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ANALYSIS OF A SEDIMENTING SUSPENSION NEAR
A VERTICAL WALL

BY Davip GERARD-VARET & AMINA MECHERBET

Asstract. — We consider a sedimenting suspension in a Stokes flow, in the presence of a vertical
wall. We study the effect of a particle-depleted fluid layer near the wall on the bulk dynamics of
the suspension. We show that this effect can be captured by an appropriate wall law of Navier
type. Under appropriate lower bound for the minimal distance and the size of the depletion
layer, we provide in this way a rigorous justification of the apparent slip observed in many
experiments. We also discuss the phenomenon of intrinsic convection predicted in some physics
articles.

Riésumi: (Analyse d’une suspension de particules en sédimentation & proximité d’une paroi ver-
ticale)

Nous considérons des particules sédimentant dans un fluide de Stokes en la présence d’une
paroi verticale. Nous étudions l’effet du bord ainsi que de la couche limite appauvrie en parti-
cules sur la dynamique de la suspension. Nous montrons que cet effet peut étre modélisé par des
conditions au bord de type Navier. Sous certaines hypothéses concernant la distance minimale
entre particules ainsi que la taille de la couche limite, nous proposons une justification rigou-
reuse du phénomene de glissement apparent observé dans certaines expériences. Nous discutons
également du phénomene de convection intrinseque étudié dans certains articles de physique.
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594 D. GérarRD-VARET & A. MECHERBET

1. INnTRODUCTION

The mathematical analysis of suspensions of small particles sedimenting in a Stokes
flow has been the subject of extensive research over the last years. In the context
of inertialess particles, a classical model is the following. Given a finite or infinite
collection of identical non-overlapping spherical particles (B; = B(X;, R));cr, set in
a bounded or unbounded domain €2, one considers the system

—pAu+Vp=f in Q~ (U, Bi),
divu=0 in Q~ (U, Bi),
ulga =0,

D(u)=0 in B; Vi,

/ Y, (u, p)ndo = —mge, / (X, (u, p)n] x (z — X;)do(xz) =0, Vi.
0B; 0B;

The unknowns of this system are the velocity field and pressure:

u(z) = (u1,u2,u3)(1, 72, 73), p() = p(T1,72,73).
The first three lines describe a Stokes flow with viscosity p outside the particles, with
the usual no-slip condition at 92. The fourth one expresses rigidity of the velocity
field of each particle B;, and is equivalent to

u=v;+w; X (x—X;) inB;

for some unknown translational and angular velocities v;,w; € R?. The two relations in
the last line, correspond to balances of forces and torques, and involve the Newtonian
stress tensor ¥, (u,p) = 2uD(u) — pI3 with D(u) = $(Vu + V'u) the symmetric
gradient of u. The constants v;,w; can be seen as Lagrange multipliers associated
with these constraints. The term —mge, e = (0,0, 1)! encodes gravity and buoyancy
effects: denoting p, and p; the particle and fluid masses per unit volume, one has
m = %WR?’(pp — ps), while g is the usual gravitational constant. This is the term
responsible for sedimentation.
Roughly, all mathematical studies of this model divide into two categories:

— Those that focus on steady properties of the suspension. Time evolution of X; =
X;(t) is neglected (or frozen), the particle distribution is considered as given, and
mean properties of the suspension, such as the average settling velocity [20, 19, 4, 9]
or the effective viscosity [18, 30, 12, 13, 14, 15, 8], are deduced. The derivation of
the mean settling velocity, and its expansion in terms of the solid volume fraction
are notoriously difficult, and rely on subtle cancellation mechanisms which require
strong assumptions on the distribution of the particles (either periodic-like or random
stationary with strong mixing properties).

— Those that analyze the dynamics of the suspension (for a large but finite N > 1
collection of balls Bji,...,By): the time dependence of X; = X;(t) is taken into
account through coupling of (1) with the ODE

(2) Xi = Vj;.

JEP. — M., 2095, tome 12



ANALYSIS OF A SEDIMENTING SUSPENSION NEAR A VERTICAL WALL 920

In the dilute case, under appropriate lower bound on the minimal distance between
the particles, a mean field analysis allows to derive a transport-Stokes equation on

We refer to [22, 28, 24, 25] for all details.

Except for the work [20] that contains a brief discussion of boundary effects, none
of the mathematical references above investigate the role of the boundaries on the
dynamics of the suspension.

On the contrary, the impact of the wall of a container on the nature of the sed-
imentation process has been widely discussed in the physics community. One of the
most striking examples of such impact is the so-called Boycott effect [5]: the settling
speed of a suspension is much faster in an inclined channel than in a vertical one,
as the slurry of particles accumulating on the upward-facing wall slides faster to the
bottom, creating a counterflow in the clear fluid layer above. Even in a vertical chan-
nel, the role of boundaries has been emphasized for decades. One main reason for this
boundary effect is the formation of a so-called depletion layer near the wall, where the
concentration of the suspension is much less than in the bulk of the suspension, and
where large velocity gradients occur. This depletion may be due to excluded volume
effect: for instance, for spherical particles, one has the constraint d(X;, 9Q) > R, which
results in a poorer concentration in a layer of thickness ~ R. But additional mecha-
nisms, such as shear induced migration, may enhance the depletion mechanism and
much enlarge the layer [31, 32, 21, 2], notably for suspensions of polymers. In relation
to this depletion layer, two phenomena are much discussed in the literature:

— The first one, observed experimentally, is apparent slip: for suspensions flowing
through a channel, one observes non-zero downward velocities just outside the deple-
tion layer, that can be interpreted as additional slip : see [1, 27, 16] and references
therein.

— The second one, not observed experimentally but predicted in several studies

[11, 6, 7], is called intrinsic convection: homogeneous suspensions are expected to
experience an additional downward flow in the bulk, while experiencing upward coun-
terflows just outside the depletion layers (resulting in zero additional net flux).
At first sight, these two phenomena may seem contradictory (downward vs upward
flow just outside the depletion layers). One ambition of this paper is to clarify these
different behaviors. More globally, we wish here to analyze rigorously the effect of
a depletion layer on a suspension, starting from the simplest model (1). For ¢ > 0
we consider the half-space Q = Q° = (—¢,+00) x R2, where the depletion layer
D. = (—¢,0) x R2, of width ¢, is free of particles centers. Namely,

(3) Xi,...,XneK e, Q'=R: xR
Taking
A
ulL L

JE.P. — M., 2095, tome 12



5926 D. GERARD-VARET & A. MECHERBET

as reference length, velocity and pressure, we can put system (1) in dimensionless
form:

X'=X/L, ¢ =¢/L, R =R/L,

L2
o =u/U, p =p/P, f’:—Uf7 X!=X;/L, B.=B;/L=DB(X,R).
i

After dropping the primes, we end up with
—Au+Vp=f in Q< (UB),
divu=0 in Q° ~ (UDBi),
ulans =0,
D(u)=0 inB;, 1<i<N,

1
/ Y(u,p)nde = ——e, / S(u,p)n x (x — X;)do(x) =0, 1<i<N,

where X(u, p) = 2D(u) —pl. Note that we could have considered some variation of (4)
with additional forcing [, f and torque [, f x (z — X;) included in the last two
relations. We want to understand the asymptotic behaviour of the solution u = u™>¢

for large NV and small e. We make three main assumptions :

— We denote by p” the empirical measure defined by p’V = % >, 0x, and consider
a bounded density p compactly supported in Q0.
— We assume that there exists 8 > 1 such that

(5) e > 0R,

which is a slight reinforcement of the non-overlapping constraint between the spheres
and the wall.
— Denoting dpmin = min;«; | X; — X;|, we assume that

(6) Armin = max(%, QGR).

Remark 1.1. — The three assumptions above, notably the lower bound (5) on the size
of the depletion layer, are enough to prove our Theorems 1.1 and 1.2 and Corollary 1.3.
But, as will be discussed in Section 5.1, in order to relate these mathematical results
to the apparent slip phenomenon, one needs a more stringent condition than (5),
essentially

e=CR+p+p"N = pll),

where C is a large enough constant independent of N and R, and where || || is a weak
norm, see (37). This stronger hypothesis will be discussed in detail in Section 5 as
well as the phenomenon of intrinsic convection.

Under these assumptions, we will perform a two-step analysis of (4).

JEP. — M., 2095, tome 12



ANALYSIS OF A SEDIMENTING SUSPENSION NEAR A VERTICAL WALL 597

Step 1 : approximation by a continuous model. We will first show that the solution
uN'¢ of (4) can be approximated by the continuous solution u¢ of
—Au® +Vp®=f—pe in QF,
(7) divu®* =0 in Q°f,
uf|aqe = 0.

We assume in all what follows that f € L'(Q°) N L>®(QF). In particular, f € L/°(Q°)

N,e

so that (4), resp. (7), has a unique solution u*">%, resp. u¢ in

V ={u e H} (QF), Vu € L?(9°)}.
We will prove in Section 3:

Turorem 1.1, Let 1 < ¢ < 3/2, Q € Q¢. There exists C > 0 depending on q, Q
and on the constant 6 in (5), such that ,

(8) [ = uf|| o) < C(&+ 10" = pllwe.ar oy + R),

where ¢ = R3N the particles volume fraction.

— The norm [|[p" — pl| 2,07 (o))~ can be replaced with Wi (p™, p), the first Wasser-
stein distance between p and p, and consequently by W,(p", p) for any p € [1, +o0]
if one assumes p € P(Q°). See Remark 3.2.

— The control on the minimal distance (6) can be relaxed to dmin > 20R together
with any assumption ensuring a uniform bound on

1 1

— E ——— <,

N X = X2
YE]

see Remark 3.1 for more details.

In cases without boundaries, Q = R? or = T3, this kind of statement is already
known, see for instance [24]. The proof is based there on an approximation of u¥:¢
made of so-called point Stokeslets and point Stresslets, centered at the X;’s. They
involve the Oseen tensor, that is the fundamental solution of the Stokes operator
in R3, and its derivatives. They are not fitted to our half-space case, as the inhomoge-
neous Dirichlet data that they create at the boundary is too large. We must therefore
adapt this strategy, constructing the analogue of point Stokeslets for a half-space with
homogeneous Dirichlet condition. We believe that this part of the analysis is of inde-
pendent interest, and contributes to the interesting problem of extending the method
of reflections to domains with boundaries [23].

Step 2 : wall law. Once the continuous model (7) has been derived, the goal is to
understand the effect of the depletion layer D on the solution u®. In other words,
one would like to improve the crude approximation

~Au’ +Vp? = f—pe in Q,
(9) dive’ =0 in Q°,

u’|on0 =0,

JE.P. — M., 2095, tome 12



598 D. GERARD-VARET & A. MECHERBET

where the impact of the layer is totally neglected. In this regard, we will prove in
Section 4 the following theorem:

Tueorem 1.2. — Assume that f and p are smooth, compactly supported in Q0. Then,
for all m € N, one has

uf = u’ 4 eut + -+ Mu™ + 0™ in HY(QO),

where u® solves (9), and for each i > 1, u’ solves an homogeneous Stokes equation
in Q0 with inhomogeneous Dirichlet data at 0Q° coming from lower order profiles.

This theorem provides an asymptotic expansion of u® at arbitrary order, where
each successive correction refines the description of the effect of the depletion layer.
One could relax the assumptions on the smoothness of p and f: for instance, it is
enough that Vu, p® belong to H™*2(0°) to have an expansion with m terms.

The analysis leading to Theorem 1.2 shows in particular that the inhomogeneous
Dirichlet data for u! is given by

(10) ullago = (O, 81ug, 81ug)|390.
This will imply, see Section 4:

Cororrary 1.3, — Let p and f as in the previous theorem, and u° the solution of the
Stokes system with Navier slip boundary condition:

—Au® +Vp® =f—pe in Q°,
(11) dive® =0 in Q°,
u[ogo = (0, 01u5, 1u3)|aqe.
Then, one has the estimate
[[u® — US”HI(QO) = 0(e?).

This O(e?) estimate shows that imposing a wall law of Navier type at the artificial
boundary 992" improves the O(e) error estimate provided by the homogeneous Dirich-
let condition. It is the rigorous translation of the notion of apparent slip evoked in
several papers, [1, 27, 16]. We will further discuss it in Section 5. The other phenom-
enon mentioned above, that is intrinsic convection is more subtle and corresponds to
a degenerate regime of what we consider here. We will also discuss it in Section 5.

Acknowledgements. — The authors would like to thank Matthieu Hillairet and
Richard Hofer for stimulating discussions on the topic.

2. STOKES PROBLEM ON THE HALF SPACE: FUNDAMENTAL SOLUTION AND
STOKESLETS

For the analysis carried in this section 2 and the next section 3, there is no restric-
tion in taking ¢ = 0, that is working on Q° = (0,+00) x R2. The results adapt
straightforwardly to Q° = (—&, +00) x R? by translation.

JIEP. — M., 2095, tome 12



ANALYSIS OF A SEDIMENTING SUSPENSION NEAR A VERTICAL WALL 5‘)()

We introduce the fundamental solution to the Stokes equation on the half space

(0, +00) x R2. Given y € (0, +00) x R?, we set x +— G(x,y) the unique solution to
—Au+Vg=25,1 onQ°
(12) div(u) =0 on QY
gy =0 = 0,

where I is the identity matrix in 3d. We have for all z # y
o VG| + VaGle)| <
The proof of such an estimate is postponed to the appendix. Let us also introduce
the Stokes velocity for a sedimenting sphere in a half space. Given F' € R3, r > 0 and
yo € Q0 such that (y9); > r, we use the notation z — U [F](z,yo) € H(QP) for the
unique solution of the Stokes equation

(13) G(z,y)| <

~Au+Vg=0 on Q% B(yo,r),

div(u) =0 on Q° \ B(yo,r),

14
(14) D(u) =0 on B(yo,r),
u|w1:O = 07
(15) / S(u, p)ndo = F, 5w, p)n] x (= — yo)do(x) = 0.
9B (yo,r) 9B(yo,r)

We denote by P5F[F|(z, yo) its associated pressure. Note that US*[F](-,yo) is implicitly
given by a rigid vector field in B(yg, ). The associated pressure will be denoted by
PSIF](, yo). We have the following

Prorosirion 2.1. — Letr >0, 8 > 1 and yo € Qo such that (yo)1 > Or.
(1) We have, for all z € Q° . B(yo, 1),

WHF) (e, 0) = - UFFI(e/r, 0/ 7)

(2) There exists 3, [F](-,yo) such that, for all © & B(yo,0r),

(16) W F) (@, y0) = G(w,90) F + H, [F](2, o),
Co|F Co|F
a0 PR <t (9w <

(3) The energy satisfies
IV TR, 0) 7200y = 211D (WEIFI(90)) 17200y
and
ClE|

(18) VW F] (- yo)ll 2 (o) < o

with a constant C > 0 independent of yo, F and r.

In order to prove such a result we first recall the following extension result which
can be obtained by standard scaling arguments.

JE.P. — M., 2095, tome 12



530 D. GERARD-VARET & A. MECHERBET

Leywva 2.2 Letp>1,0>1,a€R3 X\>0 and v e WP (B(a,))) a divergence-
free wvelocity field with vanishing mean on B(a,\). There exists an extension u, €
WP (B(a,0\)) of v which is divergence-free and such that
Vo || v (B(a,00)~B(a,n) < Coll VUl Lr(B(a,)))

with a constant depending only on 6 and p and not on A and a.
Proof of Proposition 2.1

(1) The proof relies on a standard scaling argument.

(3) The first identity is valid for any divergence-free vector field v vanishing at
1 = 0: it follows from the identity —Av = —2div(Dv), multiplying by v and inte-
grating by parts. As regards the energy bound, we use the following:

VU [F (- 90) 172 (0, 400y xm2) = 21D (U [F](90)) 172 (0,5-00) x2)
= 2[|D (U [F](- 90)) 172 ((0,+00) x B2~ Blyo,1))

B /(0 +00) xR2\B( 1)(2D (UL [F]( 90)) = P y0)I3) = D (UT[F] (- yo))

:/1 (=AU (o) + VPN, w0)) - USTFTC o)
(0,4+00)XR2\B(yo,1)

b S u0) 9L ) U I 0o
9B (yo,1)

=I- U3 [F(-, yo)
B(yo,1)
< O|F||IVUT[F](- yo) | 22

Note that, for the last equality we used the fact that US*[F](-, o) is a rigid motion on
B(yo, 1). For the last inequality we have used the Sobolev embedding

{ue HY(QY), u|yoo = 0} € L5(QO).

For general r, we then use the scaling argument of (1).
(2) We need to show that

Ho[F1( o) =W FI( o) — G p0) F

satisfies the inequalities in (17). Note that G(z/r, yo/r) =G(z, yo). Together with (1),
it shows that H,[F] inherits the scaling property: 3. [F](z,yo) = 2H:[F](z /7, yo/r).
This allows to restrict to 7 = 1. We have for all z € Q° \. B(yo, 0)

W' [F)(2, yo) — (]{3(3,0,1) G(z, z)dz)F _
/83(%1) (G(x,y) —]é(yml) G(z, z)dz)Z (Uﬁt[F](y,yO), PSF)(, yo)) ndo(y).

Hence, using Lemma 2.2, we denote by v € H{(B(yo,0)) a divergence-free extension
of y = G(2,y) = f5(,,1) G(¥, 2)dz such that

IVl 22 (B(yo,0)) < Colly = VyG(2,9)||L2(B(yo.1))s

JEP. — M., 2095, tome 12



ANALYSIS OF A SEDIMENTING SUSPENSION NEAR A VERTICAL WALL 531

with a constant depending only on 6, and one gets

‘UT[F](x,yo) — (][ G(m,z)dz)F / Vo : VU F](-, vo)
B(yo,1) B(yo0,0)~B(yo,1)
< VUFIC w0) |22 Vol 2B yo.0))-

We then use the energy estimate for US*[F] of item (3) together with inequality (13)
which yields

C/
(19) IVl < Colly = VyGl )i~ (oo1 < s,

where we used that |z —y| > (1 — 1/0)|x — yo| provided that |z — yo| > 6. Hence,
we write

FGIF(,y0) = USIF](, yo) — (][ G(-,z)dz)F + (]{B(yoyl[a(-,z) - G(-,yo)]dz>F

B(yo,1) )
and the extra term (fB(yO’l)[G(',z) — G(-,y0)]dz) F can be estimated analogously
using (19). This concludes the proof of the first inequality in (17). The second one
is similar, applying V, to all quantities above, and using the second bound in (13)
instead of the first one. |

3. A]’I’ROXIM,\TION OF THE VELOCITY FIELD

The main goal of this section is to prove Theorem 1.1. There is no loss of generality
in proving it in the case e = 0. We use the shortcuts v’ = v F = —(1/N)e. Let

us denote
Uapp = Zu% [F] (z, Xi) + ug,n,

where we recall that USs[F](-, X;) is the Stokeslet attached to B; = B(X;, R), see (14),
and where uy n is the solution of the Stokes equation
—Aupn+Vgrn=f(1- 1UBi) on (0,400) x R2,
(20) div(usn) =0 on (0,+00) x R?,
Uf N |gy=0 = 0.

We first aim to estimate the error between v and Uapp-

3.1. From u? 10 uapp
Prorosition 3.1. — Let K € Q0. We have, for any q < 3/2,
||UN - uapp”LQ(K) < CK¢)
Proof. — We set v = ulN — wu,p,, it satisfies
~Av+Vg=0 on Q°<UB,,
div(v) =0 on Q° B,
D(v) = —D(uapp) on By,
v|:r1:0 = 07

/Bi E(v,q)n = /B S(v, q)n] % (z — X;) = 0.

i

JE.P. — M., 2095, tome 12



532 D. GERARD-VARET & A. MECHERBET

In order to estimate the L} . norm of v, we will use a duality argument, observing

that for any K € Q0 and ¢ € C°(K)
[ vv=-2 Dw: D).
K Qo

with u, € W29 (Q%) N Wol’q/ (2°) being the unique solution to the Stokes equation
—Auy + Vgy =9, divuy = 0 on Q° with vanishing Dirichlet boundary condition on
21 = 0. We claim that this solution satisfies

(21) 1wy 2. Qo) X < Ckl[Yll o (K)*

Indeed, the bound

IVl Lo (o) < CllYN Lo (o) = ClIY I Lo (1)

follows from [10, Th.IV.3.2,(IV.3.30)]. Moreover, by taking ¢ € (1,3) such that
34/(3 — q) = ¢, we deduce from [10, Th.IV.3.2, (IV.3.31)] that

IVupll Lo ) < CliYllLaaey = CllivllLae) < Cr ¥l o k-
Finally, the bound

||U¢HL<1/(QO) < C||1/)||Lq’(K)

is shown as follows. Let R > 0 such that K C B(0, R — 1). From Poincaré inequality
(remember that u, vanishes at 9€):

[yl Lo (@onpo,r)) < CIIVUsll L (onBo,r)) < Crll¥lle (k)
Then, the bound

llwyll Lo (R~B(0,R)) & < Ck ¥l por (K)

is deduced from the explicit representatlon of uw Wlth the fundamental solution of the

Stokes operator in a half-space: as uy(x) = [, G( (y)dy and |G(z,y)| < C/|lz—y|
(see the appendix), we find

lwy Lo (0o~ B(0,R)) < Hx AP Il x) < Crll¥ll Lo (x

L9 (Q0)

(here we have used that ¢’ > 3). This concludes the proof of (21).
Now,

2 [ D)D) =2 | P CRBESY /| Dltay) £ Do)
= ZLB' (v, q)n - updo — Z/B D(tapp) : D(uy)

- zi:/a& (v, q)n - (qu —][W)d‘f - EZ:/B D(uapp) : D(uy)

- Z/A D(v) : DWZ/BiD(uapp) : D(uy),

JEP. — M., 2095, tome 12



ANALYSIS OF A SEDIMENTING SUSPENSION NEAR A VERTICAL WALL 533

where, using Lemma 2.2, Uy, € Wol’q/(Ai) is a divergence-free lifting of wy,; =
w — {5 uy on B;, where A; = B(X;,0r) \ B(X;,r) is such that

(22) VUil Lar (4, < CollVuyll Lo (s,
Note that the sets A; are disjoint thanks to (6). Using the well-known estimate [15,
Prop. 2.1]

ID@)l| 20y < CUD@) 2, 5y = 1D (tapp) 22U, 52

we get, using Holder inequality, Sobolev embedding W1 (Q) C L>®(Q), ¢ > 3,
together with estimate (21),

Jos

< CID (uapp) | 2U, By "2 1D (up) [l (U, 5.)

< Ok || D (ttapp) | 22U, By 6" 1011 Lo (16
< Ck9l|D (uapp) ”LO@(

We conclude by observing that on B; one has
uapp ZD uSt )) +D(Uf,N).
J#i

For the second term at the right-hand side, we use standard Sobolev embedding and
Stokes estimates. For any p > 3:

1D (ug,n) | (x) < C|ID (ug,n) l[wre )
<CNfA-1ys) SO (I f e + [1f1lz)-
For the first term at the right-hand side we use Proposition 2.1 which yields

H;D AGHEIC XD,y < }V; XfaXP

< ¢ ! d
~ v Y
N 217 B(X;dmin/4) | X —y|?

</ fN(y)dy
B(X,dmin/4) | Xi — Y[?
CU N oo + 1) < €

with fN = %Ez 1B(Xi,dmin/4)/|B(Xi7dmin/4| such that ||fN||1 =1 and HfNHoo <
C/Nd3 ., which is bounded thanks to (6).

min?

Remark 3.1. — More generally, any assumption ensuring

NZ\X X|2\O

is sufficient. This can be ensured for instance by assuming the following bound on the
infinite Wasserstein distance

Wao(p",p) <CNTV3
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and the constraint

— 3 dmin~
N ~

Indeed one has
1 1 / 1
D —— e pl(a)d,
N ; 1 Xi = X517 Jrezx, Xil?

with T being the optimal transport plan for the Wy, := Wy (p", p) Wasserstein
distance, p = T#p. We split the integral into two parts:

Ey={xe€suppp, Tz # X, |x — X;| < 2Wao},
Ey ={x €suppp, Tz # Xi, |[v — X;| > 2W }.

Hence on F; one has

1 w3
/E|T37—Xi|2 p(z)dx <Cd2 .

On E3 we have [Tz — X;| 2 |z — X;| — [Tz — z| > |z — X;|/2 since |[Tx — x| < Weo,
hence

1 1
/E Tz — X, p(z)dz < /m p(x)dz < C(|lpllss + lloll1),
2 g '3

which shows that

3
NZ X, = ¢ A <o(1+ :;g/l)

see also [25, Lem. 2.3] for more details. O

N

3.2. FroM uapp To 0. — We introduce the intermediate velocity

1
N N 00
—Av" + Vg =N EZ ox;e+ f(1—1y, ) in O
(23) dive¥ =0 in Q°,

UN|£1:0 = 07

Z—fZG Je+us N

We again use the duality argument to get

which writes

Prorosition 3.2. — Let K € Q0. We have, for any q < 3/2,
[tapp — UN”L‘I(K) < Ok R.

Proof. — Given K € Q0 and 1 € C°(K), we again set uy, € W9 (Q%) N Wol’ql (Q9)
the unique solution to the Stokes equation —Auy, + Vqy = 1, divuy, = 0 on Q0 with
vanishing Dirichlet boundary condition on x; = 0 satisfying

(24) [wg w2 9oy < Ckl[¥ll Lo ()
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We have, using (23 ) and the same notation for wy, Uy; as in the previous proof,

[

:Z/Q B_D(usg[p](.,xi));D<uw)+2%e.uw(x

- Z/aa o (WHFIF](, Xo), P 0)) m- uy + Z % e uy(X;)

-5, a5 e (v f )
+Z%e <Uw(XZ)—][Bu¢>

=3 [ o s v+ Y e (w06 - £ )

DURIFIC, X0) | oy 1Bl 21 Vgl o i) + CRIV gl o)

< CR[[Y| Lo (ks

where we used for the first term in the right hand side Hélder inequality, estimate (22)
together with the bound

IVupllL= ) < ClIVugllwro ) < ClIEN L (1
and the energy bound (18) for |F|=1/N. O
3.3. From vV 1o u®. — Keeping in mind that we can restrict to € = 0, the last step
in the proof of Theorem 1.1 is to establish:
Prorostrion 3.3. — Let K € Q0. We have, for any q < 3/2,
N— UOHL‘I(K) < CK(HPN - pH(WlQ’(QO))* + ¢)7
where u® is the solution of

A +Vp? = f—pe in Q°,
divu® =0 in QY,

v

uo‘ags = 0.
Proof. — Using again the duality argument we have, for any ¢ € C°(K),
/ (N —wf) -y = V(Y —uf) : Vuy
K

0o

=/QO(pN—p)g~qu—/UiBif~uw

<gle™ = ollwe.a qoy)-

K) | ||Uw||L°°(K)

< Cr (10" = pllwea oy + O ¥l o (1)
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Remark 3.2. Since the Wasserstein distance W corresponds to the dual norm on
Lipschitz functions, one could also use the following estimate

L =gy < W™ )l i

assuming p to be a probability measure. However the norm || - ||(W2,q/(m))* is more
accurate since W24 (Q°) C Lip(Q°). O

4. Tue APPROXIMATE CONTINUOUS MODEL

The purpose of this section is to analyze system (7), and to prove Theorem 1.2 and
Corollary 1.3. We assume here that f and p are smooth and compactly supported
in QO.

4.1. ASYMPTOTIC EXPANSION. We will construct an approximation of the solution
(u®,p) of (7), of the following form:

m
(uzpp7pzpp)(xlax27x3) ~ Z‘Ei(ui7pi)(m1>x2am3)ﬂ T = (1'17.’172,[)33) € QO7
=0

m
(uippvp;pp(xlv T2, 1'3) ~ Zgi(Uiv Pi)(xl/ga L2, .’Eg), T = (1’1, L2, SU3) SEOEAN Q°.
i=0
Note that this approximation is made of two parts: an interior one, in Q°, with a regu-
lar expansion in €, and a boundary layer part, localized in the depletion layer Q° ~\ Q0.
The boundary layer expansion involves boundary layer profiles U? = U'(s, 2, x3),
with the variable s € (—1,0) that stands for z1/e. It is also convenient to set:
(u',p') =0, (U, P)=0 fori<Q0.
Plugging the interior expansion in the Stokes equation, we find: for all i > 0, in Q°
(25) —Au’ + Vp' = 80; (f — pe),
divu’ = 0.

Plugging the boundary layer expansion in the Stokes equation, we find: for all ¢ > 0,
for all (s,z2,23) € (—1,0) x R%:

(26) —02U] — (05 + ) UL 2+ 0,P 1 =0,
(27) —02Us — (02 + 02)Us 2 + 0y P72 = 0,
(28) —02Us — (02 + 02)Ui™2 + 03 P72 = 0,
(29) U + QU™ + 93U =0

The Dirichlet condition ug, [aos ~ 0 further yields: for all i > 0,
(30) Ui|s:71 =0.
Eventually, conditions

[ugpPHaQO ~ 0, [E(u;pp7pgpp)n]|6ﬂo ~ 0,
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which reflect continuity of the velocity field and the stress tensor at the interface 9Q°
give for all ¢ > 0:

(31) U'ls=0 = ']z, =0
(32) OsU"s=0 — P"s=0(1,0,0)" = &1~ |a;20 — p' |2, =0(1,0,0)".

Computation of the first terms. — We compute U% u® p°. First, from (29) and (30),
we get O,UY = 0 and U|,—_1 = 0, which implies UY = 0. Then, from (27), (30)
and (32), we find

QU =0, Udls=_1 =0, 0,U|s=0 =0,

which leads to UJ = 0. Similarly, UY = 0. Hence, U° = 0. Next, we consider (25)
and (31) at rank i = 0. They imply that (u®,p®) satisfies (7). In particular, as f
belongs to L%/%(Q) N H™(Q), (Vu®, p°) belongs to H™(Q°) for all m.

C ()m/)ufanon of next order terms. — We now assume that i > 1 and that profiles U,
PF=1 uF p* are known for all k < i — 1, with:

UF, PF=1 e H®((-1,0) x R?), Vu*, pF e H®QO).
We now show how to construct U?, P~ u?, p'. Considering (29) and (30) yields
Ui(s,-) = — /Sl(aQU;’1 + 03U (¢, )dt € H®((—1,0) x R?).
Next, we consider (26) and (32) which allow the calculation of P*~1e H>°((—1,0) x R?):
Pl (s, ) = 0.Ul|sm0 — O1ui ™ oy=0 + P Hay=o + /O (92U + (93 + 05)U{ %) (¢, -)dt.

Next, we consider (27)-(30)—(32): these relations imply

/ / (92 + 02U + aQPH)(t’, Vdt'dt + (s + 1)01us |, —o.

A similar expression holds for Ui. Both Ui, Ui € H>((—1,0) x R?). Eventually,
we see by (25) and (31) that (uf,p’) solve a homogeneous Stokes equation with the
inhomogeneous Dirichlet condition

ui|931:0 = Ui|:171:0'
By standard regularity results for the Stokes equation, cf. [10, Th.I1V.3.2 & 1V.3.3],
Vul,pt € H*(Q0).

FEquations for u' and u®. Anticipating the discussion in Section 5, it is worth spec-
ifying the systems satisfied by u', p' and u?, p?. From above equations, we deduce

U =0, P°=—-01u}ls,—0+’lai=0, (Us,Us) = (s+ 1)(01u3, 81u3) |z, —o-
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Hence,
—Aut +Vpl =0,
(33) divu! =0,
ul‘azlzo = (Oa 81“’8? alug)‘ﬂll:o'
Then,
62U2 + 93U3)(t, -)dt
-1
/ tJrl 8281U2+6331U3)|T1 odt = ( ) al Ut |z1=0,
1
while

1(s —1)(s+1)(0,P%, 05 P%)

(U227 U??) = (S + 1)(81'”%7 31U§)|x120 + 2

= (s + 1)(91u3, D1u3)|2,—0

1
+ 5(5 —1)(s+1)( = 0102u + 0op°, —0195uf + 05p°)4, 0.

We recover the system

—Au? +Vp? =0,
divu? =0,
(34) U%‘II:O = 761211’?'371:07

US|y —0 = O1Ud|zy—0 + = (8182U1 920")| 21 =0,
U3 |5y =0 = O1U8|ay—0 + = (3133101 93p") |z, =o0-
4.2. Proor or Turorem 1.2 We will show here that the expansion constructed in

the previous section provides an approximate solution of the true solution u® of (7).
Given m € N, we first introduce ™2 the solution in H'(QF) of the Stokes problem

— Al m+2+v~m+2 0 in 987
diva™™? = —91u" 10 in QF,

ﬂm+2|895 =0.
Such a™*2 exists, cf. [10, Th.IV.3.3], and satisfies

V@™ 2| 200y S 01uf P 1g0]| r2(0s) S 1.
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We then define (ug,,,p5,,) as follows:
m+1
(Uapp> Papp) (%, Y5 2) = Z e'(u',p) (@, y,2) + €2 (u]"2,0,0,0) (2, y, 2)
i=0
+ M@ ) (,y,2), X = (1,y,2) €Q°,
m—+1
(U Dipp) (9, 2) = > XU, PP)(a/e,y, 2) + €™ P2(UF2,0,0,0)(z/e, y, 2)
i=0
+ M@, ) (w, y, 2), X = (z,y,2) € 2° N Q°.

3 £ __ € £ £ __ £ £ 3
We then introduce v® = u® — ug,,, ¢° = p° — pgp, solving

— AV 4+ V¢ = =2 (Au20,0)  in Q°,

m—+1 m—+1
AV + VT == (05 4 05) (U UL, US) — Y £(0,0,P',05P")  in D7,
i=m i=m
(35) dive® =0 in QF,
[v¥]|ae = 0,
[S(v®, ¢ )nllogo = =™ (euf" 2|4, =0, D1us ™ |2y =0, Druf T |2y —0),
U€|ags =0.

Performing a simple energy estimate, we find

/ Vo |2 = em*2 [ VT2 Vol — R® -0f —|—/ e - v°,
Qs Qo De 890

where
R == (05 + )€U, U3, Us) = > €'(0,0,P,05P') = O(e™),
i=m i=m

re = e (eDu g =0, Orus o, =0, D1 o, —0) = O™ ).
By the Poincaré and trace inequalities
0%l L2(pe) S ellVV°llze(pey,  I¥llL2(an0) S VEIVV©llLz(pe),

we infer easily
HV’UEHLz(Qe) 5 6m+1.
Restricting to Q°, Theorem 1.2 follows.
4.3. WaLL taw oF NAVIER TYPE : PROOF OF COROLLARY 1.3. We conclude Section 4
by proving Corollary 1.3. We know from (1.2) that

uf =u’ +eut +0(?)  in HYQO).
Hence, Corollary 1.3 will follow from the estimate

Hv(us - ufpp)||L2(QO) = 0(62)7 ugpp = uO + Eul'
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The difference v5 = v — u° o satisfies

Uy,
~Av® 4+Vg® =0 in Q°
dive® =0 in Q°,
v%g00 = €(0, 0105, 0103 ) aqo + £%(0, drub, D1u3)|aqo.
Let V be the solution of the Stokes problem:
—AV+VQ=0 in Q°,
divV =0 in Q°,
Vago = (0,01uj, druz)loge.-
Then, VV belongs to H>(02°). Moreover, the function w® = v° — £2V satisfies
~Aw ¥+ Vr®=0 in Q°,
divw® =0 in Q°,
w900 = £(0, w5, w3 )| age + €3(0,01Va, 1 V3)|aqo-

The standard estimate
1
IV g + 2 [ P+ S =< [ (@uvaus + aivau)
€ Joqo 200
combined with Young’s inequality yields:

1 1
IV g+ 5o [ (uSP+ 1SP) < 56° [ (0aval? + 1aavaP?).

2¢e

It follows that ||[Vw?||r2(q0) = O(°/?) and finally |[Vv¥||r2(qo) = O(e?). The result
follows.

5. FINAL COMMENTS

5.1. Apparent suip. — By Corollary 1.3, the approximation of system (7) by sys-
tem (11) is more accurate than the one by (9), where the effect of the depletion layer
is not taken into account and homogeneous boundary conditions are considered. The
boundary condition in (11) is called a (Navier) slip boundary condition. To under-
stand this terminology, one can consider the case of a shear flow driven by a constant
downward pressure gradient:

—Au+Vp=—e, divu=0 in (0,1)xR.

In the case of Dirichlet conditions u|z,—o = u|y,=1 = 0, the solution is the usual
Poiseuille flow

u®(zy,10) = (0, %xl(xl - 1)),
while in the case of Navier conditions
Ulp, =0 = (0,01u2]0,=0), Ulz;=1 = (0, =O1u2|s;=1),

we find

u® (1, 12) = (0,321 (21 — 1) — 3),
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which has a non-zero downward component at the boundary. This corresponds to a
phenomenon of apparent slip, at the artificial boundary 9Q° (while real no-slip takes
place at the rigid wall 992¢). As mentioned in this introduction, this phenomenon of
apparent slip was noticed in various experiments on sheared suspensions. It is here
validated mathematically by Corollary 1.3.

Let us stress that this improved approximation is established in Section 4 starting
from the continuous model (7). Actually, as we are interested in the “real” suspension,
governed by (4), the point would rather be to show that for some norm

(36) [u™ =] < [ = .
By Theorem 1.1, for all ¢ < 3/2, K € Q,
[uF =l Lagrey = u® =@l pagry = 4™ = u o)
> |luf = vl Loy = C(R+ &+ [0~ = pllwzar (oy)-)-

If the solution u! of (33) is non-identically zero on K, then by Theorem 1.2:
|[u® — u°||La(x) = €, so that for a large enough constant Cj (independent of N, R
and of course ),

[u™* — || Lagiy = Coe — C(R+ ¢ + || p~ — ol (wz.ar (o))

On the other hand, combining Theorems 1.1 and 1.2, we also have for some con-
stant C;

[u™* 1 — ¥ oy + 0™ = Ly

& 62 + O(R + ¢ + HpN - p||(W2,q’(Q0))*)-

*USHLq(K) <
<

This ensures that condition (36) is satisfied as soon as

Co N 4Cc
(37) E >€>€(R+Q5+||p 7pH(W2,q/(QO))*)7 C:.= 070
The lower bound on € in this inequality is of course more stringent than the simple
condition (5). However, we believe it is still relevant for the following reasons:

— There is experimental evidence that some suspensions have a depletion layer
obeying

(5") e>C@R

for some constant € much larger than 1. For instance, [27] considers suspensions of
microfibrillated cellulose in a pipe flow, for which the depletion layer has size &~ 200um
whereas the typical length of one particle is 8um, resulting in a constant ¢’ = 25.
Although our constant € in (37) is not very explicit, the requirement € > CR contained
in (37) is reasonable with regards to this kind of suspensions, and our Corollary 1.3
can be seen as a justification of the apparent slip detected experimentally.

— In the case of periodic distributions one has ||p™ — p|| ~ N~2/3, see [20], whereas
for random particles, drawn independently with the same law, one has roughly
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pN — p|| ~ N=1/2 (due to central limit theorem). In the first, resp. second setting,
under the requirement that

—2/3 —1/2 oL
N <RSN , resp. R Wi
assumption (37) reduces to the realistic hypothesis (5’).

— The constraint coming from the ¢ term in (37) could be relaxed, by including
some effective viscosity term in the continuous Stokes equation (7). Typically, one
can replace ¢ by @2 if the Einstein’s effective viscosity is taken into account, that is
replacing (7) by

—div((l + %qbp)Vu) +Vp=f—pe, divu=0 inQ° u|sg:=o.

See [24] for detailed statements. For periodic or random stationary configurations, one
can even have an effective viscosity tensor accurate at any power of ¢, relaxing com-
pletely the constraint. See [8]. The subsequent derivation of wall laws is not affected
by the introduction of such refined Stokes equation.

To establish the validity of a slip law of Navier type under the mere assumption (5)

would in our opinion require different ideas. In particular, to use the intermediate sys-
tem (7) would not be valid anymore, because if € is comparable to R, the microscopic
structure of the distribution of particles (for instance the shape of the particles) should
be involved. This can be seen in similar problems, like the derivation of wall laws for
porous media [26] or for rough boundaries [29, 3]. In such problems, the approach
used is based on homogenization tools, and the slip length appears as an averaged
quantity related to a kind of cell problem. To go beyond the periodic setting raises
strong mathematical issues. Here, we have rather chosen to consider pretty general
distributions of particles.
5.2. INTRINSIC cONVECTION. — In all our analysis, it is implicit that the first terms u®
and u! in our expansion of u® are non-zero. This is very natural in view of our
assumptions, where the limit density of the particles distribution p is inhomogeneous
(and even compactly supported). This inhomogeneity drives a non-zero global flow
with field ©°. Such setting excludes the case of a homogeneous suspension, meaning
with constant density over QY (and no driving force). Nevertheless, we can still in this
degenerate case use the continuous model (7), with p = 1 and f = 0, and perform at
least formally the asymptotic expansion seen in the proof of Theorem 1.2 (an analogue
of this theorem for constant p would require to change the functional spaces, as there
is no decay anymore at infinity).

Such an approach for homogeneous suspensions can be found (although sketchy)
in [6], for a 2d channel of the form (—e&,1) x R. See also [7]. This can be straightfor-
wardly adapted to our domain Q°. First, when p = 1 and f = 0, the solution of (9)
is given by

uw(z) =0, p°(x)= —x3.
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It follows from (33) that u! = 0, p! = 0. Going one step further and considering (34),
we find that u? satisfies the boundary condition
U|4y—0 = (0,0, 3).
This gives
U |4 —0 ~ (0,0, 2¢7).
Back to dimensional variables, we find

Us[zy =0 & €2mgN = isg
3l 2ul’  2u

(ps - pf)(ba

using that the mass of a spherical particle (rectified by buoyancy) is m= %T(RB (Pp—p5)
with p, and py the particle and fluid masses per unit, while the solid volume fraction
is ¢ = %WR?’ /L3 N. Introducing the settling speed of a single spherical particle

Vo = 2R*(p, — py)g /91,
this can be rewritten as
€29
U3y =0 ﬁzvod)a

which agrees with the formula found in [6] for the special case € = R considered there.
We see that contrary to the case examined in paragraph 5.1, the velocity just outside
the depletion layer (at 1 = 0) is pointing upward. For zero mean flux in a channel,
this upward velocity near the layers is compensated by an extra downward velocity
in the middle of the channel, as discussed in [6]. This extra flow is tagged as intrinsic
convection in the literature.

Still, we stress that this formal analysis is conducted at the level of the continuous
model (7). If we want to establish rigorously the phenomenon of intrinsic convection,
we need to relate it to the microscopic model (4). Arguing as in Section 5.1, we see
that it requires

62 2 G(R + ¢ + HPN - pH(Wz,q’(QO))*).
This corresponds to much wider depletion layers than those considered in [6]. Beyond

the question of mathematical justification, this may explain the lack of experimental
evidence for this phenomenon.

AI’I’E\JI)IX. ESTIMATES FOR THE FUNDAMENTAL SOLUTION OF THE STOKES EQUATION

ON THE HALF SPACE

Let us first introduce some notations. We denote by (®, @) the fundamental solution
to the Stokes equation on R? given by

o(a) ). Q)

where T the identity matrix in 3d. For any F = (Fy, Fy, F3) € R3, we denote by
FI = (—Fy, Fy, F3). We rely on [17, §3.1] for the following result

1 =z

1(]1 TR B
A |zf3’

RGN
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Proposition A.1. Let y€ (0, +00) xR? and denote by G(z,y) the unique solution to
~A,G+V,p=24,I, div,G=0, on (0,400) x R%  G(z,9)|s,=0 = 0.
(1) We have
G(z,y) = ®(x —y) — &/ (x — y!) — Az, y),
with

1 (efh y (x—y') €]
— - 1<3.7<3
eyl T ar z—ylP ), 1<iiss,

A;j = (2104, — 51‘1)(
(®7)i; = @i ;(1—-20n), 1<i,j<3,
where {e1,e1,e3} stands for the canonical basis of R3.

(2) There exists a constant C > 0 such that for all x,y € (0,+00) x R?, z #y

C C
——  |ViG(z,y)| + |V,G(z,y)] < ——.

G(z,y)] <
Proof
(1) The explicit formula of G can be found in the nice paper [17, Formula (21)].
Let us recall for completeness the main elements of its derivation. Let F' € R3, the
idea is that subtracting to ®(z — y)F its reflected point force ®(z — y!)F! yields a
velocity u
u(w) = ®(z —y)F — ®(z —y")F',
which satisfies —Au + Vp = F§,, divu = 0 on (0,+00) x R? with uz(z)
U2($)|11:0 =0 and

‘11:0 -

1 Ff yr F1-(z —y")
Tle—yl] 4r Jo—yI?

ul(x)\m:o =

On the right-hand side, one recognizes the harmonic potential due to a simple charge
and the one due to a dipole with orientation F. Such an inhomogeneous Dirichlet
condition can be corrected by introducing the so called Papkovich-Neuber correction
[17, Def. 2.1]

uc(x) = xIV(b - €1¢($)7 pC(x) = 28x1¢(x)a

which satisfies —Au® 4+ Vp© = 0, divu® = 0 for any harmonic function ¢ and

|C . —¢(x)|mroel. Hence in order to correct the boundary condition of u one
o= =

needs to remove the term %, with

1 FH yi - (z —y")
Cdmlz -yl Am fr—ylP

$(x)

This yields the claimed formula.
(2) For the decay, we use the following properties for any z,y € (0,+00) x R?,

T F# Y,
il |1]

<1
|z —yl] =

lz—yl| =

lz —y'| = |z —yl,
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together with the following estimates

(1]
2]
(3]

(4]

Al <o 2l ) (e oy,

|z — y?| lz =y |z —y!?
|21 1 |91
v, Az, v, Az, gc(i 1)( ) 0
| (@,y)[ + [VyA(z, y)| iz — I + [z — 1|2 + Iz —yIP
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