QOLYTEG,

o'\”v, INSTITUT

°

8 POLYTECHNIGUE
& bE PARIS

\d
og o®

ATUT

5

ECOLE
POLYTECHNIQUE

r

ournal de I’Ecole polytechnique
M&ztbémarique’s

Paul Gorrach, Thomas Reicaevt, Christian SEVENHECK, Avi STEINER,
& Ul WaLTHER

Tautological systems, homogeneous spaces and the holonomic rank problem

Tome 13 (2026), p. 519-591.

https://doi.org/10.5802/jep.332

© Les auteurs, 2026.
Cet article est mis a disposition selon les termes de la licence

LICENCE INTERNATIONALE D’ ATTRIBUTION CREATIVE COMMONS BY 4.0.
https://creativecommons.org/licenses /by /4.0/

Publié¢ avec le soutien
du Centre National de la Recherche Scientifique

<
>

MERSENNE

Publication membre du
Centre Mersenne pour [’édition scientifique ouverte
WWwWw.centre-mersenne.org
e-ISSN : 2270-518X


https://doi.org/10.5802/jep.332
https://creativecommons.org/licenses/by/4.0/
http://www.centre-mersenne.org/
http://www.centre-mersenne.org

%)ul*nal de I'Ecole polytechnique
C

Mathématiques

Tome 13, 2026, p. 519-591 DOI: 10.5802/jep.332

TAUTOLOGICAL SYSTEMS, HOMOGENEOUS SPACES
AND THE HOLONOMIC RANK PROBLEM

BY PauL Gorvach, Tnomas ReicneLt, CHRISTIAN SEVENHECK,

Avi STEINER & ULt WALTHER

Asstract. — Many hypergeometric differential systems that arise from a geometric setting can
be endowed with the structure a of mixed Hodge module. We generalize this fundamental result
to the tautological systems associated to homogeneous spaces by giving a functorial construction
for them. As an application, we solve the holonomic rank problem for such tautological systems
in full generality.

Résumi (Systémes tautologiques, espaces homogenes et le probléme du rang holonome)

De nombreux systemes différentiels hypergéométriques d’origine géométrique peuvent étre
munis d’une structure de module de Hodge mixte. Nous généralisons ce résultat fondamental
aux systemes tautologiques associés aux espaces homogeénes en en donnant une construction
fonctorielle. Nous appliquons ce résultat pour résoudre, en toute généralité, le probléme du rang
holonome pour ces systémes tautologiques.

CONTENTS

1. Introduction. . ... 519
2. Mixed Hodge modules on line bundles........... ... . i, 527
3. Fourier—Laplace transformation. ........... ...t 531
4. Non-vanishing criteria for tautological systems....................cooiiia. 542
5. Representation theoretic criterion........... ..o, 564
6. Tautological systems associated to homogeneous spaces....................... 071
References. . ..o 589

1. INnTRODUCTION

The purpose of this paper is to investigate differential systems that one can natu-
rally associate to group actions on smooth algebraic varieties, and more specifically
to representations of algebraic groups. More precisely, consider the following data:
a complex algebraic group G acting linearly on a finite-dimensional vector space, an
invariant subvariety of this space, and a homomorphism from the Lie algebra of G

MATHEMATICAL SUBJECT CLASSIFICATION (2020). 32C38, 14F'10, 32540.
Keyworps. — Tautological system, Fourier—Laplace transformation, mixed Hodge module, Lie group,
homogeneous space.
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into the complex numbers. To this situation is naturally attached a tautological sys-
tem, which is an equivariant Z-module on the dual vector space. In the case where
the group G is an algebraic torus, this construct was considered first by Gel’fand
and his collaborators Gindikin, Graev, Kapranov and Zelevinsky in a seminal inves-
tigation that originated in the study of Aomoto integrals on hyperplane arrange-
ments; cf. [GGG80, GG86, GZ86, GGZ87, GZK89, GKZ90]. Today, these GKZ- or
A-hypergeometric systems are of fundamental importance in several areas of mathe-
matics; see, e.g., [RSSW21] for an overview on the algebraic aspects of this theory.
For more general Lie groups this construction seems to go back to [Hot98, §I1.4], and
has more recently been the main focus in a series of papers by Bloch, Huang, Lian,
Song, Yau and Zhu ([LSY13, BHL'14, LY13, HLZ16]).

One of the main motivations for studying tautological systems arises in mirror
symmetry, understood in the classical sense of recovering enumerative geometry infor-
mation (i.e., quantum cohomology) of certain symplectic varieties by period integral
computations of their mirror families (or oscillating integrals in the non-Calabi—Yau
case). Aided by the high level of sophistication reached in the theory of GKZ-systems,
the investigation of mirror symmetry for complete intersections inside toric varieties
has been very successful and can be considered as settled (at least under sufficient
positivity assumptions, cf. [Giv98, Irill, RS17] and the respective bibliography trees).
It is, however, a longstanding and challenging problem to establish mirror symmetry,
expressed as an equivalence of Z-modules (possibly with additional structures, such
as Hodge modules or irregular variants of them) for non-toric varieties. Our present
work is a contribution to the fundamental properties of tautological systems in the
more general setup, with a view towards applications to mirror symmetry.

An important class of examples arise from homogeneous spaces; for a partial list of
known results on mirror symmetry in that context see [Rie08, MR20, LT24]. A com-
mon feature of these papers is that the mirror of a Fano manifold that is also a
homogeneous space for some group G consists of a Landau—Ginzburg potential, con-
structed via Lie theoretic methods from the Langlands dual group G of GV. When
restricted to a torus inside G, such a potential function can be expressed as a Laurent
polynomial. Describing, and then studying, an appropriate partial compactification
of this mirror Laurent polynomial is a major and central problem in the area; the
toric situation is considered for example in [RS17] and, from a very different point of
view, in [CPS24]. It is hence a problem of fundamental importance to describe, for a
given homogeneous space X = G/P embedded into a projective space, the differential
system satisfied by periods of families of its hyperplane sections. Such analogue of a
GKZ-system should yield (by dimensional reduction) the mirror Z-module considered
in the papers by Rietsch, Marsh, Lam and Templier above. Our main findings here,
as they relate to homogeneous spaces and paraphrased in Theorem 1.2 below, give
criteria to determine when tautological systems arise as such Z-modules in a setting
where we allow G to be any linear algebraic group, and where the representation will
be in the space of sections of some equivariant line bundle L on X.
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Our investigations show that, in order to obtain a nonzero tautological system
for general Lie group actions, one needs to impose rather delicate conditions on
the bundle L and the corresponding parameter Lie algebra homomorphism. If these
conditions—which we make explicit—hold true, we show that the corresponding tau-
tological system has, in fact, a functorial description similar to the one for GKZ-
systems given in [GKZ90, SW09], and thus naturally underlies a mixed Hodge mod-
ule. We determine its possible weights, and we show how to compute its solution rank
at any point. In particular, we determine its holonomic rank in terms of the dimension
of the cohomology of a natural family of (complements of) hyperplane sections of X.
In order to put this in context, recall that the variation of certain relative cohomol-
ogy groups to families of hypersurfaces in a torus is captured by the restriction of the
GKZ-system induced by the hypersurface to its regular locus (see [Reil4, Th.2.13],
[Sti98] and [RW19]) while information on the intersection cohomology of the associ-
ated toric projective variety can be estimated as well (compare, for example [RS17,
Prop. 2.14]).

Our general rank result gives a completely general solution for arbitrary line bun-
dles to the holonomic rank problem raised in [BHL*14] (and addressed in [HLZ16]
in the special case L = —K). Considering rather finer structure aspects, we fur-
ther show that in many cases (classified by the value of the parameter Lie algebra
homomorphism), the monodromy representation defined by the smooth part of the
tautological system is irreducible. This, again, has well-established counterparts in the
case of a torus action: compare [GKZ90, Wal07, Saill, SW12, Beull]. It is interesting
that the resulting mixed Hodge modules have only two nonzero weights, in contrast
to the GKZ case of [RW22] where the torus dimension predicts the number of weights.

The potential applications in mirror symmetry can be understood along the lines
of what is already known in the case of toric varieties (see [RS15, RS17, RS20]).
Namely, the Hodge module structure that we prove to exist on the tautological sys-
tem (the object called 7(p, X, 8) in Theorem 1.2 below) can be used to construct a
non-commutative Hodge structure on the partial Fourier transform of its dimensional
reduction to the Kéahler moduli space mentioned above. Conjecturally, this one is
identified with the quantum Z-module of the A-model PV\G" of the given homoge-
neous space G/P (the variation of the cohomology of hyperplane sections of which
is controlled by our tautological system). This would constitute a full mirror state-
ment, currently only known in a few special cases due to the work of Rietsch, Marsh,
etc. It should be noted though that in order to carry out this program, considerable
extra work is needed, starting with identifying the Hodge filtration on the tautological
system (the corresponding statement in the GKZ-case is the main result in [RS20]).

Besides applications to mirror symmetry, our results should also lay the foundations
for further studies of Hodge theory of various differential modules constructed from
representations of algebraic groups, such as Frenkel-Gross connections (see [FGO09])
or generalized Kloosterman Z-modules ([HNY13]).

In the remainder of this introduction, we will describe our main results in more
detail, and we give an overview on the content of this paper. The main character,
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the tautological system, is defined below. In terms of notation, for a vector space V
and its dual space W := V'V, we denote the Fourier—Laplace transformation functor
FLY : Mod(2y) — Mod(Zw) (see Section 3.1 below for more details about Fourier—
Laplace transformations on arbitrary vector bundles). For now, G’ can be any linear
algebraic group, but in the later parts we will consider a group G acting transitively
on a variety X, and G’ will denote the product C* x G, acting on equivariant line
bundles L — X.

Derintrion 1.1, — Let p: G© — GL(V) be a finite-dimensional rational representation
of an algebraic group and denote the induced Lie algebra representation by dp: g’ —
gl(V). Let Y be a G’-invariant closed subvariety of V. For a Lie algebra homomorphism
B: g — C, define the left %y -module

(1.1) (Y, B) = Dv /(DI + Dv(Zv(€) — B'(€) | € € d)),
where J C Oy is the vanishing ideal of Y, where Zy(£) denotes the vector field on V/
given by the infinitesimal action of g’ (see Lemma 4.3 for a detailed discussion), and

where 8/(€) := trace(dp(€)) — B(&).

Its Fourier—Laplace transform
(12) (p, Y, ) :=FL" (7(p,Y, )
is a left Zyv-module called the tautological system associated to p, Y and 3. &

The next statement summarizes our main results. To state them, assume that X is
a smooth projective variety, and that G is a reductive and connected linear algebraic
group that acts transitively on X. Suppose that L — X is a G-equivariant line
bundle on X, with sheaf of sections .Z, which we assume to be very ample. We put
G’ .= C*x @G, and we define an action of G’ on L by letting the C*-factor act via inverse
scaling in the fibres of L (see Definition 4.22 for a more precise and more general
description). Setting V := H°(X, ¥)V, we obtain a representation G’ — GL(V).
Moreover, since L is very ample, the linear system |.Z| yields an embedding g: X <
PV. Let X C V be the affine cone; this is a G’-invariant subvariety. Notice that there
is an isomorphism L* & X {0}, where L* is the complement of the zero section
of L — X and we write ¢: L* — V for the corresponding locally closed embedding
obtained by composing this isomorphism with the embedding X~ {0} — V. Choose
any Lie algebra homomorphism 3: g’ = Ce ® g — C with 8y = 0 (this is forced on j3
if G is semisimple, since then [g, g] = g), i.e., choose a number S(e) € C.

Tueorewm 1.2 (Theorem 4.34, Theorem 6.15 and Corollary 6.16). — In the above sit-
uation, the following statements hold true.

(1) Let p(e) ¢ Z. We have
(a)

FLV(L+OZL/*I€) if L®f =~ w?f,(*k) and B(e) = (/k,
m(p, X, B) =
0 else,

JE.P — M., 2026, tome 13
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where OEL/*k is a smooth Py--module of rank 1 on L* (and we denote by QKL/* its

associated local system) which underlies a pure complex Hodge module of weight
dim(X) + 1.

(b) If T(p, )A(,B) % 0, then it underlies a simple pure complexr Hodge module
of weight dim(X) + dim(VV). In particular, the local system corresponding to
the restriction of T(p, )A(,B) to the complement of its singular locus (or, phrased
differently, its monodromy representation) is irreducible.

(¢) The holonomic rank of T(p, )A(, B) equals

dime HI™O (X < Z()),C%)

for a generic A\ € VV = HY(X,.%), where Z()\) is the vanishing locus in X of

the section X\, and where Qi/k is the local system )\TX\Z()\)QZL/*’C.

(2) Let p(e) € Zsg. We then have
(p, X, B) = FLY (H 140 -),

which underlies a rational mized Hodge module (i.e., an element in MHM(VY)),
with weights in {dim(X) + dim(V"), dim(X) + dim(V") + 1}. Its holonomic rank is
given by

dime HI™X) (X~ Z()), C).

Since the above theorem is meant only as an overview of our results, we ignore the
case where (e) € Zgp here, as it is essentially uninteresting (see Corollary 6.13 for
more details). In a similar spirit, we only mention the holonomic rank here, whereas
Corollary 6.16 contains finer results concerning the fiber rank (resp. the solution rank)
of the system 7(p, X, 3) at any point. Notice further that the points (1a) and (1b) in
the above theorem imply in particular that for any given equivariant line bundle L
that gives a non-zero tautological system, some sufficiently high power of it yields a
system with irreducible monodromy representation.

There are essentially three main ingredients in the proof of the above results. First,
one needs to rewrite the Fourier—Laplace transformation entering in the definition of
the tautological system in (1.2) as an operation that involves only functors defined
in the category of mixed Hodge modules. This is done using a strategy that already
appeared in [Reil4], namely, via the Radon transformation for algebraic Zpr-mod-
ules. Due to the possible non-integrality of S however, we need here a variant of this
transformation. This twisted Radon transformation was used in [RS20, §5.2], and the
relevant adaptations are discussed in Section 3.

The second main point of our investigations is to study non-vanishing criteria for
tautological systems. As already mentioned, a tautological system, as defined by (1.2)
resp. (1.1) is often the zero module, especially when the dimension of the group G
is larger than the dimension of the G-variety Y. This is exactly the situation that
we are facing when studying tautological systems defined by homogeneous spaces.
This aspect seems to have been overlooked in the previous studies of tautological
systems (e.g. in [BHL"14, HLZ16]). We therefore need to develop both necessary and
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sufficient criteria for such systems to be non-zero. As stated in our main result above,
they involve both constraints on the equivariant line bundle L and on the parameter
homomorphism 3. We develop these criteria in Sections 4 and 5, using some facts on
modules over rings of twisted differential operators as well as some standard techniques
from representation theory.

The third important ingredient of our construction is a localization result for the
Fourier—Laplace transform 7(p, X , B) of the tautological system, treated in Section 6.1
and Section 6.2. Although the problem is similar to the corresponding result in the
GKZ-case in [SW09], the techniques are very much different. It is here where the
two cases 3(e) € Z resp. S(e) ¢ Z need to be treated separately. While the latter
is a relatively simple argument concerning eigenvalue decomposition for an operator
derived from the Euler vector field on the space V, the former is more delicate.
Contrary to the strategy in [SW09] (using so-called Euler-Koszul homology) we study
here various Lie algebroid cohomologies and prove some vanishing theorems about
them.

Outline. — Let us give a more specific overview over the various parts of the paper.
Notice that the level of generality is decreasing, in the sense that the results in the
earlier sections apply to more general situations than the main result as stated above.
In particular, Section 4 contains results of general interest about Z-modules related
to group actions on algebraic varieties.

We start by defining in Section 2 certain Hodge modules on line bundles L — X
over smooth varieties (or rather on the complement of the zero section L*). Their
underlying Z-modules (denoted by OF,) generalize the twisted structure sheaf
D~ | Do+ (0y -t + B) (which would correspond to the case where the variety is a
point). Then we study their Fourier—Laplace transforms in Section 3, show that they
still underlie a mixed Hodge module on the dual bundle and discuss a (complex of)
2-module(s) on the space of global sections of this dual bundle as well as a geometric
interpretation of it as twisted cohomology of hyperplane sections.

In Section 4 we address the question under which hypotheses the tautological sys-
tem 7(p, Y, 3) and its Fourier transform 7(p, Y, 3) are a non-zero %y-v- resp. %y--mod-
ule. We first consider a quite general situation of a smooth algebraic variety Y endowed
with the action of an algebraic group G’. From the vector fields induced by this group
action, together with a Lie algebra homomorphism 3, we construct a Zy-module </VY5 .
Especially important is the case where Y occurs as an orbit in a vector space V un-
derlying a rational representation p: G’ — GL(V). According to principles outlined
above, there is a tautological system 7(p,Y, 3) and its Fourier transform 7(p,Y, 3).
We relate in Corollary 4.11 the restriction of 7(p,Y, ) to Y with the intrinsically
defined module </VY6 . We then develop therefore a framework, based on the formal-
ism of Lie algebroids and their universal enveloping algebras, to study the vanishing
resp. non-vanishing of the module JQ}B . The first main result in this section is The-
orem 4.28 which gives a sufficient criterion for 7(p, Y, 3) to be non-zero. Afterward,
this is applied to the more specific case where the variety Y is the complement of
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the zero section of the total space of a line bundle over a variety X equipped with
an action by a group G. Then L can, with the choice of a character, be made into a
G'-space, where G’ := C* x G. The second main result is Theorem 4.34, which not
only gives sufficient and necessary non-vanishing criteria for the system 7(p, Y, 8), but
also describes this system, if it is non-zero, as a direct image of one of the modules
O[Z* introduced earlier in Section 2.

In Section 5, we derive (via representation theoretic methods) a formula for the
complex parameter value f(e) € C for which the tautological system T(p,)? ,B) is
non-zero, at least in the case of a semisimple group G. We also give a geometric
interpretation of this formula and show that it is compatible with the general criterion
of Theorem 4.34.

In Section 6, we apply all the previous results in the case where the variety X is
a homogeneous space, and where the representation p is in the dual of the space of
sections of an equivariant line bundle on X. The affine cone of X then takes the role of
the G’-invariant space used in the definition of the tautological system 7(p, X , B). The
main result is then Theorem 6.15, showing that if S is such that 7(p, )?, B8) # 0, then
it underlies a pure complex Hodge module for 3(e) ¢ Z and a rational mixed Hodge
module for §(e) € Z~o. Moreover, we exhibit in Corollary 6.16 a functorial description
of T(p,)? ,B) as a direct resp. as a proper direct image of a family of (complements
of) hyperplane sections of X, and in consequence solve the holonomic rank problem
as stated in [BHLT14] and [HLZ16] in this generalized situation. A major ingredient
necessary for the formulation of this functorial description is to determine how the
Fourier-Laplace transformation of 7(p, X ,B) is related to its restriction to the com-
plement of the origin. The answer to this question depends crucially on whether 3(e)
is integral or not; we treat the two cases separately in Section 6.1 and Section 6.2.

Notations. Throughout, we work over C. By wariety, we mean an integral scheme
of finite type over C. When we talk about points on a variety, we mean closed
points unless mentioned otherwise. Our convention for the projective space of a
finite-dimensional vector space V is PV := ProjSym V'V, i.e., PV parameterizes one-
dimensional subspaces of V. For a smooth variety X, we let Zx be the sheaf of
algebraic differential operators on X. If not mentioned otherwise, a Zx-module is a
quasi-coherent O x-module equipped with a left action by Zx. The category of such
modules is denoted by Modg.(Zx) and the corresponding bounded derived category
by D!.(Zx). Similarly, let Mod,(Zx) and D}(Zx) be the category of holonomic
P x-modules and its corresponding bounded derived category, respectively. Through-
out, for a morphism f: X — Y between smooth varieties over C, we denote by
fi: DL (Dx) = Db.(Py) and f+: D! .(Dy) — D!.(Zx) the functors defined by

fll = Rf(Dyx @ M) and YN :=Dx oy @f g [N
Moreover, we denote by

DA = w}/( Koy Rf}'ﬁ)m@X (%7 @X)[dlm(X)]
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526 P. Gorvacn, T. Rercnert, C. Sevenneck, A. Steiver & U. WaLtner

the duality functor from DY (Zx) to itself; it respects Mody(Zx ). We then define the
functors

ft=Dof oD and ff:=Do ftoD.
For any variety X, let MHM(X) be the Abelian category of algebraic (Q-)mixed
Hodge modules on X (as defined in [Sai88, Sai90]) and D*MHM(X) its bounded
derived category. For any morphism f: X — Y the functors

fesfporesp. fHdim(Y) — dim(X)], f*[dim(X) — dim(Y))]
on DY (Zx) resp. Db (Zy) lift to functors
fe, fi: D°MIHM(X) — D*MHM(Y) resp. f*, f': D°MHM(Y) — D*MHM(X).

We also denote by D the functor on DPMHM(X) which lifts the above defined holo-
nomic duality functor on D?(Zx). Any object M € MHM(X) is a tuple M =
(A, F,,W,, K) where # € Mody,(Zx) and W, . is its weight filtration. We denote
by HM(X, w) (or simply HM(X) if w is clear from the context) the full subcategory
of objects such that Gry(.#) = 0 for all £ # w; these are the pure Hodge modules of
weight w.

We will need an extension of the notion of (Q-)mixed Hodge modules to the
category of complex mixed Hodge modules. It can be constructed by first defining
R-mixed Hodge modules, see [Moc15, §13.5]. Then a filtered Z-module (#, F,) is
said to underlie a complex mixed Hodge module if it is a direct summand of an
R-mixed Hodge module ([DS13, Def.3.2.1.]). We denote the corresponding Abelian
category by MHM(X, C), by DPMHM(X, C) its bounded derived category and by
HM(X,C,w) (or HM(X,C) for short) the category of pure complex Hodge modules
of weight w. Many of the known constructions for R-mixed Hodge modules carry over
to the categories MHM (X, C) and HM(X, C) since they are stable under taking direct
summands. The article [DV25, §7.1 & App. A] contains a more detailed discussion of
complex Hodge modules.

For any variety X, write ax: X — {pt} for the map to the point. We denote by
HC,, the trivial complex Hodge structure of dimension 1. Then

HQX = a}H(Cpt [dim(X)],

is a smooth (constant) Hodge module and indeed an object in MHM (X, C). Notice
that our notation differs from the convention in [Sai88, Sai90], where the (Q-)constant
Hodge module of rank 1 is denoted by PQ¥.

We will further need a particular smooth (but non-constant) complex Hodge mod-
ule on the one-dimensional torus C*. Namely, for any § € R, we denote by Og* the
Ye--module

Ofé* = D+ [ D (Ot + B).
We write HQ@* for the complex Hodge module with underlying Z-module equal
to Og* (placed in cohomological degree zero), and where GI‘I}; Og* =0forp #0
and GriW Og* = 0 for ¢ # 1. Its corresponding perverse sheaf is V[1], where V is
the local system of rank 1 on C* given by the monodromy with eigenvalue 2 V=18,
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Again, in the conventions of [Sai88, Sai90] this object would have been denoted by
pCH,ﬁ
X

Acknowledgements. — We thank Michel Brion for his assistance finding references for
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homogeneous varieties. We thank Luis Narvaez Macarro for sharing some insights on
Lie algebroids with us, especially for his help with the proof of Lemma 4.16.

We thank the anonymous referees for their careful reading of an earlier version of
this paper and for their many helpful remarks. In particular, one referee suggested that
some results of this paper can alternatively be shown by using equivariant properties
of the objects involved in a more systematic way. We comment on this in Remark 4.37
and Remark 6.14.

2. Mixep HODGE MODULES ON LINE BUNDLES

As a preliminary result, we state and prove for the reader’s convenience the fol-
lowing well known fact about the fundamental group of the complement of the zero
section of a line bundle.

Prorosition 2.1. — Let M be a simply connected complex manifold, i.e., w1 (M)={e}.
Let w: L — M be a holomorphic line bundle on M, and write

ai(L) =Y Nie; € H*(M, 7))
i=1
for some basis ey, ..., e, of H*(M,Z). Denote by L* the complement of the zero
section of L. Then m1(L*) = Z/kZ, where k = ged(A1, ..., A\p).

Proof. — We first notice that the assumption m1(M) = {e} and the universal coef-
ficient theorem for cohomology implies that H?(M,Z) is free, so the statement of
the proposition makes sense. Furthermore, L* — M is a principal C*-bundle, hence
by Milnor’s construction [Mil56] for the case G = C* there is a classifying space
B := B(, a universal principal G-bundle p: £ := EG — Band amap ¢ : M — B
so that L* is the pullback of E along ¢.

Set I := [0, 1], denote by * the base point of B and by PB := {y € B! : 4(0) = *}
the Moore path space over B. Since B is path connected we have the Moore path
space fibration for (B; )

OB —PB-5B  p(y) =~(1).

and analogously for 7 : PE — E. It can be shown [FHTO1, Prop. 2.10] that there is
an action of G xg PE on PE, making 7 : PE — B a G xg PFE-fibration. One gets
a diagram of fibrations

E +— PF —— PB

Wb
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598 P. Gorvacn, T. Rercnert, C. Sevenneck, A. Steiver & U. WaLtner

with fibers
!

G GxpPE- 0B,

where vy and ' are weak homotopy equivalences (see loc. cit.).
Pulling back this diagram along ¢ one gets

L* «+—— M xgp PE —— H(yp)
\\\\‘L////

where H(p) is by definition the homotopy fiber of ¢ giving a fibration

H(g) — M 25 B.

1

Notice that L* and H(y) are weakly homotopy equivalent, in particular 7y (L*)

™ (H(p)).
Consider the long exact homotopy sequence of the fibration above

mo(M) — mo(B) — w1 (H(p)) — m (M) = {e}.
Since 71(M) and 71(B) are trivial we have my(M) =~ Ho(M,Z) and me(B) =~
Hy(B,Z) ~ Z. In particular, we get the exact sequence
HQ(M, Z)free — HQ(B7Z) — 7T1(H(<p)) — 7'('1(M) = {6}

By duality we get the map Z -0 ~ H?(B,Z) — H?(M,Z), where 0 is a generator of
H?(B,Z). Notice that this map is simply the pullback of cohomology classes along
the classifying map M — B. In order to identify the image of 8, we notice that there
is a commutative diagram

B = BC*
/
M
\
BU(1)

The map BU(1) — B is induced by the inclusion U(1) — C* and is a homotopy
equivalence, in particular H*(B,Z) ~ H*(BU(1),Z) ~ Z[0] with deg(f) = 2. The
map M — BU(1) is the classifying space of the sphere bundle of L. By definition of
the Chern classes the pullback of 6 along M — BU(1) is the first Chern class of L.
We conclude that, with respect to the dual basis of eq, . .., e,., the map Ho(M, Z)free —

Hy(B,Z) is given by Z& —t2) 7 O

From now on, let X be a smooth complex quasi-projective variety and let L — X
an algebraic line bundle. Unless noted otherwise, we work in the algebraic setting
and denote the associated complex manifolds by X" L*" .... In particular, when
assuming that 71 (X?") = {e}, we can apply the above proposition to the case where
M := X?" and to the holomorphic line bundle L*" — X2 We therefore conclude
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that m (L*?") = Z/kZ. For the remainder of this paper, we will moreover assume
that L is a non-trivial line bundle on X (in particular, we assume that Pic(X) # 0).
This implies in particular that the number k obtained in the previous proposition is
different from zero.

Derinition 2.2, — Let L — X be as above, and let k be as in Proposition 2.1.
Choose a rational number 3 in +Z. Consider the representation i (L**") — C* given
by sending [1] € Z/kZ = m(L**") to the k-th root of unity e=2""#. This defines a
local system on L*#" which we denote by Qg*. The corresponding Or«-module with
integrable connection (i.e., the corresponding smooth 2y «-module) is denoted by 0.
It underlies a complex smooth pure Hodge module on L* denoted by Hgﬁ*. &

Notice that it follows from this definition that 07, = 07, for 8 — ' € Z.

Prorosrrion 2.3. Locally, over an open subset U C X trivializing the line bundle,
Oﬁ* is isomorphic to the Do« y-module

D ) (8t + B) R O

Proof. — Write Lj; for the restriction of L* over the trivializing set U C X. Clearly,
U is also a trivializing open set for L*, i.e., we have L}; = C* x U. First we note that

m (L) 2 (T x U™) = 7, x my (U™,

Notice that although one can find trivializing sets of the analytic bundle L?" — X2

which are simply connected, this is not necessarily true for the set U?", which is the

analytification of a (Zariski open) trivializing set of the algebraic bundle L — X.
The group homomorphism m(L;7*") — 71 (L**") induced by the inclusion is given by

TU(LE™) = Z x m (U™ — Z/KL = m (L)
(ly) 0

since 71 (X*") = {e}. Now, the restriction by Li7™™ < L**" of C7_ is given by the
representation 1 (L;;*") — C* obtained by composing the map 71 (L;7*") — w1 (L*?")
with the given representation 71 (L*?") — C* defining Qg*. Hence, it sends (1,7) to
e~2™8 Therefore, the restriction of ng to Ly;*" is isomorphic to Qg X Cyjan, and
consequently the restriction of the algebraic & «-module O[Z* to Lj; is given as stated
above. |

The following fact about the holonomic dual of (‘)g* is obvious from the definition,
since for smooth objects, the holonomic dual coincides with the dual bundle (with
dual connection).

Levma 24, — We have DO}, = 07 for all B € L.

The next step is to consider extensions of the & «-module 07, (resp. of the corre-
sponding Hodge module Hgfz*) over the zero section of L — X. For this, we choose a
covering X = J;; U; by Zariski open subsets over each of which the bundle L (as well
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as its restriction L) trivializes. We write Ly, and (as above) Ly, for the restriction
of the bundle L and that of L* over the open set U;. We denote by j; : Ly, — L
resp. by ;1 : Ly;, — L* be the canonical open embeddings. By shrinking U; if neces-
sary (so that it becomes the complement of a divisor in X, and so will be Ly, in L,
and Ly in L*), it will be convenient to assume that both j; and % are affine maps,
in particular, the functors j; . and EH are exact for x € {+, 1}.

Moreover, we write jr, : L™ < L for the open embedding of the complement of the
zero section into L. We then have the following Cartesian diagram of canonical open
embeddings:

L

(2.1) ji,Lj . ij
Ji

LUi, —— L.

By construction of the module O/z* , for any 7 € I, we have an isomorphism (depend-
ing on the choice of a trivialization of L resp. of L* over U;)
P 02, ROy, — o8
Then we have the following statement

Prorosition 2.5

(1) The 2r-modules jL7+O§* resp. ijT(f)ﬁ* underlie the mized Hodge modules
jL,*HQ/z* resp. jL,!HQ% on L.

(2) If B ¢ Z, then

juCL = e = e

which is pure of weight dim(X) + 1.

(3) For any B € +7 the following isomorphisms hold in MHM(L)

GLsTCE . 2 il T, and  jp PCE = it Tl

i.e., these mized Hodge modules are the minimal extensions of their restrictions to

open sets Ly, C L.

Proof
(1) This is obvious.
(2) Notice that we have a well defined morphism
IO — L0

It suffices to show that if 5 ¢ Z, then this is an isomorphism in Mod(Zr). This is a
local statement, therefore, we can reduce the proof to show that for any i € I, the
morphism

30 — 5 in+ 05

JEP — M., 2026, tome 13



TauToLoGICAL SYSTEMS, TOMOGENEOUS SPACES AND THE HOLONOMIC RANK PROBLEM 531

~J

is an isomorphism. Since ji+ j;r , this is equivalent by base change (see diagram

(2.1)) to show that

FOT. — (on)+di 0.

(Ji,L)1J;
is an isomorphism. Since ;j' Og* is isomorphic to Og* X Oy, via ¢y, and since the
functors (j;,r)+ resp. (ji,r.); correspond to (jc X idy,)+ resp. (jc X idy, )+ under this
isomorphism, the statement reduces to the well-known fact that jc,+Og* = jQTOﬁ . =
et 0L for B ¢ Z.

(3) Again it suffices to show the statement on the level of 2 -modules, i.e., we need
to show that for all 4 € I we have

(2.2) o400 = Jiirdi jr 00 and L 07 = iy 5 107
Let us prove the first statement concerning the extension jr, O[Li*, the proof of the

second one is similar. Fix ¢ € I. Then for any r € I\{i}, we obtain an isomorphism

(2.3) j:_jL,+O§* = R T

Jr+ 07
by an argument similar to point 2. above. Namely, in order to show (2.3), it suffices by
base change (notice that all functors involved are exact, so the base change property

also holds for the intermediate extension) to prove

J'7-,L,+O[z;h = J’w-¢+j;¢jr,L,+O’2;]T7
where now j,. 1, : Ly; < Ly, and where j; : Ly,nu, < Ly, . However, since both L*
and L trivialize over U, and since the module O’[Z*U resp. the extension (jy, L)+o§5
is isomorphic to the exterior product (‘)g* X Oy, resp. to j(c,+(‘)g* X Oy, (and since
obviously Oy, is the minimal extension of Oy,ny,.), we obtain the existence of the
isomorphism (2.3). Now it is a tedious but straightforward check that these isomor-
phisms are compatible on intersections of trivializing open sets, hence they yield the
desired isomorphism

G407 2 jigs g i+ 0. 0

3. FOURIER—LLAPLACE TRANSFORMATION

The purpose of this section is twofold: First we recall a few basic properties of
general Fourier-Laplace transformations on (not necessarily trivial) vector bundles.
We then apply these constructions to study a (complex of) Z-module(s) that generi-
cally computes cohomology groups of hyperplane sections of projective varieties. These
results are used later in Section 6 for the special case of homogeneous spaces and their
corresponding tautological systems.

3.1. FouriER-LLAPLACE TRANSFORMATION ON VECTOR BUNDLES

Derinition 3.1. — Given a vector bundle £ — X on a smooth variety X, we consider
the canonical projections p;: E xx EY — F and py: E xx EV — EV. Let

a:ExxEY —CxX—C
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be the natural pairing and denote ¢ := at(%Pc/%c(0; + 1)). The Fourier—Laplace
transformation is the functor FL : Dgc(@E) — Dgc(ﬁEv) given as

FLY (M) := poy 0y M ®5, ., H). ©

We first note a well-known fact concerning the behavior of the Fourier-Laplace
transformation with respect to the holonomic duality functor.

Lemma 3.2. — We have
ct oFLY oD = Do FLE

as functors from D%(Pg) — D%(Pgv), where ¢ : EV — EV is the automorphism given
by fiberwise negation.

Proof. — This can be shown exactly as in [Dai00, Cor.2.2.2.1., 4)] (see especially
loc. cit., Prop. 2.2.3.2) |

We proceed with the following two basic properties that follow rather directly from
the projection formula and base change.

Lemma 3.3. — Let ¢: E — F be a morphism of vector bundles over X and denote by
@Y FV — EV the induced morphism of dual vector bundles. Then for x € {+,1} we
have

FLY op, & ¢"* o FLY
as functors D%(Zg) — D%(Ppv).

Proof. — We only show the case x = + from which the case x = } follows directly
using Lemma 3.2. We write

HE = (@) (D) Te(@ +1) and AT = (aF)H(Te/Te(0,+ 1),

where a1 Exx EY — C and of : F xx FV — C are the natural pairings. Moreover,
denote by q1: E xx FY — E and ¢3: E xx FV — FV the projections onto the first
and second factor. Consider the commutative diagram

E d F
E
p
; }h Tpf
id
Bxx BY o Exx FY L2 P FY
1dg X@
pfl l@ o
EY P ’
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whose squares are Cartesian. For every .# € D%(Zg), we have:

FLY (o4 4)
= p£+(p T ®oFxpv HE)
= p§,+( @ X idpv)4qf 4 ®oFva «%/F) (base change)
= pQF (o xidpv)+ (q1 M ®OE><FV (¢ x ldFv)+%/F) (projection formula)
= @i (gf A @5, (o xidp )t ") (g2 =5 o (¢ xidpv))
~ . VA4 o B o o (idg x¢")
o ( .///®OEFV (idg x" )" ) <:aF0(ga><idFv)>
= gy 1 ((idp x@") oyt 6,00 (e xe")TAF) (@1 =p? o (ds x¢"))
> ¥ +p2E+(p1 T ®OE><EV %E) (base change)
= ¢t FLY(A). O
Lemma 3.4. Consider a Cartesian square

E-—2,F

|~ |

X —Y

where the vertical arrows are vector bundles over smooth varieties. Denote the corre-
sponding morphism of dual vector bundles by g¥: EV — FY. Then for x = {+,} we
have

FLY og, = g¥ o FLE and  FLE og* = gV* o FLY

as functors DY(Zg) — D%(Ppv) and D%(Pr) — DY(Zgv), respectively.
Proof. — Again we restrict to the case x = +, and invoke duality to deduce the

corresponding statements for x = . We use notations as in the proof of Lemma 3.3.
Note that we have the following commutative diagram with Cartesian squares:

ELL g xx BV —— EV
QJ Jg xg' ng
P p xy FV P2, Py, pu
For every /4 € DZC(QE), we have:
FL$(9+///)
=p§,+( +/// ®OFX o )
%p§+( g% g")p; ot ®OF><yFV %F) (base change)
g]D§+(g A (pf’+/// ®H@)E v (g x gv)+<%/F) (projection formula)
= g\{ps ., (0" //f®oEx o (gx gt (P2 0(gxg’)=g"ops)
= gYpy 4 (0 vt ®OEX v ) (a”=a"o(gxg"))

:g+FL§((J//)-
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Similarly, for 4" € DZC(QF), we get:

FLY (g7A4)
=py Fopr gt ®OEX v HP)
5p5+((9><9 Pt @, HE) (gopt =pi o(gxg"))
=p3 (9% 9") TN &6, (9xg)THT) (@ =alo(gxg")
= g\/"~'19§+ (pl +JV ®OF><yFV L%/F) (base change)
=gV T FLE (). O

In the following, we wish to relate Fourier—Laplace transforms on vector bundles
with classical Fourier—Laplace transforms on a finite-dimensional vector space (which
is the special case of a vector bundle over a point). For this, we consider the following
situation: Let 7: E — X be a vector bundle on a smooth variety and denote by &
its sheaf of sections, i.e., E = Tot(€) := Specy, Sym' &Y. Let W C I'(X, &) be a
non-zero finite-dimensional vector space of global sections of E and let V := WV
be its dual vector space. There are natural bundle morphisms ev: W x X — F and
evV: BV =V x X, where EV denotes the dual vector bundle to E.

Prorosition 3.5. — Let W be a finite-dimensional space of global sections of a vector
bundle E — X on a smooth variety. Let V' denote its dual vector space. If

ay:VxX—V and aw: WxX —W
denote the projections onto the first factors, we have
FLV(av,Jrevi///) =~ qyyev’t FL?}v (A)
for all A € Db (Zpv).

Proof. The claim follows from Lemma 3.3 and Lemma 3.4 considering the diagram

By x Wy

~ 0 < .

X —— SpecC.

3.2. FouriER-LAPLACE TRANSFORM OF EXTENSIONS OF Oﬁ*. — We now determine the
Fourier—Laplace transform of the Zp«-modules Olz* defined in Section 2, where L*
is the complement of the zero section of a line bundle 7w: L. — X. We denote by
jr: L* < L and jpv: LY* < LY the open embeddings from the complements of the
zero section into L and LV, respectively.

Prorosition 3.6. Let € C with kB € Z. Then

FLY (jr,4+07.) = jrv 1070
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Proof. — We have trivially

07 =it 5,701,
(recall diagram (2.1) for the maps involved in this isomorphism) since O/z* is a smooth
P1,--module. The commutativity of diagram (2.1) yields

Joot Jite 5 O0 2 higr din 500 and Grgdise 5 O0e = Gigs Jing 3O
therefore, we obtain
o O = it Ginw i O

for « € {4, t}. Similar statements hold for OZVB,* and its extensions to Zrv,--modules
(they involve the canonical open embeddings j; : Ly; < LY on the dual bundle).

By Lemma 3.4, we have FLY oj; . = Jis o FL&U for x € {+,1}. Moreover, since
all of the four functors FLg},ji’*,ijFLgf" are exact, we also obtain FLf( Ofi it =
ji\fH_ o FLILij It follows that

FLY (jo.+02.) 2 5y FLY (o437 07.) = 340 FLY (jo.+ (02 B Oy,))
o ) FLE (jes 02, B O0) = 5 (FL e+ 0. B 0
= jite (o1 0c” B O0,) 2 g (v (067 © Ou,)
> Ve (Grv gy T 0L8L) 2 gy 0.0 O
CoroLrARy 3.7. Let k € Z and let B € R with k8 € Z. Then the Fourier—Laplace

transform on L of the D1 -module jL,JrOg* can be equipped with the structure of a
complex mized Hodge module which is pure of weight dim(X)+1 if 8 ¢ Z.

Proof. — We have just seen in the previous Proposition 3.6 that
FL% (j1,+07.) = jrv 1070

On the other hand, we know by Proposition 2.5 that ij’TOZ&* underlies the the
object

JLv, HQZ@* € MHM(L", C),
and that it is pure if § ¢ Z. O

3.3. TWISTED COHOMOLOGY OF HYPERPLANE SECTIONS. — In this subsection, we describe
a complex of Z-modules that generically computes certain twisted cohomologies of
hyperplane sections of our variety X (resp. the complement of those). We show that
it underlies an object in the derived category of mixed Hodge modules. In the more
specific situation studied later in Section 6, when X arises as a homogeneous space,
these Z-modules will appear as tautological systems.

With the notations from before, we fix a non-zero finite-dimensional subspace W
of T'(X,%Z). Let V := WV denote its dual vector space. The linear system W on X
defines a rational map g: X --» PV. The natural evaluation morphism

(3.1) ev: WxX — L,
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is a morphism of vector bundles over X and it induces a dual bundle morphism
vV LY — V x X.

The following diagram commutes:

\V; er
LV — L, yxXx
ol

x 9y Ty

If the linear system W is base-point-free, then g: X — PV is a morphism and ev"
restricts to a morphism

NV LY — (VN {0}) x X

of complements of zero sections. In this case, we have the following commutative
diagram:

Vv
Ly < VXXLV
jLV]\ indx] X JT
~\/
LV S ({0} x X —— V ~ {0}

|

X

L]

9XdX ey x L py

If, moreover, the linear system W separates points and tangent directions (in partic-
ular, £ is very ample in this case), then g: X — PV is a locally closed embedding,.
In this case, LY>* is isomorphic to X~ {0}, where X C V is the affine cone over
g(X) C PV, and LY is the blow-up of X in the origin: LV = Blyoy X. We denote fur-
ther by Y := ev~1(0) the inverse image of the zero section of L, by U := (W x X)\Y
its complement, and we write ay : Y — W resp. ay : U — W for the restrictions of
the projection ayw: W x X — W to Y resp. to U.

Prorosition 3.8. — Assume L to be very ample and let W C H°(X, %) be a finite-
dimensional linear system defining a locally closed embedding g: X — PV, where
Vo= WV, Let 7: LV* = X ~ {0} — V denote the locally closed embedding of the
punctured affine cone over X into V. Then we have the following.

(1) For all B € C with kB € Z, the complexes of Dw -modules
FLY(7,05,.) and FLY(G0.0.)

underlie elements of DPMHM(W, C) that we denote by H>*M€ and by H7!M2ﬁ, respec-
tively. We have

H,*Mg ~ H,*M[Z+Z and H,!Mzﬁ o~ H,IMzﬁ-‘rZ

for any € € Z.
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/

(2) For B € Z, the complezes FLV(T_,_Ofv,*) and FLV(/L\TOZE,*) underlie elements
in DPMHM(W) that we denote unambiguously by T*My, resp. by F'My.

(3) For B ¢ Z, we have an isomorphism H’*Mg = H’IM% If X is projective,
then the cohomology modules HZ(H*Mg) are pure Hodge modules of weight dim(X) +
dim(W) + «.

(4) Let B € Z and assume again that X is projective. Then for any k € Z, there
exist morphisms in the abelian category of mized Hodge modules

Hk(ay,* HQE) — Hk(H’*ML) resp. Hk(H’!ML) — Hk(ay,* HQ%)(—l)

with constant kernel of weight k + dim X + dimW — 1 resp. k + dim X 4+ dim W
and constant cokernel of weight k + dim X + dim W resp. k + dim X + dim W + 1.
In particular there are the following weight estimates for ®*My and ™' My :

Gr) (H* (M) =0 for £#k+dimW +dim X — 1,k + dim W + dim X,
Cr) (H*('Mp) =0 for £# k4 dimW +dim X, k 4+ dim W + dim X + 1.

Remark 3.9. Notice that by a result of Chen-Dirks [CD23, Th. 1.4] one can eas-
ily show point 1. of the above proposition, i.e., the fact that FLV(7+O[ZV,*) and
FLY (t+ OZV’B) underlie mixed Hodge modules. Namely, it is shown in loc. cit. that the
monodromic Fourier-Laplace transform of a monodromic mixed Hodge module carries
again the structure of a monodromic mixed Hodge module, and since the 2y -modules
@r(‘)ﬁv,* and ?T(‘)iv,* do underlie monodromic mixed Hodge modules on V under the
assumptions of Proposition 3.8, the result of Chen—Dirks can be applied. However,
the proof of point 1. of Proposition 3.8 below will yield a particular presentation of
FLY (7, Ogv,*) and FLY (ffogé,*) by standard functors (see Formula (3.2)), which is
needed later in Proposition 3.10, which in turn is a cornerstone in the solution of the
holonomic rank problem (see Corollary 6.16 in Section 6.3 as well as Theorem 1.2 in
the introduction). &

Proof of Proposition 3.8

(1) We start by showing the statement for H *Mﬁ For this purpose, we combine
Proposition 3.5 and Proposition 3.6 to get a purely functorial description of this
complex of Zy-modules not involving Fourier-Laplace transforms, namely

FLY (7,00, ) 2 FLY (avqevyjrv 1 O5,.)

=~ qyyev’t FL§(v (ij7+O€v,*) Proposition 3.5
(3.2) = aW’JreVJer’TOZE Proposition 3.6
= aW7+eVTjL’TO£§ ev is smooth

= aw,4 evi[dim L — dim(W x X)]j, 07 [dim W — 1],

where the last equality is due to the dimension count dim(L) = dim(X) + 1.
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Since OZF underlies the complex pure Hodge module ngﬁ (see Definition 2.2),
we obtain that

(3.3) B = awwev*jp #CL P [dim W — 1] € DPMHM(W, C).
Define
BN = (D M) (dim(W x X))
where D is the duality functor in MHM(W, C) as recalled in the introduction. Clearly,
DFLY (@r(‘)lzv,*) is then the complex of Zy-modules that underlies H7!M£’B, where
this time D is the holonomic duality functor on %y, -modules.

On the spaces V and LY>*, we consider the isomorphisms cy and cpv.« given by
multiplication by —1 (in all variables for ¢y and fiberwise for ¢pv.«). Then since the
Fourier transformation FLY and the holonomic duality commute up to the action
of ey (i.e., since D o FLY =2 FLY oD o ¢y;), we obtain the following isomorphisms in
D(Zyw) for the complex of Zy-modules underlying 7'M ”:

DFLY (7,07, ) ~FLY D¢ (2,05.,.)

since cy oT =70 cpv,

~ FLY D(0ycf, . 0%, . 0
(L+CL R AR ) by definition of 7

~FLY D(7,05,.) Jisom. ¢}, 05, 205,
~FLY@DOS,.) D7, =73 D
o~ FLV(fTOZg*) ]D)Ofv,* = O;?,* by Lemma 2.4.

This shows that FLV(fTOZg*) is the complex of 2y -modules underlying the object
H’!Mzﬂ, as claimed.

The second statement follows directly from the fact that (‘)g* = Og; for 6—p' € Z.

(2) For 8 € Z, we have Ozﬁ = Op+, which underlies an element in MHM(L*), and
by the above argument we get that *Mp, #'M;, € DPMHM(W).

(3) Recall from (3.2) above that

FLY (1,0.0.) = awevij, ;07
Applying the holonomic duality functor yields
DFLY (7 0.0.) = aw,evljn 1 DO, 2 aw yevijs 4 017,

since aw.t = aw.+ (aw is proper) and since evt = evl (ev is smooth). Now if 3 ¢ Z,
by using Proposition 2.5, we have jr, 4 Ozﬂ = jL,TOZ*ﬁ, and thus we obtain

DFLY (7,070.) 2 awyevij ;007 2 FLY (7,07, L),
from which we deduce an isomorphism
H’!Mi ~ H,*Mlz

in D*MHM(W, C).
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Moreover, under the assumption that 8 ¢ Z, we have seen in Corollary 3.7 that
Jr, HQZ? is pure (of weight dim(X) + 1). Since the morphism ev is smooth, and
since aw is projective here, the second assertion thus follows from [Sai88, Th. 1].

(4) Recall that we denoted by jr: L* — L the inclusion of the complement of the
zero section and denote by iy : X — L the inclusion of the zero section of L. There is
the following adjunction triangle

Jraipt e, — e, — izt e,
Since i; ' IC, = C[1] we get the triangle

Z'L,! HQX — jL,!jZl HQL — HQL +—1> .

Since the map j, is affine, the functor j from MHM(L*) to MHM(L) is exact
and H°(jr,HC;.) is the only non-zero cohomology. Therefore we get the short exact
sequence

(3.4) 0 —ip, "Cy — HO(jp. PC;.) — HC, — 0.

We have the following diagram with Cartesian squares

Y (Z—y> XxW+—U
eVllé ev eV|u
X i I JL I

Applying the exact functor ev*[dim W — 1] to the short exact sequence (3.4) we get
the short exact sequence

(3.5) 0 —> iy, Cy — H (ev*jp, "Cp. [dim W —1]) — HCx,yp — 0.

Notice that iy, #Cy is pure of weight dim X + dim W — 1 and that Cyy; is pure
of weight dim X + dim W. We apply the functor aw, . to (3.5) and get

(3.6) H* Yaw,. "Cy ) = H*(ay . "Cy) — H*(F*ML) — HF (aw,. "Cx )

Since H* (ay, . Cy) is pure of weight k+dim X +dim W —1 and the constant mixed
Hodge module H* (aﬁlv,*Qwa) is pure of weight k+dim X +dim W we conclude that

Gr) (H*(H*Mp)) =0 for £#k+dimW 4 dim X — 1,k + dim W + dim X.

and there exists a map H*(ay . #Cy) — H*(#*M) with constant kernel and cok-
ernel. Applying D to the sequence (3.6) and doing a Tate-twist by —(dim X x W) we
get for m = —k

(3.7) H™(awy "Cxypw) — H™(F'My)
— H™(ay,» H@y)(—l) — H™ " (aw,. "Cx ).
Since H*(ay . #Cy) is pure of weight k + dim X + dim W + 1 we conclude that
Cr)/ (H™('Mp)) =0 for £#m+dimW +dim X, m + dim W + dim X + 1.
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and there exists a map H*('My) — H*(ay . Cy)(—1) with constant kernel and
cokernel. g

We will discuss next a natural geometric interpretation of the complex of mixed
Hodge modules #*M?% resp. H'M 7.

For this purpose, fix some value A € W. Then, by definition, we have A € T'(X, %),
and interpreting this global section as a morphism A: X — L, we can consider the
image Ly := im(\) C L. We identify the zero section of the projection 7: L —» X
inside L with X and recall that L* := L ~ X denotes the complement of the zero
section. We denote by Hy := Ly N X C X the zero locus of the section A (which was
called Z(A) in Theorem 1.2) and by Uy := X ~\ H) its complement in X.

Notice that the full family of zero loci of sections of L is given by Y := ev=1(0) — W,
(s,\) = A, i.e., the fiber of this map over a point A € W is exactly the hypersur-
face H. Similarly, we have U = (W x X) \'Y = U,y U, the evaluation morphism
ev from Formula (3.1) then restricts to a morphism

eviy: U — L™
Recall that we defined the constant (complex) pure Hodge module Hgﬁ* in Defini-
tion 2.2. We then put

Hel = eviy M. [dim W — 1] € HM(U, C).
Moreover, for A € W as above, consider the restriction Ay, : Uy < L*. We put, for
peqQ,
Hed = iy, BC]. [-1] € HM(U,, ©).
Prorosition 3.10. — We continue with the setup of Proposition 3.8 and additionally

assume that X is projective. Let 8 € C with kB € Z. Then the following statements
hold true:

(1) Let ay: W — W be the restriction of the projection aw: W x X — W. Then
we have an isomorphism

aw ) 1Cy 7 = MY and  an . BCE (2dim W+ 2dim X) =2 Hv P

in D"MHM (W, C).
(2) For any m € N, and any A\ € W we have isomorphisms of (complezx) mized
Hodge structures

Hm(lﬁ\ H,*Mi[_ dim WD ) I_I((:iim(X)+'rrL([J/\7 HQ;B),
H™ (i M P [dim W) =2 gAmCO+m (g7, AP (dim W+ 2dim X).

Proof. — In the course of the proof, we will make repeatedly use of the base change
property for algebraic mixed Hodge modules, as stated in [Sai90, §4.4.3].
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(1) This is almost immediate by considering the following Cartesian diagram

CV‘u I+

U
y \[ju \[JIL
W ogm X xW 2= L
which yields (using (3.3))

(*)
H’*Mg ~ awev jL HQZ*B [dim W — 1]

aw, juyeviy "CrY [dim W — 1]

= ayyeviy "Cp Y [dim W — 1]

where the isomorphism (%) holds because ay is proper (since X is projective) and
ev is smooth, and where (*x) follows by base change. We then apply the duality
functor D on D*MHM(W, C) on both sides of ay, HQﬁﬂ = H’*Mﬁ to obtain that
ay . ICY (2dim X + 2dim W) =2 FIv P

(2) Write

HaND = ev*jp  HC, P[dim W — 1] € MEM(X x W, C),
then by the proof of the previous Proposition 3.8 we have that
H’*Mg ~ aw, H,*Ng

Now consider the Cartesian diagram

X
Xx A} 2 X xW

o

N —2w
Then
a5 M = aw, TN
= a!Xif\(’* H’*N‘Z (base change)
= ai¥ iy ev*jip ) O, P ldim W — 1]
= i AL, ngﬂ [dim W — 1] (evoix = \)
>~ aX \jp) HQZ'B [dim W — 1] (a* proper).

Now we consider the diagram

]T Ao, TJ'L

U,\*>L*
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then base change yields \*jr1 = 7 ATUA’ so we get an isomorphism of objects in
D*MHM({)\},C) (which we identify with the derived category of complex mixed
Hodge structures).

iy M) 22 ol i Ay, TP [dim W — 1] = o i ;7 [dim W]
= off 5 1C P ldim W) = o> #C P [dim W],

where a”>: Uy —» {\} and where we have used a2 = qi¥ since X is projective.

We apply H™(—) to both sides to obtain an isomorphism of complex mixed Hodge
structures

H™ @5 ML [- dimW]) = H™ (o IC7) = B X (U, 7)),

Recall that we use the convention #C y := a’ HC,[dim(X)].
For the second statement, we apply the duality functor D in D*MHM(W, C) to the
isomorphism ¢ *Mg = a!U* HQ;B [dim W] just proved, which gives

i\ TGP = oD BCK (dim W+ 2 dim X) [~ dim W),
and then by taking cohomology again we find that
H™ (@ M P [dim W) & gamCO+m gy HOP) (dim W+ 2 dim X),
as required. O

In the subsequent sections of this article, we will investigate to which extent tauto-
logical systems for homogeneous spaces X are examples of the Z-modules underlying
HNP? for particular line bundles L and values §.

4. NON-VANISHING CRITERIA FOR TAUTOLOGICAL SYSTEMS

The definition of a tautological system does not always describe a non-zero Z-mod-
ule. In fact, for tautological systems arising from projective homogeneous spaces, this
fails in a striking way, as we will see below in Section 4.4. In that setup, tautological
systems 7(p,Y,3) will only be non-zero for very particular representations p and
specific choices of 8. In those cases however, tautological systems are particularly
interesting. The aim of this section is therefore to develop general criteria for vanishing
resp. non-vanishing of tautological systems.

4.1. 2-MODULES FROM GROUP ACTIONS. — Here we consider the action of a linear alge-
braic group G’ on a variety Y. The main case of interest (which will be discussed
from Section 4.4 on) arises when we are given an action of a reductive linear algebraic
group G on a smooth variety X, and an equivariant line bundle .Z on X. Denoting
by G’ the group G x C*, we let G’ act on Y, which we take to be the total space L
(or the complement L* of the zero section) of . For the purpose of clarity, it is
however useful to first treat the case of an arbitrary variety Y admitting a G’-action,
where G’ is any linear algebraic group. This is the point of view that we are going to
adapt in Sections 4.1 to 4.3.
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We begin by recalling some facts concerning group actions on smooth varieties.
They are mainly included for the reader’s convenience and in order to fix notations.
The proofs are rather elementary and will therefore be omitted.

Lemma 4.1. — Let G’ be an algebraic group acting on a smooth variety Y. Then there
s a unique Lie algebra homomorphism

Zy: g/ — F(Y7 @y)

associating to every element & of the Lie algebra g’ of G' a wvector field Zy () on'Y
with the following point-wise description: At a point y € Y, the tangent vector of
the vector field Zy (&) is given by dgY(£), where @¥: G' =Y, g+ g~ ' -y, and € is
understood as a tangent vector to G’ at the point 1 € G'.

In the complex analytic category, the vector field Zy () may be defined as the
derivation

d _
Zy (§)(f) = ﬁf(exp(tﬁ) L. (_))‘tzo-
If the G'-variety Y considered is clear from the context, we will drop the index and

just write Z(£). In the literature, the vector field Z(¢) is sometimes denoted by L,
see e.g. [Hot98, I1.2].

ExavprLe 4.2. — Consider the action of G’ on itself by left-multiplication (i.e., Y =G’).
Then —Zg: (&) is the right-invariant vector field associated to £ € g’. If, for example,
G' = (C*)% and € € C? = ¢/, then

d
Zcya () ==Y &itidh,,
=1

where (t1,...,tq) are the standard coordinates on (C*)<. &

For group actions on finite-dimensional vector spaces, we also have the following
description:

Lemma 4.3. — Let p: G' — GL(V) be a finite-dimensional rational representation
of an algebraic group G'. The induced left action of G' on C[V] = D 5, Sym? vV
describes a morphism of algebraic groups G' — GL¢(C[V]) whose induced Lie algebra
homomorphism g’ — Endc(C[V]) makes the following diagram commute:

g Endc(C[V])
% /
Der(C[V])
Ezxplicitly, if we fix coordinates x1, ..., z, on'V and consider the associated Lie algebra

representation dp: g’ — gl(V) = gl(n,C) = C™*™, then
Zy (&) ==Y dp(&);i wi0a,
ij=1

for all € € Lie(G").
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Examrre 4.4. Let G’ = (C*)¢ be a d-dimensional torus acting linearly on an
n-dimensional vector space V. We identify V with C™ by picking a basis that diago-
nalizes the action, i.e., t = (t1,...,tq) € (C*) acts on @ = (v1,...,7,) € C" by

t-x=({t%wy,...,t%x,) with a1, ..., o, € Z%.

If £ € Z¢ = Lie((C*)?) is the i-th standard basis vector e;, we get the vector field

n

Zv(ei) = — Z(aj)ixjaa:j

j=1

on V. These are the vector fields showing up in GKZ-systems associated to the given

torus action. &
Exampre 4.5. — Let X C P* be the rational normal curve of degree k, i.e., the
image of
O(k
PlM)IP’k, [mozml]»—>[()x§ it |i=0,.. k]7

and let Y := X < {0} be the punctured affine cone over X in V := C**!. The group
SL(2) acts on V = H°(P',0(k))¥ = Sym*(C?), the k-th symmetric power of the
standard SL(2)-representation, and we extend this to an action of G’ := SL(2) x C*
by letting the C*-factor act by scaling on V. The Lie algebra g’ is generated by
E1s, Es1, E11 — E9s € 5l(2) and the generator e of Lie(C*) 2 C. The induced vector
fields on V are

k k

Zy(Er2) = — Z 020z 4, Zy(En) = — Z(k —i+1)2-10,,,
i=1 i=1
k k
Zv(E11 — EQQ) = — Z(k — 21) Ziazi, Zv(e) = — Z zi[)zi,
i=0 i=0
where 2, ...,2, denote the coordinates on V' = CFt!. Note that the minus signs

appear because we differentiate the contragredient action on the coordinate ring of V.
On the G'-invariant subset Y, these vector fields restrict to the vector fields Zy ().
In local charts, these can be expressed as follows: We may cover Y by the two open
subsets Uy and U; given by the non-vanishing of xlg € VY and z¥ € V'V, respectively.
Identifying
Uy = C* x C, A (1, ks, (5)52,...,k5k_1,sk) — (A, 8),
Uy 2C*xC, o (0 kR ()2 k1) e (uyt),

the vector fields induced from the G’-action on Y are:

Zy (Er2)\u, = —ksA@A + 520, Zy (E12)|y, = —0%,
Zy (E21)\u, = Zy (Ea1) v, = —ktpd, + t°0;,
Zy (Fyy — Egz)‘UO - —kx\ék + 250, Zy(Evi — By, = kud), — 210,
Zy(€e)jy, = =0, Zy (), = —p0y.
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Note that these local expressions coincide on the intersection UyNU; under the gluing
C* x C* — C* x C*, (A, 5) = (AsF,s71) = (u, t). O

Using the vector fields defined in Lemma 4.1, we introduce the following Z-mod-
ules:

DerintTion 4.6. Let G’ be an algebraic group acting on a smooth variety Y and
let 8: g’ — C be a Lie algebra homomorphism. Then we define the left Zy-module

M = wY ®oy Dy [(Zy(€) — BE) | €€ d)Dy. o

Recall that on a local coordinate system, the right-left transformation wy ® (-) is
given by transposition of operators, see e.g. [HTT08, §1.2], but this does not globalize
in general.
Remark 4.7. In case that the action of G’ on Y is transitive, it is easy to see that
if </Vyﬁ # 0, then it is a smooth Zy-module of rank 1 (namely, the vector fields Zy (§),
when £ runs through g’, generate the tangent bundle of V). As already mentioned,
our main case of interest is when Y = L* for some C* x G-equivariant line bundle L
on a homogeneous G-space X. Then G’ := C* x G clearly acts transitively on L*,
and therefore c/VYﬁ corresponds to a rank 1 local system on L*. By the discussion in
Section 2, we then know that /VYB must be one of the Zr+-modules introduced in
Definition 2.2. Under the hypothesis that G is semisimple, one can also show that a
NON-ZEro </VYB is isomorphic to Oi(*e), where e is the generator of the Lie algebra of C*,
as we will discuss later in Proposition 4.33. However, one of the main points in this
section is that very often, the module JVyﬂ (and, if Y is an orbit in a representation
space V of G, the tautological system 7(p,Y, 3)) is zero, and then it is certainly not
isomorphic to Of*. We will develop below criteria that guarantee the non-vanishing of
the modules JVf resp. of tautological systems (see Proposition 4.33 and Theorem 4.34
below). &

Exampir 4.8. — Let G’ = T = (C*)? be a d-dimensional torus acting on itself.
We identify Lie algebra homomorphisms 3: C? = g’ — C with vectors 3 € C?. Then

NP = WY @0, Dr)(—t:0y, — Bi |i=1,....d)Dp =2 D) Dp(Duts — B | i =1,....d).

This Zr-module was called O” in [RS20]. &
Exawmpre 4.9. — We reconsider the action of G’ = SL(2) x C* on the punctured
affine cone Y over the rational normal curve of degree k from example 4.5 and use

the notations from before. Every Lie algebra homomorphism 3: g’ — C is given by
Bisii2) = 0 and f(e) = By € C. By the computations in example 4.5, in the local chart
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Uy 2 C* x CCY, the Zy-module L/Vyﬁ can be expressed as
(M) v Z Wiy ®ou, Due/(—ksADx + 5205, —0s, —kAOx + 2505, —\Ox — Bo) D,
>~ Dy, | Du, (kSO — 0552, Ds, kO — 2058, O\ — o)

= @UO/@UO (k‘s)\@)\ — 8233 + (k‘ — 2)8, Os,
kAOy — 250, + (k—2), Adx + 1 — fo)

== @UO/@UO(E)S, A0\ +1— 50, ]{3(—1 + ﬁo) + (k? — 2))
o D+ | Do (OAX — o) R D/ D - Os if B = 2/k,
0 otherwise

and similarly for the other local chart U; of Y. In particular, for one specific value
for B(e), we obtain a non-zero Zy-module that will be of interest to us.
Note that in contrast, if we define the cyclic left module

N = Dy | Dy (Zy (€) - BE) | € € ¢),
then, in this example, we get
(M) 06 = Dy | Doe (ks + 5205, —s, —kADx + 2505, —Ax — o)
Op, if Bo =0,

0 otherwise.

= ‘@UO/-@UO(asa Aa)\ +/607 k/BO) = {

For k = 2, we have Q/VY(ﬁ o=1) J;ﬂ 9=9 hut in general they do not agree with each
other. In fact, one can show that although ./VYB is locally a cyclic left Py-module,
it does not admit a global description as a cyclic left Zy-module for k£ > 3. &

The main reason we wish to consider the Zy-module JK;B defined via the right-left-
transformation of a cyclic right-module is the following behavior under equivariant
closed embeddings:

Prorosition 4.10. — Let G’ be an algebraic group and let i: Yy — Y be a G'-equi-
variant closed embedding between smooth G'-varieties Y1,Ys. Then, for all Lie algebra
homomorphisms : g — C, we have

i M 2wy, @0y, D/ (T4 (Zv(€) — BE) | € € 0) D,
where J C Oy, is the ideal sheaf of Y1 in Ys.

Proof. Since i: Y7 < Y5 is a closed embedding, the functor i, is exact and the
transfer module %y,_,y, is a flat Zy,-module. Therefore, the direct image of Ji/},ﬁ?
under i is given by

iJr’/K/ﬁl = w}\ﬁz ®OY2 = (@YI/(ZYI (6) - 6(5) | S g/>@Y1 ®@Y1 @Y1HY2)'

Hence, the claim is that

Dy, [(Zyv,(§) — B(E) | € € g/)@Y1 Xy, Dyi—Ys
= i_l(-@Y2/((ZY2(§) - ﬁ(g) ‘ §€ gl)@Yz + 5@1@))
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as right i ! Zy,-modules. Note that Py, .y, = i~ 1(Dy,/IDy,) as right i~ Dy,-mod-
ules, since i is a closed embedding. Under the left Zy,-module structure on %y, v,
vector fields on Y7 act via the push-forward homomorphism

di: ®Y1 — i*®y2 = Oyl ®i*1(‘)y2 i_1@y2 = ’i_l(OyZ/j ®Oy2 ®Y2)'

We note that the push-forward of the vector field Zy, (§) on Y; agrees with the
restriction of the vector field Zy, (¢) on Y3 to Y71, i.e., di(Zy, (§)) = 1® Zy, (£). Indeed,
this follows from the construction of Zy, (§) and Zy, (), using the commutativity of

G’XYlLYl

idgr xi| It
G XYy —225 Y,
where 1, o are the morphisms given by the G’-actions.

This shows that Zy, () € Der(Oy,) acts on the right i~!%y,-module %y, _,y, =
i~ (Dy, /IPy,) by left-multiplication with Zy, (¢). This implies the claimed description
as a cyclic right i~ Zy,-module of Dy, /(Zy, (€)—B(§) | £) Py, @2y, Py, s, concluding
the proof. 0O

The Z-modules in Proposition 4.10 look similar to the S-twistedly equivariant
2-modules considered in [Hot98, I1.2], yet they are different: Instead of considering a
cyclic left module obtained by quotienting out a G’-stable ideal and the vector fields
induced by the group action (twisted with ), we instead consider the right module
constructed in the same way and apply a right-left transformation to obtain a left
2-module. The behavior under direct images of closed embeddings in Proposition 4.10
is the reason why for our purposes we work with the definition via right modules in
Definition 4.6.

We next consider the situation where Y is an orbit of a rational representation p of
our group G’ in a given vector space V. Recall from our basic Definition 1.1 that un-
der this hypothesis, we can define, for any Lie algebra homomorphism 3: g’ — C, the
Dy-module T(p,Y, 8) (as well as its Fourier-Laplace transform 7(p,Y, ) which was
called tautological system in Definition 1.1). The next result tells us about a techni-
cally easy but important relation of this 7(p, Y, 3) to the Zy-module ,/VYB considered
above.

Cororrary 4.11. — Let p: G' — GL(V) be a finite-dimensional rational representa-
tion of an algebraic group and let 3: g’ — C be a Lie algebra homomorphism. Let
Y CV be a G-orbit, let Y be its closure and let Y :=Y \ Y. Then

PR Y, B) =2ip N,

where Y =Y ~0Y <5 U =V~ Y V.
In particular, if 7(p,Y,3) is localized at Y (i.e., j+iT7(p,Y,B) = 7(p,Y,)),
then it is the direct image of ,/Vyﬁ under the locally closed embedding Y — V.
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Proof. We apply Proposition 4.10 to the G’'-spaces Y1 := Y, Y5 := V . 9Y and
the closed embedding i: Y7 < Y5 to see that

i M 2wl ®o, Du/(T+{Zu(€) - BE)}) Zu.

Choosing coordinates z1,...,x, on V, we may by Lemma 4.3 express the vector
field Zy(§) as the derivation —Z?jzl dp(§)ji vi0z,. The right-left transformation
Wy ®o,, () is then explicitly given by transposing operators:

iy NP Pu)Pu(I+{2v(€)" — BE)}).

An explicit computation of the transposed vector fields yields:

= Z dp(&)]z amsz = Z dp ]z xzan + de

4,j=1 4,j=1

= —Zy(€) + trace(dp(€)),

hence (using Zv (§)jy = Zu(§)) we have that i+,/VY5 ~ it 7(p, Y, B). O

Examrre 4.12 (GKZ-systems). — Consider a torus representation
p: (C)" — GL(n,C)

that is given by p(t1,...,tq) = diag(t*,...,t*) with a; € Z%. Let Y C C" be the
orbit closure of the point (1,...,1) € C™; this is a (not necessarily normal) affine toric
variety. The Zcn-module 7(p, Y, 3) is the Fourier-Laplace transform ////,\4(—6) of the
GKZ-system .#4(—p) (see, e.g., [RSSW21] for an overview and for the notation used
here), where A is the d X n-matrix whose i-th column is a; and §: Lie(((C*)d) =7Z¢—=C
is identified with the vector (8(€;)),—; 4 € ce.

In this case, Corollary 4. 11 applied to Y = Y N (C*)" says that ////1\4( B) is the
direct image of ’/V(C* (C*)d under the locally closed embedding (C*)? 2 Y — C",
whenever .#4(—f3) is localized at the intersection of ¥ with the union of coordinate
hyperplanes of C"™. This was observed in [SW09], where an explicit combinatorial
characterization of the localization property in terms of A and [ was proved using
Euler—Koszul complexes. &

Examvrere 4.13. Reconsider from example 4.5 the punctured affine cone Y over the
rational normal curve of degree k. This may be identified with the complement of the
zero section in the line bundle L = Tot(Op1 (k)) — P'. The calculation in example 4.9
shows that f/VYﬁ = (‘)Zf(e) if B(e) = 2/k and L/VYB = 0 otherwise. Corollary 4.11 shows
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that the restriction of the FL-transformed tautological system

Y = k k k k ) . . .
o= A(8) (e () 4 45=545)

k k
U{—Zizﬁzil, —Z(k—i—&—l)zi,laz“
i=1 p =1 A
— Z(k —20) 2,0,,, — Zziazi —(k+1)+ B(e)}
=0 =0

to the complement of the origin in V is

. —B(e) .
= i+ O L if B(e) = 2/k,
T(p7YaB)|V\{O} = L . O
0 otherwise.
4.2. 2 -MODULES FROM EQUIVARIANT LINE BUNDLES. The non-vanishing of tautolog-

ical systems is by Corollary 4.11 closely tied to the non-vanishing of the Z-mod-
ules ,/Vyﬁ . The aim of this section is to study criteria for Ji/},ﬂ to be (non-)zero. In order
to do so, we introduce another construction of Z-modules on a G’-variety Y, which
also depends on the choice of an equivariant line bundle on Y. Tt will turn out (this
is the main result of Section 4.3 below) that the modules C/VYﬁ can be expressed in
exactly this way. For such Z-modules defined by equivariant line bundles, it is pos-
sible to develop non-vanishing criteria using an interpretation via modules over rings
of twisted differential operators (called 27-modules below).

We continue with the setup of the previous section. Let G’ be a connected linear
algebraic group acting on a smooth connected algebraic variety Y. Denote by g’ the
Lie algebra of G’ and by U(g’) its universal enveloping algebra. Every element £ of g’
induces a vector field Zy (¢) € T'(Y,©y) by Lemma 4.1, and this map extends to a
homomorphism of Oy-modules

Zy: 0y ®cg — Oy
via Zy (f @ &) = fZy(§) for f € Oy, E€g.
DeriniTioN 4.14. Given the G’-variety Y, we define
oy = Oy @c U(g'),
which has the structure of an associative C-algebra with multiplication given by

(i®&) (20&) = fife ®&& + [idy (&) (f2) @ &. &

The Oy-module homomorphism Zy extends to a homomorphism of associative
C-algebras
Zy: ny — .@y.
For any left @%y-module M, we may consider the left Zy-module obtained by scalar
extension

Dy Rz, M.
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On the other hand, note that the homomorphism Zy induces a forgetful functor from
the category of left Zy-modules to the category of left @ -modules.

The associative algebra @7 is the universal enveloping algebra of the Lie algebroid
(Oy ®c ¢, Zy) on Y, see [BB93, 1.8.4. Ex.]. This is the reason why, in many ways,
modules over & behave similarly to modules over the algebra 2y (which can be
viewed as the universal enveloping algebra of the Lie algebroid ©y ). For example, the
tensor product of two left <7 -modules over Oy is again naturally a left .4 -module,
while the tensor product of a left and a right /4 -module over Oy naturally becomes
a right @7 -module. Applying basic results on modules over universal enveloping al-
gebras of Lie algebroids [CMNMO05, App.] to Zy: oy — Dy, we obtain the following
elementary properties:

Lemva 4.15 ([CMNMO5, Th. A.6 & Cor. A.2]). — Let M be a left oy -module. Let N
(resp. N') be a left (resp. right) Py -module. Then there are natural isomorphisms

(1) Dy Quy M0, N) 2 (Dy Quy M) ®0, N as left Dy -modules,
(2) Moy N') Q@ Dy = (Dy Qupy M) oy N as right Py -modules.

Here, on the left hand sides, N and N’ are considered as <y -modules via Zy! Ay — Dy .
From now on, we will only be interested in the case that G’ acts transitively on Y.

In this case, the Oy-module homomorphism Zy : Oy ®c g’ — Oy is surjective, hence
the same is true for Zy : @y — Py, so

@y = ;zfy/ker Zy.

We observe that the kernel of Zy (which is a two-sided ideal in <% ) is generated
as a left ideal in % by the kernel of Zy:
Lemma 4.16. — If G’ acts transitively on 'Y, then

ker (Zy: oy — @y) = .oy - ker (Zy: Oy ®g’ — @y).

Proof. — We check the claim locally. For this, let p € Y be an arbitrary point and let
U C Y be an open neighborhood of p admitting a local coordinate system (x1, ..., T, ),
so that Oy = @, Oyds,. We claim that by further shrinking the open set U, we may

choose an appropriate Oy-basis 01,...,0,, of the free Oy-module Oy ® g’ such that
the surjective homomorphism of Oy -modules

(Zy)u: v ®@g — Oy

is given by

0y, ifi < n,
91- —
0 if ¢ > n.
Indeed, (Zy )y is a surjective homomorphism of free Oy-modules of finite rank
and we may represent it by an n X m-matrix A (with m > n) by choosing any
Oy-basis of Oy ® ¢'. By surjectivity of Zy, some n x n-minor of A does not vanish

at the point p. After permuting the chosen Oy-basis of Oy ® g’, we may assume that
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the non-vanishing set V' C U of the minor given by the first n columns is an open
neighborhood of p. Writing

A= (41]42) with A; € Mat(n x n,Oy), A2 € Mat(n x (m —n), Oy),

we have A; € GL(n,0Oy). Changing the Oy-basis on (Oy ® ¢’)jy = Oy ® g’ corre-
sponds to right-multiplying A with an element of GL(m, Oy ). Then

AT —ATIA

Ay Ap) - (T ) =11

() () = ,0)
shows that a choice of 04,...,0,, as desired exists. Now, every section of @7, can be
expressed as a sum of elements of the form f07'6052 ...0% with f€ Oy, a1,...,am €N,
each of which gets mapped under (Zy )y to

fomage . gun sy QSO0 Oun i Guy = = am =0,
otherwise.

From this, we can see that every section of &, getting mapped to zero under (Zy)w

is an element of
Ay Ans1s -, 0m} = G -ker((Zy)jv). O

Lemma 4.16 is in fact a special case of a more general fact about Lie algebroids:
If o: # —» F5 is a surjective homomorphism of two locally free Lie algebroids of
finite rank on the same variety Y, then the kernel of the induced homomorphism
of universal enveloping algebras @: U(F#;) —» U(F2) is generated by ker ¢ as a left
U(.F1)-ideal. A similar proof to the above carries over.

Lquivariant line bundles as <y -modules. — If E —Y is a G'-equivariant line bundle
and we denote by & its sheaf of sections, then for every open subset U C Y, the Lie
algebra g’ acts on I'(U, &). This makes & a left @ -module. We will be particularly
interested in the left Zy-module Yy Q4 & arising from this.

Remark 4.17. If U C Y is an open subset not invariant under G’, then G’ does not
act on U. Yet, we still get Zy: Oy ®@c ¢’ — Oy, allowing us to define ;. While &/
is not G'-equivariant, it still is a left .o%-module, and we may consider Yy ® ., &ju .
This suggests a generalized viewpoint, where we replace the G’-action on Y by a
g’-action on Oy, and replace G’-equivariant line bundles with line bundles carrying a
left @y-module structure. &

Next, we examine when equivariant line bundles give rise to non-zero Z-modules.

Prorosirion 4.18. — Assume G’ acts transitively on Y. Let & be a G'-equivariant
line bundle on'Y . Then the following are equivalent:
(1) Dy @, &#0,
(2) & = Dy Qu, & 1is an isomorphism of left oty -modules,
(3) E2% = Dy @, E2% is an isomorphism of left oty -modules for some k € Z~y,
(4) E% = Dy R4y, EZF is an isomorphism of left oy -modules for all k € Z~y.
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Proof. First, we show that the first two items are equivalent: By transitivity of
the group action, Zy: oy — Dy is surjective, hence the natural homomorphism
of ofy--modules & — Py R, & is also surjective. Since the support of Py R, &
is a G'-invariant subset of Y, by transitivity we must either have Py Q. & = 0
or Supp(Zy Rz &) =Y. Since & is a line bundle on Y, the only quotient of the
Oy-module & with support equal to Y is & itself. This shows (1) < (2).

The implication (4) = (3) is trivial. To show the implication (2) = (4), we assume
for contradiction that there is some k > 2 for which the claim does not hold and
assume k to be minimal. Applying Lemma 4.15.(1) to M := &®*=1D and N :=
Dy R, & gives:

Dy Ry EF 2 (Dy R, EPF N R0, (Dy Bu, &) 2 EXF D gy, &=&%F

as left @y-modules (by minimality of k). This is a contradiction to the choice of k.
It remains to show the implication (3) = (2). Consider the two-sided ideal

J:= ker(Zy: ny —» gy)

of @4 . Note that the natural homomorphism & — Py Qg & of left @A--modules is
an isomorphism if and only if J annihilates &. Using Lemma 4.16, it suffices to prove
that & is annihilated by ker(Zy ). Let s € T'(U, &) be a non-zero local section of & and
let P € T (U, ker(Zy)) C Oy ®g'. By assumption (3), we have £2% & 9y @, £ as
left o/-modules for some k > 1, meaning that £¥* is annihilated by J. In particular,
the local section s* € I'(U, £®*) is annihilated by P, so P-s* = 0. On the other hand,
we have

P.sk =ksP1(P-s).

Since Y is an irreducible variety, we deduce that P-s = 0. This concludes the proof. [

Cororrary 4.19. — Assume G’ acts transitively on Y. Let & be a torsion element of
the equivariant Picard group Pic® (Y), ie., &2F = Oy as equivariant line bundles
for some k € Z~q. Then the natural homomorphism

E— Dy Qo &

of left @y -modules is an isomorphism.

Proof. — By Proposition 4.18, it suffices to consider the case that & = Oy as equi-
variant line bundles. The Lie algebra g’ acts trivially on the 1-section of Oy, hence

&= ay/dy(|Eey)
as left oy -modules. Tensoring with 2y over o7 gives
Dy Qupy EX2 Dy | Dy (Zy(E) | €)= Dy DyOy 20y X&.
Here, we use that the vector fields Zy (£) for € € g’ generate the tangent bundle Oy,

as the action of G’ on Y is transitive. O
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Remark 4.20. Note from the proof above that the equivalences of (2), (3) and (4)
in Proposition 4.18 hold more generally for any line bundle & with a left /4 -module
structure, not necessarily arising from G’-equivariant structure on &. The equivalence
with (1) moreover holds whenever 2y ®4, & is known to have G’-invariant support
(as will be the case for example if we know that some positive power of & underlies a
G'-equivariant line bundle, or if & is a twist of a G'-equivariant line bundle by a Lie
algebra homomorphism as we will consider in Section 4.3). &

Corollary 4.19 shows in particular that Py Q. & # 0 for G'-equivariant torsion
line bundles. Under certain assumptions on Y, the converse is also true:

Prorosirion 4.21. — Let G’ act transitively on'Y and assume that there is an open
cover Y = J,c; Ui such that for each i € I, there is a subgroup N; of G acting freely
and transitively on U;. Then

Dy Qo & #0 <= & = Oy as G’ -equivariant line bundles.

We remark that under the assumptions on Y in Proposition 4.21, there are no
non-trivial equivariant torsion line bundles on Y.

Proof. — One implication is given by Corollary 4.19. For the converse, we assume
that Py R & # 0. Since & is G’-equivariant, the support of this Zy-module is a
non-empty G’-invariant subset of Y, hence (by transitivity of the group action)

(4.1) Supp(Zy Qo &) =Y.

In particular, the restriction to U; is a non-zero Zy,-module for each i € I.

Denote by E* the complement of the zero section of E = Tot(&) —» Y. Fori € I,
the choice of a point w; € E* such that p; := m(w;) € U; determines a local section
s; € T'(U;, &) geometrically given by

S; Uz .:o—)NZ Hﬁil(Ui)
g pi<—g /> g-w;.

Here, we use that N; — U;, g — g - p; is an isomorphism by Zariski’s Main Theorem,
since it is bijective (as NV; is assumed to act freely and transitively on U;) and U; C Y
is normal. Since E* is invariant under the action of G’ on E, the local section s; does
not vanish on U;, hence &y, = Oy, s;.

By definition, s; is an NN;-invariant section of &jy,, hence & - s; = 0 holds for all
¢ € Lie(N;) =: n;. Since N; acts transitively on U;, the Opy,-module homomorphism
Oy, ® n; = Oy, is surjective, so from the above we may deduce that O, annihilates
the cyclic Zy,-module (Zy @, &)y, generated by 1 ® s;.

Take any £ € g’. Then £-s; = f-s; for some f € T'(U;, Oy, ). But then f annihilates
(Dy @ury E)uyas f-(108;) =1@(&-5:) = Zy (&), - (1®54) = 0. Because of (4.1),
this forces

£-8,=0 forall £ € ¢
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On U;; :=U;NUj for 4, j € I, the non-vanishing local sections s; and s; only differ
by an invertible function:

(Si)\Ui,j = Olij(sj)wij, Qi € F(Uijv Oéﬁ)'
Since

0=2¢(si)ju,, =& (ai(si)u,,) = Zy (v, (aiz) (s;)u,, + i (€ (s5)10,,)
= 2y (O, (is) (s7)101;

we see that a;; # 0 is annihilated by all vector fields on U;; (since Oy is globally
generated by the image of Zy : Oy ® g — ©y ). Therefore, a;; € C*.
We may now fix some k € I and define non-vanishing sections

S 1= a;lsi e(U;, &) foralli eI

which are still annihilated by the action of g’. Then s5; and s; agree on U;; for all
i,7 € I, so they glue to a global non-vanishing section s € T'(Y, &) annihilated by g’
This section defines an isomorphism & = Oy of left <% -modules and hence of G’-equi-
variant line bundles. ]

4.3. TwiST BY CHARACTERS AND NON-VANISHING OF TAUTOLOGICAL SYSTEMS. — Next we
relate the construction from the previous section to the Z-modules 457 from Defi-
nition 4.6. Recall from Corollary 4.11 that these 2-modules describe restrictions of
Fourier-transformed tautological systems and hence we obtain in Theorem 4.28 below
a non-vanishing result for tautological systems 7(p,Y’, 3) based on the non-vanishing
of JI/}}B .

To start with, we need to consider twists of equivariant line bundles by characters:

Derinirion 4.22. — Let x: G’ — C* be a character. We define a G’-equivariant line
bundle Oy {x} on Y by equipping the trivial line bundle Oy with a G'-equivariant
structure such that the action of G’ on Tot(Oy{x}) = C x Y is given by g- (\,y) =

(X(9)A, g-y).
For any G’-equivariant line bundle &, consider the G’-equivariant line bundle

E{x} =& ®o, Ov{x},

which has the same underlying Oy -module, but a different equivariant structure. <

One easily checks that Hom(G',C*) — Pic®’ (Y), x = Oy{x} is a group homo-
morphism.

Remark 4.23. — For a given equivariant line bundle & whose G’-action is given on
E :=Tot(&) as ¢: G’ x E — E, the G'-action on Tot(&{x}) = F is given by

G'x E — E, (9,€) — n(x(9), 0(g.€)),

where p: C* x E — E denotes the natural C*-action on E by scaling fibers. &
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We have seen before that every G'-equivariant line bundle on Y is a left &% -module,
so for every character x: G’ — C*, we get the left <4 -module

Oy {x} = oy /oty (§—dx(§) | £ €¢),

where dy: g° — C is the Lie algebra homomorphism induced by .

Note that the left @4 -module structure on a G’-equivariant line bundle & results
just from the infinitesimal action of g’ on local sections of &. Therefore, it is natural
to make the following more general definition:

DeriniTion 4.24. — For any Lie algebra homomorphism 3: g’ — C, we define the left
2y -module

Oy {B} = oty [ty (£ — B(E) | € € ¢).
If & is a left @%y-module, then we denote by &{8} the left o%4--module & ®o, Oy {S5}.
o

This may in general not be a G’-equivariant line bundle. Note that Oy {yx} =
Oy {dx} as @ -modules for x: G’ — C* inducing dx: g’ — C. Similarly to before,
given a left o/4--module &, we denote by &{5} the left o-module & ®p, Oy {8}. If &
is a line bundle with a left 2%--module structure, we denote (&{3})" := &V{—5}.

Recall from Definition 4.6 that for any Lie algebra homomorphism 8: g — C on a
smooth connected G'-variety Y, we defined the left 2y-module

N = wY @oy Dy [(Zy(€) = BE) | € € 8') Dy,
Our next aim is to show the following result describing this Zy-module as arising

from a g’-module structure on the anticanonical bundle on Y:

Prorosirion 4.25. — Let 8: g’ — C be a Lie algebra homomorphism. Considering wy
with its natural G'-equivariant structure, there is an isomorphism of left 2y -modules

Dy Gay (wy {B})Y = 4.

For the proof of Proposition 4.25, we need some technical remarks on left-right
transforms of @/ -modules that we carry out first:

The line bundle ay = AY™ Gl(Oy ®c ¢')¥ on Y has the structure of a right
4y -module which is given by the negated Lie derivative: A Lie algebra element £ € g’
acts on an alternating form w by mapping it to the alternating form w - £ given by

(W& (01,1 0m) = —Zy () (w(Or,....0m) + > w(br,...,[£,0],...,0m)
i=1

for any 61,...,0,, € Oy Q¢ ¢’. This defines transformations between left and right
a/y-modules giving rise to an equivalence of categories

Mod () — Mod(#/2),
M— ay ®o, M,

ay ®o, M «— M.
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Remark 4.26. If &, ..., &, form a C-basis of g, then
ay =0y & A A&y
The right action on ay is given by

(F& A NE,) - = (trace(ad(€)) f — Zy (E)(f)) & A--- A&, forEey
In general, if M is a left @4--module, then the right .2/4--module structure on ay ®¢9, M
is given by

(NN @S)-E=E NN, @ (trace(ad(§)) =€) s forEeg,seM. O

The canonical bundle wy on Y is a right Zy-module and hence, via Zy oty — Dy,
it also has the structure of a right @4 -module. On the other hand, the action of G’
on Y extends naturally to an action on the tangent bundle on Y, so wy = /\dimy ey
is naturally a G’-equivariant line bundle, which induces a left 2% -module structure.
The next lemma states that these left and right module structures on wy relate to
each other via the transformation above:

Lemma 4.27. — Let § := tracecad: ¢ — C and let &1, ...,&y form a C-basis of g'.
There is an isomorphism of right <%y -modules

wy i) ay ®oy wy{é}
S AN, ® s,
where on the left hand side, wy is endowed with its right <y -module structure induced

from the homomorphism Ey: oy — Dy, and on the right hand side, we consider wy
with its left oy -module structure by viewing it as a G'-equivariant line bundle.

Proof. — Denote a := & A - ANE&E € T(Y,ay) and recall that &,...,&, are a
C-basis of g'. Since a is a non-vanishing global section of the line bundle ay, the
homomorphism wy — ay ®o, 0y {d} ®o, wy, s = a® 1 ® s is an isomorphism of
Oy-modules, hence it suffices to show:

(a®1®s) E2a®1®(s-&)

for scwy, €y
The right o/-module structure on wy (inherited from the right %y-module struc-
ture) is given by

8(917 ey [Zy(f),elL .. ,Qn)

1

(8 : 5)(017 .. 7971) = _ZY(£)<S(017 oo 7871)) +

K2
for £ € ¢, s € wy, 01,...,0, € Oy. On the other hand, the right @ -module ay
satisfies a - € = 6(€)a, so the right @4 -module structure on ay ®o, Oy {4} satisfies

(a®1)-£=0.

The left o/ --module structure on wy results from the left 2% -module structure on

n

the G’-equivariant vector bundle Oy given by

€-0=[2y(€),0] forall¢cg.
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The induced left .o/y-module structure on /\n Oy is given by
E(Or A NO) =D 01 A A[Zy (&), 0] A~ AOy
i=1

for £ € g’. Passing to the dual line bundle wy, we get

n

(€-9)(01,...,0,) = Zy(§)(s(b1,...,0,)) — 23(91, e [Zv(8),6i],...,0,)

i=1

=—(s-&)(01,...,6n) forall £ € ¢'.
The right % -module structure on ay ®g, Oy {} ®p, wy resulting from this satisfies
(@®1®s) - £=((a®1)- ) Rs—(a®1)R(-5)=a®1R(s-§)
for £ eg'. O

We can now turn to the proof of the description of JV,f via the (twisted) equivariant
anti-canonical bundle:

Proof of Proposition 4.25. Equivalently to the claim, we may show that there is an
isomorphism between the corresponding right Zy-modules

wy ®oy (Dy @y (Wy{B)Y) = Dy /(Zy (&) = B(E) | £ € gDy
By Lemma 4.15.(2), we have an isomorphism of right Zy-modules
wy Qoy (Dy @y (Wy{B})") = (wy Doy (Wy{B})Y) @wy Dy,

where, on the right hand side, the first occurrence of wy is equipped with the right
a/y-module structure inherited from its right Zy-module structure. Combining this
with Lemma 4.27, we obtain:

wy ®oy (Dy Ry (Wy{B})") = (ay @0, wy {0} @0, (Wy{B})") @, Dy
=~ (ay Qo, wy o, wy Qoy, Oy {6 — B}) Q. Dy,

where § := traceoad: g¢' — C and wy is now considered as a left 2 -module via
its natural structure as a G’-equivariant line bundle. Since wy ®p, wy = Oy as
G’'-equivariant line bundles (and therefore also as left <y--modules), we conclude:

wy ®oy (Zy @y wy{B}) = (ay ®oy Oy {6 — B}) Ry Py
Recall that Oy {0 — 8} = oy /o (E— (6 —B)() | € € ¢'), so by Remark 4.26, we have
ay ®o, Oy {0 — B} = o /(§ = B(E) | § € o)y

as right @4 -modules. Tensoring with %y over % by means of the homomorphism
Zy : oy — Dy yields the claimed result. O

By using all the constructions and results of this section, we get the following
non-vanishing theorem for tautological systems:
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Tueorewm 4.28. Let p: G — GL(V) be a finite-dimensional rational representa-
tion. Let Y C V be a G'-orbit and let Y be its closure. Let B: g’ — C be a Lie
algebra homomorphism. If (wy {B})®* = Oy for some k € Z as left oty -modules, then
7(p,Y,B) #0, and hence also 7(p,Y,3) # 0.

Proof. — By Corollary 4.11, we have i+</1/yﬁ ~ ?(p,?,ﬂ)w, where 7 denotes the
closed embedding of Y into U := V \ dY for 8Y := Y ~\ Y. With Proposition 4.25,
we conclude that

?(pa?v 5)|U = i+ (@Y Oty (wy{ﬂ})v)
as left Zp«-modules. To show that the right hand side is non-zero, it suffices to see
that we have 2y ® 4, (wy {8})" # 0. But this follows from Corollary 4.19 respectively
Remark 4.20, because we assumed that (wy{8})®* = Oy as left @4 -modules. O

4.4. APPLICATION TO PROJECTIVE HOMOGENEOUS SPACES. We now apply the previous
results to the following setup: Consider a smooth projective variety X with a transitive
action of a reductive connected linear algebraic group G (i.e., X is a homogeneous
space). Let L — X be a G-equivariant line bundle on X with sheaf of sections .Z.
We consider G’ := G x C* and denote the Lie algebras involved by g’ := Lie(G’),
g := Lie(G) and Lie(C*) = Ce, so

g =g®Ce.

We view £ as a G’-equivariant line bundle on X by letting the C*-factor of G’ act
trivially on X and by inverse scaling on the fibers of L — X. Note that then G’
acts transitively on L*. Denote by L* C L the complement of its zero section. The
morphisms to X are denoted 7%: L — X and 72" : L* — X.

Lemwva 4.29. FEvery point of X admits an open neighborhood on which a subgroup
of G acts freely and transitively. The same holds for the action of G’ on L*.

Proof. — For any point p € X, the stabilizer P := {g € G | g - p = p} describes the
variety as a quotient:
G/PiX, gP — g p.

Since X is projective, the subgroup P C G is parabolic (this can be taken as the
definition of parabolic subgroups, see, e.g., [Hum75, §21.3]). Let N~ C G be the
unipotent radical of the opposite parabolic subgroup to P in G. Then N™ NP =1,
which shows that N~ acts freely and transitively on the N ~-orbit N~ -p. On the other
hand, we have Lie(N~) @ Lie(P) = g as C-vector spaces, so N~ - p is of dimension
dim G — dim P = dim X, hence it is an open neighborhood of p in X.

For the G’-action on L*, take any point w € L* and consider p = 7TL*(’U)) in
the argument above. Then 7">~1(U) is an open neighborhood of w in L* on which

C* x N~ C G’ acts transitively and freely. O

In the following, we remark that the assumptions on X guarantee that we are in
the setup of Section 2.
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Remark 4.30. Projective homogeneous spaces X = GG/ P are smooth Fano varieties
(we recall a short representation-theoretic argument in Lemma 5.14 below). As such,
it has the property that the underlying complex manifold X" is simply-connected
(see e.g. [Deb01, Cor.4.29]). In particular, we may apply Proposition 2.1 to X" to
get k € Zo with 71 (L**") = Z/kZ and we may consider the Zp+-modules Oé/*k for
{ € Z as in Definition 2.2.

Additionally, the Fano property of X implies H*(X,0x) = 0 for all i > 0 by the
Kodaira vanishing theorem, hence in particular Pic(X) = H'(X,0%) & H*(X*,Z).
In algebraic terms, the integer k in the statement of Proposition 2.1 is therefore the
largest positive integer such that £ admits a k-th root in the Picard group. Moreover,
Pic(X) = H?(X?®",7Z) has no torsion, as observed in the proof of Proposition 2.1. <

Lemma 4.31. — Let M be a G'-equivariant line bundle on X. Then
M2 O = M L% for somer € Z,
where both sides are isomorphisms of G’ -equivariant line bundles.

Proof. For the implication “<”, it suffices to consider the case r = 1. Note that
the G’-equivariant structure on 7% *.%Z corresponds to the diagonal G’-action on
Tot(rE " * %) = L* xx L £ L*. Note further that the map

SZL*A)L* XxL*‘—>L* Xx L
is a G/-invariant global section of the line bundle 72" *.% that vanishes nowhere on L*.
Then
Ops — 72, 1+ s,

is an isomorphism of G’-equivariant line bundles.

To show the implication “=", let M be a G’-equivariant line bundle on X with
7" *M 22 O .. This means that there is a G-invariant global section of 7% *M which
we may view as a morphism

s: L* — Tot(x2 M) = L* xx M,

where M = Tot(M) and where s is the identity on the first component. Since the
section is non-vanishing, it is therefore given by s = idp« X¢ for some morphism

p: L* — M*
over X. The G'-invariance of the section s translates to G’-equivariance of the mor-
phism ¢. Recall that the C*-factor of G’ = G x C* acts trivially on X and by inverse
scaling on the fibers of 7: L — X. Notice that on M, the C*-action must also
be given fiberwise, so there exists some r € Z such that C* C G’ acts on fibers of
7M. M — X by scaling with (—r)-th powers. In particular, the C*-equivariance of

p: L* — M* implies the following fiberwise description: Over p € X, we have
opi I s A2 A o 2y
Aw — A w— up(w)
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for any choice of w € Lj. From this, we can conclude M = & ®7 for instance as
follows: Take an open cover X = |J,;o; U; trivializing £ as £y, = Oy, s; for some
choice of non-vanishing local sections s; € I'(U;,.¢). On U;; := U; N Uj, we have
si = ajjs; for some aj; € T'(Uy;, 0, ) and the collection (a;)ijer forms a Cech
cocycle whose class in H'(X,0%) = Pic(X) defines the isomorphism class of .Z.
Viewing the sections s; geometrically as morphisms U; — L*, we may compose them
with ¢ to get non-vanishing local sections ¢ o s; € I'(U;, M). On Uj;, we then have
posi = (aj;)(pos;) since ¢ is given on fibers of X by taking r-th powers. This
shows that the class of M in the Picard group of X is the class of the Cech cocycle
(af;)ijer in H'(X,0%) = Pic(X). On the other hand, the same is true for the line
bundle .#®" (as can e.g. be seen in the same way, using the morphism L* — L®"*
given by fiberwise r-th powers). Hence, M & #®" and the G’-equivariance of this

isomorphism follows from the G’-equivariance of . O
Lemma 4.32. — There is an isomorphism
wr, = 7TL’*(,¢)X Ko, bV

of G'-equivariant line bundles on L. In particular, wp- = 7% *wx as G'-equivariant

line bundles on L*.

Proof. — The second claim follows directly from the first claim by pulling back the
line bundles to L* and using Lemma 4.31. Hence, it suffices to prove the formula
for wy,.

Let % be a G'-equivariant vector bundle on X and put F := Tot(%) with pro-
jection 7f': ' — X. The variety F is then equipped with a G’-action. We first claim
that there is an isomorphism

@F/X ~ B g

of G'-equivariant vector bundles on F, and a corresponding isomorphism Q% /X ~
7E* ZV of dual vector bundles. Namely, any section s € I'(U,.%#) can be considered as
an element s € I'(U, Homo , (", 0x)), and it extends via the Leibniz rule as a section
of T'(U, Zero « (Syme (FV)). This yields a G’-equivariant morphism of O x-modules

F — %rox(&ymox(ﬁv)) = %TOX(WEOF).

It is also injective, since for any s # 0, there is some section of .#V that is not
killed by s, so that s is not the zero derivation in Zere, (7' OF). Since both .# and
Dero (71'5 OF) are locally free of the same rank, it follows that the cokernel of the
inclusion .# — Zere, (7FOF), if not zero, must be a torsion sheaf on X, but this
is impossible since this map is equivariant, and so is its cokernel. We conclude that
there is an isomorphism .# 2 Zero, (7f'Op) of G'-equivariant vector bundles on X.
Applying the functor 7* then yields an isomorphism

N ()
' F = 1 Gero  (rFOp) & Der,r10, (OF) = Or/x,
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of G’-equivariant bundles on F', as required. Notice that the isomorphism (x) in the
above displayed formula holds since the map ¥ is affine.

We apply this to the special case F = L, ie., tk(#) = 1, to obtain the
Op-isomorphism
(42) wL/x = 7'['L’>k.,§/ﬂv7
which again is G’-equivariant.

Consider the cotangent sequence

0— 7" Q% — Qf — wp/x — 0,

which, since 7%: L — X is G’-equivariant, is an exact sequence of G’-equivariant
vector bundles on L. Applying /\%IT(X)H(—) to this sequence, we get the following
isomorphism of G’-equivariant line bundles on L:

L,x
wr 2wy Ko, WL/X-

Plugging in the isomorphism from Equation (4.2) yields
wr 2 b ux @, LY,
as required. O

Prorosition 4.33. Let 8: g" — C be a Lie algebra homomorphism with Bg = 0.
Let k € Z¢ be such that mi(L*?") =2 Z/kZ (see Section 2). Then

OUF ez fle) = t/k and LP = WEP
as G-equivariant line bundles,

N

1%

0 otherwise.
Proof. — Recall from Definition 4.6 that
N = W @0, Du-[(Ze-(8) = B() | € € ¢) Die.

We first assume that L/VLQ # 0. Since G’ acts transitively on L*, the vector fields
Z1+(§), when € runs through g’, generate the tangent bundle of L*. This implies
that Ji/Lﬂ is a smooth Zr--module of rank one, i.e., corresponds to a local sys-
tem on L**". By the discussion in Section 2, we therefore have an isomorphism of
Pr1,--modules JVLQ ~ OZL/*k for some ¢ € Z. Let U C X be a Zariski open affine coordi-
nate set (in the algebraic sense, see, e.g., [HTTO08, Def. A.5.2]) such that L trivializes
over U. Then

N v = Derxv) Do xv (Zoe (e xu | € € 8) + De-xu(—0it — B(e)),

where we denote by (—)7 the transpose of a differential operator written in the chosen
local coordinates.

Now using Proposition 2.3 the isomorphism O?flc*w = JVLQ‘C*
explicit, and then it follows easily that 8(e) — ¢/k must be an integer, but this yields
an isomorphism </VLﬂ = Oi(*e) by the remark after Definition 2.2. In particular, this

shows that when .4} # 0, we must have f(e) € 1 Z.

<y can be made
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In order to show the remaining statements, we therefore assume that S(e)=¢/k€Q
for some ¢ € Z. By Proposition 4.25, we know

f/VLB* > D Q. (wr={B})Y.

Because of Lemma 4.29, we may apply Proposition 4.21 to decide when a % «-module
of the form 91+ ®.,. & is non-zero. However, notice that this criterion only applies
to equivariant line bundles &, while (wp-{3})Y is for non-integral 5(e) only a line
bundle with an 77 «-module structure. However, the k-th tensor power

(wr-{BNECP = PP kpy,

underlies an equivariant line bundle, since k8 = dy,, where x,: G’ = G x C* — C*
is the character given by (g,t) — t*. With Proposition 4.18/Remark 4.20 and Propo-
sition 4.21, we see that

NP A0 = Dpe R, (wp-{BY)Y #£0 == D @, W5 T = dxi} #0
= w?ffk){—dxg} >~ Op-.

Now we have an isomorphism wy« = 7l *wyx as G’-equivariant line bundles by

Lemma 4.32 and Lemma 4.31. Hence,
wit = dxe =t (WP = died).
By using this, and invoking Lemma 4.31 again, we see that
%13* #0 = w?}(*k){— dye} =2 Z®" as G'-equivariant line bundles for some 7 €Z.

Since the C*-factor of G’ acts trivially on X, note that the natural C*-equivariant
structure on wg?(_k) is also trivial. On the other hand, C* acts by inverse scaling on
the fibers of L = Tot(.Z). Hence, if w?}(fk){—dxz} > £ holds for some r € Z,
we must have r = £. Therefore:

N A0 = w??(_k){— dxe} = 2% as G'-equivariant line bundles

®(—k

= wy ) B ag G-equivariant line bundles. O

We now conclude with the final result of this section classifying when Fourier-
transformed tautological systems are non-zero away from the origin. We work in
the setup stated at the beginning of this section, i.e., X is projective and admits a
transitive action by a reductive algebraic group G, L is G-equivariant, G’ := C* x G,
and G’ acts on L by letting the C*-factor act by inverse scaling in the fibres. Moreover,
we now assume that . on X is very ample. Consider the G’-representation p: G’ —
GL(V) with V := H(X, %)Y and the equivariant closed embedding X < PV defined
by |-Z|. Let X C V be the affine cone of X in V. Notice that we have an isomorphism
)A(\{O} ~ [V* given by identifying LY with the blow-up of X at the origin. We write i
for the closed embedding of X ~ {0} into V ~. {0}. Together with the isomorphism
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inv: L* — LY* given by inverting fibers, we obtain a closed embedding i’: L* <
V ~\ {0} defined by ¢’ := i o inv, as shown in the following diagram.

L JL L*
7;/

(4.3) inv| 2 X~ {0} —— V {0}

Bl{o}()?) ~ LV (ﬂ) LY+

Tueorem 4.34. — Let 3: g — C be a Lie algebra homomorphism with B = 0. Let
k € Zsq be such that m (L") =2 Z/kZ (see Section 2). Then

705 if3e: fle)=L/k and P = 2
?(P,Xaﬁ)\v\{o} = as G-equivariant line bundles,

0 otherwise.

Proof. — This follows directly from the work above by combining Corollary 4.11
(applied to Y = X ~ {0}) and Proposition 4.33.

For convenience, we roughly summarize the main steps that led to the proof of
Theorem 4.34:

« The restriction of ?(p,)?, B) to V ~ {0} is supported on X < {0} 2 L* and can
be described as i‘*“/‘/f?\{o} (Corollary 4.11). Here, ‘/V)?ﬁ\{o}
Z2-module constructed from the vector fields induced by the group action (Defini-
tion 4.6).

B
o The Z-module ‘/V)?\{O

arises from a cyclic right

) is alternatively described as

-@5{'\{0} ®=‘27>?\{o} (WX\{Q}{/B})V
(see Proposition 4.25), where Dz 10y = %oy ® U(g') and (wg\{o}{ﬁ})v is the
anticanonical bundle with a g’-module structure determined by S.

. Identifying X ~ {0} with L*, we can argue that D310y Ptz (wg\{o}{,ﬁ})v
is non-zero if and only if £ is a £/k-th rational power of wY and is equipped with
a suitable equivariant structure (Proposition 4.33). The geometric reason is that in
this case (w)?\{o} {B))®F = O% {0y~ This statement is based on vanishing results for
Z-modules constructed from equivariant line bundles in this way (Proposition 4.18,
Corollary 4.19 and Proposition 4.21).

« In the cases that '/V)A?\o is non-zero, it is a smooth Z-module of rank 1. As such,

it is isomorphic to Oé/*k (see Section 2) and one confirms that (e) = ¢/k (see Propo-
sition 4.33). O
Remark 4.35. — If G is a semisimple linear algebraic group, then we have [g, g] = g.

This shows that ); = 0 holds for every Lie algebra homomorphism 3: g’ — C, so this
condition in Theorem 4.34 is always fulfilled in this case. &
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Remark 4.36. For G not semisimple, let us drop the assumption g = 0. If we have
that 7(p, X, B)|v< o} # 0, then this module is necessarily of the form 4/, Oi/*k for some
{ € Z as before, since Ji/LB is a smooth Zp«-module of rank one. One can also show
that Ji/LB = Oé/*k forces kB = dyx for some group character x: G’ — C*. With the
same arguments as in the proofs above, we then get:

7 0Y% i ez Ble) = /k and Ly} = wEP
7(p, X B)vqoy = as G-equivariant line bundles,

0 otherwise.

Hence, in the general situation we still only get a non-zero ?(p,)? ,B)ivqoy for £
being a rational power of the anticanonical bundle and for exactly one suitable g
uniquely determined by .Z. &

Remark 4.37. — As has been pointed out to us by one of the referees, many results of
this section can also be viewed through the lens of equivariant Z-modules as in [BB93],
realizing that 7(p, X ,B) is a B'-twisted strongly G’-equivariant Py -module supported
on X, [Hot98, Def. p. 16]. As above, outside {0} we may understand it as a direct image
of a 91--module, twisted equivariant under a transitive G’-action. The fiber F = C*
of L* over a point of X is a slice for the G’-action, which implies that the category of
(twisted) G'-equivariant Z-modules is equivalent to that of (twisted) P’-equivariant
2-modules, where P’ is the stabilizer of F, see, e.g., [LW19, Prop.4.5]. Here, the
action of P’ on the fiber C* captures the global geometry of the G’-equivariant line
bundle L in a character P’ — C*. Through an explicit calculation on the level of
twisted equivariant Zc+--modules, one sees that there only exist 5’-twisted equivariant
P1+-modules for G(e) € %Z, each a direct sum of a unique simple 2 --module. The
question whether or not the restriction of 7(p, X, 8) to V ~ {0} then translates to
whether this simple object admits a G’-invariant section, which in turn reduces to
a calculation when a certain equivariant line bundle is trivial, similar in spirit to
Proposition 4.21 and the calculation in the proof of Proposition 4.33 above. &

5. P\EI’RESENT/\TIOV\ THEORETIC CRITERION

The purpose of this section is to give a necessary criterion for the non-vanishing of
tautological systems in terms of the representation of G' on the space V = H°(X, L)V,
at least in the case where G is semisimple. On the one hand, this is a slight sharpening
of one direction of Theorem 4.34, which only concerns vanishing of ?(p,)? ,8) on
V'~ {0}. On the other hand, the methods used here heavily rely on the representation
theory of semisimple Lie algebras, and this section is therefore in large parts logically
independent of the rest of the paper.

5.1. Formura ror S(e). — We work in the same setup as in Theorem 4.34. Addition-
ally, we assume throughout this section

G is semisimple.
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This implies automatically that any Lie algebra homomorphism §: g’ — C satisfies
Big = 0, since g = [g,g]. In particular, the choice of 3 is equivalent to the choice
of a complex number B(e). As we will see, the tautological system 7(p, X,3) will
only be non-zero for particular values of 5(e) that we can express in terms of the
highest weight of the (necessarily irreducible by Borel-Weil, see e.g. [Ser54] or [Bot57,
Cor.to Th. V] or also Theorem 5.11 below) G-representation p.

To state this formula, let t be a Cartan subalgebra of g, let @+ C t¥ be a choice of
positive roots, and set .

0= doa

AEDT

Taeorem 5.1. Let 1 be the highest weight of the irreducible G-representation V =
HY(X, ). If m(p, X, B) is nonzero, then

sle) € {o, 20101

|ul?
where (—, —) is the inner product on t dual to (the restriction to t of) the Killing

form, and |p| = /{p, ).

Cororrary 5.2. — If T(p,)?,ﬂ) # 0, then B(e) is a non-negative rational number.

Proof. — Since u is the highest weight, the inner product of p with all positive roots
is a non-negative integer, hence (6, 1) > 0 and so 2(d, i) /|u|? € Qxo. O

In the remainder of this section, we will prove Theorem 5.1 as well as a more
geometric interpretation of it.

Notation 5.3. — Throughout this section, we use the following notation.

. g = Ce® g — the Lie algebra of G’

o T — a maximal torus of G

« B — a Borel subgroup of G containing T’

o t — the Lie algebra of T'

o« ®(M,T) — the roots of an (affine) algebraic group M relative to a subtorus T.
This is the set of characters \: T'— C* of T such that

my = {§ € m | Ad(t)E = A(t)E} # 0,
where m is the Lie algebra of M. (Cf. [Hum?75])
« & := ®(G,T) — the root system of G relative to T. As usual, we view this as a
subset of t¥.
« ®F == ®(B,T) — the choice of positive roots corresponding to B
« A C &t — the simple roots

1
o 0= 3 Z « — the Weyl vector.

acdt
« B(—, —) — the Killing form on g
« (—, —) — the symmetric bilinear form on t" induced by the restriction to t of the

Killing form. Since g is semisimple, (—, —) is nondegenerate. &

JILP — M., 2026, tome 13



566 P. Gorvacn, T. Rercnert, C. Sevenneck, A. Steiver & U. WaLTnER

Since g is semisimple, there is a decomposition
g=( @ gfa)eBtEB( D ga)-
aedt acdt

Each g, is one-dimensional. In fact, one can choose a generator E, € g, for each
a € ® such that [Ey,F_,] = H, € t, B(E4,E_y) = 1, [Hy, Es] = 2E,, and
[Hy, E_o] = —2E_,. Note that the H, might not form a basis for t, as there may be
too many of them.

A straightforward argument shows that for each a € ®, H,, is the unique element
of t for which B(H, H,) = a(H) for all H € t. We can use this property to define H)
for all A € tY—then the nondegenerate bilinear form (—, —) is given by

(MY =B(Hy,Hy) = MHy) = N(H)).
Derinirion 5.4. — The (second order) Casimir element is the element

C:=) AB;€Ug),

where {A;} is any basis for g, and {B;} is the dual basis under the Killing form.
In particular, if {H;} is an orthonormal basis of t with respect to the Killing form,

then
C=> H}+ Y EsB o+ Y, 6 E_ oFa &

aedt aedt
A straightforward exercise shows that C' is in the center of U(g).
Lemva 5.5. — Let U be an irreducible representation of g with lowest weight \ and
lowest weight vector vy. Then
C vy = (AP = 2(5,\))vx.
Proof. — We have

C- vy = (ZH§+ S EE.+ Y E_aEa) -0y
7

aedt aedt

(ZH2 > Ha+2 Y EaBoo) vy

acdt aedt
- (Z H? 2H5) .
i

since E, kills vy. Now use that Y, HZ - vy = >, AM(H;)v; = |A?v; and Hy - vy =
/\(H(;)U)\. O

For the proof of Theorem 5.1, we need a few facts about differential operators on
affine varieties, which we introduce now. The full power of the theory of such operators
is not needed here, so we only touch on a very small bit of it.

Set

R=T(V,0y), Dy =TI(V,%2y), and S:=R/I,
where [ is the defining ideal of X.
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Define
A={PeDy|P(I)C I},
(5.1) J={PeDy|P(R)CI}=I1-Dy =3 15
aeN?
and
¥ : A — Endc(S)
(5.2)

P (f — Pef).
We will need the following fact in the proof of Theorem 5.1.

Levva 5.6 ([SS88, Prop.1.6.]) — We have kery) = J and imvy = Dg, where Dg is
the ring of Grothendieck differential operators of S over C.

Under the assumption that G is semisimple, the definition of 7(p, X , B) simplifies to
70, X, B8) = v /(IvI + Dv(Z(€) | € € 9) + Dv(Z(e) — dimV + f(e))).

Here, we denote by Z(§) the vector field Zy (§) defined in Section 4.1 and we will also
denote by Z the map U(g') — Dy extending it.

Because X is G-invariant, the ideal I is g’-stable, i.e., Z(£)(I) C I for all £ € g¢'.
Hence, the map Z induces a g’-module structure on S for which the elements of g’
act via derivations. If Sy is the dth graded component of S, then

€-54C Sy forall € ey,
and
(5.3) e-f=—df forall feS,.
Denote the induced map U(g’) — End¢(S) by Zs.
Lemmya 5.7. Zs(C) = Zs(e)?|u|? —2Zs(e) {5, ).

Proof. — By definition, Ry = VY. The construction of the embedding X — PV
implies that Ry = S; also. Hence, if x € S; = V'V is a lowest weight vector, it has
lowest weight —u, because u is the highest weight of V. A straightforward argument
shows that for all d € N, the element z¢ is a lowest weight vector of S; with lowest
weight —du. Hence, by Lemma 5.5,

C-a? = (| = duf® - 2(6, —dp))a".
Since C' is in the center of the universal enveloping algebra, it acts on the irreducible

g-representation Sy as a scalar, which then must be the factor on the right hand side.
Now use that e acts on Sy as multiplication by —d (Equation (5.3)). O

By definition, the operators Z(C) and Z(e)?|u|? —2Z(e)(d, i) are contained in the
subalgebra A from (5.1). By Lemma 5.7, their difference is in the kernel of the map ¥
from (5.2). Hence, by Lemma 5.6, we know that

2(C) - (Z(e)|uf> - 22(e) (5. ) € IDy.
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Applying the standard D-module transpose (—)' and identifying Z(e) with minus
the Euler differential operator) —F gives

(5.4) (2(C)" = (B + dim V)?|u|? — 2(E + dim V)(6, u)) € Dy I,

since (—F)T = E 4 dimV and I is homogeneous.

Levva 5.8. — (Z(0)T = Z(C).

Proof. Because g is semisimple, [g,g] = g. Hence, g acts on V via trace-free ma-

trices. Let £ € g act on V' via a square matrix A = [a;;]. Then Z(&) is the derivation
- j a;;w;0y;. The transpose of this operator is then

Zajiale“i = Zajil‘iamj + Tr(A) = —Z().
-

As C arises as evaluation on elements of g of a homogeneous quadric, (Z(C))' =
Z(C). O

Proofof Theorem 5.1. — Combining Lemma 5.8 and eq. (5.4) yields
Z(C)— ((E+dimV)?|u> = 2(E + dim V)(6, 1)) € Dy 1.

Taking cosets in 7(p, )/(\', B), we find
0=2Z(C)=(E+dimV)?|u|? = 2(E 4+ dim V') (4, u)
= (E+dimV)((E + dim V)|u[> — 2(5, u)).

On the other hand, the defining ideal of 7(p, X, B) also contains
Z(e) —dimV + g(e) = —FE —dimV + S(e).

B(e) € {0, 2<|i’|2ﬂ> } O

5.2. GEOMETRIC INTERPRETATION. — We now aim for the following geometric descrip-

So, we deduce

tion of the quantity for S(e) from the previous section, showing the compatibility of
the non-vanishing result of the module 7(p, X, 8)y o in Theorem 4.34 with that of
7(p, )/(\', B) in Theorem 5.1.

Proposition 5.9. — If L =~ w?}(*k) as G-equivariant line bundles for some integers
k, £ # 0, then

200, ) _ ¢

(wp) &

The proof of this proposition will be based on the correspondence between charac-
ters of P and equivariant line bundles on G/P (where P is parabolic), and identifying
the character corresponding to the canonical bundle wg,p (Lemma 5.12 below). For
this, we first recall some facts about parabolic subgroups.

(D The minus sign comes from the fact that the action of g on the coordinate ring of V' is the
contragredient action.
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We first recall some facts about parabolic subgroups.

Levma 5.10

(a) If X is a projective homogeneous G-space, then X = G /P for some parabolic
subgroup P of G containing B.

(b) There is an inclusion-preserving bijection between subsets I C A and parabolic
subgroups Pr containing B 2

(c) ®(P;,T) =T U (®~ NZI).

Proof

(a) This is standard. It uses that every parabolic subgroup contains a Borel sub-
group ([Hum?75, Cor.21.3.B.]), and that all Borel subgroups are conjugate (see, e.g.,
[Hum?75, Th. 21.3)).

(b) [Hum?75, Th. 29.3].

(¢) [Hum?75, Th. 30.1]. O

Let P be a parabolic subgroup of G containing a maximal torus 7. Recall that
the characters A\: T" — C* which are extendable to P correspond one-to-one with
G-equivariant line bundles Ly p on G/P; see, e.g., [HTT08, §9.11] (although the
argument there is for P = B, the same argument works verbatim with N~ replaced
by the unipotent radical of the parabolic subgroup of G opposite to P). Note that
there are two common conventions for this correspondence—we choose the convention
for which P acts on the fiber of Ly p at P as b-v = A(b)v.(®) In this case, the sheaf
of sections Z p of Ly p is given by

(5.5) DU, % p) = {f €T(q (U),00) | fgb) = A(b)~"f(g) for all g € G,b € P},

where ¢: G — G/P is the quotient map. Since Ly p is G-equivariant, there is a
G-equivariant structure on .Z) p. Although we will not need to know this structure
explicitly, it may help the reader to note that the induced action of G on I'(G/P, %\ p)
is given by

(9-N)=rflg'd) (9.9 €G, feD(G/P,.L)).

There are many proofs of the following theorem throughout the literature. It is
often stated and proved only for P = B. However, it was originally proved for all
parabolic subgroups, e.g. in [Ser54] or [Bot57, Cor.to Th.V].

Turorem 5.11 (Borel-Weil). — If —\ is a dominant weight which is extendable to the
parabolic subgroup P, then T'(G/P, £\ .p)Y is the irreducible representation of G with
highest weight —\.

(2)Although we will not need it, the actual definition of Pr can be found directly above Th. 29.2
in [Hum75].
(3)The other convention is b- v = ()" o,
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Lemva 5.12. Let I C A be a subset of the set of simple roots, and let Py be the
corresponding parabolic subgroup. Define

QEDHZI
Then
wa/p; = L26,,p;-
Proof. The following argument is based on the argument given in the MathOver-

flow post [Sco].
According to [CG10, Lem.1.4.9], T*(G/Pr) is the (unique) G-equivariant vector
bundle on G/P; whose fiber over Py is the Pr-module

pr={¢e€gl|(&x)=0forall xcp;},

where P; acts via the coadjoint action. But, letting 7' be a maximal torus of G
contained in Py, we have a sequence of Pr-isomorphisms

\%
pr=p=( @ w)=( @ w)x @
aEP not aroot a€—(PH~ZI) acdt~ZI
of Prrel.toT
Taking the determinant gives the Pr-equivariant line bundle whose fiber at Pr is the

Pr-module

Q  da-

aEdTNZI
The action of P; on this module is determined by the action of 7', and the action of
t € T is just multiplication by

> alt) =25(t).
aed+\ZI

Thus, wg/p, & ZL25,,p;- O
We need one more technical lemma before beginning the proof of Proposition 5.9.
Lemma 5.13. Let I C A be a subset of the simple roots. Then (8,0r) = (r,0r).

Proof. — Set 87 =6 — 61 = § 3 corrzs @ We want to show that (57,67) = 0.
To begin with, let ®; be ® N RI viewed as a subset of the vector space RI. It is
immediately clear that ®; is a root system (in RI), and that I forms a base of ®j.
Hence, 6} is the Weyl vector dg, of ®; (with respect to this base). Moreover, the inner
product of two elements of RI is the same as in the ambient vector space tV of the
root system ®. So, the coroots of ®; are the coroots H,, = 2a/{c, a) of @ for o € Dj.
Therefore, by [Hall5, Prop. 8.38],

<6,IaHa> = <6‘1’1,HO¢> =1
for all o € I. Hence, for all a € I, we have

2<Ot, (5[>

() (Ho,01) = (Ho, 6 — 87) = (Ha, ) — (Ha, 87) =1—1=0,
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where the final equality again uses [Hall5, Prop. 8.38]. Therefore, (o, d;) = 0 for all
a € I and hence for all & € RI. In particular, (67,4d;) = 0. O

Proof of Proposition 5.9. Since X is a projective G-homogeneous space, it is iso-
morphic by Lemma 5.10 to G/P; for some I. By assumption, .£®¢ =~ w‘?}(*k) as
G-equivariant line bundles. Therefore, since Pic(X) and therefore Pic”(X) is torsion-
free, and applying Lemma 5.12,

L =L (1/0)25;,P
Therefore, by Borel-Weil (Theorem 5.11), the G-representation V = I'(X,.#)Y has

highest weight
2k 2k
n=—(=70) = o
Then
200, ) _ £(6,6r) _ U61,01) ¢

Qo) ~ Roror) ke kD@ -

We finish this section with the following well-known fact concerning the anticanon-

ical bundle of X = G/P, the proof of which we include for the convenience of the
reader.

Levma 5.14. — Assume only that G is reductive. Then X = G/P is a Fano variety.

Proof. — By [Jan03, 11.4.4], a G-equivariant line bundle .Z_» p on G/P is ample if
and only if

(A a) >0 forall a € AN T.
By Lemma 5.12, the anticanonical bundle w}/{ is £ 25, p, so we need to check that
(07,a) > 0 holds for any o € A \ I. The reflection s,: ® — ® given by

5a(ﬁ) :B_ 2<a7ﬁ>0[

(o, @)

maps « to —a and permutes @ \ (ZI U {a}) (this follows easily from the defining
property of the set of simple roots A). Hence, s,(d;) = 0; — «, which means that
2{a, 0r)/{a,a) =1 > 0. O

6. TAUTOLOGICAL SYSTEMS ASSOCIATED TO HOMOGENEOUS SPACES

The purpose of this section is to gather all the previous results and to apply them
to the special case where we are given a projective variety X with a transitive group
action together with a very ample equivariant line bundle. We obtain a representation
on the space of sections, and we can therefore consider the corresponding tautological
system. The non-vanishing results from Section 4 then apply. Moreover, we show in
Section 6.1 a localization property of the corresponding Fourier transform 7, and in
Section 6.2 a property that is in a certain sense dual to the first one, which is why
we call it “colocalization property”. These results, combined with the discussion in
Section 3, will finally give our main result (Theorem 6.15) stating that the tautological
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system 7(p, X , ), if non-zero, underlies a complex pure resp. a mixed Hodge module,
this is discussed in Section 6.3.

6.1. Locarization proPERTY OF 7. — The purpose of this and of the following section
is to prove a key property of the differential system 7(p, X, B) concerning its relation
to its restriction it 7(p, X, B), where i: {0} < V. In this section we only consider the
case where 5(e) € C\ Z, whereas in the next section also the case where 5(e) € Z is
studied. For the moment, we are working in a slightly more general setup, therefore,
we let temporarily V' be any finite-dimensional vector space, and we consider the Euler
operator E on V (i.e., the differential of the scaling action). For A € C, define Eig(V, )
to be the full subcategory of Mod(I'(V, %y)) consisting of modules M satisfying
(6.1) M= @ M,

HEAN+Z
where M), == ker(E — u) C M.

Prorosition 6.1. — Let # € Mody(Zv). IfT'(V, #) € Eig(V, X) for some A € C\Z,
then

MGG,
where j denotes the open embedding of V ~. {0} into V.

Proof. Let N := dim V and choose coordinates x1,...,zn on V. The distinguished

triangle

. 1

in Db .(Zv) (see [HTTO8, Prop. 1.7.1(i)]) shows that it suffices to prove RT'oy (.#) = 0
in order to conclude the claim. Since V' is affine and .# is quasi-coherent, we actually
just need to show
H. (M) =0 forall i,
where M =T(V, . #) and m = (z1,...,2N).
Recall that HE (M) may be computed as the cohomology of the Cech complex
0— M —PM,, — PMy,o;, — - —> Mg,y —0.
i i,j
A straightforward application of the definition of eigenvector implies (a) that each
term in this complex is also in Eig(V, A), and (b) that Eig(V, \) is closed under taking
subquotients. Hence, each H{ (M) is in Eig(V, \).

Since HE (M) is m-torsion, it remains to show that every m-torsion module in
Eig(V, ) is zero. Let M’ be one such module, and assume there is a nonzero n € M’.
Without loss of generality, we may assume that n € M, IQ for some p € A+ Z and that
mn = 0. Then

N N
un:E~n:Zxﬁrn:Z(@ixifl)n: —Nn.
=0 i=0

Thus, because n # 0, ;4 must be —N—in particular, u, and therefore also A, must be
an integer, which is false by assumption. Hence, M’ = 0. O
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We draw a conclusion of the previous general result that concerns the Fourier
transform of tautological systems as studied in Corollary 4.11, where we only make
the assumption that the boundary of the G’-orbit is reduced to the origin in the vector
space V. This is of course satisfied in the case of interest like in the situation studied
in Theorem 4.34.

Cororrary 6.2. — Let p: G' — GL(V) be a finite-dimensional rational representation
of an algebraic group of the form G' = G x C*, where C* acts by scaling elements
of V. Let Y CV be a G'-orbit and let Y be its closure. Assume that Y \Y = {0}. Let
B: g — C be a Lie algebra homomorphism with $(e) € C\ Z. Then the Py -module
7(p,Y,B) from Definition 1.1 satisfies

?(pv ?v ﬁ) = j+j+7/:(p7?7 6)7

where j denotes the open embedding of V ~. {0} into V.

Proof. — By Proposition 6.1, it suffices to prove that T'(V,7(p,Y, 3)) € Eig(V, 5(e)).
To do this, let
P = Z CayT™0
ay

be a global section of Zy. In T'(V,7(p, Y, 3)), we have

EP = an.y o = [Y)z°0" + ) caya®d'E
ary
:anv laf = [~]) a87+25 €)Cay "0

—Z e) +lal = [7)cayz®0”

neB(e)+Z
6.2. COLOCALIZATION PROPERTY OF T. In this section, we consider a similar property

as just studied, but which also includes the case where B(e) € Z. It turns out (see
example 6.4 below) that in general the 2y -module 7(p, X , B) is not equal to the direct
image of its restriction to V' ~ {0}, but to one cohomology group of the properly
supported direct image. In the case where the value of § on e is not an integer, this
is consistent with the previous result since both direct images are equal then.

We work in the setup described before Theorem 4.34, i.e., X C PV is projective
with affine cone X with vanishing ideal J C Oy . Consider the embeddings

R {0} s V {0} I v O gy

Our main result in this section is the following.
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TaroreEM 6.3. If B(e) ¢ Zgo, then ?(p,)?,ﬂ) is colocalized, in the sense that the
canonical morphism
HO]TJ+?(p7XaB) ?(anvﬁ)

is an isomorphism in Modp(Dy ).

Before we discuss the proof of this theorem we show by example that integral
parameters may correspond to systems that are colocalized but not localized. From
here on and until the end of this paragraph, in order to keep the notation light,
we write T for the Zy-module 7(p, X, B) that appears in the theorem above.

ExamprLe 6.4. — Let X be P! x P!, where the group G := SLy x SLs acts transitively
via the action on each factor. Choose the projective embedding induced by the line
bundle O(1,1). The target space is PV = P3 and X is cut out by f = 21,1%2,2—%2,1%1,2-
We write E = 21,1011+ 21,2012+ 22,1021 + 22,202 2. The interesting §(e) (for which,
according to Theorem 4.34, the restriction of 7 to V' ~\ {0} is non-zero and has full
support) equals 2 (so that §'(e) = trace(E) — B(e) = 2), and then the defining ideal
of 7 is generated by f, —E — §'(e) = —(E + 2), and the operators

221011 + ®2,2012, 11021+ 12022, 21,1012+ 221022, x12011+ 222021,
011 +012+1, Oy14+020+1, 0O11+601+1, O12+022+1,

where we write 6; ; for x; ;0; ;. Notice that the sum of 611 4+6012+1and 021 +6022+1
(or equally the sum of 61 1 + 021 + 1 and 61 2 + 022 + 1) equals E + 2, but we prefer
to work with this slightly redundant set of generators.

Let P = 01,1022 — 02,101,2. It is an easy calculation using the above generators
to see that the class of ; ;P is zero in T, for 4,5 € {1,2}. A computer computation
shows that P is not zero in 7, and so T contains a submodule X of holonomic length
one that is supported at the origin. In particular, we certainly have 7 # j,j 7 in this
case.

Inspection shows that there is a natural 2y-module map from 7 to the local coho-
mology sheaf H = H;?(OV) that sends the coset of 1 to the coset of 1/ f. Notice that
this map is not surjective, since H = OV(*)?)/OV is generated by 1/f2, due to the
fact that the Bernstein-Sato polynomial of f is (s + 1)(s + 2).

The image of 7 — H is the Kashiwara—Brylinski module B attached to f (i.e.,
the module obtained as im(HOfTO)?\{O} — HOEFO)?\{O}) € Mod(%y)), recall that
7t LV = X < {0} < V is the composition of the closed embedding i: X ~ {0} <
V'~ {0} with the canonical open embedding j: V' \. {0} — V from above), and so B is
in particular simple and self-dual. The cokernel € = H/B is the Zy-module generated
by 1/f?; it is supported at the origin and of holonomic length one. The kernel is the
module X above. We thus arrive at the following sequence of Zy-modules.

0—K—-7T—H —C—0.

It is automatic that DX =2 € since both are length one and supported at the origin,
but one can also verify that DH 2 7. Moreover, it follows from the fact that Oy (xX)
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is localized along X that it is also localized at {0}, i.e., that we have j,j+ Oy (xX) =
Oy (*X). Then since j,jtOy = Oy we get that j,j+H = H, and thus the module D7
also satisfies

j+jTDT = D7, &

The proof of Theorem 6.3 will be given after several intermediate steps. First
we recall that we have the algebra 7, (see Definition 4.14), which is the universal
enveloping algebra of the Lie algebroid Oy ®c ¢'. It comes with a (in general non-
surjective) algebra homomorphism ZV: @y — Py which extends the map Zy as
defined in Lemma 4.1. Then we consider the left &4, -module

7=y |y I+ iy (E - B(E)|€ € 9).
From the right exactness of the tensor product we get
T=Dy Qu, 77 = H(9y ®H;¢V 7”*27),

using that ZV makes Py into a right @/,-module. We first have the following com-
parison result.

LEmva 6.5. If H* (wy ®E;{V 7)Y =0 for k =0,—1, then also
H¥(DR7) = H*(wy ®,, 7) =0
fork=0,-1.

Proof. — Consider the Grothendieck spectral sequence for the composition of functors
wy g, — and Py R, —, with Es-term

Byt = HP (wy @, HY(Py @4, 7)) = H" " (wy @5, 77).
We clearly have that Eg = H O(wy ®E;{V 77) and moreover, because we are deal-

ing with the second page of a third quadrant spectral sequence, E5 1,0 injects into
H Y (wy ®H;¢V 7). Hence, under the assumption of the lemma, we obtain

By’ =Hwy ®%, 7) =0 and  E; "’ =H '(wy ®%, 7)=0. O
Next consider the following adjunction triangle
(6.2) J13TF > F > (igoptiloy)Fldim V] L
and the associated exact sequence
0 — H ™' ((if0y,4i}oy)Fldim V]) — HO(jij7) — 7 — H((if0y,41}oy)F[dim V]).

We would like to show that the left- and the rightmost terms in this sequence vanish.
Since clearly igpy 4 is an exact functor, it suffice to show that

H (i, Fdim V]) = 0
for k = 0,—1. To that end, we apply the functor ay 4+ (where ay: V — {pt} is the
projection) to the triangle (6.2), this yields
(6.3) av+jiit T — ay 4T — z‘}o}?[dim V] L,
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since
av7+i{0})+i}0}?[dim V] (ay o i{o})_;,_i}o}?[dim V]
= ago), yifo,7[dim V] = i} Fdim V]

as elements in D°(C).
Now we have the following piece of the associated cohomology sequence of the
triangle (6.3)
(64) H 'ayy7 — H il Fldim V] — Hlay, 1 j1j 77
— H'ay 7 — Hi,7[dim V] — 0.

Here zero on the rightmost term comes from the vanishing
H'ay,jij*7 =0,
which holds since both functors ay, 4 and j; are right exact. We now claim

Lemma 6.6. The map

H 'ay 7 — H ™ 'il, 7ldim V]

is an isomorphism.

Proof. — Tt can be shown more generally that under the assumption made here,
we have an isomorphism
av 47— i, Fldim V]

in D*(C). In order to see this, we apply [Stel9, Lem. 4.4] (which is based on an earlier
result in [RW19, Lem. 3.3]), when seeing ay : V' — {pt} as a bundle over the point {pt}.
Then it is clear that this map is fibered in the sense of [Stel9, Def. 4.1]. It therefore
remains to check that the Zy-module 7 is twistedly C*-quasi-equivariant (as defined
in [Stel9, Def. 4.2]). This is a condition that depends only on the restriction j*7,
and this restriction has support on X < {0}. Recall that we have the isomorphism
L* = )/(:\{0}, obtained from composing the restriction to LY * of the blow-up LY — X
with the fiberwise isomorphism inv: L* S LV+*. Tt is therefore sufficient to show that
(7 is twistedly C*-quasi-equivariant with respect to the C*-action in the fibres of
L — X, where ¢ is the composition of j: V' ~\ {0} < V with the closed embedding
X ~ {0} = V ~ {0} and with the above isomorphism L* = X « {0}.

It follows from Theorem 4.34 that this restriction is either zero, in which case the
equivariance property we are after is trivially satisfied, or else equals Oi/ ¥ Ttisan easy
exercise to check (e.g., locally over trivializing neighborhoods) that Oi/*k is twistedly
C*-quasi-equivariant. O

By using the exact sequence (6.4) as well as the previous lemma, Theorem 6.3 is
proved once we have shown that H*(ay +7) = 0 for k = 0,—1. But clearly ay 7 =
ay,« DR(T) since ay is an affine morphism. Therefore, by Lemma 6.5, we are left to
show the following.
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Prorosition 6.7. Using the above notation, and always assuming that B(e) ¢ Zo,
we have
k L oo\ _
H (UJV ®-9{V T ) = 0

for k=0,-1.

For this, we will need some further preparations. We start with an algebraic prop-
erty of the left o/,-module <, /o, 7.

Lemwva 6.8

(1) 3 € Oy has naturally the structure of a left oy -module (and consequently, also
Og has).

(2) For any & € ¢, we have

- J-§C T

as subsets of <#y. Consequently, <y -7 is a two-sided ideal, and <ty [<#/J is also a
right o/ -module (i.e., it is a sheaf of rings).

Proof

(1) Clearly, Oy is a left «#,-module through ZV: y — Dy. We need to show
that this left action leaves J invariant. Let £ € g’ and let g € J be given. Consider the
following piece of the dual to the conormal sequence of X C V

0 — Zerc(0g) — Zerc(0Ov) ®o, O — Home, (3,0%),

Since X C V is a G'-variety, Zy (&) descends to a derivation of O ¢, i.e., it lies in the
kernel of the map «. Therefore Zy (§)(g) € J.

(2) Since &4, is the universal enveloping algebra of the Lie algebroid Oy ®c ¢/, for
any g € Oy, the commutator

£-9-9-¢

must be equal to the result of applying the anchor map to &, and then applying the
corresponding derivation to g. But the anchor map Oy ®¢ g’ — ©y is nothing but
the scalar extension of Zy, so that £- g — g - & = Zy(€)(g), which lies in J by point 1.
Consequently

g-§=8-9—2Zv(€)(g) € -7
for g € J, as required. O

We next consider a homological construction that can be considered as a gen-
eralization of both the Spencer complex in Z-module theory (see, e.g., [HTTOS,
Lem. 1.5.27.]) and of the Euler-Koszul complex as defined in the theory of hypergeo-
metric differential systems ([MMWO05, §4]) and which is closely related to Lie algebra
cohomology resp. homology (see, e.g., [HS97, §VII.4]). We therefore call it the Euler-
Koszul-Chevalley-Eilenberg-Spencer complex. Notice that a similar construction is
also considered in several works in the theory of free divisors, see, e.g., [CMNMO09,
§1.1.2.] (one could also cite the much more classical reference [Rin63, §4]).
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Let first N be a right o, -module. Define

14 14
87N) :==N&o, A(Ov@cyg)=NacAd,
Ov

where the differential is as follows

(6.5) 67¢ 8THN) — 8THL(N)
l
me (& A A& HZ(fl)”*lm(&-fﬂ’(éi))e@(&A~~A§M~~A£e)

+ > CO)Tme (G GING A AGA NG A N,

1<i<j<e

where the right @%,-module structure on N is used in the first term of the differential
when writing m(&; — 8'(§;)). In general, 8*(N) will be a complex of sheaves of C-vector
spaces only.

We will apply this construction several times, but in particular in the following
more special situation. Let M be a left //-module (e.g. O¢). Consider the sheaf

gy Ro, M.
We view this sheaf as an (@, &4, )-bimodule as follows: The left <%, -action is given by
bla ® m) = ba @ m.
The right action is induced by

(a@m)f =af @m (f € Ov)
(a@m) =af@m—a®&m (Eeg).

It is easy to check that this construction extends to a functor from left .o -modules
to (&, oy )-bimodules.

Note that this uses the natural right action on the tensor product of a right
ofy-module (here, o4,) and a left @-module (here, M) over Oy in the realm of
Lie algebroids (see e.g. [Che99, Prop.2.2.1]) analogous to the case Zy-modules. The
left action however, is the trivial one only acting on the first factor. This ensures that
both actions describe a bimodule structure. One could also consider on @4 ®¢o, M
the left o,-module structure as in [Hue99, §(2.1)] obtained from the left @4,-mod-
ule structures on 7, and M respectively and complement it with the trivial right
fy,-module structure (by right action on the first factor) to obtain a bimodule struc-
ture. In fact, these two (&, o )-bimodule structures are isomorphic, as can be seen
by an argument similar to [NM15, Cor. A.12]

To consider a specific example, we can take M := O ¢, which is a left .%,-module
by Lemma 6.8 above. Let ¢: o/ ®o, 05 — @4 /o], a®g — a-g be the canonical
isomorphism of left ./j,-modules. Now by the previous construction, the left hand side
is also a right @4, -module, and by invoking Lemma 6.8 again, so is the right hand
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side. Then the morphism is also an isomorphism of right < -modules: Since g’ kills
the element 1 of O, we have (for a € @/, g€ O¢ and £ € ¢)

Y((a®9)§) =¢((ag@ 1)§) =Y(ag§ ® 1 —ag® (€ - 1))
=Y(ag¢ ®1) = agf = ag - & = Y(a @G,
as claimed.

We now apply the construction of the complex 8°(—) (taking as input a right
fyy/-module N) to the particular case where N := @, @, M, i.e., we put for all £ € Z

CHM) == 8~ ®o, M),

yielding a complex (C*,d). It is readily checked that since @ ®p,, M is also a left

a#iy-module, the differentials ¢ are now left .2, -linear. Again, it is an easy exercise

to see that this construction is functorial, so that C*(—) yields an exact functor from

the category of left @7, -modules to the category of complexes of left @7, -modules.
Pursuing the above example where M = O ¢, we see immediately that

HO(C(0g)) =77,
We also have the following important homological property of this complex.
Lemma 6.9. — For any left </ -module M, € (M) is a resolution of H(C*(M)) by left

gty -modules (which in general are not <y -free though). In particular, for M = O,
we obtain that €*(O¢) is a resolution of 77 by left o -modules.

Proof. We follow a standard strategy by filtering C* (M) by degree using the natural
filtration on «%,. More precisely, using &, = Oy ®c Ug’, we set Frofy := Oy Q¢
Fy(Ug'), where F,(Ug’) is the standard filtration on the universal enveloping algebra.
By the Poincaré-Birkhoff-Witt theorem, we have

Grl oy = Oy ®c Sym*(g).

We consider the induced filtration F,(e ®o, M) = F,() ®o, M on the
left ©#4-module @ ®¢9,, M. Then we have the following isomorphism of Oy ®c
Sym®(g')-modules
Grl (e ®o, M) = Grl' () ®o, M = (Oy &c Sym*(¢)) ®o, M
=~ Sym*(g") ®c Oy ®o, M = Sym"*(g') ®c M.

Notice that the action of elements from Sym®(g’) on Sym®(g’) ®c M is only via the
first factor. Then we consider the filtration on €*(M) defined as

¢
Fi.C~ (M) := Fr_yo( @0, M) @c A\ g

This makes F,C*(M) into a filtered complex (this is the reason one needs to shift the
filtration on the various terms of the complex, since otherwise the first summand in
the formula defining the differential of €*(M), i.e., in formula (6.5) applied to the
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case N = oy @ M, would not respect this filtration), and by the usual arguments one
checks that

Grl' €*(M) = Kos" (M ®c Sym*(g'), (&1, - - - » Edim(g")))»

for some basis (£1,...,&qim(g)) of the Lie algebra g’. Since clearly £1,. .., &qim(gy) is a
regular sequence on M ®¢ Sym®(g’), we obtain H*(Gr! €*(M)) = 0 for i < 0. Then
by a general argument (see, e.g., [SST00, Th.4.3.5]) it follows that

H(Gr] (€°(M))) = GrJ H(C* (M),
We have therefore shown that Grl’ @*(M) is a resolution of Grf” H%(€*(M)), but then
the original complex €*(M) is a resolution of H%(€*(M)), which is the first statement

of the lemma. Since, as remarked above, we have H°C*(0g) = 77, €*(0g) is a
resolution of 77 by left .24, -modules. O

The terms of the complex €°*(M) are not o -free in general. This is cured by the
following construction.

Levmma 6.10. There exists a finite resolution (F*(M),d) —» M by left oy, -modules
that are free over Oy .

Proof. — We first construct via induction an infinite resolution G* of M by left
y-modules that are free (but possibly of infinite rank) over Oy .

Let W9 be the g’-submodule generated by a global Oy -generating set of M. Then
G0 := Oy ®@c WO is a left o#,-module via

f-gow)=(fgow  (feOv),
§-gow)=(2ZvE)g)ewtge(E-w)  (f€d).

The obvious map G — M is surjective and o7, -linear. Repeating this procedure with
ker(G° — M), and continuing in that way, we get an infinite resolution §* of M of the
required type.

We now construct F*(M): Since Oy has finite global dimension (say equal to n),
im(G=" — G~ "*1) is Oy-projective (see, e.g., [Stal8, Lemma 0005]) and therefore
Oy -free. Thus,

G—t, if i <n,

FIM) == Qim(G" — Gt if i =n,

0, if 1 > n.
with the differential induced from G* works. O
Remark 6.11. For what follows, a resolution of modules that have possibly infi-

nite rank over Oy as just constructed is sufficient. However, it is actually possible
to obtain a resolution by finite rank Oy -modules under the additional assumption
that M is graded, and finitely generated over Oy by homogeneous elements such
that the grading is compatible with the left .o, -structure on M. This is in particular
the case for M = O ¢, which is the only case that we will use below. Namely, under
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these assumptions, the g’-submodule W? constructed in each step is then necessar-
ily contained in a finite number of homogeneous components of M, i.e., in a finite
dimensional vector space. This suffices to obtain a free Oy -module of finite rank G°
as above, which is again graded in a compatible way with the left @7 -action, and
then one argues again by induction. &

In the sequel, we specialize to the case M = O ;. According to the previous lemma,
by applying the functor C*(—) to the Oy-free resolution F°(Og) —» Og by left
a/y-modules, we obtain the double complex

X = €(5°(0)

and its associated total complex Tot®(X*>*). Then Tot"(X**) provides a resolution of
77 by free left o/i,-modules (of possibly infinite rank). Therefore, we have

wy ®»<27V 79 Wey R oty TOt‘(iK'") = Tot'(wv Q ety x**)

Consider the spectral sequence associated to the double complex wy ® o, K*** with
FE;-term given by first taking vertical cohomology, i.e.,

EYT = Hwy @, CP(F(05))) = HPM(wy ®Hé¢v 7).

Then we have the following

Lemyva 6.12. — The above sequence collapses at the Eq-term, and we have

wy ®Hé;7v ’?d ~ (8.((,0\/ Koy O}?),é),

where we consider the right module structure on N = wy ®o, Og coming from the
tensor product of the right </, -module wy with the left o/ -module O ¢. Explicitly,
we have

—t
8 (wv ®o, 0g) 1= wy/Jwy ®c A ¢,
and where the differentials are

—(+1

—C. wy /
s N — e A g
(f-vo) @ (& A ANE) —
4

Z(—l)“(— Liez, (&) —B'(6))(f - vol) @ (§1 A+ A& A A &)

+ > (Y vo) @ (6 I A G A AG A NG A NE)

1<i<j<l
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Proof. — According to the above construction, we have
H(wy @a, C°(F(0%)))
ker (wv Dery (H Doy FU(0g)) @ N ¢, id @id @dI @ id)

im(wy @y (A @0, T (0g)) @c A\ g id@idedi=! @id)
p
=wy Qo, HY(F"(03)) @c A\ ¢’

)0, if ¢ <0,
wy Qo O)A( Rc /\p /, if g=0.
(recall that d is the differential of the complex F*(0 ¢)) from which it is obvious that
the spectral sequence collapses, and that the induced differential

(5_€: SZ(wV Koy O)A() = Ef’o — Eerl’O = SH—I(WV ROy O)?)
is as indicated. O

Using all these preliminaries, we finally obtain the vanishing of the two de Rham
cohomology groups we are interested in.

Proof of Proposition 6.7. — Tt remains to show that, under the assumptions of the pro-
position (in particular, 3(e) ¢ Z<o), we have H*(8*(wy ®o, Og)) = 0 for k =0, —1.
Let us first notice that the complex 8*(wy ®o,, O ¢) is naturally graded by the grading
of O¢ and of Oy (by putting deg(vol) := dim(V')) and by setting deg(g’) := 0. Then
it is easily verified that the morphism Zy is homogeneous of degree 0, and therefore
also the differentials ¢ are so. Consequently, it suffices to calculate the cohomology
of the graded parts of 8*(wy ®o, Og).
The relevant maps in this complex are as follows:
-1 wWv ’ wy
0 E KXcg — E
(f - vol) & & — (~ Liezy ey ~B'(£))(/ - vol)

5% 2 e f g — 2
(f - vol) @ 9 A (—Lieg, 9 —F'(9))(f - vol) @7
+ (Liez, () +8'(n))(f - vol) @ ¥ — (f - vol) @ [9, 7]
=0 N(f-vo) @) @n—0"1((f vol) @) @V
= (f - vol) ® [9, 7).

In order to describe these morphisms, first notice that for any 6 € g, we have

Rc ¢’

LieZv(G) (vol) = Lie_ S, dp(0) w0, (vol) = — Z dp(@)ji Liexiawj (vol)

]

=— Z dp(0);id;j - vol = —trace(dp(f)) - vol.
2%}
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We thus get
(Liez, () +8'(0))(f - vol) = (Zv(0)(f) — [ - trace(dp(8)) + ﬂ(@ -f) - vol
(6.6) =trace(dp(0))—B(0)

= (Zv(0)(f) = B(O)f) - vol.

After these preliminaries, let us first show that H°(8*(wy ®o, Og)) = 0, i.e., that
the morphism §~! is surjective. According to Lemma 4.3, for £ = e € g/, we have

dim V'
Zy(e)=—FE:=— Z 2;0g,,
i=1
where 1, ..., Zgim(v) are coordinates on V. We thus have

§1((f - vol) @ €) = (~ Liez, ¢) —6'(€))(f - vol) = (E(f) + B(e)f) - vol.
Since E(f) = d - f for f homogeneous of (non-negative) degree d, the fact that
B(e) ¢ Z<o shows that 6! is surjective, hence H%(8* (wy ®o, O%)) = 0.
The vanishing of H~!(8*(wy ®o, O%)) will similarly be shown in each degree of
the complex. Therefore, suppose that we have homogeneous elements f; € O¢ all of
which have the same degree d € Z>g and §; € ¢/ for i = 1,...,r such that

5! (i(fi ~vol) ® g,) =0.

i=1
By assumption, we have d + 8(e) # 0. Then it follows (using [e, ;] = 0) that

5_2;(6%-V01)®e/\§i:i25_2<cpr%6'V01®e/\§z‘)
_i(él((d—i—fé © -vol) ® e) ®§1) 25 ( 4% Ble) V01)®§1)
_Z< ) vol)®e)®£1> d+ﬁ 25 (fz vol) ®§z)

< (E(f)+ B -
= ; (W ~v01®§i>,

(recall that the elements f; € O ¢ were chosen to be homogeneous of degree d, so that

E(fi) = d- fi, and, consequently, (E(f:) + 5(e)fi)/(d + B(e)) = fi) so that

r

D (fi-vol) @& € im(577),

i=1
thus showing H~*(8*(wy ®o, 0g)) = 0. =

The next statement summarizes the results obtained so far in Section 6. We consider
the situation as described before Theorem 4.34 and we would like to describe how the
Pv-module T(p, )?, B) is related to its restriction to V' . {0}. We only state the results
under the simplifying assumption that G is semisimple, since this is the main case
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of interest and since it allows us to use the results proved in Section 5. Recall that
under the assumption that G (and consequently its Lie algebra g) is semisimple,
we necessarily have 5 = 0.

Cororrary 6.13. In the above situation, assume that 7(p, )?, B) # 0. Then we have:
(1) B(e) € Qxo. R
(2) If B(e) =0, then 7(p, X, B) is a free Oy -module of finite positive rank.
(3) If B(e) € Qso, then we have an isomorphism in Mod,(Pv)

HCjij ™7 (p, X, 8) — 7(p, X, B)
(4) If B(e) € Q=0 \ Zso, then we have isomorphisms in Mod,(Dy)
j+j+7/:(p7)?aﬁ) ; ?(p?)?vﬁ)v
and J43 7. X, B) = 17 (0. X, ),

in particular, we have Hi(j*j“‘?(p,)?,ﬁ)) =0 for i # 0 and for x € {4, 1} in this
case. Furthermore, 7(p, X, B) is simple.

Proof’

(1) This is exactly the statement of Corollary 5.2.

(2) It has been shown in Lemma 5.14 that X is Fano. This implies by Theorem 4.34
that if 8(e) = 0, then necessarily 7(p, )?, B)iv\{oy = 0. Therefore, 7(p, )A(, 0) has
support in the origin in V' and consequently, 7(p, X ,0) is a free Oy-module (of positive
rank by the assumption 7(p, )?, B)#0). Notice that the non-vanishing of 7(p, )?, B8)#0
is automatic if S(e) = 0: in this case, any constant function on W is a (classical)
solution to 7(p, X ,0), since it is annihilated by any operator in the denominator.

(3) This follows directly from Theorem 6.3.

(4) The isomorphism j,jT7(p, X, 8) = 7(p, X, B) is exactly the content of Corol-
lary 6.2 (applying it for Y = X~ {0}and Y = )?) Moreover, the second isomorphism
is obviously true if 7(p, X ,B) = 0. Otherwise, we must have by the first isomorphism
that 77 (p, )/5, B) # 0, but then by Theorem 4.34 we know that

it (0 X, 8) = i 0}/

with B(e) = ¢/k. Since i’ is proper, we are therefore left to show that
el o s ol

(6.7) j+z’+(‘)L/* = szff(‘)L/* :

but this follows from the proof of Proposition 3.8, points 1. and 3., by noticing that

we have 7= jo# oinv™l: LV* < V. It follows from Eq. (6.7) that 7(p, X, 3) is an

intermediate extension of i/, OZL/ ¥ Since iy OEL/ F s simple, we conclude that 7(p, X, 3)

is simple as well. Since FLY is an equivalence of categories the claim follows. (|

Remark 6.14. — Similar to Remark 4.37, it is possible to alternatively embrace
equivariant viewpoints to approach the (co-)localization properties of 7(p,Y, ), as
pointed out by a referee. One observation is that Zy-modules supported on the origin
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can only be strongly f’-equivariant for S(e) € Z and only have G’-invariant sections
for B(e) = 0, which can be used to recover Theorem 5.1. A more detailed analysis
also leads to Theorem 6.3. &

6.3. TaurorocicaL systEMs As MixeEp HopGe mopuLes. — The purpose of this section
is to finally achieve the functorial construction of tautological systems announced
in the introduction (more specifically, in Theorem 1.2), by combining the results in
Section 3.3, the description of 7}y fo1 from Theorem 4.34 as well as the localization
resp. colocalization properties of 7 summarized in Corollary 6.13 above.

Let us recall once again the setup we are working with: We let X be a projective
variety and we consider a transitive action of a reductive connected algebraic group G
on X. We let L — X be a very ample G-equivariant line bundle. We extend the group
action on X and L to a an action of G’ := C* x G by letting the C*-factor act trivially
on X and by inverse scaling in the fibers of L. We consider the G’-representation
V = H%(X, %)Y and the equivariant closed embedding X < PV defined by |.Z]|.
Let X C V be the affine cone of X in V and we have an isomorphism X~ {0} LY
by identifying LY with the blow-up of X at the origin. We write7: LV'* = X\{O} -V
for the locally closed embedding given as the composition of the closed embedding
it X~ {0} < V ~. {0} with the canonical open embedding j: V ~ {0} < V. Together
with the isomorphism inv: L* — LY>* given by inverting fibers, we obtain a locally
closed embedding ¢: L* < V defined by ¢ := 7o inv.

For the convenience of the reader, we summarize the various maps that occur by
extending the diagram (4.3) from Section 4.4.

Blygy (X) = LY

We let, as before, 3: g" — C be a Lie algebra homomorphism satisfying 3,4 = 0.
Denote W := V'V,

Taeorem 6.15. — Under the above hypotheses, the following statements hold.
(1) Assume that B(e) = £/k € Q ~ Z. The tautological system 7(p, X, B) is non-

zero if and only if L®¢ = wg(_k) as G-equivariant line bundles. In this case, we have
isomorphisms

7(p, X, 8) = FLY (1, 07.") 2 FLY (1407/F)
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in Mod(2w ), and the Py -module T(p, )?, B) underlies a complex pure Hodge module
on W of weight dim(X) 4+ dim(W). Moreover, 7(p, X, 8) is simple, and, consequently,
the local system associated to T(p’AX’ﬂ)|W\Sing(r(p,)?,ﬂ)) is irreducible.

(2) If Ble) € Zwo, then T(p, X, ) is non-zero if and only if L®%€) = WY as
G-equivariant line bundles, in which case we have an isomorphism

m(p, X, 8) = FLY (H°,;0;-)

in Mod(Zw ). Then the Dy -module T(p, X, B) underlies an object of MHM(W) with
weights in {dim(W) + dim(X), dim(W) 4+ dim(X) + 1}.

Proof. — Under the assumptions of the theorem, we have in both cases that
L i Ok it g9t = YP),
R, X, p) = TR o
0 otherwise,

by Theorem 4.34 (with ¢ = f(e), k = 1 in case 2), notice that we had implicitly
identified L* with X ~\ {0} in Theorem 4.34.
We now distinguish the two cases.

(1) Since £/k ¢ Z, we know from Corollary 6.2 that
?(p7X?ﬁ) = ]+.]+7/:(p7X7B)

Therefore, since ¢« = j o4’, we conclude that

ko &l ~ ,Q(=F)
PR 1O i L =,
T ) X7 6 g
G ) { 0 otherwise.
As we have FLY (7 (p,X B)) = p,X B) by Definition 1.1, we obtain
LV L+O€/k if @t~ w?}(_k),
B otherwise,

as required. The fact that FLV(L+Oé/*k) = FLV(LTOZL/*]C) is simply the Z-module ver-
sion of Proposition 3.8, point 3. Then it follows as in Corollary 6.13 that T(p,)?,ﬂ)
is a simple Zy-module, and in particular that the local system (and the monodromy
representation) of its restriction to its smooth part is irreducible.

For the second statement, assume .£®¢ = wg(_k)
that

and recall from Proposition 3.8

=t/ N
FLY (1, 0,9F) 2 ayw, yevTjp, 107

as elements in D?(Zyw ), using the notations from Proposition 3.8. Since we have

. t/k o ol/k
1nv+(9Lv/* = OL/* , we get

£/k\ A . £/k
FLV(L+OL/* ) = aW7+evTjL7TOL/*
in DZ(_@W). However, as we have just proved, this is actually a single degree complex

isomorphic to the tautological system T(p,)A( ,3). Hence it follows from the second

JE.P — M., 2026, tome 13



TauToLoGICAL SYSTEMS, TOMOGENEOUS SPACES AND THE HOLONOMIC RANK PROBLEM 58~
/

statement of Proposition 3.8 that this Zy,-module underlies the pure complex Hodge
module
Bk = O (YY) = ayev i PO Fidim W — 1]
which has weight dim(X) + dim(W).
(2) Since S(e) ¢ Zo, we know from Theorem 6.3 that

P Hjij*7(p, X, B) if £99(€) =y,
Ao, X, By =q o
0 otherwise.
Hence,
FURPS HOji!, Op- if £®Ple) = Y,
mxmg{ m o
0 otherwise,

using 0%®) ~ 9,. since B(e) € Z. Since 7' is a closed embedding, we have i, = 4,

0, using ¢ = j o', we conclude the first statement.

The second statement then follows again from Proposition 3.8, points (1) and (2)
More precisely, we had shown there that FLY (230 v.«) underlies #'M;, € MHM(W),
so that

7(p, X, ) 2 FLY (H°1;0.) 2 FLY (H°31Opv.-) = HOFLY (50 pv.- )

underlies H°(#'Mz) € MHM(W). The weight estimate then follows directly from
Proposition 3.8, point (4) for the case k = 0. O

As a corollary, we solve the holonomic rank problem from [BHL'14, Conj.1.3.]
in general (i.e., for all homogeneous spaces and all possible equivariant line bundles
that give rise to non-zero tautological systems). Recall from the discussion before
Proposition 3.10 that U := (W x X) ~ev 1(0) € W x X and that ay: U — W
denotes the restriction of the first projection ay : W x X — W. Moreover, for any
A € W, we write ix: {A\} < W for the corresponding closed embedding, we let
U, C X be the complement of the zero locus of the section A\: X — L, and we denote
by Qf the complex local system on U) that underlies the pure complex Hodge module

N, HCL.[-1).

CororLrary 6.16
(1) Under the assumptions of Theorem 6.15, point (1), i.e., B(e) = £/k € Q\Z and
Lot =~ w;eé(_k) as G-equivariant line bundles, we have isomorphisms in Mody,(Zw )

S 4 ~ —0/k ~ —t/k
T(p, X,0) = aU,TeVP{LOL*/ = au7+evaL/ .

As a consequence, we have an isomorphism of vector spaces

(69) Hm(ijT(p,)?,ﬂ)) ) Hdim(X)er(U)\, Q;Wk)
resp.
(610) Hm(i:r\T(p,)?,ﬂ)) o~ Hé:lim(X)er(U)\’ ng/k)

for allm € Z and for all X € W.
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(2) If we assume that the hypotheses of Theorem 6.15, point (2), hold true (i.e.,
Ble) € Zwo and L®P€) = WY\ as G-equivariant line bundles), then we have an
isomorphism

m(p, X, ) = Hoauﬁ_eVr{[OL*.

In particular, we obtain for all A € W an isomorphism

(6.11) HO(it7(p, X, B)) = HY™X)(U,, ©).
(3) The holonomic rank of T(pj?, B) is given in the two cases as
kr(p, X, 8) = {dim HEO (0, €37 =dim B0 (U, €37%) it fle) €QZ,
dim H4™(X) (U, C) if B(e) € Zso,

for any value X € W that lies outside the singular locus of T(p, )?, B).

Notice that H(i{ 7 (p, X, B)) is the space dual to the space of (classical) solutions
of 7(p, )A(, B) at the point A, so that that Equations (6.9) and (6.11) also comprise and
generalize [HLZ16, Cor. 2.3].

Proof

(1) Using the previous Theorem 6.15, the first statement is exactly the Z-module
version of Proposition 3.10(1). Similarly, the second statement follows from Proposi-
tion 3.10(2).

(2) The first statement is obtained by using Theorem 6.15 together with Propo-
sition 3.10(1). In order to get the second one, we apply the functor H Oij\“ to the
isomorphism T(p,)?,ﬂ) o~ Hoau7+eVﬁLOL*. This shows that Hoijr(p,)?,ﬁ) sits at
the origin of the Es-term of the (third quadrant) Grothendieck spectral sequence
for the composition of the functors zf\ and ay( 4. Therefore, it is isomorphic to the
(0,0)-spot of the abutment, which is Hoi;\rau’+evr&0L*. Now the remainder of the
argument is close to the proof of part (2) of Proposition 3.10, namely, consider the
diagram

Uy = ({A} x X)n U —92 4 1y

’L.>\ x id i,\
U fu W
AU,
eV|u
L*

then base change shows that
ij\rau7+evr§lOL* = aﬁf* (i)\ X id)+eV|—LOL* = GEA)\$AOL* = GEAOUA-
Taking zeroth cohomology, we finally obtain

Hi{r(p, X, B) = Hf ay yovij 01 = B! 0y, = H(U, ).
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(3) This follows from point 1. resp. 2. since the holonomic rank is the fiber dimen-
sion of 7(p, X, 8) at any A € W outside the singular locus. For such points A we also

o
have iy =

[BB93)

[Beul1]
[BHL*14]
[Bot57]
[CMNMO5)
[CMNMO09]
[CPS24]
[Che99)]
[CD23]
[CG10]
[Dai00]
[DV25)
[Deb01]
[DS13]
[FHTO1]
[FG09)]

[GGG80]

[GG86]
[GGZ87]
[GKZ90]

(GZ86]

[GZK89)

z; and this is then an exact functor. O
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