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FROM CURVE SHORTENING TO FLAT LINK STABILITY
AND BIRKHOFF SECTIONS OF GEODESIC FLOWS

BY Marciero R. R. ALves &« MARco MAzZzUCCHELLI

Asstract. — We employ the curve shortening flow to establish three new results on the dynam-
ics of geodesic flows of closed Riemannian surfaces. The first one is the stability, under C%-small
perturbations of the Riemannian metric, of certain flat links of closed geodesics. The second one
is a forced existence theorem for closed connected orientable Riemannian surfaces: for surfaces
of positive genus, the existence of a contractible simple closed geodesic «y forces the existence of
infinitely many closed geodesics intersecting - in every primitive free homotopy class of loops;
for the 2-sphere, the existence of two disjoint simple closed geodesics forces the existence of a
third one intersecting both. The final result asserts the existence of Birkhoff sections for the
geodesic flow of any closed connected orientable Riemannian surface.

Riésumi (Du raccourcissement des courbes & la stabilité des entrelacs plats et aux sections de
Birkhoff des flots géodésiques)

Nous utilisons le flot de raccourcissement des courbes pour établir trois nouveaux résultats
concernant la dynamique des flots géodésiques sur les surfaces riemanniennes fermées. Le pre-
mier concerne la stabilité, sous des perturbations C°-petites de la métrique riemannienne,
de certains entrelacs plats formés de géodésiques fermées. Le deuxiéme est un théoréme d’exis-
tence forcée pour les surfaces riemanniennes fermées, connexes et orientables : sur les surfaces
de genre strictement positif, 'existence d’une géodésique fermée simple et contractile v entraine
I’existence d’une infinité de géodésiques fermées intersectant v dans chaque classe d’homotopie
libre primitive; sur la 2-spheére, I'existence de deux géodésiques fermées simples et disjointes
implique celle d’une troisieme géodésique intersectant les deux premieres. Le troisieme résultat
établit I'existence de sections de Birkhoff pour le flot géodésique de toute surface riemannienne
fermée, connexe et orientable.
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1. INnTRODUCTION

On a closed Riemannian surface, the curve shortening flow is the L? anti-gradient
flow of the length functional on the space of immersed loops. Unlike other more
conventional anti-gradient flows on loop spaces, such as the one of the energy func-
tional in the W2 settings [K1i78], the curve shortening flow is only a semi-flow (i.e.,
its orbits are only defined in positive time), and the very existence of its trajecto-
ries in long time was a remarkable theorem of geometric analysis, first investigated
by Gage [Gag83, Gag84, Gag90] and Hamilton [GHS&6], fully settled for embedded
loops by Grayson [Gra89], and further generalized to immersed loops by Angenent
[Ang90, Ang91]. One of the remarkable properties of the curve shortening flow is that
it shrinks loops without increasing the number of their self-intersections. This allowed
Grayson to provide a rigorous proof of Lusternik-Schnirelmann’s theorem on the exis-
tence of three simple closed geodesics on every Riemannian 2-sphere [Gra89, MS18|.
Later on, Angenent [Ang05] framed the curve shortening flow in the setting of Morse-
Conley theory [Con78], and proved a spectacular existence result for closed geodesics
of certain prescribed flat-knot types on closed Riemannian surfaces.

The purpose of this article, which is inspired by this latter work of Angenent, is to
present new applications of the curve shortening flow to the study of the dynamics
of geodesic flows: the stability of certain configurations of closed geodesics under
C° perturbation of the Riemannian metric, the forced existence of closed geodesics
intersecting certain given ones, and the existence of Birkhoff sections. We present our
main results in detail over the next three subsections.

1.1. CY-STABILITY OF FLAT LINKS OF CLOSED GEODEsICs. — The expression of a Rie-
mannian geodesic vector field involves the first derivatives of the Riemannian metric.
Therefore, for each integer k > 1, a C*-small perturbation of the Riemannian met-
ric corresponds to a C*~1-small perturbation of the geodesic vector field. However,
a C%-small perturbation of the Riemannian metric may result in a drastic deformation
of the geodesic vector field and of its dynamics. For instance, given any smooth embed-
ded circle 7 in a Riemannian surface, one can always find a C°-small perturbation of
the Riemannian metric that makes v a closed geodesic for the new metric [ADMM22,
Ex. 43]. Moreover, it is always possible to arbitrarily increase the topological entropy
of the geodesic flow by means of a C%-small perturbation of the Riemannian metric
[ADMM22, Th. 12].

From the geometric perspective, it is natural to consider the C° topology on the
space of Riemannian metrics: indeed, the length of curves, or more generally the
volume of compact submanifolds, vary continuously under C°-deformations of the
Riemannian metric. A result of the first author, Dahinden, Meiwes and Pirnapasov
[ADMP23] asserts that the topological entropy of a non-degenerate geodesic flow of
a closed Riemannian surface cannot be destroyed by a C°-small perturbation of the
metric. In a nutshell, this can be expressed by saying that the chaos of such geodesic
flows is C° robust. Our first result provides another geometric dynamical property
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FROM CURVE SHORTENING TO LINK STABILITY AND BIRKITOFF SECTIONS 803

that, unexpectedly, survives after C°-perturbations of the Riemannian metric of a
closed orientable surface: the existence of suitable configurations of closed geodesics.
In order to state the result precisely, let us first introduce the setting.

Let (M, g) be a closed Riemannian surface. We denote by Imm(S!, M) the space
of smooth immersions of the circle S = R/Z to M, endowed with the C* topol-
ogy. The group of orientation preserving smooth diffeomorphisms Diff, (S!) acts on
Imm(S?, M) by reparametrization, and we denote the quotient by

o Imm(St, M)
~ Diff (S1)

The space €2 consists of unparametrized oriented immersed loops in M, and is endowed
with the quotient C® topology. The length functional

L= 0.0 Lo = [ ol

is well defined on €, meaning that L,(vy) is independent of the specific choice of
representative of v in Imm(S*, M), is continuous, and even differentiable for a suitable
differentiable structure on 2. For each integer n > 1, we denote by A, the closed
subset of Q*™ = Q x --- x Q consisting of those multi-loops v = (71,...,7n) such
that ; is tangent to v; for some ¢ # j, or +; has a self-tangency for some i. A path-
connected component £ of Q%" ~ A, is called a flat link type. The reason for this
terminology is that £ lifts into a connected component of the space of links in the
projectivized tangent bundle PTM. If n = 1, £ is more specifically called a flat knot
type. This terminology was introduced by Arnold in [Arn94].

For each integer m > 2, we denote by v €  the m-fold iterate of a loop v € Q.
Namely, once we fix a parametrization v : S' & M, we obtain the parametrization
™ St as M, y™(t) = y(mt). A loop v € Q is primitive if it is not of the form v = (™
for some ¢ € 2 and m > 2, and otherwise it is an iterated loop. A whole flat knot
type X is primitive when its closure in 2 contains only primitive loops. Examples of
primitive flat knot types include all flat knot types consisting of embedded loops, and
all flat knot types consisting of loops whose integral homology class is primitive (i.e.,
not a multiple mh, for m > 2, of another homology class h). Any flat link type £ is
contained in a product Xy x --- x K,,, where the factors X; are flat knot types, and
we say that £ is primitive when all the factors X; are primitive flat knot types.

Closed geodesics admit a variational characterization and a dynamical one. The
unparametrized oriented closed geodesics of (M, g) are the critical point of the
length functional Ly. The closed geodesics parametrized with unit speed are the base
projections of the periodic orbits of the geodesic flow on the unit tangent bundle
Y SM — SM, ¢(%(0)) = 4(t); here, v : R — M is any geodesic parametrized
with unit speed ||¥||g = 1. A closed geodesic «y of length ¢ is non-degenerate when its
unit-speed lift 4 is a non-degenerate ¢-periodic orbit of the geodesic flow, meaning
that dim ker(die(7(0)) — id) = 1. We introduce the following notion.

JE.P.— M., 2095, tome 12



804 M. R. R. ALves &« M. Mazzucengria

Derinimion 1.1, A flat link of closed geodesics v = (71,...,7n) is stable when
every component ; is non-degenerate and, for each 7 # j, the components ;, y; have
distinct flat knot types or distinct lengths Lg(7;) # Lg(7;)-

Our first main result is the following.

Toeorem 1. Let (M,g) be a closed Riemannian surface, £ a primitive flat link
type, and v € £ a stable flat link of closed geodesics. For each € > 0, any Riemannian
metric h sufficiently CO-close to g has a flat link of closed geodesics { € £ such that

”Lh(C) - Lg('Y)” <e.

Our inspiration for Theorem 1 comes from Hofer geometry [Hof90, Pol01]. The
Hamiltonian diffeomorphisms group of a symplectic manifold Ham(W,w) admits a
remarkable metric, called the Hofer metric, which has a C° flavor and plays an impor-
tant role in Hamiltonian dynamics and symplectic topology. When the symplectic
manifold (W, w) is a closed surface, a finite collection of 1-periodic orbits of a non-
degenerate Hamiltonian diffeomorphism ¢ € Ham(W,w) has a certain braid type B.
The first author and Meiwes [AM24] proved that this property is stable under pertur-
bation that are small with respect to the Hofer metric: any other ¢ € Ham(W, w) that
is sufficiently close to ¢ also has a collection of 1-periodic orbits of braid type B. The
proof of this result involves Floer theory and holomorphic curves. Later on, employing
periodic Floer homology, Hutchings [Hut23] generalized the result to finite collections
of periodic orbits of arbitrary period. Our Theorem 1 can be seen as a Riemannian
version of these results. Unlike [AM24, Hut23], our proof does not need Floer theory
nor holomorphic curves, and instead employs the curve shortening flow.

1.2. FoRrCED EXISTENCE OF CLOSED GEODEsICS. — Our next result is an instance of a
forcing phenomenon in dynamics: the existence of a particular kind of periodic orbit
implies certain unexpected dynamical consequences. For instance, the existence of a
hyperbolic periodic point with a transverse homoclinic for a diffeomorphism implies
the existence of a horseshoe, which in turn implies the existence of plenty of nearby
periodic points and the positivity of topological entropy [KH95, Th. 6.5.5]. More in the
spirit of our article, Boyland [Boy94] proved that the existence of periodic orbits with
complicated braid types for a surface diffeomorphism implies complicated dynamical
structure, such as the positivity of the topological entropy and the existence of periodic
orbits of certain other braid types.

In the specific case of geodesic flows, Denvir and Mackay [DM98] proved that the
existence of a contractible closed geodesic v on a Riemannian torus, or of three simple
closed geodesics 71, Y2, v3 bounding disjoint disks on a Riemannian 2-sphere, forces
the positivity of the topological entropy of the corresponding geodesic flows. A simple
argument involving the curve shortening flow further implies the existence of infinitely
many closed geodesics in the complement of - or of v; U~ U~y3. The forcing theory of
Denvir and Mackay was generalized to the category of Reeb flows in [AP22, Pir21].

JIEP. — M., 2095, tome 12
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Our second main result is a forced existence theorem for closed geodesics inter-
secting a simple one, on closed orientable surfaces of positive genus. The statement
employs the following standard terminology. A free homotopy class of loops in a sur-
face M is a connected component of the free loop space C°°(S!, M). Notice that
this notion is less specific than the one of flat knot type: while every flat knot type
corresponds to a unique free homotopy class of loops, a free homotopy class of loops
always corresponds to infinitely many flat knot types. A free homotopy class of loops
is called primitive when it does not contain iterated loops.

Turorem 2. — On any closed connected orientable Riemannian surface of positive
genus with a contractible simple closed geodesic vy, every primitive free homotopy class
of loops contains infinitely many closed geodesics intersecting .

For the 2-sphere, which is not covered by Theorem 2, we prove the following.

Tarorem 3. — On any Riemannian 2-sphere with two disjoint simple closed geodesics
Y1 and 72, there exists a simple closed geodesic v intersecting each ; in exactly two

points, i.e., #(yNy1) = #(yNy) = 2.

The idea of the proof of Theorem 2 is to employ a specific Riemannian metric due
to Donnay, Burns, and Gerber [Don88, BG89], which has v as closed geodesic. The
properties of such a Riemannian metric will allow us to establish the non-vanishing
of the local homology of infinitely many “relative” flat knot types consisting of loops
intersecting ~y. Since the local homology of a flat knot type X relative to ~y is inde-
pendent of the choice of the Riemannian metric having v as closed geodesic, and its
non-vanishing implies the existence of at least one closed geodesic of relative flat knot
type X, we infer the existence of the infinitely many closed geodesics asserted by
Theorem 2. The argument for Theorem 3 similarly employs a convenient Riemann-
ian metric to establish the non-vanishing of the local homology of the flat knot type
consisting of simple loops intersecting each of the two ~;’s in two points.

1.3. Existence or Birknorr secrions. — While Theorems 2 and 3 have independent
interest, our main motivation was to combine them with a recent work of the second
author together with Contreras, Knieper, and Schulz [CKMS25] in order to establish
a full, unconditional, existence result for Birkhoff sections of geodesic flows of closed
oriented surfaces. In order to state the result, let us recall the relevant definitions and
the state of the art around this problem.

Let vy : N — N be the flow of a nowhere vanishing vector field X on a closed
3-manifold N. A surface of section is a (possibly disconnected) immersed compact
surface ¥ & N whose boundary 9% consist of periodic orbits of 1), while the interior
int(X) is embedded in N \ 0¥ and transverse to X. Such a ¥ is called a Birkhoff
section when there exists T' > 0 such that, for each z € N, the orbit segment ;o 7)(2)
intersects . By means of a Birkhoff section, the study of the dynamics of v;, apart
from the finitely many periodic orbits in 0%, can be reduced to the study of the
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806 M. R. R. Arves &« M. MazzuceniLrn

surface diffeomorphism int(¥) — int(X), z = t(.y(z), where
7(z) =min {t € (0,T] | ¢¢(z) € T}.

This reduction is highly desirable, as there are powerful tools that allow to study
the dynamics of diffeomorphisms specifically in dimension two (e.g. Poincaré-Birkhoff
fixed point theorem, Brouwer translation theorem, Le Calvez transverse foliation the-
ory, etc.).

The notion of Birkhoff section was first introduced by Poincaré in his study of
the circular planar restricted three-body problem, but owes its name to the semi-
nal work of Birkhoff [Birl7], who established their existence for all geodesic flows
of closed orientable surfaces with nowhere vanishing curvature. Over half a century
later, a result of Fried [Fri83] confirmed the existence of Birkhoff sections for all tran-
sitive Anosov flows of closed 3-manifolds. In one of the most famous articles from
symplectic dynamics [HWZ98], Hofer, Wysocky, and Zehnder proved that the Reeb
flow of any 3-dimensional convex contact sphere admits a Birkhoff section that is an
embedded disk. Since this work, the quest for Birkhoff sections of Reeb flows has
been a central theme in symplectic dynamics, see e.g. [SaH18, HSaW23]. Recently,
the existence of Birkhoff sections for the Reeb vector field of a C'°°-generic con-
tact form of any closed 3-manifold has been confirmed independently by the first
author and Contreras [CM22], and by Colin, Dehornoy, Hryniewicz, and Rechtman
[CDHR24]. Indeed, the existence of Birkhoff sections was proved for non-degenerate
contact forms satisfying any of the following assumptions, which hold for a C'°*°-generic
contact form: the transversality of the stable and unstable manifolds of the hyperbolic
closed orbits [CM22], or the equidistribution of the closed orbits [CDHR24]. These
results extended in different directions previous work of Colin, Dehornoy, and Recht-
man [CDR23], which in particular provided, for any non-degenerate Reeb flows of any
closed 3-manifold, a surface of section ¥ that is almost a Birkhoff section, except for
some escaping half-orbits converging to hyperbolic boundary components of 3. This
result, in turn, relies on Hutchings’ embedded contact homology [Hut14], a powerful
machinery based on holomorphic curves and Seiberg-Witten theory, which provides
plenty of surfaces of section almost filling the whole ambient 3-manifold. Beyond the
above generic conditions, the existence of a Birkhoff section for the Reeb flow of any
contact form on any closed 3-manifold remains an open problem.

For the special case of geodesic flows of closed Riemannian surfaces, the non-
degeneracy and the transversality of the stable and unstable manifolds of the hyper-
bolic closed geodesics hold for a C'°° generic Riemannian metric, and so does the
existence of Birkhoff sections according to the above mentioned result in [CM22].
In a recent work of the first author together with Contreras, Knieper, and Schulz
[CKMS25], this latter result was re-obtained without holomorphic curves techniques,
employing instead the curve shortening flow. Actually, the existence result obtained
is slightly stronger: the non-degeneracy is only required for the contractible simple
closed geodesics without conjugate points. Our third main result removes completely
any generic requirement.

JIP. — M., 2095, tome 12
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TueorEM 4. The geodesic flow of any closed orientable Riemannian surface admits
a Birkhoff section.

The scheme of the proof is the following. Any closed geodesic produces two im-
mersed surfaces of section of annulus type, the so-called Birkhoff annuli, consisting of
all unit tangent vectors based at any point of the closed geodesic and pointing on one
of the two sides of it. A surgery procedure due to Fried [Fri83] allows to glue together
all Birkhoff annuli of a suitable collection of non-contractible simple closed geodesics,
producing a surface of section . A contractible simple closed geodesic without con-
jugate points v whose unit-speed lifts £+ do not intersect X is an obstruction for X to
be a Birkhoff section. Even after adding to ¥ the Birkhoff annuli A* U A~ of ~, there
may still be half-orbits of the geodesic flow converging to +% without intersecting
¥ := Y UATUA™. Theorems 2 and 3 allow us to always detect other closed geodesics
intersecting ~ transversely, and after gluing their Birkhoff annuli to ¥’ we obtain a
new surface of section ¥” that does not have % as w-limit of half-orbits not intersect-
ing ¥”. As it turns out, after repeating this procedure for finitely many contractible
simple closed geodesics without conjugate points, we end up with a Birkhoff section.

Remark 1.2. — The argument in our proof does not enable us to control the genus
of the Birkhoff section > ¢ SM provided by Theorem 4 for the geodesic flow of a
closed connected orientable Riemannian surface (M, g). Nevertheless, it allows us to
bound from above the number of connected components b of the boundary 9% as

4
b < 8max {1, genus(M)} + — area(M, g) max(R,),
T

where R, denotes the Gaussian curvature, see Remark 6.8. It is worthwhile to mention
a recent work of Kim, Kim, and van Koert [KKvK22], which exhibits examples of Reeb
flows on homology 3-spheres such that the minimal number of boundary components
of their Birkhoff sections is arbitrarily large.

1.4. Orcanization oF THE PAPER. — In Section 2 we recall the needed background
on the curve shortening flow, and on the classical variational setting for the closed
geodesics problem. In Section 3, we develop the analogue of the classical results from
Morse theory of closed geodesics within a primitive relative flat knot type. In Sec-
tion 4, we first prove the simpler, special case of Theorem 1 for primitive flat knot
types, actually under slightly weaker assumptions (Theorem 4.2). Next, after suitable
preliminaries, we prove a slightly stronger version of Theorem 1, replacing the non-
degeneracy of the original flat link of closed geodesics with a homological visibility
assumption (Theorem 4.5). In Section 5 we prove Theorem 2 and 3, and in the final
Section 6 we prove Theorem 4.

Acknowledgments. — The first author thanks Matthias Meiwes and Abror Pirnapasov

for many illuminating and inspiring conversations about forcing in dynamics, and Yuri
Lima for a conversation about the first return time of Birkhoff sections.
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2. PRELIMINARIES

2.1. Curve sHORTENING FLow. — Let (M, g) be a closed Riemannian surface. The
curve shortening flow ¢' = ¢, for ¢ > 0, is a continuous semi-flow on Imm(S*, M)
defined as follows: its orbits ~y; := ¢*(70) are solutions of the PDE
at'}/t = Ry Ny s
for all t € [0,t,). Here, t, =ty is the extended real number giving the maximal
interval of definition, n,, : [0,1] — T'M is any vector field along +; that is orthonormal
to 4, and K, : ST — R denotes the signed geodesic curvature of v, with respect to n., ,
i.e.,
Ve = (9 o) (),

where V; denotes the Levi-Civita covariant derivative. Notice that we may have
N, (0) = —n., (1) if M is not orientable, but nevertheless the product k.,n, is inde-
pendent of the choice of n.,. We recall that Imm(S*, M) is endowed with the C?
topology, as we specified in the introduction. The map (¢,7) — ¢*(y) is continuous
on its domain of definition, which is an open neighborhood of {0} x Imm(S!, M) in
[0, 00) x Imm(S*, M). The curve shortening flow is Diff (S!)-equivariant, meaning that

¢t (yol) =o' (y)o0,  VyeImm(S', M), 6c Diff(S'), t €[0,t,).
In particular, it also induces a continuous semi-flow on the quotient
_ Imm(S*, M)
Diff , (S1)
that we still denote by ¢! (we will mainly consider ¢' defined on €2, except if we work
with an explicit parametrization of the initial loop 7).

Remark 2.1. — The fact that the loops in € are oriented is not particularly relevant
for us, and in most sections of the article we could have equivalently worked with
the space of unoriented loops Imm(S!, M)/Diff(S!). The only reason to consider the
space of oriented loops {2 is that it makes the local homology computation (3.2) of
Lemma 3.4 simpler.

The curve shortening flow is the L? anti-gradient flow of the length functional
L=1Ly:Q— (0,00). More specifically, it satisfies
d

(2.1) L0 () = - /S1 iy (5)?[19()llg ds < 0,

and the equality holds if and only if 7 is a closed geodesic, which is the case if and
only if v = ¢t(v) for all t > 0.

According to a theorem of Grayson [Gra89], if the orbit ¢'(y) of an embedded
loop is only defined on a bounded interval [0,¢,) C [0,00), then ¢!(y) shrinks to a
point as ¢ — t.; if instead [0,¢,) = [0, 00), then L(¢*(y)) — ¢ > 0, the curvature
Kgt(~) converges to zero in the C'°° topology as t — 0o, and in particular there exists
a subsequence t,, — oo such that ¢'(v) converges to a closed geodesic. This is not
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pl

Ficure 1. A p-subloop of «y, with a filling D of area less than or equal
to p.

necessarily the case if y is not embedded, as it may also happen that L(¢!(y)) — £ >0
and ¢'(v) develops a singularity as ¢ — ¢,. Nevertheless, the forthcoming lemma due
to Angenent allows to control this behavior.

Let v : S' & M be an immersed loop such that the restriction Yisy,s0] i an
embedded subloop, i.e., ¥(s1) = v(s2) and [, s,) is injective. We say that 7|, s,
is a p-subloop when it bounds a disk D C M of area less than or equal to p, and for
some d > 0 the curves v|(, —s,s,) and 7/(s,,s,45) do not enter D (see Figure 1). With
the same notation of the introduction, we denote by A = A; the closed subspace of 2
consisting of those loops having a self-tangency.

Levva 2.2 ([Ang05, Lem. 5.3-4])

(i) For each v € Q such that L(¢*(vy)) = £ > 0 as t — t,, either ¢' () converges
to a closed geodesic for some sequence t, — t~, or ¢'(v) develops a singularity as
t — t,. In this latter case, for each p > 0 and for each t sufficiently close to t, the
loop ¢*(7y) possesses a p-subloop.

(ii) There exists p = pg > 0 with the following property. Let v € Q and 7 > 0 be
such that ¢'(y) € QN A for all t € [0,7], and assume that 7|4, b, s a p-subloop (for
some parametrization on ). Then, [ag,bg] can be extended to a continuous family of
intervals [ag, by] such that ¢'(Y)|ja,.b,] @ a (p — 5t)-subloop for allt € [0, 7]. O

2.2, Privurive vrat knot 1yees. — Let ¢ = ((i,...,(,) be either the empty link
(when n = 0), or a flat link of pairwise geometrically distinct closed geodesics (namely,
¢ and (; are transverse for all ¢ # j). We denote by A({) the closed subset of Q
consisting of those loops v having a self-tangency or a tangency with some component
of ¢ (Figure 2). With the notation of Section 1.1, we have

A(¢) = {W’ €N | (7,€) € An+1}~

A path-connected component X of Q \ A(¢) is called a flat knot type relative to ¢
(notice that, if ¢ is empty, this notion reduces to the one of ordinary flat knot type).
We denote by X and 0K its closure and its boundary in § respectively. The relative
flat knot type X is called primitive when 0K does not contain non-primitive loops
nor components of €.

Throughout this section, we fix a primitive flat knot type X relative to {. We recall
the main properties of the curve shortening flow with respect to X, established by
Angenent.

JE.P. — M., 2095, tome 12
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Ficure 2. A loop a € A({) with a tangency to ¢, and a loop 8 € A(()
with a self-tangency. We stress that, while the tangencies depicted
are without crossing, tangencies can be topologically transverse.

Levva 2.3 ([Ang05, Lem. 3.3 & 6.2])

(i) Ifv € X and ¢'(v) & X for some to € (0,t.), then ¢'(y) & X for allt € (to,t,)
as well.
(ii) If v, ¢'(v) € K for some to € (0,t.,), then ¢'(vy) € K for all t € (0,1). O

Remark 2.4. — It can be easily shown that the curve shortening flow preserves both
the subspace of m-th iterates Q™ := {#™ | v € Q} and its complement  ~ Q™. This
shows that the assumption that X is primitive is essential at least for point (ii) of
Lemma 2.3.

We define the exit set of the primitive flat knot type X as
0-K:={ye€dK|¢'(y) ¢ X forall t € (0,t,)}.
By Lemma 2.3, 9_X is a closed subset of 0X.

Levmva 2.5 ([Ang05, Lem. 6.3]). The exit set O_K does not depend on the Rie-
mannian metric g. O

We denote by 2, = £, , the open subset of {2 consisting of those v containing a
p-subloop, and we set

(2.2) Ky =Kg,p:=0-KU(KNQ,).
Levva 2.6 ([Ang05, Prop.6.8]). — The exit-time function
T =Tgp: K — [0,00], 7,(y) =inf {t € [0,¢,) | ' (7) € K, },
is continuous (here, we employ the usual convention inf @ = o). ]

The continuity of the exit-time function, together with Lemma 2.2(ii), implies that
the inclusion (X,%,,) < (K,%,,) is a homotopy equivalence for all p; < pa < pg.
Indeed, its homotopy inverse is given by 7+ ¢7e102(7) (5), where

Torp2(7) = min {7, (7), 2(p2 — p1)}.
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2.3. CURVATURE CONTROL. In the already mentioned work [Gra89], Grayson descri-
bed the behavior of the curvature of embedded loops that evolve under the curve
shortening flow. Actually, the analysis does not require the embeddedness and holds
for immersed loops as well, and even in the more general setting of reversible Finsler
metrics [DPMMS22, §2.5]. We summarize here the results needed later on, in Sec-
tion 3.1, for constructing the suitable neighborhoods of compact sets of closed geo-
desics that enter the definition of local homology, one of the ingredients of our proof
of Theorems 1 and 2.

In order to simplify the notation, for any given immersed loop vy : S* ¢ M,
we denote by v; := ¢'(y0) its evolution under the curve shortening flow, and by
K¢ 1= K., the signed geodesic curvature of -, with respect to a normal vector field.
In [Gag90, Lem. 1.2], Gage showed that x; evolves according to the PDE

(23) atfit = szit + KTt + I{?,
where r; : S — R denotes the Gaussian curvature of the Riemannian surface (M, g)
along ;, and D = [|%(s)||;'0s is a vector field on [0,t,,) x S*, which we see as a
differential operator acting on functions f : [0,t,,) x ST = R, f(t,s) = fi(s) as

Dfi(s) = 15e(s) 1" fuls)-
We denote by Ty :=y; o, ' 1 [0, L(7s)] % M the arc-length reparametrization of 7,
where vy : [0,1] — [0, L(74)] is the function

uts) = [ ey dr,

and by K; := k0 V{l the signed geodesic curvature of T';.

Prorosition 2.7. For each compact interval [a,b] C (0,00) there exist ¢ > 0 such
that, for each ¢ > 0 small enough, for each immersed smooth loop o : S*' & M
satisfying L(vo) € [a,b] and | Kol z2 + | Koz < ¢, and for each t € [0,t,), we have
[KillL < ce or L(vo) — L(ve) > €2

Proof. We will fix an upper bound for the quantity ¢ > 0 later on. For now,
we consider € € (0, M) together with the data stated in the lemma and the notation
introduced just before. Notice that Kt ovy = Dky and Kt o vy = D?k;. We denote by
Ry := ryov; ! the Gaussian curvature of (M, g) along I';. We employ (2.3) to compute

L(vt)
oKl =00 [ Kids=0i [ wlillyds
0 S
= [ (2wl + sialil,) ds
S

= / (2/{,5(D2/st + Ry + KY) — /{f) 1¥¢l g ds
S1
< 2|Kel[Fe + 20K7 Rell o+ [ 5| e

S LA AR APRER AT}
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812 M. R. R. Arves &« M. MazzuceniLrn

If L(y;) > a/2, we can bound from above the term ||K;||?. by

1Kl < 1172 + 2L () (1K1 < 207 [ Kl 72 + 26| K[

2
L(w)
We use this inequality as a lower bound for ||K;||?,, and continuous the previous
estimate as

(2.4) OIE)T2 < (471071 + 2| Rel| o ) | KellZs + 1Kl Zoe (I Z2 =077
< el Kelfe + 1 KellZoe (172 — ),

where ¢; > 1 is a constant depending only on the compact interval [a,b] and on the
Riemannian metric g.
We further require 2 < ¢ 'e~¢, and set

7e=sup {t € [0,t5) | [KellZ> < ' L(v0) — L) <€}
The inequality (2.4) implies
(2.5) O K22 < e1]|Kil22,  Vte0,7).

Notice that (2.1) can be rewritten in terms of K¢ as & L(v;) = —||K¢||2.. This, togeth-
er with (2.5) and with the initial bound || Kyl|r2 < €, gives

[KelZ> < [KollZ + 61/ 1K 72 dr < (e +1)e*, VEe[0,7).
0 N——

=iC2
=L(vo)—L()

We claim that, if 7 < t,,,
L(v0) — L(vr) = 527

so that L(vy) — L(vy¢) > &2 for all t € (7,t,,). Assume by contradiction that this does
not hold, so that ||K.||2, = c¢;'. By (2.5) and Gronwall inequality, we have

1K (72 < eI Kel72,  VE€[0,7].
Therefore ¢;! = ||K, |2, < e7||Ko|2, < e7e? < ¢;'et™™ Y and we infer that
7 > 1. This further implies
U= I < et TR < e Klfe, VEE [T 1,7).

By integrating with respect to t on [7 — 1, 7], we obtain

et < / K |2adt = Livs1) — L(7s) < €2
T—1

which contradicts the fact that €2 < e‘clcfl.

Next, we compute

8, Dy = Ofsr R Ol ellg — Dy + Fot K7
l¥ellg el ||%||g

= D(D?k¢ + kyry + K3) + Dry K2
= D3ky + Dry 1y + ke D1y + 4&? Dk;.
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and obtain the bound
O = 00 [ (Drlillyds = [ (20w 0D, = (Do) [l
S s

= / Dk (2D3mt + 2Dk 1 + 264 Dry + TDky Hf) 154l ds
Sl
L(vt) .. . .. .
- / (f 2K2 + 2K2R, + 2K, K R, + 7K3K3) ds
0

— /L(%) (— 9K? — 2K, KR, + 71'(31(3) ds
0
< 2K (T2 + 20| Rel o [ KoKl o + TIE K 22
We denote by ¢ € (0,1) a small constant that we will fix later, and set
L= {t€[0,7) | [ Kellre < 6] Kellz=}-
For each t € I, since
1K < 1Kl 2 [ Kell e < Sl Kl 2| Kell e,
we have || Ky|| > < 8||K¢||2. Therefore
KoKl 2 < 1Kol || Kl e

< |
(2.6) <Kl 2 (15l p2 + L(ye) | Kol n2)
< CQE((S =+ b)HKt||L27

and, using Peter-Paul inequality, we find

(2.7) IK K < 3(6THIET + 01K )172) < 0%|K |13

Now, we require £ and § to be small enough (depending only on the compact interval
[a, b] and on the Riemannian metric g) so that, plugging (2.6) and (2.7) into the above
estimate of ;|| K||3 2, we obtain

(2.8) || Kil|22 < —||Ki||2. <0,  Vtel.
Since ||Ko|| 2 + || Kol|z> < &, we have

2.9 K2, <073 Ky|2: <67 %eae?,  Vte|O, I.
(2.9) 1K |72 [ Ke|72 o€ [0,7) ~
=ic3
For each t € I, if r € [0,7) is the minimal value such that [r,t] € I, the inequali-
ties (2.8) and (2.9) imply

K12 < |K, |22 < 072K, |2, < 0 2c362.
[Kellz2 < 1B |7e < 677K |72 < 3

=iCa

JE.P. — M., 2095, tome 12



814 M. R. R. ALves &« M. Mazzucengria

Overall, we obtained the inequality \|Kt||2Lz < cue? for all t € [0,7), and we conclude
1Kl e < 1Kl + L(ye) ™K o
< L) 2Kl g2 + L) 72| Ko 2
< (b cq + ailcg)l/Qs. O

2.4. Tue ENeERGY FUNcTIONAL. — The conventional setting for the variational theory
of the closed geodesics in a closed Riemannian manifold, and in particular in our
closed Riemannian surface (M, g), is the one of the free loop space

A=W (S M).
The energy functional E : A — [0, 00), which is defined as

B0) = [ ol

is smooth, and its critical points are the 1-periodic solutions of the ODE V¥ = 0,
where V; is the Levi-Civita covariant derivative. Namely, the critical points are the
constant curves and the 1-periodic geodesics (parametrized with constant speed). The
space of constant curves is the level set E~1(0) of global minima, and we denote by

crit™ (E) = crit(E) N E~*(0, 00)

the space of closed geodesics, which are the non-trivial critical points of E. At these
critical points, the energy functional is related to the length functional by

E('Y? =L(y), Vye€caith(E).

The circle S acts on A by time translation, i.e., t -y = y(t + -) for all t € S* and
v € A, and the energy E is S'-invariant. In particular, every « € crit*(E) belongs to
a circle of critical points S -~ C crit™(E). A closed geodesic v € crit™ (E) is called
isolated when S1 - v is an isolated circle in crit*(E).

It is often convenient to consider finite dimensional approximations of the free loop
space A, given by the spaces

Ay = {iL‘ = (1‘0, e ,.Z‘kfl) S MXk d(mi,Ii+1) < inj(M,g) Vi € Zk},

where k > 3 is an integer, d denotes the Riemannian distance, and inj(M,g) the
injectivity radius. We see Ay as a subspace of A consisting of broken geodesic loops:
namely, each x corresponds to the piecewise smooth loop v, € A such that each
restriction Yz |fi/k,(i+1)/k) 18 the shortest geodesic segment joining v (i/k) = x; and
vz((1 + 1)/k) = x;11. Analogously, any tangent vector v = (vg,...,vk_1) € TxAg
corresponds to a unique piecewise smooth 1-periodic vector field J,, € T, A such that
each restriction Jy|[;/k,(i+1)/x] is the unique Jacobi fields with endpoints J,(i/k) = v;
and Jy((i +1)/k) = viqq.

Consider a closed geodesic 7 € crit™ (E), and fix the integer k to be large enough
so that E(y)'/2 < kinj(M,g). Therefore v = 7, for some y € Ay, and the same
holds for any other point belonging to the critical circle S*-+. In order to remove this
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redundancy and retain only the point v from its critical circle, we fix an arbitrary
curve A C M that intersects -y orthogonally at (0), and consider the space

Ak(/\) = {(E € A | Xo € )\}

We denote by Ej : Ap(\) — [0,00), Ex(x) := E(7z) the restricted energy functional.
Notice that y is a critical point of E}, and it is an isolated point of crit(Fy) if and
only if S -« is isolated in crit(E) (see [AM18, Prop. 3.1]).

We recall that the Morse index ind(y) is defined as the maximal dimension of a
vector subspace V' C T, A such that d>F(y) is negative definite on V. The nullity
nul(7y) is defined as the dimension of the kernel of d?E(v). The Morse index ind(y)
and the nullity nul(y) are defined analogously employing the Hessian d? Ey(y). It turns
out that

ind(y) = ind(y), nul(y) = nul(y) + 1.

The difference nul(y) — nul(y) = 1 is due to the fact that Fj is defined on the
codimension one submanifold Ay()\) of Aj. The kernel of the Hessian d>FE(v) is the
vector space of l-periodic Jacobi fields along 7, and such a space always contains
the velocity vector field 4. The kernel of the Hessian d?Ey(y), instead, is the vector
space of those v € TyAr()\) whose associated J, is a 1-periodic orthogonal Jacobi
field along v, where orthogonal means that g(J,,%) = 0. In particular, y is a non-
degenerate critical point of Ej, if and only if S -+ is a non-degenerate critical circle
of E, if and only if the unit-speed reparametrization of + is a non-degenerate F(v)'/2-
periodic orbit of the geodesic flow as defined just before Definition 1.1. We refer the
reader to, e.g., [Maz16, §4]), for the proofs of these classical facts.

There is one last index of homological nature that can be associated to an isolated
closed geodesic v = ~,. We recall the construction in the setting Ax()), and refer
the reader to, e.g., [Rad92, BL10, AM18] for more details. We equip Ax(\) with the
Riemannian metric gy ® g @ --- ® g, and denote by #° the flow of the anti-gradient
—VE}. Since we did not require the curve A introduced above to be closed, Ak(\)
is not necessarily a complete Riemannian manifold and the flow lines of 6% may not
be defined for all time. This will not cause any issue, since we will only work locally
near the critical point y. We will always tacitly slow down the orbits of ¢ away from
a neighborhood of ¢ in which we work and assume that 8 : Ax(\) — Ag(}) is well
defined for all t € R. We denote the flow-out of a subset W C Ai(\) by

ow) = U o' (W).

t>0
Moreover, we denote
W<t ={z e W | Ey(z) < *}.
A neighborhood W C Ag(\) of y is called a Gromoll-Meyer neighborhood when

- W nerit(Ey) = {y},
— W)~ W C Ap(N) <=9 for £ = Ey(y)'/? and for some § > 0.
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816 M. R. R. Arves &« M. MazzuceniLrn

Figure 3. The family of meridians (in gray) in a 2-sphere of revolu-
tion, intersecting the equator A orthogonally.

This notion can be associated to isolated critical points of arbitrary functions, and
a simple argument from Morse theory shows that any such critical point admits an
arbitrarily small Gromoll-Meyer neighborhood. The local homology of y is the relative
homology group

Culy) i= H(W, W=7,

The notation suggests that the local homology is independent of the choice of the
Gromoll-Meyer neighborhood and of the small constant § > 0, as can be easily showed
by means of a deformation argument with the anti-gradient flow #*. Since v is an iso-
lated closed geodesic, and thus y is an isolated critical point of Ej, the local homology
C\(y) is finitely generated [GM69a, p. 364]. Furthermore, if v is non-degenerate, the
Morse lemma [Mil63, Lem. 2.2] implies that

~ JZ, ifd=ind(y),
(2.10) Caly) = {0, if d # ind(7).

In the proof of Theorem 3, we will also need to consider non-isolated closed geo-
desics, and more precisely the meridians of a 2-sphere of revolution (Figure 3). More
generally, the setting is the following. Let A be an embedded circle in the closed Rie-
mannian surface (M, g), and Z C crit™ (E) be a circle of closed geodesics such that
each v € Z intersects A orthogonally at «(0). Notice that S'-Z C crit*(E) is a critical
torus, and assume that it is isolated in crit™ (). We denote by £ := E(Z)'/? the cor-
responding length, and choose the integer & to be large enough so that ¢ < kinj(M, g).
The circle

Zi ={x e Ay(\) | 72 € Z}
is a connected component of crit(FE}), and admits an arbitrarily small Gromoll Meyer
neighborhood W C Ag(\), which is a neighborhood satisfying W N crit(E) = Zy and
OW) W C Ap(N) <9 for some § > 0. The local homology of Zj, is the relative
homology group

C(Zy) := H (W, W=t0),
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Assume that 7 is a non-degenerate critical circle, meaning that
ker(d*Ey(x)) = TpZ, Va € Z.

Equivalently, nul(z) = dim(Zy). Let N — Zj be the negative bundle, which is the
vector bundle whose fibers IV, consist of the direct sum of the negative eigenspaces
of d?Ey(xs). Let Oy C N be the zero-section of N. By Morse-Bott lemma [BH04,
Lem. 3.51], the local homology of Zj is is given by

(2.11) C.(Zyp) = H.(N,N < 0y).

Notice that all critical points @ € Zj, have the same Morse index ind(Z) := ind(x),
which is the rank of N. If the negative bundle N is orientable, Thom isomorphism
theorem implies H,(N, N\Oy) = H,_ina(z,)(Zk), and since Zy, is a circle we conclude

(2.12) Coiz = 7 1T E (nd(Z0),ind(Z) + 13,
| N0, it d ¢ {ind(Zy),ind(Zy) + 1},

3. MORSE THEORY WITHIN A FLAT KNOT TYPE

3.1. NEIGHBORHOODS OF COMPACT SUBSETS OF CLOSED GEODEsIcs. — Let (M, g) be a
closed surface, ¢ = ({3,...,(,) be either the empty link (when n = 0) or a flat link
of closed geodesics, and X a primitive flat knot type relative to . We denote by

[(X) = T'y(X)
the subset of closed geodesics in K. We define the K-spectrum

7(X) = 0g(X) := {L(7) | 7 € T(XK) }

The variational characterization of closed geodesics, together with Sard theorem,
implies that o(X) is a closed subset of R of zero Lebesgue measure. In the next
subsection we shall introduce the notion of local homology of a compact set of closed
geodesic of a given length in the setting of the curve shortening flow. As a prelimi-
nary step, in this subsection we extend to this setting the notion of Gromoll-Meyer
neighborhood [GM69a, GM69b], already encountered in Section 2.4.

We recall that, for each v € Q, the curve shortening flow trajectory ¢ — ¢*(7y) is
defined on the maximal interval [0,t,). We set

(3.1) ty,x = tg~x =sup{t € (0,t,) | ¢'(7) € K},

so that [0, %) is the maximal interval such that the trajectory t — ¢'(7) stays in X.
For each subset Y C X, we denote its flow-out in X under the curve shortening flow by

DY) =Py(Y) :={d'(7) |7 €Y, t €[0,ty,%)}.

We recall that Q is endowed with the quotient C® topology. Since we will also consider
subsets that are open in the coarser C? topology, we will always specify whether a
subset is C3-open or C?-open.
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Lemva 3.1. For each compact interval [a,b] C (0,00) and for each C*-open neigh-
borhood W of T'(K) N L=1([a,b]) there exist 6 > 0 and a C3-open neighborhood V C U
of T(X) N L™ ([a,b]) such that, whenever v € V and ¢'(y) &€ U for some t € (0,t,),
we have L(v) — L(¢' (7)) = 6.

Proof. — For each v € Q, we denote by K, the signed geodesic curvature of its arc-
length parametrization with respect to a normal vector field, as in Section 2.3. The C3
topology on Q guarantees that the function v + ||K,||p~ is continuous. The family
of subsets

Ue) = {y €KX | L(7) € (a—e,b+¢), | K|l <c}, £>0,

is a fundamental system of C?-open neighborhoods of the compact set of closed geo-
desics T'(X) N L™1([a, b]). For each § > 0, the subset

V(o) = {y € K| L(7) € (a— 8,0+ 9), 1K,z + 1K, |lz= < 6}

is a C3-open neighborhood of T'(X) N L~([a, b]). Therefore, the statement is a direct
consequence of Proposition 2.7. (|

We recall that, just before its limit time defined in (3.1), any orbit of the curve
shortening flow starting in X reaches the subsets Kp defined in (2.2), for p > 0
arbitrarily small. For each subset W C €2 and b € (0, 00), we denote

W<t = W=t .= {y e W| L() < b}.

Consider a spectral value ¢ € o(X), and a connected component Z of the compact
subset of closed geodesics I'(X) N L™ (¢). We define a Gromoll-Meyer neighborhood
of Z to be a (not necessarily open) neighborhood V C X of Z such that

- VNX, =g for some p >0,

~VNT(K)NL~L() = Z,

~ ®(V) NV C K< for some § > 0.

While in standard Morse theoretic settings such as in Section 2.4 one can always
construct arbitrarily small open Gromoll-Meyer neighborhoods, in our setting of the
curve shortening flow we can only insure the existence of arbitrarily C?-small Gromoll-
Meyer neighborhoods, essentially as a consequence of Lemma 3.1. We stress that
Gromoll-Meyer neighborhoods are not C3-open, but of course they must contain a
C3-open neighborhood of Z.

Lemma 3.2, — Any connected component of T'(X) N L=Y(¢) admits an arbitrarily
C?-small Gromoll-Meyer neighborhood.

Proof. — Let Z be a connected component of I'(X) N L~!(¢), and we set Z' :=
I['(X)N L~1(¢) \ Z to be the union of the remaining connected components. We con-
sider two arbitrarily small disjoint C?-open neighborhoods U and U’ of Z and Z’
respectively. By Lemma 3.1, there exists § > 0, a C3-open neighborhood V C U
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of Z, and a C3-open neighborhood V' of Z’ such that, whenever v € VUV’ and
@' (y) € LU U for some ¢ € (0,t,), we have L(y) — L(¢'(7)) = 26. The intersection

W:=®dV)NL l—6,0+9)
is a Gromoll-Meyer neighborhood of Z contained in U. (]

3.2. Locar Homorocy. — Let £ € o(XK) be a spectral value, and Z a connected com-
ponent of I'(KX) N L™1(¢). We assume that Z is an isolated family of closed geodesics,
that is, it admits a neighborhood U C X such that UNT(X) = Z. The local homology
of Z is the relative homology group with integer coefficients

C.(Z) = H (WU K< g9,

where U is a Gromoll-Meyer neighborhood of Z such that UNT(X) = Z, and 6 > 0
is small enough. By a simple deformation argument employing the curve shortening
flow and Lemma 3.1, one readily sees that C.(Z) is independent of the choice of U
and ¢ (we stress that this is the case also for 6 = 0). Moreover, C(Z) depends only
on the Riemannian metric ¢ in a neighborhood of Z. More precisely, for any C?-open
neighborhood V C X of Z, we can choose the Gromoll-Meyer neighborhood U to
be contained in V, and by the excision property of singular homology the inclusion
induces an isomorphism

H, (WU V<o p<t=0y =, 0 (7).

The family of closed geodesics Z is called homologically visible when it is isolated and
has non-trivial local homology.

In this paper, we will particularly need to consider two kind of isolated compact sets
of closed geodesics Z C T'(X). With an abuse of notation, we will describe them them
as families of parametrized closed geodesics in the set of critical points crit™ (F) C A,
in the setting of Section 2.4.

(i) Z C crit™ (E)NE~1(¢?) is a circle of closed geodesics, and each v € Z intersects
a simple closed geodesic A C M orthogonally at v(0) (as in the example of Figure 3).

(i) Z = {7} C critt(E) N E~1(¢2) is a singleton. In this case, we set A C M to be
any open geodesic segment intersecting v orthogonally at ~(0).
We recall that all the loops in 2 are oriented. In this subsection, on each { € X
sufficiently C2-close to some v € Z, we fix the unique parametrization ¢ : S' 9 M
with constant speed ||¢||, = L(¢) and such that ¢(0) is an intersection point ¢ N \;
there may be more than one such intersection point, but we choose the unique one
that makes ¢ C2-close to v parametrized as in points (i) and (ii).

We fix an integer k > £/inj(M, g), and consider the space of broken geodesic loops
Ar(X\) and the energy functional Ej : Ag(A) — [0,00) introduced in Section 2.4.
We set

AR {.’13 € Ak(>\) |'Ym € Z},

We already introduced the local homology C.(Z)) and pointed out that it can be
studied by means of classical Morse theory. In particular, we know that C.(Zy) is
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always finitely generated, and when Zj is a non-degenerate critical manifold of Ej, it
is given by (2.10) and (2.11). While certain methods of local Morse theory are not
directly available in the setting €2 of unparametrized oriented immersed loops, we infer
analogous properties for the local homology C.(Z) from those of C,(Zy).

Lemma 3.3. —  The local homology C.(Z) is isomorphic to a subgroup of C.(Zy).
In particular, C.(Z) is finitely generated.

Proof. — In the proof, we will need to regularize loops near the compact space of
closed geodesics Z. This can be done by convolution, as follows. We embed M into
an Fuclidean space R”, and consider a tubular neighborhood N C R"™ of M with
associated smooth projection m : N — M. Let x : R — [0,00) be a smooth func-
tion supported in [—1,1] and whose integral is 1. For € > 0, the family of functions
Xe : R = [0,00), x:(t) = e 1x(e7!¢) tend to the Dirac delta at the origin as ¢ — 0.
On a sufficiently small neighborhood X C A of Z, for each ¢ > 0 small enough we
have a continuous map

fe: X — A,

such that f.(y) is the constant speed reparametrization of the loop m(y * x.), the
symbol * denoting the convolution operation. We extend the family f. continuously
at ¢ = 0 by setting fy : X < A to be the inclusion. Notice that

L(f-(7))* = E(f-(7)) < E(n (7 * x2))-
By means of a partition of unity we can construct a continuous function
g:X x [0,00) — [0,00),

such that £(-,0) = 0, and for each ¢ > 0 the values (v, ) > 0 are positive and small
enough such that the following points hold:

() VEF-()) < V/E() +6/2 for all 5 € X and = € [0,(,0)].

(i) For a small enough C2-open neighborhood ¥ C K N X of Z, consider the
continuous homotopy

Ts: Y — X, re(y) = s, s €1[0,1],
were v, is defined as follows: for each i € Zj, we set

Vs i/, (i+1—5) /8] = V[ijk,(i+1—5)/K]>

whereas s[(i+1—s)/k,(i+1)/%] i defined as the shortest geodesic segment joining its
endpoints. Notice that 7o is the inclusion, r; takes values inside Ap(\) seen as a
subset of broken geodesic loops in A, and

Eory(y) < E(y) = L(v)*.

We require Y to be sufficiently C2-small so that
feors(n) €X,  Vyel, se0,1], e € (0,8(y,9)].

JEP. — M., 2095, tome 12



FROM CURVE SHORTENING TO LINK STABILITY AND BIRKITOFF SECTIONS 8ar

(iii) Y C Ax(A) NX is a small enough neighborhood of Z, we have
fe(2) € K, Ve €Y, ¢ € (0,8(Yg,9)].
We define the family of continuous maps
hs : X — A, hs(Y) = fz(4,6)(7)-

Notice that hg is the inclusion. As usual, we write hs(x) = hs(yz) for all x € Y.
We fix:

— a Gromoll-Meyer neighborhood W C Y of Zj,
— a C?-open neighborhood V; C Y of Z that is small enough so that

1 (\71) - W,
— a C%-open neighborhood V5 C K . V; of the compact set of closed geodesics
[:=T(X)~ZnL ),

— a Gromoll-Meyer neighborhood U; C V; of Z,

— a subset Uy C V5 that is the union of Gromoll-Meyer neighborhoods of the
connected components of T,

— § > 0 small enough as in the definition of local homology for the Gromoll-Meyer
neighborhoods introduced thus far, and such that

D(K)N L~ 6,64 6] C Uy UUs.

We replace Uy, Us, and W with uf”m, u;“, and W<¢+9/2 regpectively, so that
in particular

WU:=U UUy C L7 —6,0+6), W C Ap(\)<E/2,

We set V := V; UV,. We also consider the subspaces K, introduced in (2.2), and we
fix p € (0, py] small enough so that

K,NU=2.
By excision, the inclusion induces a homology isomorphism
H, (U U V<E9/2 p<t=3/2) =oH, (UUK<E-9/2 ?p,fd*‘s/z U%K,).
Moreover, the inclusion
UUKX2 UK, — KUK,

is a homotopy equivalence, whose homotopy inverse can be built by pushing with
the curve shortening flow. Overall, we infer that the inclusion induces a homology
isomorphism

H,(UU '\7<€75/2’ V<£76/2) i} H, (K<E+6 U %p7f<£76/2 U %p)
Since V is the disjoint union of Vi and V5, we have

HL(WUVS2 9=02) o 1 (U uvE ™2 Vi) @ B (U w0502, 050,
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and therefore we infer that the inclusion induces an injective homomorphism
H, (W UVy o2 vy« g (<0 UK, K02 UK.
Notice that the inclusion induces an isomorphism
H, (U UVEE pt=0y 2 F Uy uvsio/2 pstmoizy
and therefore an injective homomorphism
H. (U UVFE2 V9 e H (KO UK, K920 K,).
By points (i) and (iii), we have
hs(W) © K<+, hs(W<{=9) ¢ G<t=8/2
Moreover, by points (i) and (ii), we can construct a continuous homotopy
Jor (U UVEE? W0y o (UK, K2 UK,), selo,1],
given by
o) {h235(7)7 it s € [0,1/2],
hsoras—1(7y), if s€[1/2,1].
The map jo is the inclusion, and j; = hs o r1. Overall, we obtain a commutative

diagram

C.(Z) = H. (W UVE0 Vi) Ty H (W, W0 = O (Z2)

\ Jha*

H, (RS9 UK, K<-5/2 UK,)
and we infer that rq, is injective. O

We recall that Z C I'(X) is originally an unparametrized family of closed geodes-
ics, but we fixed the parametrization with constant speed on each v € Z so that
~v(0) € A Equipped with these parametrizations, Z belongs to an isolated critical
manifold S' - Z C crit(E), where the circle acts on Z by time translation (see Sec-
tion 2.4). We say that Z C I'(X) is non-degenerate when the corresponding S! - Z is
a non-degenerate critical manifold of F. Equivalently, Z; is a non-degenerate critical
manifold of crit(Ey), i.e.,

ker(d*Ey(x)) = TpZ, Ve € Z.

We denote by N — Z, the negative bundle, which is the vector bundle whose fibers N
are the the direct sum of the negative eigenspaces of the Hessian d Ex (). We denote
by On C N its zero-section. In (2.10) and (2.11), we showed that the local homology
Cy(Zy,) is fully determined by the Morse index ind(Zy), at least when the negative
bundle N is orientable (which is trivially satisfied if Z consists of a single closed
geodesic as in point (ii)). We derive the same conclusion for the local homology C. (Z).
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Lemma 3.4. If Z is non-degenerate, its local homology is given by
C.(Z) 2 H.,(N,N \0n).

In particular, if Z = {7} consists of a single closed geodesic as in point (ii), we have

~ ) Z, ifd=ind(y),
Caly) = {o, if d # ind(y).

If instead Z consists of a circle of non-degenerate closed geodesics as in point (i), and
the negative bundle N — Zj, is orientable, we have

(3.2) Cu(2) = Z, if d € {ind(Zy),ind(Zy) + 1},
| TV 0, ifd ¢ {ind(Z,),ind(Z) + 1},

Proof. — A negative bundle for Z is any vector sub-bundle R — Z of TA|z of rank
ind(Z) and such that

PEMY,Y] <0, VyeZ YR, {0}

We recall that Ay embeds as a subspace of 1-periodic broken geodesics in A. Under
this embedding, a tangent vector v € T, Ay corresponds to a 1-periodic broken Jacobi
field J,, along 7, such that J,(0) = vy is tangent to the geodesic A.

Therefore, we can see the vector bundle N — Zj as a negative bundle N — Z,
so that each fiber IV, is a vector space of dimension ind(Z) containing 1-periodic
continuous broken Jacobi fields Y along ~ such that g(Y(0),4(0)) = 0 (since Y (0) is
tangent to the geodesic \). While these vector fields are not smooth, we can slightly
modify the vector bundle N — Z to make them smooth while preserving the negative
definiteness of the Hessian of the energy. This can be done by convolution, similarly
as in the proof of Lemma 3.3, which provides for all € > 0 small enough a family of
injective bundle homomorphisms

fsiN"—)TA|Z,

which depends continuously on the parameter €. The map fy is simply the inclusion,
whereas for each € > 0 all vector fields in the image of f. are smooth. We fix ¢ > 0
small enough so that the vector bundle P := f.(N) — Z is a negative bundle for Z.
We recall that, for each v € Z, the vector field 4 belongs to the kernel of d2E(y).
Therefore, we have another injective bundle homomorphism

hiP—sTAlz,  h(Y)=Y - g(¥Y(0),5(0))-

The vector bundle @ := h(P) — Z is a negative bundle for Z, and each fiber @,
consists of smooth 1-periodic vector fields Y such that g(Y(0),4(0)) = 0. Notice that
N — Z and Q — Z are isomorphic vector bundles.

We fix a Gromoll-Meyer neighborhood W C Ag()) of Zi, and a C2-open neigh-
borhood V C X of Z that is small enough so that we have a well defined continuous
map

PV W Q) = (C0),CL/R), . C((k — 1)/R)).
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We fix an open tubular neighborhood B C @ of the zero-section Og, and require B
to be small enough so that we have a smooth embedding i : B < A given by

i(€)(t) = expyy (§(t), VY EZ, £€Qy,

where exp denotes the Riemannian exponential map. Notice that di(0)¢ = £, and
therefore the restriction of £ o7 to each fiber B, has a non-degenerate local maximum
at the origin. Moreover, i(£)(0) € A, and therefore roi(§) € Ag(A). Since Eyoroi(§) <
Eoi(€) for all £ € B and r 04(0) = i(0) = ~, we infer that the restriction of Fyoroi
to each fiber B, also has a non-degenerate local maximum at the origin, and that
d(ro0i)(0) = dr(vy) is injective. Up to shrinking the tubular neighborhood B, we have
that roi: B < Ag(A) is an embedding.
We consider a smaller tubular neighborhood B’ C B’ C B of the zero-section 0,

and 6 > 0 be small enough so that

sup Foi</{—4.

BB’
Up to reducing §, the Morse-Bott lemma [BH04, Lem. 3.51] readily implies that the
composition 7 o ¢ induces an isomorphism

(3.3) (roi), : Hy(B,B') — H,(W,W<{~?).

Let U C V be a Gromoll-Meyer neighborhood of Z. Up to further reducing §, the
isomorphism (3.3) factors as in the following commutative diagram.

H.(B,B') — 2 H,(UUV<{=S Y<t=8) = 0, (2)

Tx

H (W, W=0) = Cu(Zy)
This implies that r, is surjective, and therefore
rank(Cy(Z)) > rank(Cq(Zy)), Vd > 0.

Moreover, by Lemma 3.3, C4(Z) is isomorphic to a subgroup of Cy(Z;) in each
degree d. Therefore, we have C,(Z) = C.(Zy) provided Cy is either trivial or iso-
morphic to Z in each degree d.

This holds under our assumptions. Indeed, in case (ii), Z = {v} consists of a
single closed geodesic ¥ = 75, and therefore Z; = {x} consists of a single non-
degenerate critical point; the local homology Cy(x) = Cy4(Z) is isomorphic to Z in
degree d = ind(7), and vanishes in all the other degrees d (Equation (2.10)). In case (i),
Z is a non-degenerate critical circle; If the negative bundle N — Zj, is orientable, the
local homology C.(Z};) is isomorphic to Z in degrees d = ind(Z) and d = ind(Z;) +1,
and vanishes in all the other degrees d (Equation (2.12)). O
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3.3. GrosaL MORSE THEORY. In his seminal work [Ang05, Th. 1.1], Angenent man-
aged to frame the curve shortening flow in the setting of Morse-Conley theory [Con78],
and in particular proved that a primitive relative flat knot type X contains a closed
geodesic provided the quotient i/%p is not contractible. Here, %p C X is the subset
defined in (2.2), for any p € (0, pg], where p > 0 is given by Lemma 2.2(ii). In this
section, we provide more results on global Morse theory within the primitive relative
flat knot type X, which will be employed in the proofs of Theorems 2 and 3.

The filtration K<* U%p, for ¢ > 0, together with the curve shortening flow, implies:

(i) If T(X) N L~ [a,b) = @, then the inclusion
(3.4) KUK, — XK<PuX,
is a homotopy equivalence, and in particular induces a homology isomorphism.
(ii) If o(X) N (a,b) = {¢}, we have an isomorphism
H,(X<PUX,, K<"UX,) = GP C.(2),

where the direct sum ranges over the connected components Z of I'(X).

We define the local homology of the primitive relative flat knot type X as the
relative homology group

C.(K) = H, (K, K,).

Angenent’s Lemma 2.2 readily implies that C,.(X) is independent of the choice of
p € (0, pg] and of the admissible Riemannian metric g, where admissible means that ¢
is a flat link of closed geodesics for g. We say that K is homologically visible when
C(X) is non-trivial (the analogous notion was introduced for isolated compact sets
of closed geodesics in T'(X) in Section 3.2). The length filtration mentioned above
implies that there is an isomorphism

Cu(K) 2 i H, (K< UK, Kp),
4

where the direct limit is for ¢ — oo. This, together with the above properties (i)
and (ii), implies that any homologically visible primitive relative flat knot type con-
tains a closed geodesic. If T'y(X) is discrete, we also have the following version of the
classical Morse inequalities.

Prorosition 3.5. For each primitive relative flat knot type X, if the space of closed
geodesics I'y(X) is discrete, then

rank(Cy(X)) < Y rank(Ca(y)),  Vd > 1.
~YET(XK)

Proof. — Assume that I'(X) is discrete. For each [a,b) C R such that (a,b)No(X) = ¢,
property (ii) above implies

(3.5) rank (Hgy(K< UK, K<*UK,)) = Z rank(Cy(7v)),
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where the sum on the right-hand side ranges over all closed geodesics v € T'(X) of
length L(y) = £. We recall that the relative homology is sub-additive, meaning that
rank(Hg(A, C)) < rank(Hy(A, B)) + rank(Hy(B, C)) for all spaces C C B C A, see
[Mil63, §5]. This, together with (3.5), implies

rank (Hy(K<'UX,,K,)) = Zrank(Cd('y)), Ve > 0,
v

where the sum on the right-hand side ranges over all closed geodesics v € T'(X)
of length L(v) < ¢. By taking the direct limit for { — oo, we obtain the desired
inequality. ]

A (C*°-generic Riemannian metric is bumpy [Ano82], meaning that all closed geo-
desics are non-degenerate. In particular, for every such metric, the whole space of
closed geodesics is a discrete subspace of (), and we obtain the following corollary.

Cororrary 3.6. If the Riemannian metric g is bumpy, then each primitive relative
flat knot type K contains at least rank(Cy (X)) closed geodesics.

Proof. — The assertion is a direct consequence of the Morse inequality of Proposi-
tion 3.5 and Lemma 3.4. O

The following lemma is a special case of Morse lacunary principle in the setting of
primitive relative flat knot types.

Lemma 3.7. — Let X be a primitive relative flat knot type. If T'(X) is non-empty,
contains only non-degenerate closed geodesics, and their Morse indices have the same
parity, then K is homologically essential, and
C(K)= @ C.(y).
yeI'(X)

Proof. — Since all closed geodesics in I'(K) are non-degenerate, in particular I'(X)
and o(X) are discrete. By assumption, there exist ¢ € {0,1} such that every closed
geodesic v € T'(K) has Morse index of the same parity as g. Therefore the local
homology of every such « is trivial in all degrees of the same parity as ¢ + 1. This,
together with property (ii) above, implies that, for each a < b such that [a,b) N o (X)
contains only one element, the relative homology group

Hy(K<*UXK,,KPUX,)

vanishes in all degrees d of the same parity as ¢ + 1. Therefore, the inclusion (3.4)
induces a short exact sequence

0— H(X<"UX,,X,) — H(K"UX,,K,) — H (KUK, K*UK,) — 0.
This implies that, for each £ > 0,

H,(X<UK, K,) = D C. (7).
~ET(K)NL-1[0,¢)
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After taking a direct limit for £ — oo, we infer

C(X)= D Cn).
~Y€ET(XK)
Since I'(KX) is assumed to contain at least one closed geodesic, which is homologically
visible being non-degenerate (Lemma 3.4), we conclude that the local homology C.(X)
is non-trivial. ]

4. CO-STABILITY OF FLAT LINKS OF CLOSED GEODESICS

4.1. THE SIMPLEST CASE: FLAT KNOTS OF CLOSED GEODESICS. — In this subsection,
we shall prove the much simpler version of Theorem 1 for the special case of flat
links with only one component, that is, flat knots. Actually, the result for flat knots,
Theorem 4.2 below, has weaker assumptions: it only requires homotopically visible
spectral values, as opposed to homologically visible ones, and does not even need the
involved closed geodesics to be isolated.

Let (M,g) be a closed Riemannian surface, and X a primitive flat knot type.
We define the wisible K-spectrum

0" (K) = 04(X)

to be the set of positive real numbers ¢ > 0 such that, for any sufficiently small
neighborhood [/_, 4] of ¢ and for some (and thus for all) p € (0, py], the inclusion

K- UK, — KUK,

is not a homotopy equivalence. It will follow from Lemmas 3.4 and 3.7 that the
length L(~) of any closed geodesic v € T'(X) that is non-degenerate, or more generally
homologically visible, belongs to ov(X). Conversely, we have the following lemma.

Levma 4.1, ¥ (X) C o(X).

Proof. — Since o(X) is a closed subset of R, for any ¢ € (0,00) \ o(X) we can find
Ly < 01 < € < L such that [{y, le] N o(K) = &. We define the continuous function

T: KUK, — (0,00,  7(y) =sup{t €[0,7,(7) | L(¢'(7)) = Lo},

where 7, is the exit time function of Lemma 2.6. Notice that, actually, 7 is everywhere
finite. Indeed, if 7(y) = oo, then there would exist a sequence t,, — oo with ¢'=(v)
converging to a closed geodesic ¢ € I'(X) of length L(¢) € [y, ¢2], contradicting the
fact that [£g, 2] N o(X) = @. The map

K<LUK, =KD UK, ="M (y).
is a homotopy inverse of the inclusion X<4 UK, — X< UXK,. O

We now prove the anticipated CO-stability of visible spectral values of primitive
flat knot types.
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TaeorEM 4.2. Let (M, g) be a closed Riemannian surface, X a primitive flat knot
type, and £ € oy (X) a visible spectral value. For each ¢ > 0, any Riemannian metric h
sufficiently C°-close to g has a visible spectral value in ({ —e,f + ), i.e.,

o (K)NWl—e, l+¢e) #2.
Proof. — In order to simplify the notation, for each b > 0 and p > 0 we denote
(b, p) := X5 UKy,

Let € > 0 be small enough so that, for any neighborhood [(_,¢.] C ({ —¢&,{+ ¢)
of £ and for any p € (0, pg], the inclusion §(¢_, p) — G(¢+,p) is not a homotopy
equivalence. Since the X-spectrum o4 (X) is closed and has measure zero, there exist
values

f—e<ri <ro<ry3<il<s;i<sg<sg<fl+e
such that
Ug(g{)ﬂ ([Tl,Tg]U [81783]) =J.

We fix § > 1 close enough to 1 so that r;0 < r;41 and s;0 < s;41 for all i = 1,2, and
r30 < s1. Let h be a Riemannian metric on M such that

(4.1) 0 e < Mllg < 0llllny 67 4 < pag < Span,

where p1y and pj, are the Riemannian densities on M associated with g and h respec-
tively. For each b > 0 and p > 0 we denote

H(b, p) ==K UKy,
Notice that, by (4.1), we have
S(b, p) € H(b3, p3) C G(bd?, p5?).

We fix 0 < p1 < p2 < p3 < pa < ps < min{pg, pp} such that p;0 < piyq for all
1=1,2,3,4. We obtain a diagram of inclusions

G(r1, p1) = H(rz, p2)

%(827 P2)

9(337 PS)

Since 1, i3, and i4 are homotopy equivalences, whereas 75 is not a homotopy equiva-
lence, we infer that j is not a homotopy equivalence neither, and therefore

o (L) N [re, s2) # @. O
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4.2, INTERTWINING CURVE SHORTENING FLOW TRAJECTORIES. In order to prove the C°-
stability for flat links of closed geodesics (Theorem 1), we first need a refinement of
Theorem 4.2 that not only provides the C-stability of a closed geodesic of given
primitive flat knot type, but also connects neighborhoods of corresponding closed
geodesics of the old and new metrics by means of curve shortening flow lines.

Let X be a primitive flat knot type. As in the proof of Theorem 4.2, in order to
simplify the notation we set

9(b) = f;lz S(bap) = S(b)uygyp'
Let v € I'y(X) be a homologically visible closed geodesic of length ¢ := L, (). By Lem-
ma 3.2, we can find an arbitrarily C2-small Gromoll-Meyer neighborhood U of +y, and
an arbitrarily C?-small Gromoll-Meyer neighborhood V of the compact set of closed

geodesics T'y(3) N L' (¢) ~ {7}. We require U and V to be small enough so that
UNT4(X) ={y} and UNV = @. Let € > 0 be sufficiently small so that

(4.2) (P,(U) NU) U (Pg(V)NV) C G4 —e).
We denote by ¥ a relative cycle representing a non-zero element of the local homol-
ogy group C.(y) = H.(UWUG(¢ —¢€),5(¢ — €)). By an abuse of terminology, we will

occasionally forget the relative cycle structure of X, and simply treat it as a compact
subset of UU G(£ — ). We will refer to such a ¥ as to a Gromoll-Meyer relative cycle.

Levma 4.3. — For each sufficiently small neighborhood [£_, L] of ¢, for each Rie-
mannian metric h sufficiently C%-close to g, for each C3-open neighborhood W of
I'n(X) ﬂL;l[ﬁ_,A_], and for each p € (0, pr] small enough, the following points hold.

(i) We consider the following modified curve shortening flow of h, which stops the
orbits once they enter %h,p:

Q) = a0, e e,
where T, , 15 the exit-time function of Lemma 2.6. For eacht > 0, there exists 71(t) =0
such that
[0,71(t)] t
Uy, € N (WUK(l—,p)) #2, Ve ().
In particular
T O(2) € @K (W) UH(L_, p).

where H(l_, p) := ﬁ;z_ UXh,p-

(ii) For each t > 71(0), there exists T2(t) = 0 and, for each s > m(t), there exists
¢ € X such that t < 1,,,(¢) and

g),ﬂ(o NW £ @, ®h(C) € H(L—, p) ¢y o $h(C) € U.

Proof. — While the Gromoll-Meyer neighborhood U is not open, it contains a C3-
open neighborhood W C U of 7. Analogously, V contains a C3-open neighborhood
V' CVof T'y(K)\ {7} For a sufficiently small neighborhood [ag, as] C (£ —¢,00) of £,
all the closed geodesics in I'y(K) \ {7} of length in [ag, as] are contained in V', i.e.,

Ty(X) N L, ag, a0) ~ {7} C V.
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We require as ¢ 04(XK), which is possible since the K-spectrum o,(X) is closed and
has measure zero. Therefore there exists a; € (¢, az) such that

la1,a2] C (¢, a2] \ 04(X).

Up to replacing U and V with U N G(a1) and V N G(ay) respectively, we can assume
without loss of generality that

UuUvVCc 9(&1).
By the excision property of singular homology, the inclusions
il : (u U 9((10), 9(&0)) — (u uvu 9(0,0), 9(&0)),
7:2 : (V U 9(0,0), 9((10)) — (U uvu 9((10), 9(&0))
induce an isomorphism
H. (WU S(ao), §(ao)) @ H.(V U S(ao), S(ao))
H,.(UWUVUS(ap), (an))

We fix a constant § > 1 close enough to 1 so that 6%ag < £ and §%a; < ag. Let h
be any Riemannian metric on M that is sufficiently C°-close to g so that

0l < Mlllg < 0llllny 67 in < g < Spam,

where pp, and pg are the Riemannian densities on M associated with h and g respec-
tively. For the Riemannian metric h, we introduce the notation

H(b) := K;P, H(b, p) := H(b) UK} p-

Let W C 3(6%a1) C G(ag) be a C3-open neighborhood of T, (X) N L; ![dag, day].
We fix 0 < p1 < p2 < p3 such that dp; < pa, dp2 < p3, p2 < pn, and p3 < pg. The
constant ps will be the p in the statement of the lemma, and therefore we set

Q) =g ), vee
Since G(a, p1) C H(daq, p2), the arrival-time function
s1:G(ar,p1) — [0,00),  s1(Q) = inf {t > 0] ¢}, (¢) € WUIH(Sao, p2) },

is everywhere finite. Moreover, since 9! preserves the subset ®,(W) U H(dao, p2),
we have

’(/);L(C) € (I)h(W) U 9‘((5&0,,{)2), VC ceuUuUvu 9(a0,p1), t > 31(()-

Since the arrival set W U H(dao, p2) is open and 4}, is continuous, s; is upper semi-
continuous. Our loop space 2 is Hausdorff and metrizable, and in particular admits
a partition of unity subordinated to any given open cover. Since s; is upper semi-
continuous, by means of a suitable partition of unity we can construct a continuous
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function o1 : (a1, p1) — [0,00) such that o1(¢) > s1(¢) for all ¢ € G(aq,p1). Since
UUVUS(ag, p1) C (a1, p1), we can build a continuous map

vy : LUV USG(ao, p1) — Pr(W) U H(dag, p2), n(¢) = 47(0).
We now introduce a modified curve shortening flow for the Riemannian metric g,
which stops the orbits once they enter X, :
maxi{t,Tg p _
AGET A E (R ¢

We consider the open sets U C U and V' C V introduced at the beginning of the proof.
Since their union U UV’ contains I'y(X) N L [ag, ag], in particular the arrival-time
function

So @ 9(a2>P3) — [0700)7 SZ(C) = inf {t 2 0 | w;(C) € u/ UV/ U 9(a0>p1)}7

is everywhere finite. By (4.2) and $(¢ — ) C G(ao, p1), the semi-flow ¢ preserves
UUVUS(ag, p1), and therefore

¥5(¢) € LUV U S(ag, p1), V(¢ € G(az, p3), t > 52(C).

Once again, since the arrival set W UV'US(ag, p1) is open, the arrival-time function so
is upper semi-continuous, and by means of a partition of unity we construct a con-
tinuous function o3 : G(asg, p3) — [0, 00) such that o2(¢) > s2(¢) for all ¢ € G(ag, p3).
Therefore, we obtain a continuous map

vy : G(ag, p3) — U UV U G(ao, p1), va(¢) = 432 (0).

Since G(ag, p1) C H(dag, p2) C G(¢, p3) and (W) C H(5%a1) C G(az), overall we
obtain a diagram

(WU VU S(ao, p1), G(ao, p1))
K
n (S(az, p3), §(6%aq, p3))
/
((I)h(W) ) :H:((Sa()a p2)? :H:((SCL(), pQ))
where ¢ is an inclusion. The composition v, o 7 is a homotopy inverse of v1, and in

particular v, o 17 induces the identity isomorphism on the relative homology group

H. (WU VU S(ag, p1),G(ao, p1))-
Consider the Gromoll-Meyer relative cycle ¥ introduced before the statement, and
fix a value t > 0. We claim that there exists 71 (¢) > 0 such that

OnOley N (WU H(Gag, p2)) # 2, Y € Ph().

Indeed, assume by contradiction that such a 71(¢) does not exist. Therefore there
exists a sequence (, € ¥} (X) such that

0 (6) N (WU H(Bag, pa)) = 2.
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Since 9! (X) is compact, we can extract a subsequence of (, converging to some
¢ € 9l (X), and we have ¢35 (¢) = ¢5(¢) € WU H(dag, p2) for all s > 0. This implies
that, for some s,, — 00, the sequence ¢;" ({) converges to a closed geodesic in I'y (K) N
L;l [0ag,da1]. However, this latter set is contained in W, which gives a contradiction.
This proves point (i).

As for point (ii), for a fixed value t > 7 (0), we set

t) = .
To(t) ger?pgé)ffz(f)

We set X' := {¢ € I | ¢} (() & H(dag, p2) }. Notice that
PIQNwW=y I nwe, Ve
Moreover, since ¥} (X N\ X') C H(dao, p2), we have
(4.4) by oV (ENE') C S(ao, p1), Vs = To(t).
We are left to show that, for all s > 75(t), there exists ¢ € ¥/ such that
g 0 Dh(¢) € U

Assume by contradiction that this does not hold, so that, in particular, for some
s > To(t) we have 97 o b} (X') NU N G(ao, p1) = @. This and (4.4) imply that

Py 09(2) € VU S(ag, p1)

However,

(v2 0 11)u[X] = [¥ 0 U} (2)].
This, together with the splitting (4.3) and the excision

H,(WUVUS(ao), G(ao)) — H,(LUV U S(ag, p1), Slao, p1)),

implies that (v3 o 11).[X] belongs to the direct summand H,(V U G(ag, p1), G(ao, p1))
of the relative homology group H,(U UV U G(ag, p1), G(ao, p1)). This contradicts the
fact that (v o 11), is the identity in relative homology. a

4.3. PRIMITIVE FLAT LINK TYPES. We now consider a finite collection of homolog-
ically visible closed geodesics v; € I'y(X;) N Lgl(éi), for ¢ = 1,...,n, where the
K;’s are flat knot types. Let U; be a Gromoll-Meyer neighborhood of ; such that
U; NTy(%K;) = {v:}. We apply Lemma 4.3 simultaneously to all these closed geodes-
ics, and obtain the following statement, which is the last ingredient for the proof of
Theorem 1.

Levva 4.4. — For each e > 0, for each Riemannian metric h sufficiently C°-close to
g, and for each collection of C*-open neighborhoods Z; of T(K;) N Ly [ — e, 4; +¢],
there exist t1,ta,t3 € [0,00) and, for alli € {1,...,n}, an element ; € U; such that

o1 (&) € 24, ¢ o 2T(G) € Wi

JEP. — M., 2095, tome 12



FROM CURVE SHORTENING TO LINK STABILITY AND BIRKITOFF SECTIONS 833

Proof. We fix Gromoll-Meyer relative cycles ¥; C U; for each ;. Notice that it
is enough to prove the lemma for small values of ¢ > 0, as the statement would
then hold for larger values of ¢ as well. We require ¢ to be small enough so that we
can apply Lemma 4.3 simultaneously to all closed geodesics v; with the neighbor-
hood [¢; — &, 4; + €] of their length and their Gromoll-Meyer relative cycles X; C U;.
We consider the compact sets of closed geodesics

I; Z:Fh(Ki)ﬁLgl[&—&giﬁ-E], 1=1,...,n,

and C?-open neighborhoods Z; C L;l(ﬂi — 2¢,0; + 2¢) of T';. By Lemma 3.1, there
exist § > 0 and, for each i = 1,...,n, a C*-open neighborhood W; C Z; of I'; such
that, whenever ¢ € W; and ¢!, (¢) & Z;, we have L(¢) — L(¢},(¢)) > 4. Notice that
N :=|4¢/4] is an upper bound for the number of times that any orbit ¢! (¢) can go
from outside Z; to inside W;, i.e.,

J0<a; <b < - <ap<bgand ( € K;
N}_nllax éﬂ%{x# k >0 | such that
1=1,..., n (eX; a; b; .
h(()gz’la ¢h(<)ewl7 v]:177k

Lemma 4.3 provides p € (0, pp] and two functions 7; ; and 7; o satisfying the properties
stated for the data associated to the closed geodesic ;. We set

71(t) := max 7;1(2), To(t) := max 7;2(t),
i=1,...,n i=1,....n

so that the functions 7, and 1 satisfy the properties stated in Lemma 4.3 with respect
to the data associated to any of the closed geodesics ;. We define a sequence of real
numbers t; and sg, for k£ > 0, by

tg = 0, tpt1 = tk-l-Tl(tk), Sk 1= Tg(tk).
By Lemma 4.3(ii), there exist ¢; ;, € X; such that
g?’tk](@,k:) NW; # g, (Cik) & Hilli — €, p), Pk o o (Ci) € W,

where H;(¢; — e, p) :== ffﬁi_s Ufi’h,p. We set

(k)= {5 € (Lo k= 1} 87 (Gia) & i}
By Lemma 4.3(i), for each j € J(i, k) we have
S (G W £ 2.

Namely, the loop ¢} ((; ) is outside Z; for t = t;, but enters W; for some ¢ € [t;,¢;41].
This implies the cardinality bound #J (i, k) < N. Therefore, the set

J(k) == J(i, k)

i=1,...,n

has cardinality #J(k) < nN. For any k > nN + 2, the set {1,...,k — 1} ~ J(k) is
non-empty, and for every j € {1,...,k — 1} ~ J(k) we have

O (Ga) € 2o B o (Ga) €W Vi=1 K -
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We can now provide the proof of Theorem 1. Actually, we will prove the following
slightly stronger statement, which relaxes the non-degeneracy condition of Defini-
tion 1.1, and replaces it with the homological visibility.

Tueorem 4.5. — Let (M, g) be a closed Riemannian surface, L a primitive flat link
type, and v = (71,...,7) € £ a flat link of homologically visible closed geodesics
such that, for each i # j, the components v;,v; have distinct flat knot types or distinct
lengths Lgy(vi) # Lg(7y;). For each € > 0, any Riemannian metric h sufficiently C°-
close to g has a flat link of closed geodesics ¢ € L and such that ||Lr(¢) — Lg(7)|| < e.

Proof. — Let K; be the flat knot type of the component ~;, and ¢; = Lg(7;) its
length. Let € > 0 be small enough so that, for all ¢ # j, either ¢; = ¢; or |[¢; —{;| > 2¢.
Let h be a Riemannian metric that is sufficiently C°-close to g so that Lemma 4.4
holds. For each ¢, we have a non-empty compact set of closed geodesics

L, :=TH(K;) N L;l[& —¢&,4; +¢].

We fix Gromoll-Meyer neighborhoods U; C X; of the components «; such that
U; NTy(X;) = {7}, and C?-open neighborhoods Z; C X; of T;. Since T'; is com-
pact, Z; has only finitely many connected components Z; 1,...,2;, intersecting I';.
We require the neighborhoods U; and Z; to be sufficiently C2-small so that, for each
i1,42, k,l with i1 # io, the intersection numbers #(v;, Nv;,) are independent of the
specific choices of v;, € U;, and v;, € U;,, or of the specific choice of v;, € Z;, &
and v;, € Z;,;. By Lemma 4.4, there exist t1,ta,t3 € [0,00) such that, for each
i €{1,...,n}, there exists v; € U; and k; € {1,...,q;} satisfying

W) € Zig,, ¢’;3 0T (1) € Uy

For each i € {1,...,n}, we fix a closed geodesic ¢; € Z; 5, NT;. We claim that
¢ = (C1,.-.,¢n) has the same flat link type as v = (v1,...,7n). Indeed, for each
¢ # j the components 7; and +; have distinct flat knot type or lengths satisfying
|¢; — £;| > 2¢, and therefore the components of ¢ are pairwise distinct. We consider

the continuous path of multi-loops vy = (V1 4, .., Vn,t), Where
. o (vi), t€[0,t; +ta],
it =
QL2 0 @1 (1), t € [ty + ta, by + to + ).

By [Ang05, Lem. 3.3], the number of intersections between two geometrically distinct
curves evolving for time ¢ under the curve shortening flow is a non-increasing function
of t. Therefore, for all ¢; # iy the functions ¢ — #(v;, + N v, ) are non-increasing,
and therefore constant, since

#(Viy 0 N Viy0) = #(Vis N Vin) = #Viy ty+tatts N Vi ty+tatts)-

This implies that each v; has the same flat link type of «. Finally, v;, has the same
flat link type as ¢. |
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5. FORCED EXISTENCE OF CLOSED GEODESICS

As we already mentioned in Section 3.3, Angenent’s work [Ang05] implies that the
local homology of a primitive relative flat knot type X is independent of the choice
of the admissible Riemannian metric g. Its non-vanishing implies the existence of
closed geodesics of flat knot type X for any such g. With this in mind, in order to
prove Theorems 2 and 3, we need to study the local homology of certain flat knot
types relative to a contractible simple closed geodesic on Riemannian closed oriented
surfaces of positive genus, or relative to a pair of disjoint simple closed geodesics
on Riemannian 2-spheres. We shall conveniently employ certain model Riemannian
metrics, introduced by Donnay [Don88], and Burns and Gerber [BG89], for which
enough properties of the geodesic flow are known.

5.1. Focusing caps. The main ingredient for the construction of the model Rie-
mannian metrics is a certain Riemannian disk of revolution (B2, gg), introduced by
Donnay, Burns and Gerber in the above mentioned works, and whose construction
we now recall. As a set, the disk B? = B%(rg) C R? is the compact Euclidean one of
radius 79 > 0 centered at the origin. The Riemannian metric is of the form

go = dr® + p(r)*d6?,

where (r,0) € [0,79] x R are the polar coordinates on B2, and p : [0,79] — [0,1] is a
smooth function such that p(0) = 0 and p(rg) = 1. The associated Gaussian curvature
is independent of 6, and indeed is given by

Ry, (1) = =p(r)/p(r).
The Riemannian disk (B2, go) is called a focusing cap when it satisfies the following
three properties.
(1) Alore) >0,
(i) Rgol(0,r0) < 0 and Ry, (ro) = 0,
(iii) The equator OB? = {r = ry} is a closed geodesic.

Remark 5.1. One can also require that all the derivatives of the function p vanish
at r = rg. With this extra assumption, the focusing cap can be smoothly attached to
a flat cylinder ([ro,r1] x R/27Z, dr? + d6?).

Let 7 : SB? — B? be the unit tangent bundle of the focusing cap. Any unit vector
v € SB? based at a point = 7(v) distinct from the origin is uniquely determined
by the triple (r,6,£) € [0,79] x R x R, where (r,0) are the polar coordinates of x,
and ¢ is the signed angle between the parallel through x oriented counterclockwise
and v (Figure 4(a)). We denote by ~,(t) the associated geodesic such that v(0) = x
and ¥(0) = v.

We recall that orthogonal Jacobi fields J along a geodesic « have the form J(t) =
u(t)ny(t), where n, is a unit normal vector field to %, and the real-valued function u
is a solution of the scalar Jacobi equation i + Rgu = 0. We briefly call such a u
a scalar orthogonal Jacobi field along ~.
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(a) (b)
Ficure 4. (a) The coordinate £. (b) The total rotation ©().

The following proposition, due to Donnay, Burns, and Gerber, summarizes the
main properties of the focusing caps.

Prorosition 5.2

(i) [Don88, Prop.3.1] The focusing cap is non-trapping: the only geodesic ~(t)
defined for all t > 0 is the equator OB2.

(ii) [Don88, §5] Let v = (1o, 0y,&) € OSB? be a unit vector based at a point x € OB?
on the equator and pointing transversely inside the focusing cap with a tangent angle
& € (0,m/2]. The associated geodesic v,(t) = (r(t),0(t)) reaches the equator at some
positive time t =T, spanning total rotation

o) = m, if &€ =7/2,
-~ 0) - 000), if &€ (0,7/2),

see Figure 4(b). The function © : (0,7/2] — R is smooth, and satisfies
®|(0,7r/2] < 0.

(iii) [Don88, Prop.6.1] Let v = (rg,0o,&) € DSB? be a unit tangent vector based at
some point of the equator OB? and pointing transversely inside the focusing cap with
a tangent angle & € (0,7/2]. Let v, : [0,T] — B? be the associated mazimal geodesic
segment. Any scalar orthogonal Jacobi field u : [0,T] — R along v, satisfies

u(T) = —u(0) + sin(£)O(&)(0),
w(T) = —u(0).
By symmetry, if instead & € [w/2,7) such a scalar Jacobi field satisfies

w(T) = —u(0) + sin(§)O(m — £)u(0),

w(T) = —u(0).
5.2. MopEL METRIC IN POSITIVE GENUS. — We now introduce the model Riemannian
metric go on a closed connected oriented surface of positive genus M. We first intro-

duce some notation, and refer the reader to, e.g., [GM24, §1.11], for the background
on the geometry of unit tangent bundles of Riemannian surfaces. Let vy : SM — SM
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dd)t (’l) ) C'u

V(¥ (v))

Vi (v)

= X1 (¢ (v))
V(v)

7XL(U)

Ficure 5. The cone bundle C.

be the geodesic flow on the unit tangent bundle associated with gg. Its orbits have the
form ;(4(0)) = 4(t), where v : R — M is a geodesic parametrized with unit speed
[7|lgo = 1. The unit tangent bundle SM admits a frame X, X,V that is orthonor-
mal with respect to the Sasaki Riemannian metric on SM induced by gg, where X
is the geodesic vector field, V' is a unit vector field tangent to the fibers of SM, and
X1 = [X,V]. The sub-bundle of T(SM) spanned by X |,V is the contact distribution
of SM, and is invariant under the linearized geodesic flow di);.

Prorosirion 5.3 ([Don88, BG&9]). On any closed connected oriented surface M of
positive genus, there exists a Riemannian metric gy with the following properties:

(i) It has a contractible simple closed geodesic ¢, which bounds an open disk B C M.

(ii) The Gaussian curvature Ry, is strictly negative on U := M \ B, and vanishes
along C.

(iii) The disk B is non-trapping: no forward orbit 1y o) (v) is entirely contained
in the subset SB C SM.

(iv) The cone bundle C over SU, given by

(5.1) Cy ={aX . (v) +bV(v) | a,b € R such that ab < 0},

1s positively invariant and contracted by the linearized geodesic flow: for all v € SU
and t > 0 such that ¢ (v) € SU, we have

dips(v)Cy {0} Cint(Cy,vy) 3
see Figure 5.
The Riemannian metric gy is constructed starting from a hyperbolic metric on
the pinched surface M ~\ {z}, having a cusp at z. Next one modifies the metric in a
neighborhood N of z, so that N contains a simple closed geodesic ( C N that bounds

a focusing cap B, the Gaussian curvature vanishes along ¢ and is strictly negative
outside B (see [BG89, §1]). Property (iii) follows from Proposition 5.2(i). The cone
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invariance in property (iv) can be easily verified along orbit segments that stay in the
complement of the focusing cap B, where the curvature in negative. The fact that
the invariance still holds after crossing the interior B of the focusing cap follows from
Proposition 5.2(iii).

We recall that a closed geodesic v, parametrized with unit speed and having mini-
mal period 7 > 0, is hyperbolic when di,(¥(0)) has an eigenvalue ¢ € R~ [—1, 1], and
thus its eigenvalues are 1,¢,1/q. The unstable bundle E* over + is the line bundle
given by

EY o) = ker (dip7 ((0)) — qI).
The eigenvalue ¢ is called the unstable Floquet multiplier of ~.

Lemva 5.4. — Let~y be a closed geodesic of gg geometrically distinct from {. Then ~y is
hyperbolic, and E;‘(t) C Gy for allt € R such that y(t) € U (here, vy is parametrized
with unit speed ||¥]lq, = 1)

Proof. — Let v be a closed geodesic of gy geometrically distinct from (. Proposi-
tion 5.3(iii) implies that v must intersect the open set U where the cone bundle C
is defined. We parametrize v with unit speed, with v(0) in U, and denote by 7 > 0
its minimal period. Proposition 5.3(iv) implies that di-(%(0)) is a contraction on the
space of lines £ C Uy o) (here, line means 1-dimensional vector subspace). Therefore,
dip-(7(0))|c; ), has a unique fixed line ¢ = dip-(§(0))¢ C Cjy (), which must be an
eigenspace of di,(%(0)) corresponding to an eigenvalue ¢ € R\ [—1,1]. O

The parity of the Morse index of a hyperbolic closed geodesics is completely deter-
mined by its Floquet multipliers. On a Riemannian surface, a hyperbolic closed geo-
desic v with unstable Floquet multiplier ¢ has ind(+y) even if and only if ¢ > 0, namely
if and only if the unstable bundle EY is orientable, see e.g. [Wil01, Cor. 3.6].

Leymya 5.5, — Let X be a flat-knot type relative to ¢, and vo,v1 € I (K) two closed
geodesics. Then the Morse indices ind(7yo) and ind(y1) have the same parity.

Proof. — Let n¢ be the unit normal vector field to ¢ pointing outside B. The boundary
of SB splits as a disjoint union 0SB = (U - U J+SB U J_SB, where

0+SB = {v € 0SB | £g(v,n¢) > 0}.
We extend the cone field C' to SM ~\ (C U fC. ) as follows: first we extend it continuously

to 0+5B as in (5.1); next, for each v € 9_SB and t > 0 such that ¢ (v) C SB,
we set

th (v) = d’lﬂt (’U)Cv.

The resulting cone field C on SM~ ((U—() is discontinuous at 84S B, but nevertheless
it is continuous (and even piecewise smooth) elsewhere. Moreover, Proposition 5.3(iv)
guarantees that C' has a semi-continuity with respect to the Hausdorff topology, and

dYe(v)Cy C Cyy iy, Yo € SM N ((U—C), t > 0.
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Let 75 € X be an isotopy from 7y to 1 within the relative flat knot type K. We fix
parametrizations 7, : S' & M depending smoothly on s, and define a continuous
map

U:[0,1] x 8T — SM,  T(s,) = Fs(t)/[1Fs () go-

We also write I's(t) := I'(s,t). An orientation on the cone bundle I'*C is a choice
of connected component of Cp(, ) ~ {0} which is continuous in (s,t). Notice that
this notion makes sense even if C' is only semi-continuous. For each s € {0,1}, the
unstable bundle EY is contained in I';C. Therefore EY is orientable if and only if
I'iC' is orientable, and thus if and only if the whole I'*C' is orientable. We conclude
that EY and EY are either both orientable or both unorientable. g

In order to detect homologically visible flat knot types relative to ¢, we first study
the closed geodesics in the negatively curved open subset U = M ~. B. Since U is a
compact surface with geodesic boundary, it is preserved by the curve shortening flow
of go, meaning that the evolution of any immersed loop starting inside U remains
in U. The same holds for more classical gradient flows, for instance for the one in
the setting of piecewise broken geodesics (Section 2.4), and allows us to apply Morse
theoretic methods to the subspace of loops contained in U.

While the statement of Theorem 2 involves free homotopy classes of loops in M,
in the next lemma we rather consider free homotopy classes of loops in U, that is,
connected components of C*°(S1,U).

Lemma 5.6. — In any connected component W C C>(S*,U) consisting of loops that
are non-contractible in M, there exists a unique closed geodesic v of go, and such a =y
is the shortest loop in U, i.e.,

Proof. — Let U € C*°(S',U) be a connected component of loops that are non-
contractible in M. We fix an element 7y € U that is an immersed loop and has
minimal number of self-intersections. In particular, there is no non-empty subinterval
(a,b) C S* such that yo(a) = yo(b) and 7|, 4 is a contractible loop in U. Since U has
geodesic boundary U = (, the curve shortening flow ¢! of gy preserves the compact
set U. Namely, the immersed loop 7 := ¢'(7p) is contained in U for all ¢ € [0, ¢,).
Since 7o is non-contractible in M and has no subloops that are contractible in U,
Lemma 2.2(i) implies that v, converges to a closed geodesic v € U as t — t,.
Since «y is non-contractible in M, it is geometrically distinct from (, and therefore it
is contained in the open set U. Since the Gaussian curvature Ry, is negative on U,
all the closed geodesics in U are strict local minimizers of the length functional Lg,.
If U contained two geometrically distinct closed geodesics «, 3, we could define the
min-max value

= inf L, (h
¢i=Inf max g0 (s)s
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-,

Frcure 6. A loop v € Us. Here, U is the connected component of the
loop S.

where the infimum ranges over the family of homotopies hs € U such that hy = «
and h; = . Standard Morse theory would imply that the value c is the length of a
closed geodesic in U that is not a strict local minimizer of Lg4,, which would give a
contradiction. g

Levmva 5.7. In any connected component U C C*(S', M) of non-contractible
loops, there exists a sequence of hyperbolic closed geodesics v, € U of go with diverging
length Lgy(vn) — 00, Morse index ind(7y,) = 1, and such that v, N ¢ # @.

Proof. — Consider an arbitrary connected component of non-contractible loops U C
C°°(S1, M). We can find a loop o € U that is fully contained in U and has start-
ing point a(0) = ¢(0). Since the closed geodesic ¢ is contractible, for each positive
integer n the concatenation « * (" is again a loop in U. Let U, be the connected
component of C* (S, U) containing ax (™ (Figure 6). The U,,’s are pairwise distinct,
and contain loops that are non-contractible. By Lemma 5.6, U,, contains a unique
closed geodesic av, : S' — U, which is the shortest loop in U,,. Since {a,, | n > 1} is
a discrete non-compact subset of C*°(S*,U), while the space of closed geodesics in
C>(S1,U) of length bounded from above by any given constant is compact, we infer
that Ly, (ap) — 00 as n — oo.
We consider the min-max values

5 o= inf L, (ks),
eni= inf max, g0 (ks)

where the infimum ranges over the family of continuous homotopies hs €U, s€[0, 1],
such that hg = «a; and h; = «,. Since the circles {a,(t +-) | t € S'} c U
are strict local minimizers of the length functional Lg,, Morse theory implies that
¢n = Lgy(vn) > Ly, (), where 7, is a closed geodesic of 1-dimensional min-max
type. Since v, belongs to U, it is geometrically distinct from (. By Lemma 5.4,
Y is hyperbolic, and in particular non-degenerate. Therefore, v, has Morse index
ind(y,) = 1. O

Proofof Theorem2. — Let g be a Riemannian metric on M having a contractible
simple closed geodesic ¢, and U C C°°(S', M) a primitive free homotopy class of
loops. In particular, U does not contain contractible loops, and therefore does not
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contain ¢ nor any of its iterates. Let g9 be the Riemannian metric on M given by
Proposition 5.3, having the same ( as simple closed geodesic. By Lemma 5.7, gg admits
an infinite sequence of hyperbolic closed geodesics 7, € U such that ind(y,) = 1,
L(yn) — o0, and v, N ¢ # &. Since U is primitive, none of the v,’s is an iterated
closed geodesic, and therefore we can assume that the ~,,’s are pairwise geometrically
distinct. Each ~,, has some primitive flat knot type XK, relative to (. Notice that any
v € K,, must intersect (. By Lemma 5.5, all closed geodesics of gy in K,, must have
odd Morse index. By Lemma 3.7, we have
CXn)= @ Civ),
Y€l (Xn)

and in particular C1(%X,,) contains a subgroup isomorphic to Ci(v,) = Z. This,
together with Proposition 3.5, implies that X,, contains a primitive closed geodesic
of the original Riemannian metric g. We have two possible cases:

— If the family X,, n > 1, consists of infinitely many pairwise distinct flat knot
types, then we immediately conclude that U,>;X,, contains infinitely many primitive
closed geodesics of g.

— If there exists a sequence of positive integers n; — oo such that

K=Kp, =Kpn, =Kpy =+
then C4(X) contains a subgroup isomorphic to
@ Cl(’ynj) = @ Z.
i>1 j>1
In particular C7(X) has infinite rank. If the space of closed geodesics I'y(X) is not

discrete, in particular it contains infinitely many closed geodesics. If instead T'y(X) is
discrete, by Proposition 3.5 we infer

> rank(Cy(y)) > rank(C1 (X)) = oo,
Y€l (X)
and since each local homology group C7(X) has finite rank (Lemma 3.4), we infer
that X contains infinitely many closed geodesics. O

5.3. MopEL METRIC IN GENUS ZERO. — We now construct a model Riemannian met-
ric go on the 2-sphere S2. Let B; and By be two copies of a focusing cap as in
Remark 5.1, with rotation function © : (0,7) — R. We consider the flat cylinder

(C =1[0,1] x S*, dr? + db?),

where 7 is the coordinate on [0, 1], and 6 is the coordinate on S'. We obtain a 2-sphere
of revolution (52, gg) by capping off C' with B; and Bs. Such a 2-sphere has a family
of equatorial simple closed geodesics 7, := {z — 1} x S*, for z € [1,2]. The extremal
ones 1 and 79 are the boundaries of the focusing caps By and Bs respectively. There
is also an S! family of simple closed geodesics consisting of the meridians, that is, the
geodesics passing through the center 1 of By, and thus passing through the center x5
of By as well (Figure 7).
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Lemma 5.8. Any geodesic other than the v,’s and the meridians has a transverse
self-intersection.

Proof. — Since the focusing caps are non-trapping (Proposition 5.2(i)), any geodesic
other than the v,’s must enter both By and Bs. Proposition 5.2(ii) implies that all
geodesic segments entering a focusing cap with tangent angle £ € (0, 7/2) with respect
to the boundary of the cap must exit after spanning a total rotation angle ©(¢) > .

Let ¢ : R — S? be a geodesic distinct from the 7,’s and the meridians. In particular,
¢ does not go through the centers x; and x5 of the focusing caps, since only the
meridians do so. Every time ( enters Bj, it does so with the same signed tangent
angle ¢ with respect to Bj. By the S'-symmetry of the sphere of revolution (52, g),
it is enough to consider the case & € (0,7/2). We parametrize ¢ such that ((0)
belongs to By and C(O) is tangent to a parallel of the cap. Let 6(t) be the global angle
coordinate along ((t), and let us assume that 6(0) = 0 without loss of generality, so
that 6(t) = —60(—t) for all ¢ > 0. Notice that, by our assumption on &, 6(t) is monotone
increasing. Let 71 > 0 be the minimal positive number such that ((¢) exits By at time
t = 71. By symmetry, { entered By at time ¢ = —7q, and spans inside By a total
rotation

0(m1) — 0(=m1) = 20(m1) = ©(&).

Let 7 > 71 be the smallest positive number such that ((t) enters By at time t = 75,
and 73 > 75 the minimal time such that ¢ (73) is tangent to a parallel of the focusing
cap Bs. By the north-south symmetry of the sphere of revolution (Ss,g), we have
T3 = 71 + T2, and 0(713) — 0(12) = 6(71). Depending on the value of the tangent angle &,
the geodesic ( can be open or closed, and in this latter case its minimal period must
be larger than or equal to 273. In both cases, the points ((—73) and {(73) lie on the
same parallel of By, and the total rotation of (|(_, -, is bounded from below as

0(73) — 0(—73) > 40(11) = 20(§) > 2.
This implies that ¢ |[773’73] must have a transverse self-intersection. O

Let £ be the length of the meridians of (52, gg), and consider the angle coordinate
on the focusing cap B;. Each value of § € R/277Z determines the unique meridian

Co: R/NZ — S?

parametrized with unit speed ||ég||go = 1, going out of the center (»p(0) = z; of
the focusing cap along the half-meridian of angle §. There is an evident non-trivial
{-periodic orthogonal Jacobi field along (y, given by 0p(p.

Lemva 5.9. Any orthogonal £-periodic Jacobi field along o is of the form X\ 0g(y
for some A € R.

Proof. — Let a1 < by < as < by < aj + £ be time values such that ¢y [ai,b:] C Bi
and (p(a;),Ca(b;) € OB;. Notice that (p travels on the flat cylinder C in the intervals
[b1,a2] and [by, a1 + €], and therefore az — b1 = a1 + £ — by = 1. Let J(t) = u(t) ne, (t)
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T2

Iicure 7. The model sphere, the simple closed geodesics 71, 72 at the
boundary of the focusing caps, and a meridian (.

be an orthogonal Jacobi field along (y, where u is the associated scalar Jacobi field.
By Proposition 5.2(iii), we have

u(b;) = —u(a;) + w(a;) O(7/2),

On a flat Riemannian surface, scalar orthogonal Jacobi fields have constant derivative.

(5.2)

Therefore there exists ¢ € R such that |, 4,44 = —U|jp,,a,) = ¢, and we have
(5.3) u(ar +0) — u(bo) = —(u(az) — u(br)) = c.
By (5.2) and (5.3), we infer
u(ar 4 0) = u(by) + ¢ = —u(ag) + (az) O(7/2) + ¢
—u(by) + t(ag) O(m/2) 4 2¢
u(ay) —w(ar) O(m/2) + u(as) O(r/2) + 2¢
u(ay) — 2c¢0(1/2) + 2¢.

Assume now that the orthogonal Jacobi field J is ¢-periodic, so that wu is ¢-periodic
as well. Since @(7r/2) < 0 by Proposition 5.2(ii), the previous identity implies that
¢ = 0. In particular, u is constant on the interval [ag,b;]. Since the scalar Jacobi
field associated to 9y(p is constant and non-zero on [ag, b1] as well, we conclude that
J = A0y(p for some \ € R. O

Let 1, 2 be two disjoint embedded circles in the 2-sphere S?, forming the flat link
¥ = (11,72)- We denote by X () the flat knot type relative to « consisting of those
embedded loops intersecting each ~; in two points. Notice that () is primitive, and
therefore we can apply to it the Morse theoretic techniques of Section 3.
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Leyva 5.10. The local homology of K(=) is given by

Z, de{n,n+1},

cd<ﬂ<<~/>>%{0 i)

for some integer n > 1.

Proof. — The local homology of X(v) is independent of the choice of Riemannian
metric on S? having ~ as flat link of closed geodesics. Therefore, we conveniently
choose the model Riemannian metric of revolution gy introduced above, with v; :=
0B; and 5 := 0B> being the pair of equatorial closed geodesics at the boundary
of the focusing caps B; and By respectively (Figure 7). We fix a parametrization
71 : St < S? with constant speed.

For each s € S1, we denote by (, : S < S? the unique meridian (which is a simple
closed geodesic) parametrized with constant speed and such that (;(0) = v1(s) and
¢,(0) points south inside the flat cylinder C. Each ¢, has relative flat knot type K (7).
The space

Z:={¢|se S}

is a critical circle of the energy functional E. By Lemma 5.8, the critical torus S!- Z is
a connected component of crit(E). By Lemma 5.9, any 1-periodic Jacobi field along
has the form ¢19s(s + Cgé‘g for some ¢y, cy € R. Namely, the space of such 1-periodic
Jacobi fields is precisely the tangent space Ty (S! - Z). Since the 1-periodic Jacobi
fields along a closed geodesic in crit(E) span the kernel of the Hessian of the energy,
we infer

ker(d*E(Cy)) = Tc. (" - Z),

that is, S'-Z is a non-degenerate critical manifold of E. The symmetry of the 2-sphere
of revolution (52, go) implies that the negative bundle N — Z is orientable. Therefore,
seeing Z as a space of unparametrized oriented closed geodesics in Iy, (X), Lemma 3.4
implies that Z has local homology

c.izy= % d € {ind(Z),ind(Z) + 1},
S0, d ¢ {ind(2),ind(Z) + 1}

Finally, since the space of closed geodesics I'y, (K (7)) is precisely Z according to
Lemma 5.8, we conclude

C(K(Y)) = Cu(2). O

Proofof Theorem 3. — Let (S?, g) be a Riemannian 2-sphere having two disjoint sim-
ple closed geodesics 71,72, and consider the flat link 4 = (91,72). By Lemma 5.10,
the primitive relative flat knot type X(7) has non-trivial local homology. Therefore,
the Morse inequality of Proposition 3.5 implies that K(v) contains at least a closed
geodesic 7y, which is therefore a simple closed geodesic intersecting each ~y; in two
points. U
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6. BIRKHOFF SECTIONS

6.1. From cLoseED Geopesics To Birkaorr secrions. — Let (M, g) be a closed ori-
entable Riemannian surface, and 1, : SM its geodesic flow. For each open subset
W C SM, the associated trapped set is defined as

trap(W) := {v € SM | Pi(v) € W for all t > 0 large enough}.

By a convex geodesic polygon, we mean an open ball B C M whose boundary is

piecewise geodesic with at least one corner and all inner angles at its corners are less

than 7. We stress that the closure B is not required to be an embedded compact ball.

Typical examples of convex geodesic polygons are the simply connected components

of the complement of a finite collection of closed geodesics, as in Lemma 6.4 below.
The main result of this section is the following.

Tueorem 6.1. — Any closed connected orientable Riemannian surface (M,g) admits
a finite collection of closed geodesics 1, . ..,7vn whose complement

Ui=M~(mU---U~y,)

satisfies trap(SU) = &, and each connected component of U is a conver geodesic
polygon.

In the terminology of [CKMS25, §4.2], the family ~1,...,v, provided by Theo-
rem 6.1 is a “complete system of closed geodesics with empty limit subcollection”.
Postponing the proof of Theorem 6.1 to the next subsection, we first derive the proof
of Theorem 4.

Proofof Theorem 4. — Let 71, ...,7, be the finite collection of closed geodesics pro-
vided by Theorem 6.1, so that the complement U := M ~ (y1 U --- U ~y,) satisfies
trap(SU) = @, and each connected component of U is a convex geodesic polygon.
We fix a unit-speed parametrization ~; : R/L(v;)Z — M, and consider a normal
vector field n.,. Each ; has two associated Birkhoff annuli A;" and A; , defined as

AE = {ve S, M |teL(v)Z, £g(n.,(t),v) > 0}.

Namely, A?E is an immersed compact annulus in SM with boundary aAii =Y U—%;,
and whose interior consists of those unit tangent vectors v € SM based at some point
7i(t) and pointing to the same side of 7; as £n., (t). Notice that AF is an immersed
surface of section: namely, it is almost a surface of section, the only missing property
being the embeddedness of int(AF) into SM ~ dAE. The union

Ti= U (47U4))
i=1,...,n
is an immersed surface of section as well.
Notice that SU = SM \ Y. Since trap(SU) = @, for each v € SM there exists
a minimal 7, > 0 such that ¢, (v) € T. Since each connected component of U is a
convex geodesic polygon, there exists a neighborhood W C M of OU =y, U--- U,
and T > 0 such that any geodesic segment v : [-T,T] — M parametrized with unit
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Ficure 8. The collection of closed geodesics of Lemma 6.4.

speed and such that v(0) € W cannot be fully contained in U. This readily implies
that the hitting time 7, is uniformly bounded from above by a constant 7 > 0 for
all v € SM. A surgery procedure due to Fried [Fri83], also described in the geodesics
setting in [CKMS25, §4.1], allows to resolve the self-intersections of T, and produce
a surface of section ¥ with the same boundary as Y, contained in an arbitrarily
small neighborhood of T, and such that for each v € T the orbit segment ¥(_; ;(2)
intersect Y. This implies that, for each v € SM, the orbit segment 1o 27 intersects ¥.
Therefore ¥ is a Birkhoff section. g

Remark 6.2, Since the Birkhoff section ¥ provided by Theorem 4 is constructed
by applying Fried surgery to the collection of pairs of Birkhoff annuli of a finite family
of closed geodesics, one can show that the first return time

7 :int(X) — (0, 00), 7(v) =min {t € (0,T] | ¢x(z) € T},
is bounded from below by a positive constant.

6.2. COMPLETE SYSTEM OF CLOSED GEODEsICS. — The following result, which is a spe-
cial case of [CKMS25, Th. 3.4], provides the main criterion to produce an open set U
with the properties asserted in Theorem 6.1.

Turorem 6.3 (Contreras, Knieper, Mazzucchelli, Schulz). Let (M, g) be a closed
orientable Riemannian surface. If a convex geodesic polygon B C M does not contain
simple closed geodesics, then trap(SB) = @. O

In order to apply this result in the proof of Theorem 6.1 we need to detect enough
closed geodesics. As a starting point, on surfaces of positive genus, we employ the
following standard family of closed geodesics, which exists for any Riemannian metric.

Levma 6.4 ([CKMS25, Lem. 4.5]). — On any closed connected orientable Riemannian
surface (M,g) of genus k > 1, there exist non-contractible simple closed geodesics
aq, ..., a0 as depicted in Figure 8. Namely, two such a; and o intersect transversely
in a single point if |i — j| = 1, they are disjoint if |i — j| > 2, and the complement
M~ (a1 U---Uagy) is simply connected. O

On the 2-sphere, we have a similar statement.

Lemva 6.5. — On any Riemannian 2-sphere, there exist two simple closed geodesics
a1, ag intersecting each other transversely and non-trivially.
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Proof. By Lusternik-Schnirelmann theorem [L.S29, DPMMS22], any Riemannian
2-sphere admits three geometrically distinct simple closed geodesics. If two of them
are disjoint, Theorem 3 provides a simple closed geodesic intersecting both. O

Let (M, g) be a closed connected oriented Riemannian surface, and «y, . .., agy the
family of simple closed geodesics provided by Lemmas 6.4 and 6.5. We denote their
union, seen as a connected subset of M, by

A:=a1U---Uas.

Any connected component of M ~\ A is a convex geodesic polygon, and may contain
simple closed geodesics. In order to apply Theorem 6.3 we need to add sufficiently
many of them, as well as more closed geodesics provided by Theorems 2 and 3, to our
initial collection A. We shall need one last statement borrowed from [CKMS25].

Levmma 6.6 ([CKMS25], Lemma 3.6). — On any closed orientable Riemannian sur-
face (M, g), there there exists a constant a > 0 with the following property: for any
embedded compact annulus N C M with area(N, g) < a and whose boundary is the
disjoint union of two simple closed geodesics v, U y2, we have

2L(72) < L(m) < 3L(72). O

Any simple closed geodesic 7 contained in M ~ A bounds a unique open disk
B, C M ~ A. Gauss-Bonnet theorem guarantees that such a disk cannot be too
small: the Gaussian curvature R, : M — R must attain positive values somewhere
in B,, and the area of B, is bounded from below as

2m
max(Ry)
We denote by G, the family of contractible simple closed geodesics ¢ contained in the
open disk B,. The following is the last ingredient for the proof of Theorem 6.1.

(6.1) area(B,,g) >

Lemva 6.7. — For each contractible simple closed geodesic v C M ~ A such that
Gy # 9, there exists ¢ € G such that G¢ = 2.

Proof. — We set
b, := inf B¢, g),
= nf area(B.g)

which is a positive value according to (6.1). We fix { € G, such that
b, < area(Be.g) <b, +a,

where a > 0 is the constant given by Lemma 6.6. This implies that every n € G has
length L(n) < 9L(¢). Therefore G¢, seen as a subspace of C*(S', M) endowed with
the C'*° topology, is compact. Consider another sequence n,, € G¢, for m > 1, such that
area(B,, ,g) = bc as m — oo. By compactness, up to extracting a subsequence we
have that 7,, converges in the C*° topology to some n € G such that area(B,;, g) = b¢.
This implies that G, = @. (|
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Iicure 9. The loop B, and the closed geodesic 3; in the same free
homotopy class, intersecting the contractible simple closed geo-
desic ¢;.

Proof of Theorem 6.1. — Since every simple closed geodesic contained in M ~ A
bounds a disk of area uniformly bounded from below as in (6.1), Lemma 6.7 implies
that there exists a maximal finite collection of pairwise disjoint contractible simple
closed geodesics (1,...,(n contained in M ~ A and such that G, = @ for all
i € {1,...,h}. We denote by Z := (3 U--- U (, their disjoint union. Here, “maxi-
mal” means that, for any other contractible simple closed geodesic ¢ contained in
M~ (AU Z), the associated ¢ must contain some ¢;. If Z = &, then A is the desired
collection of closed geodesics: indeed, U := M ~ A is a convex geodesic polygon
that does not contain any simple closed geodesic, and Theorem 6.3 implies that
trap(SU) = @.

We now consider the case Z # @. We need to argue differently for the surfaces of
positive genus and for the 2-sphere.

— If M has positive genus, let 8 be an embedded loop that intersects a unique «;,
and such intersection is transverse and consists of a single point. Theorem 2 implies
that, for each ¢ € {1,..., h}, there exists a closed geodesic ; in the same free homo-
topy class of loops of 8 and such that 5; N (; # @ (Figure 9). Notice that 3; must
intersect o; too, since the intersection between 3 and «; is homologically essential.

— If M = S?, Theorem 3 implies that, for each i € {1,...,h}, there exist a closed
geodesic §; intersecting both ¢; and A.

We set B := 1 U--- U B},. Since every connected component of M ~\ A is sim-
ply connected and AU Z U B is path-connected, every connected component of the
complement U := M \ (AU Z U B) is simply connected, and thus is a convex geo-
desic polygon. Notice that U does not contain any simple closed geodesic; indeed,
if it contained a simple closed geodesic n, the maximality of the collection Z would
imply that G,, contained some (;, contradicting the path-connectedness of AU Z U B.
As before, Theorem 6.3 implies that trap(SU) = @. O

Remark 6.8. — The argument in the proof allows to bound from above the num-
ber n of closed geodesics 1, ..., v, provided by Theorem 6.1. Indeed, the area lower
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bound (6.1) readily implies that the number h of closed geodesics in Z is bounded
from above as
area(M, g) max(R,)
27 '
The set B also contains h closed geodesics, whereas A contains exactly

2k = 2max {1, genus(M) }

h <

closed geodesics. Therefore
1
n = 2k + 2h < 2max {1, genus(M)} 4+ — area(M, g) max(R,).
T

The Birkhoff section ¥ 3 SM of Theorem 4 is built from the union of the Birkhoff
annuli of the closed geodesics ~v1,...,7n, and therefore 2n Birkhoff annuli which all
together have 4n boundary components. The surgery procedure that constructs >
out of the Birkhoff annuli does not increase the number of boundary components.
Therefore > has b = 4n boundary components, with

4
b < 8max {1, genus(M)} + — area(M, g) max(R,).
T
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