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THE HANDLEBODY GROUP IS
A VIRTUAL DUALITY GROUP

BY DAN PeTERSEN & RicHAarD D. WaDE

AssTract. — We show that the mapping class group of a handlebody is a virtual duality group,
in the sense of Bieri and Eckmann. In positive genus we give a description of the dualising
module of any torsion-free, finite-index subgroup of the handlebody mapping class group as the
homology of the complex of non-simple disc systems.

Risumi: (Le groupe de difféotopie d’un corps en anses est virtuellement un groupe de dualité)

Nous montrons que le groupe de difféotopie d’un corps en anses est virtuellement un groupe
de dualité, au sens de Bieri-Eckmann. Pour tout genre positif, nous donnons une description
du module dualisant de tout sous-groupe sans torsion et d’indice fini du groupe de difféotopie
du corps en anses comme ’homologie du complexe des systémes de disques non simples.
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1. INnTRODUCTION

Let I" be a discrete group. Suppose that there exists a closed d-manifold X which
is a K(I',1). Then by Poincaré duality on X one has isomorphisms

H*(I, A) = Ha— (I, A® D)

for all k € Z and all I'-modules A, where D = Z and the I'-action on D corresponds to
the orientation local system on X. The isomorphisms are natural, being implemented
by capping with the fundamental class in Hy(T', D). A group I is a Poincaré dual-
ity group of cohomological dimension d if it admits such a dualising module D and
fundamental class in Hyq(T', D) inducing isomorphisms as above.

MATHEMATICAL SUBJECT CLASSIFICATION (2020). — 20F65, 20J05, 20J06, 57K20.
Keyworps. — Bieri-Eckmann duality, mapping class groups, handlebodies, Steinberg module, disk
complex.
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1008 D. Perersen & R. D. Wabr

It is natural to relax the condition that D = Z as an abelian group. Allowing the
dualising module D to be arbitrary leads to the more general notion of a duality group,
as introduced by Bieri-Eckmann [BE73]. Many groups of interest in topology and geo-
metric group theory are known to be duality groups, at least virtually: in particular,
arithmetic groups, mapping class groups of compact surfaces, and (outer) automor-
phism groups of free groups are all virtual duality groups [BS73, Har86, BF00].

McCullough [McC91] showed that the mapping class group Mod(M) of a Haken
three-manifold M is also a virtual duality group. Away from the Haken case, let V'
be a solid handlebody of genus g, with b marked discs and p marked points on its
boundary. In the same paper, McCullough showed that Mod(V) virtually has a finite
classifying space. However, he could only show that Mod(V) is a virtual duality group
when g = 2, using very special properties of the genus two handlebody group. Our
first main theorem shows that the mapping class group of any handlebody is indeed
a virtual duality group.

Tueorem A. — For 2g — 2+ b+ p > 0, the handlebody group Mod(V') is a virtual
duality group of dimension d(g,b,p), where d(g,0,0) = 4g—5; d(g,b,p) = 4g+2b+p—4
when g >0 and b+ p > 0; and d(0,b,p) = 2b+ p — 3.

Remark 1.1. — Let S be the surface with p punctures and b boundary components ob-
tained by removing the marked points and the interiors of the marked discs from OV'.
Then Mod(V) can be identified with the subgroup of Mod(S) consisting of diffeo-
morphisms of S that extend to V. Hirose [Hir03] showed that Mod(V') has the same
virtual cohomological dimension as Mod(S). The fact that the virtual cohomological
dimension of Mod(S) is d(g, b, p) is due to Harer [Har86].

One reason to care about a group being a virtual duality group is that it provides a
powerful tool for studying its cohomology in high degrees, close to the virtual cohomo-
logical dimension; this is in a sense complementary to the phenomenon of homological
stability. However, this is only feasible if one knows a meaningful description of the
dualising module. We refer the reader to the survey of Briick [Brii24] for more about
this circle of ideas and many pointers to the literature.

In the case of arithmetic groups, the dualising module is called the Steinberg module.
It is given by the unique nontrivial reduced homology group of the Tits building
associated with the arithmetic group [BS73]. The analogue of the Steinberg module
for the mapping class group was also determined in Harer’s work [Har86]: the dualising
module of Mod(S) is isomorphic to the unique nontrivial reduced homology group of
the complex of curves (as a Mod(.S)-module).

The second main theorem of this paper describes the analogue of the Steinberg
module for the handlebody group, i.e., the dualising module of Mod(V'). We do this
only when g > 0; indeed, the map Mod (V) — Mod(S) is an isomorphism when g = 0,
and in this case we already have a description of the dualising module from Harer’s
work.

JEP — M., 2026, tome 13



THE HANDLEBODY GROUP 18 A VIRTUAL DUALITY GROUP 1009

Derintrion 1.2 By an essential disc in V' we shall always mean an isotopy class of
embedded disc, with boundary in the interior of S, whose boundary does not bound
an annulus or a (punctured) disc in S. By a disc system we mean a set of distinct
disjointly embeddable essential discs. A disc system is simple if it cuts V into pieces
of genus zero, and is non-simple otherwise.

The disc complex D = D(V') has vertex set equal to the essential discs in V. A set
of discs spans a simplex in D if and only if they form a disc system in V. We let
NS = NS(V) denote the complex of non-simple disc systems in V, which is the
subcomplex NS C D whose k-simplices are given by non-simple systems of k& + 1
essential discs in the handlebody V.

Tueorem B. — Let2g—2+b+p > 0 and g > 0. Then NS(V) is homology equivalent
to a wedge of spheres of dimension v(g,b,p), where v(g,0,0) = 2g—3 and v(g,b,p) =
29— 4+b+pifbtp>o0.

Remark 1.3. If g > 2, then NS is also simply connected, hence homotopy equiv-
alent to a wedge of spheres. See Proposition 5.14. Although we believe that NS is
always homotopic to a wedge of spheres, we were unable to show this in general.

Turorem C. Keep notation as in Theorem B. The dualising module of any torsion-

free finite index subgroup of Mod(V') is ﬁy(g,bm)(NS(V), 7).

Remark 1.4. The preceding theorem is correct also in the exceptional case g = 1,
b+ p = 1, if one uses the convention that the reduced homology of the empty space
is Z in degree —1.

Remark 1.5. — The appearance of the simplicial complex NS is striking, especially in
relation to Culler—Vogtmann’s Outer space [CV86]. Let us expand on this connection,
assuming for simplicity that V" has genus g > 2 and b = p = 0. A disc in V gives rise
to a sphere in the double M of V, which is the connected sum of g copies of S! x S2,
and m (V) = m (M) = F,. The action of Mod(V) on m(V) induces a surjective
homomorphism Mod (V') — Out(Fy).

Doubling discs induces a natural map f : D — Sph to the sphere complex of M,
which is equivariant under the map Mod(V') — Out(F}), and also surjective. In the
same manner as above, one defines a sphere system to be simple if it cuts the dou-
bled handlebody into simply connected pieces. We denote the subcomplex of non-
simple sphere systems by JCV C Sph, so that f~1(0CV) = NS. The complement
Sph \ OCV is precisely Outer space. Thus NS is a close analogue of the simplicial
boundary of Outer space.

Theorem B gives the homotopy type of NS and Theorem C that its homology is the
dualising module of Mod (V). We do not know the homotopy type of 9CV, nor do we
know its relationship with the dualising module of Out(F}) (this is explored further
in [WW25]). Briick and Gupta [BG20, Th. 2] have shown that JCV is homotopy
equivalent to the realisation of the poset of free factor systems of rank g, and that it is
at least (g —2)-connected. Vogtmann [Vog24] has shown that a reduced version 0CV"

JE.P — M., 2026, tome 13



1010 D. Perersen & R. D. Wabr

is homotopy equivalent to the boundary of Jewel space. By [BSV18], this reduced
boundary OCV" is also the boundary of the bordification of reduced Outer space
used in Bestvina and Feighn’s proof that Out(Fy) is a virtual duality group. Beyond
OCV and OCV", a third analogue of the Tits building in this context is the free factor
complex, which in general is known not to present the dualising module [HMNP23].

We remark that the distinction between reduced and unreduced Outer space is often
blurred in the literature. When considering their simplicial boundary, it is important
to distinguish between them: OCV % dCV".

1.1. AN OUTLINE OF THE PROOFS. To ease the outline, assume V satisfies g > 2 and
b=p=20. A group G is a virtual duality group if it satisfies the following three
conditions (Corollary 2.8 below):

(1) G is virtually torsion-free.

(2) G acts properly and cocompactly on a contractible orientable d-dimensional
topological manifold-with-boundary M.

(3) OM is homology equivalent to a wedge of spheres of constant dimension.

If (1)-(3) hold, then H,(OM,Z) is the dualising module of G. We apply this to
G = Mod(V). The fact that Mod(V) is virtually torsion-free follows from the fact
that it is a subgroup of Mod(\S), which is virtually torsion-free [FM12, Th.6.9].

Recall that a meridian on S = OV is a curve bounding a disc in V. Discs are
determined up to isotopy by their meridians. We pick constants € < ¢’ < log(3 + \/g)
and take M to be the subspace of the Teichmiiller space of S consisting of marked
surfaces o where each simple closed curve on ¢ has length at least ¢, and the set of
curves of length at most ¢’ on o form a simple system of meridians (the requirement
¢’ < log(3 + v/8) ensures that the set of curves of length at most &’ are disjoint). The
space M is a truncated cover of the orbifold classifying space of Mod(V') constructed
by Hainaut and the first author in [HP25]. The work in [HP25] implies that M is a
contractible manifold with boundary (Theorem 3.1), and the truncation ensures the
action is cocompact.

We can write OM = N; U Ny, where N; parametrises hyperbolic surfaces with a
closed geodesic of length ¢, and N, parametrises hyperbolic surfaces with the property
that the closed geodesics of length strictly less than &' form a non-simple system of
meridians. We show that:

(i) Vi is contractible,

(ii) N3 is contractible,

(iii) N1 N N3 is homotopy equivalent to NS.

Consequently, M is homotopy equivalent to the suspension XNS. The results
(i)—(iii) are established by considerations similar to those of Borel-Serre [BS73] and
Harer [Har86]: we cover M by closed contractible pieces, and deduce that OM is
homotopy equivalent to the nerve of the covering. Concretely, we obtain a poset —
we denote it JRGB — such that |[ORGB| ~ M, and such that N7, N, and N3 N Ny
are homotopic to realisations of subposets of JRGB. These subposets are analysed
using poset arguments in the spirit of Quillen [Qui78] to show (i)—(iii).

JE.P — M., 2026, tome 13
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After the above, Theorems A, B, and C all follow after showing that NS is homology
equivalent to a wedge sum of copies of $2973. This is achieved via two steps:

— NS is homologically (2g — 4)-connected.
— NS is homology equivalent to a (2g — 3)-dimensional CW complex.

The first bullet point is easy: we already know that the virtual cohomological dimen-
sion of Mod(V) is 49 — 5, so the compactly supported cohomology H(M,Z) of M
vanishes for * > 4g — 5. As M is (6g — 6)-dimensional, Lefschetz duality implies that
OM ~ ¥NS is (2¢g — 3)-acyclic.

The second bullet point is carried out by an adaptation of the strategy used in the
work of Ivanov [Iva87] to prove that the curve complex is homotopy equivalent to a
CW complex of dimension at most 2g — 2.

Acknowledgements. — We thank Benjamin Briick for bringing this problem to our
attention. We thank Sebastian Hensel and Andrew Putman for many helpful dis-
cussions and their involvement in the early stages of this project. We thank Karen
Vogtmann for kindly sharing an early version of [Vog24].

2. BACKGROUND ON (VIRTUAL) DUALITY GROUPS

In this section we recall some well-known facts about duality groups, for future
reference and for the reader’s convenience. The notion of a duality group was intro-
duced by Bieri and Eckmann [BE73], and nearly all that follows can be found in their
original article.

Derinirion 2.1, Let G be a group. We say that G is a duality group of cohomological
dimension n, with dualising module C, if there exists a class e € H, (G, C) such that
cap-product with e defines a natural isomorphism of functors

H*G,—) = H,—(G,C ®7 —)
for all integers k.

Remark 2.2, If C = Z (as an abelian group, possibly with nontrivial G-action),
then one arrives at the special case of a Poincaré duality group. A source of geometric
examples of Poincaré duality groups of dimension n are the fundamental groups of
aspherical closed manifolds of dimension n, in which case C is the rank one local
system given by the orientation sheaf. Allowing C to have larger rank leads to a
significantly richer theory.

Duality for a group of type FP can be detected by cohomology with coefficients in
the group ring.
Tarorem 2.3. — The following two properties are equivalent for a group G.

(1) G is a duality group of dimension n.

(2) G is of type FP, H*(G,Z[G]) is torsion-free, and H*(G,Z[G]) = 0 unless
k=mn.
When this holds, H"(G,Z[G]) is the dualising module of G.

JILP — M., 2026, tome 13



1012 D. Perersen & R. D. Wabr

Proof. — All parts of the implication (1) = (2) is proven in [BET73, §1], except for G
necessarily being of type F/P, which is due to Brown [Bro75]. The implication (2) = (1)
is [BE73, Th.4.5]. O

Theorem 2.3 implies in particular that the dualising module and the dimension are
uniquely determined by the group G.

Duality groups have finite homological dimension and are in particular torsion-free.
The theory is however still useful for groups which are merely virtually torsion-free;
namely, one is led to the following definition:

DeriNition 2.4. — A group G is a wirtual duality group if it admits a finite index
subgroup which is a duality group.

Prorosition 2.5. — Let G be a torsion-free group. Then G is a duality group if and
only if any one of its finite-index subgroups is a duality group. The dualising module
of each finite-index subgroup is then canonically isomorphic.

Proof. — [BET3, Th.3.2] and [BE73, Th. 3.3]. 0

Proposition 2.5 thus says that if some finite index subgroup of a group G is a duality
group, then all torsion-free finite index subgroups of G are duality groups, and they
all have the same cohomological dimension and dualising module. In particular, the
dimension and dualising module of a virtual duality group are well-defined.

Prorosition 2.6. Let1 - K — G — H — 1 be a short exact sequence of groups.
If K is a duality group of dimension k and H is a (virtual) duality group of dimen-
sion £, then G is a (virtual) duality group of dimension k+¢, and the dualising module
for G is the tensor product of the dualising modules for K and H.

Proof. — For actual duality groups this is [BE73, Th. 3.5]. The virtual case follows
by choosing a finite-index duality subgroup H' < H, taking G’ to be the preimage
of H in G, and considering 1 - K - G — H — 1. O

Prorosition 2.7. — Let G be a group acting freely, properly and cocompactly on a con-
tractible orientable d-dimensional topological manifold-with-boundary M. Then there
are isomorphisms

H*(G,Z[G]) & Hy_1_(0M, Z)

for all k.
Proof. — [BET3, §6.4]. O
CororrAry 2.8. Let G be a (virtually) torsion-free group acting properly and

cocompactly on a contractible orientable d-dimensional topological manifold-with-
boundary M. Then G is a (virtual) duality group if and only if OM is homology
equivalent to a wedge of spheres of equal dimension q. When this holds, the dualising
module is I:Tq (OM,Z), and the (virtual) cohomological dimension is d — q — 1.

JEP — M., 2026, tome 13



THE HANDLEBODY GROUP 18 A VIRTUAL DUALITY GROUP 1013

Proof. — This is [BE73, Th.6.2]. If G is torsion-free then G acts freely on M, and G
is of type FP since it admits a classifying space M /G of the homotopy type of a finite
CW complex. The result is then immediate from Theorem 2.3 and Proposition 2.7.
If G is only virtually torsion-free then we merely replace G by a finite-index torsion-
free subgroup. |

Corollary 2.8 generalises the fact that fundamental groups of closed aspherical
manifolds are Poincaré duality groups with trivial dualising module (noting that the
reduced homology of the empty space is Z in degree —1). The geometric criterion of
Corollary 2.8 leads to large classes of examples of (virtual) duality groups. In partic-
ular:

(1) Arithmetic groups are virtual duality groups. One chooses for M the Borel-
Serre bordification [BS73] of the associated symmetric space. The fact that the bound-
ary has the homotopy type of a wedge of spheres is the Solomon—Tits theorem.

(2) The mapping class group of an orientable surface is a virtual duality group
[Har86, Iva87]. One chooses for M the thick part of Teichmiiller space (which will
be discussed further shortly); one could alternatively use Harvey’s bordification of
Teichmiiller space. The fact that the boundary has the homotopy type of a wedge of
spheres is the heart of Harer’s proof.

(3) Fundamental groups of knot complements are duality groups (see [Bro94, Ex. 1
in §VIILI]: this also contains some helpful, more general, discussion). One chooses
for M the universal cover of the complement of a tubular neighbourhood of a knot
in S3. The fact that knot groups are duality groups can also be seen more directly.

Our proof that the handlebody mapping class group is a virtual duality group will
likewise be an application of the above criterion.

3 /”\ COMBINATORIAL MODEL OF A CLASSIFYING SPACE FOR THE HANDLEBODY GROUP

3.1. TeicHMULLER SPACE AND THICK TEICHMULLER SPACE. This material is covered in
[FM12, Ch.10]. To expand on the notation given in the introduction, throughout V'
will denote a handlebody of genus g, with b marked discs on its boundary, and p
marked points on its boundary, all of which are disjoint. We let S denote the comple-
ment of the interiors of the marked discs and points in V. Hence S is an oriented
surface of genus g with b boundary components, and p punctures. A simple closed
curve on S is essential if it does not bound a disc in S, and nonperipheral if it does
not bound a punctured disc or annulus in S.

We let Mod(S) denote the mapping class group of self-diffeomorphisms of S fixing
the punctures, and a collar neighbourhood of the boundary, pointwise. We let Mod (V)
denote the handlebody group, i.e., the mapping class group of self-diffeomorphisms of V'
fixing the marked boundary discs and marked points.

Let T(S) be the Teichmiiller space of the surface S. This is the space of marked,
complete, hyperbolic metrics on S, with totally geodesic boundary. It is diffeomorphic
to an open ball of dimension 6g — 6 + 3b + 2p. If b = 0, then the group Mod(S) acts

JE.P. — M., 2026, tome 13



1014 D. Perersen & R. D. Wape

properly on T(5), and the quotient of T(S) by Mod(S) is Riemann’s moduli space
M, p of compact Riemann surfaces of genus g with p marked points.

If b € RY, is a vector, then we denote by T(S;b) the subspace of T(S) where the
hyperbolic lengths of the boundary components are exactly given by b.

The group Mod(S) does not act properly on T(S) when b > 0, since a Dehn twist
around a boundary component acts trivially. To remedy this, we let T*¥(S) denote
T(S) x R®, where we have informally speaking introduced an additional Fenchel-
Nielsen twist parameter along each boundary component. More intrinsically, if T(.5)
is the universal cover of the moduli space of hyperbolic surfaces of type (g, b, p), then
T (S) is the universal cover of the moduli space which parametrises in addition the
datum of a marked point on each boundary component. We define 7% (S; b) similarly.

Fix a positive real number ¢ with ¢ < log(3 + v/8). We write Tt (S;b) for the
e-thick Teichmiiller space, by which we mean the locus inside T*W(S; b) parametrising
hyperbolic metrics with the property that all essential, nonperipheral, closed geodesics
on S have length at least . The space TV (S;b) admits a Mod(S)-equivariant defor-
mation retraction down to T (S; b) [JW10]. The space Tt (S; b) is naturally a smooth
manifold-with-corners of dimension 6g — 6 + 3b + 2p, and Mod(.S) acts on it properly
and cocompactly.

3.2. Hanoresopy TeicnmiULLER spacE. — We now describe a classifying space for the
handlebody group in terms of Teichmiiller theory. The following construction was
introduced by Hainaut and the first named author [HP25]. For background on han-
dlebody mapping class groups, see [Hen20].

Fix a second real number ¢’ with ¢ < ¢ < log(3 4+ v/8), and an arbitrary length
vector b € RY,. Let Y(V) C T(S;b) denote the closed subspace of the e-thick
Teichmiiller space parametrising hyperbolic metrics on S with the following property:
all essential, nonperipheral, closed geodesics on S of length at most € bound discs
in 'V, and the collection of these discs form a simple disc system in V.

Turorem 3.1 (Hainaut—Petersen). The space Y(V') is a contractible smooth oriented
manifold-with-corners of dimension 6g — 6 + 3b + 2p, and the group Mod(V) acts
properly and cocompactly on Y(V).

Theorem 3.1 is not stated explicitly in [HP25], so let us comment on this. The fact
that Y(V) is a manifold-with-corners is an easy local verification in Fenchel-Nielsen
coordinates (taking coordinates defined by a pants decomposition containing all short
geodesics), once one knows the following Lemma 3.2. We refer to [HP25, §2] for more
details.

Lemma 3.2, — There is an open cover of T(S) such that on each open set, there
are only a finite number of simple closed curves on S for which the associated length
function takes values < &', and they are disjoint.

Proof. — This follows from the Collar lemma and Wolpert’s lemma. See the discussion
following [HP25, Th.2.3]. O

JE.P — M., 2026, tome 13



THE HANDLEBODY GROUP 18 A VIRTUAL DUALITY GROUP 1015

What remains of Theorem 3.1 is contractibility of Y(V'). Let H.T*™ (V) be the open
subspace of T (S) defined by the condition that all closed geodesics on S of length
strictly less than ¢ bound discs in V, and the collection of these discs form a simple
disc system in V. Let H.T* (V) be its closure, i.e., the locus defined by the condition
that closed geodesics on S of length at most € form a simple disc system in V. The
space H.T™W (V) is contractible according to [HP25, Th.1.4], and [HP25, Prop. 3.5]
says that both maps

HTN(V) — HT™(V) +— (FT™(V) N TLV(S; b))

are homotopy equivalences. But now we may observe that Y(V) = H.T™(V) N
TW(S;b), and none of the arguments need to be changed if the two parameters e
and ¢’ are chosen to be distinct.

A final remark is that the discussion in [HP25] is consistently formulated in terms of
the quotient orbifold H.T™(V)/Mod(V), rather than its universal cover. An alterna-
tive proof of the contractibility of Y(V') follows from the RGBP-stratification of Y(V)
described below: see Remark 4.16.

3.3. Tur RGB roser. — In this section, we shall construct a stratification of the
space Y(V'), whose strata are indexed by coloured simple disc systems in V.

Derinition 3.3 (The posets RGB and ORGB). Define the poset RGB = RGB(V) as
follows. An element of RGB(V) is a given by a simple disc system in V', all of whose
discs are coloured red, green or blue. If g(V) = 0, then the empty disc system is
considered to be a simple disc system. We say D < D', if D’ can be obtained from D
by a combination of adding new blue discs, turning some green discs blue, and turning
some green discs red. We denote by ORGB(V) € RGB(V') the upwards-closed subposet
consisting of disc systems which either contain a red disc, or with the property that
deleting all blue discs leaves a non-simple disc system.

Derinition 3.4 (The RGB disc system given by o € Y(V)). — For o € Y(V), its
associated RGB disc system d(c) has an underlying simple disc system consisting of
discs whose associated geodesic meridians have length at most &’. Furthermore

— discs associated to geodesics of length € are red,
— discs associated to geodesics of lengths in (e,¢’) are green,
— discs associated to geodesics of length &’ are blue.

Derinition 3.5. — Let P be a poset. The Alexandrov topology on P is the topology
where a set is open if and only if it is upwards-closed in P. A P-stratification of a
topological space X is a continuous map f: X — P with respect to the Alexandrov
topology on P. Equivalently, f: X — P is a P-stratification if and only if f~1(P,)
is open for all p € P.

Derinition 3.6. Let P be a poset. We use P°P to denote the opposite poset, where
the ordering is reversed. We will often care about posets only via their geometric
realisation; we note that the geometric realisations of P and P°P are isomorphic as
simplicial complexes.

JIP — M., 2026, tome 13



1016 D. Perersen & R. D. Wabr

Tueorem 3.7. The map d: Y(V) — RGB(V)°P of Definition 3.4 is a Mod(V)-
equivariant RGB®P -stratification of Y(V'). The boundary 0Y(V') is the union of strata
given by d—1(ORGBP).

Proof. — Continuity of d follows from the fact that the length function associated to
every curve on S is a continuous function T.(S) — Rx.. At the risk of being overly
formal, we may consider the stratification of R, with two closed strata {e} and {¢'},
and two open strata (e,e’) and (¢’,00). Then the RGB-stratification of Y(V) is the
pull-back of the product of these stratifications along the map Y(V') — RS, given by
the product of all length functions. The stratification is Mod(V')-equivariant, since
the map Y(V) — RS, is equivariant.

Now take o € Y(V') with d(c) = D € ORGB®P. If D contains a red curve, then o lies
in the boundary of e-thick Teichmiiller space, and in particular also in the boundary
of Y(V). If deleting the blue discs from D leaves a non-simple disc system, then one can
find an arbitrarily small perturbation ¢’ of o within Teichmiiller space such that all
curves on S associated with the blue discs have length function strictly larger than &’
on o', and in particular it follows that ¢’ lies on the boundary of Y(V'). Conversely,
one verifies that if d(o) ¢ ORGB? then an open neighbourhood of ¢ in Teichmiiller
space lies in Y(V), and o must be in the interior of Y(V). O

Derinition 3.8. — The height ht(p) of an element p in a poset P is the size of the
longest chain in P.,.

Prorosition 3.9. — Let P be a poset such that every element p € P has finite height.
Suppose f: X — P is a P-stratification of a topological space X . Assume the following
conditions:

(1) The stratification of X is locally finite, in the sense that X admits a basis of
open sets each of which meets only finitely many closures of strata.

(2) f~Y(P<yp) is contractible for all p € P.

(3) Each inclusion

F7HP<p) — [H(P<y)
s a cofibration.

Then X is weakly homotopy equivalent to the geometric realisation |P|.

Proof. — Consider the diagram (i.e., functor) P — Top given by p — f~1(Pg,). Con-
dition (1) implies that the colimit of this diagram is X . Indeed, this means precisely
that X carries the colimit topology from the union of subspaces f~!(Pg,), which is
the case for any locally finite closed covering of a topological space. Condition (2)
tells us that every subspace f~!(Px,) is contractible, so that the homotopy colimit
of this diagram is |P|. Therefore it is enough to show that the colimit and homotopy
colimit are weakly homotopy equivalent in this case.

Since every element of P has finite height, the height function ht: P — N endows P
with the structure of a direct category in the sense of [Hov99, §5.1]. This implies
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that the projective model structure on Fun(P, Top) exists, and has the property that
® : P — Top is cofibrant if and only if, for each p € P, the canonical map

colim ®(q) — @(p)
a<p

is a cofibration [Hov99, Th.5.1.3]. In particular, our diagram is cofibrant, since this
condition precisely agrees with (3). It follows that its colimit computes the homotopy
colimit, since the colimit is a left Quillen functor for this model structure. O

Tueorem 3.10. — The stratification of Y(V') by RGB(V)°P described in Theorem 3.7
satisfies the conditions of Proposition 3.9. In particular, |RGB(V)| ~ Y(V). Simi-
larly, the stratification of 0Y(V) by ORGB(V)°P satisfies the same conditions, and
|ORGB(V)| ~ aY(V).

Proof. — The proof is the same in both cases. Local finiteness of the stratification
is clear from Lemma 3.2. Let us describe the closures of strata. Take D € RGB(V),
and suppose that D cuts V into genus zero handlebodies V7, ..., Vs, each with some
marked discs and points on its boundary. If D consists of k discs, then the group R*
acts on the Cartesian product [[;_, T (9V;) by shifting the twist parameters along
each disc in D. More precisely, each disc in D corresponds to two distinct marked
boundary discs among the handlebodies Vi,...,V;, and € R acts by shifting the
twist parameter on one of these discs by a factor x, and the other disc by a factor —z.
The closure of the stratum corresponding to D is then naturally identified with the
subspace of

T8 ovi) /R
=1

defined by imposing the evident conditions on the lengths of boundary components:

(1) Boundary components corresponding to red (resp. blue) discs have length e
(resp. £).

(2) Boundary components of the original handlebody V have lengths as prescribed
by the fixed length vector b appearing in the definition of Y(V).

(3) Boundary components corresponding to green discs have length in the interval
[e,€'], and the two boundary components corresponding to each green disc have the
same length.

From this description it is not hard to see (using Fenchel-Nielsen coordinates) that
the closure of the stratum is a smooth manifold-with-corners, that the stratum itself
is precisely the interior of the manifold, and that the interior is diffeomorphic to a
ball. In particular the closure is contractible, and the inclusion of the boundary is a
cofibration. |

4. Tare RGB PosET AND THE NON-SIMPLE DISC COMPLEX

Let NS(V') denote the poset of nonempty, non-simple disc systems in V. The reali-
sation |[NS(V')]| is naturally identified with the barycentric subdivision of the simplicial
complex NS(V) defined in the introduction. The goal of this section is to prove the
following.
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Taeorem 4.1. Let V be a handlebody of genus g > 0. Then

|ORGB(V)| ~ SINS(V)| = SNS(V).

It will be convenient to freely use topological terminology regarding posets in this
section. In particular, when we say e.g. that a poset is contractible, or that a map of
posets is a homotopy equivalence, we mean that this holds for the geometric realisa-
tions.

4.1. Poser LEmmas. — Let us for the reader’s convenience recall the tools of combi-
natorial topology of posets which we shall use. All results below are standard.

Lemma 4.2 (Quillen’s fibre lemma). — Let f : P — Q be a map of posets. Suppose
that either f~1(Qsz) is contractible for all z € Q, or f~1(Qx.) is contractible for all
x € Q. Then f: P — Q is a homotopy equivalence.

Proof. — See [Qui78, Prop. 1.6]. O

The following notion does not appear to have a standard name, even though
Lemma 4.4 is well-known.

Derinition 4.3. — Let P be a poset. A map of posets r : P — P is said to be inflating
if x < r(z) for all z € P, and deflating if © > r(x) for all x € P.

Lemva 4.4. — Let P be a poset, and let r: P — P be inflating or deflating. Then
r: P — Im(r) is a homotopy equivalence.

Proof. — Let i: Im(r) — P be the inclusion. We need to show that i or and r o4 are
both homotopic to the identity. Now use that if f(z) < g(x) for all x, then f and ¢
are homotopic [Qui78, §1.3]. a

Norarion 4.5. If P and Q are posets, then P *Q denotes the poset with underlying
set P LU Q, where the partial orders on the subsets P and Q are the same as in the
original posets, and p < ¢ for all p € P and ¢ € Q. There is a homeomorphism
[P+ Q| = |P| % |Q], justifying the notation, and the operation * is often called the join
of posets, following Quillen [Qui78, p. 104].

Noration 4.6. — Let OAF denote the poset of nonempty proper subsets of the set
{0,1,...,k}. The notation is justified by the fact that |0A*| =2 S¥~1 is the boundary
of a k-simplex.

Lemma 4.7. — Let P be a poset. Suppose we can write P = Qo U Qq U --- U Qg with
each Q; downwards-closed. If (), ; Qi is contractible for every proper, nonempty subset
Ic{0,1,...,k}, then

P~ Z*Qo N Qi N---N Qs
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Proof. Let R=(QoNQiN---NQy)*x dA*. We define a map f: P — R by

{x ifz€QNQiN---NQy,
fl@) =9 .
{i:z € Q;} otherwise.
As each Q; is downwards closed it follows that f is a poset map. If » € R belongs
to Qo N Qi M-+ N Qg then f~1(Rg,) = Pg,, which is contractible as it has r as a
maximal element. Otherwise f~1(Rg,) = MNig, Qi and f71(Rg,) is contractible by the
hypothesis. Hence f is a homotopy equivalence by the fibre lemma (4.2). It follows
that

|P|2‘QoﬂQlﬁ"'ﬂQk|*Sk71gzk‘Qoleﬁ"'ﬂQﬂ. |

Cororrary 4.8. — If we have P = Qo U Q1 with each Q; downwards-closed, and Qg
and Q1 are both contractible, then |P| ~ X|Qp N Q1.

Remark 4.9. — The preceding corollary could also be proven by observing that the
evident commutative square

Qo N Q1| — |Qo]

| |

Qi ——— [P

(which is a pushout square on the level of spaces) is a homotopy pushout. Similarly
Lemma 4.7 could be proven by using that |P| is the homotopy colimit of the diagram
of spaces given by the family |[);c; Qi[, and applying [MV15, Ex. 5.7.5].

4.2. Swveripving THE RGB poser. — Let D(V) denote the poset of nonempty disc
systems in the handlebody V, ordered by inclusion. Thus |D(V)| is the barycentric
subdivision of the simplicial complex D(V') considered in the introduction.

The following theorem is proven in [McC91, Th.5.3] when there are no marked
points or discs on the boundary of the handlebody. See also [Cho08]. The general case
is proven in [HW10, Prop. 8.1] by an induction on the number of marked points/discs,
thereby reducing to the case considered by McCullough.

Turorem 4.10 (McCullough, Hatcher—Wahl). Suppose that g > 0. Then D(V) is

contractible.

Derinirion 4.11. — Let S(V') denote the poset of simple disc systems in the handle-
body V, ordered by inclusion. If the genus of V is zero, then the empty disc system
is simple, and is a minimal element of S(V).

Hence, if g > 0, then D(V) is the union of the disjoint subposets S(V') and NS(V),
the former being upwards-closed and the latter being downwards-closed. When g = 0,
S(V)=D(V)U{@}, and NS(V) = @.

It follows from Theorem 4.10 that S(V') is always contractible, an observation due
to Giansiracusa [Giall, Prop. 6.3]. We recall his argument.

Prorosirion 4.12. The realisation |S(V)| is contractible.

JE.P. — M., 2026, tome 13



1020 D. Perersen & R. D. Wabr

Proof. As just noted, S(V') has a minimal element if g = 0. For g > 0 it suffices
by Theorem 4.10 to show that the natural inclusion f : S(V) — D(V) is a homotopy
equivalence. We apply Quillen’s fibre lemma (4.2). If D € D(V) cuts V into smaller
handlebodies Vi,...,V; (each with some number of marked points and discs on its
boundary), then

FHOV)=0) = ]SV,

(The Cartesian product of posets is ordered coordinatewise.) But each factor S(V;)
may be assumed contractible by induction on the quantity —x(S) =2g—2+b+p. O

For D € RGB, let R(D) and B(D) be the subsystems of red and blue discs, respec-
tively.

Prorosition 4.13. — The poset map f : RGB — S(V) given by forgetting colours is a
homotopy equivalence. If g > 0, then the same is true for the restrictions of f to the
subposets

Qo ={D € RGB: f(D)~ B(D) € NS(V)} and
Q1 ={D € RGB: R(D) # o},
respectively. Hence RGB is contractible, and so are Qg and Q1 when g > 0.

Proof. — For D € S(V), let Dpjye and Dyeq denote the elements of RGB given by the
disc system D with all discs coloured blue or red, respectively.

For the first part, it suffices by the fibre lemma to show that f~!(S(V)>p) deforma-
tion retracts to { Dpiye} for all D € S(V'). We do this in three steps, using Lemma 4.4.
For E € f~1(S(V)sp), first turn all red discs in E green (which is deflating), then
turn all green discs blue (which is inflating), and finally forget all blue discs that do
not belong to D (which is deflating). Fach of these maps is a homotopy equivalence
onto its image by Lemma 4.4, so that f~(S(V)>p) is contractible.

Now assume that g > 0. If £ € RGB, then turning red discs green or deleting blue
discs does not change f(F)~ B(E), and turning green discs blue makes f(FE)~\ B(E)
smaller. As a result, the three operations above preserve the property of an element
of RGB being in Q. Hence the same argument shows also that Qo N f~*(S(V)>p) ~
{Dplue}, so that also Qp — S(V') is a homotopy equivalence.

For Qi one needs to take a slightly different approach and build a deformation
retract of Q1 N f=1(S(V)>p) onto {Dyea}. For E € Q1 N f~1(S(V)>p) we first turn
all blue discs of E that belong to D green (deflating), and then turn all green discs
of E that belong to D red (inflating). At this point, all discs of E that belong to D
are red. Then all red discs in E that do not belong to D are turned green (deflating),
green discs in E that do not belong to D are turned blue (inflating), and blue discs
in E that do not belong to D are deleted (deflating). O

Remark 4.14. — Let us make explicit where the assumption g > 0 is used in the
preceding proof. The argument in the third paragraph fails when g = 0, since in that
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case Dpue ¢ Qo and in fact Qo = @. The argument in the fourth paragraph breaks
down when g = 0, since in this case we may have D = & in S(V), in which case

Dred ¢ Q1~

Remark 4.15. — It may be helpful to think heuristically about the deformation retrac-
tion onto { Dplue } in the preceding proposition as flowing along a vector field on Teich-
miiller space that increases the length of the shortest geodesics on a hyperbolic surface.
Compare with the construction of Ji-Wolpert [JW10, §3], also used in [HP25]. Simi-
larly the deformation retraction onto {Dyeq} is heuristically given by first shortening
all geodesics within the curve system D, and then lengthening all closed geodesics
outside D.

Proof of Theorem 4.1. — We will apply Corollary 4.8 to RGB using the downwards-
closed subposets Qg and Q; in Proposition 4.13. From the definition of ORGB it is
clear that ORGB = Qg U Q1, and in Proposition 4.13 we showed that Qo and Qi are
contractible. It remains to show

|Qo N Q1| ~ [NS(V)].

There is a poset map g : Qo N Q1 — NS(V)°P given by taking E € Qo NQ; to the disc
system g(FE) consisting of red and green discs in E. Then g(F) is non-simple as E € Qy,
and nonempty as £ € Qi. Applying the fibre lemma to g : Qo N Qy — NS(V)°P,
it suffices to show that each fibre g~!(NS(V)))) is contractible. A point £ € Qo N Qs
lies in g’l(NS(V)zpD) if and only if the set of green and red discs in E contains D.
Define a self-map ¢ of g+ (NS(V)ZPD) as follows: ¢(FE) is given by turning any red disc
in E not belonging to D green, followed by turning any green disc of E not belonging
to D blue, followed by turning any green disc of E belonging to D red. This is a
deflating map followed by two inflating maps, so is a homotopy equivalence onto its
image by Lemma 4.4. Elements of Im(¢) are precisely extensions of D (with all discs
coloured red) by simple disc systems in V'~ D (with all discs coloured blue), so that
Im(¢) = S(V ~ D), which is contractible. O

Remark 4.16. — As we showed that |[RGB(V)| ~ Y(V') in Theorem 3.10, combining
this with Proposition 4.13 gives a new proof of contractibility of Y(V'), which is the
most substantial part of Theorem 3.1.

A key input in the proof of Theorem 3.1 given in [HP25] was Giansiracusa’s theorem
[Gial1] that the derived modular envelope of the framed little disc operad is equivalent
to the handlebody modular operad. In turn, an important ingredient in Giansiracusa’s
proof of this theorem is the contractibility of |S(V')|. Thus in both approaches the
result is fundamentally a consequence of contractibility of the complex of simple disc
systems.

5. PROOF OF THE MAIN THEOREMS

In this section, we prove Theorems A, B, and C from the introduction. To repeat
the strategy: Mod(V) is a virtually torsion-free group, and we have constructed a
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contractible manifold Y(V') of dimension 6g — 6 + 3b + 2p that admits a proper,
cocompact action of Mod(V') (Theorem 3.1). We then showed that 0Y(V') is homotopy
equivalent to XNS(V') (Theorem 3.10 and Theorem 4.1). The criterion in Corollary 2.8
then shows that Theorems A and B are at this point both equivalent to each other,
and that both of them imply Theorem C.

For parts of this section it will be convenient to work “before barycentric subdivi-
sion” — recall that D(V) and NS(V') denote simplicial complexes where vertices are
given by discs and simplices by disc systems, as defined in connection with Theorem B
of the introduction. The barycentric subdivisions of D and NS are isomorphic to the
geometric realisations of the posets D and NS, respectively.

The first step is high (homological) connectivity of NS, which will be an easy
consequence of the fact that we already know that ved Mod(V') = d(g,b,p) [Hir03],
with notation as in Theorem A. In fact, we will only need the inequality ved Mod (V) <
d(g,b,p), which follows directly from the fact that Mod(V) is a subgroup of Mod(S),
and Harer’s theorem [Har86] that ved Mod(S) = d(g, b, p).

Prorosition 5.1. Keep hypotheses and notation as in Theorem B. Then
H,(NS(V),Z) =0
for all k < v(g,b,p).

Proof. — Let G be a torsion-free finite index subgroup of Mod(V). Apply Proposi-
tion 2.7 to the action of G on Y(V'). As the action of G on Y(V) is free and cocompact,
H:(Y(V),Z) = H*(G,Z[G]). Since cd(G) = d(g,b,p), we see that H*(Y(V),Z) = 0

for k > d(g,b, p). Lefschetz duality then tells us that H(0Y(V),Z) = 0 for
k< dim(Y(V)) —d(g,b,p) — 1.

Now we also have Hy(8Y(V),Z) = Hy_1(NS(V),Z) by Theorem 4.1. This finishes
the proof, since dim(Y(V)) — d(g,b,p) — 2 = v(g,b,p). O

Derinition 5.2, — Let X be a topological space. We say that X is homologically of
dimension < d it Hi(X,Z) vanishes for k > d, and H4(X,Z) is a free abelian group.

Remark 5.3. A CW complex of dimension < d is homologically of dimension < d.

The second step, then, will be to show that NS(V) 2 [NS(V')| is homologically of
dimension < v(g, b, p). We do this using the following Lemma 5.6. (Similar arguments
were used by Harer [Har86] and Ivanov [Iva87].)

Levmva 5.4. — Let Q be a poset, and x € Q a minimal element. If |Q ~ {z}| s
homologically of dimension < d, and |Qs,| is homologically of dimension < (d — 1),
for some integer d > 0, then |Q| is homologically of dimension < d. Moreover, the
map Ha(|Q ~{z}|,Z) — Hq(|Q|,Z) is a split injection.
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Proof. — Let A = |Q ~ {z}|, B = |Qs4|, and C = |Qx>,|. Note that C' is a cone
over B. The result is a consequence of the Mayer—Vietoris sequence:

-« — Hy(B,Z) — H,(A,Z)® H,(C,Z) — Hy(|Q|,Z) — Hp_1(B,Z) — - --

The final statement, i.e., that the map Hy(A,Z) — Hy(|Q|,Z) is a split injection,
follows since its cokernel is a subgroup of Hy_1(B,Z) and hence free abelian. O

Derinition 5.5. — We define the height of a poset as the supremum of the heights of
all its elements (Definition 3.8). Equivalently, the height of P is the dimension of |P].

Lemva 5.6. Let P be a countable poset of finite height. Assume for all x € P
that |Psz| is homologically of dimension < (d — 1), for some d > 0. Then |P| is
homologically of dimension < d.

Proof. — We prove the lemma by induction on the height of P. The base case is that P
has height 0, in which case the result is obvious, since |P| is discrete. So assume that P
has finite height and that the result is known for all posets of strictly smaller height.
Let Pin be the subset of minimal elements of P, and P’ = P \ P,;n. We enumerate
the elements of P, by x1,x2,... and define for £k > 0

Pr = P'U{xl,...,xk}.

We now prove, by induction on k, that |Pg| is homologically of dimension < d for all k.
Since Py = P’ has strictly smaller height than P, it is homologically of dimension < d
by our induction on height, which proves the base case. The induction step uses
Lemma 5.4 with Q = Py, and z = z;, (and hence Q \ {z} = Pjy_1).

Finally we claim that also |P| = lim |Pi| is homologically of dimension < d. The
only thing which is not clear is that Hy(|P|,Z) is free abelian, as a filtered colimit
of free abelian groups is in general only torsion-free. But in this case we are taking
a sequential colimit of split injections, by Lemma 5.4. Then the colimit, too, is free:
indeed, if

0=My— My — My —> ---
is such a directed system, and Nj denotes a choice of complement of M1 in My for
all k, then hi>nk M, = @, N O

Norarion 5.7. — If P is a poset, let CP = P U {0} denote P adjoined a minimum
element. If P and Q are posets, let P ® Q := (CP x CQ) ~ {(0,0)}, where the poset
structure on CP x CQ is componentwise.

Remark 5.8. The operation ® is associative. There is a natural homeomorphism
|P® Q| = |P| % |Q] on geometric realisations [Qui78, Prop. 1.9]. Hence the operation ®
provides another lift of the join operation from spaces to posets than the one of
Notation 4.5.

Prorosition 5.9. — Let V be a handlebody of genus g > 2, with no marked points
or discs on its boundary. Assume that the statement of Theorem B is known for
all handlebodies of genus strictly less than g, with any number of marked points or
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boundary components. Then the statement of Theorem B holds also for V; that is,
INS(V)| is homology equivalent to a wedge of spheres of dimension 2g — 3.

Proof. — Tt suffices to prove that |[NS(V')| is homologically of dimension < (2g — 3),
after Proposition 5.1. We prove this using the criterion of Lemma 5.6. Thus we choose
D € NS(V) and prove that [NS(V')s p| is homologically of dimension < (2g — 4).
Suppose that D cuts V into handlebodies V1, ..., V; of positive genera gy, ..., gs,
each of which has b1, ...,bs marked boundary disks, and W7,..., W; of genus zero,

each of which has ¢y, ..., ¢; marked boundary disks. Observe the relation
s t
(%) 29—222(29i—2+b +Z -2+ ¢j).
i=1 j=1

Using Notation 5.7 we now have the formula
NS(V)sp = X@D(W1) @ --- @ D(Wy)
where X denotes the subposet of D(V}) ® - - - ® D(V;) given by the union

U D(Vi) @@ D(Viiy) ® NS(Vi) ® D(Vigs) ® - - @ D(VA).

i=1
Indeed, this expresses that a non-simple disc system properly containing D will be
given by a nonempty family of discs in V' ~\ D, such that for at least onez =1,...,s,
those discs lying in V; will form a non-simple system (possibly empty), whereas the
discs in the remaining components may be arbitrary.

Now each disc complex is contractible by Theorem 4.10. Hence Lemma 4.7 applies,
with P =Xand Q; =D(V1)®---®D(Vi—1) ®NS(V;) ® D(Vj41) ® - - - @ D(V), to show
that

X| = B TH(INS(VA)] # - - % [NS(VE)]).
Since g; < g for all i, we know by induction on genus that each factor |NS(V;)|
is homology equivalent to a wedge of spheres of dimension 2g; — 4 + b;. Since the
disc complex and the curve complex coincide in genus zero, |D(W;)| is homotopic to a
wedge of spheres of dimension —4+¢; by Harer [Har86]. Thus [NS(V') p| is homology
equivalent to a wedge of spheres of dimension

S t
t+25—2+4 ) (20 —4+b)+ Y (—4+c¢)=29—4—t,
i=1 j=1

using Equation (). The result follows. O

Prorosition 5.10. — Fiz g > 2. If Theorem A holds when b = p = 0, then it holds
for all values of b and p. Similarly when g = 1, if Theorem A holds when b = 0 and
p =1, then it holds for all values of b and p with b+ p > 0.

Proof. — This is an application of Proposition 2.6. Firstly, if V' is obtained from V'
by replacing one of the boundary discs with a marked point, then there is a short
exact sequence

0 — Z — Mod(V) — Mod(V') — 1,
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so Proposition 2.6 implies that Mod (V) satisfies Theorem A whenever Mod(V”) does.
Hence Theorem A holds in general, if it holds in the special case that b = 0.

Secondly, let V" be obtained from V by forgetting one of the marked boundary
points, and let S” be the boundary of V", minus its marked points and boundary
discs. If S” has negative Euler characteristic, then by [Hen20, Lem. 3.3] there is instead
a short exact sequence (a Birman exact sequence for handlebodies)

1 — m(8") — Mod(V) —s Mod(V") — 1.

Again Mod(V) satisfies Theorem A whenever Mod(V") does. Hence Theorem A holds
in general, if it holds in the special case that p =0 (or p = 1 when g = 1). O

Prorosition 5.11. The statement of Theorem A holds when g = 1.

Proof. — By Proposition 5.10, it suffices to show this when (g,b,p) = (1,0, 1). But in
this case we have Mod(V') & Z x {£1}, which is clearly a virtual duality group. O

Turorem 5.12. — Theorems A, B, and C hold.

Proof. As observed in the first paragraph of this section, we have already proven
that the statements of Theorem A and Theorem B are equivalent when g > 0, and
that both of them imply Theorem C. (When g = 0, Theorem A is a theorem of Harer
and Theorems B and C are vacuous.)

Now Proposition 5.11 shows that Theorem A holds when g = 1. Thus we may fix
some g > 2. According to Proposition 5.10, to show the statement of Theorem B for
all values of b and p in this genus, it suffices to show it for b = p = 0. But by induction
on the genus we may assume the statement to be known for any handlebody of lower
genus, so we are done by Proposition 5.9. (|

Remark 5.13. — The precise inductive strategy is quite important. Specifically, it is
crucial that Lemma 5.6 is only ever applied to the case b = p = 0 of no marked discs
or points on the boundary (as in Proposition 5.9), and that the case of markings is
instead dealt with using the “Birman exact sequence” via Proposition 5.10.

Indeed, in order to apply Lemma 5.6 to NS(V'), we need that NS(V')~ p has strictly
lower homological dimension than NS(V'), for all D € NS(V'). This is only true in the
closed case, the point being that the homological dimension of [NS(V)| is —x(S) — 1
when b = p =0, and —x(S) — 2 when b+ p > 0. In this sense the dimension is one
higher than expected when b = p = 0. Note also that in applying Lemma 5.6 we cut
the handlebody into pieces along some nonempty disc system, in which case all pieces
have at least one marked disc on its boundary.

Other than in some low genus cases, one can show the stronger result that NS(V)
is homotopy equivalent to a wedge of spheres.

Prorosition 5.14. — If g > 3, then NS(V) is homotopy equivalent to a wedge of
spheres of dimension v(g,b,p), where v(g,0,0) =2g—3 and v(g,b,p) =2g—4+b+p
ifb+p>0.
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Ficure 1. Four discs in a genus three handlebody V' (left) and the
corresponding simplex in D(V') (right). The three purple discs span a
2-cell 0 € D(V) \NS(V); the cone on do with respect to the orange
vertex lies in NS(V).

Proof. — After Theorem B, it is enough to show that NS(V) is simply connected
when g > 3. By the work of McCullough [McC91] and Hatcher—-Wahl [HW10] the full
disc complex D(V) is contractible (see Theorem 4.10): we will show that the inclusion
NS(V) ¢ D(V) is 1-connected.

As a simple disc system needs to use at least g discs, it follows that NS(V') contains
the (g — 2)-skeleton of D(V'), and so contains the 2-skeleton of D(V') when g > 4.
Thus, NS(V') is simply connected for g > 4, as D(V) is.

When g = 3, the complex NS(V') contains the 1-skeleton of D(V'). We will show
that the boundary do of every 2-cell o € D(V) \ NS(V) is still bounded by a disc in
NS(V), which implies that NS(V') is also simply connected, as above. When g = 3,
the only 2-cells in D(V') forming simple disc systems consist of three nonseparating
discs. We can obtain a 3-cell ¢’ of D(V) by adding an arbitrary disjoint separating
disc to o. Every face of ¢’ other than o contains this separating disc, and is therefore
contained in NS(V'), so that the remaining faces of ¢’ form a disc bounding do.
It follows that the inclusion NS(V') € D(V) is 1-connected, as required. O

Remark 5.15. — The argument in Proposition 5.14 may be considered as an instance
of the bad simplex argument [HV17, Cor.2.2(a)] applied to the pair (D(V),NS(V)),
taking all simplices of D(V) \NS(V) to be bad. To prove that NS(V) is 1-connected,
one only needs to study bad simplices of dimension < 2. If one wanted to push the
argument further, then in genus 2 one would need to consider both bad 2-cells and bad
edges, and in genus 1 one would moreover need to consider bad vertices. Bad 2-cells
could be dealt with in the same manner in any genus, but bad edges and vertices seem
like they would moreover require connectivity or simple connectivity of complexes of
separating curves on a partitioned genus zero surface (cf. [Lool3]).
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