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p-ADIC L-FUNCTIONS FOR GSp(4)×GL(2), II

by Zheng Liu

Abstract. — We construct a four-variable p-adic L-function for cuspidal Hida families on
GSp(4) × GL(2) and prove a complete interpolation formula for it. The Archimedean zeta
integrals are computed by using a partial interpolation formula for the four-variable p-adic
L-function, combined with Yoshida lifts and some previously constructed p-adic L-functions—
specifically Kubota–Leopoldt p-adic L-functions, Rankin–Selberg p-adic L-functions, and
p-adic (standard) L-functions for Sp(4).

Résumé (Fonctions L p-adiques pour GSp(4)×GL(2), II). — Nous construisons une fonction L

p-adique à quatre variables pour les familles de Hida cuspidales sur GSp(4) × GL(2) et en
démontrons une formule d’interpolation complète. Les intégrales zêta archimédiennes sont cal-
culées à l’aide d’une formule d’interpolation partielle pour la fonction L p-adique à quatre
variables, combinée à des relèvements de Yoshida et à certaines fonctions L p-adiques déjà
construites auparavant — notamment les fonctions L p-adiques de Kubota-Leopoldt, les fonc-
tions L p-adiques de Rankin-Selberg et les fonctions L p-adiques (standard) pour Sp(4).
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1. Introduction

In this paper, we generalize the construction of the cyclotomic-variable p-adic
L-functions for GSp(4) × GL(2) in [Liu23] to construct four-variable p-adic L-func-
tions for Hida families on GSp(4) and GL(2). (The weights included in the inter-
polation range satisfy the condition (1.1).) By exploiting the existence of the four-
variable p-adic L-functions and their partial interpolation properties, we calculate the
Archimedean zeta integrals in Furusawa’s formula for holomorphic discrete series of
general vector weights. This calculation yields a complete interpolation formula for
the p-adic L-functions constructed in loc. cit. and this paper.

We describe the setting for stating the main theorem. Fix an odd prime p and an
isomorphism Qp

∼= C. Let F be a sufficiently large finite extension of Qp and O be
its ring of integers. For G = GL(2),GSp(4), let ΛG be the Iwasawa algebra for G
over O defined in (2.2.1), and TG,ord be the Hecke algebra acting on the ΛG-module of
Hida families on G of tame level Kp

G (chosen as in Section 3.1). Given geometrically
irreducible components

C1 ⊂ Spec(TGL(2),ord), C2 ⊂ Spec(TGSp(4),ord),

denote by IC1 , IC2 their coordinate rings and by FC1 , FC2 their function fields. We con-
struct the (imprimitive) p-adic L-function for C1,C2 and verify its interpolation prop-
erties, without uncomputed local zeta integrals, as predicted by Coates and Perrin-
Riou [CPR89, Coa91] when the weight ℓ of the specialization of C1 and the weight
(ℓ1, ℓ2) of the specialization of C2 belong to the region

(1.1) min{−ℓ1 + ℓ2 + ℓ, ℓ1 + ℓ2 − ℓ} ⩾ 3,

(which is the region (D) in the convention of [LR25]). The constructed p-adic L-func-
tion is an element in

Meas
(
Q×\A×

Q,f/U
p, IC1⊗̂IC2

)
⊗IC1

⊗̂IC2
(FC1⊗̂FC2),

where Up is a certain open compact subgroup of (Ap
Q,f )

×, and

Meas
(
Q×\A×

Q,f/U
p, IC1

⊗̂IC2

)
denotes the IC1

⊗̂IC2
-module of IC1

⊗̂IC2
-valued p-adic measures on Q×\A×

Q,f/U
p

(namely continuous Zp-linear maps from the space of all Zp-valued continuous
functions on Q×\A×

Q,f/U
p, equipped with the topology of uniform convergence,

to IC1⊗̂IC2).

Theorem 1.1. — Given Hida families C1,C2 on GL(2),GSp(4) and the auxiliary data:

– S =

[
a b/2

b/2 c

]
∈ Sym2(Q)>0,

– a p-adically continuous Hecke character Λ : K×\A×
K,f → Λ×

GSp(4) with K =

Q(
√
−detS), such that Λ|A×

Q
= ωC2

, the central character associated to C2,
– a finite set S of places of Q containing p,∞ such that everything is unramified

outside S, (see Section 3.1 for the precise condition on S),

J.É.P. — M., 2026, tome 13
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– an open subgroup Up of Ẑp,× =
∏

v ̸=∞,p Z×
v containing

∏
v/∈S Z×

v ,
taking β1 ∈ Q>0, β2 ∈ Sym2(Q)>0, there exists a four-variable p-adic L-function

LS
C1,C2,β1,β2

∈ Meas
(
Q×\A×

Q,f/U
p, IC1⊗̂IC2

)
⊗IC1

⊗̂IC2
(FC1⊗̂FC2)

∼= (IC1
⊗̂IC2

)JQ×\A×
Q,f/U

pK⊗IC1
⊗̂IC2

(FC1
⊗̂FC2

)

satisfying the interpolation property:

LS
C1,C2,β1,β2

(κ, x) = 2−ℓ−ℓ1−ℓ2iℓ
∑

f∈SGL(2),x

fcfβ1

P(f, f)

∑
φ∈SGSp(4),x

B†
S,Λ (φ)φβ2

P(φ,φ)

× E∞

(
k +

ℓ+ ℓ1 + ℓ2
2

,Πx × πx × χ
)
Ep

(
k +

ℓ+ ℓ1 + ℓ2
2

,Πx × πx × χ
)

× LS
(
k +

ℓ+ ℓ1 + ℓ2
2

,Πx × πx × χ
)
,

where
– x ∈ C1(Qp)×C2(Qp) is a point at which the weight projection map (3.1.1) is étale

with arithmetic image

(τ, (τ1, τ2)) = ((ℓ, ξ), (ℓ1, ℓ2, ξ1, ξ2)) ∈ Homcont

(
T 1
GL(2)(Zp)× T 1

GSp(4)(Zp),Q
×
p

)
,

and κ = (k, χ) is an arithmetic point in Homcont

(
Q×\A×

Q,f/U
p,Q

×
p

)
, (see Section 3.1.1

for some of the notations), such that

(1.2)
−min{−ℓ1 + ℓ2 + ℓ, ℓ1 + ℓ2 − ℓ}

2
+ 2 ⩽ k +

ℓ1 + ℓ2 + ℓ

2

⩽
min{−ℓ1 + ℓ2 + ℓ, ℓ1 + ℓ2 − ℓ}

2
− 1,

(when min{−ℓ1 + ℓ2 + ℓ, ℓ1 + ℓ2 − ℓ} ⩾ 3, s = k+ (ℓ+ ℓ1 + ℓ2)/2 for such k’s are all
the critical points for the L-function L(s,Πx × πx × χ)),

– SGL(2),x (resp. SGSp(4),x) is an orthogonal basis (with respect to the modified
Petersson inner product defined in (3.3.5), (3.3.6)) of the space spanned by ordinary
cuspidal holomorphic forms on GL(2) of weight ℓ and tame level Kp

GL(2) (resp. GSp(4)

of weight (ℓ1, ℓ2) and tame level Kp
GSp(4)) with nebentypus at p given by (3.1.3), belong-

ing to the Hecke eigenspace parameterized by x,
– πx (resp. Πx) is any unitary cuspidal irreducible automorphic representation

of GL(2,AQ) (resp. GSp(4,AQ)) inside the representation generated by SGL(2),x

(resp. SGSp(4),x) twisted by a real power of |det |,
– the factors Ep, E∞ are the modified Euler factors for p-adic interpolation (see

(3.3.2), (3.3.4) for the precise formula),
– fc, fβ1

(resp. φβ2
) denote the Fourier coefficient of f indexed by c, β1 (resp. of φ

indexed by β2), the modified Petersson inner products P(f, f),P(φ,φ) are defined as
in (3.3.5), (3.3.6),

– Λ is the classical Hecke character corresponding to the specialization of Λ at
(τ1, τ2), and B†

S,Λ(φ) is the Bessel period with a modification at p. (See (3.3.7) and
[Liu23, §2.2.1] for the precise definition.)

J.É.P. — M., 2026, tome 13



1032 Z. Liu

Given a Hecke eigensystem corresponding to an x as in the above theorem, if Πx,p

does not belong to IIa or IVa in the classification in [RS07] (in particular if Πx,p is
unramified or isomorphic to a principal series inducing sufficiently ramified characters
or Πx,∞ is not of scalar weight), then one can choose (S,Λ), c, β1, β2 and rearrange
the tame level Kp

GL(2) if necessary such that the factor∑
f∈SGL(2),x

fcfβ1

P(f, f)

∑
φ∈SGSp(4),x

B†
S,Λ (φ)φβ2

P(φ,φ)

in the interpolation formula is nonzero (cf. the end of [Liu23]). Then by Proposi-
tion 4.2.2, we also know that this factor does not vanish in a neighborhood of that
given Hecke eigensystem in the Hida family. If Πx,p belongs to IIa or IVa, then more
work is needed to check whether (S,Λ), c, β1, β2 can be chosen such that the factor is
nonzero.

We make some remarks on comparisons between our results and other related works
on p-adic L-functions for GSp(4)×GL(2). For weights in the region (1.1) considered in
this paper, a one-variable p-adic L-function (with ℓ = ℓℓ = ℓ2 = −k−1) is constructed
in [Aga07], and a three-variable p-adic L-function with

k +
ℓ1 + ℓ2 + ℓ

2
=

min{−ℓ1 + ℓ2 + ℓ, ℓ1 + ℓ2 − ℓ}
2

− 1,

is constructed in [LR25], and a one-variable cyclotomic p-adic L-function is con-
structed in [Liu23]. For weights in a different region where −ℓ1 + ℓ2 + ℓ ⩽ 1 (which is
the region (F) in the convention of [LR25]), a one-variable cyclotomic p-adic L-func-
tion is constructed in [LPSZ21], a three-variable p-adic L-function is constructed
in [LZ21], and a four-variable p-adic L-function is constructed in [GR24]. (In all
the previous constructions, the interpolations formulas are less complete than the
one we prove in Theorem 1.1. They include unramified conditions at p or condi-
tions at ramified places away from p or uncomputed local zeta integrals.) The con-
structions in [Aga07, Liu23] start with the same automorphic integral as we uti-
lize in this paper, i.e., Furusawa’s formula recalled in Section 2.3. The constructions
in [LPSZ21, LZ21, LR25, GR24] start with a different automorphic integral involv-
ing globally generic (non-holomorphic) automorphic forms on GSp(4) and Eisenstein
series on GL(2). The constructions in [LPSZ21, LZ21, LR25] are motivated by study-
ing Euler systems for GSp(4) × GL(2) constructed from Siegel units for modular
curves. One major motivation for our construction is studying congruences between
Yoshida lifts and other cuspidal automorphic representations on GSp(4).

The main focus of [Liu23] is a complete computation of local zeta integrals at p in
Furusawa’s formula for p-adic interpolation under the ordinarity assumption. One of
the main aspects here is the computation of Archimedean zeta integrals in Furusawa’s
formula for all holomorphic discrete series of weights satisfying (1.1). Such compu-
tation is crucial for studying algebraicity of critical values for L(s,Π × π) and have
been extensively studied in [Fur93, PS09, Sah09, Pit11, Sah10, Mor14, Mor18]. Before
[Mor18], the Archimedean zeta integrals have only been computed for holomorphic
discrete series of scalar weights. For general vector weights, the computation achieved

J.É.P. — M., 2026, tome 13



p-adic L-functions for GSp(4)×GL(2), II 1033

in [Mor18] is up to Q×. Here, by utilizing the existence of the four-variable p-adic
L-functions, we obtain a quantitative result (4.3.1).

The idea of the computation is to compare two four-variable p-adic L-functions:
one for Hida families of Yoshida lifts (with uncomputed Archimedean zeta integrals
contained in the interpolation formula), and the other one obtained as a product
of Rankin–Selberg p-adic L-functions constructed in [Hid88], and deduce the full
interpolation property of the former based on the later, and then obtain results on
the Archimedean zeta integrals. The main difficulty in this comparison is handling the
periods which are in terms of Petersson norms of Yoshida lifts and modular forms. One
possible approach is to apply Rallis inner product formula. However, for our purpose,
this approach requires precise computation of local zeta integrals at p in Rallis inner
product formula for ramified principal series, which is not currently available. (The
cases treated in [HN18] only include the unramified and Steinberg cases, and are
not exactly the ones needed for p-adic interpolation.) Our strategy is to bypass this
computation by making use of the p-adic standard L-functions for Hida families on
Sp(4) constructed in [Liu20].

Remark 1.2. — At the end of this introduction, we include a few remarks. The first
one is about computing local integrals in Rallis inner product formula. In the com-
putation of local zeta integrals at p for p-adic interpolation, the case of (sufficiently)
ramified principal series is typically easier to handle than the unramified and Stein-
berg cases. However, the Rallis inner product formula seems to follow the opposite
pattern – in an ongoing joint work with Ming-Lun Hsieh, we manage to compute the
unramified and Steinberg cases for p-adic interpolation furthering the computation
in [HN18], but the case of ramified principal series seems more challenging. On the
other hand, our computation here can be used to deduce results in that case.

Another remark is about the use of Hida families of Yoshida lifts. Yoshida lifts
are a special case of functorial lifts, and it is well known that functorial lifts can
be useful for calculating Archimedean zeta integrals. For example, the symmetric
square lifts of modular forms are used in [LW21] for computing Archimedean zeta
integrals for GL(3). Besides functorial lifts, a more crucial ingredient in our approach
for computing Archimedean zeta integrals here is the multi-variable p-adic L-func-
tion for Hida families of functorial lifts. Because of this, comparing periods is the
technical crux in our approach. In contrast, comparing periods are not needed in
loc. cit. because what is essentially computed via functorial lifts there are ratios of
Archimedean zeta integrals at s = 0 and s = j for the same representation and p-adic
families of representations are not needed.

The last remark is about the condition (1.1). The Archimedean sections in our
construction of the Eisenstein measure in Section 3.2 are chosen from a special type
of sections, namely those obtained from applying differential operators to the stan-
dard holomorphic sections for Siegel Eisenstein series. The condition (1.1) ensures the
existence of such sections with nonvanishing Archimedean zeta integrals. To consider
weights in other regions listed in [LR25], one needs to consider more general sections.

J.É.P. — M., 2026, tome 13
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2. Notation and review of Hida theory and Furusawa’s formula

2.1. Notation. — We fix an odd prime number p, an isomorphism Qp
∼= C, and a

sufficiently large finite extension F of Qp. Denote by O the ring of integers of F .
We use v to denote a place of Q. We fix the additive character

ψAQ =
⊗
v
ψv : Q\A −→ C×, ψv(x) =

{
e−2πi{x}v if v ̸=∞,
e2πix if v =∞,

where {x}v is the fractional part of x, i.e., {x}v ∈ Q ∩ [0, 1) with x− {x}v ∈ Zv.
Given a positive integer n, denote by 1n the identity matrix of size n, and define

the algebraic group GSp(2n) over Z as

GSp(2n,R) =
{
g ∈ GL(2n,R) : tg

[
0 1n

−1n 0

]
g = νg

[
0 1n

−1n 0

]
, νg ∈ R×

}
(2.1.1)

for all Z-algebra R. Given an imaginary quadratic field K, define the algebraic group
GU(n, n) over Z as

(2.1.2) GU(n, n)(R)

=
{
g ∈ GL(2n,OK ⊗R) : tg

[
0 1n

−1n 0

]
g = νg

[
0 1n

−1n 0

]
, νg ∈ R×

}
,

where for α ∈ K, α denotes its image under the nontrivial element in Gal(K/Q).
Given g ∈ GSp(2n) or GU(n, n), we call the νg in (2.1.1)(2.1.2) the similitude of g.
In this paper, we will work with GSp(4),GSp(2) = GL(2),GU(3, 3),GU(1, 1).

Fix the following maximal torus of GSp(2n), GU(n, n):

TGSp(2n) =
{
diag(a1, . . . , an, νa

−1
1 , . . . , νa−1

n ) ∈ GSp(2n)
}
,

TGU(n,n) =
{
diag(a1, . . . , an, νa

−1
1 , . . . , νa−1

n ) ∈ GU(n, n)
}
,

and Siegel parabolic subgroups

(2.1.3)
QGSp(2n) =

{[
A B
0 νtA−1

]
∈ GSp(2n)

}
,

QGU(n,n) =
{[

A B

0 ν
t
A

−1

]
∈ GU(n, n)

}
,

where the matrices are written in n × n blocks. Denote by MGSp(2n) ⊂ QGSp(2n),
MGU(n,n) ⊂ QGU(n,n) the Levi subgroups. Let

T 1
GSp(2n) = TGSp(2n) ∩ Sp(2n), T 1

GU(n,n) = TGU(n,n) ∩U(n, n),

M1
GSp(2n) =MGSp(2n) ∩ Sp(2n), M1

GU(n,n) =MGU(n,n) ∩U(n, n),

where Sp(2n) (resp. U(n, n)) is the subgroup of GSp(2n) (resp. GU(n, n)) consisting of
elements with similitude 1. We identify M1

GSp(2n),M
1
GU(n,n) with GL(n),GL(n)/K via

A 7−→
[
A

tA−1

]
, A 7−→

[
A

t
A

−1

]
.

J.É.P. — M., 2026, tome 13
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Denote by
UM1

GSp(2n)
⊂M1

GU(n,n), UM1
GU(n,n)

⊂M1
GU(n,n)

the subgroup whose elements are upper triangular with diagonal entries being 1 under
the above identification. Let

UGSp(2n) =
{[

A B
0 νtA−1

]
∈ QGSp(2n) : A ∈ UM1

GSp(2n)

}
,

UGU(n,n) =
{[

A B

0 ν
t
A

−1

]
∈ QGU(n,n) : A ∈ UM1

GU(n,n

}
.

For all Z-algebras R, we use Hern(OK ⊗ R) (resp. Symn(R)) to denote the set of all
n× n matrices σ with entries in OK ⊗R (resp. R) satisfying tσ = σ (resp. tσ = σ).

Given a character θ : Q×
p → C× or a character Θ : K×

p → C×, we let

(2.1.4) θ◦ = 1Z×
p
· θ, Θ◦ = 1O×

K,p
·Θ.

Given a Hecke character Θ : K×\A×
K → C×, we let

ΘQ = Θ|A×
Q
.

We will use triv to denote the trivial character.

2.2. Review of Hida theory. — We recall some constructions and results in Hida
theory for symplectic groups. (We will use it for GSp(4) and GSp(2) = GL(2).) See
[Hid02]or [Liu20, §6.1] for details.

For G = GSp(2n), define the Iwasawa algebra

Λ̃G = OJT 1
G(Zp)K, ΛG = OJT 1

G(1 + pZp)K ∼= OJT1, T2, . . . , TnK.(2.2.1)

Fix a neat open compact subgroup Kp
G ⊂ G(A

p
Q,f ). Let YG denote the Shimura variety

for G of level Kp
GG(Zp) defined over O. Let TG,ℓ,m denote the ℓ-th layer of the Igusa

tower over Z/pmZ, which is an M1
G(Z/p

ℓ)-étale cover of the ordinary locus YG,ord,
and T tor

G,ℓ,m be a smooth partial toroidal compactification of TG,ℓ,m (with respect to a
chosen polyhedral cone decomposition) with boundary C. (See [Hid02, §§2.1, 3.1, 3.2].)
Put

VG,ℓ,m = H0
(
T tor

G,ℓ,m,OTG,ℓ,m
(−C)

)U
M1

G
(Zp) ,

and

VG = lim←−
m

lim−→
ℓ

VG,ℓ,m, VG = lim−→
m

lim−→
ℓ

VG,ℓ,m.

The group T 1
G(Zp) naturally acts on these spaces, and they are all naturally modules

over Λ̃G and ΛG.
For a tuple of integers m : m1⩾m2⩾ · · ·⩾mn⩾0 and m0⩾0, an operator UG

p,m,m0

(corresponding to diag(pm1+m0 , . . . , pmn+m0 , p−m1 , . . . , p−mn)) on VG,ℓ,m is defined.
We call these operators Up-operators. Put UG

p = UG
p,m,0 with m = (n, n − 1, . . . , 1).

As operators on VG,ℓ,m, the limit

eGord = lim
r→∞

(
UG
p

)r!
J.É.P. — M., 2026, tome 13
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exists [Hid02, Th. 1.1 (3)][Liu20, §6.1.3], and is called the ordinary projector. Let

VG,ord = eGordVG, VG,ord = eGordVG, V ∗
G,ord = Hom(VG,ord, F/O).

The Λ̃G-module of Hida families of cuspidal p-adic automorphic forms on G of tame
level Kp

G is defined to be

MG,ord = HomΛ̃G
(V ∗

G, Λ̃G).

For each p-adic weight τ ∈ Homcont

(
T 1
G(Zp),Q

×
p

)
, there is a natural map

(2.2.2) VG,ord[τ ] −→ HomO

(
Hom(VG,ord,O)/Pτ , Λ̃G/Pτ

)
−→ HomO

(
Hom(VG,ord, F/O)/Pτ , Λ̃G/Pτ

)
−→MG,ord ⊗Λ̃G

Λ̃G/Pτ ,

where Pτ is the prime ideal of Λ̃G corresponding to τ .

Theorem 2.2.1 ([Hid02, Th. 1.1]). — MG,ord is free over ΛG of finite rank. The map
(2.2.2) is an isomorphism. If τ is algebraic and sufficiently regular, then

VG,ord[τ ] = eGordH
0
(
Y tor
G , ωτ (−C)

)
,

where ωτ is the automorphic vector bundle of weight τ over a toroidal compactification
of YG. (The right hand side can be identified with the space of classical holomorphic
automorphic forms on G of weight τ .)

2.3. Review of Furusawa’s formula. — We quickly recall a modification of Furu-
sawa’s formula for L-functions for GSp(4)×GL(2). See [Liu23, §2.1] for details. Take

S =

[
a b/2

b/2 c

]
∈ Sym2(Q)>0,

and let K = Q(
√
−detS), and ηK/Q : Q×\A×

Q → C× be the quadratic character
corresponding to K/Q. Let

αS =
b +
√

b2 − 4ac
2c

, ıS (z) =

[
αS 1

αS 1

]−1 [
z

z

] [
αS 1

αS 1

]
for z ∈ K⊗Q R with R any Q-algebra.

Given a Hecke character Ξ : K×\A×
K → C×, denote by Iv(s, χ,Ξ) the degen-

erate principal series on GU(3, 3)(Qv) consisting of smooth functions fv(s, χ,Ξ) :

GU(3, 3)(Qv)→ C such that

fv(s, χ,Ξ)
([

A B
0 D

]
g
)
= Ξv(detA)χv(detAD

−1)|detAD−1|s+3/2
v fv(s, χ,Ξ)(g)

for all g ∈ GU(3, 3)(Qv) and
[
A B
0 D

]
∈ QGU(3,3)(Qv), the Siegel parabolic group defined

in (2.1.3). The Siegel Eisenstein series associated to a section f(s, χ,Ξ) ∈ I(s, χ,Ξ) =⊗′
v Iv(s, χ,Ξ) is defined as

ESieg(g; f(s, χ,Ξ)) =
∑

γ∈QGU(3,3)(Q)\GU(3,3)(Q)

f(s, χ,Ξ)(γg).
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Let π be an irreducible cuspidal automorphic representation of GL(2,AQ). By tak-
ing a Hecke character Υ : K×\A×

K → C× with ΥQ equal to the central character of π,
for every f ∈ π, we can extend it to an automorphic form fΥ on GU(1, 1) by

(2.3.1) fΥ(ag) = Υ(a)f(g), a ∈ A×
K, g ∈ GL(2,AQ).

Then πΥ = {fΥ : f ∈ π} is an irreducible cuspidal automorphic representation of
GU(1, 1). Denote the Whittaker period of f ∈ π with respect to ψAQ,c (defined as
ψAQ,c(x) = ψAQ(cx)) by Wc(f), and define the function Wc(f) on GL(2,AQ) as

Wc(f)(g) =Wc(g · f).

Let Π be an irreducible cuspidal automorphic representation of GSp(4,AQ), and
Λ : K×\A×

K → C× be a Hecke character such that ΛQ equals the central character
of Π. Then for φ ∈ Π, one can define its global Bessel period BS,Λ(φ) with respect
to S,Λ (and ψ) as recalled in [Liu23, §2.2.1]. We also define the function BS,Λ(φ) on
GSp(4,AQ) as

BS,Λ(φ)(g) = BS,Λ(g · φ).

Define GSp(4)×GL(1)GU(1, 1) as {(g, h) ∈ GSp(4)×GU(1, 1) : νg = νh}, and sim-
ilarly define GU(2, 2) ×GL(1) GU(1, 1). Denote by ı : GU(2, 2) ×GL(1) GU(1, 1) ↪→
GU(3, 3) the embedding

([
A B

C D

]
,

[
a b

c d

])
7−→


A B

a b

C D

c d

 .
Let R′

S ⊂ GSp(4)×GL(1) GU(1, 1) be the subgroup{([
ıS(z)

tıS(z)

][
12 X

12

]
, z · 12

)
: z ∈ ResK/Q GL(1), X ∈ Sym2

}
.

Put

ηS =


1

αS 1

1 −αS

1

 ∈ GU(2, 2)(Q), S =



1

1

1

1

1 1

1 1


∈ GU(3, 3)(Q).

The following formula is proved in [Liu23, Th. 2.1.1] by combining Furusawa’s for-
mula [Fur93] and Garrett’s generalization of the doubling method [Gar89].

Theorem 2.3.1. — Assume that ΞΛcΥc = triv and S is a subset of places of Q con-
taining ∞ such that at all v /∈ S,

– π,Π,Υ,Ξ, χ, f(s, χ,Ξ) are all unramified and φ, f are invariant under the action
by GSp(4,Zv),GU(1, 1)(Zv),

– S =
[ a b/2

b/2 c

]
belongs to M2(Zv) with c ∈ Z×

v and b2 − 4ac = disc(Kv/Qv).
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Then∫
[GSp(4)×GL(1)GU(1,1)]

ESieg
(
ı(g, h); f(s, χ,Ξ)

)
· φ(g) · fΥ(h) Ξ−1(deth) dh dg

=Wc(f) ·BS,Λ(φ) · dS3
(
s+

1

2
,Ξ(χ ◦Nm)

)−1

LS
(
s+

1

2
, Π̃× π̃ × χ

)
×
∏
v∈S

Zv

(
fv(s, χ,Ξ),B

Πv

S,Λv
(φv),W

πv,Υv
c (fv)

)
,

with

dS3
(
s,Ξ(χ ◦Nm)

)
=

3∏
j=1

LS

(
2s+ j,ΞQχ

2ηn−j
K/Q

)
,

and

Zv

(
fv(s, χ,Ξ), ,B

Πv

S,Λv
(φv),W

πv,Υv
c (fv)

)
= BΠv

S,Λv
(φv)(14)

−1Wπv,Υv
c (fv)(12)

−1

×
∫(

R′
S\GSp(4)×GL(1)GU(1,1)

)
(Qv)

fv(s, χ,Ξ)
(
S−1ı(ηS g, h)

)
×BΠv

S,Λv
(φv)(g)W

πv,Υv
c (fv)

([
0 1
−1 0

]
h
)
Ξ−1
v (deth) dhdg,

where Nm denotes the norm map from A×
K to A×

Q , BΠv

S,Λv
(φv) is the element correspond-

ing to φ in the local Bessel model of Πv, Wπv,Υv
c (fv) is the extension to GU(1, 1)(Qv)

via Υv of the element corresponding to f in the local Whittaker model of πv.

In [Liu23], a one-variable cyclotomic p-adic L-function for Π × π is constructed
by using the above integral and interpolating Siegel Eisenstein series when s, χ vary.
(Such a modification of Furusawa’s integral is also used in [Mor14, Mor18].) In the
next section, we let π,Π also vary in Hida families, and construct a four-variable Siegel
Eisenstein family.

3. Four-variable p-adic L-function for GSp(4)×GL(2)

3.1. The setup. — Let S be a finite set of places of Q containing p,∞ and Up be an
open subgroup of Ẑp,× containing

∏
v/∈S Z×

v . We fix tame level groups

Kp
GL(2) =

∏
v/∈S

GL(2,Zv)×
∏

v∈S−{∞}

KGL(2),v, with
[
1 Zv

1

]
⊂ KGL(2),v,

Kp
GSp(4) =

∏
v/∈S

GSp(4,Zv)×
∏

v∈S−{∞}

KGSp(4),v, with
[
12 Sym2(Zv)

12

]
⊂ KGSp(4),v.

Let TGL(2),ord (resp. TGSp(4),ord) be the Hecke algebras acting on the Λ̃GL(2)-module
MGL(2),ord of Hida families of tame level Kp

GL(2) (resp. Λ̃GSp(4)-module MGSp(4),ord of
Hida families of tame level Kp

GSp(4)) consisting of all the spherical Hecke operators
away from S and the Up-operators at p. We have the natural weight projection map

(3.1.1) Spec(TGL(2),ord)× Spec(TGSp(4),ord) −→ Spec(Λ̃GL(2))× Spec(Λ̃GSp(4)).
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Assume that we are given the following data:
– a geometrically irreducible component C1 ⊂ Spec(TGL(2),ord) with central char-

acter
ωC1 : Q×\A×

Q,f −→ Λ×
GL(2),

– a geometrically irreducible component C2 ⊂ Spec(TGSp(4),ord) with central char-
acter

ωC2
: Q×\A×

Q,f −→ Λ×
GSp(4),

plus the auxiliary data:
– an imaginary quadratic field K and a positive definite symmetric form

S =

[
a b/2

b/2 c

]
∈ Sym2(Q)>0

with K = Q(
√
−detS) such that for all v /∈ S,

S ∈ Sym2(Zv), c ∈ Z×
v , 4 detS = disc(Kv/Qv)

– a continuous character Υ : K×\A×
K,f → Λ×

GL(2) extending ωC1
,

– a continuous character Λ : K×\A×
K,f → Λ×

GSp(4) extending ωC2
.

3.1.1. Notation for some p-adic characters. — We identify T 1
GL(2)(Zp), T

1
GSp(4)(Zp)

with Z×
p ,Z

×
p × Z×

p via

a 7−→ diag(a, a−1), (a1, a2) 7−→ diag(a1, a2, a
−1
1 , a−1

2 ).

We denote by τ (resp. (τ1, τ2)) a continuous character

T 1
GL(2)(Zp) −→ Q

×
p (resp. T 1

GSp(4)(Zp) −→ Q
×
p ).

When the characters are arithmetic, i.e.,

τ(x) = xℓξ(x), τi(x) = xℓiξi(x), i = 1, 2

for some integers ℓ, ℓ1, ℓ2 and finite order characters ξ, ξ1, ξ2 of Z×
p , we write

τ = (ℓ, ξ), (τ1, τ2) = (ℓ1, ℓ2, ξ1, ξ2),

and call ℓ (resp. (ℓ1, ℓ2)) the algebraic part of τ (resp. (τ1, τ2)), and ξ (resp. (ξ1, ξ2))
the finite order part. We view τ, τ1, τ2 also as a Qp-valued character of Q×\A×

Q,f/Ẑ
p,×

via the isomorphism Z×
p

∼−→ Q×\A×
Q,f/Ẑ

p,× (induced by the embedding Z×
p ↪→ A×

A,f ).
We denote by κ a continuous character Q×\A×

Q,f/U
p → Q

×
p , and when it is arith-

metic, we write
κ = (k, χ)

with k the algebraic part and χ the finite order part.
In this paper, we call an arithmetic tuple (κ, τ, τ1, τ2) classical if their algebraic

parts satisfy

(3.1.2) −min{ℓ1 + ℓ2, ℓ+ ℓ2}+ 2 ⩽ k ⩽ −max{ℓ1, ℓ} − 1.
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This condition corresponds to

−min{−ℓ1 + ℓ2 + ℓ, ℓ1 + ℓ2 − ℓ}
2

+ 2 ⩽ k +
ℓ1 + ℓ2 + ℓ

2
⩽

min{−ℓ1 + ℓ2 + ℓ, ℓ1 + ℓ2 − ℓ}
2

− 1

equivalent to s = k + (ℓ1 + ℓ2 + ℓ)/2 being a critical point for the degree-8 L-func-
tion L(s,Π× π) with Π∞ (resp. π∞) isomorphic to the holomorphic discrete series of
weight (ℓ1, ℓ2) (resp. ℓ).

3.1.2. Convention on nebentypus at p and central characters. — Given arithmetic τ =

(ℓ, ξ), (τ1, τ2) = (ℓ1, ℓ2, ξ1, ξ2), we use the convention that the classical automorphic
forms on GL(2),GSp(4) contained in VGL(2)[τ ], VGSp(4)[τ1, τ2] have

– weight ℓ, (ℓ1, ℓ2),
– nebentypus such that the right translation of BGL(2)(Zp), BGSp(4)(Zp) acts by

the character

[
a ∗

d

]
7−→ ξ(a),


a1 ∗ ∗ ∗

a2 ∗ ∗
a−1
1 ν

∗ a−1
2 ν

 7−→ ξ1(a1)ξ2(a2),(3.1.3)

– central character equal to the product of a finite order character unramified away
from p and the classical character corresponding to

τ : Q×\A×
Q,f/Ẑ

p,× −→ Q
×
p , τ1τ2 : Q×\A×

Q,f/Ẑ
p,× −→ Q

×
p .

(Note that with this convention, the central characters of classical cuspidal automor-
phic forms in VGL(2)[τ ], VGSp(4)[τ1, τ2] are not necessarily unitary.)

3.2. The Eisenstein measure

3.2.1. The Siegel Eisenstein series and its Fourier coefficients. — For a classical tuple
(κ, τ, τ1, τ2) with κ fixed by Up, put

ESieg
κ,τ,τ1,τ2(g) = |νg|

3
2 (ℓ1+ℓ2+ℓ) ·

∏2
j=0 Γ

(
s+

∣∣k + ℓ+ℓ1+ℓ2
2 − 1

2

∣∣+ 3− j
)

2−6(−2i)6(|k+
ℓ+ℓ1+ℓ2

2 − 1
2 |+ 3

2 ) π3(s+|k+ ℓ+ℓ1+ℓ2
2 − 1

2 |+2)

× dS3
(
s,Λ0Υ0(χ ◦Nm)

)
· ESieg (g; fℓ, ℓ1,ℓ2,ξ, ξ1,ξ2(s, χ,Λ0Υ0))

∣∣∣
s=k+

ℓ1+ℓ2+ℓ
2 − 1

2

,

where Λ0 = Λ | · |−(ℓ1+ℓ2)/2, Υ0 = Υ | · |−ℓ/2 with Λ,Υ the classical characters cor-
responding to the specializations at τ1, τ2, τ of Λ,Υ fixed in Section 3.1, and the
section

fℓ, ℓ1,ℓ2,ξ, ξ1,ξ2(s, χ,Λ0Υ0) ∈
⊗
v
Iv(s, χ,Λ0Υ0)

is chosen as in [Liu23, §3.3]. (For the place p, the η◦Π1,p, η
◦
Π2,p, η

◦
Π3,p in loc. cit. cor-

respond to ξ−1
2 , ξ−1

1 , ξ−1
1 ξ−1

2 here, and η◦πp,1, η
◦
πp,2 in loc. cit. correspond to ξ−1, triv

here. For the Archimedean place, k+ ϵ/2 in loc. cit. correspond to k+(ℓ1 + ℓ2 + ℓ)/2

here.)
Given β ∈ Her3(K) and a nearly holomorphic automorphic form F on GU(3, 3),

we define the β-th polynomial Fourier coefficient of F at gf ∈ GU(3, 3)(AQ,f ) as the
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polynomial Fβ(g) ∈ C[Y ], where C[Y ] denotes the ring of polynomials in entries of
Y = (Yij)1⩽i,ℓ⩽3, such that for z ∈

{
z ∈M3,3(C) | i(tz − z) > 0

}
,

Fβ(gf )
(
Y =

(z − tz

2i

)−1)
· e2πiTrzβ

=

∫
Her3(K)\Her3(AK)

F

([
13 ς

0 13

]
gf

[ (
z−tz
2i

)1/2 z+tz
2

(
z−tz
2i

)−1/2

0
(
z−tz
2i

)−1/2

]
∞

)
ψAQ (−Trβ x) dx.

(The existence of such a polynomial Fβ(g) is implied by the definition of nearly
holomorphic modular forms. See [Shi00, §13.11] or [Liu23, §3.2] for the definition of
nearly holomorphic forms and [Liu19, §2.4] for their interpretations as global sections
of automorphic sheaves over Shimura varieties.) Similarly, one defines polynomial
Fourier coefficients of nearly holomorphic forms on GU(1, 1),GL(2) (resp. GSp(4))
indexed by Q = Her1(K) (resp. Sym2(Q)).

By our choice of the Archimedean component of fℓ, ℓ1,ℓ2,ξ, ξ1,ξ2(s, χ,Λ0Υ0), the
Eisenstein series ESieg

κ,τ,τ1,τ2 is a nearly holomorphic automorphic form on GU(3, 3).
We have the following proposition on its polynomial Fourier coefficients.

Proposition 3.2.1. — For A ∈ GL(2,Ap
K,f ), ν ∈ A×,p

f and β ∈ Her3(K), we have(
ESieg

κ,τ,τ1,τ2

)
β
= 0 unless β > 0, and for β > 0,(

ESieg
κ,τ,τ1,τ2

)
β

([
A

ν
t
A

−1

]p
f

)
(Y = 0) = A(β;κ, τ, τ1, τ2)

([
A

ν
t
A

−1

]p
f

)
· Ck,ℓ,ℓ1,ℓ2(β)

with
(3.2.1) A(β;κ, τ, τ1, τ2)

([
A

ν
t
A

−1

]p
f

)
= ΛΥ(det(ν

t
A

−1
) · (χ| · |k)(det(νA−1tA

−1
))

×
∏

v∤Np∞

h
v,ν−1t

AβA

(
ΛQ,vΥQ,vχ

2
v(ϖv)|ϖv|2k+2

)∏
v|N

FΦvol
v,valv(N)

(
ν−1
v

t
AvβAv

)
× Λ◦−1

p
ξ1(ϱp(β13))ϱp(β13)

−rΛ,2+ℓ1 · Λ◦−1
p ξ1(ϱp(β13))ϱp(β13)

−rΛ,1+ℓ1

× ξ2ξχ◦
p

(β13β23 − β13β23

αS − αS

)(β13β23 − β13β23

αS − αS

)ℓ2+ℓ+k−2

× ξ1ξ2χ◦
p

( (αS − αS)(β12 − β12)

2

)( (αS − αS)(β12 − β12)

2

)ℓ1+ℓ2+k−2

,

and
(3.2.2) Ck,ℓ,ℓ1,ℓ2(β)

=


((

β12−β12

2 det
[
β13 β23

β13 β23

])−1

detβ)

)2k+ℓ1+ℓ2+ℓ−1

if k + (ℓ1 + ℓ2 + ℓ)/2 ⩾ 1/2,

1 if k + (ℓ1 + ℓ2 + ℓ)/2 ⩽ 1/2.

Here, Λ,Υ are the classical characters associated to the specialization of Λ at (τ1, τ2),
Υ at τ , and (rΛ,1, rΛ,2) is the ∞-type of Λ, ϱp, ϱp are embedding of K into Qp inducing
p, p. (See (2.1.4) for the notation superscript ◦ on characters.) FΦvol

v,valv(N) is the
Fourier transform of the Schwartz function defined in [Liu23, §3.3.3], which does not
depend on κ, τ, τ1, τ2.
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Proof. — This proposition is the same as [Liu23, Prop. 3.5.1], aside from a no-
tational difference. The characters η◦Π1,p, η

◦
Π2,p, η

◦
Π3,p in loc. cit. correspond to our

ξ−1
2 , ξ−1

1 , ξ−1
1 ξ−1

2 here, η◦πp,1, η
◦
πp,2 in loc. cit. correspond to our ξ−1, triv here, and

k + ϵ/2,Λ,Ξ in loc. cit. correspond to our k + (ℓ+ ℓ1 + ℓ2)/2, Λ−c
0 ,Λ0Υ0 here. □

3.2.2. The p-adic measure interpolating restrictions of Siegel Eisenstein series. — Given
a compact and totally disconnected topological space Y and a p-adically complete
Zp-module M , we denote by Meas(Y,M) the space of all continuous Zp-linear maps
from C (Y,Zp) to M , where C (Y,Zp) is the space of all continuous Zp-valued functions
on Y equipped with the topology of uniform convergence.

Theorem 3.2.2. — There exists a p-adic measure

µE ∈ Meas
(
Q×\A×

Q,f/U
p,MGL(2),ord⊗̂OMGSp(4),ord

)
such that for all classical (κ, τ, τ1, τ2) = ((k, χ), (ℓ, ξ), (ℓ1, ℓ2, ξ1, ξ2)) with k, ℓ, ℓ1, ℓ2
satisfying (3.1.2), denoting by spτ,(τ1,τ2) the specialization map at τ, (τ1, τ2), we have

spτ,(τ1,τ2) (µE(κ)) = e
GL(2)
ord e

GSp(4)
ord ProjKp

GL(2)
,Kp

GSp(4)

(
ESieg

κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

)
× spτ,(τ1,τ2)(ω

−1
C1
ω−1

C2
◦ detGL(2)).

Here, − |GL(2)×GSp(4) means restriction to GL(2) ×GL(1) GSp(4) followed by exten-
sion by zero to GL(2) × GSp(4), and the projection ProjKp

GL(2)
,Kp

GSp(4)
is defined as∫

Kp
GL(2)

∫
Kp

GSp(4)

translation by (h, g) dhdg.

Proof. — For G = GSp(4),GL(2), denote by Meas
(
T 1
G(Zp), VG,ord

)
the set of p-adic

measures on T 1
G(Zp) valued in VG,ord. The group T 1

G(Zp) acts on it in two ways: via
its action by translation on T 1

G(Zp) and its action on VG,ord. Let

Meas
(
T 1
G(Zp), VG,ord

)♮ ⊂ Meas
(
T 1
G(Zp), VG,ord

)
be the subset on which the two action of T 1

G(Zp) agree and make it a Λ̃G-module.
Unfolding the definition of MG,ord gives a natural map from Meas

(
T 1
G(Zp), VG,ord

)♮
to MG,ord such that for each p-adic weight τ ∈ Homcont

(
T 1
G(Zp),Q

×
p

)
, we have the

commutative diagram

(3.2.3)
Meas

(
T 1
G(Zp), VG,ord

)♮
MG,ord

VG,ord[τ ] MG,ord ⊗Λ̃G
Λ̃G/Pτ

evaluate at τ
(2.2.2)

(cf. [Liu20, §6.1.4]). Therefore, it suffices to show that inside the space,

(3.2.4) Meas
(
(Q×\A×

Q,f/U
p)× T 1

GL(2) × T
1
GSp(4), VGL(2),ord ⊗O VGSp(4),ord

)♮
,
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there exists a p-adic measure µE such that

(3.2.5) µE(κ, τ, (τ1, τ2)) = e
GL(2)
ord e

GSp(4)
ord ProjKp

GL(2)
,Kp

GSp(4)

(
ESieg

κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

)
× spτ,(τ1,τ2)(ω

−1
C1
ω−1

C2
◦ detGL(2))

for all classical (κ, τ, τ1, τ2) = ((k, χ), (ℓ, ξ), (ℓ1, ℓ2, ξ1, ξ2)). The existence of µE can be
shown by p-adic interpolation of Fourier coefficients.

Take sufficiently small tame level group Kp,′
GL(2) ⊂ K

p
GL(2),K

p,′
GSp(4) ⊂ K

p
GSp(4) such

that ESieg
κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

is fixed by Kp,′
GL(2),K

p,′
GSp(4) for all classical (κ, τ, τ1, τ2).

Denote by V ′
GL(2), V

′
GSp(4) the space of p-adic forms of tame levels Kp,′

GL(2),K
p,′
GSp(4).

Thanks to the strong approximation theorem for Sp(4) and SL(2), we can pick
νi ∈ A×,p

Q,f , i = 1, . . . , c1, and ν′j ∈ A×,p
Q,f , j = 1, . . . , c2, such that each connected

component of the Shimura variety for GL(2) × GSp(4) of level Kp,′
GL(2) GL(2)(Zp) ×

Kp,′
GSp(4) GSp(4,Zp) contains a cusp corresponding to

([
12

νi·12

]
,
[ 1

ν′
j

])
for some i, j.

Taking the q-expansions at these cusps gives an injection

(3.2.6) εq-exp : V ′
GL(2)⊗̂OV

′
GSp(4) ↪−→ OJQ>0 × Sym2(Q)>0K⊕c1c2 ,

and the image of εq-exp is closed in OJSym2(Q)>0 × Q>0K⊕c1c2 (for the p-adic
topology). (The q-expansion maps are defined via evaluations at Mumford objects
[FC90, Ch. III], cf. [Hid02, §3.4], [Eis12, §4.2]. The injectivity and the closedness of
the image follows from the irreducibility of Igusa towers [Hid04, Cor. 8.17].) We view
V ′
GL(2)⊗̂OV

′
GSp(4) as a subspace of OJSym2(Q)>0 × Q>0K⊕c1c2 . The Up-operators on

V ′
GL(2)⊗̂OV

′
GSp(4) extend to operators on OJSym2(Q)>0×Q>0K⊕c1c2 . Writing elements

in OJSym2(Q)>0 × Q>0K⊕c1c2 as
∑

i,j,β1,β2
a(i,j)(β1, β2) q

(β1,β2)
(i,j) , with summation over

1 ⩽ i ⩽ c1, 1 ⩽ j ⩽ c2, β1, β2 ∈ Sym2(Q)>0 × Q>0, the extension has the formula

U
GL(2)
p,m3,0

U
GSp(4)
p,m1,m2,0

( ∑
i,j,β1,β2

ai,j(β1, β2) q
(β1,β2)

)
=

∑
x∈Z/pm1−m2Z

∑
i,j,β1,β2

a(i,j)

([
pm1−m2

x 1

]
pm2β1

[
pm1−m2 x

1

]
, p2m3β2

)
q(β1,β2).

On the other hand, letting NG denote the space of classical nearly holomorphic
forms on G = GSp(4),GL(2) over O of all weights, invariant under the right transla-
tion by Kp,′

G UG(Zp), and vanishing along all p-adic cusps, then the unit root splitting
[Kat73, Th. 4.1] gives rise to a map

ıp-adic : NGL(2) ⊗O NGSp(4) −→ V ′
GL(2)⊗̂OV

′
GSp(4),

which is actually an embedding by [Liu19, Prop. 3.12.1]. Moreover, for a nearly holo-
morphic form F on GL(2)×GSp(4), we have

(β1, β2)-coefficient of (i, j)-component of εq-exp (ıp-adic (F ))

= Fβ1,β2

([
12

νi·12

]
,
[ 1

ν′
j

])
(Y = 0).
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It follows that

εq-exp

(
ıp-adic

(
ESieg

κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

))
=

∑
(i,j),(β1,β2)

νi=ν′
j

( ∑
β∈Her3(K)>0

β+β
2 =

[
β1 ∗
∗ β2

]A(β;κ, τ, τ1, τ2)
([

13
νi13

]p
f

)
Ck,ℓ,ℓ1,ℓ2(β)

)
q
(β1,β2)
(i,j)

with A(β;κ, τ, τ1, τ2), Ck,ℓ,ℓ1,ℓ2(β) given by the formulas (3.2.1) and (3.2.2). From
(3.2.1), it is easy to see that for each β and i, j such that νi = ν′j , there exists a p-adic
measure

µ(i,j),β ∈ Meas
(

Q×\A×
Q,f/U

p × T 1
GL(2)(Zp)× T 1

GSp(4)(Zp),O
)

such that for call classical tuples (κ, τ, τ1, τ2),

µ(i,j),β(κ, τ, τ1, τ2) = A(β;κ, τ, τ1, τ2)
([

13
νi13

]p
f

)
.

Define

µE,q-exp ∈ Meas
(

Q×\A×
Q,f/U

p × T 1
GL(2)(Zp)× T 1

GSp(4)(Zp),OJQ>0 × Sym2(Q)>0K⊕c1c2
)

as

µE,q-exp =
∑

(i,j),(β1,β2)
νi=ν′

j

( ∑
β∈Her3(K)>0,

β+β
2 =

[
β1 ∗
∗ β2

]µ(i,j),β

)
q
(β1,β2)
(i,j) .

Observe that Ck,ℓ,ℓ1,ℓ2(β) ≡ 1 mod pm for all β such that β + β ≡ 0 mod pm. Thus,
for all classical (κ, τ, τ1, τ2),

(3.2.7)
(
U

GL(2)
p,1,0 U

GSp(4)
p,2,1,0

)m
µE,q-exp(κ, τ, τ1, τ2)

≡ εq-exp

((
U

GL(2)
p,1,0 U

GSp(4)
p,2,1,0

)m
ıp-adic

(
ESieg

κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

))
mod pm.

At a classical point, because ESieg
κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

belongs to a finite-rank O-mod-
ule of classical nearly holomorphic forms of a certain level on which U

GL(2)
p,1,0 U

GSp(4)
p,2,1,0

acts, the limit

lim
n→∞

(
U

GL(2)
p,1,0 U

GSp(4)
p,2,1,0

)n!
ESieg

κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

exists. It follows that when m = n! with n → ∞, the limit of the right hand side of
(3.2.7) exists. Combining this with the Zariski density of the classical points inside the
weight space Homcont

(
(Q×\A×

Q,f/U
p)×T 1

GL(2)×T
1
GSp(4),Q

×
p

)
, we deduce from (3.2.7)

that the limit

lim
n→∞

(
U

GL(2)
p,1,0 U

GSp(4)
p,2,1,0

)n!
µE,q-exp
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exists and interpolates εq-exp
(
e
GL(2)
ord e

GSp(4)
ord ıp-adic

(
ESieg

κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

))
at all clas-

sical (κ, τ, τ1, τ2). Denote this limit by

e
GL(2)
ord e

GSp(4)
ord (µE,q-exp)

∈ Meas
(

Q×\A×
Q,f/U

p × T 1
GL(2)(Zp)× T 1

GSp(4)(Zp),OJQ>0 × Sym2(Q)>0K⊕c1c2
)
.

Since the classical points are dense in the weight space and the image of (3.2.6) is
closed, this limit must come from the q-expansion of a p-adic measure valued in p-adic
forms, i.e., there exists

µ′
E ∈ Meas

(
(Q×\A×

Q,f/U
p)× T 1

GL(2) × T
1
GSp(4), V

′
GL(2),ord ⊗O V

′
GSp(4),ord

)
,

such that
εq-exp(µ

′
E) = e

GL(2)
ord e

GSp(4)
ord (µE,q-exp).

Moreover, by knowing that the evaluation of µ′
E at all classical points (κ, τ, τ1, τ2) has

weight τ, (τ1, τ2), we deduce that the two natural actions of T 1
GL(2) × T

1
GSp(4) on µ′

E

agree with each other, and

µ′
E ∈ Meas

(
(Q×\A×

Q,f/U
p)× T 1

GL(2) × T
1
GSp(4), V

′
GL(2),ord ⊗O V

′
GSp(4),ord

)♮
.

Then µE = ProjKp
GL(2)

,Kp
GSp(4)

(µ′
E) ·ω

−1
C1
ω−1

C2
◦detGL(2) is the desired measure satisfying

(3.2.5). □

3.3. The four-variable p-adic L-function and its interpolation formula I

3.3.1. Hida families and idempotent operators. — Let FC1
, FC2

be the function fields of
the irreducible components C1,C2 fixed in Section 3.1. Then the maps Λ̃GL(2) → FC1

,
Λ̃GSp(4) → FC2

factors through projections Λ̃GL(2) → ΛGL(2), Λ̃GSp(4) → ΛGSp(4)

induced by characters of T 1
GL(2)(Z/pZ) and T 1

GSp(4)(Z/pZ). We view FC1
as an algebra

over ΛGL(2) and FC2
as an ΛGSp(4)-algebra through these factorizations.

Denote by IC1 , IC2 the integral closures of ΛGL(2),ΛGSp(4) inside FC1 , FC2 . The
universal ordinary Hecke algebras TGL(2),ord,TGSp(4),ord are known to be reduced.
Therefore, we have

TGL(2),ord ⊗ FC1
= FC1

⊕RC1
, TGSp(4),ord ⊗ FC2

= FC2
⊕RC2

as FC1-algebras and FC2-algebras such that the projection onto the first factor agrees
with the natural maps TGL(2),ord → IC1

, TGSp(4),ord → IC2
. Let

1C1
∈ TGL(2),ord ⊗ FC1

, 1C2
∈ TGSp(4),ord ⊗ FC2

(3.3.1)

be the idempotent associated to the first factor in the above decomposition.

3.3.2. The modified Euler factors at p and∞. — We let

λGL(2),0,1 ∈ I×C1
, λGSp(4),0,0,1, λGSp(4),1,0,0 ∈ I×C2

denote the eigenvalues of the Up-operators associated to [ p 1 ] ,

[ p
p
1
1

]
,

[ p
1
p−1

1

]
.
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Given a point x ∈ C1(Qp)×C2(Qp) where the weight projection map (3.1.1) is étale
and the image of x is an arithmetic tuple (τ, τ1, τ2) = (ℓ, ξ, ℓ1, ξ1, ℓ2, ξ2), we let

SGL(2),x (resp. SGSp(4),x)

be an orthogonal basis (with respect to the modified Petersson inner product defined
in (3.3.5), (3.3.6)) of the space spanned by ordinary cuspidal holomorphic forms on
GL(2) of weight ℓ, tame level Kp

GL(2) (resp. GSp(4) of weight (ℓ1, ℓ2), tame level
Kp

GSp(4)) and nebentypus at p given by (3.1.3), belonging to the Hecke eigenspace
parameterized by x. Let πx be the unitary irreducible automorphic representation of
GL(2,AQ) generated by forms SGL(2),x twisted by a real power of |det |, and Πx be
a unitary irreducible automorphic representation of GSp(4,AQ) inside the representa-
tion generated by forms in SGSp(4),x twisted by a real power of |det |. (There can be
more than one choices of Πx, but the partial L-function and modified Euler factors
at p,∞ do not depend on the choice of Πx.) Let LS(s,Πx × πx × χ) be the degree 8

partial L-function, and

(3.3.2) Ep(s,Πx × πx × χ)

= γp(s, χpηx,1η
′
x,1)

−1γp(s, χpηx,1η
′
x,2)

−1γp(s, πx,p × χpη
′
x,3)

−1,

where the characters ηx,1, ηx,2, η′x,1, η′x,2, η′x,3 are:

(3.3.3)

ηx,1(a) = ξ(a|a|p)
(
p−(ℓ−1)/2λGL(2),0,1(x)

)valp(a)
,

ηx,2(a) =
(
p(ℓ−1)/2(ωC1,p(p)λ

−1
GL(2),0,1)(x)

)valp(a)
,

η′x,1(a) = ξ1(a|a|p)
(
p(−ℓ1+ℓ2−1)/2ωC2,p(p)λGSp(4),1,0λ

−1
GSp(4),0,1(x)

)valp(a)
,

η′x,2(a) = ξ2(a|a|p)
(
p(ℓ1−ℓ2+1)/2(λGSp(4),0,1λ

−1
GSp(4),1,0)(x)

)valp(a)
,

η′x,3(a) = ξ1ξ2(a|a|p)
(
p−(ℓ1+ℓ2−3)/2λGSp(4),0,1(x)

)valp(a)
,

and

(3.3.4) E∞(s,Πx × πx × χ)

= e−(4s+ℓ1+ℓ2+ℓ)·πi/2 ΓC

(
s+

ℓ1 + ℓ2 + ℓ

2
− 2
)
ΓC

(
s+

ℓ1 + ℓ2 − ℓ
2

− 1
)

× ΓC

(
s+
−ℓ1 + ℓ2 + ℓ

2
− 1
)
ΓC

(
s+

ℓ1 − ℓ2 + ℓ

2

)
,

where ΓC(s) = 2(2π)−sΓ(s).
The factors Ep, E∞ are obtained by unfolding the definitions in [CPR89, Coa91].

In [Coa91, p. 163], for a homogeneous motive M over Q with coefficients in K and σ a
fixed embedding K ↪→ C, the modified Euler factor at p for its L-function L(σ,M, s)

is defined as
∏

U Ep(σ, U, ρ, s), where U runs over irreducible components of the semi-
simplification of the Weil-Deligne representation at p associated to the λ-adic realiza-
tion of M with λ a prime in K coprime to p, and ρ is a choice of ±i, for which we
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choose ρ = i. Interpreting this definition in our automorphic context here with Πx

(resp. πx) a subquotient of the induced representation associated to
a1 ∗ ∗ ∗

a2 ∗ ∗
δa2
∗ δa1

 7−→ η′x,1(a1) η
′
x,2(a2) η

′
x,3(δ)

(
resp.

[
a ∗

d

]
7−→ ηx,1(d) ηx,2(a)

)
,

the irreducible component U corresponds to η = ηx,iη
′
x,j , ηx,iη

′
x,1η

′
x,2η

′,−1
x,3 , i = 1, 2,

j = 1, 2, 3. Denoting by Φ an element in GQp whose image in GQp/Ip is the geometric
Frobenius, the factor Ep(σ, U, ρ, s) is defined to be 1 or the inverse of the γ-factor
of U depending on whether the inverse roots of det(1−Φ.X|U) have p-adic valuations
larger or smaller than −1/2, namely in our context here whether valp(η(p)p

−s) is
larger or smaller than −1/2. Note that the λ’s in (3.3.3) are all p-adic units. Thus,
when

−min{−ℓ1 + ℓ2 + ℓ, ℓ1 + ℓ2 − ℓ}
2

+ 2 ⩽ s ⩽
min{−ℓ1 + ℓ2 + ℓ, ℓ1 + ℓ2 − ℓ}

2
− 1,

among all the η’s, the ones with valp(η(p)p
−s) < −1/2 are exactly

ηx,1η
′
x,1, ηx,1η

′
x,2, ηx,1η

′
x,3, ηx,2η

′
x,3.

Therefore, the modified Euler factor at p is given as (3.3.2). In [Coa91, (38) on p. 157],
the modified Euler factor at ∞ for M is defined as

∏
U E∞(U, ρ, s) where U runs

over the direct summands of the Hodge decomposition of HB(M) ⊗K,σ C. In our
case here, we only have U ’s of type (a) in loc. cit. where E∞(U, ρ, s) can be ob-
tained from L∞(U, s) by replacing ΓC(s) with ΓC,ρ(s) = ρ−sΓC(s). It follows that
E∞(s,Πx × πx × χ) equals the product of

L∞(s,Πx × πx × χ) = ΓC

(
s+

ℓ1 + ℓ2 + ℓ

2
− 2
)
ΓC

(
s+

ℓ1 + ℓ2 − ℓ
2

− 1
)

× ΓC

(
s+
−ℓ1 + ℓ2 + ℓ

2
− 1
)
ΓC

(
s+

ℓ1 − ℓ2 + ℓ

2

)
,

and ρ−(s+(ℓ1+ℓ2+ℓ)/2−2)−(s+(ℓ1+ℓ2−ℓ)/2−1)−(s+(−ℓ1+ℓ2+ℓ)/2−1)−(s+(ℓ1−ℓ2+ℓ)/2).

3.3.3. The modified Petersson inner product and Bessel period. — For ordinary holo-
morphic automorphic forms f1, f2 on GL(2) and φ1, φ2 on GSp(4), we define the
modified Petersson inner product P(f1, f2),P(φ1, φ2) and the modified Bessel
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period B†
S,Λ(φ1) as follows:

P(f1, f2)(3.3.5)

= λp(f1)
−m

∫
[GL(2)]

f1(g) f2
(
g
[

1
1

]
p∞

[ pm

p−m

]
p

)
· ωπ(det g)

−1 dg,

P(φ1, φ2) = λp,1(φ1)
−m1λp,2(φ1)

−m2(3.3.6)

×
∫
[GSp(4)]

φ1(g)φ2

(
g
[

12
12

]
p∞

[ pm1

pm2

p−m1

p−m2

]
p

)
· ωΠ(νg)

−1 dg,

B†
S,Λ(φ1) = λp,1(φ1)

−m1λp,2(φ1)
−m2 ·BS,Λ

([ pm1

pm2

p−m1

p−m2

]
p

φ1

)
,(3.3.7)

with m1 ≫ m2 ≫ 0, m≫ 0, where λp(f1), λp,1(φ1), λp,2(φ1) are defined by

λp(f1)
mf1 =

∫
UGL(2)(Zp)

πp

(
u
[ pm

p−m

])
f1 du,

λp,1(φ1)
m1λp,2(φ1)

m2φ1 =

∫
UGSp(4)(Zp)

Πp

(
u

[ pm1

pm2

p−m1

p−m2

])
φ1 du,

and BS,Λ is the Bessel period as defined in [Liu23, §2.2.1]. (One can check that the
right hand sides of (3.3.5), (3.3.6), (3.3.7) do not depend on m1,m2,m as long as
m1 −m2,m2,m are sufficiently large. See [Liu23, Prop. 2.7.1] for a proof of this for
(3.3.7).)

3.3.4. The four-variable p-adicL-function. — With the various objects defined in Sec-
tions 3.3.2, 3.3.3, we apply the idempotent in (3.3.1) to the p-adic measure µE con-
structed in Theorem 3.2.2 to obtain the p-adic measure for C1,C2. Before stating the
theorem, we introduce some more notation.

With S =
[ a b/2

b/2 c

]
∈ Sym2(Q)>0 and Λ : K×\A×

K,f → Λ×
GSp(4) as fixed in Sec-

tion 3.1, for f ∈ SGL(2),x, φ ∈ SGSp(4),x, we let fc denote the Fourier coefficients of f
indexed by c, and B†

S,Λ (φ) denote the modified Bessel period in (3.3.7) with Λ the
classical Hecke character corresponding to the specialization of Λ at (ℓ1, ℓ2, ξ1, ξ2).
We denote by (rΛ,1, rΛ,2) the ∞-type of Λ.

Theorem 3.3.1. — Given the data in Section 3.1, there exists

µS
C1,C2

∈Meas
(

Q×\A×
Q,f/U

p,MGL(2),ord⊗̂OMGSp(4),ord

)
⊗Λ̃GL(2)⊗̂OΛ̃GSp(4)

(FC1⊗̂OFC2)

satisfying the interpolation properties: Suppose that x ∈ C1(Qp)×C2(Qp) is a point at
which the weight projection map (3.1.1) is étale. Then µS

C1,C2
has no poles along x. Let

τ ∈ Homcont

(
T 1
GL(2)(Zp),Qp

)
, (τ1, τ2) ∈ Homcont

(
T 1
GSp(4)(Zp),Qp

)
be the projection

of x to the weight space.
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For a character κ ∈ Homcont

(
Q×\A×

Q,f/U
p,Qp

)
such that (κ, τ, τ1, τ2) is classical

(as defined at the end of Section 3.1.1),

(3.3.8) µS
C1,C2

(κ, x)

=
∑

f∈SGL(2),x

fcf

P(f, f)

∑
φ∈SGSp(4),x

B†
S,Λ(φ)φ

P(φ,φ)
· irΛ,1−rΛ,2I∞(k,Dℓ1,ℓ2 ,Dℓ,Λ∞)

× Ep

(
k +

ℓ+ ℓ1 + ℓ2
2

,Πx × πx × χ
)
· LS

(
k +

ℓ+ ℓ1 + ℓ2
2

,Πx × πx × χ
)
,

with I∞(k,Dℓ1,ℓ2 ,Dℓ,Λ∞) the Archimedean zeta integral given in [Liu23, (4.2.5)] with
k + ϵ/2, tk in loc. cit. equal to k + (ℓ+ ℓ1 + ℓ2)/2, |2k + ℓ+ ℓ1 + ℓ2 − 1|+ 3 here and
Dℓ1,ℓ2 ,Dℓ holomorphic discrete series of GSp(4),GL(2) of weights (ℓ1, ℓ2), ℓ. If further
assuming that ℓ = ℓ1 = ℓ2, then

µS
C1,C2

(κ, x) = c
√
detS 2−3ℓ+2iℓ

∑
f∈SGL(2),x

fcf

P(f, f)

∑
φ∈SGSp(4),x

B†
S,Λ (φ)φ

P(φ,φ)

× E∞

(
k +

3ℓ

2
,Πx × πx × χ

)
Ep

(
k +

3ℓ

2
,Πx × πx × χ

)
LS
(
k +

3ℓ

2
,Πx × πx × χ

)
.

(See Sections 3.3.2, 3.3.3 for the definitions of the terms appearing in the above inter-
polation formulas.)

Proof. — We first examine the evaluations of

(1C1 ⊗ 1C2) · µE ∈ Meas
(

Q×\A×
Q,f/U

p,MGL(2),ord⊗̂OMGSp(4),ord

)
⊗Λ̃GL(2)⊗̂OΛ̃GSp(4)

(FC1
⊗̂OFC2

).

By the construction of µE, we know that at (κ, x) with (κ, τ, τ1, τ2) classical,

((1C1 ⊗ 1C2) · µE) (κ, x) =
∑

f∈SGL(2),x

∑
φ∈SGSp(4),x

P
(
ESieg

κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

, f ⊗ φ
)

P(f, f)P(φ,φ)
f ⊗ φ.

(Here we use that the definition of P(−,−) plus the tame level and ordinarity of f, φ
implies that applying P(−, f ⊗ φ) to ESieg

κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

and

µE(κ, x) = e
GL(2)
ord e

GSp(4)
ord ProjKp

GL(2)
,Kp

GSp(4)

(
ESieg

κ,τ,τ1,τ2

∣∣
GL(2)×GSp(4)

)
produces the same value.) The computation in the proof of [Liu23, Th. 4.2.1] (or more
precisely the formula for Ip(s) and Ck,χ,Π,π(s) in loc. cit. gives

P
(
ESieg

κ,τ,τ1,τ2 , f ⊗ φ
∣∣
GL(2)×GSp(4)

)
= C(k, χ, x) · fcB

†
S,Λ(φ) · I∞(k,Πx,∞, πx,∞,Λ∞)

× Ep

(
k +

ℓ+ ℓ1 + ℓ2
2

,Πx × πx × χ
)
· LS

(
k +

ℓ+ ℓ1 + ℓ2
2

,Πx × πx×, χ
)

J.É.P. — M., 2026, tome 13



1050 Z. Liu

and

(3.3.9) C(k, χ, x)

= vol
S

1− (K/p) p−1

1 + p−1

∣∣∣∣ αS − αS√
disc(K/Q)

∣∣∣∣
p

· |c|2p|(αS − αS)
2|2p · χp(−1)(−1)k

×(χ−1
p |·|−k

p )(c)c−k·ξ−1ξ−1
1 ξ−1

2 (c|c|p)(c|c|p)−ℓ−ℓ1−ℓ2 ·λGL(2)λGSp(4)(x)
− valp(c)

× (χ−1
p | · |−k

p )(−(αS − αS)
2)(−(αS − αS)

2)−k

× ξ−1(−(αS − αS)
2|αS − αS|2p)(−(αS − αS)

2|αS − αS|2p)−ℓ

× Λ−c
p (−(αS − αS))(αS − αS)

−rΛ1 (−αS + αS)
−rΛ2

× λGL(2)(x)
− valp((αS−αS)

2) · irΛ,1−rΛ,2 ,

where volS is a nonzero constant independent of k, χ, x (and can be expressed in
terms of the volumes of some open compact subgroups of GL2(Qv),GSp(4,Qv) at
finite v ∈ S), λGL(2) ∈ I×C1

, λGSp(4) ∈ I×C2
denote the eigenvalues of the Up-operators

corresponding to
[ p

1

]
,
[
p·12

12

]
along C1,C2. (To plug in the formulas in [Liu23], s,

k + ϵ/2, Λ, ηπp,1(a), ηΠp,3(a) for a ∈ Qp in loc. cit. correspond to

k +
ℓ+ ℓ1 + ℓ2 − 1

2
, k +

ℓ+ ℓ1 + ℓ2
2

,

Λ−c| · |(ℓ1+ℓ2)/2
AK

, ξ−1(a|a|p) · (p(ℓ−1)/2λ−1
GL(2)(x))

valp(a),

ξ−1
1 ξ−1

2 (a|a|p) · (p(ℓ1+ℓ2−3)/2λ−1
GSp(4)(x))

valp(a)

here. Also, note that the integral in loc. cit. is over GU(1, 1)×GSp(4) with f extended
to GU(1, 1) by Υ equals our integral over GL(2) × GSp(4) here because the central
characters match.)

From the above formula for C(k, χ, x), it is easy to see that there exists

C ∈
(
OJQ×\A×

Q,f/U
pK⊗̂OIC1

⊗̂OIC2
⊗O F

)×
such that for all (κ, x) with (κ, τ, τ1, τ2) classical,

C(κ, x) = i−rΛ,1+rΛ,2 · C(k, χ, x).

Let

µS
C1,C2

= C−1 ((1C1
⊗ 1C2

) · µE) .

Then for (κ, x) as in the statement of the theorem,

µS
C1,C2

(κ, x)

=
∑

f∈SGL(2),x

∑
φ∈SGSp(4),x

fcB
†
S,Λ(φ)

P(f, f)P(φ,φ)
· irΛ,1−rΛ,2I∞(k,Dℓ1,ℓ2 ,Dℓ,Λ∞)

× Ep

(
k +

ℓ+ ℓ1 + ℓ2
2

,Πx × πx × χ
)
· LS

(
k +

ℓ+ ℓ1 + ℓ2
2

,Πx × πx × χ
)
· f ⊗ φ.
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When ℓ1 = ℓ2 = ℓ, the integral I∞(k,Dℓ1,ℓ2 ,Dℓ,Λ∞) is evaluated in [Liu23, Prop. 4.2].
Like in loc. cit., plugging the result into the right hand side of the above formula gives
the complete interpolation formula in the case ℓ1 = ℓ2 = ℓ. □

4. Specialization to Hida families of Yoshida lifts

The interpolation formula in Theorem 3.3.1 is incomplete in the sense that it con-
tains an uncomputed Archimedean zeta integral I∞(k,Dℓ1,ℓ2 ,Dℓ,Λ∞) when ℓ1, ℓ2, ℓ

are not all equal. In order to calculate this integral, we let C2 = θ(B,B′), the Hecke
eigensystem associated to the Yoshida lifts of Hida families B,B′ on GL(2), and
compare µS

C1,θ(B,B′) with the product of Rankin–Selberg p-adic L-functions for B,C1

and C1,B′. The main difficulty in carrying out this strategy lies in comparing the
periods, which boils down to comparing the (modified) Petersson norms of a pair of
modular forms and that of their Yoshida lift. To circumvent the explicit calculation
of the corresponding Rallis inner product formula in our specific case, we make use
of the standard p-adic L-function for θ(B,B′), which has the (modified) Petersson
norms of Yoshida lifts as periods.

4.1. Some previous results on p-adic L-functions. — For simplicity, in this section
and Section 4.2, we assume that S contains some finite place v ̸= p, and for all such
v ∈ S,

Kp
GL(2),v =

{
g ∈ GL(2,Zv) : g ≡

[ ∗ ∗
0 ∗
]
mod ϖv

}
.

We recall some previous results on constructions of Kubota–Leopold p-adic L-func-
tions, Rankin–Selberg p-adic L-functions, and p-adic (degree 5) standard L-functions
for Sp(4). Complete interpolation properties have been established for these p-adic
L-functions, and they will be used to formulate the right hand side in the key iden-
tity (4.2.1). To simplify the writing of the interpolation properties, we use the fol-
lowing convention: Given an automorphic representation σ with σ∞ isomorphic to
holomorphic discrete series and ordinary at p, we let

DS(s, σ) = E∞(s, σ)Ep(s, σ)L
S(s, σ)

with E∞(s, σ), Ep(s, σ) the modified Euler factor at ∞ and p for p-adic interpolation
as defined in [CPR89, Coa91].

4.1.1. Kubota–Leopoldt p-adic L-function

Theorem 4.1.1. — Given a Dirichlet character ϕ unramified outside S ∖ {p}, there
exists

LS
KL,ϕ ∈ Meas

(
Q×\A×

Q,f/Ẑ
p,×,O

)
such that for all arithmetic κ = (k, χ) ∈ Homcont

(
Q×\A×

Q,f/Ẑ
p,×,Qp

)
with ϕχ(−1) =

(−1)k and k ⩾ 1 or ϕχ(−1) = (−1)k+1 and k ⩽ 0,

LS
KL,ϕ(κ) = DS(k, ϕχ).

(Here, S is assumed to contain finite places other than p. Hence, the imprimitive
Kubota–Leopoldt p-adic L-function does not have poles.)
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4.1.2. Rankin–Selberg p-adic L-function

Theorem 4.1.2. — Let B1,B2 ⊂ Spec(TGL(2),ord) be two geometrically irreducible
components. We assume that B1 is primitive, i.e., the newforms in the automorphic
representations corresponding to classical points of B1 has tame level equal to Kp

GL(2)).
Denoting by FB1

, FB2
the function fields of B1,B2, there exists

LS
B1,B2

∈ Meas
(
Q×\A×

A /U
p,ΛGL(2)⊗̂OΛGL(2)

)
⊗ΛGL(2)⊗̂OΛGL(2)

(FB1
⊗̂OFB2

)

satisfying the interpolation property: Suppose that (x1, x2) ∈ B1(Qp) ×B2(Qp) is a
classical point of weights t1 > t2 ⩾ 2. Then for an arithmetic character κ = (k, χ) ∈
Homcont

(
Q×\A×

Q,f/U
p,Q

×
p

)
such that

−t1 + 1 ⩽ k ⩽ −t2

i.e., s = k + (t1 + t2)/2 is a critical point for the Rankin–Selberg L-function
L(s, σx1 × σx2), we have

LS
B1,B2

(κ, x) =
DS (k + (t1 + t2)/2, σx1 × σx2 × χ)

(−2i)t1+1P(fx1
, fx1

)
,(4.1.1)

where σxj
, j = 1, 2, is the (unique) unitary automorphic representation of GL(2) (with

unitary central character) giving rise to the Hecke eigensystem parameterized by xj
(up to a twist by a real power of |det |), and fx1 ∈ σx1 is the normalized eigenform for
the Hecke eigensystem parameterized by x1. (The modified Petersson inner product
P(fx1

, fx1
) is defined as in (3.3.5).)

This theorem is proved in [Hid88, Th. 5.1d], see also [CH20, Th. A]. Our LS
B1,B2

are obtained from the p-adic L-functions in loc. cit. by removing L-factors at v ∈
S∖ {p,∞} which are p-adically interpolatable and by a change of variable. Note that
the classical Petersson norm for the new form inside σx1

is used in the interpola-
tion formula in loc. cit., while in the above theorem, the modified Petersson norm
P(fx1

, fx1
) is used. The relation between the two Petersson norms are proved in

[Hsi21, Lem. 3.6], via which one can see that the interpolation formula (4.1.1) follows
from that in [Hid88, CH20]. (We also note that there is a slight difference between
our convention of nebentypus here and that in loc. cit. If σj has central character ωj ,
then in our convention the p-nebentypus is ωj |Z×

p
and in the conventions in loc. cit.,

the nebentypus sends qv to ωv(qv), so essentially is ω−1
j |Z×

p
.)

4.1.3. Standard p-adic L-function for Yoshida lifts. — Let B,B′ ⊂ Spec(TGL(2),ord)

be two geometrically irreducible components. Let FB, FB′ be the function fields of
B,B′ and IB, IB′ be the integral closures of ΛGL(2) in FB, FB′ . Denote by

λB : TGL(2),ord −→ IB, λB′ : TGL(2),ord −→ IB′

the corresponding Hecke eigensystems, and

ωB, ωB′ : Q×\A×
Q,f −→ Λ×

GL(2)
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the central characters. We fix a square root for each of them

ω
1/2
B , ω

1/2
B′ : Q×\A×

Q,f −→ Λ×
GL(2).

(The equality proved in Proposition 4.2.3 below does not depend on the choice of the
square roots.)

We have the group homomorphism

T 1
GL(2) × T

1
GL(2) −→ T 1

GSp(4),(
diag(a1, a

−1
1 ),diag(a2, a

−1
2 )
)
7−→ diag(a1a2, a1a

−1
2 , a−1

1 a−1
2 , a−1

1 a2)

which induces
Λ̃GL(2)⊗̂Λ̃GL(2) −→ Λ̃GSp(4).

Let
Iθ(B,B′) = Λ̃GSp(4) ⊗Λ̃GL(2)⊗̂Λ̃GL(2)

(IB⊗̂OIB′).

It follows from the theory of theta lifts [Rob01] that if there exists a finite place
v ̸= p such that the classical specializations of B,B′ are discrete series at v, then
for suitable Kp

GSp(4), there exists a geometrically irreducible component θ(B,B′) ⊂
Spec(TGSp(4),ord) with the Λ̃GSp(4)-algebra homomorphism

λθ(B,B′) : TGSp(4),ord −→ Iθ(B,B′)

such that the central character equals Q×\A×
f

ωB−→ Λ×
GL(2) → Λ×

GSp(4) where the second
map is induced by T 1

GL(2) → T 1
GSp(4), diag(a, a

−1) 7→ diag(a, a, a−1, a−1), and

λθ(B,B′)

(
GSp(4,Zv)

[ϖv
ϖv

1
1

]
GSp(4,Zv)

)
= λB

(
GL(2,Zv)

[
ϖv

1

]
GL(2,Zv)

)
,

λθ(B,B′)

(
GSp(4,Zv)

[ϖv
1
1
ϖv

]
GSp(4,Zv)

)
= ω

1/2
B ω

−1/2
B′ (ϖv)λB′

(
GL(2,Zv)

[
ϖv

1

]
GL(2,Zv)

)
.

(It follows from the results in [Rob01] that for all classical specializations σ ̸∼= σ′ of
B,B′ of weights t > t′ ⩾ 2 such that they are both discrete series at a finite place v
and the product of the central characters is a square, there is a nonzero Yoshida lift
of σ⊠σ′⊗ (ωσ, ωσ′)1/2 ◦det to GSp(4) with Archimedean component isomorphic to a
holomorphic discrete series. This implies the existence of the geometrically irreducible
component θ(B,B′) ⊂ Spec(TGSp(4),ord).)

Theorem 4.1.3. — Let ϕ be a Dirichlet character unramified outside S ∖ {p} with
ϕ2 ̸= triv and Fθ(B,B′) = Frac

(
Iθ(B,B′)

)
. There exists

µS
θ(B,B′),ϕ ∈ Meas

(
Q×\A×

Q,f/Ẑ
p,×,MGSp(4),ord ⊗Λ̃GSp(4)

MGSp(4),ord

)
⊗Λ̃GSp(4)

Fθ(B,B′)

satisfying the interpolation property: Suppose that x ∈ θ(B,B′)(Qp) is point where
the weight projection map Λ̃GSp(4) → TGSp(4),ord is étale and has arithmetic image
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(ℓ1, ℓ2, ξ1, ξ2) with ℓ1 ⩾ ℓ2 ⩾ 3. If κ = (k, ξ) ∈ Homcont

(
Q×\A×

Q,f/U
p,Q

×
p

)
is an

arithmetic point with ℓ2 ⩾ k ⩾ 3 and ϕχ(−1) = (−1)k, then
µS
θ(B,B′),ϕ(κ, x)

= 2−ℓ1−ℓ2 ·DS(k − 2, θ(B,B′)x × ϕχ)
∑

φ∈SGSp(4),x

φ⊠ φ

P(φ,φ)

= 2−ℓ1−ℓ2 ·DS(k − 2, ϕχ)DS
(
k − 2, σx × σ′

x × ω−1/2
σx

ω
−1/2
σ′
x

ϕχ
) ∑
φ∈SGSp(4),x

φ⊠ φ

P(φ,φ)
,

where σx, σ′
x are the (unique) automorphic representations of GL(2) giving rise to the

Hecke eigensystems parameterized by the point in B(Qp)×B′(Qp) induced by x and
the natural map IB⊗̂OIB′ → Iθ(B,B′), the set SGSp(4),x is an orthogonal basis of the
space spanned by ordinary cuspidal holomorphic Siegel modular forms on GSp(4) of
weight (ℓ1, ℓ2), tame level Kp

GSp(4) belonging to the Hecke eigenspace parameterized
by x, or equivalently of θ(σx, σ′

x).

Proof. — In [Liu20], the p-adic standard L-functions for ordinary families on sym-
plectic groups (over Q) are constructed by using the doubling method formula of
Garrett [Gar84] and Piatetski-Shapiro–Rallis [PSR87]. We apply that construction
to the special case of θ(B,B′) on GSp(4). (The Archimedean zeta integral is left
as an uncomputed factor in loc. cit.. It has been calculated in [Liu21] and verified to
agree with what is expected according to the conjecture of Coates and Perrin–Riou on
p-adic L-functions.) The last factor in the formula for µS

θ(B,B′),ϕ here is slightly differ-
ent from the formula [Liu20, (7.0.1)] because the interpolation formula is computed by
applying ⟨ , φ⟩ to the specialization. If we apply instead P( , φ) to the specialization,
we get the above formula. □

4.2. Comparison of p-adic L-functions. — Let C1,B,B′ be primitive geometrically
irreducible components of Spec(TGL(2),ord) such that Spec(TGSp(4),ord) has a geomet-
rically irreducible component θ(B,B′). By using the results on p-adic L-functions in
Section 4.1, we can deduce the following proposition.

Proposition 4.2.1. — There exists
L

S,∗
B,C1

,LS,∗
C1,B′

∈ Meas
(
Q×\A×

Q,f/U
p,ΛGL(2)⊗̂OΛGSp(4)

)
⊗Λ̃GL(2)⊗̂OΛ̃GSp(4)

(FC1
⊗̂OFθ(B,B′))

and
Fθ(B,B′) ∈

(
MGSp(4),ord ⊗Λ̃GSp(4)

MGSp(4),ord

)
⊗Λ̃GSp(4)

Fθ(B,B′)

satisfying the following interpolation properties: In the setting of Theorem 3.3.1 C2 =

θ(B,B′),

L
S,∗
B,C1

(κ, x) =
DS
(
k + (ℓ+ ℓ1 + ℓ2)/2, σx × πx × χ

)
(−2i)ℓ1+ℓ2−1P(hx, hx)

L
S,∗
C1,B′(κ, x) =

DS
(
k + (ℓ+ ℓ1 + ℓ2)/2, πx × σ′

x × ω
1/2
σx ω

−1/2
σ′
x

χ
)

(−2i)ℓ+1P(fx, fx)
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and

Fθ(B,B′)(x) = 2−1i−ℓ1−ℓ2+1 P(hx, hx)
∑

φ∈SGSp(4),x

φ⊠ φ

P(φ,φ)

with πx, fx ∈ πx as in Theorem 3.3.1, σx, σ′
x as in Theorem 4.1.3, and hx ∈ σx

the unique normalized ordinary form fixed by Kp
GL(2). (Note that the weights of the

Archimedean components of σx, σ′
x are ℓ1 + ℓ2 − 2, ℓ1 − ℓ2 + 2.)

Proof. — Applying pullback and change of variable to the Rankin–Selberg p-adic
L-function in Theorem 4.1.2 shows the existence of LS,∗

B,C1
,LS,∗

C1,B′ . In the same way,
for a tame Dirichlet character ϕ as in Theorem 4.1.3, we get

L
S,∗
B,B′,ϕ ∈ Meas

(
Q×\A×

Q,f/Ẑ
p,×, Iθ(B,B′

)
⊗Iθ(B,B′) Fθ(B,B′)

satisfying the interpolation property: For all points

(κ, x2) ∈ Homcont

(
Q×\A×

Q,f/Ẑ
p,×,Q

×
p

)
× θ(B,B′)(Qp)

satisfying the conditions in Theorem 4.1.3 (where x2 denotes the projection of x to
θ(B,B′)(Qp))

L
S,∗
B,B′,ϕ(κ, x) =

DS
(
k − 2, σx × σ′

x × ω
−1/2
σx ω

−1/2
σ′
x

χϕ
)

(−2i)ℓ1+ℓ2−1P(hx, hx)
.

A change of variable (i.e., µ to f 7→
∫

Q×\A×
Q /Ẑp,× f(x)x

−2 dµ(x)) to the Kubota–
Leopoldt p-adic L-function recalled in Theorem 4.1.1 gives

L
S,∗
KL,ϕ ∈ Meas

(
Q×\A×

A /Ẑ
p,×,O

)
such that for κ as as in Theorem 4.1.3

L
S,∗
KL,ϕ(κ) = DS(k − 2, χϕ).

The desired Fθ(B,B′) can be obtained as (LS,∗
B,B′,ϕL

S,∗
KL,ϕ)

−1µS
θ(B,B′),ϕ with µS

θ(B,B′),ϕ

as in Theorem 4.1.3. □

Next, we show that we can take the (S,Λ)-Bessel coefficient on the second factor
of Fθ(B,B′).

Proposition 4.2.2. — Take nonzero H ∈ Iθ(B,B′) such that

HFθ(B,B′) ∈MGSp(4),ord ⊗Λ̃GSp(4)
Iθ(B,B′).

Given S =
[ a b/2

b/2 c

]
∈ Sym2(Q)>0 and Λ ∈ Homcont(K

×\A×
K,f ,Λ

×
GSp(4)) extending

ωθ(B,B′) = ωB, where K = Q(
√
− detS), there exists

Fθ(B,B′),S,Λ ∈MGSp(4),ord ⊗Λ̃GSp(4)
Fθ(B,B′)

such that for x ∈ θ(B,B′)(Qp) as in Proposition 4.2.1 and not a pole of H,

Fθ(B,B′),S,Λ(x) = 2−1i−ℓ1−ℓ2+1P(hx, hx)
∑

φ∈SGSp(4),x

B†
S,Λ(φ)φ

P(φ,φ)
.
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Proof. — We follow the method in [HY24, §10.2] to construct the desired Fθ(B,B′),S,Λ

from the Fθ(B,B′) in Proposition 4.2.1. Fix c ⩾ 0 such that pcαS ∈ OK and an open
compact subgroup Up

K ⊂ A×,p
K such that Λ factors through the quotient by Up

K. Given
a positive integer n, we let

UK,p,n = Z×
p (1 + pn+cZpαS), UK,n = Up

KUK,p,n,

and
ρn : Λ̃GSp(4) −→ O

[
T 1
GSp(4)(Z/p

nZ)

]
be the natural projection induced by T 1

GSp(4)(Zp)→ T 1
GSp(4)(Z/p

nZ). Put

Iθ(B,B′),n = Iθ(B,B′) ⊗Λ̃GSp(4),ρn
O
[
T 1
GSp(4)(Z/p

nZ)
]
.

Then ρn naturally induces ρn : Iθ(B,B′) → Iθ(B,B′),n. Taking the q-expansion of the
second factor at

[
A

D

]
∈ GSp(4,AQ,f ) and taking the coefficient indexed by S gives

a map

εq-exp,S
(
· ,
[
A

D

])
: MGSp(4),ord ⊗Λ̃GSp(4)

MGSp(4),ord −→MGSp(4).

Define Θn ∈MGSp(4),ord ⊗Λ̃GSp(4)
Iθ(B,B′),n as

∑
z∈K×A×

Q,f\A×
K,f/UK,n

ρn

(
λ−n−c ·Λ(z)−1 εq-exp,S

(
HFθ(B,B′),

[ ıS(z)
tıS(z)

][ p2

p
1
p

]n+c

p

))
[z],

with λ equal to the product of ωB,p(p) and the eigenvalue of the Up-operator associ-

ated to
[ p

1
p−1

1

]
corresponding to θ(B,B′). For y ∈ Zp, we have

ıS(1 + pn+cyαS)

=

[
1 pn+cy

1
1

−pn+cy 1

] (1+pn+cyαS)(1+pn+cyαS)

−pn+cyαSαS 1

1 pn+cyαSαS

(1+pn+cyαS)(1+pn+cyαS)


and

ρn

(
εq-exp,S

( ∑
y∈Z/p

HFθ(B,B′),
[
ıS(z(1+pn+cαSy))

tıS(z(1+pn+cαSy))

][ p2

p
1
p

]n+1+c

p

))

= ρn

(
εq-exp,S

( ∑
y∈Z/p

HFθ(B,B′),
[
ıS(z)

tıS(z)

][ 1 pn+cy
1

1
−pn+cy 1

][ p2

p
1
p

]n+1+c

p

))

= ρn

(
εq-exp,S

( ∑
y∈Z/p

HFθ(B,B′),
[
ıS(z)

tıS(z)

][ p2

p
1
p

]n+c

p

[ 1 y
1

1
−y 1

][ p2

p
1
p

]
p

))

= ρn

(
λGSp(4),2,1 · εq-exp,S

(
HFθ(B,B′),

[
ıS(z)

tıS(z)

][ p2

p
1
p

]n+c

p

))
,

from which it follows that
ρn(Θn+1) = Θn.
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Therefore, the Θn’s define an element Θ ∈ MGSp(4),ord ⊗Λ̃GSp(4)
Iθ(B,B′). Notice that

for ordinary φ invariant under {g ∈ GSp(4,Zp) : g mod pn ∈ UGSp(4)(Z/pn)}, B†
S,Λ(φ)

can be computed with m1 = n + c,m2 = 0 in (3.3.7). Then from the definition of
Θn’s, we see that up to a scalar, H−1Θ gives the desired Fθ(B,B′),S,Λ. □

Proposition 4.2.3. — Suppose that C1 is primitive and f ∈ MGL(2),ord is the Hida
family corresponding to C1 normalized such that the first Fourier coefficient is 1. Then

(4.2.1) µS
C1,θ(B,B′) = c

√
detS 23i−1fcf · LS,∗

B,C1
L

S,∗
C1,B′ · Fθ(B,B′),S,Λ

Proof. — It suffices to check that in the setting of Theorem 3.3.1 with C2 = θ(B,B′),
the evaluations of both sides agree at all (κ, x) with ℓ1 = ℓ2 = ℓ. It follows from
Propositions 4.2.1, 4.2.2 that

RHS(κ, x) = c
√
detS 23i−1fx,cfx · 2−3ℓ−1iℓ+1

×
DS (k + 3ℓ/2, σx × πx × χ)DS

(
k + 3ℓ/2, πx × σ′

x × ω
1/2
σx ω

−1/2
σ′
x
× χ

)
P(fx, fx)

×
∑

φ∈SGSp(4),x

B†
S,Λ(φ)φ

P(φ,φ)
,

where fx denotes the specialization of f at x. Note that when Πx = θ(B,B′)x,
the L-function for Πx decomposes as the product of L-functions for σx and
σ′
x ⊗ ω

1/2
σx ω

−1/2
σ′
x
◦ det, and we have

DS(s,Πx × πx × χ) = DS (s, σx × πx × χ)DS
(
s, πx × σ′

x × ω1/2
σx
ω
−1/2
σ′
x
× χ

)
.

Hence,

RHS(κ, x)

= c
√
detS 2−3ℓ+2iℓ ·DS

(
k +

3ℓ

2
,Πx × πx × χ

)
· fx,cfx
P(fx, fx)

∑
φ∈SGSp(4),x

B†
S,Λ(φ)φ

P(φ,φ)

which equals exactly µS
C1,θ(B,B′) by the formula in Theorem 3.3.1. □

4.3. The four-variable p-adic L-function and its interpolation formula II

With Proposition 4.2.3, we can deduce a formula for the Archimedean zeta
I∞(k,Dℓ1,ℓ2 ,Dℓ,Λ∞) appearing in the interpolation formula in Theorem 3.3.1 and
finish the proof of Theorem 1.1.

Proof of Theorem 1.1.. — We choose Kp
GL(2),K

p
GSp(4) and primitive Hida families

B,B′ of tame level Kp
GL(2) such that Spec(TGSp(4),ord) has an irreducible com-

ponent θ(B,B′). With such a choice, we can further choose S and Λ such that
Fθ(B,B′),S,Λ ̸= 0. (By the interpolation property of Fθ(B,B′),S,Λ in Proposition 4.2.2,
to show the existence of such a S and Λ, it suffices to show that there exists x
satisfying the conditions there for which B†

S,Λ(φ) ̸= 0 for some φ ∈ SGSp(4),x. Take
an x with corresponding weight (ℓ1, ℓ2), ℓ1 ≫ ℓ2 ≫ 0 and φ ∈ SGSp(4),x. One
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can choose S,Λ such that the usual Bessel period BS,Λ(φ) ̸= 0. Then by [Liu23,
Prop. 2.7.1], we know that B†

S,Λ(φ) ̸= 0.) Then we can choose the finite set S such that
the conditions in Section 3.1 is satisfied. By the primitivity of C1 and our assumption
on Kp

GL(2) made at the beginning of Section 4.1, fc ̸= 0. Hence, both sides of the
identity in Proposition 4.2.3 are nonzero elements in MGSp(4),ord ⊗Λ̃GSp(4)

Fθ(B,B′).
(There are many interpolation points corresponding to s belonging to the absolute
convergence range, at which one can check that the evaluations are nonzero.)

Let (κ, x) be a point of Homcont

(
Q×\A×

Q,f/U
p,Q

×
p

)
×C1(Qp) × θ(B,B′)(Qp) as in

Theorem 3.3.1 with C2 = θ(B,B′). Then, for the evaluations of both sides of (4.2.1)
at (κ, x), we have

RHS(κ, x) = c
√
detS 23i−1fx,cfx · 2−ℓ−ℓ1−ℓ2−1iℓ+1

∑
φ∈SGSp(4),x

B†
S,Λ(φ)φ

P(φ,φ)

×
DS

(
k + ℓ+ℓ2+ℓ2

2 , σx × πx × χ
)
DS
(
k + ℓ+ℓ1+ℓ2

2 , πx × σ′
x × ω

1/2
σx ω

−1/2
σ′
x
× χ

)
P(fx, fx)

by the interpolation properties of LS,∗
B,C1

,LS,∗
C1,B′ ,Fθ(B,B′),S,Λ, and

LHS(κ, x) = irΛ,1−rΛ,2fx,cfx ·
I∞(k,Dℓ1,ℓ2 ,Dℓ,Λ∞)

E∞

(
k + ℓ+ℓ1+ℓ2

2 ,Dℓ1,ℓ2 ×Dℓ × χ
) ∑

φ∈SGSp(4),x

B†
S,Λ(φ)φ

P(φ,φ)

×
DS

(
k + ℓ+ℓ2+ℓ2

2 , σx × πx × χ
)
DS
(
k + ℓ+ℓ1+ℓ2

2 , πx × σ′
x × ω

1/2
σx ω

−1/2
σ′
x
× χ

)
P(fx, fx)

by Theorem 3.3.1. It follows that

(4.3.1) I∞(k,Dℓ1,ℓ2 ,Dℓ,Λ∞)

= c
√
detS 2−ℓ−ℓ1−ℓ2+2iℓ−rΛ,1+rΛ,2 · E∞

(
k + (ℓ+ ℓ1 + ℓ2)/2,Dℓ1,ℓ2 ×Dℓ × χ

)
,

for all (k, ℓ, ℓ1, ℓ2) which equals the algebraic part of the projection of an arith-
metic (κ, x) to the weight space such that x is not a pole of either side of(4.2.1)
and RHS(κ, x) and LHS(κ, x) are nonzero.

Since we have made the choices such that both sides of (4.2.1) are nonzero, the
points for which the weight projection map (3.1.1) is not étale at x or LHS(κ, x) =

LHS(κ, x) = 0 are not Zariski dense. For any (k, ℓ, ℓ1, ℓ2) satisfying (1.2), the clas-
sical points (κ, x) whose projections to the weight space has algebraic part equal to
(k, ℓ, ℓ1, ℓ2) are Zariski dense, so there exist (κ, x) which satisfies the conditions for
the above comparison to deduce (4.3.1) for the given (k, ℓ, ℓ1, ℓ2). Thus, (4.3.1) is
true for all (k, ℓ, ℓ1, ℓ2) satisfying (1.2). Plugging it into the interpolation formula in
Theorem 3.3.1 shows that

LS
C1,C2,β1,β2

=
(
c
√
detS

)−1
2−2 · εq-exp,β1,β2

(
µS

C1,C2

)
is the desired p-adic L-function. □
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Remark 4.3.1. — With (1.2), the interpolation formula for the one-variable cyclo-
tomic p-adic L-function LS

Π,π in [Liu23, Th. 1.0.1] with an uncomputed Archimedean
zeta integral becomes

LS
Π,π

(
(χ| · |k)p-adic

)
= c
√
detS 2−ℓ−ℓ1−ℓ2+2iℓ−rΛ,1+rΛ,2 ·

B†
S,Λ

(
φord

)
Wc(ford)

P(φord, φord)P(ford, ford)

×


E∞

(
k, Π̃× π̃ × χ

)
Ep

(
k, Π̃× π̃ × χ

)
· LS

(
k, Π̃× π̃ × χ

)
,

ℓ1 + ℓ2 + ℓ even,

E∞
(
k + 1/2, Π̃× π̃ × χ

)
Ep

(
k + 1/2, Π̃× π̃ × χ

)
· LS

(
k + 1/2, Π̃× π̃ × χ

)
,

ℓ1 + ℓ2 + ℓ odd,

with (k, χ) satisfying the conditions in loc. cit.
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