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SEMICLASSICAL DEFECT MEASURES OF

MAGNETIC LAPLACIANS ON HYPERBOLIC SURFACES

by Laurent Charles & Thibault Lefeuvre

Abstract. — On a closed hyperbolic surface, we investigate semiclassical defect measures asso-
ciated with the magnetic Laplacian in the presence of a constant magnetic field. Depending on
the energy level where the eigenfunctions concentrate, three distinct dynamical regimes emerge.
In the low-energy regime, we show that any invariant measure of the magnetic flow in phase
space can be obtained as a semiclassical measure. At the critical energy level, we establish
Quantum Unique Ergodicity, together with a quantitative rate of convergence of eigenfunc-
tions to the Liouville measure. In the high-energy regime, we prove a Shnirelman-type result:
a density-one subsequence of eigenfunctions becomes equidistributed with respect to the Liou-
ville measure.
Résumé (Mesures de défaut semi-classiques des laplaciens magnétiques sur les surfaces hyper-
boliques)

Sur une surface hyperbolique compacte, nous étudions les mesures de défaut semi-classiques
associées au laplacien magnétique en présence d’un champ magnétique constant. Selon le niveau
d’énergie où les fonctions propres se concentrent, trois régimes dynamiques distincts appa-
raissent. Dans le régime de basse énergie, nous montrons que toute mesure invariante du flot
magnétique dans l’espace des phases peut être obtenue comme mesure semi-classique. Au niveau
d’énergie critique, nous établissons l’unique ergodicité quantique, ainsi qu’un taux de conver-
gence quantitatif des fonctions propres vers la mesure de Liouville. Dans le régime de haute
énergie, nous démontrons un résultat de type Shnirelman : une sous-suite de densité 1 des
fonctions propres devient équidistribuée par rapport à la mesure de Liouville.
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1. Introduction

This article is the first in a two-part series devoted to the study of semiclassical
defect measures associated with magnetic Laplacians on surfaces. In this first part,
we focus on the case of surfaces with constant curvature under the influence of a
constant magnetic field. The second part [CL25] will address the more general setting
of surfaces with variable curvature and non-constant magnetic fields. The main result
of this article is Theorem 1.2, which establishes a polynomial rate of convergence of
eigenfunctions to the Liouville measure in the critical energy regime.

1.1. Setting. — Let (Σ, g) be a closed connected oriented hyperbolic (constant cur-
vature −1) surface of genus g ⩾ 2. Let L → Σ be a Hermitian line bundle equipped
with a unitary connection ∇, and denote by F∇ = −iB vol ∈ C∞(Σ,Λ2T ∗Σ) the cur-
vature 2-form of ∇, where B ∈ C∞(Σ), and vol is the Riemannian volume. We call B
the magnetic field. The magnetic Laplacian is defined as

(1.1) ∆L := 1
2∇

∗∇ : C∞(Σ, L) −→ C∞(Σ, L).

More generally, taking L⊗k for k ∈ Z⩾0 and the induced connection ∇⊗k, one can
form similarly to (1.1) a Laplacian ∆k acting on C∞(Σ, L⊗k). Note that the curvature
on L⊗k is −ikB vol. The operator k−2∆k is a twisted semiclassical (pseudo)differential
operator, with semiclassical parameter h := k−1 > 0.

Throughout this article, we will further assume that B is constant. Note that,
by Gauss-Bonnet, this implies that 2B(g − 1) ∈ Z. The purpose of this paper is to
study the semiclassical limits of the Laplace eigenstates

(1.2) k−2∆kuk = (E + εk)uk, uk ∈ C∞(Σ, L⊗k), ∥uk∥L2(Σ,L⊗k) = 1,

in the regime k → +∞, where E ⩾ 0 and εk → k→+∞0. This means that we consider
the regime where the magnetic strength kB (that is, the curvature of L⊗k) tends
to infinity. We say that uk converges to the semiclassical defect measure µ (defined
on T ∗Σ) if for all a ∈ C∞(T ∗Σ),

(1.3) ⟨Opk(a)uk, uk⟩L2 −→
k→∞

∫
T∗Σ

a(x, ξ)dµ(x, ξ),

where Op is a certain semiclassical magnetic quantization on Σ (see Section 3 for
a definition). We denote by uk ⇀k→∞ µ this convergence. By the normalization
assumption ∥uk∥L2(Σ,L⊗k) = 1, µ is a probability measure; in addition, µ must be
supported on the compact energy shell {p = E} ⊂ T ∗Σ (where p(x, ξ) := 1

2 |ξ|
2). The

limit (1.3) may not exist as k → +∞; however, it always exists along a subsequence
(kn)n⩾0 and we will often drop the subsequence notation. We shall see that three dif-
ferent semiclassical regimes appear according to the value of E, affecting the possible
behaviour of µ.

1.2. Main results. — Let ω0 be the Liouville symplectic 2-form on T ∗Σ. Set

Ω := ω0 + iπ∗F∇,
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Semiclassical measures of magnetic Laplacians 595

where π : T ∗Σ → Σ is the projection. This is the Liouville 2-form with a magnetic
correction; it is still a symplectic 2-form on T ∗Σ. The (semiclassical) principal symbol
of k−2∆k is p(x, ξ) = 1

2 |ξ|
2
g. The Hamiltonian vector field HΩ

p of p computed with
respect to Ω is defined through the relation

dp(•) = Ω(•, HΩ
p ).

The Hamiltonian flow (Φt)t∈R generated by HΩ
p is called the magnetic flow. As any

autonomous Hamiltonian flow, (Φt)t∈R preserves the (compact) energy layers {p = E}
and a natural smooth probability measure µLiouv on {p = E} called the Liouville
measure (see Section 2.1 for these definitions).

Let SΣ → Σ be the unit tangent bundle. Denote by (φt)t∈R the (Anosov) geodesic
flow, (Rt)t∈R the 2π-periodic rotation in the circle fibers of SΣ, and (ht)t∈R the stable
horocyclic flow. Define

Ec :=
1
2B

2, TE = (B2 − 2E)−1/2 if E < Ec, TE := (2E −B2)−1/2 if E > Ec.

The energy Ec is called the critical energy. The following fact is well-known [Arn61,
Gin96] and will be reproved quickly in Section 2.2. For E > 0, the magnetic flow
(Φt)t∈R on {p = E} ⊂ T ∗Σ is conjugate either to:

(i) the reparametrized rotation flow (Rt/TE
)t∈R of period 2π ·TE if E < Ec (elliptic

case),
(ii) the horocyclic flow (ht)t∈R if E = Ec (parabolic case),
(iii) the reparametrized geodesic flow (φt/TE

)t∈R if E > Ec (hyperbolic case).

Notice that for E < Ec the space of orbits at energy E is diffeomorphic to Σ itself,
so the (Φt)t∈R invariant probability measures of {p = E} identify with the probability
measures of Σ. This holds as well for E = 0 because the flow is stationary on {p = 0}.

We will prove that this transition in the dynamics of the magnetic flow at the
critical energy E = Ec translates at the quantum level into the following result on
semiclassical defect measures:

Theorem 1.1 (The three classical/quantum regimes). — The following holds under
the above assumptions on (Σ, g) and (L,∇):

(i) Low energies regime. If 0 ⩽ E < Ec, then for any (Φt)t∈R invariant probability
measure µ on {p = E}, there exists a sequence (uk)k⩾0 satisfying (1.2) such that
uk ⇀k→∞ µ;

(ii) Critical energy regime. For any sequence (uk)k⩾0 satisfying (1.2) with E = Ec,
uk ⇀k→∞ µLiouv

(iii) High energies regime. If Ec < a < b, consider for all k ⩾ 0, the set of eigen-
states (uk,j)k,j∈A such that k−2∆kuk,j = λk,juk,j with λk,j ∈ [a, b] and A ⊂ Z2

⩾0.
Then there exists a density one subset A⋆ ⊂ A such that for all sequences (ukn,jn)n⩾0

with (kn, jn) ∈ A⋆ and kn → ∞, ukn,jn ⇀n→∞ µLiouv.

J.É.P. — M., 2026, tome 13



596 L. Charles & T. Lefeuvre

In item (iii), A⋆ is a density one subset of A ⊂ Z2
⩾0 if it satisfies:

♯{(k, j) ∈ A⋆ | k2 + j2 ⩽ T}
♯{(k, j) ∈ A | k2 + j2 ⩽ T}

−→
T→+∞

1.

Parts (ii) and (iii) of the above result are straightforward observations to derive
and were already mentioned by Zelditch [Zel92, p. 20–21]. In the third regime, cor-
responding to energies E > Ec, the eigenfunctions of the magnetic Laplacian are
in correspondence with those of the usual Laplace–Beltrami operator on (Σ, g), see
Proposition 2.8 below. In this setting, it is conjectured that the Liouville measure
is the unique semiclassical defect measure—this is the content of the celebrated and
widely open Quantum Unique Ergodicity (QUE) conjecture. Further background can
be found in Section 1.3. The first regime E < Ec is less obvious and relies on the
construction of appropriate eigenstates concentrating along a given periodic orbit of
the magnetic flow. This is carried out in Section 4 using Weinstein’s averaging method
[Wei77].

The second regime, corresponding to the critical energy level E = Ec, provides
a particularly intriguing—albeit trivial—manifestation of QUE. Indeed, any defect
measure must be invariant under the magnetic Hamiltonian flow, which coincides
with the horocyclic flow on this energy shell. As the horocyclic flow is uniquely ergodic
(its only invariant measure being the Liouville measure, see [Fur73]), it follows that
Liouville is the only possible defect measure in this case.

Moreover, we can obtain a more precise statement concerning the convergence of
eigenfunctions. Let 0 < θ < 1/2 be a real number satisfying θ(1− θ) ⩽ λ1(Σ), where
λ1(Σ) denotes the first non-zero eigenvalue of the Laplacian ∆g on functions. Let S∗

cΣ

denote the energy shell {p = Ec}. Then the following result holds:

Theorem 1.2 (Polynomial rate of convergence in the critical regime)
Suppose that (1.2) holds with E = Ec and εk ⩽ k−ℓ for some positive real number

ℓ > 0. Then there exists C := C(ℓ) > 0 such that for all a ∈ C∞(T ∗Σ) with support
in {p ⩽ 10Ec}:∣∣∣∣⟨Opk(a)uk, uk⟩L2 −

∫
S∗
cΣ

a(x, ξ)dµLiouv(x, ξ)

∣∣∣∣ ⩽ Ck−θmin(ℓ,1/15)/4100∥a∥C17(T∗Σ).

We emphasize that the remainder term above is very likely far from optimal. We did
not attempt to optimize the polynomial exponent in our proof. The function a need
not be compactly supported. Instead, one may also consider a general symbol a ∈
Sm(T ∗Σ), exploiting the fact that the eigenstates uk concentrate on the energy shell
{p = Ec}. This affects the convergence rate in Theorem 1.2 only through a negligible
remainder term of order O(k−∞).

A related quantitative result for QUE was recently obtained by Morin and Rivière
[MR24] in a different regime (the magnetic field is constant and the semiclassical
parameter is the inverse square root of the energy), in the context of their study of
magnetic Laplacians on the torus when the magnetic field is constant.
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Next, we discuss the case where the operator is perturbed by a small potential. Let

D∗Σ := {p < Ec}.

(This also corresponds to D∗Σ = {(x, ξ) ∈ T ∗Σ | |ξ| < B}.) Given V ∈ C∞(Σ),
we define ⟨V ⟩ ∈ C∞(D∗Σ) by setting for (x, ξ) ∈ D∗Σ

⟨V ⟩(x, ξ) := 1

2π · TE

∫ 2π·TE

0

V (π(Φt(x, ξ)))dt,

where π : T ∗Σ → Σ is the projection and (Φt)t∈R is the magnetic flow defined above.

Theorem 1.3 (Perturbation by a potential). — Let ε > 0, V ∈ C∞(Σ). Let (uk)k⩾0

be a sequence of eigenfunctions satisfying

(k−2∆k + k−2V )uk = Ekuk, 0 ⩽ Ek ⩽ Ec − ε, ∥uk∥L2 = 1.

Then any semiclassical limit uk ⇀k→∞ µ is invariant by the Hamiltonian vector fields
HΩ

p and HΩ
⟨V ⟩ of the Hamiltonians p and ⟨V ⟩.

More generally, one can also consider a perturbation of the form k−1V instead
of k−2V , provided that ∥V ∥L∞ is small enough depending on lim supk→+∞Ek. This
follows from an adaptation of the same proof, see Section 5.2.

As mentioned above, for E ∈ [0, Ec], the orbit space OE is diffeomorphic to the
surface Σ itself. The measure µ (in Theorem 1.3), being invariant under HΩ

p , descends
to a measure ν on OE . In addition, as HΩ

p .⟨V ⟩ = 0, one has that [HΩ
p , H

Ω
⟨V ⟩] = 0, and

thus HΩ
⟨V ⟩ descends to a vector-field Y on OE . Theorem 1.3 can then be reformulated

in the following form: the measure ν on OE is invariant by the flow generated by Y .

1.3. Literature. — Semiclassical magnetic Laplacians on closed hyperbolic surfaces
have been studied from various perspectives by several authors, see the physics refer-
ences [Com86, IL94] for the periodic regime, [GU89] for the trace formula, and [KT22]
for a more recent analysis of the trace formula near the critical energy—though the lat-
ter does not address semiclassical measures, as we do here. As previously mentioned,
parts (ii) and (iii) of Theorem 1.1 were already observed by Zelditch in [Zel92].

Part (i) of Theorem 1.1 and Theorem 1.3 are also reminiscent of analogous results
established on Zoll manifolds—that is, Riemannian manifolds on which all geodesics
are closed—see [CdV79, UZ93, Zel97, Mac08, Mac09, Zel15, MR16, AM22b, AM22a],
among others. In particular, we use a now standard trick called Weinstein’s averaging
method [Wei77] to treat the perturbation by a small potential.

Part (iii) of Theorem 1.1 bears similarity to Shnirelman’s result on Quantum
Unique Ergodicity (QUE), see [Shn74, Shn22, CdV85, Zel87]. This is closely related to
the QUE conjecture formulated by Rudnick and Sarnak [RS94], which posits that on
manifolds with negative curvature, the Liouville measure is the unique semiclassical
defect measure associated to high-frequency limits of Laplace eigenfunctions. See also
[Dya22] for a review of recent developments such as [Lin06, Ana08, DJ18].

J.É.P. — M., 2026, tome 13



598 L. Charles & T. Lefeuvre

Under some different assumptions (horizontal Laplacians on flat principal bundles
over Anosov Riemannian manifolds), a similar statement to (iii), Theorem 1.1, was
established in [CL, Th. 5.1.8] (see also [MM24] for related developments).

Finally, Theorem 1.2 should be compared with earlier results by Marklof and Rud-
nick [MR00] (see also the work by Rosenzweig [Ros06]) which appear to constitute
the first instance of quantitative Quantum Unique Ergodicity. More recently, Morin
and Rivière also obtained similar results for magnetic Laplacians on the torus [MR24].
The proof of Theorem 1.2 makes use of a quantitative version of unique ergodicity
due to Burger [Bur90].

1.4. Organization of the paper. — In Section 2, we recall elementary facts on the
dynamics of the magnetic flow, and compute the first eigenvalues of the magnetic
Laplacian in constant curvature. In Section 3, we provide some background material
on the twisted semiclassical quantization. In Section 4, we construct eigenstates con-
centrating on periodic orbits of the magnetic flow in the low-energy regime. Finally,
Theorems 1.1, 1.2 and 1.3 are proved in Section 5.

Acknowledgements. — We thank Gabriel Rivière and Léo Morin for helpful discus-
sions, and the anonymous referees for their comments.

2. Background

Throughout this section, we let (Σ, g) denote a closed, connected, oriented hyper-
bolic surface—that is, a Riemannian surface with constant curvature −1. We establish
the following results:

– In Section 2.1, we recall several technical results concerning the geometry and
dynamics on the tangent bundle TΣ. In particular, we emphasize the unique ergodicity
of the horocyclic flow, a key ingredient in the proof of Theorem 1.2.

– In Section 2.2, we introduce the magnetic flows on both the tangent and cotan-
gent bundles, and show that they are equivalent under the identification induced by
the metric. We also prove a technical result on the propagation of functions along the
magnetic flow, which will be instrumental in the proof of Theorem 1.2.

– Finally, in Section 2.3, we review standard properties of magnetic Laplacians.
In particular, we explicitly compute the bottom of their spectrum—the so-called Lan-
dau levels.

2.1. Geometry and dynamics on the tangent bundle. — Let TΣ be the tangent bun-
dle of Σ and

(2.1) π : TΣ −→ Σ

be the footpoint projection. We refer the reader to [Pat99, Ch. 1] or [Lef26, Ch. 13]
for background material on the geodesic flow.

J.É.P. — M., 2026, tome 13



Semiclassical measures of magnetic Laplacians 599

2.1.1. Structural equations. — The geodesic flow φt : TΣ → TΣ is defined as

φt(x, v) := (γ(t), γ̇(t)),

where γ : R → Σ is the (unique) curve solving Newton’s equation:

∇γ̇(t)γ̇(t) = 0, γ(0) = x, γ̇(0) = v,(2.2)

and ∇ is the Levi-Civita connection. We let

X := ∂tφt|t=0 ∈ C∞(TΣ, T (TΣ))

be its generator.
As Σ is oriented, there is a well-defined fiberwise rotation Rθ : TΣ → TΣ by angle

θ ∈ [0, 2π) in the fibers of TΣ. Let V be the generator of this rotation, namely

V := ∂θRθ|θ=0.

Let V⊥ be the Euler vector field of TΣ, i.e. the generator of the flow

(2.3) φV⊥
t (x, v) = (x, etv).

Finally, define
X⊥ := [V,X].

The vector fields {X,X⊥, V, V⊥} form a basis of T (TΣ) at any point of TΣ. The
metric for which this is an orthonormal frame is called the Sasaki metric.

We will need the following result:

Lemma 2.1. — The above vector fields satisfy the commutation relations:

(2.4)
[X,X⊥] = −|v|2V, [X,V ] = −X⊥, [X⊥, V ] = X,

[V⊥, X] = X, [V⊥, X⊥] = X⊥, [V, V⊥] = 0.

We refer to [Lef26, Lem. 15.2.1] for a proof. (In this reference, X⊥ is denoted by H;
the computations are done on the unit tangent bundle but the above relations follow
easily by a scaling argument.) Notice that in our case, the sectional curvature is
κ = −1.

2.1.2. Horocyclic flow. — For λ ⩾ 0, define

SλΣ := {|v|g = λ}.

We let SΣ := S1Σ be the unit tangent bundle. It is straightforward to verify that
X,X⊥ and V preserve the layers SλΣ.

The geodesic flow (φt)t∈R is Anosov on SΣ in the sense that there exists a contin-
uous flow-invariant decomposition

T (SΣ) = RX ⊕ Es ⊕ Eu,

where
|dφt(w)| ⩽ e−t|w|, ∀t ⩾ 0, w ∈ Es

|dφ−t(w)| ⩽ e−t|w|, ∀t ⩾ 0, w ∈ Eu.

J.É.P. — M., 2026, tome 13



600 L. Charles & T. Lefeuvre

Here |•| denotes the norm induced by the Sasaki metric on TΣ, which is defined as
the metric for which {X,X⊥, V, V⊥} is an orthonormal frame.

We define the (stable) horocyclic vector field by

U+ := X⊥ − V.

Let (ht)t∈R be the (stable) horocyclic flow generated by U+ on SΣ. Recall that the Li-
ouville measure on SΣ is the unique volume form µLiouv such that µLiouv(X,X⊥, V ) =

cst. The constant is normalized such that µLiouv is a probability measure on SΣ. The
Liouville measure is invariant by X,X⊥ and V ; it is thus also invariant by U+.

Theorem 2.2. — The following holds:

(i) The flow (ht)t∈R is uniquely ergodic on SΣ and µLiouv is the only flow-invariant
probability measure.

(ii) Let θ ∈ (0, 1/2) be such that θ(1 − θ) ⩽ λ1(Σ), where λ1(Σ) > 0 is the first
non-zero eigenvalue of the Laplacian ∆g on functions. Then there exists C > 0 such
that for all a ∈ C∞(SΣ), for all T > 0,

sup
v∈SΣ

∣∣∣∣ 1T
∫ T

0

a(ht(v)) dt−
∫
SΣ

a(v) dµLiouv

∣∣∣∣ ⩽ CT−θ∥a∥H3(SΣ),

where H3(SΣ) denotes the L2-based Sobolev norm of order 3.

Unique ergodicity in constant curvature was established by Furstenberg [Fur73],
while the rate of convergence of ergodic averages was proved by Burger [Bur90].
A refinement of this result can be found in [FF03].

2.2. Magnetic hyperbolic flow. — In this paragraph, we discuss the magnetic flow
both on the tangent and the cotangent bundles.

2.2.1. Magnetic flow on the tangent bundle. — A magnetic geodesic is a curve γ of Σ
which satisfies the equation

(2.5) ∇γ̇(t)γ̇(t) = −Bjγ(t)γ̇(t), γ(0) = x, γ̇(0) = v,

where (x, v) ∈ TΣ, ∇ stands for the Levi-Civita covariant derivative, j is the almost-
complex structure and B ∈ C∞(Σ) is the magnetic intensity. As Σ is oriented, and
equipped with a metric g, the almost-complex structure j ∈ C∞(Σ,End(TΣ)) is the
fiberwise endomorphism of TΣ given by rotation of tangent vectors by an angle +π/2.
In the sequel we assume that B is constant and positive. The magnetic flow (Φt)t∈R
is the autonomous flow of TΣ such that for any curve γ satisfying (2.5),

Φt(x, v) := (γ(t), γ̇(t)), ∀t ∈ R.

Lemma 2.3. — The magnetic flow is generated by the vector field F := X −BV .

J.É.P. — M., 2026, tome 13



Semiclassical measures of magnetic Laplacians 601

Proof. — We work in a chart U of Σ that we identify with an open subset of R2,
so TU = U × R2. Let (x, v) ∈ TU . Let c1, c2 be a geodesic and a magnetic geo-
desic respectively such that c1(0) = x = c2(0), ċ1(0) = v = ċ2(0). Then X(x, v) =

(ċ1(0), c̈1(0)) and F (x, v) = (ċ2(0), c̈2(0)), thus

F (x, v)−X(x, v) = (0, c̈2(0)− c̈1(0)) = (0, (∇ċ2 ċ2)(0)− (∇ċ1 ċ1)(0)) = (0,−Bjxv),

where we have used that ∇ċi ċi = c̈i + Γci(ċi)(ċi), Γ being the connection one-form,
and then Newton’s equations (2.2), (2.5). To conclude use that V (x, v) = (0, jxv). □

Remark 2.4. — The flow (Φt)t∈R is considered here on the tangent bundle TΣ,
whereas it was initially defined on the cotangent bundle T ∗Σ in the introduction.
In Section 2.2.2, we show that these two flows are equivalent under the musical iso-
morphism induced by the metric. To avoid unnecessary notation, unless specified
explicitly, we do not distinguish between the flows on TΣ and T ∗Σ in what follows.

Recall that (φt)t∈R is the geodesic flow (generated by X), (Rt)t∈R is the 2π-periodic
rotation in the circle fibers of SΣ (generated by V ).

Proposition 2.5. — For any λ > 0, the following holds:
(i) If λ < B, (Φt)t∈R on SλΣ is conjugate to (Rt/Tλ

)t∈R on SΣ, where Tλ =

(B2 − λ2)−1/2;
(ii) If λ = B, then (Φt)t∈R on SλΣ is conjugate to (ht)t∈R on SΣ;
(iii) If λ > B, then (Φt)t∈R on SλΣ is conjugate to (φt/T ′

λ
)t∈R on SΣ, where

T ′
λ = (λ2 −B2)−1/2.

Proof. — For λ > 0, let Ψλ : TΣ → TΣ be the map defined by Ψλ(x, v) := (x, λv).
Observe that Ψ∗

λX = λX and Ψ∗
λV = V . The flow of F = X − BV on SλΣ is thus

conjugate to the flow of Ψ∗
λF = λX −BV on SΣ.

As (Σ, g) is a hyperbolic surface, there exists a discrete torsion-free subgroup Γ <

PSL(2,R) such that SΣ = Γ\SH2 = Γ\PSL(2,R). The vector field λX − BV is
represented by the following matrix element of sl(2,R):

λ

(
1/2 0

0 −1/2

)
−B

(
0 1/2

−1/2 0

)
=

(
λ/2 −B/2
B/2 −λ/2

)
.

For λ = 1, B = 0, this is the generator of the geodesic flow; for λ = 0, B = 1, this is
the generator of the rotation flow in the circle fibers, see [FF03, §2.1] for details. The
eigenvalues of this matrix are ± 1

2 (λ
2−B2)1/2 if λ ⩾ B and ± i

2 (B
2−λ2)1/2 if B ⩾ λ.

Notice that for λ = B, one finds the matrix

λ/2

(
1 −1

1 −1

)
which is conjugate by an element of PSL(2,R) to(

0 1

0 0

)
,

the generator of the horocyclic flow.
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If two matrices in sl(2,R) are conjugate (by an element of PSL(2,R)), then their
corresponding flows are conjugate too. Hence, if B > λ, (Φt)t∈R on SλΣ is conjugate
to (Rt(B2−λ2)1/2)t∈R = (Rt/Tλ

)t∈R on SΣ. If B = λ, (Φt)t∈R on SλΣ is conjugate
to (ht)t∈R on SΣ. If B < λ, (Φt)t∈R on SλΣ is conjugate to (φt(λ2−B2)1/2)t∈R =

(φt/T ′
λ
)t∈R on SΣ. □

2.2.2. Magnetic flow on the cotangent bundle. — We now define the magnetic flow on
the cotangent bundle, and show that it coincides with that on the tangent bundle up
to the identification provided by the metric. Let

♭ : TΣ −→ T ∗Σ, ♭(x, v) := (x, gx(v, •))

be the musical isomorphism. Let A be the Liouville form on T ∗Σ defined by

(2.6) A(x,ξ) := ξ(dx,ξπ(•)),

where π : T ∗Σ → Σ denotes the projection. Consider the symplectic form

Ω ∈ C∞(T ∗Σ,Λ2T ∗(T ∗Σ)), Ω := dA+B π∗ vol,

where vol ∈ C∞(Σ,Λ2T ∗Σ) the Riemannian volume. Let p(x, ξ) := 1
2 |ξ|

2, and define
the flow (ΦT∗Σ

t )t∈R as the Hamiltonian flow of the function p ∈ C∞(T ∗Σ) with respect
to the symplectic form Ω. Namely (ΦT∗Σ

t )t∈R is generated by HΩp such that

dp = Ω(•, HΩ
p ).

To avoid confusion, let us denote temporarily (ΦTΣ
t )t∈R the magnetic flow defined on

TΣ in Section 2.2.1.

Lemma 2.6. — The map ♭ intertwines (ΦTΣ
t )t∈R and (ΦT∗Σ

t )t∈R, that is

ΦT∗Σ
t ◦ ♭ = ♭ ◦ ΦTΣ

t , ∀t ∈ R.

Proof. — Define the 1-form α := ♭∗A on TΣ. It satisfies

α(x,v) = gx(dx,vπ(•), v),

see [Pat99, Lem. 1.37, item 1]. Hence

♭∗Ω = dα+B π∗ vol,

where π : TΣ → Σ is the footpoint projection. Define h(x, v) := |v|2g/2. Let H♭∗Ω
h be

the Hamiltonian vector field of h, computed with respect to ♭∗Ω on TΣ, namely

dh = ♭∗Ω(•, H♭∗Ω
h ).

It is immediate that ♭∗HΩ
p = H♭∗Ω

h so the claim boils down to showing that

H♭∗Ω
h = X −BV.

For that, we compute:

(2.7) ♭∗Ω(•, X −BV ) = dα(•, X)−Bdα(•, V ) +Bπ∗ vol(•, X).

A quick computation reveals that dα(•, X) = dh. Indeed, dα(Y,X) = 0 = dh(Y ) for
Y = X,X⊥, V and dα(V⊥, X) = |v|2 = dh(V⊥) using the 2-homogeneity of h and
that V⊥ is the Euler vector field.
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In addition, using [Pat99, Prop. 1.24] for the formula for dα, we find:

dα(•, V ) = −gx(j(x)v,dπ(•)) = π∗ vol(•, X),

so the last two terms in (2.7) cancel out. This proves that ♭∗Ω(•, X −BV ) = dh, and
thus H♭∗Ω

h = X −BV . □

In what follows, we will often implicitly identify the magnetic flow on T ∗Σ and
TΣ. We also drop the index TΣ or T ∗Σ on the magnetic flow (Φt)t∈R.

2.2.3. Propagation estimate. — The following lemma will be crucial in the proof of
Theorem 1.2; it computes effectively the Lyapunov exponents of the magnetic flow
on the energy layers {p ⩽ E}. We write x+ := max(x, 0) for x ∈ R. To uniformize
notation, we also let p(x, v) := 1

2 |v|
2 on TΣ (instead of h as in Section 2.2.2).

Lemma 2.7 (Propagation estimate). — Let n ⩾ 0. There exist a constant Cn > 0 and
an integer mn ⩾ 0 (with m0 = 0) such that for all E ∈ [0, 10Ec], for all f ∈ C∞

c (TΣ)

with supp(f) ⊂ {p ⩽ E}, for all t ⩾ 0:

(2.8) ∥f ◦ Φt∥Cn(TΣ) ⩽ Cn⟨t⟩mne
√
2(E−Ec)

1/2
+ nt∥f∥Cn(TΣ).

The proof actually gives

mn = 3n+ n(n+ 1)/2.

The important point is that Cn is independent of the maximal energy layer {p = E}
supporting f . We emphasize that Lemma 2.7 is stated on the tangent bundle TΣ

but it also holds for the horocyclic flow on T ∗Σ (see the discussion at the end of
Section 2.2).

Proof. — We define inductively the Cn norm for n ⩾ 0 by

(2.9) ∥f∥Cn+1(TΣ) := ∥f∥Cn(TΣ) +
∑

Z=X,X⊥,V,V⊥

∥Zf∥Cn(TΣ).

We prove the claim by iteration on n. Fix v ∈ TΣ and Z ∈ Tv(TΣ) (we drop the
footpoint x in the notation). We write for t ∈ R:

dΦt(Z) = a(t, v)X(Φt(v)) + b(t, v)X⊥(Φt(v)) + c(t, v)V (Φt(v)) + d(t, v)V⊥(Φt(v)).

Precomposing with (dΦt)
−1, differentiating with respect to t ∈ R and using (2.4) to

compute the Lie brackets appearing, one verifies that (we drop the v in the notation):

ȧ(t)+Bb(t)−d(t) = 0,(2.10)

b̈(t) + (B2 − |v|2)b(t)−Bd(t) = 0,(2.11)
ċ(t)− |v|2b(t) = 0,(2.12)

ḋ(t) = 0.(2.13)

(The equation obtained for ḃ(t) is ḃ(t)− Ba(t)− c(t) = 0. Differentiating once again
with respect to t ∈ R and using (2.10) and (2.12), one obtains (2.11).)
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By (2.13), d(t) = d(0). Inserting this in (2.11), we find that for |v| < B,

(2.14) b(t, v) =
Bd(0)

B2 − |v|2
(
1− cos((B2 − |v|2)1/2t)

)
+ b(0) cos((B2 − |v|2)1/2t)

+
Ba(0) + c(0)

(B2 − |v|2)1/2
sin((B2 − |v|2)1/2t).

For |v| = B:

(2.15) b(t, v) =
Bd(0)

2
t2 + b(0) + (Ba(0) + c(0))t.

(Notice that one recovers (2.15) from (2.14) by letting |v| → B.) For |v| > B:

(2.16) b(t, v) =
Bd(0)

B2 − |v|2
(
1− cosh((|v|2 −B2)1/2t)

)
+ b(0) cosh((|v|2 −B2)1/2t)

+
Ba(0) + c(0)

(|v|2 −B2)1/2
sinh((|v|2 −B2)1/2t).

Using (2.10) and (2.12), we then find:

a(t, v) = a(0)+td(0)−B
∫ t

0

b(s, v)ds,(2.17)

c(t, v) = c(0) + |v|2
∫ t

0

b(s, v)ds.(2.18)

It follows from (2.14), (2.15) and (2.16) that for all n ⩾ 0, there exists Cn > 0 such
that:

(2.19) ∥b(t, •)∥Cn({p⩽E}) ⩽ Cn⟨t⟩2+ne
√
2(E−Ec)

1/2
+ t.

Indeed, there exists a constant C > 0 such that for all ω ∈ (0, 1), for all t ⩾ 0,

max
(
ω−2(1− cosh(ωt)), ω−1 sinh(ωt)

)
⩽ C⟨t⟩2eωt,

and the same holds by replacing respectively sinh and cosh by sin and cos. Inserting
the previous estimate in (2.14) and (2.16) proves (2.19) in the case n = 0. Taking
derivatives, and iterating the same argument, one obtains (2.19). Then, inserting
(2.19) in (2.17) and (2.18), we find that:

(2.20) ∥a(t, •)∥Cn(TΣ), ∥c(t, •)∥Cn(TΣ) ⩽ Cn⟨t⟩3+ne
√
2(E−Ec)

1/2
+ t.

We now go back to (2.9). Our aim is to estimate:

∥f ◦ Φt∥Cn+1(TΣ) = ∥f ◦ Φt∥Cn(TΣ) +
∑

Z=X,X⊥,V,V⊥

∥df ◦ Φt(dΦt(Z))∥Cn(TΣ),
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in order to prove (2.8) iteratively on n ⩾ 0. For n = 0, the claim is immediate with
m0 = 0 and C0 = 1. Suppose that it holds for n ⩾ 0. Notice that

∥df ◦ Φt(dΦt(Z))∥Cn = ∥df ◦ Φt(a(t, •)X + b(t, •)X⊥ + c(t, •)V + d(t, •)V⊥)∥Cn

≲ ∥a(t, •)∥Cn∥(Xf) ◦ Φt∥Cn + ∥b(t, •)∥Cn∥(X⊥f) ◦ Φt∥Cn

+ ∥c(t, •)∥Cn∥(V f) ◦ Φt∥Cn + ∥d(t, •)∥Cn∥(V⊥f) ◦ Φt∥Cn

≲ ⟨t⟩3+ne
√
2(E−Ec)

1/2
+ t⟨t⟩mne

√
2(E−Ec)

1/2
+ nt max

Z=X,X⊥,V,V⊥
∥Zf∥Cn

⩽ Cn+1⟨t⟩mn+1e
√
2(E−Ec)

1/2
+ (n+1)t∥f∥Cn+1 ,

for some uniform constants Cn+1 > 0, where we used in the second line that ∥•∥Cn(TΣ)

is an algebra norm, and in the third line the estimates (2.19) and (2.20) together with
the inductive assumption (2.8), and the fact that f has support in the energy layers
{p ⩽ E}. This proves the claim by setting mn+1 := mn + 3 + n. □

2.3. Magnetic hyperbolic Laplacian. — By the Gauss-Bonnet formula, the metric
being hyperbolic, the volume is

(2.21)
∫
Σ

vol = 4π(g − 1),

where g ⩾ 2 is the genus of Σ. Let L→ Σ be a Hermitian line bundle with a Hermitian
connection ∇ whose curvature is −iB vol, B > 0 being a positive constant. Since the
Chern class of L is (2π)−1B · [vol], the degree of L is

(2.22) deg(L) = (2π)−1B

∫
Σ

vol = 2B(g − 1) ∈ Z.

Thus, the pair (L,∇) exists if and only if 2B(g− 1) is an integer. When it exists, it is
unique up to tensor product by a flat Hermitian line bundle. The space of flat Hermit-
ian line bundles up to equivalence is in one-to-one correspondence trough the holo-
nomy representation with the character space Mor(π1(Σ),U(1)) ≃ U(1)2g. An exam-
ple of a pair (L,∇) is provided by the canonical bundle K := T 1,0Σ, endowed with
its Chern connection, whose curvature is −i vol, so in this case B = 1.

Let ∆ := 1
2∇

∗∇ be the Laplacian acting on C∞(Σ, L). Since Σ is compact, ∆ has
a discrete spectrum and each eigenvalue has finite multiplicity. We denote by λ0 ⩽
λ1 ⩽ · · · the eigenvalues of ∆. The following result was proved in [IL94] (see also
[TP06, Cha24b]):

Proposition 2.8. — The following holds:
(i) For any pair (L,∇) with curvature F∇ = −iB vol with B > 0, the first N := ⌊B⌋

eigenvalues are given by

λm = B(1/2 +m)− m(m+ 1)

2
, 0 ⩽ m < N,(2.23)

and the multiplicity of λm is 2(g − 1)(B − 1/2−m) when m ⩽ N − 2.
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(ii) If (L,∇) = (Kr,∇Chern) with r ⩾ 1, then (2.23) holds for m ⩽ r and the
remaining part of the spectrum is given by λr+n = λr +

1
2µn where {µn, n ⩾ 0} is the

spectrum of the Laplace-Beltrami operator of (Σ, g).

We call the eigenvalues λm given by (2.23) and their eigenspaces the Landau levels.
These quantum levels correspond to the classical energy levels SλΣ with λ < B on
which the magnetic flow is periodic. A first clue of this fact is that (2.23) applied
with m = B gives 1

2B
2 which is exactly the classical energy 1

2λ
2 at the critical value

λ = B. Moreover, as was noticed by Comtet [Com86], (2.23) can be interpreted as a
Bohr-Sommerfeld condition.

On a different perspective, a common characteristic of the magnetic flow below
the critical energy and the Landau levels is that they do not depend on the choice of
hyperbolic metric g. The part of the spectrum above the critical energy has a different
nature (as seen with L = Kr for instance).

Sketch of proof. — This follows from the Riemann-Roch theorem and the following
two identities

∆ = □L + 1
2B, ∂L∂

∗
L = □L⊗K−1 +B − 1.(2.24)

Here, L is equipped with its holomorphic structure whose Chern connection is ∇,
∂L : C∞(L) → C∞(L⊗K−1) is the d-bar operator with the identification K = K−1

induced by the metric, and □L = ∂
∗
L∂L. The first identity of (2.24) is a classical

Bochner identity, the second one is proved in [Cha24a, Th. 7.1].
For any m ∈ N, let ∂m = ∂L⊗K−m and □m = □L⊗K−m . The curvature of L⊗K−m

being 1
i (B −m) vol, the second identity gives

∂m□m = (□m+1 + (B −m)− 1)∂m.

Introduce the operator □−1
m of C∞(L⊗K−m) equal to 0 on ker□m and inverting □m

on the orthogonal of ker□m. Then □−1
m ∂

∗
m is the inverse of ∂m on (ker□m)⊥, so by

the previous equation

□m = □−1
m ∂

∗
m

(
□m+1 +B − (m+ 1)

)
∂m.

As a consequence, the spectra satisfy

Sp(□m)∖ {0} = Sp(□m+1) +B − (m+ 1).(2.25)

Moreover, since the degree of L ⊗ K−m is (B − m)2(g − 1), by the Riemann-Roch
theorem, h0(L ⊗ K−m) := dim(ker□m) is positive when B − m ⩾ 1, and equal to
(B −m)2(g − 1) + 1− g when B −m ⩾ 2.

We deduce the first part of the theorem as follows: by the first identity of (2.24),
∆ = □0 + 1

2B and if B ⩾ 1, λ0 = 1
2B and its multiplicity is h0(L). If B ⩾ 2,

then H0(Σ, L ⊗ K−1) > 0, so λ1 = 1
2B + B − 1 by (2.25) and its multiplicity is

H0(Σ, L⊗K−1). We can repeat this until we can no longer apply the Riemann-Roch
theorem.
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When L = Kr, after r iterations, it comes that Sp(∆)∖ {λ0, . . . , λr−1} is equal to
the spectrum of □r +

1
2r

2. By Bochner identity, □r is the Laplace-Beltrami operator.
□

3. Twisted semiclassical calculus

We now introduce the semiclassical limit we will be working with. In this section,
Σ need just be a closed manifold. Let L → Σ be a Hermitian line bundle with a
Hermitian connection ∇. We do not make any assumption on the curvature F∇. This
section is organized as follows:

– In Section 3.1, we introduce the twisted semiclassical pseudodifferential calculus;
– In Section 3.2, we discuss semiclassical defect measures associated to quasimodes

in this calculus.

3.1. Definition and main properties. — For m ∈ R, denote by Ψm
sc(Σ) the space of

standard (h-dependent) semiclassical pseudodifferential operators of degree m ∈ R
(see [Zwo12, Ch. 14] for an introduction). We emphasize that A ∈ Ψm

sc(Σ) is a family
of operators A = (Ah)h>0, where Ah = Oph(ah) + O(h∞), Oph is an arbitrary semi-
classical quantization on Σ, and ah ∈ Sm

h (T ∗Σ) satisfies uniform symbolic estimates
in h > 0 (see [Lef26, Ch. 3] for a definition of symbol classes). In addition, the family
A might not be defined for all values of h > 0, but only on a subset.

Definition 3.1 (Twisted semiclassical quantization). — A family of operators A :=

(Ak)k⩾0 such that
Ak : C∞(Σ, Lk) −→ C∞(Σ, Lk),

belongs to the space of twisted semiclassical operators Ψm
tsc(Σ) of degree m ∈ R if the

following holds: for all contractible open subset U ⊂ Σ, for all χ, χ′ ∈ C∞
c (U), for

all s ∈ C∞(U,L) such that |s| = 1 fiberwise, there exists a family of semiclassical
operators A := (Ah) ∈ Ψm

sc(Σ) such that for all f ∈ C∞
c (U):

(3.1) s−kAk(fs
k) = A1/kf.

This quantization was introduced by the first author [Cha00]. We also refer to
[CL, §3.2] and [Cha25, §2] for a general introduction to this quantization procedure.
We now recall some of its properties.

Define on the open set U the real-valued 1-form β ∈ C∞(U, T ∗U) by ∇s = −iβ⊗s
(hence ∇sk = −ikβ ⊗ sk). We also introduce the symplectic 2-form

(3.2) Ω := dA+ iπ∗F∇,

where dA is the Liouville 2-form on T ∗Σ (see (2.6)) and π : T ∗Σ → Σ is the projection.
(For the magnetic Laplacian on surfaces, we will have Ω = dA + Bπ∗ vol.) It can
be easily checked that (3.2) defines a non-degenerate (closed) 2-form. Given p ∈
C∞(T ∗Σ), the Hamiltonian vector field of p associated to Ω is denoted by HΩ

p . It is
defined through the relation

dp = Ω(•, HΩ
p ).
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Finally, the Poisson bracket of two observables p, q ∈ C∞(T ∗M) computed with
respect to Ω is written as {p, q}Ω =: HΩ

p q. We sum up the main properties of this
calculus (below, Sm

k (T ∗Σ) denotes the space of symbols of order m which may depend
on k ⩾ 0; however, the symbolic estimates are required to be uniform in k):

Proposition 3.2. — The following properties hold:
(i) Algebra property. The space

Ψ•
tsc(Σ) :=

⋃
m∈R Ψm

tsc(Σ)

is a graded algebra. Namely, for all A ∈ Ψm
tsc(Σ), B ∈ Ψm′

tsc(Σ), A◦B ∈ Ψm+m′
tsc(Σ).

(ii) Principal symbol. For A ∈ Ψm
tsc(Σ), there is a well-defined principal symbol

given by
σA(x, ξ; k) = a(x, ξ + β(x)) ∈ Sm

k (T ∗Σ)/k−1Sm−1
k (T ∗Σ),

where a is the principal symbol of A1/k.
(iii) Commutator. For A ∈ Ψm

tsc(Σ), B ∈ Ψm′

tsc(Σ), [A,B] ∈ k−1Ψm+m′−1
tsc (Σ) with

principal symbol
σk[A,B] = −i{σA, σB}Ω.

(iv) Calderon-Vaillancourt. Let A ∈ Ψ0
tsc(Σ). Then Ak : L2(Σ, Lk) → L2(Σ, Lk) is

bounded for all k ⩾ 0 with norm

∥Ak∥L2→L2 ⩽ ∥σA(•; k)∥L∞(T∗Σ) + O(k−1).

By construction, the operator ∆k := 1
2k

−2(∇k)∗∇k ∈ Ψ2
tsc(Σ) belongs to this

calculus and has principal symbol p(x, ξ) := σ∆k
(x, ξ) = 1

2 |ξ|
2
g.

Conversely, one defines a quantization map Op : Sm
k (T ∗Σ) → Ψm

tsc(Σ) as follows.
Consider a smooth function χ ∈ C∞(Σ×Σ), equal to 1 near the diagonal ∆ ⊂ Σ×Σ

and supported in {d(x, y) < ι(g)/2026}, where ι(g) is the injectivity radius of the
metric g. For k ⩾ 0, and x, y ∈ supp(χ), let τx→y : Lk

x → Lk
y denote the parallel

transport with respect to ∇ along the unique g-geodesic joining x to y. We then set:

Opk(ak)f(x) :=
1

2π

∫
Σ

∫
T∗
xΣ

e−ikξ(exp−1
x (y))ak(x, ξ)τy→x(f(y))χ(x, y)dξdy,

where dy is the Riemannian volume, and dξ the induced volume in the fibers of T ∗Σ.
It is a standard calculation to verify that

σOpk(ak) = [ak] ∈ Sm
k (T ∗Σ)/k−1Sm−1

k (T ∗Σ).

An operator A ∈ Ψ•
tsc(Σ) is microlocally compactly supported if A = Opk(ak) +

O(k−∞) where ak ∈ C∞
c (T ∗Σ) has (uniformly in k) compact support on T ∗Σ, and the

remainder term O(k−∞) denotes an operator with smooth Schwartz kernel on Σ×Σ,
all of whose derivatives are O(k−∞) in L∞-norm. We denote by Ψc

tsc(Σ) the set of
microlocally compactly supported operators.

Finally, we shall use the radial compactification T ∗Σ := T ∗Σ⊔∂∞T ∗Σ of cotangent
space (obtained by adding a sphere at infinity to each fiber of T ∗Σ), see [DZ19,
App. E.1.3]. As in standard semiclassical theory, an operator A ∈ Ψm

tsc(Σ) is elliptic
at (x0, ξ0) ∈ T ∗Σ if there exists a constant c > 0 such that for all k ⩾ 0 large enough,
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|σA(x, ξ; k)| ⩾ c⟨ξ⟩m in a neighborhood of (x0, ξ0). The elliptic set of an operator is
denoted by ell(A) ⊂ T ∗Σ and the characteristic set is the complement of the elliptic
set. Operators can be inverted modulo O(k−∞) smoothing operators on their elliptic
set (parametrix construction).

3.2. Defect measures. — Quasimodes of energy E ⩾ 0 are sections uk ∈ C∞(Σ, Lk)

satisfying

(3.3) (k−2∆k − E)uk = OL2(εk), ∥uk∥2L2 = 1,

where εk → k→∞0. Up to extraction along a subsequence (kn)n⩾0, there exists a
measure µ on T ∗Σ such that for all a ∈ C∞

c (T ∗Σ),

(3.4) lim
n→∞

⟨Opkn
(a)ukn , ukn⟩L2 =

∫
T∗Σ

a(x, ξ)dµ(x, ξ).

That ∆k is elliptic on ∂∞T
∗Σ (boundary at infinity of the radial compactification

of T ∗Σ), implies that µ is a probability measure, see [DZ19, App. E, Exer. 23]. In the
following, recall that p(x, ξ) = 1

2 |ξ|
2
g.

Proposition 3.3. — Let µ be a probability measure associated to the quasimodes (3.3).
Then the following holds:

(i) Assume that εk = o(1). Then

supp(µ) ⊂ Char(k−2∆k − E) = {p = E}.

(ii) Assume that εk = o(1/k). Then µ is invariant by the magnetic Hamiltonian
vector field HΩ

p , that is for all a ∈ C∞
c (T ∗Σ),∫

T∗Σ

HΩ
p a(x, ξ) dµ(x, ξ) = 0.

We refer to [DZ19, App. E.3] for a proof.

3.3. Technical estimates. — We will need some precise estimates on the remainder
in the standard operations of semiclassical analysis (product, commutator, propaga-
tion, etc.). Recall that (Φt)t∈R is the magnetic flow on T ∗Σ, that is the Hamiltonian
flow generated by HΩ

p .

Proposition 3.4. — For any E > 0, there exists a constant C > 0 such that for all
k ⩾ 0, for all a, b ∈ C∞

c (T ∗Σ) with supp(a), supp(b) ⊂ {|ξ|g ⩽ E}, the following
holds:

∥Opk(a)∥L2→L2 ⩽ ∥a∥L∞(T∗Σ) + k−1/2∥a∥C14(T∗Σ),(3.5)
∥Opk(a)Opk(b)−Opk(ab)∥L2→L2 ⩽ Ck−1∥a∥C17(T∗Σ)∥b∥C17(T∗Σ),(3.6)

∥[Opk(a),Opk(b)]−Opk(−ik−1{a, b})∥L2→L2 ⩽ Ck−1∥a∥C17(T∗Σ)∥b∥C17(T∗Σ),

(3.7)

∥eitk
−1∆ Opk(a)e

−itk−1∆ −Opk(a ◦ Φt)∥L2→L2 ⩽ Ck−1

∫ t

0

∥a ◦ Φs∥C17(T∗Σ)ds.

(3.8)
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The above estimates are very likely suboptimal by far; however, we did not try to
optimize them.

Proof. — Estimate (3.5) follows from [Non19, Th. 5.26] applied in dimension 2 and
Lemma [DJN22, Lem. A.4]. The estimates (3.6) and (3.7) can be found in [DJN22,
Lem. A.6] for the standard semiclassical quantization. It is an exercise to verify that
the proofs go through for the twisted quantization. Finally, (3.8) follows from (3.7).
Indeed, since eitk−1∆ is unitary on L2(Σ, Lk), it suffices to estimate ∥B(t)∥, where

B(t) := Opk(a)− e−itk−1∆ Opk(a ◦ Φt)e
itk−1∆.

Notice that B(0) = 0 and using (3.7):

B′(t) = e−itk−1∆
(
k[ik−2∆k,Opk(a ◦ Φt)]−Opk(Hpa ◦ Φt)

)
eitk

−1∆

= OL2→L2(∥a ◦ Φt∥C17(T∗Σ)h),

where p is the principal symbol of k−2∆k. Writing

B(t) =

∫ t

0

B′(s)ds,

we find the claimed result. □

4. Construction of eigenstates

We now assume that (Σ, g) is a Riemannian surface of constant curvature −1, genus
⩾ 2, and L → Σ is a Hermitian line bundle equipped with a unitary connection ∇
with curvature F∇ = −iB vol and B > 0 is constant. Without loss of generality, since
H2(Σ,Z) ≃ Z and we will be considering power Lk → Σ, we can further assume that
deg(L) = 1. Note that by (2.22), this forces B = |χ(Σ)|−1. Hence, in what follows,
the magnetic intensity on M is fixed and equal to B = |χ(Σ)|−1 on L→ Σ.

This section is organized as follows:
– In Section 4.1, we adapt Weinstein’s averaging method [Wei77] to our context

and introduce an operator Ak whose principal symbol generates a 2π-periodic flow
on {p < Ec} which is a renormalization of the magnetic flow;

– We then use it in Section 4.2 to construct specific eigenstates concentrating in
phase space on any closed orbit of the magnetic flow.

4.1. The averaging method. — By Proposition 2.8 applied to Lk → Σ with curvature
F∇k = −ikB vol, the first eigenvalues of ∆k = 1

2∇
∗∇ : C∞(Σ, Lk) → C∞(Σ, Lk) are

given for m < ⌊kB⌋ by

(4.1) λk,m = kB(m+ 1/2)−m(m+ 1)/2.

Notice that λk,⌊kB⌋−1 ∼ k2Ec as k → ∞, where Ec = 1
2B

2 is the critical energy. As
a consequence, for any ε > 0, we have that

Sp(k−2∆k) ∩ [0, Ec − ε] ⊂ {k−2λk,m | m < ⌊kB⌋}

when k is sufficiently large.
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4.1.1. Weinstein’s periodic operator. — The following paragraph is inspired by Wein-
stein’s averaging method [Wei77]. Let Πk,m be the orthogonal projector of C∞(M,Lk)

onto ker(∆k − λk,m), and set:

(4.2) Ak := k−1

⌊kB⌋−1∑
m=0

mΠk,m.

Observe that by construction Sp(Ak) ⊂ k−1Z⩾0 and thus

(4.3) e2ikπAk = 1.

Furthermore, by (4.1), on the space

Ik :=
⌊kB⌋−1⊕
m=0

ker(∆k − λk,m),

the operator Ak satisfies the identity

(4.4) k−2∆k = B(Ak + 1
2k

−1)− 1
2Ak(Ak + k−1).

Equivalently,

(4.5) Ak = B − 1
2k

−1 −
√
B2 − 2k−2∆k + 1

4k
−2,

on Ik. Finally, observe that

(4.6) Πk,m =
1

2π

∫ 2π

0

e−imteitkAkdt.

This turns out to be a Fourier Integral Operator in the semiclassical regime k → ∞.
Let

D∗Σ := {(x, ξ) ∈ T ∗Σ | |ξ| < B}.

Let a be the function defined on D∗Σ through the relation

(4.7) p(x, ξ) = β(a(x, ξ)), ∀(x, ξ) ∈ D∗Σ,

where β : [0, B] → [0, 12B
2] is the function β(s) := Bs− 1

2s
2. The following holds:

Lemma 4.1. — Let χ ∈ C∞
c (T ∗Σ) such that supp(χ) ⊂ D∗Σ and φ ∈ C∞(R) such

that supp(φ) ⊂ (−∞, B). Then

Opk(χ)Ak, φ(Ak) ∈ Ψc
tsc(Σ),

and these operator have respective principal symbols χa and φ(a).

We emphasize that Ak is not a pseudodifferential operator because of the spectral
cutoff involved in its definition (the spectral projector onto Ik). However, in what
follows, we will always use Opk(χ)Ak, φ(Ak) which are pseudodifferential operators.
For simplicity, we also say that a is the principal symbol of Ak, although this only
makes sense in D∗Σ.
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Proof. — We define fk : [0, 12B
2] → R by:

(4.8) fk(s) = B − 1
2k

−1 −
√
B2 − 2s+ 1

4k
−2.

Notice that φ◦fk is smooth with compact support in [0, 12B
2) by the assumption made

on the support of φ; it can thus be extended to a smooth compactly supported func-
tion ck on [0,∞). In addition, using (4.5), the equality φ(Ak) = φ(fk(k

−2∆k)) =

ck(k
−2∆k) holds. The function ck has compact support on [0,∞) and uniformly

bounded derivatives as k → ∞. Hence, by standard functional calculus (see [Zwo12,
Th. 14.9] for instance), ck(k−2∆k) = φ(Ak) ∈ Ψc

tsc(Σ).
We now establish that Opk(χ)Ak ∈ Ψc

tsc(Σ). For that, we write

Opk(χ)Ak = Opk(χ)ψ(k
−2∆k)Ak +Opk(χ)(1− ψ(k−2∆k))Ak,

where ψ is smooth with compact support in (−∞, Ec) and such that ψ(p) ≡ 1

on the support of χ. Notice that Opk(χ)ψ(k
−2∆k)Ak = Opk(χ)dk(k

−2∆k), where
dk(x) = ψ(x)fk(x) and fk was defined in (4.8). The function dk extends to a smooth
compactly supported function on [0,∞) and the same argument as in the previous
paragraph using functional calculus shows that Opk(χ)ψ(k

−2∆k)Ak ∈ Ψc
tsc(Σ). Let

us now prove that Opk(χ)(1−ψ(k−2∆k))Ak is a residual operator, namely that it has
smooth Schwartz kernel all of whose derivatives are O(k−∞). By standard arguments,
it suffices to prove that

Opk(χ)(1− ψ(k−2∆k))Ak : H−N
k (Σ, Lk) −→ H+N

k (Σ, Lk)

is bounded for all N ⩾ 0 with norm O(k−∞), where the space Hs(Σ, Lk) is defined
as the completion of C∞(Σ, Lk) with respect to the norm

(4.9) ∥u∥2Hs(Σ,Lk) := ∥(k−2∆k + 1)s/2u∥2L2(Σ,Lk).

By the support property of ψ, the operator Opk(χ)(1−ψ(k−2∆k)) clearly satisfies this
property (this is a composition of two operators with disjoint microsupport). Hence,
it suffice to show that Ak : H−N

k (Σ, Lk) → H−N
k (Σ, Lk) is bounded with norm O(1)

for all integers N ⩾ 0. Using (4.9), this amounts to proving that

(k−2∆k + 1)−N/2Ak(k
−2∆k + 1)N/2 : L2(Σ, Lk) −→ L2(Σ, Lk)

has norm O(1). However, this is immediate using (4.2) and the fact that this operator
acts diagonally on the Fourier decomposition into eigenmodes of ∆k.

Finally, to compute the principal symbol of these operators, merely observe that
by (4.4), we have p = Ba− a2/2 = β(a). □

The function a will play an important role in the sequel. One important property
is the following:

Lemma 4.2. — The Hamiltonian vector field HΩ
a of the symbol a generates a 2π-peri-

odic flow on D∗Σ.
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Proof. — This can be seen by writing a = α(p) with α(y) := B −
√
B2 − 2y, and

noticing that α′(E) = (B2 − 2E)−1/2 is the period of the orbits of HΩ
p with energy

p = E (see Proposition 2.5, item (i)). □

Given a function f ∈ C∞(D∗Σ), introduce its average ⟨f⟩ ∈ C∞(D∗Σ) by:

(4.10) ⟨f⟩(z) := 1

2π

∫ 2π

0

f(Φa
t (z)) dt,

where (Φa
t )t∈R is the 2π-periodic Hamiltonian flow generated by HΩ

a on D∗Σ:

Lemma 4.3. — Fix ε > 0. For all f ∈ C∞
c (D∗Σ), k ⩾ 0, for all 0 ⩽ m ⩽ (1− ε)kB,

the following holds:

Πk,m Opk(f)Πk,m = Opk(⟨f⟩)Πk,m + OL(L2)(k
−1).

Here the O depends on f but is uniform with respect to m.

The proof is a variation on Egorov’s theorem (see [Zwo12, Th. 15.2] for instance).

Proof. — In the proof, the O’s are measured in operator norm L2 → L2. Fix f ∈
C∞

c (D∗Σ) and choose φ ∈ C∞(−∞, B) such that φ(a) = 1 on a neighbourhood of
the support of f . Then

Opk(f)φ(Ak) ≡ Opk(f) ≡ φ(Ak)Opk(f),

where ≡ stands for equality modulo O(k−∞). This yields

[Opk(f),Ak] ≡ [Opk(f), φ(Ak)Ak] =
1

ik
Opk({f, φ(a)a}) + O(k−2)

=
1

ik
Opk({f, a}) + O(k−2).

Write Ut := eitkAk . Integrating the previous relation, we obtain the weak form of
Egorov’s theorem for Ak:

Ut Opk(f)U−t = Opk(f ◦ Φa
t ) + O(k−1).(4.11)

Since UtΠk,m = Πk,mUt = eitmΠk,m, we obtain that

Πk,m Opk(f)Πk,m = Πk,mUt Opk(f)U−tΠk,m = Πk,m Opk(f ◦ Φa
t )Πk,m + O(k−1).

Averaging over time, we find that

Πk,m Opk(f)Πk,m = Πk,m Opk(⟨f⟩)Πk,m + O(k−1).(4.12)

Moreover, since ⟨f⟩ ◦ Φa
t = ⟨f⟩, we deduce from (4.11) that [Ut,Opk(⟨f⟩)] = O(k−1)

and from (4.6) that [Πk,m,Opk(⟨f⟩)] = O(k−1). The claim then follows from this last
relation and (4.12). □
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4.1.2. Normal form for a perturbed operator. — We conclude by establishing a normal
form for operators φ(Ak) + k−1R which will be used in the proof of Theorem 1.3.

Lemma 4.4. — Let R ∈ Ψc
tsc(Σ) be formally selfadjoint with microsupport in D∗Σ

and φ ∈ C∞
c (0,∞) such that φ′(a) ̸= 0 on the microsupport of R. Then there exists a

sequence (Sj)j⩾0 with Sj ∈ Ψc
tsc(Σ) and Sj selfadjoint, such that for all ℓ ⩾ 2, there

exists R′
ℓ ∈ Ψc

tsc(Σ) selfadjoint such that

(4.13) U∗
ℓ (φ(Ak) + k−1R)Uℓ = φ(Ak) + k−1R′

ℓ + OΨc
tsc(Σ)(k

−ℓ),

with [φ(Ak), R
′
ℓ] = 0 and Uℓ =

∏ℓ−2
j=0 e

−ik−jSj .

Given an operator R with microsupport in D∗Σ, set

⟨R⟩ := 1

2π

∫ 2π

0

eitkAkRe−itkAk dt.

Notice that ⟨R⟩ ∈ Ψc
tsc(Σ) and ⟨R⟩ commutes with Ak since

[Ak, ⟨R⟩] =
1

2π

∫ 2π

0

eitkAk [Ak, R]e
−itkAk dt

=
1

2π

∫ 2π

0

d

dt
(eitkAkRe−itkAk) dt =

1

2π
(e2iπkAkRe−2iπkAk −R) = 0,

using (4.3). Furthermore, if R ∈ Ψc
tsc(Σ) has microsupport inD∗Σ, then ⟨R⟩ ∈ Ψc

tsc(Σ)

has microsupport in D∗Σ too, and has principal symbol given by ⟨r⟩, where r is the
principal symbol of R. In addition ⟨R⟩ is selfadjoint if R is. Finally, let us observe
that for any function c ∈ C∞

c (D∗Σ), there exists a function s ∈ C∞
c (D∗Σ) such that

{a, s}Ω = c− ⟨c⟩. For that, it suffices to set

(4.14) s :=
1

2π

∫ 2π

0

(∫ t

0

(c− ⟨c⟩) ◦ Φa
t′ dt

′
)
dt.

This is well-defined by 2π-periodicity of the Hamiltonian flow of a. More generally,
if φ ∈ C∞(R) satisfies φ′(a) ̸= 0 on D∗Σ then one can find a solution s ∈ C∞

c (D∗Σ) to

(4.15) {φ(a), s}Ω = c− ⟨c⟩,

using {φ(a), s}Ω = φ′(a){a, s}Ω and (4.14).

Proof. — We use the notation h := 1/k. We argue by induction on ℓ ⩾ 2 and start
with ℓ = 2. Notice that

eiS0(φ(Ak) + hR)e−iS0 = φ(Ak) + hR+ i[S0, φ(Ak)] + O(h2)

= φ(Ak) + hR− hOpk({φ(a), s0}Ω) + O(h2).

By (4.15), we can find a symbol s0 ∈ C∞
c (D∗Σ) such that {φ(a), s0}Ω = r − ⟨r⟩,

where r ∈ C∞
c (D∗Σ). Since s0 is real-valued, we can find S0 selfadjoint with principal

symbol s0. Going back to the previous equation, we then find

eiS0(φ(Ak) + hR)e−iS0 = φ(Ak) + h⟨R⟩+ O(h2).

Notice that ⟨R⟩ is selfadjoint. This proves the claim for ℓ = 2 using [φ(Ak), ⟨R⟩] = 0

as [Ak, ⟨R⟩] = 0.
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Assume now that (4.13) holds for ℓ ⩾ 2, that is

U∗
ℓ (φ(Ak) + hR)Uℓ = φ(Ak) + hR′

ℓ + hℓC,

where C ∈ Ψtsc(Σ) is selfadjoint. Multiplying by eihℓ−1Sℓ−1 on the left and e−ihℓ−1Sℓ−1

on the right, we find

U∗
ℓ+1(φ(Ak) + hR)Uℓ+1 = φ(Ak) + hR′

ℓ + hℓC + ihℓ−1[Sℓ−1, φ(Ak)] + O(hℓ+1).

By (4.15) again, we can find sℓ−1 ∈ C∞
c (D∗Σ) such that {φ(a), sℓ−1}Ω = c−⟨c⟩. This

yields:

U∗
ℓ+1(φ(Ak) + hR)Uℓ+1 = φ(Ak) + h(R′

ℓ + hℓ−1⟨C⟩︸ ︷︷ ︸
:=R′

ℓ+1

) + O(hℓ+1),

where Sℓ−1 is chosen selfadjoint with principal symbol sℓ−1. Notice that R′
ℓ+1 is

selfadjoint. This proves the claim. □

4.2. Localized eigenstates. — We now construct specific eigenstates for the opera-
tor k−2∆k with adapted localization properties.

4.2.1. Energy E = 0. — We first investigate the low energy eigenstates in the semi-
classical regime

k−2∆kuk = Ekuk, uk ∈ C∞(Σ, Lk), ∥uk∥L2 = 1, Ek = O(1/k).

This corresponds the regime of eigenvalues λk,m with k → ∞ and m ⩽ C, where
C > 0 is a fixed constant. From now on, we use the notation h = 1/k. Let x ∈ Σ,
u ∈ Lx with |u| = 1 and define the Dirac section of Lk by (δku, s) = s(x)/uk for any
k ⩾ 0, s ∈ C∞(Σ, Lk). We introduce the section

ek,m,x := Πk,mδ
k
u.(4.16)

The following holds:

Proposition 4.5. — Let C > 0 and f ∈ C∞
c (T ∗Σ). Then for all k ⩾ 0, 0 ⩽ m ⩽ C,

ek,m,x ∈ C∞(Σ, Lk) satisfies

∥ek,m,x∥2 =
k

2π
(1 + O(k−1/2)),

⟨Opk(f)ek,m,x, ek,m,x⟩ = ∥ek,m,x∥2
(
f(x, 0) + O(k−1/2)

)
.

(4.17)

As we will see, ek,m,x is a Gaussian state centered at x. We provide a proof building
on [Cha24a, Cha24b].

Proof. — The section ek,m,x is given in terms of the Schwartz kernel of the projector
Πk,m by

ek,m,x(x)⊗ uk = Πm,k(x, x) ∈ Lk
x ⊗ L

k

x.(4.18)

It was proved in [Cha24a, Cha24b] that Πk,m(x, x) has an asymptotic expansion,
which leads to the following expansion for ek,m,x. Introduce coordinates (x1, x2) cen-
tered at x and such that the metric g is (1 + O(|x|))(dx21 + dx22) with |x|2 = x21 + x22.
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Choose a primitive α = α1dx1 + α2dx2 of the Riemannian volume vol on a neighbor-
hood of y, such that α1(x) = α2(x) = 0 and ∂xiαj(x) is antisymmetric. Let t be a
frame of L such that t(x) = u and ∇t = 1

iα ⊗ t. Then one has on a neighborhood
of x:

(4.19) ek,m,x(x) =
k

2π
e−

1
4k|x|

2
N∑
ℓ=0

k−ℓ/2aℓ(k
1/2x1, k

1/2x2)t
k(x) + O(k−(N+1)/2),

where the O is in the C0-norm and the aℓ’s are polynomials depending on m and
smoothly on x. The leading coefficient a0 is given in terms of the m-th Laguerre
polynomial Qm by

a0(x1, x2) = Qm(|x|2), Qm(t) =
1

m!

( d
dt

− 1
)m

tm.(4.20)

Moreover, ek,m,x is OC∞(k−∞) on any compact set not containing x. Formulas (4.19),
(4.20) correspond to [Cha24a, Eqs. (26) & (40)].

Since Πk,m is a projector, ∥ek,m,x∥2 = Πk,m(x, x), so by (4.19),

∥ek,m,x∥2 =
k

2π
+ O(k1/2),

because Qm(0) = 1. We then compute the asymptotic expansion of the scalar product

⟨Opk(f)ek,m,x, ek,m,x⟩ =
∑

ℓ,ℓ′⩾0

k−
1
2 (ℓ+ℓ′)Iℓ,ℓ′(f, k)

with Iℓ,ℓ′(f, k) given by the integral( k

2π

)4
∫
eik(x−y)ξ− 1

4k(|x|
2+|y2|)f( 12 (x+ y), ξ)aℓ(k

1/2x)aℓ′(k1/2y) dξ1dξ2dx1dx2dy1dy2.

Notice that the phase is quadratic, non degenerate. It follows from a stationary phase
computation that Iℓ,ℓ′(f, k) = kCℓ,ℓ′f(0, 0) + O(k1/2) for some complex coefficient
Cℓ,ℓ′ . This yields:

⟨Opk(f)ek,m,x, ek,m,x⟩ = kf(0, 0)C0,0 + O(k1/2)

and C0,0 = (2π)−1 because of the previous estimate of ∥ek,m,x∥2. This concludes
the proof. We could actually slightly improve the result by replacing the O(k−1/2)’s
in (4.17) by O(k−1)’s, which follows from the fact that each aℓ has the same parity
as ℓ. □

4.2.2. Energies 0 < E < Ec. — We now investigate the eigenstates such that

k−2∆kuk = (E + o(1))uk,

with 0 < E < Ec. Equivalently, this corresponds to the regime of eigenvalues λk,m
with k → ∞ and εkB ⩽ m ⩽ (1− ε)kB, where ε > 0 is fixed. Below, recall that a is
the principal symbol of Ak, see (4.7).
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Proposition 4.6. — Let z0 ∈ D∗
0Σ := D∗Σ ∖ {ξ = 0}. Then, there exists a neigh-

borhood U ⊂ D∗
0Σ of z0 such that for all f ∈ C∞

c (T ∗Σ), for all k ⩾ 0, εkB ⩽ m ⩽
(1− ε)kB, and z ∈ U such that

m = ka(z),

there exists ek,m,z ∈ C∞(Σ, Lk) such that ∥ek,m,z∥2 = 1 and the projection

fk,m,z := Πk,mek,m,z

satisfies

∥fk,m,z∥2 = 1
2
√
π
k−1/2(1 + of,U (1)),

⟨Opk(f)fk,m,z,fk,m,z⟩ = ∥fk,m,z∥2
(
⟨f⟩(z) + Of,U (k

−1/4)
)
.

(4.21)

The remainder terms O’s are uniform with respect to k ⩾ 0.

The state ek,m,z is a coherent state centered at z and fk,m,z is a Gaussian beam
supported on the magnetic geodesic of z (i.e. the flow line of HΩ

a passing through z).

Proof. — We use h = 1/k in the proof once again. Let ek,m,z ∈ C∞(Σ, Lk) be a
Gaussian state centered at z and such that ∥ek,m,z∥L2 = 1 (see [Zwo12, Ex. 1, Ch. 5]
for instance). A quick computation using the stationary phase lemma reveals

Opk(g)ek,m,z = g(z)ek,m,z + OL2(h1/2)(4.22)

for any g ∈ C∞
c (T ∗Σ). Then fk,m,z := Πk,mek,m,z (with m = ka(z)) satisfies by

Lemma 4.3 that

⟨Opk(f)fk,m,z,fk,m,z⟩ = ⟨Opk(⟨f⟩)ek,m,z,Πk,mek,m,z⟩+ O(h∥fk,m,z∥)

= ⟨f⟩(z)∥fk,m,z∥2 + O(h1/2∥fk,m,z∥).(4.23)

To estimate the norm of fk,m,z, we use (4.6), namely (recall that Ut = eitkAk):

∥fk,m,z∥2 = ⟨Πk,mek,m,z, ek,m,z⟩ =
1

2π

∫ 2π

0

e−itm⟨Utek,m,z, ek,m,z⟩ dt

=
1

2π

∫ 2π

0

⟨eitk(Ak−a(z))ek,m,z, ek,m,z⟩ dt,
(4.24)

where we used that m = ka(z). By assumption, the microsupport of ek,m,z is {z} (that
is for any φ ∈ C∞

c (T ∗Σ) identically equal to 1 on a neighborhood of z, Opk(φ)ek,m,z =

ek,m,z + OC∞(h∞)). Then by Egorov’s theorem, the microsupport of Utek,m,z is
{Φa

t (z)}. Since Φa
t (z) = z if and only if t is a multiple of 2π, the integral (4.24)

is modified by a O(h∞) if we restrict the integral to a neighborhood of t = 0.
Microlocally, Ak − a(z) can be conjugated by a Fourier Integral Operator to

−ih∂x1 acting on R2
x1,x2

, see [Zwo12, Th. 12.3]. Since we can restrict the integral
(4.24) to a neighborhood of the origin, it is sufficient to do the computation in this
model. The propagator is then given by eitk(Ak−a(z))Ψ(x1, x2) = Ψ(x1 + t, x2) for
Ψ ∈ C∞(R2). The point z is in the characteristic of Ak −a(z); it is therefore mapped
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to (x, ξ
1
= 0, ξ

2
) ∈ T ∗R2. Up to conjugating again by a translation, we can further

assume that x = 0. Let Ψx,ξ ∈ C∞(R2) be the coherent state

Ψx,ξ(x) = (πh)−1/2e−
1
2h |x−x|2+ i

h ξ(x−x) = (πh)1/2e−
1
2h |x|2+ i

h ξ
2
x2 .

By an exact computation, we find that for δ > 0, χ ∈ C∞
c (−δ, δ) such that χ ≡ 1 in

a neighborhood of 0,

1

2π

∫ 2π

0

⟨eitk(Ak−a(z))ek,m,z, ek,m,z⟩L2χ(t)dt

=
1

2π

∫ +∞

−∞

∫
R2

Ψx,ξ(x1 + t, x2)Ψx,ξ(x1, x2)χ(t) dx1dx2dt

=
h1/2

2
√
π
(1 + O(h∞)).

Going back to (4.24), we find that ∥fk,m,z∥2L2 = 1
2
√
π
h1/2 + O(h∞), which concludes

the proof. □

5. Proof of the main results

In this final section, we prove Theorems 1.1, 1.3 and conclude with the proof of
Theorem 1.2. Up to a preliminary rescaling, we can always assume that B = 1/|χ(Σ)|.

5.1. Proof of Theorem 1.1. — We can now characterize the semiclassical defect mea-
sures in the three regimes.

Proof of Theorem 1.1
(i) Suppose E = 0. We claim that any probability measure µ on Σ is a semiclassical

limit of eigenstates (1.2). First, given x ∈ Σ,

e′k,m,x := ek,m,x/∥ek,m,x∥L2

converges semiclassically to δx by Proposition 4.5. Given x1, . . . , xN ∈ Σ, Ek,m,N :=

N−1/2(e′k,m,x1
+ · · ·+ e′k,m,xN

) converges semiclassically to N−1(δx1
+ · · ·+ δxN

) and
∥Ek,m,N∥2L2 = 1 + O(k−∞). Indeed, to compute the norm, let φi ∈ C∞(Σ) be a
small bump function centered at xi, equal to 1 on a small neighborhood of xi and
such that xj /∈ supp(φi) for j ̸= i. It is then immediate to verify that φie

′
k,m,xi

=

e′k,m,xi
+ OC∞(h∞) and φje

′
k,m,xi

= OC∞(h∞). This leads to

∥Ek,m,N∥2L2 = N−1⟨e′k,m,x1
+ · · ·+ e′k,m,xN

, e′k,m,x1
+ · · ·+ e′k,m,xN

⟩L2

= 1 +N−1
∑
i ̸=j

⟨e′k,m,xi
, e′k,m,xj

⟩L2

= 1 +N−1
∑
i ̸=j

⟨φie
′
k,m,xi

, e′k,m,xj
⟩L2 + O(h∞)

= 1 +N−1
∑
i ̸=j

⟨e′k,m,xi
, φie

′
k,m,xj

⟩L2 + O(h∞) = 1 + O(h∞).
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The same computation shows that the associated defect measure is equal to
N−1(δx1 + · · ·+ δxN

). Finally, since Dirac masses are dense in probability measures,
a diagonal extraction allows to construct a family (Ekn,mn,Nn)n⩾0 with microlocal
limit µ, and that for any probability measure µ on Σ.

We now assume that 0 < E < Ec. Fix z ∈ {p = E} and let (zk)k⩾0 be a sequence
converging to z such that a(zk) = k−1mk with mk ∈ Z⩾0. By Proposition 4.6,
fk,mk,zk

/∥fk,mk,zk
∥L2 converges microlocally to δz, the Dirac masses carried by the

periodic orbit of z. As above, one can also realize any convex linear combination
of such Dirac masses. As these are dense in flow-invariant probability measures on
{p = E}, this proves the claim.

(ii) This follows immediately from Proposition 3.3, item (ii), and the unique er-
godicity of the horocyclic flow (see Theorem 2.2, item (ii)).

(iii) The proof follows verbatim the standard proof of Quantum Ergodicity. In the
framework of twisted quantization, this question was recently addressed in [CL, §5.3]
(in a more general framework). □

Remark 5.1. — In the first regime, our proof shows a slightly stronger result: for any
invariant probability measure µ, for any sequence (Ek)k⩾0 converging to E ∈ [0, Ec]

such that Ek is in the spectrum of k−2∆k (and Ek = O(k−1) when E = 0), there
exists a sequence of eigenstates (uk)k⩾0 associated to the eigenvalues Ek such that
uk ⇀k→∞ µ. □

5.2. Proof of Theorem 1.3. — The proof of Theorem 1.3 relies on the normal form
established in Lemma 4.4.

Proof of Theorem 1.3. — Let (uk)k⩾0 be a sequence of eigenfunctions satisfying (recall
Ec =

1
2B

2):

(5.1) (k−2∆k + k−2V )uk = Ekuk, 0 ⩽ Ek ⩽ Ec − ε, ∥uk∥L2 = 1,

for some ε > 0.
The multiplication operator V ∈ L(L2) has norm ∥V ∥L(L2) ⩽ ∥V ∥L∞ . As a conse-

quence,

(5.2) Sp(∆k + V ) ⊂ Sp(∆k) + [−∥V ∥L∞ , ∥V ∥L∞ ].

By (4.1), the gap between two consecutive eigenvalues of ∆k (below the critical en-
ergy) is

λk,m − λk,m−1 = kB −m, 0 ⩽ m ⩽ ⌈kB⌉ − 1

For any δ > 0, if 0 ⩽ m ⩽ k(B − δ), then the gap is ⩾ kδ. Taking k ≫ 1 large
enough, this gap can be made larger than 2∥V ∥L∞ , implying that the bands (5.2) do
not overlap.

The energy Ek in (5.1) satisfies Ek ⩽ Ec − ε for some ε > 0. This implies that

(5.3) Ek = k−2λk,mk
+ O(k−2),
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for some 0 ⩽ mk ⩽ k(B − δ), where δ := δ(ε) > 0 can be made explicit. To simplify
notation, we write m := mk.

We claim that:
(5.4) (1−Πk,m)uk = O(k−1).

Here and in the remainder of the proof, the O’s are measured in L2-norm.
To prove (5.4), write (we use (∆k − λk,m)Πk,m = 0 in the first equality):

(∆k − λk,m)(1−Πk,m)uk = (∆k − λk,m)uk

(5.3)
= k2(k−2∆k − Ek)uk + O(1)

(5.1)
= −V uk + O(1)

= O(1).

However, the gaps between two consecutive eigenvalues of ∆k is of size ⩾ kδ. Hence
(∆k − λk,m) can be inverted on ran(1−Πk,m) and its inverse has norm OL(L2)(k

−1)

which implies (5.4).
We will now apply Lemma 4.4. For that, consider R ∈ Ψc

tsc(Σ) with microsupport
in D∗Σ such that R ≡ V microlocally in {p ⩽ Ec − ε/2} (for instance, consider
R = Opk(χ · π∗V ), where π : T ∗Σ → Σ is the footpoint projection, χ ∈ C∞

c (D∗Σ)

is a cutoff function equal to 1 on {p ⩽ Ec − ε/2}). Since uk is microsupported in
{p ⩽ Ec − ε} by (5.1), this implies that

(k−2∆k + k−2V )uk = (k−2∆k + k−2R)uk + O(k−∞) = Ekuk.(5.5)

We then apply Lemma 4.4 with ℓ = 4, the function φ such that φ(Ak) = k−2∆k and
the perturbation k−2R. We write U := eih

2S2eihS1eiS0 so that

U(k−2∆k + k−2R)U∗ = k−2∆k + k−2R′ + O(k−4),

where [R′,∆k] = 0, R′ is selfadjoint, and the principal symbol of R′ is ⟨V ⟩. Inserting U
in (5.5), and writing u′k := Uuk, we have

(k−2∆k + k−2R′)u′k = Eku
′
k + O(k−4).

Applying Πk,m to the previous equation, and using that [R′,Πk,m] = 0 as Πk,m is a
function of ∆k, we find

(k−2∆k + k−2R′)Πk,mu
′
k = EkΠk,mu

′
k + O(k−4).

Thus
k−2R′Πk,mu

′
k = (Ek − k−2λm,k)Πk,mu

′
k + O(k−4),

hence
R′Πk,mu

′
k = E′

kΠk,mu
′
k + O(k−2),

where E′
k = k2(Ek − k−2λk,m) = O(1). Applying Proposition 3.3, we find that any

semiclassical measure µ associated to Πk,mu
′
k is invariant by HΩ

⟨V ⟩. To conclude, it suf-
fices to observe that U=1+OL(L2)(k

−1), so uk = u′k +OL2(k−1); using (5.4), we find
that uk = Πk,mu

′
k + O(k−1), so the semiclassical measures of Πk,mu

′
k and uk are the

same. This proves the claim. □
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5.3. Proof of Theorem 1.2. — The key ingredient in the proof of Theorem 1.2 is a
long time Egorov theorem which is made possible thanks to Lemma 2.7. Ultimately,
this relies on the fact that the horocyclic flow is parabolic (that is its differential
grows at most linearly in time). We emphasize that the we did not try to optimize
the remainder terms in what follows.

We suppose that

(5.6) k−2∆kuk = (Ec + O(hℓ))uk, uk ∈ C∞(Σ, Lk), ∥uk∥L2(Σ,Lk) = 1,

where ℓ > 0 is fixed.
Let χ ∈ C∞

c (R) be a non negative bump function equal to 1 on [−1/2, 1/2] and 0

outside of [−1, 1]. Let 0 < α < min(1/28, ℓ) and define

χk(x, ξ) := χ(kα(p(x, ξ)− Ec)).

The following holds:

Lemma 5.2. — uk = Opk(χk)uk + OL2(k−min(ℓ−α,1−18α)).

Proof. — Define s(r) :=(1−χ(r))/r for r∈R and set sk :=s(kα(p(x, ξ)−Ec)), that is,

1− χk = kα( 12 |ξ|
2 − Ec)sk.

Observe that all the derivatives of s are bounded on R. In addition, for all n ⩾ 0,
there exists Cn > 0 such that:

(5.7) ∥sk∥Cn(T∗Σ) ⩽ Cnk
αn.

We let a ∈ C∞
c (T ∗Σ) be a cutoff function such that a ≡ 1 on the energy layers

0 ⩽ E ⩽ 2Ec and a ≡ 0 for E > 3Ec. Notice that Opk(a)uk = uk +OL2(k−∞) as the
eigenstates uk are microlocalized on the energy shell {p = Ec}. Equivalently, for all
b ∈ S0(T ∗Σ) such that supp(b) ∩ {p = Ec} = ∅, one has:

(5.8) Opk(b)uk = OL2(k−∞).

The following holds for some operator Rk ∈ Ψ1
tsc(Σ):

uk −Opk(χk)uk = Opk(1− χk)uk = kα Opk((
1
2 |ξ|

2 − Ec)sk)uk

(5.8)
= kα Opk(a(

1
2 |ξ|

2 − Ec) · ask)uk + OL2(k−∞)

(3.6)
= kα

(
Opk(ask)Opk(a(

1
2 |ξ|

2 − Ec)) + OL(L2)(k
−1∥sk∥C17(T∗Σ))

)
uk

+ OL2(k−∞)

= kα Opk(ask)
(
Opk(a)(k

−2∆k − Ec) + k−1Rk

)
uk + OL2(k−1+18α)

(5.6)
= kα Opk(ask)OL2(k−ℓ) + OL2(k−1+α + k−1+18α)

(3.5)
= OL2(kα−ℓ(∥ask∥L∞ + k−1/2+14α) + k−1+18α)

= OL2(k−min(ℓ−α,1−18α)),

where we used in the second line that uk is microlocalized on the energy shell {E = Ec}
(see (5.8)), in the third line (3.6) (this requires the symbols to have compact support,
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which is why we have introduced a), in the last line −1/2 + 14α < 0, and (5.7) at
each step to bound the derivatives of sk. Also notice that Rk is a pseudodifferential
operator of order 1 but, using (5.8), we obtain:

k−1Rkuk = k−1Rk Opk(a)uk = OL2(k−1),

as a has compact support in T ∗Σ. □

The states (uk)k⩾0 microlocalize on the critical energy shell S∗
cΣ = {p = Ec}.

We introduce the notation

Cδ := {Ec − δ ⩽ p(x, ξ) ⩽ Ec + δ}.

In the following lemma, we need to keep track of the exact number of derivatives on
the symbol a:

Lemma 5.3. — Let 0 < ε < 1/28. There exists a constant C > 0 such that for all
a ∈ C∞

c (T ∗Σ) with supp(a) ⊂ {|ξ| ⩽ 10Ec},

|⟨Opk(a)uk, uk⟩L2 | ⩽ ∥a∥L∞(S∗
cΣ)

+ O(k−ε∥a∥C1(T∗Σ) + k−min(ℓ−ε,1/2−14ε)∥a∥C17(T∗Σ)).

Proof. — We first prove that

(5.9) |⟨Opk(a)uk, uk⟩L2 | ⩽ ∥a∥L∞(Ck−ε ) + O(k−min(ℓ−ε,1/2−14ε)∥a∥C17(T∗Σ)).

We set ψk := χ(kε(p(x, ξ)− Ec)) and start by decomposing:
⟨Opk(a)uk, uk⟩L2 = ⟨Opk(a)Opk(ψk)uk, uk⟩L2︸ ︷︷ ︸

(I)

+ ⟨(1−Opk(ψk))uk,Opk(a)
∗uk⟩L2︸ ︷︷ ︸

(II)

.

The second term (II) is bounded by:
|⟨(1−Opk(ψk))uk,Opk(a)

∗uk⟩L2 | ⩽ ∥(1−Opk(ψk))uk∥L2∥Opk(a)
∗uk∥L2

⩽ ∥(1−Opk(ψk))uk∥L2∥Opk(a)∥L(L2)

⩽ Ck−min(ℓ−ε,1−18ε)(∥a∥L∞ + k−1/2∥a∥C14)

⩽ Ck−min(ℓ−ε,1−18ε)∥a∥C17 ,

where we used that ∥Opk(a)∥L(L2) = ∥Opk(a)
∗∥L(L2) in the second line, and Lem-

ma 5.2 together with (3.5) in the third line. The fourth line is a rougher estimate
where the ∥a∥C17(T∗Σ) norm is involved as it will also appear in bounding (I).

As to the first term (I), we have:

|⟨Opk(a)Opk(ψk)uk, uk⟩L2 | = |⟨Opk(aψk)uk, uk⟩L2 |+ O(k−1∥a∥C17∥ψk∥C17)

⩽ C(∥aψk∥L∞ + k−1/2∥aψk∥C14) + O(k−1+17ε∥a∥C17)

⩽ C∥aψk∥L∞ + O(∥a∥C14k−1/2+14ε + ∥a∥C17k−1+17ε).

Since ε < 1/28, we find that −1 + 17ε < −1/2 + 14ε < 0 so

∥a∥C14(T∗Σ)k
−1/2+14ε + ∥a∥C17k−1+17ε ⩽ Ck−1/2+14ε∥a∥C17 .
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Summing up (I) and (II), and using that −1 + 18ε < −1/2 + 14ε < 0, we find that

|⟨Opk(a)uk, uk⟩L2 | ⩽ C∥aψk∥L∞(T∗Σ) + O(k−min(ℓ−ε,1/2−14ε)∥a∥C17(T∗Σ))

⩽ C∥a∥L∞(Ck−ε ) + O(k−min(ℓ−ε,1/2−14ε)∥a∥C17(T∗Σ)).

This proves (5.9).
Now, observe that for any ξ ∈ Ck−ε , we can write

ξ = φV⊥
t(ξ)(ξc) = et(ξ)ξc,

where ξc ∈ S∗
cΣ lies on the critical energy shell, |t(ξ)| ⩽ Ck−ε and (φV⊥

t )t∈R denotes
the flow of V⊥ on T ∗Σ (Euler vector field), see (2.3). Hence:

a(ξ) = a(ξc) +

∫ t(ξ)

0

V⊥a(φ
V⊥
t (ξc))dt.

This leads to
∥a∥L∞(Ck−ε ) ⩽ ∥a∥L∞(S∗

cΣ) + k−ε∥a∥C1(T∗Σ).

Inserting this in (5.9) proves the claim. □

We now prove Theorem 1.2

Proof of Theorem 1.2. — Let a ∈ C∞
c (T ∗Σ) with supp(a) ⊂ {|ξ| ⩽ 10}. We assume

that the quasimodes (uk)k⩾0 satisfy (5.6) with 0 ⩽ ℓ ⩽ 1/15. We consider

ε := ℓ/2, α := ε/20 = ℓ/40.

Then

min(ℓ−α, 1−18α) = ℓ−α = 39ℓ/40, min(ℓ−ε, 1/2−14ε) = ℓ−ε = ℓ/2 < 39ℓ/40.

In Lemmas 5.2 and 5.3, the remainder term is therefore bounded respectively by
OL2(k−ℓ/2) and O(k−ℓ/2∥a∥C17(T∗Σ)).

We have:

⟨Opk(a)uk, uk⟩L2 = ⟨Opk(a)(Opk(χk)uk + OL2(k−ℓ/2)), uk⟩L2

(3.5)
= ⟨Opk(a)Opk(χk)uk, uk⟩L2 + O

(
k−ℓ/2(∥a∥L∞ + k−1/2∥a∥C14)

)
(3.6)
= ⟨Opk(aχk)uk, uk⟩L2

+ O
(
k−1∥a∥C17∥χk∥C17 + k−ℓ/2∥a∥L∞ + k−1/2−ℓ/2∥a∥C14

)
(5.10)

= ⟨Opk(aχk)uk, uk⟩L2

+ O
(
k−1+17ℓ/40∥a∥C17 + k−ℓ/2∥a∥L∞ + k−1/2−ℓ/2∥a∥C14

)
= ⟨Opk(aχk)uk, uk⟩L2 + O(k−ℓ/2∥a∥C17),

where we used Lemma 5.2 in the first line and ∥χk∥C17 ⩽ Ck17α = Ck17ℓ/40 in the
fourth line.
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Since uk are eigenmodes of ∆k, we may now write for t ⩾ 0:

⟨Opk(aχk)uk, uk⟩L2 = ⟨eitk
−1∆k Opk(aχk)e

−itk−1∆kuk, uk⟩L2

(3.8)
= ⟨Opk((aχk) ◦ Φt)uk, uk⟩L2 + O

(
k−1

∫ t

0

∥(aχk) ◦ Φs)∥C17ds

)
.

Applying (2.8) with n = 17, and using that χka is localized on the energy layer
E ⩽ Ec + k−α = Ec + k−ℓ/40, we find that the remainder term in the previous
equation is bounded by

(5.11) Ck−1

∫ t

0

⟨s⟩m17e17
√
2k−ℓ/80s∥aχk∥C17ds

⩽ Ck−1+17ℓ/40⟨t⟩m17+1e17
√
2k−ℓ/80t∥a∥C17 .

One has m17 = 3× 17 + 17× 18/2 = 204. Hence, we find that:

(5.12) ⟨Opk(aχk)uk, uk⟩L2 = ⟨Opk((aχk) ◦ Φt)uk, uk⟩L2

+ O(k−1+17ℓ/40⟨t⟩205e17
√
2k−ℓ/80t∥a∥C17).

For a function f ∈ C∞(T ∗Σ), define the ergodic average for T ⩾ 0:

⟨f⟩T :=
1

T

∫ T

0

f ◦ Φt dt.

Averaging (5.12), we find that for T ⩾ 0:

⟨Opk(aχk)uk, uk⟩L2 = ⟨Opk(⟨aχk⟩T )uk, uk⟩L2

+ O(k−1+17ℓ/40⟨T ⟩205e17
√
2k−ℓ/80T ∥a∥C17).

Write
A :=

∫
S∗
cΣ

a dµLiouv.

We then obtain:
|⟨Opk(aχk)uk, uk⟩L2 −A|

= |⟨Opk (⟨aχk −A⟩T )uk, uk⟩L2 |+ O(k−1+17ℓ/40⟨T ⟩205e17
√
2k−ℓ/80T ∥a∥C17)

≲ ∥⟨aχk −A⟩T ∥L∞(S∗
cΣ) + k−ℓ/2∥⟨aχk −A⟩T ∥C1 + k−ℓ/2∥⟨aχk −A⟩T ∥C17

+ k−1+17ℓ/40⟨T ⟩205e17
√
2k−ℓ/80T ∥a∥C17

≲ ∥⟨aχk −A⟩T ∥L∞(S∗
cΣ) + k−ℓ/2∥⟨aχk −A⟩T ∥C17

+ k−1+17ℓ/40⟨T ⟩205e17
√
2k−ℓ/80T ∥a∥C17 ,

where we have applied Lemma 5.3 in the second inequality (here ε = ℓ/2 and ℓ− ε =

ℓ/2). Notice that χk ≡ 1 on Ck−ℓ/2 by construction, and χk ◦ Φt = χk as (Φt)t∈R
preserves the energy layers {p = E}. As a consequence,

∥⟨aχk −A⟩T ∥L∞(S∗
cΣ) = ∥⟨a−A⟩T ∥L∞(S∗

cΣ).
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In addition, using the same bound as in (5.11) (based on (2.8)), we may estimate:

∥⟨aχk −A⟩T ∥C17 ⩽ Ck17ℓ/40⟨T ⟩205e17
√
2k−ℓ/80T ∥a∥C17 .

(Notice that, technically, the function ⟨aχk−A⟩T = ⟨aχk⟩T −A does not have shrink-
ing support but A is a constant, so it vanishes when computing higher order derivatives
of this function and thus the support of the derivatives is shrinking, leading to the
same bound.) This leads to:

(5.13) |⟨Opk(aχk)uk, uk⟩L2 −A| ≲ ∥⟨a−A⟩T ∥L∞(S∗
cΣ)

+ k−3ℓ/40⟨T ⟩205e17
√
2k−ℓ/80T ∥a∥C17 .

Finally, applying Theorem 2.2, we obtain that

(5.14) ∥⟨a−A⟩T ∥L∞(S∗
cΣ) ≲ ∥a∥H3(S∗

cΣ)T
−θ.

Combining (5.10), (5.13) and (5.14), we find that for all T ⩾ 0:

⟨Opk(a)uk, uk⟩L2 =

∫
S∗
cΣ

adµ

+ O
(
k−3ℓ/40⟨T ⟩205e17

√
2k−ℓ/80T ∥a∥C17 + ∥a∥H3(S∗

cΣ)T
−θ

)
.

We then set
δ :=

3ℓ

2 · 40 · 205
=

ℓ

4100
.

This guarantees that 205δ − 3ℓ/40 = −3ℓ/80 < 0. We apply the previous estimate
with T = kδ. We then find that:

⟨Opk(a)uk, uk⟩L2 =

∫
S∗
cΣ

adµ+ O(k−3ℓ/80∥a∥C17(T∗Σ) + k−θℓ/4100∥a∥H3(S∗
cΣ))

=

∫
S∗
cΣ

adµ+ O(k−θℓ/4100∥a∥C17(T∗Σ)),

where we used that θℓ/4100 < 3ℓ/80 as θ < 1/2. This completes the proof. □
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