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KAHLER FAMILIES OF GREEN’S FUNCTIONS

BY VINCENT GUEDJ & TaT DAt TO

Asstract. — In a remarkable series of works, Guo, Phong, Song, and Sturm have obtained key
uniform estimates for the Green’s functions associated with certain Kéahler metrics. In this note,
we broaden the scope of their techniques by removing one of their assumptions and allowing
the complex structure to vary. We apply our results to various families of canonical Kéahler
metrics.

Résumit (Familles de fonctions de Green kéhlériennes). — Dans une série remarquable de tra-
vaux, Guo, Phong, Song et Sturm ont obtenu d’importantes estimations uniformes pour les
fonctions de Green associées a certaines métriques de Kéahler. Dans cette note, nous élargissons
le champ d’application de leurs techniques en supprimant 'une de leurs hypothéses et en per-
mettant a la structure complexe de varier. Nous appliquons nos résultats a diverses familles de
métriques kdhlériennes canoniques.
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INnTRODUCTION

Let (X,w) be a compact Kahler manifold of complex dimension n. We set V,, =
/ w" and let G denote the Green’s function of w at the point x. This is the unique
quasi-subharmonic function such that [, G¥w" =0 and

1
—(w+dd°GLY AW =6,
Vi

Here, ¢, denotes the Dirac mass at point z. Equivalently A,GY = n(V,,d, — w").
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320 V. Guepns & T. D. To

In a remarkable series of articles [GPS24, GPSS24a, GPSS23], Guo, Phong, Song
and Sturm have obtained several key estimates for G¥ that are uniform when w varies
in a large family F of Kéhler forms (our normalization for G% slightly differs from
theirs, see Definition 1.2 below). Although G¥ is a solution of the Laplace equation,
its dependence on w is highly non-linear. Nonetheless, these authors succeeded in
obtaining spectacular estimates by comparing the problem at hand with an auxiliary
complex Monge-Ampére equation (an idea originating from [CC21]), for which fine
uniform estimates are available (see [Yau78, Kol98, EGZ09, EGZ08, DP10, BEGZ10,
GL21, GPT23)).

Fix 8 a reference Kéhler form on X, A, B > 0 positive constants, and v > 0 a
continuous function such that (v = 0) has small Hausdorff dimension. The family F
consists in those Kéhler forms w which satisfy the following three assumptions:

(1) an upper-bound on the cohomology class fX wA B A
(2) a uniform pointwise lower bound f,, > v, where f,, := V1w"/8";
(3) a uniform upper bound [y f,(log f,,)?3" < B, where p > n.

The first assumption can be restated as the cohomology class of w remaining within
a bounded subset of H%!(X,R). It implies a uniform upper bound on the volume
V., < C(A), but it is a strictly stronger assumption (see Example 1.7).

The third assumption ensures that w admits uniformly bounded potentials (as
shown in [Ko198, EGZ08, DP10]), that moreover have good continuity properties (see
[Ko108, DDGT14, GPTW21, GGZ23]). It can be slightly generalized to

/ fu(log f)"(loglog[3 + fu])?B" < B with p > 2n,
b

as shown in [GGZ23]. In this article we rather stick to the more classical assumption
Jx fBB™ < B with p > 1, to simplify the exposition.

Our goal in this note is twofold. First, we eliminate the second assumption by
establishing a key new estimate (Proposition 2.2). Second, we demonstrate that this
new estimate, as well as all the estimates obtained in [GPS24, GPSS24a, GPSS23],
remain uniform as the complex structure varies. This significantly broadens the scope
of geometric applications for these results.

The precise setting is as follows. Let X be an irreducible and reduced complex space.
We let m : X — 2D denote a proper, surjective holomorphic map with connected fibers
such that each fiber X; = 7~1(¢) is a n-dimensional compact Kéhler manifold, for
t € 2D*. We allow the central fiber X to be a singular, irreducible and reduced
complex space, as this is important for geometric applications. Here D is the unit disk
in C; we assume that the family is defined over a slightly larger disk 2D, and will
establish estimates that are uniform with respect to the parameter ¢t € D*.

We fix 5 a relative Kéhler form on X, i.e., 8 is a smooth form on X whose restrictions
Bt = B x, are Kahler forms. We assume that the volumes V3, := / X, By are uniformly
bounded away from 0 and +oo, and let dVx, = B;'/Vs, denote the corresponding
probability volume form on X;.
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KAHLER FAMILIES OF GREEN’S FUNCTIONS 391

Fix p> 1 and A, B > 0. We let X(X,p, A, B) denote the set of all relative Kéhler
forms w on X \ Xg such that for all t € D*, {w;} < A{B;} in HY1(X;,R), and
1
fPdVyx, < B, where — w}' = f1dVyx,.
Xt th
Our main result is the following uniform control on Green’s functions G%*.

TueoREM A. Fix 0 <r <n/(n—1)and 0 < s < 2n/(2n—1). For all t € D*,
x € X and w € K(X,p, A, B) we have

(1) supy, G < Cy = Co(n,p, A, B);

(2) (1/Vi) [y, G2 ["'wit < C1 = Ci(n, p, 71, A, B);

(3) (1/Vi,,) th VG s, wi < Co = Cy(n,p, s, A, B).

These estimates extend [GPS24, Th. 1 & Th. 2] and [GPSS24a, Th. 1.1]. The unifor-
mity with respect to the complex structure crucially depends on the uniform estimates
obtained in [DNGG23].

As in [GPSS24a] they easily imply a uniform control on diameters, as well as a
uniform non-collapsing estimate. Together with the uniform upper bound on volumes,
this yields in particular that the metric spaces (X;,w;) are relatively compact in the
Gromov-Hausdorff topology.

Turorem B. — Fix 6 such that 0 < § < 1 and w € K(X,p, A, B). There exists a
constant C' = C(n,p,d, A, B) > 0 such that for all t € D*, x € X; and r > 0,
1
C min(1,r2"9) < V—Volwt (By,(z,7)) and  diam(X,wi) < C.

Thus the family of compact metric spaces {(X;,dy,), w € X(X,p, A, B), t € D*} is
pre-compact in the Gromov-Hausdorff topology.

Following [GPSS23], we further show in Theorem 2.6 that the Sobolev constants
of the metrics w; are also uniformly bounded.

Theorems A and B have many geometric applications. We explain in Section 3.2
how they provide uniform estimates for families of constant scalar curvature Kéhler
metrics (see Corollary 3.2), following [CC21] and [PTT23].

As in [GPSS24a], we then apply our estimates to the study of the Kéhler-Ricci
flow. Assume that X is a a smooth minimal model (Kx nef), and consider

Owy

ot
the normalized Kéahler-Ricci flow starting from an initial Kéhler metric wg. It follows
from [TZ06] that this flow exists for all times ¢ > 0. We obtain here the following
striking result which -in particular- solves [Tos18, Conj. 6.2]:

= — Ric(wy) — wy

Tueorem C. — Fix ¢ such that 0 < § < 1. There exist C = C(wp) > 0 and ¢ =
¢(wp,d) > 0 such that for all t > 0 and z € X,

diam(X,w;) <C and  Voly, (B, (z,7)) > cr? 0V,

whenever 0 < r < diam(X, wy).

JE.P. — M., 2095, tome 12



399 V. Guepns & T. D. To

This result has been established by Guo-Phong-Song-Sturm under the extra
assumption that the Kodaira dimension kod(X) of X is non-negative, see [GPSS24a,
Th.2.3]. It is an old conjecture of Mumford that Kx nef implies kod(X) > 0. The
latter is a weak form of the abundance conjecture, one of the most important open
problem in birational geometry. We refer the reader to [Tosl8, Tos24] for recent
overviews of the theory of the Ké&hler-Ricci flow.

In Section 3.4 we show how our estimates provide an alternative proof of an impor-
tant diameter bound of Y. Li [Li23, Th. 1.4]. We anticipate many more applications of
Theorems A and B (see [CGNT23, GP24] for recent developments). In [GPSS23], the
authors have partially extended their techniques to the case of mildly singular Kéhler
varieties, showing in particular that Kéhler-Einstein currents have bounded diameter.
Our key Proposition 2.2 can be extended to this context as well, as it relies solely
on uniform estimates for solutions to complex Monge-Ampeére equations, which are
applicable here according to [DNGG23, Th. 1.9]. Therefore, we expect that most of
the results presented in this note can be extended to families of Kéhler varieties (see
[GP24, §3] for some first steps). Very recently Vu [Vu24b] announced a proof of The-
orem B for a fixed variety and an independent proof of Theorem C by using analysis
on Sobolev spaces associated to currents; shortly afterward Guo-Phong-Song-Sturm
[GPSS24b] have provided and alternative proof of Proposition 2.2.

Acknowledgements. We thank D.H.Phong for enlightening discussions about his
joint works with Guo, Song and Sturm on Green’s functions. We are grateful to
H. C. Lu for several useful comments on a preliminary draft.

1. UNIFORM ESTIMATES FOR MONGE-AMPERE POTENTIALS

1.1. QUuASI-(PLURI)SUBHARMONIC FUNCTIONS. Let (X,w) be a compact Kdhler man-
ifold of complex dimension n.

1.1.1. w-subharmonic functions

DermNition 1.1, — A function v : X — RU{—o0} is w-subharmonic (w-sh for short) if
it is locally the sum of a smooth and a subharmonic function, and (w-+dd‘u)Aw™=! > 0
in the sense of distributions. Alternatively

dd°v AWt
Aypv=n——r—2>-n
w
The maximum principle ensures that two w-sh functions u, v satisfy A,u = Ay v if
and only if they differ by a constant. We can thus ensure that v = v by normalizing

them by [, uw™ = [ vw™ = 0.

Derinirion 1.2, — We let G, denote the Green function of w at the point z. This is
the unique w-sh function such that [  Gew™ =0 and

1
7(w +dd°G,) AWt =6,
Here §, denotes the Dirac mass at point x.

JEP. — M., 2095, tome 12



KAHLER FAMILIES OF GREEN’S FUNCTIONS 393

Let us stress that our definition differs from that of [GPSS24a] in two ways: we use
the opposite sign convention, as well as a different volume normalization. If C:‘T denotes
the Green function from [GPSS24a], then G, = —(V,,/n)G,.

For any w-sh function u such that [  uw™ = 0, Stokes theorem yields

1 1
u(z) = A /X w(w + dd°G) ANw™ ™t = 7 /X Go(w+ ddu) ANw™ L.

w

In particular for v = G, we obtain the symmetry relation G,(y) = Gy(x). Green’s
functions are classical objects of study in Riemannian geometry. In particular it is
known that G, € C>°(X \ {z}) and G, (y) — —oco as y — «x (either at a logarithmic
speed if n = 1, or at a polynomial speed if n > 2).

While the Laplace operator A, is linear, it depends on w in a non linear way.
Following [GPS24, GPSS24a, GPSS23] we are going to establish uniform estimates
on normalized w-sh functions, by comparing them with w-plurisubharmonic solutions
to certain complex Monge-Ampere equations.

1.1.2. w-plurisubharmonic functions. — A function is quasi-plurisubharmonic (gpsh
or quasi-psh) if it is locally given as the sum of a smooth and a psh function. Quasi-
psh functions ¢ : X — RU{—o0} satisfying w,, := w + dd°p > 0 in the weak sense of
currents are called w-plurisubharmonic (w-psh for short).

Derinrrion 1.3. We let PSH(X,w) denote the set of all w-plurisubharmonic func-
tions which are not identically —oo.

Note that constant functions are w-psh functions. A C2?-smooth function v« has
bounded Hessian, hence eu is w-psh if 0 < ¢ is small enough and w is positive.

The set PSH(X,w) is a closed subset of L1(X), for the L!-topology. Subsets of
w-psh functions enjoy strong compactness and integrability properties, we mention
notably the following: for any fixed r > 1,

— PSH(X,w) C L"(X); the induced L"-topologies are equivalent;
- PSH4(X,w) := {u € PSH(X,w), —A < supy u < 0} is compact in L".

We refer the reader to [Dem12, GZ17] for further basic properties of w-psh functions.

1.1.3. Laplace vs Monge-Ampere solutions. — We shall regularly compare solutions to
the Laplace equation and w-psh solutions to an auxiliary Monge-Ampeére equation.
The following principle will play an important role.

Prorvosition 1.4. — Fizt >0, p > 1 and 0 < f € L"P(w"). Let v (resp. p) be the
unique bounded w-sh (resp. w-psh) function such that

(wHddv) AWt =efu™  and (w4 dd°p)" = ™ frwn.
Then ¢ < v.

The existence of v is classical. For the existence and uniqueness of ¢, see [GZ17].

JE.P. — M., 2095, tome 12



324 V. Guens & T. D. To

Proof. It follows from the maximum principle that v is the envelope of bounded
w-sh subsolutions to this twisted Laplace equation, i.e., for all z € X

v(z) = sup{u(z); u € SH(X,w) N L>(X) and (w + ddu) Aw" ™" > ™ fw"}.

Since the function ps = 0 is the trivial solution to the twisted Monge-Ampeére
equation (w + dd®p2)" = e™¥21"w™, the AM-GM inequality (see [DK14, Th.2.12])
ensures that

(w+dd°) A" > e fum.
The conclusion follows as PSH(X,w) C SH(X,w) and ¢ is a bounded subsolution of
the twisted Laplace equation. O

Uniform a priori estimates for solutions to complex Monge-Ampeére equations have
been intensively studied in the past decades. The previous proposition will allow one
to use them and gain uniform L°° a priori estimates for solutions of the Laplace
equation, as the reference form w varies (see Section 2).

1.2. KAHLER FAMILIES

1.2.1. Assumptions. — We shall consider the following set of assumptions.

Serring 1.5. — Let X be an irreducible and reduced complex space. We let 7 : X —
2D denote a proper, surjective holomorphic map with connected fibers such that each
fiber X; = m~1(¢) is a n-dimensional compact Kihler manifold, for ¢ € 2D* and X is
an irreducible and reduced complex space. We fix 3 a relative Kahler form on X, set
Bt = Bix, and assume that the volumes Vj, := / X, By are uniformly bounded away
from 0 and +oo. Let dVx, = B7*/Vp, denote the corresponding probability volume
form on Xj;.

Here D is the unit disk in C; we assume that the family is defined over a slightly
larger disk (e.g. 2D), and will establish estimates that are uniform with respect to the
parameter t € D*.

Derinition 1.6. Fix p > 1 and A, B > 0. We let X(X,p, A, B) denote the set of
all relative Kéhler forms w on X \ Xy such that for all ¢ € D*, {w;} < A{B:} in
HY' (X, R), and

1
ftpcﬂ/)(t g B, where TW? = fthXt'
Xt Wi
The cohomological assumption ensures that the volumes V, = [ x, wi < C(A) are
uniformly bounded from above, but it is a strictly stronger assumption as we observe
in the following example.

Exampre 1.7. — Assume X = P! xP! is the product of two Riemann spheres, endowed
with the Kéhler form wy(x,y) = Awp (z) + A" Lwpi (y), where X > 0. Observe that
the volume V,,, = [, wi = [y 2wpi(2) A wpi(y) = 2 is constant, while the diameter
diam(X,wy) ~ A — 00 as A — oc.

JEP. — M., 2095, tome 12



KAHLER FAMILIES OF GREEN’S FUNCTIONS 395

1.2.2. Uniform a priori estimates. We shall need the following uniform integrability
result in families, that generalizes previous results of Skoda and Zeriahi:

Tarorem 1.8. Fiz p > 1, A,B > 0. There exists « = a(n,p, A, B) > 0 such that
Jor allw € X(X,p, A, B), t € D* and ¢; € PSH(X;,w;) with supx, ¢ = 0,

/ exp(—ap:)dVx, < Cy,
Xt
where C = C(a,n,p, A, B) > 0 is independent of w,t, p;.

Proof. The cohomological assumption means that there exists a smooth closed
(1,1)-form 6; on X;, cohomologous to wy, such that §; < AB;. The dd-lemma ensures
that w; = 0; + dd°u;, where fX uydVy, = 0 and u; € PSH(X,, 6;). Since we also have
uy € PSH(Xy, AB:), it follows from [DNGG23, Conj.3.1] and [Ou20, Cor. 4.8] that
0 <supy, uy < Mo for some uniform constant M.

Set ¢y = @ — th ptdVy, so that th ¢tdVx, = 0. Observe similarly that ¢, =
ot + ug € PSH(Xy,0;) € PSH(Xy, AB:) is normalized by fX :dVx, = 0, hence
0 < supy, ¥: < M. It follows therefore from [DNGG23, Th.2.9] that

/ GQ(XW‘dVXt +/ e2a\u|dVXt < C,
Xt Xt

for some uniform constants «, C,, > 0. Cauchy-Schwarz inequality now yields
/ ey, < / eclvilealulqyy, < C,.
Xy Xt
Now [DNGG23, Th.1.9] ensures that ||u; — Vo, ||co < M7, where

Vo, = sup{v, v € PSH(X, 6;) with v < 0}.
Thus 9y < Vp, +supy, ¥¢ < ug + Mo+ My and supy, ¢ < Mo + M;. The conclusion
follows as —p; < |@¢| + Mo + M. O

The following uniform estimate is the key tool for all results to follow.

Tueorem 1.9. — Fizp>1, A;B >0 andw € KX(X,p, A, B). Assume that there exists
ot € PSH(X,wy) N L®(X:), p' > 1 and B’ > 0 independent of t such that

1
V—(wt + ddc(pt)n = gthX“

with th gf/dVXt < B'. Then Oscx(¢) < C =C(p,p', A, B, B’).

These uniform estimates have a long history. For a fixed cohomology class they have
been established by Kolodziej [Kol98], generalizing a celebrated a priori estimate of
Yau [YauT78]. These have been further generalized in [EGZ09, EGZ08, DP10, BEGZ10]
in order to deal with less positive or collapsing families of cohomology classes on
Kéhler manifolds. Alternative proofs have been provided in [GL21, GPT23], while
the family version needed here is obtained in [DNGG23].

Proof. — The result follows from [DNGG23, Th. A] and Theorem 1.8. O

JE.P.— M., 2095, tome 12



326 V. Guepns & T. D. To

These uniform estimates remain valid under less restrictive integrability assump-
tions on the densities. To gain clarity in the proofs to follow, we have chosen to restrict
to this setting which is the most useful one in geometric applications. We refer the
reader to [GGZ23, §5] for a discussion of the optimality of the integrability assump-
tions that ensure finiteness of diameters of Kahler metrics.

2. GREEN’S FUNCTIONS

In this section we prove Theorem A. In the setting 1.5 we fix p > 1, A,B > 0
and w € X(X,p, A, B). For t € D* we consider the Green function G¥* of the Kahler
form w; at the point € X; and establish integrability estimates for the latter that are
uniform in ¢ € D* and x € X;. To lighten the notation, we get rid of the ¢-subscript
and write X instead of X; and G, instead of G¥*.

21 . BOUNDING W-SUBHARMONIC FUNCTIONS FROM ABOVE

Lemma 2.1. Fiz a > 0 and let v be a quasi-subharmonic function on X such that

A,v > —a. Then
1
supv < C[aJr 7/ |U|w”},
X Vw X

where C = C(n,p, A, B) > 0 only depends on n,p, A, B.
This result is a family version of [GPSS24a, Lem. 5.1].

Proof. Both the statement and the assumptions are homogeneous of degree 1.
Changing v in (n/a)v we thus reduce to the case a = n. Observe that Ayv > —n is
equivalent to (w + dd°v) Aw™™1 > 0.

Regularizing v we can assume that it is smooth. We set vy = max(v,0), where
max denotes a convex regularized maximum such that 0 < max < 1+ max: the
function max(x,0) is identically 0 for z < —1, equals x for z > 0 and coincides with
a smooth convex function in [—1,0], that smoothly connects these two pieces. Since
supy v < supy vy, it suffices to bound vy from above. Let ¢ € PSH(X,w) be the
unique smooth function such that
c n _ 1 =+ V4 n
(w+ddp)" = Y
and supy ¢ = —1, where M = [, vy (w"/Ve) < 1+ [y |[v|(w"/ V).

Set H =1+ vy —e(—¢)*, where @ = n/(n+1) and € > 0 is chosen so that
entlan /(14 ag)® = 1+ M. We are going to show that H < 0. Observe that

—dd*(—p)* = a(l — a)(—)*dp A d°p + a(—p)* " dd .
The AM-GM inequality yields

1+U+)1/"wn

c n71>(
(w4 ddp) Nw™ ™" > T

hence

Bul-e(=9)") > as(-)" A 2 a0 | (155) 1.
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7

We infer

1 1/n
A H > —n+nag(—p)* ! {( + U+) - 1} .

1+ M
At the point zy where H reaches its maximum, we have 0 > A, H hence

1 1/n
(1+ag)(—)' ™ > (—)' " +ae > ae(li?\}) ,
using that (—¢)!~® > 1. Thus

n-n+1 1_’_,0
a (. n(lfa)> a’e JF:l
5( ()0) /(1+045)n 1+M +U+7
by our choice of ¢ and a. This shows that H < 0 hence 1 4+ vy < e(—p)°.
Note that € < ¢, (14 M) since e"T1a" /(1 + ae)™ = 1+ M. Thus (w + dd°p)"/V,, =
FdVx with

e(—¢p)

S 61(1?; F<en(=¢)"f.

Since [  fPdVx < A, we can fix 1 <r < p and use Hélder inequality to obtain

r/p (p—r)/p
/ Frdvx < 8r/ (=)™ fTdVx < (/ fpdVX) (/ (—@)Tpa/(pr)dVX> .
X X X X

The first integral is controlled by A by assumption, the second one is uniformly
bounded by Theorem 1.8. Thus ¢ is uniformly bounded by Theorem 1.9, hence

supv < sup vy < esup(—¢)® < ep[1 + M|Cy,
X X X

and the conclusion follows as M < (1/V,,) [ |[v|w™ + 1. O
The following result is a key improvement on the results obtained in [GPSS24a).

Prorosition 2.2. — Let u be a continuous function such that [, uw™=0 and |A,u|<1.
Then

[ull=x) < C,
where C = C(n,p, A, B) > 0 only depends on n,p, A, B.

Proof. — We let Cy > 0 denote the uniform constant from Lemma 2.1 and we set
1
4(1 +4n2C3%)2"
Observe that the statement to be proved is homogeneous of degree 1, so it suffices
to show that if u is a continuous function such that [, uw™ = 0 and |[A,u| < 4,
then M = (1/V,,) [y |ulw™ < C is uniformly bounded from above independently of u.
We assume that M > 1 (otherwise we are done), and we set

v::%:esu, where 0<€::M

Since |[Auv|=(x) < 1, (1/V,) [x [v|w™ =1 and [, vw™ = 0, Lemma 2.1 yields
(2.1) [v][ Lo (x) < 2Ch.

N

1.

JE.P.— M., 2095, tome 12



328 V. Guepns & T. D. To

Set
oo %Awu _ NG that (| H | e ) < 6.
Set t = /4 € (0,1) and observe that the function v is ew-sh and satisfies
(ew + ddv) A (ew)" ! = ™(1 + H)w" = e™e (1 + H)(ew)™

We let ¢ € PSH(X,ew) N L>®(X) be the unique bounded ew-psh solution of the
complex Monge-Ampeére equation

(ew + dd)™ = e™Pe (1 + H)"(ew)™.
It follows from Proposition 1.4 (applied to ew and f = e (1 + H)) that
(2.2) P
Setting ¢ = ¢/e € PSH(X,w), the equation can be rewritten as
(2.3) (w + ddp)™ = ™=V (1 4 H)"w™ < 2"W™,
since etp —v =9 —v <0 and |H|p~ <0 < 1. It follows from Theorem 1.9 that
Osex (¥) = Y]l L=(x) < Co = Co(n,p, A, B),
where ¢ 1= 1) — supy ¢ < 0. Integrating (2.3) we obtain
o

1= entssupxw/ ents{pvefntv(l +H)n i 6ntssupx w(l +5)n/ efntv =z
X w X Vw

We let the reader check that e® < 1+ 2 + 22 for |z| < 1. Since t < n=1(2C;)~! and
vl (x) < 2C1 we infer

—ntvi 1_ t/ - t2/ 2w7n
/ n v +n ; Vo

=1+n t2/v2w— (since/vw"zO)
x Vo b's

< 14 4nC%2.

<|&

Using that log(1 + z) < = we therefore obtain
ntesuptp > —nlog(1l 4 ) — log (1 + 4n*CFt?)
X
—nd — 4n*CH2,
Using that ¢ = v/§ = 1/2[1 + 4n>C%] we conclude that

esupy = — .
X 2

It follows that ¢ = (¢ —supy ¢) +supy ¢ = e + esupx ¢ = —Coe — 1/2. Together
with (2.2), this shows that

1
7005 - 5
Repeating the same argument for —v, we get —v > —Cpe — 1/2 hence

1
||v||Loo(X) < C()E + 5
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Therefore

which yields

1
7w/)( lulw™ < 2C).

Unraveling the normalizations we have made, we see that the constant C' from the
statement can be chosen as C = 8Cy[1 + 4n2C%F]?, where Cj is the uniform constant
provided by Theorem 1.9 (taking ¢g; = 2"w}/dVx,) and C; is the uniform constant
from Lemma 2.1. O

2.2. GREEN’S FUNCTIONS

Tueorem 2.3. — Fizr and s such that 0 <r <n/(n—1) and 0 < s < 2n/(2n —1).
For allt e D*, x € Xy and w € K(X,p, A, B) we have

(1) supy, G3* < Co = Co(n,p, A, B);
(2) (1/th) th |G$t|7’w? < Cl = Cl (nap7 T, A7 B)7
(3) (1/Vi,) [x, IVG s, wp < Co = Ca(n,p, s, A, B).

Given Proposition 2.2 above, the proof is a combination of the main results of
[GPS24, GPSS24a] with the uniform estimates provided by Theorem 1.9.

Proof. Step 1. — Consider h = —1;¢, <o +f{Gm<0} w™/V,,. Observe that —1 < h < 1
and [ hw™ = 0. We let v denote the unique solution A,v = h with [, vw" = 0.
It follows from Proposition 2.2 that ||v|[ex) < C. Thus

1
Czu(z)= —/ v(w + dd°Gy) A Wt
X
w'fL

1 / : 1 /
= — Gpddv AW =n —Gy) —.
Vo Jx {Gz<0}( 'V

Since [y Gyw™ = 0, we infer

w” w™ 2C
Gm—:2/ Ry
/X| | Vo {Gmgo}( ) Vo —n

It therefore follows from Lemma 2.1 that supy G, < Cp, proving (1).
Observe, more generally, that if v an w-psh function with [  ow" =0, then

(2.4) v(z) = i/ Go(w + ddv) Aw™ ! <sup G, < Co.
Vo Jx X

Step 2. We have shown (2) for » = 1 in the previous step. We now show (2) for
r<l+1/nSet G, =G, — Cy—1< —1 and consider u the w-sh solution of

1 c n—1 __ (79$)Bwn
E(w—kdd u) Aw _7fx(*9m)ﬁwn7
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with fX uw™ = 0, where 0 < 8 < 1/n. We are going to show that v > —C' is uniformly
bounded below. It will follow that

c n—1
—C < u(z) =/ MChALL ‘S/I)/\w
X w
:/ g (w + ddu) A w1 _ _fX(—gx)HBw"/Vw.
X Vw fx(_gw)ﬂwn/vw

Since 1 < —G, we obtain [, (—5,)°w"/Vi, < [ (=Sa)w™/Viy = 1 + Cj, hence

/ (80" < O+ Gl
; v,

proving (2) for r =1+ f, as G, differs from G, by a uniform additive constant.
To prove that u is uniformly bounded below, we consider the normalized solution
¢ € PSH(X,w) N L>®(X), [y ¢w™ =0, of the Monge-Ampére equation

_ (_9$)n,3wn
fX(_Sw)nﬁwn
Since —G, > 1, the density of the right-hand side is bounded from above by

(=G2)"? f,,. Tt follows from Hélder inequality that the latter belongs to L?' (dVx),
p' < p, since

1
_ ddC n
V. (w+ddp)

/ (=Go)"P¥ f8 dVy = / (— G g1
X X Vw

(' -1)/(p—-1) — 1/s'
X X Vi

where s'=(p — 1)/(p — p') is the conjugate exponent of s=(p — 1)/(p’ — 1): we choose
p’ > 1 very close to 1 (thus s’ > 1 is very close to 1 as well) so that nfp’s’ < 1, and
the last integral is under control by the first step.

It follows from Theorem 1.9 that the oscillation of ¢ is uniformly bounded, hence @
is uniformly bounded, where @ = ¢ — supx ¢. Now [ gw"™/V,, = —supx ¢, thus
sup x ¢ is uniformly bounded as well, and we obtain

—My < p < +My

for some uniform Mjy. Since [y (=9,)"Pw™/V, < [ (=)™ /V < 14 Cy =: CF,
it follows from the AM-GM inequality that (w + dd°¢) A w™ ™t > ((=G,)?/C1)w™,
while (—G,)Pw™ > (w + dd°u) A w™ ! since —G, > 1. We infer that ¢ — u/C) is an
w-sh function normalized by [y (¢ — u/Cr)w™ = 0. It follows from (2.4) that it is
uniformly bounded from above, hence

— (Mo + Cp)Cy < u < Cy,

showing that v is uniformly bounded, as claimed.
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Step 3. We now establish (2) for the optimal values of r by a recursive argument.
Indeed the reasoning from Step 2 shows that if | X(—Sx)ﬁl (w"/V,,) < C then for any
B> 0 with n8 < #/, one has [ (—9,)'™?(w"/V,;) < C’. By induction this yields, for
all k e N,
w™ 1 1
—Jzx — < C’r f 1 ) ok
/X(Q)Vw 0rr<+ —|— 5+ +nk

Thus a uniform control can be obtained for all r < n/ (n -1).

Step 4. — Tt follows from Step 3, Lemma 2.5 below and Hélder inequality that (3)
holds for s < 2n/(2n — 1). Indeed set r = (s/(2 — s))(1 + 3), and observe that by
choosing 0 < 8 very small and r arbitrarily close to n/(n — 1), we obtain s arbitrarily
close to 2n/(2n — 1). Setting 2« = s(1 + ), we thus get

/‘VG1|SCU”:/ |V9z|8wn: |v9f‘ |9z|awn
X X X |9w|a

2 s/2 (2—s)/2
(5 ()
v, 2 s/2 (2—5)/2
= (L) (L) <o o

Remark 2.4. — All these estimates are valid, more generally, for any w-psh function v
which is normalized by [  vw™ = 0. Indeed using Stokes theorem we obtain

1
oe) = o /XG,U(W +dd0) A" < sup G < G,

Hoélder inequality, Fubini theorem and the symmetry G, (y) = G (z) yield

[ G2 < [[[ [ 16 A A e

</ /\G jr Lt ddt EA“}" Hy )} w‘;x)
:/y /\G w"( )} (w + dd°v ‘)/w o y) _ o
Similarly
/E|VIU(9U) ) S/m /waGm(yﬂ (w+ddcv&wA w"—l(y)r w;(dx)
) / / V.Gt & dd%&f w"*@)} wnviw
=/y /\v a,( w" (x )} (w + ddv ‘)/w W (y) o

We have used the following observation [GPSS24a, Lem. 5.6].
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Lemma 2.5. Fix 8> 0. Then

L/ dG, Nd°Gy Aw™ ! < 1
Vo Jx (=Gp+Co+1)1H8 = g’

Here Cy denotes the uniform constant from Theorem 2.3.1.
Proof. — The function u(y) = (=G, (y)+Co+1) 7 takes values in [0, 1] with u(z) = 0.
Since du = $dG, /(=G + Cy + 1)1 we infer

1 1 B dGy N d°Gy A w1
0=— dd°G,) A "—1=f/ [ a z :
v /Xu(uH- )Aw v qu Vo [y (—GerCoJrl)ﬁH

The result follows. O

2.3. SosorLev EstiMATES. — The following is our improved and family version of

[GPSS23, Th.2.1 & Lem. 6.2].

Tueorem 2.6. — Fizr such that 1 <r < 2n/(n—1), t € D* and w € X(X,p, A, B).
(1) For allu € WH%(X,), we have

1 r 1
—12r, n 2 n
u—ul*"w < / Vul;, wy,
([Wt/)(t| | t) h 1[Wt X,,‘ |wt K

where @ = (1/V,,) [, wwy and Cy = Ci(n,p,r, A, B) > 0.
(2) If Q C Xy is a domain and u € W12(Q) has compact support in €2, then

1 N V., (Q) 1 )
‘s n < t n
<th /Q‘“' “t> S G {1 TV~ /Q'V“'wt“’t ’

where Cy = Co(n,p,r, A, B) > 0.

Proof. — The proof is very similar to that of [GPSS23, Th.2.1 & Lem.6.2], so we
only sketch it. We fix g € (0,1) such that (14 8)r < n/(n —1). Green’s formula and
Holder inequality yield

fu() — 7] =

1
7 /X du A d°G, AWt

w

1 [ dSy AdS, Aw I\ (1 sro gz )
(v B tas—) (7 fcsrmie)

1 1 1/2
1+p8 2 n
< (57 s vaen)
hence

w (o)<
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It follows from Minkowski’s inequality for integrals that

oS ([sareen <x>)1/rlw|i<y>w"<y>

1/r
<o [ vaen,
w X

using Theorem 2.3.2. Together with (2.5) we obtain

1 ) 1/r 1 )
— uw—ul“ W SCl—/ Vu| w"
(5 [ - arer) - [ v

For the second inequality, as in [GPSS23, Lem. 6.2], using Green formula, one has
foranyxEQand5>0

(o)l [ et + i [ (S v
QC X

Raising to the power r on both sides and arguing similarly to what we have done

H N 1+6|VU|2

above, we obtain the required inequality. O

3. GEOMETRIC APPLICATIONS

3.1. DIAMETER BOUNDS AND NON-COLLAPSING. — Among the various applications of
Theorem A, we stress the following diameter and non-collapsing estimates.

Tueorem 3.1. — Fiz § such that 0 < 6 < 1 and w € K(X,p, A, B). There exists
C =C(n,p,d, A, B) >0 such that for allt € D*, x € X4, and r > 0,

1
C'min(1,r2"?) < V—Volwt(Bwt (x,r)) and diam(X;,wy) < C.

Wt
Thus the family of compact metric spaces {(X,d,,), w € K(X,p, A, B), t € D*} is
pre-compact in the Gromov-Hausdorff topology.

Due to its prominent role in geometric analysis, there has been an intensive search
for such uniform diameter estimates in the past decade. We simply list the most recent
contributions which require as an extra assumption

— a Ricci lower bound [LNTZ17, FGS20, GS22];

— X be of general type [Bam18, Wanl8, JS22];

— strong continuity of Monge-Ampeére potentials [Li21, GGZ23, Vu24al;

— a uniform lower bound on w™/dVx [GPS24, GPSS24a, GPSS23).

The proof of Theorem 3.1 is similar to that of [GPSS24a, Th. 1.1].

Proof. — We fix (zo,y0) € X2 such that d,(zo,y0) = diam(X,w). The function
p:x € X > dy(rg,z) € RT is 1-Lipschitz with p(z¢) = 0. Green’s formula applied
to the function p at the point x( yields

/pwn:/ dp/\chzo/\w"’lg/ VG ™.
X X X
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Using again Green’s formula at yo and the previous inequality, we obtain

1

1
diam(X,w):v/ pwnfv/ dp N d°Gyy Aw™
wJX wJX

1 n ]‘ n
gE/XWGIOW +7W/X|vc:yo\ww <C,

where the last inequality follows from Theorem 2.3.3.

Next we prove the non-collapsing estimate. We fix £ € X and consider the uni-
formly bounded function p : y € X ~ d,(z,y) € RT. Fix r € (0,1] and let x be a
non-negative smooth cut-off function with support in B, (z,r) such that y = 1 on
B, (z,7/2) and supy |Vx|w < C/r. Thus py is a C-Lipschitz function.

We pick s € (1,2n/(2n — 1)) and denote by s* = s/(s — 1) € (2n, c0) the conjugate
exponent of s. Applying Green’s formula to px at y € B, (z,7)¢, we obtain

1
/ pxw" = —/ d(xp) Nd°Gy Aw™?
X Ve

X

1/s .

<0( / |vay3w“> (Vol., (B (&, ) /*
X

< OV (Voly (Bu(w, 1)) ™,
by Theorem 2.3.3. Applying Green’s formula again with z € 9B, (x,r/2), we infer
r 1 1
= "y — [ d ANd°G, Aw" !
5 Vw/xpxw +Vw/x (xp) w
Vol, (B(x,r))\ /s
— o0~
Vi
Since s* = s/(s — 1) € (2n, 00), this implies the non-collapsing estimate.

Set F := {(Xt,d,), w € K(X,p,A,B),t € D*}. Gromov’s theorem [BBIOI,
Th. 7.4.15] ensures that this family is pre-compact in the Gromov-Hausdorff topology
iff there is a uniform bound on the diameters and for each € > 0 one can find in each
X € F an e-net consisting of no more than N = N (¢)-points. This follows easily from
the uniform non-collapsing estimate, together with the uniform upper bound on the
global volumes Vol,, (X;) < V. O

< 20V (Voly, (B(x, 1))

3.2. Diaverers or smoorHaBLE cscK meTrics. — In this section we consider (X, 5) a
compact n-dimensional Kahler variety with Kawamata log terminal (klt) singularities
which admits a Q-Gorenstein smoothing 7 : X — D, i.e.,

— X is a Q-Gorenstein complex space of complex dimension n + 1,

— m is a proper surjective holomorphic map such that X|.-1 () ~ Xo,

= Xi = Xjz-1(y) is smooth for all ¢ € D*,

— there is a smooth form Sy such that ; = fx,|x, is Kahler with 8y = .

When the Mabuchi functional Mg is coercive, it has been shown in [PTT23, Th. C]
that so are the Mabuchi functionals Mg, , hence there exists a unique constant scalar
curvature Kédhler metric wy cohomologous to f;.
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CoroLrARry 3.2. In the setting above, there exists D > 0 such that for all t € D*,
diam(X;,w;) < D.

Proof. — For t € D*, the unique constant scalar curvature Kéhler metric w; € [B¢]
satisfies the following coupled equations:

(B + dd°py)™ = e 37,
Atht = —S5 + TI'wt RlC(Bt)

The volumes [ B¢ are uniformly bounded away from zero and infinity, while it follows
from [PTT23, Th. 5.3] that the smooth densities f,=e"* satisfy || f¢||Lr(x, gp) < B, for
some p > 1 and for all ¢t € D*. Thus w € KX(X,p, 1, B), and the uniform bound for
diam (X}, w;) follows from Theorem 3.1. O

3.3. Estimates aLonG tieE KAnver-Ricer row. — We assume here that X is a com-
pact Kéhler manifold with Kx nef (a smooth minimal model). We consider
Owy
ot
the normalized Kéahler-Ricci flow starting from an initial Kéhler metric wg. It follows
from [TZ06] that this flow exists for all times ¢ > 0. We refer the reader to [Tos18,
Tos24] for recent overviews of the theory of the Kéhler-Ricci flow.

= — Ric(wt) — w,

It has been a challenging open problem up to now to obtain uniform geometric
bounds along the flow as t — +00. We obtain here the following striking result which
-in particular- solves [Tos18, Conj. 6.2]:

Tueorem 3.3. Fiz § such that 0 < § < 1. There exist C = C(wg) > 0 and ¢ =
c(wo,d) > 0 such that for allt >0 and x € X,

diam(X,w;) < C  and Vol (By,(z,7)) = er?" TV,

t)

whenever 0 < r < diam(X, w;).

This result has been established by Guo-Phong-Song-Sturm under the extra
assumption that the Kodaira dimension kod(X) of X is non-negative (see [GPSS24a,
Th. 2.3]). Recall that

kod(X) = limsup

m——+oo

log dim H°(X, mKx)
logm
measures the asymptotic growth of the number of holomorphic pluricanonical forms,
while the numerical dimension v = v(X) = sup{k > 0,c¢1(Kx)* # 0} measures the
asymptotic growth of volumes under the NKRF,

(3.1) Vol,,, (X) = (Z) 1 (Kx )" {wo}" Ve (M1 + o(1)).

It is known that v(X) > kod(X) and the equality turns out to be equivalent to
the abundance conjecture (see [Tosl8, Conj.6.3]). The extra assumption made in
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[GPSS24a, Th. 2.3] requires that kod(X) # —oo; it is equivalent to
?
v(X) 20 = kod(X) >0,

which has been an open problem for the last fifty years.

Proof. — Fix x a smooth closed (1, 1)-form representing ¢1(Kx). It follows from the
00-lemma that w; = e fwo + (1 — e t)x + ddp; for some ¢; € C(X). One can
normalize the latter so that the NKRF is equivalent to the parabolic equation

(e_two + (1 — e_t)X + ddcwt)n — eatsﬁt+¢t—(n—y)tw8

on X x R, with ¢g = 0. Here v denotes the numerical dimension of K x.
We claim that there exists Cy, C; > 0 such that for all ¢ > 0 and z € X,

oi(x) < Cy  and  Jppr(x) < Ch.

It will then follow from (3.1) that V) 'w] = fiwg with ||f¢]cc < Ca. The uniform
diameter and non-collapsing estimates are thus consequences of Theorem A.

Upper bound on ¢;. — We set V; = [ wi” and I(t) = [y o /Vo. Since the forms
e two+ (1 —e )y < Cowyp are uniformly bounded from above, it follows from [GZ17,
Prop. 8.5] that supy ¢ < I(t) + C for some uniform constant C' > 0, hence it suffices
to bound I(t) from above. The concavity of the logarithm ensures

W\ W wn/‘/t w?
1 (—t)—ozl V, — log Vi /1 ( ¢ )—Ogl Vv, — log V.
/X o8( ) 3 = loa Vi —log o+ | log( e ) o <log Vi —log

Therefore
n
I'(t) = / Orpr L‘u/*o < —I(t) + [log Vi + (n —v)t —log Vo] < —I(t) — C".
X 0

Using that I(0) = 0 we conclude that I(t) < C’, as desired.

Upper bound on d¢,. — Consider H(t,z) = (e — 1)0ppi(x) — pi(x) — h(t), where
h(t) = vt + (n — v)et. A direct computation shows that

(% — Ay, ) (H) = =Ty, (wo) + (n = v)[e" = 1] +n— H'(2) <0.

The maximum principle thus ensures that H (¢, ) < maxgex H(0,2) < 0, hence
(€' —1)0yps (1) < pi(x) + vt + (n —v)e' < Cop + ne'.

Thus Oypi(x) < Cy for all ¢ > 1, while such an upper bound is clear on X x [0,1] by
compactness. The proof is complete. O
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3.4. FiBerwise CALABI-YAU METRICS. Our estimates can be applied in the study
of adiabatic limits of Ricci-flat Ké&hler metrics on a Calabi-Yau manifold under the
degeneration of the Kéahler class, as initiated by Tosatti in [Tos10].

Let (X, Bx) be an N-dimensional Kéhler manifold with nowhere vanishing holo-
morphic volume form 2 normalized so that fX NOAQ=1.Letm: X > Y be a
holomorphic fibration onto a Riemann surface (Y, By), with connected fibres by X,
y € Y. We assume without loss of generality that qu Y '=1land [, By =1, and
that the singular fibres have at worst canonical singularities. We let w; denote the
Calabi-Yau metrics on X in the class of 8; = t8x + 7* 8y, t > 0.

Understanding the behavior of (X,w;) as ¢ — 0 as been the subject of intensive
studies in the past decade, notably through collaborations of Gross, Hein, Li, Tosatti,
Weinkove, Yang and Zhang (see [Tos20] and the references therein). Theorem A allows
one to provide an alternative proof of the main result of [Li23].

Tueorewm 3.4 ([Li23, Th. 1.4]). There exists C' > 0 such that
. W
— ) <
d1am<Xy, ; ) <C
forall0 <t <1 and forallyeY \S.

Here S C Y denotes the discriminant locus; 7 is a submersion over Y ~\ S so that
every fiber X,y € Y S is smooth.
Proof. — Set n=N —1 and w,=w /¢y . Observe that V,,, :ny ""Z:fxy Nl=1.

It follows from [Li23, Prop. 2.3] and [DNGG23, Lem. 4.4] that there exists p > 1 such
that

wy = f(Bxx,)" with /X fP(Bxx,)" < B,

for some constant B > 0 independent of ¢,y. The conclusion follows therefore from

Theorem 3.1 applied to the family (X,,w,) with A = 1. a
REFERENCES
[Bam18] R. Bamrer — “Convergence of Ricci flows with bounded scalar curvature”, Ann. of

Math. (2) 188 (2018), no. 3, p. 753-831.

[BEGZ10] S. Boucksom, P. Evssipieux, V. Gueps & A. Zeriant — “Monge-Ampére equations in big
cohomology classes”, Acta Math. 205 (2010), no. 2, p. 199-262.

[BBIO1] D. Buraco, Y. Buraco & S. Ivanov — A course in metric geometry, Graduate Studies in
Math., vol. 33, American Mathematical Society, Providence, RI, 2001.

[CGNT23] J. Cao, P. Grar, P Navmany, M. PXun, T. M. Pererners & X. Wu — “Hermite-Einstein metrics
in singular settings”, 2023, arXiv:2303.08773.

[CC21] X. Crex & J. CHExG — “On the constant scalar curvature Kéahler metrics (I)—A priori
estimates”, J. Amer. Math. Soc. 34 (2021), no. 4, p. 909-936.

[Dem12] J.-P. DeEmarLLy — Analytic methods in algebraic geometry, Surveys of Modern Math., vol. 1,
International Press/Higher Education Press, Somerville, MA /Beijing, 2012.

[DDG114] J.-P. Demariy, S. Dinew, V. Guens, H. H. Puam, S. Korobzies & A. Zeriant — “Hélder con-
tinuous solutions to Monge-Ampére equations”, J. Eur. Math. Soc. (JEMS) 16 (2014),
no. 4, p. 619-647.

[DP10] J.-P. Demaicry & N. Pani — “Degenerate complex Monge-Ampére equations over compact
Kéhler manifolds”, Internat. J. Math. 21 (2010), no. 3, p. 357-405.

JE.P.— M., 2095, tome 12


http://arxiv.org/abs/2303.08773

338

[DNGG23]
[DK14]

[EGZ08]

[EGZ09]
[FGS20]
[GGZ23]
[GL21]
[GZ17]
[GP24]
[GPSS23]
[GPSS24a)
[GPSS24b]
[GPS24)
[GPT23]
[GPTW21]
[GS22]
[J522]
[Kot98]

[Kol108]

[LNTZ17]
[Li21]
[Li23]

[Ou20]
[PTT23]

[TZ06]
[Tos10]

[Tos18]

V. Guepns &« T. D. To

E. D1 Nezza, V. Gueps & H. Guenancia — “Families of singular Kéahler-Einstein metrics”,
J. Eur. Math. Soc. (JEMS) 25 (2023), no. 7, p. 2697-2762.

S. Dinew & S. Korobzies — “A priori estimates for complex Hessian equations”, Anal.
PDE 7 (2014), no. 1, p. 227-244.
P. Exssipievx, V. Guebs & A. Zerianir — “A priori L°°-estimates for degenerate complex

Monge-Ampére equations”, Internat. Math. Res. Notices (2008), article no. rnn 070
(8 pages).

, “Singular Ké&hler-Einstein metrics”, J. Amer. Math. Soc. 22 (2009), no. 3,
p- 607-639.

X. Fu, B. Guo & J. Sonc — “Geometric estimates for complex Monge-Ampeére equations”,
J. reine angew. Math. 765 (2020), p. 69-99.

V. Gueps, H. Guenancia & A. Zeriann — “Diameter of Kahler currents”, 2023, to appear in
J. reine angew. Math., arXiv:2310.20482.

V. Gueps & C. H. Lu — “Quasi-plurisubharmonic envelopes 1: Uniform estimates on Kéahler
manifolds”, 2021, to appear in J. Eur. Math. Soc. (JEMS), arXiv:2106.04273.

V. Gueps & A. Zeriam — Degenerate compler Monge-Ampére equations, EMS Tracts in
Math., vol. 26, European Mathematical Society, Ziirich, 2017.

H. Gue~ancia & M. PAun — “Bogomolov-Gieseker inequality for log terminal Kéhler three-
folds”, 2024, arXiv:2405.10003.

B. Guo, D. H. Prone, J. Soxc & J. STurM — “Sobolev inequalities on Kéhler spaces”, 2023,
arXiv:2311.00221.

, “Diameter estimates in Kéhler geometry”, Comm. Pure Appl. Math. 77 (2024),
no. 8, p. 3520-3556.

—, “Diameter estimates in Kéahler geometry II: removing the small degeneracy
assumption”, Math. Z. 308 (2024), no. 3, article no. 43 (7 pages).

B. Guo, D. H. Pnone & J. Sturm — “Green’s functions and complex Monge-Ampére equa-
tions”, J. Differential Geom. 127 (2024), no. 3, p. 1083-1119.

B. Guo, D. H. Puone & F. Tone — “On L estimates for complex Monge-Ampére equa-
tions”, Ann. of Math. (2) 198 (2023), no. 1, p. 393—418.

B. Guo, D. H. Prong, K. Toxe & C. Wane — “On the modulus of continuity of solutions to
complex Monge-Ampere equations”, 2021, arXiv:2112.02354.

B. Guo & J. Soxe — “Local noncollapsing for complex Monge-Ampeére equations”, J. reine
angew. Math. 793 (2022), p. 225-238.

W. Jiax & J. Sone — “Diameter estimates for long-time solutions of the Kahler-Ricci flow”,
Geom. Funct. Anal. 32 (2022), no. 6, p. 1335-1356.

S. Korobzies — “The complex Monge-Ampeére equation”, Acta Math. 180 (1998), no. 1,
p- 69-117.

, “Holder continuity of solutions to the complex Monge-Ampére equation with the
right-hand side in LP: the case of compact Kéhler manifolds”, Math. Ann. 342 (2008),
no. 2, p. 379-386.

G. La Nave, G. Tiax & 7. Znanc — “Bounding diameter of singular Kahler metric”, Amer. J.
Math. 139 (2017), no. 6, p. 1693-1731.

Y. L.i — “On collapsing Calabi-Yau fibrations”, J. Differential Geom. 117 (2021), no. 3,
p. 451-483.

, “Collapsing Calabi-Yau fibrations and uniform diameter bounds”, Geom. Topol.
27 (2023), no. 1, p. 397-415.

W. Ou — “Admissible metrics on compact Kahler varieties”, 2020, arXiv:2201.04821.
C.-M. Pax, T. D. To & A. Trusiant — “Singular cscK metrics on smoothable varieties”, 2023,
arXiv:2312.13653.

G. Tian & Z. Znane — “On the Kahler-Ricci flow on projective manifolds of general type”,
Chinese Ann. Math. Ser. B 27 (2006), no. 2, p. 179-192.

V. Tosarrt — “Adiabatic limits of Ricci-flat K&hler metrics”, J. Differential Geom. 84
(2010), no. 2, p. 427-453.

, “KAWA lecture notes on the Kahler-Ricci flow”, Ann. Fac. Sci. Toulouse
Math. (6) 27 (2018), no. 2, p. 285-376.

JEP. — M., 2095, tome 12


http://arxiv.org/abs/2310.20482
http://arxiv.org/abs/2106.04273
http://arxiv.org/abs/2405.10003
http://arxiv.org/abs/2311.00221
http://arxiv.org/abs/2112.02354
http://arxiv.org/abs/2201.04821
http://arxiv.org/abs/2312.13653

[Tos20]
[Tos24]
[Vu24a]

[Vu24b)]
[Wan18]

[Yau78]

KAHLER FAMILIES OF GREEN’S FUNCTIONS 339

__, “Collapsing Calabi-Yau manifolds”, in Surveys in differential geometry 2018.
Differential geometry, Calabi-Yau theory, and general relativity, Surv. Differ. Geom.,
vol. 23, International Press, Boston, MA, 2020, p. 305-337.

_, “Immortal solutions of the Kéhler-Ricci flow”, 2024, arXiv:2405.04444.

D.-V. Vu — “Continuity of functions in complex Sobolev spaces”, Pure Appl. Math. @ 20
(2024), no. 6, p. 2769-2780.

, “Uniform diameter estimates for Kahler metrics”, 2024, arXiv:2405.14680.

B. Wane — “The local entropy along Ricci flow Part A: the no-local-collapsing theorems”,
Camb. J. Math. 6 (2018), no. 3, p. 267-346.

S. T. Yau — “On the Ricci curvature of a compact Kéahler manifold and the complex
Monge-Ampere equation. I”, Comm. Pure Appl. Math. 31 (1978), no. 3, p. 339-411.

Manuscript received 3rd June 2024
accepted rth February 2025

Vincent Gueps, Institut Universitaire de France et Institut de Mathématiques de Toulouse, Université
de Toulouse,

118 route de Narbonne, 31400 Toulouse, France

E-mail : vincent.guedj@math.univ-toulouse.fr

Url : https://www.math.univ-toulouse.fr/~guedj/

Tat Dat T6, Sorbonne Université, Institut de mathématiques de Jussieu — Paris Rive Gauche,
4, place Jussieu, 75252 Paris Cedex 05, France.

E-mail : tat-dat.to@imj-prg.fr

Url : https://sites.google.com/site/totatdatmath/home

JE.P. — M., 2095, tome 12


http://arxiv.org/abs/2405.04444
http://arxiv.org/abs/2405.14680
mailto:vincent.guedj@math.univ-toulouse.fr
https://www.math.univ-toulouse.fr/~guedj/
mailto:tat-dat.to@imj-prg.fr
https://sites.google.com/site/totatdatmath/home

	Introduction
	1. Uniform estimates for Monge-Ampère potentials
	2. Green's functions
	3. Geometric applications
	References

