
Laure Flapan, Emanuele Macrì, Kieran G. O’Grady, & Giulia Saccà
The geometry of antisymplectic involutions, II
Tome 13 (2026), p. 809-851.

https://doi.org/10.5802/jep.337

© Les auteurs, 2026.

Cet article est mis à disposition selon les termes de la licence
LICENCE INTERNATIONALE D’ATTRIBUTION CREATIVE COMMONS BY 4.0.
https://creativecommons.org/licenses/by/4.0/

Publié avec le soutien
du Centre National de la Recherche Scientifique

Publication membre du
Centre Mersenne pour l’édition scientifique ouverte

www.centre-mersenne.org
e-ISSN : 2270-518X

https://doi.org/10.5802/jep.337
https://creativecommons.org/licenses/by/4.0/
http://www.centre-mersenne.org/
http://www.centre-mersenne.org


Tome 13, 2026, p. 809–851 DOI: 10.5802/jep.337

THE GEOMETRY OF ANTISYMPLECTIC INVOLUTIONS, II

by Laure Flapan, Emanuele Macrì, Kieran G. O’Grady
& Giulia Saccà

Abstract. — We continue our study of fixed loci of antisymplectic involutions on projective
hyper-Kähler manifolds of K3[n]-type induced by an ample class of square 2 in the Beauville-
Bogomolov-Fujiki lattice. We prove that if the divisibility of the ample class is 2, then one
connected component of the fixed locus is a Fano manifold of index 3, thus generalizing to
higher dimensions the case of the LLSvS 8-fold associated to a cubic fourfold. We also show
that, in the case of the LLSvS 8-fold associated to a cubic fourfold, the second component of
the fixed locus is of general type, thus answering a question by Manfred Lehn.

Résumé (La géométrie des involutions anti-symplectiques, II). — Nous poursuivons notre étude
des lieux fixes des involutions anti-symplectiques sur les variétés hyper-kählériennes projectives
de type K3[n] induites par une classe ample de carré 2 dans le réseau de Beauville-Bogomolov-
Fujiki. Nous prouvons que si la divisibilité de la classe ample est 2, alors une composante connexe
du lieu fixe est une variété de Fano d’indice 3, généralisant ainsi aux dimensions supérieures
le cas de la variété de LLSvS de dimension 8 associée à une variété cubique de dimension 4.
Nous montrons également que, dans le cas de la variété de dimension 8 de LLSvS associée à
une variété cubique de dimension 4, la deuxième composante du lieu fixe est de type général,
répondant ainsi à une question posée par Manfred Lehn.
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1. Introduction

Many of the known explicit constructions of projective hyper-Kähler (HK) man-
ifolds of K3[n]-type (i.e., a deformation of the Hilbert scheme of n points on a K3
surface) arise from a Fano variety. Classically, Beauville–Donagi constructed a max-
imal family of polarized HK manifolds of K3[2]-type as Fano varieties of lines on
cubic fourfolds [BD85]. More recently, Lehn–Lehn–Sorger–van Straten constructed
(see Example 1.1 below) a maximal family of polarized HK manifolds of K3[4]-type
as equivalence classes of twisted cubics on cubic fourfolds [LLSvS17]. Other explicit
constructions of families of polarized HK manifolds of K3[n]-type from Fano varieties
arise for instance in [DV10, IM15, DK18, IM19, FM21]. In the above examples, there
is a tight relationship between the Hodge theory of the underlying Fano variety, or at
a finer level its derived category, and the geometry of the resulting HK manifold, see
also for instance [BLM+21, PPZ22, LPZ23].

The present paper aims to strengthen and formalize these observed connections
between Fano varieties and HK manifolds of K3[n]-type by proposing the following
partial inverse of the above constructions. We begin with a projective hyper-Kähler
manifold X of K3[n]-type equipped with an ample class λ of square 2. There is a
unique involution τλ of X whose action on H2(X) is equal to the reflection in λ, see
Equation (1.1) below. Since τλ is antisymplectic, its fixed locus Fix(τλ) is Lagrangian.
We showed in [FMOS22] that the number of connected components of Fix(τλ) is equal
to the divisibility div(λ) of λ in the Beauville–Bogomolov–Fujiki lattice (in Section 1.1
we recall the notion of divisibility). Note that since λ has square 2, its divisibility
div(λ) must be either 1 or 2. The first main result of the present paper (see The-
orem 1.3 below) shows that in the case that div(λ) = 2, one of the two connected
components of Fix(τλ) is a Fano variety (of index 3).

Example 1.1. — The simplest example with λ of divisibility 2 is given by the
LLSvS 8-fold X associated to a smooth cubic fourfold W ⊂ P5 containing no
planes, parametrizing equivalence classes of twisted cubic curves contained in W ,
see [LLSvS17]. The polarization λ is the pull-back of the Plücker polarization on
Gr(3,P5) via the rational map X Gr(3,P5) which maps a twisted cubic to its
linear span (equivalent cubics span the same 3 dimensional linear subspace). For a
description of the involution τλ in this case see [Leh16, CCL22]. It is known that all
HK manifolds X of K3[4]-type with a polarization λ of square 2 and divisibility 2

arise as LLSvS 8-folds in this way, see [Deb22, Prop. B.12]. On these 8-folds, one
connected component of Fix(τλ) is isomorphic to the cubic fourfold W , a Fano variety
of index 3.

Our second main result, Theorem 1.4 below, establishes that the other connected
component of Fix(τλ) in Example 1.1 has ample canonical bundle, thereby answering a
question by Manfred Lehn. In fact we conjecture that the other connected component
of Fix(τλ) when div(λ) = 2, as well as the only connected component of Fix(τλ) when
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div(λ) = 1, has ample canonical bundle. The conjecture is motivated by Theorem 1.4
and by the following examples.

Example 1.2. — The simplest example with λ of divisibility 1 is provided by the
double cover π : X → P2 branched over a smooth sextic curve, with λ = π∗c1(OP2(1))

(thus X is a K3 surface). The involution τλ interchanges the sheets of the double
cover π, and the fixed locus of τλ is isomorphic to the branch curve, i.e., a smooth
plane sextic curve. The next simplest example with λ of divisibility 1 is provided by
the double cover f : X → Y of a general EPW sextic Y ⊂ P5, with λ = f∗c1(OY (1)).
The involution τλ is the covering involution, and the fixed locus is the singular locus
of Y , a surface of general type by the results in [O’G08].

We also expect a tight connection between the Hodge structure of a polarized
hyper-Kähler manifold (X,λ) of K3[n]-type with λ of square 2 and divisibility 2, and
the Hodge structure of the Fano connected component of Fix(τλ). At a finer level,
their bounded derived categories of coherent sheaves should be strictly related. These
developments will be the subject of future work.

Let us explain at least one reason for being interested in the component of Fix(τλ)
(conjecturally) of general-type. For (X,λ) a polarized HK manifold of K3[n]-type with
qX(λ) = 2 and div(λ) = 1 and n ∈ {1, 2} it is known that a multiple of the cycle
Fix(τλ) moves in a covering family of Lagrangian subvarieties of X (if n = 1 this
is true because Fix(τλ) is a very ample divisor; if n = 2 this is proved in [Fer11,
O’G17]). Thus, an interesting question for arbitrary n, both in the case div(λ) = 1

and div(λ) = 2, is whether a multiple of this conjecturally general-type component of
Fix(τλ) could provide a covering family of Lagrangian subvarieties in X. This is open
already in the case n = 4 and div(λ) = 2 (the LLSvS variety).

1.1. Antisymplectic involutions. — Here and in what follows X is a HK manifold of
K3[n]-type, in particular it has dimension 2n. We let qX be the Beauville–Bogomolov–
Fujiki quadratic form on H2(X), and by abuse of notation we denote by the same
letter the associated bilinear symmetric form. If α ∈ H2(X,Z), then the divisibility
of α is the non negative generator of the ideal {qX(α,w) : w ∈ H2(X,Z)} ⊂ Z; it is
denoted by div(α).

We assume that X has a polarization λ such that qX(λ) = 2. Note that div(λ) ∈
{1, 2}. For each n there exist (X,λ) as above with div(λ) = 1. On the other hand
there exist (X,λ) as above with div(λ) = 2 if and only if 4 |n. To a polarization as
above one can associate a (unique) antisymplectic involution

τλ : X
∼=−−−→ X

which acts on H2(X) as reflection in λ:

(1.1) H2(X)
τ∗λ−−−→ H2(X)

x 7−−−→ −x+ qX(λ, x)λ.
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Furthermore there exists (a unique) lift of the involution τλ to an involution of the
line bundle L on X such that λ = c1(L): this defines a µ2-action on L which acts
trivially on H0(X,L) (this is proved in Proposition 3.1 for the case div(λ) = 2 and in
Proposition 6.2 for the case div(λ) = 1).

Now let Fix(τλ) be the fixed locus of τλ, a Lagrangian submanifold of X.
In [FMOS22] we proved that the number of connected components of Fix(τλ) is equal
to div(λ). By considering the µ2-action on L introduced above, we can be more pre-
cise. Let C± be the trivial, respectively determinantal, irreducible µ2-representation,
and set

Fix(τλ)+ := {x ∈ Fix(τλ) : L|x ∼= C+}, the positive fixed component,
Fix(τλ)− := {x ∈ Fix(τλ) : L|x ∼= C−}, the negative fixed component.

Then Fix(τλ) = Fix(τλ)+ if div(λ) = 1, and Fix(τλ)+,Fix(τλ)− are the two irreducible
components of the fixed locus Fix(τλ) if div(λ) = 2.

1.2. The negative component. — Our first main result states that if div(λ) = 2 then
the negative component Fix(τλ)− is a Fano manifold of index 3.

Theorem 1.3. — Let (X,λ) be a polarized HK manifold of K3[n]-type, with qX(λ) = 2

and div(λ) = 2 (hence 4 |n). Let L be the ample line bundle such that c1(L) = λ. Then
Fix(τλ)− is a Fano manifold of dimension n and index 3. More precisely, we have

(1.2) ωFix(τλ)−
∼= (L∨)⊗3|Fix(τλ)− .

1.3. The positive component. — We conjecture that the component Fix(τλ)+ is of
general type, both when div(λ) = 1 and div(λ) = 2. More precisely we expect the
canonical line bundle of Fix(τλ)+ to be a rational positive multiple of the restriction
of λ.

Our second main result confirms the above expectation in the case n = 4 and
div(λ) = 2.

Theorem 1.4. — Let (X,λ) be a polarized HK manifold of dimension 8 of K3[4]-type,
with qX(λ) = 2 and div(λ) = 2. Let L be the ample line bundle such that c1(L) = λ.
Then

ωFix(τλ)+
∼= L⊗3|Fix(τλ)+ .

In particular Fix(τλ)+ is of general-type.

Let (X,λ) be as in Theorem 1.4. Then there exists a smooth cubic fourfold W ⊂ P5

containing no planes such that X is isomorphic to the LLSvS 8-fold associated to W ,
and the isomorphism may be chosen so that λ is identified with the polarization
described in Example 1.1. The generic element in the positive component Fix(τλ)+
is the equivalence class of twisted cubics whose associated cubic surface has four A1

singularities (see, e.g., [Leh16]). Manfred Lehn asked about the global geometry of
this component: Theorem 1.4 gives a first answer to his question. In Section 6, we dis-
cuss the nature of the fixed locus (=positive fixed component) when qX(λ) = 2 and
div(λ) = 1. As discussed in Example 1.2, it is of general type if n = 1 or n = 2.
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We show for all n that the fixed locus is of general type provided the linear system |λ|
behaves well in a neighborhood of the fixed locus.

1.4. Ideas from the proofs. — As in our previous work [FMOS22], the basic idea
for both Theorems 1.3 and 1.4 is to look at singular HK varieties with an involution
which are specializations of HK manifolds of K3[n]-type with an involution induced
by a polarization λ with qX(λ) = 2 and div(λ) = 2. In [FMOS22] we studied spe-
cializations given by the images of divisorial contractions of HK manifolds with a
(rational) Lagrangian fibration. In the present paper we study specializations with
worse singularities, given by the images of divisorial contractions of moduli spaces
of stable rank 2 sheaves on a polarized K3 surface S of degree 2. More specifically,
we consider (singular) Donaldson–Uhlenbeck–Yau compactifications of moduli spaces
of slope-stable rank-2 sheaves on S. Let f : S → P2 be “the” double cover associated
to the polarization of degree 2 on S. The involution of the Donaldson–Uhlenbeck–Yau
moduli space MS,n to which τλ specializes is induced by the covering involution of
the double cover f . Moreover, one of the (several) components of the fixed locus of
this involution of MS,n is identified, set theoretically, with a Donaldson–Uhlenbeck–
Yau moduli space MP2,n (see Section 2.2 for notation) of slope-stable rank-2 sheaves
on the projective plane (see Theorem 2.13). More precisely, the pull-back f∗ defines
a regular bijective map from the normal variety MP2,n to a component of the fixed
locus.

The reason for using a different specialization in the present paper compared to
that used in [FMOS22] is that, while the fixed locus of the involution on MS,n becomes
more complicated, the only relevant component for the proof of Theorem 1.3 is the
one corresponding to MP2,n which, as is well-known, is a Fano variety of index 3.
The hard and technical part of the proof is to deal with the singularities of the
Donaldson–Uhlenbeck–Yau moduli space, in particular proving that the component
of the fixed locus mentioned above is normal, and hence isomorphic to MP2,n. We first
need a local description of the moduli space: this is done by proving that, in our
case, the Donaldson–Uhlenbeck–Yau moduli space is isomorphic to a moduli space of
Bridgeland stable objects ([Bri07, Taj23]). We finish the proof of the normality result
by using this description, together with some fundamental invariant theory ([Pro76]).
This is all contained in Section 2.

Next we let X → D be a family of polarized varieties over a pointed smooth curve
with the following properties: the fibers Xt for t ̸= 0 are HK manifolds of K3[n]-
type, the restriction to Xt of the polarization of X is a polarization λt of square 2 and
divisibility 2, and the fiber X0 is isomorphic to the Donaldson–Uhlenbeck–Yau moduli
space MS,n. Moreover we require that there exists a fiberwise involution of X which
when restricted to Xt for t ̸= 0 is equal to τλt

, and when restricted to X0 = MS,n is
equal to the involution described above. We let Y± ⊂ X be the closure of the variety
swept out by Fix(τλt

)± for t ∈ (D ∖ {0}). Then Y± is integral and Y± → D is flat.
The main result of Section 3 is that the (scheme theoretic) fiber over 0 of Y− → D is
equal to MP2,n (embedded in X0 =MS,n via the pullback f∗ as discussed above).
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In Section 4 we prove Theorem 1.3 by considering the family Y− → D defined above.
We show that Y− is normal, Gorenstein, and that the fiber over 0, i.e., MP2,n, has
dualizing line bundle isomorphic to the restriction of (L∨)⊗3, where L is the relative
ample line bundle on X → D. Since the restriction of L to MP2,n is a generator of the
Picard group, this completes the proof of Theorem 1.3.

The proof of Theorem 1.4 is similar, with Y+ → D replacing Y− → D. We restrict
to n = 4 because in this case X0

∼= MS,4 is birational to S[4] and we can explicitly
describe all components of the fixed locus of the involution by relating them to the
fixed components of the corresponding involution of S[4].

Acknowledgements. — The paper benefited from many useful discussions with the
following colleagues who we gratefully acknowledge: Enrico Arbarello, Alessio Bottini,
Olivier Debarre, Tommaso de Fernex, Enrico Fatighenti, Franco Giovenzana, Luca Gio-
venzana, Daniel Huybrechts, Alexander Kuznetsov, Manfred Lehn, Marco Manetti,
Francesco Meazzini, Giovanni Mongardi, Alexander Perry, Laura Pertusi, Christoph
Sorger, Paolo Stellari, Claire Voisin, Chenyang Xu, Xiaolei Zhao. We also thank the
referees for the detailed reports, which improved the exposition of the paper and
fixed several inaccuracies.

2. The special fiber

In this section we study the Donaldson–Uhlenbeck–Yau compactification for rank-2
torsion-free sheaves, both in the case of a very general K3 surface S of genus 2 and in
the case of the projective plane. The main result (Theorem 2.13) is that the pull-back
morphism induces a closed embedding of the appropriate moduli spaces. To prove this
we give a moduli-theoretic description of the two moduli spaces in terms of Bridgeland
moduli spaces of semistable complexes (respectively, in Section 2.1 and Section 2.2);
this allows us to give a local analytic description of the singularities of these moduli
spaces.

2.1. The Donaldson–Uhlenbeck–Yau compactification for K3 surfaces

Let (S, h) be a polarized K3 surface such that NS(S) = Zh, h2 = 2d. Let v =

(r, l, s) ∈ H0(S;Z) ⊕ NS(S) ⊕ H4(S;Z) be a primitive Mukai vector with r ⩾ 0,
and let M(v) be the moduli space of semistable sheaves on the polarized K3 surface
(S, h) with Mukai vector v. Then the variety M(v) is a projective HK manifold of
K3[m]-type, where m = (v2/2) + 1. If m ⩾ 2, then the Mukai map (see, e.g., [O’G97,
Main Th. ] or [Yos01, Eq. (1.6)])

θv : v
⊥ ∼=−−−→ H2(M(v),Z)

gives an isometry of weight-2 Hodge structures; here v⊥ ⊂ H∗(S,Z) has the induced
weight-2 Hodge structure induced by the Mukai Hodge structure on H∗(S,Z). The
map θ is determined up to sign. We decide to choose the opposite of the convention
adopted in loc. cit. More precisely, we let p : S×M(v) → S and q : S×M(v) →M(v)

be the projections. Let F be a universal sheaf on S ×M(v) or, if it does not exist,
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a quasi-universal sheaf of similarity σ ∈ N+, i.e., such that for all [E] ∈ M(v) the
restriction of F to S × {[E]} is isomorphic to E⊕σ. By [Muk87, Th. A.5] a quasi-
universal sheaf exists. We let

(2.1)
v⊥ θv−−−→ H2(M(v))

α 7−−−→ q∗

( 1

σ
ch(F) · p∗(α∨ ·

√
tdS)

)
6
,

where, if α2k ∈ H2k(S) is the degree-2k component of α, we let α∨ := α0 − α2 + α4,
and the subscript 6 means that we consider the component in H6(S ×M(v)).

Remark 2.1. — Let v = (r, l, s). If β ∈ H2(S) then (0, β, (l · β)/r) ∈ v⊥, and we have

µv(β) = θv(0, β, (l · β)/r),

where µv is Donaldson’s map (see [O’G97, §3]). Moreover, if L1 is the determinantal
line bundle on M(v) defined in [LP92] (see also [HL10, §8.1]), we have

c1(L1) = θv(0, rh, (l · h)).

Now let n ⩾ 2 be an integer such that d − n + 1 ≡ 0 (mod 2). We consider the
primitive Mukai vector

vn :=
(
2,−h, d− n+ 1

2

)
∈ H∗

alg(S,Z).

and the moduli space MS,n :=M(vn) of dimension 2n. Let us consider the algebraic
Mukai vectors (0, h,−d), (2,−h, (d+ n− 1)/2) ∈ v⊥n and let

(2.2) λS := θ(0, h,−d) δ := θ
(
2,−h, d+ n− 1

2

)
in NS(MS,n). We have the following well-known result.

Lemma 2.2. — In the above notation, we have:
(a) λS ∈ NS(MS,n) is a semiample divisor class with q(λS) = 2d which induces a

divisorial contraction
φ : MS,n −→MS,n,

where MS,n is the Donaldson–Uhlenbeck–Yau compactification of the moduli space of
slope stable locally free sheaves:

MS,n := Proj

( ∞⊕
k=0

H0(MS,n,OMS,n
(λS)

⊗k)

)
.

The variety MS,n is normal, Q-factorial, with canonical Gorenstein singularities and
trivial canonical bundle.

(b) δ ∈ NS(MS,n) is the class of the irreducible divisor

∆ := {[F] ∈MS,n : F is not locally free}

which is the exceptional locus of the contraction φ.

J.É.P. — M., 2026, tome 13
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(c) ∆ has a stratification by locally-closed subsets

{0} ⊂ ∆n,⌊n/2⌋ ⊂ · · · ⊂ ∆n,1 = ∆,

indexed by the length of the quotients F∨∨/F.

Proof. — To show (a), by Remark 2.1 we have c1(L1) = 2λS , where L1 is as in the
remark. Let D be the determinant line bundle on MS,n defined in [Li93] (and denoted
by LM,1 in loc. cit.). Then L1

∼= D⊗2, see [HL10, Lem. 8.3.4]. Hence the first sentence
of (a) follows from the main result of [Li93]. In order to prove the second sentence,
we observe that by its definition, MS,n is normal. Since the contraction φ is divisorial
of relative Picard number 1, by using the restriction sequence for Weil divisors on
the smooth locus, we deduce that the base is Q-factorial. Moreover, it has symplectic
singularities, which are thus canonical.

Finally, (b) Follows from a straightforward computation and (c) is clear. □

Explicitly (see [Li93]), as a set the (closed) points ofMS,n are pairs ([E], Z), where E
is an h-slope stable vector bundle with Mukai vector v(E) = vn+ℓ · (0, 0, 1) for some ℓ
such that 0 ⩽ ℓ ⩽ ⌊n/2⌋, and [Z] ∈ S(ℓ). The contraction map φ : MS,n → MS,n is
described as follows. Let [F] ∈MS,n, and let

0 −→ F −→ F∨∨ −→ Q −→ 0

be the natural exact sequence, where F∨∨ is the double dual of F (an h-slope stable
locally free sheaf). The sheaf Q is Artinian, let ℓ be its length. Then [F] ∈ ∆ℓ and

φ([F]) =
(
[F∨∨],

∑
p ℓ(Qp)p

)
.

Remark 2.3. — The divisibility div(λS) of λS is either 1 or 2, and it equals 2 if
and only if d + n − 1 ≡ 0 (mod 4). Indeed this follows from the fact that a vector
(r, α, s) ∈ H∗(S,Z) belongs to v⊥n if and only if (α, h) = −r(d− n+ 1)/2− 2s.

We want to understand the local structure of MS,n at a singular point, namely
when ℓ ̸= 0 in the above description. To this end we want to reinterpret MS,n as
a moduli space of Bridgeland semistable objects in the bounded derived category of
coherent sheaves Db(S).

For α, β ∈ R, α > 0, we consider Bridgeland stability conditions on Db(S) of the
form σα,β = (Zα,β , coh

β(S)) (see, e.g., [FMOS22, Ex. 3.7]). We further consider the
moduli space M ′

S,n :=MS,σα,−1/2
(−vn) of Bridgeland semistable objects with phase 1

and Mukai vector −vn with respect to a stability condition σα,−1/2, for an arbitrary
α≫ 0. This moduli space has been constructed in general as a good moduli space in
the sense of Alper (see [Alp13, AHLH23] and [BLM+21, Th. 21.24]); the special case
for our vector vn and β = −1/2 has been studied in [Taj23]. In particular, by [Taj23,
Th. 1.1], M ′

S,n is a projective variety of dimension 2n and we have a natural proper
birational bijective morphism

gn : MS,n −→M ′
S,n,

J.É.P. — M., 2026, tome 13
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defined on objects by

(2.3) gn
(
[E],

∑
p ℓp p

)
:=

[
E[1]⊕

⊕
p k(p)

⊕ℓp
]
,

where k(p) denotes the skyscraper sheaf at the point p (we will adhere to this con-
vention throughout).

Proposition 2.4. — In the above notation, the bijective morphism gn is an isomor-
phism.

Before proving Proposition 2.4, we remark that by Lemma 2.2a, we know that
MS,n is normal. Hence, since gn is proper, birational and bijective, in order to prove
Proposition 2.4 we only need to show that M ′

S,n is normal too. To this end, before
presenting the proof, we recall explicitly the local structure of M ′

S,n. This will also
be used in our analysis later.

Let F := E[1] ⊕
⊕m

j=1 k(pj) ⊗ Wj be a polystable element in M ′
S,n, where

p1, . . . , pm ∈ S are distinct closed points and Wj are vector spaces of dimension
aj > 0, with ℓ :=

∑
j aj . We let VS,F be the vector space

VS,F := Ext1S(F, F ).

Explicitly,
VS,F = Ext1S(E,E)⊕ V ′

S,F ,

where

(2.4) V ′
S,F :=

m⊕
j=1

(
(HomS(E, k(pj))⊗Wj)⊕ (Ext2S(k(pj),E)⊗W∨

j )

⊕ (Ext1S(k(pj), k(pj))⊗ End(Wj))
)
.

The group

(2.5) GS,F :=

(
C∗ ×

m∏
j=1

GL(Wj)

) /
C∗

acts on VS,F by conjugation on the direct sum. Finally, consider the moment map for
this action

µS,F : VS,F −→ Ext2S(F, F )0,

which is given by the Yoneda product, where Ext2S(F, F )0 denotes the traceless part
of Ext2S(F, F ).

The deformation theory of complexes behaves exactly as for sheaves (see [Lie06,
Th. 3.1.1]): hence, the base space of the formal semi-universal deformation of F is the
scheme-theoretic fiber of the Kuranishi map

κS,F : V̂S,F −→ Ext2S(F, F )0,

where V̂S,F denotes the formal completion of VS,F at 0 (see, e.g., [AS18, §3]).
As observed in [AS18, §4], the Kuranishi map can be chosen to be GS,F -equivariant.
Moreover, the quadratic term of the Kuranishi map is exactly the map µS,F .
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Lemma 2.5. — We can choose a Kuranishi map so that the equality κS,F = µS,F holds.
In particular, we have an isomorphism of analytic germs(

M ′
S,n, [F ]

) ∼= (
µ−1
S,F (0) //GS,F , [0]

)
.

Lemma 2.5 is proved in [CPZ24, §3.2] in general, for all moduli spaces of Bridgeland
semistable objects on the derived category of a K3 surface, by using the approach
in [BMM21] (the case of a generic stability condition, which is not sufficient for our
purposes, was proved earlier in [BZ19]). We give here a quick sketch of the proof,
by following [CPZ24]. For a complete argument see also [AS25, Th. 3.2].

Proof of Lemma 2.5.. — Let us denote by F′ the coherent sheaf
⊕m

j=1 k(pj)⊗Wj and
let us consider the automorphism group Aut(F ). This splits as

(2.6) Aut(F ) = Aut(E[1])×Aut(F′).

First of all, by using the above splitting (2.6), we observe that we can construct an
Aut(F )-equivariant locally free resolution

G• = {0 −→ G−2 −→ G−1 −→ G0 −→ 0}

of F of length 2, by taking the direct sum of E[1] with an Aut(F′)-equivariant locally
free resolution of F′.

The next step is to consider, as in [BMM21, §5], the Dolbeault DG-Lie algebra
presentation of RHomS(F, F ) given by

K :=
⊕
q,r,s

A0,q
(
HomS(G

r,Gs)
)
,

where A0,q(Hom(Gr,Gs)) is the space of HomS(G
r,Gs)-valued global (0, q)-forms. The

results in [BMM22, §3] hold without changes in our context, given the splitting (2.6);
in particular, we have that K admits an Aut(F )-action, such that each degree of K
is a rational representation of Aut(F ).

Then the proof in [BMM21, Th. 5.1] directly applies, showing that the DG-Lie
algebra RHomS(F, F ) is formal. The results in [FIM12] for coherent sheaves extend
without changes to complexes. Hence, the deformation theory of F is controlled by the
deformation theory of the DG-Lie algebra RHomS(F, F ); in particular, by formality,
it follows that the Kuranishi map can be chosen to be quadratic, as we wanted. □

We can describe µ−1
S,F (0) //GS,F in terms of quivers, as reviewed in [AS25, §4].

Indeed, given a quiver Q, we can associate a new quiver, called the double quiver
associated to Q and denoted by Q, whose vertex set is the same as that of Q and
whose arrow set is obtained from that of Q by adding, for each arrow, a new arrow in
the opposite direction. By fixing a dimension vector, the double quiver then naturally
has a moment map and the Marsden–Weinstein reduction (in the sense of [CB03, §1])
is nothing but the GIT quotient of the zero-locus of the moment map by the associated
group of automorphisms.
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In our case, we consider the double quiver Q of the following quiver

1

Q : 0
...

m

1

n−2ℓ

2

2

1

with vertex set {0, 1, . . . ,m}, two arrows from the vertex 0 to each of the vertices
1, . . . ,m, one loop around each vertex 1, . . . ,m and (n−2ℓ) loops around the vertex 0.
Here we look at the dimension vector

α := (1, a1, . . . , am).

Proof of Proposition 2.4.. — By [CB03, Th. 1.1], the quotient µ−1
S,F (0) //GS,F with the

reduced induced scheme structure is normal. We only need to show it is reduced.
To this end, it is enough to show that µ−1

S,F (0) is integral. To prove this, we use [CB01].
We recall some notation from loc. cit.. For a dimension vector β = (b0, b1, . . . , bm),
we set

p(β) := 1 +
∑
u∈Q

bh(u)bt(u) − β2,

where for an arrow u ∈ Q, we denote by h(u), respectively t(u) the head vertex,
respectively the tail vertex and we set

β2 =

m∑
i=0

b2i .

For us, we need to consider two types of vectors:
p((1, b1, . . . , bm)) = n− 2ℓ+ 2(b1 + · · ·+ bm),

p((0, b1, . . . , bm)) = 1.
(2.7)

Then, by loc. cit., the fiber µ−1
S,F (0) is a reduced and irreducible complete intersection

of dimension

2n+

m∑
i=1

a2i = α2 − 1 + 2p(α)

if the following holds. Let us write

α = (1, a1, . . . , am) =

r∑
j=0

β(j),
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where

β(0) := (1, b
(0)
1 , . . . , b(0)m ), β(j) := (0, b

(j)
1 , . . . , b(j)m ), for j = 1, . . . , r,

with b(0)i , b
(j)
i ⩾ 0, (b(j)1 , . . . , b

(j)
m ) ̸= (0, . . . , 0), for all i = 1, . . . ,m, j = 1, . . . , r, r ⩾ 1.

By [CB01, Th. 1.2(2)], we need then to show that

p(α) >

r∑
l=0

p(β(l)).

To this end, we use (2.7) and r ⩾ 1, and we have:
r∑

l=0

p(β(l)) = (n− 2ℓ) + 2

m∑
i=1

b
(0)
i + r

< (n− 2ℓ) + 2

m∑
i=1

(b
(0)
i + r)

⩽ (n− 2ℓ) + 2

m∑
i=1

r∑
j=0

b
(j)
i

= (n− 2ℓ) + 2

m∑
i=1

ai = p(α),

as we wanted. □

Remark 2.6. — We notice that since E is simple, the C∗-factor of the group GS,F

acts trivially on Ext1S(E,E), and hence the the group GS,F acts trivially on the factor
Ext1S(E,E) of VS,F . Moreover, a computation shows that the factor Ext1S(E,E) of VS,F
is contained in the radical of the Yoneda product. Therefore, from Lemma 2.5 we
deduce a splitting(

M ′
S,n, [F ]

) ∼= (
Ext1S(E,E)×

(
(µ′

S,F )
−1(0) //GS,F

)
, [0]

)
,

where
µ′
S,F : V ′

S,F −→
m⊕
j=1

(
Ext2S(k(pj), k(pj))⊗ End(Wj)

)
is induced by µS,F by restriction to the subspace V ′

S,F defined in (2.4).

Remark 2.7. — By [BLM+21, Th. 21.25], the class λS on MS,n descends to the class λ′
of a primitive ample Cartier divisor on M ′

S,n. In particular, λS := g∗n(λ
′
S) is the class

of a primitive ample Cartier divisor on MS,n; thus, NS(MS,n) = Z · λS .

Remark 2.8. — At a point F := E[1] ⊕ k(p) in φ(∆n,1), for p ∈ S, the Kuranishi
morphism is

Ext1S(E,E)⊕ U ⊕ U∨ ⊕ Ext1S(k(p), k(p))
µS,F−−−−−→ Ext2(F, F )0 = C

(η, a1, a2, b1, b2, ν) 7−−−−−→ a1b1 + a2b2.
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where U = Ext1(E[1], k(p)), U∨ = Ext1(k(p),E[1]). Recall that the Serre duality
pairing is given by the Yoneda product, so choosing a basis for U and the dual basis
for U∨, the Kuranishi morphism is as above. The action of GS,F

∼= C∗ is given as

γ.(η, a1, a2, b1, b2, ν) = (η, γa1, γa2, γ
−1b1, γ

−1b2, ν).

Hence, the non-trivial part of the invariant ring is given by

C[a1, a2, b1, b2]C
∗ ∼= C[u1, u2, u3, u4],

where u1 = a1b1, u2 = −a1b2, u3 = a2b1, u4 = a2b2 with relation u1u4 + u2u3 = 0

(the moment map becomes linear on the GIT quotient: µS,F = u1 + u4).
This shows that MS,n, locally at the point [F ], is given as a product

Ext1S(E,E)×Q× Ext1S(k(p), k(p)),

where Q = Spec(C[u1, u2, u3]/(u21 − u2u3)) is the quadric cone. In particular, we see
explicitly that MS,n is a local complete intersection along ∆n,1.

2.2. The Donaldson–Uhlenbeck–Yau compactification for the projective plane

In this section, we recall the analogue of Section 2.1 for moduli spaces on P2. Let
n ≡ 0 (mod 4). Fix the Chern character

un :=
(
2,−1,−n+ 2

4

)
∈ H∗(P2,Q).

We consider the moduli space MP2,n of Gieseker stable sheaves on P2 with Chern
character un. It is a smooth projective variety of dimension n. According to [HL10,
Th. 8.3.3] one has ω∨

MP2,n
= OMP2,n

(3λP2), where λP2 is the determinant line bundle
associated to the class of a line in P2. By [HL10, Lem. 8.3.4] we have λP2 ∼= D⊗2,
where D is the determinant line bundle on MP2,n defined in [Li93] (and denoted by
LM,1 in loc. cit.). By the main result of [Li93] it follows that MP2,n is log-Fano and
thus a Mori Dream Space (see, e.g., [Cas18, Ex. 3.2]).

The Donaldson–Uhlenbeck–Yau compactification φP2 : MP2,n →MP2,n is the divi-
sorial contraction induced by λP2 (or equivalently ω∨

MP2,n
). Thus, the variety MP2,n is

normal, Q-factorial, with canonical singularities.
As in the K3 surface case, we also have a description of MP2,n as a Bridgeland

moduli space in Db(P2): this is well-known but we sketch the argument here for
completeness. We consider Bridgeland stability conditions σα,β on Db(P2), for α > 0,
as in [MS17, Th. 6.10] and the moduli space M ′

P2,n :=MP2,σα,−1/2
(−un) of Bridgeland

semistable objects with phase 1 and Chern character −un. We again have a morphism

gP2,n : MP2,n −→M
′
P2,n

which is bijective and defined on objects as in (2.3).

Proposition 2.9. — In the above notation, the bijective morphism gP2,n is an isomor-
phism.
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Proposition 2.9 is well-known, since both MP2,n and M ′
P2,n can be described glob-

ally as moduli spaces of quiver representations in the sense of King ([Kin94]) by
considering the quiver with relations associated to the exceptional collection

{OP2(−1),ΩP2(1),OP2}

(see [DLP85]; in the quiver language, see, e.g., [Ohk10, Main Th. 1.3])). Then we
can directly show that gP2,n is an isomorphism, by looking at global sections of line
bundles.

We will sketch instead a proof as in the K3 case, by showing first that the Kuranishi
map is again quadratic, since we will need this description in the next section. We let

F := E[1]⊕
m⊕
j=1

k(pj)⊗Wj

be a polystable element in M
′
P2,n, where p1, . . . , pm ∈ P2 are distinct closed points

and Wj are vector spaces of dimension aj > 0, with ℓ :=
∑

j aj . We let VP2,F :=

Ext1P2(F, F ) and the group

(2.8) GP2,F :=

(
C∗ ×

m∏
j=1

GL(Wj)

) /
C∗

acts on VP2,F by conjugation component-wise.
Consider the Yoneda product

µP2,F : VP2,F −→ Ext2P2(F, F )

and the Kuranishi map

κP2,F : V̂P2,F −→ Ext2P2(F, F ).

Lemma 2.10. — We can choose a Kuranishi map so that the equality κP2,F = µP2,F

holds. In particular, we have an isomorphism of analytic germs(
M

′
P2,n, [F ]

) ∼= (
µ−1
P2,F (0) //GP2,F , [0]

)
.

Proof. — The DG-Lie algebra RHomP2(F, F ) controls the local structure of MP2,n.
We claim that the former is formal. This can be checked either directly, or by reducing
to the case of K3 surfaces; we sketch the latter argument, by using the ideas in [BZ19]
and [BMM21].

Let us choose a smooth very general sextic curve Γ in P2 which does not pass
through the points p1, . . . , pm. Then we consider the 2-1 cover f : S → P2 ramified at Γ;
the assumption on Γ guarantees that the pull-back complex f∗F is again polystable
in S. Let us further consider the factorization of f via the stack [S/µ2]:

f : S
f1−−−→ [S/µ2]

f2−−−→ P2.

We will examine the two morphisms f1 and f2 separately. We start with f2. The
derived category of [S/µ2] is given by the µ2-equivariant derived category Db

µ2
(S).

By [CS18, Prop. 6.10], this category has a strongly unique DG-enhancement (see,
for example, [CS17] for a survey on DG-enhancements and their uniqueness).
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By [PVdB19], the pull-back functor f∗2 realizes Db(P2) as a full semi-orthogonal com-
ponent in Db

µ2(S); in particular, it inherits a DG enhancement from an enhancement
of Db

µ2(S). Since Db(P2) has also a strongly unique DG-enhancement (see [LO10]),
we can apply [BZ19, Prop. 2.13] and deduce that the DG-Lie algebra RHomP2(F, F )

is formal if and only if the DG-Lie algebra RHom[S/µ2](f
∗
2F, f

∗
2F ) is formal.

Now we can argue exactly as in [BMM21] for the morphism f1. Indeed, this is étale
and we can consider the algebra C := f1,∗OS of rank 2. Then, by proceeding as in the
proof of [BMM21, Th. 5.3], we deduce the formality of

RHom[S/µ2]((f
∗
2F )⊗ C, (f∗2F )⊗ C).

By the formality transfer theorem [Man15, Th. 3.4], this implies the formality of
RHom[S/µ2](f

∗
2F, f

∗
2F ), as we needed. □

To prove Proposition 2.9, we start by observing that, as in the K3 surface case,
neither the Yoneda product nor the group GP2,F involve the first direct factor in VP2,F .
More precisely, if we write, as in the K3 case

VP2,F = Ext1P2(E,E)⊕ V ′
P2,F ,

then we have a splitting as in Remark 2.6:(
M

′
P2,n, [F ]

) ∼= (
Ext1P2(E,E)×

(
(µ′

P2,F )
−1(0) //GP2,F

)
, [0]

)
,

where
µ′
P2,F : V ′

P2,F −→
m⊕
j=1

(
Ext2P2(k(pj), k(pj))⊗ End(Wj)

)
is induced by µP2,F by restriction. The elementary observation is that the pair
(V ′

P2,F , µ
′
P2,F ) and the group GP2,F only depend on the vector spaces Wj and the

analytic neighbors of the points pj , and not on the global structure of E. Hence,
the singularities of M ′

P2,n are analytically locally the same as those of M ′
S,n/2.

In particular, M ′
P2,n is normal, thus completing the proof of Proposition 2.9.

Remark 2.11. — As in Remark 2.7, the class λP2 descends to the class λP2 of a primi-
tive ample Cartier divisor on MP2,n. In particular, MP2,n has Gorenstein singularities
and is Fano of index 3. The fact that the singularities are rational follows for example
from the above observation that MP2,n is analytically locally isomorphic to the mod-
uli space MS,n/2. Moreover, as in Remark 2.8, MP2,n is a local complete intersection
outside a locus of codimension at least 3.

2.3. Embeddings of moduli spaces. — Let (S, h) be a polarized K3 surface of genus 2
such that NS(S) = Zh. We denote by f : S → P2 the associated double cover, ramified
on a very general sextic curve Γ ⊂ P2, and by τS the covering involution on S.

Let n ≡ 0 (mod 4) and consider the involutions τM , on the moduli space MS,n,
and τM , on MS,n, induced by τS . The two involutions τM and τM satisfy τM ◦ φ =

φ ◦ τM , where φ : MS,n → MS,n is the divisorial contraction of Section 2.1, and τM
preserves the stratification of the exceptional divisor δ given in Lemma 2.2c.
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The pull-back morphism induces a closed embedding

ι := f∗ : MP2,n ↪−→MS,n.

Lemma 2.12. — There exists a morphism ι such that the following diagram is com-
mutative:

MP2,n MS,n

MP2,n MS,n

ι

φP2 φ

ι

Proof. — Let

R(λS) :=
∞⊕
k=0

H0(MS,n,OMS,n
(λS)

⊗k), R(λP2) :=
∞⊕
k=0

H0(MP2,n,OMP2,n
(λP2)⊗k).

Since ι∗OMS,n
(λS) ∼= OMP2,n

(λP2), we have a homomorphism of graded rings

ι∗ : R(λS) −→ R(λP2).

By Lemma 2.2, we know that MS,n = ProjR(λS), and similarly MP2,n = ProjR(λP2).
Hence, the morphism φ ◦ ι corresponds to Im(ι∗) ⊂ R(λP2). Since φP2 corresponds to
the whole of R(λP2), the result follows. □

The main result of this section is the following.

Theorem 2.13. — The morphism ι : MP2,n →MS,n is a closed embedding. Moreover,
ι(MP2,n) is an irreducible component of the fixed locus of τM in MS,n with its reduced
induced scheme structure.

In order to prove Theorem 2.13 we need to go through a few preliminary results
about the local picture. Let

Fp = E[1]⊕ (k(p)⊗W ),

be a polystable element in MP2,n, where p ∈ P2 is a closed point and W is a vector
space of dimension a > 0. Let ι(Fp) be the polystable object associated to f∗Fp.
We recall the notation V ′

S,ι(Fp)
from (2.4), and similarly define

V ′
P2,Fp

:= (HomP2(E, k(p))⊗W )⊕
(
Ext2P2(k(p),E)⊗W∨)

⊕
(
Ext1P2(k(p), k(p))⊗ End(W )

)
.

(2.9)

The group GS,ι(Fp), defined in (2.5), acts on V ′
S,ι(Fp)

. Similarly, the group GP2,Fp
,

defined in (2.8), acts on V ′
P2,Fp

.
Our goal is to define a morphism of groups GP2,Fp

→ GS,ι(Fp) and an equivariant
morphism

ι̃ ′
p : V ′

P2,Fp
−→ V ′

S,ι(Fp)

so that the induced map

ι̂ ′
p : V ′

P2,Fp
//GP2,Fp

−→ V ′
S,ι(Fp)

//GS,ι(Fp)
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on the GIT quotients is a closed embedding. We divide the construction of ι̃ ′
p into

two cases according to whether the closed point p belongs to Γ or not.

Case 1: p ̸∈ Γ. — In this case, we have that

f∗Fp = f∗E[1]⊕ (k(q1)⊗W )⊕ (k(q2)⊗W )

is again polystable, where q1, q2 ∈ S are the two distinct points in the preimage
f−1(p). Hence ι(Fp) = f∗Fp. We then have identifications

V ′
S,f∗Fp

∼= V ′
P2,Fp

⊕ V ′
P2,Fp

,

and
GP2,Fp

∼= GL(W ), GS,f∗Fp
∼= GL(W )×GL(W ).

With respect to these identifications, we consider the diagonal morphism

(2.10)
ι̃ ′
p : V ′

P2,Fp
−→ V ′

P2,Fp
⊕ V ′

P2,Fp

∼= V ′
S,f∗Fp

x 7−→ (x, x)
.

This map is equivariant with respect to the diagonal inclusion

GP2,Fp
∼= GL(W ) ↪−→ GL(W )×GL(W ) ∼= GS,f∗Fp

,

and hence descends to a morphism on GIT quotients

ι̂ ′
p : V ′

P2,Fp
//GP2,Fp

−→ V ′
S,ι(Fp)

//GS,ι(Fp).

Lemma 2.14. — Suppose that p /∈ Γ. Then the morphism ι̂ ′
p is a closed embedding.

Proof. — By an elementary computation, the induced morphism at the level of in-
variant rings

C[V ′
P2,Fp

⊕ V ′
P2,Fp

]GL(W )×GL(W ) −→ C[V ′
P2,Fp

]GL(W )

is surjective and so ι̂ ′
p is indeed a closed embedding. □

Remark 2.15. — Suppose that p /∈ Γ. Then ι̂ ′
p maps [0] to [0] because ι̃ ′

p (0) = 0.

Case 2: p ∈ Γ. — The case when p ∈ Γ is more complicated because f∗Fp is no longer
polystable, so we need to worry about the polystable reduction when identifying the
various vector spaces and group actions. In this case, we have

f∗Fp = f∗E[1]⊕
(
f∗k(p)⊗W

)
.

Hence, the polystable reduction is given by

ι(Fp) = f∗E[1]⊕
(
k(q)⊗WS

)
,

where
WS :=W ⊗H0(S, f∗k(p))

and q ∈ S is the only point in the preimage f−1(p). As a consequence, we have

V ′
S,ι(Fp)

= (HomS(f
∗E, k(q))⊗WS)⊕

(
Ext2S(k(q), f

∗E)⊗W∨
S

)
⊕

(
Ext1S(k(q), k(q))⊗ End(WS)

)
.

(2.11)
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In order to define the morphism ι̃ ′
p : V ′

P2,Fp
→ V ′

S,ι(Fp)
, we first need to look at the

action of µ2 on V ′
S,ι(Fp)

induced by the involution τS . We recall from the introduction
the notation (C+, ρ+) and (C−, ρ−) for the two irreducible representations of µ2.
To start with, the action of µ2 on W is trivial and on H0(S, f∗k(p)) we have a
decomposition

H0(S, f∗k(p)) = C+ ⊕ C−.

These induce a decomposition

(2.12) WS = [W ⊗ C+]⊕ [W ⊗ C−].

Moreover, we have

HomS(f
∗E, k(q)) ∼= C⊕2

+ ,

Ext2S(k(q), f
∗E) ∼= C⊕2

− ,
(2.13)

where f∗E has the natural µ2-linearization and k(q) the trivial one. In Equation (2.13),
the first equality is a direct computation and the second equality follows from the first
by Serre duality and the fact that the covering involution τS is anti-symplectic. This
gives the decompositions

HomS(f
∗E, k(q))⊗WS

∼=
[
W ⊗ C⊕2

+

]
⊕
[
W ⊗ C⊕2

−
]
,

Ext2S(k(q), f
∗E)⊗W∨

S
∼=

[
W∨ ⊗ C⊕2

+

]
⊕
[
W∨ ⊗ C⊕2

−
]
.

(2.14)

The key part to analyze is the last summand of V ′
S,ι(Fp)

in (2.11). Let (x, y) be local
coordinates near q ∈ S such that the generator of µ2 acts as follows:

x 7−→ x and y 7−→ −y.

Then we have the identification

Ext1S(k(q), k(q)) = C · x⊕ C · y = C+ ⊕ C−.

It follows that the invariant part of Ext1S(k(q), k(q))⊗ End(WS), with respect to the
induced decomposition of End(WS) coming from (2.12), is[

x⊗
(
End(W ) 0

0 End(W )

)]
⊕
[
y ⊗

(
0 End(W )

End(W ) 0

)]
.

We now define the morphism ι̃ ′
p : V ′

P2,Fp
→ V ′

S,ι(Fp)
, using the decomposition (2.9),

as follows. The adjoint morphism gives the identification

HomP2(E, k(p)) = HomS(f
∗E, k(q))

and, by (2.13), µ2 acts trivially on the right hand side. By taking duals, we get the
identification

Ext2P2(k(p),E) = Ext2S(k(q), f
∗E)

and, by (2.13), the generator of µ2 acts as multiplication by (−1) on the right hand
side. The inclusions of the invariant summand W = W ⊗ C+ ↪→ WS (see (2.12))
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and W∨ =W∨ ⊗ C− = Ann(W ⊗ C+) ↪→W∨
S give embeddings

α : HomP2(E, k(p))⊗W ↪−→ HomS(f
∗E, k(q))⊗WS ,

β : Ext2P2(k(p),E)⊗W∨ ↪−→ Ext2S(k(q), f
∗E)⊗W∨

S ,
(2.15)

with images the (+1)-eigenspaces of the involution in the decompositions (2.14).
Lastly, let (w, z) local coordinates on P2 near p such that the morphism S → P2 is

given locally by
(x, y) 7−→ (w, z) = (x, y2).

We have the identification

Ext1P2(k(p), k(p))⊗ End(W ) =
[
w ⊗ End(W )

]
⊕

[
z ⊗ End(W )

]
.

We define the morphism

(2.16) [w ⊗ End(W )]⊕ [z ⊗ End(W )]

γ−−→
[
x⊗

(
End(W ) 0

0 End(W )

)]
⊕

[
y ⊗

(
0 End(W )

End(W ) 0

)]
by setting

(2.17) γ (w ⊗A, z ⊗B) :=

(
x⊗

(
A 0

0 A

)
, y ⊗

(
0 IdW
B 0

))
.

Definition 2.16. — Let ι̃ ′
p : V ′

P2,Fp
→ V ′

S,ι(Fp)
be the morphism defined by

(2.18) ι̃ ′
p

(
v, φ,w ⊗A, z ⊗B

)
:=

(
α(v), β(φ), γ(w ⊗A, z ⊗B)

)
.

where v ∈ HomP2(E, k(p)⊗W ), φ ∈ Ext2P2(k(p)⊗W,E), A,B ∈ End(W ), and we are
referring to the decomposition in (2.9).

Notice that ι̃ ′
p is affine and not linear. The motivation underlying the above defi-

nition is the need to define globally a square root of the coordinate z, see the proof
of Proposition 2.21.

The morphism ι̃ ′
p is equivariant with respect to the group homomorphism

GL(W ) −→ GL(WS), M 7−→M ⊗ IdH0(S,f∗k(p)) .

It follows that it descends to a morphism of GIT quotients

ι̂ ′
p : V ′

P2,Fp
//GP2,Fp

−→ V ′
S,ι(Fp)

//GS,ι(Fp).

Lemma 2.17. — Suppose that p ∈ Γ. Then the morphism ι̂ ′
p is a closed embedding.

Proof. — To check that ι̂ ′
p is a closed embedding, as before, we need to study the

induced morphism at the level of invariant rings

(2.19) C[V ′
S,ι(Fp)

]GL(WS) −→ C[V ′
P2,Fp

]GL(W ).

We use [Pro76, Th. 12.1]: the ring of invariants for the action of SL(W ) on V ′ (this is
denoted by T2,2,2 in loc. cit.) is generated by the following functions. Let us denote a
vector in V ′

P2,Fp
by (v1, v2, φ1, φ2,M1,M2); then the generators of the ring of invariants

are of the form:
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(a) Tr(A),
(b) scalar products φjAvi,
(c) brackets [A(1)vi1 , . . . , A

(n)vin ],
(d) brackets [φi1B

(1), . . . , φinB
(n)],

where A,A(1), . . . , A(n), B(1), . . . , B(n) are non-commutative monomials in the
matrices M1 and M2, vi, vi1 , . . . , vin are vectors, φj , φi1 , . . . , φin are covectors, with
i, j, i1, . . . , in ∈ {1, 2}.

The generators of the form c and d are not invariant under GL(W ): they are only
relative invariants. To get an invariant we need to multiply them. As remarked in the
proof of loc. cit., the product

[A(1)vi1 , . . . , A
(n)vin ] · [φi1B

(1), . . . , φinB
(n)]

can be written as a linear combination of products of scalar products φilB
(l)A(m)vim ,

and so in our case, for the group GL(W ), we only need to consider invariants of the
form a and b.

Let us write
A =Ma1

1 M b1
2 . . .Mar

1 M br
2

and let us denote a vector in V ′
S,ι(Fp)

by(
v̂1, v̂2, φ̂1, φ̂2, M̂1, M̂2

)
.

We consider the invariant functions in C[V ′
S,ι(Fp)

]GL(WS) given by

(2.20) 1

2
Tr(Â) and φ̂jÂv̂i,

where
Â := M̂a1

1 M̂2b1
2 . . . M̂ar

1 M̂2br
2 .

Composing the two invariant functions in (2.20) with ι̂ ′
p , we obtain the invariants of

type a and b on V ′
P2,Fp

. This shows that the morphism (2.19) is surjective, namely ι̂ ′
p

is a closed embedding, as we wanted. □

Remark 2.18. — Suppose that p ∈ Γ. Then ι̂ ′
p maps [0] to [0], although

ι̃ ′
p (0) =

(
0, 0, 0,

(
0 IdW
0 0

))
.

Indeed, let λ be the 1-parameter subgroup of GL(WS) which acts as the identity on
W⊗C+ and as multiplication by t onW⊗C−. Then the closure of {λ(t)ι̃ ′

p (0) : t ∈ C∗}
contains 0.

Having studied the local picture, the idea of the proof of Theorem 2.13 is to show
that the image of ι is normal. Since ι is bijective onto its image, this will allow us to
conclude. We start by showing the second part of the statement in Theorem 2.13.

Proposition 2.19. — The closed subset NS,n := ι(MP2,n) ⊂ MS,n is an irreducible
component of the fixed locus of τM . It is the unique irreducible component containing
[f∗E], for [E] ∈MP2,n a stable vector bundle.
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Proof. — Since τM is anti-symplectic, the intersection of its fixed locus with the
regular locus of MS,n is of pure dimension n. The image of ι, which is fixed by τM ,
has pure dimension n and intersects the regular locus of MS,n in those stable vector
bundles on S which are pull-back of vector bundles from P2. The proposition follows.

□

We need to expand slightly the characterization of NS,n in Proposition 2.19:

Lemma 2.20. — Let [F ] ∈MP2,n be such that

F = E[1]⊕
m⊕
j=1

k(pj),

where p1, . . . , pm ∈ P2∖Γ are distinct. Then NS,n is the unique irreducible component
of the fixed locus of τM which contains [f∗F ].

Proof. — Since NS,n is an irreducible component of the fixed locus of τM , by Propo-
sition 2.19, and [f∗F ] ∈ NS,n, it suffices to prove that the fixed locus of τM is locally
irreducible at the point [f∗F ]. We can write f∗F as follows:

f∗F = f∗E[1]⊕
m⊕
j=1

(k(qj,1)⊕ k(qj,2))

where f−1(pj) = {qj,1, qj,2}. Then, Remark 2.8 gives us that the analytic germ of
MS,n at [f∗F ] is isomorphic to the product

Ext1S(f
∗E, f∗E)×

m

×
j=1

((
Qj,1 × Ext1S(k(qj,1), k(qj,1))

)
×
(
Qj,2 × Ext1S(k(qj,2), k(qj,2))

))
,

at the origin 0, where Qj,s are quadric cones of dimension 2, for j = 1, . . . ,m, s =

1, 2. By definition, the involution τM is induced by the involution τS ; it acts on
Ext1S(f

∗E, f∗E) in the usual way, while it switches Qj,1 × Ext1S(k(qj,1), k(qj,1) and
Qj,2 × Ext1S(k(qj,2), k(qj,2). It follows that the analytic germ of the fixed locus of τM
at [f∗F ] is irreducible, as we wanted. □

The key result is the following.

Proposition 2.21. — NS,n is normal.

Proof. — Let [F ] ∈MP2,n be such that
F = E[1]⊕

m⊕
j=1

(
k(pj)⊗Wj

)
,

where p1, . . . , pm ∈ P2 are closed points, and Wj are vector spaces of dimension
aj > 0. Since algebraic normality is equivalent to analytic normality [Kuh61, Satz 4],
it suffices to prove that the analytic germ of NS,n at ι([F ]) is normal. Let

Fpj := E[1]⊕ (k(pj)⊗Wj) , j = 1, . . . ,m,

and let us define
(2.21) ι̃ : VP2,F = Ext1P2(E,E)⊕

m⊕
j=1

V ′
P2,Fpj

↪−→ VS,ι(F ) = Ext1S(f
∗E, f∗E)⊕

m⊕
j=1

V ′
S,ι(Fpj

)
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by setting

ι̃ (η, v1, φ1, w ⊗A1, z ⊗B1, . . . , vm, φm, w ⊗Am, z ⊗Bm)

:=
(
f∗η, ι̃ ′

p1
(v1, φ1, w ⊗A1, z ⊗B1), . . . , ι̃

′
pm

(vm, φm, w ⊗Am, z ⊗Bm)
)
,

where η ∈ Ext1P2(E,E) and, for j = 1, . . . ,m, (vj , φj , w⊗Aj , z⊗Bj) ∈ V ′
P2,Fpj

and ι̃ ′
pj

was defined in (2.10) and (2.18), according to whether pj is in Γ or not.
Since we have the isomorphisms of groups

GP2,F
∼=

m∏
j=1

GL(Wj),

preserving the decomposition in (2.21), we have an isomorphism at level of GIT
quotients(

VP2,F //GP2,F , [0]
) ∼= (

Ext1P2(E,E), [0]
)
×

m

×
j=1

(
V ′
P2,Fpj

//GP2,Fpj
, [0]

)
.

Similarly, we have an analogous decomposition for GS,ι(F ) and VS,ι(F ) //GS,ι(F ).
Hence, we can apply Lemma 2.14 and Lemma 2.17, and deduce that the morphism ι̃

induces a closed embedding

ι̂ : VP2,F //GP2,F ↪−→ VS,ι(F ) //GS,ι(F ),

with the property that ι̂([0]) = [0], by Remarks 2.15 and 2.18. Moreover, since µS,ι(F )◦
ι̂ = µP2,F , the closed embedding ι̂ induces a closed embedding

ι′ :
(
µ−1
P2,F (0) //GP2,F , [0]

)
↪−→

(
µ−1
S,ι(F )(0) //GS,ι(F ), [0]

)
.

By Proposition 2.9 and Lemma 2.10, the domain of ι′ is normal, hence it suffices to
prove that the image of ι′ is the germ of NS,n at [F ] = [0].

By definition, the morphism ι̃ has image in the µ2-invariant part of VS,ι(F ), hence
the image of ι′ is contained in the fixed locus of µ2. It follows by Lemma 2.20 that it
suffices to prove that the image of ι′ contains [f∗F ′] where [F ′] ∈MP2,n satisfies the
hypotheses of the lemma (with F ′ replacing F ). Suppose first that all the points pi
belong to P2 ∖ Γ. Then ι′([E]) = [f∗E] for all [E] in a neighborhood of [F ]. Since
in an arbitrary small deformation of F there exists F ′ satisfying the hypotheses of
Lemma 2.20, we are done. Next suppose that there is a single point pi, i.e., m = 1,
and that p1 ∈ Γ. To simplify notation let p = p1. We expect that also in this case
ι′([E]) = [f∗E] for all [E] in a neighborhood of [F ], but since polystabilization is
involved we leave aside the problem of proving it. Instead we examine the restriction
of ι̂ to the subspace Ext1P2(k(p), k(p))⊗ End(W ) of VP2,F . Let

(w ⊗A, z ⊗B) ∈ Ext1P2(k(p), k(p))⊗ End(W ).

The moment map µP2,F restricted to this space is the commutator

[A,B] ∈ End(W ) ∼= Ext2P2(k(p), k(p))⊗ End(W ).
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Hence the restriction of ι′ to µ−1
P2,F (0)∩Ext1P2(k(p), k(p))⊗End(W ) is identified with

the germ at a · [p] of the morphism

ι : Syma(P2) ↪−→ Sym2a(S)

induced by the pull-back f∗. Indeed, this last morphism can be described by using
matrices as follows (see, e.g., [Nak99, §1.4]). For diagonal matrices A and B of rank a

A = diag(w1, . . . , wa), B = diag(z1, . . . , za)

the morphism ι is given by associating the diagonal matrices of rank 2a given by

(2.22) diag(w1, . . . , wa, w1, . . . , wa), diag(
√
z1, . . . ,

√
za,−

√
z1, . . . ,−

√
za).

The matrices on the right hand side of (2.17) are in the same GL(WS)-orbit as those
in (2.22). We then take a deformation F ′, corresponding to A and B both diagonal,
with distinct non-zero (and small) eigenvalues. It follows that the image of ι′ contains
[f∗F ′] where [F ′] ∈ MP2,n satisfies the hypotheses of Lemma 2.20, and we are done.
In general there are some points pi contained in Γ and the remaining points are
contained in P2 ∖ Γ. Since the map ι′ is a product of maps that we have already
analyzed, we get that also in this case there exists an arbitrarily small deformation F ′

of F satisfying the hypotheses of Lemma 2.20 and such that ι′([F ′]) = [f∗F ′]. □

Proof of Theorem 2.13.. — The map ι : MP2,n → NS,n is proper and bijective. Since
MP2,n and NS,n are normal ι is a closed embedding by Zariski’s Main Theorem [Sta25,
Tag 03GW]. As remarked before, the second statement of Theorem 2.13 is Proposi-
tion 2.19. □

3. Linearization and the fixed locus

3.1. Statement of the main results. — In this section we characterize the compo-
nents of Fix(τλ) in terms of the behavior of a natural lift of the involution τλ to the
total space of the line bundle L whose first Chern class is λ. We start in Section 3.2
with a few general results about linearizations in families. In Section 3.3 we then
specialize to our case, and show the following.

Proposition 3.1. — Let (X,λ) be a polarized HK manifold of dimension 2n of K3[n]-
type, with qX(λ) = 2 and div(λ) = 2. Let L be the ample line bundle such that
c1(L) = λ. Then there is a choice of µ2-linearization of L such that H0(X,L)µ2 =

H0(X,L) which varies nicely in polarized families (as described in Lemma 3.4).

In order to state the second main result of this section, we review a result from our
previous paper [FMOS22] on deformations of HK manifolds with involutions. We keep
the notation and assumptions of Sections 2.1–2.3. Let (S, h) be a polarized K3 surface
of genus 2 such that NS(S) = Zh. For n ≡ 0 (mod 4) let MS,n and φ : MS,n →MS,n

be as in Section 2.1. Let λS and δ be the divisor classes on MS,n defined in (2.2), and
let λS be the divisor class on MS,n descended from λS (see Remark 2.7). Note that
the divisibility of λS is 2 because n ≡ 0 (mod 4) (see Remark 2.3). Let τM , τM be
the involutions of MS,n and MS,n respectively which were defined in Section 2.3.
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The above MS,n, λS , δ, and τM satisfy requirements (a)–(d) of [FMOS22, §2], hence
we can apply [FMOS22, Prop. 2.1 & Cor. 2.2] (which are based on [Nam01, Mar10])
to deduce the following. First the locus Def(MS,n, τM ) parametrizing deformations of
the pair (MS,n, τM ) is smooth of codimension 1 in Def(MS,n).

Secondly, consider the pull-back M → D of the universal family to a general smooth
curve 0 ∈ D ⊂ Def(MS,n, τM ). Let us denote by τM the global involution on M;
it preserves the fibers over D. For t ∈ D ∖ {0}, the pair (Mt, τt) is a smoothing of
(M0, τ0) = (MS,n, τM ) and there is a line bundle L on M with the following properties:

– c1(L0) = λS .
– For t ∈ D, Lt is ample and the eigenspace H2(τt)+ ⊂ H2(Mt) is Q · c1(Lt).
– For t ∈ D∖ {0}, qMt

(c1(Lt)) = 2 and div(c1(Lt)) = 2.
Now consider the fixed locus Fix(τM) → D of τM on M with the reduced scheme

structure. For t ̸= 0 the fiber Fix(τM)t is the disjoint union of two Lagrangian
submanifolds of Mt, by the Main Theorem of [FMOS22]. The fiber at zero satis-
fies Fix(τM)0,red = Fix(τM )red. In particular, by Theorem 2.13, we have ι(MP2,n) ⊂
Fix(τM)0. Moreover, the family M → D is smooth outside the locus

Sing(MS,n) ⊂ M0 ⊂ M

and the map Fix(τM) → D is also smooth outside Sing(MS,n)∩Fix(τM). In particular,
Fix(τM) → D is smooth at a point in ι(MP2,n) outside ι(Sing(MP2,n)) ⊂ Sing(MS,n).

Let M∗ ⊂ M be the restriction of M → D to D∖ {0}. Then we have

FixM∗(τM∗) = Yo
+ ⊔ Yo

−,

where
Yo
+ := {x ∈ M∗ : µ2|L(x)

∼= C+},
Yo
− := {x ∈ M∗ : µ2|L(x)

∼= C−}.

Here, µ2 acts on L(x) via the µ2-linearization of L of Proposition 3.1.
We set

Y± := closure of Yo
± in M, Y := Y+ ⊔ Y−.

We are now ready to state the second main result of the present section.

Proposition 3.2. — The scheme-theoretic fiber of Y− → D over 0 is equal to ι(MP2,n).
Moreover, Y− is normal.

3.2. Linearizations in families. — We formulate a simple result about linearizations
of involutions. In the present section, we work in the analytic category. Let

π : X −→ D

be a flat projective morphism over a smooth pointed analytic space D, with X normal
and such that π∗OX

∼= OD. We assume there is an involution τX on X preserving
the fibers which then induces a µ2-action on X. We start by the following immediate
observation:
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Lemma 3.3. — Under the above assumptions, suppose that Γ(X,OX) = Γ(X,OX)
2.

For any µ2-invariant simple sheaf F on X, there is a µ2-linearization on F, and it is
determined up to multiplication by square roots of 1 ∈ Γ(X,OX).

In order to apply Lemma 3.3, we assume from now on that D is a disk (in particular,
simply connected). Then we can extract square roots of sections of OX (as well as in
the fibers, by our assumption that π∗OX

∼= OD). We further suppose that there exists
a line bundle L on X which is π-ample, τX-invariant and such that, for every t ∈ D
and for all i > 0, Hi(Xt,Lt) = 0.

Lemma 3.4. — Under the above assumptions, we have:

(a) For any t ∈ D, there is a µ2-linearization on the line bundle Lt.
(b) For any choice of µ2-linearization on a fiber Lt0 of L, there is a unique

µ2-linearization on L compatible with the chosen linearization on Lt0 .
(c) For any µ2-linearization of L, the µ2-invariant subsheaf (π∗L)

µ2 of π∗L is
locally free. In particular dimH0(Xt,Lt)

µ2 is constant for all t ∈ D.

Proof. — The existence of the global µ2-linearization and on the fibers follows
immediately from Lemma 3.3. In particular, for a choice of µ2-linearization on a
given fiber Lt, there is a compatible choice of µ2-linearization on L. Lastly, any
µ2-linearization on L induces a µ2-linearization on π∗L. Moreover since for all t ∈ D
we have Hi(Xt,Lt) = 0 for all i > 0, it follows that π∗L is locally free. Hence we have
π∗L = (π∗L)+ ⊕ (π∗L)−, where (π∗L)+ denotes the subsheaf on which τ acts as +1

and (π∗L)− denotes the subsheaf on which τ acts as −1. It follows that both (π∗L)+
and (π∗L)− are locally free. In particular (π∗L)

µ2 = (π∗L)+ is locally free. □

We apply Lemma 3.4 twice: first, to the degeneration studied in [FMOS22] and
reviewed in Section 3.3 below, and secondly to the family M of Section 3.1. In these
examples there exists a µ2-linearization of L such that the µ2-invariant subsheaf
(π∗L)

µ2 coincides with π∗L.

3.3. Proof of Proposition 3.1. — We start by reviewing one of the main results
from [FMOS22]. As proved in [FMOS22, §5.3], there exist a family N → D over a
smooth curve D and a line bundle L on N with the following properties. For t ∈ D∖{0},
the pair (Nt, c1(Lt)) is a polarized HK manifold of K3[n]-type with a polarization of
square 2 and divisibility 2. At t = 0, the fiber N0 (denoted by M) is obtained by
a divisorial contraction from a moduli space Mlast of Bridgeland stable objects on a
very general polarized K3 surface of genus n (see [FMOS22, Lem. 3.22]). A natural
µ2-linearization of the fiber L0 has been defined in [FMOS22, Prop. 5.13].

Proposition 3.5. — With respect to the natural µ2-linearization of L0, we have that

H0(N0,L0)
µ2 = H0(N0,L0).
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Proof. — We adopt the notation of [FMOS22]. The fiber N0 = M is given by a
divisorial contraction φ : Mlast → M . The µ2-linearization of L0 comes from a nat-
ural µ2-linearization of the line bundle Llast on Mlast. The latter is induced by a
µ2-linearization of a line bundle L on a HK manifold M birational to Mlast. More
precisely, there is a birational map ψ : M Mlast such that ψ∗Llast

∼= L. Thus
H0(N0,L0) = H0(Mlast, Llast) = H0(M,L), and hence it suffices to prove that
H0(M,L)µ2 = H0(M,L). Here the µ2-action on M is described as follows: M comes
with a natural Lagrangian fibration structure g : M → Pn, and the involution maps
every Lagrangian fiber to itself and equals multiplication by −1 on smooth Lagrangian
fibers. The line bundle L is isomorphic to OM (∆)⊗ g∗OPn(1), where ∆ is the divisor
described in [FMOS22, Prop. 3.4]. The restriction of ∆ to a smooth Lagrangian fiber
(which is the Jacobian of a curve of genus n) is twice the natural principal polarization.

By [Kol13, Th. 10.32], the pushforward g∗L = g∗OM (∆)⊗OPn(1) is a vector bundle
and (g∗L)

µ2 is a vector subbundle, which generically coincides with g∗L, and thus
they coincide everywhere. This concludes the proof because every section of twice a
principal polarization is invariant under multiplication by −1. □

Proof of Proposition 3.1. — Let us consider the family N → D. Lemma 3.4 shows that
analytically locally we can propagate the µ2-linearization. By Proposition 3.5, the
invariant subspace is the whole space at the fiber N0; hence there is no monodromy
and the invariant subspace is the whole space on all fibers, as we wanted. □

Corollary 3.6. — Let (X,λ) be a polarized HK manifold of dimension 2n of K3[n]-
type, with qX(λ) = 2 and div(λ) = 2. Let L be the ample line bundle such that
c1(L) = λ, equipped with the µ2-linearization of Proposition 3.1. Then Fix(τλ)− is
contained in the base locus of |L|.

Proof. — Let x ∈ Fix(τλ)−. If s ∈ H0(X,L) is invariant under the µ2-linearization
of L, then s(x) = 0. Since by construction H0(X,L) = H0(X,L)µ2 , the result follows.

□

Let M → D be the family of Section 3.1, with fiber over 0 given by MS,n. Let L be
the ample line bundle over MS,n such that c1(L) = λ. Lemma 3.4 and Proposition 3.1
give a natural µ2-linearization of L such that

H0(MS,n, L)
µ2 = H0(MS,n, L).

3.4. Proof of Proposition 3.2. — We are in the setting of Section 3.1. Let f : S →
P2 = |h|∨ be the associated double cover, ramified on a smooth sextic curve Γ, and
let τS be the covering involution of f . Let τM , τM be the involutions of the moduli
space MS,n and of the Donaldson-Uhlenbeck-Yau compactification MS,n respectively.
Let ι : MP2,n ↪→MS,n be the closed embedding of Theorem 2.13.

Let

(3.1) π± : Y± −→ D
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be the restriction of M → D to Y±. By the discussion in Section 3.1, π± is a flat
projective morphism which is smooth outside of Sing(MS,n)∩Y. Moreover the general
fiber of π± is irreducible, and hence by [Sta25, Tag 0AY8] we have

(3.2) (π±)∗ OY± = OD.

Note that as a consequence of Lemma 3.4 and of their definition, Y− and Y+ are
disjoint.

Lemma 3.7. — The image ι(MP2,n) in MS,n is either the (set theoretic) fiber of
Y+ → D over 0 or the (set theoretic) fiber of Y− → D over 0.

Proof. — As already noted, the Zariski dense open subset ι(MP2,n) ∖ SingMS,n is
an irreducible component of the fixed locus of the restriction of τM to the smooth
locus of MS,n and hence it is contained in Y. Therefore ι(MP2,n) is an irreducible
component of the (set theoretic) fiber of Y over 0. Of course ι(MP2,n) belongs either
to the fiber over 0 of Y+ or of Y−. If the former holds we let Yσ = Y+, if the latter
holds we let Yσ = Y−.

It follows from (3.2) that the (set theoretic) fiber of Yσ over 0 is connected. Since Y+

and Y− are disjoint, it remains to show that ι(MP2,n) does not meet any other irre-
ducible component of the fiber of Yσ over 0.

Using the equality in (3.2), Grothendieck’s Connectedness Theorem [Fal80, Th. 7]
(see also [Sta25, Tag 0ECQ]) applies to the fibers of Yσ: if X,X ′ are distinct irre-
ducible components which meet, then the intersection X ∩ X ′ has codimension 1

in X (and X ′). Now assume that the (set theoretic) fiber of Yσ over 0 is not equal
to ι(MP2,n). Then ι(MP2,n) meets another irreducible component of the fixed locus
of τM , say X ′, in a subset of codimension 1 in ι(MP2,n). This subset ι(MP2,n) ∩X ′

necessarily lies in the singular locus of MS,n. The intersection ι(MP2,n) ∩ SingMS,n

is contained in the singular locus of ι(MP2,n) because away from the singular locus
of MP2,n the map ι equals ι which is an embedding of smooth varieties and ι maps
Sing(MP2,n) into SingMS,n. However we know that the singular locus of MP2,n has
codimension 2 in MP2,n, hence since ι is a closed embedding (Theorem 2.13) it fol-
lows that ι(MP2,n) and X ′ have non empty intersection away from SingMS,n. This
is absurd because the fixed locus of τM is smooth away from SingMS,n. □

Our next goal is to prove that, in the notation of the proof of Lemma 3.7, we have
Yσ = Y−. We do not prove this directly, i.e., by computing the action of τM on the
fiber of L0 at points of ι(MP2,n); we follow a more roundabout path. We start by
giving an explicit construction of stable sheaves whose moduli points are in the fixed
locus of τM but do not belong to ι(MP2,n).

Let W ⊂ S be a general subscheme of length (n+ 4)/2. Then

dimExt1S(IW ,OS(−1)) = (n− 2)/2,

and hence Ext1S(IW ,OS(−1)) is non zero because n ⩾ 4. Note that if

(3.3) 0 −→ OS(−1) −→ F −→ IW −→ 0
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is an extension, then v(F) = vn. Hence if F is stable, then its isomorphism class [F]

is a point of MS,n.

Lemma 3.8. — Keeping notation and hypotheses as above, assume that the extension
in (3.3) is general. Then the following hold:

(a) F is a stable locally free sheaf, and [F] is fixed by the involution τM .
(b) If C ∈ |h| is a smooth curve containing exactly one point of W and transverse

to Γ at that point, then the restriction of F to C is semistable.
(c) [F] is not a point of ι(MP2,n).

Proof. — Item (a) is easily checked (recall that NS(S) = Zh). In order to prove
Item (b), let P be the unique point of W contained in C. The extension in (3.3) gives
that we have an exact sequence

(3.4) 0 −→ OC(P )⊗ ω−1
C −→ F|C −→ OC(−P ) −→ 0.

Since deg(OC(P )⊗ ω−1
C ) = degOC(−P ), this proves (b). The exact sequence in (3.4)

shows that the restriction of F to C is not isomorphic to the pull-back of a sheaf
on f(C). This proves Item (c). □

Proposition 3.9. — The (set theoretic) fiber of π− : Y− → D over 0 is equal to
ι(MP2,n).

Proof. — Assume the contrary. By Lemma 3.7 we get that the (set theoretic) fiber
of π+ : Y+ → D over 0 is equal to ι(MP2,n). Since, by Corollary 3.6, Fix(τM )− is con-
tained in the base locus of |L0|, it follows that every [E] ∈ Fix(τM ) which corresponds
to a locally free sheaf and is not contained in ι(MP2,n) is contained in the base locus
of |L0|. In particular this must hold for the points [F] corresponding to the locally
free sheaves F of Lemma 3.8. This is a contradiction. In fact let C ∈ |h| be a curve
as in Lemma 3.8(b). Since L0 is the determinant line bundle on MS,n associated to
OS(H), one associates a section siC,∗ξ of L0 to a line bundle ξ on C of degree 0 with
the property that siC,∗ξ(E) ̸= 0 if and only if Ext∗(E, iC,∗ξ) = 0. By Lemma 3.8 we
get that for a general line bundle ξ we have Ext∗(F|C , iC,∗ξ) = 0, and hence [F] is not
contained in the zero divisor of siC,∗ξ. □

The following result is needed in order to finish the proof of Proposition 3.2.

Lemma 3.10. — Let π : Z → D be a flat projective morphism from an integral variety Z

to a smooth pointed curve 0 ∈ D and let Z0 denote the fiber over 0. Assume that the
non-normal locus of Z is strictly contained in the fiber Z0, and that Z0 is generically
reduced and the reduction Z0,red is integral and normal. Then Z0 is reduced and Z is
normal.

Proof. — Let ν : Ẑ → Z be the normalization of Z and let π̂ : Ẑ → Z → D be the
induced morphism. Since Ẑ is normal, it satisfies Serre’s condition S2, and hence the
fiber Ẑ0 satisfies S1. Since Ẑ0 is generically reduced by our hypotheses, it follows
that Ẑ0 is reduced. The restriction Ẑ0 → Z0 of ν to the fibers over 0 factors via a
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finite proper morphism ν′0 : Ẑ0 → Z0,red. This morphism is birational since ν is an
isomorphism over an open set of Z which intersects Z0. Since Z0,red is normal, ν′0 is
an isomorphism, by Zariski’s Main Theorem.

We now show that Z0 is reduced. Let h be a π-ample line bundle. Then ĥ = ν∗h is
π̂-ample. Since Z is normal away from Z0, ν is an isomorphism away from Z0, and so

χ(Zt,OZt
(mht)) = χ(Ẑt,OẐt

(mĥt)),

for t ̸= 0 and for all m ∈ Z. However, since π (resp., π̂) is flat, the Hilbert polynomial
of Zt (resp., of Ẑt) with respect to h (resp., with respect to ĥ) is independent of t.
Thus

χ(Z0,OZ0
(mh0)) = χ(Ẑ0,OẐ0

(mĥ0)) = χ(Z0,red,OZ0,red
(mh0)),

for all m ∈ Z. Then the Hilbert polynomial of the ideal sheaf I ⊂ OZ0
defining Z0,red

in Z0 is trivial and Z0 = Z0,red.
Finally, to show that Z is normal we only need to check Serre’s condition S2, since

the singular locus of Z must be in codimension at least 2. Since π is flat, this follows
immediately from [Sta25, Tag 00ON] and [Sta25, Tag 0337] applied to the flat local
ring homomorphism of local rings π♯

x : OD,π(x) → OZ,x, for all x ∈ Z. □

Proof of Proposition 3.2. — The set theoretic fiber of π− : Y− → D over 0 is equal
to ι(MP2,n) by Proposition 3.9. We claim that the hypotheses of Lemma 3.10 hold
with Z → D equal to π− : Y− → D. In fact Y− is integral, Y− is smooth away from
the fiber over 0, the (scheme theoretic) fiber over 0 is smooth away from SingMS,n,
and the reduction of the fiber over 0 (equal to ι(MP2,n)) is integral, and normal by
Theorem 2.13. Hence Proposition 3.2 follows from Lemma 3.10. □

4. Proof of the negative component result

The goal of this section is to prove Theorem 1.3: for a polarized HK manifold (X,λ)

of K3[n]-type, with qX(λ) = 2 and div(λ) = 2, the connected component Fix(τλ)− of
the fixed locus Fix(τλ) is a Fano manifold of index 3.

Let π− : Y− → D be as in Section 3.1, and let Y−(0) := π−1
− (0). Thus Y−(0) ∼=MP2,n

by Proposition 3.2. Recall moreover that by Proposition 3.2 the variety Y− is normal.

Proposition 4.1. — The normal variety Y− is Gorenstein.

Proof. — As observed in Remark 2.11, MP2,n
∼= Y−(0) has Gorenstein singularities.

We can then use [Sta25, Tag 0C05]: the morphism π− is flat and has Gorenstein fibers,
hence it is Gorenstein. By [Sta25, Tag 0C11] we then deduce that Y− is Gorenstein,
as we wanted. □

We consider the two line bundles ωY−/D and L|Y− on Y−. Then c1(L|Y−(0)) =

λS |MP2,n
is indivisible and (see Remark 2.11)

ω∨
Y/D|Y−(0)

∼=
(
L|Y−(0)

)⊗3
.
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Since π− : Y− → D is flat and projective with geometrically integral fibers over the
noetherian scheme D, the relative Picard scheme

Pic0Y−/D −→ D.

exists (see [Kle05, Th. 4.8]). Moreover, on the special fiber we have

H1(Y−(0),OY−(0)) = H2(Y−(0),OY−(0)) = 0.

By semicontinuity, since all fibers of π− outside t = 0 are smooth, this equality holds
for all fibers. In particular, by [Kle05, Prop. 5.19], the morphism Pic0Y−/D → D is
smooth and projective of relative dimension 0, and hence it is an isomorphism. This
implies both that the line bundle L is indivisible on each fiber, since it is so on one
fiber, and that the two line bundles ω∨

Y−/D and L⊗3|Y− on Y− coincide on each fiber,
since they coincide on one fiber.

Since ωX and the line bundle L on X such that c1(L) = λ make sense for all (X,λ)
satisfying the hypotheses of Theorem 1.3, one gets the validity of the isomorphism
ωFix(τλ)−

∼= (L∨)⊗3|Fix(τλ)− for all such (X,λ).

5. Proof of the positive component result

The goal of the present section is to examine the positive component Fix(τλ)+ of
the fixed locus in the case n = 4, and to prove Theorem 1.4. The proof is similar
to that of Theorem 1.3, with the difference that we need to describe π+ : Y+ → D
(see (3.1)), in particular the fiber over 0.

5.1. Birational models for the positive components of the fixed locus. — We keep
the notation of Section 2.1, with d = 1, n = 4. Let (S, h) be a polarized K3 surface
such that NS(S) = Zh, h2 = 2. Denote by f : S → P2 the associated double cover,
ramified on a very general sextic curve Γ, and by τS the covering involution on S.
We consider the moduli space MS,4 together with the natural µ2-action given by the
involution τM induced from S. In the present section we examine the fixed locus of τM
via a Mukai flop relating MS,4 and S[4] .

A birational model of MS,4. — We let OS(d) be the invertible sheaf on S such that
c1(OS(d)) = dh. Let [W ] ∈ S[4]. Then

χS(IW ,OS(−1)) = −⟨(1, 0,−3), (1,−h, 2)⟩ = −1.

By Serre duality Ext2S(IW ,OS(−1) ∼= HomS(OS(−1), IW )∨. Since we also have
HomS(IW ,OS(−1)) = 0, it follows that

(5.1) dimExt1S(IW ,OS(−1)) = 1 + dimH0(S, IW (1)).

In particular there exists a non trivial extension

(5.2) 0 −→ OS(−1) −→ F −→ IW −→ 0.

Proposition 5.1. — Let F be a sheaf with v(F) = (2,−h,−1). Then F is stable if and
only if it fits into a non trivial exact sequence as in (5.2) (recall that [W ] ∈ S[4]).
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Proof. — We start by proving that if F fits into a non trivial exact sequence as
in (5.2) then F is stable. Let G ↪→ F be a subsheaf of rank 1. If G ↪→ OS(−1) then
clearly G ⊂ F does not desemistabilize F. Thus we may assume that the composition
G ↪→ F → IW is non zero. If the map G → IW drops rank in codimension 1 then,
away from codimension 2, we get an isomorphism G ∼ OS(−k) for some k > 0, and
hence G ⊂ F does not desemistabilize F. Thus we may assume that the map G → IW

is an isomorphism in codimension 1, and hence G = IW0 ⊂ IW , i.e., W0 ⊃ W . Let Q

be the cokernel IW /IW0
. It follows that we have an exact sequence

0 −→ OS(−1) −→ F/G −→ Q −→ 0.

Since OS(−1) is locally free and Q is Artinian the above exact sequence is trivial,
i.e., Q = Tors(F/G). Let f : F → F/G be the quotient homomorphism, and let G̃ :=

f−1(Q). Then the composition G̃ ↪→ F → IW is an isomorphism. This contradicts the
hypothesis that the exact sequence in (5.2) does not split.

Now we prove that if F is stable then it fits into a non trivial exact sequence as
in (5.2). We have

χS(OS(−1),F) = −⟨(1,−h, 2), (2,−h,−1)⟩ = 1.

By Serre duality Ext2S(OS(−1),F) ∼= HomS(F,OS(−1))∨, and the latter space van-
ishes by stability of F. It follows that dimHomS(OS(−1),F) ⩾ 1. Let α : OS(−1) → F

be a non zero map. By stability of F, the cokernel of α is locally free in codimen-
sion 1 and it has trivial c1. Arguing as above we get that Coker(α) is torsion free, and
hence isomorphic to IW for some 0-dimensional subscheme W ⊂ S. By a Chern class
computation, the length of W is 4. Thus F fits into a non trivial exact sequence as
in (5.2). □

Let W ∈ S[4] be a general point. Then W is not contained in any curve of the linear
system |OS(1)|. By (5.1) there is a unique sheaf F fitting into a non trivial extension
as in (5.2). One defines a birational map

(5.3) ψ : S[4] MS,4

by mapping a general [W ] ∈ S[4] to the moduli point of the corresponding sheaf F.
Let Z ′ ⊂ S[4] be the subset parametrizing subschemes W such that h0(S, IW (1)) > 0,
i.e., dimExt1S(IW ,OS(−1)) > 1 (see (5.1). Let Z ⊂MS,4 be the subset parametrizing
sheaves F such that h0(S,F(1)) > 1. Note that if [W ] ∈ Z ′ then h0(S, IW (1)) = 1,
and that if [F] ∈ Z then h0(S,F(1)) = 2. We have dual P2-bundles

(5.4)
Z ′ Z

MS,h(0, h,−5)

η′ η

defined as follows. Given [W ] ∈ Z ′, the map η′ associates to [W ] the isomorphism
class of IW,CW

⊂ OCW
in MS,h(0, h,−5). Given [F] ∈ Z, the map η associates to [F]

the isomorphism class of the cokernel of the map OS(−1)⊗H0(S,F(1))∨ → F.
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Proposition 5.2. — The birational map ψ is the flop of the P2-bundle η′ : Z ′ →
MS,h(0, h,−5). The inverse ψ−1 is the flop of the P2-bundle η : Z →MS,h(0, h,−5).

Proof. — Given the results proved above this is a standard consequence. Alternatively
it follows from the general results in [BM14, §9]. □

Let π′ :=BlZ′(S[4])→S[4] and π: BlZ(MS,4)→MS,4 be the blow-ups with centers Z ′

and Z respectively. By Proposition 5.2 the rational map ψ̃ : BlZ′(S[4]) BlZ(MS,4)

defined by ψ is an isomorphism, and it fits into a commutative diagram

(5.5)
BlZ′(S[4]) BlZ(MS,4)

S[4] MS,4

ψ̃

π′ π
ψ

We note that the covering involution τS of f : S → P2 induces an involution τS[4]

of S[4], i.e., a µ2 action on S[4].

Proposition 5.3. — The birational map ψ in (5.3) (see also (5.5)) is equivariant with
respect to the two µ2-actions.

Proof. — Let [W ] ∈ S[4] be a general point. Then ψ([W ]) = [F], where F fits into the
unique non split exact sequence in (5.2). The involution τS[4] maps [W ] to [τS(W )]

and ψ maps [τS(W )] to the unique sheaf G fitting into a non split exact sequence
0 → OS(−1) → G → IτS(W ) → 0. Since τS(F) is such a sheaf, we get that the
involution τM of MS,4 maps ψ([W ]) to ψ([τS(W )]). This proves the proposition. □

Fixed loci of τS[4] and of τMS,4
. — Abusing notation, we denote by Γ both the smooth

sextic plane curve and its inverse image in S. Let Y ′
±, T

′ ⊂ S[4] be defined by

Y ′
+ := Γ(4), Y ′

− := f∗(P2)[2], T ′ := {{x1, x2, y, τS(y)} : x1 ̸= x2 ∈ Γ, y ∈ (S ∖ Γ)},

where the “overline” means “closure”. The decomposition into irreducible components
of Fix(τS[4]) is as follows:

Fix(τS[4]) = Y ′
+ ⊔ Y ′

− ⊔ T ′.

It is a disjoint union because Fix(τS[4]) is smooth.
By [FMOS22, §5.1] there is a bijective correspondence between the sets of irre-

ducible components of Fix(τS[4]) and of Fix(τMS,4
). We let Y±, T ⊂ MS,4 be the

irreducible components of Fix(τMS,4
) corresponding to Y ′

±, T
′ respectively. Thus the

decomposition into irreducible components of Fix(τMS,4
) is as follows:

Fix(τMS,4
) = Y+ ⊔ Y− ⊔ T.

We recall the definition of the bijective correspondence. Since Y ′
+ and T ′ are not con-

tained in the center Z of the flop ψ, their strict transforms in MS,4 are well-defined;
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Y+, T ⊂MS,4 are the strict transforms ψ∗Y
′
+, ψ∗T

′ respectively. The irreducible com-
ponent Y ′

− is contained in Z ′. In order to describe Y− we discuss the actions of τS[4]

and τMS,4
on Z ′ and Z respectively. First note that we have an involution

MS,h(0, h,−5)
τM(v)−−−−−→MS,h(0, h,−5)

[E] 7−−−−−→ [τ∗SE]

where v := (0, h,−5).

Proposition 5.4. — The fixed locus of the involution τM(v) has two irreducible com-
ponents, namely

Σ := {[ιC,∗(OC(−2C))] : C ∈ |h|, C ↪
ιC−−−→ S the inclusion},

Ω := {[ιC,∗(OC(−C · Γ))] : C ∈ |h|}

Proof. — One defines an isomorphism M(v)
∼−→ MS,h(0, h,−1) by mapping [E] to

[E⊗ OS(2h)]. Under this isomorphism, the involution τM(v) corresponds to the invo-
lution τ of [FMOS22, Prop. 4.1], and the result follows from that proposition. □

We have Y ′
− = (η′)−1(Σ), and hence according to [FMOS22, Prop. 5.1]

(5.6) Y− = η−1(Σ)

= {[F] : 0 → OS(−1)2 → F → ιC,∗(OC(−2C)) → 0, some C ∈ |h|}.

A word about notation. As a general rule, letters with superscript, respectively with-
out superscript, denote subsets of S[4], resp. MS,4, which correspond via the bira-
tional map ψ. The symbols for Y± have been chosen because they are related to
the fibers Y±(0) of π± : Y± → D over 0. More precisely φ(Y±) = Y±(0), where
φ : MS,4 → MS,4 is the contraction of Lemma 2.2. We will prove this in stages,
and the equality φ(Y+) = Y+(0) is a key step in the proof of Theorem 1.4.

Geometry of the irreducible components of τMS,4
. — First we analyze Y+ ⊂ MS,4. The

intersection Z ′ ∩ Y ′
+ parametrizes length 4 subschemes W ⊂ Γ which lie on a line R

(here we view Γ as a plane sextic). One checks that the intersection is transverse.
Moreover we have an isomorphism

Z ′ ∩ Y ′
+

∼−−−→ Γ(2)

by mapping [W ] to the residual of W in R ∩ Γ.

Proposition 5.5. — The restriction of ψ−1 to Y+ defines a regular map

Y+
ψ−1
|Y+−−−−−→ Y ′

+

which is the blow-up of Z ′ ∩ Y ′
+.

Proof. — Let Ŷ ′
+ ⊂ BlZ′(S[4]) be the strict transform of Y ′

+. The restriction of π′

to Ŷ ′
+ defines a map Ŷ ′

+ → Y ′
+ which is the blow-up of Z ′ ∩ Y ′

+. The map Ŷ ′
+ → Y+

given by the restriction of π ◦ ψ̃ is bijective. Surjectivity is clear, and also injectivity

J.É.P. — M., 2026, tome 13



842 L. Flapan, E. Macrì, K. G. O’Grady & G. Saccà

over Y+ ∖ Z. Injectivity over Y+ ∖ Z follows from [FMOS22, Prop. 5.2]. Since Y+ is
smooth, it follows that the restriction of π◦ψ̃ to Ŷ ′

+ defines an isomorphism Ŷ ′
+

∼−→ Y+.
Alternatively, the result is obtained by analyzing the wall-crossing in the space of

stability conditions [BM14, §9]. □

We will need the following result on sheaves parametrized by points of Y+.

Proposition 5.6. — Let [F] ∈MS,4.
(a) [F] ∈ Y+ if and only if there exists an exact sequence as in (5.2) with W ∈ Γ(4).

Moreover such a W is unique.
(b) If [F] ∈ Y+ is general then F is locally free.
(c) If [F] ∈ Y+ is not locally free then F∨∨/F is of length 1.

Proof. — We prove a. If [F] /∈ Z the statement follows at once from Proposition 5.1.
Let us suppose that [F] ∈ Z. If there exists an exact sequence as in (5.2) withW ∈ Γ(4),
then it is clear that [F] ∈ Y+. Now suppose that [F] ∈ Y+∩Z. Since Y− = η−1(Σ) and
Y+ ∩ Y− = ∅, it follows that η([F]) ∈ Ω, where Σ,Ω are as in Proposition 5.4. Thus
η([F]) = [ιC,∗(OC(−C ·Γ))]. Note that the unicity of W follows from Proposition 5.5.

We now prove b. Let [F] ∈ Y+ be general. Then it fits into a non trivial exact
sequence (5.2) where W ∈ Γ(4) is general, and such an extension is unique. Since
W ∈ Γ(4) is general the extension is locally free. (Explicitly: if W is reduced and
no 3 points of W lie on a line, then F is locally free.)

In order to prove c we observe that if T := F∨∨/F is of length > 1, then it must have
length 2 and hence F∨∨ is isomorphic to the unique stable vector bundle with Mukai
vector (2,−h, 1), i.e., f∗ΩP2(1). Let us choose a non-zero morphism OS(−1) → F.
We have the following diagram:

0

��

0

��

OS(−1)

��

f∗OP2(−1)

��

0 // F //

��

f∗ΩP2(1)

��

// T // 0

0 // IW //

��

f∗Ip

��

// T // 0

0 0

where p ∈ P2 is a closed point. Since W ∈ Γ(4), this is impossible since the scheme
structure of f∗Ip is not in Γ. □

Next we describe Y− and the sheaves that it parametrizes.

Proposition 5.7. — Pull-back defines an isomorphism

MP2,4
∼−−−→ Y−

[E] 7−−−→ [f∗E]
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Proof. — The pull-back map i : MP2,4 → MS,4 is an embedding, and the image is
contained in Fix(τMS,4

). Since MP2,4 is irreducible and projective of dimension 4,
it follows that i(MP2,4) is an irreducible component of Fix(τMS,4

). Thus i(MP2,4)

equals one of Y±, T .
Let [E] ∈MP2,4. We have an exact sequence

0 −→ OP2(−1)⊕2 −→ E −→ iR,∗(−2) −→ 0,

where iR : R ↪→ P2 is the inclusion of a line. Pulling back to S, we get an exact
sequence

0 −→ OS(−1)⊕2 −→ f∗E −→ iC,∗(−2ωC) −→ 0,

where iC : C ↪→ S is the inclusion of a divisor C ∈ |OS(1)|. Thus, [f∗E] belongs to Y−
by (5.6). □

Lastly, we deal with the sheaves parametrized by T .

Proposition 5.8. — Let x1, x2 ∈ Γ be distinct points, and let F be a sheaf on S fitting
into an exact sequence

(5.7) 0 −→ F −→ f∗ΩP2(1)
u−−→ k(x1)⊕ k(x2) −→ 0.

Then [F] ∈ T , and in fact the general point of T is equal to [F] where F is as above.

Proof. — Let F be a sheaf as in (5.7). Then F is slope stable and v(F) = (2,−h,−1),
and hence [F] ∈ MS,4. Let Γ

(2)
∗ ⊂ Γ(2) be the complement of the diagonal, and let

V → Γ(2) be the P1 × P1 bundle with fiber P(f∗ΩP2(1)(x1)) × (f∗ΩP2(1)(x1)) over
(x1, x2). Given z = (x1, x2, l1, l2) ∈ V we let Fz be the sheaf fitting into an exact
sequence as in (5.7) with the kernel of u at xi equal to li. We have an injective map

V ↪
α−−→MS,4

z 7−−→ [Fz]

Since [Fz] ∈ Fix(τMS,4
) and V is irreducible of dimension 4, the closure α(V ) is one of

Y±, T (and α(V ) is an open dense subset of α(V )). Since all points of α(V ) parametrize
non locally free sheaves, while a general point of Y+, or of Y−, parametrizes a locally
free sheaf, it follows that α(V ) = T . □

The result below follows at once from Proposition 5.8.

Corollary 5.9. — Let [F] ∈ T . Then l(F∨∨/F) = 2.

Computations with divisor classes. — We describe NS(S[4]) and NS(Ms,4) via Mukai’s
map. Let w := (1, 0,−3). We identify S[4] with the moduli space of sheaves on S

with Mukai vector w by associating to [Z] ∈ S[4] the sheaf IZ . Let hS[4] , δS[4] ∈
H2(S[4];Z) be the pull-back of the symmetrization h(4) of the class h via the Hilbert-
Chow morphism S[4] → S(4) and the class such that 2δS[4] is the divisor parametrizing
non reduced subschemes respectively. Then

hS[4] := θw(0, h, 0), δS[4] := θw(1, 0, 3).
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In fact, given our choice of map θw (see 2.1) the equalities above follow from a straight-
forward computation (see [O’G97, p. 630]). Let λS , δ ∈ NS(MS,4) be the elements
defined in Equation (2.2).

Proposition 5.10. — We have

(5.8) ψ∗(hS[4]) = 2λS − δ, ψ∗(δS[4]) = 3λS − 2δ,

and ψ−1 is associated to the nef divisor 4λS − δ.

Proof. — Let
R : H∗(S,Z) −→ H∗(S,Z)

be the reflection in the (−2)-vector v(OS(−1)). Then R(w) = v4, and hence
R(w⊥)=v⊥

4 . Identifying H2(S[4],Z) and H2(MS,4,Z) with w⊥ and v⊥
4 respectively

via the maps θw and θv, the map ψ∗ is given by the reflection R. A straightforward
computation gives the equalities in (5.8).

In order to prove the last statement it suffices to prove that the restriction of
5hS[4] − 2δS[4] = ψ∗(4λS − δ) to the general fiber of the fibration η′ in (5.4) is trivial.
The general fiber is identified with a complete linear system of degree 4 on a smooth
curve C of genus 2, which we identify with P2. The restriction of hS[4] to the plane is
OP2(2), and the restriction of 2δS[4] is the subset of the linear system parametrizing
non reduced divisors. Since the complete linear system maps C birationally to a
quartic curve with a point of order 2, which has dual curve of degree 10, we get that
the restriction of 2δS[4] to P2 has degree 10. This finishes the proof. □

Lemma 5.11. — We have:

ωY ′
+
= (3hS[4] − δS[4])|Y ′

+
and ωY+

= (3λS − δ)|Y+
.

Proof. — Let ω(4) be the line bundle on Γ[4] obtained by symmetrizing the canonical
line bundle on Γ4 (this is the tensor product of the pull-backs of the canonical bundle
of Γ via the four projections). Let Diag ⊂ Γ[4] be the divisor parametrizing non
reduced subschemes (the “diagonal”), and let Diag /2 be the ramification divisor class
associated to the cover Γ4 → Γ[4]. We have

ωΓ[4] = ω
(4)
Γ (−Diag /2).

The first equality of the lemma follows, because ω(4)
Γ = 3h|Γ(4) and Diag /2 = δS[4] |Γ(4) .

Next we compute ωY+ . Let α : Y+ → Y ′
+ = Γ(4) be the restriction of ψ−1 to Y+.

Of course α is identified with the blow up of Γ(2) (see Proposition 5.5). Let E ⊂ Y+
be the exceptional divisor of α. Since α defines an isomorphism between Y+ ∖E and
Y ′
+ ∖ Γ(2), there exists an integer a such that

(5.9) (3λS − δ)|Y+
= (ψ−1)∗(3hS[4] − δS[4])|Y+

= α∗(ωY ′
+
)∗ + aE,

by using the first equality of the lemma. In order to determine a, let R be a fiber of the
map E → Γ(2) obtained by restricting α. Then R is a line in the fibration η : Z → N
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dual to the fibration η′ in (5.4). Let cl(R) ∈ H2(MS,4;Q) be the class corresponding
to integration along R via the BBF bilinear symmetric form. We claim that

qMS,4
(cl(R), 4λS − δ) = 0, qMS,4

(cl(R), λS) ⩾ 0, qMS,4
(cl(R), cl(R)) = −13

6
.

In fact, the first equality holds by the last assertion in Proposition 5.10, the inequality
in the middle holds because λS is nef, and the last equality holds by [HT10, Table H4].
Since cl(R) belongs to the span of λS and δ, the above equations give that

cl(R) =
1

2
λS − 2

3
δ.

Hence ∫
R

(3λS − δ) = −1,

and by (5.9) we get that a = 1. Thus

ωY+ = α∗(ωY ′
+
) + E = (3λS − δ)|Y+ . □

The irreducible components of the fixed locus in MS,4. — The next step is to under-
stand how each fixed component behaves with respect to the divisorial contraction
φ : MS,4 → MS,4. We recall that ∆4 is the exceptional locus of φ, see Section 2.1.
We let Y ± := φ(Y±) and T := φ(T ), where T ⊂ MS,4 is the strict transform of T ′.
Clearly we have

Fix(τM ) = Y + ∪ Y − ∪ T .

Note that the irreducible components may very well meet, because M is singular.
By Proposition 5.7 and Proposition 3.9 we have

(5.10) Y − = Y−(0) ∼=MP2,4.

Proposition 5.12. — Keeping notation as above, we have Y + = Y+(0)red. Moreover
Y + ∩ T = ∅.

Proof. — First we show that Y + ⊂ Y+(0). In fact if [F] ∈ Y+ is a general point then F

is locally free by Proposition 5.6. Since the Donaldson–Uhlenbeck–Yau contraction
map φ : MS,n →MS,n is an isomorphism on the open subset parametrizing locally free
sheaves, [F] belongs to the closure of FixM∗(τM∗) (using the notation of Section 3.1).
Hence Y + is contained in one of Y+(0),Y−(0). By (5.10) we get that Y + ⊂ Y+(0).
Let [F] ∈ T : by Corollary 5.9 we have l(F∨∨/F = 2. Since for [F] ∈ Y+ we have
l(F∨/F) ⩽ 1 (see Proposition 5.6), it follows that Y + ∩ T = ∅. Proposition 5.9 also
gives that T is birational to Γ(2), and hence it has dimension 2. Since all irreducible
components of Y+(0) have dimension 4, it follows that Y + = Y+(0)red. □

Next we describe locally the scheme Y + at points [F ] ∈ φ(Y+ ∩ ∆4,1), i.e., such
that F := E[1]⊕ k(q). By Remark 2.8, locally (in the analytic topology) it is given by
a product

Ext1S(E,E)×Q× Ext1S(k(q), k(q)),
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where Q = Spec(C[u1, u2, u3]/(u21 − u2u3)) is the quadric cone. The action of the
involution τ is then given as follows. As µ2-representations, we have

Ext1S(E,E) = C⊕2
+ ⊕ C⊕2

− ,

Ext1S(k(q), k(q)) = C+ ⊕ C−.

For the cone, the action on the variables u1, . . . , u3 is given by

(5.11) u1 7−→ −u1, u2 7−→ u2, u3 7−→ u3.

To see why we recall that by Remark 2.8 we have

(5.12) u1 = a1b1, u2 = −a1b2, u3 = a2b1,

where {a1, a2}, {b1, b2} are dual bases of Ext1(E[1], k(p)) and Ext1(k(p),E[1]) respec-
tively. We claim that the bases {a1, a2}, {b1, b2} can be chosen so that

(5.13) τ∗S(a1) = −a1, τ∗S(a2) = a2, τ∗S(b1) = b1, τ∗S(b2) = −b2.

In fact since E is not the pull-back of a vector bundle on P2 (note for instance that c2(E)
is odd), both the +1 and the −1 eigenspace for the action of τ∗S on the fiber E(p)

has dimensions 1. This proves that we can choose a basis {a1, a2} such that the
first two equalities in (5.13) hold. Since Serre duality between Ext1(E[1], k(p)) and
Ext1(k(p),E[1]) is given by the Yoneda product followed by the trace map, and τS
is antisymplectic, it follows that τ∗S acts as claimed on the dual basis {b1, b2}. The
action on u1, u2, u3 is as in (5.11) by the equalities in (5.12) and in (5.13).

It follows that the fixed locus is given as a scheme by the equation u1 = 0, namely
it is u2u3 = 0. We have thus proved the following result.

Lemma 5.13. — We keep the above notation. We have an isomorphism of analytic
germs (

Y +, [E[1]⊕ k(q)]
) ∼= (A3

C ×B, 0),

where B = Spec(C[u2, u3]/(u2u3)).

In particular, by Lemma 5.13, we have that Y + is a local complete intersection.
The key result is then the following.

Proposition 5.14. — Let L̃ be the line bundle on MS,4 with associated divisorial
contraction φ : MS,4 →MS,4, see Lemma 2.2. We have

(φ|Y+)
∗ωY +

∼= L̃⊗3|Y+ .

In particular, ωY +
is ample.

Proof. — Let us denote by D the intersection D := Y+ ∩ ∆4. By Lemma 5.13, the
map φ|Y+ : Y+ → Y + defines an isomorphism between Y+ ∖D and φ(Y+ ∖D), and
the restriction of φ to D is an étale 2-1 morphism onto its image. Hence, we get an
isomorphism of line bundles

ωY+
∼= (φ|Y+

)∗ωY +
⊗ OY+

(−D).

Since OY+
(D) ∼= δ|Y+

, the proposition follows from Lemma 5.11. □
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5.2. Proof of Theorem 1.4. — The proof goes along the same lines as that of The-
orem 1.3.

Proposition 5.15. — We have the equality of schemes Y+(0) = Y +.

Proof. — The fixed locus FixM/D(τM) has a natural scheme structure, defined as the
fibered product of D-schemes

FixM/D(τM)

��

// M

∆X/B

��

M
(id, τM)

// M×D M.

With this definition the fixed locus with its scheme structure behaves well with respect
to base change; in particular

FixM0
(τM ) = FixM/D(τM)×D Spec(k(0)).

The proposition follows because by (5.10) and Proposition 5.12, the component Y +

does not meet any other component of the fixed locus of τM . □

By [Sta25, Tag 0C05] and [Sta25, Tag 0C11] it follows that Y+ is Gorenstein, as in
the proof of Proposition 4.1 (and thus normal, since its singular locus coincides with
the singular locus of Y +). The theorem now follows from Proposition 5.14 and an
argument analogous to that given in the proof of the equality in (1.2), see Section 4.

6. The fixed locus if the divisibility is 1

Let (X,λ) be a polarized HK manifold of K3[n]-type with qX(λ) = 2. Then there
exists a unique involution τλ of X such that (1.1) holds (regardless of the divisi-
bility of λ). If div(λ) = 1 then the fixed locus Fix(τλ) = Fix(τλ)+ is irreducible,
see [FMOS22, Main Th.]. In the present section we motivate the following conjecture.

Conjecture 6.1. — Let (X,λ) be a polarized HK manifold of K3[n]-type with
qX(λ)=2 and div(λ) = 1. Let F := Fix(τλ) and let L be the ample line bundle such
that c1(L) = λ. Then in Pic(F ) we have the equality

(6.1) ω⊗n
F = L|⊗((n+2)(n+1))/2

F .

In particular, the conjecture implies that Fix(τλ) has ample canonical bundle. The
conjecture also implies that the structure sheaf OFix(τλ) is atomic, see [Bec25, Th. 1.8].
If n = 2 the equality in (6.1) holds, see [O’G08, Th. 1.1(1)].

We show below that if the complete linear system |L| behaves well in a neighbor-
hood of F , then the equality in (6.1) holds. We start with an intermediate result. Since
the fixed locus of τλ is irreducible, there is a unique µ2-linearization of L which lifts
the action of ⟨τλ⟩ and acts as multiplication by +1 on F . Then the quotient L/⟨τλ⟩
is a line bundle on X/⟨τλ⟩ and pulls back to L via the quotient map X → X/⟨τλ⟩.
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Proposition 6.2. — Let (X,λ)be a polarized HK manifold of K3[n]-type with qX(λ)=2

and div(λ) = 1. Let L be the ample line bundle such that c1(L) = λ, equipped with the
above µ2-linearization. Then H0(X,L)µ2 = H0(X,L). If (X,λ) is general, then L is
globally generated.

Proof. — Let (S, h) be a polarized K3 surface of genus 2 with Pic(S) = Zh. Let
f : S → P2 be the associated double cover ramified over a smooth sextic curve Γ ⊂ P2

and let τS be the covering involution on S. Then (S(n), h(n)) is a specialization of
(X,λ), where h(n) is obtained by symmetrizing h. The involution τS induces an invo-
lution τ0 of S(n) which has one dimensional +1 eigenspace in NS(S(n)), generated
by h(n). Since τλ has one dimensional +1 eigenspace in NS(X) generated by λ, it fol-
lows that the involution τ0 on S(n) is the specialization of τλ. Moreover S(n)/⟨τ0⟩
is a specialization of X/⟨τλ⟩, and the specialization of L/⟨τλ⟩ is the line bundle L0

obtained by pulling back (OP2(1))(n) via the natural map
S(n)/⟨τ0⟩ −→ (P2)(n).

We have
(6.2) h0(X,L) =

(
n+ 2

2

)
= h0

(
(P2)(n), (OP2(1))(n)

)
= h0

(
S(n),OS(n)(h(n))

)
.

Indeed, the first equality follows from Kodaira vanishing and the well-known explicit
HRR formula for line bundles on HK manifolds of K3[n]-type, see for example [Deb22,
Eq. (5)]. Hence every section of OS(n)(h(n)) extends to a section of L on X. Since
OS(n)(h(n)) is globally generated, it follows that L is globally generated for general
(X,λ).

It remains to prove that H0(X,L)µ2 = H0(X,L). By the last equality in (6.2)
we have
(6.3) h0(X,L) = h0

(
S(n)/⟨τ0⟩, L0

)
.

Since L0 is ample, all its higher cohomology vanishes by Kawamata-Viehweg vanish-
ing. Since the quotient S(n)/⟨τ0⟩ is a specialization of X/⟨τλ⟩, it follows that every
section of λ0 extends to a section of L0. This proves that H0(X,L)µ2 = H0(X,L) by
the equality in (6.3). □

Remark 6.3. — Proposition 3.1 and Proposition 6.2 suggest that Fix(τλ) in the case
div(λ) = 1 should be analogous to Fix(τλ)+ in the case div(λ) = 2.

By Proposition 6.2 we have a regular factorization of ψ : X → |L|∨ as

(6.4) X −→ X/ −→ τλ⟩
ψ−−→ |L|∨ ∼= P(n(n+3))/2.

Proposition 6.4. — Keep notation as above, and assume that there exists an open
subset F0 ⊂ F ⊂ X/⟨τλ⟩ (abusing notation we denote by F the image of F in X/⟨τλ⟩)
with complement of codimension at least 2 such that in a neighborhood of F0 the map ψ
is an isomorphism onto its image. Then the equality in (6.1) holds.

Proof. — Set N := n(n+3)/2. To simplify notation we denote by the same symbol F0

and its image in |L|∨ ∼= PN . (This makes sense because the image of F0 is isomorphic
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to F0 by hypothesis.) The key observation is that the following isomorphism holds:
(6.5) N∨

F0/PN
∼= Sym2(N∨

F0/X
).

In fact, because of the factorization in (6.4), the pullback by ψ gives an injection
ψ∗IF0/PN ⊂ I2F0/X

. Restricting to F0, and using our hypothesis that ψ is an isomor-
phism onto its image in a neighborhood of F0, we get a surjection

N∨
F0/PN −→−→ Sym2(N∨

F0/X
)

A straightforward computation shows that the two vector bundles have the same rank,
hence they are isomorphic. This proves that we have the isomorphism in (6.5).

Since F is Lagrangian, a symplectic form on X defines an isomorphism N∨
F0/X

∼=TX .
By the normal exact sequence of F0 in PN and the isomorphism in (6.5) we get the
following equalities in CH1(F0):

−(N + 1)c1(L|F0) = c1(ωF0) + c1(N
∨
F0/PN ) = c1(ωF0) + c1(Sym

2 TX).

A straightforward computation gives that the equality in (6.1) holds. □
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