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LONG TIME STABILITY FOR
CUBIC NONLINEAR SCHRODINGER EQUATIONS ON
NON-RECTANGULAR FLAT TORI

BY Joackim Bernier & Nicornas Camps

Asstracr. — We consider nonlinear Schrodinger equations on flat tori satisfying a simple and
explicit Diophantine non-degeneracy condition. Provided that the nonlinearity contains a cubic
term, we prove the almost global existence and stability of most of the small solutions in high
regularity Sobolev spaces. To this end, we develop a normal form approach designed to handle
general resonant Hamiltonian partial differential equations for which it is possible to modulate
the frequencies by using the initial data.

Reésumic (Stabilité en temps long des équations de Schréodinger non linéaires cubiques sur des
tores plats non rectangulaires)

Nous considérons des équations de Schrédinger non linéaires sur des tores plats satisfaisant
a une condition simple et explicite de non-dégénérescence diophantienne. Sous la condition que
la non-linéarité contienne un terme cubique, nous prouvons ’existence et la stabilité presque
globales de la plupart des petites solutions dans des espaces de Sobolev de forte régularité.
A cette fin, nous développons une approche de forme normale congue pour traiter des équations
aux dérivées partielles hamiltoniennes résonnantes générales, pour lesquelles il est possible de
moduler les fréquences en utilisant les données initiales.
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714 J. Bernier & N. Camrs

1. INnTRODUCTION

1.1. Context. — We consider the nonlinear Schrédinger equation
(NLS) iy + divGVu = f(|lul*)u, (t,z) € R x T%

where G is a real symmetric d x d positive matrix and f : R — R is a C*° function
satisfying f/(0) # 0 (to ensure the existence of a cubic nonlinear term in the equation).
Without loss of generality, we assume that f(0) = 0.

This is a convenient way of rewriting nonlinear Schrédinger equations on rescaled
tori. Indeed, d-dimensional flat tori writes T%, = R?/.Z where .# =: VZ< is a lattice
of R? (V being a d x d real invertible matrix) and so by setting G = V-1*(V~') and
by applying a linear change of coordinate z — V, (NLS) is equivalent to

i+ Au = f(lul*)u, (t,z) € R x T%.

By considering small solutions, (NLS) can be seen as a perturbation of the linear
integrable system

(1.1) i0yu + div GVu = 0

whose actions I,(u) = |u,|? are the square modulus of the Fourier coefficients
1 —in-x
Up = — e " u(x)de.
= g fu
Since the actions are constants of motion for the linear evolution (1.1), a natural
question in this context of perturbation theory is then to understand how much the
nonlinear flow of (NLS) preserves these actions. Or more formally, by setting

’ 1/2
el = (32 = funl?) 7, ()= (14 nf)72,
nezd
for initial data of size ¢ in H*(T?), on what time scales T/(¢) are the integrable
dynamics orbitally stable under the flow of (NLS), in the sense that the actions of
the solution are slow-variables:
(1.2) sup 3 (1) [un (0] — fun(0) ] < €27
[tI<T(e) ,, cza
A sub-question is the one of the stability of the zero solution w(t,z) = 0. Or more
precisely, for initial data of size ¢ in H*(T%), on what time scales T'(¢) do we have
that
(1.3) sup |u(@)|[ e < Csl|lu(0)][ a7
[t|<T(¢)
(where Cs > 0 is constant depending only on s). The statement (1.2) is stronger
than (1.3). Note that the local Cauchy theory ensures that T'(¢) is larger than or
equal to the linear time-scale ~ =2, at least when s > d/2.
The above question is a mathematical formulation of the (absence) of transfer of
energy from large to small scales of oscillation. Extensive research has been conducted
over the past decades to construct energy cascades out of the resonant interactions,
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and we refer to [CKST10, GG22, GK15] for partial results about norm amplification
for the cubic Schréodinger equation on tori. In this setting, the existence of infinite
energy cascades dynamics conjectured by Bourgain [BouOOb] have only been estab-
lished when the NLS is posed on the waveguide R x T?¢ manifold. The unbounded
direction provides a stronger dispersion that reduces the dynamic to the effective
one of the resonant system [HPTV15]. In contract, the second author and Staffi-
lani [CS24, Cam24] proved that the Sobolev norms remain bounded in infinite time
when NLS is posed on a Diophantine waveguide (namely R x ']I‘dg for .Z having the
same Diophantine property as in the present paper).

In recent decades, important developments have been made in Birkhoff normal form
techniques to prove the stability of small solution over longer time scales, for many
different Hamiltonian PDEs (see e.g. [BG06, BDGS07, GIP09, Del12, FGL13, BD18,
BMM24]). All these results ensure the almost global existence and stability of the small
solutions in the sense that (1.3) holds for T'(g) ~ e~" with r arbitrarily large, provided
that s > r. The case of low regularity is still wide open (see e.g. [BG25, BGR23] for
results in this direction). However, all these results apply to PDEs associated with non-
resonant Hamiltonians: the eigenvalues of the operator associated with the linearized
equation (also called the frequencies) must be rationally independent. For (NLS), the
frequencies are

A2 :=g(n,n), where g(a,b):="'aGbd.
They are clearly™ not rationally independent, and therefore (NLS) is resonant.
A common way to overcome this obstacle is to add a random convolution potential V'
(with real Fourier coefficients) to the equation, and the equation (NLS) becomes

(NLS*) i0u + div GVu =V« u+ f(|u]?)u.

See for example [BG06, YZ14, F121, BMP20, BG25, BFM24]. In this case, the fre-
quencies are modulated and become w,, = A2 + V,,. They are almost surely rationally
independent. For rational tori (i.e., G € Q?*¢ up to multiplication by a scalar), the
almost global existence and stability of the small solutions of (NLS*) was proved by
[BGO6]. For irrational flat tori, small divisors are degenerate which may generate high
frequencies instability. Nevertheless, in [BFG20a], Bernier, Faou and Grébert devel-
oped an approach to prove almost global existence of small solutions for semi-linear
equations enjoying such small divisor estimates. More recently, Bambusi, Feola and
Montalto [BFM24] proved the almost global stability of small solutions of (NLS*).
In this paper, we aim to extend these results by removing the Fourier multiplier
V xu. Since (NLS) is resonant, the previous results do not hold, i.e., the stability (1.2)
r (1.3) with T'(¢) ~ e~ " and r > 1 arbitrarily large cannot be derived from the
Birkhoff normal form theorem. The situation is even worse, and we expect (1.2)
and (1.3) to be false after some polynomial time scales T'(¢) ~ ¢~ . For example, one
can deduce from [CKST10] that (1.3) is false on the square torus T? (i.e., G = I5) for
some initial data after T'(¢) = ¢ =2 log(e~1).

(I)They belong to the finite dimensional Q vector space generated by the coefficients of G.
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716 J. BErnier & N. Camps

The only resonant equations for which stability results were proved have a special
algebraic property: the four-waves interactions must be trivial or, in other words,
the quartic terms of the Birkhoff normal form of the equation must be integrable.
This property allows to modulate the frequencies using the initial data as parameters
and leads to the almost global existence and stability of most of the small solutions:
an exceptional set of initial data has to be excluded. Such results have been proved
for (NLS) in dimension d = 1 [BouOOa, BFG20b], for the generalized Korteweg—de
Vries and a modified version of Benjamin—Ono equations [BG21] and for the Kirchhoff
equation [BH22] but only for T'(g) ~ ¢=¢. We also mention [LX24, BCGW24], who
proved stability in Gevrey spaces over exponentially long times.

Kuksin and Poschel observed in [KP96] that four-waves interactions are trivial for
(NLS) in dimension d = 1. The point is that this property is also true in any dimension
provided that

(1.4) gla,b) #0, Va,be 7~ {0}.
Indeed, as in dimension 1, if ny — no + ng — ng = 0, we have
)2 2 2 2 _
Qi =N — A+ A, — A, = 29(n1 — na,ny —ny)
which ensure that if Q7 = 0 then {nq,ns} = {n2,n4}.

1.2. MAIN THEOREM AND COMMENTS. — In order to establish our main result, we have
to make the non-degeneracy condition (1.4) quantitative.

Derinirion 1.1 (Admissible tori). — The flat tori T% is admissible if there exist
C > 0 and 7* > 0 such that for all a,b € Z¢ \ {0},

C

5 llollz

(15) 90,0 > -

In particular, g(a,b) = 0 if and only if a = 0 or b = 0.

Remark 1.2, — If the vector (G, ;)ig; of the coefficients of G is Diophantine then
the torus is admissible. Note that the converse is not true (see (1.12)). In any case,
as a consequence, since this property is true for almost all matrix G, we can say that
almost all flat torus are admissible (as soon as 7, > d(d +1)/2).

To state our result, we have to introduce II;;, M > 0, the orthogonal projectors
onto frequencies smaller than M:
pu = Z Up €7
In|<M
Moreover, by abuse of notation, we denote by meas the canonical Lebesgue measure
on Iy, L?(T%; C), for M > 0.

Trrorem 1.3. Let Tféf be an admissible torus in the sense of Definition 1.1 and
r 2 1. There exist j1g > 0 and v Sy, 1 such that for all s 2, 1 and for all e Sy 51,
provided that M > 0 satisfies

(1.6) gHa/s LM < eV,

JIEP. — M., 2095, tome 12



StasiLity For NLLS oN FLAT TORI 717

there exists an open set ©. C Iy Bg(e) for which the following holds: local solutions
to (NLS) in H® initiated from initial data

(1.7) u(0) € Bs(2¢) NI,/ 0.
exist in C([-T:, T:], H®) for T. = =", and satisfy, for oll |t| < T.,
(1.8) lu(®)]lzre < 257 |u(0)] -

Moreover, these initial data are typical, in the sense that
(1.9) meas(0.) > (1 — /%) meas(ITj; By(¢)).

Roughly speaking, for any r 2 1, s 2, 1 and £ > 0 sufficiently small, we prove
that, under a generic condition on finitely many low Fourier modes, initial data of

size € in H*(T%) lead to stable solutions over time scales of order £ ".

1.2.1. Comments about the literature

— Theorem 1.3 is the first almost global existence result for a resonant PDE in
dimension d > 2.

— It extends the results [Bou0Oa, BFG20b] in the one-dimensional case which is
much more favorable. In particular, the almost global preservation of all the actions
(i.e., (1.2)) holds when d = 1. When d > 2, however, we prove the stability of the low-
frequency actions and of the high-frequency super-actions, as discussed Section 1.2.2.

— In a similar finite dimensional setting the geometric part of the Nekhoroshev
theorem allows to prove the long time stability (in a sense weaker than (1.2) and (1.3))
of any small solution, removing the restriction (1.7). In contrast, [BKO05] strongly
suggests that such a result should not extend to the infinite dimensional setting.
We nevertheless mention [Bam99, BG24] for results in this direction.

1.2.2. Technical comments

— We propose a new formulation (1.9) to quantify the proportion of initial data
leading to almost global and stable solutions. In this formalism, we only need to impose
a condition on the low Fourier coefficients. Moreover, we do not need to assume any
additional decay of the Fourier coefficients as it is usually done (e.g. in [Bou0Oa,
BFG20b, BG21, LX24]). We defer comments on this formulation to Section 1.2.3.

— The constraint s >, 1 could be refined in s > r? (which is a classical constraint
for this kind of problems, see e.g. [BG21]). It mainly comes from the existence of
a number M satisfying (1.6) and the fact that in the proof we impose v < r~1,
as specified in (3.1).

— In dimension d > 2, we are not able to control the variation of all the actions
(it is an open problem even for (NLS*)). Actually (in (2.34)), we only control the
variation of the low actions

sup 3 (1) fun()? — Jun(0) ] < <2,
ltl<e=r nEbo
where 4, C Z? is a finite set, with {n € Z¢ | |n| < (177)"!M} C %,. For the
high modes, however, as [BFM24], we only control the variations of the super-actions
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718 J. BErnier & N. Camps

based on a the cluster decomposition of the frequency space due to [Bou98, BM19].
We refer to Proposition 2.18 for a precise estimate (the truncation parameter M of
this proposition in not the same as the one of Theorem 1.3). The unusual exponent
2571 in (1.8) is a consequence of the dyadic structure of the cluster decomposition.

1.2.3. Comments on the set of initial data

— To overcome the possible instabilities generated by the resonances of the equa-
tion, we modulate the frequencies by using initial data. This leads (very technical)
Diophantine conditions on the set of initial data. Therefore, in order to prove that the
stability result is generic (and even not empty), we have to prove that this set of stable
initial data is large in some sense. In the finite dimensional setting, we would prove
that the set of admissible initial data is open and asymptotically of full Lebesgue
measure.

In the infinite dimensional setting, however, there is no Lebesgue measure and
therefore no canonical choice to express such a result. Fortunately, the constraints we
impose on the initial datum are quite weak, and it is possible to prove that this set
is big for any measure that is not too much degenerated (see e.g. [BFG20b, BG21,
LX24, BCGW24] for different possible choices and [BG21] for a discussion about the
topology of this set). We do not know if there is an intrinsic way to express that this
set is large.

— In this paper, as in [BCGW24], we stress out the fact that it suffices to impose
a condition on the low Fourier modes of the initial (i.e., w, with |n| < M, with
M ~ e=Ha7/% with s > 7). This is essentially the meaning of (1.7).

— The dimension of the finite-dimensional space Iy, H*(T?, C), which is of order
M?® > g=dmar/s g large with respect to the relative measure of the set of the initial
data we exclude (81/ 40). Hence, our probability framework is closer to an infinite
dimensional one than a finite dimensional one, even if our statement involves the
(finite-dimensional) Lebesgue measure. Indeed, in the limit ¢ — 0 the dimension
of Tl H*(T%,C) goes to infinity, and we can show that the Lebesgue measure on
ITps Bs(g) concentrates its mass on the sphere of radius e:

1
—_—— 15 Bs s <e(l— M2
meas (I Bs(¢€)) meas {u € T Bu(€) | luflar- < e )} ) )
— (1 _ M—1/2)d1mHML << 51/40.

Therefore, to prove Theorem 1.3 we could assume for free that ||Ipu(0)]|gs >
e(l—-—M -1/ 2). Nevertheless, we do not use such a property in the proof and, to
avoid any hidden smallness assumption of this kind on ||u(0) — I aru(0)] g=, we allow
|lw(0)|| = to be as large as 2¢ in (1.7).

— A popular way to draw initial data is to draw the Fourier coefficients indepen-
dently, see e.g. [BouO0a, BEG20b, BG21, LX24]. For example, here it could consist in
considering random initial data of the form(®

(2)Note that V(=) also lives on a sphere in the sense that |V ||eg>§’HY = ce almost surely.

JEP. — M., 2095, tome 12



StasiLity For NLLS ON FLAT TORI 719

where the random variables Vj, are independent and uniformly distributed in the
complex unit disk D(0, 1), a > d/2 and ¢(a)) > 0 is a normalizing constant to ensure
that ||V g+ < & almost surely. With minor changes in the proof,® we could easily
replace the measure estimate (1.9) of Theorem 1.3 by

(1.10) P(IT V) €0,) > 1— /40,

We would deduce from this that the set of the stable initial data | J_ Bs(2¢) N 11, ©.
is asymptotically of full measure:

PV e 1I,/0.) > 1 — /4.

Approaches of this type have the disadvantage of requiring initial data smoother
than necessary. We believe that one of the strengths of our probabilistic formulation
in Theorem 1.3 is to describe dynamics in H*(T?) for solutions no more regular
than H*(T?).

— In contrast with papers using rational normal forms, the set ©. a priori also
depends on the angles of the initial data: we do not prove that it is invariant by
rotation of the angles, in the sense that

(1.11) u€ 0, <= Z |y e,

kezd
That is why contrary to [BFG20b, BG21, BCGW24], we do not only draw the actions
of the initial data randomly but also their angles. We point out that nevertheless,
here, (1.11) is true up to conjugation by a diffeomorphism (¥, defined in (7.1)).

1.2.4. Comments about flat tori

— The strength of our method with respect to rational normal form methods is
to only require a very weak and explicit condition on the external parameters G
associated to the tori ']I‘fig. Explicit examples with Diophantine numbers can be easily
produced, e.g.

(1.12) G = (\% ?) is admissible.

— Note that admissible tori are not rectangular but can be chosen arbitrarily close
to rectangular tori. For rectangular tori, however, the four-wave interaction set is not
trivial. It can be decoupled into two one-dimensional systems (see [SW20]). We believe
that it is an interesting problem to understand the situation on a Diophantine rect-
angular tori.

— Most of our analysis can be easily transferred to the case of a hyperbolic
Laplacian (when the symmetric matrix G is indefinite). However, the finite-dimen-
sional reduction, which is based on the separation property of the frequencies (see
Lemma 2.15), may no longer be possible.

(3)in measure estimates, it suffices to replace round balls II;Bs(0,e) by rectangular ones
HMBZSZ—@ (0, CE).

JE.P.— M., 2095, tome 12



720 J. BErnier & N. Camps

— Theorem 1.3 is in line with the study of nonlinear Schrédinger equations on
irrational tori that has been developed in recent years. The general idea is to mimic the
dispersion in compact settings. Under some Diophantine conditions on the torus, the
refocusing time for the waves is actually longer [DGG17, DGGRM22] than it is on the
square torus, and the four-wave resonant system is smaller [SW20]. On Diophantine
rectangular tori, Deng—Germain [DG19] improved polynomial upper bounds for the
growth of Sobolev norms, while Deng [Denl9] achieved polynomial growth in the
energy-critical case for small energy solutions (a challenging open problem on the
square torus). In a similar spirit, Collot—-Germain [CG22] derived the kinetic wave
equation for larger set of scalings by considering dispersion relations associated with
non-rectangular Diophantine tori.

— Our result goes in the same direction, showing stronger stability properties on
non-rectangular Diophantine tori, in contrast to the norm amplification observed in
[CKS*10]. We stress out that Guilani-Guardia [GG22] proved that the same norm am-
plification mechanism occurs on rectangular Diophantine tori as well through quasi-
resonant quartets, but after exponential time-scales. This does not contradict our
Theorem 1.3, which achieves polynomial time-scales.

1.3. Discussions oN THE PROOF. — In this paper we develop a normal form approach
for proving stability of solutions to resonant Hamiltonian systems whose modulated
frequencies are highly degenerate (more than what the rational normal form approach
requires). We believe that beyond the almost global existence result stated in Theo-
rem 1.3, this method is one of the main interests of this paper. In the case of (NLS)
on flat tori, one advantage of this method is that it results in the simple (and quite
minimal) non-degeneracy assumption (1.5) for admissible tori.

Our normal form is inspired by an approach developed by Bourgain in the paper
[Bou0Oa] for (NLS) in dimension d = 1. Apart from the fact that we overcome the
degeneracy of linear frequencies which is specific to the dimension d > 2, the main
difference is that we also provide a formalism that allows us to prove and quantify
the sense in which most small solutions are stable over very long times.

In his proof, Bourgain describes a generic step of his normal form procedure: after a
preliminary change of variable (let us say 7°) to put the Hamiltonian under resonant
normal form, he explains how to construct a new change of variable to get better
properties. The point is that (due to the modulated small divisors) the transforma-
tion 70 itself depends strongly on u(0) (let us denote it by 70 =: TS(O)). Therefore,
in order to construct the new transformation, he has to assume that the new initial
data v(0) := 3(0)(14(0)) belong to a set =) encoding some Diophantine conditions
and depending on u(0). He proves that =, (o) is asymptotically of full measure, but he
does not explain why this implies that v(0) = TS(O)(U(O)) € Ey(0) for most real initial
data u(0).

This type of problem is quite classical in standard KAM theory and is usually solved
by introducing Lipschitz norms to track the dependencies with respect to the internal
parameters. This is the strategy we implement in this paper. However, due to the small
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StasiLity For NLLS ON FLAT TORI 721

divisor degeneracy this is far from obvious and has required the introduction of a whole
technical framework (and associated technical estimates), which largely explains the
length of this paper. It has also required us to refine some of the fundamental estimates
of [Bou00a] (see e.g. Remark 4.2 for a more detailed discussion on this point). This
difficulty is inherent in modulating the frequencies with internal parameters. It is a
well-known obstacle in the open problem of constructing infinite dimensional invariant
tori for (NLS)™ in dimension d = 1 (see e.g. [P6s02]).

To continue the discussion of the proof, we need to introduce the Hamiltonian
structure of (NLS). More precisely, (NLS) rewrites
(1.13) i0iu = VH(u) with H(u)= Za(u) + % /ﬂ‘d F(lu(z)|?) da,
where F' is the primitive of f vanishing at the origin and

1
Zy(u) = 5 Z A2 un |?

nezd

The classical notations (like V) are defined in Section 1.4 below.

1.3.1. Modulated frequencies, small divisors and comparison with rational normal forms

First, let us assume that(® (NLS) can be put in Birkhoff normal form (at least up
to some high order 2r > 1). This means that there would be a canonical change of
variable 7 close to the identity in H® such that

(1.14) Horm Y u) = Zy(u) + Q(u) + O(v*") and {Z,Q} =0.

Then, using the admissibility condition on T%, the four-waves interactions are inte-
grable and we deduce that (up to a gauge transform), setting v = e 4V GV r(y), (NLS)
rewrites
1040n = wn(V)v, +O0(0%), where wy,(v) = —f'(0)|v,|?.

Since f/(0) # 0, this allows to modulate the frequencies using the initial data as
parameters. Note, however, that since v € H® this modulation is highly degenerate
in the high frequency regime since w,, decays at least like (n)~2° with s > 1. Under
some generic conditions on v, this provides small divisors estimates of type

(1.15) ‘ Z h”wn(”)‘ 2 ”v”%{ (MmaX(h))_mh‘gl (Nmin(h))_2sa

nezd

where pimin(h) = min{(n) | h, # 0}, Lmax is defined similarly and h € 72" is a
family of integers with finite support. We prove such an estimate in Section 5. This
type of small divisors seems to be ubiquitous for resonant Hamiltonian PDEs (e.g. it is

(4)Note that since in dimension d = 1 we control the variation of all the actions, what we prove in
this paper, as well as what is proved in [Bou0Oa, BFG20b], is somehow not so far from such a result:
we prove that most of the small solutions to (NLS) stay very close to some infinite dimensional tori
for very long times.

(®)Due to the degeneracy of the small divisor associated with the linear frequencies, this is an
open problem in dimension d > 2 discussed in Section 1.3.3.

JE.P. — M., 2095, tome 12



722, J. BErnier & N. Camps

also true for KdV, Benjamin—-Ono and their generalizations [BG21], Kirchhoff [BH22],
the pure-gravity water waves [BFP23]) to the notable exception of the Schrodinger—
Poisson equation (see [BFG20b, BCGW24]).

There are three different contributions in the right-hand-side of the small divisor
estimate (1.15).

— The first one, ||v]|%., comes from homogeneity arguments and is harmless.

—2lM | comes from counting estimates and could be

— The second one, (pmax(h))
very critical, but truncation arguments (presented in Section 1.3.3) enable to handle
these resonances.

— The last contribution (min(h)) ™2 is the most critical. In this sense, we say that
the small divisor estimate (1.15) is degenerate. To explain why it is so critical, let us

focus on just one aspect that we think is the most important.

To describe the dynamics over longer timescales one has to conjugate (at least
locally) (NLS) to an integrable system up to some higher order terms. In other words,
up to a new canonical change of variables z = 7%(v), (NLS) rewrites

i0r2n = wh (2)zn + 0(2%F),  where Wi (2) = wn(2) + O0(2%),

and 3 < ¢ < r. To transform the remainder terms of order 0(22q+1) into terms of
order O(229+3) (6) a naive approach (in the spirit of Birkhoff normal forms) would be to
average the terms of order O(22411) by the flow generated by the frequencies wy, ()"
to make them integrable. The point, identified and discussed in [BFG20b], is that
usually, when 7 is large enough, w, is negligible with respect to w#, which makes this
naive approach fail. More precisely, due to higher order correction terms wf has no
reason to decay like (n)=2¢ (i.e., like wn;® for example, for (NLS) in dimension d = 1,
explicit computation of the corrections of order 6 in [BFG20b] proves that it actually
decays at most like (n)~2). In any case, more terms of wf have to be considered to
average the terms of order O(z24+1).

We discuss two strategies to overcome this problem: either we identify a higher
order term correction term allowing to prove that the small divisors are stable by
perturbation, or we use that the derivative of the small divisors is stable by pertur-
bation.

— The first strategy, used in the papers following the rational normal form approach
[BFG20b, BG21, LX24], relies on an explicit computation of the correction terms of
order 4 of w# (coming from the terms of order 6 in the Hamiltonian) and on the hope
that they are much less degenerate than w,. For example, here, we could prove that

©)of course, in practice, as we will see in the proof, the gain could be much weaker.

(Mi.e., those of 1Dz, = wn(2)zn

(S)Actually for some equations like Benjamin-Ono [BG21] or the pure gravity water waves
[BFP23], w;,, contains some terms that do decay like (n)~2° but they do not contribute to some
of the small divisors.
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they are of the form

75 = (02 Y 2l other terms,

mz#n = T

In the favorable cases it leads to small divisors estimates of the form(®

(116) | 3 hulwn +@n)(2)] 2 120 ama()) ™0 max (2013, (min (1)),
nezd

which are much less degenerate than the one associated with w,, (see (1.15)). Since,
as before, the factor (,u,max(h))fc““e1 can be overcome by assuming high-regularity
(s large enough), such estimates are stable and imply similar small divisor estimates
for the full modulated frequencies wf. It also implies that it suffices to average the
terms of order O(22471) using the flow generated by the modulated frequencies w,, +, .
Moreover, it also implies that it is not necessary to impose new Diophantine conditions
on the initial data at each step of the normal form procedure, it suffices to ensure
that (1.16) holds for z = u(0).

— The second strategy, used in [Bou0Oa] and which we implement in this paper, is to
average the terms of order O(229%1!) using the flow generated by all the modulated
frequencies wf. To prove that they satisfy acceptable small divisor estimates, it is
important to note that even if w, is not the leading part of wf,, Oz, 2wn = —f'(0)
is necessarily the leading part of 8|zn|zw§l. This allows to prove that if z(0) lives in
a set of asymptotically full measure, the modulated frequencies w’ enjoy the same
small divisor estimate (1.15) as w,,. As discussed above, a significant part of the proof
(not considered in [Bou0OOa]) then consists in proving that this corresponds to a set
of initial data u(0) of asymptotically full measure.

The first strategy suffers from several limitations compared to the second one, which
is more flexible and which we follow in this paper.

— The higher order correction terms (such as @,,) depend on the linear frequencies
(here A2). To get non-degenerate small divisor estimates of the type (1.16), it is then
necessary to impose additional assumptions on the linear frequencies (e.g. here we
would have to impose additional Diophantine conditions on the numbers A2, which
would be much less explicit than the admissibility condition (1.5)).

— For some equations these higher order correction terms may also be degenerate.
For the Benjamin—Ono equation they vanish exactly. In [BG21] is was then necessary
to assume the existence a term of the form 0,u® in the perturbed equation in order
to follow the rational normal form approach.

— Depending on the equation at hand, and possibly also on preliminary Birkhoff
normal form reductions (to remove the non-resonant terms from the Hamiltonian),
obtaining explicit expressions for these higher order correction terms requires heavy
computation. In [BG21] it was necessary to use of a formal computation software.

(9where C’Wﬂ > 0 is an explicit function of |k|,1 which plays no role.
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1.3.2. Algebraic framework: rational fractions versus re-centered polynomials

The algebraic framework of the papers based on rational normal forms is quite
different from that of this paper and [Bou0Oa]. Rational normal forms are quite close
to standard Birkhoff normal form since it consists in replacing polynomial expansions
by rational fraction expansions (which explains their name). Conversely, here, as in
[Bou00a], we consider expansions in re-centered'?) polynomial expansions which hold
much more locally (more in a KAM spirit: see [Bou05, BMP21] where a similar for-
malism is used in this context). The second approach offers more flexibility in the
construction whereas the first one provides a normal form which is more global. This
choice of algebraic framework does not seem to be related to small divisor considera-
tions: it is likely that we could replace rational fractions by re-centered polynomials in
[BFG20b, BG21, LX24, BCGW24]. Nevertheless, here and in [Bou00Oa], to overcome
the small divisor degeneracy (i.e., that we do not have (1.16)), the normal form is
constructed more locally (around some high-dimensional tori in H*) and it is unclear
how a formalism based on rational fractions would allow to recover the smallness es-
timates provided by the fact that the solution remains very close to high-dimensional
tori. We refer to the end of Section 1.3.4 for further discussions about the way we
exploit this extra smallness.

1.3.3. Reduction 1o a finite dimensional system. — In order to put (NLS) in Birkhoff
normal form, the frequencies of the system must satisfy for all ¢ > 2 a Diophantine
condition of type

2 2 2 2 2 2 -
‘)‘nl - )\712 +oo = >‘n2q| 7é 0 = |)‘n1 - )‘nz +o = )‘ngq| Zq maX3<n> Bq>
where 8, > 0, n1,...,n24 € 7% satisfy the zero momentum condition n; — ng +
.-+ —ngy = 0 and maxs(n) denotes the third largest number among (n1),..., (ngg).

Such small divisor estimates are obvious for integer frequencies, and also holds for
generic choices of convolution potential in (NLS*) on rational tori. In contrast, for
Diophantine flat tori this estimate does not hold in general with maxs(n) but with
maxi (n). For this reason the almost global stability of small solution of (NLS*) for
irrational tori remained an open problem until the recent work of Bambusi—Feola—
Montalto [BFM24].

To address this, [BFM24] used cluster decomposition and frequency separation
properties between different clusters, initially established by Bourgain [Bou98] for the
square torus T¢ and later generalized by Berti-Maspero [BM19] for any flat tori (see
Lemma 2.15). This allows them, while leaving certain quasi-resonant terms in their
normal form, to prove the quasi-preservation of the super actions associated with this
decomposition and therefore to control the H® norm of the solution for very long
times.

In Section 2 we detail the finite-dimensional approximation. We use the cluster
decomposition to prove that, up to a first change of variable @; and a bootstrap

(10)around the actions in the final variables, which is quite implicit.
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assumption, the super actions are almost preserved and that the low-frequency part
of the solution IT¢_u(t) solves an evolution equation associated with a truncated reso-
nant Hamiltonian H o <I>§< oIl , up to a very small remainder term. However, we have
added a number of technical refinements to ensure that the change of variable q)i does
not destroy our measure estimates (of the type (1.9)). The results of Section 2 reduce
the proof of Theorem 1.3 to the almost global stability of a truncated resonant Hamil-
tonian system, as stated in Theorem 2.7. Since the system is truncated, it can be put
on Birkhoff normal form (almost) for free and we can fully exploit the fact that quartic
resonant terms of the Hamiltonian are integrable.

1.3.4. A normal form with a two parameters scale. — Starting from Section 3, as in
[Bou0Oa], we only use the first correction term to modulate the frequencies. As a con-
sequence, the small divisors estimates are of the form (1.15). Due to the degeneracy
of these small divisors, we believe that an approach in the spirit of rational normal
forms, in which we would remove the non-integrable terms degree by degree (like
in classical Birkhoff normal forms) would fail. Indeed, with such an approach, there
does not seem to exists any reasonable way to absorb the losses due to the factor
(tmin(h)) ™2 Instead, as in [Bou0Oa], we introduce a two parameters scale to decom-
pose and classify the polynomials appearing in our Taylor expansions. In addition to
its presentation given below, we also refer to the Section 3 of the proceeding [Cam24]
for further explanations.

More precisely, following [Bou0OOa] we decompose a polynomial as a sum of mono-
mials of the form

(117) H uﬁnmgn(|un|2 - gn)mn’

nezd

where k,/,m € NZ* are some finitely supported families of indices counting the mul-
tiplicities satisfying the condition £,k, = 0 for all n € Z? (to ensure the uniqueness
of the decomposition). The parameters &, € R modulate the frequencies. They are
implicitly the actions of the initial data in the final variables. To each non-integrable
monomial of the form (1.17) we associate a frequency scale N, such that

(1.18) Ny <n_ < N,yi, where N2 =g"o/200

€ is the size of the initial data in H® and n_ is the size of the smallest index appearing
in the associate small divisor, i.e.,

n_ =min{|n| | n € Z%, k, + £, > 1}.
The parameter « classifies polynomials according to the cost of the associated small
divisors. Monomials at scale « as in (1.18) satisfy two properties:

— They preserves the actions |u,|?> with |n| < N,. This type of property is also
central in papers in low regularity like [BGR23].

— Assuming moreover that they are resonant (or quasi-resonant in some sense to
be specified), since they are not integrable and quartic resonant terms are integrable,
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we have )k, + £, > 6. Consequently, they generate vector fields from H* to H* of
order at most e5N;4* (see Proposition 4.6).

The cost of the small divisor is at most of order e >N25, (see (1.15)). Since,
by construction, the ratio between two consecutive scales (Noi1/Ny)?* < e /100 ig
not too large, we see that there is room to remove these monomials (they could be
associated to quite large coefficients).

The heart of the proof comsists in removing, by induction on the frequency
scales N,, the monomials satisfying N, < n_ < Nyy1 (see Theorem 6.2). For this
purpose, we consider for each a a norm YS"P well suited to polynomials composed
of monomials satisfying N, < n_. Then imposing new Diophantine conditions on &,
we construct by induction (in Proposition 6.19) canonical changes of variables to
make these norms smaller and smaller in terms of powers of ¢ (this is the second scale
of parameters) for polynomials composed of monomials satisfying N, < n_ < Ngy1.
At the end of this second induction, the monomials satisfying N, < n_ < N,41 are
associated with very small coefficients, and do not contribute to the dynamics over
time scales of order e

However, in the second induction, the terms generated by the Poisson bracket with
an integrable monomials with low-indices |n| < N,, and only one index at frequency
scale ~ N,, do not seem to be sufficiently small to compensate for the small divisor
loss ~ N;2%. To address these terms, Bourgain made the following observation: re-
centered actions are much smaller than the actions themselves (which we prove are
expected to be slow variables). This observation provides an extra smallness factor
for re-centered actions ||u,|? — &,| with a gain N3 24, even for low indices |n| < N,.
The definition of the non-resonant neighborhood (4.8) encodes this gain, which is a
crucial ingredient to address the degenerate small-divisor losses. At this point, we also
see that it is natural to introduce the frequency scale to compensate the small divisor
losses thanks to this extra smallness.

When we reach a certain frequency scale N, large enough (with the notations of
the paper, when oo = ), we conclude that the actions are almost preserved over very
long times using that the only remaining monomials are either integrable or associated
with negligible coefficients: they generate vector fields of order at most N e
(see estimate (7.15)).

14 NO'I‘A'I‘IO\S AND FUNCTIONAL SETTING

1.4.1. Functional setting. We equip the torus T¢ = R?/27Z? with the normalized
Lebesgue measure (27)~%dz. Therefore, the Lebesgue norms || - ||z, 1 < p < 0o, are
defined by density through the formula
Vue T, fulf = 0! [ @)l
T
We identity each distribution u on T? with the sequence of its Fourier coefficients
defined by density by

up = (27r)_d/ u(z)e”*dz.
Td
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Given 1 < p < oo and s € R we set
2(2) = {u € C¥" | ||ullhy = Speza (k)P uxl? < oo}
As usual, we set
H* (T = n*(Z%) = 2(Z%) and (P(Z%) := (5(Z%).
Note that with these conventions, the Fourier—Plancherel isometry writes
Va e LA(TY),  [lul2 = full?.

Throughout this paper, we consider L? and ¢? as real Hilbert spaces equipped with
the scalar products

Yu,v € L3(T?), (u,v)p := (2m) ¢ Re/ u(z)v(zr)dr = Re Z Ul =: (u, v)g2.
e kezd

Note that if s € N is a nonnegative integer, we have

Vu € H5(T), |jull}4. = (27r)_d/ |05 u(z) [Pda.
Td

1.4.2. Differential calculus and Poisson brackets. Given p € [1,00), s € R, U an
open subset of ¢2(Z4), a smooth function P : U — R and u € (P(Z4), its gradient
VP(u) is the unique element of /¥ (Z%) satisfying

Yo € (2(Z), (VP(u),v)2 = dP(u)(v).
It can be checked that
(1.19) Vk € Z¢, (VP(u))y = 205-P(u).

We equip L?(T¢) with the usual symplectic form (i-,-)z2. Therefore, provided that
(24 C £2(Z%), a smooth map 7 : U — (2(Z%) is symplectic if

Yu € W, Yo, w € (P(ZY),  (iv,w)r2 = (idr(u)(v), dT(u)(w))pe.

Moreover, if H, K : U — R are two smooth functions such that VH (or VK) is 2(Z%)
valued then the Poisson bracket of H and K is defined by

{H,K}(u) := (iVH(u), VK (u)) 2.
Note that, as usual, we have

(1.20) {H.K}=2i Y 05:HOu K — 0, HOm K.
kezd

Note that this relation allows to extend the Poisson bracket to the case where H
and K are not real valued.
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1.4.3. Subspaces and projections. Given any subset A C Z%, we always consider C*
as the subspace of CZ* of the sequences supported on A. We denote by I1 4 : CZ' — cA
the projection defined by restriction. We extend implicitly any function F' on C* to
a function on CZ’ by F = Follu. As a consequence, any function on ¢?(A;C) :=
2(ZHNCH* can be see as a smooth function in £2(Z?) and so all the previous definitions
make sense. In particular, we note that if F: C* — R is C" then VF is C* valued.
Given a positive number N, we set II>n := I, cz4) >Ny, U = ez4)n)< vy and
7% ={neZ||n| < N}.
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the careful reading of the manuscript and for the valuable comments and suggestions.
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2. Low FREQUENCY REDUCTION

In this section, we reduce the proof of Theorem 1.3 to that of Theorem 2.7 on the
stability of small solutions of a finite-dimensional dynamical system. First, we intro-
duce some notations about polynomials on ¢! in order to formulate Theorem 2.7 in
a second subsection. Then we prove some a priori estimates for the time-variation of
the high-frequency super-actions, together with some mismatch lemmas to control the
remainder terms generated by the truncations. Finally, we prove that Theorem 2.7
implies Theorem 1.3. The dimension d > 1, the admissible torus T:‘lg and the nonlin-
earity f of (NLS) are considered as fixed. With a few exceptions, we do not follow in
details the dependencies with respect to these constants.

Many of the proof’s ingredients are the same as in [BFM24]. However, we use them
differently. The main reason is that changes of variables mixing high modes and low
modes are, a priori, not compatible with our measure estimates (and in particular
that it suffices to draw the low modes of the initial datum randomly to get the almost
global existence of the solution to (NLS)). Thus, contrary to [BFM24], we have to
consider two kinds of Birkhoff-like normal forms for (NLS).

— On the one hand, we consider (in the proof of Proposition 2.18) a normal form
in which we have removed all the terms whose small divisors are larger or equal
to 1. It allows us to prove, under a bootstrap assumption, the almost preservation
of the high super-actions in Proposition 2.18. It does not require any non-resonance
condition but just small and smooth solutions.

— On the other hand, in Section 2.6, we consider a normal form in which we essen-
tially(") remove all non-resonant terms that do not involve high modes. By construc-
tion, the associated change of variable is the identity on high mode which is good

(D1t would be true if ']I‘ii(Z satisfied a stronger Diophantine condition. Here, since we did not
assume non-resonance conditions for terms of degree larger than or equal to 6, some quasi-resonant
terms may remain. However, these terms do not pose significant difficulties and can be ignored in a
first reading.
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for the measure estimates. This normal form allows us to decouple (in the new vari-
ables), up to a bootstrap assumption, the low modes dynamics from the the high
modes dynamics (thanks to the mismatch lemmas 2.22 and 2.23). In other words,
it reduces the analysis of the stability of the low modes of (NLS) to the one of a finite
(but high) dimensional resonant Hamiltonian system (of which the rest of the paper
is devoted).

2.1. A FirsT HAMILTONIAN FORMALISM. We first introduce a set of multi-indices to
describe the polynomials:

Derinition 2.1. For ¢ > 1, we define Ny, the set of multi-indices of degree 2¢ with
zero momentum

Nag = {1 = (n1,...,nag) € (24?7 | 37, (=1)n; = 0}.
Given 77 € Nag, we denote the decreasing rearrangement of (|nif,. .., |nag|) by
ny = >Ny,
Now, we introduce our main class of polynomials.

Derivition 2.2 (Real homogeneous polynomial). — Let ¢ > 2 and A C Z?. The set
Haq(A) of real homogeneous polynomials of degree 2¢ supported on ¢! (A) corresponds

Z Qﬁunl unz e unzq = Z Qﬁu’ﬁ7

REN2q REN2,
where (Qy) € CN2e satisfies
(1) (symmetry condition)

to the set of functions

7 1s symmetric in (n1,ng,...ngg—1) and in (ng, N4, .. . Nag)-
(2) (reality condition)
For all @ = (n1,n2,...,n2¢) € Nag,  Q(ny,na,nzg) = Q@(nisgunn,enzg_1)-
(3) (boundedness condition)

|Qlloo := sup |Q#| < +o0.

TEN2,

(4) (support)
Q(nl,’ﬂz,‘..ngq) 7é 0 = mne AZq.

Remark 2.3. — Thanks to the boundedness condition, these polynomials are smooth
functions on ¢!(Z%) and the support condition only means that Q = Q o Il 4.

Remark 2.4. — Note that this definition is well suited to the Hamiltonian H of (NLS)
(defined by (1.13)). More precisely, in Fourier variables, the Taylor expansion of H

(g—
u) =5 3 Ruaf? + Zf U

nezd q>2 EN2q

writes
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or more quantitatively, for all » > 2,

q—)

H(u) :% S X2 Junl? + Z f Z i + R ()

(21) nezd €Nz,
=: H(S?) (u) + R<2T+2 (u),

where R(?"+2) is a remainder term of order 2r + 2 in the sens that for all u € B,(1),
s>d/2

(2:2) IVRE2) () [e s |
Derinition 2.5 (Resonant function). — Given a multi-index 7 € Ny,, the resonant
function Q5 is
2q
Q7 = (—1)"HAL
n=1
DeriNition 2.6 (Quasi-resonant Hamiltonian). — Let x > 0, ¢ > 2. A real homoge-

neous polynomial @ € Hy, is x-resonant if for all 7 € Ny,
‘Qﬁ‘>l‘€ = Q7 =0.
2.2, DyYNAMICS OF THE LOW MODES : MAIN RESULT. — We set ¢, := 27, + 1 depending

only on the geometry of the torus (7 is the exponent associated to the admissibility
of T, see Definition 1.1).

Turorem 2.7. — For all v > 9, there exists v < min((2¢,) ™1, (2d)™1) such that for
all s > d, if e Sps 1 ds small enough, M > 2 is a truncation parameter satisfying

M<Le™?,

and Hy, is a real valued polynomial supported on El(Z‘éM) of the form

23) o) =2 3 (32 - L0 )+ 30 P W)
=3

In|<M

where P(27) ¢ Hoji (Z <M) s a real homogeneous polynomial of degree 2j which is ¥
resonant and satisfies | P3| o < 77, then there exists an open set ©° C Tl By(e)
such that

(2.4) meas(0”) > (1 — e'/3%)meas(IT5; B (¢)),
and, if u € C* ([T, T.]; Tprh®) is such that u(0) € ©° and
sup ||idu — VHo(u)||lps <p
0<t<T.
for some T, < ™" and some p > 0 satisfying ||u(0)||hs < p < 26, then
€
(2.5) B > ) lun (O = Jun(0)*] < 5 *.

In|l<M
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2.3. A BIRKHOFF NORMAL FORM THEOREM AND SOME BASIC ESTIMATES. In the energy
estimates we will need the following estimate, which is a consequence of Cauchy—
Schwarz and Young’s convolution inequalities:

Lrvwva 2.8, Let q>1, 1€ {-1,1}% and aV,... oD € 1 (Z% R, ). We have

2q
> afl) ..ol < min a0z a2 [T ol
ccBGay .
ﬁ:(nh...,ngq)E(Zd)Qq i=3

tini+iang+-+iagnag=0

As usual, we deduce some useful estimate for the vector fields.

Cororrary 2.9 (Vector field estimates). Given q > 2, P € Hqy(Z%), s > 0,
P defines a smooth function on h® N LY, VP is smooth from h®N£* to h* N e and for
all w € h* N, we have

2q—2
T .

VP ull

he (1) Sqps 1Pl lu

hs

Then, as usual, we deduce the local existence of the Hamiltonian flows of the
polynomials of which we summarize the properties that will be useful for us in this
paper.

Cororrary 2.10 (Hamiltonian flows). — Let s > d/2, r > 2, C > 1, A C Z%. For
all k € (0,1), there exists £4 Zrs,c /K such that for all real polynomial x of degree
smaller than or equal 2r of the form

y=x® 4 4@
where
Vie{2,...,r}, x®) € Hyy(A) satisfies ||[x\H)||oo < CrTITL,
there exists a smooth map

. - {[—1,1] x T, T Bs(e.) — h™(Z%)
* (t,u) — ' (u)

such that, for all u € I1;'T14 By (e.),
i@tfb’;(u) =(Vy)o <I>§<(u) vt e [—1,1],
and for allt € [—1,1], <I>§< is symplectic,
— close to the identity

HAU hs 2
19 ) —ullr < (A0
— its derivative is not too big, i.e.,
(2.6) 14D () e e < 2

~ and provided that ® (u) € 11" TI4 B (c.), we have &L (P! (u)) = u.
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Revark 2.11. These projections may seem unusual but they are just a consequence
of the block diagonal structure of (Iﬂ;( :

CP; = HA(@;)']—LS(A) @ idps(gey-

We also recall the following continuity estimates of the Poisson brackets when
applied to polynomials.

Levvia 2,12, Let A C Z% be a subset of Z¢, P € Hap(A) a homogeneous real
polynomial of degree 2p > 4 supported on (*(A) and Q € Hay(A) a real homogeneous
polynomial of degree 2q > 4 supported on (*(A) then their Poisson bracket {P,Q} €
Ho(prq—1)(A) is a real homogeneous polynomial of degree 2(p + q — 1) supported on
L (A) satisfying the bound

I{P, Q}Hloo S pallPlloc | Qlloo-

As usual, we deduce of these estimates the following Birkhoff normal form theorem.

Turorewm 2.13 (Quasi-resonant normal form). — Letr > 2, s > max(d/2,1), A C Z4,
k € (0,1) and P = P@W ...+ PC") e g real Hamiltonian of degree 2r supported on
CH(A) with P2 € Hyj(A) for all j € {2,...,r} and set

1
H=284P where Zj(u)= 3 DAL funl?.
neA
There exist some polynomials x(%7) € Haji(A), 2 < j < 7, satisfying
X oo S w777,

where C' = max;>o k277 ||P3) || such that, on 11" TL4 Bs(e.) (where e, is given by
Corollary 2.10),

Ho(I)i:Zéq+Q(4)+...+Q(2T)+T7

where x = x® + -+« + x| the polynomials Q%) e Hoj(A) are some k resonant
real homogeneous polynomials satisfying for all j € {2,...,r} and all @i € (Z9)*

1l Ser 772 and QL) = 1jg < PS",

and ¥ € CY(I1,' 14 Bs(c4); R) is a remainder of order 2(r + 1) in the sense that for
all u € T, 14 By(e4),

IT 4 w|| s \ 27
e Sens (A

(2.7) IV ()]

hs -

This is a formulation of Birkhoff normal form theorem, which is by now standard.
For the proof, see [BG25, Th. 2.15] or [BGR23, Th.2.12].
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2.4. ALMOST PRESERVATION OF THE HIGH-SUPER ACTIONS. In this subsection, we prove
Proposition 2.14, in which we show that up to a bootstrap assumption we control
the H*® norm of the high modes of the solution of (NLS) for very long times. Note
that we do not need to use any internal or external parameters.

Prorosition 2.14. There exist 6 > 0 and Nog > 2 depending only on £ such that
gven T > 0,¢c>1,s>d, p>0 and u a solution to (NLS) in C([0,T],h*) with
[u(0)[[ns < p and

(2.8) sup |[|u(t)]
t€[0,T]

then for all N = Ny, for allr > 2, provided that € Scrs 1 is small enough and t < T,
T Nu(t)ll7e < 2% [|w(0)[[7e + p° + TN -2 3 4 p2rtt,

he S CP,

The proof is based on Birkhoff normal forms, and on the extension of Bourgain’s
cluster decomposition lemma [Bou98] to any flat tori, which was proved by Berti and
Maspero in [BM19, Th. 2.1]. The use of this decomposition in the context of Birkhoff
normal forms was recently initiated by Bambusi, Feola and Montalto in [BFM24].
It is a way to overcome the small divisor degeneracy discussed in Section 1.3.3. In
the following, we will mainly focus on the proof of Proposition 2.18, from which
Proposition 2.14 easily follows.

Lemma 2.15 (Clustering of eigenvalues of —A ¢, [BM19, Th. 2.1]). — There exist con-
stants 6 = §(d) € (0,1) and C(Z,d) > 2 and a partition of Z¢

Z% =%,
v
satisfying the following properties:
(1) The sets 6, are finite and, up to a bounded set €, such that

max [n| < C(Z,d) and |n|<2 = n € E,,.

ne v

(2) They are dyadic in the sense that
(2.9) leré%;ﬂm < 25212|n| =: 2m,,.
(3) If one denotes [n1] the class of equivalence of ny € Z¢, that is,
[n1] = 6,, wherev is such that n; € %,
then we have the separation property: for all ny,no € Z2,
[m] # [no] = [na —na| + A2, = A7 > (Ina] + [n2])°(.

Remark 2.16. As usual, we identify the set of the indices v with the set of the
equivalence classes.

We stress out that this lemma holds for any flat torus, without any Diophantine
assumption on the metric. As in [BFM24], this decomposition allows us to design
some almost conserved quantities of (NLS) called super-action.
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734 J. Bernier & N. Camps

Derinirion 2.17 (Super actions). Given a mode ng € Z% the corresponding super-
action is defined by
5 o
n€lno]

The cluster being dyadic (see (2.9)), Proposition 2.14 can easily be deduced from
the following;:

Prorosirion 2.18 (A priori estimates for the high super-actions). — Let T,u,c,s,p
be as in Proposition 2.14. For all M > 2, for all r > 2, provided that p <, 1 is small
enough and t < T, we have

(210) > m[Su(u(t)) = Su(w(0)| Spse (p* + TM /2Dt 4 7200,
my, 2 M

where m,, was defined in (2.9).

Proof of Proposition 2.14 from Proposition 2.18. — Indeed, to deduce Proposition 2.14

from Proposition 2.18, thanks to the dyadicity of the clusters (see (2.9)), it is enough
to set Ng = 3C(Z,d) and M = N/2 to get that

2L 2% Z m[%f]\un|2 < 2% Z m>" S, (u),
In|>N my=M
and so, thanks to Proposition 2.18, that
(ITL> vu(t) O)7 <2% Z m" S, (u(0)) + Crsep (P3 + TN/ 3 4 TPZT—H)a

Moy, 2> M

ITLs vl

where C, ;. is a constant depending only on (r,s,c). We then conclude the proof
of Proposition 2.14 by using the estimate Y, -, m2*S,(u(0)) < [[u(0)||}. and by
absorbing the constant C ;. thanks to the smallness of p. O

Before proving Proposition 2.18, let us consider the following technical lemmas.

Lemma 2.19. Let i € Noy for some q > 2 be such that |Qz| < 1. If there exists a
frequency cluster €, such that

{Su,un} #0,
then

ni>=m, and n} >, (m,)">.

Proof. — First, we note that

q
{S’LMuﬁ} - 27’ (Z 17742]6(@0 n2j1€<fv>uﬁ

j=1
As a consequence, if {S,,uz} # 0, there exists jo € {1,...,2¢} and an odd number
6 € Z such that nj, € 6, and nj 49 ¢ €,. By symmetry, without loss of generality,
we assume that jo = 1 and jp + 6 = 2. Since ny € %, we have n} > m,. Moreover,
thanks to the separation property of the clusters, we have

)
In1 —mo| + A2, = A2 | > (jna| + [n2|)® > m).
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As a consequence, either (by the zero momentum condition)

my

(2¢ = 2)max |n;| > [ —na| > 32,

or (since |Qz| < 1)

0
_ . >, 02 )2 My
(2¢q 2)rjn>a§<|nj| +122 X, — ALl 2 5 "
In any case, we have
nz = m>a§<|nj| 2.4 my. 0

>

Levva 220, — Let s 20 20, ¢ > 2 and Q € Haq. If Q is 1-resonant then for all
u € h® NLL, we have

S22 (S, QY| S Q1]

2q—3

o1 [l

Proof. — First, we note that if v = vy then m, = 0 so we do not have to consider
this class in the sum. Therefore, we consider a class v # vg. Note that it implies that
> 2. Then, we note that

{SU7Q}: Z Qﬁ{slhuﬁ}'
neN2q

Using Lemma 2.19, we deduce that we can reduce the sum to the set of the indices
satisfying n} > m, > 2 and
* 5/2
ng Zq mv/ .

Moreover, using the zero momentum condition, we note that nj > (2¢)"'n} >
(2q)~tm,,. It follows that

Zmzs+aé/2|{5 Q}u |<q2m25+05/2 Y Qallun |- fung,|

n32q Mo

*zqu/Z

Sas 1Qllee D (n3)*(n3)*(n3)°7 2 lun, |-+ [t |

€Nz

< s s o /2

Sa.s [1Qloo Z Z My [* 115 | 11 | [Un |-+ [Ungg -
PpEG 2, TEN

And so we get the expected estimate by applying the Young estimate of Lemma 2.8.
O

By applying this lemma with ¢ = s — d and by considering only the classes such
that m, is large enough we deduce the following estimate.

CoroLrary 2.21. Let s > d, g 2 2 and Q € Hyq. If Q is 1-resonant, then, for all
u € h® and M > 2, we have

(2.11) ST mZ {80, QW) Squs 1QlocM™O/2ED )3 | 77,

my 2 M
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Now we start proving Proposition 2.18 about the preservation of the super-actions
of (NLS).

Proof of Proposition 2.18. — Recall the Hamiltonian formulation (1.13) of (NLS) and
the Taylor expansion H = H(S2) 4 R(27+2) of jts Hamiltonian (2.1). We apply the
Birkhoff normal form theorem 2.13 with x = 1 and A = Z¢ to the Hamiltonian H ($27)
of degree 2r to put it in 1-resonant normal form up to order 2r. This gives an auxiliary
Hamiltonian xy = x® + - 4+ x®”) with ||[x?*"]||, <, 1 and, through Corollary 2.10,
a radius €, 2, s 1 such that on By(e.)

,
H:=H o <I>>1< =Zy+ ZQV(QQ) + Y = HE?) 4,
q=2
where Q(29) ¢ Hoq are 1-resonant homogeneous polynomials satisfying QY| Sq 1,
and the remainder Y is of order 2(r 4+ 1) in the sense that for all w € Bg(e,)

(2.12) VY (w)) PR

he Srs [lwl
From now on, we assume that the solution u of (NLS) satisfies [|u(0) < p <107 % ..
It follows that for all ¢ € [0,7], we have [[u(t)|ps < c¢p < 1072e, and so that
v =& "(u) € C°([0,T]; *) is well-defined for ¢t € [0, T]. Moreover, ! being close
to the identity, we have

(2.13) [[u(t) —v(®)]

we < e u®)e Sre p®s and so u(t)]

hs Snc p-
Without loss of generality, we can assume that(!?) u(0) € h**t2? so that u €
C'([0,T];h*) and v € C'([0,T]; h*). Since ® ' is symplectic, using the chain rule,
we get that

0w = VHSD () + VY (v) + A" (u) (VR (w)).

As a consequence, one can bound the variation of the super-actions as follows:

1) 3w Esue| < 3w S, A0 + VT e

my, 2 M my, 2 M

+ (1@ (@)oo [V REH2) (@) e 0]
According to Corollary 2.21 the first term on the right-hand side is bounded (up to a

constant depending only on r and s) by

max [|Q®V oo M~V ()|} o7 S

T8
2§q§r ~ 1o,

Moreover, the estimate (2.6) on d®? together with the estimate (2.2) on VR(Z+2)
yield

M (3/2)(s=d)

14D () e VR (@)l Sy 0271

(12)1¢ can be done by approximating any u(0) by smoother initial data (e.g. trigonometric poly-
nomials) and using the preservation of the regularity for (NLS) (i.e., that while the ¢! norm of the
solution is bounded, its A*T2 norm does not blow up). Such an approximation is classical and is done
in details, for example, in [BG25].
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Using also the estimate (2.12) on VY, we conclude that

ZmQSd

dt
my, =M

Su(0(0))| Sope MDDt 4 gt

Finally, using the fundamental theorem of calculus and that v is close to u (see (2.13),
it provides the term p* without factor 7" in (2.10)), and we get the expected estimate.
g

2.5. Mismarcu Lemmas. — In order to deduce Theorem 1.3 from Theorem 2.7, we will
have to consider truncated subsystems. In this subsection, we establish two technical
lemmas proving that the associated truncation remainder terms are very small.

Lemma 2.22 (Mismatch vector field estimate: I). Forallq>2,s>d, u€eh®, all
M,N > 2 with N < iM, and for all Q € Hoq such that Q oIl = 0, we have

N VQ(u)]

2q—4
T .

we Sq M™CTDQoo lullis lullz

3
hs

Note that we do not ask for any constraint on the size of the resonance function.
The gap between N and M is sufficiently large to directly have the mismatch estimate.

Proof. — For n € Z% with |n| < N and u € h*,

(n)*107Q(u)] < 2q(n)* > 1Qaltn, |- [tiny,_, |
neN2q
N2g=n
< 2¢[ Qs (n)* Z Lo nsfting |-+ [tng,_, |-
EN2,
naqg=mn
From the zero momentum condition, we have that 7 € Ny, contributes only if nj > M

and
* M
nz/ﬁ>—>N>n.
2¢ " 2q

As a consequence, we have |n| < nj and so

(n)*10zQ(w)| < 20M ™"V Qlloc D (n3)* " Hn5) funy |-+ g, |
EN2q
N2g=mn
<2M~CTNQlse Y (6 THE uny | Jtn, |

EN2q
n=(¢£,n2q)

SaMTCQloe DT DT () ) |t |

PpEG2,—1 MEN2,
ni=n

Vv

Finally by applying the Young convolution inequality (see Lemma 2.8) we get that
Ty VQ)llne Sq M~V |Qlloo[ullz ™ ul

—(s— 2q—4
Sa M~V Qllocllull gl

2 |l

1
es—d

3
3. O
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738 J. BErnier & N. Camps

Lemma 2.23 (Mismatch vector field estimate: IT). Let €10 U%h; C Z% be a partition
of Z¢ compatible with the Bourgain’s partition given by Lemma 2.15, i.e.,

n € 6o = [n]c%o

such that €,, C 61, and set

N = min |n|.
NEGh;i

For all ¢ > 2, all 1-resonant homogeneous polynomial QQ € Ha, of degree 2q satisfying
Qollyg, =0, and all w € h® with s > d, we have

T, V)11 Saus QMoo N ™O/DC=D ]2 a7

Proof. — For clarity, in this proof, we highlight the dependencies with respect to .Z.

For n € 6., by symmetry, we have

(n)*10mQ(w)] < 24(n)* D |Qulluna] -+ luns,|

€Nz
ni=n
Sa l1Qlloo()* (Y~ ltma |+ lttmay |+ Y fttm |-+ [ttng, )
’FLENQQ ﬁEqu
ni=n ni=n
no €Ghni N3 E€Ghi
[71<1 |Q7<1

= [|Qllc (&P + €5,

and so

M, VQ) [[ne Sq M1, €22 + [ TTeg, €D 2.

Case 1: Suppose that ng € 6p;. — First, we have

q q
= 2 . 2 > 2 2
12 [Qa] =D N2, =D A2 2 n| q 02X A,
j=1 j=1
As a consequence, we have
2 > 2
max (no; » (n
1<qu< i) R (n)

and so, we have

EY Sqzs Y (n9) Juny| - [, | Sz NTC7D N7 (19)* (n3) " Uty |-+ s, |-

’ﬁeNgq ’ﬁENgq
ni=n ni=n
Ins| 2N

Thus applying the Young convolutional inequality, we get
T, €Iz Sqz.s N7 ullie a7

Case 2: Suppose that ny € ;. — Since [n1] # [nz], thanks to the separation property
of the clusters, we have

Ing —na| + A2, = X2 | > (Ina| + [n2])® = N°.

As a consequence, either
5
(2q = 2)max|n;| > |ny —n2| > -,
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or
N6
2 2 2
(20— 2)max|n,* +1 22 X3, = A%,| > -
In any case, we have

N> NS/2.
r§1§§c<ng> 22

Moreover, as previously, we have maxi<;<q(na;)? 2. (n)?. Thus, since § < 1, it fol-
lows that(1%)

8512) 5q72’,s Z <é>1k>s|“n2| e |u”2q|
i=(n,0)ENag
<€;>Z$,qN6/2
and reasoning as previously, we get that ||TI¢, €P) ||z <o N~/ ||y)|3, ||u\|§f_4.
O

2.6. Proor toar Trrorem 2.7 tveries Tueorem 1.3, We recall that the flat
torus T“fg is fixed and admissible in the sense of the Definition 1.1. It provides an
exponent 7, (which can typically be chosen equal to d(d + 1)/2 + 1). We recall the
associated constant c, = 27, + 1. We will also need the Bourgain decomposition
of Lemma 2.15 and the corresponding exponent § = §(d). We also recall that the
nonlinearity f of (NLS) is fixed and satisfies the condition f’(0) # 0. Then we divide
the proof into three main steps : preparation, dynamics and measure estimates.

Step 1 : Preparation. Let r > 9, v < min((2¢,)71,1/(2d)) be the associated con-
stant given by Theorem 2.7, and assume that
(2.15) 50 :=d+ 206wt

We also set € < g9 where ¢ is a constant depending only on r, s (and £ and f) that
will be chosen small enough. Let M > 0 be a real number such that

(2.16) e ®/Or/(s=d) < N eV
and define
N=@8r+1)"'M.
Note that the existence of such a M is ensured by construction of sg. Then we set a
partition €, U G C Z% of Z% by

(2.17) Go:= U [n] and % := VARG
In|<N

Note that since the clusters are dyadic (see (2.9)), we have
1

(2.18) —N < min |n|] and max |n|]<2N <M <Le™?.
2 nEGhi n€bio

We recall that the Hamiltonian H of (NLS) (defined by (1.13)) admits the Taylor
expansion H = H(S4) 4 R(4+2) (see (2.1)). Then, setting

(13)for details it is convenient to distinguish the case |n2|? = maxi¢j<q |n2;]%
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we apply the Birkhoff normal form theorem 2.13 to H(S*) oII,,. We get a polynomial

x = x® + -+ x*) supported on £! (Z‘éM) (with ||[ x| <, k77F1) and e, 2,4 VK
(through Corollary 2.10) such that on IT,;' Tl Bg(e.)
(HS*) oyy) 0 @) = Zp oy + QW 4+ + QU7 4+ 1
= Zyolly + QW + Q% 4 71,
where Q7)€ Ha;(ZL ;) is k resonant and satisfies Q3|0 <, k7712 and T is of

order 4r + 2.
Then we set

(2.19)

1'(0)
2
As a consequence, if H), satisfies the assumptions of Theorem 2.7, then, provided

that ¢ is small enough, we get an open set G)Z C ITp; Bs(g) and we just have to define

(2.20) Hio = ZooTly + QW + QY o1y, — ITar - 172

our set of good initial data by
(2.21) O: = (I By(e)) N (@ 1)L

Now, we just have to check that H), satisfies the assumptions of Theorem 2.7. First,
it is clear that the homogeneous terms P(7) := Q(27) ollg, , j = 3, of Hy, are k = %V
resonant and satisfy ||[P(*) ||, <, 7912 and so ||P(39)]||, < e~/ provided that &g
is small enough. So, the only thing we have to check is the form of the quartic terms
of Hy,. To do this, it is enough to compute Q™). We recall that by the Birkhoff normal
form theorem 2.13, we have, for all 77 € Ny

5 _ ['(0)
o = L1 et

We will see that if 77 € (Z%,,)* satisfies [Qz] < & then {ny,n3} = {n, na}. Note that
it directly implies, by the Poincaré formula, that, as expected, for all u € CZenm ,
/ 9 ’
@y (0)( 2) _ [0 4
QW) =L (3 DS
Inl<M Inl<M
So, let 11 € (ZiM)4 be such that |Q27z| < k. It means that

KN = AL, AL, — AL
= [g(n1,m1) — g(n2,n2) + g(ns, n3) — g(na,n4)|
= |g(n1,n1) — g(n2,n2) + g(n3,n3) — g(n1 +na2 — nz,n1 + nz — n3)|
= 2|g(n1 — n2,n3 — na)|.

Now, assuming by contradiction that ny # no and nz # ns, since the torus is admis-
sible we get that

€C*V =K Z |n1 _ n2|—‘r*|n3 _ n2|—n Z M—QT* Z 627-*1/7

which is impossible, provided that £y is small enough, by definition of ¢, = 27, + 1.
As a consequence, we have proved that n; = na or ng = nsg, and so, using the zero
momentum condition that {ny,ng} = {na, n4}.
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Step 2 : Dynamucs. We now prove stability of the low frequency actions and high-

frequency super-actions over very long times 7' < e~ ".

Substep 2.1 : Setting of the bootstrap and low modes reduction. — We consider a max-
imal solution u € CO([-T_,T4];h*) of (NLS) such that u(0) € By(2¢) NI} O..
We denote

p = ||u(0)]|pe < 2e.

Without loss of generality, we focus only on positive times. As usual, we proceed by
bootstrap: we consider 0 < T" < T% such that

2S+2

T<e" and sup [Ju(t)|ps < P,
0<t<T
and we aim at proving that
(2.22) sup |Ju(t)|[ps < 25T 1p.

0<t<T
It will prove that (2.22) holds for T' = ¢~ ". First, since é%; contains only high modes,
by applying Proposition 2.14, we know that, provided that €( is small enough, we have,
for t € [0, T
M, w(®) e < [T vy2u®)7e < 2% [|u(0)|[7: + p* + T(N/2)~O/2E=D g8 4 Tp?r L,
Then, using the lower bound on M and the upper bound on 7', we have
e, u(®) 7 < p?

where C 5 is a constant depending only on r and s (and d). It follows that, provided
that ¢ is small enough, we have

(2.23) sup [T u(t)|[7. < 22792

tx

(225 4 p+ Cr7sp€7r€2r 4 Efrp2r71)’

To close the bootstrap, it remains to control HH%OU| 2.. To do it, we will prove that

(2.24) sup > () [Jun (8)* = [un (0)1?] <

ot<T nESia

The conclusion (2.22) of the bootstrap is just then a consequence of the triangular
inequality, the Pythagorean identity and (2.23). So, from now, we focus on proving
(2.24).

Substep 2.2 : Normal form and remainders. First, we note that since v < (2¢,) 7%,
we have
(2.25) Ex Dps k=Y 2/,

where ¢, was introduced in Corollary 2.10. It follows that, provided that ¢ is small
enough, we have ¢, > ¢ and so (thanks to the bootstrap assumption) it makes sense
to define
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742 J. BErnier & N. Camps

As previously, without loss of generality (i.e., up to a standard approximation pro-
cess), we assume that u(0) € h¥*2, so that u € C1([0,T]; h*) and 2 € CL([0, T]; h®).
Since ¢ 1 is symplectic, using the chain rule, we get that

10z = V(HS) o (I)i)(z) +eW),
where

€W 1= idd ! (u) (—iVRU ) (u)).
Then, using that  is supported on £} (Z‘i s we deduce that

0z = V(HS 0Ty 0 @) (Mprz) + M €W + T €3,
where, setting H>M = H(S4) — g(S47) o Iy,
€@ =Ty V(H>M 0 ®1)(2).
By definition of Q% and YT (see (2.19)), this evolution equation rewrites
00z = V(Zy + QW + QB (ys2) + VY (Marz) + Hpr €D 4+ 11,63,
Then, projecting on C%e, by definition of H, (see (2.20)), we get
10 g, 2 = VHo (g, 2) + 2 (0)||Masz]| 2T, 2 4+ €Y
where
(2.26) eV = Ty VY (MMpr2) 4 Mg, € + e €@ + 1Ty, €O
and, setting H"&? = Q26 — Q6 o Tl ,
e®) .= VHMEN (1T, 2).

Observing that H, is invariant by gauge transform (because it commutes with the ¢2
norm) and setting

. ’ t 2
w = 25O [ M=) adryr,

we have
iByw = V Hyp(w) + €250 Jo IMar=(M)lGzdr g (tot),

Finally, setting

(2.27) on(t) =40 ifn > M,
e—itAi+itf'(0)\Zn(0)|2zn(()) else,

we have v(0) = ITIp;2(0) and as previously

(2.28) 0w = VHo(v) + 20" O J5 IMa=()llzd7 g (tot)
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Substep 2.3 : Control of the remainder terms. To apply Theorem 2.7 to v, we have to
prove that [|E(*%) ()|, < e3p for all ¢ € [0,77]. First, using the bound (2.6) on d®}
and the bound (2.2) on VR*"+2) (and the bootstrap assumption), we have

(2.29) 1D ()] At

To estimate the other remainder terms, we have to estimate ||z(¢)]|ps.

that @' is close to the identity, to get

(2.30) 12() = w(®)llns Srys P76

and so, recalling that k > /¢ (provided that gy is small enough),
[2()llns < 2lu(®)]lns < 27

Then, using the estimate (2.7) on VY, we have

(2.31) VY (arz(8)||ne Srs 672 pe™™

hs Sr,s 14

To do it, we use

<r s p€3’r’

~T,

To control £32) and €®), we will apply the mismatch lemmas. First, for €®), using
the definition (2.19) of Q>%) we have

2r
Hﬁlog(g) = Z H%lov(Q(zj) - Q(Zj) o, ) (I (2))

and so, since %; contains only high modes (see (2.18)), by Lemma 2.23, we have

2r
e, €3 ()l Srs D 1Q3) oo (N/2)~ @/ Do) 21
(2.32) i=3
Nrs Z”i it2g ar 2] ! <7"s€ ,0

The estimate on €3 is more technical. First, we set

fU*D
g 117 € 90,2

K .—
and we note that the linear terms vanish in the definition of &) i.e.,
€@ =Ty V(K™ o d))(2),

where K>M = K(40).>M 4 .4 @r).>M anq K29):>M — [(27) _ K29 611,,. Then,
doing the Taylor expansion of <I>§C in t = 0, we get, as usual

2r 2r
adl K>M L1 —7)2r adl K>M
K>Mo<1>)1<:z X ' —|—/ ( 273 adiT+1K>M0(I);dT ::Zix ' + I
L o (20)! L

From the expansions of x and K>™ we have
(g+1)(2r—1)+1
add K>M = " L9,
J=q+2
where, by Lemma 4.13,
L4 = Z adx(2a1) e adx(zaq)K(Qa"+l)’>M € Hy; (Zd).

a1+--+agr1=j+q
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Since || X0 S w79 and |[K2D>M|| o <1 <5 57772, we get by Lemma 4.13
that

1L ]| Sp w77H2,
and so, by Corollary 2.9,

IVadf L% |[pe Srs w7772 - 327

As a consequence, if j > 2r + 1, we have
IVad§ L® (2(t)lns Srys P>
Similarly, since j > g + 2, using that @] is close to the identity, we have that
IVD () lns Srs pe™

Recalling that %j, contains only low modes (see (2.18)), it follows that

2r—2  2r
T, €2 (@)l Srs p* + D D~ I VLS (2(8)) e
9=0 j=q+2

Now, we note that since the polynomials x(2% are supported on ¢! (Z%M) (i.e., they
do not depend on (ug)|q(>ar) and the polynomials & (2®):>M vanish on ¢! (Z‘iM) (i.e.,
they do depend on (ug)|q)>as) then the polynomials L9/ vanish on (*(Z <M) ie.,
L4301l = 0. As a consequence, since M = (8r+1)N > 47N, applying the mismatch
lemma 2.22 and using the lower bound on M (see (2.16)), we have

(2.33) ||H<€108(2) Ollns Sr,s p53r + Z M_(S_d)ﬁ_j—ﬂp%_l Srs pe’”
=2

Putting together the estimates (2.29), (2.33), (2.32) and (2.31) on the remainder terms
forming £(*°) (defined by (2.26)) and recalling that r > 9, we have proved that

Ve e [0,T], €WV (#)|n < p.
Substep 2.4 : Application of Theorem 2.7 and conclusion. — Since w solves the equation
(2.28), we have proved that
sup ||[i0pw — VHio(v)||ns < %7 p.

0<t<T
Now, we aim at checking that v(0) € ©2. We recall that, by assumption,
u(0) € O, = (i Bs(e)) N (1) 7107,
and so, since x is supported on £! (Z‘éM),
v(0) = Tpr2(0) = My @ 'u(0) = & THu(0) € O
Applying Theorem 2.7 and by definition of v (see (2. 27)) we have that

sup Z S||Zn( — [2,(0)? |— sup Z Hv —|Un(0)|2| ggpz.

OSEST e, T nj<m

JEP. — M., 2095, tome 12



SrasiLrry ror NLS oN FLAT TORI 745

Finally, by using that |u(t) — z(¢)]|n
(provided that € is small enough),

<rs P2 (see (2.30)), we get, as expected

(2.34) sup Z n)%* |[un (8)]* = Jun (0)*| < ep®.
0<t<T
nEbo
Step 3 : Measure estimates. — First, we note that, by time reversibility of <I>§< (see the

last property of Corollary 2.10), provided that € is small enough, we have
‘5;92 C (@;1)_1927 and therefore @;@2 NI Bs(e) C Oe.
Then, since @; is symplectic, it is volume preserving and so
meas((I)1 ©%) = meas(0”).

Now, since <I>1 is close to the identity and k > €, we have (provided that ¢ is small

enough)
D102 C My By(e +&%).

As a consequence, we have

(2.35) meas(0.) > meas(0”) — meas A,

where

A. ={u € Oyh® | e < |ullps < e+ 2.
On the one hand, the measure estimate of Theorem 2.7, ensures that
(2.36) meas(0”) > (1 — e'/3%)meas (I B (e)).

On the other hand, by homogeneity, we have

A
(2.37) ﬁ;é(e) =(1 +5)2nZiM 1< JFE)(9]\/1)d Sl st <VE
the last estimate coming from the upper bound M < e~ and assumption v < 1/(2d).

Putting together the three last estimates (2.35), (2.36) and (2.37), we conclude that,

as expected,
meas(0.) > (1 — /4" meas(IT;; B, (¢)).

This completes the proof that Theorem 2.7 implies Theorem 1.3.

3. RE-CENTERED POLYNOMIALS
The rest of the paper is devoted to the proof of Theorem 2.7.

3.1. Ser-ur. — We start by defining some parameters within the framework of The-
orem 2.7.

— In the rest of the paper we only need s > 0 (the reason for this is that the reduced
system is finite dimensional).

— We can choose (any) v > 0 such that

(3.1) 10%¢c,drv < 1074

— &4 > 0 is a small parameter given by Corollary 2.10 which depends only on 7, s
and on the torus ']I‘“f%.
— We fix € € (0,¢,). It measures the amplitude of the initial data.
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— The frequency-truncation parameter M depends on ¢:
2< M <Le.
— We set
7= 10°r.

Then, s,e, v and M are defined once and for all.

Remark 3.1. In the Section 2, to prove the main Theorem 1.3 from Theorem 2.7
and in order to control the contribution of high frequencies, we required that

s> rv >
where the first (resp. second) inequality is a consequence of (2.15) (resp. (3.1)). The
implicit constants depend on d and on the geometry of the torus ng.

3.2. MODULATION PARAMETERS AND RE-CENTERED ACTIONS. In the subsequent analy-
sis, the amplitudes of Fourier coefficients of a function ¢ in (say) Iy, Bs(20¢), serve
as internal modulation parameters for the frequencies. We set

fn((b) = |¢n|27 nEZ%/[-
We define
(32) Us(e) = {€ € R% | Tppcnr ()" leal < 4002},

an open set of RZ4 endowed with the natural topology of £2°(Z4,; R), made of internal
parameters. In particular,

¢ € My Bs(20e) < £(¢) € Us(e).
To modulate the frequencies, we center the actions around the parameters £ =
(&n)inj<m € Us(e) in the Hamiltonian, and define
yn(ﬁvu) - |un|2 —&n, MNE Z(]iw
Then, the Hamiltonian’s coefficients depend on the parameters £, and we shall intro-
duce another Hamiltonian formalism more convenient for the analysis.

3.3. PARAMETER DEPENDENT PoLyYNoMIALS. — In Definition 2.2, we denoted Ho,(Z4,)
a class of real homogeneous polynomials of degree 2¢, supported on ¢! (Zﬁ/[). We set

Heor(ZGy) = @ Haq(Z3y), H(ZYy) = D Hag(Z5)),

0<gsr 0<q
where Ho(Z$,) is the class of constant real functions.

3.3.1. Lxtended class of real polynomials. — We now motivate the subsequent defini-

tions and notations. In the expansions of polynomials in H(Z4,) we would like to keep
track of the actions and formally see them as new variables:

Uny Ty |unl?

To a multi-index 77 in the class N defined in Definition 2.1 corresponds a sequence
n € (N%1)3 where

n=(kf,m), with k= (kn)\n\<M7 L= (zn)|n|<Ma m = (mn)\n|<M~
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For n € Z4,, the integer m,, (resp. k,, £,) is the multiplicity of |u,|? (resp. u,, u,).
Such a decomposition only make sense, and is unique, under a non-pairing condition
between u,, and u,,.

Derinition 3.2. — We define the class of multi-index with zero momentum condition

(3.3) M= {n=(k.L,m)|VneZi, kyl, =0 and
ZneZ‘}u kp — by = ZneZ‘;\’J n(kp —Lln) = 0}'

The degree of a multi-index n is its total degree:

deg(n) := Z 2my, + ky, + £y,

nEZiI
Remark 3.3. — In the above definition, k,¢, = 0 is the non-pairing condition
between wu,, and u,, Z\n|<M kn, — ¢, = 0 ensures that u and uw have the same

multiplicity and 3=, s n(kn — £,) = 0 is the zero momentum condition.

For further use we also denote by M the set of multi-indices satisfying only the
non-pairing condition

(3.4) N ={n=(k,£,m) | knl, =0VncZi,}.
If ¢ >0,
(3.5) My, = {n € N | deg(n) =2¢}, Mgoq ={n €D | deg(n) < 2¢},

with similar definitions for gtgq and ‘jv“{@q.

Norarion 3.4. — We denote by n_ the size of the smallest frequency that is not
completely paired:

(3.6) n_ =min{|n| | n € Z%;, ky+ £, > 1}.
The class of integrable monomials is denoted by
(3.7) TJ={n=(k,£&,m)c DN |k=2£¢=0}.

For convenience, given n € Z%, we introduce special multi-indices (that are not in %,
but in ):

en(n) :=(d(n,:),0,0), ee(n):=(0,4(n,-),0), ei(n):=(0,0,0(n,")),
where § is the Kronecker symbol. They correspond to the following monomials:

Rem(n) (U, y) =Yn, Reg(n) (u, y) = Un, Ze((n) (’U,, Z/) = Up,.
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3.3.2. The class of polynomials. — We now define the corresponding class of extended
polynomials H*(Z4,).

Levmma 3.5. For every H € H<o,(Z4,) there exists a unique sequence of coefficients
(H,) € C?<2a, such that

H(u) = Z H, H uFr b |y, |2

neNn n€ezi,

Given a multi-index n = (k, £, m) € D¢y, we use the short-hand notation:
e [T abe, @t = [T mt, 1™ = T el
nezd, nezd, n€ezi,
so that, alternatively,

H(u) =Y Hpu*u'I(u)™.
neNn
We can now define the new formalism.

Derinirion 3.6 (Extended class of real polynomials). — Let ¢ > 0. The set f}CﬁQq (Z4,)

of real polynomials is the set of functions defined on CZu x R%w

Qu,y) = Z Qnzn(u,y),

nGmggq
where the coefficients (Qy,) € C?'<2¢ satisfy the reality condition:
Qr.em = Qe km,

and

e gkt — kL ) Mo,
Zn(uvy) =uu ym - H un Un yZL .

d
neLs,

Lemwia 3.7. — By associating to H € Heaq(Z%,) its coefficients (Hp)nem,, the
following map is an isomorphism
d d
Ar Heog(Ziyy) — fHﬁgzq(ZM)
H+— Z H,ukuty™,
neNn

the inverse of A being
ATY 9, (2)) — Heag(Z5)
Q(u, y) — Q(u, I(u)),
where I(u) = (‘“n|2)nez;{1-
In particular, we have

H(u) = A(H)(u, I(u)) VH € Heoy(Z)).

JIEP. — M., 2095, tome 12



Stasiity For NLLS oN FLAT TORT 749

3.3.3. Centering procedure. With this formalism, we can interpret the centering of
a polynomial H with respect to a sequence of parameters £, as a translation of £ in
the y-variable of A(H), in the space 3*(Z4,):

Derinition 3.8, — Let £ € Ug(e). We define the translation operator
Te - f]'Cﬁgzq(Z(Ji\/l) — 9{22(1(%%[)

such that for all H € Hqu(Zﬁw),

(3.8) TeQ(u,y) :== Qu,y — ).

With these operators at hand, for H € H<a,(Z4,), centering H around ¢ boils
down to write(*®

(3.9) H(u) = A(H)(u, I(u)) = (A~ oT¢oT _¢oA)(H)(u) = (T_¢0A)(H)(u, I (u)—¢).

We stress out that the coefficients of (T_¢ 0 A)(H) depend polynomially on §. Never-
theless, this dependency is quite artificial: the polynomial function H does not really
depend on £. However, our normal form procedure will naturally generate Hamil-
tonian functions really depending on £ (due to the small divisors). For this reason,
we introduce a class of parameter-dependent real polynomials.

Derinition 3.9 (Class of parameter-dependent real polynomials). — We define
(3.10) Xog(e) = O (Us(e), Hag(Z4)))
and

Xezq(e) = OF (Us(e), Heag(Z3y)),  X(e) = O (Us(e), H(ZG,)).-
In addition, we define the class of integrable polynomials of degree less than or equal
to 2¢q by

Xogme(€) :={H € Xog(e) | ¥ € Moy, V€ € Us(e), (Hn(§) #0 = meJ)}.
We can now introduce the main notation.

Notariox 3.10. — Centering H € X¢oq(e) around & € U,(e) gives a function of £
valued in i}{ﬁgzq(Z‘fVI), denoted H[-] and defined by

H[J: Us(e) — Iy, (Z5))
§— H[¢]:= [T ¢ 0 AJ(H(S)).
According to (3.9), a parameter-dependent polynomial H € X¢q,4(e),
H: & € Us(e) — H(&) € Heng(Ziy),
once re-centered, can be represented by

(3.11) H(&§w) = H[E)(u, I(u) = ).

(4 the following formula we are just writing |un\2 = |un|2 — &5 + &, and then expanding
around |un|? — &, in the expansion of H given by Lemma 3.5.
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In the expanded form, we have
H&u) = Y (H[EDnzn(u,I(w) = §),
nEmgzq
where we recall that z,, is defined by

k—£ m knz—Ln ), Mn
Zn(uvy):uuy = Hunu” Yn -

nez§,

3.3.4. Operations for re-centered polynomials

Levma 3.11 (Poisson bracket with an action). — If H € X<o4(¢), then, for alln € Z¢
and £ € Us(e),

(3.12) {In H(& ) w) = 20 Y (ko — ) (H[E)muFab (I (u) — ™.

neN

By linearity, we deduce the following.

Corovrary 3.12. — Given a sequence of real numbers (wn),eza (the frequencies), if
ZQ(E;U') = Z Wn(|un|2 - fn)u
n€ez,

and H € X<o4(e), then we have
{Z2, HY(w) =21 ) Qu(w)(H[E])n u*T(I(u) - ™,
neN
where Q. (W) is the resonance function:

(3.13) Qn(w) := Z (kn — Ln)wn.

nezg,

/l. FUNCTION/\L SETTING FOR RE-CENTERED POLYNOMIALS

4.1. PARAMETERS. We have recalled the set-up of Theorem 2.7 in Section 3.1.
We now introduce the new parameters that play a role in the subsequent finite-
dimensional analysis, to control the frequencies of the solution smaller than M. Recall
that the small parameter € € (0,¢,) was fixed in paragraph (3.1).

— n > 0 is a large portion of €

y = gl=1/100,

— For a € N, the frequency scale N, = g=/200s (

integer), satisfies

which is not necessarily an

No=1, (Natp1/Na)® =e /20,
— We set 8 = 100r. In this way, Ng (which will be our largest scale) satisfies
(4.1) NE%ZEB/IOO:ET.
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— 7 (proportional to s) is a small parameter compared to s:
s s

T= 108 = 105
We ensure that for all « € {0,..., 5},
(4.2) (7 1e)N5™ = £1/100-5a7/200s  (1/100-557/200s _ 3/500 < _1/200
— 7 (proportional to r) is large enough to ensure that
(4.3) 7T = 6s.
In view of the definition of 7, we can set
7 =10°r.
— Recalling the definition (3.5) of the set of multi-indices D<o, observe that, at
least when ¢ < 72,
(4.4) 19Mag < §0caq < H(Z5)% < 71",

— 7 (and y(«)) are numbers in (0, 1), depending on €, which give the large measure
of the non-resonant parameter set, but they also appear in the small divisor estimates.
The following choice is acceptable (although other choices are also possible):

(4.5) vy=e"" (o) =4

We have the following key relationships between the parameters (if e, is small
enough):

(4.6) (@) e ) (Va1 /Na)?* < 7M1,

4.2. FREQUENCY-SCALES
Dervition 4.1 (Weights for the coefficient bounds). — For « € {0,...,8} and n €
73, set
D(a) := 52" V/3N2,
Cp(a) :=n~  min(|n|, N,)*NZ.
Given a multi-index n = (k, £, m) € Dt defined in (3.3) we set
wo () := N, %n° H D(a)™" C,,()knten,

nezd,
and wh (@) == N4t H D(a)™ Cp,()kntn,
n€zd,

Remark 4.2. — Note that our choice of weights D(«) differs slightly from the choice
of Bourgain [Bou00a], where (adapting the notation) we would have the following:

D(a) =~ *71NZ* min(|n|, Na)*.

The above choice has some advantages when moving from the scale o to the scale
a+1 for the integrable quartic terms generated in the algorithm. In our case, however,
we measure these quartic terms in the norm Z (defined below) that does not depend
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|
<t
)

on the scales. This allows us to have smaller weights. We emphasize that such a saving
is crucial to obtain the bounds on the symplectic transformations (e.g. Lemma 6.16)
to measure the size of the non-resonant initial data set (a task not addressed in
[Bou00al).

4.3. NORMS AND VECTOR FIELD ESTIMATE, We now define suitable norms for re-cen-
tered parameter-dependent polynomials, which are written as in (3.11). Recall that
we defined the set of parameters Us(e) in (3.2).

DeriNirion 4.3 (Norms for the re-centered polynomials). Given o € {0,...,3} and
a parameter-dependent polynomial H € X () (defined in (3.10)), we define two norms
at scale a:

|H lygwr == sup max wh(a) ™! |(H[E])nl,

UL (e) neNn
H|yuo := sup max max wp, (@) !0, (H[¢])n

o = sup ma mac (o) 06, (HlEDn

and

1H]

ze=w = sup max |(H[{])nl,
EEU, () MEM (e

Hl||zip := sup max max |0, (H .
Il = _sup om0, (D

The norm Y3"P is nothing but a weighted ¢°°-norm on the coefficients of the
re-centered polynomial H[{] (as introduced in Notation 3.10), with scale-dependent
weights as in Definition 4.1. We will extensively use that for all n € 9t and £ € U,(e),

(H[EDn] < [ H]

ysup W%(Oz),
and, for all |n| < M,

10, (HEDn| < [y wn(e).

We say that a Hamiltonian operates at frequency scale o (see Theorem 6.2) when its

3 . — 3
Y "P-norm is small compared to € 17107 " say.

Remark 4.4. — For all H of order greater than 6 (in the sense that for all £ € U, (),
H,[€] # 0 only if deg(n) > 6), we have that

(4.7) IH]

Y;up < ||H||ZS“P7 ||HHYth < ||HHZlip.
The reason is that Ny = 1.
Given ¢ and o we introduce the annulus
- 2s 2 _ 241/5 pr—2s
(48)  Vaosle6) = {u € MyBu(e) | S, () [funl? — 0] < 2F/3N2),

We now estimate a multilinear quantity for functions in the above neighborhood. The
set T was defined in (3.4).
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Lemma 4.5 (Weighted multilinear estimate). For all a € {0,...,8}, £ € Us(e),
n € M and u € V, 5(20¢, ),

(4.9) W ()] zn (u, I(w) = )] < NOn°.

(03

The above lemma can be understood as follows. When v € V,, 4(20¢, §), which is an
additional smallness condition on the centered actions (|uy,|? —&n)nezd,» We gain a fac-
tor N 541% in the multilinear estimate (4.9). We emphasize that the zero momentum
condition is not required, and we assume that n is in the set 9% defined in (3.4).

Proof. — Fix u € V, +(20¢,€) and n € M. According to the definition 4.1 of the
weights,

(4.10)  wh (@)zn(u, I(u) =€)
= N;%n° H Cn(a)kn+znuﬁnmen D)™ (Jun|* = &)™

nery,
For all n € Z4, and a < 33,
Cr(@)[un] < (n)* NG~ [un| < [[(n)*unlle Njn™" < 20en™'Nj < 1,
under Condition (4.2). In addition,
D(@)][un? = &0l < 7~ VINE a2 = Enlli S (™) < 1.

Multiplying over the contributions where m,, + k, + ¢, > 1, for n € Z?M, gives the
multilinear estimate (4.9). O

We can now state the key vector field estimate, which motivates the definition of
the norm YS"P and the normal form Theorem 6.2.

Prorosition 4.6 (Vector field estimate at scale «). Given a € {0,...,8} and
Q € X¢r2(e), we have that for all £ € Us(e) and u € Vo 5(20€,§),
(4.11) IVQ& wllne < 1Qllyzee No el e

Proof. — We fix { € U,(e) and, without loss of generality we suppose that [|Q|y=w» =1.
For n € Z4,, we have

(V&) =2 Y (QE])ndurzn(u, I(u) —§).

nGmgm‘

Observe that

n 7I —
O (1) — ) = £, T =) oy Mo T
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Hence,
IQ(w)|[1e
n ,I _ o ,I o 2 1/2
o X 3 @ieha (e LGyt L0 8 )
n€ezd, neMNgay n n n
s n aI *f nZn ,I 75
HERHR<,) max wh(0)() (&L%anu 2 iu _(2 )1)
neMNga,
- * s n ,I —f nZn ,I _f
< e ety (e o o ),

where we used the counting estimate (4.4). Then, for fixed n € Z4, and n € Moy,
suppose that ¢, > 1. We have from the zero momentum condition that there exists
j € Z%, ~ {n} with

o In]

max(k;, {;) 2
> 1 (the situation when ¢; > 1 is analogous),

We only consider the situation when k;
in which case we have

2 (u, I(u) — . wl (a 2 (u, I(u) —

whla) (| 2T =8 <0, () 0y | pt | e

Sris Cn(@)Cj (@) |ullns Wiy () |z (u, I (u) = €)1,
where

n' =n—ej) — el(n) € N.

Note that

) - (@)

" Cn(a) Cj(@)’

It follows from Lemma 4.5 that
Woy (@) 2 (u, T(u) — €)| < N %,

and therefore

sy Znlu I(w) =€) —6s
Wo (@) (n)* ] = | Sris Ca(@)Cj (@) NG 0 ul|e
n
Sris N7 NG Jullns
Srs TNl e

according to the constraint (4.2) on the parameters. Similarly, if m,, > 1 then

U zp (U, I(u) — &) s wWo(a) | zn(u, I(u) =€)
=g, | Sre Dl lunl e | =

S D(@)ullns whs (@) |2m (u, () = )],

Wy (@)(n)*my,

where
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M

and we deduce from Lemma 4.5 that

s n<n ,I _5
wh(a) e, 5T =)

The desired inequality (4.11) follows when e, (s,r) is small enough. O

rs 1T ON G e

In the next lemma, we provide a fundamental example of a polynomial that oper-
ates at scale a. Recall that n_ = min{|n| | n € Z%, k, + £, > 1} and J denotes the
set of integrable monomials, as defined in (3.7).

Norarion 4.7. — Given « > 1 we define the set of multi-indices with an unpaired
frequency smaller than N,:

(4.12) Aoy :={neMNT|n_< N,},

Then, for H € X (g) and & € Us(e), we define T, H(¢) € H(Z4,) by

(4.13) Ma H(&u) = Y (HE)nzn(u, I(w) =€)

neA,

Moreover, for ¢ > 1,

Maeg=2,Q(&w) == Y (QDnznlu, I(u) = &),

neMN : deg n=2q
q
Maeg<20Q(6; 1) 1= > Taeg=2,Q(S).
p=1

Lemma 4.8 — For all a 2 0, if n € M\ Ayq1 with deg(n) > 6, we have
wo(a) Swy(a+1), wy(a) <wy(a+1).
Revark 4.9. — As a consequence, if Q € X2 (¢) satisfies, for all § € U,(e)
A, Q) =0, Tlieg<aQ(&) =0,
(as defined in (4.13)), then @ operates at scale « in the sense that
[@llyzwr < [|Qlly=ws < - < |Q)

We deduce from Proposition 4.6 the vector field estimate: for all £ € U,(e) and
u € Va,s(20¢, §),

sup,
Yo

VR u)llne < Q]

Proof. — Recall from Definition 4.1 that the weight w! () is made of two parts:
65,6
n

YOSUPN(;4853HU B

a prefactor N , which is a gain, and the product with the coefficients C, ()

and D(«).
When comparing the prefactor from scale a to scale o + 1 we have a loss:

(Na/Na+l)76s~

On the other hand, increasing the weights C, () to C,(a + 1) gives a saving when
|n| 2 No+1:
Cn(()() = 7771N3+T = (Na/Na+1)S+TCn(O¢ + 1)
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Note also that increasing the weight D(a) to D(a + 1) always gives a saving:
D(a) = (No/Ng41)**D(a +1).
We complete the proof of Lemma 4.8 from the assumption that deg(n) > 6:

Wi (@) = (Na/Nag1) ™% [ (Na/Naga)?mnst )30 w0 (0 4 1)
[n|<M

< (Na/Nagr) 4870 wi (a4 1).
We proceed similarly to prove that wl, (o) < wl (a +1). O

To conclude this subsection, we state a lemma in the same spirit. It is helpful when
dealing with monomials of large degree.

Lemma 4.10 (Weights for monomials with large degree). — For all n € M, if
(4.14) 7 deg(n) > 6s,
then for all a > 0,
wl (a) < w(a+1).
Remark 4.11. — As a consequence of Proposition 4.6, if a polynomial R € X2 (¢)
has order greater than 6s7~! then for all u € Vg (20¢,£),
IVR@) e S IR)

Jsup N5_4s€3 | ‘ U

hs-

Proof. — We proceed as in the proof of Lemma 4.8. In this case we leverage on the
the factor N7 in Cy,, () to get the saving: for all n € Z4,,

Cp(a) =0 min(|n|, No)* NI < (No/Nat1) Cnl(a +1).
This yields
WO(@) = (N1 /Ny )65~ 28 deglm) =7 (deg(k)+deg(®)) 0 (o 4 1)
< (Nas1/Na)® 798 wi (0 + 1),
where we used that No41 > N, and s > 7. Assuming (4.14) concludes. O

4.4. PorssON BRACKET AND POINT-WISE ESTIMATE ON THE COEFFICIENTS. We will prove
in Proposition 4.15 (resp. Proposition 4.16) fundamental bounds on the Y "P-norm
(YYP_norm) of the Poisson bracket of two polynomials. As a warm-up we first state
some explicit computations for the Poisson bracket of two re-centered polynomials.

Lemma 4.12 (Poisson bracket between two monomials). — For fized multi-indices
n = (k,£,m) and n' = (k',€',m’) one has

(4.15) {zn(u,I(u) — &), zn(u, I(u) — &)}
=2i Y (kpln— kng;l)zn(“vf(“) — &) zn (u, I(u) — €)

d
ners,

T (K, — €,) + mly (6 — ko)) 22l L) = Oz (0, 1) = &)

n
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In particular, we observe from (4.15) that a Poisson bracket either kills a pair Uy, Upy
when k¢, — k, 0, # 0, and a term |u,|?> — &, when m,(kl, — £,) +m, (¢, — ky) # 0.

Proof. — We compute explicitly the Poisson bracket using (1.20):
{ukat(1(u) = ™, oM T (I(w) - ™)

) k+kJ7 -
=2 Z ( H U i+l I (|ug|* = &)mit J)

nezd, jezd, ~{n}

J— 1 knt+kl —
« |:(k;£n _ knéfrl)unen+é;L lun +k, 1(|un|2 - gn)mn-i-m,'n

B(Jud = &yt

Organizing the terms gives the identity (4.15). O

+ (mn(ky, = €,) + mi, (b — k) Jun

The next lemma follows from (4.15), and gives a useful expression of the coefficients
of the re-centered polynomial generated by the Poisson bracket of two re-centered
polynomials.

Levma 4.13. If Q,H € X(g), with min(deg(Q),deg(H)) =: 2q, then {Q,H} €
X (e) and we have for all m” € DN and £ € Uy(e),

(416) ({Q H}Dnr =20 [ D ( )5;”1’]'2 > (QEDn(HE)n

1< M 0<b;<a;<q nezd, (nn')en?

X <1E(1,), n, ) (kg ln — knf),) + lE:f/)/,a,b(”)(n’ n) (M (ky, — L) +mi, (£, — kn))) )

n'/,a,b

'

where, given n" = (m, k], 0}) ;<> a = (aj)j1<m, b= (b)j1<m with 0 < b; <

a; < q, andn € 74,, the sets of multi-indices
Es,g’a’b(n), E,(L%E’ayb(n) cn?
are defined as follows:
(1) (n,n') € E,(j,? ap(n) if and only if kyl, — knt;, # 0, with
an, = min(k, + k), — 1,4, + €, — 1),
and my = my, +m), + by,
k' =kn+k), —1—anp,
0 =l,+ 0, —1—ay,
For all j € 73, ~ {n},
aj = min(k; + K}, £; + £}),
and my =mj +m} + bj,
K =k + K, —a;
0 =10 + 05 — a;
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|

(2) (n,n') € B

it ap(1) if and only if my(kj, — £3,) +my, (b — ky) # 0, with
an = min(ky, + kj,, b, + £),),
and mr = my, +m), —1+ by,
k) = ky + k], — an,
0=ty + 0 — ay,.
Fo(r) all j € Z4, ~ {n}, we impose the same conditions as for the above definition of
Enl,/’a’b(n).

Let us briefly comment on formula (4.16).

— For fixed n € Z4, we collect in ES,? (n) (resp. E,f,? (n)) the contributions of
the Poisson bracket between two monomials (n,n’) where a pair u,,u, goes away
(resp. a term y,, goes away).

— The parameters a = (a;));
procedure: a; represents the multiplicity of the pairing |uj|2, which is less than
min(deg(Q), deg(H)), while b; determines the number of terms y;. More precisely,

when we center |u;]|?% = (y; + £;)% we obtain

aj
2a. Qj ai—b; b
P = (3 )er

b;=0

i<m and b = (bj) ;< come form the centering

— Observe that the non-pairing condition is preserved:
kijt; =0and kjly =0Vj] — k;’é;-’ =0 Vj.
Levva 4.14. — Given n' € Moy, we let
Cr(q) = {(n,n') € MZpy | {zns 2} — 20}
be the set of multi-indices whose Poisson bracket contributes to zyn». We have
(4.17) H(Cr (872)) < e /107,

To prove this lemma we count the total number of terms generated by the Poisson
bracket between two monomials. The obtained estimate (4.17) is very crude, but it is
sufficient for our needs.

Proof. — Suppose that (n,n') € DNga,. According to (4.15) we see that {zn, zpn/}
generates 26(Z%,) terms. Each of them gives at most #(Z4,)¢* new terms, up to some
universal constant C'. Summing over all the possible pairs (n,n’) concludes:

8(Cnr) < CH(D<2q)?8(Z9))% ¢ < CH(ZL,) 262
The inequality (4.17) then follows from our choices of parameters. O

The fundamental bilinear estimate is presented in the following proposition. Given
two Hamiltonian polynomials ) and H, this estimate controls the Y;"P-norm of the
Poisson bracket between H and @) by the product of the YJ"P-norms of () and H.
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Prorosirion 4.15. For all Q, H € X2(Z%,) and for all £ € Uy(e),

(4.18) IH{Q, H}|

Moreover, for Q € X (e) and for all integrable Z € X4 mi(e), we have

yeur < TVANTAQ

H

sup sup
Yo Yo

— 4 — 3
yup <772+1/5 2/10 Na 25HQ|

(4.19) @, 2}

Z||Zsup .

sup
Yo

The saving in n and in N, ¢ is remarkable and it will compensate for the loss
from the small divisor. In the second case (4.19), this saving is a consequence of the
smallness of the centered actions |uy,|? — &,, which is encoded in the weight D(«).

Proof. — Let us first prove (4.18). We denote

Plu)={Q.H}= Y (PDnrznr(uI(u)=§).

n’eN_,2
By homogeneity we can assume that

1@y = [|H]lyzw = 1.

In particular, for all (n,n') € D we have

[(QLENn (HIEDn| < Wi () why (@),
and our goal is to prove that for all n” € 9t and &,

(PED)nr| < 0*"VANZ Wiy (@).
Reduction to fixed monomials (n,m’). — Formula (4.16) (from Lemma 4.13) expresses
(P[€])n in terms of the coefficients (Q[€])n and (H[{])ns of the re-centered polyno-
mials associated with @ and H. We deduce from it that for all £ € U;(e)

(PIEDwr| S 2(@nrle®)  sup (T 16157 ) whia) wh ()

a,bn,nmn’ ljl<M

1 ()KL — Kinlly] + 1 (10 (K, = ) + 1 (6 = R .

E() (n,a,b) E() (n,a,b)

According to the (crude) counting estimate (4.17), we obtain

(120) |(PleDwl S e sup (T 16197 ) wh(a) wi(a)

a,bn,n,n’ ljl<M

1 n, )|k — kel + 1 n, 1) 1 (k) — s} + s (£ — kn)|].

E®) (nab) ED) (mab)(

Let us fix n € Z$;, a = (a;)jj<ar, b = (bj)jj<ar With 0 < b; < a; <T. Let (n,n’) be
a pair of indices for which the Poisson bracket {zp, 2/} of the associated monomials
contribute to z,. We organize the terms in two cases.
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Case 1: A pair (un, ) goes away. This corresponds to the case when (n,n’) €
Efj,?ab(n) In such a case, we have
()2 \ by
(4.21) W () wh () = N5 Cn(a)Z(EM cj(a)%%bﬁ(%) ") wih (@),
VARS

— The killing of the pair u,, %, is responsible for the loss C,,(«)?, whereas the pre-

factor N;%4n° is a saving that comes from this prefactor in one of the two weights

wy(a), wh, (a).

— In addition, the term H\JKM D(a) 7% (Cy(n))? is a second saving—which we
will not exploit. It comes from the centering of b;-terms |u,|? that were changed into
[un|? = &n.

— Note also that (a;—b;) terms |u;|? are also changed into &;, and the extra weights
(namely [T ;< C; (@)?(@i =) will be absorbed by I1;1<ar &+ We deduce

(421) gN;GS 6 ( H C 2(a1*b )W%”(a)
l7l<M
< N ts+2r 4( H C( ')wo,,(a)
l7l<M

Hence, for these contributions to (4.20) we have

(4.20) 5 = 1O N2t (T (Ci(a)lg ) ) who(a)

l7l<M
4
Sﬂ“ 671/10 N 4s+2‘r,'74 - //(Oé)
Case 2: A term |uy,|* —&, goes away. In this case (n,n') € E,El,z a.p(1) and we simply

modify the analysis from Case 1. It holds

_ o (Cj(a)\bi
whle) i) = N D) (T ot @) (F)") i (@),
lil<M
(4.22) < N;45n4*1/5( [T ¢l ) w2, (a).
l7l<M
Hence, the contribution of these terms to (4.20) is controlled by
(4.20) S e 0N (T (Ci(a)IgD ™ ™ ) whola)

l7l<M

<, 5*1/104774*1/5N;4S W%” (a).

~

In both case, by choosing e, (s, r) sufficiently small we conclude that
(4.20) < VANTA WO ().

which is conclusive. We now turn to the proof of (4.19). Once again we may assume
that

1Qllyzwe =1, [IZ]

a—
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By expanding Z
Z = Z (Z[ﬂ)em(ﬁ)-ﬁ-em(h)('uh‘2 _£j1)(|uj2|2 _£j2)7

[g1],|72|<M
we obtain
{Q.2}(&u) =20 Y (kj, =) (QUED(ZIED) em (1)+em (i) (1 |* = &n ) 2m (u, T (w) =€)
ne‘ﬁgfz
[71lsl72|<M

= D (Pl nznr (u, I (u) =€),

n'

In particular, a term |uj, |* —¢&;, goes away while a term |u, |? —¢;, appears. This term
provides a saving D(«). We also stress out that there is no new pairing. Organizing
the terms gives

(423) ( n” =2 Z ]_E,(z)

n€m<—2 0.0

e

b1z X (QIENn(Z[E]) em (1) +em (2)-
For [j1], |j2] < M and n € M2, n” € N, we have that

() (T em(G1) + em(G2)) (Kj, — £5,)

(4.24) (n.em(j1) + em(j2)) € Byl o) = 0’ =n+ ew(ja),
and, in such a case, we have

1 —2s
wo (@) = Dla) wl, (@) = N2 5 w0, (a).

We deduce from the explicit formula (4.23) that for all £ € U;(e),
(4.25) [(PlEDw| S &1 wh (@) < N2 /o210" wl (),
This completes the proof of Proposition 4.15. ]

We now establish another bilinear estimate in the same spirit, but this time we
measure the dependence on £ of the coefficients of re-centered polynomials. The output
polynomial P depends on the coefficients through the coefficients of @ and H and the
terms £ coming from the centering of new actions generated by the Poisson bracket.

Prorosirion 4.16. — For all Q, H € X2 (e) we have
(426) [{Q, H}[lyaw < ' /AN

(IQllvzw» [ Hllyzwe + [1Qlly e

Moreover, for all integrable quartic term Z € X4 1 (€),

— 4 — —
(4.27) 1{Q, Z}lyuw <n*T/E2ON 2 (Qlly o | 2] 2w + 77 Ny 221 Q)

Hllygee + Q)

v | )

Z||Zlip).

Since the proof of this proposition is relatively long (although close to the previous
one) we postpone it to Section A.1 of the appendix.

sup
YO(
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5. SMALL-DIVISOR ESTIMATE FOR THE MODULATED FREQUENCIES

Initially, the frequencies are
wn = A2 = g(n,n).

At each step of the iteration scheme, the centering procedure modulates the frequen-
cies with internal parameters ¢ as introduced in the beginning of Section 3. These
parameters should be viewed as the actions of the initial data ¢ € IIj;h® in the final
coordinates. Recall that n_, defined in (3.6), is the size of the smallest index in supp n
that is not fully paired.

We also recall that 7 = 10°7r.

Derinition 5.1 (Non-resonant set of initial data). — Given a sequence of modulated
frequencies w(§) = (wn(£))neze, and a multi-index n € Mcor, we denote the (modu-
lated) resonance function by

Qn(w(©) = (k=) - w(&) = Y (kn — Lo)wn(§).

d
nezy,

For v € (0,1) and € C DNor the non-resonant set of internal parameters restricted
to € is

(5.1) Zy(w, &) i= {¢ e RPN | min [Qn(§)[n? > 7e*},

and the non-resonant set of functions is

(5.2) Usy(w, &) = {¢ € Iy Bs(e) | £(¢) € Eey(w, €)}.

When € = Do we just write 2, - (w) and U, 4 (w).

Remark 5.2. — Note that the non-resonant set U, (w) is an open subset of ITy; Bs(e).

By construction, if £ € Z, (w) then for all n € Nor we have
|Qn(€)] > ye®n "2,

Levva 5.3. — Let A C Z% be a non-empty finite set, let N = $A > 1 and p > 0.
We have
N 2N )
meas (14 Bs(p)) = CES I >,
‘neA

where meas is the (canonical) Lebesgue measure on C* = (R4,

Proof. — Set
F:T4B,(p) —> Bea(0,1)

()0 = (@n)n = P (1) Pn) -
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A (linear) change of variables gives

meas(IT4 B, (p)) = p*** H *meas(F (14 Bs(p)))
neA
p*N H “meas(Bca(0,1)).
neA

We conclude by using the explicit formula for the volume of the unit Euclidean ball
of R%:

/2

r(d/2+1)
This completes the proof of Lemma 5.3. |

Vol(Bga(0,1)) =

We are now ready to state the measure estimate of the non-resonant set of functions,
for a given sequence of modulated frequencies w(§) = (wn(&))nezd, -

Prorositiox 5.4 (Measure estimate of the non-resonant set)
Let w € Cl(us(s),RZgﬂ) be a sequence of modulated frequencies such that for all
k,n € Z4,

Then, provided that £.(s,r) is small enough, we have that for all v € (0,1),
meas(U. - (w)) > meas(ITy B, (£))(1 — e~ /10",

Proof. — Fix n € Mcor, v € (0,1), € € (0,e4) and set

Sne(@) = {6 € Ty By(2) | 12n(€(@))] < 7*n 7>},
Let us prove that there exists C' > 0 such that for all n and ~
(5.4) meas(8y, . (w)) < Y(124,) meas(ITy By (e)).
We shall conclude by observing that
My By(e) \ Uy = {9 € Ty By(e) | min [0 (6(@)In2 <7e7} = U Spse(e),

<oF neMeor
and the result follows from (5.4):
meas(Iyy By(e) \ Us..) S 74(Maor)t(Zy) meas(TLy By e))
< e 110 meas(I1p; Bs(e)),

where we used the bound (4.4). It remains to prove (5.4), for fixed n € DNor. Take
ng € supp(n) such that

|7’I,0| =n_, |kno _gno‘ > 1.
To decide whether a function belongs to 85 ,..(w) or not, it suffices to move the its

no-th action &,,(¢). Hence, we will freeze the other variables and, abusing notation,
we write

w(&) = w(ény),
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and see the frequencies w,, as functions
Eno € Ing = wWn(§ny) ER,  Tny = [=(ng) "*400€?, (np) ~**400¢’] C R.

Once the variables (§,,)n-n, are fixed, we deduce from the mean value theorem and
from the assumption (5.3) that for all (&,,.&},,) € 12

Wio (o) = Wio (Eg) — (Eno — Eny)| < €21ne — &y |,

and, for all n # ny,

|wn (€no) = wn(€ng) < €21Eng — &y -
We deduce from the triangle inequality that
‘Qn(fn[)) - Qn(f’:’L0>| > |kn0 - £n0||wno (gno) - wno(&im)'
- Z |kn — Lnllwn(&no) — Wn(ﬁ;m”

n€Zd, ~{no}

> [€ny — Eng | ([ng — lny| — 27€"/?)
1
> 5o — €, -
It follows that for all ¢, ¢’ € I B, () such that ¢,, = ¢/, when n # ng,

(5:5) ¢.¢' € Enqelw) = %mm (6) = &no (8] <1 (£(8)) — Qn(§(¢)| <2ymZ20e”.
We deduce from this that

(5.6) sup / 1s,, () (2 g )ddn, < dryn_2%e%.
Bs(e) JC o

ZGHZ?W ~{ng}

Indeed, using polar coordinates for ¢,, and using that the condition to belong to
8n,~.c only depends on |¢,,|?, we obtain, for fixed z € Mz gnoys that

/ L5, e () (25 [ Do) depig / df 1s, () (2 0)pdp
C (0,27) (0,1)

:W/ Ls,,. . (w)(2p%)dp”.
(0,1)
Then, to prove (5.6) we just observe from (5.5) that if p, p’ € (0,1)? are such that

s, . (z0°) =1s,  _w(z()) =1,
then
1p* = (p')?| < 2yn_?°e%.
To conclude the proof of (5.4), we freeze the variables z = (¢n)neczd () in the
measure estimate by applying Fubini’s theorem:

meas(Sp q « () = / 1s. ((6)dd

HMBS(E)
(/ ]-Sn,%g(w)(z;¢no)d¢no)d2’"
s(e) C

<),
II

Z(Ii\/l \{no)B
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According to (5.6), we deduce that
meas(8y, e (w)) < dryn_?*e? meas(Ilza  (ny1Bs(€))-
Lemma 5.3 gives
175,

meas(Ilza (1 Bs(€)) = ng(n(ﬁ% meas (I Bs(g)),

and we obtain
meas(8y - (w)) < 27([1251\4)71_25(710)25 meas(IIBs(g)) S ’y(ﬁZﬁlw) meas (I Bs(€)).

This completes the proof of Proposition 5.4. O

6. NORMAL FORM WITH INTERNAL PARAMETERS

We state in this section our main normal form theorem from which we will deduce
Theorem 2.7 in Section 7. This normal form is based on an induction on the frequency
scales N, for a € {0,...,3}.

6.1. PreparaTiON. — Let Hy, € H<4T(Zjlw) be a real polynomial of degree less than or
equal to 4r as in the assumptions of Theorem 2.7 where, without loss of generality,(*>)
we supposed that f/(0) is suitably chosen such that

2r
1 .
(6.1) Hio(u) = 5 D o+ sl unl* + Y PE(u).
nezd, =3

For j € {3,...,2r}, the real homogeneous polynomial P(%/) ¢ Ho;(Z4,) satisties

(6.2) | PR)|| o e derr,
Moreover, it is e“¥-resonant in the sense that
27
P(QJ)(U) — Z Pn£2J)Uﬁ, P»,£L2J) 7& 0 — Z(_l)z)‘iz < OV
EN2; i=1

We re-center H), around parameters £, and we introduce a decomposition into qua-
dratic terms, quartic integrable terms and terms of order greater than or equal to 6.

Lemma 6.1. Let Hi, be as in (6.1). There exist two polynomials Q € X<ar(e),
Zy € Xy41nt(€), and some modulated frequencies, such that the following decomposition
holds for all § € Us(e):
(63) Hio(w) = 5 3 wn(©(unl® &) + Za(6 w) + Q& w),

n€ezi,
where

Hdeg:ZQ = Hdeg:4Q =0.

We have the bounds

1@l zswe + [|Q| 210 + || Z4]

zoww + || Za|| g S e80T  £7 /107,

(15)Since we are in the small data regime the sign of f’(0) has indeed no role to play.
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The modulated frequencies are

wn(§) = /\i + & + hn(8),
where the last term hy,(§) is a polynomial function of (&) eeza, - For all § € Us(e) and
k], |n| < M,
9. (wn (€) = &) £ 71 <

Proof. We set
Zy[€] := Maeg=aH1o[€],  QIE] := Hiol&] — Zu[€] — Z2[€],

where 1
Zolg(wy) =5 D wn(©un
n€ezd,

and we define

Then, the decomposition (6.3) follows from the identity

Hio(u) = Ho[&](u, I(u) — &).
Since P(?7) is e~“+¥-resonant, we have from Step 1 in paragraph 2.6 that the quartic
terms are integrable, which proves that Zy € Xy 1(¢).
The bounds on the polynomial norms and on the modulated frequencies follow from
the estimates (6.2) on the coefficients of P(27) (before the re-centering around ¢), and
from the fact that £ is a small parameter. O

6.2. Starement. — In the previous section, we described the structure of the initial
Hamiltonian Hj, € X¢o,(¢), written in (6.3). We are now ready to formulate the
main normal form theorem, which is based on an induction on frequency scales. The
current iteration step is a € {0,...,8}. Before giving the results we recall that the
formalism was described in Section 3 and in particular in notation 3.10. We also recall
that the non-resonant set of parameters Z(w) was defined in Definition 5.1.

For o € {0,...,8} and ¢ > 0 a universal constant to be determined later, we in-
troduce
(6.4) £q 1= 10 — care’/?,

Given the parameter v(a) = 4%y, the modulated frequencies w(®)(¢) defined itera-
tively in Theorem 6.2, and the non-resonant set defined in (5.2), we fix

(6.5) Ba 1= B () (WY, Agtr).
We are now ready to state the main normal form theorem.

Treorewm 6.2 (Normal form at scale o). — Foralla € {1,...,8} and & € U;(e), there
exists a symplectic transformation 7o ¢ : h*(Z%,) — h*(Z3,) such that

Hio 0 Tae(u) = Z5M (& u) + 25 (6 u) + Q) (& u) + R (&;w),

where the different terms are organized as follows:
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(1) Zg(a) collects the quadratic terms: for all & € Us(e)

ZOEu =3 3 o)l - &),

nezd,
where wi®) € CH(Us(g),R) for all |n| < M, with, for all k| < M and & € Us(e),
(66) ‘aﬁk (UJ?(LO() (6) gnﬂ (a + 1)

In addition, the modulated frequencies are stable in the sense that (when o > 1)

(6.7) Wi (€) — Wi V(O < N25ew.

«
(2) Zia) € X4 mi(e) collects quartic terms, and
4
(6.8) max((| 24" 7o, 247l z00) S ™1

~Q

(3) Q™ e X<or(e) operates at scale o
6.9 Q@||ysur <, V10 Q@] 1y <, e~ 1/15,
(69) Qe S

It is at least of order 6, and (cr)¢®* " -resonant for some universal constant ¢ > 0:

(610)  (Q[Ehn A0 = deg(n) 26, | D (kn — u)A2] < (er) e,

d
nezrs,

(4) R is a smooth map on Us(e) x h*(Z4,), and for all ¢ € Z4_1 and u €
Va,s(eavg);

(6.11) VW R (& )| Sovr €2 || s -

(5) The symplectic transformation satisfies, for all & € Us(e) and u € Vq s(ga,§),
(6.12) [ Tane (w) = ullne Sar €34
(6.13) | d7ae () = Td | e Sar €74

Moreover, for all ¢ € Iy Bs(eq) and u € Vo s(€a,&(9)),

1-2/5
hs—hs ,Soz,r £ / .

(6.14) [ Ta.e(p) (1)

Here are some comments on the above theorem.

Modulated frequencies. In the iterative procedure of increasing the scales a, the
successive polynomials we generate have new integrable terms that modulate the fre-
quencies when we re-center the actions around £. The condition (6.6) guarantees that
the modulated frequencies satisfy the Lipschitz assumption (5.3) from Proposition 5.4
(which is essential to prove the small-divisor bounds for parameters in a set with an
asymptotically full measure).
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Terms of type Q. These terms (once re-centered) are of order greater than 6. They
are either integrable, or associated to multi-indices n € A,, (the unpaired indices are
larger than N,,) (even if this property is not explicitly stated in Theorem 6.2). These
polynomials operate at scale v (in the sense that their Y"P-norm is controlled by a
small negative power of €). If N, is very large, we see from the vector field estimate
of Proposition 4.6 that they generate stable dynamics.

Non-resonance condition and terms of order four. — The condition (6.10) ensures that
every term of order less than or equal to 4 are integrable. Indeed, we proved in
Section 2.6 Step 1 that (cr)®*"e¥-resonant terms of order 4 are integrable.

Modulation parameters. The non-resonance condition for the modulation parame-
ters ¢ € Z,_; ensures that R(®) is a remainder order r (this is encoded by (6.11)).
Recall that this condition is dictated by the modulated frequencies w(®*~1) at scale
a—1, and allows us to use a Birkhoff normal form to remove Ty, Q®~Y (up to a term
of order r), which do not commute with the actions with a frequency lower than N,
(and which a priori do not operate at scale a). We will prove in Lemma 6.5 that the
stability condition (6.7) and the definition (6.5) of =, imply that

o C Ea-1-

This ensures that non-resonant parameters £ at scale a (in the sense of (6.5)) are also
non-resonant on the previous scale o — 1.

The symplectic transformations. At scale «, the symplectic transformations (which
are well-defined on the finite dimensional space IIj/h®) depend on the modulation
parameter £ € Ug(e). In addition, 7, is close to the identity on the annulus

Va,s(€a, §)-
Remark 6.3. — We observe from (6.12) that
Tag(Vas(€as €)) C Vo,s(10g,6),
and from (6.13) that for all u € Vq s(€a; ),
1470 (W)llns s + [1(d7ae (W)~ lasons S 1.
In particular, if u := T;é(v) € Vo,5(10¢, &), then, for fixed &,

(6.15) ldr; L (u)|

hs—hs = ||(d7'a,€(”))71| heshs S 1.

The rest of this section is devoted to the proof of the normal form Theorem 6.2.
It consists in an induction on the frequency scales, and we first give an outline of the
proof in the paragraph below.
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6.3. Proor: INDUCTION ON THE FREQUENCY SCALES. Wefixascalea € {1, ..., 5—1},
and we assume that Theorem 6.2 is proved up to scale a. In this paragraph, we briefly
introduce the strategy we use to get from the scale « to the scale a + 1. For this
purpose, we will remove non-integrable terms from Q(® which are associated to multi-
indices in Ay41 (defined in (4.12))

nc A(X-‘rla

up to some new terms that are remainders if £ € =, is a non-resonant parameter.
Using Lemma 4.8 and Remark 4.9, this will imply that the new Hamiltonian Q(*+1)
operates at scale a + 1.

The algorithm to get from step a to step a + 1 requires at most x < 1007 steps,
which are detailed in Sections 6.6 and 6.7. At each step, we introduce a new Lie trans-
form, whose properties are presented in Section 6.4. To control the terms generated
by the Taylor expansion of the Hamiltonian in the new coordinates, we will use the
main multilinear estimates for the Poisson bracket with respect to the Y:"P-norm,
already proved in Section 4.4.

If we reach the scale « = g, where g is sufficiently large, then the vector field
generated by Q(#) is smoothing when it is restricted to the open set V, 4(10¢, ), and
the saving of NV 5 45 in the vector field estimate is sufficient to control the actions over
a very long time T'~ N3* =~

6.4. Tane Lie transrorms. — We introduce and study the Lie transforms used to
remove the undesirable terms from the Hamiltonian (namely the ones with a frequency
smaller than N, that is not paired).

6.4.1. Truncation argument. Let « € {0,...,8 — 1} and Z, be the admissible sets
of parameters defined in (6.5), just before the statement of Theorem 6.2. We first
introduce a cutoff function, which essentially ensures that the Lie transform is defined
for all £, but is only effective for non-resonant parameters £ € =,.

DeriNirion 6.4 (Truncation). — Fix ¢ € C°(R) valued in [0, 1] such that
SupngC[—l,l], 9051 on [_%7%]5 ¢<1OHR\[_%v%]'

Then, given w(® and y(a) = 4%y (constructed at scale a in Theorem 6.2 by the
induction assumption) we define the cutoff-function

et [T (1- b0 'm0, @)).
dgge(ﬁf)léré?

where A, 41 was defined in (4.12).
We now prove important properties of the cutoff function h(@).

Lemma 6.5. — Let « € {1,...,8}, and suppose that Theorem 6.2 is proved up to
scale . Then,

(6.16) £e8, = hYE) =1
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Moreover, for all € € Uy(e)

1
(6.17) ¢ esupph @ = Vn € Aapr, [ (W (E))] > Sr(a)n?e,
and
(6.18) esupph® — €2, .

Remark 6.6. — In particular, we can deduce from (6.16) and (6.17) that 2, C Eq_1.

Proof. — The proof of (6.16) follows from the construction: suppose that £ € Z,,
in which case for all n € Ay11
|2 (W ()] > y(@)nZ?e.
Hence, we have that for all n € Ay41,
p(Y(@) P20, (WY€) = 0,
and we deduce that h(®) (&) = 1.

We now show (6.17), and suppose that £ is in the support of (). Then, we have
from the construction of ¢ and b that, for all n € Ay4,

0@ (€)] > r(a)n=c"

This proves (6.17). Lastly, to show (6.18), we observe from the stability property for
the modulated frequencies claimed in (6.7) that

2 (WD) > |20 (W (€))] — [2n (@) — Qulw! ()]

WV

%’y(oz)n:%e2 — PN %58

When n € Ayy; then n_ < N, 1 and we obtain that for all n € Ay,
2@ DO > Jr(@)n2e = (0 — 0>,

under the condition

9 1
(Na+1/Na71)28 a—215 < ZV(O‘)>

which, under our choice of parameters in Section 4.1, is equivalent to ¢! ~1/190 v T <
40=1¢1/30 This shows that ¢ € Z,_1, which is precisely the claim (6.18). O

Levva 6.7 (Small divisor estimate). — Let a € {0,...,8} such that Theorem 6.2
is proved up to scale a. Suppose that (ﬁn<£))nezjdw satisfies, for all & € Us(e), and
k,nezd,,

(6.19) W(€) — Bn ()] Sr e NG*,
(6.20) 106, (WS (&) — B (€))] S eNg 2.

Then for all £ € Us(e) and n € Ag41,

b(a)(f) 47(0&)_1 —2,.2s

(6.21) GREG)N
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and, for all k € Z3,

(@)
(6.22) ‘8§k (gil@((%)) (

Proof. — First, we proceed as in the proof of (6.18) to deduce from (6.17), together
with the stability assumption (6.19), that

N

2671/104 (7(0[)71672“25)2’

- 1 Lo
(6.23) Eesupph® = Vn € Aqy1, |Qn(@(6)] = >y(a)n"2%c2

from which we deduce (6.21). To show (6.22), we take n € Z%, and we first observe
that, thanks to (6.6), for all n € Ay41 and € € Us(e),

We deduce that for all £ € U,(e),

06,51 < Y (@) e ? |0, n(w a)(ﬁ))sﬂ’(v(a)_lnasé_mn(w(“)(6)))‘

nehat1

< 0 (o),
Hence, for n € Z4,, n € Ayy1 and € € Ug(e),

b (€) 8& ) (¢) (@) |06, Qn (w(E))]
‘85"(Qn(&(§)))‘< I3)) ‘H) © Qn (w(§))?
< 25*1/10 (v(@) e 2N,

which concludes the proof of Lemma 6.7. g

6.4.2. Definition of the transformation. — Let us introduce linear operator used to
solve the cohomological equations.

Derintrion 6.8. Given some modulated frequencies (wn(£))neze, satisfying (6.19)
and (6.20). We define the linear operator

Xcor(e) — Xcor(e)
(6.24) Log = H— %h(a>(§) > Q(H[& zn(u, I(u) =€)

n€Aat1
When the context is clear we may abuse notations and simply write
L= La’g.

The purpose of £ is to solve a cohomological equation.

Lemwa 6.9. — For all Q € X<or(€), and frequencies (Wn)nezd , if
Zo@,&u) = Y @n(©)(|unl® — &),
Inl<M
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then for all & € Uy(e) the polynomial £(Q)(€) € Heor(Z4,) solves the cohomological
equation

(6:25)  Q&u) + {Z@), L@} ) = (1d=h ™ (Olx,,,) Q).
In particular, when § € 2, then
Q& u) +{22(w), L(Q)}H& u) = (Id —IIx,,,)Q(&; u).
Proof. — The equality (6.25) follows directly from the Definition 6.8 of £, -

{Z:@), L@} w) = =b(©) > (QleDnznlu, I(u) = &)
(6.26) n€Aat1

= _17(“)(5)11,\&“@(5;”)

The second equality is a consequence of the construction of the truncation h(® | which
satisfies h(®) (&) =1 for all € € Z,,. a

Levmma 6.10. — For all Q € X<or(e), we have
1£6.2(@llyzw Sy(e) ™ e *Naty 4, Q|
1£0.5(Q)lly0 Sy(a)~te 2NaS (7 /207310010, L, Q)

sup
Yo'

YSUP + HHAQ+1QHY§P) .

Proof. — The proof of the Y"P-bound is a direct consequence of the small divisor
estimates (6.21) from Lemma 6.7. For the second bound, we also use the Leibniz rule:
recall that for n € 9t and & € U,(e),

(@)
(Laa(Q)EDn = 1a,4. (1) f;ib(c?((gﬁ)))

and given k € Z4%, we have from the Leibniz rule that for n € A,41 and € € U, (e),

(@) (@)
06 (L0 (@l = %6, (-2 37) QD + -2 5506, Qe

According to the small divisor bounds (6.21) and (6.22), we obtain
|0¢, (£a,z(Q)E])nl
< 2671 (3(0) e 2n2)2|(QIEm] + 4v(a) e 2020, (QIE])nl
< 271 (3(0) e 2n2) 2 wh (@) [|Qlysre + 47(a) Tre 202 wh () Qlly e
S wh(@) (71 (@) e 022N 2 Qv + v(0) e 0 Qlly e ).

Therefore, we have from the the assumption n € A, and the relation (4.6) between

(QLEDn,

the parameters that

(Wi () 7105, (La.a(Q)E]),,]

) B _ _ 4
Sv(a)—lg—QNzil(g 1/30—-3/100—1/10 ||Q|

yarr +11@llye)-

This completes the proof of the second estimate, recalling the Definition 4.3 of the
Yoltip—norm. 0
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CorovrraAry 6.11. For all Q € X¢or(e), H € X2(e) and Zy € X4mi(e) we have
I{H, £a.5(@)}yzr < 2N Hllyzow [Ta,,, Qllyze,
I{Z4, Lais(@)}lyzwe < €Y7 Z4]

Moreover, if we suppose that

zow A, 4, Qllyzee-

(6.27) 1T, Qllyzer + [ Hllyzoe + 1 Zall zow + || Zal 260 < 71
and

(6.28) A0 @llyio + [ H [y S 7112,

then

I{H, Laa(@}lyaw <eNg™, [{Za, Laa(@)lye < /%,

Proof. — Tt suffices to combine the (bilinear) estimate on the Poisson bracket between
two polynomials given by Proposition 4.15 with the operator bound from Lemma 6.10,
recalling the relation 4.6 between the parameters:

HH, Laa(@lyzee < VANG | Hllyzow 1 £a,5(Q)llyzw
SH@) T (™) (Nt /Na )2 VAN H lygow | Ta 4, Qv
<EYANL%| Hllyzwe [T, Q|

As for the Lipschitz estimates, we have from the assumptions and from Lemma 6.10
that:

1 —92x2s _—1/10% 1 —92am2s —
1£0,a(@)lvze S (@) e N2 e 18a5(Q)llyw S () e AN e V10

ygSup.

Then, Proposition 4.16 gives

I{H, Laa}lye
<t TN (@) T e NG (e |
< ENQ_QS.

vz +e V| H|

Y;up + 6_1/103 ||H||YC}(1]))

Similarly,
[{Z4; Laitye
S PR N T2 () T e INE (67| 2 e + 0PN e Z )
< £1/50,
This completes the proof of Corollary 6.11. g

NoraTtron 6.12. Given Q € X, and t € R, we denote by <I>2(Q) the Hamiltonian

flow on h*(Z4,) generated by £(Q)(€). For & € Us(e) and u € h*(Z4,) we denote by
v(&;t) (or implicitly v(¢)) the solution of the finite-dimensional ODE

{i@tv = V(£L(Q))(€)(v),

6.29
(6.29) v(0) = u.
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Remark 6.13. Using the preservation of the £2-mass, we note that the ODE (6.29)
is globally well-posed, and <I>’2 (@) is well-defined on h® (Z%/[) for all ¢ € R. Moreover,
—t (@t -1
P = (Pr)

6.5. Estivares ox the Lie Transrorms. — We fix some frequencies (Wn),ez4, satis-
tying (6.19) and (6.20), and we consider the linear operator £ = £, 5 as in Defini-
tion 6.8. We prove important properties on the flow ((I)tL(Q))tE[—Ll]v when Q € X¢or(e)
operates at scale « (in the sense that its Y"P-norm is no too large).

Lemma 6.14 (Stability). — Let Q € X¢or(e) be such that
(6.30) [Qllyzer < &1

For all £ € Ug(e), the transformation (I)tL(Q)(g) is close to the identity on the annulus
Va,s(10,8): for all t € [-1,1] and u € V4 5(10¢,§),

(6.31) 194 () (w) = ullns < ¥ [lullne N>

Cororrary 6.15. — We deduce from (6.31) the bound

(6.32) S 021l gy ()l — el <2l N
nezd,

which gives the stability of the annulus Vo s(10e,§) under the transformations
t
RAINGE
Proof of Lemma 6.14. — We denote
u(t) = (I)tﬁa@(Q)(u)a

solution to the ODE (6.29). We have from the Duhamel’s integral formula that for
all ¢,

o(t) = u—i / VA(Q)(©))(u(t))dt"

Moreover, we deduce from the vector field estimate of Proposition 4.6 and from the
operator bound for £ obtained in Lemma 6.10 that

IVL(Q)(E)](®)|ne < NG 4.L(Q)yzwe [|0]l e
< 4y(@) T (Va1 /Na) 2 NT2E2V4|Q|yue 0] e
< 4y(@) N (Nag1/Na) P NG 252 /A0 g |

sup
Yo

Under the relation (4.6) for the parameters we deduce that
(VL@ e < Ny

[ e

We conclude from a bootstrap argument, using that ||v(t)||n: < & when (6.31) is
satisfied. 0

hs .

Therefore, for all ¢,

lo(t) = ullne < NG/

hsdt/‘.
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In the next lemma we estimate the differential of the vector field. Since the proof
is quite long and does not requires new ideas, we postpone it to Section A.2 of the
appendix.

Levmva 6.16. — For all Q € X<or, £ € Us(e) and u € V,, 5(20¢,&), we have
[AVL(Q)(&) (w)llne—ne < e 3Q]

We now state and prove two important corollaries.

ygup.

Cororrary 6.17. — Let Q € X¢or(e) be such that

1R

We have that for all £ € Us(e), u € Vo 5(10¢,€) and t € [—1,1],
14D (¢ (1) = 1d [[ns —sne < /%,

_ 3
c—1/10°

yeur <

Proof. We use the equation, the previous lemmas 6.14, 6.16, and a bootstrap ar-
gument. Let ¢ € h®, and u € V, 5(10¢,§). Set

v(t) == ¢Z(Q)(u), o(t) == d@tL(Q)(u)go.
We have from the equation that

i0,3(1) = [AVL(Q)(E) (w(1)] (B1)).
Since (I)%(Q) = Id, we have

2(0) = .
Hence, the Duhamel’s integral formula gives
t
[2() = ellne < /O [1du VL) (0ENI(@(E)]],,.at'|.

We have from Lemma 6.14 (and its consequence (6.32)) that for all ¢ € [-1, 1],
v(t) € Va,s(11e,§).

/Ot el

3
c—1/10

According to Lemma 6.16,

he <etT/8 nedt’

1e(2) = ¢l yaue |8t

i

and, under the assumption that ||Q||ysw < we can conclude from a bootstrap

argument. More precisely, we use that if

sup [[B(t) = pllne < ¥4 @llne,
[t/1<]¢]
then
sup [|G()[|ns < 2/1@llns-
[t[<[t]
This concludes the proof of Corollary 6.17. O

The second corollary is more technical, but in the same spirit. It is crucial to
estimate the measure of the non-resonant initial data in the original coordinates (i.e.,
before the successive Lie transformations).
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CoroLrrAry 6.18. Let Q € X<or(e) be such that for all & € Us(e)

1Qllyzwe < &7, 1@y < &7,
Then for allt € [—1,1], ¢ € HpBys(10e) and u € V,, 5(10e,£(¢)) then
(6.33) 1ds @%@ (ecoy) Wllne—ns S e/,

Proof. — Let ¢ € h*(Z4,), ¢ € UprBs(10e) and u € Vo (10, £(¢)). For [t < 1, set
u(t) = @@y (@) B(t) = [dgu(t, 9)]()-

In particular, v is solution in C([—1,1],h*(Z4,)) to the Cauchy problem

0 (t) = VILQ)E@D)] (0(0),

v(0) = u.
We deduce from the stability Lemma 6.14 (and more precisely from (6.32)) that
v(t) € Vo ,5(20¢,§) for all ¢t. In particular

Jo(®)lle < 2lfulla < 20-.

To control $(t) in h*(Z3,) we use the equation and a bootstrap: differentiating (6.29)
in ¢ and applying the Leibniz rule and the chain rule gives

i03(t) = VHD (£(6), 9)(v) + VH (), ) (v)
(6:34) + |4V [£Q(E@)] ()] (@1,
7(0) =0,

where we collected in H) (resp. H®) the contributions when dy falls on the re-
centered variable z, (u, I(u) — &(¢)) (resp. on the coefficient of £(Q)(£(¢))), namely

_ (@)
HOEG) o0 =Y Y ot g

n€Aat1 [k|<M W

HP(E(@),p30) = > [HP(E @) nzn(v, I(v) = &),

neMNgor

with, for fixed n € DMor,
[H®((9), 9)]n

S i (20 5, DE)

First, we easily control the last term on the right-hand side of (6.34) from Lemma 6.16:
for all ,

|[ave@een@Em)| < 1Qlye 15

Then, we deduce from the vector field estimate of Proposition 4.6 that, for ¢ € {1, 2},

IVHO (), ) (@)l < [HD (@) vz Ny e o(2)
SIHD (@) llygee Ny *oet.

Q[£(¢)]nmk2n—em(k) (U’ I(”U) - 5);

ne < H(0)

hs -

(6.35) "
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Let us first control the second contribution (i = 2), when the derivative falls on the
coefficients. According to the small divisor bounds (6.21) and (6.22), we obtain that
for all n € M,

I[H®) (£(0), 9)]n]
< Nl | 9llnsy(a) re 2N,

x (2571719 (@) 1e 2N (QIEG))nl + max 106, (QIE])nl)

|k|<M
— — s - - 4
Bllner(0) ™ (N2 (2(0) 10 QUL + Q)

_ _ s _ _ 4_ 3 _
Sa Wo () || p|lpee 1/30(eT2N2S )2 (e71/3071/10721/107 4 o =1/15)

We deduce from the Definition 4.3 of the norms that

HH(Q)(¢)| 1—1/30—1/15(5—2]\/—211)27

< wh (@)@l

v Sa ll@llnse

and therefore
IVH® (&(¢), ) () Ine Za lle

So ll¢llnse

hd(Na+1/Na)4s€171/3071/15
1-1/30-1/15-1/50 < _1-2/5

llellns-

Similarly, we prove that

IHD (E(8), @) llyzg < Il
<

Sa ll#llnse

Sllns (v(e) e T2 NEL1) D() [ Qllygee

1-1/30—1/5—1/10%/_—2 ar2s \2
(E Na-i—l) ’

hs

and therefore
_ _ _ 3
IVHM(£(6), 0)(0)llne S (Nag1/No)*oet -1/ g0

<a E_:171/3071/571/10371/50”(P”hs < 5172/5”@”%1&
Hence, we obtain from Duhamel’s integral formula that, for all ¢ € [-1,1],
t
1) ea
0

which in turn gives (6.33) from the Gronwall inequality. O

1B() [l < 26" 72| | lps + €1 72/5

)

6.6. ThE ITERATION AT SCALE . — In this paragraph, o € {1,...,8 — 1} is fixed and
we suppose that Theorem 6.2 is proved up to scale a. We detail the main iteration
to remove the the monomials associated to the multi-indices n € A,41, in order to
eventually go to scale a + 1.

We now suppose that Theorem 6.2 is proved up to the step a € {0,...,5 — 1}: for
all £ € U,(e), there exists 74,¢ such that

(636)  Hioomagw) = 2" (G u) + 21 (Gw) + QW (&) + R (&),
satisfying points (1)—(5) of Theorem 6.2. We define
K := 40r,

and, for j € {0,..., K},

Ejo = Ea — jE¥% = 10e — (car + 5)e¥/2.
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The strategy to pass from the normal form at scale « to the scale o+ 1 essentially
consists in gaining homogeneity in € by applying successively the Lie transformation
introduced and analyzed in Section 6.4. After k iterations (the number & is comparable
to a multiple of r) all the terms that are not under the normal form at scale « + 1
(namely, which contain unpaired indices smaller than N,y1) eventually come with
a factor €27, provided ¢ is a non-resonant parameter, and are therefore acceptable
remainders. The next proposition states this general second induction scheme (on the
homogeneity), performed between two steps of the main induction scheme (on the
frequency scales N,,).

Prorosiriox 6.19 (Iteration at step o). — For all £ € Us(e) and j € {0, ..., K}, there
exists a symplectic transformation 7j.a.¢ on h*(Z4,) such that

Hig 0 Tjae(u) = 25" (€ u) + 2§ (& u) + QU (€ ) + RV (& w),
where for all j € {1,... Kk},
(6.37) 1z, (OT4,,, QY|

Moreover, the new Hamiltonian and 7jq.¢ satisfy Theorem 6.2 at scale ac:

yeur < £J/30-1/10%

(1) The quadratic term is
- 1 .
27 (Eu) = 5 D7 W) (funl* — &),
n€zd,
where for all £ € Us(e) and (k,n) € (Z4,)?,
(6.38) () — Wi Th(©)] < 2 FHIONE,

(6.39 |0¢, (WP (&) — w1 (€))] < eTHION2e,

(6.40 max(|| 25 || gous, |29 gin) <o e7H/10"
(3

(6.41) QU]

and for all & € Us(e),

6.42 (G:e) 0 = deg( < (er)cortig—cav.

(6.42)  (QVV[E])n # g(n < (er)

nEZd
(4) If £ € Eq—1 then for all u € Vq s(€j.a,8),
(6.43) IVRED (& u)llne Sra € e
(

5) The symplectic transformation satisfies, for all & € Us(e) and u € Vo 5(€j,0,&),
3/4

)

(2) The quartic integrable terms collected in Zij’a) € Xame(e) satisfy
)
)

Q(j»a) € X<or(e) operates at scale a:

_ 4 : _
YE'r Sa € 1/10 ’ HQ(LQ)”Y‘EP <a £ 1/157

~

(6.44) 175,06 (w) = ul
(6.45) [du7j o (u) —1d |

hs ,Sr,oc €

<

hs—hs Jr,a €

3/4
b

Moreover, for all ¢ € IlpsBs(gj,0) and u € V(gj,a,&),

(6.46) 1o 7,0,60) ()] S

1-2/5
hs—hs Jr,a € / .
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Let us make a few comments.

— The main idea is to remove from Q(®) the monomials associated to n € Ay 1,
when £ is in the non-resonant set =,. Specifically, after x = 40r steps we are able to
replace HAQHQ(‘*) by a term which is a remainder when £ € E,, as claimed in (6.37).
Recalling Definition 4.3 of the norms, the condition (6.37) can be formulated this way:
for all n € M,

(6.47) neEM and €T, = [(QUM[E]),] < &/307 110" w0 ().

— According to Lemma 4.6, after at most x steps, the bound (6.37) implies that
HAQHQU’O‘) is a remainder in the sense of (6.11). On the other hand, the polynomial
(Id - HAQH)QU"") operates at scale av + 1 according to Lemma 4.8 and Remark 4.9.

— At each iteration j we generate additional terms of type Z5, Z4 and @, and we
need to propagate the estimates for their norms.

Proof. We proceed by induction on j, and start with the Hamiltonian from Theo-
rem 6.2 at scale «, as written in (6.36).
Initialization. The inputs are 7 o.¢ 1= Ta,¢ and

W@ .= (@) Zio’a) — Zﬁia)’ QO .= Q) RO = Rl

At step j = 0 we ask nothing more than the estimates claimed in Theorem 6.2 at
scale a.

Iteration j — j 4+ 1. — To pass from step j to step j + 1 we need to remove from

Q) the monomials associated to multi-indices in Aqy1, up to some new terms

£1/30_smaller. To achieve this we consider the Lie transformation introduced and stud-

ied in Section 6.4.

The cohomological equation. — We note from the recurrence assumptions (6.38)
and (6.39) that the modulated frequencies (w,(f ’0‘)) satisfy the stability estimate (6.19)
and (6.20), and we let, for £ € U,(e),

n(€) = (©).
We introduce the corresponding auxiliary Hamiltonian
(6.48) X(€) = Laz(QU)(€) = £(QU)(€).

Lemma 6.7 provides the small divisor estimates (6.21) and (6.22) for the multiplication
operator £, defined in Definition 6.8. In addition, Lemma 6.9 gives that for all £ €
Us(e),

(6.49) QU (& w) + {25 (@), x}(& w) = (1d—h™ (Ta, ) QU (&5 u).

Hence, when ¢ is non-resonant (i.e., £ € Z,, and therefore h(®)(¢) = 1) the Hamil-
tonian y is tuned to solve the cohomological equation, see (6.25). In this way, the
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monomials associated to multi-indices in A,41 can be filtered and removed. Once
again we stress out that

L£(QU) = L(I,,,QY).

The new variables. — The Lie transformation was defined in Definition 6.8: for t €
[—1,1], let
t Rt
(I)j,aé T (I)X’

where the auxiliary Hamiltonian x = x(j, «, §) was defined above (6.48). According
to the recurrence assumption (more precisely the bound (6.41)), the Y"P-norm of
QY is bounded by g~1/10°, Applying Lemma 6.14, we obtain that for all £ € Us(¢),
U € Vo s(10e,€) and ¢ € [—1,1]

(6.50) 19 ¢ (1) = ullns < 2 [lut)]|ns NG

In particular, recalling that €; o := 10e — (car + 5)e*/2, we have that for all £ € Us(e),
(6.51) e (Vas(Ei41,006)) € Vass(Ear§):

Corollary 6.17 gives that for all £ € Us(e) and u € V, (10, §),

(6.52) [du @, ¢(u) = Id || pesne < €34,

and Corollary 6.18 gives that for all ¢ € Iy Bs(10¢) and u € V, +(10¢e,£(9)),

1-2/5
hsshs S € /5,

(6.53) ||d¢q’§,a,5(¢)(u)\
We now define the new transformation, at scale j + 1, by
1

Ti+la,6 = Tja, © Pjae,

and we will deduce from the above bounds and from the recurrence assumption the
bounds (6.44), (6.45) and (6.46) at step j + 1. According to (6.51) and the recurrence
assumption, we have that

(654) Tj+1,a,§(va,s(8j+1,a7£)) C Tj,a,{(va,s(sj,aag)) C va,s(logvg)'

The bound (6.44) at scale j + 1 follows from the triangle inequality:

he + 12506 (u) = ul

he < 706 (R 0,6 (W) = @j o ¢ ()]

When v € Vg s(q,41,&), the property (6.51) allows to apply the estimate (6.44) at
step j and we obtain from the bound (6.50) that

[17j+1,0.6 (1) — ul he-

34w s

1754100 (W) = tllne Srag €41 0, (llne + ™2 ullne NT** Sraj €
This shows (6.44). The bound (6.45) is proved similarly, but using also the chain rule:

Ad7j1,0.6(u) = Id = (d7j,0,6(P] o ¢ () —1d) 0 AP} , (u) + AP, ((u) —1d.

Ja,€ J J
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Thanks to (6.54), we can apply the recurrence bound (6.45) at step j together with
(6.52) to obtain
[ d7j41,0,6(w) —1d [[ps s

< || de a’f(q)l' ( )) - IdHh *>h5||dq)] a,.f( )”hsﬁhs + qu)]ozg( ) - Id|
3/4

hs—hs
ST o, 53/4”d (I)j «a §( )”hs*)hs +e 3/4 Nr7a’j €
which proves (6.45) at step j 4+ 1. The proof of (6.46) goes along the same lines and

we do not give the details.

The new expansion. We do the Taylor expansion at ¢ = 0 of the Hamiltonian in
the new coordinates

HIT (€ u) = Hio (& 7.6 © @ o ¢ (1)).
Recall the standard notation
0 _ 1 _ ¢ _ -1
ad, (H) = H, ad, (H)={H,x}, ad (H)={ad, (H),x}, £>1

First, we expand
k—1

(6:55) Z8(6 B ew) = 2897 u) + 128 ) (G w) + Y 1 ad (2876 w)
=2

+/0 (1(“_0;)' dK(Z(J’O‘))(g (I)J oc,&( ))dt7

(6.56) 2 (& 0L, c(uw) = 29 (&) Z—adf (& u)

(17) k(7 (F:0)\ ¢ Gt
* /0 m adx(Z4 )(& @, ¢ (w))dt,

(6:57)  QUN(& )4 ¢(w) = QU +Z@ad‘ IGE)

(1_t) K
+/0 e QU6 8 gk

We collect the integral remainders in

1
I(j’“)(f;u) ::/0 (1 ;!t) d/-c (ZQ(] o) + Z(] @) +Q ]704))(5 (I’Jag( w))dt,

and the higher order polynomial terms in

k—1

; i i 1 «@ «@
PO (g u) == {27 + QU x} (&) + > (27 1+ 27 £ QU) (& w).
=2

Note that PU») € X () and, for all £ € U,(e), x(£) has degree less than 27, we have
for all £ € U,(e),

(6.58) deg(PU)(€)) < 2F + K(2F — 2) < 272
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We obtain the expansion

(6.59) HIT (& u) = 20V (& u) + 20 (& u) + (1d — H @ (O)ILa,.., ) QU (& )
+ PU (&) + 199 (& u) + RI(& @, ¢(u)).

We recall that when ¢ € =, then h(®¥(¢) = 1, which removes II5_,, QU from
H(j+1,0¢)'

lo
Let us now use the multilinear estimates obtained in Proposition 4.15 and the

recurrence assumption to control the norms of the terms PU®) and I0:®) generated
in the expansions. We start with (6.55). When £ = 1, recall that

(6.60) ady (Z ) (& u) = =5 > QU nzn(u, I(u) —&).
TLEA(,+1
In particular,
|ady (Z5" ) |lyzmw < [Ta,,, QU |yzur.

According to the recurrence assumptions (6.41) and (6.37)
|1

(661) My, QU e S, |12, (€I, ,, QU]
We deduce from Corollary 6.11 that for all £ € {2,...,x},

your < £J/30-1/10%

[ adi (Z5" ) lyzee < 2/ ady (257 yzow T4 QU yzee
< 320 adx(Zz(j’a))HY;“" ||HAQ+1Q(.7,0¢)| %‘}p
(6.62) < Ez(3/2—1/104)—3/2—1/104,
and, for all £ € {2,... Kk},
. 4 . 4
(6:63)  [|1=, (€) ady (Z57)) [yzuw Sp @210/ /271107,
Similarly, we obtain form Corollary 6.11 that for ¢ € {1,...,x},
I adi(zij,a)” yeuw < e1/15+(3/2)(6-1) HZAEJ’OL) [ ||HAQ+1 Q(j,a) | éﬁ‘]p

(6.64) < H3/2-1/10%)+1/15-3/2-1/10"

and for all £ € {2,... Kk},
(6:65) 1=, (&) adl (2]
Finally, for all £ € {1,...,x},

1adl (QU ) [lyzmw < €%/ TLa ., QUM (€) 5200 QU (E)lygee
< 65(3/271/104)71/104

you < 52(3/2—1/104+j/30)+1/15—3/2—1/104
« ~ :

(6.66)

and, for all £ € {1,... Kk},
(6.67) 1=, (€) ady (QU)]

Collecting these contributions we deduce that

(6.68) | P

youp < Ee(3/2—1/1o4+j/30)—1/104_

1/15—2/10% 1/20
yaw Sp /1972100 ¢ 1/20,
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and

(6.69) 1z, (§) Py < l/20+3/30,

Corollary 6.11 provides the analog estimates for the Y norms of the different terms
(but this time we do not need the extra gain when ¢ € Z,). We deduce form the
Leibniz rule that

| adi (25"l < 710,
Indeed, for |k| < M and n € Ayyq,
16 (€)e, (QU[E])nl < 1Q7 |y wh(a),

and, on the other hand, when 0, falls on the truncation function h(@) then we use
the bound (6.4.1) (from the proof of the small divisor bound) to obtain

106, 5@ (€)QY (£)] < e V1 ()T 1e 2N |QU) [lysue W (a)
“210% (@) e )2 (Nas1 /Na)® wh (@)

4
., £2/10%=1/30-1/50-1/100 wl (@) < c—1/15 wl ().

<e
<e
S

In particular adX(ZQ(j ’a)) verifies the assumptions (6.27) and (6.28) of Corollary 6.11,
and we deduce by recurrence that for all £ > 2,

(6.70) lad’,(Z& ) |y = llads (ady (Z5)) |y < NG
Similarly, using Corollary 6.11 we show that
lady (Z§) Iy < €/,

and therefore, for all £ € {2,...,x},

(6.71) lad!, (Z§") |y < eNZ2,
Finally, we deduce from Corollary 6.11 that for all £ > 1,
(6.72) ladS (QU ) [y < eNG ™.

In particular, we proved that
(6.73) 1P|y < €10

Let us now explain how to organize the new terms generated from the expansions
(6.55), (6.56) and (6.57), which are collected in PU>®), and the new remainder terms.

New terms of type Q. — We let
QUTM(u) := (1d = h'VTa,,,,)QY ™ () + Hocaeacr PV (u).
Since h(®) (&) =1 for all € € Z,, we have that for all £ € Z,,
A,y QUL (& u) = M,y Ho<deg<r P (&5 u),
which in turn implies from the bound (6.69) that

||1Ea (é)HAa+1Q(j+1,o¢) (6)‘ youw < 61/20+j/30 < E(j+1)/30.
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This proves (6.37) at step j + 1. We now show that QU1 still satisfies (6.41).
On the one hand, since h(® is valued in [0, 1] we have

(1 = 5 (A, )R [y < QU]
and we conclude from the bound (6.68) that
yew < QU yau < QU]
On the other hand, we have from the chain rule and bound that
(10 = D)8, JQU g < QU o+
We deduce from the bound (6.73) that
QU e < QU o +&7/15 4 [ PG,
< ||Q(j’a)||Y;‘P eI 4 /50 < om1/15

YSUP

[QUHt] vaw + [ PO yaue + 1?0 Lo e

which gives the bound (6.41). Finally, to prove (6.42), we observe that the resonance
function of the unmodulated frequencies is additive under the Poisson bracket of two
monomials. Since there are at most x Poisson brackets in the new terms, we ob-
tain (6.42).

New modulated frequencies. — The polynomial PU®) contains terms of degree 2, cor-
responding to n’ = ey (n) for n € Z$,:

Maeg—2 PU) (G u) := Y (PUY[E)e () ([unl® = &n).
nezl,

These terms modulate the frequencies. For n € Z4,, we set

W THO(E) = WV (€) + (PUY[E])ey () (3, )-
By Definition 4.3 and from the bound (6.68), of the Y$"P-norm we have, for all n € Z§,
and € € Us(e)
[(PYUNE]) e (m] < We () (@ P lyzme < /2N D(ar) < FVIONSH,
Similarly we deduce from the bound (6.73) that for (k,n) € (Z4,)? and & € Us(e),
106, (PY [EDe ()| < W () (@IPYD [[yain /509 NS* D() < e HHIONS2,

em(n

This prove the stability estimates (6.38) and (6.39) for the frequencies.

New integrable quartic terms. The polynomial PU®) also contains terms of degree 4
corresponding to monomials em(n1) + em(n2) for ny,ny € Z4,. To estimate these
contributions, and especially their Y1P- norms, we need to be slightly more precise.
Actually, the terms

ady (25")), ady (2"
generate new integrable terms only when ¢ > 2. Therefore, we let

(6.74) Z0H00) = 7G4 11y, PO,
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~
*x
(51

where

K—1
. . o . 1 o o :
PO = PO (77 ) = ady (QU) + 3~ jadi (25 + 27 +Q0).
=2
The reason for introducing PU:®) is that the estimates (6.68) and (6.73) are slightly

better for ]S(j7 ¢) than they are for P(j,&) (we gain an important factor e for the
YP_norm): indeed, we actually proved that

1P(, )]

yew < e¥/27H100 0 IP(j,€) || yun < eNG 2

We write

Maeg=a PO (Eu) =2 Y (PU e (ma)temma) (tnn * = Eny) (tns |* = Ena)

n1,n2€%ZY,

- Z (ﬁ(j’a)[g])em(n)+em(n)(|un|2 7£n)2'

nezi,
For all £ € U (e) and (n1,n2) € (Z4,)2, we have from the definition of the Y "P-norm
that
[(PYED) e (mr)tem(n)| S Wy (n1)+em (na) (O PT [y z0e
< 53/2—2/104N—Gsnﬁ‘D(a)z < 53/2_2/5_2/104]\7_28772-

Similarly, for all k € Z4,,

96 (PO e ma) e )| < W (@) PO |y n

em(n1)+em(nz2)

EN_2SN074S’I']4D(CK)2 < 61_2/5N072S.

[e3%

<
<

This shows that for all £ € Us(e),
||Hdeg:4ﬁ(j’a)‘

3/2 A7 —2s p(j,« 1-2/5 nr—2s
ypue < € / N, =, HHdeg:4P(] )||Y(lip <e / N, =,

J+la)

and therefore we have from the expression (6.74) of Z i that under the recurrence

assumption (6.40)

||Z£j+1’a)||zsup < HZij’a)HZsur) +53/2Na_28 <a 5_1/104,
and

1ZEH i < NZE N g0 + €' /PN S 7100

New remainder terms. — Four types of terms contribute to the remainder: the former
remainder in the new coordinates, the terms with degree larger than 7, the integral
remainders in the Taylor expansions and the constants. We define

RUT (G 0) i= RO (E 8] 0, ¢(w) + Taegsr PO (€ )
+ 10N (&5 u) + Taeg=o PY (€ ),
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and we justify that these terms are actually some remainders in the sense of the vector
field estimate (6.43), when £ € 2, and u € V4 5(€j41,q, &), with
€j.0 = 10e — (ak + j)e*/2.
Fix £ € 2, and u € V, s(€q,j+1,&). First, we note that, by definition,
Vlaeg—o PP (&u) = 0,
and so that this term can be ignored. Then we deduce from the estimate on the
symplectic transformation (6.51) that for all ¢t € [—1,1],

U(t) = (I);,a,ﬁ(u) € VQ,S(Ej,aag)-
Using that (I)},a,ﬁ is symplectic, we obtain

VRIO (& D], e(u)) = (A0, ¢(u)" VRV (€ 0(1)

= —i(d®; o ¢ (u)) THVRUY (& 0(1))

= —id®; } (v)iVRY) (& 0(1)).
We deduce from the estimate on the symplectic transformation (6.52) and from the
vector field estimate (6.43) at step j on Vg s(€j.q,) that for all £ € U, (e),
VR (@] o ¢ ()llne < 1255 ¢ (0(D) e [VRE (€ 0(1))]
S'r,a (1 +€1/2)<€2T+1.
Similarly, given H € X¢or(e) we have that for all ¢ € [0, 1],

Vadf((H)(f;q)t» (u)) = —id@;;ﬁg(v)iv adi(H)(é‘;v(t)).

Jra,€

hs

The vector field estimate then follows from Proposition 4.6 and from the bounds
(6.62), (6.64) and (6.66): for £ € Uy(e) and u € Vo s(€j41,a,8),

IV 9 (& )| e
< sup [[d®; ¢ (v(t))]

~ ,Oé,
te[0,1] g

S lady(Z7) + 2 + Q)

Vady(Zy + 27 + QU (& v(®))]

hs—hs he

he < Ei‘)—',—f-s/QOHullhs7

e NG €% sup lo(t)]|
te[0,1]

which is conclusive provided x > 40r. As for the terms with large degree, we exploit
Lemma 4.10 and the assumption 77 > 6s. We get

HHdeg>?P(j’Q)”Y§“P < ||Hdeg>?P(j’a)HY§“p < 51/20’

where we used the bound obtained in (6.68). On the other, since deg(P®)) < 72,
we deduce from the vector field estimate at scale 8 of Proposition 4.6 that for all
u € Vo 5(10¢,€),

[V aegs7PY (&) [ne < [Maegs=PY|

vy N5 8 [ullne < eBPOFBN A e,
and we conclude that under our choice of parameter (4.1) (at scale 3, N =)

he < €2r+3”u

”VHdeg>?P(j1Q) (5) u) hs -
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This concludes the proof of (6.43) at step j + 1 and completes the proof of Proposi-
tion 6.19. g

6.7. Frowm stEP @ TO sTEP v + 1: — We now have all the ingredients to deduce Theo-
rem 6.2 at scale a 4+ 1 from Theorem 6.2 at scale a.

Proofof Theorem 6.2:. — The initialization o = 0 was done in Section 6.1, with
RO = Mgeg—0Q. We fix a € {0,...,8 — 1} and we suppose that Theorem 6.2 is
proved up to scale a. The inputs are the transformation 7, and the Hamiltonian

functions
7, 77, Q. R,
where Zg(a) has modulated frequencies w(®). We constructed the new objects at scale

a + 1 in Proposition 6.19: for € € (0,107 2%¢,) and & € U(e), we set
et = T 2T i 2, 2 2 gl
We also set
QLY .= (1d _HAQH)Q(F»@)’ Rlotl) . HAQHQ(K’Q) + R(m0)
By construction

Hip 0 Tat1.e(€u) = 28 (&) + 280 (& u) + QT (& u) + ROTD (& w).

Then, we make sure that the new objects satisfy the properties claimed in Theorem 6.2
at scale a + 1. First, note that

Era =106 = (ar + K)eY? > 106 — cr(a+1)e/? = g4 41,

provided that c is large enough to ensure that k < cr (¢ > 40 is acceptable). Hence,
Voz+1,s(5a+17 g) - ’Voz,s(gn,aa §)

The new variables. — We deduce from the above observation and from the estimates
on the transformation (6.44), (6.45) and (6.46) proved at step x, that the estimates
(6.12), (6.13) and (6.14) (claimed in the normal form Theorem 6.2) hold at scale a+1.

Modulated frequencies at scale o + 1. — We deduce the stability property from the
bound (6.38): for all n € Z4,,

i (€) — w0 ()] < Z W T (E) — WP (E)] < RN R0 < Ntes,

This proves (6.7) at scale o+ 1. Similarly, we deduce from (6.39) and (6.6) at scale o
that for all k € Z¢,

10e,, (Wi (€) — €n)l < 106, (Wi (€ |+Z\3 WD (€) — w0 ()

< ae+ ke TVIONT2 (o 1)e

This proves (6.6) at scale o + 1.
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Quartic integrable terms at scale o + 1. According to (6.40),

a—+1 a+1 K,Q K,
1Z5F || oy 1259 | o) = max(| 25| zour, 1255 20

4 4
<110t /2 <a c—1/10 ’

~a

max(

and this proves (6.8) at scale o + 1.

Terms of type Q at scale o + 1. — We now verify that Q@*D operates at scale o + 1:
we have from (6.41) that

QU [lyzur <o e™H/10 QU |y < 720,
According to Lemma 4.8,

QU ysue = [|(1d ~T4,,,,)Q"|

_ 4
vaun < (I —T0x, QU yzow Sa ™17,
and, similarly,

||Q(a+1)||yi‘$1 = [I(1d _HAQ+1)Q(H7Q)HY;£1 <A —TIa, )R |y Sa ™/,

This proves (6.9) at scale o + 1.

Remainder term at scale o« + 1. — As for the remainder term, when £ € Z, then
& € E4—1 and we deduce from (6.43) at step & that for all u € Vi1 5(ga41,8),

IVRY (& w)llne Saw € lulne
Moreover, we have from (6.37) that
1M QU o < /2071100 < e,

provided, say, that « > 100r. We conclude from Proposition 4.6 that for all u €
Va+1,s(€a+17£)v

[VIIa, ,, Q") (& w)||ne < ¥ THjul

This proves (6.11) at scale & + 1 and completes the proof of Theorem 6.2. g

hs-

7. PROOF OF THE MAIN THEOREM

In this section we apply the normal form Theorem 6.2 at scale 8 together with the
measure estimates from Section 5 to prove Theorem 2.7. Then, the finite dimensional
reduction strategy exposed in Section 2 completes the proof of the main Theorem 1.3.

Let us start with the construction of the non-resonant set of initial data ©° and
its measure estimate. We finally handle the dynamics of the low-frequency actions in
Section 7.2.
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7.1. THE GOOD MODULATION DATA SET, AND ITS MEASURE ESTIMATE. Let 7¢ := 73,¢ be
the parameter-dependent symplectic transformations obtained in Theorem 6.2 after 3
steps. We set

W: Tl B,s(9) — h*(24))
¢ Tae(6)(9)-

Let us state some properties of ¥ that we essentially deduce from the properties of 7¢ g

(7.1)

claimed in Theorem 6.2.

Levva 7.1. — The function ¥ is a C*-diffeomorphism from 11y Bs(9€) into it image
which is close to the identity: for all ¢ € Iy Bs(9e),

(7.2) [T (p) — ¢ ¥4
(7.3) [[d¥(¢) — Id

he S

~

hs,
1/2

hs—hs S €

Proof. — Observe that 9 < eg and, by construction, that ¢ € Vg ,(£(4),es). Hence,
the bound (7.2) corresponds to the bound (6.12). Applying the chain rule, we obtain
that for all ¢ € II)s Bs(9),

d¥(¢) = dy7p,¢(¢) (1) lu=¢ +d75,¢(0) ()

Hence, (7.3) is a consequence of (6.14) at scale 8, with u = ¢ € Vs(eg,&(¢)), and
of (6.13).

It follows from (7.3) is that ¥ is a local diffeomorphism. According to the mean
value theorem applied on the convex set IIy;Bs(9¢), ¥ — Id is e'/2-Lipschitz, which
in turn implies that ¥ is an injective function on IIj; Bs(9¢). This proves that ¥ is a
C1-diffeomorphism on Iy, Bs(9¢). O

Note that another consequence of (7.2) is that
U (I B,(92)) C TarBs(10g).

The next lemma is useful to estimate the measure of sets transported by the func-
tion W.

Lemma 7.2. For all ¢ € Ty Bs(9¢),
(7.4) ||det(d® ()| — 1| < &'/

Proof. — Seeing I1); B as an R-vector space of dimension dy; := 24(Z4,), we deduce
from (7.3) that

(1—e/2)Mr < [det(dW(9))] < (1 + /2P
It remains to prove that
(7.5) |(1 4 e/2)dar 1) < M/
We have
(7.6) |1 £/ — 1] = |exp(dar log(1 £ e'/?)) — 1| < 2da[log(1 £ £'/2)].
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Recall that
dy < 25*1/104.

Using that for all z € [0, 1),

|log(1 — z)| < %, log(1+ 2) < =z,

we obtain
dM|10g(1 151/2)| < 9g1/2-1/10° < %51/20.
We conclude from (7.6) that
|(1 :l:El/2)dM _ 1| g 51/207
which gives (7.5) and completes the proof of (7.4). O
Derintrion 7.3 (Non-resonant initial data). Let w®=1) be the modulated frequen-

cies at step f—1 of the normal form iteration scheme. The set of non-resonant internal
parameters is Zg_; as defined in (6.5) and the set of non-resonant data in final coor-
dinates is

(7.7) Up = Ue ) (@0, Ap) = {6 € TTa By (e) | £(6) € Zp1 }-
We first deduce from Proposition 5.4 an estimate on the density of Ug in Iy Bs(¢).

Lemma 7.4. For all € € (0,e.) we have
(7.8) meas(Ug) > (1 — /%) meas(ITy; B, (¢)).
Proof. — For all £ € U,(e), the modulated frequencies (w(Bfl)(f))” satisfy (6.6) at

scale § — 1. Hence, they satisfy the assumption of Proposition 5.4, and we obtain that
the associated non-resonant set of data Ug has large density in II5;Bs(e):

meas (11 Bs(g) N\ Ug ) < 7(6)5_1/104 meas (I Bs(e)).
Under our choice of parameters (in particular v(a) = 4%y = 4%¢'/30) we deduce that
meas(ITyr B, (g) ~ Up) < e'/38 meas(ITy; B, (¢)).

This gives (7.8) and concludes the proof of the lemma. O

We are now ready to estimate from below the density of the set of non-resonant
data in the coordinates obtained after the preliminary transformation 7y of Section 2.

Prorosirion 7.5. For all e € (0,¢e.), let

(7.9) 0 := W(Ug) N1l Bs(e).

Then, ©” is an open subset of Ty Bs(e), with

(7.10) meas(0°) > (1 — £/%9) meas(ITy; By (e)).
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Proof. Since Ug is also an open subset of 11y B,(¢) and ¥ is bi-Lipschitz, @Z is an
open subset of 15, Bs(g).

As for the measure estimate, we estimated the measure of Ug in Lemma 7.4 and it
essentially remains to estimate its image by ¥, intersected with II;B(e). Note that,
according to (7.2), we have

(I Bs(e)) € My Bs(e + C(r)e™*) € My By(e + 3/2),
provided e, (r) is small enough, and therefore, defining
Ac={u e Tyh® | e < |ulp <e+e32).
we obtain that
W(Ug) = (T(Ug) NIarBs(e)) U (T(Ug) NAL) = ©2 L (T(Ug) NA),
where the second equality follows from the definition of the set @Z. We deduce that
(7.11) meas(0”) > meas(¥(Ug)) — meas(A.).

Then, we do a change of variable

meas(¥(Uy)) = /

T(Ug)

du = /U Jdet(av(@)do

> 5(U i det(d¥ ,
meas(Uy) | _min _ [det(d¥(0))

and we deduce from (7.4) and (7.8) that
meas(¥(Ug)) = (1 — e'/38)(1 — £¥/2°) meas(IT5; B, (¢)).
On the other hand, we deduce from the bound (7.5) that, by homogeneity,

meas(A.) 1/2\d 1/20
Eintisid SV N | Mg _
meas(Is(g)) (1+e7%) c

We conclude from (7.11) that
meas(©”) > (1 — %51/39 — ¥/ meas(ITy By () > (1 — /%) meas (Il By (e)).
This completes the proof of Proposition 7.5. ]

7.2. Dynamics. — It remains to prove the dynamical part of Theorem 2.7, which is
precisely the stability of the low frequency actions for initial data in the non-resonant
set ©7 defined in (7.9).

Proofof Theorem 2.7. — Let u(0) € Iy Bs(e), with ||u(0)]
that 0 < T < e " and u € C*([-T,T],Hprh*) is such that
i0u = VHyo(u) + f(¢),
with u(t = 0) = u(0) and, for all |t| < T,
1F®) e < 7.

The Hamiltonian H), is given by (2.3). We constructed in Theorem 6.2 for each
& € Us(e) a symplectic transformation 73 ¢, and we defined the bi-Lipschitz function ¥
in (7.1). The set of non-resonant parameters ©° C Il B,(¢) was introduced in (7.9).

ne < p < €. We suppose
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We proved in Proposition 7.5 the density estimate (2.4) of ©” in Iy, B,(¢), and we
now suppose that u(0) € ©2. By construction of the set ©% (see (7.9)) one can find
¢ € Ug such that

u(0) = ¥(¢) = 75,¢(4)(9)-
Then, we set for |t| < T
§:=E(0) = (IonlP)mi<ars  v(t) == 75 ¢ (ult)).
In particular, v is solution in C'([-T,T],a h®) to the Cauchy problem

(7.12) {8 = VH® (& o(t)) — i(drs,e(0(1) 1 (1(2)),
v(0) = ¢,

where
HP (& u) = HP (& 756 (0) = 282 (6 u) + 287 (& 0) + QP (& u) + RP) (&),

as in Theorem 6.2. Note that we used

drg e (u(t) = (drpe(v(1))) "

We now perform a bootstrap argument to show that for all [¢t| < T <& ",

(7.13) S )P on(®) - €l < N2 /202,

In|<M

This in particular implies that

(7.14) v(t) € Vp,s(26,6),  Nlv(®)llns < 2p,

and, according to the bound (6.12) on the symplectic transformation 73 ¢, we deduce
that

> @) [Jun () — un(0)]

In|]<M

+ Z ||Un - |Un(0)|2|

[n|<M

Se 2 (o)1

~ hs

he) + NPl < 202,
uniformly in |¢| < T This is precisely the desired bound (2.5) for the dynamics of u(t).
It remains to prove (7.13). At time t = 0, since v(0) = ¢ and &, = |¢,|* for
all |n| < M the left-and-side of (7.13) vanishes. For |¢| < T, we deduce from equa-
tion (7.12) a priori bounds for v under assumption (7.13), from which (7.13) follows
by a standard bootstrap argument.
Since, by assumption, ¢ € Ug_; then £{(¢) € Eg_1 and, assuming that v(t) €
Vg,s(2¢, &), we obtain

IVRPNE 0(®))llne S ¥ o (t) Ine-

~T
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where we used the bound (6.11) for the remainder R. In addition, when v(t) €
V3.5(2¢,€), we obtain from Proposition 4.6 and the bound (6.9) at scale 8 that

(7.15)  IVQW(&v(®)lla < Q%) pe S N 371/100

yew Nz 4¢3 Ju(t)

Using the equation (7.12) we obtain that for all |n| < M,

Lon () = 21m (9528 + 28 + Q)+ BO)(&v(t))on D)

+21m (i((drp ¢ (0(1) 10 £(1), o (8)).

Using that Zé’g ), ZLEB ) ¢ Xmt(g) is integrable (and, consequently, does not contribute
to the dynamics of the actions), we deduce that

Llon () = 21m (95:(Q + RO (& (1)) +21m (i(dre (0(1)) 07 (1))), 77)-

We deduce from the above an energy estimate that

hs

[on (8] < lo(8)]

% (IVQW (& v(®) ne + IVRP) (€ 0()lIne + 11(d5.e (00 ™ oo I (D) )

Under the bootstrap assumption (7.13) and its consequences (7.14), we have therefore

d 4s 3-1/10%
D )|l (O Se o (N5 10?1 42 467
Inl<M

S’F Erp2 (N§4S€_TE3_1/104 + €r+1 + 827‘),
where we used the bound (6.15) on the symplectic transformation and the assumption

on f(t). Under the conditions of subsection (4.1) on the parameters (in particular the
choice (4.1) of Ng such that NB_QS =¢"), we deduce that

Z <n>25

In|<M

4
dt

[on (2] S5 Ny

Hence, integrating in time (with [¢| < T < e™") gives

S o) — & S0 NyZep®
[nl<M

This is a stronger bound than the bootstrap assumption (7.13), and this completes
the proof of Theorem 2.7. O
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APPENDIX

A.1. Proor or Prorosition 4.16

Proof of Proposition 4.16. — The proof follows the same lines as the proof of Propo-
sition 4.15, with some adjustments. We first prove (4.26): given @ and H we set

P(Gu) = {Q,HY(&u) = D (PlD)nrznr(u, I(u) = &)
n”€‘ﬁ<2?2

As in the proof of Proposition 4.15 we first reduce to fixed monomials (n,n’): for
all n" and k € Z4, we have

(A1) [0, (PIE])mr| <Y1 sup

a,b,n,n,n’

oe.( TT & " (@IEDn(HIEDw )|

l7l<M
[lEle,)/_’a’b(n)(n’ n/)|k;£n - WH + 1E;2/)/,a,b(”)(n’ n/)‘mn(kn’ - f%) + s (kn — En)‘]
We separate three main cases, depending on where the derivative Og, falls.

Case 1: O, falls on a term & coming from the re-centered actions. — In this case,
we have

(a2) |oe ( IT &) @D HEDw |

lil<M

—bi— j—b;
< 1QUyzw 1 H Ny (Lay s (ar = b~ T 577 ) wh(a) whh ().
i#k
Hence, when ar — by > 1, a term & is removed, and this costs a factor Ck(a)z.
Following the proof of Proposition 4.15 we deduce that the contribution of (A.2) to

(A.1) is bounded by
(A-2) < [|Qllyzee | H lyzeen* N ** wos(a) Cr(e)® (ax — b)
S 1Qllvgee [ H [lygeon® VENG2E™D wi (o)
= 1Qllygee [ Hlyzeon* /P NG 2wy (a)
<1Qllyzee [ H [lygon* /AN wi (@),

where we used Definition 4.1 for the weights and condition (4.2) on the parameters.

Case 2: O, falls on either (Q[§])n or (H[§])n/. — Since the two situations are symmet-
ric, we suppose that it falls on (Q[¢])n. In Case 2 we have to control the following
quantity:

-1/10* a;—bj
(A3) e 1/10 [@llyw |1 H [lyzer  sup (H 3 )W}l(a)wgl,(a)

’
a,bnnmn 1jl<M
1

EWY) (n,a,b) (n, ) |kp by, — Kyl | + 1E(1,’,(n,a,b) (n,n) |y (K, — L) + s (€ — kn)ﬂ

In comparison to (4.20), w' (a) is substituted with wl(a) in (A.3). Note that the
1

weight w,, () has the same pre-factor as w), (), so it suffices to prove that w¥, ()
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absorbs the losses. Reproducing the analysis performed in Cases 1 and 2 in the proof
of Proposition 4.15 gives

(A3 < NQllyaso [ H lyzoen* ™ VANG S wip (),

H

which is conclusive.

Let us now turn to the proof of (4.27). Given an integrable quartic term Z €
X4(g), the Poisson bracket {Q, Z} =: P is explicitly written in (4.23). Once again we
stress out that P has no new integrable terms (hence there is no Case 1 as above).
Differentiating the coefficient (P[¢])r with respect to & gives

(Ad) O (Ple])nr =21 Y Y 1,0

. A n'’,0,0
l1],]d2| <M ned 2

(a£k (Q[ﬂ)n(z[g])em(h)-&-em(jz) + (Q[E])na& (Z[g])em(jl)-&-em(jz)) .

As detailed in the proof of Proposition 4.15, we have the relation (4.24) and therefore
1
wi(a) = Do) wli(a) = N2t 5wl, (a).
We deduce that when 0, falls on (Q[€])rn the contribution is bounded by

4 s
S 1@l I Zl| ziwe™ 10wy (@) < NIQlly o 1 Z]| 2o NG 205 Wi ().

G (T em(i1) + em(G2)) (ks — 45,)

On the other hand, when 0, falls on (Z[€])e,. (j1)+en (j2) We reproduce the proof of
(4.25) to deduce that this contribution is bounded by

4
1@z | Z]| 260 N > /5721wl (@)
<[1Qllyzwe 121|210 Ny o /2721w ().
This concludes the proof of Proposition 4.16. ]

A.2. Proor or LEmma 6.16
Proof of Lemma 6.16. — We consider @ € X¢or(¢). By homogeneity we can assume
that

1Qlygw = 1.

Given & € Us(e), u € Vae(20e,€), and a normalized w € h*(Z4,) with |jw
we have

h5:17

h(™)(€)
[AVL(Q) (&) (u)](w) = = (QIED)n[dV zn (u, I (u) — &§)|(w).
o O (@(9)

The small-divisor estimate (6.21) together with the definition of the Y "P-norm and

the counting estimate (4.4) give

(A5)  [[lAVL@)/©)w](w)]],.

S a) e NG max  wh (@)]|[dVzn (u, I (u) = )](w)
n a+1

~

h.i‘ .

deg(n)<27
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We will prove that

4
(A0 max wh(@)AVanlu Iw) — Ol 5 02N,
deg(n)<27

and conclude from (A.5) and the relation (4.6) between the parameters:
(A5)] S e y(0) T (Va1 /Na) 2 (e ™) 2720 < 17178,

Let us show (A.6). Using that the Hamiltonian is real, we have

14V 2 (e, 1) = @)llne < (3 0| S Ou, O, Tw) — O

2)1/2

n' €LY, n€ZLs,
) 24 1/2
(X ]S 0w, dnrzalu I(w) ~ T )
n’EZfM nGZ‘IiVI
(A?) ,S 5_1/104 max <n/>s|aunaﬁzn(uv-[(u) - £)Hwn|
[n|,|n/|<M "

For n € Agy1 and (n,n') € (Z4,)? we have

(A8) B Bortn () — &) = kol 2 LW =)

Up Up!
Zn(u, I(u) —&)
(Jun|? = &n)tnr "
, zn(u, I(u) =€) "
" U ([tns |* = &) "

Z’n(u7 I(U‘) - g)
(Jun|? = &) (Jun [* = &)
In the subsequent case by case analysis, we estimate each contribution separately.

We deduce from the zero momentum condition that when £,, > 1, there exists
j € 24, ~ {n} such that

(A.9) T+ mp by

(A.10) + k,m

(A.11) 4+ My My Uy -

/
(A.12) max(k;,0;) > 1, |j| > |;ZT|
T
Without loss of generality, we suppose that k; > 1.
Case 1. In (A.8), when k,l, > 1 a pair (u,,T, ) goes away. We separate two

cases.
— Case 1(a). If |n| Z |n/|, then
n aI B n aI _
e 0D ) | w8 (@) | LD E)
Up Up’ Up, Up!

S C(@)Cr (@) Wiy () J2m (u, I (w) =€),

(n Yokl W (a)

where
n' =n—ein)—e(n)eM, and wo(a)=Cp(a) 'Cpla)' w(a).
We deduce from the weighted estimate (4.9) for the monomials that, in Case 1(a),
(A.6) <, N2(H7)p=2 N =656 < pdds=27
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— Case 1(b). In this case, however, we have |n| < |n/|, and the factor w,, cannot
absorb the derivative (n’)*. Nevertheless, the frequency j given by (A.12) is different
from n and it is therefore still available. There holds

(n)* w2 (a)kplp —Z"(u’ 1@7 9 w
U Uy
zn(u, I(u) — &) ‘

UpUp/ Uj

S eCli(a) Cp(a)Crr () wo, ()| zn (u, I () — €)],

N <J>S|uj||wn’ ‘ W%(O‘)kngn’

~T

where
n =n—e(n) —e(n') — ex(j) €M, Whi() = (Cul@)Cpr(@,6)C5()) " Wh(a)
We deduce from the weighted estimate (4.9) for monomials that, in Case 1(b),
(A.6) <, eNBGHT) =3 N =656 <t N—3(s—7)

Case2. — In (A.9), when m, 0/, > 1 a pair (|u,|*> — &, W) goes away and a term ,,
appears.
— Case 2(a). If |n| Z |n/|, then
I(u) — T(u) —

(|Un|2 - fn)Tn/

< € Cor(a)D(a) why () |2m |,

(|unl? = &)t

where

n =n—enn)—e()eN, wo(a)=(Cn(a)D(@) 'w(a).

n n

We deduce from the weighted estimate for monomials that, in Case 2(a),
(Aﬁ) <, 5N25+Tn7371/5N(;65n6 < ,'7471/5N07(357'r).

— Case 2(b). If |n| < |n'|, then we can find j € Z4, \ {n,n’} such that (A.12)
holds, and deduce that

Zn(ua I(u) - 5)

(Jun|? = &n )t

() |ujwnun | W%(a)mn&l/

0

(n'y® wo, () mp by Uy Wiy

zn (u, I(u) — §)
(Jun? = &n)tnru;
S 22C5(@) Cor (@)D(a) Wiy () |z (u, T(u) = €)],

~T

where
n =n—en(n) —e(n) —ee(f), wo(a)=(Cup(a)C;j(a)D(a)) ™ wh(a).
We deduce from the weighted bound (4.9) for the monomials that, in Case 2b),

(AG) Sﬂ" EQN;4372T777471/5NQ65776 57” ,’7471/5N;2(577)'
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Case 3. In (A.10), when k,m, > 1 a pair (un, |uy|?> — &) goes away, and a
term u,+ appears. It holds

Zn(uv I(’LL) — 5)
U (| [* = &nr)

< <n/>s |t Wy, W%(a)knmn’

(n')* w2 (a)kpmp U/ Wy,

Zn(ua I(u) - f)
(| [2 = &nr)
S eD(@)Cr (@) Way () [z (u, I () = )],

with
n' =n—ex(n) —en(n), wy ()= (D(@)Cp(a))™" wp(a).

We deduce from the weighted estimate (4.9) for monomials that
(A.6) S, eNZSHTy =3 1/BN 656 < pd=1/5 3o,

Case 4. — The last case (A.11) is a priori the worst since a pair of centered actions
goes away, and induces a loss D(«)2. Nevertheless, a pair (i, u, ) appears and will
absorb the derivative in n. There is also a term w,,/, which we will not exploit. It holds
n(u, I(u) =€)
(lunl? = &) (Jun [> = &)

< (1)t [ [ | W, ()1

<7’l/> ° ng (a)mnmn’

Up Up Wy

zn(u, I(u) =€)
(lun|* = &) (Jun [* = &)
S €2 D(a)? wo () [2n (u, I (u) =€),

with

n =n—enn) —en(n), wh(a)=D(a)?w’(a).
We deduce from the weighted estimate for the monomials (4.9) that this contribution
is bounded by

(AG) <r 52N§S7’]_4_2/5N(;657’]6 <r 774_2/5N(;28.
This proves that all contributions to (A.7) are acceptable to obtain (A.6), which

completes the proof of Lemma 6.16. O
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