QOLYTEG,

o'\”v, INSTITUT

°

8 POLYTECHNIGUE
& bE PARIS

\d
og o®

ATUT

5

ECOLE
POLYTECHNIQUE

r

ournal de I’Ecole polytechnique
M&ztbémarique’s

1.é0 BicoreNE & Renato VELozo Ruiz

Relatively non-degenerate integrated decay estimates for massless Vlasov fields
on Schwarzschild spacelimes

Tome 13 (2026), p. 437-518.
https://doi.org/10.5802/jep.331

© Les auteurs, 2026.
Cet article est mis a disposition selon les termes de la licence

LICENCE INTERNATIONALE D’ ATTRIBUTION CREATIVE COMMONS BY 4.0.
https://creativecommons.org/licenses /by /4.0/

Publié¢ avec le soutien
du Centre National de la Recherche Scientifique

<
>

MERSENNE

Publication membre du
Centre Mersenne pour [’édition scientifique ouverte
WWwWw.centre-mersenne.org
e-ISSN : 2270-518X


https://doi.org/10.5802/jep.331
https://creativecommons.org/licenses/by/4.0/
http://www.centre-mersenne.org/
http://www.centre-mersenne.org

75urnal de I'Ecole polytechnique
C

Mathématiques

Tome 13, 2026, p. 437-518 DOI: 10.5802/jep.331

RELATIVELY NON-DEGENERATE INTEGRATED DECAY
ESTIMATES FOR MASSLESS VLASOV FIELDS ON
SCHWARZSCHILD SPACETIMES

BY LFEo BicoreyE & REnaTO VELOZO RUtz

AssTract. — In this article, we make use of a weight function capturing the concentration
phenomenon of unstable future-trapped causal geodesics. A projection Vi, on the tangent space
of the null-shell, of the associated symplectic gradient turns out to enjoy good commutation
properties with the massless Vlasov operator. This implies that V. f remains bounded, for any
smooth solution f to the massless Vlasov equation.

By identifying a well-chosen modification of V, we are able to construct a Wa ,’; weighted
norm for which any smooth solution to the massless Vlasov equation verifies an integrated
local energy decay estimate without relative degeneration. Together with the rP-weighted energy
method of Dafermos—Rodnianski, we establish time decay for the energy norm. This norm allows
for the control of the energy-momentum tensor T[f] as well as all its first order derivatives.

The method developed in this paper is in particular compatible with the approach of [Mav24,
DHRT22] used to study quasi-linear wave equations on black hole spacetimes.

Risumi: (Estimations de décroissance intégrées, relativement non dégénérées, pour les champs
de Vlasov sans masse sur les espaces-temps de Schwarzschild)

Dans cet article, nous utilisons une fonction poids reflétant le phénomeéne de concentration
des géodésiques causales piégées, dont la trajectoire est instable. Il s’avére qu’une projection
V., sur 'espace tangent de la variété isotrope, du gradient symplectique associé a cette fonction
poids posséde de bonnes propriétés de commutation avec 'opérateur de Vlasov pour les parti-
cules de masse nulle. Cela implique que V4 f reste bornée pour tout solution lisse de I’équation
de Vlasov sans masse.

Une modification judicieusement choisie de V4 nous permet ensuite de construire une norme
Wg},’; a poids pour laquelle toute solution lisse de ’équation de Vlasov sans masse satisfait
une estimation de décroissance intégrée relativement non dégénérée. En combinant cela avec la
méthode d’énergie a poids rP de Dafermos-Rodnianski, nous démontrons que la norme d’énergie
décroit au cours du temps. Cette norme permet notamment de controler le tenseur énergie-
impulsion T[f] ainsi que toutes ses dérivées d’ordre 1.
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1 . IV\'I‘ROI)LC'I‘IO\J

In this paper, we study the boundedness and decay properties of massless colli-
sionless systems on the exterior (8, gar) of a Schwarzschild black hole background of
mass M > 0. We describe the evolution of such systems of free falling particles with
zero rest mass by a distribution function satisfying a transport equation along the
null geodesic flow. More precisely, we study the solutions f to the massless Viasov
equation on a fired Schwarzschild spacetime

(1'1) XgM(f) =0,
where X,,
a nonnegative function defined on the null-shell

(1.2) P = {(z,p) € T*$| g; " (p,p) = 0, p is future-directed }.

is the geodesic spray vector field. The distribution function f: P — R is

The analysis of the asymptotic behaviour of the solutions to (1.1) is motivated by
the study of self-gravitating massless systems in relativistic kinetic theory [Andl1,
AnCGS22]. In the framework of general relativity, they are modeled by the solutions
(M, g, f) of the massless Einstein—Viasov system (EV)

. 1
Ric(g) — 5R(g) - g = 8« T[f],
Xy(f) =0,
where Ric(g), R(g), and X, are respectively the Ricci curvature tensor, the scalar

curvature and the geodesic spray of the Lorentzian manifold (M, g). The energy-
momentum tensor T[f] of the Vlasov field f is given by

(1.3) T(fl = /? £ (@ P)pupvdus,

(EV)

where dysp, is the volume form induced by the metric ¢ on the fibers P, of the
null-shell. We refer to [Ren08, CB09, And11] for more information about this geomet-
ric PDE system. When the distribution function f vanishes identically, the massless
Einstein—Vlasov system reduces to the vacuum Finstein equations Ric(g)=0. Conse-
quently, the members of the one-parameter family of Schwarzschild black holes can
be viewed as stationary spherically symmetric solutions to (EV). In the perspective
of studying the stability of the Schwarzschild spacetimes as solutions to the massless
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Einstein—Vlasov system, we investigate the asymptotic properties of massless Vlasov
fields on the exterior of a fixed Schwarzschild background.

In the last decades, an intensive amount of research [DR09, BS03, AB15, TT10,
DRSR16, Arell, Mos16, MS24] has been carried out to show integrated local energy
decay estimates (ILEDs) for wave equations on the exterior of black hole backgrounds.
These works are motivated by the stability problem of black hole spacetimes for the
Einstein vacuum equations. ILEDs for wave equations on black holes capture key
geometric properties of these spacetimes, including the well-known redshift effect and
the existence of trapped null geodesics. In view of this line of research, a program
of deriving ILEDs for massless Vlasov fields on black hole exteriors was initiated in
[ABJ18, Big23]. In addition, in the latter work, inverse polynomial decay of a non-
degenerate energy flux has been shown by adapting the rP-weighted energy method of
Dafermos—Rodnianski [DR10]. However, the first and high order radial derivatives of
the energy-momentum tensor are not controlled in these works. This non-trivial task
has been difficult to show due to the convoluted structure of the system of commuted
equations for solutions of the massless Vlasov equation (1.1). Most of the derivatives in
the span of {9+, 0,,. } grow exponentially on bounded regions of 8. We deal with this
issue by using well-chosen vector fields that arise from the expansion and contraction
properties of the null geodesic flow. In this article, we develop a commutation approach
for massless Vlasov fields on a Schwarzschild black hole background. As a result,
we control the radial derivative of the energy-momentum tensor T|[f].

Recent works on decay estimates for wave equations on black hole backgrounds by
Holzegel-Kauffman [HK23b], and Mavrogiannis [Mav23], have shown novel relatively
non-degenerate integrated (local) energy decay estimates. In these integrated estimates,
the bulk term is not degenerate with respect to its boundary term.() A key ingredient
in these estimates is a commutation vector field G € I'(T'8), given below in (1.4), such
that one can control, up to lower order terms, in a nondegenerate way the spacetime
integral of the first order derivatives of G acting on the scalar field. Specifically,
[HK23b] and [Mav23] studied linear wave equations on the exterior of Schwarzschild
and Schwarzschild—de Sitter spacetimes, respectively. See the extensions of these works
to the full subextremal Kerr family [HK23a] and, conditionally to mode stability, to
subextremal Kerr—de Sitter spacetimes® [Mav22].

In this article, we develop a commutation approach to show decay for mass-
less Vlasov fields on the exterior of Schwarzschild spacetimes. We make use of a
weight function ¢_: P — R that captures the concentration phenomenon of future-
trapped null geodesics in P. The projection Vi € T'(TP) of its associated sym-
plectic gradient, parallel to a direction transverse to TP, turns out to enjoy good
commutation properties with the massless Vlasov operator. By identifying a well-
chosen modification V'7°4, we construct a suitable W} weighted norm for which

W The integrated energy estimate shown in [HK23b| has an unavoidable degeneracy at spatial
infinity » = 4-c0. This is why these integrated estimates are local.

1n particular, the results in [Mav22] hold for very slowly rotating Kerr—de Sitter black holes.

JILP — M., 2026, tome 13
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any finite energy solution to the massless Vlasov equation verifies an ILED without
relative degeneration. Together with the rP-weighted energy method, we establish
time decay for the energy flux. This approach is compatible with previous works
[Mav24, DHRT22, DHRT24] used to study quasi-linear wave equations on black hole
spacetimes. By compatible we mean that

« As for the solutions to wave equations in these works, our method to derive decay
estimates for the solutions to the massless Vlasov equation relies on the boundedness
of an energy flux, an ILED (which as in [Mav24] is relatively non-degenerate), and a
hierarchy of rP-weighted energy estimates (as in [DHRT22, DHRT24]).

« The vector field used as a multiplier and capturing the redshift effect, used to
obtain improved estimates near the future event horizon in this paper, is the same
than the one used in the analysis of wave equations on Schwarzschild spacetimes.

o Let II: P — 8§ be the canonical projection from the null-shell to the base man-
ifold 8 and Cyasoy be the set of the commutators used in this paper to commute
the massless Vlasov equation. Then the span of dH(CVlaSOV) equals T'S, which allows
to estimate all the derivatives of T[f] (the source term in the Einstein equations
for (EV)).

« Moreover, [Mav24] makes crucial use of energy norms in which the top-order
derivatives include the vector field G, introduced below in (1.4), which is colinear to
dIf(Vmed).,

Let us briefly mention some advantages of non-relatively degenerate ILEDs. First,
they allow one to derive exponential decay for the energy flux through purely energy-
based methods (in contrast, a relatively degenerate ILED yields only superpolynomial
decay [DRO7, Big23]). Moreover, polynomial decay follows easily from such estimates
together with the rP-weighted energy method (see Section 7). By contrast, in [Big23],
a significantly more involved hierarchy of weighted energy norms had to be introduced
in order to obtain the 777 decay of the energy flux. These features should lead to
much less technical nonlinear analysis (see already [Mav24]). Finally, non-relatively
degenerate ILEDs also make it possible to obtain sharp decay estimates.

1 1 . STATE OF THE ART ON DECAY FOR MASSLESS VLASOV FIELDS ON BLACK HOLE EXTERIORS

Decay estimates for solutions to the massless Vlasov equation on black hole exte-
riors have been obtained using either weighted energy methods or phase space volume
estimates. Let us discuss these contributions:

1.1.1. Based on weighted energy methods. — First, Andersson-Blue-Joudioux [ABJ18]
studied the solutions to the massless Vlasov equation on very slowly rotating Kerr
black holes. They proved boundedness for a weighted energy flux and an ILED, which
degenerates at the future event horizon H* and on the trapped set. Note that they do
not obtain pointwise decay estimates for T[f]. Later, the first author [Big23] adapted
the rP-weighted energy method [DR10] for massless Vlasov fields on Schwarzschild
to derive inverse polynomial decay of non-degenerate energy fluxes, through suitable

JEP — M., 2026, tome 13
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spacelike-null foliations, and also for momentum averages. For this, an ILED (with a
relative degeneration) allowing for a control of the solutions near H* and the pho-
ton sphere was obtained. We point out that 9, T[f] was not controlled and that the
method used to derive pointwise decay estimates relied crucially on the exact spheri-
cal symmetry of Schwarzschild black holes. We note that for strongly decaying data,
this article shows superpolynomial decay of T[f].

1.1.2. Based on phase space volume estimates. Recently, the second author [VR23]
proved that Schwarzschild is non-linearly stable for the massless Einstein—Vlasov sys-
tem in spherical symmetry. This result uses the normal hyperbolicity of the trapped
set for the null geodesic flow. When restricted to Schwarzschild, this hyperbolic be-
haviour is captured by weight functions ¢4 : P — R that define the subsets {¢ = 0}
and {p_ = 0}, where future-trapped and past-trapped orbits are contained, respec-
tively. Assuming compact support for the initial data, T[f] was proved to decay
exponentially in the bounded region of the exterior of the black hole. Derivatives of
the distribution function were estimated by studying Jacobi fields on P in terms of the
Sasaki metric. Suitable derivatives of the energy-momentum tensor were also shown
to decay.

Around the same time, Weissenbacher [Wei24] proved decay estimates for the com-
ponents of T[f] for solutions to the massless Vlasov equation on Reissner—Nordstrom
spacetimes for compactly supported initial data. In the extremal case, if the ini-
tial support of f or its first order derivatives intersect a neighborhood of the future
event horizon, the transversal derivatives of certain components of T[f] do not decay
along F(.

1.2. VLASOV EQUATIONS ON BACKGROUNDS WITH HYPERBOLIC FLOwS. — A well-known
property of Schwarzschild is the existence of trapped null geodesics at {r = 3M}.
These orbits are unstable, in the sense that the trapped set, where trapped geodesics
are located, is normally hyperbolic.®® We discuss previous works on decay for Vlasov
fields on backgrounds with hyperbolic flows.

In the exterior of Schwarzschild, the radial geodesic equation defines a non-linear
ODE system with a hyperbolic fixed point corresponding to the trapped set. The
linearization of this non-linear ODE with respect to its fixed point, defines a Hamil-
tonian flow on R, x R, with Hamiltonian H(z,p) = 3p* — 222 (up to normaliza-
tion). Unstable trapping holds for this flow, and with this motivation, small data
global existence for the Vlasov—Poisson system with the external potential —|z|?/2
was shown in [VRVR24] in dimension n > 2. Modified vector field techniques were
used in dimension 2. See [BVRVR25] for the modified scattering dynamics of this
system in dimension 2.

(3)As proved in [WZ11, §2], the trapped set of Schwarzschild spacetime is eventually absolutely
r-normally hyperbolic for all r.

JIP — M., 2026, tome 13
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Recently [VRVR23] studied decay estimates for Vlasov fields on non-trapping
asymptotically hyperbolic manifolds. By a commuting vector field approach, the spa-
tial density and its first order derivatives were shown to decay exponentially, when
the initial data is away from the zero velocity set. For general compactly supported
data on hyperbolic space, the decay is only inverse polynomial.

1.3. THE MAIN RESULTS. Before stating our main results, we briefly introduce some
notations. See Section 2 for a more thorough presentation. We will use the notation
A < B to specify that there exists a constant C' > 0, depending only on the black
hole mass M and possibly other parameters quantifying the decay rate of the initial
data, such that A< CB.If A < B and B < A we will write A ~ B.

1.3.1. The coordinate system induced by the tortoise coordinates. — In the strict exte-
rior 8 of the Schwarzschild black hole (8, gas) of mass M > 0, the metric reads

2M
() dr? 4 r?d6? 4 r? sin®(0)d¢?, O*(r)=1- -
where (¢, 7,0, ¢) € Rx (2M, 4+00) x (0,7) x (0, 27). In this article, we will mostly work
with the tortoise coordinate system (t,7*, 0, ¢), where dr* /dr = Q=2 and r*(3M) = 0.
It induces the coordinate system (t,r*,6,¢,p:,Dr+,Ps,Pp) on the cotangent bundle

g = —Q2(r)dt* +

T*8. Then, the null-shell P can be parametrized by (¢,7*,6, ¢, pr-, ps, ps), Where p; is
given by

pr = — pg*Jer

|2;)|2 1/2 ) pi 1/2
-1 = |pp +
r2 pl=[p sin’(0)

The expression of the geodesic spray X,,, is written below in (2.5).

9m

1.3.2. Weight functions and commutation vector fields. — We now define the quantities
that we will use to set up the main weighted energy norm of the article.
Let N € T'(T'8) be the future-directed timelike vector field

r2

N =0+ xn(r) Vel (Or = Orv),
where xy € C°°(R) is a cutoff function such that xyn(r) = 1 for r < 2.5M and
xn(r) = 0 for r > 2.7M. We define the weight function associated to N, by the

contraction
o Pt — Dr*

M202
Note that contrary to |p¢|, [pnx| controls all the components of p near H' (see Sec-
tion 1.5.6). Let G € I'(T'S) be the spacelike vector field

pn = Dp(N) = p; + xn(r)r

r 6M\1/2 3M r
(1.4) G=5(1+=7) (1= 25)a+ 5o
We define the weight function p_(z,p) associated to G by
(1.5) ¢ (z,p) = p(G)

as well as the rescaled weight ¢_ := Q= 'y_. To the authors knowledge, the weight ¢ _
(with a different normalization) was introduced for the first time in the study of

JE.P — M., 2026, tome 13
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trapping on Kerr black holes in [Dyal5]. The vector field G instead, appeared first in
the study of decay for the wave equation on Schwarzschild in [HK23b].

Next, we define the vector fields that we will use to commute the Vlasov equa-
tion (1.1). They arise as projections on TP of the symplectic gradients of suitable
weight functions (see Section 5 for more details).

Let X|; € I(TT*S) be the symplectic gradient of weight function [p|. The vector
field Xjp| s tangent to TP and it can be expressed in terms of the complete lifts of
the rotational vector fields.

Let V4 € T'(T'P) be the projection on T'P parallel to 9, of the symplectic gradient
of ¢_. Let us also consider the vector fields V , V{f"d € I(TP), obtained as rescalings
and modifications of V., given by

Ve =01V, V:‘_‘Od =V +Pre_0,,.,

where ®(x,p) is determined by a suitable transport equation along the geodesic flow
(see Definition 5.18). The modified vector field V$°d plays a central role in the energy
estimates we perform.

1.3.3. The energy flures. — We will study the solutions to (1.1) using a spherically
symmetric spacelike-null foliation (X, )= crossing H* and terminating at future null
infinity J*. More precisely, for a fixed constant Ry > 3M and a well-chosen ug € R,

S,={t"=m,r<RojuU{t—r*=7+4wug, r>Ro}, t* =t+2M log(r — 2M).

In this framework, we pose a sufficiently regular initial data on 7=1(Xq) C P, where
m: P — 8 is the canonical projection. For any distribution function g : P — R and all
7 > 0, we define the norm

E[g](T) = /1(2 )‘pnzrg’dﬂwfl(gr)v

with respect to the induced volume form djir-1(x, ) on 71(X,), where ny_ is the
corresponding normal to ¥, and p,,_ = p(nyg, ) its contraction with p. We will study

the evolution in time of massless Vlasov fields by using the W1

;» weighted energy flux

Elg] =E[png] + E[p-0ig] + E[p-Xy 9] + Elpn V3]
+E[lpn A oo V4V g] + E[QY2|p P o540, . g].

1.3.4. Statement of the main results. — We are now ready to state the main result of
this article and its consequences.

Turorem 1.1 (ILED without relative degeneration). — Let f be a sufficiently reqular
solution to the massless Viasov equation (1.1) such that E[f](0) < +oo. Then, there
exists C' > 0, depending only on M, such that

+oo
sup E[f](7) +/ E[r~log (2 + ) f](r)dr < CE[£](0).

720 =0

JIP — M., 2026, tome 13
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As a corollary of Theorem 1.1, we show inverse polynomial decay of the energy
norm E[f] by using the rP-weighted energy method. For this, we use a suitable hier-
archy EP[f] of weighted energy fluxes with p € N. See Section 7.2 for the precise form
of EP[f]. We also prove pointwise decay for the components of T[f].

Cororrary 1.1 (Inverse polynomial decay of the energy-flux). Let p € N and f
be a solution to the massless Vlasov equation such that EP[f](0) < +oo. Then, there
holds

(1.6) vr>0, e S #epm(ox
and
() ¥r0. sw T[] £ el o).

where EY[f](0) is an appropriate fourth-order energy of the initial data.

Remark 1.2. — As in [Big23, VR23, Wei24], we also obtained improved decay esti-
mates for the good null components of T[f]. See Corollary 8.8 for more information.

Remark 1.3. By working with the foliation ({¢ = 7});>0, where (¢,7,0, ¢) are the
hyperboloidal coordinates defined in Section 6.5, we could obtain pointwise decay
estimates by merely assuming the finiteness of a third order energy norm.

Additionally, we show exponential decay of the energy norm E[f]. For this, we use

b eplf], which is introduced in Sec-

tion 7.2 and where b > 0 is related to the base of the exponential weight.

a suitable exponentially r-weighted energy flux &

Cororrary 1.4 (Exponential decay of the energy-flux). — Let b > 0 and f be a
solution to the massless Viasov equation such that €5, [f](0) < +oo. Then, there

exists by € (0,b], depending on M, such that
Vr>0,  E[f](r) S e "TEL,[f1(0),
and

(1.8) V>0, sup r?Tyn[f] Semel,, JIf1(0),

exp,4

r

in terms of an appropriate fourth-order energy ngpA[f](O) of the initial data.

Theorem 1.1 is the first ILED without relative degeneration proved for massless
Vlasov fields on the exterior of black hole spacetimes. In particular, it improves the
results of [ABJ18, Big23| and allows to derive exponential decay through energy
methods. The control of V4 f allows to control 8, T[f], which improves the results
obtained in [ABJ18, Big23, Wei24|. Finally, Corollaries 1.1 and 1.4 are the first sharp
pointwise decay estimates obtained for (1.1).

The vector field approach we develop is also suitable to upgrade the previous results
to higher order statements. However, for the sake of clarity we do not pursue this here.

JE.P — M., 2026, tome 13
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1.4. DIFFICULTIES OF THE PROBLEM. The main goal of this paper consists in devel-
oping a commutation approach which allows us to address the next two problems:

(a) Prove an ILED without relative degeneration for finite energy solutions f to the
massless Vlasov equation (1.1). One can easily prove (see for instance Proposition 4.1)
an inequality of the form

T2 r— 2
(deg-ILED) V7 >7 >0,  €[f](r)+ /_ G[ﬁf} (r)dr < €[f](r1),

T=T1
where €[f] is a non-degenerate energy flux such as E[py f]. There are two degeneracies
in the flux of the bulk term compared to the flux in the right-hand side. One at
infinity, which is not problematic since the decay estimates will be obtained by using
the rP-weighted energy method that exploits the asymptotic flatness of Schwarzschild
spacetime.® The other degeneracy occurs at the photon sphere {r = 3M}, which is
related to the difficulties associated to the existence of trapped null geodesics, and
has to be removed in order to derive decay estimates.

We would like to prove an ILED without relative degeneration, that is, an estimate
such as

(ILED-wrd) Vo 27 20,  F[fl(re)+ /

T=T1

T2

8[-2f](mar S 3UA(m),

for an energy flux §|[f] controlling E[py f]. Contrary to (deg-ILED), apart from the
factor vanishing at infinity as 72, the flux in the time integral in the left-hand side
is equivalent to the one in the right-hand side. In conjunction with a well-adapted
rP-weighted energy method, (ILED-wrd) will allow us to derive decay for the energy
flux F[f]-

(b) Prove boundedness for all the derivatives of the energy-momentum tensor T[f].

In order to control

Lo, T[f], La,Tlf],
where (£2;)1<igs are the generators of SO3(IR), one can exploit the time and spher-
ical symmetries of Schwarzschild spacetime. However, for the radial derivative, the
difficulty is that contrary to the case of Minkowski spacetime, we do not have
0y = (2*/r)0,: with 0,: being generators of space translation symmetries letting the
Minkowski metric invariant.

In the case of the wave equation g1 = 0 on Schwarzschild or Kerr spacetimes,
where the analogous problem consists in proving boundedness for ¢ in H?(X,), one
can proceed as follows. First, one can control 8,1 in H'(X,) by exploiting 84,0, =0.
Then, the other second order derivatives can be controlled through a manifestation of
the redshift effect and elliptic estimates. In the case of the massless Vlasov equation,
one could hope to take advantage of the hypoelliptic properties of the transport
operator X, through the so-called averaging lemmas [Ago84, GLPS88]. Nevertheless,
the optimal regularity H'/2 (X;) one could expect from them, together with bounds

(4)This degeneracy can be removed for exponentially decaying initial data. See Proposition 7.5.
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on f and 9, f, is far from W11(X,). It is even too weak to get pointwise estimates
through Sobolev embeddings.

Remark 1.5. — In Schwarzschild one can simply use the symmetries of spacetime
and control 921 through Oyt = 0. The analogous strategy for the massless Vlasov
equation (1.1) would merely allow us to control 9y« T[(p,- /p) f].

It turns out that we will solve these two problems together. Concerning the issue
of the degeneracy at the photon sphere for (deg-ILED), we recall:

. From [Big23, Prop.3.12], the estimate (ILED-wrd) does not hold for §[f] =
Elpn f].

« One can prove an estimate similar to (ILED-wrd) with §[f] = E[px f], but where
the right-hand side is replaced by a flux F[f], where § < § even though § and § are
not equivalent. See [Big23, Prop. 3.2] or Proposition 4.2 below.

1.5. IpEAS AND STRATEGY OF THE PROOF. — We now present the key ideas of the proof
of Theorem 1.1, which address the problems (a) and (b). The main part of the analysis
will consist in performing an estimate similar to (ILED-wrd) for the W}! weighted
semi-norm E[f] — E[py f], which will allow us to solve the problem (b). Then, by a
local Sobolev inequality and (deg-ILED), we will derive the estimate (ILED-wrd) for

SLf1 = Elfl.

1.5.1. Step 0: Linearization around the photon sphere. — The linearization of X, in
the (¢, 7*, p+) variables around the fixed point (r — 3M = 0, p,.~ = 0) yields, up to a
constant(5), the operator

Xiin = 0} + p0y + x0p, (t,z,p) € Ry x Ry x Ry,
which has been studied in [VRVR24]. The characteristics of Xy, either escape to
infinity or converge to (z = 0, p = 0). Moreover, the weights s == e'(p — z) and
u = e '(p + x) are conserved along the flow of Xj;, and are closely related to the
trapping phenomenon. In particular, p — x decays exponentially along the flow of Xj;,,
and measures how close is the trajectory starting at (z,p) at t = 0 to be past-trapped.
The derivatives of a solution g to Xy, (g) = 0 can be well-understood by the analysis of
the symplectic gradients U and S of s and u, respectively. Alternatively, one can study
the symplectic gradients W, and W_ of ¢_ := p — z and 94 = p + z, respectively.
These vector fields are given by
U:=e'Wy,, S = 'W_, Wi =0y + 0p, W_ =0, -0,

and satisfy the commutation properties

[Xiin, U] = [Xiin, §] =0, [Xiin, Wy ] = =Wy, [Xiin, W_] = W_.

One can see in particular that:

(5)The actual linearization yields the operator d; + pdx + (1/27M?)28y, where the additional
constant is the square of the Lyapunov exponent 1/(3\/§M) associated to the unstable trapping at
the photon sphere.
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. Ug is conserved along the flow of Xj;,. Equivalently, W, g decays as e™*.

. By integration by parts |9, fp gdp| < e, whereas | fp gdp| < e by a suitable
change of variables.

« For any Z,, = a0, + b0, with a # b, then Z, ;g grows exponentially along the
flow of Xj;p,.

Thus, despite that derivatives of macroscopic quantities associated to g decay expo-
nentially, there is merely one (direction of) microscopic derivative (a0, + b9,)g
which decays exponentially, whereas the others grow exponentially. In the case of
Schwarzschild, this suggests that one way to derive decay estimates for 9, T[f] is to
identify a good vector field on the null-shell which is analogous to either U or W .

1.5.2. Step 1: Finding a good weight function. The weight ¢_ introduced in (1.5),
which measures how close is a null geodesic to be past-trapped, is exponentially
decaying along the flow on the bounded region of spacetime. Specifically, it satisfies

_ [P
(19) XQ(SO*) - _7"1/2|7’ + 6M‘1/2QQ P—-

By integrating this relation, one obtains a conserved quantity analogous to s. Let,
for (z,p) € P, 7 — ®.(x,p) be the flow map of X, parametrized by ¢t* with data
(I)t*(a:)('rap) = (xap) Then
t" (x)
= (@,p) — |t
o) = o o), alep) = [

is conserved along the null geodesic flow. From (1.9), we will show that the degenerate
norm E[p_ f] verifies an (ILED-wrd). See Proposition 4.3 for more information.

S ¢5‘ (:r’ p)dS’

1.5.3. Step 2: Identifying a vector field commuting well with X. By a standard abuse
of terminology, we denote by X,, the symplectic gradient of a function w(x, p) defined
on an open subset of T*8. It turns out, in view of the analysis in Appendix B, that ¢_
can be extended to the set

Peausal = {(z,p) € T*S | g; ' (p,p) <0, pr <0},

containing all causal geodesics. Its extension, denoted ™ (P )(a:, p), where m(x,p) =
| — g7 (p,p)|"/? and ©° = o_, verifies an identity similar to (1.9). Consequently, one
can also extend « and s, so that this last quantity is conserved along causal geodesics.
Therefore, its symplectic gradient X, verifies

[Xg,Xs] =0, X = leneo‘(x’p) + cp’_”(z,p)ea(z’p)Xa on ﬁ’causa1.

Compared to the linearized case previously discussed, s and X; should be compared
with s and U. In view of the regularity of the geodesic flow in Schwarzschild and these
last quantities, one can smoothly extend X, X,m , and X,, up to P. We can then obtain
boundedness for X, f, where f is a solution to the massless Vlasov equation, that is, f
is defined on P and X (f) = 0. However, the function a(x, p) is not given as an explicit
function of the coordinates, which makes the expression of X, particularly involved.
Deriving estimates for 9, T[f] from X, f is then a non-trivial task.
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With this in mind, we decided to look for a vector field analogous to W instead.
As e~ @P)X, suffers from the same issue as Xg, a good candidate for that could
be X,m which has the advantage of having the simple expression

|+ 6M|1/2

(110) Xgm =570

(T — 3M)8t
r—3M n ri/ 2py
O ) VIIVET)
on P, in the coordinate system (¢,7*,0, ¢, pt, pr+, o, ) on T*8, where x4(r, pr+,pt)
is a smooth function. We stress that the last term, which is tangent to P, is irrelevant
for the study of solutions to the massless Vlasov equation since z,X,(f) = 0. Never-
theless, as X,m ¢ TP, this vector field cannot be used to study the solutions to the
massless Vlasov equation. Instead, we will make a non-canonical choice, that we will

+ %&«* - ( )apr* +24X,

justify in Remark 1.6, and work with
Vi = Proj,,. (Xypm) — 24X, Projis, + U TapT*s — TP,
(z,p)eP
where Proj”apt is the projection parallel to J,,. Then, in the coordinate system
(t,7*,0,¢,pr+, D0, pg) on P, the vector field V has formally the same expression as
X,m —xyX,, allowing for the (schematic) estimate

(1.11) |GTLf]] < |TIVif]| + [ TLA-
Moreover, V, has good commutation properties with X,

_ |p| Ve r+3M

r1/2|r + 6M|1/2Q2 + r3/2|r + 6M|3/2
However, compared with [Xy,, W4] = —W,., there are two additional error terms.
The last one vanishes when applied to f, but the second one is in fact problematic in
the perspective of proving an ILED without relative degeneration. Indeed, by analogy
with the linearized problem, we schematically have around the photon sphere

(1.13) 20 POy, [~ Wig—yp W_g.

Recall then that v and W, g decay as e~* but W_g grows as et. Hence, ¥_ W, g —
Y_W_g is of order 1 and, roughly speaking, its asymptotic behaviour is then com-
parable with the one of g. It turns out that one may indeed prove boundedness for
S[f] = E[r—to_p0p,. fl+E[p:Vy f1+E[p_0: f] but, exactly as for E[py f], one cannot
obtain (ILED-wrd) with §[f] = &[f].

(L12)  [%,,V] =

pt|—Op,. +20X,.

Remark 1.6. As explained in Appendix B.3, if W is a vector field transverse to TP,
we have
Vi — PrOjHW(XSOT) —2,Xg =927,

where Z is a smooth vector field on {r > 2M}. If W is chosen to be 0p,., the
derivatives according to p« in the coordinate system of T*§ induced by (t*,7,0,¢),
it turns out that Z is collinear to Jp, .. One can check using Proposition 5.15 that
for any vector field of the form Vy = V, + @_z(1, pr= /Pt)0p, ., Where z is a smooth
function, the commutator [X,, V] verifies the next properties:
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« The first term is the same as in the right-hand side of (1.12), with V, replaced
by ‘7_,_.

o There is an error term of the form b(r, D= /pt) |p¢|o—Op,. , similar to the second
one in the right-hand side of (1.12).

« There are extra error terms, proportional to ¢_0d; and @,XN/JF, which can then be
handled.

We could then use ‘7+ instead of V., but choosing V, provides a more convenient
commutation formula.

1.5.4. Step 3. Finding an improved commutator. — We recall the two next properties:

« Vi + ¢_X, satisfies good commutation properties with X, but the coeffi-
cients of X, are not explicit functions of the coordinates. Even worse, they are
not even invariant by the flow of 9;. Thus, the components of Vi + ¢p_X, in the
basis {0, O+, ...,0p,} cannot be easily estimated and could even vanish, so that
estimating 9, T[f] through V; + ¢_X,, looks complicated.

. V4 is given through the simple expression (1.10) but [X, V4] contains an error
term which cannot be controlled sufficiently well for our purposes.

However, we can observe that the difference p_X,, of these two vector fields has the
weight ¢_, which motivates us to look for a correction Vj:‘"d of V, verifying the
following properties:

o Vmed =V, 4+ Ap_0,, ., where A is a suitable function that can be controlled in
Wq};j" In such a way, by performing integration by parts, one can prove that (1.11)
holds true as well when V. is formally replaced by V_T‘)d.

« There exists a vector field Z such that

_ [P
r1/2|r + 6M|1/2Q2

Q

[Xgav-ir{wd] = + r7/4

o |"* Ipn P42 + 20X,

mod
V+

and

sup E[pn Z f](1) < +o0.
720

Then, thanks to the factor |¢_|'/%, we will be able to prove an ILED without relative
degeneration for® [r=tp_|'/4|py|¥*Zf, and then for the flux E[py Vo4 f].

Remark 1.7. — The analysis in Step 2 suggests that the asymptotic behavior of both
Vi f and ¢_0,, . f are comparable to the one of g, which satisfies Xj;,,(¢) = 0. In order
to construct an improved commutator from V., it is then consistent to look for a
correction Vi + C, where the asymptotic behaviour of C'f is also comparable to g.
As the bad error term in [Xg, V] is proportional to ¢_0, ., one can expect to look
for an improved commutator of the form V4 =V, + Ap_4,,..

Finally, in order to fully capture the redshift effect and obtain a stronger control of
the solutions near the future event horizon H ', we will work with a rescaled version

(6)Note that p_ grows as 7, which explains why the derivative is in fact weighted by r—1¢_.
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of these vector fields, V. := Q7'V, and V7°? := Q=14 which are related to the
weight ¢ = Q7 1y _ discussed in Section 1.5.6.

1.5.5. Step 4: Proving an ILED without relative degeneration. — Once VP4 is identi-
fied, the main difficulty is to control appropriately |r—'¢_|/4|px|3/*Z f. For this, the
goal consists in proving boundedness and an ILED without relative degeneration for

@_0if, Dy . f=QY2p ¥ r o P49, . f, Dy, f = |pn|¥*rto_|VVL S

The first derivative can be easily treated since X4 (9, f) = 0. Moreover, we can expect
to be able to control well the last two derivatives since they are weighted by a suf-
ficiently large power of ¢_. However, it turns out that the system of the commuted
equations is not triangular. More precisely, we have

X ( 1/Z‘L]:)V f) < - good(x p) 1/4]:)V+f+ |pN‘r 3|r9/4DP7 f‘
Xy (r?*Dy,. ) < =bZoa(,p)r" Dy, f + Clpe/pn |/ *o_||r'/*Dy, f| + good term,

with C' > 0 and where the good term is a combination of ¢_9, f and ¢_X, f. More-

over, [p_| < rlpn| and by,,4(%,p), booq(x,p) Z 77 [px|. One can observe that there

good
are two problems.

« First, 7“1/4Dv+f and 7“9/4Dpr*f carry respectively extra /4 and r%* factors
compared to the quantities we would like to control.

« The functions by, 4 and b7, 4 are not strong enough to absorb the bad error
terms. There does not exist ¢ > 0 such that cby,q(z,p) > Cr=2|ps/pn|**|p_| and
bgood(m7p) >cr 1|pN"

We deal with the first issue by splitting the null-shell P into the three regions
{pr~ <0, r = R}, {pp» =0, r > R} and {r < R}, where R > 3M is sufficiently
large.(”)

(a) Incoming particles in the far-away region {p,~ < 0, r > R}. This domain
can be treated independently of the rest of the null-shell. The reason behind that
is that future-directed null geodesics never enter this region. The difficulties related
to trapping do not appear here and, if R is chosen large enough, we are in fact
on a perturbation of Minkowski. We are then able to control the derivatives of the
distribution function by a method inspired by the flat case.

(b) Escaping particles in the far-away region {p,~ > 0, » > R}. The key observa-
tion is that Xg(r’l) = —p~r~2 <0, so we can rescale the vector fields by generating
error terms with a good sign.

(c¢) The bounded region {r < R}, where the first problem is irrelevant.

We address the second issue by taking advantage of the weight function ¢(z,p) intro-
duced in Definition 6.16, which verifies ¢ ~ 1 and X,(¢) < —r2[py|—r73|r—3M]||ps|.

(7)Considering this splitting of the null-shell is the only way we found to deal with the two
problems mentioned above. Let us however mention that DV+f and Dy ., f carry weights related to
the rP energy method (see Section 1.5.6 below), so that it is natural to at least consider separately
the subregions {r < R} and {r > R}.
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This weight can be exploited in order to deal with the bounded region, when away
from a neighborhood of H{* and the photon sphere. In fact, it allows to handle the
error term C|p¢ /pn[*/*|p_||r'/*Dy, f|, which degenerates at r = 2M and at r = 3M,
on {r < R}.

1.5.6. About the redshift effect and the rP-method. — We note that ¢_ can also be used
to capture the redshift effect [DR09] and the rP-weighted phenomenon [DR10]. This
explains why, as it can be observed in (1.9), the weight |¢_| is a Lyapunov function
in the full exterior of Schwarzschild and not merely around {r = 3M }. Let us discuss
these properties:

« The redshift effect is the phenomenon that allows for massless Vlasov fields sup-
ported in a neighborhood of HT to decay exponentially. In any region {r > 2M + §}
with 6 > 0, the vector field 9; is strictly timelike, and |p;| controls any component
of p. However, since 0; is null on ™, this property does not hold up to H*. This is
why we control py f, where
Pu
02
instead of p; f. At a first glance, this could seem problematic since the stationarity of
Schwarzschild merely allows for a direct control of p; f. However, this can be shown as
pu /% eventually decays exponentially along any null geodesic that enters the black

PN ~ D+ near r = 2M,

hole region.

« The rP-weighted phenomenon is related to the fact that most of the particles are
escaping in the region r > 3M after a large time. In fact, r?|p,| eventually decays for
all 0 < p < 2, along any null geodesic terminating at future null infinity J7.

The redshift effect and the rP-weighted phenomenon are fully captured by the
identities

2 2
r r—3M r r—3M
Xy (g lpal) =2 Il X (galpel) = =25 bl
respectively. Moreover, the function ¢_ is related to these two weight functions
through

2
S Qlpe| for r < 2.5M, ‘907 +ﬁr|pv\ < @ for 7> 4M.

2r
‘cpf - 5lpu|

These estimates justify why we will often work with the rescaled quantity ¢_ =
Qo .

1.6. Tue NON-LINEAR sTABILITY OF THE Minkowski space. — The global asymptotic
stability of Minkowski spacetime for the massless Einstein-Vlasov (EV) system was
first obtained by Taylor [Tay17], when the initial distribution function is compactly
supported. Under this assumption, the problem becomes a small data semi-global
existence result in the wave zone. The estimates for the distribution function were per-
formed by studying Jacobi fields on P. Later, Bigorgne-Fajman—Joudioux—Smulevici—
Thaller [BFJ*21] proved the non-linear stability of Minkowski for (EV) without as-
suming any compact support for the initial data. The estimates for the distribution
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function here were obtained by using weighted commuting vector field techniques.
The case of spherically symmetric perturbations was previously addressed by Dafer-
mos [Daf06].

1.7. Thne MAsSIVE VLASOV EQUATION ON BLACK HOLE EXTERIORS. On Schwarzschild
spacetime, the energy-momentum tensor T|[f] of massive Vlasov fields does not decay
in general. The massive Vlasov equation admits many non-trivial finite energy station-
ary solutions. One can circumvent this obstruction to decay, by considering massive
Vlasov fields supported in the closure of the largest domain of the mass-shell where
timelike geodesics either cross T, or escape to infinity. For this class of distribution
functions, quantitative decay estimates for the energy-momentum tensor have been
shown by the second author [VR24]. On the other hand, in the region where Vlasov
fields do not decay, a phase mixing result without a rate of convergence has been
proved by Rioseco-Sarbach [RS20]. In the perspective of addressing the problem of
quantitative phase mixing, Chaturvedi-Luk [CL24] have recently shown these esti-
mates for a linear Vlasov equation under an external Kepler potential. Even further,
they have obtained in spherical symmetry a long-time nonlinear phase mixing result
for the Vlasov—Poisson system under an external Kepler potential.

In a different research line, Kehle-Unger [KU24| constructed one-parameter fam-
ilies of smooth spherically symmetric solutions of the Einstein-Maxwell-Vlasov sys-
tem, interpolating between dispersion and collapse. The solution corresponding to the
threshold of gravitational collapse turns out to be an extremal black hole.

1.8. STRUCTURE OF THE ARTICLE. We end with an outline of the remainder of the
paper.

« Section 2. We recall the framework to study massless Vlasov fields from the point
of view of the initial value problem. We recall the general form of the energy flux of
a distribution function.

« Section 3. We introduce a class of weight functions, and show their basic proper-
ties. In particular, we set the weights ¢ that capture the expansion and concentration
properties of the geodesic flow.

« Section 4. We show zeroth order energy boundedness and ILEDs.

« Section 5. We introduce a class of vector fields that are used to commute the
Vlasov equation. In particular, we introduce the symplectic gradients V., and the
modified vector field VTOd.

« Section 6. We prove an ILED without relative degeneration for the first order
energy norm E&[f].

« Section 7. We show time decay for the first order energy-norm £[f], by using the
rP- energy method.

« Section 8. We prove pointwise decay estimates for the components of the energy-
momentum tensor T[f] using Sobolev inequalities.

« Appendix A. We show pointwise bounds for the correction term of the modified
vector field VTFOd, including its first order derivatives.
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« Appendir B. We discuss the commutator associated to the conserved quantity
arising from trapping by using the symplectic structure of the cotangent bundle.

Acknowledgements. — RVR thanks Jacques Smulevici for several stimulating dis-
cussions. RVR also thanks Georgios Mavrogiannis for insightful discussions about
[Mav23, Mav24].

2. PRELIMINARIES

2.1. SCHWARZSCHILD SPACETIMES AND THEIR PROPERTIES. — The Schwarzschild black
holes (8, gar)ar>o is a one-parameter family of spherically symmetric and stationary
Lorentzian manifolds. From now on, we fix a mass M > 0 and we drop the subscript M
of the metric, so that we write g for gp;..

2.1.1. Coordinate systems. — Let us define the Schwarzschild metric in terms of the
coordinates (t*,7,6,$). We equip R x R* x S? with the metric

a4M 2M 2M
g = —QQ(T‘)‘dt*F =+ Tdt*dr + (1 + T)dTQ + T29S27 Q2(T) =1 T,

where gs2 = d92+sin2(9)d¢)2 is the round metric on the unit sphere S2. This coordinate
system has the usual degeneration of the spherical coordinates (6, ¢) € (0, 7) x (0, 27).
The exterior region of the black hole 8 and the future event horizon H* are given by

§:=Rx[2M,00) x S?,  H" =R x {2M} x S*.

The subset {r < 2M}, which corresponds to the interior of the black hole, will not
be studied in this article.

The vector field 0., the derivative with respect to ¢* in these coordinates, is timelike
on § and null on H*. The future event horizon is then a null hypersurface normal
to ;.. We fix the time orientation in the Lorentzian manifold (R x R% x S?,g) by
requiring 0;. to be future-directed in 8.

We will mostly work in the tortoise coordinate system (¢,r*,6,¢) € RxRx (0,7) x
(0,27), which covers § = {r > 2M} and where (¢,7*) are given by

t:=t"—2Mlog(r — 2M), r*(r) ==r —3M + 2M log(r — 2M) — 2M log(M),
so that dr* = Q~2dr and r*(3M) = 0. The metric then reads
(2.1) g = —Q(r)dt* + Q*(r)|dr*|* + r?gs:.

We will denote by 0y, 0,~, 0p and 0y the derivatives with respect to ¢, r*, 6 and ¢ in
this coordinate system and we consistently define 0, == Q720,..

Finally, we also introduce the outgoing and ingoing Eddington-Finkelstein null
coordinates. They are respectively given by

u=t—r" v=t+r",

so that we define

1
(815 — 8,»«), 811 = (at + 8T*)

Oy == =3

N |
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As one can check, by exploiting for instance the coordinate system (t*, 7,0, ¢), 2720,
can be extended as a smooth vector field up to 3*. In the double null coordinate
system (u,v,0,¢), the metric takes the form g = —Q2dudv + 72gs2. We note that
the level sets of u and v are respectively outgoing and ingoing null cones. In view of
the relation between t* and v, we can abusively view the future event horizon H™ as
{(u = +00,v,0,¢)}. Finally, future null infinity I*, which can be rigorously defined in
a conformal compactification of Schwarzschild spacetime, can be viewed as the limit
of {v =wvp} as vg — +o0. It then abusively corresponds to {(u,v = +00,6,¢)}.

We refer to [O’N83, Ch. 13] for more information about the Schwarzschild family
of black holes.

2.1.2. Killing fields of Schwarzschild spacetime. — As it can be checked in (2.1), 9, is a
timelike Killing vector field for » > 2M and (8, g) is a static spacetime. Schwarzschild
black hole is also spherically symmetric since

(2.2) Q1 = —sing 0y —cospcot§ 0y, Qo =cospdy—singcotfdy, Q3= 0y,

are Killing vector fields generating an action by isometries of SO3(R).

2.1.3. The timelike vector field N. — We will use a timelike future-directed vector field
N € T(T8) to control sufficiently well massless Vlasov fields. It is defined by
272
N = 875 + XN(?") W 8u,

where xy € C(R) is a cutoff function such that xn(r) = 1 for all r < 2.5M and
xn(r) =0forall r > 2.7M. In particular, N = ; on {r > 2.7M} and, contrary to J;,
N is timelike on {r > 2M} since

g(N,N) = 792(7“) — 2M72r2XN(7“).

2.1.4. The hypersurfaces ©,. — Let us define the spacelike-null foliation (X,);>o that
we will use in order to study the solutions to X,(f) = 0. We set the constants

Ry > 3M, tg = —2M10g(R0 — M), Uy =19 — T*(R0>.
Derintrion 2.1, — Let, for all 7 € R4, ¥, be the hypersurface
Y ={t"=7,r<Ro}U{u=7+up, r> Ro}.

Remark 2.2. — We have X, = ¢ () for all 7 > 0, where 7 — ¢, is the flow-map
generated by the Killing field ;. Moreover, X is composed by a piece of the spacelike
hypersurface {t* = 7} and the piece of the outgoing null cone {u = 7 + ug} located
in the future of {t* = 7}. They intersect at the sphere {(to + 7,7*(Rp))} x S?.

Let us also introduce the following notation. For 0 < 71 < 79 < 400, we denote
the sets
o Dt
R = U =, R =Rj>.

T1ISTST2
These subsets are represented in the following piece of the Penrose diagram of the
exterior of Schwarzschild spacetime.
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Ficure 2.1. The foliation (X;),>0.

2.1.5. Volume forms. The volume form in the spacetime region R is given by
dpg = Q3(r)r2dt Adr* Adpse = r2dt A dr A dpuge,

where dugz = sin(6)df Adé is the volume form on the unit round sphere S?. We define
the future-directed normal ny_ to X, as

n ey = (1 + g)_m&, + (1 + 21\4)1/2921(7‘)8“, ns.

(r>Ro) = Ov-
Note that ny_ is unitary on {r < Rp}. Pulling back the spacetime volume form into
the hypersurfaces X, in accordance with the choice of ny_ as normal vector field,
we obtain the volume forms

M\ 1/2
dus, |{T<Ro} = (1 + 7) r2dr A duge, dps, =r2dv A dpge.

{r=Ro}

The null hypersurface HT is equipped with the volume form and the normal vector
dpger = rido A dpuge, Ngc+ = Oy.

On the other hand, even though future null infinity J* is not part of Schwarzschild
spacetime, we can view this set as the level set {v = 400} equipped with the volume
form and the normal vector

d/,bj+ =duA d/,ég?., ng+ = 8u

Finally, we will often use the following consequence of the coarea formula. For all
measurable function hy: R — Ry and all 75 > 71 > 0,

T2
(coarea) h+dugg~/ / hydps, dr.
R:f T="11 JX,
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1

2.2. THE COTANGENT BUNDLE. We recall geometric properties of the cotangent bun-
dle

T8 = {(z,p) |z €8, pe T8}

which will be useful for our study of massless Vlasov fields.

Derinition 2.3, — Let € = (2*)o<u<3 be a local coordinate system on 8 defined on
an open subset U.

« The coordinates (p,)ogug3 on the fibers T8 are referred to as the conjugate
momenta to € if
Y (z,p) € U x TyS, p = puda.
« Then, (2,p,)o<uss is a local coordinate system on T8, referred to as the one
induced by €. We say that such coordinates are canonical.

Our analysis relies on the canonical symplectic structure of the cotangent bundle.
The associated antisymmetric bilinear form arises as the exterior differential of the
Poincaré 1-form, which reads p,dz* in a canonical coordinate system.

Derinition 2.4. — Let (z#, pu)ogpugs be a canonical coordinate system on T*8. Then,
Qg == dp, A dax”

defines a symplectic form. We associate to any function w(z,p), defined on an open
subset of T*8, its symplectic gradient X,,. It is uniquely determined by

dw = 0, (- X,),

so that
Xw = 817# ('U))awu - Uzr (w)apu'

In particular, the geodesic spray X, is the symplectic gradient of the one-particle
Hamiltonian

1 _
H: (2,p) —> §gx1(p,p),

that is, Xy := Xg. The images by the canonical projection (z,p) — x of the integral
curves of X,
dz® B dp, 1 gP
das PP Tds T T2 0ee
are the geodesics of (8, ¢). In the coordinate system (¢,7*, 0, @, pt, pr~, Do, Dy), induced

by (t,7*, 60, ¢), the geodesic spray is given by

PpP~,

__ b Prego | Po Py
Xy = Qzat+ 02 O +7'280+r251n2(9)a¢
M Q2 cot(0)
- <T2Q2 (Ipel* = Ipr-I*) - T:),W\Q)apr* + m\%F@I,B.

The following result is central to our approach to derive decay estimates for massless
Vlasov fields and their derivatives.
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Prorosition 2.5. Let O C T*8 be an open set and ¢ : O — R be a conserved
quantity along the geodesic flow. Then, Xy(c) =0 and [Xg, X ] = 0.

Proof. — The relation X, (¢) = 0 exactly means that ¢ is conserved along the geodesics
of Schwarzschild. For the second identity, one can check that, for any functions a and b
defined on O,

(Xa, Xp] = X, (Xa,X0 ) Xa(b) = db - Xy = Q,(Xq, Xp).
Then, we apply these identities to a = H and b = c. |
The metric of Schwarzschild spacetime gives rise to a natural metric on 78, the

Sasaki metric (see for instance [AnCGS22, §I1.D]). It induces the following volume
forms dur-s and dez*g on T*8 and T8, written in a canonical coordinate system
(", Pp)o<uss,
durss = | det g, * ’1/2d]0O A dpt A dp? A dp?,

dpp«s = —dz® Adat Ada? Adaz® Adp® A dpt A dp? A dpP.
We note that dur«s = —dux A dprss. Moreover, this volume form is invariant with
respect to the geodesic flow, that is Lx dur+s = 0.

2.3. THE NULL-SHELL. Since we study in this article ensembles of massless particles,
we will in fact be interested in a subset of the cotangent bundle, where future-directed
null geodesics lie.

Derinirion 2.6. — The null-shell is the subset P C T*8 given by
P = {(z,p) € T*8 | g; ' (p,p) = 0, p(8:) < 0}.
The null-shell relation g, *(p, p) = 0 implies that the covector p is null. The condition
p(0¢) < 0 implies that p is future-directed. The projection map
TP — 8, w(z,p) =z,
will be used throughout this paper. We denote the fiber of x € § by
P =7 (z).

Remark 2.7. — The vector field 9; is the derivative with respect to ¢ in the coordinate
system (¢,7%,0, ).

The set P, which is a connected component of a level set of H, is then a smooth
seven dimensional manifold. If (z#,p,)o<u<s is a canonical coordinate system on T8
such that z° is a temporal function on 8, then the null-shell relation implies that po
is a function of the other coordinates on P. Hence, (2", p;)o<u<3, 1<i<3 are smooth
coordinates on P.

Derivition 2.8, — Let 4 = (z#)o<u<s be a local coordinate system on 8 such that z°
is a temporal function function. We will say that the coordinates (x*,p;)o<u<3, 1<i<3
on P are induced by €.
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In this article, we will mainly use the coordinate system G = (t,7*,0,0,pr+, D0, Pp)
on P induced by (¢,r*,60, ¢). Then, the null-shell relation implies

|;},§|2 1/2 P2 o1/2
2.3 — |2 2| ::‘ 24 2o |77
(2.3) De Pre + 0775 lpl = |py + nZd

In the coordinate system induced by the null coordinates (u, v, 8, ¢), we have

b= pudu + pvdv + p9d9 + p¢d¢

and

Pt — Dpe Pt + D Q2 o,
Pu="f P 4pupv=72|p\ -

We note in particular that p,, < 0 and p, < 0. Since 9; is not uniformly timelike in the
exterior of the black hole, |p;| does not control all the components of p. More precisely
and as it can be observed in (2.3), it does not control [p| and Q~2|p, | near H*. For this
reason we will use

(24) py =p(N) =pt + XN(T)i Pu

M2Q2 7
which does control all the components of p.
Levva 2.9. We have py = p; on {r > 2.7M} and |pn| ~ |p| + |pul/Q? on §.

We also need to describe pyy,_, which will naturally appear through applications
of the divergence theorem.

Levva 2.10. — We have ppy, = py on {r > Ro} and |pny_| ~ [pn| on {r < Ro}.

As 2H = g;'(p,p) is conserved along the geodesics, X, is tangent to P. The
geodesic spray is given in the coordinate system % by
Dt Dr= Do Pe
25) Xy=—=S0+=50++=0+—"75—20
(28] X =" Ot O+ 2 0 5y
r—3M
4

cot(0)

+ - 7
2 sin”(0)

pl* 0p,. + P |* Dy -

In particular, in this paper, we study solutions to X,(f) = 0.

Since P is null for the Sasaki metric, one needs to be careful when defining a suitable
volume form dup on the null-shell. Since dH is a natural normal to P (and P,), the
following choice is usually made.

Derinirion 2.11. — Forall z € 8, let duyp, be the unique volume form on P, satisfying
dur:s = dH Adpp, .
We define further the volume forms dpup on P and dpir-1(s.y on 77 1(3;) as
dpp = dpg ANdpyp,,  dpg-1(s,) =dps, ANdpp, .

Remark 2.12. — Liouville’s theorem states that £x, dusp = 0 (see [AnCGS22, Th. 2]).
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Then, in the coordinate system ‘6?, we have

dp,« Adpg A dp
dpp, = ¢

r2 sin(0)|p|

2.4. Puvsical oBsErRvABLES. — We are now able to define momentum averages of
a sufficiently regular distribution function f: P — R. We start by introducing the
source term in the Einstein equations (EV). The energy-momentum tensor T[f] of f
is a symmetric (0,2)—tensor field on 8, given in a canonical coordinate system by

VoS, Tflula) = [ feopmdus,.
The particle current density N[f] of f is the 1-form N[f] given by

Vaes, N{f].(z) ::/? f(x,p)pudps, .

As a consequence of Liouville’s theorem, one obtains [AnCGS22, Th. 3], which in
particular implies

26)  VNIfla= [ K(Ddun, T = /P X, (f)podpis,

x x

In particular, if f is a solution to the massless Vlasov equation X, (f), both N[f]
and T[f] are divergence free. The relation V#N[f], = 0 is consistent with the conser-
vation of the total number of particles.

2.5. Tue ENerGY spAcE. — Let us now set the energy flux of a distribution function
motivated by the divergence property of the particle current (2.6).

Derinition 2.13. — Let f: P — R be a distribution function. For all 7 > 0, we define
the energy flux E[f](7) through the hypersurface X, by

B = [ e Aoy

Remark 2.14. — For Vlasov matter and a vector field X, the energy current J;X[f] :=
T[f] X" is equal to N[fp(X)]. We can then work with the particle current N[-] and
the energy flux E[-] as long as we consider quantities of the form fw, where w: P — R
is a suitable weight function.

We prove an energy identity, which is a conservation law for solutions to the mass-
less Vlasov equation (1.1).

Prorosition 2.15. — Let f: P — R be a distribution function such that E[f](0) <
+o00. Then, for all 7 > 0, we have

B0+ [

‘ptf}dp,ﬂ—l(:}(-%—) +/ |Puf‘d,ufr—1(3+)
F1(H+N{E*20))

T (I {uzuo})

— E[f)(0) + / X, (1) dus.

1 (RG)
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Proof. — Recall the relation (2.6) as well as the identities collected in Section 2.1.4
concerning the volume forms and normals of the hypersurfaces considered here. The
result follows by applying the divergence theorem to N, [| f |] in Rf and by noting that
Py = py on HT. O

Throughout this paper, we will rather use the next energy inequality, which is a
direct consequence of the previous proposition.

Prorosition 2.16. — Let f: P — R be a distribution function such that E[f](0) < co.
Then, for all 7 >0
B0 <EAO+ [ %
7RG

Remark 2.17. — In the upcoming applications, if f is not nonnegative, we will use

that X, (|f[) = Xo (/) f/1/]-

3. WEIGHT FUNCTIONS

Let us introduce a well-chosen class of weight functions that will be used in the
article.

3.1. Tae conserveDp QuantiTiEs. — We recall that for any null geodesic v and any
conformal Killing vector field K, the quantity g(%, K) is conserved along ~y. As a
consequence, the contraction p(K) of p with K is a solution to the massless Vlasov
equation. In our case, we have the next properties.

Lemva 3.1. — The symmetries of Schwarzschild spacetime induce the following con-
served weights along the geodesic flow:

« The particle energy —p: (sometimes denoted E ).

« The azimuthal angular momentum py (sometimes denoted ¢, ).

« The total angular momentum |p| (sometimes denoted £), defined as

’ > Ip(@ ‘1/2

1<i<3

) 2 1/2
=]+ 5]

Sln

In particular, we have Xy4(p,) = Xg(p¢) =X, (lpl) = 0.

Revark 3.2. — The conserved quantity |p|* corresponds to the Carter constant.
Moreover, [p|? is equal to QP paps, where @Q is the (0, 2)-Killing tensor field
1
(3.1) Q=0 @0+ ——s 20 a¢®a¢ > 2.
1<i<3

In Schwarzschild spacetime, () can be decomposed as a linear combination of tensor
products of Killing vector fields as in (3.1), contrary to the case of rotating Kerr black
holes.

3.2. Repsurrr weicnt runcrions. — Let us introduce suitable weight functions to
capture quantitatively the redshift effect for solutions of the massless Vlasov equation.
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3.2.1. The weight associated to the redshifi vector field. — We will capture the redshift
effect near the future event horizon by exploiting the vector field (r2/Q?)d,, which is
transverse to {1, through the weight function
2 2
r r
@ Pu=0D (@ au) .
Lemva 3.3. — There holds
2
r r—3M
X, (g3 Ipal) =2 i Il

Proof. First, recall 2|p,| = |pi| + pr- and X, (p;) = 0. Then, we compute

22 2p,~ r—3M
%, (2 ) = 25 0 02/ il + T2 ), (0re)

r—3M r—3M 6 ,

=4 e el ¥ g I
We conclude the proof by using p,+ = p, — py, and the null-shell relation szz =
472p, Dy - ]

3.2.2. The auziliary redshift weights. — In order to perform energy estimates, we in-
troduce the weight function £(z, p) that we will later use as a multiplier. Let £: P — R
be the weight function defined by

2
T _ _
E(,p) = pe+ exn (1) g Pu + 1P [log™' (2 +7) —log™ (2 + 3M)],

where 7 = %10g(2 +2M), and € > 0 is a sufficiently small constant. This auxiliary
weight satisfies an improved decay property along the geodesic flow, as the following
proposition shows.

Prorosition 3.4. — The weight function & satisfies |£| ~ [pn| ~ |pe| + |pu|/Q?. More-
over, we have

lpr-|? 3M 2 pl° 3M\2|p,|?
< _ M (1 _(1_
Xg(|§|) ~ T]og2(2+7’) <1 T ) 7"3 (1 T ) 7’294.

Proof. — The first estimates follow from |np,. [log_l(Q—H') —log_1(2+3M)] | < 3lpel
and Lemma 2.9. For the second estimate, we use the properties below:

. Xg (pt) =0.
« According to Lemma 3.3, we have

2r2 r—3M 2r?
Xy (5XN(T)§|pu|> = 45XN(T)T|pu‘2 + 6pr*X’N(7‘)§|pu|-

Hence, by support considerations,

2r? J2 2
Xy (EXN(T)WMM) + 2M€%L<25M Selpe* Lasar<r<ormr-
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« Moreover, we have

£ -l 1) -2+ 90

1l |? r—=3M . . pI”
= — + lo 2+7r)—1lo 2+ 3M)|
(2 +7)log(2 4 7) (s [log™( ) g ( )] 3
< b (1_%)2W
r10g2(2—|—r) r r3

To conclude the proof, it remains to remark

3M\2 |p,|? Iy~ |2 3M 2 [pf?

2 U r

|pt| ]]-2.5M<r<2.7M + (1 - 77“ ) W ﬂr>2_5M S, m + (1 - T) 7‘737
and to choose € > 0 small enough. ]

Finally, in Section 6.3, it will be convenient to simply use py and apply the next
result. It can be proved by similar but simpler considerations than Proposition 3.4.

Prorosition 3.5. — There holds
X |pu|2 < 2
g(|pN|) +4fr — 3M|MQQ4 Lr<asm S Ipel” losm<r<arm
3.3. TraPPING WEIGHT FUNCTIONS. — Let us introduce suitable weight functions to

capture quantitatively the trapping effect of null geodesics in Schwarzschild spacetime.
We first recall some basic terminology about trapped orbits. We say that a null
geodesic 7y is trapped, if it is contained in the trapped set

I'={(z,p) €P|r—3M=p,. =0}.

We also say that a null geodesic v is future-trapped if r(v(s)) — 3M as s — +oc.
Similarly, we say that a null geodesic v is past-trapped if r(v(s)) — 3M as s — —oc.

3.3.1. The trapping weight function o_. Let us set the weight function that we use
to capture the concentration of future-trapped geodesics. For this, we recall the vector
field G introduced in (1.4).

Derinirion 3.6. Let ¢o_: P — R be the weight function

r r 6M\1/2 3M
o) g (1)1 2
p—(z,p) =p(G) = 5p +Q(+r )P
We also introduce the rescaled weight
(3.2) o= p_.
Remark 3.7. — The weight function ¢_ is not C’;’p up to H™T, moreover it vanishes

there. For these reasons, we introduce the stronger weight ¢_, which also captures
the redshift effect. Indeed,
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« near HT, and more generally for r < 3M, we observe that

r |1"—|—6M|1/2 r 7‘3/2+|7’—|—6M|1/2(7’—3M)
Qb W(T —3M)p: = 5(_pt +pp) + 1720) Dt
27TM?r1/2Q)

2r
= §|pu‘ - 7'3/2 _ ‘T+6M|1/2(7’ _ 3M) ‘pt‘

We can then write

Mlp| _ M + 27Mr!/2 Ipe|
iz Q2 st r9/2 — r3|r + 6M|V/2(r — 3M) pr-

« Near JT, and for r > 3M, we have
r r + 60|12 2r 27 M1/
= IO M)y = — i, .
L2 2P + rl/2Q)2 (r pe Q2|p H—r?'/2—&-|7“—|—6M|1/2(r—3M) [pe]

We now investigate the behaviour of ¢_ along the null geodesic flow.

Lemma 3.8. — There holds

Pt
Xolo-) = _r1/2|r + 6M|[1/2Q2 b

Moreover, the rescaled weight ¢_ verifies
XQ((p*) = _a(,,‘?p’r‘*vpt)(p*7
where a(r, py«, pt) is defined as

alr - r? +2Mr + 3M?
PP = MR + Mir 4 6M]2)

Proof. — The first equality follows from X, (p;) = 0,
|r+6M|1/2) _r 4 6M |2 r—3M

ar((r — 3M)

r1/2Q n \7‘—2M|1/2 + 2|r+6M|1/2|7‘—2M|1/2
|r + 6M|"/2(r — 3M)
T 2 —2MPR
(3.3) _ 2(r +6M)(r —2M) + (r — 3M)(r — 2M —r — 6M)
207 + 6M|1/2|r — 2M|3/2
7.2

=+ 6M[12[r — 2M P32

and

r ri/2(3r —6M —r r—3M
pr*ar(ﬁ pr*) + ( )

2 r _ 2 2
7Y (51”’“*) o 2l —2MP/2 pre P+ =5 P

| 2

r—3M
e

r—3M
= Wh)t
For the second equality, we write
X (@) = Q7 X (0-) + 00 (V)

Mpy
r2()2

(3-4) M (pq _pT‘*)Q—lw_.

r2Q)2

= Q_lxg(np_) Q_l(p_ +
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Remark 3.9. The weight ¢_ is a defining function for the submanifold {¢_ = 0}
of the null-shell, where past-trapped orbits are located. This property can be shown
using the relations in Lemmas 3.8 and 3.10.

3.3.2. The trapping weight function ¢+. — The expansion phenomenon of past-
trapped null geodesics can be captured by the weight function ¢ : P — R, which is
given by
r r 6M\1/2 3M

| D= 512 2
(3.5) p+(z,p) =GP Q( +— )P
We note that ¢ is singular on H*, however Qi is smooth up to H+.
Lemva 3.10. — There holds

|pt|
Xglpy) = 72 T 6ME0E P

Moreover, we have
pirp- = 2TM2|p,|* — [p|*.

Proof. The first property can be proved in the same way as the one in Lemma 3.8.
For the second property, we simply compute
2 r+ 6M

_r 2 2. |2
<P+<P——@|Pr*| T2 (1 — 3M)|p:]

53— (r+6M)(r—3M)>? 9
02 ‘ptl
— 270, ? — [y 0

,
=—lpl* +

Remark 3.11. — The weight ¢4 is a defining function for the submanifold {¢4 = 0}
of P, where future-trapped orbits are located. This property can be shown by using
the relations in the Lemmas 3.8 and 3.10.

We will rather work with the rescaled weight Q¢ , which has the advantage of being
regular up to H™ and of being bounded above by 2(r + 6M)|p;|. The consequence is
that Q|4 |/2(r + 6M) is a Lyapunov function for the null geodesic flow.

Lemma 3.12. — The rescaled weight function Qe : P — R verifies

Xy (Q<P+) = a(r, pr-, pt) o

Proof. — By a direct computation using Lemma 3.10, we get
Xy (Qe4) = Xy (04) + e 0r () 04
Ipt| Mp, M (p; — pr-)
= Q — Qpy — ————— 2 Q..
r1/2|r + 6M|1/2Q2 Pt 202 r20)2 P+
It remains to recall from Lemma 3.8 the definition of a. O

In what follows, we will denote the sign function by sgn, so that

Xq(lgl) = X4(g) - sgn(g).
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CoroLrary 3.13. We have
Q4| lpN|
%y ([ o )=
A\ 2(r + 6M)|p:] ~op2
Proof. — By the previous Lemma 3.12 and since

2 4+ 2Myr + 3M? > 2 4 Mr'/2|r + 6M|V/2,

we have

< ( [0+ | ) S ( Ipt| 2M |pu| Pr ) 1204 |

I\r +6M ri/2|r + 6M|1/2 202 r+6M/r+6M

> (@ Ipul) Q4|
~\r2 o 202/ r+6M°

Next, since X(2|p¢|) = 0, we remark that

XQ(MOg(Zaniﬁﬁjﬂpﬂ)‘>__Xg(Ji?gR{)(qggff)Sgn(bg<QUlfﬁzjﬂpq>)'

Finally, as Q24| < 2(r + 6M)|p:|, we have that the last factor on the right-hand
side is identically equal to —1. We then obtain the result from the last estimate, and
x|~ [pel + [pul2. 0

3.4. Tue rP-weicnt runcrions. — We will capture the dispersion at infinity by using
the weight functions(®
2 2

Tare=p(g30.),  care=p(ggd).

Lemma 3.14. — There holds

r—3M 9
(Qg |pv) == Tlpv| :
More generally, for all 0 < p < 2, we have
rP rP= MrP rp—1
X, (g lpel) = pgﬂwm9+6 Il + (0= 2) e el

Proof. — First, we compute

27’2 zpr* r—3M
X, (7 Ipol) = S50 (2/9)po| = 5 0. (1)

3M r—3M, ,
:4Tpr |pv|—W|,¢| :

We conclude the proof by using pr« = p, — py, and the null-shell relation Q[p|?
4r%p,py. For the second identity, we use Xy (rP=2) = (p — 2)p,-rP~3. g

(8)Note that the rescaled vector field (r?2/92)0, is equal to —(1/2)0, in the coordinates (u,z =
1/r,0,4).
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We also show the following high-order form of the previous lemma.

Cororrary 3.15. — Let x € C®(R) be a cutoff function such that X(s) = 0 for
s <4M and X(s) =1 for s = 7M. For any p € N*, we have
7,2p 7,2p71 41 +1
Xy (Y(”@U%VD) Se— Q2 [DulP Lrsoar + [P Lami<r<rmes

T,2p71 2p—2

— T
Xy (X(T)W|pu|p) Sp— 02 Ipol? 1P| Lrs7as + PP Lans<rcra

Proof. — For r = TM, we have
T r—6M, 5, 1
Xy (azlpol) = = o l? = s pullpol S —lpillpol
It then remains, in view of X, (X(r)) = p,+X'(r) and the support of ¥, to combine this
last estimate with Lemma 3.14 and |p,| < |pt]. O

4. ENERCY BOUNDEDNESS AND INTEGRATED ENERGY DECAY ESTIMATES

Let us show the main zeroth order energy boundedness and integrated local energy
decay estimates that we use. Recall that we often write ILED in short for integrated
local energy decay estimate.

4.1. Decenerate ILEDs. — We start by proving a boundedness statement together
with an ILED that only degenerates at the photon sphere and at spatial infinity.

Prorosition 4.1. Let f be a solution to the massless Vlasov equation X (f) = 0.
Then,

[r = 3MP*|pn|* [pr- |2 3M |2 |pl®
sup E T+/ ( + +’1—— —) d
7-2% [pr:I( ) 1R T3 10g2(2+7') T10g2(2+r) r 7"3 |f| HP
S E[pnf](0).
Proof. — From Proposition 3.4, we recall the estimate for Xy (|¢|) and that [£] ~ |pn|.
The result then follows from the energy estimate of Proposition 2.16 applied to £f. O

A similar degenerate ILED for massless Vlasov fields was previously derived in
[Big23, Prop. 3.4]. In particular, the degeneracy at {p,» = 0, r = 3M} can be weak-
ened (see also Lemma 6.17). We observe that if we do not assume the finiteness of a
stronger energy norm than E[py f](0), the degeneracy at the photon sphere is neces-
sary as proved in [Big23, Prop. 3.12]. Nonetheless, one can remove the degeneracy at
r = 3M in the previous ILED by assuming stronger decay assumptions on the initial
data.

Prorosition 4.2. Let f be a solution to the massless Viasov equation. We have,

sup E{<log(m¢+|)>pr} (1) + /ﬂ1(9{)(|pN|2) + %—f)lﬂduw

720 r(pe| rlog?(2+r
s ef(me(22) ons]0
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Proof. — By Corollary 3.13 and X,(|¢f|) < 0, we have

% (|08 (e est) < - en < ~22E .

The result then follows from the energy estimate of Proposition 2.16 and from Propo-
sition 4.1. 0

For the previous two ILEDs, the bulk term is degenerate with respect to the bound-

ary term. We now prove an ILED without relative degeneration for a degenerate
weighted norm.

Prorosition 4.3. — Let f be a solution to the massless Viasov equation X,(f) = 0.
There holds,

p
s Elp-f]0)+ [ 2l slaus SElp-f]0)
720 iRy T

Proof. It suffices to apply Proposition 2.16 to ¢_ f, and to compute X,(p_f) =

Xy(p—)f using Lemma 3.8. Then, we use py ~ pr + Q?p, and py = p; for r >
2.TM. O

4.2. 1LEDs ror thE rP-wiktnonp. — We show an ILED that will be used to implement
the rP-method. We denote by [-] the ceiling function.

Prorosition 4.4. — Let p € N* and f be a solution to the massless Viasov equation.
Then,

sup E [<rp Py
720

2y o+ [ R 2 e S war

T= Dt

o Do |[P/2]
SE[(GT Je-r] o
Proof. — Note first, according to Corollary 3.15 and using X, (|¢ |) 0, that
T |y [P/
X( ") s, \«pff\)
 ([P=1/(2)]
Sp |pt|’(p*f‘]l4M<T<7M — ot Py |pv||(pff’]lr>7M-

Let A, > 0 be a sufficiently large constant and recall the parameter Ry > 3M of the
foliation (3;),>0. As X,(p-) < —[pn|r~te— and |p,| < |pn], we have

Xy [(Ap + 7P

5 fp/2]> ‘(pff”

—lpnl|e—f|lrcr, — 777!

Py
p

[(p—1)/2]

B |pv||90—f|]]-r>R0-

2
Recall from Lemma 2.10 that |p,,._| ~ [pn| for 7 < Ro and [pp,,_| = [py| for r > Ry.
Hence,

p/2] [(p—1)/2]
Xg[(Aer p|Bu| T )|<p f” _TP—”% 3 Pns,, |0 f].
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We then deduce from the energy estimate of Proposition 2.16 and from (coarea) that

[p/2] oo [(p—1)/2]
sup EKTP 2 ><pff} () +/ E[rl’*l Bo go,f} (r)dr
70 Y43 =0 Pt
Dy |TP/2]

< p| v

SpE [<7” 7 >‘P—f} (0)
The result then ensues by using also this estimate for p = 1. O
Remark 4.5. — The ILED of Proposition 4.4 can be extended to the more general

case when p > 0 instead of p € N* (see [Big23, §4]).

Finally, we prove a slight generalization of Proposition 4.4. We will apply it to the
system of the commuted Vlasov equation that we consider in Section 6. The individual
derivatives that we will consider do not satisfy the Vlasov equation. However, we will
circumvent this difficulty by considering a well-chosen weighted combination of them.

Prorosition 4.6. — Letn > 1. Let further gi: P — R, with 1 < k < n, be sufficiently
reqular distribution functions such that

(4.1) > Xe(lgh) £ = D Ipnllgrllecrar

1<k<n 1<k<n

Then, for any p € N*, we have

+o0 _
31;18 szgnEKrp % (p/21>gk} ) +1<2k£n/7__0 E[<7‘p71 % [(p 1)/21>gk} (r)dr
s 3 B[] eo

1<kLn

Proof. It suffices to follow the proof of Proposition 4.4 by formally replacing |p_ f|
by >k gkl O

5. (:OMMUTATION VECTOR FIELDS

Let us introduced a well-chosen class of commutation vector fields that will be used
in the article.

5.1. Tue compLeTE LiFTs oF THE KiLLiNng vecror rieLps. — For any (conformal)
Killing vector field X € I'(T'S), the associated complete lift X e I(TT*S) is tan-
gent to P, and commutes with the Vlasov operator X,. In fact, X = X, (x), the
symplectic gradient of the conserved quantity p(X). This result holds in a gen-
eral Lorentzian manifold. See [AnCGS22, App.F] and [FJS17, App.C] for more
information. We restrict our discussion to the case of a Schwarzschild background.
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Derinirion 5.1. The complete lifts of the Killing vector fields of Schwarzschild
spacetime are

Q= —singdy — cot @ cos ¢ Oy — cos qb%@m + (cos ¢ pg — sin g cot 0 py) 0y, ,
sin

Qs = cos ¢ 9y — cot Osin ¢y — sin ¢,p7(§93p9 + (sin ¢ pg + cos ¢ cot 0 py )y,
sin
Qg = 8¢, 8t = 8t.
The time derivative and the angular derivatives of the energy-momentum tensor
T[f] of a massless Vlasov field f can then be estimated using the next result.

Prorosition 5.2. — For any Ze {8t, ﬁh ﬁg, ﬁg}, we have [Xg, 2] = 0. Moreover,
there holds
Lz(T[f]) =T[Zf].

It will be convenient to work with the following commuting vector fields associated
to the total angular momentum [p|. Recall from (3.1) the Carter tensor Q.
Derinition 5.3. — Let Xg € T'(TP) be the projection of the symplectic gradient
%sz. In local coordinates,

cot 0
Pe (9¢> +

Xq =poly + P50,

sin? 0 sin? 0

In order to work with a vector field with the same homogeneity in p as the other
vector fields we will manipulate, we also introduce

Xw = |p|_1XQ.
Cororrary 5.4. — There holds Xg = le(ﬂl)ﬁz In particular, we have
Xy, Xq] = [Xg, Xpy] = 0.

Note that the radial derivative does not generate a symmetry of Schwarzschild
spacetime. Consequently, controlling L5 T[f] requires a more thorough analysis.

5.2. THE RADIAL SCALING VECTOR FIELDS. — We investigate further the structure of
the massless Vlasov operator. We focus on the properties of the time-radial part
R € T'(T'P) and radial part R € T'(TP) of X, given by

r—3M

O +
” T4

p D= r—3M
(5.1) R = _ﬁgat + P10y, R:= a0+ ——1p|*0,,.

pre
02 A

In this relativistic setting, it is more natural to work with R. We note that contrary

to R, the vector field R is regular up to H*. Nonetheless, as R — R is a multiple of 0y,
which commutes with X, focusing on R will sometimes be convenient.

Lemva 5.5. — The following decomposition holds

1
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Note that if f is solution to the massless Vlasov equation X,(f) = 0, Lemma 5.5
together with Corollary 5.4 allow to prove boundedness for r2Rf. Unfortunately,
this does not allow to get a satisfying estimate for Ly T[f]. In order to obtain more
information on this last quantity, let us exhibit a scaling vector field in the span of
{0+, Op,.. } that commutes well with R. Let L € I'(T'P) be the vector field defined by

1
L= Q(T)ﬁr +pr*8pr*7 g(’l“) = WT(T - 3M)(T + 6M)

Prorosition 5.6. — There holds
(r—3M)(r+5M)
9M?2
Proof. — We will prove that L is the unique vector field of the form g(r)0, + py-0p,.
that is not singular at the photon sphere and having a commutation of the form (5.2)
with R. For this, we first note that

r—3M

rd

(5.2) [R,L] = R.

[R7 L] = Pr= arg(r)ar +

0, — (9010, ("= ) IpP. +r-0,)
= (9r9(r) = 1)pr0r + (T ;EM - g(r)@r(r — 3M)) pI*0p,. .

rd

Then, [R, L] is collinear to R if and only if g verifies

g(?“)ar(T _TEM) _re M (1= 0,9(r))

which is equivalent to

r—3M
4

)

rd

3M
YR

oo ™3) =2

Integrating this last property and using that g is continuous, we get

—3M " s—3M 1 2M 1 —3M)? 6 M
%:2/ s 1 ds:_j_ir_ig_’_ :(’f’ 3 )(’I“—|— )
3 T T 27M? 27M?r3
It gives us the expression of g(r), from which we can compute 9,.g(r) — 1 and conclude
the proof. O

g(r) " L s

It will be convenient to add a vector field proportional to 9; to L in order to improve
its commutation properties with R. Let L € I'(T'P) be given by

g(r)py=
. L= — L.
(5.3) 0p, Oy +
Proposition 5.7. — There holds
(7“—3M)(T—|—5M) (T—3M)(7“—|—3M) 4(r — 3M)(r + 3M)pupy
X = Xo— X .
Xy, L] 9M?2 g 27 M272 ot 27M202p, O

Proof. — Recall X, = —Q7?p,0; + R+ r~?X¢ and note that [Xq, L] = [0, L] = 0.
Hence,
g(r
%0, ) = (R, L]+ L /2200, + 220 %,
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so that, using Proposition 5.6, we get that [X,, L] is equal to

2

r—3M [P 2Mg(r)p.  |p- )a
i Q2p, r204 O2p, t

(r — 3J\§Z)\§2+ 5M) T Q%XQ + (fg(r)

Moreover, as X, (p:) = 0 and [X,, 0] = 0, we have

2

[Xg’ _g(r)pr- 8t] _ 9 =30l ) 2Mg(r)Ip,- 2o, _ I 8r9(r)5%.

O2p, r4Q2p, ! r2Q4p, 02p,
We now write R = X, + p;Q729; — r2X¢, and use the relations
(r—3M)(r+5M)

20,412 2 2 2
87"9(7“)_1: 9M2 ’ Q |p| =r (|pt| _|p7"‘ )a
to get
(r—3M)(r +5M) (r —3M)(r +3M)
X,, L] = Xy — X
%o L] 9M2 g 27M? ©
r—3M 2Mg(r) (r—3M)(r+5M)\ |pi|® — |pe-|?
- (QQ(T) 2004 204 20)2 ) O,
r2Q r2Q 9M?2Q) Dt
from which we deduce the result. O
Remark 5.8. — The vector field L has to be compared with a scaling vector field used

in [VRVR24] for the study of the linearized system Xy,(f) = 0 (recall Section 1.5)
and an associated non-linear problem. It is closely related to the vector fields Vi that
we use to deal with trapping (see Proposition 5.14 below).

5.3. TRAPPING VECTOR FIELDS. Let us introduce some projections on TP parallel
to Op, of symplectic gradients that arise from the unstable and stable trapping effects.
We refer to Appendix B for more details.

We first introduce Vi € I'(T'P), the projection of X, , which is given in coordi-
nates by

Vi = 0p,(0-)0; + Oy, (9-)0r+ — Op () 0p,..,
where 0y, p— has to be understood as a quantity defined on 7*8.

Prorosition 5.9. In local coordinates, we have

|+ 6M|'/? r r—3M ri/2
54) Vy = ——————(r — 3M)0, —8T*—( . )6 .-
(54) V4 g 0+ g o P eaiealt) o
Proof. — The quantities 0y, p— and 0,,.¢_ can be easily computed from the expres-
sion of ¢_, introduced in Definition 3.6. Then, we have

r/2(r — 3M) r?
O (o) =P —————p.. + Q2
(p-) i — a2 P T e — enpre
(r—3M) /2

= pT‘* —|—

Q) r + 60720
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Remark 5.10. It will sometimes be convenient to use an alternative expression
for Vi by rewriting the last term of (5.4) using

r=3M r1/2 _r=3M 27M3Q)
QP |7"+6M|1/2f2pt_ 2 P r3/2|r+6M|1/2pt.

(5.5)

We now compute two commutators that will be useful to determine [X,, V4 ].

Levmva 5.11. — There holds

~((r=3M)p; | (r—3M)|p,~|? r—3M
[X!har*] - ( 7’292 7"292pt )315 -2 T2QQ pr*a’r*

—6M 02
+ 2L |0, +2-X,
and
o 1
(Xg,0p,..] = oz, e

Proof. — We first recall the definition (5.1) of R and Lemma 5.5. We have
Xg=R+1r°Xq, [Xq,00]=[Xq,0,.]=0.

The second commutator can then be obtained from (2.3) and (2.5). For the first
identity, we compute

2M r—3M r—4M 02
-2y _ _ 2 -2y _ —2
O (%) = — 55, ar*( = )_739 = 0T =2
which can be obtained using Q2 = 1 —2M /r and 0,- = Q20,.. Moreover, we also have
pl? (r = 3M)|p|?
5.6 O+ =0 (VP )r)I— = QT
(56) (pe) = Or- (2 /1%) - o
by using again (2.3). We then deduce that
(r—3M)[p|? 2M 2M o7 —A4AM |,
[Xg, O] = — v 0 = —qaPi0i + —5asPr O + 30 —5—[p[*0),.
0? 2 2 —-3M
+ 27X9 =+ 7pt6t - 7pr*ar* - 2QZT 5 |p|28 o
r r r r
It remains to use the null-shell relation Q?[p|* = r?p? — r?pZ.. O

We can then compute [Xg, V4 |. One can check that the coefficient of V in the error
term has a good sign. This suggests that V. is a good vector field for the analysis of
massless Vlasov fields.

Prorosrrion 5.12. There holds

3 |pe| B r+3M
r1/2|r + 6 M|1/2Q2 + r3/2|r + 6 M|3/2

Xg, Vi] = pt|—Op,. +20X,.
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Proof. We will work with the expression of Vi given by Remark 5.10. Since
[Xg, 0] =0, Xy(pt) = 0 and 9~ = Q20,, we have

|7"‘|'61\4|1/2 r—3M
[X97V+] :pr*ar(w(r—3M))8t —|—pr*8r(r/ﬂ)ar* _pr*ar< - )‘P—apr*
r—3M 2TM3Q r
S Xy(p-)0p,. *Pr*ar(m)ptapr* + ﬁ[xgvar*}
r—3M 27TM2Q)

From Lemma 5.11, we can infer that
[Xg, V+] = atat + Q- 87-* + Qp, 61%* + 2QX97

where a, are smooth functions of r, p;, p.~ and \¢|2 Let us determine a;. Recall
from (3.3) that

|7+ 6M |12 ) B r2
0.(F g (= 3M) = i+ M2 — 2M P2
Thus, we get using Lemma 5.11 that
2 —3M — 3M)|p,-|?
0 — ot T pe (T )|pr-|
|+ 6M|2/2|r — 2M|3/2 r)3 rQ3p,
B (r —3M " 27M?Q) ) D
2 T oM oy
Finally, using relation (5.5), we obtain
—3M M 1/2
a; = (’I’ 3 )pt _ |pt| X |’I’+6 | (T—?)M)
o P2 1 GMZE 120
Applying once again Lemma 5.11 and the relation (5.5), we obtain
r—3M 1 /r—3M ri/2
r* = r*ar Q — 22— r* 7( r* )
a p (T/ ) 7,93 D + Q2 TQ D + ‘7" + 6M|1/29pt

_ |pi| r
P2 1 6MTP2 Q)
We recall from Lemma 3.8 the expression of Xy(¢_). We then have to prove that
7’73]\/[X (o) — Dt | ' 27M2Q) o
" r? g r1/2|r + 6M|V/2Q2  |r 4 6M|1/2r3/2

r+3M
= — = a3z Ple—

32y 4 6M[3/2
For this, we compute
9 (r—SM) _ r—6M ( 27M3Q )__54M2(r2+2Mr—12M2)
" 2 N ’ "\|r+6M[L/2r3/2) | — 2M|YV/2|r + 6M|3/293 "

3
Hence, by Lemma 5.11, we have
+r—3MX (o) r—6M +54M2(r2+2M7~—12M2)
Gp. . )= ———_Dpp -
Pr 7'2 g ¥ 7’3 Y-p |7'_2M|1/2‘7'+6M|3/27"3p Dt
r—6M .,
Vi

r4

+Q
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Moreover, by the null-shell relation there holds
r—6M r—6M

2 _ 2 2
Q 4 |p| - r2Q) (‘pt‘ - ‘pr*‘ )
r—6M, , r—6M (r —6M)(r — 3M)|r + 6M|'/?
= W@t\ I G + 7720 DtDr-

We further remark that
7"—6M| 2 Dt 27M?3Q) 2 —9M? ol
r2Q) Pt r1/2|r + 6M|1/2Q)2 |r+6M\1/2r3/2pt o r2(r 4+ 6M)Q2 Pt

and
r2 — 9M? | |2_ r—+3M r—+3M
r2(r + 6M)Q b= r3/2|r+6M\3/2pt<p_ r1/2|r 4+ 6M|3/2Q

The result then ensues from

DtDrx -

(r —6M)(r — 3M)|r + 6M|*/? r+3M
17720 120+ 6M]3/2Q
~ (r—=6M)(r —3M)|r +6M|* — (r + 3M)r®
B r7/2r + 6 M|3/2Q ’

and the relation
(r —6M)(r — 3M)|r + 6M|? — (r 4+ 3M)r® = —54M>*r? — 108M>r + 54 - 12M*. O

Let us also consider the projection on T"P parallel to 9, of the symplectic gradient

X, associated to the weight o . It is given by
B |r + 6M|'/? r r—3M ri/2
Vo= =g = 3M0+ G0 — (e — g ) O

Even if we will not use this vector field in the proof of Theorem 1.1, we state the next
two propositions for completeness.

Prorosition 5.13. We have
B |pe| r+3M
[Xg,V—} - T1/2‘7‘+6M|1/QQ2 - T3/2‘7‘+6M|3/2 |pt|@+a ek +29Xg
Proof. The computations are similar to the ones carried out during the proof of
Proposition 5.12. g

Finally, we obtain some identities relating the radial part of the Vlasov operator
R =X, — r72X(, the radial scaling vector field L and V5.

Prorosition 5.14. The following relations hold,

0 V. 4+ @ Vi =2r’R + 54M?p,0,,

54M2pt

p- Vo —pyVy = P12 4 6M[/2 T
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Proof. — We have

r+ 6M|Y/2 r
oiVito Vo= PO 3oy — 0 )0+ Lr + )00
r—3M rl/2
- (TPT*(@Jr To-)+ mpt(w - cp,))(?pr*,
and
TPy r+ 6M|1/2
ot =2 K; ; 80+—<P—:—2|TTQ|(7‘—3M)I%-

Consequently, we have

r+6M ﬁ r—3M |2

_ 2
Vit Vo==-2 02 (’I“ - 3M) ptat+292pr*ar*+2 02 (|pt

— |pr 2)61)7‘*'

Similarly, one has

r!/2|r 4+ 6M |1/
02

12| + 6M |12
02

27M?
- WM* PtOp, .-

Finally, recall the null-shell relation (|p|* — |p+|?)/Q? = [p|?/r? as well as the defi-
nitions (5.1) and (5.3) of R and L. O

o Vi —p Vo =2 (r—3M)p,-0p — 2 (r —3M)ptOp~

5.4. THE IMPROVED COMMUTATION VECTOR FIELD. The commutation formula for V7 is
not completely satisfying because of the error term proportional to ¢_3,, .. While one
can expect the energy flux of ¢_9, . f to be bounded in L' (771(X,)), we will avoid
controlling a non-degenerate bulk norm for this quantity in view of the discussion
of Section 1.5.3 (recall in particular (1.13)). For this purpose, we modify V; with a
vector field proportional to 9, .. The correction will compensate for the bad error
term.

5.4.1. Some properties of the vector field ¢_0,,.. — It turns out that one obtains a
simpler commutation formula by rescaling p_9, . by rQ~!. For this reason, we recall

p_ =Q lp_.
Proposition 5.15. — There holds

2
Xy, rp_0,,.] = 12!

w_
o — —V,.

Pt Q

Remark 5.16. — Contrary to r¢_p:0p, .., the vector field r¢_0,, . is not regular up

to the future event horizon.

Proof. — By Lemma 5.11 and Proposition 5.9, giving the expression of V. in local
coordinates,

1/2

[Xgapta T*] = w—‘& _ D V. P

P _ (T’—3M r
r{2 rQ T rQ

|0, ..
o b |r—|—6M|1/2th) br
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We then obtain from Lemma 3.8 that
2
¥
Xg,0-0p,.] = |r |

Finally, we get the result from ¢_ = Q~'p_ and
o, (rQ )y =t - gg—?’ = %m—l.

We note that one cannot control a non-degenerate bulk integral of r¢o_pnpiOp,. f
near H* by simply using the previous commutation formula and an energy estimate.
Indeed, in view of Remark 5.16, one cannot use the redshift weight in order to generate
a good error term because of regularity issues. To circumvent this difficulty, we will

use the next estimate.

O

Lemvia 5.17. — Let f be a solution the massless Viasov equation. For r < 2.7TM,
there holds
Al . £ = 201V, | S o0 |+ BI[Xp ]+ (Ipul + 1), ]
2 PO, +J| X |[PNO: Pl p) Dt P o J |-

(r—3M)

Proof. — As py = 2p, — pr=, in view of the null-shell relation 4r%|p,||p,| = Q2|p|?,
it suffices to estimate (2|py|/2%)pr+0p,. f. We write

2 — 3M —3M 12p,.
Lripr*ap = _T7|pr*\2ap - %ap )
Q2 - Q2 " 6M[12Q2
Tl/zpr*pt r—3M

+

* r* a * e
6RO T g PPt

We remark now that

r/2p,.py r—3M
|7"+6M|1/2928p"* e PO
_ 27M2ptpr* P
= ‘T‘ T 6M|1/2(T3/2 _ |’I" + GM‘I/Q(’I" _ 3M)) Dy
and
_T_3M|p 20 _m(a
02 r T e 4 6M|1/2Q2 Pr=
Pr= |7’+6M|1/2 r
— Q V+ _pT* W(T — 3M)8t _pr*@ar*,

Next, we use
r _ r r—3M
qzPr O =7(Xg = 177XQ) + Gzpid = —5—p0p,.
and we observe that
|r 4+ 6M|1/2

T
7"1/292 (T - 3M)p7"*8t + @ptat

- 27‘pua n 27M?r
Q2 T 232 — |+ 6M[Y2(r — 3M))
The last five equalities imply the result since X,(f) =0 and Xq = [p[X. O

Dr= 0.
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5.4.2. The modified vector field V4. — Let us now define the modification of the
vector field V. that we will use to perform integrated energy estimates without relative
degeneration.

Derivirion 5.18. — Let Vo4 € T'(TP) be the vector field
vired .= Vi + Q@re_0, .,

where ® is uniquely determined by

|| r+3M

Xy(Q2) + P2 + 6 M|1/202 (Q9) = Wlptlﬁ (Q2®)[p+=0 = 0.
Proposition 5.19. — There holds
mod] _ ‘ptl mod Q(I)|<)0*|2 o
Xy, Vired] = T1/2|T+6M‘1/292V+ T O — Pp_V, +20X,.

Proof. — We write first
(X, VU] = [X,, Vi) + QB[X,, 10 0,,..] + X, (20)rp_0,..

Next, recall the commutation formulas in Propositions 5.12 and 5.15. Finally, we use
the definition of ®. |

In order to use the vector field VTOd, we have to estimate ® as well as the derivative
p_0p ..

Prorosirion 5.20. — There holds
—+ (rp_ ro_|3/4
sup MV‘E’ + %’7@‘ + | 0, D] < +o0.
71({t*>0}) |pt| |pe|

The proof of Proposition 5.20 is performed in Appendix A (see Proposition A.1
and Remark A.2).

5.5. THE RESCALED TRAPPING VECTOR FIELDS. — In order to exploit the redshift effect
and obtain a stronger control of massless Vlasov fields near H+, we will work with
Q~1V, which does not vanish there. This vector field is smooth up to the future event
horizon.

Lemva 5.21. Let Vo, == Q7 'V, and recall the definition of a from Lemma 3.8.
There holds

r+3M
[XQ,V+] = —a(r, pr*apt)V+ |3/24p7|pt|8p,,\* + 2Xg

) 1 GM[
Proof. — We have
[Xg, V4] = Q' [Xg, Vil 4 ppe0n (27 1) V.
To get the result, it remains to use the commutation formula of Proposition 5.12 and
to perform the same computations as in the proof of Lemma 3.8, which lead to

|Pt |

(57) a(rapr*apt) = T1/2|7“ +6M|1/292

_pr*ar(Qily O
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Similarly, we can work with a regularized version of Vde, allowing for a better

control of f near HT.

Cororrary 5.22. — Let V$°d = Q_IVi“’d, and let f be a solution to the massless

Viasov equation. Then,

1/4), 13/4
%, (Vi f]) +alrpe po Vi) < B o g + Ly

Proof. We use the commutation formula in Proposition 5.19 to get

|pt|

mod
Xg(’VJrO f’) + P12y + 6M|1/202

m ro_||r®| |p-
vpeis) s olfe=lr2l lla, g

"I“So—|3/4|7"q)| ] |<P7\1/4|pt|3/4| f‘
pEr

We conclude the proof by using (5.7) and Proposition 5.20. O

It turns out that in order to control |p;|3/4|r—1_ |4V, f|, we will need to study
a well-chosen derivative of f collinear to 9, ..

Derintrion 5.23. Let D, . € T'(TP) be the vector field given by
Dpr* — Ql/2|pt|3/4|r_1<p_|5/48 .

Remark 5.24. We have QU/2|p,|3/4|r=1p_|5/4 < |p;||pn|, so that D, , is regular
up to H+.

We conclude this section with a consequence of Lemma 5.17.

Cororrary 5.25. — Let f be a solution the massless Viasov equation. Forr < 2.7TM,
we have

Pu pl?
‘%Dpr*f’ S |Pt|3/4|92¢—|1/4|80—v+f| + (|Pt| + |f;t|) |Dpr»«f|

+ |PN‘Pfatf| + ‘PN‘Pme\fL

Proof. — We use the estimate of Lemma 5.17, multiplied by Q/2|p,|~1/4|r—1¢p_|5/4.
We conclude the proof by using QY2[r—tp_|1/* < 3|p,|'/*. 0

6. INTEGRATED ENERGY DECAY ESTIMATES WITHOUT RELATIVE DEGENERATION

We introduce a well-chosen energy flux £[f] to show decay for massless Vlasov
fields on Schwarzschild. Using this energy flux, we prove an integrated local energy
decay estimates without relative degeneration.
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6.1. ENERGY NORMS AND STATEMENT OF THE MAIN RESULTS. Motivated by the discus-
sion of Section 1.5 (recall in particular Steps 3 and 4), we introduce the following first
order energy fluxes.

Derinition 6.1. — We set, for any distribution function g : P — R, the first order
energy flux

Flg) = Elp-0i9] + Elo-Xipig] +E[py Vi)
+E[lpn [/ Ar Yo |V*V,g] + E[D,,.g].

Let further
€lg] = El[png] + Flg].

The main result proved in this section can be stated as follows.

Prorosition 6.2. — Let f be a solution to the massless Viasov equation such that
E[f](0) < 4o0. There exists C > 0, depending only on M, such that

+oo
sup &[f](7) +/ & [r_l log™%(2 + T)f] (r)dr < Ce[f](0).

720 =0

For the proof of this proposition we will first show a similar result for the weaker
norm FIf].

Prorosition 6.3. — Let f be a solution to the massless Viasov equation such that
FIf1(0) < 4o00. There exists C' > 0, depending only on M, such that

—+oo
sup F[f](r) + / F[rtlog (2 + ) f](r)dr < CF[£)(0).
720 7=0

We fix, for the remainder of this section 6, a solution f to X,(f) = 0 verifying
F1f1(0) < 4o0. Since Xy(0: f) = Xg(Xy f) = 0, we get from Proposition 4.3, |pny, | S
|pn| and (coarea) that, for all 7 > 0,

(6.1) E[p-0f](r) +E[p-Xp f](7)

+oo
+ / _ B[ e o)) + [ e X 1] (r)dr £ I171(0)

Consequently, we only need to control the last three fluxes constituting F[f]. We will
proceed as follows.

(a) In Section 6.2, we control the derivatives of f in a favorable region that can be
treated independently of the rest of the null-shell. This is explained by the fact that
no future-directed null geodesic can enter this domain.

(b) In Section 6.3, we will control the two degenerate derivatives D, . f and
I P4 o VAV f

(¢) In Section 6.4, we finish the proof of Proposition 6.3 by estimating pNVTFOdf.

(d) In Section 6.5, we control f using the norm E[f]. This will show Proposition 6.2.
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6.2. THE FAR-AWAY INCOMING PARTICLES CASE. We begin controlling the Vlasov
field f in the region where r > 2M and p,- < 0. In this region, motivated by the
Minkowskian case, we will use the vector field

S = 570 + 5500 — Pr-Op.

We will prove the next estimate.
ProrosrTion 6.4. Let R > 832M. There exists C > 0 such that for all 7 > 0,

we have

1
E[Pt|5f| L>p1p,. go} (1) + zﬁ[pt|pt3pT* flLrsr1p. go} (1)

|pr|? pl?
+ + Sf|+ =|p:0 d
/wl(ﬂ%)m{@&w <0} ( (r+2)log*(2+ 1) 47“3> (| d |pf o f|> "

< 4E [pt|Sf\ Lspl,. go} (0)+E [m!ptapr* flLzr1,,. <0} (0)
+ CE[p-0:f](0) + CE[p_X f](0).
Remark 6.5. — This energy estimate allows to control |px|*/4|r~l@_|"/*V,f and

D,.fin{r >R, p- <0}. As R > 4M and p,~ < 0, we have |¢_| ~ r|p| on this
region, so

(eS| + lpel [P0y £| S l@-0uf | + lpw P~ o |4V ] + Dy, f]
and
A o YV | + [pa VY f| S =8 f| + eS| + [pel|pe0yp.. £,
Dy, f| < [pel|[peDy, £].
To prove Proposition 6.4, we will apply the energy estimate in Proposition 2.16 to

pSf and |pt|*9,,. f, both multiplied by suitable cutoff functions. We begin computing
two commutators.

LeEmma 6.6. We have

A(r —3M)p2  2p.p, 3M | 4
[%,,5] = ( o )0 = S P20y, + 2%,

20)2 2 2
(X, pt0p,..] = = I’:,'S;j S - ]\ﬂit ve Oyt '7" O+ 1;: Xg.
Proof. — We recall from Lemma 5.11 that
(Xg, 0] = 4(7;52]‘;)175 9, — 2~ ;éiwpr* (9 +0r) + QQT |p| D, +29—2X9,
Xy, 8p,.] = 2p“ 0 - 2(at+ar*)_
As X, (rQ272 ) = pp=(r —4M)/rQ*, we have
[Xg, 8] = pr*;wa(at +0) + o5 Xy, O] — © 20y, —pr [Xgy 0y
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from where we obtain the first relation. For the second one, we use the null-shell
relation (2.3) to show

2 2
o — g

[Xgaap,.*] D= 9, — |pr*

Q2 Q2[p, |2 o 72| |2
P pl? Pre P 1 (r = 3M)|p|*
= ; — Opx — (Xg+—8t——XQ—78p*>.
@p T P T B T T o
It remains to use X4(p;) = 0 and to rewrite J,- in terms of S. O

To generate good error terms and absorb the problematic ones, we will multiply
the derivatives Sf and p;0p, . f by the weight w(x,p) defined by

- TZ;' (3- log~ (2 + r)).

We note that 1 < w(z,p) < 4 on the domain of incoming particles {p,~ < 0}. The

(6.2) w(z,p) =1

error terms arising from the cutoff function will have a good sign as well.
Lemma 6.7. — For allr > 6M, we have
|pr* ‘2 . W
(2+7)log*(247r) 23
Let x € C*(R) be an increasing function such that x(s) =0 for s <0, and x(s) =1
for s > 1. Then,

|pt|Xg (W) < -

X [X(r = R)x(~p,-)] <0.

Proof. — As X,(p;) = 0, the first inequality follows from 3 — log™ (2 + ) > 1,
r—3M > %r, and

‘pr*
(2+7) log2(2 +7)

2 r—3M
r

Xy[=pr (3 —log™"(2+1))] = - T PP (3 —log™ 2+ 1)).

For the second one, we have

Xy [x(r = R)x(=pr-)] = preX'(r = R)X(=pp+) — lpI>X' (=pr=)x(r — R).

4
r
Finally, it remains to use x’ > 0 as well as r — 3M > 0 and p,» < 0, when the
right-hand side does not vanish. O

r—3M

We are now able to show Proposition 6.4.

Proof of Proposition 6.4. By applying the energy estimate in Proposition 2.16 to
the functions

x[e7'(r = R)]x(—e "o )w|Sfl, x[eT'(r— R)]x(— o )w|pedp,. 1,

for e > 0, we get from the dominated convergence theorem and Lemma 6.7 that
E[wpt|S 1Lk Ly, <o] (7) < E[wptlS] Lrr Ly, <0] ()

+ X, () lpeS 1] + ol %, 15 1) dio
RIN{r=R, p,» <0}
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and

E[wptlpﬁpr* fllr>r1p,. <o} (7) < E[wpdpt@pr* fll>r 1y, <o} (0)

+ B30, 1] + wlpel Xy (19D, 1)
REN{r=R, py*go}
Applying Lemma 6.6, we have for » > R that
6pep 3M| |2 3M [p
el Xy (1SF]) < =5 Qi |91+ 4 ,7> 5 [P0y, f| < Tpellpol| 0 f] + — ? 5 [P0y, [,

R
and, as r 1|X@f|—r 1|;y§||X‘l,,‘f| Q\ptHXWﬂ for r > R,

M |zz>|2

2
k(0 51) < PE 18514 L o, g1 P01 22

\zﬂ\

By the null-shell relation, we have < 6|pt||py|- Hence, as w < 4, we get for r > R,

13M \;p|2

2
A%, (1511) + 2 %, (0. 1) < S o, 51+ W

[p:?
+ 300pel [Pl [0 + 75— | Kipi 1.

If R > 2M is such that 13M /R < 1/64, we have from the upper bound for X, (w) in
Lemma 6.7 that

1 w
(6.3) Xg(w)|Pt5f| +w|pt|Xg(|Sf|) + T6X w |pt||ptap7.*f| + E|Pt|Xg(|Pt3pr*f|)

B
h (r+2) log2(2 +7) 47“3

1571+ 15 1pedy,. 1]

|p:?
+ 300pel[pol [0 + 5~ | Kipi f1.

Proposition 6.4 then follows from the integrated energy estimates satisfied by 0; f and
Xjpf- We recall (6.1) and the estimate [p_| 2 r|p| in the region being considered. [

Remark 6.8. — We note that the region of outgoing particles near ™, corresponding
to {r < Ra, py» > 0} for some Ry € (2M,2.5M), can also be treated independently
from the rest of the null-shell. This will however not be required for our purposes.

6.3. BounpeEpnEss AND ILED WITHOUT RELATIVE DEGENERACY FOR DEGENERATE DERIVA-
TIves. — Let us prove the following energy estimates.

ProrosrTion 6.9. For all T > 0, we have
E[lpn /4o [V £](7)

PN _
+f oL o 14V flas < F1100),
=1 (R)~{p,+<0,r=R} T
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RELATIVELY NON-DEGENERATE ESTIMATES FOR MASSLESS VLASOV ON SCHWARZSCHILD /|8%

and
2D, f] )+ | 2D, fldes < F171(0)
~1(R)~{p,-<0,r>R} T2

Rewark 6.10. — Note that |p;|Q272 > |pn|.

In order to lighten the presentation and until the end of this section 6.3, we intro-
duce the notation

Dy, = oo [V

For the purpose of controlling Dy, f and D, . f in L' (7=(%,)), we begin computing
the following identities.

Lemva 6.11. Let f be a solution to the massless Vlasov equation. Then, there hold
5 3X
Xq (T1/4DV+ f) == (70'(73 DreyPt) — M)”'lMDVJrf
4 4|pN |

error term with a good sign

_(r+ 3M)\PN‘3/4|pt|1/4r9/4D ¥
r3/2|r 4 6 M|3/2Q1/2 b

bad error term

and

1( (r2 + 2Mr 4 3M2)|py| N 2M |p,|
A\7rlr +6M[1/2(r3/2 + M|r + 6M|1/?) 72022

error term with a good sign

Q% |14
WVP— 20, f.

Xy (7"9/4Dpr* f) == >T9/4Dp,-* f

|3/4

o 91/2(/)_ |t
p 2/

bad error term
Proof. — Recall from Definition 5.23 that 7%/4D,, . = |p|3/*|Q%p_|"/*r¢_0, .. For
the first relation, we write
Xg(\PN\3/4|<P7|1/4V+f) = Xg(|pN|3/4) o [VVLf+ Xg(“ﬁ*|1/4) N4V f
+pn P o X, V] ()
and we apply Lemmas 3.8 and 5.21. For the second one, we have
Xg(r*Dy,. f) = Xg (1% /") Ipe|* Hr@-8p,. [ + |pe|* Q%0 [V [Xg, m0-0p, . ] (f)-

We deal with the last term on the right-hand side by using the commutation formula

T1/4DV+f+

in Proposition 5.15. For the first term, we use Lemma 3.8 and |p,| — p,+ = |py|, which

provide

2Mpr*

X,(0%p ) = 0%, (p ) + Sp b
_ (r? + 2Mr + 3M?)|py| 5 2M]p,|

e+ 6M|Y2(r3/2 + M|r + 6M|1/2) LORTeP

D%p_
(6.4) O

D%p_.

The next remarks will be crucial for us.
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. The vector fields r'/4Dy, and r%/%D,, . carry too strong r-weights. For this rea-
son, we rescale them by using the well-chosen weight functions @, /4 and @y /4 which
are introduced in Definition 6.12.

« The system of commuted equations is not triangular. When performing the energy
estimates, we will have to check that the second terms in the relations in Lemma 6.11
can be absorbed by the error terms with a good sign.

« The good error term in the second equation does not allow to control the bulk
integral of p, 72D, . f near H™. We will circumvent this issue by applying Corol-
lary 5.25, which will not provide new problematic error terms.

« We will crucially use that we have already controlled the derivatives Dy, f and
D,.. f in the region {r > R, p,- < 0}.

Then, in order to deal with the error terms, we will proceed as follows:

(a) The bad error term in the first equation can be bounded by a (large) multiple
of the good one in the second equation and |p, 22D, . f|.

(b) Then, we need to bound r~2QY2p_|p,[*/*|py|~3/*Dy, f by a small multiple
of the good error term in the first equation. The strategy is the following.

. We will generate additional good error terms degenerating at the photon
sphere, the future event horizon and spatial infinity. The idea will be to use the
weight function ¢4, for A > 0 large enough, where ( is introduced in Defini-
tion 6.16 and studied in Lemma 6.17.

« As |pi|/|pn| degenerates near H™, we will prove that r ~ 2M, we have
a(r,pr-,pe) + Alpe| > Q2o |lpe[**/|pn P4,

. Exploiting that ¢_ degenerates at trapping, we will also be able to absorb
the error term near r ~ 3M by making use of (4.

« Finally, as ¢_ ~ rp, is well behaved for > 1 and p,~ > 0, we will also be
able to deal with a neighborhood of spatial infinity {t < +oc0, r = +00}.

We start by defining the weights that allow us to compensate for the r1/4
of [p_|'/* and the 7%/*-growth of r|p_|>/4.

-growth

Derinirion 6.12. — Let x € C*°(R) be a decreasing function such that x(s) =1 for
$< 0, and x(s) =0 for s > 1. For a € R, we set

Wa(r,p) = (r—R)+ ,,ia [1 = x(r — R)|x(2pr- /p¢).-

1
MaX
Remark 6.13. — By definition, we have

V 7 such that 2M < r < R, We(r,p) =M™,
_ 1
Vr>zR+1, ﬁlpr*Eogwa(T7p) < Tfaﬂpr*>*\pt\/2'

Remark 6.14. — The cutoff function y will allow, when p,.» < 0and 7 > R+ 1, to
use the property that

Alpl*

65 r*
(6.5) |p 2,2

1
<5l = Ipe|* < Q2
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which directly follows from (2.3). This property turns out to be important to deal
with terms with borderline spatial decay. We recall from the degenerate ILED of
Proposition 4.1 that the p,« component requires slightly more spatial decay to be
integrable than the spherical ones.

The error terms arising from X, (@w,) will be handled as follows.

Leviva 6.15. — There exists C > 0, depending only on R, such that

— 1/4 —(lprI? |P|2
X (@17a) [r "Dy, f| < C( 2t Ta) [\Sf’
+ |pe0p,. f” 1p.<oli>r + 6|]%||<P—3tf|
and ,
— Val |p7‘*‘2 |p|
Xg (UJg/4) ‘T9/4Dpr* f’ < C( 2 + 7) ]ptapr* f‘ ]lpr* <0 ﬂr}R-
Proof. — Let a € Ry. We start by observing, as Xy(p;) = 0, that
__ 1 1 ap,
X (@a) = P (= B) [0 = —ox(@pee /)] = o [L= (= R)] (e /1)
2(r — 3M)|p|?
Wp/ﬁ [1—x(r = R)]X'(2p~/pt).

By support considerations and since x’ < 0, we have for r > 2M that

2
Xg(@a) S Ipre| 1p,e<0 LrR<r<r1 + (JZT_J Mlﬂlml) 1 p.1/2<p,x <0 Lz R-
We now use (6.5) to get
(6.6) Xg(@a) S |fj_|2 Lp,.<o Lr<r<prer + L]]-—|pt|/2<p +<0 Lr>R-
r |pe|rats S
It remains to use Remark 6.5. |

Next, we introduce and study a Wl’l—weight ¢ that can be used to derive an ILED

loc

that degenerates at r = 2M, at r = 3M, and when r — +oo.

DeriNtTION 6.16. Let ¢: P — R be the weight function

e (1741 1 1/4
((x,p) =2~ M"*sgn(p,-) sgn(r — 3M) I;t ‘ rosMl
Levmma 6.17. — The weight function ¢ satisfies 1 < || < 3. Moreover, we have
Dy 3M | |l
X < — — ‘1 _ = )
(0 5 -1 LA

Remark 6.18. — Compared to X (§), estimated in Proposition 3.4, the degeneracy
+ |r — 3M| and not quadratic. This will allow
for simplifications in the upcoming analysis.

at the photon sphere is linear in |p;
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Proof. The first statement ensues from r > 2M and |p,-
one, as X4(p¢) = 0, we have

< |p¢|- For the second

U 1 |—3/4
M-V, 11/4% __ |pr ‘ L L
|pt| Q(C) 47,2 r 3M
~ sgu(r — 3M) ‘ 1 L‘IM (r —3M)|p|?
4pp- |34 Tr  3M rd

2
|pr" 5/4 _ |7“ _ 3M|5/4 |p|

D A e — N S E—

~ TS/ — 3M 3/ r1T/4|p, |34
Note that, as |p.+| < |pt|, it implies the stated estimate for the region {r < 2.5M} U
{r > 4M}. Next, we note that if 2.5 < r < 4M, then [p;| ~ [p| + [p| and 1
|r — 3M|~1. Consequently, we have on this region

4 |pr* ‘5/4 1 | Dy |5/4 |l”|2
| <o - r—3M < - —3M
Pl S5 s T MR gy i S,
as well as
2 _ 5/41,415/2 3
4 |r—3M 1 |pp=
|r—3M|ﬂ<7-| 34|l |3f|2 7_|P !
pel 5 e [34pe ] 5 |p
2 5/4
Sposwpin W el
~ [Py |3/ 4 |pe| /2 |1 — BM|3/ 4| /4
These last two inequalities allow to conclude the proof. |

We now start the proof of Proposition 6.9. Let us consider a constant A > 0 that
will be chosen sufficiently large. We apply the energy estimate of Proposition 2.16 in
order to have

E [51/4CA7”1/4DV+ f] (1)

< E[wl/4CA7'1/4DV+f] (0) + /

T

Xy (51/4CA|7'1/4DV+f|)d/~L?~
“HRE)
Similarly, we have
E[0/4¢ %D, £ (7)

< ]E[wg/4<A7~9/4Dpr*f} (0) +/ . )Xg (@9/4§A\r9/4Dpr*f|>dM:P-
T HRE
We now make two observations:

« In order to prove Proposition 6.9, it is enough to control Dy, f and D, . f in the
set {r < R}U{r > R, p,» > 0}, in view of Proposition 6.4 and Remark 6.5.

« On the region {r < R} U{r > R, p,~ > 0}, we have Wy /4 ~ r1/4, Woya ~ 1~
and ¢ ~ 1.
Thus, in view of the ILED (6.1) satisfied by 9;f and X, f and Proposition 6.4,
a sufficient condition for Proposition 6.9 to hold is given in the following lemma.

9/4
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Lemwva 6.19. For A > 0 large enough, there exists ¢ > 0 such that
1
gxg (wl/4<A|7"1/4DV+f}) + Xy (59/4<A|T9/4Dp *f‘)
+c <|pN| }D +f| + o |Dpr f{)l{py*@ r2R}e
px| Ip | lp,~|? | 2
< P o)+ ¥ p1 4 (Pl 4+ P I

+ |Pt8p,»f|} Lp,.<0,r>R}-

Proof. — Recall first |p;| < |pn| and Proposition 3.5, which in particular implies
Xo(Ipn)) S Ipel® Losnrcr<arn S ‘1 - 7‘|Pt| L.<r.

Next, we have from Lemma 6.17 that ¢4 < 34 and

_ e pl*
%,(C4) = A%, (O < AX, (0064 £ —A(B 1= 2 e
r 72 [pe]
We further stress that |p,| < [p+|+[p[r~"'. Thus, according to Lemmas 6.11 and 6.15,

there exists b > 0 depending only on M, such that if A is large enough,
Xy (wl/4CA‘T1/4DV+fD

< =§(r,p)@1 P/ "Dy, f| +

(r + 3M)|pn|3/*|pe| /4
752 1 6MPPRQ12

— /e |? ||2
+3AC(|pr2| +%>(|Sf|+|pt8pr*f|) *<O]17>R+3Ac|pt

where the function §(r,p) is defined as

@146 [r" 1Dy, f]

S(rp) = 5(r2 4+ 2Mr + 3M2)|py| 5M|pu|
b drlr + 6M|Y/2(r3/2 + M|r +6M|Y/2)  2r2Q2
2
R,
r2 73|t

Similarly, there exists C > 0 such that

Xy (@oaC[r*/Dy,.. f]) < = @o(r, p)osaC |1/, f]

02 |pt|3/4
N |3/
ar( pr]? W‘Q AS

+3 C( 5 )‘tapr [l .<olizp +37°C——

r

+ 59/4CA‘T1/4DV /|

with
2Mr + 3M? Mip,
60(7" p) ( + T+ )|pt| + 2|p 2|
4r|r 4+ 6M|V/2(r3/2 + M|r + 6M|Y/2)  2r2Q | e
D+
+bA( r2 ‘ ‘r3|pt )
|pt| M|pv| |pr | 3M ‘?|2
bA ‘1 e
4r1/2|r + 6 M |1/2 T oege T ( + r 7’3|pt|)

and where we controlled the term proportional to d;f by using
|(p*| Sr‘pN‘> ‘QQ(p*| Sr‘pt‘7 59/4 Sr—9/4’ CA <3A

JIP — M., 2026, tome 13



488 L.. Bicorane & R. VeLozo Ruiz

Note that &g (r, p) does not control |p, 272 near H*. To deal with this issue, we apply
Corollary 5.25. It implies that there exists Cy > 0, depending only on M, such that,
if A is large enough,

Xy (@9/4CA‘T9/4DpT* f‘) < —6(r, p)wg/z;CA’?“gMDpr*f‘
91/2907 ‘Pt‘3/4

— Al.1/4
e Ed Dy,

+ (1 + Co]lrgng)

+ 7*73 1PtOp,. fl1p, <o Lizr

+ 3A5@ ‘w—atf’ +34CoLr<aralo—pn| (10 f| + [Xpp £1),

where

[P Mipy| | Mlpy|
6.7 & = 1, .
(6.7) (rP) = L oarpe T aeqe T gege Lrsa M
We recall Remark 6.5 and the properties of w,, in particular (6.5). Then, we have

that in the domain {r > R, p~ < 0},
Ky (@1/4C* [ "Dy f1) + Ky (Boya 1D, f1)

2

pee > IpP PN
< (Pl Y (i 1141570 + 221 g
Finally, the result is a consequence of the following technical Lemma 6.20. |

Lemma 6.20. — We have, on {r < R} U{r > R, p,» > 0}, that

&(r )71 (r + 3M) [pn [/ [pe] /41 /4 S Ipyl
Py /2| + 6M[32Q %G,y

and, if A is large enough,

1 02l ||p|*/ @
gg(ﬁp) _ o [lpe* o4 (1+ Colrgcormr) 2 P

P [P/ /4 r

Proof. — We will prove several estimates which, together with F(r,p), &(r,p) =
|pv|r~t, will imply the result. We focus first on the domain {r > R+ 1, p.« > 0},
with R > 832M. For this, we will use the next properties.

. For r > R+ 1, we have py = py, @14(r,p) = r~ /% and @y 4(r,p) = r~ /4.
o If ppe 20, then 2|py| = [pe| + pre 2 |pe].
« For r > 3M, we have by Remark 3.7 that

27M?r1/?

r+6MY/2(r —3M) + 2Pt
Consequently, in view of the null-shell relation 4r2p,p, = 92|p|2, one obtains that for
r> R+ 1and p.~ >0,

Q1/2"'0*||p75‘3/4w9/4 _ Ql/2|‘p—| < 2‘}%‘ T 27M2|pt| < 4|pv‘|pu| + 27M2|pt|

T
o_(z,p) = @(pt + pre) — |

lpn[3/4%1 )4 o2 T 2 3 Q2 py 3
P> 27M2|p,-|
<2 : .
STl T e
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Hence, if A is large enough, we have

QY2 |o_||pe|*/ *wg 4 < %(h?r*

Fr- 2 < s

NG, 16 3]
For the other inequality, note that
(7”+3M)|pN|3/4‘Pt|1/451/4 _ (r 4+ 3M)|p|
7’5/2|r+6M|3/291/259/4 r1/2|r 4+ 6 M[3/2Q1/2

|pt|
r1/2lr + 6M|1/2Q1/2(R)
Assume now that 2.7M < r < R+ 1, so that py = p; and @y 4/@y/4 < 2M?2.
Hence,
(r+ 3M)|pn */*pe V@1 4 2M2|py| |pe|
T5/2|T+6M‘3/291/2@9/4 h

< 56(r, p).

r5/2|r + 6M|V/2Q1/2 T p1/2|r 4 6M|1/2 < 46(r,p).

Since Q2|p_| < 7|py+|+2|r — 3M||p¢|, we have for a certain constant C' > 0 depending
only on M,
Q2| \Pt|3/4wg/4

3/4— C(|p’f‘* + |T - 3M|‘pt|)
128 / W1/4
bA |pr* |p‘2
< =
b 16( r2 ‘ ‘7‘3|pt ) (r,p),

provided that A is large enough.
We finally consider the case r < 2.7M, so that W, = M~%. As |py| < 16]p;|272,
we have

(r 4 3M)|pn > *p |V *w1 4 < 8M?2|p,|
32| 4+ 6M 320 2w,y rO/2|r 4+ 6M|1/202
2M|pt| ‘pvl + |pu|
S T~ M s S8y

We conclude the proof by using |¢_| < |pn| and QQ|(p_\ < |pt|, which implies

e VT e ’Wz) 530

— X t X T4 r,

[P |34 /4 16 73 |pi| ’

for A chosen large enough. O
6.4. BounpepNess AND ILED wiTHOUT RELATIVE DEGENERACY FOR pNVﬁOd. — We are

now able to control the derivative Vﬂ"d f.

ProrosrTion 6.21. For all T > 0, we have
E[pNV“fdf} (1) + /_1(92) |pT7N||pNV“+‘°df}duo> < F£1(0).

Proof. — Recall the weight function £(z, p) introduced in Section 3.2, which verifies
Xg(J€]) <0 and [£| ~ |pn]|. By Corollary 5.22, we have

(6.8) Xg(|EVIoUf]) + a(r, ppe, pe) [EVIVf|

|PN| |pN\
< T|<P78tf| + 1372 |t |3/4|7“ |1/4|V+f\-
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Then, we apply the energy estimate of Proposition 2.16 to |§V“j_°df| and we control
the integral over 7~ 1(R) of the two error terms in the right-hand side of (6.8) as
follows.

« We use (6.1) in order to deal with the first one.

« For the second one, we apply Proposition 6.9 for the region {r < R} U
{pr+ =2 0, r =2 R}. For the domain {p,» < 0, r > R}, we use Remark 6.5, Proposi-
tion 6.4 and (6.1). O

We then obtain Proposition 6.3 from (6.1), Proposition 6.4, Remark 6.5 as well as
Propositions 6.9 and 6.21. Note that we also used |pny, | < [pn| and (coarea).

In the perspective of applying the rP-weighted energy method through Proposition
4.6, we conclude this subsection with the following result. Let us define

g1 =0 f, 92 = p-Xpy f,

93 =ptSfl>r 1y . <o, 91 = peOp,. f 1r2r 1y . <0,
g5 =1 N o YAV, ge = Woya( Y/ D, . f,

g7 =&V,

with A > 0 chosen large enough in accordance with Lemmas 6.19-6.20.

Prorosirion 6.22. Let k € [1,7]. There exist constants ¢, > 0 such that

(6.9) Y ek lah S - 3 B g

rlog®(2 +7)

1<k<T 1<k<T
Proof. — 1Tt follows from Lemma 3.8, the identities Xg(0:f) = Xy(Xpy f) = 0, the
estimate (6.3), Lemma 6.19 and (6.8). O
6.5. Proor or Prorosition 6.2. Our argument will rely on a Sobolev inequality

involving the vector field G defined in (1.4). We introduce first a coordinate system
on Schwarzschild spacetime that is related to the integral curves of r~*Q~1G. These
regular hyperboloidal coordinates have been previously considered in [Mav23].

Derinition 6.23. — The hyperboloidal coordinate system
(t,7,0,0) € R x (2M,+00) x (0,7) x (0,27)
is defined by
D=t=H0),  HE)= [ éz(z)ds, £(r) == (1_ %) (1+¥)1/2'
To avoid any confusion, we denote by 0.« the derivatives with respect to the vari-
ables x* in the hyperboloidal coordinate system.

We recall t* =t + 2M log(r — 2M) and we collect several useful properties.

Prorosition 6.24. — The following properties hold:

(a) The Jacobian determinant of the map (t,7,0,¢) — (t,7,0,¢) is constant equal
to one.
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(b) We have the relations
1 3M 6M\1/2 - _ _

9=0+ s (1-=7)(1+ =) "o Bi=0n  Bo=0s  Dy=0s

(¢) The wvector fields G and VT_Od are related to the vector field O, through the
relations

Q7'G = dr (Vo) = 10,

(d) If e > 0 is small enough, then we have the following inclusions

{t' > 2, |r—3M| <e}cC {t+2Mlog(M) > 1, [r—=3M| < e} C {t* >0, [r—3M| < &}.

Moreover, we set

g(ﬂ T, 9, ¢7p) = g(E + H(T>7 7'*(7“), 9) ¢7p)
We are now able perform the proof of Proposition 6.2. We then assume that
E[f1(0) < 4o0.

Proof of Proposition 6.2. — We first recall the volume form dup = h(r)drdps, dusp,,
where h(r) ~ 1. For convenience, we introduce for a distribution function g the
quantities

g -=/ ) Pl |pellgldpp,
T (R) N {t+2M log(M)>1, |[r—3M|<e}

mm:/ /t// / /|mmmmmw&
t=142M log(M) J6=0 J ¢ +ER JpgeR Jpy R

where € < M is a constant that will be fixed small enough. In view of the expression
of the volume form dugp, we have

(6.10) dol~ [ Tlgl(r)ar
lr—3M|<e
We also note that
/ lprllgldus S sup Epxg] () < E[gl(0).
T (R)N{0<t*<L2, |[r—3M|<Le} 0<T<2
Let us come back to the study of the solution f of the massless Vlasov equation.

In view of |p|* < [pl|p:| for r ~ 3M, the ILED in Proposition 4.1 and Proposition 6.3,
it suffices to show

(6.11) alf] < ELF1(0)

in order to prove Proposition 6.2. According to (6.10), we have

(6.12) Af)Se sup  I[f](r).
|r—3M|<e

The factor € > 0 will allow us to absorb in the left-hand side terms proportional
to J[f] that we cannot control a priori by £[f](0). We now apply a local Sobolev
inequality to have

wpfmws/ 1] + [3,11f1]dr.
lr—3M|<e |r—3M|<e
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To deal with the radial derivatives, we stress that [p| is independent of (¢, 7, p,-) and
we write

= |5 mo r—3M rl/2
7‘87“|f| =V AfD) + (Wpr* + m%)@m |f] = @re_0,, .| f]-

Consequently, as 21 and r are bounded on {|r —3M| < €}, we obtain by integration
by parts in p,.« that

sup  I[f](r) S / I[V‘i‘)dﬂ + I[(l +|®| + \cp,(‘?pr*@\)f]dr.
|r—3M|<e lr—3M|<e

We recall now that ® and ¢_3, . ® are bounded in L3°, (7~ *(R)) from Proposition
5.20. Thus, by (6.10) and the ILED of Proposition 6.3, we have

sup Il 3 /| e [V 1A lar < 8[VE ] 31

|[r—3M|<e
S F17100) + 3[f]-

We then deduce (6.11) from this last estimate and (6.12), by choosing £ small enough.
|

7. DECAY OF THE ENERGY FLUX

Let us now show quantitative decay estimates for the first order energy flux E[f]
studied in the previous section. For this, we use the rP-weighted energy method suit-
ably adapted to the framework in place.

7.1. Tuk rP-WEIGHTED ENERGY METHOD. — Let us begin by proving the following ele-
mentary result.

Lemma 7.1, — Let p € N*. For ¢ € [0,p], let F,: Ry — Ry be functions satisfying
the following properties:

(a) Uniform boundedness. There exist constants Cy > 0 such that
V21 20, Fy(12) < CyFy(m1).

(b) Hierarchy of integrated energy decay estimates. For any q € [1,p], we have

T2 o
T — / o1 (1)dr < TyFy().

S
Then, there exists a constant Cp, > 0 such that
Cp

Vr>0,  Folr) <
T o(7) Ry

Fp(0).

—~

Proof. We note that the result holds for 0 < 7 < 1 in view of the assumption a.
We deal with the case 7 > 1 by performing an induction. Let us prove that there
exists a constant C > 0 such that

(IH-q) V1 >1, Fy(r) <
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holds for any ¢ € [0, p]. By a, the induction hypothesis holds for ¢ = p. Let ¢q € [1,p]
such that (IH-q) holds. Fix i € N and use the first assumption a for (11, 72) = (7,2+1)
to obtain

i+1 it1 .
2 2 1 9i

/ ?q,l(T)dT>/ = ffq,l(zi“)ch:6 Fo1(27h).
=21

=21 q—1 q—1

Combining this estimate with the assumption b applied on the interval (7,72) =
(2¢,2+1) we obtain from the induction hypothesis that
6q—l 2 6q—l

Toa@ ) < St [T < S 08,0 <

Cy1C, C
2i '2<p—q>z'§p(0)'

N

Let us consider 7 > 2 since the case 7 < 2 is straightforward by a. Then, there exists
i € N such that 2/t < 7 < 242, 50 2¢ ~ 7. Using again the assumption a, we have

¢ <1 50

Fq-1(1) € CqmrTqm1(27) < [Ty [7Cy - 2(p—q+1)i »(0) S TP—q+17P

By considering a larger constant C', the induction hypothesis holds at step ¢— 1. From

here the proof follows. O
7.2. DEcay or tHE ENERGY FLUX E[f]. — For p > 0 and ¢g: P — R, we define the norm
v | [P/2]
EP[g] = ]EKT” Py >g}
2
Remark 7.2. — As a direct application of Lemma 7.1, we get from Proposition 4.4

applied to 0y f that
V720,  E[p-9:f](r) Sp ()P EP[p-0:f](0).

We set further the following energy fluxes,
T?(g] = EP [p_0rg] + E? [p_Xpp 9] + E” [py V3]
+EP[lpw [/ r~ - [V1V g] + B [Dy,. g],
€[g] = F"[g] + E’[png].
We now prove the main result of this section.

Prorosition 7.3. Letpy € N* and f be a solution to X,(f) = 0. For any p € [1,po],
we have

+oo
(7.1) sup EP[f(T) +/ EH[f)(r)dr < EP(£1(0).

720 =0

Moreover, there holds

(7.2) vr20,  E[f](r)

JILP — M., 2026, tome 13



494 L.. Bicorene & R. VELozo Ruiz

Proof. — Let us observe first that (7.2) is a consequence of (7.1) and Lemma 7.1.
Since the exterior of Schwarzschild black hole is static or, alternatively, by applying
(7.1) for the foliation (X );>0 = (Zr4r, )r>0, We get

“+oo

V7 =0, sup 8”[f](7')+/ EPTLF(T)dr < EP[F](m1).
T2>T1 T=T1

The stated decay rate of the energy flux then follows from &[f] = €°[f] and Lem-

ma 7.1. According to Proposition 6.22 and Proposition 4.6, for any p € [1, pg], we have
+oo
(7.3) sup FP[f](7) + FrHf(r)dr < FP(F(0).

720 =0
Next, by Corollary 3.15, where the cutoff function  is introduced, and X(p:f) = 0,

we have

TP | py |[P/2] [(p—1

Xq (Y(T)ﬁ o

Hence, by the energy estimate of Proposition 2.16 and since 202 > 1 for r > 4M,
we have, for all 7 > 0,

Pv

_ )/2]
pofl) S pe1F anrrerar =72 PollpefILrsar.
t

 (1p/2] iy ([=1)/2]
(Ea-p) E[”p B pef ]-r}?M} (1) +/ 1| e [po|[pe f1Lrs7ard s
Dt ©=1(R) Dt
e 2
S E[Tp Dy pef ]17’24M} (0) —|—/ ‘th‘ | fldpup.
Pt a=1(R) T

Recall now that p,, = p, for r > Ry. By adding the estimate of Proposition 6.2
multiplied by a sufficiently large constant to (Eq-p) and (Eg-1), we have
“+o0
sup Bp f)(r) + [ P o )(r)dr S Bl £100) + EL£100).
7=0

720

The result follows by (7.3). O

Remark 7.4. — The estimate (7.2) can be extended to the case py € R instead of
po € N* (see Remark 4.5).

Finally, we prove that if the initial data is exponentially decaying, then one can
prove an integrated energy decay estimate that leads to exponential decay for the
energy flux. For b > 0, we introduce

E® lg] = E[eb”’”/m g]

exp

and we define accordingly F°_ [g] as well as €%_[g].

exp exp

Prorosition 7.5. There exists a constant 0 < by < b, depending on M and b, such

that
VT 20,  E[f)(r) S e e, [f1(0).

> exp
Proof. Note first, in view of the support of the cutoff function %,

b X(Mrpu/Dpe | brpu/pe g < 2M, etrPe/Pt o1 for r < max(7M, Ry).
Hence, according to Corollary 3.15, applied for p = 1, we have
X, (ebi(r)rpu/ﬂzm) =bX, (Y(T)%)ebi(r)rm/ﬂzm < Ipn | Lrcrar—|po € /P L.
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We then get from Proposition 6.22 that there exists a sufficiently large constant A > 0
such that

(7.4) lgjwckxg [(A n ebw%/ﬂ?m) |gk|}

—(|pN|]1r<RO + \pv|6brp“/pt]1r>Ro) Z |9k
1<k<T

Recall that p,, ~ py for r < Ro and pp,_ = p, for r > Ry. By the energy estimate
of Proposition 2.16, we then obtain

sup T [f1(7) + / [Prs, 1P grldug S T2, [£1(0)-
720 T—1(R) 1<k<T
Similarly, one has

sup B I+ [ o 7

720

<EL[pef1(0) + / o el f 1.
~1(R)N{r<Ro}

The last term on the right-hand side is bounded by E[f](0) < €L, [f](0) according to
Proposition 6.2. This yields,

+oo
sup €%, [1(r) + / e2 Lf1(M)dr < €%, £1(0).

720 =0

Using again the time-invariance of the exterior of Schwarzschild black hole, we get
that the same estimate holds but with initial time 7 instead of 0, for all 71 > 0. This
directly implies the exponential decay. (]
8. POINTWISE DECAY ESTIMATES
We start by collecting some relations which will be useful later.

Levmma 8.1. There holds

r—3M
V() + iy, - | S Il (@),
VElom)| Slesl o7 (@),
Ve S el on {r > Rob.

Moreover, for any complete lift K e {0, fli, ﬁQ, ﬁg}, we have
K(r) = K(p~) = K(|pl) = K(p:) = K(pn) = 0.
Remark 8.2, — Note that the first relation implies [V1°4(p,)| < [pn|-

Proof. We start with the first inequality. Since
(=30

3y

rO-(pt) = ;aT(QZ/rz)W;L _
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we have
(r —3M)|p?

3y
(r —3M 27M?

2 P + r3/2|r + 6M|1/2pt

(8.1) Vid(p) =~

)]E + Do L
bt Pt

Since rjp_®| < |p:| by Proposition 5.20, the last term is bounded above by |p:|. The
same holds true for the third one. Finally, we compute

| 2

D Ipe2 = |pre? PP
PiOp o — ——p_ = =
r Pt QQPt TPt

Note now that

A(r = 3M)pupy

rQ2p,
_ (7" —3M 27 M?

Y T

VriOd (pt + pr*) = -

r* +
CML) Pre £ P
Pt

from which we directly get the third inequality since 2p, = p; + p,~. For the second
one, we assume that r < 2.7M since py = p; otherwise. From the last equality, one
gets

ymod ( ﬁ ) _Ar(r—3M)p, 7 4r(r — 3M)pupy
+ 02 Pu) = 04 Q4pt
27M?r/? . 2|p|
8.2 - ( —3M)p_ + L — _) u
( ) (T )QO + ‘T+6M|1/2pt 4 Q2pt
_2(r —3M)|p.| (27’Ipu| B )  5AMZ 2 p, | L3y Aral g
O2p, 02 - |r + 6 M |1/202 TQ2p,

By Remark 3.7, the second factor of the first term in the right-hand side is bounded
by |pt|. According to Proposition 5.20, the last term is bounded by |py|. We then

deduce that
2

(2

In view of the definition (2.4) of py and Remark 8.2, it implies the second inequality.

< Ipw| on {r <2.7TM}.

Next, for any 1 < ¢ < 3, there exists a spherical coordinate system (6’,¢') in which
Q; = Oy, from which we directly deduce ©;(|p|) = 0. The identities for the complete
lifts of the Killing vector fields follow from direct computations. O

We recall a standard result, proved for instance in [Big23, Lem. 5.2].

Lemva 8.3. — Let h: P — R be a sufficiently reqular function. Then,

h| dpp, tr*) < //ﬁlthd.
RS RS ED S i MR

Y (t,r*) € R?, ‘
z L>(S?) |1]<2

The next step consists in proving the next result.
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Prorosition 8.4. Let h : P — R be a sufficiently regular function and
R (", 1, 0,¢,p) = h(t* — 2M log(r — 2M),r*(r),0, ¢, p).
Let x € R and 7 > 0 such that x € X-. We have

r(a)? /? hldus,

r(x)+M i
/T /S2 / ‘ [Vindﬂafﬁlh} ‘(t*(m)vﬁva)dM:PETQdugidr.

n+q<1 <2/ r=")

Remark 8.5. — The radial domain of the integral could be chosen to be [r(x)—M, r(x)]
if r(z) > 3M.

Proof. — Tt will be convenient to work with g :== h/p,. We have

2M 1
a’r|g*|(t*7r797 ¢ap) = {_@8t|g| + @87‘* |g‘:| (t* - 2M10g(7" - 2M)7T*(T)a 9, ¢ap)

|r + 6M|Y2(r — 3M) + 2Mr1/?

1 mod
= ;V—i- (lgl) - 13/2Q)2 Bilg|
r—3M 27M? > P
+ ( e |7’+6M|1/2r5/2pt B (P_) b 191

where the functions in the right-hand side are evaluated at
(t* —2M log(r - 2M)7 7”*(7"), 97 d)ap)'

As |pi|r®dugp, = sin~'(0)dp,~dpedp,, we have by a one dimensional local Sobolev
inequality,

r(x)+M
7’(1?)2/ Iptgldu?IS/ / |peg™| dpp, r2dr
P r=r(z) P

T (z)+M

+ [ \ / 1pel0s (|g° ) duo,

r=r(z)

’I"

Performing integration by parts in p,~ and using that |r +6M|Y/?(r — 3M) + 2Mr1/?

vanishes for r = 2M,
1
S */ |pe|
T P

/ |0 (|97 |) dpp,
P,

mo * r— 3M «
[Velg) = S0, ()9 .

- /T pel|[0:g] | dpeor,

+/ pe| (L + [®0p,.. 0| + lo_0p.. @) |g" |dpo, -

x

Recall now from Proposition 5.20 that ¢ 9, . ® € L°, (7~ (R)). We further have
|10y, . p—| S r|pn| since pid,, . and p_ are both smooth up to H*. This can also be
obtained by using Remark 3.7. Consequently,

|0y, 0| S \@I!pt oo 9| S W

[r®| < +o0.
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Finally, as h = p;g, we get from Lemma 8.1

mo * T — 3M *
pel| [VE9)” = —5—0p,. (¢-) ] |
and it remains to apply the Sobolev inequality of Lemma 8.3. ]

It allows us to deduce the next result. For convenience, with ngs«—c) the normal
of a hypersurface of constant ¢*, we define

IM —1/2 2MN\1/2 p,,
(8.3) P 1:P(n{t*=cst}) = (1 + 7) Py + (1 + . ) 0z
Note in particular that p; ~ py. We will also denote by dpfs—csty the induced

volume form on the hypersurface {t* = cst}.

Cororrary 8.6. — Let g : P — R be a sufficiently reqular function, T € Ry and
x € X;. Then, if r(z) < Ry, we have

@ [ o Ploldns, S 33 Elp VI o) o)
n+q<1|I[<2

Otherwise r(x) > RO and we have, for p € N,
Dy |P

2+p
(>
( ) /(PI Pt
<
~ Z /{t*—t*(w),Ogr(x)rgM}/

n+q<1
[7]<2

IpNI lg|dpp,

p|Pv|P
Dbt

|Pt* PNV "3qﬂ[g‘dus> dptge=t= (2} -

Proof. We apply Proposition 8.4 to h = |px|?g or h = 7P|p,/p:|P/?|pn|*g and we

use
O mod mod ppv p/2 P
o) = Qo) =0 VIow) Slewl, |V (22T | 2

which follow from Lemma 8.1. Note that if r(z) > 3M, we also use Remark 8.5.
Finally, we exploit py ~ pg= and that X N{r < Ry} isequal to {t* =7, r < Rp}. O

Dy |P/2

In order to be able to exploit this Sobolev inequality for r(z) > Ry, we will make
use of the next result.

Lemma 8.7. — Let p € N and f be a solution to X,(f) = 0. For all 7 € Ry and
x € X, N{r > Ry}, we have

Z/t* t*(r),Oér(z)—rgM}//

n<l

Proof. — Tet y € R such that ((), 6(y), 6(y)) = (¢*(2),6(x), 6(x)) and r(y) —
r(x)— M. Then, there exists 7/ > 7 such that y € ¥,,. We then consider the domain D

with boundary
{t" =t (x), 0 < r(x) —r < M}, S0 dr
HEn{r <t* <7}, X.n{r

pv
Dt

pNVmO nf

|pt* dePw dﬂ{t*:t*(z)} 5 Sp[fKT)
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Recall now the functions g, 1 < k < 7 and Proposition 6.22. In particular, g7 ~
pNV“def. Let further gg := £f and ¢ = 1. Then,

. if p = 0, we use Proposition 6.22 and the divergence theorem, applied in D

to N[Ckgk].
« If p > 1, we apply the divergence theorem to
o Do p/2
N[eex(rr?| gz |
and we use Corollary 3.15. The error terms arising from the cutoff function x are
handled through the ILED of Proposition 6.2 since 7=(D) C 7~ (P). O

We are now able to get the main result of this section, from which one can ob-
tain decay estimates for the null components of the energy-momentum tensor T[f].
In particular, by using Proposition 7.3 (respectively Proposition 7.5), one obtains
Corollary 1.1 (respectively Corollary 1.4).

Cororrary 8.8. — Let f : P — R be a solution to the massless Viasov equation.
Then, for all x € R,

T lf)@) S o 3 EDY ) ().
a+|11<3
Consider further p € N. We have
pul” 2 1 P10

q+|11<3

Proof. — For the first estimate, we apply the previous Corollary 8.6 and Lemma 8.7
to 9fQL f, for any q + |I| < 3. For the second one we further use Proposition 7.3
providing the decay of the energy flux. O

AprrENDIX A. UNIFORM BOUNDS FOR THE CORRECTION TERM

In this appendix, we prove the next result which implies Proposition 5.20.

Provosirion A.1. — Let ¥ := (r + 6M)® and 0 < 6 < 1. Then, we have

o |+ 72 po|
sup _—

1
0|+ = |p_8p,. V| < +oo.
m=1({t*>0}) |pe| r

Revark A.2. — In view of Remark 3.7, we have |ro_| < r2|p,| + |p¢| for r > 3M.
As [rp_| < |pn| for r < 3M, it implies |ro_|?|p:|' =0 < [pn|+72|py| for any 0 < 6 < 1.

A1, Previvinaries. — The study of W and its derivatives will be based on Lg%,
estimates relying on Duhamel formula (see Lemma A.4 below). For this purpose,
we need to introduce the flow map defined by X,.
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Derinirion A3, For 7§ € Rand y € m1({t* = 7¢}), we define
75— Do (15, y)
to be the flow of X, parametrized by t*, so that @, (75,y) = y.

We also recall from (8.3) the notation p;« for the contraction of p with the normal
of a hypersurface of constant t*. It verifies ps« ~ py.

We now prove a general estimate for a solution to a damped massless Vlasov
equation.

Lemma A4, Let i € R, and let Z: P — R be a function such that

Xy(E) +d(z,p)= = s(x,p), sup ’E‘ < 400,
m=1({e =7 })

where the damping term d: P — Ry and the source term s: P — R verify
V(z,p)e®,  |[s(z,p)| Sd(z,p).

Then, there exists a constant C > 0 depending only on d and s such that

Y1y =11, sup |E’ <C+ sup {E|
= ({ry <t <Ts }) T ({t*=71})
Proof. — We parametrize the flow of X, by the variable t*, so we introduce
d s
= s = .
[pe- [pe-

We further consider 7% > 7 and y € n~'({t* = 7*}). According to Duhamel’s
formula, we have

*
T

(g) = RO (g ey / e oW 5 o g (7 4)dg.

=Ty

(1]

It remains to remark that, by assumption,

*

T * * T T* *
‘ / e~ Ji=q 027" W)dz g o, (77, y)dq‘ < / e~ Jimq 2o (m")dz g o, (7%, y)dg
q=T{ q

=7
=1l—-¢ fzi*i"QO%(T*’y)dz. |

A.2. PoINTWISE ESTIMATE OF W, We compute first the damped Vlasov equation

verified by ¥ = (r + 6M)P.

Lemma A5, — The function ¥ is uniquely determined as the solution to

Xg(©) +@(r,pre,pe)¥ =b(r,pt),  Ulpi(e=op) =0,

where a: P — Ry and b: P — R are given by

a( ) r2 +2Mr + 3M? ol + 2M |p.| Pre
a(r, pr- = 72 0z
P P 6 M2 (32 + M+ 6M[2) P T 202 T e
r+3M
b(rpy) = L+ 3]

P52 + 6M[1/2
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Moreover, they satisfy the bounds

6M|p 2M |pul
rr+ 6M] + r1/2|r + 6MP2 | 12 Q2
Proof. — Recall from Definition 5.18 the equation verified by Q®. Then, using the

computation performed in (3.4), we have X, (®) + a® = (r + 6M)~'b. The first part
of the statement then follows from X, (r + 6M) = p,-. Next, as

1% 4 2Mr 4 3M? = 1% + Mr'2|r + 6M[Y2, |pe| < |pil,

_ 2
a’(rap’r*upt) > ’b(’l",pt)‘ < ﬁlpt|

we have
E(T Pres P ) > Iptl _ |pt| 2M |pu|
OB Z A2 L 6M|V2 T 4 6M T 72 Q2

implying the lower bound for @. The estimate for b follows from

r+3M < 2rY3r + 6M|V2. O

We are now able to control ¥ pointwise.

Prorosition A.6. — There holds

|pN|| o+ 72|py|

|pt|

Proof. Let us recall from Proposition 3.4 the properties of the weight £ capturing
the redshift effect. In particular we will use that { ~ py and —Xg4(|¢]) > 0. Thus,
we have

€] €]

€
X \I/ +a y Pr*y \Il_ b?“, 9
o (g ¥) +@lrpre po) 0 = bl )

where, using [py| ~ |p| + Q7%|py| and Lemma A.5,

sup [¥| < +o0.

7=1({t*>0}) |t

|PN \

a(r7pr*7pt) = 6(r7pr*apt) |§| IX (|£D E(T p?”*vpt) z 7“2 '

Consequently, we have

‘€| }b Ty Pt | ~ T o NE(TapT*apt)'
I E

The first estimate ensues from Lemma A.4, since ¥ vanishes initially. Note that we
only need to prove the second one for the region {r > 7M}. Recall the cutoff function
X € C°°(R) which satisfies Y (s) = 0 for s < 4M and X(s) =1 for s > 7M. Then, by
Lemma 3.14, we have

N €l g 3
Xg (X(T) Q2‘pt‘ \I’) + (T Dr= 7pt) |pt| = b(?”, pT*apt)7

where

a(r, pr-,pi) = a@(r, pr=,pe) + ZY(T)W po?

N e N
b(T7 Dr= apt) = Pr+X (’I") QQ |pt| \II + X(T) Q2|pt| b(?", pt)
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In particular, by support considerations and the boundedness of W,

B[ (r.pr- p0) S [Pl Lz anr.
As @ > 0, the result would follow from Duhamel formula if we could prove that
Vy € W_l({t* = 0}), / |:p7v]]_,r>4M:| o @S(O,y)ds < C,
s=0 -Dt*
for a constant C' > 0 independent of y. For this, one can simply exploit that, according
to Proposition 3.4 and Corollary 3.15, for A > 0 large enough,

2
N2 3M
Xy (AE +x(r) QJ'; || ) N Ail | Ipe| + el Lr<rar — 7po|Lrsor S — ol Lrzans
¢
O
A.3. BounpEDNESS FOR THE DERIVATIVES OF W, — The analysis performed to estimate

derivatives of ¥ shares some similarities with the one carried out in Section 6. However,
since we will control LZ°) norms of the derivatives of ¥ along null geodesics, we are
able to separate the estimates in the different regions of the null-shell in a cleaner
way. We recall that the final goal consists in estimating r_ltp,apr* v,

A.3.1. Preparatory results. We will have to commute the damped massless Vlasov
equation satisfied by ¥, by the vector fields 0, X\?\’ V, and ¢_0,,.. For this, we will
use that

(A1) X, (Z\I/) +a(r,pr,p) 2V = Xy, Z)(V) — Z[E(r7pr*7pt)} U+ Z[b(r,pt)],

for any vector field Z. Then, we estimate Za and Zb for all the derivatives that we
will consider.

Lemva A.7. — There holds
oxa = XWE = 0:b= X|p|b =0.

Moreover, the following estimates hold,

|peOy,... [@(r, Py, pe) | ¥| S |pt|, |pi0p,... [b(r,p)]| S %',
Vs [atrprep0] ] £ 'pf'7 Vb <2

Proof. — The first identities follow from the relations Z(p,+) = Z(p:) = Z(r) = 0 for
Z € {0, X}p}. Next, we recall from (8.1)-(8.2), where we formally set ® = 0, that

Vel Slowl Ve(Zmpd)| Seol. Vi) =
We further note that
P P
PeOp,. Pt =Pr+s  DiOpPr- =Dt [DiOp,. Q’;’ < |Q—"2| < Ipwl-

It allows to obtain the upper bounds for the derivatives of b. Using in addition
[pnT| < |pe|, we get the estimates related to @. O
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For the derivatives V. ¥ and r~'¢_9, . ¥, the analysis will be divided in three
regions, {p,» < 0, r > R}, {r < R} and {p,~ > 0,7 > R}, where we recall that
R > 832M. This separation is allowed by the properties of the null geodesic flow in
Schwarzschild stated in the next lemma. See for instance [O’N83, Ch.13] for more
information.

Levvia A8, — Lety € {t* = 0}. There exists 0 < t](y) < t5(y) < +oo such that
(a) ti(y) < 400 and
o for all s* € (0,t5(y)), we have @4 (0,y) € {p,~ <0, r = R},
o for all s* > t7(y), there holds ®4-(0,y) ¢ {p~ <0, r > R}.
(b) t5(y) is infinite if and only if the orbit s* — @4 (0,y) is future trapped and

o for all s* € (t5(y),t3(y)), we have P4 (0,y) € {r < R}.
o If t5(y) < +o0, either the orbit s* — @4 (0,y) crosses the future event
horizon Ht at t5(y) or @4 (0,y) € {p,» =0, r = R} for all s* > t5(y).

For our purposes, we also need to control the derivatives of ¥ on the hypersurface
—1 *
7L ({t* = 0}).

Lemma A9, — The following estimates hold,

- 1 p
\ || ol <1 vl < |pe|
[Pt ({tr=0p) ~ 7 m=1({t*=0h) ~ rlpn|’
X, 0 -0,  pd qf\ -
P g —op) P e (e =op)

Proof. — Since the (trivial) data for ¥ are prescribed on 7~1({t* = 0}), it is conve-
nient to work in the coordinate system € = (t*, 7,0, ¢, pr, Do, p,) of P induced by the
coordinate system (t*,r,0, ¢) on Schwarzschild. We note that

pre _ 2Mpy _ pre —pr
0 o2 Q P
In order to avoid any confusion, we will denote by 9 the derivative according to the

variable a of the coordinate system €. For any A € {0, ¢}, we have

t" =t+2Mlog(r — 2M), Dr =

Qgpt
of = 0y, Oy = ——sir— .5
br Pt — %pr* b

For the radial derivative, the computations are slightly more complicated and we will

oy =0, 9, =0

pA”

prove

oM 1 2Mp, 6Mp, 2M py+ (py + 32%py)
A2) 0 = -0+ — 0 — d, . — . ..
( ) r 7”92 t + QQ TQQQ Dr ,r2 Dr Tz(pt — Dpe + szr*) Dr

For this, note first that

2M * * 2M(p’r‘* - pt) * 2M *
ar = @3,5* + 87, - 77“294 pr War(pt)apr.
Next, we have using the null-shell relation (2.3) that
> (r=3M)[p] r—3M Pt + Pr
a(pt) *8 (QQ/ )p ? :_( )( )(t )

r4py 7“292]%
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It implies, as p, = pt + pr~ and Py, = Py — Pp,

AM|pu|® . | 12Mpup, .,
7"294]315 Dr T-?Qth Dr?

2M * *
8T == @8“ +87‘ +

from which we get (A.2).

By definition \I/‘ﬂ-—l({t*zo}) = O, so we have 8;‘\I!|rl({t*:0}) = 0 for any variable
a # t* of the coordinate system %. Using the damped massless Vlasov equation
verified by ¥, we then have

p 2Mpr* — *
—Qitzat\IJ + Wat\l} = b(?",pt) on 1({t = 0})
Since
pe | 2Mp,- AM|p.|

_@ rQ2 = |pt| + rQ2 ~ |pN|7

and |b(r, p¢)| < v 2|pe|, we have

9, < el
1({t*>0}) ~ r2|py]|

We then get the result by using |¢_| < 7|py| and that, on 7= ({t* = 0}),

r+ 6M|L/2 r  2M
92 M2 1/2
_ M7 0,0 — 1o, . 0

r3/2 — |r 4+ 6M|Y/2(r — 3M)

A.3.2. The case of the Killing vector fields. — As a starting point, we treat the case of
the derivatives associated to the symmetries of Schwarzschild.

Prorosirion A.10. — We have X (¥) = 0 and

sup | |8t\If| < 4o00.

w=1({t*>0}) |pt|

Proof. — For Z € {0, Xy}, we have [X,, Z] = 0. Hence, we get from (A.1) and
Lemma A.7 that
XQ(Z\II) +E(Tapr*apt)Z\Ij =0.

As Xy (¥) = 0 initially according to Lemma A.9, we get X, (¥) = 0. For 9;¥, the
Lemmas 3.8 and A.9 provide

%,( 200 ) + [a+al(r.pr p) 200 =0, w290 < oo,
Dt Pt

7=1({t*>0}) |pe|

We conclude the proof by using Duhamel’s formula through Lemma A.4. |
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A.3.3. Radial derivatives along trajectories of incoming far-away particles. — We now
control the derivatives of ¥ along the flow s* — ®,+(0,y) until time ¢} (y).

Prorosition A 11. — Let y € {t* = 0}. There exists an absolute constant By > 0
such that

sup V¥ o @ (0,9) + |r -0, ¥| 0 ®-(0,y) < Bi.

0<t*<t(y)
Proof. — We first recall that in {p,~ <0, r > R}, we have Q72 ~ 1 and |¢p_| ~ r|ps|.
Hence, in this region,

VU4 [0, 9] ~ |S9] + |nid,.. %] + |93,

so, in view of the previous Proposition A.10, it is enough to control S¥ and p.0,, . ¥.
By following the analysis of Section 6.2, which allowed us to obtain (6.3), one can
prove

Xy (w]|Se]) + %Xg(w|pt8pr*\lf|) < —wa(r, pr, pt) [‘S\II| + Tl(i‘ptapr*\p” + C’|pr—N|,
where the weight w is defined in (6.2). The differences in the analysis are the following:

(a) According to Proposition A.10, we have X, (¥) = 0 and [p,[|0;¥| < |pe|r—!
in the region considered. For the second estimate, we also use |p;| < r~t|¢_|, which
holds in {r > 4M, p,» < 0}.

(b) Here we have X,(¥) # 0, whereas we had X,(f) = 0 in Section 6.2. The extra
(bad) error terms are handled by applying Lemma A.7.

(c) We simply bound above by 0 certain good error terms related to X, (w).
Note now that @(r, p,«, pt) 2 7~ |pn| since p,.« < 0 in this region. As w ~ 1, it remains
to use Lemma A 4. O

A3.4. Radial derivatives along trajectories located in the bounded region. — We now
deal with the bounded region {r < R}, that is, we focus on the time interval
(t3(y),t5(y)). On this domain, there holds 2M < r < R, so we can work with
multiples of V. and r~!¢_d, .. We recall the function a introduced in Lemma 3.8.

Lemma A 12. — There exists an absolute constant Cy > 0 such that
Xg(|7d(p76pr* \I}D + a(rapr* apt)|7a(p78pr* \II| < ’<P7V+‘I" + Corlela

|pt|
P52 + 6M|1/2

Proof. — From (A.1) applied to Z = r¢_0,,. and Lemma A.7, there exists C; > 0
such that

X (Ir@-0p,. ¥]) +@(r, pre, pr)lre-0p,. U| < [[Xg, 190, (V)] + Calep|.

Next, we apply the commutation formula of Proposition 5.15 together with Lem-
ma A.10 to get

|PN|

Xo([Vewl) + [a+a](ropp,p) [V 9] < |-y, W[+ Co==

2
|[Xg,10-0p,.. ] ¥| < |‘ppt||8t\If| +]o- Vi < Cilo-| + |-V, 0.
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It remains to use |¢_| < r|pn|. We now prove the second estimate. Let us recall the
commutator [Xg, V] from Lemma 5.21. Applying (A.1) to Z = V; and Lemma A.7,
we then get

Xg(’VJr\IjD [a-i—a](?" DPr*, Dt |V+\II‘\W

-0y, |25, (W) 40, 2.
Finally, we use |X,(¥)| < r~!|pt|, which follows from Lemma A.5 and
@] < r~pn | S e pel- 0

As in Section 6.3, we use the weight (4 with A large enough, in order to absorb
the bad error terms away from the future event horizon H* and the photon sphere
{r =3M}.

Cororrary A.13. There exists an absolute constant co > 0 such that for all A >0
we have on {r < R},

Xy (¢ @0y, W) + (coAlp,-

+ coAlr — 3M||p| +a(r, pr- 7Pt))CA|T‘P78pM vl

< (A|<p_V+\I/| + COCAT|pN|
and
Xy (CAV,0]) + (cOA|pT*‘ + coAlr — 3M||p| + [a + a] (r,pr*,pt))CA|V+\I/|

|pt |

A AlpN]
< Sy oariaS re=On.- W]+ Coct

Proof. — Let us recall from Lemma 6.17 that ¢ ~ 1 and X4(¢) < —|py«| —|r —3M||p]

on {r < R}. The result then follows from Lemma A.12. O
We are now able to conclude the analysis in the bounded region.

Prorosition A 14. — Let y € {t* = 0}. There exists an absolute constant By > 0

such that

sup [V @[ 0 @ (0,) + |rp_0,,. ¥[ 0 B4+ (0,y) < Bo.

0<t*<t3(y)
Proof. — We assume that t3(y) > ¢ (y), otherwise there is nothing to prove. We claim
that for A > 0 large enough, there exists ¢ > 0 such that we have on {r < R},

A
(A3) X, (grlre-0p,. W) + X, (¢ |Vaw])

+epnl (S0, 9]+ AV ¥]) 5 ol

8M2 ‘T(p
Then, the result will be a direct consequence of Proposition A.11 (providing the
estimates up to time ¢}(y)), ¢ ~ 1, and Lemma A.4.
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We now prove (A.3). For this, we remark that according to Corollary A.13 and
since @(r, py+,pt) 2 |pn|r~2, it suffices to show that if A > 0 is large enough, then

1 _ 5 |pi|
(A4 o (COA‘pT*| + coAlr — 3M||p| +a(r,pr*,pt)) 74 Pl 4 6M[?
-~ 3 Jo-
(A.5) coAlpr+| + coAlr — 3M||p¢| + [@ + a] (r, pr, pt) > 5 5\42‘ :
We introduce ¢y > 0, which will be fixed small enough and we recall
(r? +2Mr + 3M?)|p;| 2M |py|
a(r,pr,pt) = 1/2(,3/2 7 T 202
rlr+ 6M|Y/2(r3/2 + M|r 4 6M|1/2) 72
6(T7pr*apt) = a(r’pr*7pt) - r _]:TG*M

We deal first with (A.4) and we consider two cases:

« Close to the photon sphere, where |r — 3M| < 5. We have

2|p:| 2|pu|
a(3M,p~, = ,
(8M.prer) 3(V3+1)M | 3M

4 || _4 e 1 2|t

3 BMP2OM|T2 3 273M3 S 8M? 3(V34+ )M

Consequently, if A large enough so that |p«|(r +6M)~! < coAlp.+|, we get by conti-
nuity that (A.4) holds on {|r — 3M| < &¢}, provided that £¢ is small enough.
« The rest of the bounded region, r < R and |r — 3M| > ;. In that case, since

|r —3M]| is bounded below, the inequality is verified as soon as A > 0 is large enough.
For the estimate (A.5), we consider again two cases:

. Close to the future event horizon H+ where 2M < r < 2M +¢g. By Remark 3.7,
we have

-1  2rlpa| 1 270212 |py|
8M2 < 8M2Q2  8M?2 3/2 — |r + 6M|L/2(r — 3M)
g0 |3 2Mlpu| | o
<14+ =2 - —Alr — 3M]||p),
’+2M r2Q)2 +2 |7 — 3M||p:|

provided that A > 0 is large enough. We get (A.5) if ¢ is small enough so that
811+ 29/2M|% < 2.
« The rest of the bounded region, 2M + ¢¢ < r < R. In this domain, we have

3 le-|

5 g S Pl I = 3Mlpyl.
We then get (A.5) if A > 0 chosen large enough compared to ¢; ' O
A.3.5. Radial derivatives along trajectories of escaping far-away particles. — We finally

treat the domain {p,~ > 0, r > R} or, equivalently, the time interval (t5(y), +00).
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LeEvmva A 15. There exists an absolute constant Cy > 0 such that, on the domain
{pr~ 20, 7 > R}, we have

Xg(‘r_lcp_apT*\IID +a(r,pT*,pt)’r_1tp_8pr*\I/| < h:i—g"V_F\I/’ +00@
and
Xo(|V4¥]) + [@+a](r,pe,pe) VLT < W\r—%ﬁw‘l’! +co|pTN|.

Proof. — As Xy4(r=2) = —2p,«r3, we get the result using Lemma A.12 and that, for
pr* 2 07

a(r,pre,pt) + 2prr ™t = a(r, pre,pt) — P (r + 6M) "+ 2pr ™t > a(r, e, pr). O

This lemma allows us to deduce the next result, which in particular implies Propo-
sition A.1.

Prorosition A.16. — There exists a positive constant Bs > 0 such that the following
estimate holds. For all y € 7~ 1({t* = 0}),

sup ’V+\II‘ o P4 (0,y) + ‘r‘lgo_o”!pT*\I/‘ 0 ®4(0,y) < Bs.
t*>0

Proof. — Lety € m1({t* = 0}). We remark that in view of Proposition A.14, we only
need to treat the time interval t* > ¢35 (y). We then assume that the orbit 7 — &.(0,y)
escapes to future null infinity JT, since there is nothing to prove otherwise. The key
step consists in proving that

3 _
(A6) X, (51 p-0y,. 0| + V1))

|pi| (3 -1 |pt|
4 o, N ) < ¢, Pl
1+ 60 2" = Op MIH VY]] S o
on {p+ >0, r > R}. Indeed, since
V0] 0 @4 (0,9) + 17100y, U] 0 Dy,(0,y) < Bo
by Proposition A.14, the result will follow by Lemma A.4.
We note now that (A.6) is implied by Lemma A.15, py = p; for » > R and

[P — 3le—| |pe|
+ * = = .
r1/2|r + 6M|1/2° [@+a] (r,pre, 1) 2 r2 4(r+6M)

The first inequality follows from r2 + 2M7r 4 3M? > r2 + Mr'/?|r + 6M|*/2. By Re-
mark 3.7, we have for r > 3M,

a(r, D= 7pt) >

oI _ Ipel = pie 27M?|py| o el =ppe 270y
r2 T Q2 3+ 732 + 6M|V/2(r —3M) Q2 o
Moreover, we have
a(r, prspe) = a(r,pre,pr) — —o > L - P o

r+6M T /20 £ 6MV2 r+6M 7 r+6M
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so that, for p,« > 0,

- lo_|  8M(|p| —pre)  2TMZ|py|
Cp) > - -
a(r, pr,pt) 2 (r—2M)(r + 6M) 3
lo—] B 8M |p¢| _ 27M2|pt|
T2 (r-2M)(rk6M)
Now, still for p,~ > 0 and r > 3M,
I o | 8 M |py] 27M?|py|
- . > 2 - N ’
20..(7"]37“ ,pt) 2(7"+6M) 22 2(r—2M)(T+6M) 23

We conclude the proof by noting that for » > R > 832M,

a(r Dre s P ) _ 24M|pt| _ 81M2|pt|
B (2 M) (r 4+ 6M) 73
Pl 24M |py| _8IMZp| el O
T r+6M  (r—2M)(r+6M) T 2(r+6M)

ArpEnNDIX B. COMMUTATOR ASSOCIATED TO A CONSERVED QUANTITY ARISING
FROM TRAPPING

In order to consider symplectic gradients, we cannot merely work on the null-shell
P and we need to consider a larger subset of the cotangent bundle, that is the one
of the causal geodesics. The goal of this section consists in justifying our choice to
work V., which is a particular projection of X, on T"P. For this purpose, we recall
the notations introduced in Section 2.2.

We start by defining, for all m > 0, the mass-shell

P = {(a?,p) cT*8 | g, (p,p) = —m?, pis future—directed},

so that Pg = P. In particular, if s — ~(s) is a future-directed geodesic verifying
g(¥,%) = —m?, we have for all s that

(’Y(S)’gv(s)(q’/(s)’ )) € Pm.

The relation g, !(p, p) = —m?, often called the mass-shell relation, is equivalent to
2 _ 2 of o, 1P ?
(B.1) lpel* = lpp=* + Q% (m? + 75 ).

The mass-shell P,,, can be parametrized by the coordinates (t,r*,6, ¢, py«, Do, pg) us-
ing (B.1). The geodesic spray, which is tangent to the mass-shell, then reads on P,, as

Dbt Dr= Do Do
B.2) X,=--50 O + =09 + ——5—0
(B.2) X, 0t a0 T 500+ o 550
m?Mr? — (r — 3M)]|p|? cot 6

- apr* +

rd

2
72 sin? 9p¢8p9.
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B.1. CiRCULAR ORBITS FOR CAUSAL GEODESICS. Let m > 0. Since the circular orbits
for causal geodesics lie in {p,~ = 0}, the possible orbits associated to a given angular
momentum |[p| are the roots of

m2r2 —

r
=m?r’ — —\W + 3|pf*.

As a result, we find circular orbits if and only if |p| > > 2v/3mM. They are then located
on the spheres {r = r'(|p|)}, where

W 12M2m?2
(B.3) r(|p) = (11 1- W )

We remark in particular that

. OM3m?2 4 p?
(Ba) () =30+ S O, PR,
B.2. Tue weicnr runcrions @', — We start by extending the functions ¢4, which

are defined on the null-shell (see Definition 3.6 and (3.5)). The choice of the extensions
of ¢4 is justified in [VR24, §5.1.4].

Derinirion B.1. — Let m > 0. We define the following quantities on P,,:
o If [p| = 2v3mM, we set

o () = 27712le7" (gD
P12 (AM = (Jp) (r (pl) — 3M)
|

. For [p| > 4mM, let p(|p|) be the roots of m?r? — ﬁl 77+ [pI?. They are given by

|,¢|2 16M2m?
PR = i (1411~ W )

« We consider, for [p| > 4mM and p™(|p|) <7 < pT(|p]), the functions
V2M [p|r3/?
(—m2r2 + %r — |pl2)1/2
a™(lp)\ze  r(ph 2|1/2
-(pr*i(l—i— ) (1— )Hpt m‘ )

r

@I(xap) =

One can check, using (B.4), that
a™(lpl) ~ 6M,  pZ(lpl) ~ 2M,

m—0

B.5 i
B3 pL |§¢|)

We can then set pY (|p|) = +o0 and extend by continuity a™([p]), p"(|p|) and @7 at
m = 0.

m—0 2 2 (Jf,p) m:0 P+
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Prorosition B.2. Let m > 0 and |p| > 4Mm. We have on Py, and for p™(|p|) <

r < p(pl),
m2(|pt - m )1/2 1/2 ”L(W')) m

2(r + am (p) /2 (mr? — fr + [pl2)

| 2

Xg (@ZQ) =%

Remark B.3. In the limit m — 0, we recover the relation satisfied by ¢+ = ¢ on
the null-shell (see Lemmas 3.8 and 3.10). Indeed, by (B.5), we have
m?(pef* — m) V220 — R (lpl) |pe|r'/?
2(r + am(|p))) /2 (m2r2 — Bl 4 |p[2) m=0 [r + 6M[V2(r — 2M)
|pt|

ri/2|r 4+ 6M)|1/202"

Proof. — In order to lighten the notations, we drop the dependence in [p| of 7] and
™. We first compute, using X (|p\) =0,

Ip|?
2 _ e
Xg(‘ m?" +|p| |p|‘ ): (mr 2]\/[) 37
2| m2r2 + 220 2|
M I
Xg(rg/Qpr*) — 2 1/2|pr _ m(m%ﬂ p r+3|p| )
3r —r™ 4 2a™
m\1/2 m _
Xy ((r4a™) 2 r =) = pe e
Consequently, we have
/2
r Dr=
Xg( 2,2 4 P2 2 1/2>
| —m?r? + 57— [P
_|pr*‘27"1/2 ( 2,2 |¢|2
= — (m?r® — Z—r 4 3|p| )
2‘ _m2fr.2+wr_|p|2}3/2 M p
1 M 2
B 1/2 75/2 (m2r2 |¢| T+3|}’5| )
’ m2r2+ W ’ r
We then deduce, using the mass-shell relatlon (B.l), that
2
Ko ) = Sl e
9 2 2] =~ 372 pel”—m
[m2r2 — Fr + [pP2| |- m2r2 4 B ppp? 2
1/2
m2||pt|2_m2} / T1/2(T_T-T) (r+am)1/2(7’—r’f Hp |2 m2|1/2
= . (|2 — )
2(r + am)1/2 (m2r2 — %7’ P2 |m2e2 — %r T |p‘2|1/2
We also obtain
X ( (r o+ a™) (=) ) pr-
g =
‘ —m2r2 4 |7’| — ‘1/2 2(am +T>1/2‘ —m2r? 4 %r _ |p|2|3/2

. ((gm r— %yr—kam)(r—?@) + (3r +2a™ —TT)( m?r? + M = lpl ))
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Now, we claim that
<2m2r—ﬂ>(r+am)(r—rT)—(3r+2am—rT)(m27“2— Ly T+[p| ) =m>rr?—m*r.

For this, note first that the polynomial on the left-hand side is equal to —m?2r3 +
bar? + byr + by, where

2 2
by = —m?r™ W by == —2m2a™r™ + ﬂa 3|;¢|2

by = %amr’f = 2[plPa™ + " |p|*.
By (B.3), we have by = m?r"". Then, recalling first the definition of ™ (|p|) and using
then the relation m?|r™|? — 1”\ ™+ 3[p* = 0, we get
2m2M?2|rm|?
[p2am
Similarly, one can check that

2m2M2|7’T|3b

am

by = Mm?|r™ > — AM*m? 7™ |* + |p|*(4M — r™)(r™ — 3M) = 0.

Smt [P MmP e P 3 )
— 21|p|* Mr™ + 36|p|* M>
— m 2 m
= —AMP(|pPP M~ ™ = 31p%)” + gl Mm? [
+ 3[p|*|rm 1 — 21[p|* Mr™ + 36|p[* M>
= \p|2Mm2|rT|3 — |;;7ﬁ|4|7“T|2 + 3|p\4MTT
=0.

We then deduce that

(r—i—a )1/2( ,r'm) m 7"1/2( TT)
Xy 2,2 | V2 ) 5om 1/2 (2,2 _ 1P1° 2
[—mtr+ B ) 2an e — B+ 1)
rg/zpr*
v — Figr + [pP|
which allows us to conclude the proof since Xy (|p;|* —m?) = X,(|p|) = 0. O
In what follows, we denote by m the function m(z,p) == | — g; ' (p, p)|*/?, which

is well-defined on the subset {g;'(p,p) < 0} of the cotangent bundle. Recall that,
for (z,p) € P, we denote by 7 — ®,(x,p) the flow map of X, parametrized by t*
with data @4 (;)(z,p) = (z,p). Then, according to the previous Proposition B.2 and
Remark B.3, the following statement holds.

CororrAry B.4. Let s be the function defined as

s(z,p) = @™ (z,p)e™ P,

JE.P — M., 2026, tome 13
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where

L@ (2 = w22 — e ()
(v "/T:o 2r + am ()2 (m2r2 — Fzr + pP?)

Then, s can be extended on P, that is at m = 0. Moreover, it is conserved along the

o ®,(z,p)dr.

causal geodesic flow.

B.3. Symprectic GrapIENTS. — We now compute the symplectic gradient of ™. For
this, remark that we can write

m o 1/
Y- _(b*( |p|27/rp1“*7pt> (ZS,EC (O7R)u
where the open set O is the interior of O, given by
0= {(xl, .., x5) € Ry x [0,16/M2) x (2M, +00) x R x R*

| o (Varfwz) < w5 < pi(Varfz2) }.

Moreover, in view of (B.4), ¢_ and V¢_ can be extended continuously on O, so that
0. =¢% =¢_(0,0,-),  Omp_ =0%0,3¢_(0,0,-),
Op,.p— = 0zap_(0,0,-), Op,p— = 0,59-(0,0, ).

Since m? = 2H, we have 2X,,2 = Xy. By the chain rule, we then obtain

1
Xm :iagjld)_xg—l— —— 02— Xy Og2p_ X‘p‘+V+,

2|21>|2 |17’|3
Vi = 0 ()0 + By (¢7)0, — O (7))

Remark B.5. — We abusively wrote 0, (Lp’f), Op, .. (gai”) and 0O, (Lp’f) instead of writ-

ing O20,3¢_, Opap_ and Oysp_.

For convenience, we introduce

1
zg(rypr* 7pt) = iaxlfb— (Oa 0,7, pp ,pt) + 2¢— (Oa 0,7, pp 7pt)'

1
2P
Then, we have V. = X,m —x,X, on the null-shell ? and V is indeed given by (1.10).
Moreover, as s is a conserved quantity, we have

[Xg,Xs] =0, Xy = e @PXm + pMe@PX,,.
We summarize these properties in the next statement, which also uses Remark B.3.

Prorosition B.6. — The vector fields Xg, Xy, and X commute with the geodesic
spray Xg. We have

t* (x) |
i
V(z,p) € P, ,p) = b, (z,p)ds.
(z,p) alp(z,p) /5:0 r12[r + 6 M|1/2022 o ®,(z,p)ds

On the null-shell P, we have
Vy = e~lr@PIX, — z,X, — o_Xa,
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where

—a|plT p —Q|p(T
[Xg ™ PK,] = _r1/2|r+|6t1|\4[|1/2§22€ b @rX,, [Xg, 24Xy ] = Xq () X,

We then observe that the vector field V is the sum of

« e ?l2@P)X, which enjoys a good commutation relation with Xy,

« a term collinear to X, which is then irrelevant once applied to a solution to the
Vlasov equation,

« a term proportional to ¢_.

The issue is that Vi is not tangent to P so we need to project it on TP to use it for
the study of massless Vlasov fields. However, since the normal to P is also tangent to
it, there is no canonical choice of projection. The next result justifies that any choice
should allow to close the estimates.

Prorosition B.7. — Let W be a vector field transverse to TP and
PI‘Oj”W . U T(IJ,)T*S — T:P
(z,p)eP

be the projection parallel to W. Then, for any vector fields W1 and Wy transverse
to TP, we have

Projyw, (V1) — Projw, (V1) = ¢ (Projw, (Xa) — Projjw, (Xa)).

Proof. — Since s is conserved along causal geodesics, the vector field X, is tangent
to P. As X, |p € TP, we get that V, +¢_X,, is tangent to the null-shell as well. Thus,
Projw (Vi) + ¢-Projjw (Xa) = Vi + X,
for any vector field W transverse to T'P. g

In this article, we choose to work with V. := Proj) s . (V4). As suggested by Propo-
sition B.9, for certain well-chosen W2, the difference Vi — Projy, (V) is collinear
to ¢_pi0, .. Let us now briefly justify that working with V., = Q71V, is a relevant
choice. The next result can be obtained similarly as Proposition B.6.

Prorosition B.8. — Let o™ = Q7 1¢™. Then, the following properties hold.

. The quantity §(x, p) == @™ (z,p)e®®P) where
@ w2 = m) V22— (p) M
a(x,p) T WQ QQZPT*

=0 \2(r +am(jp) /2 (m2r2 — 2o g2y
can be extended on P, that is at m = 0. Furthermore, it is conserved along the geodesic

flow.
« The function ¢_ defined on the null-shell in (3.2) and ¢° corresponds. Moreover,

) 0 ®, (2, p)dr,

=0

t* ()

Vp) €P  alap) = / a0 ®,(r,p)ds,
s=0

where a is the function introduced in Lemma 3.8.
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« Since s is a conserved quantity, its symplectic gradient
Xz = ea(z’p)X‘Pm + 65(17P)¢TXE
verifies [Xg4,Xg] = 0. Furthermore, we have on P, in the coordinate system
(t’ T*a 97 ¢7pt7p7"* 7p97p¢'))
[ng e—a\m(wm)xg] _ _a(%p)e—a\fp(:mp)xg

and, using similar abuse of notations than in Remark B.5,

x

Xgm = 0p, (9~ ) 0t + Op,.. (9-) O — O+ (9-)0p,.. + ﬁg
In order to compare V. = Q7 'V, with a projection of Xpm —z,071X, on TP,

we will work in the coordinate system (¢,7,0, ¢, D, D,, Po, Pp) of T*8 induced by the

hyperboloidal coordinates (¢, 1,6, @), which were introduced in Definition 6.23. In par-

X,.

ticular, we have

e [l 0= (=505

Dy = Pt Pr= "3 + g Pr

In order to avoid any confusion, we denote by d, the derivative with respect to a in
this coordinate system. Then, as 3|¢|<PT|m:o = 0 and since 5@90’_”, 5@.90’_” and 0,¢™
are continuous at m = 0, we have on the null-shell P, with similar abuse of notations
than in Remark B.5,

_ T = = = = = _ =
$— =TDr Xom — ﬁgxg = 05, (¢-)07 + 05, (¢-)0r — 01 ()05, =10y — 05, .
We finally prove the next result.

Prorosition B.9. — We have

Zg M _ - r2er) o
N9~ pbrp, — m%aﬁr-

The sum of the last two terms is a vector field reqular up to HT since E(2M) = —1.

Vi = Projya,, (Xpr)

Proof. — We parametrize the null-shell P by the coordinate system(t,r, 0, ¢, p,. po, pe)
and we abusively denote by 0, the derivative with respect to the variable a. Then,
as Xy is tangent to P,

Ty
Q
We now relate 9, with the derivatives of the coordinate system (¢,7*, 6, &, Dr+, D0, Pg)-
For any A € {0, ¢}, we have

_ + o — _ _
0 =0;, 0, = thi(p”t)papw 01 =84, Oy, =0,

For the radial derivative, note first that

2M  pp +E(r)pe
r202 02

Proju%t (X‘pr_n) =70, — @57 + =X

= _®5t_+5r_

_ 1 _
N By, + oz 0n(€0 )PPy,
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Then, using (5.6) and the null-shell relation (2.3), we have

r—3M p 2 pr*2 27M?
=Sl —eD) - o er) = e
r2Q2p, r5/2|r + 6 M|/

6T(pt) = -

This implies,
Mo WP ~ ey aM: o
r2Q27T P 120 L 6ML/2Q4p, P r5/2|r 4 6M|1/2Q02 TP
Recall now from (5.4) the expression of V. = Q~1V,. We have
&(r) (T —3M _ 27M?p, )pt +&(r)pr =
02 Pr r3/2|r 4+ 6 M |1/2 02py Pr
5 -3 5 2M o PP — e P)
= (10, — P, 05 P0p. — —=5 " Pr0p, — I
(7” Dy pr) + D05, 2z Prop, I+ 6M[1/2Q4p, by
27M?p, = (r —3M _ N 27M?p, )pt +&(r)pre =
372 + 6M[17202 7Pr Pr r372|7 + 6 M|1/2
= -5 Mp, = r2lEmPpe — oo P)
= (r0, —p,0p.) — —505 — Op
(T by pT) rQ2 Pr |r+6M\1/QQ4pt Pr
_<r1/2|£<r>|2pw*@ 27M2¢(r)p, )3
|+ 6M|Y/2Q02p,  r3/2|r 4+ 6M|1/2Q2) P

The result then follows from

313, —

Vi=r Of + 710, —

O2py Pr

27M?
Er)lpel® = £(r)|pre* + Tﬂzpr*pt = pe(E(r)pe + pre) — Pepre
—&(r) |- Qprepy
T2

= pe(&(r)pe + pre) — E) P | — [E€(7) P Dy
= pe(§(r)pe + pre) — E(r)prs (E(r)pe + Prv)

,  27TM?2
_|_

2 2 —
= Opip, — XE(r)pr+Dy- O
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