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ANALYSIS OF A SEDIMENTING SUSPENSION NEAR

A VERTICAL WALL

by David Gérard-Varet & Amina Mecherbet

Abstract. — We consider a sedimenting suspension in a Stokes flow, in the presence of a vertical
wall. We study the effect of a particle-depleted fluid layer near the wall on the bulk dynamics of
the suspension. We show that this effect can be captured by an appropriate wall law of Navier
type. Under appropriate lower bound for the minimal distance and the size of the depletion
layer, we provide in this way a rigorous justification of the apparent slip observed in many
experiments. We also discuss the phenomenon of intrinsic convection predicted in some physics
articles.
Résumé (Analyse d’une suspension de particules en sédimentation à proximité d’une paroi ver-
ticale)

Nous considérons des particules sédimentant dans un fluide de Stokes en la présence d’une
paroi verticale. Nous étudions l’effet du bord ainsi que de la couche limite appauvrie en parti-
cules sur la dynamique de la suspension. Nous montrons que cet effet peut être modélisé par des
conditions au bord de type Navier. Sous certaines hypothèses concernant la distance minimale
entre particules ainsi que la taille de la couche limite, nous proposons une justification rigou-
reuse du phénomène de glissement apparent observé dans certaines expériences. Nous discutons
également du phénomène de convection intrinsèque étudié dans certains articles de physique.
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1. Introduction

The mathematical analysis of suspensions of small particles sedimenting in a Stokes
flow has been the subject of extensive research over the last years. In the context
of inertialess particles, a classical model is the following. Given a finite or infinite
collection of identical non-overlapping spherical particles (Bi = B(Xi, R))i∈I , set in
a bounded or unbounded domain Ω, one considers the system

(1)

−µ∆u+∇p = f in Ω∖ (
⋃
iBi),

div u = 0 in Ω∖ (
⋃
iBi),

u|∂Ω = 0,

D(u) = 0 in Bi ∀i,∫
∂Bi

Σµ(u, p)ndσ = −mge,
∫
∂Bi

[Σµ(u, p)n]× (x−Xi)dσ(x) = 0, ∀i.

The unknowns of this system are the velocity field and pressure:

u(x) = (u1, u2, u3)(x1, x2, x3), p(x) = p(x1, x2, x3).

The first three lines describe a Stokes flow with viscosity µ outside the particles, with
the usual no-slip condition at ∂Ω. The fourth one expresses rigidity of the velocity
field of each particle Bi, and is equivalent to

u = vi + ωi × (x−Xi) in Bi

for some unknown translational and angular velocities vi, ωi ∈ R3. The two relations in
the last line, correspond to balances of forces and torques, and involve the Newtonian
stress tensor Σµ(u, p) = 2µD(u) − pI3 with D(u) = 1

2 (∇u + ∇⊤u) the symmetric
gradient of u. The constants vi, ωi can be seen as Lagrange multipliers associated
with these constraints. The term −mge, e = (0, 0, 1)t encodes gravity and buoyancy
effects: denoting ρp and ρf the particle and fluid masses per unit volume, one has
m = 4

3πR
3(ρp − ρf ), while g is the usual gravitational constant. This is the term

responsible for sedimentation.
Roughly, all mathematical studies of this model divide into two categories:
– Those that focus on steady properties of the suspension. Time evolution of Xi =

Xi(t) is neglected (or frozen), the particle distribution is considered as given, and
mean properties of the suspension, such as the average settling velocity [20, 19, 4, 9]
or the effective viscosity [18, 30, 12, 13, 14, 15, 8], are deduced. The derivation of
the mean settling velocity, and its expansion in terms of the solid volume fraction
are notoriously difficult, and rely on subtle cancellation mechanisms which require
strong assumptions on the distribution of the particles (either periodic-like or random
stationary with strong mixing properties).

– Those that analyze the dynamics of the suspension (for a large but finite N ≫ 1

collection of balls B1, . . . , BN ): the time dependence of Xi = Xi(t) is taken into
account through coupling of (1) with the ODE

(2) Ẋi = vi.
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Analysis of a sedimenting suspension near a vertical wall 525

In the dilute case, under appropriate lower bound on the minimal distance between
the particles, a mean field analysis allows to derive a transport-Stokes equation on

ρ = lim
N→∞

1

N

N∑
i=1

δXi .

We refer to [22, 28, 24, 25] for all details.
Except for the work [20] that contains a brief discussion of boundary effects, none

of the mathematical references above investigate the role of the boundaries on the
dynamics of the suspension.

On the contrary, the impact of the wall of a container on the nature of the sed-
imentation process has been widely discussed in the physics community. One of the
most striking examples of such impact is the so-called Boycott effect [5]: the settling
speed of a suspension is much faster in an inclined channel than in a vertical one,
as the slurry of particles accumulating on the upward-facing wall slides faster to the
bottom, creating a counterflow in the clear fluid layer above. Even in a vertical chan-
nel, the role of boundaries has been emphasized for decades. One main reason for this
boundary effect is the formation of a so-called depletion layer near the wall, where the
concentration of the suspension is much less than in the bulk of the suspension, and
where large velocity gradients occur. This depletion may be due to excluded volume
effect: for instance, for spherical particles, one has the constraint d(Xi, ∂Ω) > R, which
results in a poorer concentration in a layer of thickness ≈ R. But additional mecha-
nisms, such as shear induced migration, may enhance the depletion mechanism and
much enlarge the layer [31, 32, 21, 2], notably for suspensions of polymers. In relation
to this depletion layer, two phenomena are much discussed in the literature:

– The first one, observed experimentally, is apparent slip: for suspensions flowing
through a channel, one observes non-zero downward velocities just outside the deple-
tion layer, that can be interpreted as additional slip : see [1, 27, 16] and references
therein.

– The second one, not observed experimentally but predicted in several studies
[11, 6, 7], is called intrinsic convection: homogeneous suspensions are expected to
experience an additional downward flow in the bulk, while experiencing upward coun-
terflows just outside the depletion layers (resulting in zero additional net flux).
At first sight, these two phenomena may seem contradictory (downward vs upward
flow just outside the depletion layers). One ambition of this paper is to clarify these
different behaviors. More globally, we wish here to analyze rigorously the effect of
a depletion layer on a suspension, starting from the simplest model (1). For ε > 0

we consider the half-space Ω = Ωε = (−ε,+∞) × R2, where the depletion layer
Dε = (−ε, 0)× R2, of width ε, is free of particles centers. Namely,

(3) X1, . . . , XN ∈ K ⋐ Ω0, Ω0 = R∗
+ × R2.

Taking
L = |K|1/3, U =

mgN

µL
, P =

µU

L
,

J.É.P. — M., 2025, tome 12



526 D. Gérard-Varet & A. Mecherbet

as reference length, velocity and pressure, we can put system (1) in dimensionless
form:

X ′ = X/L, ε′ = ε/L, R′ = R/L,

u′ = u/U, p′ = p/P, f ′ =
L2

µU
f, X ′

i = Xi/L, B′
i = Bi/L = B(X ′

i, R
′).

After dropping the primes, we end up with

(4)

−∆u+∇p = f in Ωε ∖ (
⋃
Bi),

div u = 0 in Ωε ∖ (
⋃
Bi),

u|∂Ωε = 0,

D(u) = 0 in Bi, 1 ⩽ i ⩽ N,∫
∂Bi

Σ(u, p)ndσ = − 1

N
e,

∫
∂Bi

Σ(u, p)n× (x−Xi)dσ(x) = 0, 1 ⩽ i ⩽ N,

where Σ(u, p) = 2D(u)−pI. Note that we could have considered some variation of (4)
with additional forcing

∫
Bi
f and torque

∫
Bi
f × (x − Xi) included in the last two

relations. We want to understand the asymptotic behaviour of the solution u = uN,ε

for large N and small ε. We make three main assumptions :

– We denote by ρN the empirical measure defined by ρN = 1
N

∑
i δXi

and consider
a bounded density ρ compactly supported in Ω0.

– We assume that there exists θ > 1 such that

(5) ε > θR,

which is a slight reinforcement of the non-overlapping constraint between the spheres
and the wall.

– Denoting dmin = mini ̸=j |Xi −Xj |, we assume that

(6) dmin ⩾ max
( C

N1/3
, 2θR

)
.

Remark 1.1. — The three assumptions above, notably the lower bound (5) on the size
of the depletion layer, are enough to prove our Theorems 1.1 and 1.2 and Corollary 1.3.
But, as will be discussed in Section 5.1, in order to relate these mathematical results
to the apparent slip phenomenon, one needs a more stringent condition than (5),
essentially

ε ⩾ C(R+ ρ+ ∥ρN − ρ∥),

where C is a large enough constant independent of N and R, and where ∥ ∥ is a weak
norm, see (37). This stronger hypothesis will be discussed in detail in Section 5 as
well as the phenomenon of intrinsic convection.

Under these assumptions, we will perform a two-step analysis of (4).

J.É.P. — M., 2025, tome 12



Analysis of a sedimenting suspension near a vertical wall 527

Step 1 : approximation by a continuous model. — We will first show that the solution
uN,ε of (4) can be approximated by the continuous solution uε of

(7)
−∆uε +∇pε = f − ρe in Ωε,

div uε = 0 in Ωε,

uε|∂Ωε = 0.

We assume in all what follows that f ∈ L1(Ωε)∩L∞(Ωε). In particular, f ∈ L6/5(Ωε)

so that (4), resp. (7), has a unique solution uN,ε, resp. uε in

V = {u ∈ H1
loc(Ω

ε),∇u ∈ L2(Ωε)}.

We will prove in Section 3:

Theorem 1.1. — Let 1 < q < 3/2, Q ⋐ Ωε. There exists C > 0 depending on q, Q
and on the constant θ in (5), such that ,

(8) ∥uN,ε − uε∥Lq(Q) ⩽ C
(
ϕ+ ∥ρN − ρ∥(W 2,q′ (Ω0))∗ +R

)
,

where ϕ = R3N the particles volume fraction.

– The norm ∥ρN −ρ∥(W 2,q′ (Ω0))∗ can be replaced with W1(ρ
N , ρ), the first Wasser-

stein distance between ρN and ρ, and consequently by Wp(ρ
N , ρ) for any p ∈ [1,+∞]

if one assumes ρ ∈ P(Ω0). See Remark 3.2.
– The control on the minimal distance (6) can be relaxed to dmin > 2θR together

with any assumption ensuring a uniform bound on
1

N

∑
j ̸=i

1

|Xi −Xj |2
⩽ C,

see Remark 3.1 for more details.
In cases without boundaries, Ω = R3 or Ω = T3, this kind of statement is already

known, see for instance [24]. The proof is based there on an approximation of uN,ε
made of so-called point Stokeslets and point Stresslets, centered at the Xi’s. They
involve the Oseen tensor, that is the fundamental solution of the Stokes operator
in R3, and its derivatives. They are not fitted to our half-space case, as the inhomoge-
neous Dirichlet data that they create at the boundary is too large. We must therefore
adapt this strategy, constructing the analogue of point Stokeslets for a half-space with
homogeneous Dirichlet condition. We believe that this part of the analysis is of inde-
pendent interest, and contributes to the interesting problem of extending the method
of reflections to domains with boundaries [23].

Step 2 : wall law. — Once the continuous model (7) has been derived, the goal is to
understand the effect of the depletion layer Dε on the solution uε. In other words,
one would like to improve the crude approximation

(9)

−∆u0 +∇p0 = f − ρe in Ω,

div u0 = 0 in Ω0,

u0|∂Ω0 = 0,

J.É.P. — M., 2025, tome 12



528 D. Gérard-Varet & A. Mecherbet

where the impact of the layer is totally neglected. In this regard, we will prove in
Section 4 the following theorem:

Theorem 1.2. — Assume that f and ρ are smooth, compactly supported in Ω0. Then,
for all m ∈ N, one has

uε = u0 + εu1 + · · ·+ εmum +O(εm+1) in Ḣ1(Ω0),

where u0 solves (9), and for each i ⩾ 1, ui solves an homogeneous Stokes equation
in Ω0 with inhomogeneous Dirichlet data at ∂Ω0 coming from lower order profiles.

This theorem provides an asymptotic expansion of uε at arbitrary order, where
each successive correction refines the description of the effect of the depletion layer.
One could relax the assumptions on the smoothness of ρ and f : for instance, it is
enough that ∇u0, p0 belong to Hm+2(Ω0) to have an expansion with m terms.

The analysis leading to Theorem 1.2 shows in particular that the inhomogeneous
Dirichlet data for u1 is given by

(10) u1|∂Ω0 = (0, ∂1u
0
2, ∂1u

0
3)|∂Ω0 .

This will imply, see Section 4:

Corollary 1.3. — Let ρ and f as in the previous theorem, and uS the solution of the
Stokes system with Navier slip boundary condition:

(11)

−∆uS +∇pS = f − ρe in Ω0,

div uS = 0 in Ω0,

uS |∂Ω0 = ε(0, ∂1u
S
2 , ∂1u

S
3 )|∂Ω0 .

Then, one has the estimate

∥uε − uS∥Ḣ1(Ω0) = O(ε2).

This O(ε2) estimate shows that imposing a wall law of Navier type at the artificial
boundary ∂Ω0 improves the O(ε) error estimate provided by the homogeneous Dirich-
let condition. It is the rigorous translation of the notion of apparent slip evoked in
several papers, [1, 27, 16]. We will further discuss it in Section 5. The other phenom-
enon mentioned above, that is intrinsic convection is more subtle and corresponds to
a degenerate regime of what we consider here. We will also discuss it in Section 5.

Acknowledgements. — The authors would like to thank Matthieu Hillairet and
Richard Höfer for stimulating discussions on the topic.

2. Stokes problem on the half space: fundamental solution and
Stokeslets

For the analysis carried in this section 2 and the next section 3, there is no restric-
tion in taking ε = 0, that is working on Ω0 = (0,+∞) × R2. The results adapt
straightforwardly to Ωε = (−ε,+∞)× R2 by translation.
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Analysis of a sedimenting suspension near a vertical wall 529

We introduce the fundamental solution to the Stokes equation on the half space
(0,+∞)× R2. Given y ∈ (0,+∞)× R2, we set x 7→ G(x, y) the unique solution to

(12)


−∆u+∇q = δyI on Ω0,

div(u) = 0 on Ω0,

u|x1=0 = 0,

where I is the identity matrix in 3d. We have for all x ̸= y

(13) |G(x, y)| ⩽ C

|x− y|
, |∇yG(x, y)|+ |∇xG(x, y)| ⩽

C

|x− y|2
.

The proof of such an estimate is postponed to the appendix. Let us also introduce
the Stokes velocity for a sedimenting sphere in a half space. Given F ∈ R3, r > 0 and
y0 ∈ Ω0 such that (y0)1 > r, we use the notation x 7→ Ust

r [F ](x, y0) ∈ Ḣ1(Ω0) for the
unique solution of the Stokes equation

−∆u+∇q = 0 on Ω0 ∖B(y0, r),

div(u) = 0 on Ω0 ∖B(y0, r),

D(u) = 0 on B(y0, r),

u|x1=0 = 0,

(14)

∫
∂B(y0,r)

Σ(u, p)ndσ = F,

∫
∂B(y0,r)

[Σ(u, p)n]× (x− y0)dσ(x) = 0.(15)

We denote by Pst
r [F ](x, y0) its associated pressure. Note that Ust

r [F ](·, y0) is implicitly
given by a rigid vector field in B(y0, r). The associated pressure will be denoted by
Pst
r [F ](·, y0). We have the following

Proposition 2.1. — Let r > 0, θ > 1 and y0 ∈ Ω0 such that (y0)1 > θr.
(1) We have, for all x ∈ Ω0 ∖B(y0, r),

Ust
r [F ](x, y0) =

1

r
Ust

1 [F ](x/r, y0/r).

(2) There exists Hr[F ](·, y0) such that, for all x ̸∈ B(y0, θr),

Ust
r [F ](x, y0) = G(x, y0)F +Hr[F ](x, y0),(16)

|Hr[F ](x, y0)| ⩽ r
Cθ|F |

|x− y0|2
, |∇xHr[F ](x, y0)| ⩽ r

Cθ|F |
|x− y0|3

.(17)

(3) The energy satisfies

∥∇Ust
r [F ](·, y0)∥2L2(Ω0) = 2∥D

(
Ust
r [F ](·, y0)

)
∥2L2(Ω0)

and

(18) ∥∇Ust
r [F ](·, y0)∥L2(Ω0) ⩽

C|F |√
r
,

with a constant C > 0 independent of y0, F and r.

In order to prove such a result we first recall the following extension result which
can be obtained by standard scaling arguments.
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530 D. Gérard-Varet & A. Mecherbet

Lemma 2.2. — Let p > 1, θ > 1, a ∈ R3, λ > 0 and v ∈ W 1,p(B(a, λ)) a divergence-
free velocity field with vanishing mean on B(a, λ). There exists an extension uv ∈
W 1,p

0 (B(a, θλ)) of v which is divergence-free and such that

∥∇uv∥Lp(B(a,θλ)∖B(a,λ)) ⩽ Cθ∥∇v∥Lp(B(a,λ)),

with a constant depending only on θ and p and not on λ and a.

Proof of Proposition 2.1
(1) The proof relies on a standard scaling argument.
(3) The first identity is valid for any divergence-free vector field v vanishing at

x1 = 0: it follows from the identity −∆v = −2 div(Dv), multiplying by v and inte-
grating by parts. As regards the energy bound, we use the following:

∥∇Ust
1 [F ](·, y0)∥2L2((0,+∞)×R2) = 2∥D

(
Ust

1 [F ](·, y0)
)
∥2L2((0,+∞)×R2)

= 2∥D
(
Ust

1 [F ](·, y0)
)
∥2L2((0,+∞)×R2∖B(y0,1))

=

∫
(0,+∞)×R2∖B(y0,1)

(
2D

(
Ust

1 [F ](·, y0)
)
− Pst

1 [F ](·, y0)I3
)
: D

(
Ust

1 [F ](·, y0)
)

=

∫
(0,+∞)×R2∖B(y0,1)

(
−∆Ust

1 [F ](·, y0) +∇Pst
1 [F ](·, y0)

)
· Ust

1 [F ](·, y0)

+

∫
∂B(y0,1)

Σ
(
Ust

1 [F ](·, y0),Pst
1 [F ](·, y0)

)
n · Ust

1 [F ](·, y0)dσ

= F · −
∫
B(y0,1)

Ust
1 [F ](·, y0)

⩽ C|F |∥∇Ust
1 [F ](·, y0)∥L2 .

Note that, for the last equality we used the fact that Ust
1 [F ](·, y0) is a rigid motion on

B(y0, 1). For the last inequality we have used the Sobolev embedding

{u ∈ Ḣ1(Ω0), u|∂Ω0 = 0} ⊂ L6(Ω0).

For general r, we then use the scaling argument of (1).
(2) We need to show that

Hr[F ](·, y0) := Ust
r [F ](·, y0)−G(·, y0)F

satisfies the inequalities in (17). Note that 1
rG(x/r, y0/r)=G(x, y0). Together with (1),

it shows that Hr[F ] inherits the scaling property: Hr[F ](x, y0)=
1
rH1[F ](x/r, y0/r).

This allows to restrict to r = 1. We have for all x ∈ Ω0 ∖B(y0, θ)

Ust
1 [F ](x, y0)−

(
−
∫
B(y0,1)

G(x, z)dz

)
F =∫

∂B(y0,1)

(
G(x, y)−−

∫
B(y0,1)

G(x, z)dz

)
Σ
(
Ust

1 [F ](y, y0),P
st
1 [F ](·, y0)

)
ndσ(y).

Hence, using Lemma 2.2, we denote by v ∈ H1
0 (B(y0, θ)) a divergence-free extension

of y 7→ G(x, y)− −
∫
B(y0,1)

G(x, z)dz such that

∥∇v∥L2(B(y0,θ)) ⩽ Cθ∥y 7→ ∇yG(x, y)∥L2(B(y0,1)),
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Analysis of a sedimenting suspension near a vertical wall 531

with a constant depending only on θ, and one gets∣∣∣∣Ust
1 [F ](x, y0)−

(
−
∫
B(y0,1)

G(x, z)dz

)
F

∣∣∣∣ = ∣∣∣∣∫
B(y0,θ)∖B(y0,1)

∇v : ∇Ust
1 [F ](·, y0)

∣∣∣∣
⩽ ∥∇Ust

1 [F ](·, y0)∥L2∥∇v∥L2(B(y0,θ)).

We then use the energy estimate for Ust
1 [F ] of item (3) together with inequality (13)

which yields

(19) ∥∇v∥L2(B(y0,θ)) ⩽ Cθ∥y 7−→ ∇yG(x, y)∥L∞(B(y0,1)) ⩽
C ′
θ

|x− y0|2
,

where we used that |x − y| > (1 − 1/θ)|x − y0| provided that |x − y0| > θ. Hence,
we write
H1[F ](·, y0) = Ust

1 [F ](·, y0)−
(
−
∫
B(y0,1)

G(·, z)dz
)
F +

(
−
∫
B(y0,1)

[G(·, z)−G(·, y0)]dz
)
F

and the extra term
(
−
∫
B(y0,1)

[G(·, z) − G(·, y0)]dz
)
F can be estimated analogously

using (19). This concludes the proof of the first inequality in (17). The second one
is similar, applying ∇x to all quantities above, and using the second bound in (13)
instead of the first one. □

3. Approximation of the velocity field

The main goal of this section is to prove Theorem 1.1. There is no loss of generality
in proving it in the case ε = 0. We use the shortcuts uN = uN,0, F = −(1/N)e. Let
us denote

uapp =
∑
i

Ust
R [F ] (x,Xi) + uf,N ,

where we recall that Ust
R[F ](·, Xi) is the Stokeslet attached to Bi = B(Xi, R), see (14),

and where uf,N is the solution of the Stokes equation

(20)


−∆uf,N +∇qf,N = f(1− 1⋃Bi

) on (0,+∞)× R2,

div(uf,N ) = 0 on (0,+∞)× R2,

uf,N |x1=0 = 0.

We first aim to estimate the error between uN and uapp.

3.1. From uN to uapp
Proposition 3.1. — Let K ⋐ Ω0. We have, for any q < 3/2,

∥uN − uapp∥Lq(K) ⩽ CKϕ.

Proof. — We set v = uN − uapp, it satisfies
−∆v +∇q = 0 on Ω0 ∖

⋃
Bi,

div(v) = 0 on Ω0 ∖
⋃
Bi,

D(v) = −D(uapp) on Bi,
v|x1=0 = 0,∫

Bi

Σ(v, q)n =

∫
Bi

[Σ(v, q)n]× (x−Xi) = 0.
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In order to estimate the Lploc norm of v, we will use a duality argument, observing
that for any K ⋐ Ω0 and ψ ∈ C∞

c (K)∫
K

v · ψ = −2

∫
Ω0

D(v) : D(uψ),

with uψ ∈ W 2,q′(Ω0) ∩W 1,q′

0 (Ω0) being the unique solution to the Stokes equation
−∆uψ +∇qψ = ψ, div uψ = 0 on Ω0 with vanishing Dirichlet boundary condition on
x1 = 0. We claim that this solution satisfies

(21) ∥uψ∥W 2,q′ (Ω0) ⩽ CK∥ψ∥Lq′ (K).

Indeed, the bound

∥∇2uψ∥Lq′ (Ω0) ⩽ C∥ψ∥Lq′ (Ω0) = C∥ψ∥Lq′ (K)

follows from [10, Th. IV.3.2, (IV.3.30)]. Moreover, by taking q̃ ∈ (1, 3) such that
3q̃/(3− q̃) = q′, we deduce from [10, Th. IV.3.2, (IV.3.31)] that

∥∇uψ∥Lq′ (Ω0)
⩽ C∥ψ∥Lq̃(Ω0) = C∥ψ∥Lq̃(K) ⩽ CK∥ψ∥Lq′ (K).

Finally, the bound
∥uψ∥Lq′ (Ω0)

⩽ C∥ψ∥Lq′ (K)

is shown as follows. Let R > 0 such that K ⊂ B(0, R− 1). From Poincaré inequality
(remember that uψ vanishes at ∂Ω0):

∥uψ∥Lq′ (Ω0∩B(0,R)) ⩽ C∥∇uψ∥Lq′ (Ω0∩B(0,R)) ⩽ CK∥ψ∥Lq′ (K).

Then, the bound
∥uψ∥Lq′ (Ω0∖B(0,R)) ⩽ CK∥ψ∥Lq′ (K)

is deduced from the explicit representation of uψ with the fundamental solution of the
Stokes operator in a half-space: as uψ(x) =

∫
K
G(x, y)ψ(y)dy and |G(x, y)| ≲ C/|x−y|

(see the appendix), we find

∥uψ∥Lq′ (Ω0∖B(0,R)) ≲
∥∥∥x→ 1

|x|+ 1

∥∥∥
Lq′ (Ω0)

∥ψ∥L1(K) ⩽ CK∥ψ∥Lq′ (K)

(here we have used that q′ > 3). This concludes the proof of (21).
Now,

2

∫
Ω0

D(v) : D(uψ) = 2

∫
Ω0∖

⋃
i Bi

D(v) : D(uψ)−
∑
i

∫
Bi

D(uapp) : D(uψ)

=
∑
i

∫
∂Bi

Σ(v, q)n · uψdσ −
∑
i

∫
Bi

D(uapp) : D(uψ)

=
∑
i

∫
∂Bi

Σ(v, q)n ·
(
uψ −−

∫
uψ

)
dσ −

∑
i

∫
Bi

D(uapp) : D(uψ)

=
∑
i

∫
Ai

D(v) : Duψ,i −
∑
i

∫
Bi

D(uapp) : D(uψ),
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where, using Lemma 2.2, uψ,i ∈ W 1,q′

0 (Ai) is a divergence-free lifting of uψ,i =

uψ − −
∫
Bi
uψ on Bi, where Ai = B(Xi, θr)∖B(Xi, r) is such that

(22) ∥∇uψ,i∥Lq′ (Ai)
⩽ Cθ∥∇uψ∥Lq′ (Bi)

.

Note that the sets Ai are disjoint thanks to (6). Using the well-known estimate [15,
Prop. 2.1]

∥D(v)∥L2(Ω0) ⩽ C∥D(v)∥L2(
⋃

i Bi) = ∥D (uapp) ∥L2(
⋃

i Bi),

we get, using Hölder inequality, Sobolev embedding W 1,q′(Ω0) ⊂ L∞(Ω0), q′ > 3,
together with estimate (21),∣∣∣∣∫

K

v · ψ
∣∣∣∣ ⩽ C ∥D (uapp) ∥L2(

⋃
i Bi) ϕ

1/2 ∥D (uψ) ∥L∞(
⋃

i Bi)

⩽ CK∥D (uapp) ∥L2(
⋃

i Bi) ϕ
1/2∥ψ∥Lq′ (K)

⩽ CKϕ∥D (uapp) ∥L∞(
⋃

i Bi) ∥ψ∥Lq′ (K).

We conclude by observing that on Bi one has

D (uapp) =
∑
j ̸=i

D
(
Ust
R[F ](x,Xj)

)
+D(uf,N ).

For the second term at the right-hand side, we use standard Sobolev embedding and
Stokes estimates. For any p > 3:

∥D (uf,N ) ∥L∞(K) ⩽ C∥D (uf,N ) ∥W 1,p(K)

⩽ C ′∥f(1− 1⋃Bi
)∥Lp(R3) ⩽ C ′(∥f∥L∞ + ∥f∥L1).

For the first term at the right-hand side we use Proposition 2.1 which yields∥∥∥∑
j ̸=i

D
(
Ust
R[F ](·, Xj)

)∥∥∥
L∞(Bi)

⩽
1

N

∑
j ̸=i

Cθ
|Xi −Xj |2

⩽
C

N

∑
j ̸=i

−
∫
B(Xj ,dmin/4)

1

|Xi − y|2
dy

⩽
∫

cB(Xi,dmin/4)

fN (y)dy

|Xi − y|2

⩽ C(∥fN∥∞ + ∥fN∥1) ⩽ C,

with fN = 1
N

∑
i 1B(Xi,dmin/4)/|B(Xi, dmin/4| such that ∥fN∥1 = 1 and ∥fN∥∞ ⩽

C/Nd3min, which is bounded thanks to (6).

Remark 3.1. — More generally, any assumption ensuring
1

N

∑
j ̸=i

1

|Xi −Xj |2
⩽ C

is sufficient. This can be ensured for instance by assuming the following bound on the
infinite Wasserstein distance

W∞(ρN , ρ) ⩽ CN−1/3
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and the constraint
1√
N

≲ dmin.

Indeed one has
1

N

∑
j ̸=i

1

|Xi −Xj |2
=

∫
T x̸=Xi

1

|Tx−Xi|2
ρ(x)dx,

with T being the optimal transport plan for the W∞ := W∞(ρN , ρ) Wasserstein
distance, ρN = T#ρ. We split the integral into two parts:

E1 = {x ∈ supp ρ, Tx ̸= Xi, |x−Xi| ⩽ 2W∞},
E2 = {x ∈ supp ρ, Tx ̸= Xi, |x−Xi| > 2W∞}.

Hence on E1 one has ∫
E1

1

|Tx−Xi|2
ρ(x)dx ⩽ C

W 3
∞

d2min

.

On E2 we have |Tx −Xi| ⩾ |x −Xi| − |Tx− x| ⩾ |x −Xi|/2 since |Tx − x| ⩽ W∞,
hence ∫

E2

1

|Tx−Xi|2
ρ(x)dx ⩽

∫
1

|x−Xi|2
ρ(x)dx ⩽ C(∥ρ∥∞ + ∥ρ∥1),

which shows that
1

N

∑
j ̸=i

1

|Xi −Xj |2
⩽ C

(
1 +

W 3
∞

d2min

)
,

see also [25, Lem. 2.3] for more details. □

3.2. From uapp to vN . — We introduce the intermediate velocity

(23)

−∆vN +∇qN = − 1

N

∑
i

δXi
e+ f(1− 1⋃

i Bi
) in Ω0,

div vN = 0 in Ω0,

vN |x1=0 = 0,

which writes
vN = − 1

N

∑
i

G(·, Xi)e+ uf,N .

We again use the duality argument to get

Proposition 3.2. — Let K ⋐ Ω0. We have, for any q < 3/2,

∥uapp − vN∥Lq(K) ⩽ CKR.

Proof. — Given K ⋐ Ω0 and ψ ∈ C∞
c (K), we again set uψ ∈ W 2,q′(Ω0) ∩W 1,q′

0 (Ω0)

the unique solution to the Stokes equation −∆uψ +∇qψ = ψ, div uψ = 0 on Ω0 with
vanishing Dirichlet boundary condition on x1 = 0 satisfying

(24) ∥uψ∥W 2,q′ (Ω0) ⩽ CK∥ψ∥Lq′ (K).
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We have, using (23) and the same notation for uψ, uψ,i as in the previous proof,∫
K

(uapp − vN ) · ψ =

∫
Ω0

D(uapp − vN ) : Duψ

=
∑
i

∫
Ω0∖Bi

D(Ust
R[F ](·, Xi)) : D(uψ) +

∑
i

1

N
e · uψ(Xi)

=
∑
i

∫
∂Bi

σ
(
Ust
R[F ](·, Xi),P

st
r [F ](·, y0)

)
n · uψ +

∑
i

1

N
e · uψ(Xi)

=
∑
i

∫
∂Bi

σ
(
Ust
R[F ](·, Xi),P

st
r [F ](·, y0)

)
n ·

(
uψ −−

∫
Bi

uψ

)
+
∑
i

1

N
e ·

(
uψ(Xi)−−

∫
Bi

uψ

)
=

∑
i

∫
Ai

DUst
R[F ](·, Xi) : Duψ,i +

∑
i

1

N
e ·

(
uψ(Xi)−−

∫
Bi

uψ

)
⩽ C

∑
i

∥∥DUst
R[F ](·, Xi)

∥∥
L2(Ai)

|Bi|1/2∥∇uψ∥L∞(K) + CR∥∇uψ∥L∞(K)

⩽ CR∥ψ∥Lq′ (K),

where we used for the first term in the right hand side Hölder inequality, estimate (22)
together with the bound

∥∇uψ∥L∞(K) ⩽ C∥∇uψ∥W 1,q′ (K) ⩽ C ′∥ψ∥Lq′ (K)

and the energy bound (18) for |F | = 1/N . □

3.3. From vN to uε. — Keeping in mind that we can restrict to ε = 0, the last step
in the proof of Theorem 1.1 is to establish:

Proposition 3.3. — Let K ⋐ Ω0. We have, for any q < 3/2,
∥vN − u0∥Lq(K) ⩽ CK

(
∥ρN − ρ∥(W 2,q′ (Ω0))∗ + ϕ

)
,

where u0 is the solution of
−∆u0 +∇p0 = f − ρe in Ω0,

div u0 = 0 in Ω0,

u0|∂Ωε = 0.

Proof. — Using again the duality argument we have, for any ψ ∈ C∞
c (K),∫

K

(vN − uε) · ψ =

∫
Ω0

∇(vN − uε) : ∇uψ

=

∫
Ω0

(ρN − ρ)g · uψ −
∫
⋃

i Bi

f · uψ

⩽ g∥ρN − ρ∥(W 2,q′ (Ω0))∗∥uψ∥W 2,q′ (Ω0) +
∑
i

|Bi|∥f∥L∞(K)∥∥uψ∥L∞(K)

⩽ CK
(
∥ρN − ρ∥(W 2,q′ (Ω0))∗ + ϕ

)
∥ψ∥Lq′ (K).
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Remark 3.2. — Since the Wasserstein distance W1 corresponds to the dual norm on
Lipschitz functions, one could also use the following estimate∫

Ω0

(ρN − ρ)g · uψ ⩽ CW1(ρ
N , ρ)∥uψ∥Lip,

assuming ρ to be a probability measure. However the norm ∥ · ∥(W 2,q′ (Ω0))∗ is more
accurate since W 2,q′(Ω0) ⊂ Lip(Ω0). □

4. The approximate continuous model

The purpose of this section is to analyze system (7), and to prove Theorem 1.2 and
Corollary 1.3. We assume here that f and ρ are smooth and compactly supported
in Ω0.

4.1. Asymptotic expansion. — We will construct an approximation of the solution
(uε, pε) of (7), of the following form:

(uεapp, p
ε
app)(x1, x2, x3) ≈

m∑
i=0

εi(ui, pi)(x1, x2, x3), x = (x1, x2, x3) ∈ Ω0,

(uεapp, p
ε
app(x1, x2, x3) ≈

m∑
i=0

εi(U i, P i)(x1/ε, x2, x3), x = (x1, x2, x3) ∈ Ωε ∖ Ω0.

Note that this approximation is made of two parts: an interior one, in Ω0, with a regu-
lar expansion in ε, and a boundary layer part, localized in the depletion layer Ωε∖Ω0.
The boundary layer expansion involves boundary layer profiles U i = U i(s, x2, x3),
with the variable s ∈ (−1, 0) that stands for x1/ε. It is also convenient to set:

(ui, pi) = 0, (U i, P i) = 0 for i < 0.

Plugging the interior expansion in the Stokes equation, we find: for all i ⩾ 0, in Ω0

(25)
−∆ui +∇pi = δ0i

(
f − ρe

)
,

div ui = 0.

Plugging the boundary layer expansion in the Stokes equation, we find: for all i ⩾ 0,
for all (s, x2, x3) ∈ (−1, 0)× R2:

−∂2sU i1 − (∂22 + ∂23)U
i−2
1 + ∂sP

i−1 = 0,(26)

−∂2sU i2 − (∂22 + ∂23)U
i−2
2 + ∂2P

i−2 = 0,(27)

−∂2sU i3 − (∂22 + ∂23)U
i−2
3 + ∂3P

i−2 = 0,(28)

∂sU
i
1 + ∂2U

i−1
2 + ∂3U

i−1
3 = 0(29)

The Dirichlet condition uεapp|∂Ωε ≈ 0 further yields: for all i ⩾ 0,

(30) U i|s=−1 = 0.

Eventually, conditions

[uεapp]|∂Ω0 ≈ 0, [Σ(uεapp, p
ε
app)n]|∂Ω0 ≈ 0,
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which reflect continuity of the velocity field and the stress tensor at the interface ∂Ω0

give for all i ⩾ 0:

U i|s=0 = ui|x1=0(31)
∂sU

i|s=0 − P i−1|s=0(1, 0, 0)
t = ∂1u

i−1|x1=0 − pi−1|x1=0(1, 0, 0)
t.(32)

Computation of the first terms. — We compute U0, u0, p0. First, from (29) and (30),
we get ∂sU0

1 = 0 and U0
1 |s=−1 = 0, which implies U0

1 = 0. Then, from (27), (30)
and (32), we find

∂2sU
0
2 = 0, U0

2 |s=−1 = 0, ∂sU
0
2 |s=0 = 0,

which leads to U0
2 = 0. Similarly, U0

3 = 0. Hence, U0 = 0. Next, we consider (25)
and (31) at rank i = 0. They imply that (u0, p0) satisfies (7). In particular, as f
belongs to L6/5(Ω0) ∩Hm(Ω0), (∇u0, p0) belongs to Hm(Ω0) for all m.

Computation of next order terms. — We now assume that i ⩾ 1 and that profiles Uk,
P k−1, uk, pk are known for all k ⩽ i− 1, with:

Uk, P k−1 ∈ H∞((−1, 0)× R2), ∇uk, pk ∈ H∞(Ω0).

We now show how to construct U i, P i−1, ui, pi. Considering (29) and (30) yields

U i1(s, ·) = −
∫ s

−1

(∂2U
i−1
2 + ∂3U

i−1
3 )(t, ·)dt ∈ H∞((−1, 0)× R2).

Next, we consider (26) and (32) which allow the calculation of P i−1∈H∞((−1, 0)×R2):

P i−1(s, ·) = ∂sU
i
1|s=0 − ∂1u

i−1
1 |x1=0 + pi−1|x1=0 +

∫ s

0

(
∂2sU

i
1 + (∂22 + ∂23)U

i−2
1

)
(t, ·)dt.

Next, we consider (27)–(30)–(32): these relations imply

U i2(s, ·) = −
∫ s

−1

∫ t

0

(
(∂22 + ∂23)U

i−2
2 + ∂2P

i−2
)
(t′, ·)dt′dt+ (s+ 1)∂1u

i−1
2 |x1=0.

A similar expression holds for U i3. Both U i2, U
i
3 ∈ H∞((−1, 0) × R2). Eventually,

we see by (25) and (31) that (ui, pi) solve a homogeneous Stokes equation with the
inhomogeneous Dirichlet condition

ui|x1=0 = U i|x1=0.

By standard regularity results for the Stokes equation, cf. [10, Th. IV.3.2 & IV.3.3],
∇ui, pi ∈ H∞(Ω0).

Equations for u1 and u2. — Anticipating the discussion in Section 5, it is worth spec-
ifying the systems satisfied by u1, p1 and u2, p2. From above equations, we deduce

U1
1 = 0, P 0 = −∂1u01|x1=0 + p0|x1=0, (U1

2 , U
1
3 ) = (s+ 1)(∂1u

0
2, ∂1u

0
3)|x1=0.
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Hence,

(33)

−∆u1 +∇p1 = 0,

div u1 = 0,

u1|x1=0 = (0, ∂1u
0
2, ∂1u

0
3)|x1=0.

Then,

U2
1 (s, ·) = −

∫ s

−1

(∂2U
1
2 + ∂3U

1
3 )(t, ·)dt

= −
∫ s

−1

(t+ 1)(∂2∂1u
0
2 + ∂3∂1u

0
3)|x1=0dt =

(s+ 1)2

2
∂21u

0
1|x1=0,

while

(U2
2 , U

2
3 ) = (s+ 1)(∂1u

1
2, ∂1u

1
3)|x1=0 +

1

2
(s− 1)(s+ 1)(∂2P

0, ∂3P
0)

= (s+ 1)(∂1u
1
2, ∂1u

1
3)|x1=0

+
1

2
(s− 1)(s+ 1)

(
− ∂1∂2u

0
1 + ∂2p

0,−∂1∂3u01 + ∂3p
0)|x1=0.

We recover the system

(34)

−∆u2 +∇p2 = 0,

div u2 = 0,

u21|x1=0 =
1

2
∂21u

0
1|x1=0,

u22|x1=0 = ∂1u
1
2|x1=0 +

1

2
(∂1∂2u

0
1 − ∂2p

0)|x1=0,

u23|x1=0 = ∂1u
1
3|x1=0 +

1

2
(∂1∂3u

0
1 − ∂3p

0)|x1=0.

4.2. Proof of Theorem 1.2. — We will show here that the expansion constructed in
the previous section provides an approximate solution of the true solution uε of (7).
Given m ∈ N, we first introduce ũm+2 the solution in Ḣ1(Ωε) of the Stokes problem

−∆ũm+2 +∇p̃m+2 = 0 in Ωε,

div ũm+2 = −∂1um+2
1 1Ω0 in Ωε,

ũm+2|∂Ωε = 0.

Such ũm+2 exists, cf. [10, Th. IV.3.3], and satisfies

∥∇ũm+2∥L2(Ωε) ≲ ∥∂1um+2
1 1Ω0∥L2(Ωε) ≲ 1.
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We then define (uεapp, p
ε
app) as follows:

(uεapp, p
ε
app)(x, y, z) =

m+1∑
i=0

εi(ui, pi)(x, y, z) + εm+2(um+2
1 , 0, 0, 0)(x, y, z)

+ εm+2(ũm+2, p̃m+2)(x, y, z), X = (x, y, z) ∈ Ω0,

(uεapp, p
ε
app)(x, y, z) =

m+1∑
i=0

εi(U i, P i)(x/ε, y, z) + εm+2(Um+2
1 , 0, 0, 0)(x/ε, y, z)

+ εm+2(ũm+2, p̃m+2)(x, y, z), X = (x, y, z) ∈ Ωε ∖ Ω0.

We then introduce vε = uε − uεapp, qε = pε − pεapp, solving

−∆vε +∇qε = −εm+2(∆um+2
1 , 0, 0) in Ω0,

−∆vε +∇qε = −
m+1∑
i=m

εi(∂22 + ∂23)(εU
i+1
1 , U i2, U

i
3)−

m+1∑
i=m

εi(0, ∂2P
i, ∂3P

i) in Dε,

div vε = 0 in Ωε,(35)
[vε]|∂Ω0 = 0,

[Σ(vε, qε)n]|∂Ω0 = −εm+1(ε∂1u
m+2
1 |x1=0, ∂1u

m+1
2 |x1=0, ∂1u

m+1
3 |x1=0),

vε|∂Ωε = 0.

Performing a simple energy estimate, we find∫
Ωε

|∇vε|2 = εm+2

∫
Ω0

∇um+2
1 : ∇vε1 −

∫
Dε

Rε · vε +
∫
∂Ω0

rε · vε,

where

Rε = −
m+1∑
i=m

εi(∂22 + ∂23)(εU
i+1
1 , U i2, U

i
3)−

m+1∑
i=m

εi(0, ∂2P
i, ∂3P

i) = O(εm),

rε = εm+1(ε∂1u
m+2
1 |x1=0, ∂1u

m+1
2 |x1=0, ∂1u

m+1
3 |x1=0) = O(εm+1).

By the Poincaré and trace inequalities

∥vε∥L2(Dε) ≲ ε∥∇vε∥L2(Dε), ∥vε∥L2(∂Ω0) ≲
√
ε∥∇vε∥L2(Dε),

we infer easily
∥∇vε∥L2(Ωε) ≲ εm+1.

Restricting to Ω0, Theorem 1.2 follows.

4.3. Wall law of Navier type : proof of Corollary 1.3. — We conclude Section 4
by proving Corollary 1.3. We know from (1.2) that

uε = u0 + εu1 +O(ε2) in Ḣ1(Ω0).

Hence, Corollary 1.3 will follow from the estimate

∥∇(uS − uSapp)∥L2(Ω0) = O(ε2), uSapp = u0 + εu1.
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The difference vS = uS − uSapp satisfies

−∆vS +∇qS = 0 in Ω0,

div vS = 0 in Ω0,

vS |∂Ω0 = ε(0, ∂1v
S
2 , ∂1v

S
3 )|∂Ω0 + ε2(0, ∂1u

1
2, ∂1u

1
3)|∂Ω0 .

Let V be the solution of the Stokes problem:
−∆V +∇Q = 0 in Ω0,

div V = 0 in Ω0,

V |∂Ω0 = (0, ∂1u
1
2, ∂1u

1
3)|∂Ω0 .

Then, ∇V belongs to H∞(Ω0). Moreover, the function wS = vS − ε2V satisfies

−∆wS +∇rS = 0 in Ω0,

divwS = 0 in Ω0,

wS |∂Ω0 = ε(0, ∂1w
S
2 , ∂1w

S
3 )|∂Ω0 + ε3(0, ∂1V2, ∂1V3)|∂Ω0 .

The standard estimate

∥∇wS∥2L2(Ω0) +
1

ε

∫
∂Ω0

(|wS2 |2 + |wS3 |2) = ε2
∫
∂Ω0

(
∂1V2 w

S
2 + ∂1V3 w

S
3

)
combined with Young’s inequality yields:

∥∇wS∥2L2(Ω0) +
1

2ε

∫
∂Ω0

(|wS2 |2 + |wS3 |2) ⩽
1

2
ε5

∫
∂Ω0

(
|∂1V2|2 + |∂1V3|2

)
.

It follows that ∥∇wS∥L2(Ω0) = O(ε5/2) and finally ∥∇vS∥L2(Ω0) = O(ε2). The result
follows.

5. Final comments

5.1. Apparent slip. — By Corollary 1.3, the approximation of system (7) by sys-
tem (11) is more accurate than the one by (9), where the effect of the depletion layer
is not taken into account and homogeneous boundary conditions are considered. The
boundary condition in (11) is called a (Navier) slip boundary condition. To under-
stand this terminology, one can consider the case of a shear flow driven by a constant
downward pressure gradient:

−∆u+∇p = −e, div u = 0 in (0, 1)× R.

In the case of Dirichlet conditions u|x1=0 = u|x1=1 = 0, the solution is the usual
Poiseuille flow

u0(x1, x2) =
(
0, 12x1(x1 − 1)

)
,

while in the case of Navier conditions

u|x1=0 = (0, ∂1u2|x1=0), u|x1=1 = (0,−∂1u2|x1=1),

we find
uS(x1, x2) =

(
0, 12x1(x1 − 1)− 1

2

)
,
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which has a non-zero downward component at the boundary. This corresponds to a
phenomenon of apparent slip, at the artificial boundary ∂Ω0 (while real no-slip takes
place at the rigid wall ∂Ωε). As mentioned in this introduction, this phenomenon of
apparent slip was noticed in various experiments on sheared suspensions. It is here
validated mathematically by Corollary 1.3.

Let us stress that this improved approximation is established in Section 4 starting
from the continuous model (7). Actually, as we are interested in the “real” suspension,
governed by (4), the point would rather be to show that for some norm

(36) ∥uN,ε − uS∥ < ∥uN,ε − u0∥.

By Theorem 1.1, for all q < 3/2, K ⋐ Ω0,

∥uN,ε − u0∥Lq(K) ⩾ ∥uε − u0∥Lq(K) − ∥uN,ε − uε∥Lq(K)

⩾ ∥uε − u0∥Lq(K) − C(R+ ϕ+ ∥ρN − ρ∥(W 2,q′ (Ω0))∗).

If the solution u1 of (33) is non-identically zero on K, then by Theorem 1.2:
∥uε − u0∥Lq(K) ≈ ε, so that for a large enough constant C0 (independent of N , R
and of course ε),

∥uN,ε − u0∥Lq(K) ⩾ C0 ε− C(R+ ϕ+ ∥ρN − ρ∥(W 2,q′ (Ω0))∗).

On the other hand, combining Theorems 1.1 and 1.2, we also have for some con-
stant C1

∥uN,ε − uS∥Lq(K) ⩽ ∥uε − uS∥Lq(K) + ∥uN,ε − uε∥Lq(K)

⩽ C1 ε
2 + C(R+ ϕ+ ∥ρN − ρ∥(W 2,q′ (Ω0))∗).

This ensures that condition (36) is satisfied as soon as

(37) C0

2C1
> ε ⩾ C

(
R+ ϕ+ ∥ρN − ρ∥(W 2,q′ (Ω0))∗

)
, C :=

4C

C0
.

The lower bound on ε in this inequality is of course more stringent than the simple
condition (5). However, we believe it is still relevant for the following reasons:

– There is experimental evidence that some suspensions have a depletion layer
obeying

(5’) ε ⩾ C′R

for some constant C′ much larger than 1. For instance, [27] considers suspensions of
microfibrillated cellulose in a pipe flow, for which the depletion layer has size ≈ 200µm

whereas the typical length of one particle is 8µm, resulting in a constant C′ = 25.
Although our constant C in (37) is not very explicit, the requirement ε ⩾ CR contained
in (37) is reasonable with regards to this kind of suspensions, and our Corollary 1.3
can be seen as a justification of the apparent slip detected experimentally.

– In the case of periodic distributions one has ∥ρN −ρ∥ ∼ N−2/3, see [20], whereas
for random particles, drawn independently with the same law, one has roughly
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∥ρN − ρ∥ ∼ N−1/2 (due to central limit theorem). In the first, resp. second setting,
under the requirement that

N−2/3 ≲ R ≲ N−1/2, resp. R ∼ 1√
N

assumption (37) reduces to the realistic hypothesis (5’).
– The constraint coming from the ϕ term in (37) could be relaxed, by including

some effective viscosity term in the continuous Stokes equation (7). Typically, one
can replace ϕ by ϕ2 if the Einstein’s effective viscosity is taken into account, that is
replacing (7) by

− div
(
(1 + 5

2ϕρ)∇u
)
+∇p = f − ρe, div u = 0 in Ωε, u|∂Ωε=0.

See [24] for detailed statements. For periodic or random stationary configurations, one
can even have an effective viscosity tensor accurate at any power of ϕ, relaxing com-
pletely the constraint. See [8]. The subsequent derivation of wall laws is not affected
by the introduction of such refined Stokes equation.

To establish the validity of a slip law of Navier type under the mere assumption (5)
would in our opinion require different ideas. In particular, to use the intermediate sys-
tem (7) would not be valid anymore, because if ε is comparable to R, the microscopic
structure of the distribution of particles (for instance the shape of the particles) should
be involved. This can be seen in similar problems, like the derivation of wall laws for
porous media [26] or for rough boundaries [29, 3]. In such problems, the approach
used is based on homogenization tools, and the slip length appears as an averaged
quantity related to a kind of cell problem. To go beyond the periodic setting raises
strong mathematical issues. Here, we have rather chosen to consider pretty general
distributions of particles.

5.2. Intrinsic convection. — In all our analysis, it is implicit that the first terms u0
and u1 in our expansion of uε are non-zero. This is very natural in view of our
assumptions, where the limit density of the particles distribution ρ is inhomogeneous
(and even compactly supported). This inhomogeneity drives a non-zero global flow
with field u0. Such setting excludes the case of a homogeneous suspension, meaning
with constant density over Ω0 (and no driving force). Nevertheless, we can still in this
degenerate case use the continuous model (7), with ρ = 1 and f = 0, and perform at
least formally the asymptotic expansion seen in the proof of Theorem 1.2 (an analogue
of this theorem for constant ρ would require to change the functional spaces, as there
is no decay anymore at infinity).

Such an approach for homogeneous suspensions can be found (although sketchy)
in [6], for a 2d channel of the form (−ε, 1)× R. See also [7]. This can be straightfor-
wardly adapted to our domain Ωε. First, when ρ = 1 and f = 0, the solution of (9)
is given by

u0(x) = 0, p0(x) = −x3.
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It follows from (33) that u1 = 0, p1 = 0. Going one step further and considering (34),
we find that u2 satisfies the boundary condition

u2|x1=0 = (0, 0, 12 ).

This gives
uε|x1=0 ≈ (0, 0, 12ε

2).

Back to dimensional variables, we find

uε3|x1=0 ≈ ε2mgN

2µL3
=

g

2µ
ε2(ρs − ρf )ϕ,

using that the mass of a spherical particle (rectified by buoyancy) is m= 4
3πR

3(ρp−ρf )
with ρp and ρf the particle and fluid masses per unit, while the solid volume fraction
is ϕ = 4

3πR
3/L3N . Introducing the settling speed of a single spherical particle

V0 = 2R2(ρp − ρf )g/9µ,

this can be rewritten as

uε3|x1=0 ≈ ε2

R2

9

4
V0ϕ,

which agrees with the formula found in [6] for the special case ε = R considered there.
We see that contrary to the case examined in paragraph 5.1, the velocity just outside
the depletion layer (at x1 = 0) is pointing upward. For zero mean flux in a channel,
this upward velocity near the layers is compensated by an extra downward velocity
in the middle of the channel, as discussed in [6]. This extra flow is tagged as intrinsic
convection in the literature.

Still, we stress that this formal analysis is conducted at the level of the continuous
model (7). If we want to establish rigorously the phenomenon of intrinsic convection,
we need to relate it to the microscopic model (4). Arguing as in Section 5.1, we see
that it requires

ε2 ⩾ C
(
R+ ϕ+ ∥ρN − ρ∥(W 2,q′ (Ω0))∗

)
.

This corresponds to much wider depletion layers than those considered in [6]. Beyond
the question of mathematical justification, this may explain the lack of experimental
evidence for this phenomenon.

Appendix. Estimates for the fundamental solution of the Stokes equation
on the half space

Let us first introduce some notations. We denote by (Φ, Q) the fundamental solution
to the Stokes equation on R3 given by

Φ(x) =
1

8π

( I
|x|

+
x⊗ x

|x|3
)
, Q(x) =

1

4π

x

|x|3
,

where I the identity matrix in 3d. For any F = (F1, F2, F3) ∈ R3, we denote by
F I = (−F1, F2, F3). We rely on [17, §3.1] for the following result
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Proposition A.1. — Let y∈(0,+∞)×R2 and denote by G(x, y) the unique solution to

−∆xG+∇xp = δyI, divxG = 0, on (0,+∞)× R2, G(x, y)|x1=0 = 0.

(1) We have
G(x, y) = Φ(x− y)− ΦI(x− yI)−A(x, y),

with

Ai,j = (x1∂xi
− δi1)

( 1

4π

(eIj )1

|x− yI |
+
y1
4π

(x− yI) · eIj
|x− yI |3

)
, 1 ⩽ i, j ⩽ 3,

(ΦI)i,j = Φi,j(1− 2δi1), 1 ⩽ i, j ⩽ 3,

where {e1, e1, e3} stands for the canonical basis of R3.
(2) There exists a constant C > 0 such that for all x, y ∈ (0,+∞)× R2, x ̸= y

|G(x, y)| ⩽ C

|x− y|
, |∇1G(x, y)|+ |∇yG(x, y)| ⩽

C

|x− y|2
.

Proof

(1) The explicit formula of G can be found in the nice paper [17, Formula (21)].
Let us recall for completeness the main elements of its derivation. Let F ∈ R3, the
idea is that subtracting to Φ(x − y)F its reflected point force Φ(x − yI)F I yields a
velocity u

u(x) = Φ(x− y)F − Φ(x− yI)F I ,

which satisfies −∆u + ∇p = Fδy, div u = 0 on (0,+∞) × R2 with u3(x)|x1=0
=

u2(x)|x1=0
= 0 and

u1(x)|x1=0
= − 1

4π

F I1
|x− yI |

− y1
4π

F I · (x− yI)

|x− yI |3
.

On the right-hand side, one recognizes the harmonic potential due to a simple charge
and the one due to a dipole with orientation F I . Such an inhomogeneous Dirichlet
condition can be corrected by introducing the so called Papkovich-Neuber correction
[17, Def. 2.1]

uC(x) = x1∇ϕ− e1ϕ(x), pC(x) = 2∂x1ϕ(x),

which satisfies −∆uC + ∇pC = 0, div uC = 0 for any harmonic function ϕ and
uC|x1=0

= −ϕ(x)|x1=0
e1. Hence in order to correct the boundary condition of u one

needs to remove the term uC , with

ϕ(x) =
1

4π

F I1
|x− yI |

+
y1
4π

F I · (x− yI)

|x− yI |3
.

This yields the claimed formula.
(2) For the decay, we use the following properties for any x, y ∈ (0,+∞) × R2,

x ̸= y,

|x− yI | ⩾ |x− y|, |y1|
|x− yI |

⩽ 1,
|x1|

|x− yI |
⩽ 1,
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together with the following estimates

|A(x, y)| ⩽ C
( |x1|
|x− yI |

+ 1
)( 1

|x− yI |
+

|y1|
|x− yI |2

)
,

|∇xA(x, y)|+ |∇yA(x, y)| ⩽ C
( |x1|
|x− yI |

+ 1
)( 1

|x− yI |2
+

|y1|
|x− yI |3

)
. □

References
[1] A. Abbasi, P. Jourdain, M. Danesh, G. Georgiou & S. Hatzikiriakos – “Apparent slip in colloidal

suspensions”, J. Rheol. 66 (2022), p. 79–90.
[2] D. Ausserré, J. Edward, J. Lecourtier, H. Hervet & F. Rondelez – “Hydrodynamic thickening of

depletion layers in colloidal solutions”, Europhysics Letters 14 (1991), no. 1, p. 33–38.
[3] A. Basson & D. Gérard-Varet – “Wall laws for fluid flows at a boundary with random roughness”,

Comm. Pure Appl. Math. 61 (2008), no. 7, p. 941–987.
[4] G. K. Batchelor – “Sedimentation in a dilute dispersion of spheres”, J. Fluid Mech. 52 (1972),

no. 2, p. 245–268.
[5] A. E. Boycott – “Sedimentation of blood corpuscles”, Nature 104 (1920), p. 532.
[6] D. Bruneau, F. Feuillebois, R. Anthore & E. J. Hinch – “Intrinsic convection in a settling suspen-

sion”, Phys. Fluids 8 (1996), p. 2236–2238.
[7] D. Bruneau, F. Feuillebois, J. Bławzdziewicz & R. Anthore – “Three-dimensional intrinsic convec-

tion in dilute and dense dispersions of settling spheres”, Phys. Fluids 10 (1998), no. 1, p. 55–59.
[8] M. Duerinckx & A. Gloria – “Corrector equations in fluid mechanics: Effective viscosity of col-

loidal suspensions”, Arch. Rational Mech. Anal. 239 (2021), no. 2, p. 1025–1060.
[9] , “Sedimentation of random suspensions and the effect of hyperuniformity”, Ann. PDE

8 (2022), no. 1, article no. 2 (66 pages).
[10] G. P. Galdi – An introduction to the mathematical theory of the Navier-Stokes equations. Steady-

state problems, second ed., Springer Monographs in Math., Springer, New York, 2011.
[11] U. Geigenmüller & P. Mazur – “Sedimentation of homogeneous suspensions in finite vessels”,

J. Stat. Phys 53 (1988), p. 137–173.
[12] D. Gérard-Varet – “A simple justification of effective models for conducting or fluid media with

dilute spherical inclusions”, Asymptot. Anal. 128 (2022), no. 1, p. 31–53.
[13] D. Gérard-Varet & M. Hillairet – “Analysis of the viscosity of dilute suspensions beyond Ein-

stein’s formula”, Arch. Rational Mech. Anal. 238 (2020), no. 3, p. 1349–1411.
[14] D. Gérard-Varet & R. M. Höfer – “Mild assumptions for the derivation of Einstein’s effective

viscosity formula”, Comm. Partial Differential Equations 46 (2021), no. 4, p. 611–629.
[15] D. Gérard-Varet & A. Mecherbet – “On the correction to Einstein’s formula for the effective

viscosity”, Ann. Inst. H. Poincaré C Anal. Non Linéaire 39 (2022), no. 1, p. 87–119.
[16] S. Ghosh, D. van den Ende, F. Mugele & M. H. G. Duits – “Apparent wall-slip of colloidal hard-

sphere suspensions in microchannel flow”, Colloids and Surfaces A 491 (2016), p. 50–56.
[17] Z. Gimbutas, L. Greengard & S. Veerapaneni – “Simple and efficient representations for the

fundamental solutions of Stokes flow in a half-space”, J. Fluid Mech. 776 (2015), article no. R1
(10 pages).

[18] B. M. Haines & A. L. Mazzucato – “A proof of Einstein’s effective viscosity for a dilute suspension
of spheres”, SIAM J. Math. Anal. 44 (2012), no. 3, p. 2120–2145.

[19] H. Hasimoto – “On the periodic fundamental solutions of the Stokes’ equations and their appli-
cation to viscous flow past a cubic array of spheres”, J. Fluid Mech. 5 (1959), p. 317–328.

[20] M. Hillairet & R. M. Höfer – “Hindered settling of well-separated particle suspensions”, Pure
Appl. Anal. 6 (2024), no. 2, p. 581–609.

[21] B. P. Ho & L. G. Leal – “Inertial migration of rigid spheres in two-dimensional unidirectional
flows”, J. Fluid Mech. 65 (1974), no. 2, p. 365–400.

[22] R. M. Höfer – “Sedimentation of inertialess particles in Stokes flows”, Comm. Math. Phys. 360
(2018), no. 1, p. 55–101.

[23] , “Convergence of the method of reflections for particle suspensions in Stokes flows”,
J. Differential Equations 297 (2021), p. 81–109.

J.É.P. — M., 2025, tome 12



546 D. Gérard-Varet & A. Mecherbet

[24] R. M. Höfer & R. Schubert – “The influence of Einstein’s effective viscosity on sedimentation at
very small particle volume fraction”, Ann. Inst. H. Poincaré C Anal. Non Linéaire 38 (2021),
no. 6, p. 1897–1927.

[25] , “Sedimentation of particles with very small inertia in Stokes flows I: convergence to the
transport-Stokes equations”, 2023, arXiv:2302.04637.
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