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WHITTAKER VECTORS AT FINITE ENERGY SCALE,
TOPOLOGICAL RECURSION AND HURWITZ NUMBERS

BY Gaiitan Boror, Nimin KumAr CHIDAMBARAM

& Giacomo UmER

ABstract. — We upgrade the results of Borot—-Bouchard—Chidambaram—Creutzig [BBCC24] to
show that the Gaiotto vector in 4d N = 2 pure supersymmetric gauge theory admits an analytic
continuation with respect to the energy scale (which can therefore be taken to be finite, instead
of infinitesimal), and is computed by topological recursion on the (ramified) half Seiberg-Witten
spectral curve. This has a number of interesting consequences for the Gaiotto vector: relations
to intersection theory on Mg,n in at least two different ways, Hurwitz numbers, quantum curves,
and (almost complete) description of the correlators as analytic functions of # (instead of formal
series). The same method is used to establish analogous results for the more general Whittaker
vector constructed in the recent work of Chidambaram—Dolega—Osuga [CDO24].

Risumi (Vecteurs de Whittaker & énergie finie, récurrence topologique et nombres de Hurwitz)

Nous améliorons les résultats de Borot—Bouchard—Chidambaram—Creutzig [BBCC24] en
montrant que le vecteur de Gaiotto pour la théorie de jauge pure N = 2 super-symétrique
en dimension 4 admet un prolongement analytique dans la variable d’énergie — qui peut donc
prendre une valeur finie plutot qu’infinitésimale. Ce prolongement analytique se calcule par la
récurrence topologique sur une courbe spectrale ramifiée admettant un revétement double par
la courbe spectrale de Seiberg—Witten. Plusieurs conséquences intéressantes pour le vecteur de
Gaiotto s’ensuivent : des représentations multiples en termes d’intersections dans ﬁg,n ainsi
qu’en termes de nombres de Hurwitz, ’existence d’une courbe quantique, et une description
compléte (& une constante inconnue prés) non-perturbative dans le parameétre quantique h.
La méme méthode permet d’établir des résultats analogues pour des vecteurs de Whittaker
plus généraux qui ont été introduits dans les travaux récents de Chidambaram—-Dotega—Osuga
[CDO24].
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1504 G. Boror, N. K. Camavsaram & G. UnER

1. MOTIVATION AND OVERVIEW

Schiffmann—Vasserot [SV13] and Maulik—-Okounkov [MO19] proved that the equi-
variant cohomology (suitably interpreted) of the moduli space of rank r torsion free
sheaves on P? framed at infinity (a.k.a. the moduli space of instantons) is a Verma
module for the principal W(gl,)-algebra. We consider the Whittaker vector in the
W(gl,)-algebra module V, (where we adjoin a formal variable A to the Verma mod-
ule) satisfying
(1.1) V(i k) € [r] X Z>o, Wi|®) = 6; 061 A" |®).

The equivariant parameters (1, 5) for the action of the torus (C*)* on P2 specify the
level of W(gl,.), and

E1 = —€92 = ﬁ,l/Q
corresponds to the self-dual level. The equivariant parameters @ = (Q1,...,Q,) for
the action of the Cartan of gl,. specify the highest weight (Q/e; — Weyl vector). The
moduli space of sheaves with second Chern class d carries a fundamental class [1¢) in
equivariant cohomology, and it is encoded precisely in the Whittaker vector charac-

terised by (1.1)
&) =D A7)
d=0
In particular, the Whittaker vector exists in V, and is unique. These results pro-
vide a mathematical ground for the celebrated Alday—Gaiotto—Tachikawa conjec-
ture [AGT10], and |®) is sometimes called the Gaiotto vector. The Poincaré pair-
ing in cohomology matches the Kac-Shapovalov form on the Verma module, and the
squared-norm reconstructs the (instanton part of the) Nekrasov partition function
INek = <Q5 ‘®> — ZA2rd<1d |1d> ,
d>0
which counts instantons in N = 2 pure supersymmetric gauge theory on R* with
gauge group U,. The SU, theory can be retrieved from the U, theory by specialis-
ing to >/ _, Q, = 0 and removing an explicit U; contribution. We prefer to work
with U,. In particular, we work with the W(gl,.)-algebra whose generators include
one of conformal weight 4 = 1 in (1.1) and we do not impose that the sum of the @,
vanishes.

In gauge theory the parameter A is interpreted as an energy scale. The Gaiotto
vector |&) and the Nekrasov partition function are thus proved to exist at least if A is
considered as a formal parameter near 0. Based on the well-known free field presen-
tation of W(gl,.), the Whittaker constraints (1.1) were realised as Airy structures in
[BBCC24], permitting the reconstruction of the all-order i = (—£1£2) — 0 expansion
of the Gaiotto vector via a topological recursion. In the self-dual case, this is a vari-
ant of the Chekhov—Eynard—Orantin topological recursion on the unramified spectral
curve defined by

see Section 2.

JEP. — M., 2095, tome 12



WHITTAKER VECTORS AT FINITE ENERGY SCALE, TOPOLOGICAL RECURSION AND Hurwitz NUMBERS 1505

The purpose of this article is to extend these results in the self-dual case to under-
stand the analytic properties of the Gaiotto vector in the parameter A. In particular
we want to be able to set A to a finite non-zero value. We show in Theorem 2.3 (proved
in Section 3) that the coefficients in the fi-expansion of the Gaiotto vector are the
all-order series expansion of meromorphic multi-differentials on the algebraic curve

(1.2) Si : H (y —~ %) + (;ﬁ)lr = 0.

X

a=1
which depends analytically on A € C*. Moreover, we show that these multi-differ-
entials are computed by the Chekhov—Eynard—-Orantin topological recursion on the
ramified spectral curve defined by S). We will refer to this curve Sp as the half
Seiberg—Witten curve, following the terminology used in [DHSO9].(1) A word of warn-
ing: in the gauge theory literature, our Coulomb branch parameters Q1,...,Q, are
usually denoted ag,...,a,.

A technical novelty is that we show directly that the W-constraints at finite A,
although they do not form an Airy structure, can still be solved by topological recur-
sion after analytic continuation. While the Whittaker constraints for formal A led to
topological recursion on an unramified spectral curve Sy, at small enough non-zero A
they become W-constraints around x = oo on a ramified spectral curve S which
imply (r — 1) copies of Virasoro constraints (one copy at each ramification point).
The latter form an Airy structure and its solution is precisely given by topological
recursion on Sy. As the family Sj depends analytically on A, we can then take A to
be any value in C*. We comment more precisely on the role of analytic continuation
in Section 2.4.1.

The method of our proof can be adapted without difficulty for the other gauge
groups treated in [BBCC24]. The non self-dual case, more precisely for o = e1 + &9
finite and generic while i = —eqe5 is kept formal, should also be governed by topo-
logical recursion where the spectral curve (1.2) is replaced by the D-module on P*

generated by

(1.3) ((51 ¥ e2)dy — W) ((51 +e2)0s — Qr (;1 +52)) n (mT/}r)l .
This was established for formal A in [BBCC24], which involves the D-module (1.3)
where A is set to 0. The study of finite A for the non self-dual case is technically
more demanding as we have to deal with solutions of finite-order ODEs instead of
meromorphic functions on an algebraic curve. This is left for the future.

This technical novelty is interesting beyond gauge theory: it allows understand-
ing how (simpler) constraints at the ramification points can arise from (more com-
plicated) constraints at oo in various problems of enumerative geometry. Recently,
Chidambaram, Dolega and Osuga constructed another Whittaker vector for W(gl,.)
defined for formal A (we call it the CDO vector) that encodes b-Hurwitz numbers,

(1)We note that the curve S is neither the UV curve nor the Seiberg—Witten curve. Rather, Sy
is a degenerate version of the Seiberg—Witten curve as we explain further in Remark 2.2.

JE.P. — M., 2095, tome 12



1506 G. Borot, N. K. CimipamBaram & G. UMER

which are counts of so-called generalised branched covers of the 2-sphere [CD22].
Generalised branched covers allow for non-orientable coverings, and the count of ori-
entable branched covers, i.e., classical Hurwitz theory, corresponds to b = 0 and to
the self-dual level for W(gl,.). In this case, Theorem 2.6 shows the existence of ana-
lytic continuation to A € C* and the computation of these Hurwitz numbers by the
topological recursion on the spectral curve

r r—1
(% o)« L TT(% ) =0

This result was announced as [CDO24, Th.5.1] and we prove it in Section 4.
It was used in [CDO24] to give an alternative proof of the recent celebrated result
of [ACEH20, BDBKS24] that topological recursion computes rationally weighted
classical Hurwitz numbers.

For both the Gaiotto and the CDO vector, the added value of having established
topological recursion on ramified spectral curves is that we can benefit from a rich and
well-developed theory to derive several remarkable consequences. This is discussed in
Section 5. First, it allows us to give several representations of these vectors in terms of
intersection numbers on M, ,, (Section 5.1), and establish relations to Hurwitz theory
(Section 5.2 with Corollary 5.5 and Corollary 5.6). In particular, for r = 2 the Gaiotto
vector is very explicitly expressed in terms of intersection indices of triple Hodge
classes, or of the deformed Theta class, see Proposition 5.1. These relations can be
considered as a multifold interpretation of 4d supersymmetric gauge theory in terms
of curve counting; as we comment in Section 5.2.3, it is different in nature from the
2d Yang-Mills/Hurwitz theory correspondence studied by Gross and Taylor [GT93b,
GT93a] and more recently Novak [Nov24]. Second, we derive in Proposition 5.13
and Proposition 5.14 the quantum curves associated to those Whittaker vectors, and
we discuss in detail the construction of a basis of analytic solutions. The only step
which we do not complete is the analytic description of the connection coefficients, see
Remark 5.22. Third, we obtain determinantal formulae for the correlation functions
in Proposition 5.19, with kernels given in terms of the previously discussed bases of
functions in Proposition 5.21. Fourth, this analysis and the relation to gauge theory
leads us in Section 5.5 to formulate conjectures for the topological recursion free
energies of the half Seiberg—Witten and CDO spectral curves. These conjectures have
been proved by Hock [Hoc25] after the first version of this article was released.

Notations. — For any positive integer i, we use the notation [i] = {1,2,...,i}.
We also use the notation z};) to denote the set {21, 22, ..., 2;}. The symbol U stands for
a disjoint union. The algebra of formal Laurent series in a variable, say A, is denoted

C(n).

Acknowledgements. — We thank the anonymous referee for their careful reading of
the paper and the suggested improvements. We thank V.Bouchard and T. Creutzig
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for discussions on related topics, S. Shadrin for his remarks on integrability and deter-
minantal formulae, V. Fantini for remarks on asymptotics of solutions of generalised
hypergeometric differential equations, A. Giacchetto and D. Scazzuso for bringing rel-
evant references to our attention, and R. Kramer for his remark on the proof of the
main theorem.

2. BACKGROUND AND MAIN RESULTS

2.1. W-ALGEBRAS AND FORMAL WHITTAKER VECTORS

2.1.1. Heisenberg algebra and W(gl,.)-algebra. — Let r > 2. We work over the field of

Laurent series in the parameter h. Let us consider r copies of the Heisenberg algebra,

generated by (J,?)Zg[zr ) with relations

[T, ) = hkdq p0kte.0-
We introduce the 1-form valued fields

“ Jidx
g(ﬂc) :Z xl;chl'

keZ

The principal W(gl,.)-algebra at self-dual level is a vertex operator algebra freely and
strongly generated by fields Wi(x) with i € [r] of conformal weight i. The Virasoro
field is W2(x). By convention these fields are forms of degree i:

ki
kEZ

The generating fields Wi(z) can be realised in terms of the Heisenberg fields as ele-
mentary symmetric polynomials

Wi = > J[a(%)
1<a1 < <a; <r j=1

or equivalently

r

(2.1) [T (e+3(5)) => v ~"Wi(a),

=0

with the convention W°(z) = 1.

2.1.2. Gaiotto vector for A = O(h*?). — We consider the Verma module for the
Heisenberg and for the W(gl,.)-algebra

Vv =C@Q)TI[(J4) ! T(n?),

where we let J§ act by the scalar @, for each a € [r], and @ denotes the set of
variables {Q1,...,Q,}. This is a graded vector space with deg(J) = deg(h!/?) = 1.

JE.P. — M., 2095, tome 12



1Ho8 G. Borot, N. K. CimipamBaram & G. UMER

We denote V¢ (resp. Vo) the subspace generated by monomials of non-negative
(resp. positive) degrees. We first consider vectors in Vg of the form

ﬁg_l a -+ a - Jﬁjkj
(2.2) |Q5T>:exp< > o > Fyuli 7k 11 o )
(6m)EiTaoxTog | arsaneld] =1
2g—2+n>0 ki,....kn€Z>0 c1l 4,’\7>07

satisfying the Whittaker condition
(2.3) V(i,k) € [r] X Zso,  Wi|&g) = 8, 0p 1 72T |B7).
Notice that we have set the energy scale to be A” = A"/2T here.

2.1.3. Correlators and unramified topological recursion. — We consider the curve C' =
LIl _, C* where C* = P!, equipped with the forgetful maps x : C' — P! (which forgets
the label a) and ¢ : C — [r] (which only remembers the label a). We view points
z € C as pairs (;(é)) ) We denote the point (go) in C' by co,. As the fibres of = play
a special role, we introduce the notation

f(z) =27 (2(2)),  F(2) =)~ {2}
If z1,..., 2, is a n-tuple of points in C and J C [n], we denote z; = (2;),eJ-
The coeflicients of |&7) can be repackaged in terms of a collection of generating
series, indexed by (g,n) € Zx¢ X Zsq called correlators. They are defined as

21) o el - dz(z;)
) = X Rl T
ki,...,kn€Zxo j=1 J
dz(z1) da(z1)dz(z2)
+ 99,000 2 +0g,00n,20¢(21) c(e0) T g -
0:00n1Qc(z) oS F 00,000,200 c0) 1Y — (202

We will also need the expressions

no wo,1
(255) Woin(Ziivpm) = D Sgiry, an-1) || Worstbisng (2L, 08,).
Li4 LeL
Nty [n]
g:L—)%ZZU

The notation L F [i] means that L is a set of pairwise disjoint non-empty subsets of [7]
whose union is [¢]. The notation N Fp, [n] means a map associating to each L € L a
(possibly empty) subset Ny C [n], such that the (Np)rer are pairwise disjoint and
their union is [n]. The logic behind these expressions becomes clear by writing them
for low values of i:

Wg,l;n(z; 'U[n]) = wg,lJrn(Zv v[n])7

Wy,2in(21, 22, V) = Wy—1,24n (21, 22, V)
no wo,1

> W g (21,00) Wey 140, (22,0,)-

g1+92=9g
JlL’JQ:[TL]

JIEP. — M., 2095, tome 12
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The exclusion of wg; factors from the sum in (2.5) has the effect that W ., only
involves wp, mm with 2k —2+m < 29 — 2+ (1 +n).

Turorem 2.1 ([BBCC24, Th.5.10]). — Assume that Q1,...,Q, € C are pairwise
distinct and T € C. There exists a unique |&1) of the form (2.2) satisfying the
Whittaker constraints (2.3). The coefficients Fy [ . " | vanish if (ki +- - +kn)r >
2g. In particular, for any (g,n) € 1Z>o X Zsq the correlators wy,, defined in (2.4)
are meromorphic n-differentials on C. Besides, they are computed by the unramified
topological recursion for 2g —2+n >0

Wy n(21,...,2n) =
- — [, woa(-21) —
ZZESE Z H (a ( /) _ ( )) Wg,#Z;n—l(Z§ 2’2’---7271)’
a=1" " {z}CzCi(z) Heef(z)nz (W0 1E) o1z

T dz(z)
Hb;ﬁc(zl)(Qb — Qc(z)) #(21)?’
where the factors in the denominator of the first line should be understood as
dz(z)
T

wo,1(2") = wo,1(2) = (Qe(zr) — Que(2)) 20

+ 5g,r/25n,1

since x(z) = x(2") for 2’ € §(2).
This formula is indeed a recursion on 2g — 2 +n > 0.

2.1.4. Gaiotto vector for formal A. — As the energy scale in (2.3) has been set to
A" = h"/2T, and h is a formal parameter near 0, we are treating |&7) as a formal
expansion as A — 0. In this article, we would like to understand the analytic properties
of the Gaiotto vector as a function of the energy scale A. The first step is to consider A
directly as a formal parameter independently of A. From the homogeneity of the
Whittaker constraints (2.3) it can be inferred [BBCC24, Lem. 4.5] that the coefficients
Fynli o 4r] are proportional to T*1+ T+ As they vanish for (ki -+ - - +kn)r > 2g,
we can define

(26) Qgﬁl[zi (klzjl = Ar(kl++kn) E‘]"!‘(kl"!‘""fkn)%vnl:zi (kl:}

As the only possible source of half-integer powers of % in |&7) was the prefactor i"/?
of T in equation (2.3), the ®,,, vanish for non-integer g. With these coefficients we
can introduce the vector

1 n
(2.7) |FA>:exp< 3 ﬁi, Yoo el
i=1

(9:n)€L>0XZ>0 ' ai,...,an €[r]
ki,...,kn€Z>0

T=1"

7
k;

belonging to the Verma module

(2.8) Va = CQ)[(7%0)res) TIATI(h).

JE.P.— M., 2095, tome 12



D10 G. Borot, N. K. CiipavBaram & G. UMER

Note that we do not require |T'5) to live in the non-negative degree part of V. This
vector satisfies the Whittaker condition

(2.9) V(i, k) € [r] X Zso, WETA) = 6; 00k 1 A" [Ta)
Two important differences with the vector |&r) from equation (2.2) are however that

« (g,n) = (0,1) and (0,2) do contribute to the sum, i.e., we have non-zero ® ;
and '1)072;

« ®,,[% %] can be non-zero for infinitely many indices ki, ..., k, € Zs.
The second condition forces us to treat A as a formal parameter. Despite these dif-
ferences, we can still use equation (2.4) to introduce the correlators

n
dx(z;
(210) bpnlervz) = 2 @G0 ] (gl
E1,ekn€Z50 j=1
dx(z dx(z1)dx(z
+ 5g,o5n71¢2c<zl>$((zll)) + 5g,o5n725c<zl>yc<m(x(zi)l)w((zj)))g-
They are now defined as germs of meromorphic n-differentials in the n-th product
of the formal neighbourhood of L := | |I_,{oc,} C C. More precisely, the ¢, for
29 — 2+ n > 0 are germs of holomorphic n-differentials, ¢¢ ; is the germ of a mero-
morphic differential having a simple pole with residue @), at co,, and ¢g 2 is the germ
of a meromorphic bi-differential with a double pole on the diagonal.

2.2. Maix resurLts At FinitE A. —  Our main result is that the correlators (2.10) up-
grade to meromorphic multi-differentials on a ramified, genus 0 spectral curve, which
we will refer to as the half Seiberg—Witten curve. Moreover, these multi-differentials
depend analytically on A € C*, and are computed by the usual Chekhov-Eynard—
Orantin topological recursion.

22.1. Ramified topological recursion. We give a lightning introduction to the topo-
logical recursion in the form considered by Chekhov, Eynard and Orantin — for more
details, see [EO09]. In the rest of the text, topological recursion without further preci-
sion will always mean this version, and it should be distinguished from the unramified
topological recursion of Section 2.1.3.

The initial data is called a spectral curve, consisting of a quadruple (S, z,wo,1,wo,2),
where S is a Riemann surface, x is a meromorphic function on S that defines a
branched covering x : S — P!, wp 1 is a meromorphic differential on S and wy 2 is a
fundamental bi-differential, i.e., a symmetric meromorphic bi-differential on S? with
a double pole having bi-residue 1 on the diagonal, and no other poles.

We define Ram(S) to be the set of all the ramification points of the branched
covering = : S — P! except those that are also poles of wg 1. We exclude the ramifica-
tion points that are also poles of wp ; from Ram(S) as they do not contribute in the
topological recursion formula. We further assume that Ram(S) only contains simple
ramification points. Then, near any ramification point p € Ram(S), we have the local
involution which exchanges the two sheets, and we denote this by o,.

JEP. — M., 2095, tome 12
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Given a spectral curve (S, x,wo1,wo,2) the topological recursion constructs n-dif-
ferentials on S called wgy 145 for any 29 — 2 + (1 +n) > 0 by the following formula

(2.11)  wg1n(Cos---5Cn)

1
§f o ,Co)
B pERZ Reg wo,1(¢ ) — wo, 1( »(C)) (w91’2+"(<’ 75(€), Cmy)
+ Z Wy 144601 (€, Cay Was 14405 (05(C), CJ;;))-
g1+g92=g
Jﬂ.l]z:[n]

By construction, in each variable (;, the wg, only have poles at the ramification
points.
The spectral curves considered in this article will always have genus 0, i.e., S ~ P!
with ¢ a global coordinate. Then, there is a unique fundamental bi-differential, namely
~d¢idge
(2.12) wo,2(C1,C2) = G-GF
The latter is invariant under changes of global coordinates on P!, i.e., action of
PSL2(C) by Mébius transformations. In this context, the data of two functions z(),
y(¢) fully specifies a spectral curve, by taking wp 1(¢) = y(¢)dz({) and wp 2 equal to
(2.12).

2.2.2. Gaiotto vector and topological recursion. Consider the analytic family® of
curves 7 : S — C} defined by the vanishing locus in P, x P, x C} of

13 (- %)+ G5 =0

Here, A is the parameter of the base of the family. The fibre Sy over a fixed A € C*
is a smooth genus 0 curve, which can be uniformised by ¢ € P*:

A’r‘
R AR

YO = o =TTy (Qu— ).

We will refer to the fibre Sy as the half Seiberg—Witten curve. The map x : Sy — P!
defines a branched cover of degree r. Since @Q1,...,Q, are pairwise distinct, = has

(r — 1) simple ramification points and a ramification point of index r at z = 0, and
x = oo is not a branch point. As defined earlier, Ram(Sy) is the set of all ramification
points except the one at = 0. The formal neighbourhood L C C mentioned in

(2)We consider Q1,...,Qr € C to be fixed pairwise distinct, but we could equally well formulate
the results by letting them vary, using instead of S the larger family

S—{(AQ) €C" X C | TIjra(@b — Qa) # 0}

JE.P. — M., 2025, tome 12



D12 G. Borot, N. K. CiipavBaram & G. UMER

Section 2.1.4 is canonically identified with the formal neighbourhood of 71 (c0) C Sx
by considering 1/2({) as a local coordinate near the latter.

Remark 2.2 We note that the genus 0 half Seiberg-Witten curve S, is neither
the usual Seiberg—Witten curve of pure gauge theory (which is of genus r — 1) nor the
genus 0 UV curve one that encounters in the class S construction of gauge theories.
The Seiberg—Witten curve of pure U, gauge theory in our notation is defined by the
equation

H(y - %> + (AT + A"y

ot T JCT+1 xr—l

From this equation, we see that the half Seiberg—Witten curve can be realised as a
degenerate limit of the Seiberg—Witten curve.

The terminology half Seiberg—Witten curve can be motivated as follows. Following
the philosophy of [AGT10], one can view the theory associated to the Gaiotto state
to be “half of” pure gauge theory: we are looking at the theory on a genus 0 Riemann
surface with one irregular singularity (at oo say) instead of having two irregular
singularities (both at 0 and co). The half Seiberg—Witten curve appears naturally in
[DHS09] when trying to understand the instanton partition function in a free fermion
formalism.

Let K, be the sheaf of holomorphic differentials relative to 7 : § — Cj. Its local
sections are locally defined holomorphic differentials on Sy varying analytically in
A e C.If D cC S isa divisor transverse to the fibres, then K,(D) is the sheaf
of meromorphic differentials relative to m with poles on D. Concretely, its global
sections are meromorphic differentials on Sy with the location and maximal order of
poles specified by D. For instance, ydz defines an element of H°(K,(z71(00)),S):
it is indeed a meromorphic differential on S, with simple poles at the r poles of x
(with residues —Qq,...,—Q,) and varying analytically with A. If we want to allow
poles on D of arbitrary order, we use

K, («*D) = lim K.(dD).

d—o0

We are particularly interested in this sheaf when D is the ramification divisor.

Ram(S) = A€|_|(C* Ram(Sy).

Let 7, : SI — C3 be the fibre product of n copies of S over the base of the family, i.e.,
Sl — {(s1,...,8,) € S" ’ m(s1) = =m(sn)},

with 7, being the obvious projection to the common value A = w(s1) = -+ = w(sp).
We define A C S to be the diagonal. If pr,, : S[" — S is the projection on the
m-th factor and J is a sheaf on S, we use the notation ¥ := pri(F) @ - - - pr’(F) for
its n-variable version.
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Our central result is the following.

Turorem 2.3. — Assume that Q1,...,Q, € C are pairwise distinct. For any (g,n) €
Zxo X L, there exists wy n, which is an element of

* HO(Kﬂ(xil(oo)’ S) if (g,n) = (0,1);

. H° (K§2<2A>7 5[2}) if (g,m) = (0,2);

« H°(K,(*Ram(S))®", Sl if2g — 2+ n > 0;
such that ¢4, in (2.10) is the all-order series expansion of wy, as A — 0 and
Zyeeey2n — &7 (00) 2 L using 1/x(¢;) as local coordinate. Besides, for any fived
A € C* we have

d¢idée

(G =)
and for 2g —2+mn > 0, the wgy,, are constructed by topological recursion (2.11) on the
half Seiberg—Witten spectral curve (2.13).

wo,1(¢) = y(¢)dz(¢), wo,2(C1,C2) =

Remark 2.4. — Theorem 2.3 gives a gauge theory interpretation to the wy, ob-
tained by topological recursion on the half Seiberg—Witten spectral curve, i.e., they
essentially give the genus expansion of the Gaiotto vector |I's). These correlators are
different from the topological recursion correlators of the Seiberg-Witten curve (see
Remark 2.2), whose gauge-theoretic interpretation is unknown. On the other hand,
the generating function of the free energies Fy constructed by topological recursion
on the Seiberg—Witten curve is expected to coincide with the (instanton part of the)
Nekrasov instanton partition function Znex [HK10] (see also Section 5.5.2).

The proof is given in Section 3. The strategy is to start from the Whittaker con-
straints (2.9) for the Gaiotto vector [I'y) that we translate into certain constraints on
the ¢4 . We then show by induction on 2g — 2 +n > —1 that these constraints have
a unique solution, and thus ¢, , can be upgraded to a meromorphic n-differential on
the half Seiberg—Witten curve Sy, and we locate all possible poles. Then, we show
that the Whittaker constraints after analytic continuation away from oo imply the
linear and quadratic loop equations of [BEO15, BS17]. As S has genus 0, the loop
equations have a unique solution given by the topological recursion (2.11).

The Whittaker constraints (2.9) where A" = O(h) or A is a formal parameter
yields (shifted) Airy structures to which the Kontsevich-Soibelman theorem can be
applied to establish existence and uniqueness of the solution and its reconstruction by
topological recursion [KS18, ABCO24, BBC*24]. In contrast, the formalism of Airy
structures cannot be applied to understand whether this solution can be upgraded
to an analytic function of A. In other words, if we consider the constraints (2.9)
with A € C*, the solution cannot be constructed using Airy structures. The proof
of Theorem 2.3 shows how the analytic behaviour in such degree 0 terms can be
understood, and this involves analytic continuation of the correlators away from the
formal neighbourhood where they were initially defined (see Section 2.4.1 for more
details).

JE.P. — M., 2095, tome 12



1514 G. Boror, N. K. Camamsaram & G. UmEer

2.3. Generavrisation: taE CDO vecToRr. The method we develop to prove Theo-
rem 2.3 is flexible enough to be applicable to other shifted Airy structures (i.e., ones
with degree 0 terms). As a demonstration of this principle, in Section 4 we obtain
an analogue of Theorem 2.3 for the Whittaker vector constructed in [CDO24] by
Chidambaram, Dotega and Osuga that encodes b-Hurwitz numbers.

We restrict to the b = 0 case, which corresponds to the self-dual level for the
W-algebra. Consider two sets of parameters P={Py,...,P.} and Q={Q1,...,Qr—1},
and a certain representation V, = C(P,Q,A")[(J Zgzﬂo]] ) of W(gl,.), that is
defined using the assignment (4.1). Then, for any pairwise dlS_]Olnt Q1,...,Q,—1 €C,
[CDO24] constructed a Whittaker vector [T{PO) € Vy of the form

A -1 a - a - Jﬁj j
|FgDO> _ exp< Z ;' Z (I)y.,n [ki k:] H k;])’

(9,n)€EZL30XZ>0 a1,...,an€[r] j=1

satisfying the constraints
V(i k) € [r] X Zso,  WETEPOY = (=1)e;(Pr, ..., Py)oo [TSPO),

where W,: denote the modes of W(gl,.) in the representation V, and e; denotes the
i-th elementary symmetric polynomial in the entries.

To state our result we first describe the spectral curve. Consider the analytic family
of curves 7 : § = C} cut out in P} x P, x C} by

T r—1
P, 1 Qa
— — — —y) =0.
(11:[1(37+y)+AT(11:[1<:5 y)
The fibre over a fixed A € C* is a smooth genus 0 curve, which can be uniformised
by ¢ € PL:

T Qu—0)
¢ CIIZi(Qa—9)

MO = O T AN T (B )

Remark 2.5. — The family of curves 8 defined by (2.14) also admits an interpreta-
tion as a half Seiberg—Witten curve for a different gauge theory. The Seiberg—Witten
family of curves for U, _; gauge theory with r fundamental hypermultiplets with mass
parameters Py, ..., P. and energy scale A~" is known to be (see [Tacl5, §11.6] for the
SU,._1 version)

r r—1
“Wm%4+rf?+@+é£ﬂ%‘@—

From this, we clearly see that (2.14) can be obtained as a degenerate limit.

(2.14)

We have the following topological recursion result for the correlators defined from
rgPo).
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Turorem 2.6. Assume that Py, ..., P.,Q1,...,Qr—1 are generic (more precisely,
that they belong to the set introduced in Definition 4.2). For any (g,n) € Z>o X Zso,
there exists wy,n, which is an element of

« H (K (271 (0),8) if (g9,n) = (0,1);

- H(K22(24),8P) if (9,n) = (0,2);

« HO(K,(xRam(8))®", 8") if 29 — 2 +n > 0;
such that ¢g,, (defined in (4.4) from |LPO) analogously to (2.10)) is the all-order
series expansion of wy, as A — 0 and 21,...,2, — x7*(c0) = L using 1/x(¢;) as
local coordinate. Besides, for any fixed A € C* we have

wo,1(¢) = y(¢)dz((), wo.2(C1,Go) = (gdﬁdg;)%

and for 29 —2+n > 0, the wy,, are constructed by the topological recursion (2.11) on
the CDO spectral curve (2.14).

2.4, Comments. — There are several ways to look at this result in a broader context,
which make the technique of the proof of potential interest beyond the example of
the Gaiotto or CDO vectors.

2.4.1. Role of analytic continuation. It may be useful to insist on the role of analytic
continuation, to explain in which sense the topological recursion statements of this
article are non-trivial and interesting.

On the one hand, partition functions of shifted Airy structures (i.e., with degree 0
terms), like Whittaker vectors, are of the form (2.7). From such partition functions,
one can define a system of correlators as in (2.10), that are meromorphic multi-
differentials on a (local) curve which is a finite collection of formal discs. We may ask
whether these correlators are the germs of meromorphic multi-differentials defined
on a (global) connected curve containing those formal discs. If this is the case, the
next question is to determine the location of the poles and the behaviour at these
poles. This is hopefully a step towards the reconstruction of the multi-differentials on
the global curve, from which the original partition function can be retrieved by series
expansion on the formal discs. Quite often, reconstruction is possible by the Chekhov—
Eynard—Orantin topological recursion (or some variants of it) on a ramified spectral
curve, and for this we can rely on the theory of abstract loop equations [BS17]. These
are the steps we follow to prove Theorem 2.3 and Theorem 2.6.

On the other hand, correlators generated by the topological recursion (wq n)gn are
systems of meromorphic multi-differentials on the spectral curve (S, z,y,wp2), that
have poles at the divisor of ramification points Ram of x. If we choose a finite set of
points R C S and local coordinates n near these points, one can associate a partition
function Zg , of the form (2.7) that faithfully encode the germ of wy , near R using
the chosen local coordinates. If we choose R = Ram, the w, , are characterised by the
property that Zram,, is the partition function of an Airy structure [KS18, ABCO24,
BBC*24] (for any choice of local coordinate). For instance, if all the ramification
points are simple, the topological recursion is quadratic (see (2.11)) and Zram,y is the
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solution of several copies — one for each ramification point — of Virasoro constraints.
Then, we say that topological recursion solves Virasoro constraints at the ramification
points.

An interesting feature is that, if the spectral curve is connected, the uniqueness of
analytic continuations implies that Zy,, ,, near some point p € S fully determines wy ,
and thus the Zg, for any other choices of (R, 7). It is often the case that the enu-
merative information in wg, is stored away from ramification points, e.g. in Zg,,
where R is a subset of the poles of x. A natural question is then to find constraints
directly on Zg , that are implied by topological recursion for the wy . If such con-
straints exist, we say that they live at R. Quite often, they are again W-constraints,
but possibly for a different W-algebra or a different representation of it. This means
that Zg , generates a W-algebra module, which we can consider as being “obtained
by analytic continuation” from the W-algebra module generated by Zram -

It is quite interesting to find the constraints at R where the enumerative informa-
tion is stored, precisely because they bear directly on the enumerative information.
Yet, deriving them from topological recursion can turn out to be a non-trivial task:
there is no general theory to do so and it strongly depends on the global geometry
of the spectral curve. The procedure of globalisation described in [BBCT25] for alge-
braic singularities goes in this direction, and [BBC25, §1.4] describes some of the
new W-algebras and modules that can be obtained by analytic continuation. Another
example is the case of Virasoro constraints for the Gromov-Witten theory of P* found
in [Giv01, OP06]. [BN19] showed how these Virasoro constraints for Gromov—Witten
theory P! living at oo arise from topological recursion on a spectral curve with log-
arithmic singularities, and thus satisfy a different set of Virasoro constraints at the
ramification points.

In this language, Theorem 2.3 (resp. Theorem 2.6) shows that the W(gl,.)-
constraints at oo for the Gaiotto (resp. CDO) vector imply (r — 1) copies of Virasoro
constraints at the ramification points, and the solution of the latter is known to
be given by the topological recursion. The converse process of deriving back the
W(gl,.)-constraints at oo from the topological recursion is a priori not easy — in
particular, the limit A — 0 would not be covered by the results of [BBC*25]. But, it
can be done by following the proof of Section 3 (resp. Section 4) backwards.

2.4.2. Comparison to other models. — Our strategy of analytic continuation exhibits
similarities and differences with strategies previously employed in the study of matrix
models and Hurwitz theory.

In the 1-hermitian matrix model, the starting point (replacing the Whittaker con-
straints) is the Dyson—Schwinger equations (Virasoro constraints at co). From there,
analytic continuation on the spectral curve and then abstract loop equations from
which topological recursion follows, has been established in [ACM92, Eyn04, BEO15,
BS17]: this is how topological recursion was invented. But this case is easier to analyse
as these Schwinger-Dyson equations are only quadratic (instead of degree 7). There
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exist matrix models satisfying W(gl,.)-constraints for » > 2, but we are not aware of
topological recursion being derived (directly) for them when r > 4.

In classical Hurwitz theory, several authors took the route of first proving analytic
continuation on the spectral curve starting from the cut-and-join equation (constraints
living at oo, not necessarily quadratic), from which they deduced the abstract loop
equations and concluded that topological recursion holds. This strategy was employed
in [EMS11, BHSLM14, BKL*21, DBKPS23, DK18, BDK™*23]. However, cut-and-join
equations are a priori quite different from W-constraints and do not give (shifted)
Airy structures per se. The relation between cut-and-join equations and W-constraints
has been better understood in the recent work of [CDO24], and provides a different
proof of topological recursion for weighted Hurwitz numbers, which is in line with the
philosophy of this paper.

3. Tue GA10TTO VECTOR: PROOF OF THEOREM 2.3

In this section we show that the correlators ¢, ,,, defined in (2.10) from the Gaiotto
vector |T'p) at self-dual level k = 1, can be analytically continued to meromorphic
differential forms wyg,, on the half Seiberg-Witten curve Sy and furthermore the latter
satisfy the Chekhov—Eynard—Orantin topological recursion.

3.1. W-constraints. — Recall that we have introduced the correlators ¢, from the
genus expansion of the Whittaker vector |T'a) in (2.10). These correlators ¢, are
germs of meromorphic n-differentials in the n-th product of the formal neighbourhood
of L := ||,_,{c0q} C C, where C is the unramified curve of degree r defined in
Section 2.1.3.

The strategy of the proof consists is to use the W-constraints (2.9) to fix the
correlators ¢4, uniquely. In addition, the W-constraints will give a formula for the
correlators ¢, ,, implying that they analytically continue to meromorphic differentials
on the half Seiberg—Witten curve Sy. Finally, by showing that these analytic contin-
uations satisfy the abstract loop equations, we use the results of [BEO15, BS17] to
prove that they coincide with the topological recursion correlators wy .

In order to understand the implication of the W-constraints (2.9) for the correlators
¢4.n We need to introduce some operators and notation. First, let us define the operator
ady,, following [BBCC24, §5.1.2] which transforms formal series into differentials on
the curve C.

Derinirion 3.1. — Consider a formal series f € (C[[(Jﬁk)zg[zrlo]] (R). We define

0 0
adgnD) =) 3 (bigga o hngget) .

ay,...,an€[r] —kj
k1,...,kn€Z>0
6c(w1),a1dw1 o (sc(wn),andwn
wlf1+1 wﬁ"“
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e operator ad,,, picks the terms of order A9 that are homogeneous of degree n
The operator adg ,, picks the t f order A9 th h g f deg
in the variables Jﬁﬂgj, and replaces these variables by the corresponding 1-forms

Oc(w,),a, kjdw; / w;-cj 1 on C. Then, we define the following combinations of the corre-
lators.

Derixition 3.2, — For any g,n,i € Zxo, assuming that z; = (%) for j € [i], define

Qin (2105 wia)) = adgn (I02) 7 (T, (%) ) IT) ).

Given the form (2.7) of the vector |T's) in the completed polynomial algebra in the
negative Js, it admits an inverse.

The differentials Qg i.n(2[); wpn)) are (n + i)-differentials on the (n + 4)-th product
of the formal neighbourhood of L in C. The purpose of defining them is to extract
finite combinations of the correlators from the W-algebra action on the Whittaker

vector |T'p).

Lemma 3.3. — We have the following explicit expression for the g ;. in terms of the
correlators ¢g r,

(3.1) Qg,iin (235 Win)) = > I or rssn o wny ).

LF[i] LEL
UrerNp=[n]
i+ (9r—1)=g
Proof. — We omit the proof as the statement is a slight variant of [BBCC24, Lem. 5.4]
to include the unstable ¢q 1, o 2 terms which are present in the Whittaker vector |T'y).
See also [BBCT24, §2] and [BKS24, §4]. O

The formula (3.1) shows that Qg ;.,, contains precisely ¢ summands that involve the
correlator ¢g 14, It will be useful in the following to consider the expression (3.1)
where we remove these terms. More precisely, we define € ;.,, as

(32) Qg in (2115 win)) = > I @00 sr4sn, (zrown,)
LF[i] LeL
UreLNp=[n] i
, =il
o= - Z bg,14n(25, W) H $o,1(20),
i=1 1]

so that it does not involve any correlators ¢g 14,. The W-constraints (2.9) on |I'y)
are equivalent to the following restrictions on the Qg ;..

Levva 3.4. — The Qg ;. satisfy the following condition for any i € [r]:

Adzx)" i
(3.3) > Qgin(Z;wp) = 64.00i00n0 (xiJrl) +0((dx)"/2"),

ZCf(2)
#Z=i

where x = x(2) and we recall that §(z) = = (x(2)) is the full fibre over the point z(z).
By O((dz)'/z") we mean a quantity containing only terms of the form z*(dx)* for
k > —i; the O-notation is therefore understood as if the variable x were approaching 0.
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Proof. — The W-constraints (2.9) that the Whittaker vector |I'y) satisfies can be
written in the following compact form using the expression (2.1) for the generators
Wi(x) as elementary symmetric polynomials in the Heisenberg 1-forms J. For any
i € [r], we have

-1 - a; (Adz)" i i
s (X TIaen) i =6, S8 (@),
1<a1 < <a; <r j=1
Applying the operator adg,, to the above equation, and using the definition of g ;.n
from Definition 3.2 proves the lemma. (|

3.2. THE SPECTRAL CURVE. Let us treat the unstable correlators ¢g; and ¢g o first
in order to obtain the spectral curve. Recall the family of curves over A € C* that we
have considered previously in (2.13):

T
Qa) , (=A)
(3.5) 1_[1<y - <)+ =0
If Q1,...,Q, are pairwise distinct, the fibre Sy known as the half Seiberg—Witten

curve is a smooth curve of genus zero which admits the following explicit parametri-
sation with coordinate ¢ € P!.

AT ¢
3.6 - < o
( ) x(C) Ha:l(Qa - C) y(() A" (};[1(@ C)
Recall that to complete the description of the spectral curve, we define
wo,1(C) = y(Q)dz (),  wo2(Ci,) = (C(jcidgj)z‘

We denote the ramification points of the branched covering z : Sy — P! excluding the
one of index r at * = 0 by Ram(Sx) C Sp. These ramification points are all simple
as long as Q1, ..., Q, are pairwise distinct. For each ramification point p € Ram(Sy),
we denote the associated deck transformation (of degree two) by o,,.

With this setup, we show that the unstable correlator ¢o; can be analytically
continued to the meromorphic differential wp ; on the half Seiberg-Witten curve Sy .

Lemva 3.5. — Assume that Qq,...,Q, are pairwise distinct. The all-order series
expansion of the meromorphic form wy1(¢) on Sy when ¢ is near x~'(0c0) = L with
1/x(¢) as a local coordinate, and then all-order series expansion as A — 0, is given
by ¢0,1(C). Explicitly, we have

wo,1(¢) =~ ¢071(;((?))’

where & is our notation to indicate an identity of all-order expansions.

Proof. — If g=0and n =0, for any i € [r], Lemma 3.4 gives the following relation

(37) S e () =0, 29 4 oany ),

1<a1 <+ <a; <rj=1
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where we have used the explicit expression for €2 ;.0 from Lemma 3.3 and we recall
that the O(---) here means terms of the form (dz)'z* for k > —i. As ¢o1 (%) =
Qodx/x + - -+ is a formal power series in 1/z, we can determine the right-hand side
of (3.7) explicitly. Indeed, the coefficient of the term of order (dz)?/z* is precisely
the elementary symmetric polynomial ¢;(Q1, ..., Q,) and there are no terms of lower
order. Thus, (3.7) becomes

7: .
v Adz)" dx)*
Z H‘éo,l(az]):61’,7‘(:57,74,1)—1—67;(@1)“"@7‘)%7
1<a1 < <a; <rj=1
which can be put into generating series form as

(3.8) [T (u+o0a(s)) = Afi +H( Qadx>

a=1

By substituting u = —¢o,1(%) for any b € [r], we obtain the following equation

0= (=Adx)" . ﬁ(u'— M)’

zrtl x
a=1

whose r independent solutions are given by v’ = ¢y, 1( ) for any b € [r]. As the above
equation gives a formula for the ¢ in terms of z(z), we see that it analytically
continues to a meromorphic differential on the curve Sj. To show that the analytic
continuation of ¢ 1 matches wg 1, note that (3.5) provides a set of r independent
solutions as well — indeed, take v’ = wy 1(¢), where wy ; is considered as an expansion
in 1/2(¢) with ¢ near z7(c0) = L. These two different sets of 7 solutions must
coincide, and by analysing the leading coefficient in the expansion of wy 1, we get the
claim. |

Let us turn now to the statement for (g,n) = (0,2). It will turn out to be useful
to define the following projection operators.

Derinition 3.6. For i € Z, define the projection operator
i (C[[a:(z)il]] (dz(2))" — (C[[m(z)il]] (dz(z))"

Yo w(2)"(de(2) — Y w(z)"(de(z))"

neEZ n>-—i
It acts on a formal power series in x(z)*! and keeps only the terms of order z(z)~"
and higher. Analogously, we define the projection operator p<_; which keeps only the

terms of order z(z)~% and lower.

Lemma 3.7. — Assume that the Qq, ..., Q, are pairwise distinct. The series expansion
of wo.2(C1,¢2) as C1, Co are near v (00) = L with 1/2((1), 1/2(¢2) as a local coordinate
is given by ¢o,2(C1,C2):

wo,2(C1,C2) = do,2 (C(Cl) c(é;)))7

where wo 2(C1,C2) is considered as an expansion in 1/x((;) near §; = Q-

JIEP. — M., 2095, tome 12



WHITTAKER VECTORS AT FINITE ENERGY SCALE, TOPOLOGICAL RECURSION AND HurwiTz NUMBERS D21

Proof. — Lemma 3.4 when (g,n) = (0,1), in combination with the explicit formula
for Qp ;.2 proved in Lemma 3.3, imposes the following restriction on the correlator
¢o,2 for any i € [r]:

/ n_ o [dz(2)’

(3.9) Y doaZw) [ dea=") = O(W).

ZCj(z) 2 CZ~{2'}

#7=i

ez
We consider the left-hand side of the above equation as a formal series in z(z’)
(= z(z)), where we first expand in z(w) near oo, and then in z(z) near co. In other
words, we expand in the region |z(z)| < |z(w)|. Our goal is to determine the right-
hand side of (3.9) explicitly. Applying the projection operator p>_; to the left-hand
side of (3.9) yields

| o) de(w)
B0 e <{Z,}§Q(z) ) st 1 oo )
Czc

=1

c(2")=c(w)
which follows from the simple observations

p>f(i72)( H ¢0,1(Z”)>=0,

z"eZ~{z}

dz(z")dz(w
P ol 0) = s (o )

Thus, all the other terms disappear upon applying the projection py ;. For any subset
Z C §(z), we denote ¢(Z) = {¢(z) | z € Z}. Then, given a non-empty subset Z C f(z)
and an element 2’ € Z, we decompose

[ - 5 g e

2" CZ~{z"} Jjz#zZ-1

The coefficients c;(Z)’c(Z/) only depend on the set ¢(Z) and the element ¢(z’), and not
directly on Z or z’. Using this notation, we rewrite the right-hand side of (3.10) as
follows:

(3.11) ps_y {(dx(z))i

«(2).e(z) (2(2) 7 — w(w) ™ a(w)™?
dw(ZCZf(:z) z'ze:z 1;1Cj(2) | )( z(z) — z(w) * z(z) — x(w)))}
#o=i () =c(w)

Recall that we always expand in the region |x(z)| < |z(w)|, and hence the last term
remains unchanged after applying the projection p>_; with ¢ > 1. Let us compute the
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result of applying the projection to the first term. We have

. Cc(Z),c(z')x(Z)_j—fv(w)_] B ' C;(Z),c(z’) 1 x(w)j_x(z)j
p[z ’ 2(2) — a(w) ]‘p”[m_l () 2(=) a(z) - w(w)
_ N 1 a(w) — a2y
a <j;1 z(w)! >w(z)i 2(z) —ax(w) ’

where in order to get the last line, we simply remove all the terms of order strictly
lower than z(z) . Applying this simplification to (3.11) gives the following simplified
expression for the right-hand side of (3.9)

2(2)) ¢o,1(w") z(w)’
el <{w}#%%/v:gf(w)(w”ew];[\{w} da(w’) )x(z)l(x(z) _J“‘(w))>7

=1

where we have replaced the sum over Z C f(z) by a sum over subsets W C f(w), as
the coefficients ¢; do not directly depend on the Z as previously noted. Thus, we have
fully determined the right-hand side of (3.9), and equation (3.9) takes the following
equivalent form:

Z Po,2(2',w) H $0,1(2")
dz(z") dz(z")

ZCH(z) z"eZ~{z'}

#Z=i

ez = dy(w Po,1(w”) | z(w)? .
( )({w}C%Cf(w)(w”eWH\{w} d:r(w”) )I(Z)Z(I(Z) - x(w)))

=1

Finally, just as we did in Lemma 3.5, we consider the generating series by applying
>, u""" to the above equation and specialise the equation to u = —¢g 1(2)/dz(2),
which gives

(3.12) Po.2(2,w) I1 ¢0,1(z”)—¢o,1(z))

dz(z) veRa) dz(z)
_ z(w) z(w)doa(w”)  x(2)¢o,1(2)
(e = L et )

This equation gives an expression for ¢g2(z,w) entirely in terms of ¢o;1 and x.
As Lemma 3.5 states that ¢ 1 analytically continues to the meromorphic differen-
tial wp 1 on the half Seiberg-Witten curve Sp, and x analytically continues to the
function x(¢) on Sa by definition, we conclude that ¢g 2(z,w) analytically continues
to a meromorphic bi-differential on Sy, say 50’2 (¢1,¢2).

There are two ways to show that (’Z;()’Q coincides with the bi-differential wg 2(¢1,(2) =
d¢1d¢2/(¢1 — ¢2)?. The first way is to check that the pole structure match, i.e., the
only pole is a double pole on the diagonal with bi-residue 1. Here we prefer a second
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way, which is a direct computation. Using x(¢)y(¢) = ¢ we can rewrite

L d ( dz(¢1)z(¢2)
(@) —w(@) NG (G — (&)
[I @@ -=cwa))

C€"(¢2)

_b . dz(¢1)z(¢2) .
s d<2($(<1)(w(<1)—w(4“2)) cgelf_'[@w(cz Cl))’

$0.2(C1,C2) = H

CiLEF (61

CLEF (G

where the notation f/(¢) now means zoz~!(¢)~{¢} and x is the meromorphic function
on Sy from (3.5). Setting D(¢) = []._,(Qa —¢) we have x({) = —A"/D(¢), and thus

a=1
_ A D) -D(G) A ;o
MmO =T GbG) C DGb@ 61:([@)“2 “
oow(G) —2() - ATdG /
x(Q) Cl C21—>H}1 <1 - CQ D(Cl)Q ¢ G];[((l)(c1 Cl)
Then:
~ A"dG dz(¢)D(¢) —D(G)D(¢2) d¢1d¢e
_ = . O
#0266 = prpn (T pG) T e ) " G -G
This completes the proof of Theorem 2.3 for the unstable correlators.
3.3. STABLE CORRELATORS AND TOPOLOGICAL RECURSION. — Finally, we turn to the sta-

ble correlators ¢4, where 2g —2 +n > 0. We proceed in two steps. First, we show
that the correlators ¢, , analytically continue to meromorphic differentials on the
half Seiberg-Witten curve Sj with poles only at the ramification points Ram(Sy).
Second, we show that these analytically continued correlators satisfy the linear and
quadratic abstract loop equations. Then, as the system of correlators wy , constructed
by the topological recursion is the unique solution to the abstract loop equations
[BEO15, BS17, BBC*25], we conclude that the analytic continuation of the stable
@g,n coincides with wy .

Prorosition 3.8. — Assume that Q1,...,Q, are pairwise distinct. If 29 —2+mn > 0,
then the correlators ¢4, which are n-differentials on a formal neighbourhood of L =
x71(00) in C admit an analytic continuation as meromorphic n-differentials on the
half Seiberg—Witten curve Sp. Moreover, these analytic continuations, denoted 59,7“
only have poles at the ramification points Ram(Sy) of the spectral curve.

Proof. — Let us start by extracting the terms containing ¢4 1, from the Qg ;., using
the Qg ;.,, defined in equation (3.2). For any 2g —2+ (1+n) > 0, and i € [r], we have
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for a fixed z

Z Qg,i;n(Z; w[n]) = Z ¢g,1+n (217 w[n]) H ¢0,1(Z/)

Z#sz(j) {Z}#%ggf(z) 2'€Z~{z}
+ Z Qg,i;n(Z§ w[n])
ZCf(z)
HZ=1i

The first sum on the right-hand side involving the ¢4 14, vanishes upon applying
the projection p>_;. This means that the constraints of Lemma 3.4 can be written
explicitly as

(3.13) > bgamnzwp)  [] b0a(z) = —pg—i—l[ > ﬁg7i§n(z;w[n]):|'
(=}CZCH2) 2e21{z) ZCi(2)
#HZ=1 #Z=i

The usual trick of applying Y ;_, u"~* to the above equation to get the generating

series, and then specialising to u = —¢g 1(%) gives the following equation
(3'14) ¢g,1+n(z7w[n]>
-1 r ) ~
= —¢0.1(2))" " p<—iz [ Qg.i:n(Z5wp, }
Hz/ef/(z) (¢0’1(Z/) _ ¢0’1(2)) ZZ:;( 0 1( )) <—1—1 Zczf(:z) g zn( [ ])
H#Z=i

We can rewrite the projection appearing on the right-hand side as

p<i1|: > ﬁg,z‘;n(Z;ww)}

ZCf(2) . ~
#Z=i ; dz(v) z(v)\" Qgﬂ-m(V;w[n])
= (dz(z)) oo
jil‘(z) —z(v) <%‘(Z)> Ve (dz(v))

where we choose the contour v in the z(v)-plane to be centred at z(v) = oo such
that |z(v)| < |z(z)|, i.e., the point x(z) lies inside the contour 5. Also recall our
standing assumption on §g7i;n(V;w[n]) that |z(v)| < |z(w;)| for any j € [n], which
implies that z(w;) are inside this contour . From this rewriting as a contour integral,
we see from (3.14) that ¢4 14, can be expressed in terms of z and ¢y 14, with
2¢' =2+ (1+n') < 2g—2+(1+n). We know from Lemma 3.5 and Lemma 3.7 that the
unstable correlators ¢ 1, ¢o 2 analytically continue to the meromorphic differentials
wo,1,wo,2 respectively. Thus, by induction on (29 — 2 +n), we see that ¢y 1.4 (2, W)
analytically continues to a meromorphic n-differential on the curve Sy. Let us denote
these analytically continued differentials by $g71+n(@, Cin))s

(3.15)  Gg1sn(CosCm)) =

y(Co)mdz(Co) g dz(¢)  /—2()\ Qg0 (Z3 i)
Meerco (y(CU)_y(CS));%yw(CO)—w(C)( Co 2 (dz(Q))* 7

44(9]
#Z=i
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where we have used the fact that z(¢)y(¢) = ¢. In this formula ﬁg,im is a combination
of the 59,,1%, with 2¢' =2+ (1 +n') <29 — 2+ (14 n), and the contour v is now a
contour in the x(¢)-plane centred at x({) = oo such that |z({)| < |z(¢o)|-

To understand the poles of the ¢7g71+n, we flip the contour to evaluate the residues
outside . By the induction hypothesis, the only possible poles in the integrand of
(3.15) in the variable ¢ that are outside the contour «y are at the ramification points
— i.e., the points Ram(Sy) and the index r ramification point at x(¢) = 0. The other
possible poles are at (¢) = z((;) for j € 0U [n], all of which lie inside the contour .
Moreover, by induction the integrand does not have a pole at the point z({) = 0
where ¢ = oo. Indeed, as the @Hn/ with 2¢' =2+ (1 +n') < 29 —2+ (1 +n)
are assumed to be holomorphic at { = oo, near ¢ = oo (where 2z = 0) the integrand
behaves as

dc 1 Ci(r+1) 7 dc

¢t X E x 2 - Critn

as z(¢) behaves as 1/¢". Thus the integrand is holomorphic at the ramification point
x = 0. Finally, by evaluating the contour integral, we see that the differential ¢y 11
only has poles at the ramification points Ram(Sy) in the variables (o and (). O

Let us now show that the analytically continued correlators (Egm on the spectral
curve Sy satisfy the abstract loop equations, as considered in [BS17, BEO15].

Prorosition 3.9. For any g,n > 0, and any ramification point p € Ram(Sy) of
the spectral curve Sa, the analytically continued correlators ¢g11n satisfy the linear
and quadratic loop equations, i.e., the two expressions

$9,1+n(<07 C[n]) + Egg,lJrn (UP(CO)v ([n])v
59-1,2+n(<070-0<<-0)’<[n]) + Z 591714‘#‘]1 (<0?CJl)(ggz,l-ﬁ-#Jz(o-ﬂ(CO)?CJz)a

g1+g92=g
J1|_|J2:[n]

are holomorphic as (y approaches Ram(Sy).

Proof. — The i =1 case of the constraints on g ;;, obtained in (3.13) gives

Z ¢g71+n(2/7w[n]) =0.

z'€f(2)

Passing to the analytic continuation, we can write for each ramification point p €
Ram(Sy):

$9,1+n(<07 C[n]) + gg,lJrn(o'p(CO)v C[n]) = - < Z glgg,l+n(<(/)7 C[n])) :
Ghef (o) ~{op(Co)}

As the ag,n only have poles at the ramification points, the right-hand side clearly has
no poles at ( = p, and this proves the linear loop equation.
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Let us turn to the quadratic loop equation now. Consider the analytic continuation
of the statement of Lemma 3.4 for i = 2:

1 -
(3.16) 5 > bg1.24n(C0:CE )

€6+¢6 €F(Co)
Co#¢y

1 ~ ~
t3 > > Ggnaswn (6 Cn)bgarisan (G Ca)

0:Co e g1+g2=g
Gy A

A"(dz(¢o))? n O( (dx(Co))2>

z(Co)? z(Go)® /-
The factor of 2 is due to the fact that we sum over ordered pairs ¢, (] instead of
pairs {¢{, ¢/} We claim that the right-hand side is regular at any ramification point
p € Ram(Sy), as there are no terms of order (dz(¢))?/z(¢)* for any k > 4. Indeed,
the series expansion at () = oo of a pole at any ramification point (note that = oo
is not a branch point), would create holomorphic terms of the form (dz(¢))?/z(¢)*
for arbitrarily large k > 0. Now, we consider the terms of interest for the quadratic
loop equations appearing in the left-hand side of equation (3.16). The first sum can
be split into

~ 1 ~
¢g—1,2+n(€07 Up(CO)a C[n]) + § Z ¢g—1,2+n(<67 C(l)/a C[n])
€656 €1 (Co)~{op (o)}
070

0

= 59,05r,2 611,0

+ Z ((Abigfl,2+n(<0a<(l)ag[n}) + (Abigfl,2+n(op(<0)>g(/)7C[n]))v
CoEF (Co)~{op(Co)}

where the second line is regular at the ramification point p as the 5g_172+n only have
poles at the ramification points, and the third line is regular at p thanks to the linear
loop equation. The second sum in (3.16) now, which can be rewritten in a similar

fashion:
5 (B (GG 00(60): )
g1+g2=g
JiUJ2=[n] 1 ~ , ~ "
+3 > Ggr 14401 (Cos €11 ) Pgz 14405 (€0 Cr2)
G G ET (G0 {on(C0)}
0 0

T > b1+ (G5 C) <¢g2,1+#J2 (€0:Cy) + Bga 14402 (05(Co) C-b))) :
CHEF (Co)~{op(Co)}

Again, the second line is clearly regular at p, while the third line is regular thanks to

the linear loop equation. Putting this together proves the quadratic loop equation. [

Proof of Theorem 2.3. — We are now in position to finish the proof. For the unstable
correlators, i.e., (g,n) = (0,1) and (g,n) = (0, 2), we have already proved the theorem
in Lemma 3.5 and Lemma 3.7 respectively. As for the stable correlators ¢4 14y with
2g—2+(1+n) > 0, we proved in Proposition 3.8 that they admit analytic continuations
%Hn with poles only at the ramification points Ram(Sy). In Proposition 3.9 we
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showed that the correlators gg,H_n satisfy the abstract loop equations. Besides, the
linear loop equation implies that for any ramification point p € Ram(Sy)

(3.17) Res @y, 14n(, ) =
for reasons of parity with respect to o,. Since Sy ~ P!, we have by the Cauchy residue
formula
59,1“1’774(4-07 C[n]) = Z Res dCO < ! >$g,1+n (Cv C[n])
o—-C Co—p

pERam( SA)

(3.18)
= Z Res (/ wo,z(w(o)) Bg,14n(Cs Cny)-
pERam( SA)

where the term 1/({y — p) does not contribute to the residue due to (3.17). According
to [BEO15, BBCT25], meromorphic differentials with poles only at the ramification
points that satisfy the abstract loop equations and the normalisation property (3.18)
are uniquely reconstructed by the topological recursion. Hence, the differentials ;gg,Hn
coincide with the topological recursion correlators wg,14n. O

4. Tae CDO vecror: pPrROOF oF THEOREM 2.6

In this section, we study a different set W-constraints that are relevant for Hurwitz
theory. These constraints can be viewed as a generalisation of the ones characterising
the Gaiotto vector that we studied previously in Section 3, and we will prove that
the associated partition function can be computed via the topological recursion on a
ramified spectral curve. The half Seiberg—Witten curve (2.13) of pure gauge theory
can be recovered as a limiting case.

4.1. Tue Ay structure. — We describe the Airy structure with degree zero terms
constructed and studied in [CDO24] by Chidambaram, Dolega and Osuga, based on
the modes of the W-algebra W(gl,). While the Airy structure exists at arbitrary
shifted level x — and this is crucial for the study of b-Hurwitz numbers in [CDO24]
— we restrict here to the case of self-dual level k = 1.

Consider two tuples of parameters P = (Py,...,P.) and Q = (Q1,...,Qr—1) and
introduce the automorphism of the Heisenberg VOA which sends the modes J} to J o
with

Je k>0,
~ JE 4+ (=N)""8,r0k,—1 k<O,
(41) J]? _ k ( ) 1
Qa k=0and a € [r—1],
—(I1Pl+ Q) k=0and a=r,

where we denote |P| =e;(P) =Y. _, P, and likewise for |Q|. We consider a variant

of the Verma module (2.8) where we allow A to be inverted

Va = (P, QA [(72)) T(h).
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We let the Heisenberg algebra act on V4 with the modified modes (4.1), and this
restricts to a representation of the W(gl,)-algebra by the modes

170 Tai Ta;

wi= S Jm g,
1<a1<---<a; <r ki,...,k;€Z
kit+-+ki=k

From this representation, after shifting the modes AW/é to Wg + (=1)"le;(P), the
authors of [CDO24] construct a shifted Airy structure. More precisely, applying the
fundamental theorem of Airy structures, they obtain the following result.

Turorem 4.1. — Assume that Q1,...,Q._1 are pairwise distinct. There exists a
unique [T{PO) € V5 of the form

ho—1 o1 a1 v Tk
(4.2) |FACD0>exp< 3 > Cealmiwl Il kk)
J

n!
(gan)€Z>0XZ>o al;-uvane["‘] j=1
k1,...,kn€Z>0o
satisfying the constraints
(4.3) V(i k) € [r] x Zso,  WETPO) = (=1)ie;(P)dro [TPO).

Moreover, the coefficients ®g., [ . 4" ] belong to the ring C(Q)[P][A"]. In partic-
ular, the 4, are formal power series in A” (not just Laurent series).

Proof
This is [CDO24, Th. 3.10 & Cor. 3.12] specialised to the case L; = (—1)%¢;(P). O

A few remarks are in order. The vector ['{P©) is not the highest weight vector
in the representation \~7A, but rather a Whittaker-type vector. These Whittaker con-
straints (4.3) bear on the action of all non-negative modes of the W-algebra, while
(2.9) involved only the positive modes. The (i, k) = (1,0) constraint is trivially satis-
fied since

Wg:Z:fg:_ZPa:_el(P)u
a=1 a=1

but the other ones are non-trivial and determine |T{P©). Besides, [T{P®) has unstable
terms as well, i.e., non-zero terms ®g ; and ®¢ 2. Then, we can construct correlators

c(z1) - c(zn . dz(z;
@) Bplerm) = 5 e[ T
ki, kn €250 j=1""
—~c(z1) dz(z1) _ dz(z)dz(z2)
84.00n —A)7"d 84.00m.20¢(21).c(20) s
+04,00n,1 (Jo 2(21) +(—A) x(Z1)) +04,001,20¢(21),¢(22) (@(21) — 2(2))?

As in (2.10), they are germs of meromorphic n-differentials in the n-th product of the
formal neighbourhood of L 2 271 (c0) = | |/ _,{oc,} in C, where C is the same unram-
ified curve of degree r that appears in Section 2.1.3 in the context of the Gaiotto vector.
More precisely, the ¢4, for 29 — 2 4+ n > 0 are germs of holomorphic n-differentials,
¢0,1(2) is the germ of a meromorphic differential having a simple pole with residue
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given by the scalar j{f at z = 004, and ¢ 2 is the germ of a meromorphic bi-differential
with a double pole on the diagonal.

4.2. THE SPECTRAL CURVE. — As in the case of the Gaiotto vector |T's), we can prove
that the correlators ¢, ,, defined in (4.4) from [T'{PO) analytically continue to mero-
morphic multi-differentials on a certain family of spectral curves and that the latter
are computed by topological recursion on this spectral curve. We first describe the
relevant family of spectral curves.

Assuming that the Qq,...,Q,._1 are pairwise disjoint, we look at the locus § C
P, x P, x C} cut out by the equation

(45) [T(% )+ LT1(2-0) -
a=1 a=1

The map § — C} defines an analytic family of algebraic curves. In particular, the
fibre 85 over any fixed A € C* is a smooth genus 0 curve admitting the following
uniformisation by ¢ € P!

(4.6) -
o ¢ TQu=0),
(C) A" o=y (Pa +0)
Dervition 4.2, Let R be the set of tuples (P, ..., Pr,Q1,...,Q,—1) C C*~1such
that

e Q1,...,Q,_1 are pairwise distinct;

e Qo # Py for any a € [r — 1] and b € [r];

« The branched covering defined by = : 85 — P! has only simple ramification
points.

If (P,Q) € R, then x always has degree r on 8, and & = co is not a branch point.
We complete the description of the spectral curve by defining as usual wp,; and wg 2
on a fibre S) as

wo,1(¢) = y(¢)dz(¢), wo2(C1, Co) = (Scidéz)Q

Then, we have the following lemma, which shows that the correlator ¢¢ ; analytically
continues to the meromorphic differential w1 on the curve 84.

Lemma 4.3. — Assume (P,Q) € R. The all-order series expansion of the meromor-
phic 1-form wo 1(¢) on 8p as ¢ is near x~1(00) & L, with 1/x(¢) used as local coor-
dinate, and then the all-order series expansion as A — 0, is given by ¢o1. In other
words:

wo,l(C) ~ ¢o,1(;((8)-
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Proof. As the proof closely follows the proof of Lemma 3.5 for the half Seiberg—
Witten curve, we will be brief. By extracting the (0, 1)-terms from the constraints of
Theorem 4.1 we get the following expression:

[ 257 = (P -0 077),

The terms of order O (1 / xi_l) can only come from the first two terms appearing in
the definition (4.4) of ¢g 1, i.e., the terms of order 2°dz and z~'dz. This gives

(2455 = (0P )

If we substitute u = —¢o,1(%)/dz for any a € [r], we get the following algebraic
equation for ¢g 1

oL 1502

i=0

Summing over i we get

r—1
dx 1 dz
0 T (0 (2 )+ =) = [T (d0a(2) - @) =0,
b=1 b=1
which matches the equation for wp 1 from the definition of the family (4.5). Thus, w1
is the analytic continuation of ¢g,1 to 8a. O

Let us turn to the other unstable case where (g,n) = (0,2).

Lemma 4.4. — Assume (P, Q) €R. The all-order series expansion of the bi-differential
wo.2(C1,¢2) on 8p when (1, (s is near x71(c0) = L, with 1/z({;) used as local coor-
dinate, and then the all-order series expansion as A — 0, is given by ¢o 2. In other
words:

wo,2(C1, G2) & ¢02(C(C1) C((Z)))

Proof. The proof closely follows the proof for the half Seiberg-Witten curve given
in Lemma 3.7. In the first half of the proof of Lemma 3.7 we showed that the ¢g o
admits an analytic continuation by finding an explicit formula for the ¢¢ 2 in terms of
the ¢ 1 and z(z). An analogue of this explicit formula (3.12) holds in this case as well,
although the proof needs to be slightly modified. As the analogue of the constraints
(3.9) has O((dz(2))’ /z(2)""") on the right-hand side (instead of O((dz(z))’/z(2)")),
we need to take the projection p>_(;_1y in (3.10). The rest of the proof goes through

with minor changes, and we get the analytic continuation 50’2, defined as

dx 1 /
(4.7) P02(¢1,2) = ] Cl C1 CQ((x(Q)ECx)(CQ)) 11 ((2—C1)).

CLEF(C Gr€f(¢2)

Finally, let us evaluate (/5072 explicitly. Using the notation D(¢) = HZ:(QG — () and
N(¢) = [I._;(Ps +¢), we have z(¢) = —A"N(¢)/D(¢). As N(¢) is a polynomial of
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degree r with leading term (" and D is a polynomial of degree r — 1 with leading term
(—=1)"=1¢"1) we find

A (HEDG) - NEG)) (A ,
J}(Cl) - x(C?) - D(Cl) - D(Cl) Céel;ICQ)( 2 Cl)a
i) =y S a1 G

Thus, we can evaluate (4.7) as
(_

= A)rdG D(¢1) d¢1d¢s
() = ——————d¢, (dx = . U
P3(61.6) = ey e (O TG a) T G o ar
4.3. STABLE CORRELATORS AND TOPOLOGICAL RECURSION
Proof of Theorem 2.6. — In view of Lemma 4.3 and Lemma 4.4, it remains to show

that the stable correlators ¢, of (4.4) admit an analytic continuation on the CDO
spectral curve (4.5), which has poles only at the ramification points and satisfies
the abstract loop equations. This is done exactly as in the proof Proposition 3.8
for the analytic continuation, and Proposition 3.9 for the location of the poles and
the abstract loop equations: the proofs indeed only used the general structure of the
Whittaker constraints and is not affected by the form of the spectral curve. |

Remark 4.5. — Note that the CDO spectral curve (4.6) appearing in this section is
a generalisation of the half Seiberg—Witten curve (3.6). Indeed, we can take the limit
Py,...,P. = oo and A — 0 such that A" - P;--- P, — (A’)" in the CDO curve to
recover the half Seiberg-Witten curve at energy scale A’. In fact, this limit falls into
the class of allowed limits based on the results of [BBCT25]. This means that the limit
of the correlators wy ,, constructed by topological recursion on the curve (4.6) matches
the correlators wy ,, constructed by topological recursion on the (3.6). However, it is
not clear how to take the above limit of the W(gl,.)-module defined by (4.1) and the
Whittaker conditions in Theorem 4.1 characterising |F%DO> directly, in order to get
the Whittaker conditions (2.9) defining the Gaiotto vector.

.
5. CONSEQUENCES

Starting from Theorem 2.3 and Theorem 2.6, we can exploit the theory of the
topological recursion on ramified spectral curves to derive either properties and new
interpretations of the correlators, or even, directly of the Whittaker vectors under
consideration. Here we focus on: two expressions in terms of intersection numbers on
ﬁg,n, a relation to weighted Hurwitz numbers, quantum curves, and a discussion on
free energies.

5.1. RELATION TO INTERSECTION THEORY ON Mg,
5.1.1. Intersection theory and topological recursion. — The correlators (wgn)g,n Pro-
duced by the topological recursion on a spectral curve (S, z,wq.1,wp,2) can be quite
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generally expressed in terms of intersection theory on M, ,, [Eyn14, DOSS14, BKS24].
For our purposes, it is sufficient to summarise the theory for spectral curves for
which dz is meromorphic on a compact Riemann surface and only has simple ze-
ros at which dy has neither a zero nor a pole®®. The master formula reads

(5.1) wgn(z1,...,2n)

= Z (-/JV[ Qg NP1y 3Pn Hw Rpl, wz ) Hd—O\l,ml Zz

p1,---,pn€ERam(S)
A1,...,Ap ERam(S)
M yeneyMip 20

It involves two ingredients constructed from the spectral curve: a basis of meromorphic
1-forms d= ,,, on which we decompose the correlators, and a collection of tautological
classes Qg pn:py...pn € H* (M) that we call the TR class (the R, factor will be
defined along with them). For i € [n], ¢; € H?(M,,,) denotes the standard v-class
which is defined as the first Chern class of the cotangent line bundle at the i-th marked
point. In this setting, the TR class is known to form a semi-simple (perhaps without
unit) cohomological field theory as it can be constructed by a certain Givental action
on the trivial cohomological field theory.

A. The basis of differentials. — Let us fix a choice of square root
m(z) = v2(x(2) —z(N),

giving a local coordinate near A € Ram(S). The meromorphic 1-forms are defined by
induction on m € Zxo. We set
_ wo 2(2‘, Z/) —_ E/\ m

5.2 d= = Res ————, d= = —d(—’).

( ) )\,O(z) Z'gi 77)\(2) A,m~+1 dz
The primary differential d=y o has a double pole at A only, the descendant differential
d=y % has a pole of order (2k + 2) at X and poles at A’ € Ram(S) \ {A} of order at
most 2k.

B. The TR class. — The tautological classes are constructed from formal Laplace
transforms using the spectral curve data. Recalling that wy; = ydz, we introduce
for p, A € Ram(S)

-1
T,(u) = \/7 e(@PI=2(@)u" gy (),
(@(p)—2(=)u"t gz
RI),A( ) W/:/p d'ﬁ)\,O(Z)a

where v, are steepest descent paths for Re(x/u). We are only interested in the defi-
nition of T, (u) and R, x(u) as formal power series in u: this is only sensitive to the
germ of v, around p, and for this we can take v > 0 and take z(z) — z(p) € Rxq

(3)We also assume that the ramification points taken into account in (2.11) occur at finite values
of z. One can reduce to this case by using a twist (z,y) — (!, —yx?), see paragraph D.
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along 7, (for R, , we slightly push this contour off the pole at p). The orientation is
chosen consistently with the choice of square root so that we have

1 1
(5.3) k€ Zso, / -2 (g YRy () = —(2k — 1),
Y

21U Y

with the convention (—1)!! = 1. The assumptions on the spectral curves are known
to imply that

(5.4) T,(0) #0 and Z Rpy a(w) Ry A (=) = 6py 05
A€Ram(S)

Then, it makes sense to introduce the formal power series

Z tpmu™ =—InT,(u),
m>=0

(5.5)

Op1.po — Zz\eRam(S) Rm,/\(ul)Rm«\(“?)

BPlyl)z (u17u2) = w1 + up

The tautological class appearing in (5.1) is then obtained in two steps. First, one
constructs from T,(u) a cohomology class indexed by a single p € Ram(5)

Tynp = exp(z tpm/fm) € H* (M)

m=0

Since kg = (29 —2+n) € H°(M,,,), the determination of the logarithm is irrelevant
in (5.5).

For the second step, we recall that for each stable graph G of genus g with n
labelled leaves, we have an inclusion of boundary strata

el H Mg(v)}n(v) — Mgm'
vertex v
For each half-edge h incident at a vertex v, we have a corresponding psi-class ¥, €
Hz(ﬁg(v)yn(v)). We consider the set Stabg ,,(p1,...,pn) of stable graphs of genus g,
whose half-edges h are decorated by p(h) € Ram(S) such that all half-edges incident
to the same vertex v have the same decoration (denoted p(v)), and with n labelled
leaves carrying the decorations p1, ..., pn-

(56) Qg;";pl,“'vpn

1
= Z #Aut(G)(]G)*< H Tg(w) m(v)ip(v) H Bp(h>’f’(h')(¢h’¢h/)>'

GeStaby vertex v edge {h,h'}

This definition makes sense for any power series T,,(u) and R, ,,(u) with indices p
in a given set and satisfying the admissibility condition (5.4), even if they do not
come from the Laplace transform of a spectral curve data. In fact, this formula can
be viewed as a special case of the Givental action on CohFTs [GivO01].
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C. Expansion coefficients. From the master formula (5.1), we can easily extract the
coeflicients of the series expansion of the wy ,, near any point: it suffices to know the
series expansion for the basis of 1-forms. Following [BKS24, §7.5.5], we discuss the
case of expansion near a pole of order d,, (or zero of order —d,) of dz, using a local
coordinate X centred near p such that

dX
CPY if dp = 1,
(5.7) dz = ax
<z ifd AL

The only task is in fact to compute the series expansion of the primary differentials

as z —p
Xk
dE)H()(Z) ~ d(z S)\’()[z] k’)
k>1

Then, by construction of the descendant differentials in (5.2), we have the following
expansion [BKS24, Lem. 7.31]:

dZy m(z) = d (Z Sam[b] X:) .

k>1

If d, = 1, we have a simple expression
(5.8) Sam (k] = (=k/ep)™ - Sxo(%)-
while if dj, # 1, we have

(59) S/\,m [Z] = k(k - (dp - 1)) e (k - (m - 1)(dp - 1)) : SA,O[kfm(Ilefl)}a
with the convention that Sx [} ] = 0 for k& <0.

D. Twisted TR class. — The topological recursion (2.11) only depends on the data
of z through the ramification points and the local involution. As a result, we can find
transformations of the spectral curve that have no effect on the (wg »)g,n computed by
the topological recursion: we call them twists. Given a spectral curve (S, z,wo,1,wo,2)
with wp1 = ydz, examples of twists are (z,y) = (f(z),y/f'(z)), where f(z) is such
that f/(x) is a rational function that does not vanish at branch points of  — observe
that wo1 = ydr = ydz. Since they affect = and therefore T'(v) and R(u), twists can
radically affect the basis of differentials and the TR class, and this leads to many
different intersection-theoretic representations of the same correlators.

The twist (Z,7) = (Inz,zy) has the interesting property that it converts poles
of dz into simple poles of dZ = dx/x. Then, we are in the simplest case to express the
expansion coefficients of wg , near poles of x in terms of intersection indices. Indeed,
consider a spectral curve (S, z,wq 1,wo,2) such that z is meromorphic on a compact
Riemann surface, and denote o, the order of a pole p of . The local coordinate realis-
ing (5.7) near this pole is X = (—opz)~1/?. Let (wy,n)g.n be the correlators computed
.on the TR
class, and S 0 the expansion coefficients of the primary differentials for the spectral

by topological recursion. Then, let T'(u),R(u) the formal series, Q .p, ..

JIEP. — M., 2095, tome 12



WHITTAKER VECTORS AT FINITE ENERGY SCALE, TOPOLOGICAL RECURSION AND HurwiTz NUMBERS 1535

curve (S,Inz,wp 1,wo,2). With the help of (5.8), we get the following expansion for
the correlators as z; approaches a pole p; of x:

(5.10) wgn(21,..52n)
n

~ - & Xkl
~d - "dn|: Z (/ Qgniptspn H p“—lkﬂp ) HS }

p1,...,pn€Ram(S)  Ma.n 1 —op, i=1 ki
A,..,Ap €ERam(S)
k1,....kn 21

5.1.2. Properties and remarkable TR classes. — In this section we consider situations
where R and T have no indices, i.e., ones corresponding to spectral curves with a single
ramification point or to CohFTs of rank 1. We mention properties of the construction
of Section 5.1.1 and examples of TR classes that have a geometric meaning and that
will be used to study Gaiotto vectors in Section 5.1.3.

A. Multplicativity. — Here we consider situations without indices. Consider formal
power series T'(u) and R(u) such that
(5.11) T(O)#0 and  R(u)R(-u) = 1.

Then, we can write

T(u) = exp( Z tnu™ ) R(u) = exp (r(u)),
m=0
where r(u) is an odd formal power series. The combinatorics of self-intersections of
boundary strata in M, ,, imply that the TR class (5.6) can be written

r(¢) +r(¥")
(512) g n* H 7/11 = CXP(Z tmbm + Z ’(/)1 Z( )*M),

m2=0

where the sum ranges over boundary divisors of Mg,n, Ja is the natural inclusion
map and ', 1" are the 1-classes on the two sides of the node — see e.g. [ABCT23,
Lem. 3.10].

This leads to an interesting multiplicativity property of TR classes. Imagine that
we have formal power series T (u), R® (u) for i = 1,2 satisfying (5.11), and we have
constructed the corresponding TR classes Q . Then, the TR class associated to the
products T'(u) = TW (u) - T? (u) and R(u ) = R(l)( ) - R®(u) is the product TR
class

Qg =00 Q2 ¢ H (M,.,).
B. The deformed © class. The Theta class ©g ., introduced by Norbury in [Nor23]
based on the work of Chiodo [Chi08], is constructed using the Euler class of a vector

—(2
bundle on the moduli space of twisted 2-spin curves M;,)L We do not dwell on the
details of the construction here, but we note the following key properties:

¢« Ogn € H?(29=2+n) (M,,,) for any 2g —2+n > 0;
« The family (04 )4, forms a non-semisimple CohFT without a flat unit.
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These properties, and an explanation of what they mean, can be found in [Nor23,
CGFG25]. A specific deformation of the Theta class © (], depending on a parameter
g2 € C was constructed and studied in [CGFG25]. The deformed Theta class satisfies
the following properties:

¢« Ognle=0]=0gy.,.

« Ognlel € H'(ﬁgyn) is a polynomial of degree 2g — 2+ n in £2, and the coefficient
of £2™ belongs to H*(29=2tn=m) (), ).

« The family (0 ,[¢])q.n forms a semisimple CohFT without a flat unit, for any
e #0.
If we introduce

exp(f Z smum> = Z(fl)m(Zm + D™,

m>1 m2>=0

an explicit formula for the deformed Theta class, found in [CGFG25, Cor. 3.25] is

Ogunle] = ()22 exp (Y (%) i ) € H* (Wy0).
m>0
This formula has the required properties, in particular it is polynomial in ¢ for each
g,n due to certain tautological relations between k classes, anticipated in [KN24].
In other words, ©F ,, is the TR class associated with

(2m + !
m=0
C. The Hodge class. — The Hodge class Ale] = >_7_,&'A; is the Chern polynomial of

the Hodge bundle of holomorphic 1-forms (we use bold symbols to avoid confusion
with the letter A used for the energy scale). It has the property that Ale]A[—¢] =1 €
H°(M, ). Mumford [Mum83] expressed it as

(5.14)  Ale] = eXp(Z Bre™

= m(m+1)

n . 1 ,¢/ 2m—+1 + w// 2m—+1

where (B, )m>1 are the Bernoulli numbers defined by the power series expansion

¢ By
et—lzzﬁt'

m2>=0

Only odd m appear in (5.14) as By, = 0 for odd k > 3. Recalling the Stirling expansion
asu— 0
F(ufl) ~ me(u’lfl/m ln(u’l)fu’ll—wreg(ufl)7

where

— Bm+1um
Freg(u 1) :eXp(Z m)
>1

mz
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/

Comparing with (5.12), we see that the Hodge class can be realised from the TR class
as follows.

1 class -
T =R = gm0 O [LAW) = Al
re i=1

This was first observed in [Eynl14].

5.1.3. Gaiotio vector forr = 2. If the spectral curve has a single ramification point,
the intersection-theoretic representation are simpler as all indices p, A can be dropped
(we keep them in d= and S but drop them from the other notations). This happens
for the r = 2 half Seiberg-Witten curve,Y) and we now focus on this case.

Prorosirion 5.1. — For rank r = 2, the coefficients of the Gaiotto vector (2.7) satisfy
for any (g,n) € Zso X Zso such that 2g —2+n > 0 and ay,...,a, € {1,2} and
kl,...,k‘n €Z>0

(5.15)
P, n[al an} - 229—2+n(Q1 _ Q2)2—2g—n—2(k1+---+kn)Ar(k1+~-+k‘n)(_1)a1+-~+an

ki - ko
L )™ (2k; —&—sz) s

w20 z=1

_ 239—3+n(Q1 _ Q2)2 29— n_2(k1+"'+kn)Ar(k1+"'+kn)(_1)a1+"'+an

(-1 RIRR § AL
X /Mg exp<mz>l - /<;m>A[—1} A[i] 11;[1 Ty
Proof. — Recall the half Seiberg—Witten curve for r = 2:
__ A* _ < _dGdes
.13(() - (Ql — C)(QQ — <)7 y(g) - x(c)a wO,Q(C1a<2) (Cl CQ)

The unique ramification point that is relevant in the topological recursion Theorem 2.3
is located at p = 1(Q1 + Q2).

We first apply the twist (Z,7) = (27!, —2%y). The advantage in doing so is that
the Laplace transforms defining R and T reduce to Gaussian integrals with respect
to ¢. The associated primary differential is

(5.16) dZ,0(¢) = Res dcdd’ 1 _\/T’“/QdC'

=p (=P T (p) (¢ =p)+o(¢'—p)  ((=p)?

The function ¥ has a simple zero at ( = @, (that is, JQQ = 0), so the local coordinate
of (5.7) is X = 7 = 2~ 1. The expansion coefficient of the primary differentials using

()The half Seiberg—Witten curve has also a ramification point at { = co, but it does not appear
in the topological recursion of Theorem 2.3 and can be ignored.
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this coordinate are

S,0(%] = s Y2 i) ¥ = VA2 Res M) (g

LR e (=S e C—p

e A ATV
=V R o0 - o)

o ea \/—ZA’“ AT ko(2k)!
=) Q1*Q2((Q1 Q2)? ) k!l — 1)1
From (5.9) we deduce
~ k+m-—1)! <~
ol 9] = o 508
_(—1yeL Vv =2A" ( AT )k+m (2k 4+ 2m)!
B Q1 — Q2 \(Q1 — Q2)? (k+m)!(k - 1)

Now we turn to the associated formal series f(u) and R(u). We compute

~ 1 1, . —1 -1 C P)
T(w) = (= (p)==™ (OD)v” g7 = dx
() V2T A/pe v= uv2 Tu )y .

1 (C—p) 2¢( C)dC
um/%exf’( o )(Q1 —po(czrc)
== 1 L eXp((CA:.S)2> Z <Q1 2 Q2>2m+2(C — p)2m+hqc

2mu

\/Tz( o7 )m+1(2m+1)!!um,

m=0

where we used (5.3). After integration by parts, R(u) is precisely a Gaussian integral,
and since we know that R(u) = 1+ O(u), we must have R(u) = 1 (this can be checked
by direct computation). Comparing with (5.13), the associated TR class is

Qg = (—A7/2)1 797702 0, [L=C2],

Putting all ingredients in (5.1) and comparing its series expansion as {; — @, in the
coordinate ! with the definition of the correlators from the Gaiotto vector in (2.10),
we arrive at

Cgnlin k] =
“1yV/—2A" A" kitmi (2% + 2my)!
Z H — Q2 ((Ql - Qz)z) (ki +m)(k; — 1)!)

r\1-g—n/2 ’rm
(=5 [ o252 [T

g,n

mi,..., my, >01=1

The coefficient of 2™ in the deformed Theta class O, ,[¢] has cohomological degree
2(2g — 2 +n — m), hence must be completed by a total of Y. ;m; = g—1+m
classes v in order to give a non-zero contribution. Therefore, the total power of A" is
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(k1 +---+ky), and the power of (Q1 —Q2) is 2—2g —n —2(ky + - - - + ky,). Collecting
the powers of (—1) and 2 as well, we can replace the argument of the deformed Theta
class by € = 1 to arrive at (5.15).

The second representation comes from the TR class after logarithmic twist. Let

#(C) = Ina(0) and §(C) = #(C)() = C. As € - p we have
#(Q) = ~F(Q) = ~ (o) + 37 ()¢ — o) + 0~ p)?)

—~In(p) - =~ o+ ol¢ - )

This implies that primary differential after the logarithmic twist is a simple rescaling
of (5.16):

. d
r0l0) = VTR En0l0) = O 2

As we are looking at simple poles of x, we are in the case JQa =1and ¢g, = —1
n (5.7). This leads to

V m( 1)0,71 AT k (Qk)
(5.17) Spm[9] =v/=T(p) k™ S,0[ 9] =k ) ((Ql QQ)) Kk — )l

To get the TR class, we compute

. C Q1)(€—Q2) ™t
Tw) = m/ o)«
(Q1— Q2)4"

u” T
Y T (-0" A
™ Yo
- _ 2 102
(@1 —Q2)4" C (T + 1) _ =@y 1 (Treg(u™))
2mu r2u—1!+2) 2v2 14u/2 Tieg(2u=t)’
In the line before the last, we use the integral representation of the beta function.(®

Finally, using integration by parts and 2/(¢)/z(¢{) = —2(¢ — Q1)/(¢ — @1)(¢ — Q2),
we compute

= Q1 —Qs 1 z(p d¢
R(w) = 22 Vor /yp(xé) (¢ = p)?
_@i-Q 1 (x( )“ d¢
V5] m L)) -0 - Q)

Q —Q u~t 1 w -1
-2 () m/ ((C— Q¢ — Q)" ¢
4 (F(u*)f_ (TCreg(u™)"
2w T(2u™l)  Thee(2ut)

(®)The orientation of the contour should be chosen such that R(u) = 1+ O(u) in the next
computation.
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Except for the extra factor (1+u/2)~" in T'(u), we recognise products of the R and T
series that appeared for the Hodge class. Using the multiplicativity properties of TR
classes, we get

Qg,nﬁR(wi) = (_6212—\/5622)229" exp(Z (_WIL);;HH,,,)A[_lpA[é].

Putting this together with (5.17) in the master formula yields the second claim. O

Remark 5.2, — Proposition 5.1 can also be derived by combining Theorem 2.3 with
the results of [YZ24, AN24, CGFG25], and applying the techniques described in part
C of Section 5.1.1. First, the correlators of the generalised BGW 7-function introduced
by [Alel8] can be obtained by expanding the topological correlators wg ,, on the r = 2
half Seiberg—Witten curve at the point ( = oo with the identification of parameters
s = Q1 — @2, as proved in [AN24, §5]. (It would be possible to give a proof of
the aforementioned statement using the techniques developed in this paper, as the
generalised BGW 7-function satisfies a full set of Virasoro constraints.) Second, the
generalised BGW correlators are proved to admit an interpretation in terms of triple
Hodge integrals A[—1]2A[1] in [YZ24]. Third, the expansion coefficients of the wy,
near the ramification point ¢ = % encode descendant integrals of the deformed
Theta class [CGFG25]. Combining all these results, Proposition 5.1 can be proved by
relating the expansion coefficients in different bases of expansion using the techniques
described in part C of Section 5.1.1.

Remark 5.3. — As alluded to in the previous remark, it is worth stressing that the
very same wy , on the r = 2 half Seiberg—Witten curve (up to twisting) calculates the
Gaiotto vector correlators, triple Hodge integrals, deformed Theta integrals or gener-

alised BGW correlators depending on whether one expands at ( = Q,, ¢ = %,
(= % or ( = oo respectively, in an appropriate basis of differentials.

5.2. Recarion to Hurwitz THEORY

5.2.1. Hurwitz theory and topological recursion. Let us briefly review the formal-

ism of weighted Hurwitz numbers. We refer the reader to [GPH17] for more details.
Consider a formal power series of the form

5(Q)=>_9m¢™, S0 #0.

m=0

Weighted single Hurwitz numbers Hg.q(pt1, ..., ttn) of genus g > 0 with pq,...,p, €
Z~¢ are weighted sums of ramified coverings of P! by a smooth genus g curve of
degree d = Y7 | p; with prescribed ramification profile {y1,...,u,} over co € PL.
The weight depends on the profile of the other ramification points in a way specified

by G.
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To define them, we start by defining the disconnected weighted single Hurwitz
numbers via the following calculation in the centre of the group algebra of G,

1 d—1
H (o) = 50 1d) C, T 5(890),
’ i=1

where J; =) ; <i(j 1) are the Jucys-Murphy elements, C,, the indicator of the conju-
gacy class of a permutation with cycles of lengths i1, ..., tin, and [3°.id] extracts the
coefficient of 3°.id from the expression to its right. The interpretation as enumeration
of branched covers of P! of Euler characteristic y is well-known. The (connected)
weighted single Hurwitz numbers Hg.q(p1,...,1ty) are then defined by inclusion-
exclusion from the disconnected ones. Classical choices of weights are

« 5(¢) = exp((): simple Hurwitz numbers with simple ramification away from oo;

« 5(¢) = 1/(1 — (): strictly monotone Hurwitz numbers;

« §5(¢) = (1 + ¢): weakly monotone Hurwitz numbers, closely related to dessins
d’enfants or bipartite maps.

Weighted Hurwitz numbers are governed by topological recursion: this has been
proved in [ACEH20] for polynomial § and in [BDBKS24] in largest possible generality,
including rational-exponential §. For rational G, an alternative proof that relates the
cut-and-join equation for rationally weighted Hurwitz numbers with W-constraints
also appeared recently in [CDO24]. The precise statement is the following.

Tueorem 5.4 (JACEH20, BDBKS24|). — Assume that G is an exponential times a
rational function, and let (0g.n)gn be the correlators constructed by running topolog-
ical recursion on the spectral curve P! parametrised as

N
(5.18) WO = g 0= 5

and equipped with g1 = ydz and ©o,2(C1, (2) = (Sfi‘égg)Q , assuming that T has simple

ramification points. Then, we have for any g, n the all-order series expansion as ¢; — 0
in the variable ©; = x((;):

59,00 2071 A7
(T1 — 72)?

ag,n(Cla .. aCn) -

n

~ Z # AUtO’[’) ' ,yltl"r""'rltn : H9§g(:u17 e a/j/n) H d(/x\(zz)lh)

K1, in €Z>0 i=1

The factor #Aut(p) = [[;5, i"m;! with m; = #{j | u; = i} is necessary for
the comparison with the normalisation of Hg,, in [GPH17]. The assumption that the

spectral curve has simple ramification points can be waived using the limit arguments
of [BBCT25].

5.2.2. Application to |Ta) and |T§P?). — Combining Theorem 5.4 and our main
results Theorem 2.3 and Theorem 2.6, we can give a Hurwitz theory interpretation
to a part of the two Whittaker vectors, after specialisation to the parameter Q1 = 0.
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Let us start with the Gaiotto vector |T'), whose expansion coefficients were denoted
O, , in (2.7). We have the following corollary of Theorem 2.3 — its assumption at
@1 = 0 imposes that the other s are non-zero and pairwise distinct.

Cororrary 5.5. — Consider the Gaiotto vector |T'p), and substitute Q1 = 0. Then,
for any pairwise distinct Qa,...,Qr € C*, any (g,n) € Zzo X Zxo and p € Z2,
we have

P 1

g,mn [Hl #171,} =M1 My #Aut(u) ’ AT(M1+"'+Hn) ’ H9§g(:u1a s a,U/n)a

with the weight generating series

1
5@Q) =7 —=-
Ha:Q(Qa - C)
Cororrary 5.6. — Consider the Whittaker vector [I'{PO) with r > 2 and substitute

@1 = 0. Then, for any (P1,...,P,0,Q2,...,Q.—1) in the set R of Definition 4.2,
and (g,n) € Zxo X Zso and p € Z%,, we have

P 1

g,n [Hl - ,uln} = 1 - FE Aut(p) - Artpattin) HS;g(Nla ooy fn),s

with the weight generating series

9(C) — HZ 1(P +C)

r—1
Ha 2(QU« - C)
Proof. — For Corollary 5.5, consider the correlators ¢, defined in (2.10) using the

coefficients @ ,, of |I'y). Theorem 2.3 states that these correlators can be analytically
continued to the curve defined by

_ A _ < _ Yo - 1
"O=" e 9= AT@Q(QG ), (ePh.

and their analytic continuations coincide with the correlators (wgn)g,n of the topo-
logical recursion on this curve, considered as a spectral curve with wp; = ydz and
w072(<~1742) = dCldCQ/(Cl 7<2)2. Setting Ql = 0 and define Tz = 1‘71 and 27 =
22y recovers the curve (5.18) associated to weighted Hurwitz numbers with G(¢) =
/T _5(Qa — ¢) and v = A". Let @y ,, be the topological recursion correlators on this
curve.

Since ydx = —ydZ and the ramification points of x are those of T, the recursive
definition (2.11) implies wy ., = (=1)2972T"%, , = (—1)"wy,. Then, for any g,n and
U1, ..., n > 0 we have

11 = —1\" e 1223
q)g»"[,ln Mn} Th. 2.3 ( 1) gg% gjisowg,n(gl; .- aCn);lj[l (Cz)

n
= Res - Reswgng“l,...,g“n Hfg
Gn= i=1

¢1=0
Th%5.4 K1 #AUt(N) -A” (k2 fpn) 'Hg;g(,ula"",un)'
The proof of Corollary 5.6 is similar and omitted. 0
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Remark 5.7. The presence of the prefactor pu --- uy, is due to the choice of nor-
malisation in the definition of the coefficients of the Whittaker vectors, see e.g. (2.7).
The choice of setting Q1 = 0 in the above Corollary 5.5 and Corollary 5.6 is arbitrary.
Indeed, if one were to set one of the other @, to 0 instead, the only difference in
the corollaries would be that the Hurwitz numbers would appear as ®g,, [ 0 5 |

Hn
. 1 - 1
instead of ®, ,, [m . ]

5.2.3. Comments on gauge/Hurwitz correspondences. In this section, we comment
on the relation between gauge theory and Hurwitz theory that has appeared pre-
viously in the physics literature [GT93b, GT93a]. Gross and Taylor consider the
large N expansion of two-dimensional Uy Yang—Mills theory on a target Riemann
surface, and interpret the expansion coefficients as certain Hurwitz numbers counting
branched coverings of the target Riemann surface. A precise mathematical statement
of the former is proved in the recent paper [Nov24]. On the other hand, the large N
limit of two-dimensional Uy Yang—Mills theory on Ss can be interpreted as the in-
stanton partition function for four-dimensional N = 2 supersymmetric gauge theories
[MMOO5]. Putting these two facts together gives a Hurwitz-theoretic interpretation
of the Nekrasov instanton partition function.

The connection between gauge theory and Hurwitz theory that we proved in
the previous section Section 5.2.2 is different from the aforementioned one derived
from two-dimensional Yang—Mills theory. Indeed, Corollary 5.5 shows that the ex-
pansion coeflicients of the Gaiotto vector themselves coincide with certain rationally-
weighted Hurwitz numbers, as opposed to the instanton partition function (which
is the squared-norm of the Gaiotto vector). In the specific case of two-dimensional
Yang—Mills theory on S, which corresponds to our case of interest, the associated
Hurwitz numbers are (simple) double Hurwitz numbers, see [Nov24, Th. 4.4]. It may
be possible to recover this result from our Corollary 5.5, but we are not aware of a
derivation of Corollary 5.5 from the observations of Gross and Taylor.

5.3. QUANTUM CURVES

5.3.1. Background and definitions. — The Gaiotto and the CDO curves belong to the
class of spectral curves for which Bouchard and Eynard have constructed associated
quantum curves in [BE17], so we can directly apply their results. We first review the
context.

A. Wave functions and quantum curves. — Given the correlators (wg n)g,n constructed
by topological recursion on a genus zero spectral curve, say S, uniformised by the
coordinate ¢ € P!, we can define the associated wave function (sign +) and the dual
wave function (sign —)

(5.19) o5 =
(~Drp2e—2tr e ¢ dz(G)dz(C)
P A )
nelso

JE.P.— M., 2095, tome 12



1544 G. Boror, N. K. Camamsaram & G. UmEer

It depends on the choice of a base point 3 € S, which is typically chosen in z7!(c0).
The integral |, ﬂc wp,1 may need to be regularised (see Definition 5.8). The dual wave
function is obtained from the wave function by replacing A with —#.

A quantisation of the spectral curve whose underlying defining polynomial is given
by P(z,y) = 0 is a differential operator ]3(71,33, ﬁ%) which is polynomial in %, and
whose symbol — obtained by replacing ﬁ% by y and then setting & to 0 — is the
polynomial P(z,y). There is no unique way to upgrade P(x,y) to a quantum curve
as there are always issues of ordering — in particular zy — yx = 0 gets quantised
to xh% - h%x # 0. The main theorem of [BE17] is that, as long as the curve is
of genus 0 and satisfies a key admissibility condition (which is valid for the Gaiotto
and CDO curves), there exists a differential operator which is a quantisation of the
original spectral curve and whose solution — considered as a formal expansion as
h — 0 — is the wave function wﬂi. Such a quantisation is usually called a quantum
curve, and [BE17] provides an explicit algorithm to compute it.

B. Wave functions for Whittaker vectors. — Recall that the Gaiotto vector takes the
form

fo—1 noJM
ar - an —k;
y) = exp( >y eamnnlll k)
(g,m)EL30%xZ>0 ay,...,an €[] =1 J
ki,...,kn€Z>0o
Consider as well the correlators wy , of the associated spectral curve, related to the
Gaiotto vectors by (2.10). If we introduce the algebra homomorphism called principal

specialisation
(5.20) ev

we then have as ( — @, for each a € [r]

(5.21) Ui (€) =95, () ~evg (ITa))-
The same holds for the CDO vector, provided we take the convention @, = oo in
(5.21) for the remaining pole of x.

C. The (0,1) and (0,2) terms. The (0,1) and (0,2) terms in the wave functions
(5.19) must be carefully examined due to the singularities in the integrand. We explain
the regularisation for (0,1), that should be part of the definition (5.19) for (5.21) to
hold, and show that the (0, 2) term is well-defined. This will also be useful to evaluate
the asymptotics of the wave functions as ¢ approaches the r poles of  (Corollary 5.11
and 5.12).

In the Gaiotto case, we have z7!(c0) = {Q1,...,Q,} and wp; = ydx has a
simple pole at ( = Qg, with residue —Q,. For the CDO case, we have x71(c0) =
{Q1,...,Qr—1,00} and wp has a simple pole at ( = @, with residue —@Q, for
a € [r — 1]. At ¢ = oo we rather have a double pole with behaviour

L _PI+1Q) .
w01(0) = (=) = L +0((0)?) )da(0).
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Therefore, we take the following definition of the regularised integrals.

Derinition 5.8. — For the (0,1) term in the wave function (5.19) for the half Seiberg—
Witten curve, we take

(522 [ o= Quint@y + [ (e - 80,

a a

and in the CDO case

/ s 1= (-A)7a(0)~ (P +1Q) nw(() + / o ((-ayr = PR gy,

oo o0 z

Since wy,, for 2g — 2 +mn > 0 only has poles at ramification points, those multiple
integrals in (5.19) are well-defined. The double integral of wy 2 is also well-defined and
explicitly computable.

LemMa 5.9, — We have
< o da(¢)dz(¢”) A,
/ ) / (02€¢ - i =) =W (e o)

A" o et (P + Qo)
S Ag = —Aragpsiob T el
SEARE ) AU o Tere s B

[Tp20(Qv — Qa)
And, in the CDO case:
< ;o _da(@)dz(¢”) L (ZA)
[ (e - s ime) = (5

Proof. — Since wp2(C1,C2) = (gfi%%z = d¢,d¢, In(¢1 — ¢2), we have

¢ Qs o dx(C’)dx(C”)
[ ), (e - i)
_ ln( ¢1—(3 G—C  x(G) —x(C4) () — I(C:&))_
2(C) — () 2(Ge) —2(Ca) G —G G2—C3

Taking ¢, = (3 = and (o = {4 = B yields
© e o ey da(@)da(¢”) 1 (z(¢) — (8))?
J, [} st~ e 20 = e
As f— Q, we have () ~ —A, /(8 — Qq) for A, € C* as given in (5.23), and thus
¢ ¢ AN d‘r(cl)dx(cu) = 1In Aq
Jy L (oot = ) =g )

In the CDO case, as § — oo we have z(8) ~ (—A)"8 and this leads to the second
claim. 0

with

(5.23)
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D. Asymptotics of wave functions near poles of x

Derinition 5.10. — The stable part of the wave function is

2g—2+n ¢ ¢
et (£h)
TICEEY (D DR iy Ay A
(9:n)€ZL>0XZ>0 a a
2g—2+n>0

In other words, it is (5.19) where we omit the (0,1) and the (0,2) terms. The
properties of the wg , for 2g — 2 +n > 0 imply that the expression inside is a formal
power series in i of meromorphic functions of ¢, with poles only at the ramification
points. By construction, ¥ (Q,) = 1 for any a € [r].

Cororrary 5.11. — For the Gaiotto wave functions, for any a,b € [r] we have
~ o
UI(Q) o, Bap Q) (a(Q) 0,
(—=Qs
where

Bap — 0ap = £0azp - i(AT)1(QemQu)HL . h71r(Qa=Qu) . (Q, — Q,)2h (@v=Qa)=2
% H (Q. — Qa)ﬁ’l(Qc—QQ)—lﬂ(Qc — Q)" (@—Q)—1/2,

c#a,b
Cororrary 5.12. — In the CDO case, for any a,b € [r — 1] we have

wj(g) ~ Ba,b xﬁ_lQb75b¢a,
¢—Qp

where
L op—1 _ AL _ -1 _ _
By — §a,b _ ida;ﬁb Lief T (@e—Qa) | (A )h (Qa—Qp)+1 | (Qa _ Qb)Qﬁ (Qb—Qa)—2
« H (Qo — Qa)ﬁ*1<Qc—Qa)—1/2(Qc _ Qb)rfl(Qb—Qc)—m

c#a,b r
x [1(@o + Py @FPITL(Q, 4 P (QetE) 5 Q).
c=1

Fora e [r—1] and b=r, we have

() ~ Bg,et (M@ —hTH(IPIHIQD-1
@ (—o0 ’ ’

where

Ba,'f‘ = :l:i(—AT)hfl(Qa-HPH-\Q‘).}rle_ﬁ—lQa
< [[(@Qa— Qo) (QemQu)=1/2 [[®+ Qo) (PHQH/2 It (o).
c#a i

Fora=r and b € [r — 1], we have

+ ~ B R'Qu—1
wr (C) R r,b T 3

JIP. — M., 2095, tome 12



WHITTAKER VECTORS AT FINITE ENERGY SCALE, TOPOLOGICAL RECURSION AND HurwiTz NUMBERS I5/|7

where

By = el (IPIHQIHQ) ((_p)ry=h (IPIHIQI+Qu)+1

r

% H(Qb — Qo) (@—Qo)-1/2, H(Qb + P)hTHQuEP)TY2 (),

c#b c=1
Fora=0=r, we have

UH(C) ~ Byt M@ p-nTHIPHIQD,

{—o0

with B, , = 1.
Proof. — Both corollaries follow immediately from Definition 5.8 and Lemma 5.9. O

5.3.2. Application to Gaiotto and CDO vectors. — The half Seiberg—Witten and CDO
spectral curves are of genus 0 and all the poles of z are simple. Therefore, we can
apply [BE17, Lem.5.14] to obtain the quantum curves. It turns out that these are
generalised hypergeometric differential equations. We denote D = hzd,, and introduce
the Pochhammer symbol

Iz +k)

[y =z(@+1)---(z+k—-1)= )

We also note that
z(x—1)--(x —k+1) = (=1)*[~2].
The following propositions give quantum curves for the Gaiotto and CDO wave-
functions respectively.

Prorosition 5.13. — The Gaiotto wave functions satisfy the differential equations,'®
for any a € [r]

(5.24) (H(Qc + hde.q — D) + 1¥>x¢; =0.

c=1

For b € [r], this function has the explicit series representation as ¢ — Qp

—1 (_AT)k 1 ‘
xh Qa(l‘*‘Z:;{3!(;1%)161—17é [QCQa]k) ifb=a,

k>1

(5.25)  ¢F ~ "

. —AT) 1 )
Bupa® 1@b1(1+z< w) b £a
a, | (BT \k «— k ’
k:;1k' (h"z) [Q th +2]k
with
Ua,b _ 1
L Q:.—Q ’
Hc;ﬁa,b [ h =+ l]k

and the constants B, appearing in Corollary 5.11.

(6)A different quantum curve (without the term hdc, in (5.24)) in the Gaiotto case appears in
[DHS09] where the authors use the corresponding wave function to build the dual Nekrasov instanton
partition function for pure gauge theory.
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The series in brackets in (5.25) define entire functions of 7!, namely the following
generalised hypergeometric functions:

17
r—1F0o [ (ﬁfl(QC_Qa))C#J (—h"A"z™") for b=a,
2

r—1Fp [ (h*l(QrQa)JrH‘sab)C#a

[(=nraa™t) forv#a

Therefore, the right-hand sides of (5.25) — indexed by b € [r] — provide a basis
of analytic solutions of (5.24) in the domain C \ ~ for any fixed choice of path ~
between 0 and co. The presence of the branch cut + is solely due to the power of x in
the prefactor.

Prorosirion 5.14. — The CDO wave functions satisfy the differential equations for
any a € [r — 1]

(5.26) (Tf[(Qc +hbeq — D) - x+ A" ﬁ(Pc + D)) by =0.

c=1 c=1

We have the explicit series representation as ¢ — Qp for any b € [r—1], or as { — oo:

(5.27)
rk TT" _ M]
Q. <1 Z (=h(=A)") Hc:l[ 7 k) oy
x + - 00, if b= a,
E>1 kla Hc;éa [ 7 ]k
+ “iy —h(=A)")k ,
k>1
Bq, ef " (M) ey (PHHIQD - (1 +3 e (’i(—f\)’“)’j ifb=r,
k>1 x
with
r P,
/c\a,b_ Hc:l[_%Qb—’_l}k
k - _ 9
e (952 + 1+ 0c],
and
r—1 [ Pepa+Qc
s gy TmlEEead,
: k kylee k!

ki,...,kr—120 r-b

k14 +kr_1=k

x |:k1 +ot ke +Z(Pd%+czd +6d,a)] 7
d=1 ke

where we take Pry1 := Py by convention.
For a = r, we rather have the differential equation:

(5.29) (ﬁ(@c—D) -a;+AT1_[(PC+D))¢,.+ =0.

c=1 c=1
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We have the following explicit series representation as ¢ — x~(00):

(5.30)
. = A\T\E T _ Pet@Qy +1
Br,bxh Qp—1 <1 + Z ( ﬁ]({:' ‘/I:) ) Hc:I [ 5 _gb Lc) Zf( — Qba
W k>1 - [l [t + 1],
' B (—A) T R L (PIHIQ]) A(=A)"\F :
e x 1+ch7,«( ) if ¢ — oo,
k>1 r
with

IToy [Peete], [kt ko + X, 2859,

Chyr = Z — eyl k -

' b
Kiyeoskir 130 r-b
kn k1 =k

where we take P.11 := P by convention in the above formula.

In contrast with the Gaiotto case, now the series in brackets in the first two lines
of (5.27) and the first line of (5.30) have zero radius of convergence, and they corre-
spond to generalised hypergeometrics , F._s. In principle, a Borel resummation would
be necessary to construct analytic solutions. This is related to the fact that wg ; has a
double pole at a simple pole of x, and thus the differential equations have an irregular
singularity at co. However, the quantum curve (5.26) for a € [r — 1] admits an explicit
basis of solutions, indexed by b € [r]

r—1

(1766,4177’1_ (Pb+QC))ﬁi11 :| (ﬁfl(fA)irﬂj).

(1-A"1(Py=Pess,2,))

The differential equation (5.29) also admits an explicit basis of solutions, indexed by
b€ r]

—1
(5.31) " Pb(,,._l)F(r_l) |:

r—1

1-h" Y (Py=Peys,,))

To summarise, we obtain a basis of analytic solutions for the differential equations
(5.26) and (5.26) in C \ ~ for a fixed choice of a branch cut v between 0 and oo.
As before, the branch cut -~y is only due to the power of x in the prefactor. We discuss
the relation between this analytic basis and the formal basis obtained from wave

—nP
x Y1) Fr—1) [(

c=1

functions in Section 5.3.3.

half SW

Ficure 1. Newton polygons of the half Seiberg—Witten and CDO curves.
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Proof'of Proposition 5.13. — The equation for the half Seiberg-Witten curve reads
x,y) = ZyT_ipi(:r) =0 with pi(x) = (=1)" ‘2" e, (Q) + 6; A"

For a € {0} U [r], we need to calculate the o; defined in [BE17, §2.2], which is the
height of the leftmost point in the Newton polygon (see Figure 1). For the half Seiberg—
Witten curve, this is a; = (1 + 1/r)i and thus |«;] = i + d;, for any i € {0} U [r].
Then, [BE17, Lem. 5.14] yields

(5.32) < ZDZ Y™, _s(x)D — ZOT (Qa)D'™ 1ﬁx>¢5a =0,

with the constants:

r—i

(533) Cr_ Z(Qa) = hm T <Zpr i— £ ):Z(_l)l+ngerif(Q)7

=1
recalling that zy = ¢. Introducing Q% = (Qv)psq and writing
ern(Q) = Quer—1(Q) + ex(Q)  with e_; =0,

we recognise in (5.33) a telescopic sum:

Croi(Qa) = (—1) 12( ) er1mi(Q) — (~Qu) er-i-o(Q))
= (-1~ 1Qaer,17i(cz[“1>.

We insert this in (5.32). Then, writing D = Dz — hax in the first sum, we obtain

T

(a4 Z Jer s @D = (1D i@ - Quer1-( Q) it =

i=1

Therefore:

( + Z Yeer_il hz YD le,_;(Q )>m/;j =0.

which can be re-summed as
AT T T
.34 — —D)+nh - D T =0.
(5.34) (x +br:[1<czb )+ b:Hl@b ))xwa 0
b#a

From Definition 5.8, Lemma 5.9 and (5.21), the wave function has an expansion as
¢ = Qg in the local coordinate !, of the form

Y~ gl Qe (Z Ckx*k), co =1,

k>0
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with ¢; a formal Laurent series in #. Inserting this in the differential equation (5.34)
we get for any k € Zxg

AﬁCk'+ (II(Q%'_CQQ+-hk)‘%fiII(Q%'_(Qa4—ﬁk)>Ck+1::0.

b=1 b#a

In other words
—Arck

k= Ak + 1) [Ty20(@b — Qa + k)’
With the initial condition ¢y = 1, we get
B (—AT)E 1 B ATk 1
R T T (Qe — Qu— Rty KA T, [959e],

Near ( — @y for b # a, the wave function rather has an expansion in the local
coordinate 2~ of the form

RS Ba,bffﬁilQb_l (Z Ckw_k), co=1

k>0

Inserting this expansion in the differential equation (5.34) leads again to a recursion
for ¢ which can be solved explicitly and gives the announced result. O

Proof of Proposition 5.14. — As the proof is similar to the Gaiotto case, we will be
brief. The equation for the CDO curve reads

= Zy”_ipi(x) =0 with pi(z) = (=1)""2"" ", 1(Q) + 2" "A"e;(P).

We first observe that «; =4 for i € {0} U [r], hence D; = had, := D. For a € [r — 1]
we compute the constants

r—1—q

r z(Qa _CI—IEC%@( Z Pr—1—i— Z r izx(i+l))
r—1—1i
= (—1)"*Q5 e 1(Q)
(5.35) ; ¢ '
r—i—2

= (=D QE T (e @) + Quer—1(QM))

=0
= (-1~ 1Qaer7i72(Q[a])~
Then, the differential equation for the wave function is [BE17, Lem. 5.14]

(5.36) (pr(x)+ZDi1xipr i(x)D — ZDz e, Z(Qa)ﬁx> =
1=1

Writing hx = Dx—x D, the last sum combines with the second sum, and easy algebraic
manipulations lead to the differential equations (5.26). For a = r, we rather need the
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constants

Cri(00) = Jim Y pe(a)y” "~ 2=
£=0

r—1—i

= lim Y (1)1 (Q) + ATz en(P))
=0

(—o0

o () e Q)T (€ + Pa) — e P TTLZH(Qa — ©))

=% (P10
T S _ e:(Pe r—l—i—j—¢
= H2_1(<+pa>( 2 2 ) i(Fle @

0<j<r 0<j<r—i—1
0<e<r—i—2  0<U<r—1

— (1) e 1(Q).

Inserting this into (5.36) and using the previous tricks yields the differential equation
(5.29).

It is then straightforward to compute the basis of series solutions for those corre-
sponding the expansions as ( — Q, with a # r. As for the expansion of ¥} when
¢ — oo, we first notice that a solution to the differential equation (5.26) is given by
the function

1 r—1
(1_52,a__h (Pl-i-Qb))bl=1 (ﬁ_l(—A)_TJ?).
(1= (Pi—Pysr))

!
b=1

r—1)Fr-1)

~h"'P1 yields precisely the differential equation satis-

Indeed, conjugating (5.26) by x
fied by the generalised hypergeometric series above which is an analytic function in z.
Then, the asymptotic expansion of (._1)F(,_1) as ¥ — oo is computed in [VW14,
Th. 4.1], and plugging in the exponentially growing term in the asymptotic expansion
yields the result. The calculation for the expansion of 1" as ( — oo is analogous —
the relevant analytic solution of the differential equation is

r—1

=t (T (—A) "), O

— (1-r ' (Pi4Q.))
-1
1=a "N (P=Pey))

r—1)Fr-1) (

5.3.3. Relating the formal and analytic bases of CDO differential equations

Fix a € [r]. For the a-th CDO differential equation of Proposition 5.14 we have
encountered two bases of solutions. We focus on the case a € [r — 1], as the a = r case
is similar.

The first one is a formal WKB solution given by the wave function ¢} (¢): it is
a formal series of exponential type in the formal parameter & whose coefficients are
meromorphic functions of ¢ on the CDO curve, and we obtain locally in the z-plane r
solutions by choosing ¢ among the r preimages of = in the CDO curve. In particular,
doing so in a neighbourhood of 2 = co gives (r—1) solutions that are up to a (explicit)
power of z and (not explicit) constants B, ; in prefactor generalised hypergeometric
series ;. F}._5 in the variable 1/x, while the last one is more complicated. These r series
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have zero radius of convergence. Up to a change of normalisation indicated in (5.37)
below, we denote (1), ,(x));_, this basis, given for b € [r — 1] by

Daplw) = (~1) =2
! [T T (957 + 0ba)

Hc7éb F(ngQc + 5b,a - 6c,a) x At Qp—1
(7ear)

(-2 ris,,)]

=1 _F(_ A\, 1
X TFT2|:(QcﬁQb +1+5“’“5b’“)c¢b] ( A(—A)"z )

and for b =r by

— -1 -r —hTH(IPIHIQD -1 & —A)"\k
wa,r(x) = eh » I(h(fA)r) o 1 Z Cg<ﬁ( T ) )
k=0

with the constants ¢ introduced in (5.28). The new normalisation was chosen so that,

for ¢ — Qy
Bay-II% F(% + 0b,a) - "

c=1 b .
— — ifbe[r—1],
(537 v (0) ~ d em T(EFE 4000 —dea)  (R(=A)7) "
Ba.r (ﬁfl(_A)—r)hfl(\P|+|Q|)+1 'Ea,r(x) N —

The second one is a basis of analytic solutions (xq,5(2));_;, which is an entire
function of z multiplied by a power of z that creates a branch cut from 0 to oco.
The entire functions in question are generalised hypergeometric functions (._1)F(,_1)-
Here, h can take any value in C*. We choose to normalise this basis as

() = [[Zir(1— BtQe 56@)2—1( x )_rflpb
" [lep D= 255) A=A

(1ac,aﬁ—1(Pb+Qc))ij}< x )

X (p— F.,._ -1 .
(=D 1){(1—51(1317—13#502},)) A(—A)"

c=1
The all-order asymptotic expansion of this basis as x — oo must be a linear com-

bination of the formal basis (¥, ,(x));_,. With the asymptotic expansion of the hy-
pergeometric functions (._1)F(,_1)(z) as z — oo found in [DLM, Ch.16.11}, we find
as r — 00

Tl e—inh T (Py+Qa)
(5.38) Xab(®) = Py (1) + W Vq,a(),

d=1 S i)
where we have used the reflection formula I'(2)I'(1 — z) = 7/sin(7z). Upon inversion
of this linear system, we obtain analytic functions (instead of formal series) that are
asymptotic to the formal series specified by the wave functions.

Prorosition 5.15. — As x — oo, we have for b € [r — 1]
- 10 e—2i7rrf1Qb . HZ;i Sin(Tl'(Pd;‘Qc)) 'HZ:l Sin(ﬂ'(Pc;‘Qb))

wa,b(m) ~— . .o — c (m(P.—
™o sin(TEEDD) T, sin (TR T g sin (TR

. Xa,d(m)v
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and for b=r:
& e PHQD ] i (TP
wa,r(aj) ~ . n(Pa—P.) : Xa,d(x)'
d=1 Hc;éd sm( % )
Proof. — Let us introduce p, = ™ ' Pe and g, = ™ @ The linear system (5.38)
takes the form
Xa,b(T Z My, ath, 4(z
with the matrix o
Myg=14Po~ 4
1 ifd=r.
If we introduce an auxiliary variable g, and the Cauchy matrix of size r
—~ 1
Myi=—5—=.
Py — 44

we observe that

= hmOM K, where K = diag(2in, ..., 2ir, —q.?).
qr—

Using the well-known formula for the inverse of Cauchy matrices, we get
1 P; —qz —qy 2+ p
(M K)db_Kdd 2_qd H b czH b C'

c= 1q _qd c=1 p 7p
c#£b c#b

Taking the limit ¢, — 0 yields

PE— a4y e ' p?,—q;2 T
% H _ —2 C,:l 2 2
im c;éd qq 4 c#b Py — DPe

s —1 _
[T —a?)
s
Hg;;)(pi —p?)

This rational expression can be simplified back to trigonometric functions and leads
to the claimed formulae. |

ifde[r—1],

ifd=r.

5.3.4. Lax form. — In this section, we write down the quantum curves obtained for
the Gaiotto and CDO curves in Proposition 5.13 and Proposition 5.14 in Lax form, i.e.,
as first-order matrix-valued linear ordinary differential equations. For this purpose,
consider the column vector

UE = (N0, 020, ()T

where 91" (¢) = ¢+ (¢) is the wave function obtained from topological recursion as
defined in (5.21). The other functions ¥ 1(¢), ..., "=1(¢), are defined in terms of
the wy,, following [BE17, §5.2|, but we do not recall the precise form here — it can
be deduced from the proof of Proposition 5.16 — as we will not use it. From the
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following Lax form of the quantum curve, one can easily write ;7 (¢) for j # r in
terms of the ¢} (¢) and its derivatives. Recall the notation Q') for the tuple (Qv)v2a-
Applying the results of [BE17], we obtain the following Lax forms.

Prorosirion 5.16. — In the Gaiotto case, for any a € [r] we have
el(Q[“]) 1 0 --- 0
fGQ(Q[a]) 0
+ +
Dy = : : 1 0 v
(—)7e—1(Q) 0 - 0 —A
(—1)rz—t 0 -+ 0 Qq

In the CDO case, for a € [r — 1] we have
(—A)Teo(@ M)z —er(P) 1 0 oo (=1)"'Queo (Q[a]) v
—(=A)Te1(Q )z —ex(P) 0 :

_ +
qu;_ o . 1 Qa€7‘—3 (Q[a]> t \Ija’
(AN "er1(QN)z —er 1y (P) 0 -+ 0 —ze,_1(Q) — ATe,(P)
AT 0 - 0 0
while for a = r we have
—ei(P) 1 0 - (1) (e1(Q) +er(P)) x
—BQ(P) 0
D = : L () (era(P) + (—1) ey a(@))a | 7
—e,-1(P) 0 -+ 0 ((-1)"te,mi(P) —e,-1(Q))z — A”e, (P)
AT 0 0 (=A)~"z

Proof. — We start with the Lax form of the quantum curve obtained by Bouchard
and Eynard in [BE17, Th. 5.11] for the half Seiberg-Witten curve with the choice of
base point 8 = Qq:

Icl(Qa)

o1 (@) L (R
. . ®1
P2 —QQ(Q) 0o -. : 0o
o I : : 1 0 Cls
r zCr—1(Qa r—
(‘DT71 (_]') e’r’fl(Q) 0 st 0 ]. - th Sogorl
©r ENzen(@+A" _zer(Q)
r Ier(Q)"FAT
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where ¢, = —(ze,(Q) + A") ] (¢). The remaining ; for i € [r — 1] are defined in
[BE17, §5.2] — where they are denoted as 1, (x; D) with the divisor D = [¢] — [Q,]
Also recall the constants C;(Q,) for i € [r — 1] calculated in (5.33). By defining

C1(Qa)x
zer(Q)+A" ¥1
+ Idr—l
@ Cr1(Qu)e ’
Te (Q)TAT Pr-1
1
0 |~ or

the differential equation for ¥ takes the claimed Lax form, after some simplifications
arising from the form of the C;(Q,).
In the CDO case, with base point 5 = Q, and a € [r — 1], we get

o _ ﬁl(f% 10 - _ﬁ% o
$2 - wfi(fg,« 0o . ¥2
b = 1 0 )
Pro1 —ee®) g 1 pEEmE) ] r
Pr —elz) 0 ﬁgﬁ%Q Pr
where ¢, = —p.(z)y} (). Again, the remaining ¢; for i € [r — 1] are defined in

[BE17, §5.2]. Also recall the C;(Q,) for i € [r — 1] calculated in (5.35) and that
Vi e {0} U [r] pi(z) = (=)™ e, 1(Q) + 2" A e (P).
With the definition

2C1(Qa)
pr(z) $1
+._ Idr—l
N zChr_ (Qa) ’
pr(lz) Pr—1
1
0 | —»w o
we obtain the claimed Lax form. We omit the details in the case with base point
B = oo, which is similar. O
5.4. DETERMINANTAL FORMULAE. — The partition function of topological recursion on

genus 0 spectral curves, which includes the half Seiberg—Witten and CDO spectral
curves, satisfies KP integrability. More precisely, we have

Prorosition 5.17. — The Gaiotto and the CDO wvectors are h-KP tau functions,
separately for each a € [r] in the series of times (J%} )rez.,-

Proof. — For the half Seiberg—Witten or CDO spectral curve, z(() is a rational func-
tion and x(¢)y(¢) = . The series expansions of (wgn : (g,n) € Zzo X Zxg) for these
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spectral curves at ( = @, in the variable z(¢) is encoded in |T's) seen as a generat-
ing series in the formal variables (J%,)rez.,. -KP integrability is then covered by
[ABDB™T25] — see also [Zhol5]. O

This has several remarkable consequences which we now explain.

5.4.1. Bispinor in terms of wave functions

Derinirion 5.18. — We define the bispinor
/dcd ¢1 h29-24+n G C1
K(ClaCZ) = C%fexp(ﬁl/ wo,1 + Z T/ / wg7n>.
! 2 2 (9:m)€ZLz0XZL>0 ' 2 2
There is an analogue of the Christoffel-Darboux formula for this bispinor.

Prorosition 5.19. — For the half Seiberg—Witten or the CDO spectral curve, we have

K(C1, ) = a1 Ya (G)vg (C2) Vda(Gr)dz(Co)
1,62 AR

Proof. According to [BE12, Conj. 7.4], the partition function of topological recur-

sion for compact spectral curves with x and y meromorphic satisfies Hirota bilinear
difference equations. Since A-KP integrability is known to be equivalent to Hirota
bilinear difference equations, Proposition 5.17 justifies that the conjecture holds for
the Gaiotto and CDO spectral curves (since these curves have genus 0, all Theta
corrections in [BE12] can be ignored). Therefore, we can use [BE12, Th. 8.3], which
shows that the bispinor can be expressed as a bilinear expression in the wave function
and the dual wave function(”

K(C,G) =  Dam1 Ya (G)Aapty (G2) v/ da(Gr)dz(Ca)
1,62 x(C1)—x(C2) )

where

(5.39) A= > U0 ©)
¢ex=1(z0)

is a matrix which is independent of zo € P!. Recall that ¢, is simply ¢ with &
replaced by —h. We compute the matrix A by evaluating the right-hand side of (5.39)
as xg — oo using Corollaries 5.11 and 5.12. For b # a or for b = a but { not
approaching Q,, we have ¥f (2)i, (2) = O(1/z9) as ®g — oo. Therefore A is a
diagonal matrix and the only term surviving for ¢ = b is the one corresponding to
¢ — Qq: it involves the product of constants C, 4 - Cy q|m——r which is always 1. Thus

A =1d. O
DerintTION 5.20. The correlators are defined at least as formal series in £ as
wn(Cly LR Cn) = Z ﬁ29*2+’ﬂwg’n(<1’ ) Cn)
920

(MThere is a missing minus sign in [BE12, Th.8.3] — compare to [BE12, Prop. 3.5] where the
sign appears correctly.
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The disconnected correlators are then defined as formal Laurent series in A

w;L(Cla ey CTL) = Z H W|L|(CL)
LH[n] LEL
Prorosirion 5.21. For the half Seiberg—Witten or the CDO spectral curve, we have
forn > 2 .
wn(Cla"'aCn) = (71)n+1 Z HK(CUCO'(l))

o=n-cyclei=1
in terms of the bispinor of Proposition 5.19. For n = 1, the bispinor is singular on
the diagonal so this formula would not make sense, but a reqularisation of it holds

o (S
wi(Q) =R wo’l(CH(cl}glc 32(Q)da (") w(C)—x(C’))dx(O'

For the disconnected correlators, this leads to the determinantal formulae
. .. =: K(G,¢) -
wn(ch ) Cn) 1<C}St<n (gla Cj) 5

where the colons indicate that all the factors K((;,(;) appearing in the determinant
should be replaced by w1(¢;).

Proof. — For n = 1 this is e.g. [BE12, Lem.8.1]. For n > 2 this is [BE12, Th.8.1]
conditionally to [BE12, Conj. 7.4], but the conjecture holds in our case as explained
in the proof of Proposition 5.19. Alternatively: the determinantal formulae are known
by [ABDB*25, §3.1 and 3.2] to be equivalent to the #-KP integrability stated in
Proposition 5.17. (|

Revark 5.22. In the Gaiotto case, Propositions 5.19 and 5.21 together with the
comment after Proposition 5.13 would offer a complete description of the correla-
tors w, as analytic functions of f, if the constants B, ; of Corollary 5.12 could be
explicitly computed. In the CDO case, one should rather use Proposition 5.15 for the
analytic description, but again, the constants B, ; of Corollary 5.12 would have to
be computed. These constants are expressed in terms of the connection coefficients
JJ(Qb) and have to do with the way the wave function computed by topological
recursion is normalised. As of writing, we do not know how to obtain a description
of the connection coefficients as analytic functions of i or how to compute them, but
we will relate them to the topological recursion free energies in Proposition 5.23.

5.5. FREE ENERGIES
5.5.1. In topological recursion

A. Definition. — Given a spectral curve (S,z,y,wo2), besides the correlators, the
topological recursion also has a natural definition of free energies Fy = wy o [EO09]:

1 I
(5.40) YgELsy  Fy=g5—p ) E{es{(z/ wo,1>wg,1(<)}
g pERam(S) =r 75(C)

The free energies Fy and Fy are defined differently, see [EO09].
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B. Deformations. The free energies satisfy a functional equation that relate them
to the connection matrix ¥} (Q;) that appeared in Definition 5.10 and Corollary 5.11
or 5.12.

Prorosition 5.23. — Let Fy = Fy(Q) be the topological recursion free energies of
the half Seiberg—Witten or the CDO spectral curve, seen as functions of the Q =
(Q1,...,Q.). Let eq,. .., e, denote the standard basis of C". For any a # b,

G (@n) = 05 (Qu) = exp (Y W92 (Fy(Q + fies — ea)) — Fy(Q)) ).

g=>2
Proof. We use the properties of topological recursion under deformations of spec-
tral curves. For a € [r], we introduce the operator
d
Vof = ,
af an f z fixed

which acts on functions or n-differentials on the Gaiotto (or CDO) curve. In contrast,
we will use Jg, to denote the partial derivative at fixed . Since wy,1(¢) = ¢ dInz(¢)
in both the Gaiotto or the CDO case, we compute
dz °
Q,(¢) :==Vg,w01(¢) = —(0g, Inz)dz = 0.2 = / wo,2(2,+),
where we recall that wg 2(¢1,(2) = d¢1d¢a/(¢1 — ¢2)%. By [EO07, Th.5.1], we have for
any (g, m) € Zio

a

(541) VQawg’m(Ch...,Cm) = / wg)m+1(-,gl,...,g“m),

Qa
where for (g,m) = (0,0) one should use the regularised integral of wg 1 from Defini-
tion 5.8 on the right hand side. The z-projection of the integration path from ¢’ = Q,
to ¢! = oo is a loop based at z = oo. Therefore, deforming ), does not act on the
integration contour and we can iterate (5.41) to obtain for any m € Zx

Vo, Wgm(Clse vy Cm) = /oo e /oo Womtn (s Ciy vy Cm)-

The same formulae hold for Vg, —V g, if we rather integrate from @ to Q.. We apply
this to Fy = wgm=o for g > 2. These are analytic functions of Q1,...,Q, in the
domain where they are pairwise distinct, and by Taylor expansion we find

> o [Qa Qa
Fy(Q + fi(ey — e,)) :F_Q(Q)—i—zﬁ/ / Wy
n=1 " YQp Qv
Multiplying by #29~2 and summing over g > 2 gives the claim after comparison with

Definition 5.10. O

In view of Propositions 5.19-5.21 and 5.23 it would be interesting to find the Stokes
matrices, the connection coefficients 122‘ (Qp) and perform the resurgence analysis for
the solutions of the differential equations of Propositions 5.13-5.14. In particular, this
would give analytic solutions that can be used for non-perturbative (with respect
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to h) computations of the wave functions, the bispinor, the correlators and the free
energies. Conversely, if we had closed formulae for the free energies, we could obtain
information about the connection coefficients ¥ (Qy).

5.5.2. In gauge theory. The instanton (or non-perturbative) part of the Nekrasov
partition function is obtained from the Gaiotto vector by computing the square-norm:

Znek = (Ta|TA) .

The full partition function of the underlying N = 2 supersymmetric gauge theory also
has a perturbative part:
ZNek = exp (Z ﬁQg*Qngert) « ZNek-
920

The expression for the perturbative part can be found in [NOO06, Eq. 3.5 & 3.8] — see
also [NY04], but beware of the opposite global sign compared to [NO06]. To compare
our notations and the notations between the different references: our r is also r in
[INY04] but N in [NOO6], our # is their A? (the transformation was already met in
(5.20)), our (Q1,...,Q,) is their (aj,...,a,), and comparing the degenerate limit of
their Seiberg-Witten curve with our half Seiberg-Witten curve (2.13), our A" is their
(—=1)N+1AN . With our notations, the expressions in [NO06] yield

= Y @[S ()]

_ 2
1<a<b<r 2 (Qa Qb)
1 A"
pert
5.42 P =— Y —hn(———53),
(5.42) 2 ( (Qanb)Q)

pert 2B2y(Qq — Qp)>~%
Bt=—- > 929(29 -2)

Although the Whittaker vectors have been normalised in (2.7) to have no constant
terms, a more natural normalisation from the topological recursion perspective is
given as

1<a<bsr

ITa) = eXP(Z ﬁg*ng) ITa),

920
where F; are the free energies of the spectral curve. This would give
(TAITA) = exp (Z ﬁg_lQFg) ZNek-
920
We expect that this agrees with the partition function of the supersymmetric gauge
theory — up to the change /i — A2 already met in (5.20). In other words, we expect
(5.43) Vg € Lo,  FP' =2F,.

5.5.3. Comparisons and, conjectures. — The half Seiberg—Witten and CDO curves for
r = 2 already appeared in disguise in [IKT19], where their topological recursion
free energies are computed. In the half Seiberg—Witten case, the results match the
expectation from (5.42)—(5.43).
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Prorosition 5.24. For the r = 2 half Seiberg—Witten curve (3.6), we have

3 (Q1— Q2)? A?
_Z(Ql_Q2)2+ 4 ln<(Q1—Q2)2)’

A2
= _i ln((Ql - Q2)2)7

By (Q1 — Q2)*~%
29(29 - 2)
Prorosirion 5.25. — For the r =2 CDO curve (4.6), we have

{(P1 P)? 1n( T

Fo= (P~ P)? = (@i~ R — (@ - >) )

4
— (@ — P ln( ) 1“(@1 o PQ)Q)}’

and for g > 2

Fy=—

2

1 AQ(Pl - P)?
e (g M)
(Q1— P1)*(Q1— P2)
and for g=2:
Bay 2-2 2-2 2-2
F,=—"=— P g P 9—(P,— P 9).
9= 2909 =) (@14 ) +(Q1 + ) — (Py— P)*779)

Proof. Up to a change of variables, the half Seiberg—Witten curve coincides with

the Bessel curve with the parameter Ag = QIEQ"‘, cf. [IKT19, Table 1.2 & §2.3.5].8)
Taking into account the extra minus sign in the definition of the Fj in (5.40) and
the A in the half Seiberg—Witten curve gives the result. Likewise, up to a change of
variables, the CDO curve is identified with the Kummer curve with \g = £ 2P 2 and
Aoo = Q1 — %, for which the free energy appears in [IKT19, Tables 1.1 & 1.2]. O

For r > 2, closed formulae for the topological free energy for the Gaiotto or the
CDO curves are not available. Based on the expectation (5.42)—(5.43) for the half
Seiberg—Witten curve, we are led to propose the following conjecture.

Consecture 5.26. — For the half Seiberg—Witten curve, we have
3 1 A"
Fo= Y 2(Qa— Q)+ £(Qa— @) In(——— ),
1<a<bs<r 4 4 (<Q“ — @) )
1 A"
F=- Z —In(—F+—=,
1<a<bsr 24 <(Q“ - Qb)2>
and for g > 2:
By _
Fy=—— 2 _ —Qp)¥ .

1<a<bsr—1

(8)Note that the Bessel curve is defined as y2 = (z + 4X3)/42? in [IKT19, §2.3.5], but there is a
typo in [IKT19, Table 1.1] where the curve appears as y2 = (z + A2)/4z2.
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