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SEMICLASSICAL DEFECT MEASURES OF
MAGNETIC LAPLACIANS ON HYPERBOLIC SURFACES

BY LAURENT CHARLES & THiBAULT LLEFEUVRE

Asstract. — On a closed hyperbolic surface, we investigate semiclassical defect measures asso-
ciated with the magnetic Laplacian in the presence of a constant magnetic field. Depending on
the energy level where the eigenfunctions concentrate, three distinct dynamical regimes emerge.
In the low-energy regime, we show that any invariant measure of the magnetic flow in phase
space can be obtained as a semiclassical measure. At the critical energy level, we establish
Quantum Unique Ergodicity, together with a quantitative rate of convergence of eigenfunc-
tions to the Liouville measure. In the high-energy regime, we prove a Shnirelman-type result:
a density-one subsequence of eigenfunctions becomes equidistributed with respect to the Liou-
ville measure.

Résumi (Mesures de défaut semi-classiques des laplaciens magnétiques sur les surfaces hyper-
boliques)

Sur une surface hyperbolique compacte, nous étudions les mesures de défaut semi-classiques
associées au laplacien magnétique en présence d’'un champ magnétique constant. Selon le niveau
d’énergie ou les fonctions propres se concentrent, trois régimes dynamiques distincts appa-
raissent. Dans le régime de basse énergie, nous montrons que toute mesure invariante du flot
magnétique dans I’espace des phases peut étre obtenue comme mesure semi-classique. Au niveau
d’énergie critique, nous établissons 'unique ergodicité quantique, ainsi qu’un taux de conver-
gence quantitatif des fonctions propres vers la mesure de Liouville. Dans le régime de haute
énergie, nous démontrons un résultat de type Shnirelman : une sous-suite de densité 1 des
fonctions propres devient équidistribuée par rapport a la mesure de Liouville.
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1. INnTRODUCTION

This article is the first in a two-part series devoted to the study of semiclassical
defect measures associated with magnetic Laplacians on surfaces. In this first part,
we focus on the case of surfaces with constant curvature under the influence of a
constant magnetic field. The second part [CL25] will address the more general setting
of surfaces with variable curvature and non-constant magnetic fields. The main result
of this article is Theorem 1.2, which establishes a polynomial rate of convergence of
eigenfunctions to the Liouville measure in the critical energy regime.

1.1. Serrine. — Let (X, g) be a closed connected oriented hyperbolic (constant cur-
vature —1) surface of genus g > 2. Let L — ¥ be a Hermitian line bundle equipped
with a unitary connection V, and denote by Fy = —iBvol € C* (X, A2T*Y) the cur-
vature 2-form of V, where B € C'*°(X), and vol is the Riemannian volume. We call B
the magnetic field. The magnetic Laplacian is defined as

(1.1) Ap:=LiV*'V.:C®(%, L) — C™(%,L).

=32

More generally, taking L®* for k € Zs( and the induced connection V®* one can
form similarly to (1.1) a Laplacian Ay, acting on C°°(X, L®%). Note that the curvature
on L®* is —ik B vol. The operator k~2Ay, is a twisted semiclassical (pseudo)differential
operator, with semiclassical parameter h := k~! > 0.

Throughout this article, we will further assume that B is constant. Note that,
by Gauss-Bonnet, this implies that 2B(g — 1) € Z. The purpose of this paper is to
study the semiclassical limits of the Laplace eigenstates

(1.2) kizAkuk = (E + ex)uy, ug € COO(ZaL®k)ﬂ ||uk||L2(Z,L®k) =1,

in the regime k — +o00, where ¥ > 0 and €, — g—+000. This means that we consider
the regime where the magnetic strength kB (that is, the curvature of L®*) tends
to infinity. We say that u; converges to the semiclassical defect measure p (defined
on T*Y) if for all a € C*°(T*Y),

(1.3) {Opy(a)ur, up)rz — a(z, §)du(z, §),

=0 JT*x

where Op is a certain semiclassical magnetic quantization on ¥ (see Section 3 for
a definition). We denote by ur —k—eo p this convergence. By the normalization
assumption ||ug||z2(s,pexy = 1, p is a probability measure; in addition, u must be
supported on the compact energy shell {p = E} C T*Y (where p(z, §) := $|¢[?). The
limit (1.3) may not exist as k — +o00; however, it always exists along a subsequence
(kn)n>0 and we will often drop the subsequence notation. We shall see that three dif-
ferent semiclassical regimes appear according to the value of E, affecting the possible
behaviour of u.

1.2. MAIN RESULTS. Let wg be the Liouville symplectic 2-form on T*X. Set

Q= wy +in*Fy,

JEP — M., 2026, tome 13



SEMICLASSICAL MEASURES OF MAGNETIC LLAPLACIANS 5()5

where m : T*¥ — ¥ is the projection. This is the Liouville 2-form with a magnetic
correction; it is still a symplectic 2-form on T*3. The (semiclassical) principal symbol
of k=2Ay, is p(z,€) = %\ﬂg The Hamiltonian vector field HZ? of p computed with
respect to €2 is defined through the relation
dp(+) = O, HY).

The Hamiltonian flow (®;):;cr generated by HI? is called the magnetic flow. As any
autonomous Hamiltonian flow, (®;):cgr preserves the (compact) energy layers {p = E'}
and a natural smooth probability measure ppiouny 0on {p = E} called the Liouville
measure (see Section 2.1 for these definitions).

Let S3 — ¥ be the unit tangent bundle. Denote by (¢:)ier the (Anosov) geodesic
flow, (Rt)tcr the 2m-periodic rotation in the circle fibers of SX, and (ht):cr the stable
horocyclic flow. Define

E.:=1B? Tp=(B*-2E)'?i{E<E, Tp:=QQFE-B*) 'Y?iE>E.
The energy FE. is called the critical energy. The following fact is well-known [Arn61,
Gin96] and will be reproved quickly in Section 2.2. For E > 0, the magnetic flow
(®1)ier on {p = E} C T*X is conjugate either to:

(i) the reparametrized rotation flow (R;;r, )ter of period 27-Tg if E < E, (elliptic
case),

(ii) the horocyclic flow (h:):er if E = E. (parabolic case),

(iii) the reparametrized geodesic flow (¢4 7, )ier if £ > E. (hyperbolic case).

Notice that for £ < E. the space of orbits at energy E is diffeomorphic to ¥ itself,
so the (®;);cr invariant probability measures of {p = E'} identify with the probability
measures of 3. This holds as well for E = 0 because the flow is stationary on {p = 0}.

We will prove that this transition in the dynamics of the magnetic flow at the
critical energy E = E,. translates at the quantum level into the following result on
semiclassical defect measures:

Turorem 1.1 (The three classical/quantum regimes). The following holds under
the above assumptions on (X, g) and (L, V):

(i) Low energies regime. If 0 < FE < E., then for any (®¢)er invariant probability
measure ( on {p = E}, there exists a sequence (up)k>o satisfying (1.2) such that
Uk —k—oo U5

(ii) Critical energy regime. For any sequence (uy)r>o satisfying (1.2) with E = E,
Uk —k—oo MLiouv

(iii) High energies regime. If E. < a < b, consider for all k > 0, the set of eigen-
states (uk,j)k.jea such that k™2Aguy; = \gjuk,; with A\g; € [a,b] and A C Z2>0-
Then there exists a density one subset A, C A such that for all sequences (ug,, j, )n>0
with (knajn) € A, and k, — oo, Uky, ,jn —n—soo MLiouv-
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596 .. Ciarvtes & T. LEFEUVRE

In item (iii), A, is a density one subset of A C Z% if it satisfies:
Hkg) € A | +2<T)
t{(k,5) € A k? + 52 ST} Tooo

Parts (ii) and (iii) of the above result are straightforward observations to derive

and were already mentioned by Zelditch [Zel92, p.20-21]. In the third regime, cor-
responding to energies E > F., the eigenfunctions of the magnetic Laplacian are

1.

in correspondence with those of the usual Laplace-Beltrami operator on (%, g), see
Proposition 2.8 below. In this setting, it is conjectured that the Liouville measure
is the unique semiclassical defect measure—this is the content of the celebrated and
widely open Quantum Unique Ergodicity (QUE) conjecture. Further background can
be found in Section 1.3. The first regime F < E, is less obvious and relies on the
construction of appropriate eigenstates concentrating along a given periodic orbit of
the magnetic flow. This is carried out in Section 4 using Weinstein’s averaging method
[Wei77].

The second regime, corresponding to the critical energy level £ = E., provides
a particularly intriguing—albeit trivial—manifestation of QUE. Indeed, any defect
measure must be invariant under the magnetic Hamiltonian flow, which coincides
with the horocyclic flow on this energy shell. As the horocyclic flow is uniquely ergodic
(its only invariant measure being the Liouville measure, see [Fur73)), it follows that
Liouville is the only possible defect measure in this case.

Moreover, we can obtain a more precise statement concerning the convergence of
eigenfunctions. Let 0 < # < 1/2 be a real number satisfying 0(1 — 0) < A1(X), where
A1(X) denotes the first non-zero eigenvalue of the Laplacian A, on functions. Let S¥%
denote the energy shell {p = E.}. Then the following result holds:

Turorem 1.2 (Polynomial rate of convergence in the critical regime)

Suppose that (1.2) holds with E = E. and &), < k=t for some positive real number
£ > 0. Then there exists C' := C(£) > 0 such that for all a € C®°(T*X) with support
in {p < 10E.}:

(Opy(a)ur, ur) 2 - / a(@, &)dpLion (#,€)| < Ck~IMEVI D 0] gz gy,
R

We emphasize that the remainder term above is very likely far from optimal. We did
not attempt to optimize the polynomial exponent in our proof. The function a need
not be compactly supported. Instead, one may also consider a general symbol a €
S™(T*%), exploiting the fact that the eigenstates uy concentrate on the energy shell
{p = E.}. This affects the convergence rate in Theorem 1.2 only through a negligible
remainder term of order O(k~°°).

A related quantitative result for QUE was recently obtained by Morin and Riviére
[MR24] in a different regime (the magnetic field is constant and the semiclassical
parameter is the inverse square root of the energy), in the context of their study of
magnetic Laplacians on the torus when the magnetic field is constant.

JE.P — M., 2026, tome 13



SEMICLASSICAL MEASURES OF MAGNETIC LLAPLACIANS 597

Next, we discuss the case where the operator is perturbed by a small potential. Let
D*Y :={p < E.}.

(This also corresponds to D*Y = {(z,§) € T*X | [¢|] < B}.) Given V € C>(%),
we define (V) € C*°(D*X) by setting for (z,£) € D*%

2w-Tg
(V) (2,€) = / V(@4 (2, €)))dt,

727TTE

where 7 : T*¥ — ¥ is the projection and (®;):cg is the magnetic flow defined above.

Tueorewm 1.3 (Perturbation by a potential). Lete >0,V € C™(X). Let (ux)r>0
be a sequence of eigenfunctions satisfying

(E2A + E72V)ug = Epug, 0< By < E.—e, |Juglle = 1.

Then any semiclassical limit ux, —k— o0 p s tnvariant by the Hamiltonian vector fields
H]? and H?V> of the Hamiltonians p and (V).

More generally, one can also consider a perturbation of the form k~!V instead
of k=2V, provided that [|V||ze is small enough depending on limsup,_,_ ., E). This
follows from an adaptation of the same proof, see Section 5.2.

As mentioned above, for E € [0, E.], the orbit space O is diffeomorphic to the
surface ¥ itself. The measure p (in Theorem 1.3), being invariant under HZ?, descends
to a measure v on Og. In addition, as Hy'.(V) = 0, one has that [HS, H<QV>] =0, and
thus H <QV> descends to a vector-field Y on Of. Theorem 1.3 can then be reformulated
in the following form: the measure v on Op is invariant by the flow generated by Y.

1.3. Literature. — Semiclassical magnetic Laplacians on closed hyperbolic surfaces
have been studied from various perspectives by several authors, see the physics refer-
ences [Com86, IL94] for the periodic regime, [GU89] for the trace formula, and [KT22]
for a more recent analysis of the trace formula near the critical energy—though the lat-
ter does not address semiclassical measures, as we do here. As previously mentioned,
parts (ii) and (iii) of Theorem 1.1 were already observed by Zelditch in [Zel92].

Part (i) of Theorem 1.1 and Theorem 1.3 are also reminiscent of analogous results
established on Zoll manifolds—that is, Riemannian manifolds on which all geodesics
are closed—see [CAVT79, UZ93, Zel97, Mac08, Mac09, Zell5, MR16, AM22b, AM22a],
among others. In particular, we use a now standard trick called Weinstein’s averaging
method [Wei77] to treat the perturbation by a small potential.

Part (iii) of Theorem 1.1 bears similarity to Shnirelman’s result on Quantum
Unique Ergodicity (QUE), see [Shn74, Shn22, CdV85, Zel87]. This is closely related to
the QUE conjecture formulated by Rudnick and Sarnak [RS94], which posits that on
manifolds with negative curvature, the Liouville measure is the unique semiclassical
defect measure associated to high-frequency limits of Laplace eigenfunctions. See also
[Dya22] for a review of recent developments such as [Lin06, Ana08, DJ18].

JILP — M., 2026, tome 13



598 .. Ciarvtes & T. LEFEUVRE

Under some different assumptions (horizontal Laplacians on flat principal bundles
over Anosov Riemannian manifolds), a similar statement to (iii), Theorem 1.1, was
established in [CL, Th.5.1.8] (see also [MM24] for related developments).

Finally, Theorem 1.2 should be compared with earlier results by Marklof and Rud-
nick [MROO] (see also the work by Rosenzweig [Ros06]) which appear to constitute
the first instance of quantitative Quantum Unique Ergodicity. More recently, Morin
and Riviére also obtained similar results for magnetic Laplacians on the torus [MR24].
The proof of Theorem 1.2 makes use of a quantitative version of unique ergodicity
due to Burger [Bur90].

1.4. ORGANIZATION OF THE PAPER. — In Section 2, we recall elementary facts on the
dynamics of the magnetic flow, and compute the first eigenvalues of the magnetic
Laplacian in constant curvature. In Section 3, we provide some background material
on the twisted semiclassical quantization. In Section 4, we construct eigenstates con-
centrating on periodic orbits of the magnetic flow in the low-energy regime. Finally,
Theorems 1.1, 1.2 and 1.3 are proved in Section 5.

Acknowledgements. — We thank Gabriel Riviere and Léo Morin for helpful discus-
sions, and the anonymous referees for their comments.

2. BACKGROUND

Throughout this section, we let (X, g) denote a closed, connected, oriented hyper-
bolic surface—that is, a Riemannian surface with constant curvature —1. We establish
the following results:

— In Section 2.1, we recall several technical results concerning the geometry and
dynamics on the tangent bundle T'Y. In particular, we emphasize the unique ergodicity
of the horocyclic flow, a key ingredient in the proof of Theorem 1.2.

— In Section 2.2, we introduce the magnetic flows on both the tangent and cotan-
gent bundles, and show that they are equivalent under the identification induced by
the metric. We also prove a technical result on the propagation of functions along the
magnetic flow, which will be instrumental in the proof of Theorem 1.2.

— Finally, in Section 2.3, we review standard properties of magnetic Laplacians.
In particular, we explicitly compute the bottom of their spectrum—the so-called Lan-

dau levels.

2.1. GEOMETRY AND DYNAMICS ON THE TANGENT BUNDLE. — Let T'Y be the tangent bun-
dle of ¥ and

(2.1) T:TY — X%

be the footpoint projection. We refer the reader to [Pat99, Ch. 1] or [Lef26, Ch. 13]
for background material on the geodesic flow.

JEP — M., 2026, tome 13



SEMICLASSICAL MEASURES OF MAGNETIC LLAPLACIANS 599

2.1.1. Structural equations. The geodesic flow ¢, : TS — T is defined as
pr(z,v) = (7(1),%(1)),
where v : R — ¥ is the (unique) curve solving Newton’s equation:
and V is the Levi-Civita connection. We let
X = Orpt|t=g € C(TE, T(TY))

be its generator.
As ¥ is oriented, there is a well-defined fiberwise rotation Ry : T3 — T'Y by angle
6 € [0,27) in the fibers of TX. Let V be the generator of this rotation, namely

V = 0pRy|o—o-
Let V) be the Euler vector field of TY, i.e. the generator of the flow
(2.3) or - (z,0) = (x,€elv).
Finally, define

X, =[V,X].

The vector fields {X,X,,V,V,} form a basis of T(TY) at any point of T3. The
metric for which this is an orthonormal frame is called the Sasaki metric.
We will need the following result:

Lemva 2.1. — The above vector fields satisfy the commutation relations:
2.4 (X, X,] = —|]v|*V, (X, V]=-X,, [X.,,V]=X,
' Vi, X] =X, Vi, X=X, [V,Vi]=o0.

We refer to [Lef26, Lem. 15.2.1] for a proof. (In this reference, X is denoted by H;
the computations are done on the unit tangent bundle but the above relations follow
easily by a scaling argument.) Notice that in our case, the sectional curvature is
Kk =—1.

2.1.2. Horocyclic flow. — For X\ = 0, define

SAY = {lvlg = A}
We let SY := S'Y be the unit tangent bundle. It is straightforward to verify that
X, X, and V preserve the layers S*X.

The geodesic flow (¢:)ier is Anosov on SY in the sense that there exists a contin-
uous flow-invariant decomposition

T(SY) =RX & E, & E,,,

where

JILP — M., 2026, tome 13



6oo .. Ciarvtes & T. LEFEUVRE

Here |+| denotes the norm induced by the Sasaki metric on TY, which is defined as
the metric for which {X, X, V, V| } is an orthonormal frame.
We define the (stable) horocyclic vector field by

U+Z:XL—V

Let (ht)ter be the (stable) horocyclic flow generated by Uy on SX. Recall that the Li-
ouville measure on S¥ is the unique volume form piy;ouy such that piou (X, X1 ,V) =
cst. The constant is normalized such that up;iouy is a probability measure on S¥. The
Liouville measure is invariant by X, X, and V; it is thus also invariant by U,..

Tueorem 2.2. — The following holds:

(i) The flow (hy)ier is uniquely ergodic on SX and pyiouy @S the only flow-invariant
probability measure.

(ii) Let 0 € (0,1/2) be such that 8(1 — 0) < A\ (X), where A\1(X) > 0 is the first
non-zero eigenvalue of the Laplacian Ay on functions. Then there exists C' > 0 such
that for all a € C*(SX), for all T > 0,

sup

1 [T
T/ a(h(v)) dt—/ a(v) dpiLiouy
veESE 0 S¥

where H3(SY) denotes the L?-based Sobolev norm of order 3.

< CT°|all g2 (s5),

Unique ergodicity in constant curvature was established by Furstenberg [Fur73],
while the rate of convergence of ergodic averages was proved by Burger [Bur90].
A refinement of this result can be found in [FF03].

2.2, MAGNETIC HYPERBOLIC FLOW. — In this paragraph, we discuss the magnetic flow
both on the tangent and the cotangent bundles.

2.2.1. Magnetic flow on the tangent bundle. — A magnetic geodesic is a curve y of X
which satisfies the equation
(25) Vi ¥(t) = =Bjywy¥(t),  v(0) ==, (0) = v,

where (z,v) € TY, V stands for the Levi-Civita covariant derivative, j is the almost-
complex structure and B € C*°(X) is the magnetic intensity. As ¥ is oriented, and
equipped with a metric g, the almost-complex structure j € C°°(X, End(T%)) is the
fiberwise endomorphism of T'Y. given by rotation of tangent vectors by an angle +/2.
In the sequel we assume that B is constant and positive. The magnetic flow (Py)ier
is the autonomous flow of T'Y such that for any curve v satisfying (2.5),

Dy (z,0) := ((t),%(¢)), vVt e R.

Lemwva 2.3, The magnetic flow is generated by the vector field F := X — BV.

JEP — M., 2026, tome 13



SEMICLASSICAL MEASURES OF MAGNETIC LLAPLACIANS Gor

Proof. We work in a chart U of ¥ that we identify with an open subset of R2,
so TU = U x R2. Let (x,v) € TU. Let ¢, ¢ be a geodesic and a magnetic geo-
desic respectively such that ¢;(0) = z = ¢2(0), ¢1(0) = v = é3(0). Then X (z,v) =
(¢1(0),¢1(0)) and F(x,v) = (¢2(0), ¢2(0)), thus

F(z,v) = X(z,0) = (0,82(0) = €1(0)) = (0, (Ve,¢2)(0) = (Ve, €1)(0)) = (0, =Bjav),

where we have used that Vi é = ¢ + ', (¢;)(¢é;), T being the connection one-form,
and then Newton’s equations (2.2), (2.5). To conclude use that V(x,v) = (0,j,v). O

Remark 2.4. — The flow (®;)ier is considered here on the tangent bundle T,
whereas it was initially defined on the cotangent bundle T*¥ in the introduction.
In Section 2.2.2, we show that these two flows are equivalent under the musical iso-
morphism induced by the metric. To avoid unnecessary notation, unless specified
explicitly, we do not distinguish between the flows on 7Y and T*¥ in what follows.

Recall that (¢;)ter is the geodesic flow (generated by X), (Ry):cr is the 2m-periodic
rotation in the circle fibers of S (generated by V).

Prorosition 2.5. For any A > 0, the following holds:

() If X < B, (®;)ier on S Y is conjugate to (R¢/7,)ter on SX, where T =
(32 _ /\2)—1/2’.

(ii) If A = B, then (®;)ier on S*Y is conjugate to (hi)ier on SY;

(iii) If X > B, then (®;)ier on SAY is conjugate to (¢t/1; )ter on SE, where
T{ = (\? — B*)~1/2.

Proof. — For A > 0, let Uy : TS — T be the map defined by ¥y (z,v) := (z, \v).
Observe that V3X = AX and ¥V = V. The flow of F' = X — BV on SAY is thus
conjugate to the flow of W3 F = AX — BV on SX.

As (%, g) is a hyperbolic surface, there exists a discrete torsion-free subgroup I' <
PSL(2,R) such that S = I'\SH? = T'\PSL(2,R). The vector field AX — BV is
represented by the following matrix element of sl(2, R):

A0 )2 ) = (5 )

For A = 1, B = 0, this is the generator of the geodesic flow; for A = 0, B = 1, this is
the generator of the rotation flow in the circle fibers, see [FF03, §2.1] for details. The
eigenvalues of this matrix are £3(A? — B)1/2if A > B and +£4(B*—A\?)Y/2if B > \.
Notice that for A = B, one finds the matrix

2/2 G _1)

which is conjugate by an element of PSL(2,R) to

01
00/’
the generator of the horocyclic flow.

JILP — M., 2026, tome 13
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If two matrices in s[(2,R) are conjugate (by an element of PSL(2,R)), then their
corresponding flows are conjugate too. Hence, if B > \, (®;);cr on S*Y is conjugate
to (Ryp2_x2y1/2)ter = (Re/7,)ter on SE. If B = X, (®¢)ser on SAY is conjugate
to (hi)ier on SY. If B < A, (®;)ier on S*Y is conjugate to (QDt()\z_B2)1/2)t€R =
(¢1/7; )1er on SE. O

2.2.2. Magnetic flow on the cotangent bundle. — We now define the magnetic flow on
the cotangent bundle, and show that it coincides with that on the tangent bundle up
to the identification provided by the metric. Let

b: TS — T*Y, b(xz,v) := (z,gz(v,*))
be the musical isomorphism. Let A be the Liouville form on T*Y defined by
(2.6) A(z,e) = &(daem(e)),
where 7 : T*¥ — X denotes the projection. Consider the symplectic form
Qe C®(T*S,A*’T*(T*Y)),  Q:=dA+ B r*vol,

where vol € C°°(, A2T*Y) the Riemannian volume. Let p(z,§) := $[£|?, and define
the flow (®7 *),cr as the Hamiltonian flow of the function p € C*°(T*X) with respect
to the symplectic form €. Namely (@;T*E)te]]{ is generated by H®*» such that

dp = Q(-,HI?).

To avoid confusion, let us denote temporarily (®7*);cg the magnetic flow defined on
T in Section 2.2.1.

Levvia 2.6. — The map b intertwines (87 >)ier and (O] >)ier, that is
o] Fob=bod]®,  VteR
Proof. — Define the 1-form « :=b*A on TX. It satisfies
Aew) = o(duwm(e),v),
see [Pat99, Lem. 1.37, item 1]. Hence
b*Q) = da+ B 7" vol,

where 7 : TY — ¥ is the footpoint projection. Define h(z,v) := |v|2/2. Let H;™ be
the Hamiltonian vector field of h, computed with respect to b*Q on T3, namely

dh =b*Q(s, H ).

It is immediate that b*H];S2 = HZ*Q so the claim boils down to showing that
H =X — BV.

For that, we compute:

(2.7) b*Q(e, X — BV) = da(s, X) — Bda(s, V) + Br* vol(s, X).

A quick computation reveals that da(s, X) = dh. Indeed, da(Y, X) = 0 = dh(Y) for
Y = X, X,V and da(V,,X) = |[v|> = dh(V}) using the 2-homogeneity of h and
that V| is the Euler vector field.
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In addition, using [Pat99, Prop. 1.24] for the formula for de, we find:
da(s, V) = =g.(j(z)v,dr(+)) = 7" vol(«, X),
so the last two terms in (2.7) cancel out. This proves that b*Q(s, X — BV') = dh, and
thus H * = X — BV. O

In what follows, we will often implicitly identify the magnetic flow on T*¥ and
TY. We also drop the index T'Y or T*¥ on the magnetic flow (®)ier.

2.2.3. Propagation estimate. — The following lemma will be crucial in the proof of
Theorem 1.2; it computes effectively the Lyapunov exponents of the magnetic flow
on the energy layers {p < E}. We write x4 := max(x,0) for z € R. To uniformize
notation, we also let p(z,v) := 3|v|> on TX (instead of h as in Section 2.2.2).

LLemma 2.7 (Propagation estimate). Let n > 0. There exist a constant Cy, > 0 and
an integer my, = 0 (with mo = 0) such that for all E € [0,10E,], for oll f € CX(TY)
with supp(f) C {p < E}, for allt > 0:

(2.8) 1f 0 |y < Colty™n Y2 BB 20t g1 0.

The proof actually gives
m, =3n+n(n+1)/2.

The important point is that C), is independent of the maximal energy layer {p = E}
supporting f. We emphasize that Lemma 2.7 is stated on the tangent bundle TX
but it also holds for the horocyclic flow on T*Y (see the discussion at the end of
Section 2.2).

Proof. — We define inductively the C™ norm for n > 0 by
(2.9) I fllenir sy = I fllonrs) + Z 1 Z fllenrs)-
Z=X,X,,V,V,

We prove the claim by iteration on n. Fix v € TY and Z € T,(T%) (we drop the
footpoint x in the notation). We write for ¢ € R:

d®.(Z) = a(t, v) X (P(v)) + b(t, V) X1 (P4(v)) + c(t, 0)V (Pi(v)) + d(t, v)VL(Pe(v))-

Precomposing with (d®;)~!, differentiating with respect to ¢t € R and using (2.4) to
compute the Lie brackets appearing, one verifies that (we drop the v in the notation):

(2.10) a(t)+Bb(t)—d(t) = 0,
(2.11) b(t) + (B* — [v*)b(t) — Bd(t) =

(2.12) é(t) — [vf*b(t) = 0,
(2.13) )
(

7

d(t

The equation obtained for b(t) is b(t) — Ba(t) — ¢(t) = 0. Differentiating once again
with respect to ¢t € R and using (2.10) and (2.12), one obtains (2.11).)
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By (2.13), d(t) = d(0). Inserting this in (2.11), we find that for |v| < B,

(2.14)  b(t,v) = Bﬁ% (1 — cos((B? — \v|2)1/2t)) + b(0) cos((B2 — |v]?)V/2t)
Ba(0) 4 ¢(0) sin((B? — [vl2)1/2
+ (BQ _ |’U|2)1/2 ((B | ‘ ) t)
For |v| = B:
(2.15) b(t,v) = Bd©) 2 + b(0) + (Ba(0) + ¢(0))t.

2
(Notice that one recovers (2.15) from (2.14) by letting |v| — B.) For |v| > B:

Bd(0)

(216) b(t.0) =

(1= cosh(Jof2 — B)/20)) + b(0) cosh((of? — B2)1/2

Ba(0) + ¢(0)

: 2 2\1/2
Wslnh((‘v‘ - B ) / t)

Using (2.10) and (2.12), we then find:

(2.17) a(t,v) = a(0)+td(0)—B /t b(s,v)ds,
0

(2.18) c(t,v) = ¢(0) + |v|2/0 b(s,v)ds.

It follows from (2.14), (2.15) and (2.16) that for all n > 0, there exists C,, > 0 such
that:

(2.19) o, )| (1) n VBB

cn({p<E}) S Cn
Indeed, there exists a constant C' > 0 such that for all w € (0,1), for all ¢ > 0,
max (w™?(1 — cosh(wt)),w™ " sinh(wt)) < C(t)%e*",

and the same holds by replacing respectively sinh and cosh by sin and cos. Inserting
the previous estimate in (2.14) and (2.16) proves (2.19) in the case n = 0. Taking
derivatives, and iterating the same argument, one obtains (2.19). Then, inserting
(2.19) in (2.17) and (2.18), we find that:

_ 1/2
(2.20) lla(t, *)llcn(rs), le(t, )llenrs) < Cn<t>3+”e‘/§(E Ee) {7t

We now go back to (2.9). Our aim is to estimate:

[f o @¢llonirrsy = |f o Pellon(rs) + Z ldf o @:(d®¢(Z))llcn(rx),
Z=X.X.,V,VL
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in order to prove (2.8) iteratively on n > 0. For n = 0, the claim is immediate with
mgo = 0 and Cy = 1. Suppose that it holds for n > 0. Notice that

ldf o @4(d®:(2))][on = lldf o i(alt, )X +b(t, ) X1+ c(t, )V +d(t,+)VL )]l cm
S llat llen (X f) o @iflon + [[6(E; ) lon [(XLS) © Piflom
+ lle(t, »)llen [(VF) o @illon + [[d(E, «)llon [(VLF) o Pellen

/ /
< <t>3+neﬂ(E—Ec)l+ 2t<t>mne\/§(E—EC)ir Int max ||Zf||C"

Z=X,X,,V,VL

(DI £l gn,

< Cn+1 <t>mn+1 e\/i(E—Ec)i/2
for some uniform constants Cy, 11 > 0, where we used in the second line that ||s||cn 7y
is an algebra norm, and in the third line the estimates (2.19) and (2.20) together with
the inductive assumption (2.8), and the fact that f has support in the energy layers
{p < E}. This proves the claim by setting my41 : = m, +3+n. O

2.3. Macg~ETIC HYPERBOLIC LAPLACIAN. By the Gauss-Bonnet formula, the metric
being hyperbolic, the volume is

(2.21) /Evol =dr(g—1),

where g > 2 is the genus of .. Let L — ¥ be a Hermitian line bundle with a Hermitian
connection V whose curvature is —iB vol, B > 0 being a positive constant. Since the
Chern class of L is (27r) "' B - [vol], the degree of L is

(2.22) deg(L) = (277)_1B/Zv01 =2B(g—1) € Z.

Thus, the pair (L, V) exists if and only if 2B(g— 1) is an integer. When it exists, it is
unique up to tensor product by a flat Hermitian line bundle. The space of flat Hermit-
ian line bundles up to equivalence is in one-to-one correspondence trough the holo-
nomy representation with the character space Mor(r1(X), U(1)) ~ U(1)%8. An exam-
ple of a pair (L, V) is provided by the canonical bundle K := T*%%, endowed with
its Chern connection, whose curvature is —ivol, so in this case B = 1.

Let A := %V*V be the Laplacian acting on C*°(X, L). Since X is compact, A has
a discrete spectrum and each eigenvalue has finite multiplicity. We denote by A\g <
A1 < -+ the eigenvalues of A. The following result was proved in [[L94] (see also
[TP06, Cha24b)):

Prorosition 2.8. — The following holds:
(i) For any pair (L, V) with curvature Fy = —iBvol with B > 0, the first N := | B]
eigenvalues are given by
m(m+ 1)
2 )
and the multiplicity of Ay, is 2(g— 1)(B —1/2 —m) when m < N — 2.

(2.23) Am = B(1/2+m) —
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(ii) If (L, V) = (K", V°hen) with r > 1, then (2.23) holds for m < r and the
remaining part of the spectrum is given by A\pip = A+ %,un where {pn, n = 0} is the
spectrum of the Laplace-Beltrami operator of (X, g).

We call the eigenvalues A, given by (2.23) and their eigenspaces the Landau levels.
These quantum levels correspond to the classical energy levels S*Y with A\ < B on
which the magnetic flow is periodic. A first clue of this fact is that (2.23) applied
with m = B gives %BZ which is exactly the classical energy %/\2 at the critical value
A = B. Moreover, as was noticed by Comtet [Com86], (2.23) can be interpreted as a
Bohr-Sommerfeld condition.

On a different perspective, a common characteristic of the magnetic flow below
the critical energy and the Landau levels is that they do not depend on the choice of
hyperbolic metric g. The part of the spectrum above the critical energy has a different
nature (as seen with L = K" for instance).

Sketch of proof. — This follows from the Riemann-Roch theorem and the following
two identities

(2.24) A=0p,+3iB, 9.9, =0pgx1 +B—1.

Here, L is equipped with its holomorphic structure whose Chern connection is V,
91 : C®(L) — C*(L ® K1) is the d-bar operator with the identification K = K !
induced by the metric, and O = 0,0y The first identity of (2.24) is a classical
Bochner identity, the second one is proved in [Cha24a, Th.7.1].

For any m € N, let 9,, = Opgx—m and O, = Orgx-m. The curvature of L& K~
being %(B — m) vol, the second identity gives

O = Oyt + (B —m) — 1)3yn.

Introduce the operator (..} of C*°(L® K~™) equal to 0 on ker [J,,, and inverting [J,,,
on the orthogonal of ker (,,. Then (18, is the inverse of 9y, on (ker Oy, )%, so by
the previous equation

’;ng’ﬂl

0, =0 (Omt1+ B — (m+1)) 0.

As a consequence, the spectra satisfy
(2.25) Sp(T) ~ {0} = Sp(Tpu 1) + B — (m + 1),

Moreover, since the degree of L ® K~™ is (B — m)2(g — 1), by the Riemann-Roch
theorem, h®(L ® K~—™) := dim(ker [J,,) is positive when B —m > 1, and equal to
(B—m)2(g—1)+1—gwhen B—m > 2.

We deduce the first part of the theorem as follows: by the first identity of (2.24),
A =g+ %B and if B > 1, \g = %B and its multiplicity is h°(L). If B > 2,
then HO(S,L ® K~') > 0,s0 Ay = $B+ B — 1 by (2.25) and its multiplicity is
H°(X,L® K~1). We can repeat this until we can no longer apply the Riemann-Roch
theorem.
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When L = K", after r iterations, it comes that Sp(A) ~ { Ao, ..., A\r—1} is equal to
the spectrum of OJ,. + %rz. By Bochner identity, [, is the Laplace-Beltrami operator.
|

3. TVVISTED SEMICLASSICAL CALCULUS

We now introduce the semiclassical limit we will be working with. In this section,
Y need just be a closed manifold. Let L — ¥ be a Hermitian line bundle with a
Hermitian connection V. We do not make any assumption on the curvature Fy. This
section is organized as follows:

— In Section 3.1, we introduce the twisted semiclassical pseudodifferential calculus;
— In Section 3.2, we discuss semiclassical defect measures associated to quasimodes
in this calculus.

3.1. DEFINITION AND MAIN PROPERTIES. — For m € R, denote by U2 (X) the space of
standard (h-dependent) semiclassical pseudodifferential operators of degree m € R
(see [Zwo12, Ch. 14] for an introduction). We emphasize that A € U7 (X) is a family
of operators A = (Ap)n>0, where Ay = Opy,(ar) + O(h*), Op,, is an arbitrary semi-
classical quantization on 3, and a; € S;*(T*%) satisfies uniform symbolic estimates
in h > 0 (see [Lef26, Ch. 3] for a definition of symbol classes). In addition, the family
A might not be defined for all values of h > 0, but only on a subset.

Derinirion 3.1 (Twisted semiclassical quantization). — A family of operators A :=
(Aj)k>0 such that

Ay C=(%, LF) — 0 (2, LF),
belongs to the space of twisted semiclassical operators Ui (X) of degree m € R if the

tsc

following holds: for all contractible open subset U C X, for all y,x’ € C°(U), for

all s € C*°(U, L) such that |s| = 1 fiberwise, there exists a family of semiclassical
operators A := (A4) € ¥ (X) such that for all f € C(U):
(3.1) sTFAL(fs®) = Ay f.

This quantization was introduced by the first author [Cha00]. We also refer to
[CL, §3.2] and [Cha25, §2] for a general introduction to this quantization procedure.
We now recall some of its properties.

Define on the open set U the real-valued 1-form g € C*(U,T*U) by Vs = —if®s
(hence Vs* = —ik3 ® s*). We also introduce the symplectic 2-form

(3.2) Q:=dA+ir"Fy,
where dA is the Liouville 2-form on 7*X (see (2.6)) and 7 : T*¥ — 3 is the projection.
(For the magnetic Laplacian on surfaces, we will have Q@ = dA + Bz*vol.) It can
be easily checked that (3.2) defines a non-degenerate (closed) 2-form. Given p €
C>°(T*Y), the Hamiltonian vector field of p associated to € is denoted by Hz?‘ It is
defined through the relation

dp = Q(s, HIS})
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Finally, the Poisson bracket of two observables p,q € C°°(T*M) computed with
respect to (2 is written as {p,q}* =: Hz?q. We sum up the main properties of this
calculus (below, S (T*X) denotes the space of symbols of order m which may depend
on k > 0; however, the symbolic estimates are required to be uniform in k):

Prorosition 3.2. — The following properties hold:

(i) Algebra property. The space
Vise () = Uper Piie (%)
is a graded algebra. Namely, for all A € U7 (%), B € U7(%), AoB € U™ ().
(ii) Principal symbol. For A € U (X)), there is a well-defined principal symbol
given by
oa(z,&k) = a(w, €+ B(x)) € SP(T™D) /K~ S H(T™E),
where a is the principal symbol of Ay .
(iii) Commutator. For A € U (), B € U(X), [A, B] € k=20 ~1(%) with
principal symbol
okia,B) = —i{oa,0B}".
(iv) Calderon-Vaillancourt. Let A € W) (). Then Ay : L2(3, L*) — L*(%, LF) is
bounded for all k > 0 with norm

|Akllz2r2e < |loa(s k)| Lo (res) + O(k™H).

By construction, the operator Ay := $k72(V¥)*V* € W2 () belongs to this
calculus and has principal symbol p(z,§) := oa, (¢, €) = 3|¢[2.

Conversely, one defines a quantization map Op : SJ*(T*E) — P2 (X) as follows.
Consider a smooth function y € C*°(X x ¥), equal to 1 near the diagonal A C ¥ x ¥
and supported in {d(z,y) < t(g)/2026}, where ¢(g) is the injectivity radius of the
metric g. For k > 0, and z,y € supp(x), let 7o, : LK — L’; denote the parallel

transport with respect to V along the unique g-geodesic joining = to y. We then set:
1 ke (exn—1
Opk(ak)f(‘r) = %/ / € ke (exp, (y))ak(m7E)Ty%z(f(y))X(xvy)dgdyu
s JTrs

where dy is the Riemannian volume, and d¢ the induced volume in the fibers of T*3.
It is a standard calculation to verify that

O0py,(ar) = [ak] € S]T(T*E)/kflslzn—l(T*E)'

An operator A € U, (X) is microlocally compactly supported it A = Opy(ay) +
O(k=*°) where a;, € C°(T*X) has (uniformly in k) compact support on T%%, and the
remainder term O(k~°°) denotes an operator with smooth Schwartz kernel on ¥ x ¥,
all of whose derivatives are O(k~°°) in L*°-norm. We denote by ¥¢ (3) the set of
microlocally compactly supported operators.

Finally, we shall use the radial compactification T*X := T*X 0. T* Y of cotangent
space (obtained by adding a sphere at infinity to each fiber of T*X), see [DZ19,
App.E.1.3]. As in standard semiclassical theory, an operator A € Ui (%) is elliptic

at (zg,&) € T*Y if there exists a constant ¢ > 0 such that for all £ > 0 large enough,
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loa(z, & k)| = ¢(€)™ in a neighborhood of (xg,&y). The elliptic set of an operator is
denoted by ell(A) C T*X and the characteristic set is the complement of the elliptic
set. Operators can be inverted modulo O(k~°°) smoothing operators on their elliptic
set (parametrix construction).

3.2. DEFECT MEASURES. Quasimodes of energy E > 0 are sections uy € C* (%, L¥)
satisfying
(3.3) (k72Ak = Byur = Orz(er),  lurllzo =1,

where €, — ko000. Up to extraction along a subsequence (ky)n>0, there exists a
measure p on T*% such that for all a € C°(T*Y),
(3.4) tim (O, (@, we,)12 = [ alo. dnz, ).

)

n—oo

That Ay is elliptic on 0,,T*Y (boundary at infinity of the radial compactification
of T*Y), implies that u is a probability measure, see [DZ19, App. E, Exer. 23]. In the
following, recall that p(x, &) = %|§|3

Prorosirion 3.3. — Let pu be a probability measure associated to the quasimodes (3.3).
Then the following holds:

(i) Assume that €, = o(1). Then
supp(p) C Char(k %Ay — E) = {p = E}.

(ii) Assume that e, = o(1/k). Then p is invariant by the magnetic Hamiltonian
vector field HI?, that is for all a € CX(T*Y),

Hga(x,f) dp(z, &) = 0.
7%

We refer to [DZ19, App. E.3] for a proof.

3.3. TecnnicaL estiMaTEs. — We will need some precise estimates on the remainder
in the standard operations of semiclassical analysis (product, commutator, propaga-
tion, etc.). Recall that (®;)cr is the magnetic flow on T*X, that is the Hamiltonian
flow generated by HI?.

Prorosition 3.4. — For any E > 0, there exists a constant C' > 0 such that for all
k >0, for all a,b € CX(T*X) with supp(a),supp(b) C {|¢|; < E}, the following
holds:

(3.5) | Opy(a)llz2—r2 < llallpoe(res) + k2 ]|allcrsres),
(3.6) | Opg(a) Opy(b) — Opy(ad)||2 2 < Ck71|‘a||C”(T*E)||b||Cl7(T*Z)7
(3.7)

I[Opy.(a), Opy (b)] — Opy(—ik™{a, b})l|L2— 2 < Ck~Hlallcrr(pesy [bllcrr (),
(3.8)

t
. —1 - -1
||e”k A Opk(a)e*”k A Opg(ao @) rzr2 < C’kil/ lla o @l|cr7(r+x)ds.
0
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The above estimates are very likely suboptimal by far; however, we did not try to
optimize them.

Proof. — Estimate (3.5) follows from [Nonl9, Th.5.26] applied in dimension 2 and
Lemma [DJN22, Lem. A.4]. The estimates (3.6) and (3.7) can be found in [DJN22,
Lem. A.6] for the standard semiclassical quantization. It is an exercise to verify that
the proofs go through for the twisted quantization. Finally, (3.8) follows from (3.7).
Indeed, since e* 2 is unitary on L2(%, L¥), it suffices to estimate || B(t)||, where

B(t) := Opg(a) — e ™ "2 Op,(a o ®y)e™ ',
Notice that B(0) = 0 and using (3.7):
B/(t) = e A (klik™2 Ak, Opy(a o ®;)] — Opy(Hpa o ®;)) itk A
= 0r212([|a o @¢f|crr (s h),

where p is the principal symbol of k~2A. Writing

B(t):/0 B'(s)ds,

we find the claimed result. O

4. CONSTRUCTION OF EIGENSTATES

We now assume that (X, g) is a Riemannian surface of constant curvature —1, genus
> 2, and L — X is a Hermitian line bundle equipped with a unitary connection V
with curvature Fy = —iBvol and B > 0 is constant. Without loss of generality, since
H?(X%,7) ~ Z and we will be considering power L* — 3, we can further assume that
deg(L) = 1. Note that by (2.22), this forces B = |x(X)|~!. Hence, in what follows,
the magnetic intensity on M is fived and equal to B = |x(2)|~! on L — X.

This section is organized as follows:

— In Section 4.1, we adapt Weinstein’s averaging method [Wei77] to our context
and introduce an operator Ay whose principal symbol generates a 2m-periodic flow
on {p < E.} which is a renormalization of the magnetic flow;

— We then use it in Section 4.2 to construct specific eigenstates concentrating in
phase space on any closed orbit of the magnetic flow.

4.1. THE AVERAGING METHOD. — By Proposition 2.8 applied to L*¥ — 3 with curvature
Fg. = —ikBvol, the first eigenvalues of A, = £V*V : C®°(%, L*) — C*(%, L*) are
given for m < |kB] by

(4.1) Aeym = kB(m +1/2) —m(m +1)/2.

Notice that Ay |xpj—1 ~ k?E. as k — oo, where E, = %B2 is the critical energy. As
a consequence, for any € > 0, we have that

Sp(k™2A%) N[0, E. — ] € {k N | m < |kBJ}

when k is sufficiently large.

JE.P — M., 2026, tome 13



SEMICLASSICAL MEASURES OF MAGNETIC LLAPLACIANS 6n

4.1.1. Weinstein’s periodic operator. The following paragraph is inspired by Wein-
stein’s averaging method [Wei77]. Let Il ,,, be the orthogonal projector of C*° (M, L¥)
onto ker(Ag — A ), and set:

|kB]—1
(4.2) A=k )" mll .

m=0

Observe that by construction Sp(Ay) C k™1Z>o and thus
(4.3) kT AL — 1,

Furthermore, by (4.1), on the space

|kB|—1
= @ ker(Ar — o),

m=0

the operator Ay satisfies the identity

(4.4) k™A = B(Ap + 3k71) — 2 AL (A + k7).
Equivalently,
(4.5) Ap=B— 1k — /B2~ 2k2A, + Lk,
on Ji. Finally, observe that

1 2 ] )
(4.6) Iy = —/ e~ imteitkAr g,

27T 0

This turns out to be a Fourier Integral Operator in the semiclassical regime k — oo.
Let

D*Y :={(z,&) e T2 | |£| < B}.
Let a be the function defined on D*Y through the relation
(4.7) p(z,§) = Bla(z,§)),  V(z,§) € DL,
where f : [0, B] — [0, 3 B?] is the function 3(s) := Bs — $s?. The following holds:

Levma 4.1. Let x € C(T*%) such that supp(x) C D*E and ¢ € C*®(R) such
that supp(p) C (—oo, B). Then

Opi (X) Ak, p(Ax) € Vi (%),

and these operator have respective principal symbols xa and p(a).

We emphasize that Ay is not a pseudodifferential operator because of the spectral
cutoff involved in its definition (the spectral projector onto J). However, in what
follows, we will always use Opy,(x)Ax, p(Ax) which are pseudodifferential operators.
For simplicity, we also say that a is the principal symbol of Ay, although this only
makes sense in D*X..
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Proof. — We define fy : [0, 3B?] — R by:

(4.8) fe(s)=B— k™' —/B%—2s+ 1k~2.

Notice that o fj is smooth with compact support in [0, %B2) by the assumption made
on the support of ¢; it can thus be extended to a smooth compactly supported func-
tion cx on [0,00). In addition, using (4.5), the equality ¢(Ay) = p(fr(k™2A%)) =
cx(k~2A}) holds. The function ¢, has compact support on [0,00) and uniformly
bounded derivatives as k — oo. Hence, by standard functional calculus (see [Zwol2,
Th. 14.9] for instance), cx(k72A) = p(Ay) € ¥ (2).

We now establish that Opy(x)Ax € UL, (X). For that, we write

Op (X) Ak = Op () (k> Ag) Ak, + Op (X) (1 — (k> Ag)) Ay,

where 1 is smooth with compact support in (—oo, E.) and such that ¢(p) = 1
on the support of x. Notice that Op,(x)¥(k72Ak)Ar = Op,(x)dr(k~2A), where
di(x) = ¢¥(z) fr(z) and f;, was defined in (4.8). The function dj, extends to a smooth
compactly supported function on [0,00) and the same argument as in the previous
paragraph using functional calculus shows that Op (x)¥(k™2Ak)Ax € S (X). Let
us now prove that Opy (x)(1—(k~2Ay)) Ay is a residual operator, namely that it has
smooth Schwartz kernel all of whose derivatives are O(k~°°). By standard arguments,

it suffices to prove that
Opy, ()(1 = (k™2 M) Ay« H V(S 1Y) — HIV(S, LF)

is bounded for all N > 0 with norm O(k~>°), where the space H*(X, L*) is defined
as the completion of C*°(3, L*) with respect to the norm

(4.9) HU”%{s(z,Lk) = H(kizAk + 1)3/2U||12(E,Lk)-

By the support property of 1, the operator Op,, (x)(1—(k~2Ay)) clearly satisfies this
property (this is a composition of two operators with disjoint microsupport). Hence,
it suffice to show that Ay, : H, (%, L*) — H, ™ (¥, L*) is bounded with norm O(1)
for all integers N > 0. Using (4.9), this amounts to proving that

(k7205 + 1) N2 AL (20, + 1)N/2: L2(2, LF) — L2(2, LF)

has norm O(1). However, this is immediate using (4.2) and the fact that this operator
acts diagonally on the Fourier decomposition into eigenmodes of Ag.

Finally, to compute the principal symbol of these operators, merely observe that
by (4.4), we have p = Ba — a?/2 = ((a). O

The function a will play an important role in the sequel. One important property
is the following;:

Lemvia 4.2. — The Hamiltonian vector field HS' of the symbol a generates a 27-peri-
odic flow on D*3.
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Proof. — This can be seen by writing a = a(p) with a(y) := B — /B? — 2y, and
noticing that o/(F) = (B% — 2E)~'/2 is the period of the orbits of H}? with energy
p = E (see Proposition 2.5, item (i)). O

Given a function f € C*°(D*X), introduce its average (f) € C°°(D*X) by:

1 2m

(4.10) () : f(@{(2)) dt,

:% o

where (®¢)scr is the 27-periodic Hamiltonian flow generated by HS? on D*X:

Lemma 4.3. Fix e > 0. For all f € C*(D*%), k>0, for all0 < m < (1 —e)kB,
the following holds:

Hk,m Opk(f)nk,m = Opk(<f>)Hk,m + OL(LQ)(kil)'

Here the O depends on f but is uniform with respect to m.
The proof is a variation on Egorov’s theorem (see [Zwol2, Th. 15.2] for instance).

Proof. — In the proof, the O’s are measured in operator norm L? — L2. Fix f €
C*(D*X) and choose ¢ € C°(—o0, B) such that ¢(a) = 1 on a neighbourhood of
the support of f. Then

Opy (f)(Ar) = Opi(f) = @(Ax) Opi(f),
where = stands for equality modulo O(k~°°). This yields
[Opy(f), Ak] = [Opi(f), p(Ax) Ak] = . Op,({f, ¢(a)a}) + O(k™?)

%
T Opy({f,a}) + O,

Write U; := e®#A% Integrating the previous relation, we obtain the weak form of
Egorov’s theorem for Ay:

(4.11) U, Opy (£)U— = Opy (f 0 ) + O(k ™).
Since UpIly m = Uy 1, Uy = €™l ,p,, we obtain that
Wim 0Py (/) Mkm = M Up Opg (F)U—t1lk g = T Oy (f © ®F) g + O(K1).
Averaging over time, we find that
(4.12) [ OPg (F) g = Mg Opy ((F)) Tk + O(k ™).

Moreover, since (f) o ®¢ = (f), we deduce from (4.11) that [U;, Op,({f))] = O(k~1)
and from (4.6) that [IIx_ ., Op,((f))] = O(k™'). The claim then follows from this last
relation and (4.12). O
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4.1.2. Normal form for a perturbed operator. We conclude by establishing a normal
form for operators ¢(Ay) + k=R which will be used in the proof of Theorem 1.3.

Lemma 4.4. — Let R € U (X) be formally selfadjoint with microsupport in D*%

and ¢ € C°(0,00) such that ¢'(a) # 0 on the microsupport of R. Then there exists a
sequence (S;)j>o0 with S; € V¢ (X) and S; selfadjoint, such that for all £ > 2, there

exists R € U, (X) selfadjoint such that

(4.13) Up (o(Ay) + kT R)U; = p(Ag) + k™ Ry + Oge sy (),
with [p(Ag),R)) =0 and Uy = Hj;g o—ikTIS;

Given an operator R with microsupport in D*X, set

27
(R) = QL / e/ Ak Re~ AL .
T Jo
Notice that (R) € ¥f . (X) and (R) commutes with Ay since
1 21 ) )
Ak, (R)] = o AL [Ay | Rle™ AR gt
T Jo
— i /27( g(eitkAk Re—itkAk) dt = i(eQiT(kAkRe—2iTrk:Ak _ R) =0
2r Jy dt 27 ’

using (4.3). Furthermore, if R € ¥¢,_(X) has microsupport in D*Y, then (R) € ¥¢  (X)

tsc
has microsupport in D*¥ too, and has principal symbol given by (r), where r is the
principal symbol of R. In addition (R) is selfadjoint if R is. Finally, let us observe
that for any function ¢ € C°(D*X), there exists a function s € C°(D*X) such that
{a, s} = ¢ — {c). For that, it suffices to set

(4.14) §:= % 02” (/Ot(c —(c)) o DY, dt’) dt.
This is well-defined by 27-periodicity of the Hamiltonian flow of a. More generally,
if o € C*°(R) satisfies ¢’(a) # 0 on D*Y then one can find a solution s € C°(D*X) to
(4.15) {p(a),s}* = c— (o),
using {p(a),s}? = ¢'(a){a, s} and (4.14).
Proof. — We use the notation h := 1/k. We argue by induction on ¢ > 2 and start
with ¢ = 2. Notice that

"% (o(Ag) + hR)e™ " = p(Ag) + hR + i[So, o(Ag)] + O(h?)

= o(Ap) + hR — h Op;({¢(a), s0}") + O(h?).

By (4.15), we can find a symbol sy € C°(D*Y) such that {¢(a),s0}? = r — (r),

where r € C°(D*Y). Since s is real-valued, we can find S selfadjoint with principal
symbol sg. Going back to the previous equation, we then find

e"0(p(Ag) + hR)e™ "0 = o(Ay) + h(R) + O(h?).

Notice that (R) is selfadjoint. This proves the claim for ¢ = 2 using [p(Ag), (R)] =0
as [Ag, (R)] = 0.
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Assume now that (4.13) holds for £ > 2, that is
Uj (p(Ar) + hR)U; = o(Ag) + hR; + h*C,

where C' € Wy () is selfadjoint. Multiplying by eth"~'Se-1 o the left and e~ Se—1
on the right, we find

U1 (0(Ag) + hR)Upi1 = 9(Ay) + hR) + h'C + ih  [Se_1, (Ar)] + O(RH1).
By (4.15) again, we can find s,_; € C>°(D*Y) such that {p(a), s¢_1}* = c—(c). This
yields:

U1 (9(Ax) + hR)Urr = 9(Ax) + h(B; + h7HC)) + O(h),

—_—

— R
'7RZ+1

where Sy_; is chosen selfadjoint with principal symbol s,_;. Notice that Rj , is
selfadjoint. This proves the claim. |

4.2, LocarLizep EIGENSTATES. — We now construct specific eigenstates for the opera-
tor k2A, with adapted localization properties.

4.2.1. Energy E = 0. — We first investigate the low energy eigenstates in the semi-
classical regime

k_2Akuk = Ekuk, U € COC(E,Lk), HukHL2 =1, FE, = O(]./k)

This corresponds the regime of eigenvalues Ay ,, with & — oo and m < C, where
C > 0 is a fixed constant. From now on, we use the notation h = 1/k. Let z € X,
u € L, with |u| = 1 and define the Dirac section of L¥ by (6, s) = s(z)/u* for any
k>0,scC>(%,LF). We introduce the section

(4.16) erm.z = Hpmdk.
The following holds:
Prorosition 4.5. — Let C > 0 and f € C*(T*X). Then for allk > 0,0 <m < C,
€rmz € C°(Z, LF) satisfies
k

ermall? = —(1+ O(k~1?)),

) ek maell? = e (14 O(k™/2)
(f(z,0) + O(k™1/2)).

(Opi(f)erm.e; €rma) = ll€kma
As we will see, ey, 5 is a Gaussian state centered at z. We provide a proof building
on [Cha24a, Cha24b).

Proof. — The section ey, ,,, 5 is given in terms of the Schwartz kernel of the projector
Hk,m by
(4.18) ehma(r) @T =T, 4(z,2) € IF @ T,

It was proved in [Cha24a, Cha24b| that IIj ,,(z,z) has an asymptotic expansion,
which leads to the following expansion for ey, .. Introduce coordinates (x1, z2) cen-
tered at x and such that the metric g is (1 + O(|z|))(dz? + da2) with |z|? = 22 + 3.
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Choose a primitive « = a;dx1 + aadzs of the Riemannian volume vol on a neighbor-
hood of y, such that ai(z) = as(z) = 0 and 0,,a;(x) is antisymmetric. Let ¢ be a
frame of L such that t(z) = v and Vit = %a ® t. Then one has on a neighborhood
of x:

ko _1

N
(4_19) ek,m,:c(l') _ Te_Zk‘xlz Zk‘e/Qae(kl/Qﬂh, k1/2$2)tk($) + o(k,—(N-‘rl)/Q)7
- i
£=0

where the O is in the C%-norm and the a,’s are polynomials depending on m and
smoothly on z. The leading coefficient ag is given in terms of the m-th Laguerre
polynomial Q,,, by
(4.20) a0l w) = QulleP).  Qu(t) = — (2 1)

. 0 ) m ) m ml \dt .
Moreover, ey, i, 4 is Oce (k~°°) on any compact set not containing z. Formulas (4.19),

(4.20) correspond to [Cha24a, Eqgs. (26) & (40)].
Since Il , is a projector, Hek’m,gH2 = Iy m(z, 2), so by (4.19),

B o),

lemell® = 5

because @, (0) = 1. We then compute the asymptotic expansion of the scalar product

(Op(f)ermar €hma) = 3 k2L 0 (f.k)

2,030

with Ip o (f, k) given by the integral

ENA [, 1 -

(2—) / e*@=E Tk D £(L (0 4 y), €)ag (kY 2w)ap (K1/2y) d€1déada dasdydys.
s

Notice that the phase is quadratic, non degenerate. It follows from a stationary phase

computation that Iy (f, k) = kCye f(0,0) + O(k/?) for some complex coefficient

Cy . This yields:

(OPy(f)€km.z: €hmz) = kf(0,0)Co0 + O(k?)

and Cpo = (2m)~! because of the previous estimate of | ey m ||?. This concludes
the proof. We could actually slightly improve the result by replacing the (‘)(k’l/ 2)s
in (4.17) by O(k~')’s, which follows from the fact that each a, has the same parity
as {. O

4.2.2. Energies0 < E < E.. — We now investigate the eigenstates such that
kiQAkuk = (E + 0(1))uk,

with 0 < E < E,. Equivalently, this corresponds to the regime of eigenvalues Ay .,
with & — oo and ekB < m < (1 — €)kB, where € > 0 is fixed. Below, recall that a is
the principal symbol of Ay, see (4.7).
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Prorosition 4.6. Let zg € DY := D*E ~\ {€ = 0}. Then, there exists a neigh-
borhood U C D{X of zo such that for all f € C(T*Y), for all k > 0, kB < m <
(1 -¢)kB, and z € U such that

m = ka(z),
there exists € m.. € C®(%, L*) such that |lex.m..||* = 1 and the projection
Frm,z = Uk merm, -
satisfies
1 Fim el = 22k 21+ 07,0 (1),
(0P () F ks From =) = [ F b =P (())(2) + O (k7).

The remainder terms O’s are uniform with respect to k > 0.

(4.21)

The state ek m,. is a coherent state centered at z and fy ,, ., is a Gaussian beam
supported on the magnetic geodesic of z (i.e. the flow line of Hf? passing through z).

Proof. — We use h = 1/k in the proof once again. Let ey .. € C®(X%,LF) be a
Gaussian state centered at z and such that ||ej |2 =1 (see [Zwol2, Ex. 1, Ch. 5]
for instance). A quick computation using the stationary phase lemma reveals

(4.22) Opi(9)er,m,> = 9(2)erm,= + Or2(h'/?)

for any g € C(T*%). Then fy ,, . = Ik merm,. (with m = ka(z)) satisfies by
Lemma 4.3 that

(Op (/) k2> Fem.z) = (O ((f)) €k m. o, imerm,z) + Ohl F i m -1
(4.23) = (NN kNP + OB From 2

To estimate the norm of f ., ., we use (4.6), namely (recall that U; = e

1
27
1

=5

27
[ F o2 = (T mekm e €tm =) = / €Ty, s €k )

(4.24) .
<eitk(Ak*a(Z))ek,7m7z, Ek,m,Z> dt’

where we used that m = ka(z). By assumption, the microsupport of e, » is {z} (that
is for any ¢ € C°(T*¥) identically equal to 1 on a neighborhood of z, Op,(¢)ex.m, . =
ekm,z + Oc=(h®)). Then by Egorov’s theorem, the microsupport of Upey m . is
{®¢(2)}. Since ®Y(z) = z if and only if ¢ is a multiple of 27, the integral (4.24)
is modified by a O(h®°) if we restrict the integral to a neighborhood of ¢ = 0.
Microlocally, Ay — a(z) can be conjugated by a Fourier Integral Operator to
—ih0,, acting on Ril’mz, see [Zwol2, Th.12.3]. Since we can restrict the integral
(4.24) to a neighborhood of the origin, it is sufficient to do the computation in this
model. The propagator is then given by e!*(Ax=aGNW (1 29) = W(2y + t,29) for
U € C°°(R?). The point z is in the characteristic of Aj, — a(z); it is therefore mapped
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to (z, & = 0,§2) € T*R?. Up to conjugating again by a translation, we can further
assume that z = 0. Let ¥, ¢ € C*(R?) be the coherent state

U, ¢(2) = (wh) ™o milemel is@e) — (rp)1/2emdrlel +id,e,

By an exact computation, we find that for § > 0, x € C°(—6,0) such that xy =1 in
a neighborhood of 0,

1 2m . B
<eztk(Ak a(z))ek7m7z, 6k7m,z>L2X(t)dt

2m Jo
1 +oo _—
= — / U, e(@1 +t,22) Uy e (21, x2)x(t) dzrdaadt
o ) o Je 2 £
h1/2
= —— (14 0(h™)).

2/
Going back to (4.24), we find that || £}, .[7. = ﬁ h'/2 + O9(h*®), which concludes
the proof. O

5. PROOF OF THE MAIN RESULTS

In this final section, we prove Theorems 1.1, 1.3 and conclude with the proof of
Theorem 1.2. Up to a preliminary rescaling, we can always assume that B = 1/|x(2)].

5.1. Proor or Tueorem 1.1. — We can now characterize the semiclassical defect mea-
sures in the three regimes.

Proof of Theorem 1.1
(i) Suppose E = 0. We claim that any probability measure p on X is a semiclassical
limit of eigenstates (1.2). First, given x € X,

e;c,m,x = exm,a/ll€km,ellL2
converges semiclassically to d, by Proposition 4.5. Given z1,...,znx € X, Ej N =
N7Y2(€) oz + 7+ €y ) CONVerges semiclassically to N~ (0, + - -+ 48, ) and
|Ekmn|22 = 1+ O(k~°). Indeed, to compute the norm, let ¢; € C*(X) be a
small bump function centered at x;, equal to 1 on a small neighborhood of x; and
such that x; ¢ supp(y;) for j # i. It is then immediate to verify that @;ej . . =
€km.z, T Oc=(h>) and pje; . . = Oce=(h>). This leads to

HEk,m,N”QLz = N—1<€;c,m,:1:1 4+t egc,m,zN’eéc,m,:m +ot e;v,m,IN>L2
=14+ Nil Z<e;g,m,zi ) e;€7ma1'j>L2
i#]
14N Zwie%’m,%,e%’mw)m + O(h™)
i#]
=1+ N (€ Pi€hma, )12 + O(BF) =1+ O(h™).
i#]
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The same computation shows that the associated defect measure is equal to
N=1(8;, + -+ + 0z ). Finally, since Dirac masses are dense in probability measures,
a diagonal extraction allows to construct a family (Eg, m, N, )n>0 With microlocal
limit p, and that for any probability measure p on X.

We now assume that 0 < E < E.. Fix z € {p = E} and let (zx)r>0 be a sequence
converging to z such that a(z;) = k~'my with my € Zs¢. By Proposition 4.6,
Freomy 2/ 1 F kg 2, |22 converges microlocally to d., the Dirac masses carried by the
periodic orbit of z. As above, one can also realize any convex linear combination
of such Dirac masses. As these are dense in flow-invariant probability measures on
{p = E}, this proves the claim.

(ii) This follows immediately from Proposition 3.3, item (ii), and the unique er-
godicity of the horocyclic flow (see Theorem 2.2, item (ii)).

(iii) The proof follows verbatim the standard proof of Quantum Ergodicity. In the
framework of twisted quantization, this question was recently addressed in [CL, §5.3]
(in a more general framework). O

Remark 5.1. — In the first regime, our proof shows a slightly stronger result: for any
invariant probability measure p, for any sequence (Ej)i>o converging to E € [0, E.]
such that Ej is in the spectrum of k=2Aj (and Ey = O(k~!) when E = 0), there
exists a sequence of eigenstates (u)r>o associated to the eigenvalues Ej such that

Uk —k—oo M- O

5.2. Proor or Turorem 1.3. — The proof of Theorem 1.3 relies on the normal form
established in Lemma 4.4.

Proofof Theorem 1.3. — Let (ug)k>0 be a sequence of eigenfunctions satisfying (recall
E,.= %BQ):
(5.1) (k‘_QAk + k‘_ZV)’U,k = Fruy, 0< Ep < E;.—e¢, ||luglr2 =1,

for some ¢ > 0.
The multiplication operator V' € £(L?) has norm ||V ¢(z2) < [[V]|ze. As a conse-
quence,

(5:2) Sp(Ax + V) CSp(Ar) + [=[[V[L<, [VIIe=]-

By (4.1), the gap between two consecutive eigenvalues of Ay (below the critical en-
ergy) is
Aeym — Agym—1 = kB —m, 0<m<[kB] -1
For any § > 0, if 0 < m < k(B — ¢), then the gap is > kJ. Taking k > 1 large
enough, this gap can be made larger than 2||V ||, implying that the bands (5.2) do
not overlap.
The energy Fj in (5.1) satisfies Ey < E. — ¢ for some € > 0. This implies that

(5.3) B =k *Xem,, + O(k72),
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for some 0 < my, < k(B — 0), where 0 := §(e) > 0 can be made explicit. To simplify
notation, we write m := my.
We claim that:

(5.4) (1 — My )ug = O(K™1).
Here and in the remainder of the proof, the O’s are measured in L2-norm.
To prove (5.4), write (we use (Ag — Ag,m)k.m = 0 in the first equality):

(Ak — Agm) (L =TI )ue = (A — Agm) Uk

= k‘Q(k_QAk — Ep)ur + O(1)

= O(1).
However, the gaps between two consecutive eigenvalues of Ay is of size > kdé. Hence
(Ak — Ag;m) can be inverted on ran(1 — Iy ) and its inverse has norm O z2) (k™)
which implies (5.4).

We will now apply Lemma 4.4. For that, consider R € Wg,.
in D*¥ such that R = V microlocally in {p < E. —¢/2} (for instance, consider
R = Opi(x - 7*V), where 7 : T*Y — ¥ is the footpoint projection, x € C°(D*Y)
is a cutoff function equal to 1 on {p < E. —¢/2}). Since u; is microsupported in
{p < E. — €} by (5.1), this implies that
(5.5) (k720 + k2 V)ug = (k%A + k2 R)ug + O(k™°) = Epug.

We then apply Lemma 4.4 with ¢ = 4, the function ¢ such that p(A) = k~2A; and
the perturbation k—2R. We write U := eih”S2¢ihS1¢iS0 g5 that

Uk™2Ar +k2R)U* =k 2A, + k2R + O(k™),

where [R’, Ag] = 0, R’ is selfadjoint, and the principal symbol of R’ is (V). Inserting U
in (5.5), and writing u}, := Uuy, we have

(k2A + k2R ), = Epuj, + O(k™).

(3) with microsupport

Applying IIj ,, to the previous equation, and using that [R’, I .,] = 0 as IIj ,, is a
function of Ay, we find

(/{72Ak + kiQR/)Hhmu;ﬁ = Ekﬂk,mu% + O(k’74)
Thus

k2R My muy, = (Bx — k™2 Ao ) Mg, + O(k™4),
hence

Ry, mu), = B} u), + O(k72),

where E| = k*(Ex, — k™%\,m) = O(1). Applying Proposition 3.3, we find that any
semiclassical measure p associated to Il n,u). is invariant by H <Qv>. To conclude, it suf-
fices to observe that U=1+0z2)(k™"), s0 ux, = uj, + Or2(k™1); using (5.4), we find
that uy, = Iy mu), + O(k~1), so the semiclassical measures of I ,,,u} and wuy are the
same. This proves the claim. O
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5.3. Proor or Turorem 1.2. The key ingredient in the proof of Theorem 1.2 is a
long time Egorov theorem which is made possible thanks to Lemma 2.7. Ultimately,
this relies on the fact that the horocyclic flow is parabolic (that is its differential
grows at most linearly in time). We emphasize that the we did not try to optimize
the remainder terms in what follows.

We suppose that

(5.6) k_QAkuk =(E.+ O(hé))uk, Uk € COO(E,Lk>, ||Uk||L2(E’Lk) =1,
where £ > 0 is fixed.

Let x € C(R) be a non negative bump function equal to 1 on [—1/2,1/2] and 0
outside of [—1,1]. Let 0 < @ < min(1/28,¢) and define

Xk (2,€) = X (k% (p(x, §) — E¢)).
The following holds:

Leymma 5.2. g, = Opy, (k) up + Op2 (k= min(t-a,1-18a)),
Proof. Define s(r):=(1—x(r))/r for r €R and set s, :=s(k*(p(z, &) — E.)), that is,
1—xi = k*(36]* — Ec)s.

Observe that all the derivatives of s are bounded on R. In addition, for all n > 0,
there exists C,, > 0 such that:

(5.7) skllen(r-s) < Cpk™".

We let a € C*(T*Y) be a cutoff function such that @ = 1 on the energy layers
0 < E<2E.and a=0 for E > 3E,. Notice that Op;(a)uy = up + Op2(k~°°) as the
eigenstates uy are microlocalized on the energy shell {p = E.}. Equivalently, for all
b€ S°(T*Y) such that supp(b) N {p = E.} = @, one has:

(5.8) Opy (b)ug = Op2(k=°).

The following holds for some operator R, € Wl (X):

ug, — Opg (xi)wr = Opg (1 — xi)ur, = k* Op,((31€1> — Ee)si)us,

5.8 o —00
) ko Opy(a(LIEf — o) - asp)ur + O gz (k)

(3.6) o _
=k (Opk(ask)Opk(a(%|€|2 - E.)) +OL(L2)(k 1H5k||017(T*2)))“k

+ O (k)
=k Opk(ask) (Opk(a)(k—ZAk — EC) =+ k—le) wp + Oz (k—1+180z)

2k Opylasi)0a (k™) 4+ Opa (K71 4 k1415

(3:5) O (kaiZ(HaSk”Loo + k71/2+14a) + k71+18a)

=02 (k7 min(éfa,lfl&x))’

where we used in the second line that uy, is microlocalized on the energy shell {E = E..}
(see (5.8)), in the third line (3.6) (this requires the symbols to have compact support,

JIP — M., 2026, tome 13



622 .. Ciarvtes & T. LEFEUVRE

which is why we have introduced a), in the last line —1/2 + 14 < 0, and (5.7) at
each step to bound the derivatives of sx. Also notice that Ry is a pseudodifferential
operator of order 1 but, using (5.8), we obtain:

E7'Rpup = k7 Ry, Opy(a)up = Op2(k™1),
as a has compact support in T*X. (|

The states (uy)r>o microlocalize on the critical energy shell S¥¥ = {p = E.}.
We introduce the notation

Cs :={E.—0<p(x,8) < E.+d}.

In the following lemma, we need to keep track of the exact number of derivatives on
the symbol a:

Lemma 5.3. Let 0 < € < 1/28. There exists a constant C' > 0 such that for all
0 € C(T*%) with supp(a) C {J¢] < 10E,},
[(Opy(a)ur, uk) 2| < [lallpe(s:s)
+O(klallcr(pesy + k™2 g ().
Proof. — We first prove that
(5.9)  HOpr(@un, ur) 2| < llaf (o, oy + Ok~ ™22 a]| par oy ).
We set ¢y, := x(k*(p(x, &) — E.)) and start by decomposing:
(Opy(a)uk, uk) 2 = (Opy,(a) Opg (Vi) uk, ur) 2 + (1 — Opy (¥r))uk, Opy(a) uk) L2 -

M (11)
The second term (II) is bounded by:

[{(1 = Opy(¥r))uk, Opy (@) “ur) 2| < [[(1 = Opy(¢n))usl| L2 | Opy (@) usl| L2
< (T = Opy ()| 2| Opy (@) 2 (12
< Ok~ (g oo 4+ kY2 lalcr4)
< O~ min(—e1=189) g
where we used that || Opy(a)|lc(z2) = [ Opg(a)*]|c(L2) in the second line, and Lem-

ma 5.2 together with (3.5) in the third line. The fourth line is a rougher estimate
where the [|a|c17(p+x) norm is involved as it will also appear in bounding (I).
As to the first term (I), we have:

{Opk (@) Opy (Vi )ur, ur) 2| = [(Op(atpn)u, ur) 2] + O (k™ lall e [|vhx || o)
< Cllat]| o + k™2 lagllors) + Ok~ 17 Ja]|car)
< Cllagg||z + O([lafcrak ™41 4 |lal| gark ™1 1T9).
Since € < 1/28, we find that —1 + 17e < —1/2+ 14e < 0 so

lallrsresyk ™21 + [lalorr k™ TE < ORI af| o
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Summing up (I) and (II), and using that —1 4 182 < —1/2 4 14e <0, we find that
(0P (@)uk, ur) 2] < Cllayllpoe (s + O(k™ =219 ja]| ar ey
< Cllallz=(c, .y + Ok~ ™2 0] car 7).

This proves (5.9).
Now, observe that for any & € Cj,--, we can write

= ‘p&)(ﬁc) = et(g)fc,

where £, € S*¥ lies on the critical energy shell, |t(¢)| < Ck~¢ and (¢;*);er denotes
the flow of V| on T*% (Euler vector field), see (2.3). Hence:

(&)
a(§) = a(é) + i Via(ey™ (&))dt.

This leads to
lallL=(c,_.) < llallL=(ssx) + k5 lallcr s

Inserting this in (5.9) proves the claim. O
We now prove Theorem 1.2

Proofof Theorem 1.2. — Let a € C°(T*X) with supp(a) C {|¢] < 10}. We assume
that the quasimodes (uy)k>0 satisfy (5.6) with 0 < £ < 1/15. We consider

e:=10/2, o= ¢g/20 = £/40.
Then
min({—a, 1-18a) = {—a = 39¢/40, min({—e,1/2—14e) =l —e = £/2 < 39¢/40.

In Lemmas 5.2 and 5.3, the remainder term is therefore bounded respectively by
Or2(k=%?) and O(k~*/2||al|crr(1+5)).-
We have:

(Opy(a)ur, ur) 2 = (Opy (@) (Opy (xi)ur + Or2 (k%)) up) 12

3.5
" (Opi(@) Opg (k) w e + O (K=2(all o + k2 alloss) )

3.6
(Z) <Opk(an)Uk> Uk:>L2

(5.10) +0 (K lallewrllxkllor + k=2 all + k22 ]| e
= (Opy,(axr)uk, ur) 2
+0 (O allgrr + k0 all e + K2 ]|
= (Opy(axe)us, uk) 2 + Ok~ allcrr),

where we used Lemma 5.2 in the first line and ||xx|/cir < Ck'7® = Ck'7¢/40 in the
fourth line.
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Since uy are eigenmodes of Ay, we may now write for ¢ > 0:

(Opg(axe)ur, ur) 2 = (€™ 25 Opy(axn)e ™™ Aoy, ug) 12
t
3.8 _
D (Opy (k) o oy, i)z + o(k 1/ (ax) o <I>S)||Cl7ds>.
0

Applying (2.8) with n = 17, and using that yra is localized on the energy layer
E < E.+k™@ = E,+ k%% we find that the remainder term in the previous
equation is bounded by

t
(5.11) Ck™* / (s)ym17 LTVERT 08 0l oards
0

< Ck71+172/40<t>m17+1€17\/§k_['/80t”a”C”'
One has my7y = 3 x 17+ 17 x 18/2 = 204. Hence, we find that:

(512) <()pk(axk)uk,uk>Lz = <( )pk((axk) (¢] @t)uk,uk>Lz
—2/80
O(k 1+17£/40<t>205617\/§k ¢ t” HC”)-

For a function f € C°°(T*X), define the ergodic average for T > 0:

1 (T
== P, dt.
Ne=7 [ 10
Averaging (5.12), we find that for 7" > 0:

(Opg(axr)ur, uk) 12 = (Opg({axw) ) uk, ur) r2
_ 5 —£/80
+ O(k 1+17€/40<T>20 617\@k T”aHC”)-

Write

A= / a dﬂLiouv~
Sry

We then obtain:
[(Opy (axw)ur, uk)r2 — Al
= [(Opy, ({axe = AVr) we, ug) 2] + O(k™HH17/40(T) 2051 TV g 1)
S axe = A)rllpee(s=sy + k2 {axk — A)rllor + 772 {axe — A)rllcrr

+ k—1+17e/40<T>205617\/§1f“8°T”a”C17

S Iaxk = A)rlleo sz + k2 (axk — A)rllor
_ —e/
+k 1+17l/40<T>205€17\/§k ¢ 80T||a||(;17,

where we have applied Lemma 5.3 in the second inequality (here e = ¢/2 and £ — e =
£/2). Notice that xx = 1 on Cj—-e/2 by construction, and xi o ®; = xi as (Py)ier
preserves the energy layers {p = E}. As a consequence,

[{axe — A)rllLe(s:s) = [[{a — A)rllpe(s:x)-
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In addition, using the same bound as in (5.11) (based on (2.8)), we may estimate:
||<an _ A>THC’17 < Ck17€/40<T>205el7\/§k7€/80THaHC”-

(Notice that, technically, the function (ax; — A)r = (axi)r — A does not have shrink-
ing support but A is a constant, so it vanishes when computing higher order derivatives
of this function and thus the support of the derivatives is shrinking, leading to the
same bound.) This leads to:

(5.13)  [(Opg(axk)ur, uk)rz — Al S [{a — A)r||Le(s:5)
+ k,—3é/40<T>205617\/§k’e/80T||a||C17.

Finally, applying Theorem 2.2, we obtain that
(5.14) [{a — A)rllpe(s:z) S ||a||H3(S;Z)T_9-
Combining (5.10), (5.13) and (5.14), we find that for all T' > 0:

(Opy.(a)up, ug) 2 :/ adp

Sy

4 O<k—3e/4o <T>205617\/§k—z/goTHOLHC17 n ||a||H3(s;z:)T_9>-
We then set
5 3¢ !
" 2-40-205 4100
This guarantees that 2056 — 3¢/40 = —3£/80 < 0. We apply the previous estimate
with 7' = k°. We then find that:

(Opy (a)ug, ug) L2 = / adp + O(k~*/®allcrr(r-s) + K~ a] ra(s:x))
Sx%

— [ adu+ 0G0 o),
Srx
where we used that 0¢/4100 < 3¢/80 as 6 < 1/2. This completes the proof. O

REFERENCES

[Ana08] N. AnxantHARAMAN — “Entropy and the localization of eigenfunctions”, Ann. of Math. (2)
168 (2008), no. 2, p. 435-475.

[AM22a] V. Arnaiz & F. MaciA — “Concentration of quasimodes for perturbed harmonic oscillators”,
2022, arXiv:2206.10307.

, “Localization and delocalization of eigenmodes of harmonic oscillators”, Proc.
Amer. Math. Soc. 150 (2022), no. 5, p. 2195-2208.

[Arn61] V. I. Arvor’p — “Some remarks on flows of line elements and frames”, Soviet Math. Dokl.
2 (1961), p. 562-564.

[Bur90] M. Burcer — “Horocycle flow on geometrically finite surfaces”, Duke Math. J. 61 (1990),
no. 3, p. 779-803.

[CL] M. Cexi¢ & T. Lereuvie — “Semiclassical analysis on principal bundles”, arXiv:2405.14846.

[Cha00] L. Cuarres — “Aspects semi-classiques de la quantification géométrique”, PhD Thesis,
Université Paris Dauphine-PSL, 2000.

[Cha24a] | “Landau levels on a compact manifold”, Ann. H. Lebesgue 7 (2024), p. 69-121.

[Cha24b] , “On the spectrum of nondegenerate magnetic Laplacians”, Anal. PDE 17 (2024),
no. 6, p. 1907-1952.

[AM22b]

JILP — M., 2026, tome 13


http://arxiv.org/abs/2206.10307
http://arxiv.org/abs/2405.14846

626

[Cha25]
[CL25]
[Coms6)

[Dya22]
[DJ18]

[DIN22]
[DZ19]
[FF03]

[Fur73]

[Gin96]
[GUSY]
[11.94]
[KT22]
[Lef26]
[Lin06)
[MM24]
[Mac0g]
[Mac09]
[MR16]
[MR00]
[MR24]

[Non19]

[Pat99)
[Ros06]
[RS94]

[Shn74]

[Shn22]

.. Ciarvtes & T. LEFEUVRE

, “Resolvents of Bochner Laplacians in the semiclassical limit”, Comm. Partial
Differential Equations 50 (2025), no. 7, p. 899-930.
L. Cuaries & T. Lereuvee — “Semiclassical defect measures of magnetic Laplacians on
surfaces II. Variable curvature”, 2025, In preparation.
A. Comrer — “On the Landau levels on the hyperbolic plane”, Ann. Physics 173 (1986),
p- 185-209.
S. Dyvarrov — “Around quantum ergodicity”, Ann. Math. Qué. 46 (2022), no. 1, p. 11-26.
S. Dvatrov & L. Jixn — “Semiclassical measures on hyperbolic surfaces have full support”,
Acta Math. 220 (2018), no. 2, p. 297-339.
S. Dyvarrov, L. Jix & S. Nonnenmacner — “Control of eigenfunctions on surfaces of variable
curvature”, J. Amer. Math. Soc. 35 (2022), no. 2, p. 361-465.
S. Dvatrov & M. Zworskt — Mathematical theory of scattering resonances, Grad. Stud.
Math., vol. 200, American Mathematical Society, Providence, RI, 2019.
L. Framinio & G. Fornt — “Invariant distributions and time averages for horocycle flows”,
Duke Math. J. 119 (2003), no. 3, p. 465-526.
H. Furstensere — “The unique ergodicity of the horocycle flow”, in Recent advances in
topological dynamics (New Haven, Conn., 1972), Lect. Notes in Math., vol. 318, Springer,
Berlin-New York, 1973, p. 95-115.
V. L.. Ginzeure — “On the existence and non-existence of closed trajectories for some Hamil-
tonian flows”, Math. Z. 223 (1996), no. 3, p. 397-409.
V. GuiLLeminy & A. Urise — “Circular symmetry and the trace formula”, Invent. Math. 96
(1989), no. 2, p. 385-423.
R. Tenxco & D. L1 — “Quantum mechanics and quantum Hall effect on Riemann surfaces”,
Nuclear Phys. B 413 (1994), no. 3, p. 735-753.
Y. A. Korovukov & . A. Tammanov — “Trace formula for the magnetic Laplacian on a compact
hyperbolic surface”, Regul. Chaotic Dyn. 27 (2022), no. 4, p. 460-476.
T. Lereuvre — Microlocal analysis in hyperbolic dynamics and geometry, Cours Spécialisés,
vol. 32, Société Mathématique de France, Paris, 2026.
E. Linpenstrauss — “Invariant measures and arithmetic unique ergodicity. Appendix by E.
Lindenstrauss and D. Rudolph”, Ann. of Math. (2) 163 (2006), no. 1, p. 165-219.
M. Ma & Q. Ma — “Semiclassical analysis, geometric representation and quantum ergodic-
ity”?, Comm. Math. Phys. 405 (2024), no. 11, article no. 259 (28 pages).
I. MaciA — “Some remarks on quantum limits on Zoll manifolds”, Comm. Partial Differ-
ential Equations 33 (2008), no. 6, p. 1137-1146.
, “Semiclassical measures and the Schrodinger flow on Riemannian manifolds”,
Nonlinearity 22 (2009), no. 5, p. 1003-1020.
K. MaciA & G. Rivire — “Concentration and non-concentration for the Schrédinger evolution
on Zoll manifolds”, Comm. Math. Phys. 345 (2016), no. 3, p. 1019-1054.
J. Markror & 7. Rupnick — “Quantum unique ergodicity for parabolic maps”, Geom. Funct.
Anal. 10 (2000), no. 6, p. 1554-1578.

L. Moriy & G. Riviire — “Quantum unique ergodicity for magnetic Laplacians on T2”,
2024, arXiv:2411.18449.
S. Nonxnexvacuer — “Introduction to semiclassical analysis”, Lecture notes, available at

https://www.imo.universite-paris-saclay.fr/ stephane.nonnenmacher/enseign/
Cours-Semiclassical-Analysis2019-lecturel-8.pdf, 2019.

G. P. PaternaiN — Geodesic flows, Progress in Math., vol. 180, Birkhauser Boston, Inc.,
Boston, MA, 1999.

L. Rosenzweic — “Quantum unique ergodicity for maps on the torus”, Ann. Henri Poincaré
7 (2006), no. 3, p. 447-469.

7. Rupnick & P. Sarnak — “The behaviour of eigenstates of arithmetic hyperbolic manifolds”,
Comm. Math. Phys. 161 (1994), no. 1, p. 195-213.

A. 1. SunireLvan — “Ergodic properties of eigenfunctions.”, Uspehi Mat. Nauk 29 (1974),
no. 6(180), p. 181-182.

__, “Statistical properties of eigenfunctions”, Ann. Math. Qué. 46 (2022), no. 1,
p. 3-9.

JE.P — M., 2026, tome 13


http://arxiv.org/abs/2411.18449
https://www.imo.universite-paris-saclay.fr/~stephane.nonnenmacher/enseign/Cours-Semiclassical-Analysis2019-lecture1-8.pdf
https://www.imo.universite-paris-saclay.fr/~stephane.nonnenmacher/enseign/Cours-Semiclassical-Analysis2019-lecture1-8.pdf

[TPO6)
[UZ93]
[CdV79]
[CdV8s)
[WeiT7]
[Zel87]
[Zel92]
[Zel97]

[Zel15]

[Zwo12]

SEMICLASSICAL MEASURES OF MAGNETIC LLAPLACIANS 697

C. Tesero Priero — “Holomorphic spectral geometry of magnetic Schrédinger operators on
Riemann surfaces”, Differential Geom. Appl. 24 (2006), no. 3, p. 288-310.
A. Urise & S. Zerprren — “Spectral statistics on Zoll surfaces”, Comm. Math. Phys. 154
(1993), no. 2, p. 313-346.
Y. Corin pE VERDIERE — “Sur le spectre des opérateurs elliptiques & bicaracteristiques toutes
périodiques”, Comment. Math. Helv. 54 (1979), p. 508-522.

, “Ergodicité et fonctions propres du laplacien”, in Séminaire Bony-Sjostrand-
Meyer, 1984—1985, Ecole Polytechnique, Palaiseau, 1985, Exp. No. 13, 8 p.

A. WemnsteEIN — “Asymptotics of eigenvalue clusters for the Laplacian plus a potential”,
Duke Math. J. 44 (1977), p. 833-892.
S. Zewprren — “Uniform distribution of eigenfunctions on compact hyperbolic surfaces”,

Duke Math. J. 55 (1987), p. 919-941.
, “On a “quantum chaos” theorem of R. Schrader and M. Taylor”, J. Funct. Anal.
109 (1992), no. 1, p. 1-21.

__, “Fine structure of Zoll spectra”, J. Funct. Anal. 143 (1997), no. 2, p. 415-460.

, “Gaussian beams on Zoll manifolds and maximally degenerate Laplacians”, in
Spectral theory and partial differential equations (Los Angeles, CA, June 2013), American
Mathematical Society, Providence, RI, 2015, p. 169-198.

M. Zworski — Semiclassical analysis, Grad. Stud. Math., vol. 138, American Mathematical
Society, Providence, RI, 2012.

Manuscript received 1ith June 2025
accepted 13th February 2026

Lavrent Crarces, Université de Paris and Sorbonne Université, CNRS, IMJ-PRG,
F-75006 Paris, France

E-mail : 1charles@imj-prg.fr

Url : https://webusers.imj-prg.fr/~laurent.charles/

Tuisavrr Lereuvee, Université Paris-Saclay, Laboratoire de mathématiques d’Orsay
91405 Orsay, France

E-mail : thibault.lefeuvrel@universite-paris-saclay.fr

Url : https://thibaultlefeuvre.blog/

JILP — M., 2026, tome 13


mailto:lcharles@imj-prg.fr
https://webusers.imj-prg.fr/~laurent.charles/
mailto:thibault.lefeuvre1@universite-paris-saclay.fr
https://thibaultlefeuvre.blog/

	1. Introduction
	2. Background
	3. Twisted semiclassical calculus
	4. Construction of eigenstates
	5. Proof of the main results
	References

