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REGULARIZED INTEGRALS AND
MANIFOLDS WITH LOG CORNERS

BY CrimenT Dupont, Erik PanzeEr & BrRENT Pym

ApstracT. — We introduce a natural geometric framework for the study of logarithmically di-
vergent integrals on manifolds with corners and algebraic varieties, using the techniques of
logarithmic geometry. Key to the construction is a new notion of morphism in logarithmic
geometry itself, introduced by Howell, which allows us to interpret the ubiquitous rule of thumb
“lime—0 loge := 0” as the restriction to a submanifold. Via a version of de Rham’s theorem
with logarithmic divergences, we obtain a functorial characterization of the classical theory of
“regularized integration”: it is the unique way to extend the ordinary integral to the logarithmi-
cally divergent context while respecting the basic laws of calculus (change of variables, Fubini’s
theorem, and Stokes’ formula.)

Reésume (Intégrales régularisées et variétés différentielles & coins logarithmiques)

Nous introduisons un cadre géométrique naturel pour I’étude des intégrales a divergences
logarithmiques sur les variétés différentielles a coins et les variétés algébriques, en utilisant les
techniques de la géométrie logarithmique. L’élément clé de cette construction est une nouvelle
notion de morphisme en géométrie logarithmique, introduite par Howell, qui nous permet d’in-
terpréter la prescription classique « lim._,0 loge := 0 » comme une restriction & une sous-variété.
Gréace a une version du théoréme de de Rham en présence de divergences logarithmiques, nous
obtenons une caractérisation fonctorielle de la théorie classique de '« intégration régularisée » :
c’est 'unique maniére d’étendre 'intégration ordinaire au cadre des divergences logarithmiques
tout en respectant les lois fondamentales du calcul intégral (changement de variables, théoréme
de Fubini et formule de Stokes).

CONTENTS
1. Introduction. .. ...t e 688
2. Manifolds with corners. ........ ... . i 697
3. Manifolds with log corners......... ... i 700
4. Virtual morphisms, tangential basepoints, and scales......................... 711

MATHEMATICAL SUBJECT CLASSIFICATION (2020). 58C35, 40A10, 14A21, 14F40.
Keyworps. — Divergent integrals, logarithmic regularization, manifolds with corners, logarithmic
geometry.

C.D. was supported by the Agence Nationale de la Recherche through grants ANR-18-CE40-0017
PERGAMO and ANR-20-CE40-0016 HighAGT. E.P. was funded as a Royal Society University
Research Fellow through grant URF\R1\201473. B.P. was supported by Discovery Grant RGPIN-
2020-05191 from the Natural Sciences and Engineering Research Council of Canada (NSERC), Etab-
lissement de la reléve professorale grant 313101 from the Fonds de recherche du Québec — Nature et
technologies (FRQNT), and a startup grant at McGill University.

e-ISSN: 2270-518X http://jep.centre-mersenne.org/


http://jep.centre-mersenne.org/

688 C. Duront, E. Panzer & B. Pym

5. Functions with logarithmic singularities............. ... . ... o oL, 718
6. de Rham theory for manifolds with log corners............................... 726
7. Regularized integration.......... ..o i e 734
8. Periods of logarithmic varieties........ ... .. ..o 744
References. . .. ... 756

1. INnTRODUCTION

1.1. Morivarion. — The need to regulate logarithmic divergences of integrals is a
recurring theme in geometry, number theory, and mathematical physics. For instance,
to make sense of the divergent integral

“d
Il ::/ ﬁa
o T

one introduces a cutoff parameter € > 0, computes the integral

[ =gt - 10ste)

and formally discards the term that diverges as ¢ — 0, to obtain the “regularized”
value

e dx 0
(1.1) L :/0 d? :=log(a) — log? = log(a).

The cost of assigning a finite value to such a divergent integral is a dependence on a
choice of coordinate: if we make a change of variables x = ¢(7), with ¢ a diffeomor-
phism, the regularized integral changes to log(a) — log(g’(0)), giving a different value
unless ¢’(0) = 1. To eliminate this ambiguity, one can fix a nonzero tangent vector v
at © = 0, which for (1.1) is ¥ = 9,|z—0, and require the coordinate transformation g to
preserve this vector; this forces ¢’(0) = 1. Thus we can imagine that the lower bound
of integration is not the point & = 0 per se, but rather the pair (0, ¥), which Deligne
calls a “tangential basepoint” [Del89].

The notion of tangential basepoint is a useful tool, but it poses a basic challenge,
in that it gives a notion of “basepoint in X” that does not actually correspond to a
point in X. As a result, it becomes difficult to interpret the regularized integral in a
cohomological fashion, that is, as the result of the natural integration pairing between
classes in de Rham cohomology and singular homology. This is reflected e.g. in Deligne
and Goncharov’s indirect construction of some special cases of “motivic fundamental
groups with tangential basepoints” [DGO05]. In this paper, we will explain how to view
a tangential basepoint as an “actual point” in a suitable sense, and use this framework
to give a precise cohomological meaning to regularized integrals such as Iy, in any
dimension.

In a similar vein, consider the integral

b [ (-
prcyNz—a  z—1 Z
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REGULARIZED INTEGRALS AND MANIFOLDS WITH LOG CORNERS 68()

where z is the standard holomorphic coordinate on the Riemann sphere P!(C).
(We have borrowed this example from [BD21].) This integral presents us with a
subtly different problem. Namely, despite the apparent singularities of the integrand

w::( dz - dz )/\@

z—a z-—1 z

at the points 0, 1, a, co € P}(C), the integral I, is absolutely convergent, as can be seen
by working in polar coordinates centered at each of these points. More invariantly,
we may pass to the real oriented blowup at these points, which is the compact oriented
surface with boundary ¥ obtained from P*(C) by replacing each point 0, 1, a, oo with
a boundary circle; then w extends to a smooth form on Y. But an issue arises when

we try to compute this integral. To do so, we can observe that the form
dz dz )

a::_IOgMQ(z—a z—1

is a primitive for w, and attempt to apply Stokes’ formula

IZ://w:/ ifa,
b %

where i: 03 — 3 is the inclusion of the boundary. However, the right-hand side does
not makes sense as written, because a has a logarithmic pole along 0X. Indeed, if we
switch to polar coordinates z — a = rel?, we find that
a=—log W‘(% +id0) LO()dr+0(r)dd  asr—0,
so that « has a logarithmic pole dr/r = dlog(r) at » = 0 and its restriction is
ill-defined. So, once again, we introduce a cutoff parameter ¢, excise a tubular neigh-
borhood of width £ around the boundary, compute the integral over the boundary of
the resulting surface Y., and take the limit as ¢ — 0. With a bit of care, one sees
that this boils down to computing the residue of a at z = a. Consequently, the same
result can be achieved without introducing a cutoff parameter, by instead defining a
“regularized restriction” reg i*, in which we formally set dr/r to zero on the boundary,
giving
0

// w= / regi*a = —log|al? / (M—&— id0> = 27ilog |al?.
P1(C) % oY r

(The disappearance of the minus sign is explained by the orientation of 9%.) In this
paper, we will explain how this ad hoc construction of regi*«a can be interpreted,
in a precise sense, as the pullback of « along a morphism, resulting in a “regularized
Stokes theorem”. Once again, the form reg i*« itself depends on tangential data—this
time, a trivialization of the normal bundle of 0¥ —but in this case, the value of the
integral is ultimately independent.

At first glance, the dependence on choices seems more like a mild nuisance than
a serious issue, but the situation becomes more critical when one has many integrals
and wants to prove nontrivial relations between them using the basic laws of integra-
tion: change of variables, Fubini’s theorem, and Stokes’ formula. These integrals may
diverge (as in the case of I} above), but even if they converge, one may wish to make
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690 C. Duront, E. Panzer & B. Pym

use of divergent forms in the calculations (as in the case of I5). For instance, our own
interest in the problem stems from Feynman-style integrals in quantum field theory,
and related structures in quantum algebra, where one has a whole infinite collection
of integrals indexed by graphs; they satisfy many relations amongst themselves, and
logarithmic divergences abound.

Going further, one may seek to reformulate such identities between integrals in
purely cohomological terms, which grants access to the powerful tools of algebraic
geometry and Hodge theory, and reveals a hidden symmetry in the form of the action
of a motivic Galois group. In other words, one may wish to establish such identities
in the ring of “motivic periods” [KZ01, Brol7] (or a logarithmic variant thereof). The
formalism we develop below in this paper provides exactly such an interpretation.
In future work, we will apply it to the integrals appearing in deformation quantiza-
tion [Kon99, Kon03, ARTW16], thus realizing Kontsevich’s vision of a motivic Galois
action in this context.

1.2. Arproacn AND REsULTS. — In this paper, we solve the problems above by intro-
ducing a new class of geometric objects, called manifolds with log corners, which serve
as the natural domains of integration for logarithmically divergent forms, in the same
way that ordinary manifolds with corners are used for the integration of smooth forms.
In particular, there is a natural geometric notion of “regularization” for manifolds with
log corners, which serves as a replacement for the ad hoc introduction of cutoffs and
tubular neighborhoods in the usual approach, retaining only the essential geometric
data (such as tangential basepoints) that are needed to regulate the integral.

In the rest of the introduction, we shall give an overview of the main definitions
and ideas. As a preview of what is to come, let us summarize the main results of the
paper as follows:

Tueorem 1.1. The following statements hold:

(1) Manifolds with log corners carry functorial sheaves of functions and differential
forms with logarithmic divergences, satisfying versions of the Poincaré lemma and de
Rham isomorphism.

(2) When such manifolds are equipped with the additional data of an orientation
and a regularization, logarithmically divergent forms can be naturally integrated, in a
way that respects the basic laws of calculus: change of variables, Fubini’s theorem and
Stokes’ formula.

(3) A natural source of manifolds with log corners is provided by the “Kato—
Nakayama” spaces of a class of logarithmic algebraic wvarieties, which we call
“varieties with log corners” The corresponding reqularized integrals provide a coho-
mological theory of periods for varieties with log corners that is naturally compatible
with Deligne’s tangential basepoints.

1.2.1. Manifolds with log corners. — The most basic example of a manifold with log
corners is provided by a manifold with corners in the classical sense. More generally,
we may consider boundary faces of a manifold with corners, along with the natural
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REGULARIZED INTEGRALS AND MANIFOLDS WITH LOG CORNERS 6()]

data they carry on their normal bundles—specifically, the collection of “positive”
normal vectors, i.e., those which point into the interior. These data play a crucial role
in regularizing integrals.

While it is possible to describe manifolds with log corners in purely classical terms
(see Section 3.3.3), such a description is, in our experience, cumbersome. For this rea-
son, we adopt the framework of “positive log geometry” of Gillam—Molcho [GM15]—
a differential geometry version of the logarithmic algebraic geometry of Fontaine—
Nlusie-Kato [Kat89, 11194, Ogul8g]. In other words, we consider a manifold with cor-
ners Y endowed with the additional datum of a sheaf of monoids .#5, mapping to the
sheaf of non-negative smooth functions. In the basic case of a manifold with corners,
M, is simply the sheaf of non-negative smooth functions that are locally monomial in
coordinates near the boundary. For a boundary face, we include additional elements
that are “phantoms” of such functions on the normal bundle. See Section 3 for the
general definition. For the introduction, it will suffice to have the following examples
in mind.

The first is the “standard interval” [0, oc), which we equip with the sheaf .#o )
of functions of the form g¢(r)r? where r is the standard coordinate, g is a positive
smooth function, and j € N; this is a multiplicative submonoid of the sheaf %[gf’(’j)o of
non-negative smooth functions.

The second is its boundary, the “standard end” [0) := 9|0, c0), consisting of the
point 0 equipped with the monoid .#[) of monomials At where A € Ry is a positive
constant and ¢ is a formal coordinate corresponding to the derivative of r at zero; this
coordinate is not really a function, but rather a phantom thereof, in the sense that
its “value” is defined by formally setting ¢ = 0.

A general manifold with log corners is then locally isomorphic to an open set in a
product [0, 00)" x [0)*, and thus is covered by local charts consisting of “basic coordi-

nates” rq,...,r, on the underlying manifold with corners, and “phantom coordinates”
t1,...,ty that keep track of normal directions.
1.2.2. Log morphisms and tangential basepoints. — Log geometry gives a natural

notion of morphism between manifolds with log corners, expressed in terms of
sheaves of monoids. For the basic case of manifolds with corners, such morphisms
have a very concrete description: they are the maps that, when written in coordi-
nates, are locally monomial near the boundary. The importance of such maps in
differential geometry and geometric analysis was articulated by Melrose, who called
them “interior b-maps” [Mel92]. A basic feature of these maps, as the name suggests,
is that they preserve interiors of manifolds with corners; in particular, morphisms
x — X, where x is a single point, are in bijection with points in the interior X ~\ 9.

One of our key discoveries, made independently™™) by Howell [How17] in algebraic

(Dn the first arXiv version of this paper, we were working with a notion of morphism that
g

we called “weak”, see Remark 4.8. After learning about Howell’s work, we decided to adopt his

framework of “virtual” morphisms. The difference between the two notions is subtle and ends up
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) )

geometry, is that by a simple weakening of the axioms for a morphism in log geometry,
we obtain a more flexible notion of “virtual morphism” which also allows points to
land in the boundary; however, when they do so, they automatically come decorated
with positive normal vectors—a C°° counterpart of Deligne’s tangential basepoints.
In fact, tangential basepoints are the same thing as virtual morphisms from a point:

Prorosirion 1.2 (see Proposition 4.10). For XX a manifold with corners viewed as
a manifold with log corners, virtual morphisms x — 3 are in bijection with tangential
basepoints of X.

The category of manifolds with log corners and virtual morphisms is the natural
venue for our theory of integration.

1.2.3. Functions and forms. — In Section 5 we develop a theory of functions with log-
arithmic singularities. We construct, for each manifold with log corners X, a sheaf
€ o8 of “logarithmic functions”. This is done purely algebraically, by a simple
generators-and-relations presentation, in which we formally adjoin logarithms for the
elements of .#s, subject to two natural relations. The first relation is the obvious
identity log(fg) = log(f) + log(g). The second relation identifies a formal symbol
flog(g) with the corresponding function on ¥, provided that the latter is everywhere
smooth; this ensures that we do not “overcount” the smooth functions.

This presentation makes it easy to show that the sheaf ©°°!°¢ is functorial for
virtual morphisms, which will be crucial for our geometric interpretation of regularized
integrals. However, it obscures its analytic meaning. To this end, we prove that this
sheaf has the following classical description:

Throrem 1.3 (see Theorem 5.12). — The sheaf %;o’log is identified with the algebra of
functions that in any system of basic coordinates r1,...,T, and phantom coordinates
t1,...,tx on X, admit finite expansions of the form

=" fr.a(r)log (r)log” (t),
I1,J

where I,J are multi-indices and fr j are smooth functions.

The crucial subtlety here—which is why there is something nontrivial to prove—
is that the expansion in log(r) is not unique, due to the possibility of smooth function
coefficients that are infinitely flat at the boundary. The theorem shows that this
ambiguity is completely captured by the elementary relation defining s, 108 56 that
we can manipulate the formal expansions as functions in the obvious way.

In the absence of phantom coordinates, the sections of €5 log are examples of
polyhomogeneous functions in the sense of Melrose [Mel92]. Meanwhile the symbols
log‘](t) are monomials in the formal logarithms in the phantom coordinates, which

being essentially irrelevant for the applications to regularized integrals in this paper. However, virtual
morphisms in the sense of Howell are the right notion for other applications, such as formality of the
little disks operad; see our article [DPP24].

JEP — M., 2026, tome 13



REGULARIZED INTEGRALS AND MANIFOLDS WITH LOG CORNERS 6()3

are related to Melrose’s polyhomogeneous symbols; they keep track of the singular
terms that arise when attempting to restrict polyhomogeneous functions to strata.

Even though functions may diverge on the boundary, we can assign finite values at
“points”, simply by pulling them back along virtual morphisms * — ¥. As we explain
in Section 5, this simple prescription exactly encapsulates the classical approach of
choosing a tangential basepoint, and using it to define the regularized limit by dis-
carding divergent terms as in (1.1) above.

1.2.4. Differential forms and de Rham cohomology. In a similar way, we obtain a
functorial sheaf of differential forms dz"log with logarithmic singularities; it is the
smallest extension of the dg algebra of smooth forms which contains all logarithmic
functions .Q/EO’IOg = b 1°8 " and hence also their differentials. In local coordinates,
the latter have a basis given by the elements dlog(r;) = dr;/r; and dlog(t;) = dt;/t;.
We prove the following logarithmic version of the Poincaré lemma and de Rham
isomorphism, giving a topological interpretation for the cohomology of %,

Turorewm 1.4 (see Sections 6.3 and 6.4). — The natural map Ry < ,szfz"log is a quasi-

isomorphism of complexes of sheaves, and hence we have canonical isomorphisms
H;ing(E;R) = H:iR(Z)’

where Hip (X) is the cohomology of the complex of global logarithmic forms. Similar

isomorphisms hold more generally for relative cohomology, with or without compact

supports. In particular, logarithmic de Rham cohomology is homotopy invariant and

satisfies the Kiinneth formula.

The case of relative cohomology is particularly important, since in practice, do-
mains of integration often have a boundary.

1.2.5. Integration. — In Section 7 we explain how our de Rham isomorphism above
can be used to construct a natural and cohomologically meaningful theory of integra-
tion on manifolds with log corners.

Integration of forms in ordinary differential geometry requires an orientation to
sort out the signs. In the logarithmic setting, we require the additional data of a
reqularization of the manifold with log corners to control the divergences. In classical
terms, this amounts to the data s of a mutually compatible collection of non-negative,
locally monomial sections of the normal bundles of the faces, which allows for quite a
lot of variation in the qualitative behaviour. We package this succinctly as a collection
of virtual morphisms respecting the natural combinatorics of the boundary (that of a
“symmetric semi-simplicial set”); see Definition 7.1. It is then immediate that if (3, s)
is a regularized manifold with log corners, its boundary 0% comes with a canonical
regularization ds. We establish the following.

JIP — M., 2026, tome 13



694 C. Duront, E. Panzer & B. Pym

Turorew/Derinition 1.5 (see Section 7). There is a unique collection of functionals
on compactly supported log forms

/ L OB (R) R,
(Z.9)

one for each oriented and regularized manifold with log corners (3, s) whose underlying
manifold has dimension n > 0, which reduces to the ordinary integral whenever the
latter converges absolutely, and which satisfies the regularized Stokes formula

/ da = / Q.
(2,s) (0%,0s)

We then show by a straightforward calculation in coordinates that |, (S.9) reduces to
the classical regularized integral, defined in terms of regularized limits of asymptotic
expansions relative to tangential basepoints. Calculations such as the integrals Iy
and I (from Section 1.1 above) then become direct applications of the definition and
Stokes’ formula, as desired.

By construction, the regularized integral descends to logarithmic de Rham coho-
mology, where it induces the Alexander—Lefschetz—Poincaré duality pairing between
absolute cohomology, and cohomology relative to the boundary. Note that this pairing
is purely topological, and hence independent of the choice of regularization; this is
reflected in the fact that the relative cohomology can be computed using logarithmic
forms that vanish on the boundary. Such forms are absolutely integrable, even if they
are not smooth, so that their integral is independent of regularization.

1.2.6. Regularized periods in algebraic geometry. — We conclude in Section 8 by con-
necting our setup with the study of periods in algebraic geometry, i.e., integrals of
algebraic differential forms over topological cycles.

There are natural algebro-geometric analogues of manifold with log corners, which
we call varieties with log corners; these are the logarithmic algebraic varieties over C
that arise as strata of normal crossing divisors in smooth varieties. The connection
between these two worlds is obtained via Kato-Nakayama’s construction [KN99] of
a topological space KN(X) associated to a log scheme X over the complex numbers.
In op. cit., KN(X) is viewed as a topological space with no additional structure, but
as explained by Gillam—Molcho [GM15], it actually comes equipped with a natural
positive log structure.

For the basic case in which X = Y log D is the log scheme associated to a smooth
variety Y equipped with a normal crossing divisor D, the resulting space KN(X) is
the real-oriented blowup of (the analytification of) Y along D. The result is a mani-
fold with corners whose boundary components are circle bundles over the irreducible
components of D, viewed as a basic example of a manifold with log corners with no
phantoms.

In general, one may also have phantom directions in a variety with log corners; the
prototype is the “standard log point” given by the induced log structure on the origin
in Allog {0}. Its Kato-Nakayama space is the manifold with log corners S* x [0), with

JE.P — M., 2026, tome 13



REGULARIZED INTEGRALS AND MANIFOLDS WITH LOG CORNERS G():;

basic and phantom coordinates corresponding to the pullback of angular and radial
coordinates on the complex line A'(C) = C, respectively. We have the following.

Tueorem 1.6 (see Sections 8.2 and 8.3). — The Kato—Nakayama space construction
defines a functor X — KN(X) from the category of varieties with log corners over C
and virtual morphisms, to the category of manifolds with log corners and virtual mor-
phisms. If, in addition, X is defined over R, then its set of real points lifts to a natural
embedded submanifold with log corners KNg (X) C KN(X).

As an immediate consequence, there is a natural isomorphism
Hir (X) — Hir (KN(X)) @& C,

where H3g(X) is the algebraic de Rham cohomology of Kato-Nakayama [KN99]
defined using logarithmic algebraic differential forms, and Hj (KN(X)) is the coho-
mology of the forms with logarithmic singularities on the manifold with log corners
Y = KN(X) as above.

More generally, we may consider the cohomology of a diagram X, of varieties with
log corners and virtual morphisms—for instance the diagram of boundary inclusions
of a normal crossing divisor, which gives rise to a relative cohomology group. Using
this one can define an algebra of logarithmic periods as the numbers obtained by
the natural pairing between singular (a.k.a. Betti) homology and algebraic de Rham
cohomology for diagrams of varieties with log corners defined over Q. We expect
that this algebra (and its “motivic” counterpart) equals the ring of ordinary (non-
regularized) periods defined by Kontsevich—Zagier [KZ01].

For example, as we explain in Section 8.7, the integrals I; and Is above can both
be viewed as periods of varieties with log corners X and Y where the domains of
integration are cells of the real loci KNg (X) and KNg (Y). We further explain an
alternative approach to the single-valued integration and the double-copy formula
from [BD21], which gives a complementary viewpoint on the resulting motivic relation
between log a and 27ilog |a|?.

1.3. Furure work. — In the article [DPP24] we develop further the notion of vir-
tual morphism in logarithmic algebraic geometry, proving that it retains many good
functoriality properties and applying it to the formality of the little disks operad.

In future work we will explain how the construction of real Kato—Nakayama spaces
from log structures on the moduli space of stable genus zero curves can be used to
give motivic meaning to the integrals appearing in deformation quantization, and
their evaluation in terms of multiple zeta values [BPP20]. In this way, we will explain
that the subtle “weight drop” phenomenon observed analytically in op. cit. is, in fact,
a consequence of the geometry (via mixed Hodge theory), and realize the aforemen-
tioned motivic Galois action.

1.4. ReraTioN 1O oTHER WORK. — Many authors have approached regularized inte-
gration from various points of view. For instance, Felder-Kazhdan [FK17, FK18] and
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696 C. Duront, E. Panzer & B. Pym

Li-Zhou [LZ21, LZ23] have studied such integrals in the presence of a suitable con-
formal structure, by introducing cutoff functions and examining the asymptotics of
the integral as the cutoff tends to zero; they show explicitly that the “finite part” of
the integral only depends on a trivialization of the outward-pointing normal bundle,
via residues. Our regularization procedure gives the same definition and dependence
on choices without the need for cutoff functions or direct asymptotic analysis of the
integral. (The only place where asymptotics appear in our approach is to prove Theo-
rem 1.3, which establishes the structure of the sheaf °>1°¢ of logarithmic functions.)

Meanwhile, in [RS20], Ruddat—Siebert develop a formalism of regularized integra-
tion along the fibers of certain log smooth morphisms, which should also be compatible
with ours, although we did not try to relate the two approaches.

Regularized integrals also abound in the theory of automorphic periods (see,
e.g. [Zyd22] and the references therein), for which the appearance of local toric
models [Sak16] suggests that our approach via logarithmic geometry could apply.

In [Bro09], Brown studied period integrals on the moduli space of genus zero curves.
In the process, he proved a version of Stokes’ theorem for certain forms with logarith-
mic singularities; it corresponds to the special case of our regularized Stokes’ theorem
in which the forms have no poles, and directly inspired our approach.

In [ARTW16], Alekseev—Rossi-Torossian—Willwacher formulated a regularized ver-
sion of Stokes’ theorem for manifolds with corners, equipped with suitable torus
actions near the boundary strata. This can be understood as the special case of
our regularized Stokes formula, in which the regularization of ¥ is chosen to be
torus-invariant, and the form satisfies their “regularizability” criterion. They then
applied their approach to the integrals appearing in deformation quantization men-
tioned above; as we will explain in future work, the torus action in these examples is
the natural phase rotation on the corresponding Kato—Nakayama spaces.

While our paper was in preparation, Kato-Nakayama—Usui posted an interesting
preprint [KNU23|, in which they study C'* logarithmic functions on log complex
analytic spaces by combining the Kato—Nakayama spaces with an additional “space
of ratios”. While there are some formal similarities (e.g. a Poincaré lemma), the aims,
results, and approach appear to be quite different.

In [TD25], Tur-Dorvault used the formalism of the present paper to identify the
periods of the motivic fundamental groupoids based at tangential basepoints.

Finally, our logarithmic de Rham theorem (Theorem 1.4) has subtly different ana-
logues in other contexts. Firstly, there is an analogous result for holomorphic logarith-
mic de Rham complexes, due to Kato—Nakayama [KN99]. Their proof is essentially
algebraic, relying on the fact that log(z) is algebraically independent from holomor-
phic functions, which fails in the C*° context. In contrast, our proof of Theorem 1.4
is quite close to the classical argument in differential geometry via contracting homo-
topies; this is made possible by the notion of virtual morphism. Secondly, in a different
direction, Mazzeo—Melrose [Mel93, §2.16] computed the cohomology of smooth forms
on a manifold with corners with log poles on the boundary (but no log divergences
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REGULARIZED INTEGRALS AND MANIFOLDS WITH LOG CORNERS G()7

in the coefficient functions). This gives a different answer, since absent the function
logr, the form dr/r is not exact near the boundary.

Conventions and notation. — All monoids are implicitly commutative and with a
monoid law written multiplicatively. The main exception is the set N of natural num-
bers (i.e., non-negative integers, including zero), which we view as a monoid under
addition.
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2. MANIFOLDS WITH CORNERS

There are several approaches to manifolds with corners in the literature; in this
section we review the basic definitions and conventions used in this paper.

2.1. DEFINITIONS

« For subsets A C R™ and B C R™ we say that a map ¢: A — B is smooth if it
extends to a smooth R"-valued function on an open neighborhood of A C R".

o A diffeomorphism is a smooth map ¢: A — B that admits a smooth inverse.

o A chart (with corners) on a topological space W is a pair (U, ¢) where U C W is
an open set and ¢: U — [0,00)™ is a continuous map that induces a homeomorphism
from U to an open subset of [0,00)", for some n € N. We typically denote the
coordinate functions in such a chart by ¢ = (r1,...,r,), as they measure the distance
from the origin in each direction.

« Two charts (U, ¢) and (V) are said to be compatible if the transition function
popt: p(UNV) — (UNV) is a diffeomorphism. An atlas (with corners) on W is
a set of charts that are pairwise compatible and whose union is W.

Derinition 2.1, — A manifold with corners is a second countable Hausdorff space
equipped with a maximal atlas (with corners).

For any point x in a manifold with corners W, there is a unique j > 0 such that z
lies in a chart (U, ¢) for which ¢(z) € {0}/ x (0,00)" 77, i.e.,

(2.1) r(z)=---=rjx)=0 and rivi(z), ..., ra(z) > 0.

We call this integer j the depth of x.
The interior is the open set W° C W consisting of points of depth zero, i.e., for
which all coordinates are positive. It is a smooth manifold (without corners).

Remark 2.2. — Every manifold with corners is covered by open sets diffeomorphic to
[0, 00)7 x R"~J for some 0 < j < n, since [0,00)™ has a basis of such open sets. ¢
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Derinition 2.3. A smooth map between manifolds with corners is a map that is
smooth in every chart. We denote by %}3 the sheaf of smooth R-valued functions
on W, and by €} >0 C 20 Gy the subsheaves of functions whose values are
strictly positive, and non-negative, respectively.

Remark 2.4. — There are different notions of smooth maps between manifolds with
corners. (For instance, the notion we use here is called weakly smooth in [Joy12].) By a
theorem of Seeley [See64] (see also [Mel96]), a function f: [0,00)™ — R is smooth in
the present sense if and only if it is smooth in the interior (0,00)"™, with all partial
derivatives continuous on [0, c0)™. Equipped with the Fréchet topology, the set of such
functions is a complete, locally convex topological vector space. O

2.2, TaNGENT sTRUCTURE. — For a manifold with corners W and a point € W, the
tangent space T, W, the cotangent space Ty W and the differential df|, € T, W of a
smooth function are defined in the usual way, via derivations of 4}37. On the boundary,
only some vectors actually point into W; we single them out as follows.

The non-negative tangent space of W at x is the closed subset

T2OW = {v eT,W ‘ (v,df[2) > 0 for all f € €27° such that f(x) = 0}.

Its boundary lies on a union of hyperplanes, called the boundary tangent hyperplanes,
defined by (v,dr|,) = 0 for r a non-negative local coordinate at x. Its interior is the
positive tangent space T;°W C TZ°W. In coordinates (r1,...,r,) satisfying (2.1),
a vector v = @10y, |s + - + andy, |» € T,W is non-negative (resp. positive) if and
only if the first j coefficients aq, ..., a; are non-negative (resp. positive), so that the
coordinate basis gives identifications

T,W=R" — TZW =[0,00) xR"™,  T2W = (0,00)7 x R" 7,

The boundary tangent hyperplanes are identified with the first j coordinate hyper-
planes of R™, i.e., the vanishing sets of the linear functionals dry |y, ..., dr;|, € T,)W.

The tangent face of W at x is the intersection of all boundary tangent hyperplanes
at x, given by

Fw={ver,w ’ (v,df],) = 0 for all f € €37,7" such that f(x) = 0}.

s L

The quotient N, W := T,W/F,W is called the normal space of W at x. The positive
and non-negative normal spaces N;°W C NZ°W C N,W are the projections of the
corresponding subsets of T,,WW. The coordinate basis above gives

FE,W = {0} x R/
and isomorphisms
N, W = RJ, NZW 20, 00)7, and NZOW = (0, 00)’.

Note that when = € W° is an interior point, we have N,WW = N2 = N>0 = {0},
so that in this case only, the zero vector is “positive”.
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—
(a) [0,00) (b) 8]0, 00)*

Ficure 1. The boundary of the quadrant [0, 00)? is the disjoint union
of two copies of [0, c0).

[ J
(a) W (b) oW (c) O*W

Ficure 2. The “teardrop” manifold W is a compact surface with a
single corner and a single boundary component. Its double boundary
consists of two points that are interchanged by the action of G5, and
correspondingly have the same image in W.

2.3. Bounpary. — The topological boundary of a manifold with corners W is the
complement of the interior Oyo, W := W\ W?. It does not naturally have the structure
of a manifold with corners in general.

Rather, the correct notion of boundary has the following local picture. In the
orthant [0, 00)™ with coordinates (r1, ..., 7, ), we define the boundary 9]0, c0)™ as the
disjoint union of the n coordinate suborthants {r; = 0} 2 [0, 00)"

9]0,00)" = ] [0,00)" x {0} x [0, 00)"7.

j=1
The natural map
i: 0]0,00)" — [0, 00)"
is an immersion of manifolds with corners that fails to be injective if n > 0, since the
origin of [0,00)™ has n preimages by 4; see Figure 1.
The boundary OW of a general manifold with corners is obtained by gluing this
local construction. It is a manifold with corners equipped with an immersion

1: OW — W.

One can view W as the set of all pairs (z, b) where € W and b is a boundary tangent
hyperplane of W at x. Note that ¢ need not be injective on connected components of
OW | as shown by the example of the “teardrop manifold” in Figure 2.
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Iterating, we obtain for each k& > 0 a manifold with corners 0*W := 9(9k~1W),
whose points are pairs (z, (b1, ..., b)) consisting of a point € W and an ordered list
(b1, ...,by) of pairwise distinct boundary tangent hyperplanes of W at x. There is a
free action of the symmetric group &y on O¥W which permutes the boundary tangent
hyperplanes b;, and there are k smooth maps W — 9*~1W which forget one of
the b;. This structure makes the collection 9°W into a symmetric semi-simplicial
object (in the sense of [CGP21], see §6.4.1) in the category of manifolds with corners.

The quotient ng := O/}, is a manifold with corners, whose points are pairs
(z,{b1,...,bx}), where x € W and {b1,...,b,} is a set of pairwise distinct boundary
tangent hyperplanes of W at . Its connected components are called the (boundary)
faces of W. These objects are less practical to work with than the 9, because
of the impossibility to define maps 5k+1W — 5kW for £ > 0 in a choice-free man-
ner. There is, however, a natural immersion ng — W for each k, which identifies
the interior (5kW)° with the set of depth-k points in W, and the tangent space at
(z,{b1,...,br}) € (EkW)O with the tangent face F,W C T, W.

3. MANIFOLDS WITH LOG CORNERS
3.1. PoSITIVE LOG STRUCTURES

3.1.1. Definitions. — Let 3 be a manifold with corners. Note that the subsheaves
of positive and non-negative functions 40 ¢ €3°7° ¢ €3° are sheaves of sub-
monoids with respect to the operation of multiplication, and that €g >0 is the sub-
group of invertible sections of the monoid €5° >0,

Derinirion 3.1, A positive pre-logarithmic (or pre-log) structure on X is a sheaf of
monoids .#x, on X along with a morphism of sheaves of monoids
a: Ms, — Cso 20,
It is called a positive logarithmic (or log) structure if the induced morphism
afl(%go,>0) N %go,>0

is an isomorphism.

We will often abuse notation and simply write 3 for a triple (3, #5, ) consisting
of a manifold with corners equipped with a (pre-)log structure. When we want to

distinguish between such an object and the underlying manifold with corners, we will
use the notation X for the latter.

Examere 3.2. — If ¥ is a manifold with corners, then taking .#% = %§°’>0 with
a: Ms, = Cs 29 the inclusion, we obtain a positive log structure on 3, which we
call the trivial positive log structure. O

ExamerLe 3.3. — On the manifold with corners [0,00) with standard coordinate r,

we define a sheaf of submonoids .Z[ ) := ‘5[30;)07“1\] - ‘K[Boj)o as the functions which
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can be written as a positive smooth function times a non-negative integer power of r.
One readily checks that the inclusion

. 00,>0_ N
a: ‘5[0700) ro—s Cf[

00,20
0,00)
defines a positive log structure (.#[p ), ) on [0,00). We refer to [0,00) with this
positive log structure as the standard half-open interval. %

For a positive log structure, we will tacitly identify €5 % with the submonoid
a1 (670 € My, viewing a as a factorization of the inclusion Go>”0 — G52

00,>0 « 00,20
s, — My — Cx, 7.

Every positive pre-log structure has an associated positive log structure //lg’g defined
as the pushout //léog = Ms, Ug-1(e>0) (fgo’w with the induced morphism «'°® :

///éog — ‘5;0’20; see [Ogul8, §I.1.1 and §II1.1.1.3] for the analogous construction in
the algebro-geometric setting. This will be useful for the constructions below.

3.1.2. Pullback and restriction. Let ¥ = (¥, Ay, ay) be a manifold with corners
equipped with a positive log structure, let ¥ be a manifold with corners, and let
¢ : X — ¥ be a smooth map. The composition

%
a
Py A N ¢—1<g\;o720 L %50,20

defines a positive pre-log structure on X, where the second map is the pullback of
smooth functions along ¢. Its associated log structure is denoted by ¢* (. #y, ay) and
called the pullback of the positive log structure. When ¢ is an immersion, we will refer
to this operation as restriction. We will implicitly equip any open subset U C ¥ with
the restricted positive log structure.

Examrre 3.4. — The point {0} C [0, ), equipped with the restriction of the positive
log structure from Example 3.3, is called the standard end and denoted by the symbol
[0) = ({0}, A0y, aj0)). It behaves somewhat like a tubular neighborhood of 0 € [0, c0).
Let t := r|gy € o) denote the restriction of the standard coordinate on [0, 00).
Then we have .Z|y) = R-otY, the product of Ryo with the free monoid generated
by ¢, and o) is the morphism of monoids defined by “evaluation at ¢ = 07:

o)t Root! — Rzo, M A0 1= {)\ lf] o ’

0 ifj>0.

3.1.3. Products. — Let ¥ = (X, s, asx) and ¥ = (¥, #g,ay) be manifolds with
corners equipped with positive log structures. Their product ¥ x ¥ is the manifold with
corners X X V¥ is equipped with the positive log structure associated to the positive
pre-log structure

Pyt M X pyt My — %SOX’\%O’ (f,9) — psas(f) - pyow(g),

where py, and py denote the projections from X x ¥ to ¥ and W respectively.
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ExampLe 3.5. Let n,k € N. The standard log corner of dimension (n,k) is the
product [0, 00)™ x [0)%. Explicitly, the positive log structure AMp,00)m x[0)+ 15 defined as
follows. Let 7, ...,r, denote the standard coordinates on [0,00)", and let t1,...,tx
be additional formal variables. We define

%[07oo)n,><[0)k = (g[g?(gﬁﬂ“N : tN

as the product of the constant monoid ' := ¢}’ ¢}l of monomials in the variables
t1,...,tx with the subsheaf of monoids of %[g‘fj)% consisting of functions which can
be written as a positive smooth function times a monomial in 7™ := 7I\... 7N, The
morphism of sheaves of monoids

. p0,>0 N N 00,20
a: G byt -t > Clo.o0)n

is defined as the identity on functions of r, and sends each t; to 0. We note that
[0,00)™ x [0)* can also be obtained by pulling back the positive log structure of the
product [0,00)"* to the vanishing locus of the last & coordinates. %

3.2. MANTFOLDS WITH LOG CORNERS. — We now introduce our main objects of study.

3.2.1. Definition. — Let ¥ = (X, #5,a) be a manifold with corners equipped with
a positive log structure.

Derinirion 3.6. A chart of dimension (n, k) on X is an isomorphism from an open
set U C ¥ to an open set in the standard log corner [0,00)" x [0)*. We say that X is
a manifold with log corners if every point « € ¥ is contained in the domain of a chart
of dimension (n, k) for some n, k € N (which may depend on z).

If all charts have the same dimension (n, k), which is automatic if X is connected,
we say that ¥ itself has dimension (n, k).

Thus a manifold with log corners of dimension (n, k) is covered by charts consisting
of basic coordinates r1,...,ry, € €5 20 on the underlying manifold with corners, and
phantom coordinates ti,...,t, € Ms with a(t;) = 0.

Examrre 3.7. Every connected manifold with log corners of dimension (0, k) is
isomorphic to [0)*. O
Exavrere 3.8. — If 31,35 are manifolds with log corners of dimensions (nj, k1) and
(n2,ke), then their product ¥; X Yo is a manifold with log corners of dimension
(n1 +n2,k1+k2). <>
Remark 3.9. — A manifold with corners equipped with the trivial log structure

(Example 3.2) is not a manifold with log corners, unless it is a manifold (i.e., without
corners). Indeed, in our local model [0, 00)™ the log structure is non trivial along the
boundary. O
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3.2.2. (Ordinary) morphisms. There is an obvious notion of morphism between
manifolds with log corners, identical to the corresponding notion in logarithmic alge-
braic geometry. Since we will later need a weaker notion of morphism, we will some-
times call the usual morphisms “ordinary” to distinguish them from the more general
“virtual” morphisms defined below in Section 4.

Derinition 3.10. — Let X = (X, 4, ax) and ¥ = (¥, . #y, ag) be manifolds with
log corners. An (ordinary) morphism ¢: ¥ — W is a pair (¢, ¢*), where ¢: ¥ — W is
a smooth map and ¢*: Q_l///g, — My is a morphism of sheaves of monoids such the

following diagram commutes, where the bottom horizontal arrow is the usual pullback
of smooth functions along ¢.

g—l///q,;m//z
(3.1)
w e

— > = >
Q 1%\;07/0 , %507/0

Examrre 3.11. — An example of morphism of manifolds with log corners is the inclu-
sion i: [0) < [0, 00) of the standard end (Example 3.4) inside the standard half-open
interval (Example 3.3). Concretely, the smooth map 4 is the inclusion of {0} inside
[0,00), and the morphism of sheaves of monoids is
i iGN 5 RootN
g(r)r! — g(0)¢,

which picks out the leading term in the Taylor expansion of a function at r =0. ¢

ExamprLe 3.12. — More generally, consider the standard corner [0, 00)™ with coordi-
nates rq,...,r,. We have a morphism of manifolds with log corners

i:[0,00)" ! x [0) = [0,00)"

whose underlying smooth map i is the inclusion of [0,00)" ! as the locus {r, = 0}
in [0,00)™ and whose morphism of sheaves of monoids extracts the leading Taylor
monomial in r,,:

N N 4N

ok . —1cpoo,>0 N N 00,>0
e —

glri,... ,rn)T{I s — g(r1, . T, O)r{1 . -rf;”_’ll tin,
More generally, we have inclusion morphisms of manifolds with log corners
i:[0,00)™ x [0)* — [0,00)" ™ x [0)*7
for 0 < j <k. o
ExamrrLe 3.13. — If ¥y, X9 are manifolds with log corners, then the projections

Py, X1 X Mg — ¥ and ps,: 31 X X¥a — Xy are morphisms of manifolds with log
corners. O
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3.2.3. Manifolds with corners viewed as manifolds with log corners. — If ¥ is a manifold
with corners, we may endow it with the structure of a manifold with log corners %P2
by requiring that every chart ¢: U — [0,00)™ on X in the sense of Definition 2.1 is a
chart of dimension (n,0) in the sense of Definition 3.6. More precisely, let .#spas C
C 2% he the subsheaf of monoids consisting of functions that can be written in local
coordinates (r1,...,7,) in the form g(r)ri* - .- ri» where ge‘fgo’>0 and ji,...,5n €N,
and let argbas @ Mybas — ‘5;0’20 be the natural inclusion.

DeriNtrion 3.14. The manifold with log corners Y2 = (X, .#sas, aypas ) is the
basic manifold with log corners associated to X.

Note that if a smooth map Q : 2 — W of manifolds with corners lifts to an ordinary
morphism P2 — ¥P25 it does so in at most one way; this occurs if and only if, when
expressed in local coordinates, ¢ has the form

n n
é: (T17'--7rn) — (leT‘lJ-iyl,...7me’f‘zj.i’m>
1=1 i=1

for some strictly positive smooth functions fi,..., fi, of (r1,...,7,) and exponents
(Jie) € N™™ ., it is an “interior b-map” in the sense of Melrose [Mel92]. Note that
in this case, ¢ preserves interiors, in the sense that ¢(X°) C ¥°.

3.2.4. Tangent structure of a manifold with log corners. — If x € ¥ is a point in a
manifold with log corners, there is a natural structure of manifold with log corners
on the non-negative tangent space T2°% of the underlying manifold with corners,
that we denote by 72°%. Concretely, in a chart of dimension (n, k) whose coordinates
satisfy (2.1), we have an isomorphism

T79% 22 [0, 00)7 x R"77 x [0)*

of manifolds with log corners, whose coordinates are the differentials dry |, ..., dr,|x
and dty|g, . . ., dtg|,. More intrinsically, the positive log structure of T, EOE is the pull-
back of the positive log structure on ¥ via any open embedding 72°% < ¥ with lin-
earization equal to the identity. This construction is evidently functorial: for ¢: ¥ — ¥
a morphism of manifolds with log corners, the derivative of ¢ gives at x gives a mor-
phism
. =20 =20
dey: T7°Y — T¢(w)\11.
3.3. THE GLOBAL STRUCTURE OF MANIFOLDS WITH LOG CORNERS

3.3.1. “Basic” and ‘phantom” sections. — For a manifold with log corners ¥, there
is a fundamental dichotomy in the behaviour of sections f € .#%, generalizing the
dichotomy between the basic coordinates r; and the phantom coordinates ¢;:

Derinirion 3.15. — Let ¥ = (X, #x, a) be a manifold with log corners. A germ f of
a section of . is called basic if a(f) # 0 and a phantom if a(f) = 0. We denote by
AMES | MEM™ C M, the subsheaves of basic and phantom sections.
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ExamrLe 3.16. For the standard end [0) from Example 3.4, an element of .#)
has the form At/ with A € Ry and j € N. It is basic if j = 0 and phantom if j > 0,

so that ///['83“ =Rsg and . [g;wn is the monoid ideal of .#]p) generated by t. O

An important subtlety in the definition is that the condition a(f) # 0 refers to the
germ of the function «(f), not the value at a point; thus it could well happen that the
germs of a(f) are everywhere nonzero, so that f is basic, even though the function
a(f) has a nonempty vanishing set.

ExamprLe 3.17. — For the standard interval half-open interval [0,00) from Exam-
ple 3.3, a section of .#[y ) has the form g(r)r? with g a positive smooth function
and j € N. Even though such a function vanishes at the origin when j > 0, its germ

is everywhere nonzero. Therefore, /)% = .M ) and ///[Bh;r; =g. O

Note that by definition, the stalk of .#x at any point decomposes as the disjoint
union of the sets of basic and phantom elements, i.e., we have a decomposition

My = MY ME

of sheaves of sets. In local coordinates (r,t), a phantom section is one that is a multiple
of some phantom coordinate ¢;, while the basic sections are given by

bas 00,>0 N
A 0,50) x[0)k = o g0 -

Therefore .42 C .y, is a sheaf of submonoids while .//lghan C M is a sheaf of
monoid ideals.

For a manifold with corners ¥, the associated basic manifold with log corners X2
(Definition 3.14) does not have phantoms, i.e., the sheaf ///5‘3:;“ is empty. On the other
hand, if ¥ is any manifold with log corners, then it is clear from the definition of a
chart that the subsheaf .Z£2 C s of basic elements depends only on the underlying
manifold with corners, and is canonically identified with .#swas via «. Hence there is
a canonical ordinary morphism

N Ebas

to the underlying basic manifold with log corners. In local coordinates, it is simply

the projection [0,00)™ x [0)* — [0, 00)™.

Derinirion 3.18. A manifold with log corners is basic if #L2% = s, or equiva-
lently the canonical map ¥ — %P2 is an isomorphism.

3.3.2. The boundary of a manifold with log corners. — Let ¥ = (X, #s,ax) be a
manifold with log corners. Then the pullback of the positive log structure on X to the
boundary 9. (defined as in Section 2.3) gives the latter the structure of a manifold
with log corners, and makes the boundary immersion into a morphism

1: 08 — 2

whose local picture is given by the following example. Note that if ¥ has dimension
(n, k), then 0% has dimension (n — 1,k + 1); in particular, the boundary is not basic
unless it is empty.
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ExampLre 3.19. For ¥ = [0, 00) the standard half-open interval (Example 3.3), the
positive log structure on 9]0, c0) is the standard end [0). More generally, one checks
that for the standard log corner [0,00)" x [0)* we have an identification

2([0.00)" x [0)") = L [0.00)~" x [0) x [0.50)" Y x [0)",

which is the disjoint union of n copies of [0, 00)" ™1 x [0)*+1. O

Iterating this construction as in Section 2.3, we obtain manifolds with log corners
OFY and ng = 8k§]/6k for k£ > 0, so that every face of X is also a manifold with
log corners. In fact, if ¥ = X2 is a basic manifold with corners of dimension n, the
induced log structure on 9% depends only on the structure of its normal bundle, as
we now explain.

Let us denote by

i 8]“72 — Y
the natural immersion, and by

N = T?5/To* S

its non-negative normal bundle. Concretely, near any point p € 9% we can choose
coordinates (r1,...,7,) in which the immersion Y 5 Tis given by the inclusion of
the boundary face 1y = 79 = --- = r;, = 0 in [0,00)™. Then the fiber of NZ% at p is
identified with the set of non-negative linear combinations of the basis normal vectors

[37’1]7 R [8rk] S Z*E/T&

We may then view N2° as a basic manifold with log corners with induced coordi-
nates (dri,...,drk, Tk+1,...,7n), where we abuse notation and view the differentials
dry,...,dry as functions on the normal bundle, and the functions r541,...,7, on X
as functions on the base 9% by pullback.

We have the zero section embedding

i : 9% — N0,

given locally by the inclusion of the face dry = --- = dry = 0, so that we may pull
back t/I_lE basic positive log structure on N=° to make 9*¥ into a manifold with log cor-
ners OFY, with induced coordinates (dty, ..., dtg, Tk+1, - - - ,7n), where the coordinates
dt; := ijdr; are phantoms. By construction, k% depends only on the non-negative
normal bundle N=°.

On the other hand, the pullback log structure i*.#s defining O*% as before has
coordinates (ti,...,tk, Tk+1,..,7n) with phantoms t; := i*r;. It is straightforward
to check that the identifications

(3.2) (tl,...,tk,’l"k_;,_l,...,Tn) — (dtl,...,dtk,rk_»,_l,...,Tn)

are independent of the choice of coordinates (ry,...,7,) on 3, and therefore gives a
canonical isomorphism 9% = 9% 3.
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More invariantly, we may note that sections of .# 5t are identified with fiberwise

monomial functions on N2, with coefficients in the basic functions ., 5,?;. Further-

)

more, if f € Ay is a locally monomial function on ¥, the leading term in its Taylor
expansion along 9*Y is exactly such a locally monomial function on the normal space.
This gives a map of positive pre-log structures

(3.3) o i s — j/éﬁ\z
which we call the symbol map. It has the local expression

O, i s £0, .0, Ty ) ()T - (dEg )T - AR -dn
and hence, upon logification, it induces the coordinate mapping (3.2) above.

Prorosition 3.20. For ¥ = £P2% pasic, the symbol map induces an isomorphism

Myrs, = M

%
of positive log structures, for all k > 0. Hence the log structure on OFY depends only
on the non-negative normal bundle of O*Y in ¥.

Cororrary 3.21. — For every x € X, the pullback log structure Mx|, is canonically
identified with the multiplicative monoid of non-negative monomial functions on the
non-negative normal space NZ°X.

3.3.3. The phantom tangent bundle. — Proposition 3.20 shows that the manifolds with
log corners that arise as boundary faces of a basic manifold with log corners have a
special form: they are determined by a vector bundle (the normal bundle) equipped
with a subbundle of orthants. Our aim now is to show that in fact, every manifold
with log corners has such a form, and may thus be viewed as a union of faces of a
basic manifold with log corners in a canonical way. For this, we need to replace the
normal bundle of the embedding with the following intrinsic notion.

Derinition 3.22. Let X be a manifold with log corners, and let x € ¥ be a point.
A phantom tangent vector at x is a map
v: ,///gfn — R
that is .45 z-linear, in the sense that
v(fg) = a(f)le - v(g)
for all f € Ms, and g € //lgzan. A phantom tangent vector is mon-negative

(vesp. positive) if it takes values in Rq (resp. Rsg).

The set of all phantom tangent vectors on ¥ is naturally a vector bundle over X,
which we call the phantom tangent bundle TP"*"Y. The positive and non-negative
vectors give subbundles

Tphan,>02 C Tphan,}OE C Tphanz
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with fibres isomorphic to (0, 00)* C [0,00)* C R¥. Concretely, if 1, ...,t € ///g;an is
a set of phantom coordinates we may define phantom tangent vectors 0, ,...,0, €
Tghanz by A#s 5-linear extension of the formula

1 i=y,
atxtj):{o )

Using that //lgfn is freely generated over .#spas , by L1, ..., 1y, it is straightforward to
verify that these phantom tangent vectors are well-defined, and form a local basis for
TPhany] such that the positive (resp. non-negative) vectors are the positive (resp. non-
negative) linear combinations of the basis elements.

In particular, 7PP2%>0% is a manifold with corners, which we equip with its ba-
sic positive log structure. This has the effect of turning local phantom coordinates
t1,...,t, around a point z € ¥ into actual coordinates on the fibres of TPPa20%
Consequently, the zero section lifts canonically to an embedding ¥ — 7TPhan.20%;
identifying the positive log structure on ¥ with the pullback of the basic positive log
structure on TPP220% The global structure of a manifold with log corners is thus

summarized by the following statement.

Prorosition 3.23. — Let ¥ be a manifold with log corners. Then X is canonically
identified with the zero section in the basic manifold with log corners TPP%203%] ith
the induced log structure, giving a commutative diagram

) Tpha,n,}()z

N

Ebas

Note that by construction, every transition function for T7P"#™20% has to map a
phantom coordinate t; to At;; for some A > 0 and some index j’. We therefore get
a reduction of the structure group of the vector bundle 7Ph"%] from GLg(R) to the
subgroup Sy X R’;O generated by permutation matrices and diagonal matrices with
positive entries. This means that locally, TP**"¥ has a canonical decomposition as
a sum of line bundles corresponding to the phantom coordinates t1,...,t;, but this
decomposition need not be globally well-defined, as the following example shows.

Exawrre 3.24. — Let ¥g = Rx[0)? and consider the Z-action on X generated by the
automorphism (z, t1,t2) — (z+1,t2,t1), which acts as a translation on the underlying
manifold, an swaps the phantom coordinates. Then ¥ := ¥y/Z is a manifold with log
corners whose underlying manifold is the circle R/Z, and for which the pair of lines
decomposing the fibres of TPP#"3 are interchanged as we go around the circle. O

3.4. FIXEDp POINTS OF GROUP ACTIONS. — In this subsection, we briefly discuss the
behaviour of compact Lie group actions on manifolds with log corners.
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Derinirion 3.25. Let ¥ be a manifold with log corners, and G a Lie group, which
we view as a manifold with corners equipped with the trivial positive log structure.
An action of G on X is a morphism G x ¥ — ¥ of manifolds with log corners satisfying
the unit and associativity conditions in the category of manifolds with log corners.

If z € ¥ is a G-fixed point, then by functoriality, we obtain a linear action
GxT2'Y — 72°%

on the non-negative tangent space, viewed as a manifold with log corners as in Sec-
tion 3.2.4. When G is compact, this gives a local model for the action, thanks to the
following mild extension of Bochner’s linearization theorem [Boc45].

Turorem 3.26. — If G is compact, there exists a G-equivariant isomorphism of man-
ifolds with log corners from an open neighborhood of the fized point x € ¥ to an open
neighborhood of 0 € TZ°Y, whose derivative at x is the identity map.

Proof. — The proof is a straightforward adaptation of Bochner’s argument [Boc45]
as presented in [DKO00, §2.2]; we will simply indicate the necessary adjustments.

By functoriality, the action of G lifts to a fiberwise linear action on the phantom
tangent bundle preserving the embedding ¥ < TPhm20% from Proposition 3.23.
We may thus assume without loss of generality that X = X3 is basic.

From here, the proof proceeds as in op. cit. By compactness of G, there exists a
G-invariant open neighborhood U of z in 3. Choose an arbitrary open embedding
x: U < TZ°% whose derivative at x is the identity. Let x, := gxg~! be the conju-
gation of ¢ by the given action of g on U and the induced linear action on T.7°%.
We may view each map x4 as a vector in the vector space of smooth maps U — T, X.
The latter is a complete locally convex topological vector space (cf. Remark 2.4),
so that we may define the average Y := fg cc @9 With respect to the Haar measure
on G. As in op. cit., ¥ is a smooth, G-invariant map U — T, whose derivative at x
is the identity. In addition, since 2% C T,,X and all of its boundary faces are pre-
served by non-negative linear combinations, we conclude that the image of Y is an
open neighborhood of the origin in 77°%. Thus X gives the desired G-equivariant
isomorphism. O

Cororrary 3.27. — If G is compact, then near any fized point, ¥ is G-equivariantly
isomorphic to a product R x [0,00)" x [0)* with a diagonal G-action, where G acts
linearly on RY, and acts by permutations of the coordinates on [0,00)™ x [0)*.

Proof. — Endowing the tangent space with an invariant inner product, we can decom-
pose it as an orthogonal G-invariant direct sum of the tangent space of the stratum
through x and its normal directions. The former is a copy of R™ with a linear G-action,
and the latter are grouped into basic and phantom directions for which the action
reduces to permutations by Lemma 3.28 below. g

Levmva 3.28. — Let G C GL,1x(R) be a group of linear transformations of R"** that
restrict to automorphisms of the manifold with log corners [0,00)™ x [0)*. Then G lies
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in the subgroup (&, X &) x R;L'gk generated by permutations of the first n and last k
coordinates, and the diagonal matrices with positive eigenvalues. If, in addition, G is
compact, then G is conjugate to a subgroup of &, x Gy.

Proof. — Let eq,...,ensr € R"F be the standard basis. The action of G on R*+*
must permute the one-dimensional boundary faces of [0,00)"**, but the latter are
exactly the rays spanned by the basis vectors. Hence any g € G acts by g -e; =
Aieg-1(;) for some \; > 0 and o0 € &,1,. Furthermore, the action must preserve
the grouping of the coordinates into the n basic and k phantom coordinates, so that
G < (6, x &) x Rggk as claimed.

Now suppose that G is compact; we wish to show that G is conjugate to a subgroup
of &, x &j. Since &,, x &, is a subgroup of &,, 1 it is enough to treat the case k = 0.
We first treat the case where the action of G on {1,...,n}, induced by the map
G — 6, is transitive. In this case, for all ¢« € {1,...,n}, there exists an element
g; € G such that g; - ey = aje; for some o; € Ry, where we assume that g; = id and
a1 = 1. Performing the change of basis given by e; = a;e; now gives g; - e] = ¢} for all
i € {1,...,n}. Let g € G and let us write g - e; = Ae’;. Now the element gigjflg eqG
sends e to Ae;. Since G is a compact subgroup of &,, x RZ, this element generates
a compact subgroup and therefore A = 1. We conclude that G acts by permuting the

basis elements e}, ..., e,,. In other words, the conjugate subgroup aGa~! is contained
in &,,. For the general case (with k& = 0), the same argument on each orbit of the
action of G on {1,...,n} gives the claim. O

Cororrary 3.29. — The fized point set X C ¥ is an embedded submanifold with
corners.

Proof. — By the previous corollary, the fixed point set decomposes locally as the
product of a linear subspace of R! and diagonals in [0, 00)". The former is an ordinary
smooth manifold, and the latter are products of corners, with coordinates given by
restricting subsets of the coordinates on [0, 00)™. O

We equip the manifold with corners ¢ with a positive log structure #sc as fol-
lows. Let i: ¥ < ¥ be the inclusion, and note that the pullback log structure
i* My, carries a residual action of G by automorphisms, for which the morphism
a: My — ‘5;2’20 is invariant. We may therefore take the quotient of the monoid by
congruence generated by the G-action (see [Ogul8, §1.1.1]) to obtain the following.
Derinition 3.30. — The fized locus ¢ is the fixed point set equipped with the
positive log structure Asc = (i*4x)/G.

Examrre 3.31. — Consider the symmetric group &,, acting on the manifold with log
corners [0,00)™ by permuting the coordinates rq,...,r,. The fixed-point set is the
image of the diagonal i: [0,00) < [0,00)™. The pullback log structure is given by

. >
a: P Mo,00)n — %”;O’/O

g(r)ritopdn s g(r)rditting
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where r is the coordinate on [0,00) and g € Cﬁ[oo’w. This identifies the quotient

0,00)
i* M0, 00)n /S with the standard positive log structure on [0, 00). O
ExamerLe 3.32. — Consider the symmetric group &; acting on the manifold with

log corners [0)* by permuting the (phantom) coordinates. The inclusion i of the
fixed-point set is the identity of {0}, and i*.#g)x is the monoid consisting of mono-
mials )\tjil tfc’” with A € Ryg and ji,...,Jx € N, with the action of &} permuting
the (phantom) coordinates. The quotient i*.#g)x /&y, is therefore identified with the
standard positive log structure on [0). O

The following result shows that ¢ is the categorically correct version of the fixed
point set.

Tureorem 3.33. Let G be a compact Lie group acting on a manifold with log
corners ¥. Then Msc gives £C the structure of a manifold with log corners and
i: X9 < ¥ is a morphism of manifolds with log corners. Every G-invariant mor-
phism ¥ — X of manifolds with log corners factors uniquely through i.

Proof. For any fixed point, we may choose a chart on 3 as in Corollary 3.27. The
action of G therefore partitions the coordinates on [0, 00)™ x [0)* into orbits, and the
first claim follows from Example 3.31 and Example 3.32.

For the universal property, note that any G-invariant map of manifolds with log
corners must map entirely to fixed points, and therefore factor through the pullback
positive log structure i*.#5. But the map on monoids is also G-invariant, and hence
it must further factor through (i*.#%)/G. O

/l. V]RTU/\L MORPHISMS, TANGENTIAL BASEPOINTS, AND SCALES

4.1. DEFINITION AND EXAMPLES. The notion of (ordinary) morphism between man-
ifolds with log corners is too restrictive for some purposes, and we will need a weaker
notion, as follows. For a sheaf of (commutative) monoids .#, recall that its group com-
pletion 43P is the universal sheaf of (abelian) groups equipped with a homomorphism
from .. For the standard log corner of dimension (n, k) from Example 3.5,

c0,>0 7 7
LS

Mooy =
is the product of the constant abelian group t# := t7 - .. t% of Laurent monomials in the
variables t1, ..., tx with the subsheaf of groups of %(%O’(’;)On consisting of functions which
can be written as a positive smooth function on [0, c0)™ times a Laurent monomial in
72 := rZ...rZ This description implies that for every manifold with log corners %,
the natural morphism .45 — Z&" is injective.

The following definition is inspired by Howell’s analogous notion in logarithmic

algebraic geometry [How17]; see [DPP24] for more details.

DeriNition 4.1, — Let ¥ = (X, #x,ax) and ¥ = (¥, #g,ay) be manifolds with
log corners. A wirtual morphism ¢: ¥ — W is a pair (¢,¢*) where ¢: ¥ — W is a
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smooth map and ¢*: ¢~ '8P — A& is a morphism of sheaves of groups such that

the following diagram commutes.

*

— 0o 0
¢ 1(g$07> (ggo,>

I

oMy s

Remark 4.2. By the universal property of group completion, the datum of ¢* is
equivalent to the datum of a morphism Q_l///g, — ME. O

There are two notable differences between the notions of ordinary and virtual
morphisms, illustrated by examples below.

(1) Firstly, the notion of virtual morphism does not require compatibility of pull-
back with the maps «, only with positive smooth functions. For an ordinary morphism
¢: X — U, the commutativity of (3.1) implies that every phantom f € ?71///\1; pulls
back to a phantom ¢*f € #%, and more generally if f € Q_l//lq; is such that
¢*ay(f) = 0 (ie., f is a phantom “relative to ¢”), then ¢*f € .#x is a phantom.
For a virtual morphism, this is no longer true and therefore virtual morphisms are
allowed to “breathe life into phantoms” by pulling them back to non-phantoms—but
the axiom asserts that they cannot change the values assigned to positive smooth
functions.

(2) Secondly, the pullback happens at the level of the group completions of the
sheaves of monoids and produces formal quotients of monoid elements which are no
longer associated to functions on the underlying manifold with corners—this explains
the terminology “virtual” (as in “virtual representation of a group”). For instance,
for the standard end [0) from Example 3.4, the monoid element ¢ corresponds to
the function a(t) = 0 on the point, but its inverse ! does not correspond to any
function.

By definition, virtual morphisms satisfy the equality
(4.1) P f=9¢"f

for all positive smooth functions f € €y° >0 In fact, the equality holds more generally
thanks to the following proposition, that we call the “continuity principle”, and whose
proof we delay to the end of this subsection:

Prorosition 4.3, If ¢ is a virtual morphism then (4.1) holds for all f € 5>
such that ¢* f # 0. In other words, for all f € .My such that ¢" oy (f) is not the zero
function, we have that ¢* f € M and

¢ ay(f) = as(e™f).

With the obvious notion of composition, virtual morphisms form a category. Every
ordinary morphism is a virtual morphism, but not conversely. The following examples
illustrate the key similarities and differences between these notions.
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ExampLe 4.4. Let * denote the point equipped with the trivial positive log struc-
ture. Then for any ¥, the projection ¥ — x* is a (ordinary or virtual) morphism in a
unique way. Hence * is a terminal object in the category of either ordinary or virtual
morphisms. O

Examrre 4.5. — Let * be the point as in the previous example, and let [0) be the
standard end, given by the point with the positive log structure .#y) = R-otY from
Example 3.4. There is a unique map of the underlying manifolds x 2 [0) since both

consist of a single point. A virtual morphism
s: % — [0)

is determined by a morphism of monoids s*: R-t — R~ which acts as the identity
on R, but may send the generator ¢ to an arbitrary positive real number. Thus
virtual morphisms s: * — [0) are in bijection with R+ ¢, and are all (virtual) sections of
the unique morphism p: [0) — *. Note, however, that there are no ordinary morphisms
from * to [0). Indeed, since a(t) = 0, an ordinary morphism would have to send ¢ to
a phantom in R, of which there are none. O

Exampre 4.6. — A virtual morphism
q: [0,00) — [0)

is the datum of a morphism of monoids ¢*: R+t — ([0, 00), %[%?w)) which acts as
the identity on the basic elements R+, but may send the generator ¢ to an arbitrary
element g(r)r?, with g a positive smooth function on [0,00) and j € Z. If g(0) = 1 and
j =1 then f is a (virtual) retract of the ordinary morphism i: [0) < [0,00). Note,
however, that there are no ordinary morphisms from [0, o0) to [0) because .#[y ) has
no phantoms. O

Examrre 4.7. — More generally, let ¥ = (X, #x, a) be a manifold with log corners.
A virtual morphism f : ¥ — [0) is the datum of a morphism of monoids f* : Rsot" —
A#(X) which acts as the identity on R, where .Z8P (%) := (3, #E&") denotes the
monoid of global sections of .Z&". Thus virtual morphisms ¥ — [0) are in bijec-
tion with .##P(3). In contrast, ordinary morphisms 3 — [0) are in bijection with

MO (E) =T (S, ME) C M (E) CM(S). ?

Proof of Proposition 4.3. — The statement being local, we can assume that X is con-
nected, and up to shrinking ¥, that f is a global section of .Zp*.

Consider the open sets V = {f >0} C Y and U = ¢ (V) = {¢"f > 0} C Z,
which are non-empty by assumption. By definition of a virtual morphism we have
¢*(flv) = ¢"(flv), or in other words

(4.2) (0" Nlv = (&"Nlv-

Note that since U is nonempty, ¢*f is necessarily a section of (.Z£2)8P, hence is
strictly positive on ¥°. (By the description of .ZE", being a section of (L#ZL£%)eP is a
property that can be checked at a point in a connected manifold with log corners.)
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Ficure 3. Some tangential basepoints on the teardrop manifold.

We claim that X° C U, which amounts to showing that U N X° is closed in X°. For
this, take a sequence x,, — x in X° where all z,, € U. By (4.2) we have, for all n that

(@) (xn) = (8" F)(xn),

and passing to the limit we get (¢* f)(z) = (¢* f)(x) > 0. Hence x € U, and so UNX°
is closed in X° and X° C U as desired.

Now ¢* f agrees with ¢ f on ¥° and ¢" f extends to a smooth function on ¥, hence
¢* f cannot blow up along 9% and is a section of .Z2*. The equality ¢* f = ¢" f follows
on the whole of ¥ by density of ¥° in X. |

Remark 4.8. — There is an obvious variant of the notion of virtual morphism where
the pullback happens at the level of the sheaves of monoids, without group completing;:
¢* : ¢ty — Ms. Such morphisms were called “weak” in the first arXiv version of

this paper. %

4.2, TANGENTIAL BASEPOINTS. — As we saw in Example 4.5, a point, equipped with
the trivial log structure, does not admit any ordinary morphism to [0). More gener-
ally, a point does not admit any ordinary morphism to a manifold with log corners
that has phantoms; this includes the boundary of a basic manifold with corners. How-
ever, it admits many virtual morphisms to the boundary. As we now explain, these
correspond to a C'*> analogue of Deligne’s notion of a tangential basepoint in alge-
braic geometry [Del89, §15]; the precise relationship with the latter is discussed in
Section 8.4 below.

Derinition 4.9. — Let X be a manifold with corners. A tangential basepoint of ¥ is
a pair (z,v) where z € ¥ and v € N °% is a positive normal vector at z in the sense
of Section 2.2.

Recall that if 2 lies in the interior of X, the set N_.°Y has a unique element;
hence, in the interior, a tangential basepoint is just an ordinary point. However, the
notion becomes nontrivial over the boundary: at a point z € ¥ of depth j, there is
a j-dimensional space of tangential basepoints; see Figure 3. These can be viewed as
“virtual points” of ¥ thanks to the following result.
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Prorosition 4.10. Let ¥ be a manifold with corners and let ¥ = 3P be the
associated basic manifold with log corners. Then there is a natural bijection between
the set of virtual morphisms x — X and the set of tangential basepoints of X.

Proof. Every virtual morphism % — ¥ factors uniquely through the pullback log
structure on its underlying image point € X. (This is the standard universal prop-
erty for pullback log structures, which works equally well in the context of virtual
morphisms.) But by Corollary 3.21 the pullback log structure .#x|, is naturally
isomorphic to the monoid of non-negative monomial functions on the non-negative
normal space NZ°Y. Evaluating such functions at points in N.°Y gives a bijection
between tangential basepoints and monoid homomorphisms #%|, — Rs¢ that act
as the identity on the constants Rsg C .#sx|,, or equivalently virtual morphisms
* = (x, Ms|s, as|s), as desired. O

Concretely, in local coordinates (r1,...,r,) such that ri(z) =--- =r;(z) = 0 and
r;(x) > 0 for ¢ > j we may write a tangential basepoint as

V=010 |z + -+ 00, |e,

where v1,...,v; € Ryg. The corresponding virtual morphism s: * — ¥Pas is thus
determined by the positive constants
. Vi 1<i<y,
S Tr;=
ri(z) j<i<n.

In light of this result we shall often denote the corresponding virtual morphism s: * —
¥Pas simply by - v;0r, |-

Remark 4.11. — 1In the literature, it is common to consider paths between tangential
basepoints v, w on X: these are usually defined as smooth maps ~ : [0,1] — X that
send the interior (0,1) to X°, and whose initial and final velocities in the normal
directions are given by

(4.3) Y (0)=wv and 7 (1) = —w.

This can be phrased in the language of virtual morphisms as follows. Consider the
interval [0,1] with coordinate ¢, viewed as a basic manifold with corners, equipped
with its two “canonical” tangential basepoints so := 94| : * — [0,1] and s1 := — 0|1 :
% — [0,1]. Then (4.3) implies the equalities

(4.4) Yosy=w and vyos =w

of virtual morphisms * — . In other words, we have the following commutative
diagram of virtual morphisms.

*I_I*O—’Sl>[01

(4.5) H b

—_—
* L % oW b))
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Note that (4.4) holds more generally if we only require the leading Taylor coefficients
at 0 and 1 to be v and —w respectively. For instance, for (X, v, w) = ([0, 1], so, 51), this
is the case for any smooth map  : [0,1] — [0, 1] sending (0, 1) to (0, 1) and satisfying
Y(t) ~o t* and y(t) ~; (1 —t)® for some a,b € N*, even though only those with
(a,b) = (1,1) are classically referred to as paths between tangential basepoints. ¢

4.3. ScALEs. There are natural higher-dimensional counterparts of tangential
basepoints, given by sections of normal bundles of strata, or more intrinsically, the
phantom tangent bundle. As we shall see, these correspond to the following notion.

Derinition 4.12. — A scale for a manifold with log corners ¥ is a virtual morphism
s: ¥Pa 5 %) that is a section of the natural projection ¥ — XP25. We say that s is
regular if the pullback of every phantom function is a section of #L% C (A#22%)eP i.e.,
s*//lghan C L. We say that s is nondegenerate if the pullback of every phantom
function is a strictly positive smooth function, i.e., s*//lghan c e’

Concretely, in local coordinates (r,t), the sheaf .#5 is identified with the monoid
ALY freely generated by the phantom coordinates t1, ..., tx over .Z2 and thus a
scale is equivalent to the data of the k-tuple of nonnegative locally monomial functions

S, ..t € (M) C 63070

In general, the functions s*ty,...,s"t; may have poles on the boundary of ¥. The
scale s is regular in this chart if and only if these functions extend to (non-negative)
smooth functions on X. It is nondegenerate if and only if they extend to positive
smooth functions on X.

Invariantly, a regular scale is uniquely determined by its restriction to the phan-
toms, giving a morphism 3|%Ephan: ///gha" — MES C %50’207 which defines a non-
negative section of the phantom tangent bundle. We thus have the following.

Lemma 4.13. There is a natural bijection between regular scales (respectively, non-
degenerate scales) on a manifold with log corners ¥, and morphisms of basic manifolds
with log corners Y.P3 — TPhan.20% (regy, yibas o pehan>057) that qre sections of the
natural projection.

This explains the terminology: a scale assigns a notion of “unit length vectors” in
the phantom directions.

We will tacitly identify a scale with the corresponding phantom vector field, writing
a scale with components s;(r) := s*t; € .#2* in local coordinates as

5= Z 55(r)0,; -

Examrre 4.14. — By Example 4.5, a scale for [0) with phantom coordinate ¢ is the
same thing as a positive number \ := s*t € Rso; we write s = A0;. Note that s is
automatically nondegenerate. O
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ExamrLe 4.15. A scale for [0, 00) x [0) with coordinates (r,t) is the same thing as
a function s*(t) = g(r)r’, where g is a positive smooth function on [0, 00) and j € Z;
we write s = g(r)r?d;. Then s is regular iff j > 0 and non-degenerate iff j = 0. %

Prorosition 4.16. —  FEvery manifold with log corners admits a nondegenerate scale.

Proof. — Recall that the bundle TPh#0:>0% — ¥ has structure group &y x R% . Let
P — X be the associated Gg-bundle; its fibres are in bijection with the boundary
tangent hyperplanes along the zero section in TPP%29% Note that P is determined
up to isomorphism by the monodromy representation 71 (X) — &y, and hence there
exists a finite cover m: ¥’ — X such that #*P is trivial. The bundle 7*7Phan,>0%
then admits a further reduction of structure to the group (R’;’O, ) = (RF,+), and
is thus classified by an element in the sheaf cohomology group H! (X', 457)®* = 0.
Therefore 7*TPPam>03] is a trivial bundle with fiber (0,00)*, and hence it admits
a section, say s’. Averaging s’ over the action of &, we may assume without loss
of generality that s’ is &p-invariant, and hence descends to a section of TPhan>0%;
giving the desired nondegenerate scale s. O

Derinition 4.17. — Let (3,s) and (¥, 3) be manifolds with log corners equipped
with scales. A virtual morphism ¢: ¥ — VU is scale-preserving if there exists a virtual
morphism ¢': ¥ — WP making the following diagram commute:

¢

¥ — U

(4.6) ST , Tg

Ebas s \I/bas.

Clearly compositions of scale-preserving virtual morphisms are scale-preserving.
Note that the morphism ¢', if its exists, is unique, being given by the formula

(4.7) ¢ =pogos,
where p: U — WbaS is the canonical projection. Therefore ¢ is scale-preserving if and

only if Sopogos=¢gos.

Remark 4.18. — Note that for a virtual morphism ¢ : ¥ — WU there rarely exists a
virtual morphism ¢’ : ¥P% — Wbas that fits into a commutative diagram with ¢ and
the natural projections ¥ — 3?2 and ¥ — P¥P2S. For instance, there is no virtual
morphism 4’ that makes the following diagram commute, where 7 is the inclusion and p
the projection.

[0) — [0,00)
o
{0} — [0,00)

Indeed, i* sends the basic coordinate r to the phantom coordinate ¢ whereas p* is the
inclusion of R inside R ot” and does not contain ¢ in its image. O
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5. FUNCTIONS WITH LOGARITHMIC SINGULARITIES

Let ¥ be a manifold with log corners. In this section, we construct a natural sheaf
€318 of functions with logarithmic singularities on ¥, by adding formal logarithms
log(f) for every f € .#x, in such a way that log(f) agrees with the usual logarithm of
the function a( f) whenever the latter is not identically zero. To make the functoriality
of the construction clear, we will start by defining ¢5° log abstractly using generators
and relations; we then spell out what this means concretely in local coordinates.

Throughout the present Section 5 we will denote formal logarithms by 182’;( ),
reserving log(f) for the logarithm of an actual function, in order to avoid confusion.
This notation is temporary and from Section 6.1 onwards we shall simply write log( f)
for both the formal and actual logarithm; Theorem 5.12 below will guarantee that
this does not introduce any ambiguity.

5.1. ConsTRUCTION AND FUNCTORIALITY. — Our sheaf of functions is defined as follows.

DeriNition 5.1. — The sheaf of logarithmic functions on X is the sheaf %;o’log of
€-algebras generated by formal symbols log(f) where f € #EP, subject to the
relations:

(1) For every fi, fo € ME", we have

log(f1./2) = log(f1) + log( /).
(2) If f € 4L and g € € are such that glog(a(f)) is smooth on X, then

glog(f) = glog(a(f)),

where log(a(f)) denotes the real-valued logarithm of the nonnegative function «(f).

Remark 5.2 The first relation implies that lfovg(l) = 0 and loAé(f’l) = —ﬁg(f)
for all f € A5, and therefore 65" 198 i generated by the formal symbols log(f) for
[ € s C M. O

Remark 5.3. — By “glog(a(f)) is smooth on X7, we mean the following: since f is
basic, it is expressed in local coordinates as f = h(r)r{l --rdn for some j; € N and a
positive smooth function h. Therefore, glog a(f) is a well-defined smooth function on
the interior of 3, and the condition is that this function extends as a smooth function
on Y. The right-hand side of the second relation above refers to this extension, as a
section of € (or rather its image in Go>'°%). O

The meaning of the first relation is self-evident. The second relation ensures that
we do not overcount the smooth functions. For instance, taking ¢ = 1 and identifying
a positive function f with the corresponding section of .#s, we have the following.

Lemya 5.4. If f € ‘€§°’>O, then k)’\?g(f) =log(f) € <g§°710g.

The second relation in Definition 5.1 is more subtle when a(f) has zeros, since
then log(a(f)) is not smooth. For instance, we have the following useful property.
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Lemva 5.5. Suppose that f € ML* and g € € are such that the function
glog(a(f)) is continuous. If x € ¥ is any point such that the function a(f) vanishes

at z, then g and glog(a(f)) also vanish at x.

Proof. — The problem is local, so we may work in a chart with coordinates (r,t).
Then f has the form f = fo(r)r/ where fo(r) is a positive smooth function and
J = (Jj1,--.,Jn) is a multi-index. In particular the vanishing set of f is the union of

the boundary facets r; = 0 for indices 7 such that j; > 0, so it suffices to show that g
also vanishes there. But the function

glog(a(f)) = g- (log(fo) + Y ji log(r))

is continuous, hence bounded, which implies that ¢ — 0 as r; — 0, to compensate
for the divergence of log(r;). Hence, by Hadamard’s lemma, g is divisible by r; in the
algebra of smooth functions. Since r;logr; — 0 as r; — 0, it follows that glog a(f)
also vanishes in this limit. |

Remark 5.6. — If glog a(f) is not just continuous, but actually smooth, then g must
vanish to infinite order on the vanishing set of «(f); see Proposition 5.14 below. ¢

The sheaves €*°°¢ are functorial with respect to virtual morphisms, in the fol-
lowing sense.

Lemva 5.7. — If ¢: ¥ — VU is a virtual morphism, then the formula
¢"(log(/)) = log(¢"(f)  (f € o™ 5")

uniquely defines a morphism ¢*: Q_l‘ggo’log — ‘K;O’log of sheaves ofé_lcﬁqﬁo -algebras.

Proof. Uniqueness is clear because the monoid elements generate €% over €.
It remains to show that the pullback is well-defined, that is, we must show that the
map ¢*: ?_1//1\1, — M, preserves the ideals generated by the two types of relations in
Definition 5.1. Compatibility with the first relation is immediate since ¢* is a monoid
homomorphism. For the second relation, let x € ¥ be a point, let f € 971(///\}3&5)9: =
%g?;(w) be a germ of a section and let g € %”\I?O () be a germ of a function such that
glog(ag(f)) is smooth on ¥. We must show that

(5.1) &g log(¢" f) = 6" (glog (aw(f))) € Cooil®.

There are two possibilities: either the germ ¢*(ag(f)) is nonzero, or it is zero.

If ¢*(avw (f)) is nonzero, then by Proposition 4.3, ¢* f € #x and ax(¢* f)=¢" (aw(f)),
hence (5.1) is one of the defining relations for (fg’o‘?}log. Otherwise, ¢* (o (f)) = 0 says
that ¢ maps a neighborhood of z to the vanishing set of ay (f). Hence by Lemma 5.5,
we have ¢*g = ¢*(glog aw(f)) = 0, so that both sides of (5.1) are identically zero. [
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Examrre 5.8. As an illustration of the subtle point in the proof of the lemma,
consider the virtual morphism 4: {0} — [0,00) corresponding to a tangential base-
point ¢d, at 0 with ¢ > 0, i.e., defined by i*(r) = c. Let g(r) be a smooth function
on [0,00) such that g(r)log(r) is smooth. Then we have the relation

g(r)log(r) = g(r) log(r)

in (5[30;1;;; and we need to prove that the relation

9(0)log(c) = [g(r)log(r)] . _,

is satisfied in %fg]jlog = R. The fact that g(r)log(r) is smooth implies, thanks to
Lemma 5.5, that both ¢(r) and g(r)log(r) vanish at r = 0, and therefore the latter
relation reads 0 = 0. O

Recall that the boundary immersion of 93 — X a manifold with corners is locally
modeled by the inclusion {0} x [0,00)""1 — [0,00)™ of the boundary facet {r; = 0}
in [0,00)", so that €55, is locally identified with the quotient

Cioyx(0,00)1-1 = Clorooye/ (1),

where (71) denotes the principal ideal generated by r;. Using the functoriality above,
we can likewise show that for a manifold with log corners ¥, the algebra €g5'® is
locally identified with %[B?;O)gnx[o) ./ (r1). In coordinate-free terms, we have the follow-
ing following.

Lemva 5.9. — Let ¥ be a manifold with log corners, let i : 9% — X be the natural
immersion of the boundary, and let . = ker(i* : i 63 — €5%) be the ideal defining
the underlying immersion i : 9% — X of manifolds with corners. Then the pullback
i* i’l%go’log — %(g';’log induces an isomorphism

. Bl
%,oo’l‘)g ~ L 1%50 o
0% - 7. Z._1<gz<:>o,log :
Proof. — The problem is local in 93, so it suffices to prove the corresponding state-

ment when ¥ = [0,00) X ¥ for some manifold with log corners ¥, and the boundary
immersion 0% — X is replaced with the natural immersion

i:]0) x U —=[0,00) x V.
Let r be the standard coordinate on [0,00) and ¢ = #*r its pullback to [0). Then
S =keri" = (r) < ‘K[gc’oo)xq, is the principal ideal generated by r. We must show

. 1; . . L1 g e e . . cx e
that keri* = r - ‘K[g)}’xc"f. The inclusion r - ‘ﬁ[gc)"xof C ker¢* is immediate, since ¢* is a

morphism of €g°-algebras and ¢*r = 0 as smooth functions.
For the reverse inclusion, set

p=gqxidy :[0,00) x ¥ — [0) x ¥,
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where ¢ : [0,00) — [0) is the virtual retraction from Example 4.6, defined by ¢*t = r.
Since ./ is generated over %§°’>0 by r and .#y, any element f € ngo’log can be
locally represented by a finite sum
= Z gj(logr)® loghi 1 -+ -10g him,
J

where g; € CK[BOOO)X\P are ordinary smooth functions, ¢;, m; € Zxo, and h; y, € Ay for
all 7, m. Note that if g is a smooth function, then g — p*i*g is the difference between g
and its restriction to r = 0, and is therefore divisible by r thanks to Hadamard’s
lemma. On the other hand, p*i*logr = logp*i*r = logp*t = logr and similarly
p*i*log h = log h for all h € .#y. Therefore, if f € keri*, we have that

f=F=pf = (g5 —p"i*g;)(logr) loghjy - -1oghjm,
J
is divisible by r, as desired. O

5.2. LOCAL STRUCTURE OF LOGARITHMIC FUNCTIONS. Our goal now is to prove The-
orem 1.3 from the introduction, which describes the local structure of €g° 1o This
follows from Lemma 5.11 and Theorem 5.12 below which treat the contributions from
phantom and basic directions, respectively.

5.2.1. Phantom logarithms. — After the logarithms of positive functions—which are
just smooth functions—the next simplest elements of €°°1°¢ to understand are those
of the form log f, where f is a phantom.

ExampLe 5.10. — Let ¥ = [0)’f with phantom coordinates tq,...,t;. Since .#s, =
Rt is freely generated over the positive constants by ti,...,%;, the logarithmic
functions form a free commutative algebra generated by logty,. .., logty, i.e.,

€% 2 Rllogts, ..., log t),
is a polynomial ring in the formal logarithms of the phantom coordinates. %
More generally, note that the projection p: ¥ — XP2 gives a canonical map
p*: ‘Kgf,;lsog — (ggo,log

of €°-algebras. We have the following:

Lemva 5.11. If tq, ..., tx is a system of phantom coordinates in a neighborhood of
any point x € X, then p* gives a canonical isomorphism
Jog (1 — ~ 1
(f;’f)a:i logty,...,logty] — Cfgoz o8

of €5, -algebras.

Proof. By definition, .#s, is freely generated over .#2% by the phantom coordi-
nates, hence the map is surjective. Since the second relation in Definition 5.1 only
involves basic elements, the only relations involving tq,...,ts, are those of the first
type, which define the monoid algebra of .#s. The result follows since the monoid
algebra of a free monoid is a polynomial ring. |
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5.2.2. Structure of the basic logarithms. In light of Lemma 5.11, it remains to under-
stand the structure of the subalgebra %Ofalfg C € log generated by basic elements.
Therefore, we now assume without loss of generality that ¥ = £P?% is basic.

Let r1,..., 7, be coordinates in a neighborhood of x € ¥, so that 4, , = ‘Kg’fOrN.

Using the first relation in Definition 5.1, we may write every fe Cs log locally as a
finite sum

(5.2) f= fo ) log” (r

over multi-indices I = (I1,...,1I,) € N" where f;(r) are smooth functions on the
underlying manifold with corners, and

log! (r) := log™ (ry) - - log™ (1)

denotes the corresponding monomial in the formal logarithms of the coordinates. Our

00,log
ngbm

the formal symbols loﬁéri can be identified with the actual logarithm functions logr;,

aim now is to show that the relations defining amount to the statement that
so that the expressions f as above can be manipulated like ordinary functions of r;
this is the content of Theorem 5.12 below but to formulate the statement we need to
set some notation.

Let j: ¥° < ¥ be the inclusion of the interior, where all coordinates r; are positive.
By functoriality, we have a canonical map of sheaves of algebras

. 00,log . oo,lo
J G s,

given by restriction of functions to the interior. Since ¥ is assumed basic, we have

Mso = C227°, s0 we deduce from Lemma 5.4 that €208 = 22, and j* sends the
expression f from (5.2) to the smooth function
(5.3) i*f —fo )log’(

obtained by replacing each formal logarithm log r; with the corresponding smooth
function logr; defined in the interior.

Tueorem 5.12. — For a basic manifold with log corners ¥ = ¥, the map j* is
injective, and identifies ‘Kgfmlfg with the sheaf of smooth functions in the interior with
at worst polynomially logarithmic divergences along the boundary, i.e., those which
have the form (5.3) in some (and hence any) coordinate chart.

The rest of this subsection is devoted to the proof of Theorem 5.12. In fact we will
formulate and prove a stronger statement (Proposition 5.14 below) that gives more
precise control over the behaviour of the coefficients, allowing us to prove the theorem
by induction on the number of boundary components.

The statement is local, so it suffices to prove it for the stalk at the origin in the
manifolds with log corners

Yo i=R™ x [0,00)"

for m,n > 0, with coordinates ry,...,r, on the factor [0, c0)™.
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To formulate the stronger statement, we adopt the following terminology. If I =
(I1,...,1I,) is a multi-index, its support is the collection of variables r, such that
I, # 0, and its vanishing set V(I) = {Ijry = --- = I,r, = 0} is the locus where
all coordinates in the support vanish. If h € €3’  is a germ of a smooth function,
we say that h is I-flat if we have ’

ai An —
(002 - o h)‘v(l) -0
for every multi-index A = (aq,...,a,) € N® whose support is contained in that of I.
This always includes A = 0, where the statement amounts to hly ;) = 0.

The condition to be I-flat becomes stronger for smaller support of I. The strongest
case is I = 0 (empty support), where h is I-flat if and only if h = 0, because V (I) =
Ynn- The weakest condition arises when I has full support {rq,...,r,}; then an
I-flat germ h is only constrained near the codimension n corner {r; =--- =r, =0}
of ¥y, n. Note, however, that for any I, being I-flat implies that the Taylor expansion
of h at the origin is identically zero.

Levva 5.13. — Suppose that I is a multi-index with support {r,...,r;} for some
Jj =0, and h is an I-flat smooth function. Then there exist smooth functions hy, ..., h;
such that h = hy+---+h; and h; is r;-flat for alli. In particular, h;log(r;) is smooth
and r;-flat.

Proof. We proceed by induction on j and show that all functions h; can in fact
be chosen to vanish wherever h does. Let 1) € €°°(R) denote a smooth function of
one variable, with compact support, that is equal to 1 in a neighborhood of 0. Note
that a partition of unity h = ¢ (2)h + (1 — ¢(2))h, with z = r; or z = x;, preserves
I-flatness. We can thus assume that h has compact support.

In the cases j =0 (h =0) and j = 1 (h = hq) there is nothing to prove. For j > 1,
let

1
an(Tl, cen ,Tj_l) = E(aﬁh””:o
be the nth Taylor coeflicient of h with respect to r;; it is a smooth function of all
remaining variables and it is flat with respect to {ri,...,r;—1} by assumption. Hence

by induction we may write
Ap = Qn,1 + -+ Gn,j—1,

where a,, ; is r;-flat for 1 <4 < j. Following a proof of Borel’s lemma, we may find a
sequence of positive numbers C,, such that for all ¢ < j, the sum

h; == Z T;an’iw(ern)

and all its partial derivatives are absolutely convergent. It follows that the derivative
of h; with respect to r; can be computed termwise, and hence the r;-flatness of a,;
implies that h; is r;-flat.

Now let h; = h—hy —---—h;_1. Then by construction, the Taylor expansion of h;
along r; = 0 is identically zero. Hence hi, ..., h; give the desired functions.
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Finally, observe that since h; is r;-flat, all partial derivatives of h; log(r;) exist and
are smooth, even r;-flat. O

The following is a strengthened version of Theorem 5.12.

Prorosition 5.14. — Suppose that fr € €5 are germs of smooth functions at the
origin, set

m,n;

fi= fo(sc,r) 10}1(74) € ‘Kgo’logo
T
and denote the germ of the corresponding function on the interior as

fi= j*f: Zfl(%r) IOgI(T) € (j*cgggl,n)o'
T

We write I > J to denote that I, > Ji for all indices 1 < k < n, with at least one of
these inequalities being strict (I, > Ji).

If f =0 then the following statements hold:

(a) We have f =0 € EN8

m,ms

(B) If J is such that fy =0 for all I with I > J, then the function f; is J-flat.

Proof. — We first show that («) follows from (8). Namely, note that for a multi-
index J as in (B), since f; is J-flat, we may write f; = f;;, +--- + f7;, where
the indices j, range over the support of J and f;;, is r;,-flat. Therefore, using the
second defining relation for €°°°¢ from Definition 5.1, we may replace f; f(;:g‘f (r) in
the expression for fvby a sum of monomials of strictly smaller degree in the symbols
ﬁgm. By induction over the degree in IAO:g(r), we conclude that fvhas a representative
without logarithms. But then, f~= fo is 0-flat by (8), and hence identically zero.

We now prove () by induction over the support of J. The base case is J =0 € N"
with empty support, so we must show that fo = 0. Since we have I > J for all I # 0,
and thus fr = 0, we have fy|ze = f = 0. By continuity, fo = 0 and so fo is indeed
J-flat. '

From now on we will assume that we are given J as in (), with non-empty support,
and that (8) holds in all cases with smaller support. Label one of the coordinates in
the support of J as r,, and consider the embedding

i Em’nfl X [0) — Em,n

of the vanishing set of r,,. Furthermore, we denote the inclusion of the relative interior
of this facet as
jn: Zzl,nfl — Em7n71~

We denote the r,-derivatives of the coefficients of f&gé(rn) in f as

~(k I oo, lo,
(5.4) g = D0 (08.41), _ylos” () € G,
I:1,=¢
where we write I’ = (I3, ..., I,—1). We will now show, by induction on k, that

Ga@) = tim o5 (32 frlog” (1) =0

I:1,=¢
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~1

for all k£ and . Namely, by Hadamard’s lemma there are smooth functions hgk) for
each I and k such that

k
Fr= 3 (08 f1), g+t R

a=

Therefore, once j;('gvéo)) =...= jn(ﬁ(k 1)) = 0 is established, it follows from
f_1 k
Ozﬁ:ﬁzj (9, g5 ))log (rn —l—Zrnlog ) Z h( log’ ( )
n I ~

by considering the limit r, — 0 that we must have, for all ¢, that j* (gé )) =0.

Hence, by the induction hypothesis, we conclude in particular that for £ = J,
and for every k, the coefficient 9F f;|.,—o of log”' (r) in g is J'-flat, where J' =
(J1y..-y Jn—1). Note that J’ fulfills the condition (3) for g( ), since the coefficient of
any multi-index I’ > J' in gék) is 0% filr,—o0 where I = (I',¢) > J = (J', ) and thus
fr = 0. We have thus proved that fJ is J-flat (recall that ¢ = J,, > 0 since 7, is in
the support of J). O

5.3. Recurarizep rimirs. — Using scales, we may assign finite values to divergent
limits of logarithmic functions, by the following general recipe.

First, note that if ¥ is a manifold with log corners, and s : ¥®* — W is a scale on U,
given in local coordinates by s = 3", s%(r),, then the pullback s* : €8 — %\;fidlfg
acts as the identity on the subsheaf of basic logarithms, and sends the phantom

logarithms to the functions
s* log(t;) = log(s'(r)) € Canu™.
Then if ¢ : ¥ — ¥ is any virtual morphism, and g € €5’ 1°8 js a logarithmic function,
we may define its regularized pullback to be the function
* * 1% 1
reg ¢ (f) = s"¢" f € T,

which is smooth function in the interior of ¥ but may have logarithmic divergences
on the boundary.

In particular, in the case in which ¢ is the natural immersion ¥ — X of the

boundary of a basic manifold with log corners, we obtain a regularized restriction

reg, oo ,log
f|62bas azbas .

This construction recovers the usual restriction when the latter makes sense:

Lemma 5.15. — If f € ‘Kgf)alfg extends to a continuous function on X2, then the

regularized restriction f|.e osibas agrees with the ordinary restriction as a function.

Proof. — For smooth functions the statement is vacuous. In general, if we have an
expansion f = Y fr 1ogl(r), and f is continuous, then arguing as in Lemma 5.5,
we see that the coefficient f; must be divisible by r; whenever r; is in the support
of I. But

74 log(ri)|;fg;0 = 5%(0-log(t;)) =0,
so the non-smooth terms in f do not contribute to the regularized restriction. |
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The regularized restriction defined in this way recovers the classical notion of reg-
ularized limit, as follows.

Examrie 5.16. Let ¥ = [0,00) and ¥ = [0) be equipped with the standard coor-
dinates 7 and t = 7|, respectively. Define a scale on [0) by s = ¢J; for some ¢ > 0.

If f=Y fi(r) log? (1) € ‘ﬁ[gooio)g, its regularized restriction to zero is given by

fﬁr)egS _ 8*( [0) =3 (Z f]( log ) Zf] log
J

When ¢ =1 is the unit scale, we get

flo® = fo(0) = reghmHOZfJ e)log’ (¢),

which is the standard definition of the regulamzed limit. O

Exawrre 5.17. — Let ¥ = [0,00)? with basic coordinates (ri,72) = (z,y). Let u
and v be the corresponding phantom coordinates on the boundary components = = 0
and y = 0, respectively. A scale on the boundary then has the form

9@ g9, ony =0,
s =
eMWybd, onz =0,
where g, h are smooth functions on [0,00) and a,b € Z. If f = log(x)log?(y), then
the regularized restriction of f to the boundary is given by

FIIEs — log(z)(g + alog(z))* ony =0,
7% (h + blog(y)) log?(y) onx =0,
exhibiting the explicit dependence on all components of the scale. %

6. pE RitAM THEORY FOR MANIFOLDS WITH LOG CORNERS

6.1. Vecror rieLps. — The natural notion of vector field in the context of functions
with logarithmic singularities is as follows.

Derinition 6.1. — A logarithmic vector field on ¥ is a derivation of the R-algebra
©>>1°8(%)) of global logarithmic functions on X.

The same argument as in classical differential geometry shows that logarithmic
vector fields on 3 are local operators, so that they form a sheaf.

Derinition 6.2. — We denote by ‘.leog the sheaf of logarithmic vector fields on X.

Concretely, in local coordinates (r,t), define derivations
1
(61) Tlam,...,T’narn,tlatl,...,tkatk S T;;g

by the “obvious” formulas, as follows. Suppose that f € €o>'°%. Then by Lemma 5.11
and Theorem 5.12 we may write f uniquely in the form

F=> fs(ogt)’,
J
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where f; € %;i;lsog is a smooth function in the interior that can be written in the

form f; =3, f1,7(logr)! for some smooth functions f; ;. We then set

70, f 1= Z(Tz‘arifJ)(log t)”

J

and define ¢;0;, be the unique (fgﬁglsog-linear derivation such that

0 @7,

It is straightforward to check that these operations are well-defined derivations.

1 i
t;0y, (logt;) = { =

Prorosition 6.3. The derivations (6.1) form a local basis for To% as a €3"8-

. . . . . . lo,
module. Hence if ¥ is a manifold with log corners of dimension (n, k), the sheaf Ty®
is a locally free €38 -module of rank n + k.

Proof of Proposition 6.3. — By Lemma 5.11, the algebra €58 is freely generated

over ‘Kgf);lfg by logty,...,logt;. Thus the operators t10;,, ..., tm0:,, form a basis for

the %;f;lsog—linear derivations, and hence it suffices to show that r19,,,...,70,, form
a basis for the derivations of %Eoﬁiog.
We first claim that any derivation Z of %;i;lsog is uniquely determined by its action

on smooth functions. Indeed, let h € €° be any smooth function that is nonvanishing
in the interior and such that hlogr; is smooth. Then

Z(hlogr;) = Z(h)logr; + hZ(logr;),

so that
Z(logr;) = Bt (Z(hlogr;) — Z(h)logr;)

gives a formula for Z(logr;) in terms of the action of Z on smooth functions, for
every i. By linearity and the Leibniz rule, this determines the action of Z on any
element of €2°'°® from the action of Z on smooth functions.
But the action of Z on smooth functions is a derivation from 3° to ‘@”;f);lsog, and

must therefore have the form

n

zZ=Y 7',
i=1

for some coefficient functions Z¢ € ‘ﬁgf);iog. It remains to show that such a derivation
extends to %;i;lsog if and only if Z? is divisible by r; for all i. Equivalently, we must
show that the expression for Z(logr;) above is a logarithmic function if and only if Z*
is divisible by r¢. Let h = h(r;) be any function of r; such that hlogr; is smooth.
Then Z acts as Z'0,, on both hlogr; and h. Hence we have

Z(logr;) = h™*-(Z(hlogr;) — Z(h)logr;) = Z'0,, logr; = Z

7

which lies in €2p,% if and only if Z7 is divisible by 7;. O
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6.2. Tue pe Raam comMPLEX. Let X be a manifold with log corners. The logarithmic
cotangent sheaf ‘J'g’log is the dual ngo’log—module of ‘.leog. There is thus a natural

derivation
d: G108 — Tylos
sending a logarithmic function f to the functional df: Z — Z(f) on logarithmic

vector fields. If (r1,...,7pn,t1,...,t%) is a local system of coordinates on X, then by
Proposition 6.3 the elements

dr; dt;
dlog(r;) = 4 and dlog(t;) = =2,
T tj
for 1 <i<nand1l<j <k, form a local basis of ‘Ig’log.
Derinition 6.4. — Let ¥ be a manifold with log corners. The sheaf of logarithmic

j-forms on X is
dg»bg — AJ (Tg,bg)'

(b.o)nglOg
The differential d extends uniquely to a graded derivation
d: o8 — gt hlos
such that d2 = 0, given by the usual formula for the de Rham differential.

Lemva 6.5. — The sheaf (%E"log,d) of commutative differential graded algebras is
called the de Rham complex of X.

Note that /2% is a sheaf of 43°-modules for all j > 0, hence soft. The hyperco-
homology of (%Z"log, d) thus reduces to the cohomology of the complex .7*1°8(%) :=
M, o 108 of global sections, and similarly for the hypercohomology with compact
supports.

Derinimion 6.6. — The de Rham cohomology of a manifold with log corners ¥ is the
cohomology of the complex of forms with logarithmic singularities, denoted

Hig(2) = H* (&*'°¢(%),d).
The compactly supported de Rham cohomology of ¥ is the cohomology
Hiro(2) = H* (°8(2), d)

of the complex of compactly supported sections of .Q/E"log.

Given a virtual morphism ¢: ¥ — ¥, the pullback on logarithmic functions given
by Lemma 5.7 induces a pushforward map ‘IIZO & ¢*‘J’$g on logarithmic vector fields,
and therefore extends uniquely to a map ¢* : Q_ldq:’log — Mé’log of sheaves of
commutative differential graded algebras, so that the de Rham complex and its coho-
mology are functorial for virtual morphisms, and the compactly supported versions

are functorial for virtual morphisms whose underlying map of manifolds is proper.
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6.3. HoMoTOPY INVARIANCE AND THE LOG DE RHAM THEOREM. We now show that our
de Rham cohomology agrees with the ordinary de Rham cohomology defined using the
smooth forms .27, and hence inherits its usual topological properties. The key is to
directly prove the “homotopy invariance” Hir(X) 2 HiR (2 x [0)) = HIR(X % [0,00))
in the spirit of the classical argument, e.g. as presented in [BT82, §1.4], for which we
make essential use of virtual morphisms.

Let ¥ be a manifold with log corners. Let r and ¢ be the standard coordinates on
[0,00) and [0), respectively. Consider the natural maps

D x[0) — L % % [0,00)

(6.2) \ /

induced by the projection to a point and the canonical embedding [0) — [0, c0). Each
of these (ordinary) morphisms has a canonical left or right inverse given by a virtual
morphism: we have a commutative diagram

X x [0 «7Ex [0, 0)
(6.3) \ /

where s is defined by s*(¢) = 1, ¢ is defined by ¢*(¢t) = r, and § := is. We thus have
the compositions

qi = idxx[0), ps = ps = idy,
so that the maps in (6.3) are one-sided inverses for the maps in (6.2). We claim that
on the level of cohomology, these maps becomes two-sided inverses. Indeed, we have
the following stronger statement.

Turorem 6.7. The three operators
p*s* € End(/*'°8(X x [0))) and p*5*,q"" € End(o/*'°%(2 x [0,00)))

are canonically cochain homotopic to the identity, and hence the morphisms (6.2) and
(6.3) give a commutative diagram of mutually inverse isomorphisms

i*

/*—\

Hir (2 x [0)) Hir (2 x [0,00))
\ H. ﬁ*

Before proving the theorem, let us remark on some immediate consequences of this
result.

First, by repeated application of the theorem, we deduce that the cohomology of
¥ x [0,00)™ x [0)* reduces to that of . In particular, taking ¥ = R™ we obtain the
following logarithmic version of the Poincaré lemma.
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Cororrary 6.8. The log de Rham cohomology of R™ x [0, 00)™ x [0)* is given by

R j=0,

HYr (R™ x [0, 00)™ x [0)F) = {0 it

Since every point in a manifold with log corners has a basis of neighborhoods
isomorphic to R™ x [0, 00)™ x [0) for some n, k, we deduce the following logarithmic
counterpart of de Rham’s theorem, with or without compact support.

Cororrary 6.9. The inclusions
. e log ¢ log
Ry —— oy —— A lue — I,
are quasi-isomorphisms. Hence they induce natural isomorphisms
H.

sing

(Z5R) = Hip () = Hip (Z**) 2 Hig (D)
of graded commutative algebras, and natural isomorphisms

H Z? R) = H(.iR,C(E) = Hc.iR,c(EbaS) = Hc.iR,C(E)

;ing,c(

of their graded modules.
The classical Kiinneth formula then gives the following.

Cororrary 6.10. If X is of finite type (e.g. compact), then the natural map
Hir(¥) ®r Hig (V) — Hir(E x V)
s an isomorphism of graded commutative algebras.

We now turn to the proof of Theorem 6.7. We will deal with each of the three
operators in the statement in Section 6.3.1 through Section 6.3.3 below.

6.3.1. Contracting homotopy for p and s. — We have an isomorphism of commutative
differential graded <7 *'°8(%)-algebras:

/18 (T x [0)) =2 o7 "18(2) [log(t), d log(t)].
The graded o7 *'°8(X)-linear operator

1 B log? (t) — 0,
h: o/ *1°8 (% x [0)) — o/* 118 (X x [0)),

. 1 :
log? (t) dlog(t) — Y log/ T (¢),

+1
is easily seen to satisfy
dh + hd =id — p*s™,

since s* sends log(t) and dlog(t) to zero.
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6.3.2. Contracting homotopy for q and . Since i*¢* = id, we have a splitting
/"8 (2 x [0,00)) = &/*1°8(2 x [0)) @ ker i*,
where
keri* C o/*1°8(% x [0,00))

is the subcomplex of forms that vanish on [0). Under the splitting, the operator ¢*i*
corresponds to the projection onto .7 *1°8(3 x [0)) and hence it suffices to produce a
contracting homotopy for the complex keri*.

To this end, note that since i*(d log(r)) = dlog(¢), any form w € ker¢* has no poles
in 7, i.e., it can be written as

w=wy + wy Adr,

where wy and w; are logarithmic forms that do not involve dr, although their coeffi-
cient functions may depend smoothly on r and polynomially on log r. Since log’ (r)dr
is absolutely integrable near » = 0 for all j > 0, we may define an operator

B keri* — keri*[—1]
by the formula

T
h'w ::/ wi (r')dr’,
0

so that
(dr' + W d)w = w,
as desired.
6.3.3. Contracting homotopy for p,s. — Since 5 = is and p = pg, we may compose

the homotopy equivalences from the previous two subsections to obtain a homotopy
between p*s* and the identity. This completes the proof of Theorem 6.7.

6.4. Rerative pE Rinam conomorocy. — We may also define a version of de Rham
cohomology relative to the boundary. Here, as for classical manifolds with corners,
a complication arises: since the topological boundary is not itself a submanifold,
we need to replace it with its natural simplicial resolution to obtain a sensible de
Rham complex.

6.4.1. Symmetric semi-simplicial objects. — As explained in [CGP21] in the algebro-
geometric context, the combinatorics of boundary strata are most naturally organized
using a variant of semi-simplicial sets, which they refer to as symmetric A-complexes.
We recall the basics here to set our notation and terminology, which differs somewhat
from op. cit..

Let .7, denote the category of finite sets and injective maps, and . C .# the full
subcategory of nonempty sets. For a category €, a symmetric semi-simplicial object
in € is a functor Y: #°P — ¥. From such a functor we may extract the objects Y,, :=
Y({1,...,n}), which by functoriality carry an action of the symmetric groups &,,
and a collection of morphisms d7: Y, — Y, for j € {1,...,n}, induced by the
unique increasing map {1,...,n — 1} — {1,...,n} whose image omits the element j.
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Since all injective maps are conjugate to increasing maps by permutations, this data
determines Y up to isomorphism. Thus, as a shorthand, we denote the .#-object by

=(ne=nE=niE—)

where the names of the maps d} and symmetric group actions are left implicit.
Similarly, functors (£ )°P — ¥, called augmented symmetric semi-simplicial 0b-
jects, are determined by the data

Kyv)=(Xe—mE=nE=ni— ),

where X is the image of the empty set, Y. encodes the .#-object defined by the
restriction of the functor to .# C #;, and the morphism Y; — X, which could be
denoted d}, is obtained by functoriality from the inclusion of the empty set in {1}.

Remark 6.11. Our indexing differs from the standard indexing of semi-simplicial
sets, in that we start from one instead of zero. This convention is chosen to better
match the indexing of boundary strata. %

Remark 6.12. — The notion of a symmetric semi-simplicial object is a version “with-
out degeneracies” of the notion of symmetric simplicial object [Gra01], also known as
“oversimplicial object” [Sail7]. O

6.4.2. Symmetric semi-simplicial manifolds with log corners. — Specializing to the case
in which % is the category of manifolds with log corners with virtual morphisms,
we have the following definition.

DeriNirion 6.13. An 7 -manifold with log corners is a symmetric semi-simplicial
object ¥, in the category of manifolds with log corners and virtual morphisms.

Similarly, an %, -manifold with log corners is an augmented symmetric semi-
simplicial object (3, ¥,) in the category of manifolds with log corners and virtual
morphisms.

We emphasize that the structure maps of an .#- or .#,-manifold with log corners
are virtual morphisms by default in this definition. When we want to explicitly say that
the morphisms are virtual (resp. ordinary) we will talk about virtual (resp. ordinary)
#-manifolds with log corners and similarly for the augmented case.

Underlying every .#-manifold with log corners W, is an .#-manifold with cor-
ners ¥,, and similarly in the augmented case. Our primary source of (ordinary) %, -
manifolds with log corners is given by the following construction.

ExamprLe 6.14. — If 3 is a manifold with log corners then its boundary strata assemble
into an ordinary .#-manifold with log corners, which we denote by

8'2::(82§:5ﬂzEaSz§...)

and an ordinary .#;-manifold with log corners

(2,8'2):(2%82§:622§E332 E )

where the augmentation is the natural immersion 0¥ — ¥ of the boundary. %
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6.4.3. The relative de Rham complex. If ¥, is an #-manifold with log corners, the
logarithmic de Rham complexes of its components assemble into a symmetric semi-
cosimplicial dg algebra, and we may define the logarithmic de Rham complex of ¥,
to be its totalization, given by the homotopy limit

M.710g(\:[j‘) = h()‘/lalm ,Q/',log(\llo).

In concrete terms, we have a canonical quasi-isomorphism

VB, = @ (W) @ sgn,,) " [1— ),
n>1
where [—] is the usual degree shift functor, the differential is the alternating sum of

the de Rham differential and the pullbacks along the face maps, sgn,, denotes the sign
representation of &,,, and (—)®" denotes &, -invariants.

Similarly for a virtual .#;-manifold with log corners (X, ¥.) with augmentation
map denoted i: ¥, — X, we define its relative logarithmic de Rham complex

VOB (8, W) = fiber (i o/ *VO8(8) — o/ V%(WL)).
Concretely, we have

VI8 (D, W) 2= o/ V8 (E) @ @ (%) @ sgn,) O [0,
n>1
where once again the differential is the sum of the de Rham and Cech differentials.
We also have the de Rham complex «7* (¥,) and «/* (X, ¥,) of the underlying
symmetric semi-simplicial manifolds with corners, and the inclusion of smooth forms
into logarithmic forms give quasi-isomorphisms

d*(W,) ——— o/*1°8(1,), A (2,0,) —— o/*°8(3,0,),

which also induce quasi-isomorphisms of the compactly supported forms.
In the special case in which ¥, = 9°*3 is the semi-simplicial boundary, a standard
inclusion/exclusion argument gives the following.

Prorosition 6.15. — The de Rham cohomology of 0°% with/without compact sup-
ports is naturally isomorphic to the corresponding singular cohomology groups of the
topological boundary OyopX:

Hig(0°X) = H:

sing

(atopz; R)? H(;R,c(a.z) = H.

sing;:(&‘ﬁop;; R)a
and similarly for the relative cohomology

H:iR(Z7 6.2) = H;ing(27 atopZ? R)? H:lR,C(Z7 8.2) = H;

sing,c

(Za 8\:Op2; R)
There is also a smaller model for the relative cohomology. Namely, for p > 0, let
AP18(2,0°%)g = ker(i*: /P°8(X) — /P18(9X))

be the set of p-forms that vanish identically on the boundary. Note that since ¢*
commutes with d, we may identify (o7*1°¢(X, 9°Y),d) with a subcomplex of the total
complex computing the relative cohomology. We then have the following.
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Lemwva 6.16. The Cech complex
APl8(%,0°%) = (Mp’log(E) — FPI8(9Y) — FP18(9°%) — )

is a resolution of @/P1°8(X)y C a/P1°8(X). Hence the inclusion of </ *'°8(%,0°%)o in
the total complex o/ *1°8(3,0°Y) is a quasi-isomorphism.

Proof. — The problem is local, so it reduces to the case in which X is an open subset
of [0,00)™ x [0)*. In this case, the pullback to boundary faces identifies the standard
coordinate basis of &7*1°8(%) with the corresponding bases of &7*!°8(97%) for all
4 > 0. Hence these bases decompose the Cech complex o7P1°%(%, 9°%) as a direct sum
of (”;)rk) copies of the Cech complex &7%1°8(2, 9° %) = €°1°8(9°%) of the algebras of
logarithmic functions. By Lemma 5.9, the latter is identified with the Cech complex
of the regular sequence of elements rq, ..., 7, in the ring %oo’log(Z), which is therefore
a resolution by standard commutative/homological algebra. O

7. REGULARIZED INTEGRATION

7.1. OVERVIEW OF THE STRATEGY. — In this section, we use the cohomological formal-
ism developed thus far to define the regularized integral of forms with logarithmic
singularities. The strategy is as follows.

7.1.1. Classical case. Recall that if ¥ is an oriented manifold with corners, and w
is a compactly supported, smooth, top-degree form on X, the integral fzﬂ can be
defined locally using the Lebesgue measure in charts, and then globalized using a
partition of unity.

For degree reasons, such a form w is closed, and its pullback to 0% is zero, so that
it defines a class in the relative cohomology Hyg .(X,0%). By Stokes’ formula, the
integral only depends on this class, i.e., it descends to a functional

/ HI L (2,08) — R,
P

which is, moreover, an isomorphism if ¥ is connected.

Indeed, we could alternatively define the integral as the functional on 7 (X)
obtained by first applying the projection 7 (£) — Hjg .(X,9%), then applying de
Rham’s isomorphism Hjg (2, 0%) = H(Z, OiopX; R), and finally applying the func-
tional HY (2, OiopX; R) — R given by pairing against the fundamental class of (X, 9X)
in Borel-Moore homology. The advantage of this more abstract definition is that it
makes sense for any cochain complex computing the relative cohomology.

For instance, using the description of the relative cohomology via totalization of the
C*> de Rham complexes on strata &7, (3, 0°%) similar to Section 6.4.3, a relative coho-
mology class may be represented by a tuple (w,);>0 With w, € (77 (%) @ Sgnj)GJ
a smooth form of top degree on the jth boundary, equivariant for the sign-twisted
action of the symmetric group. The integral of such a tuple is expressed in terms of
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the integrals over strata by the formula

/Zw. _ Z (—1')j

>0 I

/. Wi,
XD

which reduces to the integral of the top form w = wp if w; = 0 for 5 > 0.

7.1.2. Logarithmic case. — Now if ¥ is a manifold with log corners and w is a form
with logarithmic singularities, it is not clear how to define the integral in coordi-
nates due to possible divergences, but the logarithmic de Rham theorem still gives
an isomorphism Hiy .(2,0%) = HI (X, OiopX; R), suggesting that the cohomological
definition of the integral still makes sense. However, the presence of phantoms on
the boundary means that a top-degree form need no longer vanish on the boundary,
e.g. the form dr/r on [0, c0) pulls back to the phantom form d¢/t # 0 on 9]0, c0) = [0).
Hence a priori not all logarithmic forms represent relative cohomology classes, so that
the cohomological approach only gives an obvious definition of the integral for log-
arithmic forms whose pullback to the boundary is zero. In fact, as we explain in
Proposition 7.15 below, these are exactly the forms for which the ordinary integral
of w over the interior X° converges absolutely, and in this case, the cohomological
formalism recovers this absolutely convergent integral. This extends the cohomolog-
ical definition of the integral only to forms which are absolutely integrable but not
smooth, such as logrdr.

Therefore, in order to tackle (possibly divergent) integrals of arbitrary logarithmic
forms, the relative cohomology group H(.iR,c(Zv 0Y.) is not the right object to consider.
This should not be surprising since as explained in the introduction, the value of a
“regularized” integral depends on extra tangential data on the boundary of ¥, namely
a scale on 9% in the sense of Definition 4.12. Moreover, to have a good theory, with
Stokes formula, etc., we need a compatible family of scales along boundary strata
of all codimensions. We package these data and compatibilities below in the notion
of a “regularization”. Using the latter, we define a diagram of manifolds with log
corners and virtual morphisms whose log de Rham cohomology still compares to
H: (2, OtopX; R) and which contains the classes of all logarithmic forms of degree
dim X. This allows us to define their regularized integrals consistently. For forms that
are absolutely integrable, we recover the classical integral, which is independent of
the regularization. However, in general, the regularized integral does depend on the
choice of regularization.

7.2. REcuLARrizATION VIA scaLEs. — The precise definition of a regularization is as
follows.
Derinirion 7.1. Let % be a manifold with log corners. A regularization of 3 is

a tuple s = (sgix);j>0 consisting of a scale sgix on &% for each j > 0, which is
invariant under the natural action of &; and such that all the natural morphisms in
the diagram

(3,0°%) : 2482:6225832  —
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are scale-preserving. It is nondegenerate if all of the scales sg;jx are. A regqularized
manifold with log corners is a pair (3, s) where ¥ is a manifold with log corners and s
is a regularization of X.

Let us unpack this definition by applying Definition 4.17 and the discussion fol-
lowing it to every morphism in the diagram (X,0°Y). We see that a regularization s
of X gives rise to a diagram which we denote by

(has (e3P, ) ¢ whas (L (gx)Pes —— (g3  — (93%)" g

where each structure morphism (9 HE)bas — (07 E)bas is induced by the scale sgj+1x
as in (4.7). This diagram is a .#;-manifold with log corners, and the scales sgix
assemble into a morphism of .#, -manifolds with log corners

(3,0°%) : 2#821:8225832---

(7.1) SW }g }az }622 Fasz

(Ebas7 (8.E)bas; 5) . Ybas i (8E)bas é - (822)1:-&5 g (832)b% L

The datum of the regularization s of ¥ is equivalent to the structure of .#, -manifold
with log corners (£, (9°%)"*; 5) and the morphism s.. In particular, note that the
boundary of a regularized manifold with log corners admits a unique regularization
such that the canonical maps 790% — 371 are scale-preserving. Similarly, if (3, s)
and (X', s') are regularized manifolds with log corners, then the product inherits a
canonical regularization which we denote by (X x ¥/, s x s).

Exawmpre 7.2. — For ¥ = [0,00), since ¥ = X% and &'% = @ for j > 2, a regu-
larization for ¥ is the same thing as a scale for 9% = [0), i.e., a virtual morphism
s : {0} — [0), i.e., a tangential basepoint ¢0d,|o with ¢ > 0, by Proposition 4.10.
It gives rise to the following morphism of .#, -manifolds with log corners.

(,0°%) : [0,00) «——[0) == 2
(P, 079" 55) s [0,00) =125 {0} =0 0

When unpacked in an example, the compatibility conditions relating the scales on
the various boundary faces exhibit some subtleties; these are visible already in the
case of a quadrant, as follows.

Exampre 7.3. — Consider the standard corner ¥ := [0, 00)? with coordinates (rq,72).
Let ¢1,t2 be the phantom coordinates obtained by restricting r1,ry to their vanishing
loci. The boundary inclusions have the form

0,00)2, ,, —— [0)ey % [0,00),,, U [0,00),, x [0)r, &= [0)2, , U0)%,,, == o
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(a) Nondegenerate (b) Linear (c) Nonlinear

Ficure 4. Regularizations of the quadrant ¥ = [0, 00)?, showing the
scale on 9% in blue, and the scale on 923 in red.

where we have used a subscript to denote the coordinates on each space. Then as
illustrated in Figure 4, a regularization of ¥ consists of the following data:

« A scale on ¥; this must be the identity map since ¥ = £P?5 is basic.

+ A scale on 0% = [0)y, x [0,00),, U[0,00),, x [0)s,, given by

s _ fQ(TQ)TSZatl on [O)tl X [0700)7"27
fl(rl)rtflab on [0700)7“1 X [O)tzv

where fi, fo are strictly positive functions on [0,00) and ay,as € Z. Thus sjyt; =
fa(r2)ry? and shste = f1(r1)r]" on the respective components.

« A scale on 9°% = [0)7, ,, U [0)7, ;, that is invariant under the Sy-action induced
by the involution that identifies the two components. It is thus given on both compo-
nents by

Sp2m = MOy, + A20,,
where Ay, A2 > 0, so that sj,t; = Aj.
These data must satisfy the consistency condition that the boundary inclusions are
scale-preserving. For the map 0% — ¥ this is vacuous, but for the maps i: 9°X — 9%
this is a nontrivial condition; we require i*sjyt; = sh.5i*t; for j = 1,2. This is
equivalent to the following equation of phantom tangent vectors:
J1(O)AT O, + f2(0)A?0r, = A10s, + A2k,

By linear independence of 0, , 0,, this is equivalent to the equations

hO =3 0= 32

of positive real numbers, or equivalently to the linear system

(e = (o ) ()

for their logarithms. Since 9% = @, there are no further constraints.

Note that if ajas # 1, the constants A, Ay are uniquely determined by f1(0), f2(0),
for any values of the latter. This applies, in particular, to the case a; = a2 = 0 in which
the regularization is nondegenerate (Figure 4(a)); in this case, spsx is an arbitrary
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positive trivialization of the normal bundle of 9%, and it completely determines the
regularization.

On the other hand, if a; = as = +1, the equations have a solution if and only if
f1(0)f2(0)*! = 1; when this condition holds, the constant \; can be chosen arbitrarily,
and Ay = A1 £1(0). Hence, in this case, the scale on @3 is not arbitrary, and does not
completely determine the regularization. Geometrically, the scales bisect the quadrant
into triangles and the tangential basepoint at zero points along the “diagonal” edge;
see Figure 4(b) for the case (a1,a2) = (1,1). O

The (non)degeneracy of a regularization will not play any role in our main results
below. However, the above example illustrates a useful aspect of nondegenerate reg-
ularizations: they are specified by the scales assigned to faces of codimension < 1,
making them relatively easy to construct, as follows.

Prorosition 7.4. — Let ¥ be a manifold with log corners, and let N denote the normal
line bundle of the immersion 0% — X. Then there is a natural bijection between
nondegenerate reqularizations of ¥ and pairs (s,s’) where s is a nondegenerate scale
on X and s’ is a positive section of N.

Proof. — Given a pair (s, s’) we construct a scale on all iterated boundaries 0% as
follows. Note that the phantom tangent bundle is given by

TPhanghyy o j*TPhany @ XN @ - - @ i N,

where i: 9*Y — X and 41,...,05: 92 — 9X are the canonical immersions. The
section sy := i*s +ijs’ + --- +i}s’ then gives a nondegenerate scale on 9*% such
that the structure maps of the diagram (X,0°X) are scale-preserving, so that the
tuple (s, $1, S2, . .. ) defines a regularization. It is, moreover, the unique regularization
having so = s and s; = i*s + s’ as the scales on ¥ and 9°%, respectively. ]

CoroLrary 7.5. — EBvery manifold with log corners admits a nondegenerate regular-
ization.

7.3. Tue rREGULARIZED INTEGRAL. — Let (X, s) be a regularized manifold with log cor-
ners; we make no assumption about the (non)degeneracy of s. We have an induced
morphism of .#,-manifolds with log corners

se: (XP2S) (8'Z)bas; s) — (%,0°Y),

and arguing as in §6.4.3, we obtain an isomorphism at the level of compactly supported
relative de Rham cohomology

Hipo(EP%, (0°2) %) s) & Hip (2, 0%).

We use this isomorphism to define regularized integral, as follows.
Let n:=dim X and let

/

1= Ps 0 70 Sy ¢ (62)]0&5 — Ebas
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be the immersion induced by the scale sy on 9%, the projection pyx : ¥ — %P and
the natural immersion 4 : 9% — X. If w € &//~1°8(%) is a compactly supported form
on X, then the form
W =stw e ,szfc"’log(Ebas)
satisfies
dw' =0  and (i)W =0
for degree reasons. Hence, it defines a cocycle in the compactly supported relative de
Rham double complex o708 (3:bas, (8°%)P*: 5), giving a class in relative cohomology
which we denote by
[w, 5] € Hig (X, 0%).

DeriNition 7.6. — Let (X, s) be an oriented and regularized manifold with log corners
whose underlying manifold with corners ¥ has dimension n. The regularized integral
is the linear functional

/ s dMO8(8) — R
(2.9

/@,s) “T /z[w’ °

for all w € &"'°5(X), where [y, is the integration functional on Hjy (3, %) recalled
in Section 7.1.1. If w is a form of degree different from n, we set f(z Gwi= 0 as usual.

defined by

Unpacking the definition, this means that the regularized integral can be computed

as follows. In general, an element in &7/1°8(3, (9°%)"*; 5) is a tuple (w;)j>0, Where

wj € (szc”’j*log((ajZ)baS) ® sgn;)®7 is a top-degree form on the jth basic boundary
(07 Z)bas, equivariant for the sign-twisted action of &;. In particular, we may view
our given form w € &/™1°¢(X) as such a tuple with wg = w and w; = 0 for j > 0.
The logarithmic de Rham theorem implies that any such tuple is cohomologous to
a tuple (w;);>0 lying in the subcomplex of smooth forms 77 (X, 9°X), i.e., that there

exists a tuple (;);>0 with n; € (%"*jfl’log(é‘jilbas) ®sgn;)©7 such that
wo = wo + dno,
wi = w; + dny + (i7) " no,
wa = wy + dna + (i5) "1,

where @ : (& E)bas — (07 _1E)bas is the virtual morphism induced by the boundary
immersion and the scale on @’%. Then by definition of the integration function on

H(;R,C(Zaaiz), we have
—1)
/ WZ/Q:Z(.')/ @
(2,9) = ; J: 9iy
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where the right hand side is the ordinary integral of compactly supported smooth
forms over the boundary strata with their induced orientations.

Note that this formula requires computing integrals along strata of all codimen-
sions j for which w; # 0. The simplest case is when w; = 0 for j > 0, for which we
obtain the following.

Prorosition 7.7. — Let ¥ = ¥.P2 be q basic manifold with log corners of dimension n,
let s be a reqularization of ¥, and let ' : XP* — X denote the virtual morphism
induced by the boundary immersion and the scale spx. Let w € &/™1°8(%) be a com-
pactly supported logarithmic form of top degree. Suppose that n € /"~ 11o8(¥Lbas) g
such that (i")*(n) = 0 and w := w + dn is smooth. Then we have the equality

Jow= ki
(Z,5) =

i.e., the regularized integral of w is the ordinary integral of w.

Remark 7.8. — Note that if a form 7 as in Proposition 7.7 can be found, then the
regularized integral depends only on the scale sgx; on the boundary. Since degree
considerations force (i')*w = 0, the existence of such 7 is immediate whenever the
natural inclusion (ker(i’)*,d) < </°8(%, 0°Y) is a quasi-isomorphism. For instance,
we were able to establish this quasi-isomorphism under the additional assumption that
the regularization is nondegenerate. However, for degenerate regularizations, we do
not know whether a form 7 as in the proposition can always be found. The difficulty is
that the natural analogue of Lemma 6.16 can fail: the Cech complex associated with
the #;-manifold with log corners (X, 9°Y; s) depends on the choice of regularization,
and can fail to be a resolution when the regularization is degenerate. This highlights
a virtue of the full double complex model for the relative cohomology: it gives a
systematic theory of regularized integration that treats all regularizations in the same
manner. O

Since the isomorphism between smooth and logarithmic de Rham cohomology is
natural and compatible with products, we immediately deduce that the basic identities
of integration remain true for our regularized integral.

Cororrary 7.9 (Change of variables). — For an open embedding j : ¥ < ¥ and a
form w € 1°8(W), let juw € A 1°8(X) be the extension by zero of w. Then

/ w = / e
(¥,5%s) (Z,9)

Cororrary 7.10 (Fubini’s formula). — Suppose that (X,s) and (X', s") are oriented,
reqularized manifolds with log corners, w € </°1°8(X) and W' € & >'°8(%). Then

/ w/\w'z(/ w)(/ w’).
(ExX/,sxs") (3,s) (27,s")
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Cororrary 7.11 (Stokes’ formula). Ifn € &2°8 (%) then

/ dn = / 7.
(2,s) a(%,s)

Corovrrary 7.12. — The reqularized integral defines a map of cochain complexes
| ern) — Rin
(%,9)
If, in addition, ¥ is connected, this gives an isomorphism HERVC(E) = R.

Exampere 7.13. — Let a > 0, let r be the standard coordinate on ¥ = [0,a], and
consider a logarithmic one-form of the form
dr dr ~
W= f(r)j = f(0)7 + f(r)dr,

where f(r) = f(0) +rf(r) for a smooth function f. If f(0) = 0, the form w is smooth

and we have
/ w :/ f(r) dr
(32,s) 0

for any choice of regularization s of X.

On the other hand, if f(0) # 0, the integral is divergent and will depend on the
regularization. The latter is determined by a scale on the boundary, or equivalently
virtual morphisms sg = A9,|o: {0} — [0,a] and s, = —p0,: {a} — [0,a] for some
A, it > 0. We then have the regularized pullbacks

splog(r) =log(A),  sg(log(r)) = log(a),

where the second of these is independent of the scale since log(r) is smooth at a.
The divergent part of the regularized integral can be computed using the regularized
Stokes formula
d
[ 5= dtosr)) = [ tog(r) = silog(r) ~ s log(r) = log(a/A),
(s T (,5) A(S,s)

so that by linearity of the integral we have

/@75) w = f(0) /@,s) i—r + /(Z,S) F(r)dr = £(0)log(a/X) + /Oa F(r)dr.

Classically, the same result would be obtained by introducing a cutoff parameter
e > 0, computing the convergent integral

[~ ton(ara) - (o) + 06,

£
and formally discarding log(e) in the limit as e — 0. Either way, the result depends on
the parameter \ determining the scale at r = 0, but is independent of the parameter u
determining the scale at r = a. The reason is that w has a pole at » = 0 but is smooth
at r =a. O
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Examrre 7.14. Let ¥ = [0,00) x [0) with coordinates (r,u) and let (t,u) be the
induced phantom coordinates on 9% = [0)2. For a smooth function f(r) with compact
support, an integral of the form
du
/2 flr );

has no classical meaning due to the phantom w; rather, the definition of the regularized
integral in this context requires us to first convert the phantoms to functions using a
scale on X, as follows.

A regularization of X consists of a scale on 3 and a compatible scale on 9%; these
must have the form

su=g(r)r7du,  sox = A0 + g(0)N 0y,

where g > 0 is a positive smooth function, j € Z, and A > 0 is a constant. By defini-
tion, the regularized integral is given by

Jooa 5 = o 505 = [ 06T+ 5

The rightmost integral is a classical regularized integral, and can be computed as in
Example 7.13, taking the length of the interval to co. O

7.4. NON-SMOOTH CONVERGENT INTEGRALS. — As we have just seen, the regularized
integral reduces to the usual integral when the integrand is a smooth form. We will
now prove a stronger statement: it reduces to the ordinary integral whenever the latter
converges absolutely.

Prorosition 7.15. Let ¥ = X% be a basic, oriented manifold with log corners
of dimension n, and let w € Z'°8(X) be a top-degree form. Let j: X° — X be the
inclusion of the interior (a smooth manifold), and let i: 0¥ — X be the canonical
immersion of the boundary. Then the following statements are equivalent:

(1) The integral f;" j*w converges absolutely.
(2) The form w has no poles on J%.
(3) We have i*w = 0 € &/™1°8(9Y).

Moreover, under these conditions, we have

/ w:/ jw
(2,9) z°

Proof. — The equivalence of (1) and(2) is the content of [Bro09, Lem. 4.9]; the state-
ment in op. cit. refers to analytic forms, but the argument only uses the existence of
an expansion in powers of logarithms, and corresponding bounds on the integral, and

for any regularization s of X.

hence it applies equally well in our setting. To see the equivalence with (3), note that
w can be written in local coordinates (r1,...,7,) as

d dry,
w:Zwl(r)logI(r)g/\-'-/\ -
I

T1 Tn
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for some smooth functions wy. Then w is free of poles if and only if each wy is divisible
by ry - --r,. But t*w is computed along the boundary stratum r, = 0 by setting r, = 0
in each coefficient function wy, and making the substitutions log(ry) — log(ty) and
dre/re — dte/ty where ty = i*r¢|,—o is the corresponding phantom. Hence i*w = 0 if
and only if wy is divisible by r, for all I and ¢, as desired.

Now suppose that the equivalent conditions (1)—(3) hold. By Lemma 6.16, it follows
that there exists a form n € /"~ 11°8(%) and a smooth form w € @™ (X) such that
i*n =0 € " 11%(9%) and w — w = dn. We will deduce the equality f(z,s)w =
fzo j*w by computing both sides using different versions of Stokes’ formula.

" On the one hand, by our regularized Stokes formula (Corollary 7.11) we have

(7.2) / Lwi/ g+/‘ fn=/@+0=/)f%
(Z.9) (2.9) a(.s) z z°

where in the last step we use that the boundary has measure zero.
On the other hand, we claim that n extends continuously to 93 and the resulting
continuous form i*n on 9¥ is zero. Indeed, in local coordinates,  has the form
7, dry dr dry,
n—ZnI’k(r)log (r)?/\---/\ﬁ/\-~-/\—
for some smooth functions 7y x, and the condition i*n = 0 is equivalent to the con-
dition that each function 7y (r) vanishes on the boundary, from which the claim

Tn

follows immediately. It then follows by applying the classical Stokes formula to the
continuous form 7 as in [Bro09, Th.4.11], that the ordinary integral is given by

/.fw=/,fg+/.fn=/?fg+0=/.f%
o o 82 o o

and hence it agrees with the regularized integral by (7.2). O

Examrre 7.16. For a > 0, let ¥ = [0, a] with coordinate r and consider the loga-
rithmic one-form w = log(r)dr, which is absolutely integrable despite the singularity
at r = 0; the classical argument is to introduce a cutoff around zero, compute the
integral f: log(r)dr using the fundamental theorem of calculus, and take the limit as
e — 0. Hence for any choice of regularization of > we have

/ w= / log(r)dr = alog(a) — a.
(2,s) 0

Alternatively, this can be derived using our regularized Stokes’s formula. Indeed, the
logarithmic function n := rlog(r) —r € %;o’log is a primitive for w. Adopting the
notation of Example 7.13, the regularized Stokes formula gives

Jow*™ b
(%,s) a(%,s)

= 52(7" log(r) — 7‘) — 53 (7“ log(r) — 7‘)
= (alog(a) — a) — (0log(X\) — 0)
= alog(a) — a,

explicitly exhibiting the independence of the choice of regularization. O
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8. PERIODS OF LOGARITHMIC VARIETIES

We now turn to the application of our results to the study of period integrals
on logarithmic algebraic varieties. In this section we assume basic familiarity with
logarithmic algebraic geometry, as treated for instance in [Kat89, KN99, Ogul8].

8.1. VarieTiES wiTH LOG CORNERS. — Here and throughout, by a variety, we mean a
separated scheme of finite type over the field K = R or C. A log variety is a tuple
X = (X, #x,«) where X is a variety, #x is a sheaf of monoids in the étale topology
on X, and a: .#x — Ox is a morphism of sheaves of monoids that identifies =1 (0%)
with O%. We denote by X (K) the set of K-points of X, equipped with the classical
analytic topology.

If Y is a variety and D C Y is a divisor, we denote by X = Y log D the divisorial
log variety, for which X =Y and a: Ay 10s p — Oy is the inclusion of the subsheaf
of regular functions on Y that are invertible on Y \ D. If Z — Y is a locally closed
immersion (which may have components in common with D) we endow it with the
restricted log structure, giving a log variety we denote by Zlog D.

Examrre 8.1. Let z be the standard coordinate on A!. The log structure on
Allog {0} is given by the monoid 1 10g 0y =05 2N C Op1 of monomials in z with
invertible coefficients. Its restriction to the origin gives the log variety {0}log{0}
with #{0y10g {0} = K*wY where w = z|{0}10g {0} is a phantom; this log variety is
often called the “standard log point”. O

Derinition 8.2, — A log variety X is a wariety with log corners if étale locally it
admits a strict étale morphism to (A'log {0})" x ({0} log {0})* for some n, k € N.

Thus a variety with log corners is covered by étale charts consisting of functions
z1,...,%2n € Ox cutting out a normal crossing D C X, together with phantom ele-
ments wy,...,w, € M x. Globally, a variety with log corners is a log variety that is
isomorphic to one of the form X = Zlog D where Z — Y is the immersion of a union
of strata of a normal crossing divisor D in a smooth variety Y.

Ordinary and virtual morphisms X — Y of varieties with log corners are defined
in the same fashion as for manifolds with log corners. An ordinary morphism con-
sists of a map ¢: X — Y of varieties over K together with a pullback morphism of
sheaves of monoids ¢* : Qil//ly — M x, which we require to be compatible with ax
and ay. A virtual morphism consists of a map ¢: X — Y of varieties over K together
with a pullback morphism of sheaves of groups ¢*: 9_1///51’ — A5 which behaves
as expected on Oy C #¢". The notion of virtual morphism was first defined in
logarithmic algebraic geometry by Howell [How17]; see [DPP24] for more details.

Every variety with log corners X has a boundary 0.X, given by the pullback of the
log structure along the map é — X, where E is the normalization of D. It comes
equipped with a canonical morphism d.X — X, so that the iterated boundaries 9° X

form an (ordinary) .#,-variety with log corners.
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. ()
N

(a) X(R) (b) X(C) (¢) Kato-Nakayama spaces,
real and complex

Ficure 5. Geometry of the log scheme X = Allog{0}, which is
defined over any ring K. The portions of the diagram shown in blue
correspond to the log subscheme X = {0} log {0}, which gives the
boundary of the Kato—Nakayama space.

8.2. Kato-NAKAYAMA SPACES. In [KN99], Kato-Nakayama associate topological
spaces to a class of log varieties over C, which includes all varieties with log corners.
In [GM15], Gillam—Molcho explained how to endow these spaces with differentiable
positive log structures. As we explain in [DPP24], this construction is functorial for
virtual morphisms. The prototype is the following example.

Examere 8.3, — The Kato-Nakayama space of Al log {0} is the real-oriented blowup
of A'(C) = C at the origin; it is a manifold with boundary equipped with its basic log
structure. If z is the standard coordinate on A!, then the polar coordinates r = |z|
and 0 = arg z give an isomorphism of manifolds with log corners

KN(A'log {0}) = [0,00) x S
The inclusion {0} log {0} < Allog {0} then gives an isomorphism
KN({0}log {0}) = 0 KN(A'log {0}) = [0) x S*
of manifolds with log corners. O

In general, if X is a variety with log corners and zi,...,z,,w1,...,w; are
coordinates identifying an analytic open set U in X with an analytic open set in
(Allog {0})™ x ({0} log {0})*, then KN(U) is identified with the corresponding open
set in the manifold with log corners ([0,00) x S')™ x ([0) x S')k. The functions
r; = |zi|, 0; = arg(z;) and ¢; = arg(w;) give basic coordinates, while ¢; := |w;| are
phantom coordinates on the factor [0)*. We therefore have the following.

Prorosition 8.4. — If X is a variety with log corners of dimension (n,k), then
KN(X) is a manifold with log corners of dimension (2n+ k, k), and the natural map
KN(X) — X(C) is a morphism of manifolds with log corners, where X(C) is viewed
as a smooth manifold with the trivial positive log structure.
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8.3. REAL poINTs. We now discuss a version of Kato—Nakayama’s construction for
varieties over R. If X is a variety with log corners defined over R, then we have an
inclusion X(R) C X(C) expressing the real points as the fixed locus of the anti-
holomorphic involution given by complex conjugation. This lifts to an involution
o: KN(X) — KN(X) of manifolds with log corners. Theorem 3.33 then allows us
to make the following construction.

Derinition 8.5. — Let X be a variety with log corners over R. The real Kato—
Nakayama space of X is the manifold with log corners KN (X) C KN(X) defined as
the fixed locus of the complex conjugation involution.

Concretely, let z;, w; be coordinates on X defined over R, and (75, 6;,t;, ¢;) be the
induced coordinates on KN(X) as above, with the angles 6; and ¢; defined modulo 27.
Then the conjugation is given by #; — —6; and ¢; — —¢;, so that the fixed locus is
given by 0;, ¢; € Zm, with coordinates induced by the basic radial coordinates r; and
the phantom radial coordinates ¢;. From this we deduce the following.

Cororrary 8.6. — If X is a variety with log corners of dimension (n, k) over R, then
KNg (X) is a manifold with log corners of dimension (n,k).

Note that the proper morphism KN(X) — X(C) restricts to a finite morphism of
manifolds with log corners KNg (X) — X(R), whose fibers are of the form (S°).

Exavmpere 8.7. — The log variety X = Allog {0} is defined over R. Its real Kato—
Nakayama space is the fixed locus of complex conjugation on the real oriented blowup
of C at the origin. It therefore consists of two semi-infinite intervals, which map to
the non-negative and non-positive real axes, giving an isomorphism

KNg (A'log {0}) = (—o0, 0] LI [0, 00)
of manifolds with log corners, with boundary given by two standard ends
OKN (Allog {0}) = KN ({0} log {0}) = (0] U [0).
See Figure 5(c) for an illustration. O

8.4. TANGENTIAL BASEPOINTS: ALGEBRAIC VS. DIFFERENTIAL GEOMETRY. Let Y be a
smooth variety over C and D C Y a normal crossing divisor. If p € Y is a point,
a tangential basepoint at p, in the sense of Deligne [Del89, §15], is a choice of a
nonzero normal vector for each local irreducible component of D passing through p.
We refer to such basepoints as algebraic to distinguish them from the C'*° tangential
basepoints for manifolds with corners in this paper. They correspond to virtual mor-
phisms from a point to the log scheme Y log D via the algebro-geometric analogue of
Proposition 4.10; see [DPP24].

The differential of the canonical map KN(Y log D) — Y (C) gives a bijection be-
tween C'*° tangential basepoints on the Kato—Nakayama space and algebraic tangen-
tial basepoints for (Y, D), illustrated in Figure 6. Concretely, using the relation z =rel?
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A

(a) A'log {0} (b) KN(A' log {0})

Ficure 6. Algebraic vs. C* tangential basepoints at the origin in A'.

between holomorphic coordinates on Y and polar coordinates on KN(Y log D), the
correspondence is given by

CaZ|Z:0 A |C| aT’|(r:0,0:argc)

for ¢ € C*. We thus have the following;:

Prorosition 8.8. — For a normal crossing divisor D in a smooth variety Y over C,
the following are in canonical bijection:

o virtual morphisms Spec(C) — Y log D of varieties with log corners;
o virtual morphisms x — KN(Y log D) of manifolds with log corners;
« algebraic tangential basepoints for (Y, D);

« C'™ tangential basepoints for KN(Y log D).

A similar correspondence holds for varieties with log corners defined over R, replac-
ing Spec(C) with Spec(R) and KN(Y log D) with KNg (Y log D).

Remark 8.9. — More generally, one may consider log schemes over a base ring K C C,
in which case the resulting tangential basepoints must be defined over K as well, which
may greatly rigidify the geometry. For instance, if X = A'log {0} with coordinate z,
defined over K = Z, the only tangential basepoints at 0 are £0,; this gives a natural
notion of a tangential basepoint having “unit length”. See [DPP24] for a discussion of
this general notion of “virtual point” of log schemes. O

8.5. Berri anp pE Runam conomorocy. — For a class of log varieties over C, Kato—
Nakayama [KN99] defined the Betti cohomology of X to be the singular cohomology
of the Kato—Nakayama space

Hp (X)) := Hig (KN(X); Z),

sing

and the (algebraic) de Rham cohomology to be the hypercohomology (in the Zariski
or étale topology) of the algebraic logarithmic de Rham complex (2%, d), generated
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by the logarithmic derivatives of elements of .#x:
H(.iR(X) =H* (Xv (93(7 d)) .

Furthermore, they established a comparison isomorphism

(8.1) Hir(X) — HE(X) @2 C,

under certain assumptions on X that are satisfied in the case of a variety with log
corners. In the special case of varieties with log corners, this boils down to the classical
fact that the log complex €3 (log D) of a normal crossing divisor D C Y computes
the cohomology of Y ~ D. We prove in [DPP24] that these cohomology groups are
functorial for virtual morphisms, and the comparison isomorphism is natural.

Concretely, the real and imaginary parts of every algebraic log form w € Q% define
C* log forms Rw, Sw € Jz{él\lfzgx) on the Kato-Nakayama space, viewed as a manifold
with log corners. This gives a canonical map

Hir (X) — Hir (KN(X)) @r C
which induces the isomorphism (8.1) via our log de Rham theorem (Corollary 6.9).

Remark 8.10. — If X is the extension of scalars of a log variety Xx defined over a sub-
field K C C, then the algebraic de Rham cohomology of Xy is a K-structure on the
algebraic de Rham cohomology of X: H3y (X) = H3g (Xkx) ®k C. O

8.6. Locaritnvic pertons. — We now turn to the definition and cohomological inter-
pretation of regularized period integrals in logarithmic algebraic geometry.
By a (virtual) 9 -variety with log corners we mean an .#,-object

(X,Y.):(X<—Y1§:YQEY3§ )

in the category of virtual morphisms of varieties with log corners over C. By the

discussion above, the Betti and de Rham cohomology of log schemes extend immedi-
ately to such objects by totalizing the relevant symmetric coaugmented cosimplicial
complexes as in Section 6.4.3, and the comparison isomorphism gives a canonical
pairing

(8.2) (=, =) HB(X,Y)) @z Hig (X, Y.) — C

which becomes nondegenerate after tensoring with C.

Note that this construction includes the absolute cohomology H* (X)) as the special
case Y; = @ for all j > 0, and the relative cohomology H* (X,Y’) of a morphism
Y — X as the special case Y1 =Y and Y; = @ for j > 1.

Derintrion 8.11. A logarithmic cycle in (X,Y.) is the data of a compact oriented
regularized manifold with log corners (X, s) and a morphism of .#,-manifolds with
log corners

p: (TP, (9°%)"™; 5) — KN(X, Ya).
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A logarithmic cycle has an underlying map of symmetric semi-simplicial spaces
¢:(X,0°Y) —» KN(X,Y,) inducing a morphism in homology

¢, HI8(, QopX) — HI (X, Y2).

Since X is compact and oriented of dimension n, the image of its fundamental class
gives the cycle class, which we denote simply by

[¢] == ¢ [E] € HP (X, Y2).

Such cycles arise naturally as integration domains in many interesting situations.
As for integrands, let w € (X, Q%) be a global closed logarithmic n-form on X
whose pullback to Y. is zero. It defines a class [w] € H]j (X, Ys), and we denote by

/w = (L) eC
ol

the corresponding period, induced by the Betti-de Rham pairing (8.2). It can be
computed as a regularized integral as in Section 7, as the following result shows.

Provosition 8.12. —  The pairing (8.2) between the cycle class [¢] € HE(X,Y.) and
the class [w] € Hip (X,Y.) equals the regularized integral

/w = P*w.
® (2,9)

Proof. — This follows from the functoriality of the Betti-de Rham comparison for
4 -manifolds with log corners (Proposition 6.15) and the definition of the regularized
integral. (|

Remark 8.13. — If (X,Y.) is the extension of scalars of an .#, -log scheme (Xx, Yke)
over a subfield K C C, then since the Betti homology is a finite rank Z-module, the
pairing (8.2) restricts to a pairing HE (X, Y.) ®z Hir (Xk, Yk.) — C whose image is a
finite-dimensional K-vector subspace of C, where we have used the base change for de
Rham cohomology from Remark 8.10. In this way, we obtain arithmetically interesting
periods from regularized integrals on log varieties defined over K. Note that the fact
that the object (X,Y,) is defined over K imposes a sort of K-rationality constraint on
the induced maps of Kato—Nakayama spaces, and hence also on the scales involved in
any regularized cycle. For example, let Xx = C log {p}, where C is a smooth curve
over K and p € C is a closed point, let Yxs = Spec(K), and consider the diagram
Yk. — Xk corresponding to a K-rational tangential basepoint ¢ € (7,,C)*. Then a
regularized cycle ([0,1],8[0,1]"*;s) — (KN(X),KN(Y.)) must map the tangential
basepoints at 0 and 1 (defining the scale on 9[0,1]) to the tangential basepoint of
KN(X) corresponding to the K-rational tangential basepoint ¢. See Remark 8.14 be-
low for an explicit example, which illustrates how this constrains the possible periods
of the diagram. O

8.7. ExamPLES OF LoGARITHMIC PERIODS. — We now explain how the constructions in
this section recover and unify some classical examples of periods.
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8.7.1. The residue theorem with “radius zero”. Let z be the standard coordinate on
X = Allog {0}. The class of the logarithmic form dz/z is a basis of the first de Rham
cohomology group H}g (X). The Kato-Nakayama space of X is KN(X) 2 [0, 00) x S!
with radial coordinate r = |z| and angular coordinate § = arg z. For € > 0, let

7e: St — KN(X) 2 [0,00) x S!
e? — (g,€)
denote the circle of radius ¢ in the Kato-Nakayama space, oriented counterclockwise.
The homology classes of these cycles are all equal and form a basis of H¥(X). To com-
pute the period pairing HP(X) ®z Hiz (X) — C one can therefore assume £ > 0 and

we get the usual result
dz

<[k]’[dz/z]>: — = 27i.

2 ?

However, this computation does not make sense classically for ¢ = 0 since dz/z =
dr/r +1d0 is ill defined at r = 0.

This issue is solved using our formalism by lifting each 7. to a logarithmic cycle
(Definition 8.11) with domain ¥ = S, i.e., a virtual morphism

Ye: ST — KN(X) 22 [0,00) x S*.

For & > 0 there is nothing to add to the datum of v., but for e = 0, since 7 lands in
the boundary {0} xS, one also needs to specify the pullback by o of the coordinate r,
which may be any positive smooth function A(el?) on S*. (The choice of the constant
function A = 1 is somewhat canonical, but our formalism allows more flexibility.) This
choice can be thought of as a family of tangential basepoints at 0 on [0, 00) indexed

~

by S', or alternatively as a scale for the manifold with log corners 9KN(X) = [0) x S.
Using our notation for tangential basepoints from Section 4.2 we write

7o: S' — KN(X) = [0,00) x St
e — (M) 0o, €7).
The pullback of dz/z via 7o is now a well-defined smooth 1-form on S!,
5 (dlog(2)) = 5 (dlog(r) +idf) = dlog(A(e'?)) +id#,

and Proposition 8.12 implies that the pairing between [yo] and [dz/z] is equal to
d .
/ g / dlog(A(e'?)) +idf = 2ri,
Yo < St
which shows that [o] is independent of the choice of the function A(e?).

8.7.2. The logarithm as a regularized Kummer period. For real numbers 0 < ¢ < a,
consider the integral

I(g,a) = /a % = log(a) — log(e) = log(a/e).
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It is classically interpreted as a period of the “Kummer motive” H* (A! \ {0}, {¢,a}),
whose algebraic de Rham cohomology and Betti homology are given by

Hir (A"~ {0}, {e, a}) = C-{[dz], [dz/2]} and HY (A"~ {0}, {e,a}) = Z-{[re], [e]}

respectively, where ~. is the circle of radius ¢ as before and 7. is the interval [e, a].
We then have I(g,a) = fn dz/z, and more generally we have the period matrix

e 05 (o o))
fadz f%dz/z 0 2ri

which determines the Betti-de Rham pairing completely.

In the limit ¢ — 0, the integral 1(0,a) = I; is the divergent integral discussed
at the beginning of the paper, which must be regularized by choosing a tangential
basepoint of A! at 0. For simplicity, we choose a tangential basepoint that points in
the positive real direction, i.e., a tangent vector

T =A\0.|.—0 € (THpA")*

with A > 0, and view it as a virtual morphism {0} — A!log {0} by Proposition 8.8.
Combined with the ordinary inclusion of a € A! \ {0} we obtain a diagram

(8.3) Allog {0} &—— {0} U {a},
which we view as a (virtual) ., -variety with log corners. Its relative cohomology
H' (A" log {0}, {#,a})

deserves the name “regularized Kummer motive”. The classes of dz and dz/z still
form a basis of relative de Rham cohomology. In order to describe a basis of Betti
homology, we equip the interval [0, a] with the regularization s given by the tangential
basepoint A J,|.—o at 0, and any tangential basepoint at a. This gives the following
logarithmic cycle (Definition 8.11) for (8.3), denoted by nq.

KN(A'log {0}) £—— {0} U {a}

] H

[0,a] ——— {0} U{a}

and the relative Betti homology is given by

HY (A log {0}, {7, a}) = Z - {[70], [mo] }

where 7y is the class of the boundary circle as above; see Figure 7. By Proposition 8.12,
the period corresponding to (0, a) is then the classical regularized integral computed

in Example 7.13,
d d
/ & :/ i log(a/\).
o < ([0,a],s) r
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U a @

(a) The pair (A'log {0}, {#,a}) (b) Betti chains

Ficure 7. The geometry of the “regularized Kummer motive”
H! (A log {0}, {7, a})

It gives the value I; = log(a) from the introduction when A = 1, corresponding to the
case in which the tangential basepoint is defined over Z as in Remark 8.9. The full
period matrix of H' (A!log {0}, {7, a}) is given by

( fodz [ dz/z> _ (a log(a/)\)).

f% dz f% dz/z 0 27

Remark 8.14. — Suppose that K C C is a subfield, and that the tangential basepoint
U = AO:|,—0 and the point a are also defined over K, i.e.,; A\;a € K. Then the pair
(Allog{0}, {7, a}) lifts to a pair defined over K. Note that A also determines the scale
A0: on [0) required to make the interval [0, a] into a regularized cycle. The resulting
collection of periods is the K-vector space

K + 271K + log(a/AN)K C C

spanned by the entries of the period matrix, illustrating the general principles dis-
cussed in Remark 8.13. O

8.8. SINGLE-VALUED INTEGRATION AND THE DOUBLE-COPY FORMULA. — The periods we
have considered so far involve the integration of algebraic log forms on a complex
variety with log corners X over subspaces of X(C). In many applications, one is
interested in integrals of products of holomorphic and antiholomorphic forms over
X (C) itself, like the integral I from the introduction. Such integrals can be reduced
to holomorphic periods of X by way of the “double copy” formula for single-valued
integration from [BD21]. We now explain how that recipe can be recovered using our
formalism.

8.8.1. Doubling and the twisted diagonal. — The key point is that the integrals in
question can be thought of in purely holomorphic/algebraic terms, as the integral
of holomorphic forms on X x X over the diagonal copy of X, where X denotes the
complex conjugate of X. Thus X is given by the same underlying log variety, but
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with the conjugate complex structure. Equivalently, we replace the structure map
X — Spec(C) with its complex conjugate.

Note that X is not a complex subvariety of X x X; rather it is the fixed locus
of the antiholomorphic involution of X x X which interchanges the factors, and is
thus totally real. Note further that if X is disconnected, the product X x X will have
connected components that do not intersect the diagonal; these may be ignored for
the purposes of studying such integrals. This motivates the following definition

Derinition 8.15. — Let X be a complex variety with log corners whose connected
components are denoted by X;. The double of X is the complex variety with log
corners defined as the disjoint union |_|1. X;x X, C X xX.

The diagonal X (C) — X (C) x X (C) lifts canonically to a morphism of manifolds
with log corners

KN(X) — KN(Dbl(X)) € KN(X) x KN(X),
which we call the twisted diagonal; it identifies KN(X) with the fixed points of the
involution that swaps the factors in the product.

Remark 8.16. — More abstractly, we may consider the Weil restriction W (X); it is
a variety with log corners over R whose R-points are in bijection with the C-points
of X. We have W(X) xg C & X x X, so that the twisted diagonal is the inclu-
sion KN (W(X)) — KN(W (X)) of the real Kato-Nakayama space in the sense of
Section 8.3. O

8.8.2. Polar smooth forms. — We now restrict to the case in which X = Y log D is the
variety with log corners associated to a connected smooth proper complex variety Y
of dimension n and a normal crossing divisor D. Applying the doubling construction
to X and its iterated boundaries, we obtain an ordinary .#-variety with log corners
(Dbl(X),Dbl(0°X)). The twisted diagonal then gives a morphism of .#;-manifolds
with log corners

KN(X,0'X) — KN(Dbl(X,0° X))
whose class in Betti homology we denote by

[KN(X)] € HE,(Dbl(X), Dbl(9° X)).

To understand the periods we must examine the differential forms on the open
subscheme Dbl(X) C X x X relative to Dbl(0X) C X x 0X. For this note that since
the restriction map Q°, — — Q°F __ is surjective, the relative de Rham complex is

XxX OX x0X
modeled by its kernel

Qbbicx),pbiox) € Lobix) = Ly yx DbIX)

Following [BD21], we use the following terminology:
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Derintrion 8.17. A form w € Q) is polar smooth if its pullback to KN(X) is
smooth, i.e., it lies in the sheaf ;sz;N( X) of C*° forms on the underlying manifold with
corners.

Lemma 8.18. — For a section w € F(Dbl(X),QQD’{)I(X)), the following are equivalent.

(1) The form w lies in the subsheaf Q%’LI(X)DH(@X).

(2) The form w is polar smooth.

(3) For every open subset U C KN(X) with compact closure, the integral wa
converges absolutely.

(4) If z € Oy 1s a local defining equation for any irreducible component of D, then
the double residue along z =z = 0 vanishes:

Res Resw = 0.
z=0 z=0
Proof. — The problem is local and invariant under taking products with smooth

varieties, so we may assume without loss of generality that X = (Allog{0})" with
coordinates zj, so that Q;(XY is generated by dz;/z; and dz;/Z;. A general element

2n
of QXxY thus has the form

dz dz dz dz
w=f—E A LA A A
z1 Z1 Zn Zn
for a polynomial f € Clz1,Z1, ..., 2n, Zn].

The log variety Dbl(0X) has n connected components Z1, ..., Z;, each of codimen-
sion two, identified with the loci z; = Z; = 0 for 1 < j < n. The restriction of w to
such a component is given by

dt; df; dz dz dz;  dz; dz, dz
J J/\ﬂ/\ﬁ/\.../\ﬁ/\;?/\.../\ﬁ/\g

w‘Zj = f|Zj:Ej:07 N =

— )
t; t; 21 Z1 Zj Zj Zn Zn

where t;,t; are the phantom coordinates corresponding to z;, Z;. From this we deduce
that w|z;, = 0 if and only if f vanishes on the linear subspace z; = Z; = 0 in A™ or
equivalently the double residue Res, —o Resz,—ow is zero. This gives the equivalence
of conditions (1) and (4).

On the other hand, the pullback to KN(X) is computed by converting to polar
coordinates z; = r]-eiej and z; = Tje_i9j7 giving

w:(—21)”f?Ad91A.--AdﬂAden.

1 Tn
Considering the behaviour of w as r; — 0, we see that w is smooth on KN(X) if and
only if the pullback of f vanishes on the boundary component r; = 0 for every j, but
this is evidently equivalent to the vanishing of f when z; = Z; = 0, and also to the
absolute integrability, as desired. |
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8.8.3. The double copy formula. Now suppose further that the divisor D C Y is

decomposed as union D = A U B, where A and B have no common irreducible

components. We have canonical morphisms of varieties with log corners
Xa:=YlogA+— Xp:=YlogD — Xp:=YlogB

induced by the inclusions of divisors. On the level of forms, these maps induce the
inclusion of forms with logarithmic poles on A or B into the forms with poles on
D = AUB. Applying the doubling construction, we obtain a morphism of .#, -varieties
with log corners

(8.4) (DbI(Xp), DbI(D° X p)) — (Xa x Xp,0"(Xa x X5)).

We also have maps
AB ;:AlogB—>XB, By Z:BlogA—>XA,

induced by the pullback of log structures along the normalization maps of A and B.
Since D = AU B, Alexander—Lefschetz—Poincaré duality implies that the intersection
pairing

HE (X4, Ba) x HE (X5, Ap) — HS (Xp,0Xp) = Z
is perfect. Let

{’yl}l C HS(XAaBA)a {’71 } S HB(XB7AB)

be dual bases. The cycle class of the twisted diagonal in the relative homology
HQBn(XA x Xp,0"(Xa x Xp)) is then given, under the Kiinneth decomposition, by

[KN(Xp)] = > vev,

from which we deduce the following.

Prorosirion 8.19 (Double copy formula, [BD21, Cor.1.5]). — Ifw € T(Y,Qy,, 4)
and v € T(Y, Q@logB) are global logarithmic forms, then w AU is polar smooth, and
its period over the twisted diagonal is given by

<[KN<XD>1,[wAv1>/Y(C)ww;/iw/wu

Examvrre 8.20. We now explain how to treat the integral Is from the introduction
as a logarithmic period. Let Y = P! suppose that a € P* \ {0,1,00} and consider
the divisors

A={1,a}, B ={0,}, D=AUB={0,1,a,00}.

Setting w = dz/(z — a) —dz/(z — 1) andy—dz/z we have

// // dz dz dz
WAV = — )/\TZIQ
Y (C) picyrz—a  z—1 Z

As explained in the introduction, we can compute its value by applying the regularized
Stokes formula on ¥ = KN(Y log D) (with respect to any choice of regularization),
yielding I = 2milog|a|?. This kind of computation has appeared in the literature
under the name “Cauchy—Stokes formula”, see e.g. [KR03]. On the other hand in
[BD21, Ex. 1.6], the same result is obtained by the double copy formula, which reduces
the computation to the periods of the Kummer motives from Section 8.7.2. O
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