(n, n)) is the subgroup of GSp(2n) (resp. GU(n,n)) consisting of

elements with similitude 1. We identify Mésp(%), MéU(n ny With GL(n), GL(n) /% via

2A

tﬁfl

AH{AtAl}, A —

JE.P — M., 2026, tome 13



p-apic L-runcrions ror GSp(4) x GL(2), 11 1035

Denote by

1 1
Ubispian © Maummr  Unigy, .y © Maumm
the subgroup whose elements are upper triangular with diagonal entries being 1 under

the above identification. Let
UGSp(Qn) = {[g l,tf*1:| € QGSp(2n) tA€ UJ\/Icl}Sp(2'n,) }7
UGU(n,n) = {[%l U'ﬁ%*l} € QGU(n,n) (A e UMéU(n’n}~

For all Z-algebras R, we use Her,,(Ox ® R) (resp. Sym,,(R)) to denote the set of all
n X n matrices o with entries in O ® R (resp. R) satisfying ‘& = o (resp. 'o = o).
Given a character 6 : Q) — C* or a character © : X — C*, we let

(2.1.4) 0° = ﬂz; -0, 0° = ]IO;W - 0.
Given a Hecke character © : X*\AZx — C*, we let
We will use triv to denote the trivial character.

2.2. Review or Hipa taeoRY. — We recall some constructions and results in Hida
theory for symplectic groups. (We will use it for GSp(4) and GSp(2) = GL(2).) See
[Hid02]or [Liu20, §6.1] for details.

For G = GSp(2n), define the Iwasawa algebra

(2.2.1) Ae = O[TL(Z,)],  Ag =O[TE(1+pZ,)] =2 O[T, Ty, . .., Tn].

Fix a neat open compact subgroup K7 C G (Ag_’ f). Let Y denote the Shimura variety
for G of level KZG(Z,) defined over O. Let J5 ¢, denote the ¢-th layer of the Igusa
tower over Z/p™Z, which is an M}(Z/p®)-étale cover of the ordinary locus Y ord,
and ﬂé?g’m be a smooth partial toroidal compactification of Jg ¢ (With respect to a
chosen polyhedral cone decomposition) with boundary C. (See [Hid02, §§2.1, 3.1, 3.2].)
Put

U
VG,&m = HO (95?Z,ma Ogc;,z,m(_c)) Mg (@p) 3

and
Vo =lmlim Ve em, Vo =limlin Ve g m.
m m L

The group T(l;(Zp) naturally acts on these spaces, and they are all naturally modules
over Ag and Ag.

For a tuple of integers m : my >mso >--->m, >0 and mg >0, an operator Upcfm,mo
(corresponding to diag(p™1tmo ... pmatmo p=mal p="n)) on Voo, is defined.
We call these operators Up-operators. Put Uf = Upcfm’o with m = (n,n —1,...,1).
As operators on Vi ¢.m, the limit

G . ayr!
€orq = lim (Up )

rT—00

JIP — M., 2026, tome 13



1036 7. L.iv

exists [Hid02, Th.1.1 (3)][Liu20, §6.1.3], and is called the ordinary projector. Let
Vaord = €S4Va, Verord = €5qVa, Vi ora = Hom(Vg ora; £/ 0).

The Ag-module of Hida families of cuspidal p-adic automorphic forms on G of tame
level K, is defined to be

MG,ord = HOInKG ('Vé, Kc;)
For each p-adic weight 7 € Homopt (Tcl;(Zp),Q; ), there is a natural map

(2.2.2) Vg oralr] — Home (Hom(Ve ora, 0)/Pr, A /P5)
— Homg (Hom({VGprda F/O)/fpl, Kg/fpl) — MG,ord ®KG Kg/fPD

where P, is the prime ideal of /~XG corresponding to 7.

Tueorem 2.2.1 ([Hid02, Th.1.1]). — Mg ora s free over Ag of finite rank. The map
(2.2.2) is an isomorphism. If T is algebraic and sufficiently regular, then

VG,ord [I] - e(();rdHO (th:or’ WL(_C))7

where wy is the automorphic vector bundle of weight T over a toroidal compactification
of Yg. (The right hand side can be identified with the space of classical holomorphic
automorphic forms on G of weight T.)

2.3. Review or Furusawa’s rormura. — We quickly recall a modification of Furu-
sawa’s formula for L-functions for GSp(4) x GL(2). See [Liu23, §2.1] for details. Take

a b/2

S = |:b/2 é :| € Sym2(Q)>07
and let X = Q(v—detS), and 7y /q : QX\AS — C* be the quadratic character
corresponding to X/Q. Let

_ b+vb?—dac Z()_asl_lg as 1
- 2 A Fo A | 3l las 1
for 3 € X ®g R with R any Q-algebra.
Given a Hecke character = : K*\AX — C*, denote by I,(s, x,E) the degen-

erate principal series on GU(3,3)(Q,) consisting of smooth functions f,(s,x,Z) :
GU(3,3)(Q,) — C such that

as

£,(5,05) (|33 ]9) = So(des 2, (det 2D det A2 1, (5,1, ) (9)

for all g € GU(3,3)(Q,) and [3 3] € Qaus,3)(Qu), the Siegel parabolic group defined
in (2.1.3). The Siegel Eisenstein series associated to a section £(s, x, =) € I(s, x,Z) =
. I,(s,x,Z) is defined as

B8t (g;£(s,\, E)) = > £(s,x,E)(79)-
YEQcu(3,3)(Q)\ GU(3,3)(Q)

JE.P — M., 2026, tome 13



p-apic L-runcrions ror GSp(4) x GL(2), 11 1037

Let 7 be an irreducible cuspidal automorphic representation of GL(2,Aq). By tak-
ing a Hecke character T : X*\AZ% — C* with Tq equal to the central character of =,
for every f € m, we can extend it to an automorphic form f¥ on GU(1,1) by

(2.3.1) fY(ag) =T (a)f(g), a€Af, ge GL(2,Aq).

Then 77 = {fY : f € ©} is an irreducible cuspidal automorphic representation of

GU(1,1). Denote the Whittaker period of f € 7 with respect to ¥a,c (defined as

VYpg,c(x) = ag(Cx)) by We(f), and define the function We(f) on GL(2,Aq) as
We(f)(g) = Welg - f)-

Let II be an irreducible cuspidal automorphic representation of GSp(4,Aq), and
A K*\AX — C* be a Hecke character such that Ag equals the central character
of II. Then for ¢ € II, one can define its global Bessel period Bs a(y) with respect
to S, A (and ) as recalled in [Liu23, §2.2.1]. We also define the function Bgs 4 (¢) on
GSp(4,Aq) as

Bs.a(@)(9) = Bsalg- ).
Define GSp(4) xr,1) GU(1,1) as {(g,h) € GSp(4) x GU(1,1) : vy = v}, and sim-
ilarly define GU(2,2) xar1) GU(1,1). Denote by ¢ : GU(2,2) xara) GU(1,1) —
GU(3,3) the embedding

A B
A B| [a b . a b
C D|’|c 0 C D
Let Rg C GSp(4) xgra) GU(1,1) be the subgroup

(17 23012 gt x csim,).

Put

as 1 1

Ns = € GU(2,2)(Q), 8§ = € GU(3,3)(Q).

The following formula is proved in [Liu23, Th. 2.1.1] by combining Furusawa’s for-
mula [Fur93] and Garrett’s generalization of the doubling method [Gar89).

Tarorem 2.3.1. — Assume that ZA°Y° = triv and S is a subset of places of Q con-
taining oo such that at all v ¢ S,

-, ILY, 2 x, f(s,x, Z) are all unramified and @, f are invariant under the action
by GSp(4,2,),GU(1,1)(Z,),
- S=ph P21 belongs to My(Z,) with ¢ € Z and b? — 4ac = disc(K, /Q,).

JE.P. — M., 2026, tome 13



1038 7. Lau

Then

/ B8 (u(g, h); f(s,x, E)) - (g) - ¥ (h) 27" (det h) dh dg
[GSp(4) X aL(1)GU(1,1)]

1 -1 1 ~
— . . dS Z = S - =
= We(f) - Bsa(p) - d3 (er 2,H(X0Nm)) L (5 + 2,H X T X )()

< 1 20(£. (50,20, B85 (). W2 (1)),

vES
with
3 .
d3 (s,Z(x o Nm)) = [] Ls (25 + 5, Zox"nic,3),
j=1
and

Zo(£,(5:6 ), B (90), WE T (1)) = BEY () (L) T WE T (£,)(12) ™"

X / Fo(s,x,E) (8 M u(ns g, b))
(RL\ GSp(4)x 6Ly GU(L,1)) (Qu)

x By, (o) (@We ™ () ([ % §]h) 2, ' (det h) dhdg,

where Nm denotes the norm map from Ax to AS , %g%v (¢v) is the element correspond-
ing to ¢ in the local Bessel model of I1,,, WZvTv(£,) is the extension to GU(1,1)(Q,)
via Y, of the element corresponding to f in the local Whittaker model of m,.

In [Liu23], a one-variable cyclotomic p-adic L-function for IT x 7 is constructed
by using the above integral and interpolating Siegel Eisenstein series when s, x vary.
(Such a modification of Furusawa’s integral is also used in [Morl4, Morl8].) In the
next section, we let 7, IT also vary in Hida families, and construct a four-variable Siegel
Eisenstein family.

3. Four-variaBLE p-apic L-runcrion For GSp(4) x GL(2)

3.1. Tue setue. — Let S be a finite set of places of Q containing p, co and UP be an
open subgroup of Z”>* containing [, ¢s ZX. We fix tame level groups

KéL(Q) = H GL(Q,ZU) X H KGL(Z),'LH with |:1 Zf’:| (- KGL(2),va
v S veS—{oo}
Késp(4) = H Gsp(47zv) X H KGSp(4),va with |:12 Symfz(Zv):| C KGSp(4),v'
vgS veS—{oo}
Let Tar2),ord (resp. Tagp(a),ora) be the Hecke algebras acting on the KGL(Q)—module
Mar,(2),0ra of Hida families of tame level KéL(2) (resp. /N\Gsp(4)—m0dule Masp(a),ord Of
Hida families of tame level K éSp( 4)) consisting of all the spherical Hecke operators
away from S and the Up-operators at p. We have the natural weight projection map

(3.1.1)  Spec(Tar(2),ora) X Spec(Tasp(ay,ord) — SPec(Agr2)) x Spec(Agsp(a))-
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Assume that we are given the following data:
— a geometrically irreducible component %1 C Spec(Tgr(2),0ra) With central char-
acter
we, QX\AS,f — A
— a geometrically irreducible component 5 C Spec(Tgsp(4),ora) With central char-
acter

wey 1 Q\AG s — Adspiays
plus the auxiliary data:

— an imaginary quadratic field X and a positive definite symmetric form

S= |y 17| < Srmal@

with X = Q(v/— det S) such that for all v ¢ S,
S € Sym,(Z,), cezZy, 4det S = disc(X,/Qy)
— a continuous character Y : X \Ax. , — AéL(2) extending we, ,
— a continuous character A : K*\Ag ; — Aésp(4) extending we, .
3.1.1. Notarion for some p-adic characters. — We identify TCI}L(Q)(ZP)’T(I}Sp( »(Zp)
with Z5,Z5 x Z5 via
a — diag(a,a™t), (a1, az) — diag(a1, ag, a7t ayt).
We denote by 7 (resp. (71, 72)) a continuous character
=X =X
Tcl;L(Q) (Zp) — Q, (resp. T(l}Sp(4)(Zp) — Q)
When the characters are arithmetic, i.e.,
7(x) = 2*€(z), mi(x) = 2%&(x), i=1,2
for some integers ¢, £1, > and finite order characters £, &£1,&2 of Z, we write
T:(&g)v (7—1;7-2):(617€2,£1,£2)7
and call ¢ (resp. (¢1,¢3)) the algebraic part of 7 (resp. (71,72)), and & (resp. (£1,&2))
the finite order part. We view 7,71, 75 also as a Qp—valued character of Q* \AS 7 /ZP*
via the isomorphism Z) — QX\AS,JC/ZP’X (induced by theﬁexmbedding Z5 = Ax )
We denote by x a continuous character QX\AS’ 7 JUP — Q, , and when it is arith-
metic, we write

k= (k,x)
with k the algebraic part and x the finite order part.

In this paper, we call an arithmetic tuple (k, 7,71, 72) classical if their algebraic
parts satisfy

(3.1.2) —min{ly + ¥y, 0+ b} +2 < k < —max{{y,(} — 1.
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This condition corresponds to

_min{—él +lo+ L, by + by — 0} Lo<ky b+ 40y + 0 < min{—0y + o+ £, {1 + 4o — (} B
2 2 2

equivalent to s = k + (¢1 + ¢ + £)/2 being a critical point for the degree-8 L-func-

tion L(s,II x 7) with I, (resp. 7o) isomorphic to the holomorphic discrete series of

weight (¢1,¢3) (resp. £).

1

3.1.2. Convention on nebentypus at p and central characters. — Given arithmetic 7 =
(£,8), (11,72) = (£1,€2,&1,&2), we use the convention that the classical automorphic
forms on GL(2), GSp(4) contained in Vi, 2 [7], Vasp(a)[T1, T2] have

- Weight g, (61,62),

— nebentypus such that the right translation of Bgr(2)(Z,), Basp)(Zp) acts by
the character

a;  * * *
(3.13) { Z]Haa» » O, e
* aglu

— central character equal to the product of a finite order character unramified away
from p and the classical character corresponding to

5 =X 5 =X
T:Q\AQ /2 — Q) 72t Q\AG /2P — Q,,.
(Note that with this convention, the central characters of classical cuspidal automor-
phic forms in Vir,2)[7], Vasp(a)[71, 2] are not necessarily unitary.)
3.2. Tue EISENSTEIN MEASURE
3.2.1. The Siegel Lisenstein series and its Fourter coefficients. — For a classical tuple

(k, 7,71, 7T2) with x fixed by UP, put

[T (s+ [k + 4 — 5] +3 )

2_6(—22')6(““_%_%“-%) 7_‘_3(s+|k+“21%_%|+2)

x d3 (s, AgYo(x 0 Nm)) - E¥8 (g:£4 4, 0,6, €1 (5, X, Ao T0)) ‘

s a(0) = g [0

Ry T,T1,T2

st Atlate

_y’
2 2

where Ag = A|-|~1+2)/2. 1Yy = T|.|~%/2 with A, Y the classical characters cor-
responding to the specializations at 71,75,7 of A, Y fixed in Section 3.1, and the

section
£o,00,00,6, 61,60 (87 X AOTO) € ® Iv(sv X AO’I«O)
v

is chosen as in [Liu23, §3.3]. (For the place p, the ng ., m5, . 7n, , in loc. cit. cor-
respond to 52_1,51_1,51_152_1 here, and 777071)71,772%2 in loc. cit. correspond to &1, triv
here. For the Archimedean place, k+ €/2 in loc. cit. correspond to k+ (¢1 + lo + £)/2
here.)

Given B € Her3(X) and a nearly holomorphic automorphic form F on GU(3, 3),
we define the B-th polynomial Fourier coefficient of F at gr € GU(3,3)(Aq,f) as the
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polynomial Fjg(g) € C[Y], where C[Y] denotes the ring of polynomials in entries of
Y = (Yij)1<i,e<3, such that for z € {z € M53(C) | i(*z — 2) > 0},

_ b -1 .
Falon) (v = (55=) ) -e* ™
7

1 2=Z\V/? 24 (2=Z\"1/?
:/ F({Os f} y (%37) 2 2(75521—)1/2 >¢AQ (—TrB1) dr.
Her3(X)\ Hers (Ax) 3 0 ( ) o0

21

(The existence of such a polynomial Fg(g) is implied by the definition of nearly
holomorphic modular forms. See [Shi00, §13.11] or [Liu23, §3.2] for the definition of
nearly holomorphic forms and [Liul9, §2.4] for their interpretations as global sections
of automorphic sheaves over Shimura varieties.) Similarly, one defines polynomial
Fourier coefficients of nearly holomorphic forms on GU(1,1),GL(2) (resp. GSp(4))
indexed by Q = Her;(X) (resp. Sym,(Q)).

By our choice of the Archimedean component of f; ¢, ¢, ¢ ¢, ,6,(8, X, AoYo), the
Eisenstein series E,E’ii?nn is a nearly holomorphic automorphic form on GU(3, 3).
We have the following proposition on its polynomial Fourier coefficients.

Prorosirion 3.2.1. — For 2 € GL(2,A% ;), v € AT and B € Herz(X), we have
(ESice )B =0 unless 3 > 0, and for 3 > 0,

(E,Eff.‘:;ﬁﬂ,2)ﬁ <[2[ u”ﬁ’l}i) (Y =0)=A(B;~, T, 7—177—2)([Q{ DT r;) *Crt,01,6,(8)
with

(3.2.1) A(B;k,T, 7'1,7'2)<|:V0,§‘71 }j) = AT(det(Vtﬁfl) (x| ‘k)(det(ym—ltﬁfl))

< T o v (Aaw Yo (@)l %) T 70, () (v 2820,
vfNpoo v|N

x Ay 61 (0p(Br3)) 0 (Brs) T - AT 61 (05 (Brs)) 05 (Brs) T

o (B13Ba3 — B13Bas \ [ B1aBas — Prafaz ) 2HHk—2
<o (D=l (B~
X §1§2X;<(Oés — as)éﬂlz — Bu)) ((Oés — as)éﬁlg — Bu))21+42+k_27

and
(3:22)  Chey,.(B)

— - -1
((5122512 det [gi: g§;]> detﬁ)
1 ifk+ (6 +4+0)/2<1)2.
Here, A, Y are the classical characters associated to the specialization of A at (11, 72),
Y at 7, and (ry.,7a) U5 the co-type of A, op, op are embedding of X into Gp inducing
p,p. (See (2.1.4) for the notation superscript ° on characters.) S’@X"\l,alv(N) is the

Fourier transform of the Schwartz function defined in [Liu23, §3.3.3], which does not
depend on K,T,T1,Ta.

ifk+ (0 4Ly +0)/2>1/2,

> 2k+41+bo+0—1
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Proof. This proposition is the same as [Liu23, Prop.3.5.1], aside from a no-
tational difference. The characters n; .77, ,, 75, , in loc. cit. correspond to our
{2_1,51_1,51_152_1 here, nfrml,nfrpg in loc. cit. correspond to our ¢!, triv here, and
k+e€/2,A, = in loc. cit. correspond to our k + (£ + 41 + £2)/2, Ay¢, Ag Yo here. a

3.2.2. The p-adic measure interpolating restrictions of Siegel Lisenstein series. — Given
a compact and totally disconnected topological space Y and a p-adically complete
Z,-module M, we denote by Meas(Y, M) the space of all continuous Z,-linear maps
from € (Y, Z,) to M, where € (Y, Z,,) is the space of all continuous Z,-valued functions
on Y equipped with the topology of uniform convergence.

Turorem 3.2.2. — There exists a p-adic measure

pe € Meas(Q\AS +/UP, MaL(2),0ra®0 Masp(4),0rd)

such that for all classical (k,7,71,72) = ((k,Xx), (£,§), (¢1,€2,&1,&2)) with k, €, 01, Lo
satisfying (3.1.2), denoting by sp, (., .,) the specialization map at 7, (71,72), we have

_ ,GL(2) GSp(4) Si
SPr,(r1,72) (H’S(K)) = €ord Cord PrOJKGL(2)7 Kasp) (Eﬁji:g‘f'h"'z ’GL(Q)XGSp(Al))

1 -1
X SPr (11,75) (w<gl We, © detgr(a))-

Here, — |gr,(2)xasp(a) means restriction to GL(2) xqr,a) GSp(4) followed by exten-
sion by zero to GL(2) x GSp(4), and the projection Proj» is defined as

GL(2) GSp(4)
Jrer e translation by (h, g) dhdg.

GL(z) GSp(4)

Proof. — For G = GSp(4), GL(2), denote by Meas (T&(Zp), Va,ora) the set of p-adic
measures on T4(Z,) valued in Vi ora. The group TA(Z,) acts on it in two ways: via
its action by translation on T, é(Zp) and its action on Vg orq. Let

Meas (TH(Z,), Va ord) C Meas (T(Zp), Vo ora)

be the subset on which the two action of T(Z,) agree and make it a Ag-module.
Unfolding the definition of Mg orq gives a natural map from Meas (TG( »), Ve Ord)h

to Mg ora such that for each p-adic weight 7 € Homeont (TG(ZP),6; ), we have the
commutative diagram

Meas (TG( 0) Ve Ord)h — Mg ord

(3.2.3) evaluate at I\L l

(2.2.2)
VG’,ord[ } —_— JVKG' ord ®A AG/iP

(cf. [Liu20, §6.1.4]). Therefore, it suffices to show that inside the space,

b
(3.2.4) Meas((QX\AS,f/Up) X Thr2y X Tsp(a)s VaL(@).ord ®0 VGSp(4),ord) ;
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there exists a p-adic measure pg such that

GL(2) GSp(

(325) /‘8(’@ T, (7—17 7—2)) = €ord  Cord Y PrOJK Soe

GL(2) ’KGSp(4) (E“’T’Tlﬁz |GL(2) XGSp(4))

X SD; () (Wig W] 0 detar2))
for all classical (k, 7,71, 72) = ((k, x), (£,§), (¢1,42,&1,&2)). The existence of g can be
shown by p-adic interpolation of Fourier coefficients.

Take sufficiently small tame level group Ké}i@) C KgL(z)’ KGSp(4) C KGSp( 2 such

Si
that E? ‘?'g7177'2‘GL(2)><GSp( 2 is fixed by KGL(2)

Denote by VGL(Q), VGSP(4) the space of p-adic forms of tame levels KGL(Q) KP/

Kp’/ Sp(4) for all classical (k,T,71,72).

aSp(4)”
Thanks to the strong approximation theorem for Sp(4) and SL(2), we can pick
v; € AS’?, i = 1,...,c1, and v} € AS’J’?, j = 1,...,co, such that each connected

component of the Shlmura variety for GL(2) x GSp(4) of level Ké£(2) GL(2)(Z,) x
Ké’s (1) GSp(4, Z,) contains a cusp corresponding to ([12 Vils ]7 [1 v ]) for some 1, j.
Taking the g-expansions at these cusps gives an injection

(3.2.6) Eqexp 1 Vi ®0Vaspa) = 0[Qs0 x Symy(Q)>0] ™,

and the image of €y exp is closed in OSym,(Q)so X Qso]®*“2 (for the p-adic
topology). (The g-expansion maps are defined via evaluations at Mumford objects
[FC90, Ch.I11], cf. [Hid02, §3.4], [Eis12, §4.2]. The injectivity and the closedness of
the image follows from the irreducibility of Igusa towers [Hid04, Cor. 8.17].) We view
VéL(2)®OVéSp(4) as a subspace of O[Sym,(Q)so x Qs0]®12. The U,-operators on
VéL@)@o Véisp(a) extend to operators on O[Symy(Q)>o x Qo] ®1¢2. Writing elements

in OSymy(Q)=o X Qo] P12 as D i pe W) (B1s B2) q(f;)BQ) with summation over
1<i<e, 1<) < e, B1,82 € Symy(Q)sp X Qso, the extension has the formula

GL(2) 7,GSp(4
UpimsoUp, mlj&i%()( > a,,j(ﬂl,@)q(ﬁl,ﬁz))
i,,B1,B2

= Z Z agj) ([p"‘lm*ﬂm 1]pm2,81[ P2 w] 2m36> (B1,62)

x€Z/pm1—™m2Z 4,5,81,B2

On the other hand, letting N denote the space of classical nearly holomorphic
forms on G = GSp(4), GL(2) over O of all weights, invariant under the right transla-
tion by K. Z”Ug(zp), and vanishing along all p-adic cusps, then the unit root splitting
[Kat73, Th.4.1] gives rise to a map

tp-adic * NarL2) ®o Naspe) — V(I}L(2)®OV(/;SP(4)’

which is actually an embedding by [Liul9, Prop. 3.12.1]. Moreover, for a nearly holo-
morphic form F on GL(2) x GSp(4), we have

(B1, B2)-coefficient of (i, j)-component of €4-exp (¢p-adic (F))

:FBI»52 ([12 Vi-lz}’ [1 VJ/]) (Y :O)'
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It follows that

. Sieg
€g-exp (Zp-adlc (Enmn,m ’GL(2)><GSp(4)>>

- Z ( Z A(BW,T,HJQ)({%y,i13]j)ck7€7flvfz(ﬂ)>QES;'SBQ)

(i7j)7(ﬂ1;62) BeHers (K)o
Vi=Vj ﬂ:[ﬁl * ]
2 * P2

with A(B;k,T,71,72), Cr.0.6,,0,(B) given by the formulas (3.2.1) and (3.2.2). From
(3.2.1), it is easy to see that for each B8 and i, j such that v; = v}, there exists a p-adic
measure

IG.,j).8 € Meas (QX\AS,f/Up X Tcl;L(z) (Zp) TéSp(Zl) (Zp), O)

such that for call classical tuples (s, 7,71, 72),
P
/’[/(i,j),ﬁ(Kﬂ T,T1, TQ) = A(ﬂv R, T,T1, TQ) ( |: ts vils i| f) :
Define

He g-exp € Meas (QX\Aaf/Up x T(1}L(2) (Zp) x Tcl;Sp(4) (Z5), 0[Q>0 X Sme(Q)>0ﬂ€Bclcz)

as

_ (B1,B2)

O Sl (N DI
(00):51,02) Npetors (x50, 22 =[ 1 1 ]

Observe that Cy ¢4, ¢,(3) = 1 mod p™ for all B such that 8+ B = 0 mod p™. Thus,

for all classical (k, 7,71, T2),

G GS m
(3.2.7) (UpviEf)Upygﬁfé)) pe gexp(K, T, T1, T2)

_ GL(2)7,GSp(4)\ " Si
= Eg-exp ((Up’l,o UP,Qg,O ) Ip-adic (EH,?F%ThTz |GL(2)><GSp(4)>) mod pm'

S' .
ror T ’GL(2)><GSp(4) belongs to a finite-rank O-mod-

ule of classical nearly holomorphic forms of a certain level on which US f E]2)U§ sti(yé)

acts, the limit

At a classical point, because F

!
. GL(2)77GSp(4)\ ™ Sieg
im. (Up,Lo Up2,10 ) Bl mlane)xas)

exists. It follows that when m = n! with n — oo, the limit of the right hand side of
(3.2.7) exists. Combining this with the Zariski density of the classical points inside the
weight space Homeons ((Q*\AG /UP) x TéL(Q) X Tésp(4),6;), we deduce from (3.2.7)
that the limit

1
. GL(2);7GSp(4)\ ™
nh—)ngo (Up,l,o Up,2,1,0 e g-exp
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GL(2) GSp(4) . Sieg
ord  Cord padw(Emr,n,m|GL(2)szp(4)

sical (k, T, 71,72). Denote this limit by

exists and interpolates €g.cxp (e )) at all clas-

GL(2) GSp(4
ord( )eordp( ) (/‘LS»Q-GXP)

€ Meas (QX\ASJ/UP X TéL(Q)(Z ) % TGSp(4)( p)s O[Qx0 x Sym,(Q )>0ﬂ®clcz>-
Since the classical points are dense in the weight space and the image of (3.2.6) is
closed, this limit must come from the g-expansion of a p-adic measure valued in p-adic
forms, i.e., there exists

e

e € Meas((Q \AG./UP) X Tap, 0y X Tasp(ays Vém @) ,ora €0 VC/;Sp(4),ord)’
such that
GL(2) GSp(4
€Q'3Xp(:u’£€) = eord( )eordp( )(,U/S,q-exp)'
Moreover, by knowing that the evaluation of . at all classical points (k, 7, 71, 72) has
weight 7, (71, 72), we deduce that the two natural actions of T(l}L(2) X TGSP(4) on iy
agree with each other, and

b
e € _‘Meas((QX\ASJ/Up) x TC1}L(2) X Tcl}Sp(Zl)’ VéL(z),ord ®o VC/}Sp(4),ord) .

Then pe = PI‘OJKGL(2) Kl (We) .W%llw%; odetgr,(2) is the desired measure satisfying

(3.2.5). 0
%3 THE FOUR-VARIABLE D-ADIC L-FUN(ITI()N AND ITS INTERPOLATION FORMULA I

3.3.1. Hida families and idempotent operators. — Let Fy,, Fig, be the function fields of
the irreducible components %7, %> fixed in Section 3.1. Then the maps AGL(2 — Fyg,,
AGSp 4) — Feg, factors through projections AGL(Q — Agr(2), AGSP @ — Aaspu)
induced by characters of T, GL(2 )(Z/pZ) and TGSp( (Z/pZ). We view Fy, as an algebra
over Agr(2) and Fy, as an Aggp(4)-algebra through these factorizations.

Denote by l,, l¢, the integral closures of Agp(2), Agspa) inside Fe,, Fig,. The
universal ordinary Hecke algebras Tqr,(2),0ord> TGSp(4),ord are known to be reduced.
Therefore, we have

TaL2),ord ® Fg, = Fg, © Ry, Tasp4),ora ® Fig, = Fg, © Ry,

as Fy, -algebras and Fi,-algebras such that the projection onto the first factor agrees
with the natural maps Tqr(2),0rda = 1, Tasp),ord = e, Let

(3.3.1) T, € Tar(),ord ® Fe, 14, € Tasp(a),ora @ Fig,

be the idempotent associated to the first factor in the above decomposition.

3.3.2. The modified Fuler factors at p and oo. — We let

X X
AcL2),0.1 € 1%, AGSp(4),0,0,1: AGSp(4),1,0,0 € g,

P p
denote the eigenvalues of the U,-operators associated to [* ], [ Py J ) [ ! o1 } .
1
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Given a point = € 61(Q,) X 62(Q,,) where the weight projection map (3.1.1) is étale
and the image of x is an arithmetic tuple (7,71, 72) = (¢,&,¢1,&1,02,&2), we let

SaL@).« (resp. ZGsp(a),z)

be an orthogonal basis (with respect to the modified Petersson inner product defined
in (3.3.5), (3.3.6)) of the space spanned by ordinary cuspidal holomorphic forms on
GL(2) of weight ¢, tame level Ké‘.L(Z) (resp. GSp(4) of weight ({1,{2), tame level
K(I')}Sp(4)
parameterized by z. Let 7, be the unitary irreducible automorphic representation of
GL(2,Aq) generated by forms .7qr,(2),» twisted by a real power of |det |, and II, be
a unitary irreducible automorphic representation of GSp(4,Ag) inside the representa-

) and nebentypus at p given by (3.1.3), belonging to the Hecke eigenspace

tion generated by forms in #ggp(4),. twisted by a real power of |det |. (There can be
more than one choices of I, but the partial L-function and modified Euler factors
at p,o0o do not depend on the choice of II,.) Let L(s,II, x m, x x) be the degree 8
partial L-function, and

(3.3.2) Ep(s,II; x my X X)

=7 (8, XpMa 1M 1)~ p (85 Xp M 1M 2) ™ Vp (55 T p X XM s) ™

where the characters 7, 1, Mu.2, My 15 M 25 M3 ALE:

)

valy, (a)
N1 (a) = &(alalp) (p_(e_l)/z)\GL(z),o,l(fﬂ))

)

_ _ valp (a)
Neo(a) = (p(e 1)/2(w<ghp(p))\Gi(2)’O,l)(a:))

_ _ _ valp, (a)
(33.3) ﬁ;71(a)=§1(a|a|p)(p( e 1)/200%24:(p))\GSp(4),1,o>\Gép(4),0,1(35))

)
valy, (a)

77;;,2(@) =& (a|a|p) (p(el_EQH)/Q(AGSp(4),O,1/\(_;ép(4),1,0)(33)) )

B B valy,(a)
(0) = Géalalaly) (™ H D 2050001 0,1(2))

)

and
(3.34) FEoo(s, I x 7y X x)

— ¢~ (stltbotd) mi/2 1 (3 n l + 52 +0 Q)Fc (8 n 0+ 52 -t 1)

xrc(s+M—1)Fc(s+

by — b+ 74
—)
where I'c(s) = 2(27)~°T'(s).

The factors E,, E are obtained by unfolding the definitions in [CPR89, Coa9l].
In [Coa91, p. 163], for a homogeneous motive M over Q with coefficients in K and o a
fixed embedding K < C, the modified Euler factor at p for its L-function L(o, M, s)
is defined as [[,; Ep(o, U, p, s), where U runs over irreducible components of the semi-
simplification of the Weil-Deligne representation at p associated to the A-adic realiza-

tion of M with A a prime in K coprime to p, and p is a choice of +i, for which we
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choose p = 4. Interpreting this definition in our automorphic context here with II,
(resp. ;) a subquotient of the induced representation associated to

a; *x % *
a * *
? 5 '—>77;,1(a1)77;,2(a2)77;;73(5)
a2
* 5&1_
a %
(resp. [ d — 1z,1(d) 771,2(@)7

the irreducible component U corresponds to = nmﬁmgyj,nxvingylnégn;’gl, 1=1,2,
J = 1,2,3. Denoting by ® an element in G, whose image in Gq, /I, is the geometric
Frobenius, the factor E,(o,U, p,s) is defined to be 1 or the inverse of the y-factor
of U depending on whether the inverse roots of det(1—®.X|U) have p-adic valuations
larger or smaller than —1/2, namely in our context here whether val,(n(p)p~°) is
larger or smaller than —1/2. Note that the A’s in (3.3.3) are all p-adic units. Thus,
when

7min{—£1 +£2-f2—€, 61 +€2—€} +2<$< min{—& +£2-i2-€, 51 —|—£2—€} _

L,
among all the 7’s, the ones with val,(n(p)p~—*) < —1/2 are exactly

/ / / /
771,17793,17 771,1”@,27 7730,17735,& "7:1’,277;1;,3'

Therefore, the modified Euler factor at p is given as (3.3.2). In [Coa91, (38) on p. 157],
the modified Euler factor at oo for M is defined as [[,; Ex (U, p,s) where U runs
over the direct summands of the Hodge decomposition of Hgp(M) ® , C. In our
case here, we only have U’s of type (a) in loc. cit. where Eo (U, p,s) can be ob-
tained from L. (U,s) by replacing I'c(s) with I'c ,(s) = p~*T'c(s). It follows that
E(s,II; X 7, X x) equals the product of

£1+§2+5_2) 51—&-52—5_1)

Loo(s,Hxxm;xx):Fc(s—&— Fc(s—i—

—l+l+1

: £1—€2+€>7

ch(S—i- 5

~1)Te(s+

and pf(S+(21+f2+£)/272)7(S+(£1+f2 —0)/2—1)—(s+(—L14+L2+L)/2—1)—(s+(£1—L2+1L)/2) .

3.3.3. The modified Petersson inner product and Bessel period. For ordinary holo-
morphic automorphic forms fi, fo on GL(2) and @1, 92 on GSp(4), we define the
modified Petersson inner product P(fi, f2),P(p1,92) and the modified Bessel
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period B;A(gol) as follows:
(3.3.5) P(f1,f2)
M [ R Rl
[GL(2)]

(3.3.6) P(p1,02) = Ap1(p1) ™ Apalpr) ™™

m

p=™ ]p) : wﬂ(det g)il dg7

m

P 1
mo _
></ v1(9) @2 (9 [12 12]poo l P b ] > - wri(vy) Ldg,
(GSp(4)] 2],

mi
mo
p
p—™ @1 ),
p~ "2

p

p

(33.7) BL o (1) = A (1) ™ Apa(ipr) ™™ - BS’A<

with my > mgo > 0, m > 0, where A\,(f1), Ap,1(1), Ap.2(p1) are defined by

Ap(f1)™ f1 :/

UcL(2)(Zp)

Tp (u[pm p*m]) f1du,

my

P
mo
Ap,1 (1) Ap 2 (1) ™1 = / 11, (U [ R ]) @1 du,
Ucasp(a)(Zp) pm2

and Bs s is the Bessel period as defined in [Liu23, §2.2.1]. (One can check that the
right hand sides of (3.3.5), (3.3.6), (3.3.7) do not depend on my,ms, m as long as
mi1 — ma, me, m are sufficiently large. See [Liu23, Prop.2.7.1] for a proof of this for
(3.3.7).)

3.3.4. The four-variable p-adic L-function. — With the various objects defined in Sec-
tions 3.3.2, 3.3.3, we apply the idempotent in (3.3.1) to the p-adic measure ug con-
structed in Theorem 3.2.2 to obtain the p-adic measure for 67, %». Before stating the
theorem, we introduce some more notation.

With S = [b% béZ] € Symy(Q)>o and A : K*\Ax , — Aésp(4) as fixed in Sec-
tion 3.1, for f € Sar(2),0, ¥ € Lasp),«» We let fc denote the Fourier coefficients of f
indexed by ¢, and B;A (¢) denote the modified Bessel period in (3.3.7) with A the
classical Hecke character corresponding to the specialization of A at (¢1,£2,&1,&2).

We denote by (r4.q,74..) the co-type of A.

Turorem 3.3.1. — Given the data in Section 3.1, there exists

:U/%h%g € Meas (QX \Aé,f/Upa J\/['GL(2),ordééojv[(}‘rS}t)(él),ord) ®KGL(2)®O F(Kl @)OF(KQ)

KGSp(4) (

satisfying the interpolation properties: Suppose that x € 61(Q,) x 62(Q,) is a point at
which the weight projection map (3.1.1) is étale. Then “%1%2 has no poles along x. Let
7 € Homeont (TéL(z) (Zp),ép), (11,72) € Homeont (Tésp(4) (Zp),ép) be the projection
of x to the weight space.
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For a character k € Homcont(QX\Aé’f/Up,Gp) such that (k,7,71,72) is classical
(as defined at the end of Section 3.1.1),

(33.8) 1%, (k)

;
fef Bia@e L,
- Z P(; f) Z Plo,p) A2 ] (ks Dy oy, Dy Aoo)
fe€FaL(2),« " e SLaspay e )

pr(k—&—%,Hajxmaxx)-Ls(k-l-

with Io(k, Dy, 0y, Do, Aso) the Archimedean zeta integral given in [Liu23, (4.2.5)] with
k+€/2, ty in loc. cit. equal to k+ (€ + €1 4+ £2)/2, |2k + £+ €1 + €2 — 1| + 3 here and
Dy, 05, D holomorphic discrete series of GSp(4), GL(2) of weights (¢1,42), L. If further
assuming that £ = €1 = {5, then

w)nw X Ty XX)?

BE ()
S (k.a) = cV/det S 23424t Jef SA VT
Hig, i, (K ) fefgm P(f.D) 2 P(p, )

PESGsp(a),T

14 14 14
><EOO</’<:+%,Hr X Ty xx)Ep(qu%,Hz X Ty XX)LS<]€+%,H£ X Ty XX)-

(See Sections 3.3.2, 3.3.3 for the definitions of the terms appearing in the above inter-
polation formulas.)

Proof. — We first examine the evaluations of

(]l%l ® ]1%2) Tpe € Meas (QX\Aévf/Upa MGL(Z),ord®OMGSp(4),ord>

®KGL(2)®O KGsp(4) (F%ﬂl ®OF<{”¢2 )

By the construction of ue, we know that at (k,z) with (k, 7,7, 72) classical,

Sie
(E&T?;H,Tz |GL(2)><GSp(4) ) f ® Q@)

P(f, f)P(p, )

P
(g, @ 1) - i) (my2) = Y > fee

feFaL2),« €L asp4),x

(Here we use that the definition of P(—, —) plus the tame level and ordinarity of f, ¢

implies that applying P(—, f ® ¢) to EJ'8 ‘GL(Z)XGSp(4) and

_ GL(2) GSp(4) .. - Si
He (K7 ‘T) - e01rd eordp PIOJKSL(2>,K€;SP(4> (Enii’g"—:l:Tz |GL(2)><GSp(4))
produces the same value.) The computation in the proof of [Liu23, Th. 4.2.1] (or more
precisely the formula for I,(s) and C . m,~(s) in loc. cit. gives

P(EE, o @0l apmxaspa) = Chaxo @) - foBLA(9) - Too (b, T oo, T 0 Acc)
L+ 10+ 4 C+ 10+ 0

E(k
e 2

,Hzxmxx)-LSO@—i— ,Hzxmx,x)
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and

(3.3.9) C(k,x, )

L 1=-(X/pp'| as-as _ k
=l 14+p?t disc(X/Q) |, [elpl(as —@s)?[} - xp(=1)(~1)

X (X;1|~|;k)(C)C—k.§—151—1£51(c|c|p)(c|c|p)—€—e1—62,)\GL(Z))\GSP(4) (z)~ 2l (©
x (G- 1) (~(as —as)*)(—(as —@s)*)
x &1 (~(as ~@s)’|as — @s[}) (~(as —as)’|as — as]})
x A, “(—(as —as))(as —as) ™1 (—as +as) "z
X )\GL(z)(x)_Valp((aS_as)z) SgraaTTAR
where volg is a nonzero constant independent of k,y,z (and can be expressed in

terms of the volumes of some open compact subgroups of GL3(Q,),GSp(4,Q,) at
finite v € ), AaL(2) € I, Aasp() € g, denote the eigenvalues of the Uj-operators
corresponding to [? ], {”12 12] along ¢, %». (To plug in the formulas in [Liu23], s,
k+e€/2, A\nx, 1(a), N, s(a) for a € Q, in loc. cit. correspond to
40 +10—1 L+ + £
gyttt frhth
2 2
—c 0140 — — - Vi a
A9 (72, €1 glal,) - (pD/2ASL g ()@,

&' (alaly) - (P EI2AGE (@)@

here. Also, note that the integral in loc. cit. is over GU(1, 1) x GSp(4) with f extended
to GU(1,1) by T equals our integral over GL(2) x GSp(4) here because the central
characters match.)

From the above formula for C(k, x, ), it is easy to see that there exists

Ce (O[[QX\ASJ/UPH@o'%@ol% R0 F) "
such that for all (k,x) with (k, 7,71, 72) classical,
Ck,x) =i ™1tz Ok, y, z).
Let
W s, = €1 (L, ® 1) - i) -

Then for (k,z) as in the statement of the theorem,

s
K, ¢, (k, )

feBEA0)
= Z Z W A A’2Ioo(k,D€17€2aDéaAoo)
feZar(e).« PESaspa) e ’ LR
L+ 01+ 74 L+ 4, 47
XEp(k—i—%,Hz X Ty XX) -Ls<k+%7ﬂm X Ty Xx> - f®e.
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When {1 = ¢y = ¢, the integral I (k, Dy, ¢,, Ds, Ao ) is evaluated in [Liu23, Prop. 4.2].
Like in loc. cit., plugging the result into the right hand side of the above formula gives
the complete interpolation formula in the case ¢; = £ = /. O

4. SrECIALIZATION TO HIipA FAMILIES OF YOSHIDA LIFTS

The interpolation formula in Theorem 3.3.1 is incomplete in the sense that it con-
tains an uncomputed Archimedean zeta integral Io.(k, Dy, ¢,, D¢, Aog) when £y, lo, £
are not all equal. In order to calculate this integral, we let 65 = 0(%, #'), the Hecke
eigensystem associated to the Yoshida lifts of Hida families &, %’ on GL(2), and
compare ”%1,9( 2,2 with the product of Rankin—Selberg p-adic L-functions for %, ¢}
and %1, %’'. The main difficulty in carrying out this strategy lies in comparing the
periods, which boils down to comparing the (modified) Petersson norms of a pair of
modular forms and that of their Yoshida lift. To circumvent the explicit calculation
of the corresponding Rallis inner product formula in our specific case, we make use
of the standard p-adic L-function for §(#,%’), which has the (modified) Petersson
norms of Yoshida lifts as periods.

4.1. SOME PREVIOUS RESULTS ON p-ADIC L-runcrions. — For simplicity, in this section
and Section 4.2, we assume that S contains some finite place v # p, and for all such
vES,

K&y = {9€GL(2,Z,): g=[§%] mod w,}.

We recall some previous results on constructions of Kubota—Leopold p-adic L-func-
tions, Rankin—Selberg p-adic L-functions, and p-adic (degree 5) standard L-functions
for Sp(4). Complete interpolation properties have been established for these p-adic
L-functions, and they will be used to formulate the right hand side in the key iden-
tity (4.2.1). To simplify the writing of the interpolation properties, we use the fol-
lowing convention: Given an automorphic representation o with o, isomorphic to
holomorphic discrete series and ordinary at p, we let

D3(s,0) = Exo(s,0) Ey(s,0) L% (s,0)

with Ex(s, o), Ep(s, o) the modified Euler factor at oo and p for p-adic interpolation
as defined in [CPR89, Coa9l].

4.1.1. KubotaLeopoldt p-adic L-function

Turorem 4.1.1. Given a Dirichlet character ¢ unramified outside S \ {p}, there
exists

L, 4 € Meas(Q\AS /2P, 0)
such that for all arithmetic k = (k,x) € Homeont (QX\Aaf/zp’X,ép) with ¢x(—1) =
(=Dk and k > 1 or ¢px(—1) = (=1)*** and k <0,
LIS<L,¢(’<‘7) = Ds(k,qu).

(Here, S is assumed to contain finite places other than p. Hence, the imprimitive
Kubota—Leopoldt p-adic L-function does not have poles.)
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4.1.2. Rankin-Selberg p-adic L-function

Turorem 4.1.2. — Let %1,%> C Spec(Tqr(2),ora) be two geometrically irreducible
components. We assume that 9B, is primitive, i.e., the newforms in the automorphic
representations corresponding to classical points of %, has tame level equal to KéL@)).
Denoting by Feg,, Fa, the function fields of 1, Ba, there exists

L%, 3, € Meas (Q\AX /UP, AgLz@oAcL(2)) Bhrin®o Fg,80Fz,)

AcL(2) (

satisfying the interpolation property: Suppose that (z1,x2) € %1(Q,) X ,@2(@,) is a
classical point of weights t1 > to = 2. Then for an arithmetic character k = (k,x) €
Homcont (QX\ASJ/UP,G;;) such that

-1 +1<k< 1

ie., s = k + (t1 +12)/2 is a critical point for the Rankin-Selberg L-function
L(s,04, X 04,), we have

D% (k+ (ty +t2)/2, 04, X Opy X X)

(=205 P (fay, fo,) ’
where 0, j = 1,2, is the (unique) unitary automorphic representation of GL(2) (with
unitary central character) giving rise to the Hecke eigensystem parameterized by x;
(up to a twist by a real power of | det|), and f., € o, is the normalized eigenform for

the Hecke eigensystem parameterized by x1. (The modified Petersson inner product
P(fs,, fe,) is defined as in (3.3.5).)

(4.1.1) L5 3, (k1) =

This theorem is proved in [Hid88, Th.5.1d], see also [CH20, Th. A]. Our L%17-%2
are obtained from the p-adic L-functions in loc. cit. by removing L-factors at v €
S~ {p, oo} which are p-adically interpolatable and by a change of variable. Note that
the classical Petersson norm for the new form inside o,, is used in the interpola-
tion formula in loc. cit., while in the above theorem, the modified Petersson norm
P(fz,, fz,) is used. The relation between the two Petersson norms are proved in
[Hsi21, Lem. 3.6], via which one can see that the interpolation formula (4.1.1) follows
from that in [Hid88, CH20]. (We also note that there is a slight difference between
our convention of nebentypus here and that in loc. cit. If o; has central character w;,
then in our convention the p-nebentypus is wj|z; and in the conventions in loc. cit.,

the nebentypus sends ¢, to wy(qy), so essentially is wj_1|sz 2

4.1.3. Standard p-adic L-function for Yoshida lifis. Let %, %" C Spec(Tar(2),0rd)
be two geometrically irreducible components. Let Fg, F be the function fields of
B,%B' and |z, |z be the integral closures of Agy,(2) in Fig, Fz. Denote by

A : TGL(Q))OI‘d — g, Az TGL(2),ord v’

the corresponding Hecke eigensystems, and

X

wWap,wWap - QX\AS,f — AGL(2)
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the central characters. We fix a square root for each of them

12 1/2
wgf ,wg!, :QX\AS,f HAéL@)'

(The equality proved in Proposition 4.2.3 below does not depend on the choice of the

square roots.)
We have the group homomorphism

Térez) % Tane) — Taspa)

1

(diag(al, afl),diag(ag, a;l)) — diag(ajaz, alagl,aflag ,aflag)

which induces
KGL(2)®KGL(2) — /~\Gsp(4)-
Let
lo(#.2) = Mesp) R g1y DRy (120012)-

It follows from the theory of theta lifts [Rob01] that if there exists a finite place
v # p such that the classical specializations of %, %’ are discrete series at v, then

for suitable K gSp( "

Spec(Tagp(4),ora) With the XGSP(4)—algebra homomorphism

there exists a geometrically irreducible component 6(%, ') C

No(z,%) : Tasp),ord — lo(z,2)

such that the central character equals Q*\A¥ RN AéL(Q) — AéSp( 4) Where the second
map is induced by TéL(Q) — Tcl;sp(4)v diag(a,a™t) — diag(a,a,a™t,a™ 1), and

Ty

Mo (8P, Z0) | ™1 | GSP,Z0)) = A (GL(2,Z)[ ™ 1] GL(2, Z0),

Ae(%@,)(csp(zx,zv)[ L }Gsp(zx,zv))

@y

= wy?wy (@) Ae (GL(2,Z,)[ 1] GL(2,Z,)).

(It follows from the results in [Rob01] that for all classical specializations o % o’ of
RB, B of weights t > t' > 2 such that they are both discrete series at a finite place v
and the product of the central characters is a square, there is a nonzero Yoshida lift
of Mo’ @ (We,wer ) /% odet to GSp(4) with Archimedean component isomorphic to a
holomorphic discrete series. This implies the existence of the geometrically irreducible
component 6(%, %) C Spec(Tasp(4),ord)-)

Tueorem 4.1.3. — Let ¢ be a Dirichlet character unramified outside S ~ {p} with
@* # triv and Fy(z ) = Frac (lg(s,%). There ezists

s oD,
Hg(z.m.6 € Meas(Q\AY /7P, Masp(a),ord DRespia) Masp(4).ord) DR spia) Lo 2.2

satisfying the interpolation property: Suppose that x € 0(%,%')(Q,) is point where
the weight projection map KGSP(4) — Tasp),ord @8 €tale and has arithmetic image
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(01,02,&1,&2) with 64 > Ly > 3. If k = (k,§) € Homcont(QX\Aaf/Up,QZ) is an
arithmetic point with {3 >k > 3 and ¢x(—1) = (=1)¥, then

Mes(ga,ga/m(’@ x)
X
_ 2—51—52 . Ds(k; — 2, 9(%,%/)z X ¢X> Z u

pveFomn D (#:)
. 3
— 27076 DS(k—2,6x) DS (k- 2,0, x o x w; 2w 2x) Y %7
: 0,0

PELGSp(4),x

where 0., 07, are the (unique) automorphic representations of GL(2) giving rise to the
Hecke eigensystems parameterized by the point in %(Qp) x B (ép) induced by x and
the natural map 1zRola — gz, the set Sqsp4),e 8 an orthogonal basis of the
space spanned by ordinary cuspidal holomorphic Siegel modular forms on GSp(4) of
weight (01,02), tame level Késp(4) belonging to the Hecke eigenspace parameterized

by x, or equivalently of (o, 0?).

Proof. — In [Liu20], the p-adic standard L-functions for ordinary families on sym-
plectic groups (over Q) are constructed by using the doubling method formula of
Garrett [Gar84] and Piatetski-Shapiro—Rallis [PSR87]. We apply that construction
to the special case of 0(#,%') on GSp(4). (The Archimedean zeta integral is left
as an uncomputed factor in loc. cit.. It has been calculated in [Liu21] and verified to
agree with what is expected according to the conjecture of Coates and Perrin-Riou on
p-adic L-functions.) The last factor in the formula for ﬂg( B,%).6 here is slightly differ-
ent from the formula [Liu20, (7.0.1)] because the interpolation formula is computed by
applying (,®) to the specialization. If we apply instead P(, ¢) to the specialization,
we get the above formula. a

4.2. ComMPARISON OF p-ADIC L-runcrions. — Let 61, %, %’ be primitive geometrically
irreducible components of Spec(Tqr,(2),0ra) such that Spec(Tagp(4),ora) has a geomet-
rically irreducible component §(%, %’'). By using the results on p-adic L-functions in
Section 4.1, we can deduce the following proposition.

Proposition 4.2.1. — There exists

S, % S, x
'C.%,(gl ’ L(gh.@/

€ Meas(Q\AS ;/U”, Agrz)@oMasp)) DXL Bo Fe,®0Fy(.%))

Aasp(a) (
and
Fo(z,2) € (Masp(4).ord DR ey Masp(a),0rd) DRespn) L0(2.2)
satisfying the following interpolation properties: In the setting of Theorem 3.3.1 €5 =
0(8,%'),
55 () = D3 (k + (EJ.rﬁl +05)/2,045 X Tp X X)
@ (<207 P (. hy)
DS (k+ (€ + €1+ £2) /2,70 % 0l X wilw , X)
(=20)P(fo, fa)

S,
L3 g (k,x) =
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and

gy — X
Fomn (@) =27 T Pl hy) Y %

PESGSp(4),x

with 7, fx € 7 as in Theorem 3.3.1, o,,0), as in Theorem 4.1.3, and h, € o,

xT

the unique normalized ordinary form fized by KéL(z)' (Note that the weights of the
Archimedean components of o,,0., are £y 4+ by — 2,01 — by +2.)

Proof. — Applying pullback and change of variable to the Rankin—Selberg p-adic
L-function in Theorem 4.1.2 shows the existence of L%T%I,L%’i - In the same way,
for a tame Dirichlet character ¢ as in Theorem 4.1.3, we get

S, x =
L@,@'#’ € Meas(QX\Aaf/Zp’X’ |9(337,93/) ®|9<@,9ﬂ) F9(93a=93')

satisfying the interpolation property: For all points
(Ha 1'2) € Homcont (QX \Aé,f/zpyx 76:) X 0(%7 ‘%/)(6}))

satisfying the conditions in Theorem 4.1.3 (where x5 denotes the projection of x to

0(#,2')(Q,))
D3(k — 2,0, x 0, x w;:/Qw;;quﬁ)

S, _
Copmol ) = T TR, )

A change of variable (ie., p to f — fQX\AS [0 f(x)x=2du(x)) to the Kubota—
Leopoldt p-adic L-function recalled in Theorem 4.1.1 gives
LIS{E«b € 9l/[eas(QX\AZ\< /2P’X,O)
such that for x as as in Theorem 4.1.3
g7 (R) = D (k — 2,x9).

The desired Fy (s, can be obtained as (L;Zi@,7¢L§’E7¢)*1u(§({@“@,)7¢ with ug(ﬂﬁ,)@
as in Theorem 4.1.3.

Next, we show that we can take the (S, A)-Bessel coefficient on the second factor
of Fg(2,2)-
Prorosition 4.2.2. — Take nonzero 3 € lg(s g such that

HF o,y € Masp(4),ord DR espia) loz,2)-

Given S = [b% béz] € Sym,y(Q)so and A € Homcont(U{X\A%f,AéspM)) extending

Wz, = wa, where KX = Q(v/—detS), there exists

Foz.2).5.0 € Masp(),ord @, Fo.2)

such that for v € 0(%,%')(Q,) as in Proposition 4.2.1 and not a pole of I,

Z B;A(‘P)Sﬁ

Foz.m) A7) = 2711‘41—@2“13(%7 hs) Plog)

PESGSp(4),a
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Proof. We follow the method in [HY?24, §10.2] to construct the desired Fy(2,%/),s,a
from the Fy(z %) in Proposition 4.2.1. Fix ¢ > 0 such that p°as € Ox and an open
compact subgroup U C A" such that A factors through the quotient by U%.. Given
a positive integer n, we let

UIK,p,n = Z; (1 +pn+czpa5>7 UIK,TL = U%Ux,p,na
and
P Masp(a) — O[TéSp(4)(Z/an):|
be the natural projection induced by Tésp(4)(2p) — Tésp(4)(Z/p”Z). Put

loz.2).n = lo(z.2) DK 5o, 000 © [ Tésp)(Z2/0"2) ].

Then p, naturally induces p, : lgz,.2) — lo(®,2')n Taking the g-expansion of the
second factor at [A D] € GSp(4,Aq,r) and taking the coefficient indexed by S gives
a map

eqexps (5 [ p]) + Masp(a).ord @5 o) Masp(a),ord — Masp(a)-

Define 0, € MGSp(4),ord ®KGS]’)(4) |9(557=@’)»n as

. p? n+c
Z Pn ()\"c . A(3)71 Eg-exp,S <:H:ff0(33,33’)5 [ =@ tzs(?)] [ ' 1 } >> [3]7

p
3€9<XAS,f\A;<<1f/U5K,” p

with A equal to the product of wg ,(p) and the eigenvalue of the U,-operator associ-
p

ated to [ ! o1 } corresponding to §(#,#'). For y € Z,,, we have
1
1s(1+ p"yas)

1 prtey (1+p" yas)(L+p™+eyas)
— —p"Teyasas 1
y 1l

1 p"Teyasas

(1+p"Teyas)(1+p"yas)

and

2 (5(1+ n+ca )) p n+l+c
Pn (Eq—exp,5< Z %?0(56,@/)7 |: s P sY tls(§(1+12n+casy))i| |: P 1 :|

yeZ/p P
n+c

) Lp™y p n+l4c
:p"<5"'e""’s(zH?"@M”’[Sm%(wﬂ o H pl] >>

n+c
yeZ/p -

Pty 1 P
. p2 nterly P2
= pn <5q-exp,s< Z HF o2, [ o) %S(g)} [ 71 L [ Yy } [ " L))

yEZ/p P —yl P
_ 15(3) P2 n—+c
o s [ )
from which it follows that
pn(@n+1) =0,.
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Therefore, the ©,,’s define an element © € Masp(4),0rd DX s @ lo(,%')- Notice that
P

for ordinary ¢ invariant under {g € GSp(4,Z,) : g mod p™ € Ugsp)(Z/p™)}, B;A(gp)
can be computed with my = n + ¢,me = 0 in (3.3.7). Then from the definition of
©,,’s, we see that up to a scalar, ('O gives the desired Fo(»,2),5,A- O

Prorosition 4.2.3. — Suppose that €1 is primitive and f € Mqr(2),0ra 95 the Hida
family corresponding to ¢, normalized such that the first Fourier coefficient is 1. Then

/ . S, S,
(421) ,U/%lﬁe(u@’u@/) =C det823z 1fo . LQB,%L%,@/ . ?9(53753/)7st

Proof. — Tt suffices to check that in the setting of Theorem 3.3.1 with %3 = 6(%#, #'),
the evaluations of both sides agree at all (k,z) with ¢; = ¢y = £. It follows from
Propositions 4.2.1, 4.2.2 that

RHS(k,z) = c\/(mg%*lfx,cfx . 9—30—1;+1
D% (k+30/2,04 x my x x) D® (k +30/2, 7, X ol % w;fw;,:ﬂ X X)
P(fz, fz)

X

)

Bl
% Z ;,(A(‘P))‘P
PESGSp(4),x Lahe

where f, denotes the specialization of f at x. Note that when II, = (%, %#).,
the L-function for II, decomposes as the product of L-functions for o, and

1/2 —1/2
ol ® wgé W, 24 det, and we have
.

DS(S,H;E X Ty X X) = D% (8,04 X T X X) DS(S,TI'x X ol X w212 X)-

Ox o

Hence,

RHS(k, x)

Bi
= cVdet S27%+%* . D (k + 3; I, x m, X X) N EXI 3 s.A(@)e

P(f@?fﬂ?) WeyGSp(4),w P(@’@)

which equals exactly ,u%l 0(%.2) by the formula in Theorem 3.3.1. ]

43 THE FOUR-VARIABLE P-ADIC L-FUNCTION AND ITS INTERPOLATION FORMULA 1]

With Proposition 4.2.3, we can deduce a formula for the Archimedean zeta
Io(k, Dy 0y, Doy Aso) appearing in the interpolation formula in Theorem 3.3.1 and
finish the proof of Theorem 1.1.

Proofof Theorem 1.1.. — We choose Kgy 5y, Késpa
B, A of tame level KéL(Q) such that Spec(Tagp(4),ora) has an irreducible com-
ponent 6(A,%'). With such a choice, we can further choose S and A such that
Fo(#,2,s,a 7 0. (By the interpolation property of Fy(z %) a in Proposition 4.2.2,
to show the existence of such a S and A, it suffices to show that there exists =

and primitive Hida families

satisfying the conditions there for which B; Alw) # 0 for some ¢ € FGgp),.- Take
an x with corresponding weight (£1,£2), £1 > £ > 0 and ¢ € FGgp(4),»- One
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can choose S, A such that the usual Bessel period Bsa(p) # 0. Then by [Liu23,
Prop. 2.7.1], we know that B;A(@) # 0.) Then we can choose the finite set .S such that
the conditions in Section 3.1 is satisfied. By the primitivity of % and our assumption
on KéL(2) made at the beginning of Section 4.1, fc # 0. Hence, both sides of the
identity in Proposition 4.2.3 are nonzero elements in Mgsp(4),0rd ®/~\GSP(4) Fo 2,2
(There are many interpolation points corresponding to s belonging to the absolute
convergence range, at which one can check that the evaluations are nonzero.)

Let (k,x) be a point of Homeont (QX\ASJ/UP,GZ) X6 (Gp) x 0(A, %')(Gp) as in
Theorem 3.3.1 with @2 = 6(%, A’). Then, for the evaluations of both sides of (4.2.1)
at (k,x), we have

b—ly—lr—1 0 B;A(SO)QO
RHS(k,z) = C\/CRZF’i_lfm,cfx L9 t—li—lr—1,0+1 Z Dsalp)yp

P
peFomm L (#:)
DS (k‘ + 7“%-%2 ,Op X Ty X X) DS (k‘ + 7“'%%2 , T X 00 X wiiQw;;N X X)
X
P(fo, fa)
by the interpolation properties of Lf;i*(gl , L%*gg,, Fo(s,%,s,n, and
t
Im(ka.Dzl,ZQaiDZaAoo) BS,A(SD)SO

LHS(k,x) =" 7 ™2 f o fo -
Eoo (k + BEEL Dy, 4, x Dy x X) gaeycspwf(% 2

1/2 —1/2
Ds(k—i—%’awxwwxX)DS(k—i—%mwxa;xwgi wg,/ xx)

P(f2: fz)

X

by Theorem 3.3.1. It follows that

(4.3.1) Iso(k,Dey 0y, Doy Aso)
=Cv det52_5_&_&4_22{_74[\’14_“\'2 QOIS (k + (g +0 + 62)/2a 'Dh,fz X Dy X X>7

for all (k,¢,¢1,02) which equals the algebraic part of the projection of an arith-
metic (k,z) to the weight space such that = is not a pole of either side of(4.2.1)
and RHS(k, z) and LHS(k, x) are nonzero.

Since we have made the choices such that both sides of (4.2.1) are nonzero, the
points for which the weight projection map (3.1.1) is not étale at  or LHS(k,z) =
LHS(k,2) = 0 are not Zariski dense. For any (k,¢,¢1,¢5) satisfying (1.2), the clas-
sical points (k,2) whose projections to the weight space has algebraic part equal to
(k, €, 01,05) are Zariski dense, so there exist (k,2) which satisfies the conditions for
the above comparison to deduce (4.3.1) for the given (k,/,¢1,¢2). Thus, (4.3.1) is
true for all (k, ¢, ¢1, ) satisfying (1.2). Plugging it into the interpolation formula in
Theorem 3.3.1 shows that

Lél,%z,ﬁl,ﬁz = (C det S)_l 2_2 . Eq—expﬁhﬁz (l,L(Sghch)

is the desired p-adic L-function. O
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Remark 4.3.1. With (1.2), the interpolation formula for the one-variable cyclo-
tomic p-adic L-function Lﬁm in [Liu23, Th.1.0.1] with an uncomputed Archimedean
zeta integral becomes

B;A ((pord) WC(ford)
P(Saord7 @ord) P(forda ford)
Eoo (k,TUx 7 % X)Ep(k, T x 7 x x) - LS (k, T X 7 x ),

Lﬁﬂ(()d : |k)p.adic) — cVdet S2 - t—tat2l—raatraz

£y + £y + ¢ even,
Eoo(k+1/2,TTx 7 x ) Ep(k +1/2,TTx 7 x x) - L5 (k +1/2,T1 x 7 x X),
161 +£2 +£ Odd,

with (k, x) satisfying the conditions in loc. cit.
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