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Asstract. — We extend to higher dimensions the notion of Birkhoff attractor of a dissipative
map. We prove that this notion coincides with the classical Birkhoff attractor. We prove that
for the dissipative system associated to the discounted Hamilton-Jacobi equation, the graph of
the solution is contained in the Birkhoff attractor. The appendix provides instructive counter-
examples in the non-Tonelli case. We also study what happens when we perturb a Hamiltonian
system to make it dissipative and let the perturbation go to zero. The paper contains two
main results on y-supports and elements of the y-completion of the space of exact Lagrangians.
Firstly the y-support of a Lagrangian in a cotangent bundle carries the cohomology of the base
and secondly given an exact Lagrangian L, any Floer theoretic equivalent Lagrangian is the
~-limit of Hamiltonian images of L.

Résumic (Attracteurs de Birkhoff en toutes dimensions). — Nous généralisons en dimension
supérieure la notion d’attracteur de Birkhoff des applications dissipatives. Nous montrons que
celle-ci coincide avec 'attracteur de Birkhoff classique en dimension 2. Nous prouvons que pour
les systémes dissipatifs associés a 1’équation de Hamilton-Jacobi escomptée pour des hamil-
toniens Tonelli, le graphe de la différentielle de la solution est contenu dans l'attracteur de
Birkhoff. L’appendice fournit des contre-exemples lorsque le hamiltonien n’est pas Tonelli. Nous
étudions aussi la perturbation d’un systéme hamiltonien de maniére & le rendre dissipatif,
lorsque la perturbation tend vers 0. Cet article contient deux résultats sur les supports et
les éléments de la complétion de ’espace des lagrangiennes exactes. Tout d’abord, le support
d’une lagrangienne compacte d’un fibré cotangent porte la cohomologie de la base, et ensuite,
étant donnée une lagrangienne exacte L , toute lagrangienne qui lui est Floer équivalente est
la «-limite d’images hamiltoniennes de L.
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1. INTRODUCTION AND MAIN RESULTS

This work is dedicated to the study of conformal symplectic dynamics, a now clas-
sical extension of symplectic dynamics where the symplectic form is only preserved,
up to a multiplicative factor. Such dynamics include for instance mechanical systems
with a friction force proportional to velocity.

Dissipative twist maps of the two-dimensional annulus form another class of exam-
ples of conformally symplectic dynamical systems which was extensively studied by
Birkhoff and others [Bir32, Cha34, Cha35, LC86, LC8T7]. In this setting, there is a
global attractor but, more interestingly, the core of the dynamics is carried by a sub-
set of the global attractor, the so-called Birkhoff attractor. This is a minimal invariant
compact subset which separates the annulus. Note that despite its name it is not in
general an attractor, since some points may not converge to it. There are very few
results in the higher dimensional case. Invariant submanifolds were studied in [AF24],
but it may happen that there is no such invariant submanifold. One difficulty is that
there may be no global attractor and if it exists, it may not separate. It is thus a
priori unclear how to define an invariant subset that would extend the construction
of Birkhoff.

The main goal of this article is to provide such an extension of the Birkhoff attractor
in any dimension, even when the dynamics has no attractor. The construction relies
on tools from symplectic topology, and more precisely on the completion of the space
on exact Lagrangian submanifolds with respect to a certain metric. The Birkhoff
attractor arises as the “support” (called y-support) in a sense to be made precise later
of a generalized Lagrangian in this completion that is a fixed point of the dynamics.

We then study this generalized attractor from various viewpoints. From the ana-
lytic viewpoint, we compare this attractor with the graph of the so-called viscosity
solution of the discounted Hamilton-Jacobi equation in the setting of weak KAM
theory. Driven by the beautiful result from [DFIZ16] on the selection of weak KAM
solutions, there was a hope that the generalized Lagrangian fixed point could converge
as conformal exponent goes to zero, thus selecting a generalized invariant Lagrangian
of the symplectic (non conformal) dynamics. We prove with some example that this
is unfortunately false.

Let us observe that the works [Bir32, Cha34, Cha35] also provide a link between
the restricted dynamics on the Birkhoff attractor (more precisely its rotation set)
and the topological complexity of the attractor. In higher dimension, there seems to
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HicreER DIMENSIONAL BIRKHOFF ATTRACTORS 3

be no hope to obtain such a result. Indeed, it is known that for any flow (¢) on
a manifold M there exists a conformal flow on the cotangent bundle T*M for which
the zero section is the Birkhoff attractor and whose restriction to the zero section
is (101); see [AF24, §7.1].

A second part of the paper deals with symplectic topological aspects of the
~-supports and so in particular the Birkhoff attractor. A first result is that a compact
~v-support and in particular a Birkhoff attractor carries the cohomology of the base,
which can be seen as the higher dimensional analogue of “separating”. A second
result is to prove a weak version of a central conjecture from symplectic topology,
the so-called nearby Lagrangian conjecture. This conjecture claims that the group
of Hamiltonian diffeomorphisms acts transitively on the set of exact Lagrangians
of T*N. We here prove that this holds for the completion for the spectral metric of
this group. As a consequence, any statement concerning the spectral norm that holds
for Lagrangians that are Hamiltonian isotopic to the zero section holds for all exact

Lagrangians.
We now state more precisely our results. We let (M,w) be an exact symplectic
manifold of dimension 2n and A a Liouville form, i.e., a 1-form such that d\ = —w.

We also assume that (M,w) is Liouville: there exists a sequence of compact subsets
with smooth boundary K1 C Ko C ... with M = Ufil K; and such that for each i,
the Liouville vector field X (defined by txw = \) is transverse to OK; and points
inward. The standard example is given by a Liouville domain, that is a compact
exact symplectic manifold (W, —d\) with boundary W, such that the Liouville vector
field defined by ixw = A is transverse to the boundary. We can then extend W to
W UOW x [1,4+o00[ with symplectic form on OW x [1, +o0[ given by —d(¢tA). Then X
extends to the vector field —3/dt on W x [1, 400 and its flow is complete.(!) This
case includes in particular the cotangent bundle (T*N, —d\) of any closed smooth
manifold N with the standard Liouville form A\ = pdg.

A conformally symplectic diffecomorphism in (M,w) is a diffeomorphism ¢ such
that ¢*w = aw for some a > 0. Note that in dimension 2, any map ¢ satisfies
¢*w = a(z)w for some function a but we say that ¢ is conformally symplectic only
if a is constant. In higher dimension ¢*w = a(z)w implies a(z) is constant, so the
terminology “conformally symplectic” is unambiguous. Also note that if a # 1, then M
must be a non-compact manifold of infinite volume, and refer to [AF24] for recent
results on this topic. The map ¢ is said conformally exact symplectic if p* A—a is exact
for some Liouville form A (i.e., satisfying w = —dX\). According to [AF24, App. B],
if ¢ is homotopic to identity there exists a primitive A of w such that ¢ is conformally
exact symplectic for A. Moreover, under mild assumptions at infinity, namely that
the w-dual vector field of ¢*X — aX is complete (see [AF24, App.B, Prop. 10]), ¢ is
conjugate to a conformally exact symplectic map for the original A.

(D'We shall often need this completeness, not only in forward time, but also in backward time.
It follows from the above description that this is always the case for this extension of a Liouville
domain.
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4 M.-C. Arnaup, V. Huminiire & C. ViTERBO

The space of closed exact Lagrangian submanifolds in M is denoted by £(M,w).
Exact conformal maps act on £(M,w) and £(M,w) carries the so-called spectral
norm 7 (see Section 2). Its completion with respect to the spectral norm is denoted
by SA}(M ,w). The elements of these completions have a y-support, which is a closed
subset of M (see Section 2 and [Vit22b]).

A special case of our main theorem (See Theorem 3.1 below) is the following result.

Turorem 1.1. — Given a conformally exact symplectic map ¢ with a # 1 on T*N,
there is a closed invariant subset B(¢$) canonically associated to ¢ such that B(¢) =
~v-supp(L), for some L € £(T*N) which is fized by ¢.

Remark 1.2. — Sets of the form y-supp(L) have a number of properties. In particular
they are «-coisotropic (see [Vit22b]), which implies that their Hausdorff dimension is
at least n. We shall prove more properties of the «-support in Theorem 1.4.

The fixed point and its «-support will be respectively denoted by L., and B,
or Lo (¢) and B(¢) if needed. The subset B will be called generalized Birkhoff attrac-
tor of ¢. This terminology is justified by the following result.

Turorem 1.3. — Let ¢ be a conformally symplectic map homotopic to identity of the
annulus A = [—1,1] xS! with conformal ratio a < 1 and such that ¢(A) C (—1,1)xS!.
Then B(¢) coincides with the classical Birkhoff attractor (see [Bir32]).

We recall the definition of the classical Birkhoff attractor in Section 3.2. We point
out that even though the Birkhoff attractor is classically defined for twist maps, its
definition extends to the general case. We assume for the rest of this introduction
that M = T*N is the cotangent bundle of a smooth closed manifold .

The topology of B(¢) is rather well understood in the case N = S' : B(¢) separates
the annulus, is connected, but can be an indecomposable continuum(Z)(see [Cha34,
Cha35]). What can we say in general? The following result partially answers this
question.

Thueorem 1.4. — Let L € E(T*N) be such that y-supp(L) is compact. Then, the
natural map HY(N) — Fe(y—supp(L))
£>=0.

L . Z . o . .
= hﬂUQy-supp(L) H*(U) is injective for any

The above of course applies to the Birkhoff attractor of any conformally exact
symplectic map provided it is compact. This can be seen as a higher dimensional
equivalent of “separating” (which actually means separating the two ends of the annu-
lus). Indeed, one can check that a connected set in the annulus is “separating” if the
cohomology of S' injects in its cohomology. We will prove Theorem 1.4 in Section 6.

(2)That is a connected compact metric space that cannot be decomposed as the union of two
proper connected compact subsets.
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The following question remains open: Is B always connected? This was recently
answered positively in the case of a cotangent bundle in [AGHT23]. It is also proved
that ~v-supp(L) does not have to be connected when non-compact.

When ¢ = qb}{’a is the time-1 map of a damped Hamiltonian system with friction
proportional to velocity, that is a system driven by the vector field Xp o such that
iXy.. = —dH + a) and given by the equations

() = —%—f(t,qm,p(t»
plt) = %—Z(t,qu),p(t)) Cap

(which is conformally symplectic of ratio a = e~%) a classical approach to finding
closed of invariant subsets ¢t H.o Consists in studying the discounted Hamilton-Jacobi
equation

(1.1) au(z) + H(z,du(z)) = 0.

For given o > 0, and for H coercive such an equation has a viscosity solution, and
this solution is unique (see [Lio82, Bar94] in the case of R™, but the general case is
proved similarly). We denote it by ug q.

We prove in Section 4:

Tarorem 1.5. — For any Tonelli Hamiltonian H : T*N — R, consider the viscosity
solution ug o, and x a point of differentiability of ug o. Then (x,dug o(z)) belongs
to the generalized Birkhoff attractor of ¢£H,a~

Remarks 1.6

(1) The literature on discounted Hamilton-Jacobi equations and weak KAM theory
uses a different convention. As we do here, symplectic geometers tend to use the
convention tx,w = —dH, while dynamicists use tx,w = dH. The latter gives the
standard sign in Hamilton equations ¢ = 0,H,p = —0,H, while the former is often
preferred because it yields spectral invariants that are non-decreasing with respect to
the Hamiltonian function. With the dynamicist’s convention, Theorem 1.5 becomes:
For any Tonelli Hamiltonian H : T*N — R, consider the viscosity solution up q,
and x a point of differentiability of up . Then (z,dup o(z)) belongs to the generalized
Birkhoff attractor of ¢ .

(2) We remind the reader that a Tonelli Hamiltonian is a Hamiltonian such that

« H is C? and for all (¢,p) € T*N, 0*H(q,p)/0p? is positive definite,
« H is superlinear i.e., for all ¢ € N, lim 500 H(q, p)/||p|| = 400, where || - ||
is any Riemannian norm on N.

(3) In the appendix, Maxime Zavidovique constructs an example of a non-Tonelli
Hamiltonian for which the conclusion of the above theorem does not hold, as well
as an example of a Tonelli Hamiltonian for which the Birkhoff attractor of ¢l Ho 18
strictly larger than the closure of (J,cp ¢" o (graph(dus,q)).
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6 M.-C. Arnaup, V. Huminiire & C. ViTERBO

An intermediate step in the proof of Theorem 1.5 consists in showing that the vis-
cosity solution coincides with the graph selector of the fixed point Lo (¢) in E(T*N ).
See Section 4.

We also study the limit o — 0 or equivalently a — 1. By compactness, the Birkhoff
attractors of ¢! 5 , admit a limit point as & — 0, which provides a closed invariant
subset of the Hamiltonian map ¢! ;. Moreover, Davini, Fathi, Ituriaga and Zavi-
dovique ([DFIZ16]) have shown that for H Tonelli, as o converges to 0, the solution u,
of (1.1) converges uniformly to some ug. It is then natural to ask whether the same
holds for the fixed point Lo, (¢% H’a), with respect to the v-topology. It turns out that
this is not true in the case of a pendulum even though it is a uniformly bounded
sequence with respect to the distance ~y. For the proof of the next theorem, we refer
to Section 5.

Tueorem 1.7. — If H : T*S' — R is the Hamiltonian for a standard pendulum given
by H(,p) = %pz — cos @, then LOO(¢1_H7a) does not admit any limit point as a goes
to 0 in E(T*Sl),

In a second more symplectic topological part of the paper, we prove on one hand
Theorem 1.4 (see Section 6), as well as a weak version of the Nearby Lagrangian
conjecture (see Conjecture 2.3). We denote by DHam(M,w) the set of smooth Hamil-
tonian diffeomorphisms. Let %(M,w) be the completion of DHam(M,w) with
respect to the spectral norm.

Turorem 1.8. — Any smooth closed exact Lagrangian submanifold in T*N is the
image of the zero section by an element of DHam(T*N).

Heuristically this theorem tells us that to prove a statement involving the y-distance
for exact Lagrangians in 7% N, it is enough to prove it for Lagrangians Hamiltonianly
isotopic to the zero section. In Section 7 we prove that this holds in any Liouville
manifold; (see Theorem 1.8).

Acknowledgements. — We thank Maxime Zavidovique for many useful discussions
and for his appendix. We are grateful to Tomohiro Asano for pointing out a missing
assumption in Theorem 1.4 in a former version of the paper. We also thank the
members of the ANR project CoSyDy for listening to preliminary versions of the
results presented here and for related discussions. Finally, we are also very grateful
to the anonymous referee for a careful reading and many useful comments to improve
the paper.

2. PRELIMINARIES ON Y AND ITS COMPLETION

2.1. BASIC DEFINITIONS AND NOTATION. — Any compactly supported smooth Hamil-
tonian H : S' x M — R generates a Hamiltonian isotopy ¢z = (¢%;)ier obtained by
integrating the time-dependent vector field Xy, which is defined by ¢x, w = —dH;,
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HicreER DIMENSIONAL BIRKHOFF ATTRACTORS 7

where we use the notation Hy(x) = H(¢,x). The group of compactly supported Hamil-
tonian diffeomorphisms, i.e., the set of diffeomorphisms generated this way, will be
denoted by DHam.(M,w).

A conformally symplectic (CS) diffeomorphism is a diffeomorphism ¢ for which
there is a constant a € R, called the conformal ratio and such that

P*'w =aw.

We are specifically interested in the case where a # 1 and we will most of the time
assume a < 1. A conformally symplectic diffeomorphism is called exact (CES) if
f*A —aX is an exact 1-form. It is called Hamiltonian if it is the time-1 map of a
time-dependent vector field X; such that ¢x,w = ay A — dHy, for some time dependent
a; € R. For instance, the Liouville vector field X is Hamiltonian (with H; = 0 and
a; = 1). We denote by Qﬁq,a the isotopy generated by this vector field.

Remark 2.1. — One can easily check that Hamiltonian CS diffeomorphisms are CES.
As already mentioned in the introduction, it is proved in the appendix of Arnaud-Fejoz
[AF24] that under the assumptions specified there, any CS diffeomorphism which is
homotopic to identity is CES for some Liouville form, and furthermore that given a
Liouville form A any CS diffeomorphism which is homotopic to identity is smoothly
conjugate to a CES diffeomorphism with respect to A. In the sequel we shall only deal
with CES maps, unless otherwise stated, and let the reader apply the result of [AF24]
to extend the results to the CS case.

A Lagrangian submanifold L is called ezact if the restriction A, is exact. In this
case, there exists a primitive function fr, : L — R of A on L, i.e,, A|p = df. If L is
connected, the primitive fr, is unique up to addition of a constant.

A Lagrangian brane of L is a triple (L,fL,éL) where L is an exact Lagrangian
submanifold, fr is a primitive for A and GLisa grading of L, in the sense of [Sei00].
More precisely, G, : L — /~\(TM) is a lift of the natural map G, : L — A(T'M) to the
fiberwise universal cover of the Lagrangian Grassmannian of the tangent bundle T M.
However, we will mostly forget about the grading and denote Lagrangian branes by
L= (L, fr). We will say that L is a brane associated to L or simply a lift of L.

Branes may be shifted as follows: for L= (L, fr) and ¢ € R, we have a shift map T,
given by T.(L, fr.) = (L, fr, + ¢). Moreover the natural action of D$jam.(M,w) on
exact Lagrangian lifts to an action on branes given by ¢} (L, f) = (¢} (L), HifL),
where

(2.1) HEf1 (6l () = fi o) + /{w A
HT) fycio,1]

Finally, let us see how CES diffeomorphisms act on branes. Let ¢ be a CES dif-
feomorphism of conformal ratio a. Choose a function h such that ¢*\ — a\ = dh and
denote by ¢ the pair (¢, k). Then any brane L = (L, f1,) has an associated brane

(2.2) S(L) = (L), (afr+hyp)ood™).

J.IEP. — M., ooo, tome 1



8 M.-C. Arnaup, V. Huminiire & C. ViTERBO

We see that this depends on the choice of h. For instance, if ¢ = (bﬁ{, o, 1s the time-¢
flow of a damped Hamiltonian, then a possible choice for h is

0
(2.3) h(z) = / e (1xy A+ H) o ¢ % (x)ds,
—t
which gives a lift ®%;  whose action on a brane L = (L, f) is given by QEQ(Z) =
( Z,Q(L%FL) where

0
(24) Fr(ez) = e fr(og,(2)+ /_ e (A@I’a(m) (Xt,0(hr,a () +H (aﬁ;,a(w))) ds.

2.2, LLAGRANGIAN SPECTRAL INVARIANTS AND THE LLAGRANGIAN y-DISTANCE. — Since our
manifold is convex at infinity, the Floer cohomology of any pair of closed connected
exact Lagrangian submanifolds L, L’ is well defined (see [Flo88, McD91, Vit99]) and
will be denoted by HF*(L,L'). The Lagrangians L, L’ are said to be Floer theo-
retic equivalent and we write L ~ L', if HF*(L,L") ~ H*(L) ~ H*(L'), where
the isomorphisms are induced by multiplication, i.e., there exist « € HF*(L',L)
and € HF*(L,L') such that « U - : HF*(L,L') — HF*(L', L") = H*(L') and
gU-: HF*(L',L) — HF*(L,L) = H*(L) are isomorphisms. In particular a U g =
l1e HF*(L',L') = H*(L') and BUa =1 € HF*(L,L) (see [AK18, Def. 3.5]).

DeriNtrion 2.2 We let I(M,w) denote the set of equivalence classes of connected
exact Lagrangians for the Floer theoretic equivalence relation.

The condition L ~ L' ensures that v(L,L’) is well-defined (see for example
[She22al). If £ € I(M,w) is an equivalence class, we denote by £ the corresponding
set of branes. Note that any £ € I(M,w) is stable under Hamiltonian isotopy but
could in general be bigger than the Hamiltonian isotopy class. In the case of a
cotangent bundle (T*N,w) it is known [FSS08, Kral3] that there exists a unique
equivalence class, which we denote by £(T*N).

A conjecture usually attributed to Arnold (and first published in [LS91]) states:

Consecrure 2.3 (Nearby Lagrangian conjecture). — Let L be an exact Lagrangian in
T*N, where L, N are closed manifolds. Then there exists a Hamiltonian isotopy such
that L = ¢(ON)

In dimension 4, some partial results towards the conjecture are known ([EP96,
Hin04, Kim20, DRGI16]), but nothing is known in higher dimensions. This conjecture
implies that the projection of L on N is a homotopy equivalence and that we have
an isomorphism HF*(L,0y) ~ H*(N). These have been proved independently (see
[FSS08, Kral3]). As stated in the introduction (Theorem 1.8), we establish a weak
version of this conjecture in Section 7.

Recall that if L and L’ are transverse, the Floer cohomology is defined from a
cochain complex whose underlying module is freely generated (over a ring A) by the
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HicreER DIMENSIONAL BIRKHOFF ATTRACTORS 9

intersection points of L and L’:

CF(L,L"):= @ Az
zeLNL’

Let now L = (L, fr), L = (L', fr) be branes associated to Lagrangians L, L'.
Then, the Floer complex may be filtered by the action of intersection points. Namely,
denoting the action by

Az (@) = fu(@) = fu (),
we have for any real number a a subcomplex
CFso(L,L'):= @ Az
xzeLNL’
‘AZ,Z’(E)>‘1
The homology of the quotient
CFo(L,L') = CF(L,L') | CF>4(L, L"),

will be denoted HF, (L, L') and called filtered Floer cohomology of (L, L'). The inclu-
sion of complexes induces a map i, : HF (L, L) - HF,(L,L’).

Remark 2.4. If L and L’ are not transverse, HF (L, L") is defined as HF'(L, L") for
any sufficiently small Hamiltonian deformation L” of L’ which is transverse to L. Then
HF(L,L") has a limit as L” converges (in the C* topology) and remains transverse
to L', and this is denoted by HF(L, L'). It does not depend on the deformation (see
e.g. [Sei08]).

Remark 2.5. (Generating functions) If L € £(7T*N,w) is Hamiltonian isotopic to
the zero section, then it admits a generating function quadratic at infinity [LS85],
i.e., a function S : N x R? — R such that S(x,£) coincides with a non-degenerate
quadratic form @ : R? — R outside a compact set and

L={(z,p) € T*N : I € R%, 9,S(z,&) = p, 9:S(x, &) = 0}.
The choice of S determines a choice of brane L for which we have canonical isomor-
phisms [Vit95, Mil00, MO97]
HF,(L,0y) ~ H*(5% 8~>)
for any a € R and where S* = {(z,¢) : S(z,£) < a} and S~ denotes S<4 for
A <<O.

For any transverse pair (L, L’) in the same class £ € I(M,w) we may now define
the spectral invariants of any corresponding branes L and L’. For any non-zero coho-
mology class « € H*(L), we set

Uo; L, L) = inf{a € R : iq(a) # 0}.
Spectral invariants were first introduced and studied by Viterbo [Vit92] using gen-
erating functions, and then extended to more general situations using Floer theory

by Oh [Oh97], Schwarz [Sch00], Leclercq [Lec08]. In [Lec08], even though he assumes
L' = ¢(L) it is clear that the construction extends to the general case when L, L’
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10 M.-C. Arnaup, V. Huminiire & C. ViTERBO

are Floer theoretic equivalent. It turns out that the map ¢(«, -, ) extends to all pairs
of Floer theoretic equivalent branes (L,L’) € £ x £ (not necessarily associated to
transverse Lagrangians). Moreover, these invariants have the following properties:

Prorosiriox 2.6. Let L,I' € £ and o € H*(L) ~ {0}. Then,

(1) (Spectrality) there exists x € LN L', such that {(a; L, L") = Af 7,(x);

(2) (Monotonicity and Hofer continuity)® for any Hamiltonian H € C°(S' x M)
the following inequalities hold:

Hy(x)dt < 0(o; ¢l (L), L) — £(o; L, L) H,(z)dt;
/mj\g (0 64 (D), T') — (a m;;

(3) (Shift) for any constant ¢ € R, we have:
Uo;L+e, L)) =o; L, L' —¢) =l L, L) + ¢

(4) (Conformal invariance) for any CES diffeomorphism ¢ of conformal ratio a,
we have

e o(L), $(L')) = al(¢*a; L, L');
in particular, this does not depend on the choice of lift q~5 of ¢;

(5) (Triangle inequality) for any third Lagrangian brane L" € £, and any class
such that o U B # 0, we have

HaUB; L, L") > (a; L, L)+ €(B; L', L").

We may now define the spectral distance as in [Vit92] and [Vit22b].(Y) Given two
equivalent Lagrangians L, L', and two choices of respective branes L, L', we set

oL, I') = max{0, ¢(; T, ')} — minf0, £(1; I, )},

where p and 1 respectively denote top-degree and 0-degree generators of HF™*(L).
We also define

(L, L") = (3 L, Z’) —£(1; L, E’)

Note that by the shift property in Proposition 2.6, the real number (L, L") does not
depend on the choice of branes L, L’. Moreover, we have v(L, L') = inf ¢(L, L') where
the infimum runs over all branes E, L'of L, L' ([Vit22b, Prop. 5.2])

The proposition below follows immediately from the fourth item of Proposition 2.6
and plays an important role in our story.

(3)We recall that the Hofer norm of ¢ is the infimum of fol [max, Hi(z) — ming H¢(x)] dt over all
Hamiltonians H generating ¢ at time one. Property (2) in Proposition 2.6 implies that the spectral
norm -~ is continuous with respect to Hofer norm.

(HMore precisely, [Vit92] defines « via generating functions and [Vit22b] defines ¢ via sheaves
but these are equivalent to the Floer theoretic version we give according to [MO97] and [Vit19]
respectively.
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Prorosirion 2.7. Let £ € I(M,d)\). Then, ¢ is a distance function on L and v is
a distance function on £. Moreover, for any CES diffeomorphism ¢ of ratio a, any
L, L' € £ and any lifts ¢, L, L' of these objects, we have

c(¢(L), p(L")) = ac(L,L') and ~($(L),$(L') = a~(L,L").

The distance v is called the spectral distance. The metric spaces (£,~) and (£, ¢)
are not complete (and not even Polish, see [Vit22b, Prop. A.1]). We denote their
respective completions by € and £. Their study was initiated in [HumO8] (in their
Hamiltonian version in R?") and pushed further in [Vit22b].

Remark 2.8. — The following operations extend to completions in a very natural way.
All these operations obviously still satisfy properties (2)—(5) from Proposition 2.6.

(1) The natural projection u: L — £, (L, fr) — L is 1-Lipschitz hence extends to
amap u: L — £. This extension is surjective [Vit22b, Prop. 5.5].

(2) The group DHam.(M,w) acts by isometry on £ and £. Therefore, this extends
to actions of ®$Ham.(M,w) on € and £. We will use the same notation for these
actions as before taking completion; namely we will write ¢ (L) and ¢k, (L).

(3) By Proposition 2.7, any CES diffeomorphism of ratio a acts as an a-Lipschitz
map on £ hence extends to a self-map of g.

(4) The shift map T, also acts as an isometry on £, hence extends to a map
T : L L.

(5) For any class «, the spectral invariant ¢(«;-,-) is Lipschitz on £ x £ hence
extends to £ x L.

Examrre 2.9. — Let f be a smooth function on a closed connected manifold N.
If L =Ty is the graph of df, uy, 1n are the generators of H"(N), H’(N), then

clun,T'y) = max f(z), c(ln,T'y) = min f(z),

and the other ¢(o,I'y) are critical values of f obtained by minmax on the cohomology
class o, i.e., setting f¢={x € N | f(z) < c},

c(a,Ty) =inf{c: a# 0in H*(f°)}.

2.3. Tue vy-suerort. — We fix a given class £ € I(M,w) throughout this section. The
elements of the completion € are very abstract objects. Indeed, by definition, they
are certain equivalence classes of Cauchy sequences of Lagrangian submanifolds with
respect to the spectral distance. The y-support addresses this issue by associating to
any element in € a closed subset of M.

Derinirion 2.10 (v-support, [Vit22b]). — Let L € €. The ~v-support of L is the set
of all z € M such that for any neighborhood U of x, there exists ¢ € DHam.(M,w)
supported in U which satisfies

(L) # L.
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In other words, a point = does not belong to v-supp(L) if any Hamiltonian diffeo-
morphism supported in a sufficiently narrow neighborhood of = leaves L invariant.
Note that this is analogous to the definition of support for distributions, where com-
pactly supported Hamiltonian diffeomorphisms play the role of test functions.

We will also need the following

Derinrrion 2,11 ([Ush22, Vit22b]). — A locally closed subset V' in a symplectic man-
ifold is ~y-coisotropic if for any « € V there exists a ball B centered at x such
that for any smaller ball B" C B centered at z, there is 6 > 0 such that for any
¢ € DHam.(M,w) supported in B,

p(VYNB =2 = ~(¢) > 0.

From [Vit22b], we may assert that if V is v-coisotopic, then it has Hausdorff
dimension at least n, and that a closed submanifold is 7-coisotropic if and only
if it is coisotropic in the usual sense. The y-support is well behaved in many respects.
We refer to [Vit22b] for the following proposition which lists some important proper-
ties of y-supports.

Prorosition 2.12. — The following properties hold.

(1) (Regular Lagrangians) For any smooth Lagrangian L € £, we have y-supp(L)=L.

(2) (Invariance) For any CES diffeomorphism ¢ (e.g. if ¥ € D9Ham.(M,w)), and
for any L € E, we have

¥-supp(¢ (L)) = ¢ (vy-supp(L)).

(3) (y-coisotropic) For any L € £, v-supp(L) is y-coisotropic

(4) (Semi-continuity) For any open subset U and any sequence Ly, € E, k > 0, with
y-supp Ly C U which y-converges to some L € [y for all k > 0, then y-supp(L) C U.
In other words, we have

y-supp(L) € (U ~y-supp(Lx).
ko0 k>ko

Remark 2.13

(1) The ~-support does not determine L € E, unless the ~v-support is an
n-dimensional manifold ([AGIV26]).

(2) It is not known whether for a given L € anda neighborhood U of y-supp(L),
we can always find a sequence (Ly)g>1 converging to L and contained in U.

Remark 2.14. — Homeomorphisms which are C°-limits of Hamiltonian diffeomor-
phisms are sometimes called Hamiltonian homeomorphism. Since the ~y-norm on
DHam.(M,w) is C° continuous,®) the natural action of Hamiltonian diffeomor-
phisms on € extends to an action of Hamiltonian homeomorphisms on €. It then
follows from Proposition 2.12(2) & (4), that

7-supp(¢ (L)) = ¢ (y-supp(L)).
holds for any Hamiltonian homeomorphism ).

(5)This follows from [Vit92] on R2™ and [BHS21] for the general case.
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The ~-support has many more properties. For instance, it is known that in a
cotangent bundle T* N, it has non-trivial intersection with all fibers as well as with
every closed exact Lagrangian submanifolds. We refer the reader to [Vit22b] for more
details on y-supports.

We will also need the following lemma.

Levma 2.15 ([Vit22b, Lem. 6.12]). Let L € £ correspond to an element L € £, and
let H be a Hamiltonian for which there exists C € R such that H(t,z) = C for any
t € S, @ € y-supp(L). Then ¢}; acts on L as a shift:
¢ (L) = To L.
Note that in the case L € £ is a genuine smooth brane, this would follow immedi-
ately from (2.1).

3. THE GENERALIZED BIRKHOFF ATTRACTOR

3.1. Proor or Tureorem 1.1 axp FirsT PrROPERTIES. — In this section we assume that
¢ is a conformally exact symplectic diffeomorphism with a # 1, on some Liouville
manifold (M,w = —d\).

Our first task will be to prove a generalization of Theorem 1.1 to such manifolds.
In fact we will prove a refined version which applies to Lagrangian branes and obvi-
ously implies Theorem 1.1. We will then end the section with some extra properties
and remarks.

Recall that ¢ not only acts on E(M ,w), but also on the completion of Lagrangian
branes E(M,w) with respect to the metric ¢, by Remark 2.8.

Turorem 3.1. Assume that (M,w) admits a non-empty class of closed exact
Lagrangian submanifolds £ € I(M,w) which is preserved by ¢ and denote by L the
corresponding class of branes. Then for any lift ¢ of ¢, there is a unique element Lo

in the c-completion L such that a}(im) = EOO. As a consequence, denoting by Lo

the element ofﬁ corresponding to EOC, the subset
B(¢) = y-supp(Lo)

is an invariant, closed and y-coisotropic subset of ¢.
This result obviously implies Theorem 1.1.

Proofof Theorem 3.1. — Changing ¢ to ¢~! we may assume a < 1. Then ¢ acts on
L(M,w) as a contraction, by Proposition 2.7. By Picard’s fixed point theorem, (;~S has
a unique fixed point Lo € E(M, w). By Proposition 2.12(2), we must then have
@(y-supp(Leo)) = y-supp(Leo ). Finally B(¢) is v-coisotropic by Proposition 2.12(3).

O

We also have
Prorosition 3.2. — Assume that B(¢) contains a closed exact Lagrangian submani-

fold A. Then the union of the images ¢*(A) (for k > ko) is dense in B(¢).
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Remark 3.3. It is interesting to compare the above result with Question 3 studied
in the appendix.

Proof. — In this situation, the fixed point L. (¢) must be the y-limit of ¢*(A). But
then, by the fourth item of Proposition 2.12,

B(¢) = y-supp(Loo) C N U y-supp(¢*(A)) = U o*(A).

ko k>ko ko k>ko

Since on the other hand U, -, #%(A) C B(¢) for any kg, this implies that the union
of images ¢*(A) (for k > ko) is dense in B(¢). O

We can say more if the following conjecture holds

Consecrure 3.4 (Viterbo [Vit23]). — For any r > 0, the metric v is bounded on the
space of exact Lagrangians which are included in a disc bundle {(q,p) € T*N : ||p|| <r}.

This conjecture is known to hold on a large class of manifolds, for instance S™, T",
compact Lie groups, compact homogeneous spaces and others [She22b, She22a,
GV22a, Vit22a].

Cororrary 3.5. — Assume Conjecture 3.4 holds for N. If B(¢) contains a closed
exact Lagrangian A, then B(¢p) = A.

Proof. — Indeed, (¢ (A), Loo(0)) = v(¢7*(A), 0¥ (Loo(0)) = a™"y(A, Leo(9))
goes to +oo. But since A C B(¢), $~¥(A) remains bounded, this contradicts the
conjecture. O

Remark 3.6. — The set B(¢) is the minimal invariant set of the form ~-supp(A),
A e E(M,w). Indeed, if vy-supp(A) C B then y-supp(¢(A)) C B, since the sequence
@*(A) ~-converges to Lo, and each element has support in B, we deduce that the
sequence ¢ (y-supp(A)) must be dense in B(¢).

Question 3.7. — Are there examples where we can find an invariant set strictly con-
taining B(¢) and of the form ~v-supp(A)?

3.2. CONNECTION WITH THE BIRKHOFF ATTRACTOR FOR THE ANNULUS. — We refer to
[LC86] and [LC8T7] for details on the classical Birkhoff attractor, whose construction
we now recall.

Let us consider the annulus A = S' x [~1,1] supposed to be contained in the
sphere S? as the thickening of the equator. Let ¢ be dissipative map of A, i.e., there
exists & < 1 such that for all measurable sets U, we have p(¢(U)) < ap(U). We assume
that ¢(A) C S' x (=1,1). Then the set Co = (1,5, ¢"(A) is an invariant set, and has
measure zero. As a decreasing sequence of compact connected sets, it is compact
connected. Furthermore, Cy is the largest compact invariant subset of A. If we set
U,UV,, = AN ¢"(A), where U, is the connected component containing S! x {1} and V,,
the connected component containing S* x {—1}, we have Uy = U,, Un, Uy = U, Va
satisfy Uy UU; = A\ Co.
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But we can find a smaller invariant set by “cutting out the hair” from Cy. In other
words Cj is a compact connected subset separating S? in two simply connected sets,
Uy, Uy such that S2\ Cy = Uy UU, . Then if Fr(U;") = denotes the frontier of U;",
C1 = Fr(Uf) NFr(Uy ), then Oy is contained in Cp and is an invariant set. It is
obtained by removing the points of Cy which are not adherent to both Uy and U,
(see Figures 1 and 2). We shall denote by U1+ ,U[ the connected components of
A~ C;. We then have Cy = Ui— NU, = Fr(U{") = Fr(U; ). The subset C; is called
the Birkhoff attractor of ¢.

Since the subset B(¢) from Theorem 3.1 is a compact invariant subset, we have
B(¢) C Cy. However, B(¢) cannot be equal to Cp, because C can be non -coisotropic
at certain points e.g. at the end of the hair (see Figure 1) for the same reason [0, 1] C R?
is not ~y-coisotropic at 0 or 1.

Figure 1. The invariant set Cy : it is not ~y-coisotropic for example
at the points marked “e”. The blue set is Ug‘ , the pink set is Uj .

Fieure 2. The invariant set C1.
We are now ready to prove Theorem 1.3, namely the fact that our invariant subset
B(¢) coincides with the Birkhoff attractor Cy(¢).

Proofof Theorem 1.3. — As a first step, we prove the inclusion

(3.1) B(¢) C C1(9).

To prove this inclusion, we need to consider for a € [—1, 1], the set £,(A) of simple
curves homologous to S! x {0}, with Liouville class a € H!(S},R) ~ R. We have
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La(A) = 7,£(A), where 7, denotes the translation (z,p) — (z,p + a). Note that ¢
sends £4(A) to L4 (A).

We will show that for any A in £,(A), the sequence of exact curves A, =
T_ake®®(A) converges with respect to 7 to the fixed point L. (¢). By taking
A =S! x {a} for a close enough to 1, we have A C Uy, and by [Vit22b, Prop. 6.17],

~v-supp(Loo(¢)) C limkinf A, = limkinf (A C limkinf Uy = Uil+

Similarly y-supp(Leo(¢)) C U7f and (3.1) follows since B(¢) = y-supp(Loo(¢)).

Let us now prove our claim, i.e., that Ay ~y-converges to L.,. We will first prove
that Ay is a Cauchy sequence. For all k > 1, we set fr = T_,kqPTar—-14, SO that
Ar = fr(Ak—1). We have that fr converges to ¢ for v, and the f; (and ¢) are
a-contractions on E(A)

We now have the following fixed point theorem for which we have not found any
reference.

Provosirion 3.8. — Let (T)r>1 be a sequence of maps from a complete metric space
(X,d) to itself. Assume that

(1) there exists a € [0,1) such that, for all k the map Ty is a-Lipschitz;

(2) (Tk)k>1 converges uniformly to a map Too.
Then for any x € X, the sequence Ty, 0o T_1 0---0T1(x) converges to T, the unique
fized point of Ts.

Proof. — We know that T (x) converges to 2., by the standard proof of Banach’s
fixed point theorem. Now we set

up = sup d(Ty 0o Ty_q 0--- o Ty(x), T (x)).
zeX

We have
d(Ty 0o Ty—y0---oTy(x), T (x))
< d(Tjy 0 Ty—y 0+ 0 T (2), To(To " (2)) + d(Ti(T5 (2)), Too (T2 ()
<ad(Ty_y0---oTy(x), T5  (x)) + d(Tk, Tno ),
which means, setting e, = d(Tk, Too) = sup,e x d(Tk(2), Too(x)),
Up < QUg—1 + €.

Moreover u; is finite, since we may always assume d(7T, T, ) < +00. Using the identity

n—2
n—1 j
Up — " U = g o (Un—j — QUp_(j41)),
j=0

this implies that

n—2
j -1
Uy < E aen_j+a" Tu.
Jj=0
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If A is a bound for the sequence (ex)r>2 and for k > r we have ¢ < ¢, then

-2 - -2
Up < odep_j+a" up <e o « <14 o T
=0 =0

j=n—r+1

Clearly this is bounded by 2¢/(1 — «) for n large enough. We thus proved that uy =
d(TyoTy_10---0Ti(z), TE (z)) converges to 0, hence T}, 0T, 0---oTy(x) converges
t0 Too- O

Revark 3.9. — In the assumptions, it is of course sufficient to assume that the con-
vergence from T} to T, is uniform on bounded sets. Indeed, we only need to bound
the distance d(Tx(T% 1 (2)), Too (T 1(x))) and we know that the sequence TX (z) is
bounded.

Applying the above Proposition to fi and ¢, we conclude that ~v-lim Ay = A
with Ay, = L. In other words, the sequence A converges to L. This proves our
claim and concludes the proof of the inclusion (3.1).

We now turn to the proof of the equality. By Proposition 6.10 in [Vit22b], the
subset B(¢) = v-supp(Loo(¢)) intersects all curves isotopic to the vertical. Therefore,
it is an annular set, i.e., it separates the annulus.

So A N\ B(¢) = WT UW~, the two unbounded connected components of the
boundary, as there can be no bounded connected component, otherwise the union of
such components would be invariant and being open have non-zero measure. Since
B(¢) C C1(¢), we must have A~ C;(¢) C A~ B(¢) hence Uj" C WT and U; € W—.
Let us prove that we have equality in both inclusions. Indeed, let = € W+ \ U;".
Then there is a positive ¢ such that B(z,e) C W, hence d(z, W~) > e. But then
d(x, Uy ) > e since U, € W~. But if # ¢ U;” we must have z € U; and d(x,U; ) =0
a contradiction. So we must have U;” = W+ and U; = W~ and we may conclude

B(¢) = Ci(9). O

The following example of y-support then follows from the work of Birkhoff ([Bir32]
and Marie Charpentier ([Cha34]). Remember that a continuum is a connected com-
pact metric space. It is indecomposable if it cannot be written as the union of two
non-trivial (i.e., different from the whole space and the empty set) continua. Note
that a closed curve is not indecomposable.

Cororrary 3.10. There exists a conformally symplectic map such that y-supp(Leo)
is an indecomposable continuum.

Proof. Note that Birkhoff’s construction in [Bir32, §7] is not only dissipative (i.e.,
strictly reduces the areas by a factor bounded by « < 1), it is a conformally symplectic
map of ratio 1 — € for € > 0. Moreover Birkhoff proves that in this example, the
Birkhoff attractor has two distinct rotation numbers. According to M. Charpentier
([Cha34]) this implies that C} is an indecomposable continuum. But by Theorem 1.3,
this implies that y-supp(L) is an indecomposable continuum. |
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Remark 3.11. Even though this is quite far from the subject of this article, accord-
ing to [AGH™ 23], the y-support of L, coincides with the reduced singular support of
its quantifying sheaf (defined in [GV22b]) F_ belonging to the derived category of
limits of constructible sheaves. Thus there exists a limit of constructible sheaves such
that its singular support in T*(S! x R) \ Og1 g is an indecomposable continuum.

4. Tue prscountED HAMILTONIAN-JACOBI EQUATION AND
THE BIRKHOFF ATTRACTOR

The goal of this section is to prove Theorem 1.5. The proof will use discounted weak
KAM theory and graph selectors. We introduce the relevant material from weak KAM
theory in Section 4.1 and for graph selectors in Section 4.2. The proof of Theorem 1.5
is then done in Section 4.3.

In this section we work on a cotangent bundle M = T*N, where N is a closed
manifold, endowed with the standard Liouville form A. We fix a Riemannian metric
on N and denote by [p[| the (dual) norm of an element p € Ty N. We assume that
H : T*N — R is an autonomous Tonelli Hamiltonian, i.e., that its second order
fiberwise derivative is positive definite and that H(q,p) goes to +oo as ||p|| — oo.

It is proved in [ASZ24] that if C = max{H(q,0);q € M} is the maximum of H
on the zero-section, then H is a strict Lyapunov function on Uy = {H > C} for
(0" 11.o)- Hence the conformally Hamiltonian flow (¢ 5 ,) is defined for all positive
times. However, it is not always complete for negative times (see also [MS17]). This
implies that the compact subset
(4.1) Ky =T*N~ Uy

is forward invariant by ¢t H.o» and contains the w-limit set of every point and for
every compact subset K, there is a positive time such that ¢t H.a (K) € Xp. This
last point implies that the Birkhoff attractor By o of ¢ H.o 1S compact (and contained
in Kg7). Then, the largest invariant compact set is Ku o = (509" g7.0(Kar), which
also contains By q.

We recall [CIPP00, Prop. 18].

Prorosition 4.1. — Given a Tonelli Hamiltonian H : T*N — R and k € R, there is a
Tonelli Hamiltonian Hy, convex and quadratic at infinity such that Hyo(x,p) = H(z,p)
for every (x,p) such that H(x,p) < k.

If H is Tonelli, we choose k € R such that H is a Lyapunov function on {H > k}
and pick Hy as in the above proposition. Then (¢ ;; ) and (¢* p, ) have the same
Birkhoff attractor, that is contained in {H < k}.

Reminders on discounted weak KAM theory are given in Section 4.1 below. The
weak KAM solution is also the viscosity solution of the discounted Hamilton-Jacobi
equation
(1.1) au(z) + H(z,du(z)) = 0.

In [DFIZ16, p.38], it is explained that for k large enough, the viscosity solutions
of au(z) + H(z,du(x)) = 0 and au(z) + Ho(x,du(z)) = 0 are the same. Hence,
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replacing H by Hy, we can assume in the remainder of the article that the dis-
counted flow of —H is complete. Moreover, if there exists a constant C' such that
|0p,H - p| < C|H]|, then X_g , is complete. In both cases, there is a maximal invariant
compact subset that will be denoted by Ky . It contains the Birkhoff attractor B o
of ¢t H,o- Recall that By o is by definition the y-support of the unique fixed point
Loo(H,a) of ¢* ., in £. The flow ¢" i1 determines an action ®* 5 | on the space
of branes £ given by formula (2.4), which we now recall for the reader’s convenience:
' g (L fr) = (8" g o (L), FiL) where

FL() = e u6 Tl o) | (M) (X000 110 ()~ H (8 1.0(2)) ) s

The unique fixed point of ®! Ho i1 E, which is provided by Theorem 3.1, will be

denoted by Lo (H, ).
We define the function Uy o : Ku,o — R by

0
UH,Q(:'C) = / eat <)‘¢in&(1) (X*H,Oé((btfH,a(x))) - H(¢2H,a(x)))dt

—00
4.1. Discountep weak KAM tneory. — To H Tonelli, we associate a Lagrangian
function L : TN — R and the discounted Lax-Oleinik semi-group (T%; ,):>0 is defined
on the set of continuous functions C°(N,R) by

@) The =t (Cue0)+ [

~:[—t,0]—>N,0—¢q —t

0
e L(1(s),3(s))ds).

where the infimum is taken over all absolutely continuous curves v ending at g. Since
T o1 — T qtzlloe < €™ lur — uz|loo, the semi-group has a unique fixed point
called discounted weak KAM solution and denoted by wg, . Moreover, for every u €
C°(N,R), the functions T}LQU converge uniformly to ug o as t goes to +oo.

Then we have
(4.3) ¥t>0, wupa(q)=  inf (e*atuH@(’y(ft)) +/

~v:[—t,0] =N —t
O—q

0

e (L(3(5), 4(s)))ds ).,
and

0
(4.4) ()= inf /eatm(tm(n)dt,

¥:]=00,0]=+N,0—=q J _ o

where the infimum is taken over all absolutely continuous curves v : | — 00,0] — M
such that v(0) = ¢g. Moreover, there exists a curve v, : | — 00,0] = M such that we
have equality in (4.3) and (4.4); see [DFIZ16, App. B]. It then follows from a classical
computation that this curve is a solution of the discounted Euler-Lagrange equations
d

%(eo‘t&,L) =9, L.

Recall that a covector p € T,y N is a super-differential of a function w if there
exist a local coordinate chart around w and K > 0 such that for any ¢ we have:

u(q) — u(qo) < p(q — o) + Kllg — qol*.
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Prorosirion 4.2. If the infimum in (4.4) is attained at a curve v :]—o00,0] = M,
then the covector 0, L(y(0),%(0)) is a super-differential of ug, at ¢ =7(0).

Proof. — We use ideas similar to the proof of [Fat08, Prop.4.11.1] (see also [Ber08]).
We choose v : | —00,0] — N such that the minimum in (4.4) is attained at 7. We work
in a coordinate chart around ¢. Let Q) be close to ¢. Fixing a large real number A > 0,
we denote by 71 : | —00,0] = N the arc such that v1))—oc,—1/4] = V|]—00,—1/4] and in
our chosen chart

Vo € [-1/A4,0], (o) =~(0) + (1 + 40)(Q - 9).
Note that v1(0) = Q. We deduce from (4.4) that up o(Q) < fBOO e L(y1(t), 41(¢))dt,

hence

wi.a(Q) — ur.alq) < / ¢ (L(31(0),41(0)) — L(3(0),4(0))) dor

—1/A

N

0
/ e*? (3qL(7(U)7 V(@) (o) =7(0)) + 9, L(7(0),7(0)) (1 (o) = ¥(9))

—1/A
+Clm(o) =v(@)|? +Clli (o) — ﬁ(a)llz)da

for some constant C' > 0.
Using integration by parts, and the fact that v is a solution of the Euler-Lagrange
equations, we deduce

w0(Q) = wna(0) < [0, LG(0) @) n() = @) +ClQ-al?

for some C’ > 0 independent of A. Letting A go to infinity, this yields

uH,a(Q) < uH,a(Q) + avL(V(O)’V(O))(Q - Q) + C/HQ - QHQ'

This shows that 9, L(y(0),%(0)) is a super-differential of ug 4. O
Prorosition 4.3. — For every ¢ € N, we have
uH,oc(q) = min UH,a(q7p)'

pET; NOKH,O{

Moreover, at every p € Ty N N Kp o where the minimum is attained, p is a super-
differential of up o at q.

Proof. — For x € Ky o, we set (g, pr) = ¢* g (). Then

Maeps) (X —H,a(qe,0)) — H(qe, pe) = pede — H(qe, pe) = L(qs, Gr)-
We deduce from (4.4) that

0
Una(z) = / e L(qy, g )dt = um,a(q).
— 00
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We know that there is a solution vy : | — 00, 0] — N of the Euler-Lagrange equations for
which we have equality in (4.4) for ¢ = go. This implies that x = (7(0), 9, L(y(0), ¥(0))
satisfies

0
Unalz) = [ e L0 4(0)dt = waalan). 0
4.2. GRAPH SELECTORS. The first version of graph selector is due to Sikorav and

Chaperon ([Sik89, Cha91]), and was studied in [OV94, Vit96] in the case of a Lagran-
gian Hamiltonianly isotopic to the zero section (this is always the case for the Lagran-
gian occurring in the evolution Hamilton-Jacobi equation) and using Floer homology
by Oh ([Oh97]). The general case (without assuming L Hamiltonianly isotopic to Oy )
was first written by Amorim-Oh-Santos (JAOOdS18]). In a different vein, the selectors
are defined by Guillermou from the sheaf-theoretic viewpoint ([Vicl2, Gui23]).

We recall that every L= (L, fr) € L(T*N,w) has a unique graph selector that is a
Lipschitz continuous function uz : M — R. If L is C*, there exists an open subset U 7
of N with full Lebesgue measure on which uy is C**+1 and such that for any ¢q € Uz
we have:

dui(q) € L and wu;z(q) = fr(duz(q)).
Moreover, if L; = (L;, f1,) € £(T*N,w) for i = 1,2, then

||uz1 — UZQHOO < c(Ly, Lo).

Hence the graph selector can be continuously extended to the completion E(T* N,w).

The value of uj(x) is in fact a spectral invariant for the pair (L,T;N) and the
above inequality follows from the triangle inequality in Proposition 2.6 applied to the
Lagrangians Ly, Lo, Ti*N (strictly speaking Proposition 2.6 does not apply directly
since T* N is not compact, but its proof extends verbatim to this setting, see [HLS16,
Th. 16]). When L is Hamiltonian isotopic to 0y, the above inequality also follows from
the reduction inequality from [Vit92] and is mentioned for example in [CVO08, p. 263].
The general case can also be proved for example from [Vicl2, Prop. 8.13] by taking
Fo = ky, F1 = Fp,, Fg = F, yielding up, () — up,(z) = ¢(1; Ly, La).

Prorosition 4.4. — For every u € C?(N,R), TIt_Lau is the graph selector of
D ;. (graph(du), u).

Proof. — Tt is proved in [Rool9] that when u is C? and H; is Tonelli and time

dependent, then TF qju = ug: In our case, we consider the iso-

* m.0(graph(du),u)-

topy (¢, Logt H.o)- It is generated by the vector field
Y = ( O_,ta)*X—H,Oz — Xo0,a;

which is associated to the Hamiltonian —J, where

Hy = (e *Ho (;567(1).

As ¢} , preserves the fibers and its restriction to every fiber is linear, J; is Tonelli.
Moreover, since ¢f ,(¢,p) = (g,e”*'p), the Lagrangian function associated to H;
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is e L. We deduce that the Lax-Oleinik semi-group (7"*) associated to H is related
to the discounted Lax-Oleinik semi-group (TfIQ) by

Th ou =T (e "u).

Because ¢' 5, = ¢' 4 0 ¢} ,, We have also @ ;; | = &' 5 0 @ , and then, for every
u € C%(N,R),
®L p  (graph(du), u) = ®L 4 (graph(e™*"du), e™*"u).

Finally, as H is Tonelli, we know that T*(e~“*u) is the graph selector of the Lagrangian
', (graph(e”**du), e~ *u) and this gives the wanted result. 0

CoroLrary 4.5. — wup,q is the graph selector of EOO(H, Q).

Note that, as shown in the appendix, this corollary does not hold without the
Tonelli assumption on the Hamiltonian.

Proof. — We pick any u € C?(N,R), for instance u = 0. We know that

q)t— H,« (graph(du) ) U)

c-converges to Lo (H, ) as t goes to +0o. We deduce that the graph selector TIt{,au

of ® ;; (graph(du),u) converges uniformly to the graph selector of Loo(H,a) as t
goes to +o0. But we also know that T} ,u converges to up o. This concludes the
proof. O

4.3. Proor or Tueorem 1.5. — The following lemma records formulas that will be
useful later in the proof.

Lemva 4.6. — Let o be an exact symplectic diffeomorphism of T*N and S be a
function satisfying v*A — X\ = dS. We consider F'= H o1 — aS. Then the following
identities hold:
XfF,a = w*XfH,om (biF,a = 'l/}_l o ¢t—H7a o 1/1, KF,oz = 'l/)_l(KH,oz);
LOO(H705):¢)(LOO(F30‘))7 UF,Oé:UH,aO"/)*S'

Proof. — The vector field associated to the flow (¢ 1o ¢! ;; o) is Y =¢*X_p 4,
thus the second identity follows from the first one. Moreover, since 1 is symplectic,
we have

lyw = '(/)*(inH,aw) = ¢*dH + aw*)\ = d(H ¢} w) +aX+ adS = dF + al.

Hence Y = X_p,. We deduce that Kr, = v (Kpo) and X_po = ¥v*X_pg .
We deduce from Proposition 2.12 that Lo (H, a) = (L (F, a)).
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Finally, for « € Kp.a, we have
Ura@) = [ e (e, X ral6 pal@)) ~ o pae)a
= [ ot (DU X 10 2) ~ FU6L (o) )l
= [ (ot (o6 avio)
—d(S 0 )0 1 0¥ (@) X t10(0 .0 ()) )
 (H0 10) — 05 671 0L 0(0)

0
d -
—Unav(e)) = [ S(S0u oy a0(o)de
= Un.a(d(x)) = S(2). 0
Proofof Theorem 1.5. — . Let ¢ € N be a point where ugy , has a derivative. Let B

be a small ball centered at (¢, dufro(g)). Our goal is to build a Hamiltonian diffeo-
morphism ) with support in B so that Lo (H, ) # ¥ (Lo (H, «)). By definition of
the ~-support, this will imply that (¢, dum,a(¢)) € B, and conclude our proof of
Theorem 1.5.

Let (f;) be a C%-small isotopy of diffeomorphisms of the cotangent fiber T;N so
that fy = IdT; ~, the support of the isotopy is in a small ball centered at dum, o(q)
and we have f1(dum,o(q)) # dum,o(q).

We extend (f;) to a symplectic isotopy (g¢;) in a small Darboux chart by the formula

91(Q, P) = (¢ +"Df(P)~1(Q — q), fu(P)).
Since (f;) is C?-close to identity, g; is C'-close to identity, thus its admits a generating
function (@, P;) such that
(4.5) 9:(Q,P) = (Q., P,) = {Qt = 0p,1(Q, Pr),
P = 8QTt(Q,Pt).

More precisely, we have

Tt(Qth) = <(ft)_1(Pt)vQ - C]> + <Pth>'

Using a bump function n around ¢, we set

01(Q, P) = n(Q)m(Q, P) + (1 = n(Q))(P, Q).
The function o; is the generating function in the sense of (4.5) of an exact symplectic
diffeomorphism h;, which is close to identity, and whose support is contained in a
small neighbourhood of (¢, dup o (q)). As oy = 7 in a neighbourhood of T, N, we have

h(TyN) =Ty N, hi(q; dus,a(q)) # (¢; dum,a(q)) and oyrsn = Tyr: N-
Moreover, if we let (Qy, P;) denote h,(Q, P), we have

hiX — X = PdQ; — PdQ = d({(P;, Q1)) — QidP; — PdQ = d({P;,Q¢)) — doy.
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Thus, we have hf A — A = dX; where ¥; = (P, Q:) — 0¢. Note that on the fiber T;N,
i.e., for QQ = ¢, we have

Se=(P,Qu) — 1 ={(Qe—q,P) — ((f0) " (P),Q —q) =0.

As h; is close to identity and X; close to the zero function, the Hamiltonian F =
Hohy—aXl; is Tonelli, which implies by Corollary 4.5 that ug o is the graph selector of
Loo(F, ). By Lemma 4.6, we also know that Lo (F,a) = hi'(Loo(H,a)). Thus, if we
prove that up, — um,q is not a constant function, we will deduce that Lo (H, o) #
Loo(F,a), hence Lo (H,a) # hy*(Loo(H,a)). We will then have reached our goal
explained at the beginning of the proof.

By Lemma 4.6, Ko = h ' (Kpr4), hence

KpaNTyN =hy' (Kgo NT,N).

We also have Up,o = Ug,n0h1—X1 and
Using Proposition 4.3, we deduce the following equalities:

r:n = 0, hence Upa|rsm = Un aohi|rsn.

UH,O((Q) = peT;n]\lfir;]lKH,a UH,a(Qap) = UH,a(Qa duH,a(Q))a

per it Uraohi'(0:0) = Ura o b (g, duna(0)

min UF,a(va) = UF,a (hfl(Q7 duH,a(q)))a

PET; NOKF o
UF,a(Q) = UF,(X (hl_l(Q7 duH,a(Q)))

Proposition 4.3 then implies that k] (g, dup,q(q)) is a super-differential of ug . at g.
Since by construction hy (g, dum.a(q)) # (¢, dum.a(q)), we deduce that up, — g o
admits a non-zero super-differential, hence is not a constant function. O

4.4. Tue TIME DEPENDENT cAsk. — We can adapt the above proofs to the time-
dependent setting. We assume that H : T*N x T — R is a Tonelli Hamiltonian such
that:

. the time-dependent vector field X_p, o is complete,
. there is a compact neighborhood of the zero section which is forward invariant.

The evolutive discounted Hamilton-Jacobi equation is in this case

d
(4.6) aut(x) + aug(x) + He(z, dur(x)) = c.
The Lagrangian action functional Ay, is defined for ¢; < t5 and z,y € N by
12
Attt = it [ e s (9.4 (5)ds
’y:[t17t2]~>N t1

ti—x,ta—y
where L is the Lagrangian function associated to H. The cost function c: N x N — R
is defined by c¢(z,y) = Ar(x,—1;y,0). Observe that it is a continuous function. For
every u € CY(N,R) and t; > t5, we define
Tl?,ilu(Q) = qi/relg\[(ea(t27tl)u(q,) +e M AL (] b q,t1)).
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We have then Tlti’otzl oTItf”Ci2 = Tltf:oil and T;};l’tﬁl = T;j’f. The discrete Lax-Oleinik
operator is also defined by T = TSI’}Q, ie.,

TJu(q) = inf (e *u(q¢’) +c(d’,q)).

(q) q,EN( (¢)+c(dq)

The weak KAM solution is then the unique fixed point of J. Using the continuous-
time dependent setting, we can adapt the proof of the autonomous case and deduce
that the pseudo-graph of the weak KAM solution is contained in Birkhoff attractor
of the time-one map of the Hamiltonian isotopy.

5 ThE LiviT o — 0 AND THE PENDULUM WITH FRICTION

The goal of this section is twofold. First we want to understand what happens to
the Birkhoff attractor of the composition of a conformal and a Hamiltonian diffeo-
morphism when the conformal factor a = e~ converges to 1. We shall see that there
are several possible limits, yielding invariant sets. One could hope that this limit
of invariant sets, each of which is a 7-support of some element L., («) in E(M W)
could correspond to the y-limit of the Lo (). In a second part we show that this is
unfortunately not the case even in the simple case of the pendulum.

5.1. Invariant sets For Hamirronian rrows. — Let us consider a Liouville vector
field, with flow x?®, so that (x*)*A = e~ “\. Let ¢ be a Hamiltonian diffeomorphism.
Then x* o ¢ is also conformal of ratio e~ = a. For each « > 0, we let B*(¢) denote
the Birkhoff attractor B(x® o ¢). Using compactness of the Hausdorff topology on
compact sets we may define

Derinition 5.1, — We assume that the B*(¢) remain in a compact subset as « goes
to 0. We denote by B~ (¢) (resp. BT(¢)) the inferior limit (resp. superior limit) of

B(9), i,
B (6) = lim inf B*(9),
BT (¢) = limsup B*(¢).

a—0
Moreover, we denote by B%(¢) any lim sup or liminf of B (¢) for some sequence ay

going to 0.

Remark 5.2. — Such limits exist by compactness of the Hausdorff distance on subsets
of a compact set. If B~(¢) = B*(¢), then we just have one Hausdorff limit and
B(¢) = B~ (¢) = BT (¢) (see [Kec95, p. 26, Exer. 4.23 & 4.24]).

Prorosrtion 5.3. Any set BY(¢) is invariant by ¢. The same holds for B~ ().

Proof. — Let x € B%(¢) = limsup,,_, .. B**(¢). Then there exists a subsequence ()
of (ay), such that = = limy, z, where x;, € BP*(¢). If B%(¢) = liminf;_, o B (¢),
the same holds with 8, = ay.
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By assumption ¢(z) € x % B (¢), and d(B%(¢), x * BP*(¢)) goes to 0 as By
goes to 0, so ¢(x1,) converges to limsup x 7= B (¢)) = B%(¢). This means that ¢(x)
is in BY(¢). O

Remarks 5.4

(1) If we have a common bound for all the B¥(¢) (for example if H is autonomous
and Tonelli), we have at least one non-empty invariant set. Of course it could be the
whole space, but this can often be excluded, for example if for ¢ sufficiently large
regular value, {H = c} is transverse to the Liouville vector field.

(2) The subset BT(¢) is always non empty. A priori B~ (¢) could be empty, but
by Proposition 5.5 below this cannot happen in the Tonelli case.

(3) If (Xk)r>1 is a family of subsets in a metric space, x € liminfy X} if and
only if limy d(x, X;) = 0, while € limsup; X, if and only if the closure of the
sequence (d(z, Xj))k>1 contains 0. Note that if the X}, are contained in a compact
set, X}, converges for the Hausdorff distance to X if and only if X, = limsup, Xj, =
liminfj X}, (see [Kec95, pp. 25-26]).

Provosirion 5.5. — If H is Tonelli and autonomous, then B~ (¢_g) contains the
graph of the weak KAM solution ug of the Hamilton-Jacobi equation H(x,d,u) = 0
which, by [DFIZ16], is the limit as o goes to zero of the functions ug .

Proof. — By Theorem 1.5, graph(dug o) is included in B*(¢_g) and in K(H,«a),
see (4.1). If we look at the proof of Proposition 4.2, we see that the constant C' of
semi-concavity that appears in the proof is a little larger than the maximum of the
C?-norm of L at (7(0),5(0)) where y : | —o00,0] — M is a curve where the minimum is
attained in Equation (4.4). Moreover, 9, L(v(0),7(0)) is a super-differential of u o at
q = 7(0) and thus is contained in the union of the convex hull of graph(dus,.) Ty M,
see Proposition 3.3.4 of [CS04].

We have proved that for every o > 0, there are inclusions graph(dug ) C
B*(¢_p) C K(H,a). We deduce that 9,L(y(0),4(0)) is contained in the compact
set Cpy that is obtained by taking the fiberwise convex hull of K(H,«). Hence the
semi-concavity constant of every upy o is less than sup{||p|); (¢,p) € N} where N is a
fixed compact neighbourhood of Cp.

Therefore, the functions u o are uniformly semi-concave and uniformly converge
to ug, thus according to [Att77] (who proved it in the convex case, but this immediately
implies the uniformly semi-concave case)

graph(dug) C lim iglf graph(dugs o).
a—
The proposition follows. O

Remark 5.6. There are many possible choices for A and hence x¢. For example in
T*N we can replace the tautological 1-form A by A — 7*u where p is a closed 1-form
p)
and x4 (¢,p) = (¢,(¢) + e~*(p — p(q)). Applying this to the above, we get for any
closed 1-form p € H'(N,R) invariant subsets By (), B;, (¢), B, (¢). Note that these

(e

on N and 7 : T*N — N is the canonical projection. Then let x&(¢,p) = (q,e”
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subsets depend on p and not only on its cohomology class. For example, for pu = df
we have B*(Id) = graph(df).

DeriNirion 5.7. Let (¢¢) be an isotopy generated by a 1-periodic Hamiltonian
such that ¢9 = Id and ¢; = ¢. For every x € T*N, consider the linear maps g , :

ZY(N) — R defined by
I
w3 [ e
0

Every limit point goo of (gk,z)ken i also linear and vanishes on the exact forms, hence
defines an element g € Hy (V) which we call a rotation vector. The set of all rotation
vectors for x € B;;(¢) is denoted by R*(u, ¢).

This can be used to prove that we get distinct sets Bg(gzﬁ). Indeed, whenever

R%(u,¢) # R°(1/, ) we have By)(¢) # By, (¢) and whenever R(u, ) N R(i', ¢) = @
we have B)(¢) N B, (¢) = @.

5.2, Tur pexpULUM WiTH FRICTION. — One could ask, since the invariant sets Bf(¢)
are the y-supports of some L} (¢) € Z(T*N), is it true that y-lima—o Lj; o (¢) =
LY (¢) with y-supp(LY . (¢)) = BY%(¢). As we shall see, this is not the case in
general.

Prorosition 5.8. — Let H(0,p) = %pz —cos(0) be the Hamiltonian for the pendulum
on T*S' and set u = 0. Then the sequence L§ «(¢—m) has no limit point as a goes

to 0.

Let us consider the equation of the pendulum with friction «, that is for (8,p) €
T*St
(5.1) 0+ ad+ f(6) = 0.
We shall assume f() = sin(f), but the same results would hold for any f such that
(1) f(0) =0« 6 €{0,7},
(2) f/(0) >0 and f'(7) <O.

We write the equation as

(5.2) {é b

p=—ap— f(0).

Note that for & = 0 we have the standard pendulum equation, and the vector field
corresponding to the equation is (p, —ap — f(0)) = (p, —f(0)) — «(0,p). In our con-
ventions, the vector field (0, —p) is the Liouville vector field for pd6, while (p, —f(6))
is the Hamiltonian vector field corresponding to —H(0,p) = —ip? + F(0) where
F'(0) = f(0). In other words, these equations generates the flow ¢ H.o- We shall
always assume a > 0.

Note that the equilibrium points are given by p = 0, f(f) = 0, so there are only
two equilibria, one at (0,0), since f/(0) > 0 it is a stable focus, and one at § =7
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with f'(7) < 0, a saddle. Finally note that the time-one flow is a conformally sym-

plectic map with ratio a = e~ .

Prorosition 5.9. — The origin (0,0) is a stable equilibrium, while (0,7) is unstable.
There is a single pair of heteroclinic orbits, from (w,0) to (0,0), that we denote v,
and yg defined on R, such that

lm v, r(t) = lUm v,.(t) = (0,0),

t—4oc0 t—4o0
while
lim 7o, r(t) = lim 7r(t) = (7,0).

t——o0

The Birkhoff attractor is By = Ya,r(R) UYq,L(R).

Proof. — We refer to [Mar06], where it is proved that the largest bounded invariant
set is B,,. Since there is no smaller non-trivial continuum that is an invariant set, B,
must be the Birkhoff attractor. O

Ficure 3. The Birkhoff attractor for the pendulum with friction.

Iicure 4. The Birkhoff attractor for the pendulum with very small
friction.

Note that in our case, the Birkhoff attractor is a C°-curve which is the image of
the zero section by a Hamiltonian homeomorphism. We claim that as such, it is the
~-support of a unique element of € denoted by L. To explain this point, we call (U)
the property satisfied by a subset of T*S if and only if it is the y-support of a unique
clement L € £. It follows from [Vit22b, Th.8.6] that the zero section satisfies ().
Moreover, by Remark 2.14, the property (U) is invariant under the action of Hamil-
tonian homeomorphisms on €. This shows our claim that B, satisfies 0).

In particular, L, is the fixed point provided by Theorem 3.1. We now wonder
whether L, converges or at least has a converging subsequence as « goes to 0. The
following proposition answers this question by the negative.
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Iicure 5. The limit of the Birkhoff attractors as a goes to 0 for the
pendulum.

Prorosirion 5.10. — Let (ag)r>1 be a sequence of positive real numbers converging
to 0. Then the sequence (Lq, )k>1 does not y-converge.

This will immediately follow from

Prorosition 5.11. — For any a > 0 we can find 0 < By < « so that for 0 < 8 < Sy
we have

(L, Lg) = 4(1 - g)

Note that the curves L, are not smooth as—at least for a small enough®)—they
twist infinitely many times around the point (0, 0). We will need to approximate them
by smooth curves which are spirals described as follows. In the phase space R/27Z xR
of the pendulum, we consider the closed disc D of radius 7 centered at (0,0) and
endow it with polar coordinates (r, ¢). For any s > 0, we consider homeomorphisms p
supported in D and of the form given by

p(r,¢) = (r, o+ h(r)), V(r,¢) €D,
where h : [0,7] — [—s,0] is an increasing continuous map with h(0) = —s and
h(m) = 0. We will say that a curve Lo is a smooth spiral if it is an embedded smooth
closed curve in R/27Z x R transverse to the zero section Ly = R/27Z x {0} and if

there exist a parameter ¢ > 0 and an orientation preserving homeomorphism v of
R/27Z x R which fixes L; and satisfies Lo = ¥ (p*(L1)) (See Figure 6). The above

Iicure 6. Ly, Ly and the Maslov index of the intersections.
(©)in fact o < 2, which implies the equilibrium is elliptic.
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definition also makes sense if s = oo, in this case, the curve Ls is only continuous
and we call it an infinite spiral. The argument given above shows that infinite spirals
satisfy Property (U), i.e., are the y-support of a unique element in €. In the argument
below, we sometimes abuse notation and also denote by Lo this unique element.

In the following lemma and proof, we will use the green and pink A, A’, B, B’
represented in green and pink on Figure 7. In order to describe them, note that the
point ¢y = (m,0) belongs to Ly N Ly and let t— and ¢4 be the two points of Lo N Ly
which are adjacent to ty and such that t_ is on the left of ¢y and ¢, on its right. Note
that Ly has a canonical orientation, which induces an orientation of Lo. We let:

« A be the area enclosed by the oriented segments of L; and Ls that go from tgto t_.
« A’ be the area enclosed by the oriented segments of L and Lo that go from ¢gto t4.
« B be the area enclosed by the oriented segments of L; and Ly that go from ¢ to tg.
« B’ be the area enclosed by the oriented segments of L1 and Ls that go from ¢_ to .

(a) The areas A in pink and B in green. (b) The areas A’ in pink and B’ in green.

Ficure 7. (L1, L2) is bounded below by the smallest of the areas
AA' B, B

We are now ready to state

Lemva 5.12. — Assume Ly is the zero section and Loy is a smooth spiral as described
above. Then,

(L1, L2) > min(A, A, B, B).

L2 L2

Ficure 8. Areas realizing some of the possible values of v(L1, L2).
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(a) The deformation La(t). (b) The disc centered on the Lagrangian.

Figure 9

A(t)
B'(t)
A'(t)
B(t)
C(t)

D(#)

E(t)

()

Frcure 10. Actions of the intersection points Ly N La(¢).

Proof. — Assume (L, Lg) is less than the minimum m of these four numbers.
We point out that v(L;, L2) must equal the difference of action between two points of
consecutive index. Some of the possible values obtained are represented on Figure 8
as the area of the red or blue discs.

We see that if the area of the disc is less than m, then the boundary of the disc
does not touch either of the outside curves bounding the green or pink domain on
Figure 7. Indeed the only discs connecting two consecutive points and having one of
the two outside curves as a boundary are the pink or green discs in Figure 7, subfigure
7(a) or 7(b).

We may then continuously deform Ly as Lo (t) (see Figure 9(a)) so that we increase
the area of A(t), A'(t), B(t), B'(t) by inflating the lower boundary of the green part
and (to preserve exactness) simultaneously increase the upper boundary of the pink
part. Then only A(t), B(t), A'(t), B'(t) change, and so the values of the areas of the
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disc representing v(L1, La(t)) are unchanged by assumption, and since this varies con-
tinuously and starts below m this quantity remains constant. But this is impossible,
since for ¢ large enough we can find the image of a symplectic disc of arbitrarily large
area such that the image of a diameter goes to L; while the image of the disc avoids
La(s) and this implies v(L1, Lo(s)) is larger than half the area of such a disc (see
[HLS15, Lem. 7]). This contradicts our assumption. O

By a simple approximation argument, we can show
Lemva 5.13. — Lemma 5.12 still holds for Lo an infinite spiral.

Proof. — Let Ly be an infinite spiral. Recall that if L € £ and if ¢ is a Hamiltonian
diffeomorphism supported in a ball of radius r, then v(L,$(L)) < 7r?. Using this
fact, we may construct a «-Cauchy sequence representing Ly by considering smooth
spirals which coincide with Lo outside balls centered at (0,0) and whose radius goes
to 0. Lemma 5.13 then follows immediately by applying Lemma 5.12 to each element
of the sequence. O

We may now turn to the proof of Proposition 5.11.

Proof of Proposition 5.11. — Consider the red curve on Figure 3. This represents the
set L, for some value of the parameter a. Below, on Figure 11 we represented L,
and Lg. Obviously for 0 < 8 < «, the curve L, tends to the origin faster than Lg.
Now by an area preserving map, we can straighten Lg to the zero section, and then
the pair (Lo, Lg) is equivalent to a pair of the type (La, L1), where Lq is an infinite
spiral and L, is the zero section. By Lemma 5.13, v(L,, Lg) must be greater than the
area between the curves, that is the area in light blue in Figure 12. Notice that it is
clear from Figure 7 that A+ B = A’ + B’ and since our figure is now symmetric with
respect to the origin, we have A = B, A’ = B hence A= A' = B=B'.

V8,L

V8,R

Itcure 11. The first intersection points of L, (red) and Lg (blue).

To estimate this area, we shall use energy estimates as follows.
Let E.(t) be the energy of the pendulum at time ¢, i.e.,

Ea(t) = B0 (1), 2a(1) = 5 cos(8, (1)),
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Itcure 12. The blue area is a lower bound for v(La, Lg).

Note that E(6, p) = 1p? — cos(6) does not depend on a. By (5.1), we have
d 0,(t)2 ) '
il (2) — cos(0a(t))) = —aba(t)? = —apa(t)da(®)

As a result we have that the area below L, during the time interval [¢g,t1] is

llm%®ﬁ=l@Jm—EJM)

(%

The curve 74,1 on the left starts from E,(—o0) = E(—7,0) =1 (and the same holds
for v4,r). Note that given € > 0, if we fix @ < € we can find 8 < «a such that the
first intersection point between 7z , and 4, r is as close as one wishes from the point
(=, 0). In other words v5,(t3) = Ya,r(ta) and va,r((—00,ts)) is contained in a
neighborhood of (7, 0).

Then we see from Figure 12 that v(L,, Lg) is bounded from below by the blue area
surrounded by .1, ((—00, tg]) U Ya,r([ta, +00)). The area surrounded by this curve
will be

! [1 - Ea(toz)]'

[ - Bp(ts)l - —

R I

But
Ea(ta) = E(ba(ta), palta)) = E(05(ts), pa(ts)) = Es(ts),
and thus, setting C(a, 8) = 1—E,(ta) = 1—Eg(tg), the area we are trying to estimate
is Cla, B)(1/8 — 1/a).
Notice that for fixed «, as 8 goes to 0, the intersection point converges to (—,0)
and

tp .
L= Ealts) =5 [ pa®ds(t)d = 85,

since limg_, fjio pg(t)ég(t) is the area under the separatrix of the frictionless pendu-

lum, that is [*_1/2(1 + cos(f) df = 8 so the term (1/83)[1 — E(t3)] is approximately
equal to 8, while the other term is ~ 83/, so we get

v(La, Lg) ~ 8(1 - g)

However small is o, we can choose § to be smaller and such that the above quantity
is greater than (1/4)(1 — f/a). O

J.IEP — M., ooo, tome 1



34 M.-C. Arnaup, V. Huminiire & C. ViTERBO

Remark 5.14. The curves L, can be smoothed, while preserving the conclusion
of Proposition 5.11. since the L, are contained in a bounded subset of T*S!' and
by Shelukhin’s theorem ([She22b]), the set of such Lagrangians is a y-bounded set.
However the above just proves that it is not compact!

6. ToPOLOGICAL PROPERTIES

The goal of this section is to prove Theorem 1.4. The proof will use spectral invari-
ants for Hamiltonian diffeomorphisms and an ingredient from Lusternik-Schnirelman
theory. We introduce the relevant material in Section 6.1 (this will also be used in
Section 7). The proof of Theorem 1.4 is then done in Section 6.2.

In this section we work on a cotangent bundle M = T*N, endowed with the
standard Liouville form A. In particular, there is only one class of exact Lagrangians £
and branes £. Also recall that for any L, L’ € £, we have a canonical (up to shift of
the grading) isomorphism HF(L, L") ~ H*(N).

6.1. HAMILTONIAN SPECTRAL INVARIANTS. Spectral invariants and the spectral dis-
tance may also be defined for Hamiltonian diffeomorphisms similarly as in Section 2
by using Hamiltonian Floer theory instead of Lagrangian Floer theory. In our set-
ting this was first defined in [FS07] (see also [Lanl6]). The upshot is a collection of
real numbers ¢(f3, ¢), for all non-zero cohomology classes f € H*(N) and all com-
pactly supported Hamiltonian diffeomorphisms ¢. These invariants are related to the
Lagrangian spectral invariants by an inequality (see [MVZ12, Prop. 2.14]). Since we
need a cohomological version and slightly different formulation from the original we
state it as a lemma.

Lemma 6.1 ([MVZ12]). — We have for any € H*(N), for any exact Lagrangian
brane L and any ¢ € DHam.(T*N), the inequality

(6.1) c(B,¢) < U(B; o(L), L).

Proof. — According to [Alb08, Th.1.5] and [MVZ12, Proof of Prop.2.9] (adapting
from the closed setting to the case of the cotangent bundle) we have the following
diagram (open-closed map) that we translate from homology to cohomology

HF}(¢) — HF;(¢(L), L)
q
H (M) ——— 7*(I)

As a result if a < ¢(B; ¢), the image of 8 by j vanishes and therefore the image of
i*(B) vanishes in HF*(¢(L), L), hence a < £(i*(8); $(L), L). According to [FSS08,
Kral7], ¢* is an isomorphism in cohomology, so we write /3 instead of i* by abuse of
language. O
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If H is sufficiently C2-small and autonomous, so that all the fixed points of ¢},
correspond to constant orbits, then we have

(6.2) c(B, 1) = p(B, H)

where p(8, H) denotes the Morse theoretic spectral invariant of H, defined by the
following procedure. Let v : [0,400) — R be a non-decreasing function vanishing on
some interval [0, R] and linear near infinity with small positive derivative on (R, +00).
We assume that R is large enough so that the support of H is included in D3N, the

cotangent disc bundle of radius R (with respect to some given Riemannian metric).

We set

(6.3) H,(z,p) := H(z,p) + v(llpll)-

Since H, is proper, the Morse theoretic spectral invariants of H, may be defined by

p(B;H,) = inf{a eER:5#0in Hfa}7

where H* = {z € T*N | H,(z) < a}. Observe that p(; H,) is a critical value of H.

A deformation argument then shows that the value p(8; H,) does not depend on the

choice of the function v. Indeed, H, has no critical point in the complement of D3N

and if v1, vy are two such functions, the same holds for H, = (1 — s)H,, + sH,, for
€ [0,1]. As a result p(f8, Hs) takes values in a fixed set of critical values, hence is

constant by Sard’s lemma. We thus define p(8, H) as p(8, H, ) for any choice of v.
Since we will use them in Section 7, we introduce here the spectral distance on the

group DHam.(T*N) and its completion. We will use the following notation:

c-(9) =c(1,9), cr(9) =—c(l,¢7") and (¢) = cy(¢) — c—(9).
The spectral distance v on ®Ham.(T*N) is then defined by
b)) =74 "9).

We denote by m(T*N) the completion of DHam.(T*N) with respect to ~.

It can be checked using inequality (6.1) that the Lagrangian ~y-distance intro-
duced in Section 2 interacts with the above Hamiltonian ~-distance by the following
inequality:

Y(O(L), »(L") < (L, L) +7(8,7),
for any L, L' € £ and any ¢,v € DHam.(T*N). As a consequence, the map
DHam (T*N) x £ — £, (¢, L) — ¢(L)
extends continuously to a map mC(T*N) x £ — £. We still denote by @(L) the

result of this extended map for ¢ and L in the completions.

6.2. Proor or Turorem 1.4. Our proof will use the following lemma from the
classical Lusternik-Schnirelman theory.

Levwva 6.2 (Lusternik-Schnirelman [LS29](see also [Vit06])). — Let f: M — R be a
proper™ function on a manifold M. Let a € H*(M) and b € H*(M) be classes with

(M The properness condition can be relaxed to the so-called Palais-Smale condition but we will
not need it here.
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deg(b) > 0 and aUb # 0. If p(aUb, f) = p(a, f), then b induces a non-zero class in
any neighborhood of the critical locus

fr € M- df(x) =0, f(x) = p}.
where p denotes the common value p(a Ub, f) = p(a, f).

The above lemma in particular applies in the situation where M =T*N, f = H,
a = 7« and b = 7 with the notations of Section 6.1. We are now ready for the
proof of Theorem 1.4.

Proof. To prove Theorem 1.4, we need to prove that for any open neighborhood U
of y-supp(L), the natural map H*(N) — H*(U) is injective for any integer £. We may
assume without loss of generality that the closure of U is compact. Since this map
sends the class 1 € H(N) to 1 € H°(U), we may assume that ¢ is positive. Let U
be a compact open neighborhood of y-supp(L) and let 3 € H*(N) be a non-zero
cohomology class of positive degree /.

Let V be a closed neighborhood of y-supp(L) included in U and h be a Hamilton-
ian diffeomorphism generated by some compactly supported C2-small autonomous
Hamiltonian H which is equal to some constant —e on V' and satisfies H > —¢ in the
complement of V.

Let L be a lift of L (this exists by the first item in Remark 2.8). By (6.1), we have

c(B,h) < L(B; (L), L).
Since H is C? small, the above left hand side coincides with the Morse theoretic
spectral invariant p(8, H). On the other hand, since H = —¢ on a neighborhood of

~v-supp(L), Lemma 2.15 implies that h(z) = T_.L. Thus, by the shift property of
Lagrangian spectral invariants, the right hand side satisfies:

0(B; h(Z),z) = K(ﬁ;z,z) —e=—¢=min(H).

As a conclusion, we obtain
p(B, H) < min(H).

By construction, we have p(8, H) = p(8, H,) where H, is given by (6.3). Since
min(H) = p(1, H), we obtain p(5, H,) = p(1, H,). We may now apply Lusternik-
Schnirelman theory (Lemma 6.2) to H,. We deduce that 8 induces a non-zero class
in any neighborhood of the min locus of H, which is nothing but V. In particular, 3 in-
duces a non-zero class in U. This concludes the proof that the map H*(N)— H*(U)
is injective. O

7. THE WEAK NEARBY LLAGRANGIAN CONJECTURE

We let (M,w) with w = —d)\ be a Liouville manifold obtained by completing
a Liouville domain. Recall that this implies in particular that the vector field X
defined by ix,w = A is complete. Let £ € I(M,w) be a non-empty class of Lagrangian
submanifolds, so that the spectral distance is well defined for L, L’ in £.
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Levmva 7.1. Let p be a CS diffeomorphism of (M,w) with conformal factor a. Then
the map

0 : DHam(M,w) — DHam(M, w)
U — pup_1
is Lipschitz of ratio a.
Proof. — We have v(pup=!, pvp~!) = y(puv=p~1) = ay(uv~!) by the basic proper-
ties of 7. |
Prorosirion 7.2 (Weak conjugacy of conformally symplectic maps). — Let p,o be
two conformally symplectic maps such that p~Llo is in DHam.(M,w) (in particular
they have the same ratio and coincide in the complement of a compact set). Then
there exists u € DHam(M,d)N) such that

(7.1) o =u""tpu.

As written above, equality (7.1) abuses notation since it is not a priori defined
what it means for a conformally symplectic map to be composed with an element of
DHam (M, w). This equality should be understood as:

(c™'wtp)u=1id in m‘l(M,w).
Indeed, u — o~ tu~1p defines an isometry of DHam (M, w), so extends to m(M, w).
Proof. — Let ¢ € DHam(M,w) and consider the map u ~ pup~11. This is a con-

traction provided the ratio a of p is smaller than 1 hence has a unique fixed point.
Choose ¥ = po~!, so that this fixed point now satisfies

puptpo~t =u
that is uou™! = p, so u realizes the conjugation. (|
Prorosition 7.3. — Let 0 < a <1 and Ly € £ be an exact Lagrangian. Then there

exists a Liouville form pog which differs from X\ by the differential of a compactly
supported function, and whose associated Liouville flow pf is complete and satisfies
pb(Lo) = Lo for all t € R.

Proof. — Consider U a Weinstein neighbourhood of Ly with Liouville form .
By exactness of Ly, there is a function f defined on U such that A = Ay + df. Let
B : U — R be a smooth function equal to 1 near Ly and to 0 near QU, and consider
the form po = A — d(Bf). Obviously d\ = dup and pg = Ao near Lg. As a result the
vector field X,,; defined by pg =4 Xy W coincides with X outside of U and with X,
in a neighbourhood of Lg. Thus the Liouville form pg suits our needs. Since it differs
from A only on a compact set, its flow is also complete. O

We are now ready to prove Theorem 1.8, whose statement we recall.

Turorem 1.8 (Weak nearby Lagrangian conjecture). — Let Lo, L1 € £. Then there
exists ¢ € DHam(M,w) such that $(Lg) = L.

JIEP — M., ooo, tome 1



38 M.-C. Arnaup, V. Huminiire & C. ViTERBO

Proof. According to Proposition 7.3, there exist Liouville forms pug, 1 whose asso-
ciated Liouville flows pf, p are complete and satisfy p%(L;) = L; for j = 0,1. More-
over, 1 = po + dg for some compactly supported function g. As a result,

d _ _ _
%Pgm t(x) = Xy, (P6P1 t(w)) - dPB(Xm (p1 t)

= Xiuo (Pop1 " () = dpfy(Xpuy (g PhP1 "))
Thus, pfp;" is the flow of
Zi(w) = Xpuo(x) — dpg(py " () Xy, (pg " (7))

and izw = g — i(pt), x,,, w- Since iy f*(a) = f*(is,ya) and (p})*w = e'w for j = 0,1
we have

izw = po — €' (pg ") ix, w
= po — €' (pg") " m
=po — €' (pg ") 1o — €' (py ") *dyg
:d(e 'gop(;t)?

so Z is a Hamiltonian vector field.

Let po,p1 denote pf, p% for some negative t. Then, Proposition 7.2 applies and
we deduce that pg and p; are conjugate by an element u € m(M ,w), that is
u~1piu = po. The fixed points of py and p; in E(M, w) are unique. But if Ly is fixed
by po then u(Lg) is fixed by p;. We may thus conclude that u(Ly) = L. d

In the case where (M,w) is a cotangent bundle T7* N, as explained in Section 2.2,
there exists only one class of closed exact Lagrangian denoted £(T*N). We immedi-
ately deduce

COROLLARY 7.4. Let L,L’ be two closed exact Lagrangians in T*N. Then there
exists 1 € DHam(T*N) such that (L) = L'.

In T* N, we have a slightly more precise statement:

CoroLrrary 7.5. Let L, L' C £(T*N) contained in DT*N. Then there exists a
sequence (Pr)r>1 in DHam(T*N) such that v-lim(¢x (L)) = L' and ¢y, is supported
in DT*N.

Proof. — Let us first prove that for v*(q,p) = (¢,e"'p), and L C DT* N, we have that
for t > 0, ¢*(L) is obtained by applying a Hamiltonian isotopy to L, and this isotopy
can be assumed to be supported in DT*N. Indeed, it is well known that exactness of
(L) implies that the isotopy is realized by a Hamiltonian isotopy pt. Since the image
of L remains in DT*N we may truncate the Hamiltonian outside DT*N (i.e., making
it compact supported) without changing 1*(L) = p*(L). Now as t goes to +oo, *(L)
converges to Oy since y(¢*(L),0n) = e 'y(L,0x). So by the preceding argument,
we have two sequences (pg)k>1, (P))k>1 such that pg(L) and p). (L") y-converge to O .
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Then fix ¢ > 0 and choose k large enough so that «v(pr(L),0n), v(p,, (L"), 0n) are both
less than /2. Now

Y((pk) " ok (L), L") = v(pk(L), pi (L") < v(pk(L),0n) + (0 (L"), 0n) = 2¢/2 = .

Since py and pj, are supported in DT*N so is ¢ = (p},) ™"

~-lim((p) "t ox(L)) = L. O

Let us now give an example of application of the above. Let us remind the reader
of the following conjecture

pr and

Consecrure 7.6. — Let g be a Riemannian metric on the closed manifold N. There
exists a constant Cn(g) such that for any Lagrangian L in £(T*N) contained in
DyT*N = {(a,) | Iply < 1} we have

(L) < Cn(g)-
A variant of this conjecture is

CoNsecTURE 7.7. Let g be Riemannian metric on the closed manifold N. There
exists a constant Cn(g) such that for any Lagrangian L = ¢ (0n) that is the image
of the zero section by a Hamiltonian map and contained in D1 T*N satisfies

(L) < Cn(9)-
Obviously the first conjecture is stronger than the second one. But in fact we have
Prorosition 7.8. — Conjecture 7.6 and Conjecture 7.7 are equivalent.

Proof. Obviously it is enough to prove that Conjecture 7.7 implies Conjecture 7.6.
So let L € £(T*N) and assume it is contained in DT*N. By Corollary 7.5, there
exists ¢ in DHam(T*N) supported in DT*N such that ¢r(0n) y-converges to L.
In other words limy v(¢r(On),L) = 0. But then ¢r(Oy) is contained in DT*N
(since ¢y, has support in DT*N and Oy C DT*N!) and Conjecture 7.7 claims that
Y(¢r(L)) < Cn(g). But then v(L) = limy v(¢x(0n)) < Cn(g) which proves Conjec-
ture 7.6. ]

Let us conclude by stating the following

Merarueorem 7.9. — Let (M,w) be a Liouwville manifold. Let L be an exact Lagran-
gian. Then any closed property involving only v which is true for all Lagrangians L',
Hamiltonianly isotopic to L, holds for any L' in the same Floer theoretic class as L.

Proof. — Indeed let 1! be the flow of the Liouville vector field. Then (L) is
Hamiltonianly isotopic to L' and (L) is Hamiltonianly isotopic to L. So ¢!(L’) =
p (L)), ¥t (L) = o(L). Since (' (L), (L)) goes to zero, we have v(p*(L'),c' (L)) =

Y(L', (pt)~tot(L)) goes to zero as t goes to infinity. So if (p')~Lo?(L)) belongs to some
interval, the same holds for vy(L’). O
Remark 7.10. — In the case of cotangent bundles, where we have a single class, a

statement concerning the v metric will hold for exact Lagrangians if it holds for any
Lagrangian Hamiltonianly isotopic to the zero section.
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AprpPENDIX. ONE LEMMA AND TWO EXAMPLES TO THREE QUESTIONS,
*
BY Maxive ZavipoviQue(™)

A1, A LEMMA. In order to understand the similarities and differences between
viscosity and variational solutions of Hamilton-Jacobi equations, one needs to under-
stand better viscosity solutions in general contexts. Under convex hypotheses as they
admit a variational characterization, many dynamical properties help to visualize
their behavior. Without convexity, it seems to be less the case. We provide here a
simple lemma that shows that in dimension one, such solutions may not behave too
erratically.

Let us recall the definitions first. Let N be any smooth manifold and G: T* NxR—R
a continuous function. We consider the equation G(Jc, D.u, u(ac)) =0, where u: N —-R
is a continuous function.

DerFintrioN ALl — Ifu: N — R and z € N we define

. the superdifferential of u at z, denoted by dTu(z) as the set of D,¢ where
¢: N = Risa C! function such that u — ¢ has a local maximum at .

. the subdifferential of u at z, denoted by 9 wu(z) as the set of D,¢, where
¢: N — Risa C! function such that u — ¢ has a local minimum at z.

We recall that if D,u exists then 0T u(z) = 0~ u(z) = {D,u}. Reciprocally if both
0" u(z) and 0~ u(x) are non empty, then D, u exists (see [CS04]).

DeriNtrion A2 We say that a continuous function v : N — R is a viscosity
solution of G(z, Dyu,u(z)) = 0 if for all z € N,

. for all p € 0T u(x), then G(z,p,u(x)) <0,

. for all p € 0~ u(x), then G(z,p,u(x)) > 0.

We now focus on the case of a 1 dimensional manifold N. So in the following, N is
either the real line R or the unit circle T'. In particular, as our result is mainly local
we can see xg as being in an open interval, and the order is then the usual order on R.
Our result is the following:

Lemma A3, Letu: N—R be a Lipschitz viscosity solution to G(z, D,u, u(:c)) =0.
Let g € N such that the set {p eR: G(xo,p,u(:ro)) = 0} has empty interior. Then
the (almost everywhere defined) function u' admits a left limit v’ (xo) at o and a
right limit u/, (xo) at xo. It follows that u has a left derivative at xo that is u’_ (o)
and a right derivative at xo that is v/, (x).

Note that the hypothesis that w is Lipschitz is not very restrictive as, as soon
as (G is coercive in p, then any solution w is automatically Lipschitz. As immediate
corollaries we deduce:

(")Maxime Zavidovique, Sorbonne Université and Université Paris Cité, CNRS, IMJ-PRG,
F-75005 Paris, France. E-mail: maxime.zavidovique@imj-prg.fr.
Supported by ANR CoSyDy, ANR-CE40-0014.
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CoroLrary A.4. Let u : N — R be a Lipschitz viscosity solution to the equation
G(z, v/ (z),u(x)) = 0. Let g € N such that the set {p € R : G(zo,p,u(z0)) =0} has
empty interior. Then,

o G(zg,u’ u(zo ) G(zo,u/ (0), u(zo)) = 0,

o if u’_(zo) <u+(x0) hen 8 u(xo) = [u’_(z0),u! (xo)] and for all pe [u’_(xo), ! (0)]
it holds G(zg,p,u(zg)) =

o ifu’_(xo) >u! () then 6+u(x0) [u!, (x0),u’_(z0)] and for all p€ [u!, (x0), u"_(x0)]
it holds G(xg, p,u (xo))

Proof. — If x is a point where v/(z) exists, then G(z,u/(z),u(z)) = 0. By letting
x — xp from below we obtain that G(zg, v’ (xq), ((E())) = 0 and similarly by letting
& — xo from above we obtain that G(zo, u/y (z0), u(z0)) = 0.

We then explain the next point. If v’ (x ) u!, (xo) and p € [u’_(x9), v, (x0)], let v
be defined in a neighborhood of xy by

B {u(x) + (p—ul_(z0)) (& — mg) if

v(z) =
u(z) + (p — u;(xo))(x —xg) if
Then v < u, v(xg) = u(xp) and v'(xg) exists with v'(xg) = p. It follows easily that
{p} = 07 v(xo) C 0" u(xp). The other inclusion 0~ u(xg) C [u’ (xo), v/, (x0)] is left as
an exercise and the end is just the definition of viscosity solution. O

A key ingredient in the proof of lemma A.3 is the following elementary “a la
Darboux” lemma;(®)

Lemma A5, — Let f: N — R be a continuous function.

(1) Assume that there are a < b and p > p’ such that p € 9~ f(a) and p’ € 0~ f(b).
Then for all p > py > p’ there exists ¢ € (a,b) such that py € 0T f(c);

(2) Assume that there are a < b and p < p’ such that p € 0" f(a) and p' € 8% f(b).
Then for all p > py > p’ there exists ¢ € (a,b) such that py € 0~ f(c).

Proof. — Let us prove the first point. Up to adding a linear function to f, we assume
po = 0, thus p > 0 > p’. There exists a C! function ¢ such that ¢'(a) = p, ¢ < f with
equality at a. This implies that f(z) > f(a) if z € (a,a + €) for some small £ > 0.
A similar argument yields that f(z) > f(b) if z € (b —€,b) for some € > 0. It follows
that f restricted to [a,b] has a maximum that is reached at some ¢ € (a,b). At this
point we indeed have 0 € 97 f(c). O

We finally turn to the

Proofof Lemma A.3. — Let us prove the existence of a left limit of the derivative.
We argue by contradiction. As wu is Lipschitz if the result does not hold, we can
find p <p’ and an increasing sequence y, — o of derivability points of u such

(®)1t was pointed out by A.Davini that this lemma also appears in [ATY16].
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that v/ (yo2,) —p and (yon41) — p'. In particular, for n large enough, we have v/ (y2,) <
U (yan+1) and u' (Yant2) < ' (y2nt1).

Let now p” € (p,p’) then for n large enough, p” € (v (y2n), % (y2n+1)) and by
our lemma, there is z, € (Y2n, y2n+1) such that p” € dTu(z,). In particular, by def-
inition of viscosity solution G(z,,p”,u(z,)) > 0. Letting n — +oo we find that
G(xo,p”,u(zo)) > 0.

The same argument applied between the points yo2,41 and ya,+2 gives

G(zo,p" , u(w)) < 0.
Finally, we have proved that G(xo, -, u(mo)) vanishes on (p, p’) which is a contradiction.

The existence of left and right derivatives follow from the property, for Lipschitz
functions, that if b # 0, A= (u(zg + h) — u(wo)) = h™* foh u'(zo + $)ds. O

A.2. TWO EXAMPLES AND THREE QUESTIONS

Question 1. — For a non-Tonelli Hamiltonian H , is it true that the viscosity solution
is the graph selector of Loo(H,a)?

This question arises as the result is proved to be true for Tonelli Hamiltonians in
Corollary 4.5. We answer by the negative starting from the classical damped pendu-
lum. Let H : T' x R — R be defined by

(z,p) — P> + cos(2mx) — 1.
For o > 0 let us recall that there exists a unique (continuous) viscosity solution
U : T' = R to
aug + H(z, Dyuy) = 0.
In the example of the damped pendulum (see Figure 13), the Birkhoff attractor By o
Ug,
P ; Supp(p)

BH,Q - BHl,a

z=0 r=1/2 =1

Ficure 13. The Birkhoff attractor of the pendulum H and its per-
turbation Hy, = H + p.

is given by the spiral in blue. The viscosity solution is given by integrating the top
branch f* and the lower branch f~ of the Birkhoff attractor (in red):

/E fH(s)ds if0<x<1/2,
U (T) = 0

/ f(s)ds if1/2<x< 1.
1
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In this instance, u, is C! in T' \ {1/2} and at those points its derivative is the only
sub-tangent and super-tangent. At 1/2 the set of super-tangents is [f~(1/2), f7(1/2)]
and there are no sub-tangents.

Let us now set H; = H + p where p : T! x R — R is a smooth, (big) bump function
such that (See Figure 13)

« the support of p does not intersect the Birkhoff attractor of H,
. the support of p intersects {1/2} x [f~(1/2), fT(1/2)] in such a way that H; has
a huge maximum on this segment.

Note that By o is still the Birkhoff attractor of H; and Zoo (H,a) = EOO (Hy, ) its
associated brane. This follows from Lemma 2.15 and the choice of the support of p.

It follows that the variational solution ., for H is also the variational solution
for H; as it can be recovered only knowing EOO (Hy, ). So Uy = u, as variational and
viscosity solutions coincide for Tonelli Hamiltonians.

However wu, is no longer a viscosity solution for Hj. Indeed, it is false that
aug(1/2)+ Hy(1/2,y) <0 forall y € [f~(1/2), f1(1/2)] thus violating the definition
of viscosity solution.

QuesTioN 2. — For a non-Tonelli Hamiltonian H, is it true that, as in the Tonelli
case, that if u, is the viscosity solution of the a-discounted Hamilton-Jacobi equation
then graph(Dus) C By o ?

For Tonelli Hamiltonians, this holds thanks to Theorem 1.5. Again the answer is
negative and to prove it we use again the Hamiltonian H;.
We now prove that

Prorosition A.6. — Ifa >0 and u, : T — R is the viscosity solution to
aug + Hy(x, Dyug) =0,
then graph(Duy) ¢ Bh, o

Proof. — Let us argue by contradiction. Recall that as Hj is coercive, u, is auto-
matically Lipschitz hence derivable almost everywhere. For = > 0 small, there is
a unique point of By, = Bp, . above z, that we denoted above by (x,f*(z)).
So u/(z) = fT(x). Let xp be the maximal point such that u,(z) = f*(z) for
z € (0,z0).

By Lemma A.3 and Corollary A.4, u, has a right derivative u,, (2¢) at 2o, by hypo-
theses, (2o, u); (20)) € Ba,o and Hi(zo, ul, (70)) = —ouq(z0) = Hi (w0, f1(20)).

Note that if ¢t — (x(t),p(t)) is a trajectory of ¢_pq, then 4 H(z(t),p(t)) =
—ap(t)?. Tt follows that H is strictly decreasing on such non constant trajectories.
As H and H; coincide on By, and that the latter is made of two trajectories (and
two fixed points), we deduce that there is only one other point (z,y) € By q such that
Hi(z,y) = Hy (o, f*(20)). By symmetry, this point is (1—xo, f~(1—20)). Therefore
we must have xyp = 1/2 and as previously, we get a contradiction as auq(1/2) +
Hy(1/2,-) takes positive values on the corresponding vertical segment. O
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QuesTion 3. Let H: T*N — R be a Tonelli Hamiltonian, o > 0 and u, : N — R
be the discounted weak KAM solution associated to the factor . The pseudograph
of uqy is

S(ua) = {(z,u4(2)) : z € D},
where D is the set of differentiability points of wuo. Is it true that Bp, =
Ut>0 ¢t—H,a9(ua)?

Note that this is the case for the damped pendulum. We will construct an example
on the annulus T! x R, for a > 0 fixed. Let f* : [0,5/6] — R be smooth, as on
Figure 14 and f~(z) = —fT(1 — ). Let 1/2 < &1 < €2 < 3/4 to be chosen later and
let vt : [0,1] — [0,1] be a smooth function such that v*(0) = 0, v is increasing
on [0,1/4], v* is constant equal to 1 on [1/4,£1] and v decreases to 0 on [e1, €3] to

stay 0 afterward. Let us set v~ (z) = —v* (1 — ).
p . .
N : :
0 /4 1/2]
S R s s
p . I
e : -
i B .
0 /4 /21 & 1

Ficure 14. The functions fi and v4.

We want to construct H such that the graph of fT restricted to [0, 2] is a trajectory
of the flow ¢_p o, and has horizontal velocity v™, and symmetrically for the graph
of f~ with velocity v—. If H(0,0) = 0 then the function u, defined by

/f+(s)ds if0<x<1/2,
_J)Jo

/ f(s)ds if1/2<x <1,
1
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will be the discounted solution and Ut>0 ot H,a9(ua) # By o as it does not disconnect
the annulus. Indeed as (e, f1(g2)) and (1 — &2, f~ (1 — £3)) are fixed points,

U 00 p05(ua) {(@,f7(2)), z€0,e]U{(z f(z), vl 1]}

When writing the conformal Hamiltonian flow we find the relations (for the relevant
values of x)

{fc(t) = 0pH (a(t), f*(2(1))) = v*(2(1)),

P(t) = =0 H(a(t), f*(x(t)) — af*(x(t) = v (2(t) (fF) (2(1)).
Integrating along a trajectory z(t) that follows one of the graphs of f* we find that,
H(z(T), f*(«(T))) — H(x(0), f*(x(0)))

= [ 0 (a0, U))@)) + 0,1 (0. ) () @O )

= [ artaopt e
It follows that if we define H(0,0) = H(1,0) = 0 then
(A1) H(x, ff(z)) = /0 aft(s)ds and H(zx, f (x)) = /1 af~(s)ds.
In particular, we find that
H(1/2,f7(1/2)) = H(1/2,f~(1/2)).

Therefore, as 9,H(1/2, f~(1/2)) =v~(1/2) = =1 and f*(1/2) — f~(1/2) = 2,
H(1/2,f%(1/2)) = H(1/2,f~(1/2)) =0

>=2=0,H(1/2, f~(1/2))(f7(1/2) - £~ (1/2)),

and similarly

H(1/2,f7(1/2)) > H(1/2, f*(1/2)) + 0pH(1/2, fT(1/2))(f (1/2) — f7(1/2)).
We then chose €1 < g2 € (1/2,3/4) in order to have
(A2) Vo € (1/2,e2], H(w, fT(2)) > H(x, f~(2))+0pH(z, f~(2))(f T (2) = f~ (2))
which is possible by continuity and the fact that 9, H (z, f~ (z))(f*(z) — f~(2))
on the interval considered.

Since O, H (z, fH(z))(f () — fT(z)) = —2vT(z) < 0, and using (see Equa-
tion (A.1)), we conclude that if 2 € [1/2, 4],

H(z, [~ () > H(1/2,[*(1/2)) > H(z, [*(x))
> H(z, f*(2)) + OpH(z, f(2))(f (x) = [T (2)).

By symmetry of the construction with respect to the point (1/2,1/2) we have
inequalities similar to (A.2) and (A.3) for z € [1 — e2,1/2] by switching + and —.
Those inequalities are necessary and sufficient to build our Tonelli Hamiltonian H.
Here is a sketch of the construction.

Start by taking &), > e in order that (A.2) and (A.3) still hold for = € [1/2,¢&}]
and = € [1 — e}, 1/2].

2

(A.3)
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Define Hy on the strip

Se={(z,y):z €0, y € [fT(2) —& [T (2) + €]}
U {(ﬂf,y) HEAS [1 - 6/2? 1]7 Yy € [fi(x) —€,f7($) +6]}
for € > 0 small enough, by
H(z, f*(2)) + (y = [T (2)0p H(z, f*(2)) — ey — [ (2))
Hy(z,y) = if (x,y) is in the first part of the strip,
H(x, f~(2)) + (y = [~ (2)3pH(z, f~(z)) —(y — f~(2))®  otherwise.
Then extend linearly Hy on each {z} x [f~(z)+¢, fT(x) —¢€]. For € > 0 small enough
the obtained function is convex in each fiber.
Let Hy = Hp + p where p is smooth, C? small, vanishes on the smaller strip
S./2 C Sc and such that y — p(x,y) is strictly convex for y € [f~(z) + ¢, fT(x) —€].

Then the function H; is convex in each fiber (where it is defined).
For x € [1 — &}, €}] define for y > fT(x) + ¢,

Hi(z,y) = Hiz, ff(2) + ) + M(y — fF(2) =€) + M(y — f*(z) —¢)
and for y < f~(x) — ¢,
Hy(z,y) = Hi(z, f~(x) =€) + M(y — f~(2) +€)* = M(y — f~ () +¢),

where M is a big enough constant to ensure strict convexity in the fibers.
Now we extend H; as follows for x > €}:

cify < f7(x) —¢,
Hy(z,y) = Hi(z, [ (z) —e) + M(y — [~ () + ) = M(y — [~ (z) +¢);

cify> f7(x) + ¢,

Hy(z,y) = (1 —(x)) Hi(er, [~ (e5) + e = () +y)
+op(@)Hy(z, f7(2) + ) + My = f7(2) =) = M(y — f~(2) — ¢)

where 1 : [}, 1] — [0, 1] is a smooth, non—decreasing function that is 0 in a neighbor-
hood of € and 1 in a big neighborhood of 1.

For a suitably chosen 1, the Hamiltonian H; is strictly convex in the fibers.

We make a symmetric construction for < 1—¢). Note that the obtained function
is then 1-periodic in .

To finish, we just round off the corners of Hy, without modifying it in a neighbor-
hood of the graphs of f* above [0,e2] and f~ on [1 — &g, 1].

The Hamiltonian thus obtained has the required trajectories as described at the
beginning of the section.
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