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THE UNIVERSAL STRUCTURE OF MOMENT MAPS IN

COMPLEX GEOMETRY

by Ruadhaí Dervan & Michael Hallam

Abstract. — We introduce a geometric approach to the construction of moment maps in finite
and infinite-dimensional complex geometry. We apply this to two settings: Kähler manifolds
and holomorphic vector bundles. We first give a new, geometric proof of Donaldson–Fujiki’s
moment map interpretation of the scalar curvature. Associated to arbitrary products of Chern
characters of the manifold—namely to a central charge—we further introduce a geometric
PDE determining a Z-critical Kähler metric, and show that these general equations also satisfy
moment map properties. For holomorphic vector bundles, we similarly give a geometric proof
that the PDE determining a Z-critical connection can be viewed as a moment map. Our main
assertion is that this is the canonical way of producing moment maps in complex geometry,
and hence that this accomplishes one of the main steps towards producing PDE counterparts
to stability conditions in large generality.

Résumé (La structure universelle des applications moments en géométrie complexe)
Nous introduisons une approche géométrique de la construction des applications moments

en géométrie complexe de dimension finie et infinie. Nous l’appliquons dans deux contextes :
variétés de Kähler et fibrés holomorphes. Nous donnons d’abord une nouvelle preuve géomé-
trique de l’interprétation de la courbure scalaire en terme l’application moment de Donaldson-
Fujiki. Associée à des produits arbitraires de caractères de Chern de la variété, à savoir à une
charge centrale, nous introduisons en outre une EDP géométrique déterminant une métrique
de Kähler Z-critique, et montrons que ces équations générales satisfont également les proprié-
tés des applications moments. Pour les fibrés holomorphes, nous donnons de manière similaire
une preuve géométrique que l’EDP déterminant une connexion Z-critique peut être considérée
comme une application moment. Notre assertion principale est qu’il s’agit là de la manière cano-
nique de produire des applications moments en géométrie complexe, et donc que cela constitue
l’une des étapes principales vers la production d’équivalents EDP aux conditions de stabilité
dans une grande généralité.
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1. Introduction

Many of the most important geometric PDEs in complex geometry can be viewed
as moment maps. The two most prominent such examples are the constant scalar cur-
vature Kähler (cscK) equation, which through Donaldson–Fujiki arises as a moment
map on the space of almost complex structures on a compact symplectic manifold
[Don97, Fuj92], and the Hermitian Yang–Mills equation, which through Atiyah–Bott
arises as a moment map on the space of unitary connections on a Hermitian vec-
tor bundle [AB83]. These moment map properties are ultimately behind the deep
links between these PDEs and algebro-geometric stability conditions (through the
Yau–Tian–Donaldson conjecture [Yau93, Tia97, Don02] and the Hitchin–Kobayashi
correspondence of Donaldson–Uhlenbeck–Yau [Don85, Don87, UY86] respectively).

In algebraic geometry, it has become increasingly important to consider general
classes of stability conditions [Bri07]. It is thus desirable to associate geometric PDEs
to general stability conditions, in such a way that solvability of these PDEs is equiva-
lent to stability. The fundamental issue is that the classical PDEs of interest—notably
the cscK equation and the Hermitian Yang–Mills equation—arose from much more
classical geometric considerations, with their moment map properties being proved far
later. The proofs that these (and other) equations satisfy moment map properties are
usually by direct calculation, and do not quite explain precisely why these equations
arise as moment maps. Thus in aiming to generate general classes of geometric PDEs
associated with algebro-geometric stability conditions, a new approach is needed.

What we achieve here is as follows:

(i) We give a new, geometric approach to the construction of moment maps in
large generality. Through our approach, moment maps arise whenever one has an
equivariant family of objects (such as a family of complex manifolds or holomorphic
vector bundles). The input needed to introduce a moment map is essentially the
same as that needed to define an algebro-geometric stability condition in a given
setting. Thus from (essentially) the same input, we obtain both a geometric PDE
and a stability condition, generating automatic links between analysis and algebraic
geometry.

(ii) We use this approach to derive a new general class of geometric PDEs for
Kähler metrics on complex manifolds. A special case thus gives a geometric derivation
of the cscK equation. On holomorphic vector bundles, we give a new proof that the
Hermitian Yang–Mills equation is a moment map; our proof extends to the deformed
Hermitian Yang–Mills equation (first proved by Collins–Yau in rank one [CY21])—
giving a geometric derivation of this equation—and further to the Z-critical connec-
tion equation [DMS24].

(iii) Our technique applies in more generality than prior approaches. The ideas
apply both to finite-dimensional and infinite-dimensional situations, and allow simul-
taneous variation of both complex structure and metric structure (this is important
for technical applications of our moment map results [OS24, Ort24, DS21]).
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Moment maps in complex geometry 401

Main results for manifolds. — Our approach is geometric, and quite simple. We pri-
marily discuss the finite-dimensional case, though the argument in the infinite-
dimensional case is similar. The setup involves a proper holomorphic submersion
π : (X,α) → B, with X and B complex manifolds and with α a class on X which
is Kähler on each fibre of π. We assume that a compact Lie group K acts on X

and B by biholomorphisms such that π is a K-equivariant map, and fix a K-invariant
form ω ∈ α which is Kähler on each fibre. This relatively Kähler metric ω induces
a Hermitian metric on the relative anticanonical class −KX/B of X → B, with
curvature (times i/2π) which we denote by ρ ∈ c1(−KX/B). The form ρ can be
viewed as a relative analogue of the Ricci curvature, and on each fibre restricts to
the Ricci curvature of the restriction of ω.

We then invoke the classical theory of equivariant differential forms. Equivari-
ant differential geometry has been used in the theory of constant scalar curvature
Kähler metrics since at least the work of Futaki–Morita [FM85]; we learned the theory
through the more recent work of Legendre, Inoue and Corradini [Leg21, Ino24, Cor24].
We assume that the K-action is ω-Hamiltonian, so that there exists a moment map
µ : X → k∗ = (LieK)∗ for the K-action on (X,ω) (where here and throughout we
do not demand positivity of ω in the definition of a moment map). The equivariant
differential form defined by sending v ∈ k to ω + ⟨µ, v⟩ is then equivariantly closed.
We show that in turn this implies that the equivariant differential form

v 7−→ ρ− 1

2π
∆V⟨µ, v⟩

is equivariantly closed, where ∆V is the vertical Laplacian (i.e., calculated fibrewise).
This then implies that the equivariant form η : k → Ω∗(X) defined by the wedge
product

η(v) :=
Ŝb

n+ 1
(ω + ⟨µ, v⟩)n+1 −

(
ρ− 1

2π
∆V⟨µ, v⟩

)
∧ (ω + ⟨µ, v⟩)n

is equivariantly closed, where n := dimX − dimB, and Ŝb is the topological constant
defining the fibrewise average scalar curvature. Since π : X → B is K-equivariant,
it follows that the fibre integral of this form is itself equivariantly closed. For each
v ∈ k, for degree reasons, this form is the sum of a (1, 1)-form Ω and a function σv
on B. A direct, simple calculation shows that the function is defined by

σv(b) =

∫
Xb

⟨µ, v⟩|Xb
(Ŝb − S(ωb))ω

n
b ,

where ωb denotes the restriction of ω to Xb; the calculation involves using that the
integral of a function in the image of the Laplacian vanishes. The (1, 1)-form on B is

Ω =
Ŝb

n+ 1

∫
X/B

ωn+1 −
∫
X/B

ρ ∧ ωn,

and that the equivariant differential form v 7→ Ω+ σv on B is equivariantly closed is
precisely the moment map condition for the scalar curvature with respect to Ω.
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Thus we obtain the moment map property for the scalar curvature through equi-
variant differential geometry and the theory of equivariant holomorphic submersions.
The form Ω is the standard Weil–Petersson form involved in the cscK theory, and
while it is not Kähler in general (which we permit in our definition of a moment
map), it is Kähler in many situations of interest and its positivity is well-understood
[FS90, Fuj92].

One can view this as a derivation of the scalar curvature. From this perspective,
it becomes clear what the choice involved was: it was exactly the choice of equivariant
form η on X. We view this choice as arising from one copy of the first Chern class
(through the involvement of ρ) and a complementary number of copies of α (through
the involvement of ω) so that the total degree is correct. The most general input thus
involves products of arbitrary Chern classes of correct total degree, and this is encoded
in the notion of a central charge Z, which is ultimately a choice of topological input.
Through our moment map construction, we then introduce the notion of a Z-critical
Kähler metric, solving a PDE taking the form (on a fibre (Xb, ωb))

Im(e−iϕZ̃(Xb, ωb)) = 0,

associated to the central charge Z, where Z̃(Xb, ωb) is a complex-valued function
involving various curvature quantities associated to the metric and ϕ ∈ (−π, π]. This
equation had been derived in [Der23] in the case when only products of the first
Chern class are used, and our new approach allows us to derive the correct equation
in general.

The general, explicit form of the PDE is rather intricate—see Definition 2.4—and
involves more than just Chern–Weil theory (essentially the coincidence that the “ver-
tical Laplacian term” vanishes in the derivation of the scalar curvature as a moment
map does not happen in general, complicating matters significantly). This leads to
an equation that is a sixth-order PDE in the Kähler potential, in comparison with
the fourth-order cscK equation. We emphasise, however, that our derivation of the
equation (and hence the PDE itself) is completely geometric and canonical, starting
from the choice of topological input. Our usage of complex-valued central charges,
and imaginary parts of complex-valued functions is essentially an aesthetic choice
that matches what is well-established in the Bridgeland stability literature, and does
not play a significant role in our work (but is fundamental to the structure of the
“stability manifold” in the theory of Bridgeland stability conditions [Bri07]).

In the algebraic direction, through [Der23, DInNn25], a central charge canoni-
cally induces a notion of Z-stability, generalising the notion of K-stability involved in
the Yau–Tian–Donaldson conjecture. Thus, crucially, the same topological input—a
central charge—induces in a canonical way both a geometric PDE and a stability
condition.

We summarise our first main result as follows:

Theorem 1.1. — The Z-critical Kähler operator arises as a moment map, in both
finite and infinite dimensions.
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The precise statement is given in Theorem 4.13 in finite dimensions and Theo-
rem 5.8 in infinite dimensions. The main point is to calculate the Chern–Weil represen-
tatives of the equivariant Chern characters of the relative tangent bundle of X → B,
defined through the Hermitian metric induced by the relatively Kähler metric ω.
In infinite dimensions, we consider the space J(M,ω) of almost complex structures
on a fixed compact symplectic manifold, which is the setting of the Donaldson–Fujiki
moment map interpretation of the scalar curvature [Don97, Fuj92] (which we thus
give a new geometric proof of). We employ the universal family over this space, which
is an almost holomorphic submersion of finite relative dimension, meaning that the
geometric setting is directly analogous to that of the finite-dimensional one, and sim-
ilar techniques apply to give moment map properties also in this setting. Here, the
key is again to calculate equivariant Chern–Weil representatives in this almost Kähler
setting.

Another consequence of our work, for which we expect future applications, is the
production of a great many equivariantly closed differential forms on J(M,ω) (and
more generally the base of any equivariant family), which are equivariant representa-
tives of natural, geometric cohomology classes.

Main results for holomorphic vector bundles. — The setup and results are very similar
in the setting of vector bundles. Here the notion of a central charge is a basic part of
the input into the notion of a Bridgeland stability condition, and involves certain
products of Chern characters of the vector bundle itself. As a conjectural model
analytic counterpart to Bridgeland stability conditions, in [DMS24] the notion of a
Z-critical connection was introduced, as a geometric PDE for a connection A taking
the form

Im(e−iϕZ̃(E,A)) = 0,

where Z̃(E,A) is a complex EndE-valued (n, n)-form and Im denotes (−i times) the
skew-Hermitian part of the endomorphism (see Definition 2.10).

The Z-critical equation is a generalisation of the deformed Hermitian Yang–Mills
equation, which is the most important special case (beyond the classical Hermitian
Yang–Mills equation, to which our results also apply). Under mirror symmetry, this
equation was introduced as the mirror of the special Lagrangian equation by Leung–
Yau–Zaslow [LYZ00]; there is also a direct derivation from string theory [MnMMS00].
The deformed Hermitian Yang–Mills equation is simply the Z-critical equation for
a special choice of central charge. There is an enormous body of important work on
this equation on line bundles, due to Collins, Jacob and Yau [JY17, CJY20, CY21],
Chen [Che21] and Datar–Pingali [DP21] (see also Song [Son20]), but relatively little
is known in higher rank.

We fix a compact Kähler manifold (X,ω) and consider a family of holomorphic
vector bundles on X parametrised by a base B (which may not be compact); that is,
a holomorphic vector bundle π : E → B × X. We endow E with a metric and
compatible connection, and assume there is a K-action on B with a suitable lift to E.

J.É.P. — M., 2026, tome 13



404 R. Dervan & M. Hallam

Our main result in this setting then canonically constructs the Z-critical equation as a
moment map on B, again using equivariant Chern–Weil theory. In infinite dimensions,
we consider the space of unitary connections over a fixed Hermitian vector bundle,
as in Atiyah–Bott [AB83]. We show this space admits a universal vector bundle with
a universal connection, linking with the finite-dimensional picture, and use similar
geometric ideas to prove:

Theorem 1.2. — The Z-critical connection operator arises as a moment map, in both
finite and infinite dimensions.

We refer to Theorems 6.7 and 6.8 for precise statements in infinite and finite dimen-
sions respectively. In the infinite-dimensional setting, this gives a new geometric proof
of [DMS24, Th. 1.3], which in turn extended the moment map interpretation of the
deformed Hermitian Yang–Mills operator due to Collins–Yau in rank one [CY21, §2].
In particular, our work gives a geometric derivation of the deformed Hermitian Yang–
Mills equation, starting from a central charge. We also note that our work produces
a great many geometrically interesting equivariantly closed differential forms on the
base of an equivariant family of vector bundles, such as on the space of unitary con-
nections on a fixed Hermitian vector bundle.

Throughout our work, our moment map properties do not demand that the closed
two-form involved in the definition is actually symplectic (i.e., nondegenerate or pos-
itive). In the vector bundle setting, positivity is understood through the notion of
a “Z-subsolution” [DMS24, Def. 2.33], which is an explicit equivalent condition to
positivity of the relevant two-form (at a single point). In turn, these subsolution con-
ditions are related to algebro-geometric stability with respect to subvarieties [McC23,
Th. 4.3.13, 4.3.17], in some sense explaining the lack of appearance of subsolutions in
the Hermitian Yang–Mills setting (where saturated subsheaves are sufficient to test
stability), and further imply that the Z-critical operator is elliptic [DMS24, Lem. 2.38].
It is worth emphasising that the deformed Hermitian Yang–Mills theory has been very
successful without the two-form relevant to the moment map property being globally
positive, with subsolution conditions (providing positivity locally near solutions) in-
stead in some sense replacing this positivity in the theory. We expect there to be
an analogous subsolution theory that applies also to the manifold setting, and more
generally.

Outlook. — The shared structure between the manifold and the vector bundle settings
is the use of families of objects; either families of complex manifolds or families of
holomorphic vector bundles. Given an equivariant family of objects, we construct
moment maps once we have the extra structure of a metric, in either setting. The
topological input is essentially a choice of a collection of Chern classes in both settings,
while the differential-geometric input is essentially equivariant Chern–Weil theory.
With these ingredients, the recipe to construct moment maps is almost identical in
both settings.
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We thus expect that this is the right general approach to constructing moment
maps, in any geometric problem. In algebraic geometry, the point of stability condi-
tions is to form moduli spaces parametrising stable objects, and in particular the usage
of universal families is ubiquitous in moduli theory. Our approach can be thought of
as a differential-geometric analogue of key aspects of that theory; we make great use
of the differential geometry of families of objects. We expect our strategy to further
apply to many other settings, though leave this for future work.

We end with a more speculative point. The theory of Bridgeland stability conditions
is axiomatic in nature: Bridgeland produces axioms that must be satisfied to define
a stability condition on a triangulated category [Bri07]. Thus to match that theory
in differential geometry, one needs universal structures that apply to all geometric
problems. This is loosely what is achieved by our approach: given a suitable notion of
a family of objects (as is needed in the algebraic theory to produce moduli spaces of
stable objects), and given a suitable notion of a metric, we expect our approach to be
the one that leads to moment maps in a completely canonical way. We mention that
this is related to goals of the (independent, work-in-progress) programme of Haiden–
Katzarkov–Kontsevich–Pandit, which they title “categorical Kähler geometry”; their
(similar) goal is to produce axiomatic notions of metrics on objects in triangulated
categories, in such a way that Bridgeland stability corresponds to existence of so-
lutions to certain equations in the space of metrics attached to the object (defined
axiomatically). What is provided here is a geometric recipe that in practice produces
such moment maps.

Outline. — In Section 2 we introduce the notion of a Z-critical Kähler metric and
recall the notion of a Z-critical connection, each associated to a central charge in the
relevant setting. We proceed in Section 3 to recall the basic theory of equivariant dif-
ferential forms, and equivariant Chern–Weil theory. Sections 4 and 5 then prove our
main moment map results in the context of complex manifolds, including Theorem 1.1
in the finite and infinite-dimensional settings, respectively. Section 6 proves the anal-
ogous moment map results in the setting of holomorphic vector bundles, including
Theorem 1.2.

Acknowledgements. — The first author thanks Eveline Legendre and Alexia Corradini
for explaining much of the theory of equivariant differential geometry to him and for
many discussions that motivated the present work. The authors also thank Frances
Kirwan, László Lempert, Johan Martens, John McCarthy, Carlo Scarpa, Lars Sektnan
and Jacopo Stoppa for helpful conversations and for their interest in this work, and
thank the referees for their suggestions.

2. Geometric PDEs in complex geometry

2.1. Z-critical Kähler metrics. — Let X be a compact complex manifold of dimen-
sion n and let α ∈ H1,1(X,R) be a Kähler class; the algebro-geometrically inclined
reader should consider the special case α = c1(L) for an ample line bundle L, in which
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406 R. Dervan & M. Hallam

case X is a smooth projective variety. To a Kähler metric ω ∈ α we associate various
curvature quantities, which are mostly defined in the following manner. A Kähler
metric is in particular a Hermitian metric on the holomorphic tangent bundle TX1,0,
and so to ω we associate the curvature of the Chern connection on TX1,0 induced
by ω; we denote the curvature of this connection by R ∈ A1,1(EndTX1,0).

One associates to a connection Chern–Weil representatives of the Chern characters,
defined by

c̃hk(X,ω) := tr
( 1

k!

( i

2π
R
)k)

.

Thus the c̃hk(X,ω) ∈ chk(X) represent the Chern characters of X. We also use the
notation

Ricω = c̃h1(X,ω)

for the representative of the first Chern character, as it coincides with the Ricci
curvature of ω. As the first Chern character agrees with the first Chern class, we often
use c1(X) rather than the equivalent ch1(X).

Definition 2.1. — A Kähler metric ω ∈ α is said to be a constant scalar curvature
Kähler metric if its scalar curvature

S(ω) := Λω Ricω

is constant.

If a Kähler metric ω ∈ α has constant scalar curvature, a simple integration argu-
ment using that Ricω ∈ c1(X) implies that the resulting constant Ŝ must satisfy

Ŝ =
n
∫
X
c1(X) · αn−1∫

X
αn

,

where we can view the numerator and denominator variously as integrals of closed
differential forms, cup products in cohomology or in the projective case as intersection
numbers. We view this equation as being associated with the numbers

∫
X
c1(X) ·αn−1

and
∫
X
αn and seek to understand the appropriate equation for other topological

choices. To do so, we begin with the topological choice itself, through the notion of a
central charge.

Definition 2.2. — A central charge associates to each pair (X,α) a sum

Z(X,α) =
∑
j,k

ajk

∫
X

αj · chk1(X) · · · · · chkr (X) ∈ C,

where:
(i) k = (k1, . . . , kr) is a multi-index of arbitrary length r ⩽ n;
(ii) ajk ∈ C are a collection of complex numbers;
(iii) the integrand is of total degree 2n, so j + k1 + · · ·+ kr = n;
(iv) the phase ϕ(X,α) := argZ(X,α) ∈ (−π, π] is well-defined, so Z(X,α) ̸= 0.
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We view this as the most general topological input that should determine both
a stability condition for (X,α) and a geometric PDE; we will not discuss stability
in the current work, but rather exclusively the analytic aspects. We refer to [Der23,
§§2.1, 4.1] for a discussion of associated stability conditions, and [DInNn25, §2.3] for
an axiomatic, stacky approach. Here, it is sufficient to consider a central charge as
simply a choice of topological input.

Example 2.3. — An interesting choice of central charge takes the form

Z(X,α) =

∫
X

e−iα · ch(X),

with ch(X) = 1 + ch1(X) + · · · + chn(X) the total Chern character of X; this is
analogous to the most standard central charge on the category of coherent sheaves
mentioned in Example 2.9 below, which arises naturally in mirror symmetry.

We associate to each term in the central charge an analytic counterpart which is
a sum of two terms; the first uses traditional Chern–Weil theory, while the second is
more involved and uses a sort-of linearised version of Chern–Weil theory. Consider
again the curvature R ∈ A1,1(EndTX1,0) associated to the Kähler metric ω on X.

The process will be linear in the terms comprising the central charge, and so we
first consider a single term taking the form αj · chk1

(X) · · · · · chkr
(X). To this we

firstly associate the complex-valued function

(2.1) ωj ∧ c̃hk1
(X,ω) ∧ · · · ∧ c̃hkr

(X,ω)

ωn
,

namely by taking the natural Chern–Weil representatives. To define the second func-
tion, we firstly denote for 1 ⩽ m ⩽ r,

ℓ̃m(X,ω) :=
1

j + 1

ωj+1 ∧ c̃hk1
(X,ω) ∧ · · · ∧ 1

(km−1)!

(
i
2πR

)km−1 ∧ · · · ∧ c̃hkr
(X,ω)

ωn
,

which is a (complex) section of EndTX1,0 produced by replacing c̃hkm
(X,ω) with the

EndTX1,0-valued form 1
(km−1)! (

i
2πR)

km−1 whose trace is c̃hkm−1(X,ω), and including
one extra copy of ω. For a general element

A ∈ A0(EndTX1,0) ∼= A0(TX1,0 ⊗ T ∗X1,0),

we denote by A♭ the associated section of T ∗X0,1⊗T ∗X1,0 defined via the Hermitian
metric induced by ω. The second function is then

(2.2)
r∑

m=1

−1

2π
∂∗∂

∗ (
ℓ̃m(X,ω)♭

)
,

which is again a complex-valued function. Summing the two terms (2.1) and (2.2)
produces a function f̃(αj · chk1

(X) · · · · · chkr
(X);ω) which satisfies∫

X

f̃(αj · chk1(X) · · · · · chkr (X);ω)ωn = αj · chk1(X) · · · · · chkr (X),
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since the integral of each term involving an adjoint term vanishes. Adding each such
term produces a function

(2.3) Z̃(X,ω) =
∑
j,k

ajkf̃(α
j · chk1

(X) · · · · · chkr
(X);ω) ∈ C∞(X,C)

which satisfies ∫
X

Z̃(X,ω)ωn = Z(X,α).

Definition 2.4. — We say that ω is a Z-critical Kähler metric if

Im(e−iϕ(X,α)Z̃(X,ω)) = 0.

We view this as a PDE on the space of Kähler metrics ω ∈ α. Varying the Kähler
metric ω → ω + i∂∂ψ, the equation becomes a sixth-order PDE in ψ in general.

Remark 2.5. — If one uses Chern classes rather than Chern characters, one can simi-
larly express the resulting geometric PDE, which, although equivalent, is notationally
more cumbersome. Details are provided in Remark 4.14.

Example 2.6. — Suppose only powers of c1(X) are involved. Then this recipe asso-
ciates to a term of the form αj · c1(X)n−j the function

ωj ∧ (Ricω)n−j

ωn
− n− j

j + 1

1

2π
∂∗∂

∗(ωj+1 ∧ (Ricω)n−j−1

ωn
(IdTX1,0)♭

)
.

To compute the right-hand term, note that the flattened identity morphism is the
metric g. The antisymmetrisation map T ∗X0,1 ⊗ T ∗X1,0 → T ∗X0,1 ∧ T ∗X1,0 is an
isomorphism compatible with the del-bar operators ∂ : A0(T ∗X1,0) → A0,1(T ∗X1,0)

and ∂ : Ω1,0(X) → Ω1,1(X), and the image of g under antisymmetrisation is iω.
By the Kähler identities, [∂∗,∧ω] = i∂, hence the expression above becomes

ωj ∧ Ricωn−j

ωn
+

1

2π

n− j

j + 1
∂∗∂

(ωj+1 ∧ Ricωn−j−1

ωn

)
=
ωj ∧ Ricωn−j

ωn
− 1

2π

n− j

j + 1
∆
(ωj+1 ∧ Ricωn−j−1

ωn

)
,

where ∆ = −∂∗∂ is the Kähler Laplacian defined using ω. The resulting PDE was
introduced in [Der23, §2.1] in this special case where only the first Chern character
is involved;(1) the equation is new to the present work once higher Chern characters
are included.

Specialising further, taking Z(X,α) = i
∫
X
αn−

∫
X
c1(X) ·αn−1 produces the cscK

equation (which is fourth-order, as the Laplacian term vanishes). We expect our work
to also encompass fourth-order PDEs considered by Futaki and Leung defined using
Chern–Weil theory [Fut06, Leu98] (see also Bando [Ban06]), related to terms such as∫
X
cj(X) · αn−j , with cj(X) the jth-Chern class.

(1)The corresponding equation given in [Der23, §2.1] is erroneously missing a factor of 1/2π,
ultimately due to a mistake on [Der23, p. 21], where the incorrect expression Ric(ω+i∂∂ϕ)−Ric(ω) =

−i∂∂ log ((ω + i∂∂ϕ)n/ωn) is used.
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2.2. Z-critical connections. — Our recipe is similar, but easier in the setting of a
holomorphic vector bundle, where we produce Z-critical connections. Here the theory
originates in [DMS24], building on the important special case of deformed Hermit-
ian Yang–Mills connections [LYZ00, MnMMS00, CY18]. We consider a holomorphic
vector bundle E over a compact Kähler manifold (X,ω) of dimension n with ω ∈ α;
a Hermitian metric h on E then determines a Chern connection A with curvature
FA ∈ A1,1(EndE).

Definition 2.7. — The connection A induced by a Hermitian metric h is a Hermitian
Yang–Mills connection if

i

2π
ΛωFA = λ IdE .

The constant λ is topological, given by λ = n degE/(rkE
∫
X
αn), where degE :=∫

X
c1(E) · αn−1. We again view the Hermitian Yang–Mills condition as being “indu-

ced” by degE and rkE and ask for a more general geometric PDE associated to
an arbitrary topological choice. Once more, the first step is to define the topological
input:

Definition 2.8. — A central charge is a group homomorphism Z : K(X) → C from
the Grothendieck group of X to the complex numbers, taking the form

Z(E) =

n∑
j=0

∫
X

ρjα
j · ch(E) ·Θ,

where:

(i) ch(E) is the total Chern character of E;
(ii) ρj ∈ C are complex numbers;
(iii) Θ ∈

⊕
kH

k,k(X,C) is an auxiliary cohomology class, which may equal 1;
(iv) only the 2n-degree component of the integrand is considered in the integral;
(v) the phase ϕ(E) := argZ(E) ∈ (−π, π] is well-defined, so Z(E) ̸= 0.

Example 2.9. — Two central charges arising from string theory and mirror symmetry
are the standard examples: the first takes the form

Z(E) =

∫
X

e−iα · e−β · ch(E),

with β ∈ H1,1(X,R) a “B-field”, while the second takes the form

Z(E) =

∫
X

e−iα · e−β · ch(E) ·
√

Td(X),

where Td(X) denotes the Todd class of X. In these cases, the auxiliary class Θ is
taken to induce the appearance of the B-field and of the square root of the Todd
class.
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We next use our connection and our Kähler metric to associate a geometric PDE
to a central charge, through Chern–Weil representatives. For this we also fix a rep-
resentative θ ∈ Θ, so that θ is a direct sum of closed differential forms (possibly of
varying degrees) representing the closed cohomology class Θ.

The central charge is a linear combination of terms of the form
∫
X
αj · chk(E) ·

Θn−j−k, where Θn−j−k ∈ Hn−j−k,n−j−k(X,C) is of degree 2(n − j − k) so that the
integrand is of total degree 2n. We associate to this term the End(E)-valued complex
(n, n)-form

ωj ∧
( 1

k!

( i

2π
FA

)k)
∧ θn−j−k ∈ A

n,n
C (EndE),

and summing up produces an EndE-valued complex (n, n)-form

Z̃(E,A) ∈ A
n,n
C (EndE)

defined in such a way that ∫
X

tr
(
Z̃(E,A)

)
= Z(E).

Definition 2.10 ([DMS24, Def. 2.20]). — We say that A is a Z-critical connection if

Im(e−iϕ(E)Z̃(E,A)) = 0,

where Im denotes (−i times) the skew-Hermitian component with respect to the
Hermitian metric h on E.

We view this as a geometric PDE on a connection on the holomorphic vector
bundle E, and note that it is nonlinear in the curvature of the connection.

Example 2.11. — Deformed Hermitian Yang–Mills connections are precisely Z-crit-
ical connections with Z(E) =

∫
X
e−iα · ch(E); more precisely, the resulting equation

is [DMS24, Ex. 2.25]

Im
(
e−iϕ(E)

(
ω ⊗ IdEndE −FA

2π

)n)
= 0.

This equation arose simultaneously in the theoretical physics and mirror symmetry
literature in the special case when E is a line bundle [MnMMS00, LYZ00], and was
first suggested by Collins–Yau in higher rank [CY18, §8.1]. For other central charges,
the equation is similarly explicit.

3. Equivariant differential geometry

3.1. Equivariant differential forms. — We recall some basic aspects of the theory
of equivariant differential geometry. Let M be a manifold and let K be a compact
Lie group acting on M . We let k denote the Lie algebra of K, and often use the same
notation v ∈ k for an element of this Lie algebra and its associated vector field on M
produced by the K-action. We also denote by

Ω∗(M) =
⊕
k⩾0

Ωk(M)

the direct sum over k of the space of k-forms on M .

J.É.P. — M., 2026, tome 13



Moment maps in complex geometry 411

Definition 3.1. — An equivariant differential form is a smooth K-equivariant poly-
nomial map

α : k −→ Ω∗(M),

where K acts on k by the adjoint action and on Ω∗(M) by pullback of differential
forms.

The key point of the definition is that there is a natural differential on equivariant
differential forms.

Definition 3.2. — We define the equivariant differential of an equivariant differential
form α by

(deqα)(v) = d(α(v)) + ιv(α(v)).

We say that an equivariant differential form α is equivariantly closed if deqα = 0.

Suppose (M,ω) is a symplectic manifold with a K-action preserving ω. Recall that
a smooth map µ : M → k∗ is a moment map with respect to ω if it is K-equivariant
(with k∗ given the coadjoint action) and for all v ∈ k

d⟨µ, v⟩ = −ιvω,

where ⟨−,−⟩ denotes the natural pairing between k∗ and k. It follows from this defi-
nition that the equivariant differential form

v 7−→ ω + ⟨µ, v⟩

is equivariantly closed, and in fact this condition is equivalent to the moment map
condition. We extend this definition slightly to drop positivity of ω.

Definition 3.3. — Suppose M is a manifold with a K-action and ω is a closed
K-invariant two-form. We call a smooth map µ : M → k∗ a moment map with
respect to ω if it is K-equivariant and for all v ∈ k

d⟨µ, v⟩ = −ιvω.

We will use two basic properties of equivariantly closed differential forms. The first
is analogous to the statement that the wedge product of closed forms is closed, and
follows from a straightforward computation.

Lemma 3.4. — If α and β are two equivariantly closed differential forms, their wedge
product defined by

(α ∧ β)(v) = α(v) ∧ β(v)

is equivariantly closed.

The second is analogous to fibre integrals of closed forms being closed.
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Lemma 3.5. — If π : M → B is a proper submersion between manifolds with
K-actions making π a K-equivariant map, then the fibre integral of an equivariantly
closed differential form α on M , defined by(∫

M/B

α

)
(v) =

∫
M/B

α(v),

is an equivariantly closed form on B.

The proof is also a straightforward calculation using that π ◦ k = k ◦ π for k ∈ K.

3.2. Equivariant Chern–Weil theory. — Suppose now that E is a complex vector
bundle of rank r over a manifold M , and let K be a compact Lie group acting on M
and lifting to E. Associated to a connection A on E are Chern–Weil representatives;
we now explain the equivariant analogue of Chern–Weil theory. Our main reference
is Berline–Getzler–Vergne [BGV04, Ch. 7].

We assume that A is K-invariant in the sense that for all k ∈ K

DE ◦ k∗ = k∗ ◦DE .

Denote by FA ∈ A2(EndE) the curvature of the connection A on E, which is then
K-invariant, and let DEndE : A0(EndE) → A1(EndE) be the induced covariant
derivative on EndE.

Definition 3.6. — [BGV04, Prop. 7.4] Let A be a K-invariant connection. We say
that a K-equivariant (smooth) section µ of EndE⊗ k∗, thus associating to each v ∈ k

a section ⟨µ, v⟩ ∈ A0(EndE), is a moment map for the K-action on E if for all v ∈ k

we have
ιvFA = −DEndE⟨µ, v⟩.

Thus the moment map condition is an equality of elements of A1(EndE). We again
emphasise that we do not require positivity (of any kind on FA) in our definition of
a moment map in this higher rank case.

Definition 3.7. — Let µ ∈ A0(EndE ⊗ k∗) be a moment map for the K-action
on E. The equivariant Chern–Weil representatives of the equivariant Chern characters
of E with respect to A are the equivariant differential forms c̃hk,eq(E,A) ∈ chk,eq(E)

defined, for each v ∈ k, by

c̃hk,eq(E,A)(v) = tr
( 1

k!

( i

2π
(FA + ⟨µ, v⟩)

)k)
.

Implicit in this is that the equivariant Chern–Weil representatives thus defined are
equivariantly closed [BGV04, p. 211].

Much as is well-known for line bundles, in the vector bundle setting moment maps
can be described explicitly via the infinitesimal action and the connection. For each
v ∈ k, let LE

v : A0(E) → A0(E) the infinitesimal action on sections of E. Then a
moment map for the K-action on E is given by [BGV04, Def. 7.5]

(3.1) ⟨µ, v⟩ = Dv − LE
v .

Note that neither of LE
v nor Dv are individually sections of EndE.
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4. Z-critical Kähler metrics as moment maps

Here we consider Z-critical Kähler metrics in the finite-dimensional setting. We first
compute a moment map for the full curvature tensor of a Kähler manifold, then use
this information to produce equivariant representatives for the equivariant Chern
characters of the vertical tangent bundle of a holomorphic submersion. Applying the
theory of equivariant differential forms, we prove the finite-dimensional case of The-
orem 1.1.

4.1. Chern–Weil theory for the tangent bundle. — Consider a Kähler manifold
(X,ω), with X not necessarily compact. We assume there is an action of a compact
Lie group K on (X,ω) by Hamiltonian isometries. The Kähler metric ω induces a
Hermitian metric g on the holomorphic tangent bundle TX1,0, which in turn induces a
(Chern) connection D on TX1,0 with curvature R ∈ A1,1(EndTX1,0). The connection
on TX1,0 is K-invariant, and our aim is to calculate the resulting equivariant Chern–
Weil representatives of the Chern characters of X. To phrase what these Chern–Weil
representatives are, we require some further notation.

Definition 4.1. — For a smooth function h, we denote by

g−1(i∂∂h) ∈ A0(EndTX1,0)

for the endomorphism of TX1,0 obtained by using the Hermitian metric g to raise the
(0, 1)-form part of i∂(∂h) ∈ A0,1(T ∗X1,0) to a (1, 0)-vector field.

In a little more detail, since ∂h is a section of the holomorphic vector bundle
T ∗X1,0, it follows that i∂∂h is a section of T ∗X1,0 ⊗ T ∗X0,1, while the Hermitian
metric g on TX1,0 defines an isomorphism T ∗X0,1 ∼= TX1,0, thus inducing an iso-
morphism

T ∗X1,0 ⊗ T ∗X0,1 ∼= T ∗X1,0 ⊗ TX1,0 ∼= EndTX1,0,

and the image of i∂∂h under these identifications is what we denote g−1(i∂∂h). In
local coordinates, g−1(i∂∂h) may be written igαβ∂β∂γh and is skew-Hermitian.

Remark 4.2. — We emphasise that the ∂-operator in Definition 4.1 is that of the
holomorphic vector bundle T ∗X1,0, and not the ∂-operator of differential forms. The
operator g−1 will always be used with this convention, throughout this work. In par-
ticular, we will see in the following proof the emergence of i∂∂h, where ∂ is the
∂-operator of the anti-holomorphic vector bundle T ∗X0,1. Unlike the corresponding
operators on forms, these operators satisfy i∂∂h = i∂∂h under the identification
T ∗X1,0 ⊗ T ∗X0,1 ∼= T ∗X0,1 ⊗ T ∗X1,0.

Proposition 4.3. — Let µ : X → k∗ be a moment map for the K-action on (X,ω).
Then a moment map σ for the K-action on TX1,0 is given by

⟨σ, v⟩ = g−1
(
i∂∂(⟨µ, v⟩)

)
,

where v ∈ k.
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Proof. — We first prove equivariance. Since µ itself is equivariant, for k ∈ K and
v ∈ k we have hAd(k)v = k∗hv, where hv := ⟨µ, v⟩ and Ad : K → End(k) denotes the
adjoint action of K on k. Further since K acts by biholomorphisms preserving ω, the
Hermitian metric g is K-invariant and for an arbitrary smooth function f on X we
have

i∂∂k∗f = k∗i∂∂f.

It follows that σ∗ : k → A0(EndTX1,0) defined by

v 7−→ g−1i∂∂(⟨µ, v⟩)

is K-equivariant, as required.
We next fix v ∈ k and prove the moment map property with respect to v. Let

h = ⟨µ, v⟩, so that ιvω = −dh. Recall that by Equation (3.1), the moment map is
given by

⟨σ, v⟩ = Dv − Lv.

On the tangent bundle, the infinitesimal action corresponds with the usual Lie deriv-
ative of vector fields. Since the Chern connection agrees with the restriction of the
complexified Levi–Civita connection Dg to TX1,0, the torsion-free property implies
[BGV04, Ex. 7.8]

⟨σ, v⟩ = (Dgv)|TX1,0 .

Write v = v1,0+v0,1. Since Dg preserves the decomposition TXC = TX1,0⊕TX0,1

and ⟨σ, v⟩ is an endomorphism of TX1,0, we must have (Dgv0,1)|TX1,0 = 0, so

⟨σ, v⟩ = (Dgv1,0)|TX1,0 = Dv1,0.

As the vector field v is Hamiltonian,

v1,0 = g−1(i∂h).

Since the Chern connection preserves the metric g, we have

Dv1,0 = D
(
g−1(i∂h)

)
= g−1D(i∂h) = g−1(i∂∂h) = g−1(i∂∂h),

where D is the conjugate of the Chern connection, and in the final equality we apply
Remark 4.2. □

Remark 4.4. — As noted to us by one of the referees, one may also use the Killing
identity in Riemannian geometry [Bal06, Exer. 1.5] in order to prove Proposition 4.3.
One can also prove the result directly using holomorphic normal coordinates; see a
previous version of our work [DH23, Prop. 4.1].

The first notable consequence of this is the following, for which we introduce the
notation

Hv := g−1(i∂∂(⟨µ, v⟩)).

Corollary 4.5. — The equivariant Chern–Weil representatives of the Chern charac-
ters of TX1,0 with respect to the Hermitian metric induced by ω are given for v∈k by

c̃hk,eq(X,ω)(v) = tr
( 1

k!

( i

2π
(R+Hv)

)k)
.
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This is a standard result for the first Chern class, where (since tr(iHv) = −∆⟨µ, v⟩
and tr(iR) = 2πRicω) for j = 1 the result states that the equivariant differential
form

(4.1) v 7−→ Ricω − 1

2π
∆⟨µ, v⟩

is equivariantly closed, and is a representative of c1,eq(X). This is, at least beyond
equivariance of the form, also a classical consequence of the Bochner formula
[Gau17, Prop. 8.8.3, Rem. 8.8.2] (having been used many times since [Szé12, Lem. 28],
[Leg21, §3]), and to our knowledge equivariance was first explicitly stated for general
compact Lie groups by McCarthy [McC22, Proof of Prop. 3.5].

Our main applications will instead use a consequence of this global result which
holds for the relative tangent bundle of a holomorphic submersion. The setting is the
following. We consider a proper holomorphic submersion π : X → B between finite-
dimensional Kähler manifolds; the fibres are thus compact, but B and X themselves
are not required to be so. We denote the fibre of π over b ∈ B by Xb. We fix a
compact Lie group K acting by biholomorphisms on X and B in such a way that π is
a K-equivariant map. We finally fix a K-invariant relatively Kähler metric ωX along
with a moment map µX : X → k∗ with respect to ωX (recalling we do not demand
that ωX be globally positive).

Letting V1,0 := ker(dπ : TX1,0 → TB1,0) denote the vertical holomorphic tangent
bundle, we write gV for the Hermitian metric on V1,0 induced by the relatively Kähler
metric ωX and set RV to be its curvature, so that RV is now a (1, 1)-form on X with
values in End(V1,0). As before, through the metric gV, for a smooth function h on X
we can think of i∂V∂Vh as an endomorphism of V1,0, by raising the (0, 1)-form part
to a (1, 0)-vector field; we will write g−1

V i∂V∂Vh for this endomorphism. Here ∂V is
the projection onto (V1,0)∗ of ∂ and ∂V is the natural operator on the holomorphic
vector bundle (V1,0)∗. Noting that V1,0 admits a natural K-action, we may ask for a
moment map.

Corollary 4.6. — A moment map σ for the K-action on V is given by

⟨σ, v⟩ = g−1
V i∂V∂V(⟨µX , v⟩),

where v ∈ k.

Proof. — Equivariance of σ is similarly deduced as in Proposition 4.3, so we omit the
proof of this. The result is local, so we may fix a chart around a point in B and endow
this chart with a K-invariant metric ωB admitting a moment map

µB : B −→ k∗;

such a moment map can always be found, using that ωB is exact in the given chart.
While the form ωX is only relatively Kähler, for k ≫ 0 the form

ωk = kωB + ωX ,
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is genuinely Kähler, perhaps after shrinking B once more. The associated moment
map takes the form

µk = kµB + µX ,

and denoting by Rk the curvature of the induced Hermitian metric gk on TX1,0,
by Proposition 4.3

(4.2) ιvRk = −Dk(g
−1
k i∂∂⟨µk, v⟩).

This is an equality of EndTX1,0-valued one-forms, and we wish to deduce from this
the equality of EndV1,0-valued one-forms

(4.3) ιvRV = −DEndV(g
−1
V i∂V∂V⟨µX , v⟩).

To do this, we merely consider the block decomposition of (4.2) under TX1,0 =

H1,0 ⊕ V1,0, where H1,0 is the orthogonal complement of V1,0 under ω (equiva-
lently ωk). Since V1,0 is a holomorphic subbundle of TX1,0, the component of Rk

in End(V1,0) is just RV1,0 , as ωk induces the same metric on V1,0 as ω does for all k.
Similarly, the Chern connection of TX1,0 preserves the decomposition H1,0 ⊕ V1,0

and restricts to the Chern connection of V1,0. Since the End(V1,0) component of
g−1
k i∂∂⟨µk, v⟩ is equal to g−1

V i∂V∂V⟨µX , v⟩, we immediately obtain (4.3). □

To construct the scalar curvature as a moment map, we will only require the trace
of this result. Recall that the relative anticanonical class −KX/B = ΛnV1,0 is by
definition the top exterior power of the relative holomorphic tangent bundle; induced
from the Hermitian metric ωX on V1,0 is thus a Hermitian metric on −KX/B , and we
write i/2π times the curvature of this metric as ρ ∈ c1(−KX/B), so that i

2π tr(RV) = ρ.
Similarly the trace of g−1

V ∂V∂V⟨µ, v⟩ is the vertical Laplacian ∆V⟨µ, v⟩, defined by
restricting ⟨µ, v⟩ to a fibre and taking the Laplacian given by restricting the metric ωX

to the fibre.

Corollary 4.7. — The equivariant differential form

v 7−→ ρ− 1

2π
∆V⟨µ, v⟩

is equivariantly closed, and is a representative of c1,eq(−KX/B).

4.2. Scalar curvature as a moment map in finite dimensions. — Our setup is the
same as the end of Section 4.1, so that π : X → B is a proper holomorphic submersion
of relative dimension n, K is a compact Lie group acting holomorphically on both X
and B in such a way that π is K-equivariant, and ω is a K-invariant relatively Kähler
metric on X with cohomology class α = [ω]. In this generality, we prove a moment
map property of the scalar curvature. The novelty in comparison to the prior work
(beyond the basic approach) is that we allow both the complex structure and the
symplectic structure to vary. The results here will be a special case of the results
concerning Z-critical Kähler metrics, but we isolate the scalar curvature result as it
is of independent interest.
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We denote by ωb := ω|Xb
the resulting Kähler metric on the fibre Xb of π for b ∈ B,

and suppose that µ : X → k∗ is a moment map for the K-action on (X,ω). Denote
also

Ŝb = n

∫
Xb
c1(Xb) · αn−1∫

Xb
αn

the fibrewise average scalar curvature, which is independent of b ∈ B.

Definition 4.8. — We define the Weil–Petersson form on B to be the closed (1, 1)-
form

Ω =
Ŝb

n+ 1

∫
X/B

ωn+1 −
∫
X/B

ρ ∧ ωn.

The Weil–Petersson form is usually only defined for families of cscK manifolds
[FS90, Def. 7.1] (i.e., when ω has constant scalar curvature when restricted to each
fibre), in which case it is known to be semipositive (its strict positivity is also well-
understood).

Theorem 4.9. — The map σ : B → k∗ defined by

⟨σ(b), v⟩ =
∫
Xb

⟨µ, v⟩|b(Ŝb − S(ωb))ω
n
b

is a moment map for the K-action on (B,Ω).

Proof. — Corollary 4.7 proves that the form

β : v 7−→ ρ− 1

2π
∆V⟨µ, v⟩

is an equivariantly closed form on X. Similarly by hypothesis the form

γ : v 7−→ ω + ⟨µ, v⟩

is equivariantly closed. It follows that β ∧ γn is equivariantly closed on X and hence
its fibre integral ∫

X/B

β ∧ γn

is an equivariantly closed differential form on B.
Unravelling what this means will prove the result. By definition for v ∈ k(∫

X/B

β ∧ γn
)
(v) =

(∫
X/B

β(v) ∧ γ(v)n
)

=

∫
X/B

(
ρ− 1

2π
∆V⟨µ, v⟩

)
∧ (ω + ⟨µ, v⟩)n.

We expand this to obtain∫
X/B

(
ρ− 1

2π
∆V⟨µ, v⟩

)
∧ (ω + ⟨µ, v⟩)n

=

∫
X/B

(
ρ ∧ ωn − 1

2π
∆V⟨µ, v⟩ωn + n⟨µ, v⟩ρ ∧ ωn−1

)
,
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where we use that the fibre integral of forms of degree strictly less than 2n vanish.
The first of these three terms is a (1, 1)-form on the base B, while for degree reasons
the latter two are functions on B which we now calculate. Since(∫

X/B

∆V⟨µ, v⟩ωn

)
(b) =

∫
Xb

∆b(⟨µ, v⟩|Xb
)ωn

b ,

and since integrals of functions in the image of the Laplacian vanish, this fibre integral
also vanishes. Again working fibrewise,

n

(∫
X/B

⟨µ, v⟩ρ ∧ ωn−1

)
(b) = n

∫
Xb

⟨µ, v⟩|Xb
Ric(ωb) ∧ ωn−1

b

=

∫
Xb

⟨µ, v⟩|Xb
S(ωb)ω

n
b ,

where we use that ρ|Xb
= Ric(ωb).

To conclude we perform a similar, but simpler calculation using γn+1, which pro-
duces (∫

X/B

γn+1

)
(v) =

∫
X/B

ωn+1 + (n+ 1)

∫
X/B

⟨µ, v⟩ωn,

where the latter function satisfies(∫
X/B

⟨µ, v⟩ωn

)
(b) =

∫
Xb

⟨µ, v⟩|Xb
ωn
b .

Summing up we conclude that as required the map σ : B → k∗ defined by

⟨σ, v⟩(b) =
∫
Xb

⟨µ, v⟩|b(Ŝb − S(ωb))ω
n
b

is a moment map for the K-action on (B,Ω), by definition of Ω. □

Remark 4.10. — The reason to include the term Ŝb

n+1

∫
X/B

ωn+1 in the Weil–Petersson
form is so that the moment map involves the scalar curvature minus its average, so
that constant scalar curvature metrics are zeroes of the moment map.

4.3. The general moment map in finite dimensions. — We next prove a finite-
dimensional moment map property for the Z-critical operator. Our setup and
notation is identical to Section 4.2. Our strategy is to first associate to a central
charge Z in the sense of Definition 2.2 a closed (1, 1)-form ΩZ on B. Our central
charge is now defined fibrewise, and we denote it by

Z(Xb, αb) =
∑
j,k

ajk

∫
Xb

αj
b · chk1(Xb) · · · · · chkr (Xb) ∈ C,

where ajk ∈ C are a collection of complex numbers. We note that the value Z(Xb, αb)

is independent of b ∈ B, since the fibre integral of a closed form is closed, and the
resulting closed form on the base has degree zero, so is a constant function.

We first associate a complex (1, 1)-form ηZ ∈ A1,1(B) to the central charge Z

through fibre integrals. Our construction will be linear, so we consider a single term
αj
b · chk1

(Xb) · · · · · chkr
(Xb) of the central charge. The relatively Kähler metric ω
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induces a Hermitian metric on V1,0 with curvature RV ∈ A1,1(EndV1,0), and hence
induces Chern–Weil representatives which we denote

c̃hk(V
1,0, ω) = tr

( 1

k!

( i

2π
RV

)k)
∈ chk(V

1,0).

We associate to this term the closed (n+ 1, n+ 1) form on X defined by
1

j + 1
ωj+1 ∧ c̃hk1(V

1,0, ω) ∧ · · · ∧ c̃hkr (V
1,0, ω) ∈ An+1,n+1(X).

Taking the fibre integral of this (n+1, n+1)-form produces a closed (1, 1)-form on B
associated to the single term αj ·chk1

(V1,0)·· · ··chkr
(V1,0), and extending linearly over

all terms of the central charge produces a closed complex (1, 1)-form ηZ ∈ A1,1(B),
with complexity arising from the fact that we allow the coefficients ajk to be complex
themselves.

Definition 4.11. — We define the form ΩZ associated to the central charge Z to be

ΩZ = Im
(
e−iϕ(Xb,αb)ηZ

)
.

Here we recall ϕ(Xb, αb) := argZ(Xb, αb) ∈ (−π, π] is the phase of the central
charge. We will primarily be interested in ΩZ rather than ηZ .

Example 4.12. — Suppose we take the central charge Z to induce the constant scalar
curvature equation, namely Z(Xb, αb) = i

∫
Xb
αn
b −

∫
Xb
c1(Xb) · αn−1. Then ΩZ is a

positive multiple of the Weil–Petersson form

Ŝb

n+ 1

∫
X/B

ωn+1 −
∫
X/B

ρ ∧ ωn.

Recall the definition of Z̃(Xb, ωb) from equation (2.3).

Theorem 4.13. — Suppose µ : X → k∗ is a moment map for the K-action on (X,ω).
Then the map σZ : B → k∗ defined by

⟨σZ(b), v⟩ :=
∫
Xb

⟨µ, v⟩|b Im(e−iϕ(Xb,αb)Z̃(Xb, ωb))ω
n
b

for v ∈ k, is a moment map for the K-action on (B,ΩZ).

Proof. — Equivariance of the (claimed) moment map will be a formal consequence
of the theory of equivariant differential forms and equivariance of the map sending v
to RV + g−1i∂V∂V(⟨µ, v⟩), so we fix v ∈ k and prove that

ιvΩZ = −d
∫
Xb

⟨µ, v⟩|b Im(e−iϕ(Xb,αb)Z̃(Xb, ωb))ω
n
b ,

with the latter function considered as a function of b ∈ B.
Since ωn

b and ⟨µ, v⟩|b are real, it is enough to calculate the moment map for a single
term comprising ηZ , namely the (1, 1)-form on B given by

1

j + 1

∫
X/B

ωj+1 ∧ c̃hk1
(V 1,0, ω) ∧ · · · ∧ c̃hkr

(V 1,0, ω).
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We replace this form with an equivariantly closed form by replacing ω with ω + µ

and similarly replacing each term c̃hkm(V1,0, ω) with c̃hkm,eq(V
1,0, ω), producing by

Lemma 3.4 an equivariantly closed form
1

j + 1
(ω + µ)j+1 ∧ c̃hk1,eq(V

1,0, ω) ∧ · · · ∧ c̃hkr,eq(V
1,0, ω)

on X. Thus by Lemma 3.5 the fibre integral
1

j + 1

∫
X/B

(ω + µ)j+1 ∧ c̃hk1,eq(V
1,0, ω) ∧ · · · ∧ c̃hkr,eq(V

1,0, ω)

is an equivariantly closed form on B, and so, for each v ∈ k, induces a closed (1, 1)-form
plus a function for dimensional reasons.

We calculate this form explicitly to conclude. It is clear that the closed (1, 1)-form
on B must be

1

j + 1

∫
X/B

ωj+1 ∧ c̃hk1
(V1,0, ω) ∧ · · · ∧ c̃hkr

(V1,0, ω);

this will lead to the appearance of ΩZ . To calculate the function component of the
fibre integral, since the fibre dimension is n, the only possible contribution arises from
integrating a function against an (n, n)-form.

We thus calculate the relevant function. Set hv = ⟨µ, v⟩ and Hv = g−1
V i∂V∂Vhv ∈

A0(EndV1,0), so that the equivariant Chern–Weil representatives of the Chern char-
acters are given by

c̃hkm,eq(V
1,0, ω)(v) = tr

( 1

km!

( i

2π
(RV +Hv)

)km
)
,

= tr
( 1

km!

( i

2π
RV

)km

+
1

(km − 1)!

( i

2π
RV

)km−1 i

2π
Hv +O(H2

v )
)
,

where we use that the trace of a commutator vanishes. In order to obtain a function
on B, only the linear term in Hv can contribute; all other terms have too small degree
and integrate to zero. Writing

τ̃m(V1,0, ω)(v) =
1

(km − 1)!
tr
(( i

2π
RV

)km−1 i

2π
Hv

)
,

we may discard the O(H2
v )-terms, and may replace our equivariant Chern–Weil rep-

resentative with
v 7−→ c̃hkm(V1,0, ω)(v) + τ̃m(V1,0, ω)(v).

We wish to replace the sectionHv ∈ A0(EndV1,0) with the function hv ∈ C∞(X,R)
to obtain the actual Z-critical equation by using an integration by parts argument.
The relevant integral is calculated over a single fibre, so we fix b ∈ B and argue as
follows. Note that RV restricts to the fibre Xb as the curvature Rb of the Hermitian
metric induced by ωb on TX1,0

b . Denote

ℓ̃m(Xb, ωb)

=
1

j + 1

ωj+1
b ∧ c̃hk1

(Xb, ωb) ∧ · · · ∧ 1
(km−1)!

(
i
2πRb

)km−1 ∧ · · · ∧ c̃hkr
(Xb, ωb)

ωn
b

,
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namely where we replace a single term c̃hkm(Xb, ωb) with 1
(km−1)!

(
i
2πRb

)km−1. As the
numerator is an End(TX1,0

b )-valued (n, n)-form, overall ℓ̃m(Xb, ωb) is a section of
EndTX1,0

b .
Consider for the moment an arbitrary section A ∈ A0(EndTX1,0

b ). Then we
restrict Hv to Xb and calculate on Xb

tr(AHv) = ⟨A♭, i∂b∂bhv⟩gb ,

where A♭ is A considered as a section of T ∗X1,0
b ⊗ T ∗X0,1

b via the metric gb and we
emphasise that all derivatives are taken on Xb. We then integrate by parts to obtain∫

Xb

tr(AHv)ω
n =

∫
Xb

⟨A♭, i∂b∂bhv⟩gbωn
b

=

∫
Xb

hv(i∂
∗
b ∂

∗
bA

♭)ωn
b .

Thus the integral of interest in calculating the function component of the equivari-
antly closed form, namely∫

Xb

ωj+1 ∧ c̃hk1
(V1,0, ω) ∧ · · · ∧ τ̃m(V1,0, ω)(v) ∧ · · · ∧ c̃hkr

(V1,0, ω),

can be rewritten as ∫
Xb

hv

(−1

2π
∂∗b ∂

∗
b

(
ℓ̃m(Xb, ωb)

♭
))
ωn
b .

From here the calculation involves repeatedly applying this idea and using the
definition of the Z-critical equation to see that the moment map is indeed given by

⟨σZ(b), v⟩ =
∫
Xb

⟨µ, v⟩|b Im(e−iϕ(Xb,αb)Z̃(Xb, ωb))ω
n
b . □

Remark 4.14. — This calculation is why we use Chern characters rather than Chern
classes. If one uses Chern classes, following a similar strategy one instead uses the
adjugate to linearise the Chern–Weil representatives, through

d

dϵ

∣∣∣∣
ϵ=0

det (R+ ϵHv + t IdEndV) = tr
(
Adj(R+ t IdV)Hv

)
;

here, the adjugate should be understood as the curvature of the induced Hermit-
ian metric on Λn−1V1,0. This produces an equivalent formulation of the Z-critical
equation, but is notationally more cumbersome.

Remark 4.15. — A weak moment map property for the special case of the Z-critical
equation only involving powers of the first Chern class is proved in [Der23, §3.3]. The
proof there only applies to isotrivial families (so only a single complex manifold is
considered), using very different ideas involving Deligne pairings.
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5. Moment maps on the space of almost complex structures

The goal of this section is to prove moment map properties for the constant scalar
curvature equation and the Z-critical equation on the space of almost complex struc-
tures. To do so, we begin by developing some geometric aspects of the space of almost
complex structures.

Denoting by J(M,ω) the space of almost complex structures on a fixed compact
symplectic manifold (M,ω), we will show that J(M,ω) admits a universal family
π : U → J(M,ω), so that the fibre over J ∈ J(M,ω) is the almost complex manifold
(M,J) endowed with the compatible symplectic form ω, making the fibre into an
almost Kähler manifold. In particular the universal family has a natural relatively
almost Kähler metric ωU, and we will further lift the action of the group of exact
symplectomorphisms G to U, making

π : (U, ωU) −→ J(M,ω)

a G-equivariant almost holomorphic submersion, endowed with a relatively almost
Kähler metric.

This is precisely the setup of Section 4, beyond the fact that we consider almost
complex structures which may not be integrable, and that the spaces involved are
infinite-dimensional (though the map π has finite relative dimension). We will thus
adapt the techniques of Section 4 to this more general setting to produce moment
map properties for the Z-critical equation on the space of almost complex structures.

5.1. Preliminaries on the space of almost complex structures

5.1.1. The space of almost complex structures. — We recall some aspects of the the-
ory of the space of almost complex structures, referring to Scarpa for a thorough
introduction [Sca20, §1.3].

Let (M,ω) be a compact symplectic manifold, and recall that an endomorphism
J ∈ A0(EndTM) is an almost complex structure if J2 = − IdTM .

Definition 5.1. — An almost complex structure J on M is compatible with ω if for
all vector fields X,Y on M we have

ω(JX, JY ) = ω(X,Y ),

and g(X,Y ) := ω(X, JY ) is a Riemannian metric on M . We denote by J or J(M,ω)

the set of all almost complex structures on M compatible with ω.

The set J has the natural structure of an infinite-dimensional Fréchet manifold
[Koi90, §3] (see also [Sca20, §1.3]); we will always consider J with this structure. Going
further, the Fréchet manifold J admits itself an almost complex structure, defined in
the following manner. Firstly, the tangent space to J ∈ J is naturally identified with
the space of smooth endomorphisms A of TM satisfying

AJ + JA = 0 and ω(AX, JY ) + ω(JX,AY ) = 0

J.É.P. — M., 2026, tome 13



Moment maps in complex geometry 423

for all vector fields X,Y on M . We then define the almost complex structure JJ on J

by setting, for A ∈ TJJ,
JJJ(A) = JA.

Koiso further gives J the structure of a complex Fréchet manifold, by producing holo-
morphic Fréchet charts on J (with holomorphic transition functions). In this way, the
almost complex structure JJ is induced by a genuine complex structure on J.

5.1.2. The universal family over the space of almost complex structures. — We next con-
struct a universal family U over J, whose fibre over J ∈ J is the almost complex
manifold (M,J). We give the universal family increasing structure in turn. As a
smooth Fréchet manifold, we define U := J ×M , which we think of as a submersion
over J with fibre M . As an almost complex manifold, we define

JU
(J,x)(A,X) := (JJJ(A), JxX).

The almost complex structure defined in this way is such that the projection π : U → J

is a holomorphic map between almost complex manifolds.
Universal families admit natural relative metrics rather than global ones; in our

situation this construction is as follows. Consider the closed (1, 1)-form ωU defined by
pulling back ω from the (smooth) projection U →M . Then ωU is a relatively almost
Kähler metric on U , in the sense that it is a closed (1, 1)-form satisfying

ωU(JUX, JUY ) = ωU(X,Y )

for tangent vectors X,Y at a point of U, and ωU(X, JUX) > 0 for any non-zero
vertical tangent vector X ∈ TM ⊂ TU. In particular, the restriction of ωU to any
fibre π−1(J) of π is an almost Kähler metric on (M,J). Hence on integrable fibres,
ωU restricts to a genuine Kähler metric.

We next note the existence of a canonical Chern connection DV on the vertical
(almost) holomorphic tangent bundle V = TM ⊂ TU over U, which preserves the
Hermitian metric

⟨X,Y ⟩(J,x) := ωx(X,JY ),

and has (0, 1)-part equal to the ∂-operator

∂
V
X := ∂

J
X + ∂

H
X.

In this second definition, ∂J is simply the del-bar operator of the almost complex man-
ifold (M,J), and ∂

H is defined by observing the bundle V is trivial in the horizontal
directions, so we may extend the del-bar operator of J to V.

To construct DV, first observe there exists a natural horizontal End(V)-valued
1-form Θ on U, defined by

Θ(J,x)(A,X) := Ax,

where we use the canonical identification of TJJ with a subspace of endomorphisms of
V = TM . Clearly Θ is complex linear, so we may consider it as a horizontal (1, 0)-form
with values in End(V).
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Next, recall any compatible almost complex structure J on (M,ω) induces a natural
Chern connection on TM defined by

(5.1) DJ
XY := Dg

XY − 1

2
J(Dg

XJ)Y,

where g is the Hermitian metric defined by J and ω, and Dg is the Levi-Civita
connection of g. Using these data, we can define the connection DV on V by

DV := DJ + dJ − 1

2
JVΘ.

To elaborate, in the vertical direction at J , the connection is given by DJ . Since V

is trivial in the horizontal directions, the horizontal part of any connection is dJ plus
a horizontal End(V)-valued 1-form; we have chosen − 1

2J
VΘ for that 1-form, where

JV ∈ End(V) denotes the almost complex structure of V.
In fact, since End(V) is trivial in the horizontal directions, we may take the horizon-

tal derivative of JV to get dJJV ∈ A0(H∗ ⊗ End(V)). It is immediate that Θ = dJJV,
since the tangent space to J consists exactly of infinitesimal changes in ω-compatible
almost complex structures.

Lemma 5.2. — DV is the Chern connection associated to the natural del-bar operator
and Hermitian metric on V.

Proof. — Since DJ is already the Chern connection of (M,J), we only need to com-
pute the conditions in the horizontal direction. To see that DV is Hermitian in the
horizontal direction, take sections s1 and s2 of V that are constant in the horizontal
direction. Then for any horizontal tangent vector A,

d⟨s1, s2⟩(A) = 1
2d

J(ω(s1, JVs2) + ω(s2, JVs1))(A)

= 1
2

(
ω(s1, (d

JJV)(A)s2) + ω(s2, (d
JJV(A))s1)

)
= ω

(
s1,

1
2Θ(A)s2

)
+ ω

(
s2,

1
2Θ(A)s1

)
= ω

(
s1, JV

(
dJ − 1

2J
VΘ

)
s2

)
(A) + ω

(
s2, JV

(
dJ − 1

2J
VΘ

)
s1

)
(A)

= ⟨s1, DV
As2⟩+ ⟨DV

As1, s2⟩.

We have already remarked that Θ is complex linear, so is considered as a (1, 0)-form,
from which it follows that the (0, 1)-part of DV is the ∂-operator of V. □

5.1.3. The action of the group of exact symplectomorphisms. — We now construct an
action of the group of exact symplectomorphisms G on U. As a smooth manifold U is
given by J×M , and for γ ∈ G we define γ(J, x) = (γ · J, γ(x)), where G acts on J by

(γ · J)(u) = γ∗ ◦ J ◦ γ∗(u),

and where pullback of tangent vectors is defined since γ is a diffeomorphism. The map
U → J is thus G-equivariant, and the form ωU on U is G-invariant.

We next calculate the infinitesimal action, to show that this is a holomorphic
action. The Lie algebra of G is naturally identified with the space C∞

0 (M,R) of smooth
functions on M with integral zero. The vector field on J associated with a function
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f ∈ C∞
0 (M,R) is defined as follows. Firstly, f generates a Hamiltonian vector field Xf

on M defined by
df = ω(−, Xf ).

Let Φf
t be the time-t flow of Xf , which is a diffeomorphism of M to itself. Using this

flow, we can define a vector field Af on J by

Af |J :=
d

dt

∣∣∣∣
t=0

(Φf
−t)

∗J = −LXf
J.

The vector field on U associated to f ∈ C∞
0 (M,R) is then Af +Xf .

Lemma 5.3. — The action of G on U is holomorphic.

Proof. — We must show the vector field Af +Xf on U generated by f ∈ C∞
0 (M,R)

is holomorphic. In other words, we must show that the Lie derivative of JU = JJ+ JV

along this vector field vanishes. We calculate

LAf+Xf
(JJ + JV) = LAf

(JJ) + LAf
(JV) + LXf

(JJ) + LXf
(JV)

= LAf
(JV) + LXf

(JV).

Here we use that the action of G on J is holomorphic to obtain LAf
(JJ) = 0 (using

the definition of the infinitesimal action and the complex structure JJ), and that JJ

is constant in the vertical directions to obtain LXf
(JJ) = 0.

Now, Af is the vector field associated to the one-parameter family of diffeomor-
phisms Ψf

t of J, where
Ψf

t (J) := (Φf
−t)

∗J.

Hence

LAf
(JV)|J :=

d

dt

∣∣∣∣
t=0

JV|(Φf
−t)

∗J =
d

dt

∣∣∣∣
t=0

(Φf
−t)

∗J = −LXf
J = −LXf

JV|J .

Thus LAf
(JV) + LXf

(JV) = 0, proving the result. □

Thus both the ∂-operator and Hermitian metric (induced by ωU) on V are compat-
ible with the G-action. It follows that the Chern connection, and hence its curvature,
are also G-invariant.

5.2. Equivariant differential geometry of almost Kähler manifolds. — Our next
goal is to understand the equivariant representatives of the Chern characters of the
almost holomorphic tangent bundle of an almost Kähler manifold. We will then apply
a similar idea to Corollary 4.6 in order to obtain a version of this statement for an
almost holomorphic submersion, where we only assume that the relative dimension is
finite. These will then be applied to the almost holomorphic submersion π : (U, ωU) →
J(M,ω).

We begin by considering an almost Kähler manifold (M,J, ω), endowed with an
almost holomorphic action of a compact Lie group K, which fixes ω and admits a
moment map µ :M → k∗. Denote by TM1,0 the almost holomorphic tangent bundle,
which admits a Chern connection defined by Equation (5.1). We let DTM , DTMC
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and D denote the Chern connections on the smooth tangent bundle, complexified
tangent bundle and almost holomorphic tangent bundle respectively. Denote by g the
Hermitian metric on TM1,0 induced by the almost Kähler metric ω.

Proposition 5.4. — A moment map for the K-action on TM1,0 is given by

⟨σ, v⟩ = g−1(i∂∂⟨µ, v⟩),

where ∂ : A0(T ∗M1,0) → A0,1(T ∗M1,0) is the ∂-operator of T ∗M1,0.

Remark 5.5. — Unlike in the Kähler case, we are somewhat forced to deal with the ∂
and ∂ operators on differential forms, since these are the more fundamental operators
in this setting. In particular, the operator

∂ : A0(T ∗M1,0) −→ A0,1(T ∗M1,0)

of Proposition 5.4 is defined as

∂α := p(π(1,1)dα),

where π(1,1) is projection to the (1, 1)-forms, and p is the projection

(T ∗M1,0 ⊗ T ∗M0,1)⊕ (T ∗M0,1 ⊗ T ∗M1,0) −→ T ∗M0,1 ⊗ T ∗M1,0;

note that (π(1,1) ◦ d)|Ω(1,0)(M) is the ∂-operator on exterior forms.
The ∂-operator on T ∗M0,1 is defined similarly. These definitions will again imply

g−1(i∂∂h) = g−1(i∂∂h), as per Remark 4.2 in the Kähler case; one need simply bear
in mind that the operators ∂ and ∂ here produce sections of the appropriate tensor
product bundles, and not exterior forms.

Proof. — In comparison with Proposition 4.3, we do not assume that J is integrable,
hence the Chern connection on TM no longer agrees with the Levi–Civita connection.
In particular, the Chern connection has torsion, which is given by the Nijenhuis tensor:

(5.2) DTM
X Y −DTM

Y X − [X,Y ] = −1

4
NJ(X,Y ),

where NJ(X,Y ) = [X,Y ] + J([JX, Y ] + [X, JY ]) − [JX, JY ]. The K-action has
infinitesimal lift to TM given by the Lie derivative, meaning ⟨σTM , v⟩ = DTM

v − Lv

by Equation 3.1, where σTM is the moment map for the K-action on TM . It follows
that 〈

σTM , v
〉
= DTMv − 1

4
ιvNJ ,

where we view ιvNJ = NJ(v,−) as a section of EndTM .
The Chern connection on TM induces the Chern connections on TMC and on

TM1,0; since the Chern connection preserves J , it preserves types of forms, mean-
ing that (RTMC)EndTM1,0 , the EndTM1,0-component of the curvature, is simply the
curvature of the Chern connection on TM1,0. Thus the moment map for the Chern
connection on TM1,0 is given by

⟨σ, v⟩ =
(
DTMCv − 1

4
ιvNJ

)EndTM1,0

.
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Note that the EndTM1,0-component of ιvNJ actually vanishes: writing v =

v1,0 + v0,1, for Y a section of TM1,0 the Nijenhuis tensor satisfies NJ(v
1,0, Y ) =

[v1,0, Y ](0,1) ∈ A0(TM0,1), while NJ(v
0,1, Y ) vanishes in general. For the remaining

term, since again the Chern connection preserves type, (DTMCv)EndTM1,0

= Dv1,0.
Thus the moment map µ is simply

⟨µ, v⟩ = Dv1,0,

viewed through the induced section of EndTM1,0 (noting that for X ∈ A0(TM1,0),
that DXv

1,0 ∈ A0(TM1,0) holds also in the almost Kähler setting).
We next use our assumption that v = J∇h for h = ⟨µ, v⟩, so that v1,0 = g−1(i∂h).

We claim that Dv1,0 = D(g−1(i∂h)) = g−1(i∂∂⟨µ, v⟩), similarly to the integrable
case. Since the Chern connection is compatible with the metric, we have

Dg−1(i∂h) = g−1
(
D(i∂h)

)
,

however relating the Chern connection on forms to the differential now involves tor-
sion, hence the Nijenhuis tensor. We thus go through the argument in detail.

As we view g−1
(
D(i∂h)

)
as inducing a section of EndTM1,0, we may fix sections

X,Y ∈ A0(TM1,0) and calculate

g(DY g
−1(i∂h), X) = g(g−1(DY (−i∂h)), X)

= ⟨DY (−i∂h), X⟩

= ⟨DY (−i∂h), X⟩.

By Equation 5.2 and a general formula relating the connection to the differential for
connections with torsion, for a general one-form β and sections X,Y of TM1,0 we have

(dβ)(X,Y ) =
〈
DXβ, Y

〉
− ⟨DY β,X⟩ − 1

4
β(NJ(X,Y )).

In our situation β = −i∂h, so this implies

⟨DY (−i∂h), X⟩ = (id∂h)(X,Y ),

since NJ(X,Y ) and ⟨DX∂h, Y ⟩ both vanish. Since we take X,Y ∈ A0(TM1,0), we see

(id∂h)(X,Y ) = (i∂∂h)(X,Y ),

and so the induced sections of EndTM1,0 satisfy

g−1
(
D(i∂h)

)
= g−1(i∂∂h) = g−1(i∂∂h),

as per Remark 5.5. □

For M finite-dimensional, we thus obtain that the Chern–Weil representatives of
the Chern characters of the almost holomorphic tangent bundle are given by

c̃hj(TM
1,0, ω) : v −→ tr

( 1

j!

( i

2π
(R+ i∂∂⟨µ, v⟩)

)j)
with R the curvature of the Chern connection on TM1,0; finite-dimensionality is
used to take the trace, and hence to make sense of Chern–Weil theory. For the first
Chern character, this produces the Chern–Ricci curvature, and this moment map
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equation for the Chern–Ricci curvature has previously been proved by Lejmi using
other techniques [Lej10, Lem. 2.6].

For applications, we require a relative version of this setup, where the relative
dimension is finite but the dimensions of the base and total space are infinite. We thus
consider an almost holomorphic submersion π : (U, ωU) → B, with an action of a
(possibly infinite-dimensional) Lie group G on U and B making π equivariant and
such that ωU is a G-invariant relatively almost Kähler metric, along with a moment
map µ : U → LieG∗. We in addition assume that B has an auxiliary G-invariant
almost Kähler metric.

Remark 5.6. — Our main interest is in the space of almost complex structures
J(M,ω), which is known to admit a Kähler metric which is invariant under the action
of the group of exact symplectomorphisms, meaning our arguments apply to this set-
ting. In general, as our argument is local, if G is finite-dimensional we may choose a
compatible almost Kähler metric in a given Fréchet chart in B and average over the
G-action. In particular, if G is finite-dimensional, we do not need to assume B admits
an almost Kähler metric globally.

We let V = (ker dπ) ⊂ TU, and let V1,0 denote the vertical almost holomorphic
tangent bundle. The form ωU induces a Hermitian metric gV, and hence a Chern
connection, on V1,0. We may thus ask for a moment map for the G-action on V1,0

with respect to this connection.

Proposition 5.7. — A moment map σ for the G-action on V1,0 is given by

⟨σ, v⟩ = g−1
V i∂V∂V(⟨µ, v⟩).

Proof. — The moment map equality

ιvR = −D⟨σ, v⟩

is an equality of sections of A1(EndV1,0), so to prove it we may choose a point b ∈ B,
a tangent vector lying in TbB and an element of the fibre of EndV1,0 over b. Thus
although B may be infinite-dimensional, we may choose a k ≫ 0 such that ωU+kπ

∗ωB

defines a Hermitian metric on TU1,0 in all directions that enter into the proof (noting
that infinite-dimensionality prevents this argument over all of U). Thus the same
argument as Corollary 4.6 applies to prove our result, using Proposition 5.4. □

5.3. Moment maps on the space of almost complex structures. — Our next goal
is to prove that the Z-critical equation appears as a moment map on the infinite-
dimensional space J(M,ω), in particular recovering the moment map property of
the scalar curvature. We denote by Z(M,α) a fixed central charge; as its value is
topological, we consider this as fixed independently of J ∈ J(M,ω).

In order to state our general moment map property, we extend the definition of the
Z-critical equation to the almost Kähler setting: the appropriate definition is identical
to the integrable setting, namely Definition 2.4, where we use the Hermitian metric
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on the almost holomorphic tangent bundle induced by the almost Kähler metric ω to
produce the Chern connection, and hence to take curvature.

Theorem 5.8. — The map σ : J(M,ω) → C∞
0 (M,R)∗ defined by

⟨σ(J), f⟩ :=
∫
M

f Im(e−iϕ(M,α)Z̃(M,J))ωn

is a moment map for the G-action on (J(M,ω),ΩZ).

Here the closed (1, 1)-form ΩZ on J(M,ω) is induced by the central charge Z and
defined as a fibre integral in the same way as Definition 4.11. The group G is the
group of exact symplectomorphisms of (M,ω).

As a special case, that we recover the moment map property of the scalar curvature
in the integrable setting follows from the equality of Weil–Petersson form we use and
the L2-metric on J(M,ω) [FS90, Th. 10.3] (see also Fujiki [Fuj92, Th. 8.2]). We note
that it is not currently known that the Weil–Petersson form we use agrees with the
Donaldson–Fujiki form in the non-integrable setting, though we expect this to be the
case.

Proof of Theorem 5.8. — The equivariance condition of the moment map follows from
the same arguments as the equivariance part of Theorem 4.13. Thus we must only
prove the moment map equation. The equivariant Chern–Weil representatives of the
relative tangent bundle V1,0 ⊂ TU1,0 are provided by Proposition 5.7. This is the key
step of the proof in the integrable case, namely Theorem 4.13, and the rest of the
argument goes through in the same manner. □

This proof also applies to general families of almost Kähler manifolds over a finite-
dimensional base (whose almost complex structure may not be integrable), much as
in the integrable case of Theorem 4.13. We use the analogous notation to that set-
ting, so that (X,ω) → B is a K-equivariant almost holomorphic submersion between
finite-dimensional almost complex manifolds, with ω ∈ α a K-invariant relatively
almost Kähler metric with moment map µ : X → k∗, and Z is a choice of central
charge inducing a closed form Ω on B (not necessarily of type (1, 1)) and with phase
ϕb(Xb, αb). Z̃(Xb, ωb) is then computed on the fibre (Xb, ωb) as throughout.

Theorem 5.9. — The map σZ : B → k∗ defined by

⟨σZ(b), v⟩ :=
∫
Xb

⟨µ, v⟩|b Im(e−iϕ(Xb,αb)Z̃(Xb, ωb))ω
n
b

for v ∈ k, is a moment map for the K-action on (B,ΩZ).

Remark 5.10. — This moment map result also applies to families over general infinite-
dimensional bases, as long as one can apply Remark 5.6, namely if the base admits a
G-invariant almost Kähler metric. As a special case, the moment map interpretation
of the Hermitian scalar curvature also applies to families of almost Kähler manifolds
over arbitrary finite-dimensional almost complex bases, generalising Theorem 4.9.
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6. Z-critical connections as moment maps

6.1. The space of unitary connections. — We now turn to the vector bundle setting,
where our first aim is to describe the geometry of the space of unitary connections
on a fixed Hermitian vector bundle over a compact complex manifold; we denote by
A(E, h) the set of unitary connections on the Hermitian vector bundle (E, h) over X.
A reference for the basic theory of the space of unitary connections is Sektnan [Sek21,
Ch. 2].

We wish to endow A(E, h) with further structure; proofs of all results stated can
be found in [Sek21, Ch. 2]. Firstly, the space of unitary connections is an affine space
modelled on Ω1(EndSH(E, h)), where EndSH(E, h) denotes skew-Hermitian endo-
morphisms. This is a real affine space on which we construct an almost complex
structure as follows. At any connection A ∈ A(E, h) the tangent space at A satisfies
TAA(E, h) ∼= Ω1(EndSH(E, h)), and we define a complex structure by decomposing
an element a ∈ TAA(E, h) as a = a1,0 + a0,1 and setting

J(a) = −ia1,0 + ia0,1.

One checks that J(a) ∈ Ω1(EndSH(E, h)) and that J2 = − Id, defining an almost
complex structure on A(E, h). One further checks that the almost complex structure
is formally integrable in the sense that its Nijenhuis tensor vanishes.

We next define the analogue of the universal family over A(E, h), which is a Hermit-
ian complex vector bundle with a unitary universal connection. Consider the product
manifold A(E, h)×X. Pulling back the Hermitian vector bundle (E, h) gives a Her-
mitian vector bundle (E, hE) over A(E, h) × X. We endow (E, hE) with a universal
unitary connection DE using the splitting of the tangent bundle on A(E, h) × X as
follows. For (u, v) ∈ T(A,x)(A(E, h)×X) and s ∈ A0(E) we set

(DEs)(u, v) = (ds)(u) + (DAs)(v),

where d is the usual exterior derivative on A(E, h) extended to the bundle E which is
trivial in the A(E, h) directions. Thus on every submanifold {A}×X ⊂ A(E, h)×X,
the connection restricts to the connection A on E itself. The connection DE is easily
seen to be unitary, since each A is unitary and the Hermitian metric on E is the
pullback of the Hermitian metric h on E itself.

Denote by G the gauge group of (E, h), namely the group of sections of EndE

which are unitary on each fibre. The Lie algebra of the gauge group is given by
LieG = EndSH(E, h), namely skew-Hermitian endomorphisms of E. For f ∈ G, the
action of the gauge group on A(E, h) is given by

f ·A = f−1 ◦DA ◦ f.

Since the gauge group G acts on E, there is naturally an induced action on E in such
a way that E is a G-equivariant vector bundle on A(E, h) × X, where X is given
the trivial G-action. The Hermitian metric and the connection DE on E are then
G-invariant.
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6.2. The Hermitian Yang–Mills condition as a moment map. — Using the univer-
sal vector bundle E → A(E, h) × X, we next give a new proof of the moment map
interpretation of the Hermitian Yang–Mills equation (originally due to Atiyah–Bott
[AB83, §9], see also [Don85, §4]). We begin by constructing a Kähler metric Ω on
A(E, h). For this, denote by FDE

∈ A2(E) the curvature of the universal connec-
tion DE on E.

Definition 6.1. — We define Ω ∈ A1,1(A(E, h)) to be the fibre integral

Ω =

∫
A(E,h)×X/A(E,h)

tr
( 1

2!

( i

2π
FDE

)2)
∧ ωn−1.

Thus from general properties of fibre integrals, Ω is a closed, G-invariant (1, 1)-form
on A(E, h), with G-invariance following from G-invariance of the connection DE itself.
We next prove positivity.

Proposition 6.2. — Ω is a Kähler metric satisfying

Ω(a, b) = − 1

8π2

∫
X

tr(a ∧ b)ωn−1

for all a, b ∈ TAA(E, h) ∼= Ω1(EndSH(E, h)).

Proof. — We first consider in more detail the curvature FDE
of the connection DE.

This is a 2-form on A(E, h) × X with values in EndE, and so we can decompose it
using the splitting of the tangent bundle T (A(E, h)×X) ∼= TA(E, h)⊕TX. Viewing
A(E, h)×X as a submersion over A(E, h) with fibre X, we decompose FDE

into purely
horizontal, purely vertical and mixed components with respect to the splitting.

The purely horizontal component of FDE
vanishes, since DE is simply the exterior

derivative in the horizontal directions. Since the vertical component of DE at A ∈
A(E, h) is just DA, the purely vertical component of FDE

is FA on the fibre over A.
Finally, the mixed component is computed as the horizontal exterior derivative of the
connection DA. It is straightforward to see that this mixed component thus takes a
tangent vector a ∈ A(E, h), and maps it to the vertical EndSH(E, h)-valued 1-form
given by identifying tangent vectors to A(E, h) with Ω1(X,EndSH(E, h)).

Finally, in order to compute Ω, note that the fibre integrand must include two
horizontal components in order not to vanish on the base. Thus, only the mixed com-
ponents of the curvature are integrated. Since these take horizontal tangent vectors
as input and map them to the corresponding elements of Ω1(X,EndE), we have

Ω(a, b) = − 1

8π2

∫
A(E,h)×X/A(E,h)

tr (FDE
(a,−) ∧ FDE

(b,−)) ∧ ωn−1

= − 1

8π2

∫
X

tr (a ∧ b) ∧ ωn−1. □

Remark 6.3. — This argument also shows that Ω agrees with the Kähler metric used
by Atiyah–Bott and Donaldson on A(E, h); this has been shown by Donaldson in the
case that ω ∈ c1(L) for an ample line bundle L using different ideas [Don87, Prop. 14].
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The next step is to calculate the equivariant curvature of the universal connection
on E. We thus fix an element e ∈ A0(EndSH(E, h)) = LieG, and we wish to calculate
the associated section ẽ of EndE such that

ιeFDE
= −DEndEẽ.

Proposition 6.4. — The Hamiltonian for the curvature of FDE
with respect to e ∈

A0(EndSH(E, h)) = LieG is −e, so that
ιeFDE

= −DEndE(−e).

Proof. — In the statement of the proposition we have identified the element e of the
Lie algebra with its fundamental vector field. For clarity here we distinguish the two
and denote by ve the vector field on A(E, h) induced by e. The tangent space to A
in A(E, h) is given by Ω1(EndSH(E, h)), and the value of the vector field ve at the
point A is DAe (where DA is extended to EndE).

We have seen that the contraction ιveFDE
of the curvature with a horizontal

vector field converts the horizontal vector field to its associated vertical 1-form in
Ω1(X,EndSH(E, h)). In particular, on the fibre over A,

ιveFDE
= DAe = d(e) +DAe = DEndEe,

where we used that e is constant in the horizontal directions. □

The theory of equivariant curvature then produces the following.

Corollary 6.5. — For e ∈ A0(EndSH(E, h)) set
⟨µ, e⟩ = −e.

Then the equivariant Chern–Weil representatives of the Chern characters of E are for
e ∈ LieG given by

c̃hk,eq(E, DE)(e) = tr
( 1

k!

( i

2π
(FDE

+ ⟨µ, e⟩)
)k)

.

We can now give a new, geometric proof of the moment map interpretation of the
Hermitian Yang–Mills equation.

Theorem 6.6. — A moment map for the G-action on (A(E, h),Ω) is given by
ν : A(E, h) −→ A0(EndSH(E, h))∗,

where
⟨ν(A), e⟩ = 1

4π2n

∫
X

tr (e (ΛωFA + 2πiλ IdE))ω
n,

and λ := n deg(E)/ rk(E).

Proof. — Consider the equivariantly closed form on A(E, h)×X defined by

tr
( 1

2!

( i

2π
(FDE

+ ⟨µ, e⟩)
)2)

∧ ωn−1.

Its fibre integral∫
A(E,h)×X/A(E,h)

tr
( 1

2!

( i

2π
(FDE

+ ⟨µ, e⟩)
)2)

∧ ωn−1
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is an equivariantly closed form on A(E, h), and is hence a two-form plus a function.
By Proposition 6.2 the 2-form is

Ω(a, b) = − 1

8π2

∫
X

tr (a ∧ b) ∧ ωn−1,

while the function is given by

(6.1) A 7−→
∫
X

tr
( 1

4π2
FAe

)
∧ ωn−1;

we note that the term involving e2 vanishes under the fibre integral.
Now, note we may produce another equivariant form on the base by integrating

over the fibres a constant multiple of the form

tr
( i

2π
(FDE

+ ⟨µ, e⟩)
)
∧ ωn.

Since ω is purely vertical and the curvature FDE
has no purely horizontal component,

the 2-form component of the fibre integral vanishes, and we are left with the function

− i

2π

∫
X

tr(e)ωn = − i

2π

∫
X

tr(e IdE)ω
n.

Adding on a constant multiple of this to the function (6.1), we produce the moment
map

⟨ν(A), e⟩ = 1

4π2n

∫
X

tr (e (ΛωFA + 2πiλ IdE))ω
n. □

6.3. Z-critical connections. — The proof in the general setting of Z-critical con-
nections is similar. Recall in this setting that a central charge takes the form

Z(E) =

n∑
j=0

∫
X

ρjα
j · ch(E) ·Θ,

where ch(E) is the total Chern character of E, the ρj ∈ C are complex numbers and
Θ ∈

⊕
ℓH

ℓ,ℓ(X,C) is an auxiliary cohomology class.
We associate to the central charge a closed (1, 1)-form ΩZ on A(E, h). The process

will be linear, and so we first explain how to associate a closed (1, 1)-form to a single
one of the terms ∫

X

αj · chk(E) ·Θn−j−k

comprising the central charge. Recall that we fix a closed, complex differential form
θ ∈ Θ and a Kähler metric ω ∈ α. We then associate to this term the (1, 1)-form on
A(E, h) defined by the fibre integral

(6.2)
∫
A(E,h)×X/A(E,h)

ωj ∧ tr
( 1

(k + 1)!

( i

2π
FDE

)k+1)
∧ θn−j−k.

By linearity we obtain ηZ ∈ A1,1(A(E, h)) and we set
ΩZ = Im(e−iϕ(E)ηZ) ∈ A1,1(A(E, h)).

Theorem 6.7. — The moment map for the G-action on (A(E, h),ΩZ) is given by
ν : A(E, h) −→ A0(EndSH(E, h))∗,
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where
⟨ν(A), e⟩ = − i

2π

∫
X

tr(e Im(e−iϕ(E)Z̃(E,A)))ωn.

Proof. — The proof is similar to the previous one. We replace the differential form
of interest with∫

A(E,h)×X/A(E,h)

ωj ∧ tr
( 1

(k + 1)!

( i

2π
(FDE

+ ⟨µ, e⟩)
)k+1)

∧ θn−j−k;

this equivariant differential form is equivariantly closed on A(E, h). Expanding shows
that this is the 2-form (6.2) plus the function

A 7−→ − i

2π

∫
X

tr
(
e ωj ∧ 1

k!

( i

2π
FA

)k

∧ θn−j−k

)
.

Taking a linear combination, multiplying by e−iφ(E), then taking the imaginary part
finishes the proof. □

6.4. Finite dimensions. — Although our proofs in the vector bundle setting have
directly proved moment map properties on the infinite-dimensional space A(E, h),
the proofs go through in a similar manner in the finite-dimensional case and hence we
only give the statement. We require holomorphic variation, which is more transparent
considering Hermitian metrics on holomorphic vector bundles rather than connections
directly. Thus consider an almost holomorphic vector bundle E → B ×X of rank r,
with X a compact almost Kähler manifold, such that there is a holomorphic action of
a compact Lie group K on B ×X, lifting to E and hence making E a K-equivariant
vector bundle, and acting trivially on X. We view E as a family of almost holomorphic
vector bundles over X parametrised by B.

We suppose h is a K-invariant Hermitian metric on E with Chern connection DE.
Define a closed (1, 1)-form ΩZ on B associated to the central charge Z by linearity in
each component and attaching the form∫

B×X/B

ωj ∧ tr
( 1

(k + 1)!

( i

2π
FDE

)k+1)
∧ θn−j−k

to the appropriate term of Z. As before, ω ∈ α is an almost Kähler metric and θ ∈ Θ

is a closed complex differential form, both taken to be fixed. Suppose in addition
that µ is a moment map for the curvature FDE

, so that in particular for all v ∈ k

ιvFDE
= −DEndE⟨µ, v⟩,

where ⟨µ, v⟩ ∈ A0(EndE).

Theorem 6.8. — The moment map for the K-action on (B,ΩZ) is given by

ν : B −→ k∗,

where
⟨ν(b), v⟩ = i

2π

∫
X

tr(⟨µb, v⟩ Im(e−iϕ(Eb)Z̃(Eb, Ab)))ω
n,

where Im(e−iϕ(Eb)Z̃(Eb, Ab)) is defined fibrewise and Eb, Ab, µb denote the restrictions
of E, A, µ to the fibre {b} ×X.
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Note that we require the K-action on X to be trivial, so that ω and θ pull back to
equivariantly closed forms on B ×X; this is used in the proof.
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