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GAUSSIAN UPPER BOUNDS, VOLUME DOUBLING AND

SOBOLEV INEQUALITIES ON GRAPHS

by Matthias Keller & Christian Rose

Abstract. — We investigate the equivalence of Sobolev inequalities and the conjunction of
Gaussian upper heat kernel bounds and volume doubling on large scales on graphs. For the
normalizing measure, we obtain the equivalence up to constants. If arbitrary measures are con-
sidered, we incorporate a new local regularity condition. Furthermore, new correction functions
for the Gaussian, doubling, and Sobolev dimension are introduced. For the Gaussian and dou-
bling, the variable correction functions always tend to one at infinity. Moreover, the variable
Sobolev dimension can be related to the doubling dimension and the vertex degree growth.

Résumé (Bornes supérieures gaussiennes, doublement du volume et inégalités de Sobolev sur les
graphes)

Nous étudions l’équivalence entre les inégalités de Sobolev et la conjonction des bornes
supérieures gaussiennes du noyau de chaleur et du doublement de volume à grande échelle
sur les graphes. Pour la mesure normalisante, nous obtenons l’équivalence à constante près.
Pour des mesures arbitraires, nous incorporons une nouvelle condition de régularité locale.
De plus, nous introduisons de nouvelles fonctions de correction pour les dimensions gaussienne,
de doublement et de Sobolev. Pour les dimensions gaussienne et de doublement, les fonctions
de correction variables tendent toujours vers 1 à l’infini. Par ailleurs, la dimension de Sobolev
variable peut être mise en relation avec la dimension de doublement et la croissance du degré
des sommets.
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966 M. Keller & C. Rose

1. Introduction and main results

Geometric characterizations of upper heat kernel bounds go back to the work of
Varopoulos [Var85]. There it was shown that uniform diagonal upper heat kernel
bounds of Dirichlet forms are characterized by uniform Sobolev inequalities. Different
characterizations in terms of Nash, Gagliardo-Nirenberg, and Faber-Krahn inequal-
ities have been obtained by several authors over the last decades in different set-
tings, [CKS87, Cou92, SC92a, Gri94, SC92b, SC02, BCS15, GHH24]. In the case
of continuous-time heat kernels on graphs, strong bounds on the underlying geome-
try have been studied since the seminal work of Davies and Pang [Dav93b, Pan93].
Among many other milestones, Delmotte’s fundamental work on the characterization
of full Gaussian bounds for heat kernels with respect to the normalizing measure is
mentioned [Del99]. Furthermore, the textbook [Bar17] provides characterizations of
heat kernel upper bounds on graphs with strong boundedness assumptions on the
underlying geometry.

In the case of graphs with unbounded geometry only partial results exist. The
Davies-Gaffney-Grigor’yan estimate, an integrated heat kernel bound, has been
obtained on graphs in [BHY17]. Delmotte’s work has been extended to graphs with
normalizing measure but possibly unbounded combinatorial geometry in [BC16].
Graphs with bounded combinatorial geometry but possibly unbounded weights are
studied in [ADS16, BS22] which is related to work in the continuum of Trudinger
[Tru71]. Grigor’yan’s two-point method to obtain off-diagonal from on-diagonal
bounds has been extended to graphs with unbounded geometry involving intrinsic
metrics [Fol11]. In [KR24, KR26] the authors obtained Gaussian upper bounds for
large times assuming Sobolev and volume doubling properties on large scales in terms
of intrinsic metrics.

Here we are interested in the geometric characterization of Gaussian upper bounds
for the heat kernel on graphs with unbounded geometry. We provide an equivalence of
scale-invariant Sobolev inequalities and the conjunction of Gaussian bounds, volume
doubling property on large scales, and a local regularity property. To allow for more
unboundedness in the geometry than in the classical setting we have to expand on
well known concepts using various ideas.

The first one is that we allow for a variable dimension in the Sobolev inequality.
While this dimension function can possibly be unbounded in general, we can relate
it to the volume doubling dimension and a growth rate in the case where the vertex
degree is polynomially bounded.

A second idea concerns the derivation of a volume doubling property from the
Sobolev inequality. Due to the discrete structure of the space additional error terms
are unavoidable. However, they can be controlled for large radii.

The third idea is a local version of regularity property appearing already in a
uniform form in [BC16] for the normalizing measure. Indeed, this property is an im-
mediate consequence of the Sobolev inequality by plugging in characteristic functions.
However, it allows to formulate all occurring bounds in terms of the vertex degree at
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Gaussian upper bounds, volume doubling and Sobolev inequalities on graphs 967

centers of balls. This way this local regularity property becomes part of the charac-
terization.

Finally, we extend the Gaussian bounds developed in [KR26] derived from volume
doubling and Sobolev inequalities. The correction terms now depend only on degrees
of the vertices at which the heat kernel is evaluated. We further emphasize that the
off-diagonal bounds are indeed much finer than in previous works and are sharp in
specific situations such as [Dav93b, Pan93].

Although the main focus of the work is graphs of unbounded geometry, already
in the special case of the normalized Laplacian, Theorem 6.1, our result is new as
it requires much less boundedness assumptions on the geometry than earlier works.
In Section 1.1 we recall classical results on manifolds and graphs. We compare them
with our Theorems 1.1 and 1.2, which are special cases of our main result for the nor-
malizing and counting measure, in Section 1.2. The following Section 1.3 introduces
our general set-up and Section 1.4 presents the general localized main result Theo-
rem 1.5 for general measures. The strategy of the proof is discussed in Section 1.5
and there the structure of the present work is discussed in detail.

1.1. Classical results. — Consider the heat equation

∂tu = −∆u

for a function u = u(t, x), where t > 0, x ∈ Rn, and ∆ = −
∑n

i=1 ∂
2
i . Its fundamental

solution is given by the Gauss-Weierstrass function

f(t, x) =
1√
4πtn

exp
(
−|x|2

4t

)
,

and the function pt(x, y) = f(t, x − y) is called the heat kernel. It constitutes the
integral kernel of the heat semigroup (e−t∆)t⩾0 acting in L2(Rn).

Many spaces come with a natural notion of Laplace operator and an associated heat
kernel. One might ask under which conditions on the space the heat kernel satisfies
estimates comparable to the Gauss-Weierstrass function, and if these bounds can be
geometrically characterized. As mentioned above, there have been numerous works
devoted to the geometric characterization of heat kernels in various settings. We will
review some contributions related to the present work.

We start with the case where the underlying space is a Riemannian manifold.
Let n > 2 and M be a geodesically complete non-compact n-dimensional smooth
Riemannian manifold with geodesic distance d and volume measure m, and denote
geodesic balls by Bx(r) for x ∈ M and r > 0. Denote by ∆ ⩾ 0 the corresponding
Laplace–Beltrami operator with heat semigroup (e−t∆)t⩾0 acting in L2(M,m), and
minimal heat kernel p.

For the heat kernel p of M , we say that Gaussian upper bounds hold if there is a
constant C > 0 such that, for all t > 0, x, y ∈ M , we have

(GM ) pt(x, y) ⩽
C
(
1 + d(x, y)2/t

)n/2√
m(Bx(

√
t))m(By(

√
t))

exp
(
−d(x, y)2

4t

)
.
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968 M. Keller & C. Rose

Short-time and long-distance behavior of the heat kernel are captured by the expo-
nential. Note that the constant 1/4 appearing in the exponent is sharp compared
to the Gauss-Weierstrass function and comes with the cost of the correction term(
1 + d(x, y)2/t

)n/2.
A geometric condition ensuring Gaussian heat kernel bounds can be formulated

in terms of Sobolev inequalities. We say that M satisfies local Sobolev inequalities if
there is a constant C > 0 such that, for all x ∈ M , r > 0 and u ∈ C∞

c (Bx(r)), we have

(SM ) C
m(Bx(r))

2/n

r2
∥u∥22n/(n−2) ⩽ ∥|∇u|∥22 +

1

r2
∥u∥22.

Furthermore, the manifold M satisfies the volume doubling property if there exists a
constant C > 0 such that, for all x ∈ M and 0 < r < R, we have

(VM ) m(Bx(R))

m(Bx(r))
⩽ C

(R
r

)n

.

For instance, if M has non-negative Ricci curvature, the properties (GM ), (SM )
and (VM ) are simultaneously satisfied. In general, one still has the following char-
acterization of Gaussian bounds for the heat kernel which can be extracted from
[Gri94, BCLSC95], cf. [SC02]:

(SM ) ⇐⇒ (GM ) & (VM ).

The present paper focuses on Gaussian upper bounds of continuous-time heat ker-
nels of discrete graphs. In order to compare our results with the existing literature,
we briefly review existing results on this topic.

We consider locally finite connected infinite graphs with vertex set X, edge
weights b and vertex measure m, see Section 1.3 for definitions. There is a natural
notion of Laplace operator and associated minimal heat kernel.

Analogous to the case of Riemannian manifolds, we start with the heat kernel of a
model space we want to compare our results with. Let the canonical graph over the
set of integers Z with standard edge weights be given, where b(x, y) = 1 iff |x−y| = 1,
x, y ∈ Z and zero otherwise, and m = 1. Denote by d = |x − y| the combinatorial
distance between x, y ∈ Z. An essentially exact estimate for p was obtained in [Pan93,
Th. 3.5]: there exists a constant c > 0 such that

c−1

√
t ∨ d

exp (−2t ζ (d/2t)) ⩽ pt(x, y) ⩽
c√
t ∨ d

exp (−2t ζ (d/2t))

for x, y ∈ Z, d, t > 0, where

ζ(x) = x arsinh(x) + 1−
√

x2 + 1, x ⩾ 0.

In particular, for d > 0, we have

2t ζ (d/2t) ∼ d2

4t
, t −→ ∞.

Here, ∼ means that left-hand side divided by right-hand side converges to one.
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Gaussian upper bounds, volume doubling and Sobolev inequalities on graphs 969

Next, we consider a general graph b over vertex set X together with the normalizing
measure, i.e., m = deg =

∑
y∈X b(·, y). Davies [Dav93b] found that for any such graph,

we have with the combinatorial distance d, for all t ⩾ 0,

pt(x, y) ⩽
1√

deg(x) deg(y)
exp

(
−tζ (d(x, y)/t)

)
.

Note that the constant two in above estimate is missing due to a different scaling of
the metric.

For the normalizing measure, a characterization of heat kernel upper bounds in
terms of Sobolev inequalities under volume growth assumptions for graphs can be
found, e.g., in [Bar17]. There, the following Gaussian bounds are considered: there is
a constant C > 0 such that, for all x, y ∈ X, we have

(GU ) pt(x, y) ⩽
C

tn/2
exp

(
−d(x, y)2

Ct

)
, t ⩾ d(x, y).

Note that the volume function is replaced by a uniform bound independent of the
spatial variable. The off-diagonal bound holds only if t ⩾ d(x, y), and moreover,
instead of function ζ, there is a constant multiple of d(x, y)2/t.

For n > 2, the characterization in [Bar17] is based on the following global Sobolev
inequality: there is a constant C > 0 such that, for all u ∈ Cc(X), we have

(SU ) ∥u∥2n/(n−2) ⩽ C∥|∇u|∥2.

If n > 2 and the graph has Euclidean volume growth, i.e.,

c−1rn ⩽ m(Bx(r)) ⩽ crn, r ⩾ 1, x ∈ X,

then we have
(GU ) ⇐⇒ (SU ).

The developed ideas employed to obtain upper bounds on the heat kernel have proved
very fruitful in the study of continuous-time random walks in random environments,
see, e.g., [ADS16, CKW20, BS22] and the references therein. Explicitly, we mention
Barlow’s work on Gaussian bounds on the heat kernel with normalizing measure on
supercritical percolation clusters in Zd, [Bar04]. A general feature of such random
environments on graphs is that the involved conditions required to obtain heat kernel
bounds only hold for sufficiently large balls.

Our main results are characterizations of upper heat kernel bounds on graphs on
large scales involving ζ – the sharp exponential used by Davies and Pang. In the
next section, we discuss global results for the two important cases of normalizing and
counting measure.

1.2. Global main results for normalizing and counting measure. — In this section,
we discuss two special cases of the main results. Specifically, we obtain versions of
the above results neither assuming Euclidean volume growth nor boundedness of
the degree. In view of the discussion above, we obtain these characterizations for
sufficiently large balls and times in a quantitative manner.

J.É.P. — M., 2026, tome 13



970 M. Keller & C. Rose

We formulate our results in the spirit of the characterization for Riemannian mani-
folds described above. Given a graph b over (X,m), see Section 1.3 for details, we spec-
ify the meaning of Gaussian upper bounds, Sobolev inequalities and volume doubling
before we state our results.

First, we consider the case of a graph b with normalizing measure m = deg and
the combinatorial distance d. Furthermore, let n > 2 be given.

For t0 ⩾ 0, the heat kernel p satisfies Gaussian upper bounds if there is a constant
C > 0 such that for all t ⩾ t0, x, y ∈ X we have

(Gnorm(t0)) pt(x, y) ⩽
C
(
1 +

√
d(x, y)2 + t2 − t

)n/2√
m(Bx(

√
t))m(By(

√
t))

exp
(
−tζ (d(x, y)/t)

)
.

Note that the involvement of the function ζ which is optimal on the integers leads
to a change of the polynomial correction term. In particular, the exponential term is
different from the function known in the manifold case, but the polynomial correction
term is smaller.

For r0 ⩾ 0, the graph satisfies a local Sobolev inequality if there is a constant C > 0

such that for all x ∈ X, r ⩾ r0, we have for all functions of u supported in Br(x)

(Snorm(r0)) C
m(Bx(r))

2/n

r2
∥u∥22n/(n−2) ⩽ ∥|∇u|∥22 +

1

r2
∥u∥22.

Further, the graph satisfies the volume doubling property if there exists a constant
C > 0 such that, for all x ∈ X and 0 < r < R, we have

(Vnorm) m(Bx(R))

m(Bx(r))
⩽ C

(R
r

)n

.

Our main result for the normalizing measure is as follows.

Theorem 1.1 (Normalizing measure, global version). — Let n > 2. If there is r0 > 0

such that (Snorm(r0)) holds, then there is t0 = t0(r0) > 0 such that (Gnorm(t0)) and
(Vnorm) hold. Conversely, if there is t0 > 0 such that (Gnorm(t0)) and (Vnorm) hold,
then there is r0 = r0(t0) > 0 such that (Snorm(r0)) holds.

Our next main theorem concerns graphs with counting measure m = 1. In contrast
to the normalizing measure, in presence of possibly unbounded vertex degree, it is
essential to consider an intrinsic metric ρ instead of the combinatorial distance d,
cf. Section 1.3. For simplicity, we assume now that ρ is an intrinsic path metric with
jump size less than one. For the implication (S) ⇒ (G) & (V), it turns out that
properties (G) and (V) need to be modified by an error involving the vertex degree.
This error term is decreasing in time and radius. The implication (G) & (V) ⇒ (S)
requires the Sobolev dimension to be depending on the vertex degree inside the con-
sidered ball in order to obtain well-behaved Sobolev constants. To this end, we employ
a local regularity condition which naturally enters the characterization. Under mild
assumptions, the variable Sobolev dimension is comparable to the doubling dimension.

J.É.P. — M., 2026, tome 13



Gaussian upper bounds, volume doubling and Sobolev inequalities on graphs 971

Let r0, t0 ⩾ 0 and n > 2. We say that the heat kernel p satisfies Gaussian upper
bounds if there is a constant C > 0 such that for all t ⩾ t0 and all x, y ∈ X the heat
kernel has the upper bound

(Gcount(t0)) pt(x, y) ⩽ C(1 ∨ deg(x) ∨ deg(y))C/n√t

·
(
1 +

√
t2 + ρ(x, y)2 − t

)n/2√
m(Bx(

√
t))m(By(

√
t))

e−tζ(ρ(x,y)/t).

These bounds will be characterized in terms of the following local Sobolev inequalities
for a dimension function n′ : X× [r0,∞) → (2,∞): there exists a constant C ⩾ 1 such
that for all x ∈ X, r ⩾ r0 and all functions of u supported in Br(x), we have

(Scount(r0)) C
m(Bx(r))

2/n′
x(r)

r2
∥u∥22n′

x(r)/(n
′
x(r)−2) ⩽ ∥|∇u|∥22 +

1

r2
∥u∥22.

The volume doubling property is satisfied in X if there is a constant C > 0 such that
for all x ∈ X and r0 ⩽ r1 ⩽ r2

(Vcount(r0)) m(Bx(r2)) ⩽ C(1 ∨ deg(x))C/n
√
r1
(r2
r1

)n

m(Bx(r1)).

The local regularity property is satisfied in X if there is a constant C > 0 such that
for all x ∈ X and r ⩾ r0, we have

(L(r0))
m(Bx(r))

m(x)rn
⩽ C (1 ∨ deg(x))

n/2
.

Our global main theorem in case of the counting measure is as follows.

Theorem 1.2 (Counting measure, global version). — If r0 > 0 and n > 2 are con-
stants and (Scount(r0)) with dimension n holds in X, then there exists t0 = t0(r0) > 0

such that (Gcount(t0)), (Vcount(r0)) and (L(r0)) hold in X. Conversely, if n> 2,
r0, t0 > 0 are constants such that (Gcount(t0)), (Vcount(r0)) and (L(r0)) hold in X,
then there exists r1 = r1(r0, t0) > 0 such that Scount(r1) holds with dimension func-
tion n′ given by

n′
x(r) = n

(
1 + 284n

ln(ln r)

ln(r)

)(
1 +

1

2
· ln dx(r)

ln r

)
,

where dx(r) = maxBx(r)(1 ∨ deg). In particular, if maxBx(r) deg ⩽ Crk for some
C ⩾ 1, k ⩾ 0 and all r > 0, then

n ⩽ lim sup
r→∞

n′
x(r) ⩽ n

(
1 +

k

2

)
.

Remark. — Observe that if maxBx(r) deg ⩽ C ln r for some C > 0 and all r ⩾ r0,
then n′

x(r) → n as r → ∞. In particular, if the vertex degree is bounded, we recover
the dimension n.
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972 M. Keller & C. Rose

1.3. Set-up. — Let X be an at most countable set and denote by C(A) the real-valued
functions f on X with support supp f in A ⊂ X and by Cc(X), we denote the functions
of compact support. For a function f ∈ C(A) which satisfies f ⩾ 0 or is absolutely
summable, we write

∑
A f =

∑
x∈A f(x). We extend a function m : X → (0,∞) to a

measure on X via

m(A) =
∑
A

m,

for A ⊂ X. As usual, we let

∥f∥pp =
∑
X

m|f |p, p ∈ [1,∞), ∥f∥∞ = sup
X

|f |,

and ℓp(X) = {f ∈ C(X) : ∥f∥p < ∞} for p ∈ [1,∞]. We call a symmetric function
b : X ×X → [0,∞) such that b(x, x) = 0 and

deg(x) =
∑
y∈X

b(x, y) < ∞, x ∈ X,

a graph over the measure space (X,m). We write x ∼ y whenever b(x, y) > 0 for
x, y ∈ X. Furthermore, we denote

Deg(x) =
1

m(x)

∑
y∈X

b(x, y) =
deg(x)

m(x)
.

A graph is called locally finite if the set {y ∈ X : b(x, y) > 0} is finite for any
x ∈ X. The graph is called connected if for any x, y ∈ X there exists a finite sequence
x = x0 ∼ x1 ∼ · · · ∼ xn = y which we call a path from x to y.

It is vital to use intrinsic metrics to deal with unbounded Laplacians on graphs, see
[Dav93a, Fol11, GHM12, BHK13, HKW13, Fol14a, Fol14b, BKW15, Kel15, HKS20,
KLW21]. An intrinsic metric with respect to b over (X,m) is a non-trivial pseudo-
metric ρ : X ×X → [0,∞) such that∑

y∈X

b(x, y)ρ2(x, y) ⩽ m(x),

for all x ∈ X. A pseudo metric ρ is called a path metric with respect to the graph if
there is w : X ×X → [0,∞] such that for all x, y ∈ X

ρ(x, y) = inf
x=x0∼···∼xn=y

n∑
j=1

w(xj−1, xj)

and w(x, y) < ∞ iff x ∼ y. Observe that the choice w(x, y) = (Deg(x) ∨Deg(y))−1/2

for x ∼ y and w(x, y) = ∞ otherwise yields an intrinsic path metric.
As usual, we let

B(r) = Bx(r) = {y ∈ X : ρ(x, y) ⩽ r},
r ⩾ 0, x ∈ X. Furthermore, we will use the following notation for the space-time
cylinder

Q(r1, r2) = Qx(r1, r2) = Bx(r2)× [r1, r2],

for x ∈ X and r1, r2 ∈ R.
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Gaussian upper bounds, volume doubling and Sobolev inequalities on graphs 973

Assumption 1.3. — We assume that the intrinsic metric is a path metric for which
the distance balls are compact and we have the finite jump size condition

S := sup{ρ(x, y) : x, y ∈ X, b(x, y) > 0} < ∞.

Observe that as a consequence our graphs are locally finite and connected. Indeed,
local finiteness follows from finite balls and finite jump size, while connectedness
follows from the fact that ρ is a path metric taking values in (0,∞), cf. [KLW21].

An important consequence of the assumptions above is that the metric space (X, ρ)

is complete and geodesic, i.e., for any two vertices x, y ∈ X there is a path x = x0 ∼
· · · ∼ xn = y such that ρ(x, y) = ρ(x, xj) + ρ(xj , y) for all j = 0, . . . , n, see [KLW21,
Ch. 11.2] or [KM19].

For a locally finite graph, we consider the Laplace operator

∆f(x) =
1

m(x)

∑
y∈X

b(x, y)(f(x)− f(y)), f ∈ C(X), x ∈ X.

With slight abuse of notation, we also denote by ∆ ⩾ 0 the Friedrichs extension of
the restriction of this operator to Cc(X) in the Hilbert space ℓ2(X,m). We denote by

Λ := inf spec(∆)

the bottom of the spectrum of ∆.
The minimal positive fundamental solution p : [0,∞)×X×X → [0,∞) of the heat

equation
d

dt
u = −∆u on [0,∞)×X

is called the heat kernel of the graph. It can be seen via functional calculus that p is
the kernel of the semigroup (Pt)t⩾0, where

Pt = e−t∆, t ⩾ 0.

For x, y ∈ X and f ∈ C(X), we let ∇xyf = f(x)− f(y) and

|∇f |(x) :=
(

1

m(x)

∑
y∈X

b(x, y)(∇xyf)
2

)1/2

.

In the following, we introduce the conditions with which we will be dealing in this
article. They generalize the well-established variants of the notions discussed above
by introducing certain control functions.

Definition 1.4. — Let B ⊂ X, R2 ⩾ R1 ⩾ 0, as well as n : X × [R1, R2] → (2,∞),
ϕ : X × [R1, R2] → [1,∞), and Ψ: X × (2,∞)× [R1, R2] → [1,∞).

(S) The Sobolev inequality Sϕ(n,R1, R2) holds in B, if for all x ∈ B, r ∈ [R1, R2]

and u ∈ Cc(Bx(r)), we have

m(Bx(r))
2/nx(r)

ϕx(r)r2
∥u∥22nx(r)/(nx(r)−2) ⩽ ∥|∇u|∥22 +

1

r2
∥u∥22.
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974 M. Keller & C. Rose

(G) Gaussian upper bounds GΨ(n,R1, R2) are satisfied in B if for all t ⩾ R2
1 and

all x, y ∈ B the heat kernel has the upper bound

pt(x, y) ⩽ Ψx(nx(
√
τ),

√
τ)Ψy(ny(

√
τ),

√
τ)

·

(
1 ∨ S−2

(√
t2 + ρ2xyS

2 − t
))nxy(

√
τ)/2

√
m(Bx(

√
τ))m(By(

√
τ))

e−Λ(t−τ)−(t/S2)ζ(ρxyS/t),

where we set τ := t ∧R2
2, ρxy := ρ(x, y), nxy(t) :=

1
2 (nx(t) + ny(t)) and recall

ζ(x) = x arsinh(x) + 1−
√

x2 + 1, x ⩾ 0.

(V) The volume doubling property VΨ(n,R1, R2) is satisfied in B if for all x ∈ B

m(Bx(r2)) ⩽ Ψx(nx(r2), r1)
(r2
r1

)nx(r2)

m(Bx(r1)), R1 ⩽ r1 ⩽ r2 ⩽ R2.

Further, we abbreviate VΨ(n,R2) := VΨ(n, 0, R2), where we interpret r/0 =: ∞ for
r ⩾ 0.

(L) The local regularity property Lϕ(n,R1, R2) is satisfied in B if for all x ∈ B and
r ∈ [R1, R2], we have

m(Bx(r))

m(x)(1 ∨ r)nx(r)
⩽ ϕx(r) (1 ∨Deg(x))

nx(r)/2 .

Notation. — If in the following the functions n, ϕ,Ψ in the definitions above are
chosen to be constant, we will mention this explicitly.

Remark (Sharpness of ζ). — By the work of Davies and Pang, the function ζ in the
case S = 1 is sharp for the normalizing measure on the integers, [Dav93b, Pan93].
Moreover, we have for r > 0

tζ(r/t) ∼ r2

2t
, t −→ ∞,

where ∼ means that the left-hand side divided by the right-hand side converges to
one.

Remark (The regularity property). — The local regularity property (L) can be inter-
preted as doubling property from balls with large radius to balls with very small
radius. It should mainly be thought as m(Bx(r))/m(x) ⩽ Cxr

n which however fails
to be equivalent for small radii r. See [BC16] for a uniform version of (L).

1.4. Localized main result for general measures. — In this section, we present the
main result which extends Theorems 1.1 and 1.2 in two ways. First, we allow for
general measures and second, we present a localized version of the characterization of
heat kernel bounds. This means that (G), (V), and (S) now depend on the measure
and are assumed to hold on annuli only. Theorems 1.2 as well as localized versions
thereof follow from the general theorem below. In order to formulate it, we first need
some preparations.
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Let x ∈ X and a dimension function n : X× [0,∞) → (2,∞), we let the supremum
over annuli of radii be given as

Nx(r) = sup
[r/4,r]

nx.

Furthermore, the volume doubling and Gaussian correction functions are given in
terms of

Ψx(N, r) = (1 ∨Deg(x))
7N2 N

√
S/r

.

Denote the dimension function by

n′
x(r) = Nx(r)

(
1 +

ln(r′/(1 ∧ r))

ln(r/r′)
+ 280(1 ∨ S)Nx(r)

ln(1 ∨ r)
Nx(r)

√
r′

)(
1 +

1

2

Dx(r)

ln (1 ∨ r)

)
,

where Dx(r) = supBx(r) 1 ∨Deg and

r′ = R1 ∨
(r
4
∧ 1

4
(ln r)2Ñ(r)

)
, Ñ(r) = sup

Bx(r)×[R1∨(ln r)/4,r]

n.

The backbone of this article is the following new characterization of Gaussian upper
heat kernel bounds on graphs.

Theorem 1.5 (General locally regular case). — Let R2 ⩾ R1 ⩾ 1024S, and B ⊂ X.
(i) If there is a constant ϕ ⩾ 1 such that Sϕ(n,R1, R2) holds in B, then there

exists a function A = A(N,ϕ, S) > 0 such that GAΨ(N, 4R1, R2), VAΨ(N,R1, R2),
and LA(N,R1, R2) hold in B.

(ii) If there is a function A⩾1 such that properties GAΨ(n,R1, R2), VAΨ(n,R1, R2),
and LA(N,R1, R2) hold in B = Bx(R2), then there exists a positive function ϕ′ =

ϕ′(N,A, S) > 0 such that Sϕ′(n′, 4R1, R2) holds in x.

Remark (Dimension function n′). — In Theorem 1.2 we have seen that the dimension
function n′ converges to the doubling dimension if the vertex degree is bounded or if
the vertex degree grows at most polynomially. In contrast, here, additionally the input
dimension n is a function. Assuming that n is bounded then the same considerations
can be applied to the dimension function n′ as in Theorem 1.2. If n is unbounded,
then one would naturally expect n′ to be unbounded as well. In this case, one can still
estimate n′ ⩽ CεN

3+εD for all ε > 0 and if D grows at least logarithmically, then
one can estimate n′ ⩽ CN2D.

Remark (Functions A and ϕ′). — Theorem 1.5 holds with A = (2ϕ(1 ∨ S))54N
3 for

part (i). The statement in part (ii) holds with Sobolev constant ϕ′ given by the
expression ϕ′

x(r) = 287+2Nx(r)/(Nx(r)−2)∥A1Q ∥20∞, where Q = Bx(r) × [(ln r)+/4, r].
In particular, if A is a constant and n ⩾ n0 > 2, then ϕ′ can be chosen as a constant.
So, for constant A, the only situation where ϕ′ may be unbounded is if one aims for
a Sobolev inequality with dimension n approaching 2.

Remark (Full volume doubling). — Indeed, one can deduce

VAΨ(n,R2) = VAΨ(n, 0, R2)
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in (i) at the cost of a more sophisticated error function Ψ. We refer the interested
reader to Theorem 2.7.

Remark (The local regularity property). — Theorem 1.5 is a consequence of the even
more general Theorem 6.2 which does not incorporate the local regularity property.
However, the local regularity property (L) is a natural consequence of the Sobolev
inequality, cf. Lemma 2.4. Thus, it is natural to include it into the characterization
of the Sobolev inequality. Indeed, in the case of the normalizing measure, a uniform
version of (L) already appeared in [BC16].

The results of this paper are applied to specific examples including the Laguerre
operator, cf. [Kos21] in an upcoming paper [KKNR]. There we use isoperimetric esti-
mates to infer Sobolev inequalities to employ the heat kernel bounds derived here.

1.5. Strategy of the proofs. — Theorems 1.1, 1.2 and 1.5 are special cases of more
general technical results. These are summarized in Theorem 6.2 which does not involve
a local regularity property. Roughly speaking we want to show an “equivalence” of
(G) & (V) & (L) and (S). Below we will discuss the overall strategy and the necessary
adaptions for the special cases.

Section 2 is dedicated to show how (S) implies (V) & (L). To deduce (V) from (S)
we follow the strategy of [SC02]. Inserting appropriate cut-off functions into (S) gives
an intermediate step of an iteration procedure. The number of steps of this iteration
procedure is restricted by the jump size. The error term for the volume doubling
– above named Ψ – which emerges from the iteration depends now on the vertex
degree of the center of the initial ball, cf. Theorem 2.5. As discussed above Ψ can be
controlled for large radii. Furthermore, (L) is an immediate consequence of (S) by
plugging in characteristic functions of vertices, cf. Lemma 2.4.

In Section 3 we show how to derive (G) from (S) after we already obtained (V).
The considerations of this section are a variation of the strategy developed in [KR26].
This strategy is a combination of truncated Moser iteration and Davies’ method. The
significant difference to [KR26] is that our new error terms to estimate pt(x, y) in (G)
now only depend on the vertex degree of x and y rather than means in large balls
about these vertices of radius

√
t, cf. Theorem 3.5.

A strategy to derive (S) from (G) & (V) goes back to [Var85], cf. [SC02] and infers a
weak Sobolev inequality from uniform diagonal heat kernel bounds. A challenge in the
discrete setting is that this strategy only gives a weak Sobolev inequality involving the
uniform norm instead of the 1-norm. This issue requires the incorporation of the trivial
ℓ∞-ℓ1-embedding on balls which yields an unpleasant error in terms of reciprocals of
measures within the Sobolev constant. We then conclude (S) from the weak Sobolev
inequality by a version of the proofs in [Bar17, Del97]. The unpleasant error is still
good enough in very bounded situations, cf. Theorem 5.5. However, allowing for more
unboundedness we need a new idea which is the choice of a variable dimension. This
choice mitigates the possibly unbounded error terms for large radii, cf. Theorem 5.7
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which still includes a free parameter which is chosen later to prove Theorems 1.2
and 1.5.

In Section 6 we then put Theorem 2.5, 3.5 and 5.7 together to conclude the most
general result Theorem 6.2. The proof for the normalizing measure, Theorem 6.1, then
employs a corollary of Theorem 2.5, 3.5 and 5.5. For Theorem 1.5, the strategy to
conclude (G) & (V) & (L) from (S) is similar and only invokes Lemma 2.4 additionally.
For the “reverse direction” we then have to choose the free parameter in Theorem 5.7.
This allows us to show (S) with a variable dimension. Here, (L) yields that all error
terms only depend on the vertex degrees and not on reciprocals of measures.

Acknowledgements. — The authors thank Tomasz Grzywny for an illuminating hint
which improved the manuscript and the anonymous referee for the encouragement to
further simplify the presentation.

2. Sobolev implies volume doubling and local regularity

In this section we obtain volume doubling properties in balls where Sobolev inequal-
ities are satisfied. The general strategy is based on [SC02]. We show how the vari-
able dimension of the Sobolev inequalities translates into the doubling dimension.
As another new feature, the influence of the local geometry on the doubling condition
of the graph is made explicit. Finally, we discuss how to derive the local regularity
property from the Sobolev inequality.

Recall that Sϕ(n, r, r) means that we have a Sobolev inequality with Sobolev con-
stant ϕ for the radius r. We first show that the Sobolev inequality remains true when
increasing the dimension n. This is common knowledge but included for the conve-
nience of the reader.

Lemma 2.1. — Let r > 0, n > 2, ϕ > 0, x ∈ X and assume Sϕ(n, r, r) in x. Then
Sϕ(N, r, r) holds in x for all N ⩾ n.

Proof. — Let f ∈ Cc(B(r)). From Hölder’s inequality with exponents

p =
n

n− 2

N − 2

N
and q−1 =

( n

n− 2

N − 2

N
− 1

) N

N − 2

n− 2

n
,

i.e., 1/p+ 1/q = 1, we get
m(B(r))2/N

r2
∥f∥22N/(N−2) =

m(B(r))2/N

r2

(∑
X

m|f |2N/(N−2) · 1
)(N−2)/N

⩽
m(B(r))2/N

r2

((∑
X

m|f |p2N/(N−2)
)1/p

m(B(r))1/q
)(N−2)/N

=
m(B(r))2/n

r2
∥f∥22n/(n−2).

Since the right-hand side of Sϕ(N, r, r) does not depend on N , this yields the claim. □

Next, we derive a Nash inequality from a Sobolev type inequality which is folklore
but included for the readers convenience.
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Lemma 2.2 (Sobolev to Nash). — Let r > 0, n > 2, C > 0. Assume that for f ∈ C(X)

we have
∥f∥22n/(n−2) ⩽ C

(
∥|∇f |∥22 +

1

r2
∥f∥22

)
.

Then, we have
∥f∥2+4/n

2 ⩽ C
(
∥|∇f |∥22 +

1

r2
∥f∥22

)
∥f∥4/n1 .

Proof. — Recall the Lyapunov inequality, which is a consequence of the Hölder
inequality: For 1 ⩽ p0, p1 < ∞, θ ∈ (0, 1) and p ∈ [1,∞) such that

1

p
=

1− θ

p0
+

θ

p1
,

we have for all f ∈ Cc(X)

∥f∥p ⩽ ∥f∥1−θ
p0

∥f∥θp1
.

If we choose p = 2, p0 = 2n/(n− 2), and p1 = 1, then θ = 2/(n+ 2) and 1 − θ =

n/(n+ 2). The claim follows from applying the Sobolev inequality to the right-hand
side of the resulting inequality. □

The following lemma shows that a Sobolev type inequality with dimension n yields
a lower bound on m(Bx(r))/r

n in an interval.

Lemma 2.3 (Non-collapsing). — Let x ∈ X, R⩾ 4S, n > 2 and C > 0 constants.
Assume that for all f ∈ Cc(Bx(R)) we have

∥f∥22n/(n−2) ⩽ C
(
∥|∇f |∥22 +

1

R2
∥f∥22

)
.

Then we have for all r ∈ [2S,R]

2−3n2
( 1

C

)n/2[
1 ∧ Cn/2m(x)

rn

]22 n
√

S/r

⩽
m(Bx(r))

rn
.

Proof. — Lemma 2.2 yields for all f ∈ Cc(Bx(R)) the Nash inequality

∥f∥2+4/n
2 ⩽ C

(
∥|∇f |∥22 +

1

R2
∥f∥22

)
∥f∥4/n1 .

We apply this to special cut-off functions. For r ∈ [2S,R], choose

fr(y) :=

{
r − ρ(x, y), y ∈ Bx(r/2),(
3r/2− 2ρ(x, y)

)
+
, else,

where a+ = a ∨ 0 for a ∈ R. Then, fr satisfies supp fr ⊂ Bx(3r/4) ⊂ Bx(r),

∥fr∥1 ⩽ rm(r),
r

2
m(r/2)1/2 ⩽ ∥fr∥2 ⩽ rm(r)1/2,

where we used the notation m(r) = m(Bx(r)). Since r ⩾ 4S, we have supp |∇fr| ⊂
Bx(3r/4 + S) ⊂ Bx(r). Thus, since |∇fr| ⩽ 2,

∥|∇fr|∥2 ⩽ 2m(r)1/2.

Therefore, the Nash inequality applied to fr yields(r
2
m(r/2)1/2

)2+4/n

⩽ C
(
4m(r) +

(r)2

R2
m(r)

)
r4/n (m(r))

4/n ⩽ 8C m(r)1+4/nr4/n,
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where we used r ⩽ R and the monotonicity of the measure in the last line. If we put

α = 1 +
2

n
, β = 1 +

4

n
, and q =

α

β
=

n+ 2

n+ 4
,

this is equivalent to ( r2

22α+3C

)1/β

m(r/2)q ⩽ m(r).

Iterating the above inequality we obtain( r2

22α+3C

)(1/β)
∑k−1

i=0 qi(1
2

)(2/β)
∑k−1

i=1 iqi

m(r/2k)q
k

⩽ m(r).

This iteration procedure yields a non-trivial lower bound on m(r) as along as we have
r/2k−1 ⩾ 4S, i.e., if we choose

k ⩽
⌊
log2

r

2S

⌋
=: η(r).

We are left with the sums in the exponents and start with the calculation of the first
from the left. Set θ := qη. Clearly, geometric summation gives

η−1∑
i=0

qi =
1− qη

1− q
=

1− θ

1− q
.

Next, since q ∈ (0, 1) we have
k−1∑
i=1

iqi ⩽
∞∑
i=0

iqi =
q

(q − 1)2
.

Hence, using m(r) = m(Bx(r)) ⩾ m(x) for all r ⩾ 0,

m(Bx(r)) ⩾
( r2

22α+3C

)(1/β)(1−θ)/(1−q)(1
2

)(2/β)q/(1−q)2

m(x)θ

=
(r2
C

)(n/2)(1−θ)(1
2

)((5/2)n+2)(1−θ)+n2/2+1

m(x)θ,

where, by noting q = α/β, α = 1+2/n and β = 1+4/n, we used the trivial identities
β(1 − q) = β(1 − α/β) = β − α = 2/n and q/(1 − q) = α/(β − α) = n/2 + 1. Since
θ = qη ∈ (0, 1), we get for the exponent of 1/2 using n > 2(5

2
n+ 2

)
(1− θ) +

n2

2
+ n ⩽

n2

2
+

7

2
n+ 2 ⩽ 3n2.

This leads to the estimate

2−3n2
( 1

C

)n/2

Φθ ⩽
m(Bx(r))

rn
.

where Φ = Cn/2m(x)/rn, θ = qη(r), q = (n + 2)/(n + 4) ∈ (0, 1), and η(r) =

⌊log2(r/2S)⌋. In order to obtain the claim, we estimate Φ ⩾ 1 ∧Φ and bound θ from
above. From ⌊x⌋ ⩾ x− 1 for all x ∈ R we infer

η ⩾ log2 r/2S − 1 ⩾ log2 r/4S.
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By using the elementary inequality ln(1 + x) ⩾ 2x/(2 + x) for x ⩾ 0, we obtain the
inequality n ln((n + 4)/(n + 2)) ⩾ 2n/(n + 3). Furthermore, 2n/(n + 3) ⩾ ln 2 for
n > 2. Thus, we have

log2(1/q) = log2((n+ 4)/(n+ 2)) ⩾ 1/n.

Therefore, since S/r ⩽ 1,

θ = qη ⩽ qlog2(r/4S) = 4log2(1/q)
(S
r

)log2(1/q)

⩽ 22
(S
r

)1/n

.

Applying this estimate leads to the claim. □

The following lemma essentially appears already in [KR26, Lem. 6.2] for the nor-
malizing measure.

Lemma 2.4 (Local regularity). — Let ϕ ⩾ 1, n > 2 be constants, r ⩾ 0, and o ∈ X.
If Sϕ(n, r, r) holds in o, we have for all x ∈ Bo(r)

m(Bo(r))

m(x)
⩽ 3n/2ϕn/2(1 ∨ r)n (1 ∨Deg(x))

n/2
.

In particular, if R2 ⩾ R1 ⩾ 0, B ⊂ X and Sϕ(n,R1, R2) holds in B, then property
Lϕ̃(n,R1, R2) holds in B with ϕ̃ = 3n/2ϕn/2.

Proof. — This follows directly by applying Sϕ(n, r, r) to u = 1x which is supported
in Bo(r):

m(Bo(r))
2/nm(x)(n−2)/n ⩽ ϕ

(
2r2 Deg(x)m(x) +m(x)

)
⩽ 3(1 ∨ r2)(1 ∨Deg(x))m(x),

which settles the claim. □

Theorem 2.5 (Volume doubling). — Let x ∈ X, R2 ⩾ R1 ⩾ 4S, r ∈ [S,R2/2],
a function n : [R1, R2] → (2,∞) and a constant ϕ ⩾ 1. If Sϕ(n,R1, R2) is satisfied in
x ∈ X, then we have VAΦ(n,R1, R2) in x, i.e.,

m(Bx(R))

Rn(R)
⩽ A(n(R))Φx(n(R), r)

m(Bx(r))

rn(R)
, R1 ⩽ r ⩽ R ⩽ R2,

where

Φx(n, r) = (1 ∨Deg(x))
2n n

√
S/r

, and A(n) = 28n
2

ϕn/2(1 ∨ S)4n.

Moreover, we obtain for all r ∈ [2R1, R2] the doubling property

m(Bx(r)) ⩽ A′(n(r))Φx(n(r), r/2)m(Bx(r/2))

with A′(n) = 29n
2

ϕn/2(1 ∨ S)4n.

Proof. — Let R ∈ [R1, R2], n := n(R), and w := 2−2 n
√
r/S. The non-collapsing

lemma, Lemma 2.3, yields with C = ϕR2/m(B(R))2/n for all r ∈ [4S,R]

1

23n2ϕn/2

m(Bx(R))

Rn

[
1 ∧ ϕn/2 Rn

m(Bx(R))

m(x)

rn

]1/w
⩽

m(Bx(r))

rn
.
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By Lemma 2.4, we have Lϕ̃(n,R,R) in x with ϕ̃ = 3n/2ϕn/2, i.e., we have the estimate
m(Bx(R))/m(x) ⩽ 3n/2ϕn/2(1 ∨Rn) (1 ∨Deg(x))

n/2. Division by the first and third
factor and applying the bound above yields

m(Bx(R))

Rn
⩽ 23n

2

ϕn/2

[
1 ∨

( r

R

)n m(Bx(R))

ϕn/2m(x)

]1/w
m(Bx(r))

rn

⩽ 23n
2

ϕn/2

[
1 ∨ rn

Rn
3n/2(1 ∨Rn) (1 ∨Deg(x))

n/2

]1/w
m(Bx(r))

rn

⩽ 25n
2

ϕn/2(1 ∨ rn)1/w (1 ∨Deg(x))
n/2w m(Bx(r))

rn
.

since n/w = 22n n
√
S/r ⩽ 2n2 and, thus, 3n/2w ⩽ 22n

2 . Now, note

r
n
w = S22n n

√
S/rh(r/S)2

2n

with
h(x) = x

n
√

1/x = exp
( lnx

x1/n

)
.

Differentiating with respect to x yields that the maximum is attained at x = en and
hence we can estimate h(r/S)2

2n ⩽ e2
2n2/e ⩽ 23n

2 since e4/e ⩽ 23. Now, use ϕ ⩾ 1 to
obtain the first claim. The second claim is an application of the first one. Just observe
using 2 < n

m(Bx(r))

m(Bx(r/2))
⩽ 29n

2

ϕn/2(1 ∨Deg(x))2n
n
√

2S/r.

This finishes the proof. □

Given 0 ⩽ R1 ⩽ R2, we extend the function Ψ: X × (2,∞)× [R1, R2] → [1,∞) to
the function Ψ = ΨR1

: X × (2,∞)× (0, R2] → [1,∞) by

Ψx(n, r) = (1 ∨Deg(x))
2n n

√
S/(r∨R1) ·

{(
(1 ∨R2

1)(1 ∨Deg(x))
)n/2

, r ⩽ R1,

1, else.

With this modification of the function Ψ, we obtain the following extension of volume
doubling for small radii.

Lemma 2.6. — Let x ∈ X, R2 ⩾ R1 ⩾ 0, and functions n : [R1, R2] → (2,∞) and
C1 : (2,∞) → [1,∞), C2 : [R1, R2] → [1,∞). If VC1Ψ(n,R1, R2) and LC2

(n,R1, R1)

hold in x, then we have VC3Ψ(n,R2) in x, where

C3(n(r)) = (2C2(R1))
n(R1)/2

{
1, r ∈ [0, R1],

C1(n(r)), r ∈ (R1, R2],

where we extended n(r) = n(R1) for r ∈ [0, R1).

Proof. — We have to check two cases 0 < r1 ⩽ r2 ⩽ R1 and 0 < r1 ⩽ R1 ⩽ r2 ⩽ R2

and start with the case 0 ⩽ r1 ⩽ r2 ⩽ R1. We infer from LC2(n,R1, R1) the estimate

m(B(R1))/m(x) ⩽ (2C2(R1)(1 ∨R2
1)(1 ∨Deg(x)))n(R1)/2.
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Therefore, for all r1, r2 such that 0 < r1 ⩽ r2 ⩽ R1, we have since C1 ⩾ 1

m(B(r2))

m(B(r1))
⩽

m(B(R1))

m(x)
⩽ (2C2(R1)(1 ∨R2

1)(1 ∨Deg(x)))n(R1)/2

⩽ C3(r2)Ψx(n(r2), r1).

Further, if 0 < r1 ⩽ R1 ⩽ r2 ⩽ R2, we use VC1Ψ(n,R1, R2) in x and the second
inequality in the above displayed formula for the choice r2 = R1 as well as r1 ⩽ R1

to obtain
m(B(r2))

m(B(r1))
⩽ C1(n(r2))Ψ(n(r2), R1)

( r2
R1

)n(r2)m(B(R1))

m(B(r1))

⩽ C1(n(r2))Ψ(n(r2), R1)[2C2(R1)(1 ∨R2
1)(1 ∨Deg(x))]n(R1)/2

(r2
r1

)n(r2)

.

Thus, the claim follows. □

The above considerations thus lead to the following extension of Theorem 2.5.

Theorem 2.7 (Full doubling). — Let

x ∈ X, R2 ⩾ R1 ⩾ 4S, r ∈ [S,R2/2], n : [R1, R2] −→ (2,∞),

and a constant ϕ ⩾ 1 be given. If Sϕ(n,R1, R2) holds in x, then VAΨ(n,R2) holds
in x, where

Ψx(n, r) = (1 ∨Deg(x))
2n n

√
S/(r∨R1) ·

{
((1 ∨R2

1)(1 ∨Deg(x)))n/2, r ⩽ R1,

1, else,

and
A(n(r)) = (2ϕ)n(R1)

2

28n(r)
2

ϕn(r)/2(1 ∨ S)4n(r),

where we extended n(r) = n(R1) for r ∈ [0, R1).

Proof. — By Theorem 2.5, we infer VÃΨ(n,R1, R2) holds in x, where Ã can be chosen
as Ã(n) = 28n

2

ϕn/2(1∨S)4n. Moreover, Lemma 2.4 yields, in particular, Lϕ̃(n,R1, R1)

in x with ϕ̃ = 3n(R1)/2ϕn(R1)/2. Hence, Lemma 2.6 yields the claim with the constant

A′(n(r)) = 2n(R1)/2 ϕ̃n(R1)/2Ã(n(r))

= 2n(R1)/2 3n(R1)
2/4 28n(r)

2

ϕn(R1)
2/4+n(r)/2(1 ∨ S)4n(r) ⩽ A(n(r))

for r ∈ [R1, R2]. Analogously, Lemma 2.6 yields the constant

A′(n(r)) = 2n(R1)/2 ϕ̃n(R1)/2 = 2n(R1)/2+n(R1)
2/4 ϕn(R1)

2/4 ⩽ A(n(r))

for r ⩽ R1. This proves the claim. □

Observe that for the normalizing measure, the combinatorial graph distance is an
intrinsic metric. For this metric, the jump size is always 1 which explains the uniform
lower bound on the smallest radius R1 in the next corollary.
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Corollary 2.8 (Full doubling of normalized measure). — Let m = deg and ρ be the
combinatorial graph distance. Let ϕ ⩾ 1, n > 2 be constants and R2 ⩾ R1 ⩾ 4.
If Sϕ(n,R1, R2) holds in x ∈ X, then we have VΨ(n,R2) in x, where

Ψ = 29n
2

ϕn2

Rn
1 .

Proof. — From Theorem 2.7, we obtain the property VAΨ̃(n,R2) in x with the con-
stant A = 2n

2+8n2

ϕn2/2+n/2(1 ∨ S)4n ⩽ 29n
2

ϕn2 since S = 1. Since Deg = 1, we have
Ψ̃(n, r) = 1 for r ⩾ R1 and Ψ̃(n, r) = (1 ∨ R1)

n = Rn
1 since R1 ⩾ 4. This settles the

claim. □

3. Sobolev implies Gaussian bounds

In this paragraph we adjust and expand some of the techniques from [KR26].
In order to obtain estimates of solutions of the heat equation, we investigate properties
of solutions of the ω-heat equation

d

dt
vt = −∆ωvt,

where ∆ω := eω∆e−ω is a sandwiched Laplacian for ω ∈ ℓ∞(X). The following results
provide an ℓ2-mean value inequality for non-negative solutions of the ω-heat equation.
The displacement of the solutions with respect to the heat equation is measured in
terms of the function

h(ω) = sup
x∈X

1

m(x)

∑
y∈X

b(x, y)|∇xye
ω∇xye

−ω|.

The semigroup Pω
t := eωPte

−ω, t ⩾ 0, acts on ℓ2(X,m). Moreover, the map t 7→ Pω
t f

solves the ω-heat equation for all f ∈ ℓ2(X,m) and ω ∈ ℓ∞(X).
Following the proof of [KR26, Th. 2.7], we obtain the ℓ2-mean value inequality

below. We indicate the necessary changes in the latter article in order to obtain our
result as the line of estimates is analogous with minor modifications.

Proposition 3.1 (Moser in time and space, cf. [KR26, Th. 2.7]). — Let x ∈ X, T ∈ R,
n > 2, δ ∈ (0, 1], r ⩾ 128S and constants ϕ,Φ ⩾ 1 be given. Assume Sϕ(n, r/2, r) in x

and the doubling property

m(Bx(r)) ⩽ Φ m(Bx(r/2)).

For all non-negative ∆ω-subsolutions v ⩾ 0 on [T − r2, T + r2]×Bx(r), we have

(
1

2δ(r/2)2m(Bx(r/2))

T+δ(r/2)2∫
T−δ(r/2)2

∑
Bx(r/2)

mv2wt dt

)1/w

⩽
Cn,ϕ,Φ(1 + δr2h(ω))(n/2)+1

δ(n/2)+1r2m(Bx(r))

T+δr2∫
T−δr2

∑
Bx(r)

mv2t dt,
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where Cn,ϕ,Φ := 2110n
2

(ϕΦ)2n and

w =
( r

8S

)1/n

.

Proof. — The proof follows along the same lines as the proof of [KR26, Th. 2.7] with
a different choice of radii for the Moser iteration steps. More precisely, using the
notation of the latter article, we choose

ρk =
r

2
(1 + 2−k), k = 0, . . . , η(r),

with η(r) = ⌊log2(r/16S)⌋ iteration steps. To apply the iteration procedure, we need
to check that ρk ⩽ r and ρk − ρk+1 > 2S for k = 0, . . . , η(r). This is indeed the case
since ρk ⩽ r is trivial and, for k = 0, . . . , η(r), we have, since S ⩽ r2−η−4 ⩽ r2−k−4,

ρk − ρk+1 − 2S = r2−k−2 − 2S ⩾ r2−k−3 > 0,

which is needed for the iteration procedure, cf. [KR26, Prop. 2.6]. What remains is to
track the constant Cn,ϕ,Φ. Following the arguments of the proof of [KR26, Th. 2.7] we
estimate

ρ2k − ρ2k+1 ⩾ r2 2−(k+4).

Finally, we have to replace 2dCD in the notation of the latter article by Φ from the
doubling property. Since n > 2 ⩾ 1, we obtain a constant called Cd,n in [KR26,
Th. 2.7] where in our situation d = n and (1 ∨ CD) = 2−dΦ

Cd,n = Φ
(
Φ(n/2)+1ϕn/2

)
108((n+2)(d+1)+n2+n)+12−(1+n/2)d ⩽ [Φϕ]2n2110n

2

and we used 2 ⩽ n as well as 103 ⩽ 210.
This leads to a bound on the weighted ℓp̃-norm of v with p̃(r) = αη(r), where

α = 1 + 2/n and

η(r) =
⌊
log2

r

16S

⌋
⩾ log2

r

16S
− 1 = log2

r

32S
.

Since the function f(x) = ln(1 + x)− x ln 2 is concave on [0, 1] and f(0) = f(1) = 0,
we infer that f ⩾ 0 on [0, 1]. Hence, employing this for x = 2/n, we obtain
log2((n+ 2)/n) ⩾ 2/n. Since r ⩾ 27S, we obtain

αη(r) ⩾
(n+ 2

n

)log2(r/32S)

=
( r

25S

)log2((n+2)/n)

⩾
( r

25S

)2/n

⩾
( r

23S

)1/n

= w.

since n > 2. The claim follows from the monotonicity of weighted ℓp-norms with
respect to p. □

In order to obtain subsolution estimates, we use a special case of [KR26, Th. 3.4]
with the choices β = 1 + 2/(n+ 2), X = {x} and µ = γ > 0.

Proposition 3.2 (Moser iteration in time, cf. [KR26, Th. 3.4]). — Fix γ, δ > 0, T ⩾ 0,
n > 2, β = 1 + 2/(n + 2), k ∈ N0, and let v ⩾ 0 be a bounded ∆ω-supersolution on
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the cylinder [(1− δ)T, (1 + δ)T ]× {x}. Then we have

sup
t∈[(1−δ/2)T,(1+δ/2)T ]

vt(x)
2 ⩽ G

(
1

2δT

(1+δ)T∫
(1−δ)T

γ v2β
k

t (x) dt

)1/βk

,

where G = Gx,γ(δ, T, k, n) is given by

G = C1,n

[
(1 + δT Deg(x)) γ−1

]1/βk

, and C1,n = 212n
2

.

Proof. — The proof of [KR26, Th. 3.4] with the choice β = 1 + 2/(n+ 2) =

(n+ 4)/(n+ 2) reveals the constant Cβ

Cβ = 2

(
4+(1/[ln (n+4)/(n+2)])+(n+2)/2+1

)
(n+2).

Using the mean value theorem we obtain, since n ⩾ 2,
1

ln[(n+ 4)/(n+ 2)]
=

1

ln(n+ 4)− ln(n+ 2)
⩽

1

mint∈[n+2,n+4] 1/t
=

n

2
+ 2 ⩽ 2n.

Finally, note that(
4 +

1

ln[(n+ 4)/(n+ 2)]
+

n+ 2

2
+ 1

)
(n+ 2) ⩽ (2n+ 2n+ 2n)2n = 12n2. □

We define for r ⩾ 0, n > 2, x ∈ X, and constants ϕ,Φ ⩾ 1 the error-function
Γ̃x(r) := Γ̃x(r, n, ϕ,Φ) ⩾ 0 by

Γ̃x(r) := 267n
2

(ϕΦ(1 ∨ S))2n (1 ∨Deg(x))
2n n

√
S/r

.

This error term will later be estimated and split up in the error term AΨ.

Theorem 3.3. — Let x ∈ X, r ⩾ 128S, n > 2. Assume that there are constants
ϕ,Φ ⩾ 1 such that Sϕ(n, r/2, r) holds in x and that the doubling property

m(Bx(r)) ⩽ Φ m(Bx(r/2))

is satisfied. Then for all τ ∈ (0, 1], T ⩾ 0, and all non-negative ∆ω-solutions v on the
cylinder [T − r2, T + r2]×Bx(r) we have

v2T (x) ⩽
Γ̃x(r/2)

2(1 + τr2h(ω))(n/2)+1

τ (n/2)+1r2m(Bx(r))

T+τr2∫
T−τr2

∑
Bx(r)

m v2t dt.

Proof. — Set w = n
√

r/8S and

β = 1 +
2

n+ 2
and k =

⌊ lnw
lnβ

⌋
.

Clearly, w ⩾ βk⩾ 1 and k ⩾ lnw/ lnβ−1. Since Lp-norms with respect to probability
measures are non-decreasing in p ∈ [1,∞], we can use this fact after we applied
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Proposition 3.2 with γ = m(x)/m(Bx(r/2)) and constant δ = τ(r/2)2/T to get

vT (x)
2 ⩽ G

(
1

2τ(r/2)2m(Bx(r/2))

T+τ(r/2)2∫
T−τ(r/2)2

m(x) v2β
k

t (x) dt

)1/βk

⩽ G

(
1

2τ(r/2)2m(Bx(r/2))

T+τ(r/2)2∫
T−τ(r/2)2

∑
Bx(r/2)

m v2β
k

t dt

)1/βk

⩽ G

(
1

2τ(r/2)2m(Bx(r/2))

T+τ(r/2)2∫
T−τ(r/2)2

∑
Bx(r/2)

m v2wt dt

)1/w

⩽ Cn,ϕ,ΦG
(1 + τr2h(ω))(n/2)+1

τ (n/2)+1r2m(Bx(r))

T+τr2∫
T−τr2

∑
Bx(r)

m v2t dt,

where the last estimate follows by Proposition 3.1 with δ = τ which is applicable
since r ⩾ 128S. Using the definition of β = 1 + 2/(n + 2) and the lower bound
k ⩾ lnw/ lnβ − 1, we get the estimate

1

βk
⩽

1

βlnw/ ln β−1
=

β

w
⩽

2

w
.

We have Cn,ϕ,Φ = 2110n
2

(ϕΦ)2n and with γ = m(x)/m(Bx(r/2)) and δ = τr2/4T

G = Gx,γ(δ, T, k, n) = 212n
2
[(

1 +
τr2

4
Deg(x)

)m(Bx(r/2))

m(x)

]1/βk

.

The estimate m(Bx(r/2))/m(x) ⩽ 3n/2ϕn/2(1 ∨ (r/2)n)(1∨Deg(x))n/2 follows from
Lemma 2.4 by Sϕ(n, r/2, r/2). Hence, we get the statement from

Cn,ϕ,ΦG ⩽ 2122n
2

(ϕΦ)2n3n/wϕn/w
[(
1 + r2 Deg(x)

)
(1 ∨ rn)(1∨Deg(x))n/2

]2/w
⩽ 2123n

2

(ϕΦ)3n
[
2(1 ∨ r2n)(1 ∨Deg(x))(n+2)/2

]2/w
⩽ 2124n

2

(ϕΦ)3n(1 ∨ r)4n/w(1 ∨Deg(x))2n/w

⩽ 2134n
2

(ϕΦ)3n(1 ∨ S)4n [1 ∨Deg(x)]
4n n

√
2S/r ⩽ Γ̃x(r/2)

2,

where we used τ ⩽ 1, w ⩾ 1 and 1/w = n
√

8S/r ⩽ 2 n
√

2S/r since n > 2 as well as

r1/w = r
n
√

8S/r = (8S)
n
√

8S/r(r/8S)
n
√

8S/r ⩽ (1 ∨ 8S)en/e ⩽ (1 ∨ S)23+n,

where we used x
n
√

1/x ⩽ en/e ⩽ 2n for x > 0, cf. proof of Theorem 2.5, and that we
squared Γ̃ in the last inequality. □

In order to obtain the desired heat kernel bounds from the subsolution estimates
for the ω-heat equation, we will use the following result.
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Proposition 3.4 ([KR26, Th. 5.3]). — Let T > 0, Y ⊂ X, and a, b : Y → [0,∞),
a ⩽ b, and χ : Y × [0,∞) → [0,∞) such that for all f ∈ ℓ2(X), f ⩾ 0, ω ∈ ℓ∞(X),
and x ∈ Y we have

χ(x, h(ω))2(Pω
T f)2(x) ⩽

b(x)∫
a(x)

∥Pω
t f∥22 dt.

Then we have for all x, y ∈ Y

p2T (x, y) ⩽
(b(x)− a(x))1/2(b(y)− a(y))1/2 exp

(
b(x)+b(y)−2T

2 ν(ρxy, 2T )
)

χ
(
x, ν(ρxy, 2T )

)
χ
(
y, ν(ρxy, 2T )

)
· exp

(
− Λ(a(x) + a(y))− (2T/S2)ζ(ρxyS/2T )

)
,

where

ρxy := ρ(x, y), ν(r, t) := 2S−2

(√
1 +

r2S2

t2
− 1

)
.

The next result is a variant of [KR26, Th. 6.1] for varying dimensions and an error
term depending only on the degree and reciprocal measure of one vertex rather than
means of these quantities in a growing ball.

Theorem 3.5. — Let x, y ∈ X, ϕ ⩾ 1 be a constant, and R2 ⩾ 4R1 ⩾ 4096S. For
z ∈ {x, y}, let nz : [R1, R2] → (2,∞) be given and set for τ ∈ [4R1, R2]

N = Nz(τ) = sup
[τ/4,τ ]

nz.

If Sϕ(n,R1, R2) holds in {x, y}, then GAΨ(N, 4R1, R2) holds in {x, y}, where

Ψz(N, τ) = (1 ∨Deg(z))
7N2 N

√
S/τ and A(N) = 254N

3

ϕ3N2

(1 ∨ S)11N
2

.

Proof. — The proof is divided into two parts which we explain before we get into
the details. First we use that the Sobolev inequality implies volume doubling, Theo-
rem 2.5. This is then used in Theorem 3.3 to conclude a mean value inequality. In turn
we use this together with Proposition 3.4 to show after an appropriate choice of the
involved constants an estimate of the form

pt(x, y) ⩽ 24Ñxy Γ̃x(r/2)Γ̃y(r/2)

·

(
1 ∨ S−2

(√
t2 + ρ2xyS

2 − t
))Ñxy/2√

m(Bx(r))m(By(r))
e−Λ(t−r2)−(t/S2)ζ(ρxyS/t),

for r =
√
t/2 ∧ R2, where Γ̃ are the error terms in Theorem 3.3, Ñxy is a dimension

function, S is the global jump size and ρxy = ρ(x, y) is the intrinsic metric. From
there the second part is then rather technical to further estimate the involved terms
to their desired final form.
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For the first part, let z ∈ {x, y}, T ⩾ R2
1 and fix r =

√
T ∧ R2 ∈ [R1, R2]. To ease

notation we denote
Ñ := Ñz(r) := sup

[r/2,r]

nz.

First from Lemma 2.1, we get that Sϕ(n,R1, R2) in z, implies Sϕ(Ñ , r/2, r) in z

for every r ∈ [2R1, R2]. Then, since r ∈ [S,R2/2], Theorem 2.5 yields the doubling
property with constant

Cz(r) = 29Ñ
2

ϕÑ/2(1 ∨ S)4Ñ (1 ∨Deg(x))
2Ñ Ñ

√
S/r

.

The Sobolev inequality Sϕ(N, r/2, r) and volume doubling property are the assump-
tions of Theorem 3.3, where the doubling constant is denoted by Φ, i.e., we have
Φ = Cz(r). We apply Theorem 3.3 to the function v given by

(t, x) 7→ Pω
t f(x)

for f ∈ ℓ2(X), f ⩾ 0, ω ∈ ℓ∞(X), which is an ω-solution on [0,∞)×X. Hence, from
Theorem 3.3, we obtain for all δ ∈ (0, 1], T ⩾ δr2, z ∈ {x, y}

Pω
T f(z)2 ⩽

Γ̃z(r/2)
2(1 + δr2h(ω))(Ñ/2)+1

δ(Ñ/2)+1r2m(Bz(r))

T+δr2∫
T−δr2

∥1Bz(r) P
ω
t f∥22dt,

where Γ̃x(r) := 267Ñ
2

(ϕCx(r)(1∨S))2Ñ (1 ∨Deg(x))
2Ñ Ñ

√
S/r

. To finally apply Propo-
sition 3.4 we choose the parameters. We have T − δr2 ⩾ 0. We set

a(z) = T − δr2, b(z) = T + δr2, r(z) = r,

and χ(z, h(ω)) via

χ(z, h(ω))−2 =
Γ̃z(r/2)

2

δ(Ñ/2)+1r2m(Bz(r))
(1 + δr2h(ω))(Ñ/2)+1.

Proposition 3.4 yields for T ⩾ 4R2
1, and t = 2T the estimate

pt(x, y) = p2T (x, y)

⩽
(b(x)− a(x))1/2(b(y)− a(y))1/2 exp

(
b(x)+b(y)−2T

2 ν(ρxy, 2T )
)

χ (x, ν(ρxy, 2T ))χ (y, ν(ρxy, 2T ))

· exp
(
−Λ(a(x) + a(y))− (2T/S2)ζ(ρxyS/2T )

)
=

2Γ̃x(r/2)Γ̃y(r/2)δ
−Ñxy/2√

m(Bx(r))m(By(r))

(
1 + δr2ν(ρxy, t)

)(Ñxy/2)+1

· exp
(
δr2ν(ρxy, t)

)
exp

(
−Λ(t− 2δr2)− (t/S2)ζ(ρxyS/t)

)
,

where Ñxy = (Ñx(r) + Ñy(r))/2, ν(r, t) = 2S−2
(√

1 + r2S2t−2 − 1
)
, and ρxy =

ρ(x, y). Choosing

δ =
1

2
∧ 1

tν(ρxy, t)
,
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we obtain, since r =
√
t/2 ∧R2 ⩽

√
t and exp(1) ⩽ 4 ⩽ 2Ñ ,

pt(x, y) ⩽ 24Ñxy Γ̃x(r/2)Γ̃y(r/2)

·

(
1 ∨ S−2

(√
t2 + ρ2xyS

2 − t
))Ñxy/2√

m(Bx(r))m(By(r))
e−Λ(t−t∧R2

2)−(t/S2)ζ(ρxyS/t).

The second part, which is the rest of the proof, is devoted to estimate the appearing
terms which is done in three steps: We estimate the volume terms, the dimension term
and the remaining error terms. We abbreviate τ =

√
t ∧ R2. Recall r =

√
t/2 ∧ R2

and let z ∈ {x, y}.
In the first step, we estimate the volume terms 1/m(Bz(r)) ⩽ Cz(τ)/m(Bz(τ)) via

volume doubling: Since t ⩾ 16R2
1 and R2 ⩾ 4R1, we clearly have the trivial inequality

r =
√
t/2 ∧R2 ⩾ τ/2 ⩾ 2R1. The doubling property leads to

1

m(Bz(r))
=

1

m(Bz(
√
t/2 ∧R2))

⩽
1

m(Bz(τ/2))
⩽

Cz(τ)

m(Bz(τ))

with Cz(r) = 29Ñ
2

ϕÑ/2(1 ∨ S)4Ñ (1 ∨Deg(x))
2Ñ Ñ

√
S/r.

For the second step, we turn to the dimension terms. Note τ/2 ⩽ r ⩽ τ . We have

max
[r,τ ]

Ñz = max
R∈[r,τ ]

∥nz∥[R/2,R] ⩽ ∥nz∥[τ/4,τ ] = Nz(τ) =: N.

This yields the estimate Ñxy = (Ñx(τ)+Ñy(τ))/2 ⩽ (Nx(τ)+Ny(τ))/2 = Nxy needed
for the correction term

(
1 ∨ S−2

(√
t2 + ρ2xyS

2 − t
))Ñxy/2

⩽
(
1 ∨ S−2

(√
t2 + ρ2xyS

2 − t
))Nxy/2

.

We are left to estimate 2Ñ Γ̃z(r/2)
√
Cz(τ) ⩽ AN

z (τ)Ψz(τ) for each z ∈ {x, y} which
is the third and final step. We start with the term

Cz(r) = 29Ñ
2

ϕÑ/2(1 ∨ S)4Ñ (1 ∨Deg(x))
2Ñ Ñ

√
S/r

arising from volume doubling. This term can be estimated by

max
[r,τ ]

Cz ⩽ 29N
2

ϕN/2(1 ∨ S)4N (1 ∨Deg(x))
2N N

√
S/r

,

where we used the short hand N = Nz(τ), from above. We recall

Γ̃z(r) := 267Ñ
2

(ϕCz(r)(1 ∨ S))2Ñ (1 ∨Deg(z))
2Ñ Ñ

√
S/r
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and τ/2 ⩽ r ⩽ τ to estimate

Γ̃z(r/2)
√
Cz(τ) = 267Ñ

2(
ϕ · Cz(r)(1 ∨ S)

)2Ñ
(1 ∨Deg(z))

2Ñ Ñ
√

2S/r
√

Cz(τ)

⩽ 267N
2
(
29N

2

ϕ(N/2)+1(1 ∨ S)5N (1 ∨Deg(z))2N
N
√

S/τ
)2N

· (1 ∨Deg(z))
4N N

√
S/τ

· 24N
2

ϕN/4(1 ∨ S)2N (1 ∨Deg(z))
N N

√
S/τ

= 218N
3+143N2/2ϕN2+9N/4(1 ∨ S)10N

2+2N (1 ∨Deg(z))
(4N2+5N) n

√
S/r

⩽ 254N
3

ϕ3N2

(1 ∨ S)11N
2

(1 ∨Deg(z))
7N2 N

√
S/τ

,

where we used N ⩾ 2. Hence, setting Ψz(τ) = (1 ∨Deg(z))
7N2 N

√
S/τ and A(N) =

254N
3

ϕ3N2

(1 ∨ S)11N
2 reveals the estimate 22Ñ Γ̃z(r/2)

√
Cz(τ) ⩽ A(Nz(τ))Ψz(τ)

which finishes the proof. □

4. On-diagonal bounds imply Sobolev inequalities

In this section we show that the existence of a family of operators satisfying certain
contractivity properties provides weak Sobolev inequalities. Then we use these weak
Sobolev inequalities to derive Sobolev inequalities. Finally, we apply these results to
obtain Sobolev inequalities from upper heat kernel bounds. The results and proofs are
inspired by the corresponding results on manifolds [SC02, Var85]. Special attention
is paid to the influence of the local geometry of the underlying graph on the behavior
of the involved constants.

Often we will use the convention

∥f∥W := ∥f1W ∥∞ =sup
W

|f |

for a function f : W → R defined on some subset W of X or X × [0,∞].

Lemma 4.1 (Weak Sobolev). — Let C1, C2, n > 0, 0 ⩽ r1 ⩽ r2, and (Qr)r∈[r1,r2] be a
family of operators with domain including Cc(X) such that for f ∈ C(B(r2)) and all
r ∈ [r1, r2]

∥Qrf∥∞ ⩽ C1r
−n∥f∥1, ∥f −Qrf∥2 ⩽ C2r∥|∇f |∥2.

Then,

sup
λ>0

λ2(1+1/n)m(f > λ) ⩽ 12C2
2

(
C1 ∨

(
rn1

∥∥∥ 1

m

∥∥∥
B(r2)

))2/n(
∥|∇f |∥22 +

1

r22
∥f∥22

)
∥f∥2/n1 .

Proof. — If f = 0 in B(r2) there is nothing to prove, so assume f ̸= 0 in B(r2).
If λ > ∥f∥∞, then {f > λ} = ∅ and there is nothing to prove, so assume λ ⩽ ∥f∥∞.
We always have

λ2m(f > λ) =
∑
X

mλ2 1{f>λ} ⩽ ∥f∥22.

Let µ > 0 to be chosen later. We distinguish between two cases for λ ⩾ 0.
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First, if λ ⩽ µC1r
−n
2 ∥f∥1, we get

λ2(1+1/n)m(f > λ) = λ2m(f > λ)λ2/n ⩽ (µC1)
2/nr−2

2 ∥f∥22∥f∥
2/n
1

⩽ (µC1)
2/n

(
∥|∇f |∥22 + r−2

2 ∥f∥22
)
∥f∥2/n1 .

Second, let λ > µC1r
−n
2 ∥f∥1, and set

rf := (µ C1∥f∥1λ−1)1/n.

First, for the upper bound on rf , note that the current lower bound of λ yields

rf =
(µC1∥f∥1

λ

)1/n

⩽
( µC1∥f∥1
µC1r

−n
2 ∥f∥1

)1/n

= r2.

Now, we estimate rf from below. Since λ ⩽ ∥f∥∞, we obtain

rf =
(µC1∥f∥1

λ

)1/n

⩾
(µC1∥f∥1

∥f∥∞

)1/n

.

If we choose
µ ⩾

rn1
C1

∥f∥∞
∥f∥1

,

then rf ⩾ r1. Hence, we can apply our assumptions to rf ∈ [r1, r2].
For later use, we need to choose µ such that |Qrf f | < λ/2 on B(r2): This is satisfied

if we assume µ ⩾ 3. Indeed, assuming the existence of x ∈ B(r2) with |Qrf f |(x) ⩾ λ/2,
the definition of rf and our assumption on ∥Qrf∥∞ yield

3

2
C1∥f∥1r−n

f ⩽
µ

2
C1∥f∥1r−n

f =
λ

2
⩽ |Qrf f |(x) ⩽ ∥Qrf f∥∞ ⩽ C1rf

−n∥f∥1,

a contradiction.
The restrictions on µ > 0 above lead us to the choice

µ = 3
(
1 ∨

( rn1
C1

∥f∥∞
∥f∥1

))
.

The triangle inequality yields

{f > λ} ⊂ {|f −Qrf | ⩾ λ/2} ∪ {|Qrf | ⩾ λ/2}

for all r ⩾ 0 and λ > 0. Hence, since |Qrf f | < λ/2 on B(R2), we obtain using our sec-
ond assumption and the definition of rf = (µ C1∥f∥1/λ)1/n and µ = 3

(
1 ∨

( rn1
C1

∥f∥∞
∥f∥1

))
m(f > λ) ⩽ m

(
|f −Qrf f | ⩾ λ/2

)
⩽

( 2

λ

)2

∥f −Qrf f∥22 ⩽
( 2

λ

)2

C2
2r

2
f∥|∇f |∥22

=
( 2

λ

)2

C2
2

((
µC1∥f∥1λ−1

)1/n)2

∥|∇f |∥22

=
4 · 32/nC2

2

λ2(1+1/n)
∥|∇f |∥22

[
(C1∥f∥1) ∨ (rn1 ∥f∥∞)

]2/n
.

In order to obtain the desired right-hand side, we use

∥f∥∞ = max
B(r2)

|f | ⩽ sup
B(r2)

1

m
∥f∥1 =

∥∥∥ 1

m

∥∥∥
B(r2)

∥f∥1. □
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In order to derive the Sobolev inequality from the lemma above, we provide a
version of the proof of [BCLSC95, Th. 4.1] and [Bar17, Del97].

Theorem 4.2 (Sobolev). — Let C1, C2 > 0, n > 2, 0 ⩽ r1 ⩽ r2, and (Qr)r∈[r1,r2] a
family of operators defined on Cc(X) such that for all f ∈ C(X) with supp f ⊂ B(r2)

and all r ∈ [r1, r2]

∥Qrf∥∞ ⩽ C1r
−n∥f∥1, ∥f −Qrf∥2 ⩽ C2r∥|∇f |∥2.

Then, we have for all f ∈ C(X) with supp f ⊂ B(R2)

∥f∥22n/(n−2) ⩽ 28+2n/(n−2)C2
2

(
C1 ∨

(
rn1

∥∥∥ 1

m

∥∥∥
B(r2)

))2/n(
∥|∇f |∥22 +

1

r22
∥f∥22

)
.

Proof. — We choose the following partition of identity for k ∈ Z

Φk : [0,∞) −→ [0,∞), t 7−→ (t− 2k)+ ∧ 2k =


0, t < 2k,

t− 2k, 2k ⩽ t < 2k+1,

2k, t ⩾ 2k+1.

Indeed, for t ⩾ 0, we can calculate by choosing l ∈ Z such that 2l ⩽ t < 2l+1

∑
k∈Z

Φk(t) = t− 2l +

l−1∑
k=−∞

2k = t.

If t, s ⩾ 0, using
∑

k a
2
k ⩽ (

∑
k |ak|)2, this yields (w.l.o.g. t ⩾ s, i.e., ϕk(t) ⩾ ϕk(s))

(t− s)2 =
(∑
k∈Z

(Φk(t)− Φk(s))
)2

⩾
∑
k∈Z

(Φk(t)− Φk(s))
2.

If f ⩾ 0, then we set fk := Φk ◦ f , k ∈ Z. Hence, by the estimate above∑
k∈Z

∥|∇fk|∥22 ⩽ ∥|∇f |∥22.

Moreover, since 0 ⩽ fk ⩽ 2k and (Φk)k is a partition of the identity, we have∑
k∈Z

∥fk∥22 ⩽ ∥f∥22.

Hence, if we let

W (f) := ∥|∇f |∥22 +
1

r22
∥f∥22,

then
W (fk) ⩽ W (f), k ∈ Z.

Abbreviate
CM := 24C2

2

(
C1 ∨

(
rn1

∥∥∥ 1

m

∥∥∥
B(r2)

))2/n

,

and
N(f) := sup

k∈Z
2km(f ⩾ 2k)1/q, q =

2n

n− 2
.
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Claim. — We have for all f ⩾ 0

N(f)2 ⩽ 2qCMW (f).

We postpone the claim to the end of the proof and show how to derive the desired
from the claim. Hence, we use {fk ⩾ 2k} = {f ⩾ 2k+1}, the inequality

∑
|ak|q/2 ⩽

(
∑

|ak|)q/2 which is applicable since q/2 ⩾ 1 and the claim to estimate

∥f∥qq =
∑
X

m
∑
k∈Z

|f |q 1{2k⩽f<2k+1} ⩽
∑
k∈Z

2q(k+1)
∑
X

m1{2k⩽f<2k+1}

⩽
∑
k∈Z

2q(k+1)m(f ⩾ 2k) =
∑
k∈Z

2q(k+2)m(f ⩾ 2k+1) = 22q
∑
k∈Z

2qkm(fk ⩾ 2k)

⩽22q
∑
k∈Z

N(fk)
q ⩽ 22q

(∑
k∈Z

N(fk)
2
)q/2

⩽ 22q2q
2/2C

q/2
M

(∑
k∈Z

W (fk)
)q/2

,

i.e.,
∥f∥2q ⩽ 24+qCM

∑
k∈Z

W (fk) ⩽ 24+qCMW (f).

For general f , decompose f = f+−f− and obtain the above inequalities for f+ and f−.
Since f+ and f− are orthogonal in ℓ2(X,m) and ∥|∇f+|∥2+ ∥|∇f−|∥2 ⩽ ∥|∇f |∥2, the
claim follows for f .
Proof of the claim. Denote τ = 1 + 1/n. Since fk ⩽ 2k and supp fk ⊂ {f ⩾ 2k},
we have with q = 2n/(n− 2)

∥fk∥1 ⩽ 2km(f ⩾ 2k) = 2k(1−q)(2km(f ⩾ 2k)1/q)q ⩽ 2k(1−q)N(f)q.

The weak Sobolev inequality, Lemma 4.1, applied to λ = 2k and fk yields together
with W (fk) ⩽ W (f) and the above estimate

2k2τm(fk ⩾ 2k) ⩽ CMW (fk)∥fk∥2/n1 ⩽ CM2k(1−q)2/nW (f)N(f)q(2/n).

We have {f ⩾ 2k+1} = {fk ⩾ 2k} and (k+1)q−k2τ +k (1− q) (2/n) = q, and hence,(
2k+1m(f ⩾ 2k+1)1/q

)q
= 2(k+1)q−k2τ2k2τm(fk ⩾ 2k)

⩽ CM2(k+1)q−k2τ2k(1−q)(2/n)W (f)N(f)q(2/n)

= CM2qW (f)N(f)q(2/n).

The definition of N(f) yields

N(f)q ⩽ CM2qW (f)N(f)q(2/n).

Dividing by N(f)2q/n, using q−q(2/n) = 2 yields the claim and finishes the proof. □

In the following we obtain the Sobolev inequality from heat kernel bounds in balls
depending on the local geometry of the graph. The original idea of proof goes back to
[Var85]. The argument is nowadays standard. We include the argument to track the
constants and for the sake of completeness.
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Theorem 4.3. — Let 0 ⩽ r1 ⩽ r2, and assume for all x, y ∈ B(r2)

pr2(x, y) ⩽ Cr−n, r ∈ [r1, r2].

Then, for all f ∈ C(B(r2)), we have

∥f∥22n/(n−2) ⩽ 28+2n/(n−2)
(
C ∨

(
rn1

∥∥∥ 1

m

∥∥∥
B(r2)

))2/n(
∥|∇f |∥22 +

1

r22
∥f∥22

)
.

Proof. — We need to check the assumptions of Theorem 4.2 for Qr = Pr2 = e−r2∆.
Clearly, we have with B = B(r2)

∥Pr2∥ℓ1(B)→ℓ∞(B) = sup
x,y∈B

pr2(x, y) ⩽ Cr−n, r ∈ [r1, r2],

what is the first assumption of Theorem 4.2. Now, we check the second assumption.
Fix f ∈ C(X) with supp f ⊂ B and let t = r2. Then by self-adjointness of Pt we have

∥f − Ptf∥22 = ∥f∥22 + ∥Ptf∥22 − 2⟨Ptf, f⟩ = ∥f∥22 + ∥Ptf∥22 − 2∥Pt/2f∥22.

By the contraction property of the heat semigroup, i.e., ∥Ptf∥22 ⩽ ∥Pt/2f∥22, and the
fundamental theorem of calculus we obtain

∥f − Ptf∥22 ⩽ ∥f∥22 − ∥Pt/2f∥22 = −
t/2∫
0

d

ds
∥Psf∥22ds = −2

t/2∫
0

〈 d

ds
Psf, Psf

〉
ds.

Since s 7→ Psf solves the heat equation − d
dsPsf = ∆Psf , Green’s formula yields

∥f − Ptf∥22 ⩽ 2

t/2∫
0

⟨∆Psf, Psf⟩ds = 2

t/2∫
0

∥|∇Psf |∥22ds,

Analogously, the inequality

∥|∇Psf |∥22 ⩽ ∥|∇f |∥22

can be seen by using the fundamental theorem, the heat equation, and Green’s formula
to obtain

∥|∇Psf |∥2 − ∥|∇f |∥2 = −
s∫

0

∥∆Psf∥22ds ⩽ 0.

Thus, we get since r2 = t and Qr = Pr2

∥f −Qrf∥22 = ∥f − Ptf∥22 ⩽ 2

t/2∫
0

∥|∇Psf |∥22ds ⩽ t∥|∇f |∥22 = r2∥|∇f |∥22.

The assumptions of Theorem 4.2 are satisfied for r ∈ [r1, r2] and the claim follows
with C1 = C and C2 = 1. □
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5. Gaussian upper bounds and volume doubling imply Sobolev

In this section we show how to derive a Sobolev inequality from Gaussian upper
bounds (G) and volume doubling (V). We pursue two lines of argument. The first more
classical approach, Theorem 5.5, going back to [Var85] collects all the remnants of the
estimates within the Sobolev constant. This is later used for the normalizing measure
since in this case these remnants can be uniformly bounded. However, in the general
unbounded case this is not feasible. In this case we mitigate the unbounded remains by
choosing a variable dimension function to get a general preliminary Sobolev inequality
Theorem 5.7. In this theorem, we still have a free parameter called γ which is then
appropriately chosen in the next section.

Both approaches use a sequence of technical lemmas given below, which are an
elaboration on the general strategy given in [SC02]. First we show how to bound the
measure of a ball in terms of the measure of any other ball via chaining and the
doubling condition. This is the only place in the paper where we use that ρ is a path
metric.

Lemma 5.1 (Comparing balls). — Let r ⩾ 8S, o ∈ X, d > 0, Ψ ⩾ 1 be constants, and
assume VΨ(d, r/4, r) in Bo(r). Then, for all x, y ∈ Bo(r), we have

m(Bx(r)) ⩽ 218d Ψ9 m(By(r)).

Proof. — If x, y ∈ B(r) such that Bx(r/4) ∩ By(r/4) ̸= ∅, then clearly Bx(r/4) ⊂
By(r). By VΨ(d, r/4, r), we have

m(Bx(r)) ⩽ 4dΨ m(Bx(r/4)) ⩽ 4dΨ m(By(r)).

Let x, y ∈ B(r) and denote by p a path x = z0 ∼ z1 ∼ · · · ∼ zl = y realizing ρ(x, y)

which exists due to local finiteness cf. [KLW21, Ch. 12.2]. We construct a sequence of
vertices (zki

) on p inductively and denote Bi = Bzki
(r/4). Set k0 := 0. For given ki

and Bi, we choose the smallest index k = 1, . . . , l such that zk+1 is not in
⋃i

j=0 Bj

but zk is in
⋃i

j=0 Bj and set ki+1 = k. If there is no such zk+1 on the path we choose
ki+1 = l and we set L = i + 1. Observe that zk = zki+1 ∈ Bi = Bzki

(r/4) since if
zk ∈ Bj for j ̸= i and using that the path z0 ∼ · · · ∼ zl realizes ρ(x, y), we get a
contradiction

r

4
⩾ ρ(zk, zkj ) = ρ(zk, zki) + ρ(zki , zkj ) >

r

4
.

Moreover, since zk+1 ̸∈ Bi = Bzki
(r/4) and ρ(zk+1, zki+1) = ρ(zk, zk+1) ⩽ S, we have

ρ(zki , zki+1) ⩾ ρ(zki , zk+1)− ρ(zk+1, zki+1) >
r

4
− S > 0

for i = 0, . . . , L− 1. Thus, we have

r ⩾ ρ(x, y) =

L−1∑
i=0

ρ(zki
, zki+1

) ⩾ (L− 1)
(r
4
− S

)
.
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Since r ⩾ 8S, we obtain

L ⩽
5r − 4S

r − 4S
= 5 +

16S

r − 4S
⩽ 9.

At the same time, we have Bi ∩ Bi+1 ̸= ∅ since zki+1 ∈ Bi as shown above zki+1 ∈
Bi+1 = Bzki+1

(r/4) for i = 0, . . . , L. Iterating the estimate in the beginning of the
proof along (zki) we obtain

m(Bx(r)) ⩽ 4LdΨLm(By(r)) ⩽ 49dΨ9m(By(r))

which yields the claim. □

Next, we need the notion of on-diagonal bounds which plays only a technical role
in our considerations.

Definition 5.2. — Let B ⊂ X, r2 ⩾ r1 ⩾ 0, and Ψ: B × [r1, r2] → (0,∞). The
on-diagonal estimate OΨ(r1, r2) is satisfied in B if we have

pρ2(x, x) ⩽
Ψ(x, ρ)2

m(Bx(ρ))
, x ∈ B, ρ ∈ [r1, r2].

Gaussian upper bounds GΨ(n, r1, r2) in B obviously imply OΨ(r1, r2) in B for all
[r1, r2]. Indeed, the dimension n does not appear in the on-diagonal bounds and while
GΨ(n, r1, r2) is an assumption on all t = r2 ⩾ r21, the on-diagonal bounds are only
required for r ∈ [r1, r2] (which is why no

√
t ∧ r2 = r ∧ r2 terms appear).

Lemma 5.3 (Uniform on-diagonal bounds). — Let 0 ⩽ 4r1 ⩽ r, 8S ⩽ r, and constants
Ψ ⩾ 1, d > 2 such that OΨ(r1, r) and VΨ(d, r1, r) hold in B(r). Then for x, y ∈ B(r),
σ ∈ [r1, r], we have

pσ2(x, y) ⩽ 218d Ψ20 rd

m(B(r))
σ−d.

Remark. — The proof of Lemma 5.3 requires the comparison of volumes of balls with
same radius but different centers, Lemma 5.1, which needs that the intrinsic metric
is a path metric. Imposing VΨ(d, r1, 2r) in B(r) in Lemma 5.3 instead allows to drop
this restriction on the metric.

Proof. — Since 8S ⩽ r, and VΨ(d, r1, r) hold in B(r) = Bo(r), we use Lemma 5.1 to
infer

m(B(r)) ⩽ 218d Ψ9 m(Bx(r)), x ∈ B(r).

For any σ ∈ [r1, r] and x ∈ B(r), we obtain from OΨ(r1, r) and VΨ(d, r1, r) in x

pσ2(x, x) ⩽
Ψ2

m(Bx(σ))
⩽

Ψ3

m(Bx(r))

( r

σ

)d

⩽
218dΨ20

m(B(r))

( r

σ

)d

.

For σ ∈ [r1, r] and x, y ∈ B(r), we infer

pσ2(x, y) ⩽
√
pσ2(x, x)pσ2(y, y) ⩽

218dΨ20

m(B(r))

( r

σ

)d

,

where the first inequality follows directly from the semigroup identity and Cauchy-
Schwarz inequality. Thus, σ ⩽ r implies the claim for all n ⩾ d. □
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Lemma 5.4 (On-diagonal bounds and volume doubling imply Sobolev)
Let 0 ⩽ 4r1 ⩽ r, 8S ⩽ r and constants Ψ ⩾ 1, d > 2, and assume OΨ(r1, r)

and VΨ(d, r1, r) hold in B(r). Then for all n ⩾ d we have Sϕ̃(n, r, r) in o, where
ϕ̃ = ϕ̃(r1, r) is given by

ϕ̃(r1, r) = 244+2n/(n−2)
[
Ψ20 ∨ rn1

m(B(r))

rn

∥∥∥ 1

m

∥∥∥
B(r)

]2/n
.

Proof. — Lemma 5.3 yields for all n ⩾ d, σ ∈ [r1, r] and x, y ∈ B(r)

pσ2(x, y) ⩽ Cσ−n, where C = 218n Ψ20 rn

m(B(r))
.

Thus, if n ⩾ d, Theorem 4.3 yields for all f ∈ Cc(B(r))

∥f∥22n/(n−2) ⩽ 28+2n/(n−2)
(
C ∨

(
rn1

∥∥∥ 1

m

∥∥∥
B(r)

))2/n(
∥|∇f |∥22 +

1

r2
∥f∥22

)
,

which yields the result since 28+(2n)/n−2(C ∨ (rn1
∥∥ 1
m

∥∥
B(r)

))2/n ⩽ ϕ̃(r1, r). □

From now, we let the error terms be given by functions rather than constants. For
0 ⩽ r1 ⩽ r, let

Ψ: X × (2,∞)× [r1, r] −→ [1,∞), (x, n, τ) 7−→ Ψx(n, τ),

be given. For x ∈ X and r, s ⩾ 0, we denote the cylinder

Q(r, s) = Bx(s)× [r, s].

Without adapting the dimensions we end up with the following.

Theorem 5.5 (Sobolev – fixed dimension). — Assume n>2 is a constant, 0⩽4r1⩽r2,
8S ⩽ r2, x ∈ X and that OΨ(r1, r2) and VΨ(n, r1, r2) hold in B(r2) = Bx(r2). Then
we have Sϕ(n, 4r1, r2) in x, where

ϕ(r) = 244+2n/(n−2)
[
∥Ψ∥20Q(r1,r)

∨
(
rn1

m(B(r))

rn

∥∥∥ 1

m

∥∥∥
B(r)

)]2/n
.

Proof. — For r ∈ [r1, r2], Lemma 5.4 implies Sϕ̃(n, r, r) in x with ϕ̃ = ϕ̃(r1, r). □

From Theorem 5.5 we immediately get (G) & (V) ⇒ (S) with the respective Sobolev
constant above. This is acceptable if the norms of Ψ and 1/m stay bounded. For graphs
with unbounded geometry this cannot be expected beyond the normalizing measure.

However, as one can see, a large dimension n potentially mitigates large norms of Ψ
and 1/m as it enters as a large root in the Sobolev constant. We pursue this strategy
in the following. First, in Lemma 5.6, we estimate the dimension such that the Sobolev
constant ϕ stays uniformly bounded. Secondly, in Theorem 5.7, we choose radii r1 in
dependence of r2 such that the Sobolev dimension n(r2) converges as r2 → ∞.

We now also allow for a variable dimension

d : X × [r1, r] −→ (2,∞)

in the volume doubling property.
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Lemma 5.6 (Choosing a dimension). — Let 0 ⩽ 4r′ ⩽ r, 8S ⩽ r, x ∈ X, let Ψ ⩾ 1,
d > 2 be constants, and assume OΨ(r

′, r) and VΨ(d, r
′, r) hold in B(r) = Bx(r).

Then, for all γ ⩾ 1, we have Sϕ̂(n, r, r) in o, where

ϕ̂ = ϕ̂(d) = 247+2d/(d−2) γ2/d

and the dimension n can be chosen such that

n ⩾ d ∨ ln
(
1 ∨ Ψ20

γ
∨
[m(B(r))

γ

∥∥∥ 1

m

∥∥∥
B(r)

]1/ln(r/r′))
.

Proof. — Since 0 ⩽ 4r′ ⩽ r, Lemma 5.4 yields for all n ⩾ d the Sobolev inequality
Sϕ̃(n, r, r) in o with

ϕ̃ = ϕ̃(r′, r) = 244+2n/(n−2)
[Ψ20

γ
∨ (r′)n

m(B(r))

γrn

∥∥∥ 1

m

∥∥∥
B(r)

]2/n
γ2/n,

where we snuck in γ ⩾ 1. The second entry of the maximum can be estimated by 1, i.e.,

(r′)n
m(B(r))

γrn

∥∥∥ 1

m

∥∥∥
B(r)

⩽ 1

if and only if

ln
(m(B(r))

γ

∥∥∥ 1

m

∥∥∥
B(r)

)1/ln(r/r′)

⩽ n.

Hence, under this condition,

ϕ̃(r′, r) ⩽ 244+2n/(n−2)
[
1 ∨ Ψ20

γ

]2/n
γ2/n.

Note that if t ⩾ 1, then we have for all n ⩾ ln t the estimate t1/n ⩽ t1/ ln t = e. Hence,
if we further require

n ⩾ ln
(Ψ20

γ
∨ 1

)
,

and using e2 ⩽ 23, we obtain

ϕ̃(r′, r) ⩽ 244+2n/(n−2) e2 γ2/n ⩽ 247+2n/(n−2) γ2/n ⩽ 247+2d/(d−2) γ2/d = ϕ̂(d)

since the function n 7→ 2n/(n − 2) is decreasing and n ⩾ d. Putting the conditions
on n together yields the claim. □

Now we are in the position to choose specific radii. In contrast to the lemma above,
we assume now that Ψ: X × [R1, R2] → [1,∞) is a function. The parameter γ is used
to adjust the error terms later.

Theorem 5.7 (Sobolev – variable dimension). — Let 32S ⩽ 4R1 ⩽ R2, o ∈ X,
n : X × [R1, R2] → (2,∞), and assume that GΨ(n,R1, R2) and VΨ(n,R1, R2)

hold in B(R2) = Bo(R2). Then for all functions γ : [4R1, R2] → [1,∞) we have
Sϕ(n

′, 4R1, R2) in o, where

ϕ(r) = 249+2N(r)/(N(r)−2) γ(r)2/N(r)
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with N(r) = ∥n(r)∥B(r) and the dimension n′ can be chosen

n′(r) ⩾ N(r) ∨ ln

[
1 ∨

∥Ψ∥20Q(r′,r)

γ(r)
∨
(m(B(r))∥ 1

m∥B(r)

γ(r)

)1/ln(r/r′)
]

with
r′ = R1 ∨

(r
4
∧ 1

4
(ln r)2N(r)

)
.

Proof. — Gaussian bounds GΨ(n,R1, R2) in B(R2) yield on-diagonal bounds OΨ(r
′, r)

in B(r) if R1 ⩽ r′ ⩽ r ⩽ R2. Similarly, VΨ(n,R1, R2) in B(R2) yields VΨ(N, r′, r)

in B(r) if R1 ⩽ r′ ⩽ r ⩽ R2. With these observations the result follows immediately
from Lemma 5.6 applied to the interval [r′, r] if R1 ⩽ r′ and 4r′ ⩽ r for all r ∈ [R1, R2]

which is trivially satisfied. □

The theorem above shows how to deduce (S) from (G) and (V) with a parameter
function γ and general Ψ. Next, we present a corollary where we choose a particular γ,
given the function Ψ, as

Ψz(n, τ) = (1 ∨Deg(z))
7n2 n

√
S/τ

for some n > 2 as in Theorem 3.5. This result is more general than Theorem 1.5(ii),
since it also includes (S) for small radii.

Corollary 5.8. — Let

32S ⩽ 4R1 ⩽ R2, o ∈ X, A : X×[R1, R2] −→ [1,∞), n : X×[R1, R2] −→ (2,∞)

and assume that GAΨ(n,R1, R2), VAΨ(n,R1, R2), LA(n,R1, R2) hold in B(R2) =

Bo(R2). Then we have Sϕ′(n′, 4R1, R2) in o, where

ϕ′(r) = 285+2N/(N−2)Ã20,

n′
o(r) = N

(
1 +

ln(r′/(1 ∧ r))

ln(r/r′)
+ 280(1 ∨ S)N

ln(1 ∨ r)
N
√
r′

)(
1 +

1

2

ln ∥1 ∨Deg ∥B(r)

ln(1 ∨ r)

)
,

N = ∥n∥Q(r′,r), Ã = ∥A∥Q(r′,r), Ñ(r) = ∥n∥Q(R1∨(ln r)/4,r),

r′ = R1 ∨
(r
4
∧ 1

4
(ln r)2Ñ(r)

)
.

Proof. — For any γ : [R1, R2] → [1,∞), Theorem 5.7 (together with Lemma 2.1)
yields Sϕ̃(ñ, 4R1, R2) in o for ϕ̃ ⩾ ϕγ and ñ ⩾ nγ where

ϕγ(r) = 249+2N/(N−2)γ(r)2/N , nγ(r) = N ∨ ln
[
1 ∨ T1

γ(r)
∨
( T2

γ(r)

)1/ln(r/r′)]
,

T1 := ∥AΨ∥20Q(r′,r), T2 := m(Bo(r))
∥∥∥ 1

m

∥∥∥
Bo(r)

.

In order to bound nγ from above, we need to estimate T1 and T2 from above and
choose γ appropriately. We start with T1 and abbreviate D := ∥(1 ∨ Deg(x))∥B(r).
Then,

∥Ψ∥Q(r′,r) = sup
(x,τ)∈Q(r′,r)

(1 ∨Deg(x))7nz(τ)
2 nz(τ)

√
S/τ ⩽ D7N2 N

√
S/r′ .
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We conclude with Ã = ∥A∥Q(r′,r)

T1 ⩽ ∥A∥20Q(r′,r)∥Ψ∥20Q(r′,r) ⩽ Ã20D140N2 N
√

S/r′ .

Now, we estimate T2. First, since distance balls are finite by assumption, there exists
x ∈ Bo(r) such that ∥∥∥ 1

m

∥∥∥
Bo(r)

= m(x)−1.

As VAΨ(n,R1, R2) implies VÃΨ̃(N,R1, R2) with Ψ̃ = ∥Ψ∥Q(r′,r), Lemma 5.1 gives

m(Bo(r)) ⩽ 218N Ã9Ψ̃9 m(Bx(r)).

We infer from LA(n,R1, R2) the estimate
m(Bx(r))

m(x)
⩽ A(1 ∨ r)nx(r)(1 ∨Deg(x))nx(r)/2 ⩽ Ã((1 ∨ r2)D)N/2.

Hence, using D ⩾ 1, and Ψ̃ = ∥Ψ∥Q(r′,r) ⩽ D7N2 N
√

S/r′ , we get

T2 =
m(Bo(r))

m(x)
⩽ 218N Ã9Ψ̃9m(Bx(r))

m(x)
⩽ 218N Ã10((1 ∨ r2)D)(N/2)+63N2 N

√
S/r′ .

Choose
γ(r) = 218N Ã20

to obtain, with Ã ⩾ 1,

T1

γ(r)
⩽

Ã20D140N2 N
√

S/r′

γ(r)
⩽ D140N2 N

√
S/r′

and
T2

γ(r)
⩽

218N Ã9((1 ∨ r2)D)(N/2)+63N2 N
√

S/r′

γ(r)
⩽ ((1 ∨ r2)D)(N/2)+63N2 N

√
S/r′ .

Hence, we obtain since D ⩾ 1 and with ι = 1/ ln(r/r′) ⩽ 1/ ln 4 ⩽ 1 as r/r′ ⩾ 4

nγ(r) = N ∨ ln
[
1 ∨ T1

γ(r)
∨
( T2

γ(r)

)ι]
⩽ N ∨ ln

[
D140N2 N

√
S/r′ ∨

(
((1 ∨ r2)D)(N/2)ι+63ιN2 N

√
S/r′

)]
⩽ N ∨ ln

[
((1 ∨ r2)D)(N/2)ι+140N2(1∨S) N

√
1/r′

]
= N

[
1 ∨ ln(1 ∨ r)

(
ι+ 280N(1 ∨ S) N

√
1/r′

)(
1 +

1

2

ln(D)

ln(1 ∨ r)

)]
= n′

o(r),

where the last equality follows since

ι ln(1 ∨ r) =
ln(1 ∨ r)

ln(r/r′)
= 1 +

ln(1 ∨ r)− ln(r/r′)

ln(r/r′)

= 1 +
ln(r′(1 ∨ r)/r)

ln(r/r′)
= 1 +

ln(r′/(1 ∧ r))

ln(r/r′)
.

Finally, we use the function

ϕγ(r) = 249+2N/(N−2)γ(r)2/N = 285+2N/(N−2)A40/N ⩽ ϕ′(r)
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for the γ(r) = 218N Ã20 chosen above. This yields Sϕ′(n′, 4R1, R2) in o since ϕ′ ⩾ ϕγ

and finishes the proof. □

6. Proof of the main theorems

We are now ready to prove the main theorems. We deal with the case of the
normalizing measure and the case of general measure including the counting measure
separately. The reason for this distinction is that the proof of Theorem 1.1 follows
much closer the classical approach and is therefore significantly simpler. Furthermore,
we present also a localized version of Theorem 1.1 in Theorem 6.1. Afterward, we will
deal with the general case for which we first show a result where the bounds depend
on vertex degrees and reciprocals of measures, Theorem 6.2. To reduce the bounds to
depend on the vertex degree alone, we incorporate the local regularity property (L)
to show Theorem 1.5. Finally, Theorem 1.2 is an immediate corollary of Theorem 1.5.

The normalizing measure. — First, we will present our results about the normalizing
measure m = deg. In this special case the Laplacian ∆ is always a bounded operator
on ℓ2(X,deg). Furthermore, the combinatorial distance is then an intrinsic metric
which we will always use in this case. In particular, the jump size is constantly equal
to 1 for this metric.

Theorem 6.1 (Normalizing measure, localized version). — Let m = deg, n > 2, R2 ⩾
8R1 ⩾ 512.

(i) If there is a constant ϕ ⩾ 1 such that Sϕ(n,R1, R2) holds in B ⊂ X, then there
is a constant Ψ = Ψ(ϕ, n,R1) ⩾ 1 such that GΨ(n, 4R1, R2) and VΨ(n,R2) hold in B.

(ii) If there is a constant Ψ ⩾ 1 such that GΨ(n,R1, R2) and VΨ(n,R2) hold in
Bo(R2), then there is a constant ϕ = ϕ(n,R1,Ψ) ⩾ 1 such that Sϕ(n, 4R1, R2) holds
in o.

Proof of Theorem 6.1

(i) We have to show that Sϕ(n,R1, R2) in B implies properties VΨ(n,R2) and
GΨ(n, 4R1, R2) in B for appropriate Ψ > 0. Corollary 2.8 yields VΨ(n,R2) with
Ψ = 29n

2

ϕn2

Rn
1 .

From Theorem 3.5 we infer GΨ(n, 4R1, R2) with

Ψz(n, τ) = 253n
3

ϕ3n2

as the jump size satisfies S = 1 for the normalizing measure and the combinatorial
graph distance.

(ii) We have to show that conditions VΨ(n,R2) and GΨ(n,R1, R2) imply property
Sϕ(n, 4R1, R2) for appropriate ϕ > 0. By Theorem 5.5 we have Sϕ(n, 4R1, R2) in o

with

ϕ(r) = 244+2n/(n−2)
(
Ψ20 ∨Rn

1

m(Bo(r))

rn

∥∥∥ 1

m

∥∥∥
Bo(r)

)2/n

.
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Since distance balls are finite and m(x) = deg(x), there exists x ∈ Bo(r) such that∥∥∥ 1

m

∥∥∥
Bo(r)

=
1

m(x)
=

1

deg(x)
=

1

m(Bx(1/2))
.

Lemma 5.1 yields m(Bo(r)) ⩽ 218nΨ9m(Bx(r)). Together with the volume doubling
property VΨ(n, 1/2, R2), we obtain

Rn
1

m(Bo(r))

rn

∥∥∥ 1

m

∥∥∥
Bo(r)

=
Rn

1

deg(x)

m(Bo(r))

rn
⩽

218nΨ9Rn
1

m(Bx(1/2))

m(Bx(r))

rn
⩽ 219nΨ10Rn

1 .

Hence, ϕ is bounded above and the claim follows. □

General measures. — In the case of general measures, correction terms in (G), (V),
and (S) also depend on the vertex degree, which may be unbounded. Hence, in this
case, we cannot hope for uniform bounds as for the normalizing measure. In order
to include unbounded vertex degree into our results, we employ the results from the
preceding sections. They lead to the following general version of the equivalence of
Sobolev inequalities and heat kernel bounds involving varying dimensions.

Let R2 ⩾ 4R1 ⩾ 0. For a dimension function n : X × [R1, R2] → (2,∞) and x ∈ X

and r ∈ [R1, R2], we let the supremum over annuli be given as

Nx(r) = ∥nx∥[r/4,r].

Furthermore, the volume doubling and the Gaussian correction term are given in
terms of

Ψx(n, r) = (1 ∨Deg(x))
7n n

√
S/(r∨R1) ·

{
((1 ∨ r2)(1 ∨Deg(x)))n/2, r < R1,

1, else.

For a constant ϕ ⩾ 1, let

A′
x(r) = (2ϕ)nx(R1)

2/2 254Nx(r)
3

ϕ3Nx(r)
2

(1 ∨ S)11Nx(r)
2

.

For o ∈ X and a dimension function n, we consider the supremum over the space-time
cylinder Q(r′, r) = Bo(r)× [r′, r] and let

N(r) = ∥n∥Q(r′,r),

r′ = R1 ∨
(r
4
∧ 1

4
(ln r)2Ñ(r)

)
Ñ(r) = 2∥n∥Q(R1∨(ln r)/4,r).

Next, for γ : X × [R1, R2] → (0,∞), we define a function ϕγ , which will play the role
of the Sobolev constant, by

ϕγ(r) = 249+2N(r)/(N(r)−2)γ(r)2/N(r).

Finally, we choose a dimension function nγ which satisfies the following inequality

nγ(r) ⩾ N(r) ∨ ln

[
1 ∨

∥A′Ψ∥20Q(r′,r)

γ(r)
∨
(m(B(r))∥ 1

m∥B(r)

γ(r)

)1/ln(r/r′)
]
.

With this notation the main result in its most general form is now just a conse-
quence of Theorems 2.7, 3.5, and 5.7.
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Theorem 6.2 (Most general case). — Let R2 ⩾ 4R1 ⩾ 0, o ∈ X γ : X × [R1, R2] →
(0,∞), and ϕ ⩾ 1 be a constant.

(i) If Sϕ(n,R1, R2) holds in B ⊂ X, R1 ⩾ 1024S, then B satisfies VA′Ψ(N,R2)

and GA′Ψ(N, 4R1, R2).
(ii) Assume VA′Ψ(N,R2) and GA′Ψ(N,R1, R2) hold in Bo(R2), R1 ⩾ 8S. Then the

property Sϕγ (nγ , 4R1, R2) holds in o.

We are now in the position to prove the all main theorems presented in the intro-
duction.

Proof of Theorem 1.1. — This follows from Theorem 6.1 with R2 = ∞. □

To obtain Theorems 1.2 and 1.5 presented in the introduction, we will incorporate
the local regularity condition (L) into Theorem 6.2. The resulting correction functions
and dimensions appearing in (G), (V), and (S) depend only on the vertex degree.
We will first prove Theorem 1.5 before we reduce it to the counting measure case
Theorem 1.2.

Proof of Theorem 1.5
(i) Theorems 2.5 and 3.5 yield properties VAΨ(n,R1, R2) and GAΨ(N, 4R1, R2)

in B, with
Ψx(N, r) = (1 ∨Deg(x))

7N N
√

S/r

and
A(N) = 254N

3

ϕ3N2

(1 ∨ S)11N
2

.

(ii) This follows from Corollary 5.8. □

Proof of Theorem 1.2. — Since Deg = deg /m = deg for m = 1 and S = 1, this
follows from Theorem 1.5 with R2 = ∞ choosing n and ϕ to be constant. To obtain
the specific form of n′

o given in Theorem 1.2, we estimate n′
o from Theorem 1.5 from

above. First of all, pick r1 ⩾ 4r0 ∨ 1 such that (ln r)4n ⩽ r for all r ⩾ r1. This is
possible since n is constant. Then, for r ⩾ r1, we have r′ = (ln r)2n/4. Hence, for
D(r) = ∥1 ∨Deg ∥B(r), we obtain

n′
o(r) = n

(
1 +

ln(r′)

ln(r/r′)
+ 280n

ln(r)
n
√
r′

)(
1 +

1

2

ln(D(r))

ln(r)

)
⩽ n

(
1 +

2n ln(ln r)

ln(r/(ln r)2n)
+

560n

ln(r)

)(
1 +

1

2

ln(D(r))

ln(r)

)
⩽ n

(
1 +

4n ln(ln r)

ln(r)
+

560n

ln(r)

)(
1 +

1

2

ln(D(r))

ln(r)

)
⩽ n

(
1 +

284n ln(ln r)

ln(r)

)(
1 +

1

2

ln(D(r))

ln(r)

)
,

where we used that (ln r)4n ⩽ r implies ln(r/(ln r)2n) ⩾ ln(r)/2 for r ⩾ r1 in the
second to last step and it also implies 2 < ln 8 < ln 4n < ln ln r which is used in the
last step. This finishes the proof. □
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