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MODULI SPACES OF MARKED BRANCHED PROJECTIVE
STRUCTURES ON SURFACES

BY GusTavE BiLLon

AsstrACT. — We show that the moduli space Pgy(n) of marked branched projective structures
of genus g and branching degree n is a complex analytic space. In the case g > 2, we show
that Py (n) is of dimension 6g — 6 + n and we characterize its singular points in terms of their
monodromy. We introduce a notion of branching class, that is an infinitesimal description of
branched projective structures at the branched points. We show that the space Ag(n) of marked
branching classes of genus g and branching degree n is a complex manifold. We show that if
n < 2g — 2 the space Py(n) is an affine bundle over A4(n), while if n > 4g — 4, Py(n) is an
analytic subspace of Ag(n).

Reésumic (Espaces de modules de structures projectives branchées sur les surfaces)

On montre que I’espace de modules Pg4(n) des structures projectives branchées de genre g et
de degré de branchement n est un espace analytique complexe. Dans le cas ou g > 2, on montre
que P4(n) est de dimension 6g — 6 + n et on caractérise ses points singuliers en termes de
leur monodromie. On introduit une notion de classe de branchement, qui est une description
infinitésimale des structures projectives branchées aux points de branchement. On montre que
Pespace Ag(n) des classes de branchement marquées de genre g et de degré de branchement n
est une variété différentielle complexe. On montre que si n < 2g — 2, 'espace Py(n) est un fibré
affine sur Ag4(n), tandis que si n > 4g — 4, P4(n) est un sous-espace analytique de Ag(n).
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INTRODUCTION

DEFINITION AND EXAMPLES. Holomorphic projective structures were introduced at

the end of the nineteenth century in relation to linear differential equations of order 2.
They were used in particular by Poincaré, as an analogous for curves of genus at least 2
of elliptic functions, in his proof of the uniformization theorem of Riemann surfaces.
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1374 G. BiLron

They were then thoroughly studied throughout the twentieth century, in particular
by Gunning (see for instance [Gun66]).
In [Man72], Mandelbaum introduced a notion of branched projective structures,
that can be seen as a generic generalization of the concept of projective structure.
Let us give a precise definition. Fix an oriented surface S.

DeriNiTION. A branched projective structure on S is the datum of

— an open cover (U;);er of S,

— for each i € I, an open subset V; C CP! and a ramified covering f; : U; — V;
such that on the intersections U; N Uj, one has f; = g;; o f;, where g;; € PGL(2,C).
The number of ramification points of the maps f;, counted with multiplicity, is called
the branching degree of the branched projective structure.

In the case where the branching degree is zero, one gets projective structures, see
[Dum09] and [LMPO09] for overview papers. Here are a few examples of branched
projective structures:

Tautological projective structure. — The Riemann sphere CP! is endowed with a trivial
projective structure, of branching degree zero, given by the identity map.

Uniformizing projective structure. — Suppose the surface S is closed, and let X be
a Riemann surface with underlying differential surface S. Let 7 : X — X be the
universal covering of X. By the uniformization theorem, there are inclusions X ccp?
and Aut(r) C PGL(2,C). As a consequence, the local inverses of the map 7 are charts
of a projective structure on X, without ramification point, called the uniformizing
projective structure of X.

Pullback by a ramified covering. — Let S’ be another oriented surface endowed with
a branched projective structure (V;, h;);cr, and let ¢ : S — S’ be a ramified covering,.
Then S inherits a pullback projective structure: the open covering is (¢_1(Vi))ie1 and
the family of charts is (h; o ¢);cs. In particular, a ramified covering of the Riemann
sphere can be seen as a branched projective structure.

Curve not preserved by a foliation. There is a notion of projective structure trans-
verse to a foliation, see [Blu79], [God91], [Scd97]. Precisely, let M be a complex
manifold and F a codimension 1 holomorphic foliation on M. A projective struc-
ture transverse to F is an open cover (U;);er of M and holomorphic submersions
s; + U; — CP, constant on the leaves of F, such that on the intersections U; N U;
one has s; = g;; 0 s; with g;; € PGL(2,C). Now if X C M is a complex curve that is
not invariant by F, then X inherits a branched projective structure, whose branching
degree is the number of tangencies between X and F.

Linear differential equations of order 2. — Projective structures with branching degree
zero can be obtained from equations of the form a(z)y”(z) + b(x)y'(z) + c(x)y(z) =0
where x is a local coordinate, y is an unknown holomorphic function and a,b, ¢ are
holomorphic functions, with a nonvanishing. Given a basis (y1,y2) of local solutions,
the quotient y;/y2 is a local biholomorphism from an open subset of X to CP!.
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If (w1, ws) is another basis of local solutions, then there exists «, 3,v,d € C with
ad — By # 0 such that w; = ay; + Bys and ws = yy; + dys. Thus there exists a
Mébius transformation g = (3 ’g) such that wy /we = go (y1/y2). In other words, the
equation defines a projective structure on X.

This description of projective structures gives rise to a notion of meromorphic pro-
jective structure, corresponding to order 2 differential equations with meromorphic
coefficients. This notion was studied in particular in [AB20], [GM21], [GM20] and
[Sér22]. Branched projective structures are very special meromorphic projective struc-
tures, that are usually excluded from the studies of general meromorphic projective
structures.

Note that the notion of linear differential equation on Riemann surfaces is for-
malized in the notion of oper, see [BDO05]. In this language, projective structures are
PGL(2,C)-opers. See [Fre07] for the role of opers in the Langlands program. This ar-
ticle thus deals with branched PGL(2, C)-opers. The notion of branched oper has been
investigated in [FG10] and [BDH22]. See also [BDG19] for the link between branched
projective structures and logarithmic connections.

Topological constructions. — Branched projective structures can also be modified by
cut-and-paste techniques, some preserving the branching degree, such as grafting or
moving branch points, others changing the branching degree, such as bubbling. See
for instance [Dum09], [GKMO00] or [CDF14]. These cut-and-paste techniques allow to
construct branched projective structures of any degree.

Main result. Suppose the surface S is closed, of genus g. Fix a nonnegative integer
n € N. There is a notion of marked branched projective structure, similar to the notion
of marked complex structure on S (see 2.3 for precise definitions). We are interested
in the following space:

_ {marked branched projective structures on S}

Py(n) =

{isomorphisms}
Given a marked branched projective structure (U;, fi)icr with f; = gi; 0 f;, g9i5 €
PSL(2,C), the changes of charts g;; are holomorphic maps, thus the (ramified) atlas
(Ui, fi)ier defines a marked complex structure on S. Denote by T, the Teichmiiller
space for genus g, i.e., the space of isomorphism classes of marked Riemann surfaces
of genus g. One has a forgetful map

Teichy(n) : Py(n) — Ty.

Moreover, the family (g;;), jer is a constant cocycle with values in PSL(2, C), and
thus defines a flat CP*-bundle on X, to which is associated a holonomy representation
p € Hom(m(S), PSL(2,C)), defined up to conjugation with an element of PSL(2, C).
Thus there is a holonomy map

Holy(n) : Pg(n) — Hom(m1(S), PSL(2,C))/PSL(2,C).

The holonomy of branched projective structures has been extensively studied, see
[GKMO00], [CDF14], [LF23].

JEP — M., 2024, lome 11



1376 G. BiLron

In the unbranched case, i.e., in the case n = 0, if g > 2, it is well-known ([Gun66],
[Hej75], [Hub81]) that the space P4(0) is a smooth analytic space. Moreover the fiber
of Teichy(0) at a marked complex curve X € T, is an affine space, directed by the space
oo (X , K ;8;2) of global holomorphic quadratic differentials on X, and the holonomy
map Hol,(0) is a local biholomorphism. This very nice structure of the moduli space
of projective structures is one of the main reasons why they are extensively used.

The main result of this paper is an analog of these properties in the branched case
(see Theorems 2.3.7, 3.0.1 and 3.5.1 for more precise statements).

Tueorem A. — The space Py(n) is an analytic space of dimension 6g — 6+ n. More-
over, if g = 2, one has:

(i) A point p € Pg(n) is singular if and only if its holonomy representations
Hol, (n)(p) are abelian and fiz a point in CP'.

(if) The map Holy(n) is a holomorphic submersion over branched projective struc-
tures with non-elementary holonomy.

Recall that a representation p € Hom(m(S), PSL(2,C)) is said to be elementary
if its image is an elementary subgroup of PSL(2,C). A subgroup of PSL(2,C) is
elementary if its action on the hyperbolic space H? admits a finite orbit. Namely,
elementary subgroups of PSL(2, C) are the ones that fix a point in CP!, the ones that
fix a pair of points in CP' (conjugated to a subgroup of

{z—az|lacC}U{z—a/z]|acC"}),

and the ones that fix a point in the interior of H?® (spherical subgroups). Note that
the condition of having non-elementary holonomy in point (ii) is not optimal, see
Theorem 3.5.1.

Theorem A answers a question asked in the appendix of [CDF14], where it is shown
that the fibers of Holy(n) over non-elementary representations are smooth analytic
spaces.

Let us recall the results obtained by Mandelbaum in his papers introducing
branched projective structures, that are related to Theorem A. In [Man72], Man-
delbaum fixes a Riemann surface X of genus g as well as an effective divisor
D = Z::o k;x; on X, where the x; are distinct points of X. He considers the set
Px (D) of holomorphic branched projective structures (i.e., branched projective struc-
tures with holomorphic charts) on X with ramifications at the points of D. He shows
that Px (D) is an analytic space, that is of dimension 3¢ — 3 in the case where
deg D < 2g — 2 or when the divisor D is supported on a single point. In [Man73],
he shows that, when the complex structure on X and the distinct points z; of D
vary (but not the coefficients k;), the analytic spaces Px (D) can be glued together,
so that their union is itself an analytic space. Note that these results can be seen as
consequences of the results in this paper, except the computations of the dimension
of Px(D) when deg D = 2g — 2 or when the divisor D is supported on a single point.
When deg D < 2g —2, Proposition 2.4.2 shows that Px (D) is a smooth analytic space
of dimension 3g — 3. Finally, note that Theorem A shows that the spaces Px (D) glue

JE.P — M., 2024, tome 11
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together even when the coefficients k; vary, the only invariants being the genus g and
the degree deg D. See also [ManT75] about branched projective structures.

The key point in the proof of Theorem A is what we call branching classes. Their
existence is due to the fact that, unlike local biholomorphisms, local branched cov-
erings are not all obtained from one another by postcomposition with a local biholo-
morphism. See Section 1 for details.

Structure of the paper. — In Section 1, we introduce the notion of branching class
over a curve with a divisor. We investigate the reasons why branching classes are a
useful tool for our purpose. These reasons are the very nice structure of the space of
branching classes over a fixed curve with divisor, and the very nice structure of the
space of branching classes with fixed branching class.

In Section 2, we define the moduli spaces of branched projective structures P4(n),
and we exhibit its analytic structure. We consider in turn the analytic structures of
spaces of marked curves (the Teichmiiller spaces), the spaces of marked curves with
divisors and the spaces of marked branching classes, before being able to endow P, (n)
with an analytic structure. We also have to introduce a technical notion of restricted
branched projective structures, that we use as an intermediate between branching
classes and branched projective structures. We emphasize in this section the universal
properties of the moduli spaces we consider, working with relative branched projective
structures, or equivalently families of such structures, in the spirit of [Hub81].

In Section 3 we study P,(n) when the genus g is at least 2. Most of this section
is dedicated to the characterization of the singular points of P,(n), and follows the
same structure as Section 2, considering in turn the moduli spaces of curves, divisors,
branching classes, restricted branched projective structures and finally branched pro-
jective structures. The last part of Section 3 is dedicated to the study of the holonomy
map. The main tool for this section, in the spirit of [Hub81], is the Kodaira-Spencer
machinery that allows to identify the tangent space of a moduli space at a point with
the first cohomology group of infinitesimal automorphisms of this point.

Notations. If X is a Riemann surface, T'x denotes the tangent bundle of X and Kx
denotes its cotangent bundle, which is also the canonical bundle of X.

If F is a holomorphic vector bundle on a complex manifold, we denote also by FE
its sheaf of holomorphic sections.

Let z be a local coordinate on an open subset U of a Riemann surface, and ¢ = ¢(z)
a non constant holomorphic function on U. The two following differential operators
are studied in [Gun66]:

(i) We denote by [¢, 2] the affine distorsion of ¢ in the coordinate z: [¢, 2] = ¢ /¢'.
(ii) We denote by {¢, z} the Schwarzian derivative of ¢ in the coordinate z: {¢, z} =

(¢"/¥) = 3 (" /&)

Acknowledgements. — 1 wish to thank my adviser Sorin Dumitrescu for his help and
support. I also thank Bertrand Deroin and Frank Loray for fruitful conversations.
I thank the referee for helpful comments.
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1378 G. BiLron

1. BRANCHING CLASSES

1.1. THE SPACE OF BRANCHING CLASSES ON A CURVE WITH DIVISOR. — Let X be a Rie-
mann surface, x € X and n € N. Denote by (X, z) the germ of X at x, and by R? the
complex manifold of 2(n + 1)-jets of (n + 1)-sheeted ramified coverings from (X, x)
to CP*:

(1) Rl = {jﬁ“’“%

¢ germ at x of holomorphic (n + 1)-fold
ramified covering with values in CP! ’

The group of Mébius transformations PSL(2, C) acts on R} by postcomposition.

Prorosirion 1.1.1. — The group PSL(2,C) acts freely on RY. Moreover, the quotient
PSL(2,C)\R? is a complex manifold of dimension n, isomorphic to C™.

Proof. Take z a local coordinate on X centered at z. In an affine coordinate w of
CP! = CU {0}, an element jg(nﬂ)gf) € R can be written:

2O G = g 4 a2+ appa™ 4+ a2(n+1)22(n+1)

with a,41 # 0. Recall that the datum of a Mébius transformation g € PSL(2,C) is
equivalent to the datum of its 2-jet at ag. If

g=ao+ ar(w—ag) + az(w — ag)* + O((w - ao)g),
the action of g on ji(nﬂ)qﬁ writes

g2t = 2 g6 g

= (g + ag) + alan+1z"+l + alan+2z"+2

NI a1a2n+122n+1

+ (a1a2(n41) + agaiﬂ) 22 D),

Note that the coordinate w can be chosen so that neither ¢(x) nor g(ag) is oo in
the coordinate w. Since a,41 # 0, the coefficients of degree 0, n + 1 and 2(n + 1)
of g - jg(nﬂ)qé determine the 2-jet of g € PSL(2,C) at ag, thus ¢ itself, showing

that PSL(2,C) acts freely on R}. Moreover the orbit of jg("ﬂ)qﬁ under the action of

PSL(2,C) is given by the complex parameters
(&n+2/an+1, an+3/@ni1;- - ,a2n+1/an+1),
showing that the quotient PSL(2, C)\R? is isomorphic to C™. O
Consider now D = ) ., n;x; an effective divisor of degree n on X. A branching

class on X of divisor D is the choice for each point x; of D of an orbit for the action
of PSL(2,C) on R}:. The space AR of branching classes over (X, D) is thus given by

AR =[] PSL(2,C)\R}:.
iel
If D has finite degree, for instance if X is compact, AQ is a complex manifold of
dimension n = Y_ n;.

JE.P — M., 2024, tome 11
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Prorosition 1.1.2. The space AR of branching classes over a Riemann surface
with divisor (X, D) is an affine space directed by the vector space H° (X, Kx|p) of
jets of holomorphic differentials at the points of D.

Proof. — Let z be la local coordinate defined on an open subset U C X. Let g € U
and let ¢1 = p1(2), P2 = @2(z) be non constant holomorphic functions on U such
that @1, ¢ are both ramified at o with (n + 1) branches and have no other ramifica-
tion points. Recall that [¢1, z] denotes the affine distorsion ¢} /). A straightforward
calculation shows the following (see also [Gun66)):

(i) The 1-form [¢1, z]dz is meromorphic on U, holomorphic away from xy and with
a simple pole at g with residue n. In particular, the difference [¢o, 2]dz — [¢1, 2]dz is
a holomorphic 1-form on U.

(ii) The holomorphic 1-form [¢q, z]dz — [¢1, z]dz does not depend on the choice of
the holomorphic coordinate z on U.

(iii) If w is a holomorphic 1-form on U, there exists a neighborhood V' of z¢ in U
and a non constant holomorphic function ¢ on V' whose only ramification point is z,
where it has (n + 1) branches, such that w = [¢, z]dz — [¢$1, z]dz.

(iv) The n-jet j2 ([p2,z]dz — [¢1,z]dz) only depends on the 2n + 1-jet j2"+1¢;.

(v) One has j3! ([#2, 2]dz — [¢1,2]dz) = 0 if and only if there exists a local biholo-
morphism 7 such that j2" !¢, = j2M 1y 0 ¢y,

These five properties imply that the space A" is an affine space, directed by the
vector space H° (X, Ky|na,) of n-jets of holomorphic 1-forms at zg. The difference

between the class of jﬁé”*”@ and the class of jié”“)qsl is given by

J;Lo([qvaZ]dZ - [¢1,Z]d2) € HO(X’ KU|7L3?0)'

Write D = ), ; niz;, and take a family of open sets (U;)ies such that z; € U; and
ifi # j, U;NU; = @. Then AQ =] Ap* is an affine space directed by the vector
space

icl
i€l

Let us end this paragraph by fixing some notations. Let D = > ngT be a

divisor on a Riemann surface X,

reX

a = (az)rex € [ PSL(2,C)\Ry = AR
xeX

a branching class over (X, D) and U C X an open subset. In what follows, we denote
by D|y = ), cu e the divisor D restricted to U and by
aly = (ao)sev € ] PSL(2,C)\Rp= = APV
zeU

the branching class a restricted to U.

JEP — M., 2024, lome 11



1380 G. BiLron

1.2. BRANCHED PROJECTIVE STRUCTURES AND BRANCHING CLASSES. Let us first recall
the definition of a branched projective structure.

Derinrrion 1.2.1. A branched projective atlas on a Riemann surface X is given
by an open cover (U;);cr of X, and for each i € I a non constant holomorphic map
fi + Ui — CP?' such that for any i,j € I with U; N U; # 0 there is a Mobius
transformation g;; € PSL(2, C) such that f;|v,nu;, = gij © fjlvinu;-

Two branched projective atlases are said to be equivalent if their union is also a
branched projective atlas.

A branched projective structure on X is an equivalence class of branched projective
atlases.

Let X be a Riemann surface, let p be a branched projective structure on X and
(U, fi)ier an atlas for p. On the intersections U; N Uj, f; is obtained from f; by
postcomposition with a Md&bius transformation, so the vanishing orders of the dif-
ferentials df; and df; are the same at any point of U; N U;. Moreover at any point
z € U; NUj, if n is the (possibly zero) vanishing order of df; (and thus of df;) at z,
then f; and f; both determine elements of R} in (1) that are in the same orbit under
the action of PSL(2, C).

The branched projective structure p thus determines two additional objects on X:

(i) An effective divisor D, called the branching divisor of p, given by the vanishing
locus of the differentials of the charts of p: D = 3"\ n,x where n, is the vanishing
order at x of the charts of p defined at .

(ii) A branching class a € AR on X of divisor D, given by the orbits of the jets of
charts of p at the points of D.

For a branching class a over (X, D), let us denote by P% the set of branched
projective structures on X with branching class a (thus with branching divisor D).

Prorosition 1.2.2. — Let D be an effective divisor on a Riemann surface X. Let
a € AR be a branching class over (X, D).

(i) There exists an obstruction c(a) € H' (X, K*(—D)) such that c(a) = 0 if and
only if P} # @.

(ii) The set P%, if nonempty, is an affine space directed by the vector space
H° (X, K}%z(—D)) of holomorphic quadratic differentials on X wvanishing over the
divisor D.

Let us state point (i) in a slightly more general framework. Let 8 be a sheaf of
abelian groups on X. By a sheaf of affine spaces directed by 8 we mean a sheaf &
such that if U C X is an open subset, the space of sections I'(U, &) is either empty
or an affine space directed by I'(U, 8). We say moreover that & is locally nonempty if
for any x € X there exists an open neighborhood U of X such that T'(U, &) # 0.

Lemva 1.2.3. — Let 8 be a sheaf of abelian groups over the Riemann surface X and &
a locally nonempty sheaf of affine spaces directed by &. There exists a cohomology class
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MoODULI SPACES OF MARKED BRANCHED PROJECTIVE STRUCTURES ON SURFACES 1381

c(&) € HY(X,8) that is an obstruction to the existence of a global section of &. More
explicitly, ¢(&) = 0 if and only if H*(X,&) # 0.

Proof. — Since & is locally nonempty, there exists an open cover (U;);cr of X such
that for each i € I there is a local section s; € T'(U;,S). For any 4,5 € I, write
Cij = 8 — 8; € F(Uij,S), where Uij =U; N Uj. The famlly (Cij)iﬁjel is clearly a
1-cocycle for § and thus defines a cohomology class ¢(&) € H(X,8).
The class ¢(&) does not depend on the choice of the family (s;)

/
one has cj; —¢;j = (s; - sj) — (8, — si), so th]at the cohomology class of the cocycle
(c;j — Cij)i,je[ is 0. In particular, if H°(X,&) # 0 and s is a global section of &,
then one can take s; = s|y, in which case ¢;; = 0 thus ¢(&) = 0.

Conversely, if ¢(&) = 0, then up to refining the open cover (U;);cr, there is a family
(ti);c; such that ¢; € T'(U;, 8) and c¢;; = t; —t;. In that case, write §; = s; — t;. The
sections s; coincide on the intersections U;; and thus glue together to provide a global

section of &. O

ser- Indeed,

if (s});c; is another such family and ¢;; = s} — s; the corresponding cocycle, then

%

Proof of Proposition 1.2.2. — Let us first focus on the affine structure of P§ in case
it is nonempty. Let z be la local coordinate defined on an open subset U C X.
Let 29 € U and let ay € AN be a branching class of order n at xo. Let also
&1 = ¢1(2), 2 = ¢2(z) be non constant holomorphic functions on U such that ¢1, ¢o
are both ramified at xp with (n + 1) branches and branching class ag. Suppose ¢
and @9 have no other ramification point. Recall that {¢1, 2z} denotes the Schwarzian
derivative (¢} /¢}) — L (¢!/ ©h)?. It is well-known (see for instance [Gun66]) that
the difference {2, 2z} — {¢1, 2} does not depend on the choice of the coordinate z.
Moreover, this difference vanishes uniformly on U if and only if there is a M&bius
transformation g € PSL(2,C) such that ¢» = g o ¢1. A straightforward calculation
shows the following:

(i) The quadratic differential {¢1, 2z} dz®? is meromorphic on U, holomorphic away
from zg and admits a pole of order 2 at xg.

(ii) The coefficient of order —2 at xq of {¢1, 2} d2®% is (1 — (n +1)2)/2.

(ili) The coefficients of order —1,0,1,...n — 1 at zg of {¢1,2}dz®? determine
and are determined by the branching class of ¢; at xg. In particular, the difference
{¢o, 2} d2®% — {¢1, 2} dz®? is a holomorphic quadratic differential on U with a zero
of order n at xg.

Moreover, it is a consequence of Fuchs’s local theory (see for instance [Man72] or
[dSG16, §IX.1]) that if w is a holomorphic quadratic differential on U with a zero of
order n at xg, then on an open neighborhood V of x( in U, there exists a function ¢3
such that w = {¢3, 2} dz®?% — {¢1,2} d2®2. The function ¢3 is ramified at z, with
(n + 1) branches and branching class ag.

Now, suppose P®# @ and let p1,p2 € P%. Let respectively (U;, ¢;) and (U;,1);) be
atlases for p; and py and for each i € I let z; be a coordinate on U;. The above facts
about Schwarzian derivatives imply that the local holomorphic quadratic differentials
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1382 G. BiLron

{4, zi}dz?Qf{qﬁi, zi}d,zfg2 coincide on the intersections U; N U; and the global qua-
dratic differential w obtained by gluing them is a section of HO(X, K$*(—D)).
We write po — p1 := w. Fuchs’s local theory ensures that any quadratic differen-
tial in H(X, K¢?(—D)) is obtained as the difference of two branched projective
structures in P%. This shows that when P§ # @, it is an affine space directed by
HO(X,K$(~D)).

Now we do not suppose P§ # @ anymore. Denote by L% the sheaf of branched
projective structures on X of divisor D and branching class a: if U C X is an open
subset, the space of local sections I' (U,B% ) is the space P{}‘U of branched projective
structures on U of divisor D|y and branching class a|y. As we have just proved, the
sheaf B% is an affine sheaf directed by K$?(—D). The sheaf B% is moreover locally
nonempty: if x € X, any local holomorphic function around x with the right branching
order and branching class at = provides a local section of 3% . Thus by Lemma 1.2.3,
there is a canonical cohomology class ¢ (P%) € H' (X, K$*(—D)) that vanishes if
and only if HY (X,B%) # 0. We write c(a) := ¢ (B%). O

2. FAMILIES OF BRANCHED PROJECTIVE STRUCTURES OVER A FAMILY OF CURVES

By a family of complex curves, we mean a triple (S,X,7) where X and S are
connected, reduced analytic spaces and 7 : X — S is a proper and smooth morphism.
The analytic space S is called the base of JF. It is equivalent to require that 7 is
proper and locally trivial on X: each point of X admits a neighborhood U C X such
that V' = w(U) C S is open and there exists an isomorphism of analytic spaces
¢ : U~V x Q where € is an open subset of C and m = pry o ¢, where pry is the
projection on the first factor. In particular, the fibers of 7 are smooth and in the
case where S is smooth, 7 is a holomorphic submersion. According to a theorem by
Ehresmann (see for instance [Voi07]), 7 : X — S is topologically a locally trivial
bundle.

Given a family of complex curves F = (S, X, 7), an analytic space S’ and a mor-
phism of analytic spaces f : S’ — S, we denote by f*F = (', f*X, f*r) the pullback
family of F by m: f*X is the fiber product S’ xg X and f*=r is the projection on the
first factor.

2.1. FAMILIES OF DIVISORS OVER A FAMILY OF CURVES. — By a family of complex curves
with divisors, or more shortly family of divisors, we mean a family F = (S, X, D, ),
where (S, X, ) is a family of complex curves, and D is an effective Cartier divisor
on X that does not contain any fiber of . Writing X = 7~ 1({s}) (s € S), Rouché’s
theorem implies that the degree of Dy = D|x, does not depend on s. The degree of
the family F is the degree of the divisors D;.

As in the case of families of curves, if f: S’ — S is a morphism of analytic spaces
and F a family of divisors, one can define the pullback f*F of F by f: the base of f*F
is S and the fiber of f*F over s’ € S’ is isomorphic to the fiber of F over f(s') € S'.

Let G be a family of complex curves, with base an analytic space T. A family
of divisors over § is a family of divisors F = (5,X,D,n) along with a morphism
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f:8 — T, such that the underlying family of curves (S, X, ) is the pullback of G by
f: (S, X, )= f*G. If g : 8" — S is a morphism of analytic spaces, the pullback of F
by g is still a family of divisors over G, the associated morphism being fog:S" — T.
Take n € N. The family F is a universal family of divisors of degree n over G if for
any analytic space S’ and any family F of divisors of degree n over § with base S’,
there exists a unique morphism ¢ : S’ — S such that F = ¢*F. A universal family of
divisors of degree n over G, if it exists, is clearly unique up to a unique isomorphism.

It is a classical fact that for any family G of complex curves, there exists a universal
family F of divisors of degree n over G. Let us recall briefly the construction of F.
Write § = (T, X, 7). We set S = Sym7. X the n-th symmetric power of X relatively
to T', that comes with a map v : S — T. The fiber of v over t € T is the n-th
symmetric power of the fiber X; of m over t. Note that

S ={(t,D) |t eT,D effective divisor of degree n on X;}.

The universal family F is defined as (S,y*X,y*m, D) where D is the Cartier divisor
on v*X such that for any s = (t,D) € S, D|x, = D, where X, = v*7~}({s}).
If 5 = (8,X',n',D’), along with a morphism f’ : S — T, is another family of
divisors of degree n over §, ¥ = ¢*F, where g : S’ — S is the analytic morphism
defined for any s’ € S’ by g(s") = (f'(s'), D},) where X[, and X/ () are identified
(here Xy = w1 ({t}), X., = /"' ({s'}) and D/, = D’|x_,). The morphism g is clearly
the only one such that ' = ¢*F. See [BM14] for more details on spaces of effective
divisors.

2.2, FAMILIES OF BRANCHING CLASSES OVER A FAMILY OF DIVISORs. — The following def-
inition gives a meaning to the notion of a holomorphic deformation of a branching
class.

DerintTION 2.2.1

(i) Let X be a Riemann surface and D an effective divisor on X. A branched atlas
on the complex curve X with branching divisor D is the datum of an open covering
(Ui)ier of X, along with holomorphic functions f; : U; — C whose branching divisors
are D|y,, such that the branching class of f; on U;; = U; N U; is the same as the
branching class of f; on Uj;.

(ii) Let (S, X, m, D) be a family of divisors. A branched atlas on X relative to S, with
branching divisor D is the datum of an open covering (U; )< of X, along with holomor-
phic functions f; : U; — C such that for any s € S, the family (U; N X, filv,nx. )ier
is a branched atlas on X of divisor D,. Two branched atlases are equivalent if their
union is still a branched atlas. A branching class on X relative to S, with branching
divisor D is an equivalence class of branched atlases on X relative to .S, with branching

divisor D.

We can now use a terminology similar to that of Section 2.1.
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Derinition 2.2.2

(i) Let n € N. A family of complex curves with divisors (of degree n) and branching
classes, or more shortly a family of branching classes (of degree n) is given by a family
F = (S,X,7,D,a) where (S,X, 7, D) is a family of divisors (of degree n) and a is a
branching class on X relative to S, with branching divisor D.

(ii) Let G be a family of divisors (respectively of complex curves) of basis T'. A fam-
ily of branching classes over G is a family of branching classes F of basis S, along with
a morphism f : S — T such that the underlying family of divisors (respectively of
complex curves) is f*G.

(iii) Let S be an analytic space, F a family of branching classes over § with basis S.
The family F is said to be universal if any family F’ of branching classes over § is
uniquely obtained as the pullback of F by some morphism g : 8" — S, where S’ is the
basis of F'.

The discussion that will follow in this paragraph can be summarized in the following
proposition:

Prorosimion 2.2.3. — Let § = (T,X,m, D) be a family of divisors. There exists a
universal family F of branching classes over G.

Moreover, the basis of F is an affine bundle over T, directed by the vector bundle
T Ko r|p of relative differentials on X restricted to D with respect to T

Remark 2.2.4

(i) With the notations of Proposition 2.2.3, the fiber over ¢ € T of the vector
bundle W*Kx/T|fD is HO (Xt, KXt |Dz)

(ii) It is clear from Definition 2.2.2 that the universal family in 2.2.3 is unique up
to a unique isomorphism.

(iii) Tt follows from Proposition 2.2.3 that for any family of curves G, there exists
a universal family of branching classes over §. This is shown by applying Proposi-
tion 2.2.3 to the universal family of divisors over G.

For the rest of the paragraph, fix a family of divisors § = (T, X, w, D). Let us denote
by

(2) AR ={(t,a) |t €T, ac AY'}

the union of all the spaces of branching classes associated to one of the curves with
divisor of the family §. There is an obvious projection

(3) §: AR —»T.

For each t € T, according to Proposition 1.1.2, the fiber §=1(s) = Ag‘: is an affine
space directed by the vector space H(X;, Kx,|p,) = (m« (Kx7|p)),. In order to
get on .Ag? the structure of an affine bundle on T directed by the vector bundle
T (Kx / 3\9)7 it is enough to specify local holomorphic sections of §.

Remark that, up to restricting 7', there exists a branched atlas on X relative to T'
with branching divisor D. Indeed, take ¢ € T and to any point y of Dy = >} _| nj-Yg,
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associate a neighborhood Uy of i in X and a function g : Uy — C such that DN Uy
is the zero locus of g. Write V- =m(Uy)N---N7(U,) C T. It is a neighborhood of ¢.
Let also (W;, fi)icr be a relative atlas (i.e., a branched relative atlas with divisor zero)
for the family 7=(V) \. D. Such a relative atlas exists because the family (7, X, )
is locally trivial on X. The union of the families (W, fi)ier and (Uk, gr)1<k<r 1S @
branched relative atlas for the family 7—!(V') with branching divisor Dlp-1(vy-

The datum of a branching class a on X relative to 7" with branching divisor D
defines a section o4 : T — A;% of the projection §: 04(t) is the branching class of the
branched atlas a restricted to Xj.

Lemva 2.2.5. — Let a; and ag be two branching classes on X relative to T with divi-
sor D. For each t€T, write 04,(t) =04, (t) + ¢(t) EA%, with ¢(t) € HY (X, Kx,|p,)-
Then ¢ is a holomorphic section of the vector bundle T.(Kx,r|p).

Proof. — Take tg € T, and let y € X; be a point of D;. The local triviality on X
of (T, X,w) implies that there exists a local neighborhood V of ¢y in T, an open
neighborhood U C X of y with 7(U) = V, and local coordinates (z,w) : U = V x C
with 7(z,w) = z. Without loss of generality, suppose U is the domain of a chart both
in a; and ay. Take charts f,g : U — C of a; and as respectively. According to the
proof of Proposition 1.1.2, it is enough to show that the function

% — @ U —C

Owg  Ouwf
is holomorphic.

The functions f and g have the same branching divisor when restricted to each
fiber of X, i.e., the functions d,,¢g and J,, f have the same vanishing locus. Thus there
exists a nonvanishing holomorphic function h : U — C* such that 0,9 = h - Oy f.
Therefore, one has 02 g/0,g — 02 f/0wf = Owh/h, which is holomorphic. |

As a consequence of Lemma 2.2.5, A% admits a structure of affine bundle for which
the sections coming from branched relative atlases on G are holomorphic.

Lemva 2.2.6. Leto: T — A% be a holomorphic section. There exists a branching
class a on X, relative to T and of divisor D such that 0 = o,.

Proof. — The union of two branched relative atlases with the same branching classes
given by o is still a branched relative atlas with relative branching classes given by o.
As a consequence, it is enough to prove the lemma locally on T

Take t € T. Up to restricting 7' to an open neighborhood of ¢, there exists a relative
branching class ag on G, with associated section oq, : T — A;%. Let y € X; be a point
of D;. Let (U, f) be a chart of an atlas in ag with y € U. Since (T, X, ) is locally
trivial on X, up to restricting U, one has a local biholomorphism (z,w) : U — V x C,
where V = 7(U) and 7(z,w) = z. The difference o — 04, is a section of the vector
bundle 7, (Kx/7|p) on T, that can be seen as a section of the vector bundle Ky r|p
on the analytic space D. With this point of view, up to restricting U, (o — 04,)|v is
given by ¢|p, where ¢ is a section on U of Kx,p, given by ¢ = ¢(z, w)dw. Up to
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restricting U again (in particular so that it is contractible), there exists a holomorphic
function that never vanishes h : U — C* such that ¢ = 9, h/h. By restricting U once
more, one gets a function g : U — C such that d,,g = h - 0,, f. The branching divisor
of g is then D]y and its branching classes on the fibers of 7 are given by o.

By doing so at each point of Dy, by restricting T" to the intersection of the obtained
open sets 7(U), and then by completing with a relative atlas on X \ D, one gets a
branched relative atlas a on § with o = o,. O

The pullback family of divisors §*G = (.A%&*DC, 5*7T75*D) comes with a tauto-
logical relative branching class ag: if (¢,a) € A%, the branching class defined by ag
on (6*m) "' (t,a) = X, with divisor D, is a. Let us show that ag is indeed a relative
branching class. The pullback by § of a relative branching class on X relative to T' of
divisor D is clearly a branching class on 6*X, relative to A% of divisor §*D. Thus the
analytic space Agi% of branching classes on the fibers of §*§G is the analytic fiber prod-
uct A;’é X7 A%. The tautological relative branching class ay comes from the diagonal
section of AJ.2, that is holomorphic.

The family F := (A%, 0*X, 6*m, 6*D, ao), along with the morphism § : A% — T is
a family of branching classes over G.

Lemyva 2.2.7. — The family F above, along with the map 0, is a universal family of
branching classes over G.

Proof. — Let F = (8", X', n',D’,a’), along with a morphism f' : S — T, be a
family of branching classes over §. For any s’ € S’, the relative branched atlas o
defines a branching class ay over (X.,, D) ~ (Xf/(sl), Df/(s/)). Thus we get a map
g: 8" — A2 given by g(s') = (f'(s'),as). One has f' = Jog, for any s’ € S’, the fiber
of 3" over ¢’ is identified to the fiber of F over g(s’), and g is the only map from S’
to .A;’% that fulfills these two conditions.

To complete the proof of the lemma, we only need to show that g is analytic.
Clearly, A% is the analytic fiber product A% =8 xr A%. By Lemma 2.2.6, the
relative branching class a’ gives an analytic section o, of A%, that can be viewed
as an analytic morphism o4 : S” — S” x7 A2. The map g is this analytic morphism
composed with the projection on A%, which is analytic. O

2.3. FAMILIES OF BRANCHED PROJECTIVE STRUCTURES. — The following definition gives
a meaning to the notion of a holomorphic deformation of a branched projective struc-
ture.

DeriNirion 2.3.1. Let (S,X, 7, D, a) be a family of branching classes. A branched
projective atlas on X relative to S with branching divisor D and relative branching
class a is the datum of an atlas on X, relative to S, of divisor D and relative branching
class a such that the branched atlas induced on each X is a branched projective atlas.
Two relative branched projective atlases are equivalent if their union is still a relative
branched projective atlas. A branched projective structure relative to S with branching
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divisor D and relative branching class a is an equivalence class of branched projective
atlases on X relative to S with branching divisor D and relative branching class a.

We can now introduce a terminology similar to that of Sections 2.1 and 2.2.

DeriniTion 2.3.2

(i) Let n € N. A family of complex curves with divisors (of degree n), branch-
ing classes and branched projective structures, or more shortly a family of branched
projective structures (of degree n) is given by a family F = (S, X, 7, D, a,p), where
(S, X, 7, D, a) is a family of branching classes (of degree n) and p is a branched pro-
jective structure on X relative to S, with branching divisor D and branching class a.

(ii) Let G be a family of branching classes (respectively of complex curves, respecti-
vely of divisors) of basis T'. A family of branched projective structures over G is a family
of branched projective structures JF of basis S, along with a morphism f : S — T
such that the underlying family of branching classes (respectively of complex curves,
respectively of divisors) is f*G.

(iii) Let S be an analytic space, F a family of branched projective structures over §
with basis S. The family JF is said to be universal if any family F’ of branched pro-
jective structures over G is uniquely obtained as the pullback of F by some morphism
g:S — S, where S’ is the basis of F'.

The aim of this section is to prove the following proposition:

Prorosition 2.3.3. — Let G be a family of branching classes. There exists a universal
family of branched projective structures over G.

Remark 2.3.4. It is clear from Definition 2.2.2 that the universal family in Propo-
sition 2.3.3 is unique up to a unique isomorphism.

Before diving into the proof of Proposition 2.3.3 in the next paragraphs, let us
state a corollary that is one of the main results of this paper. Let us first recall the
definition of a marked Riemann surface.

Derinirion 2.3.5. Let X be a compact Riemann surface. Let F = (T, X, 7) be a
family of Riemann surfaces that are homeomorphic to X.

(i) If X has genus 0, a marking on X is the datum of 3 distinct points on X.
A marking on ¥ is the datum of three holomorphic sections of 7 that do not intersect
with each other.

(ii) If X has genus 1 and S is a differential surface of genus 1, a marking on X
with reference S is the datum of a point in X and an isotopy class of diffeomorphisms
from S to X. A marking on F with reference S is the datum of a holomorphic section
of m, and an isotopy class of diffeomorphisms from 7" x S to X that commute with 7.

(iii) If X has genus g > 2 and S is a differential surface of genus g, a marking on X
with reference S is the datum of an isotopy class of diffeomorphisms from S to X.
A marking on F with reference S is the datum of an isotopy class of diffeomorphisms
from T x S to X that commute with .
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A marked compact Riemann surface is a compact Riemann surface with a marking,
where a differential surface S is supposed fixed.

In particular, there is at most one analytic isomorphism between two marked Rie-
mann surfaces.

Marked (families of) divisors (respectively branching classes, respectively branched
projective structures) are (families of) divisors (respectively branching classes, respec-
tively branched projective structures) along with a marking on the underlying (family
of) curves. A marked family of divisors (respectively branching classes, respectively
branched projective structures) F is said to be over a marked family of curves (respec-
tively divisors, respectively branching classes) G if F is given as the pullback of G by
an analytic morphism.

Propositions 2.2.3 and 2.3.3 remain true if we consider marked families: the marking
on the universal family is obtained by pulling back the marking of the base family.

Let us give a definition of a universal family, that is not over another family:

Derinirion 2.3.6. — Taken, g € N. A family F of (marked) Riemann surfaces (respec-
tively divisors of degree n, respectively branching classes of degree n, respectively
branched projective structures of degree n) of genus g is said to be universal if any
other such family ¥’ can be realized in a unique way as a pullback of F'.

Let g € N. There is no universal family of curves of genus g. In particular, the
tautological family over the moduli space M, of genus g curves is not universal, since
nontrivial isotrivial families are not pullbacks of it. There exists however a univer-
sal family of marked Riemann surfaces of genus g, given by U, = (T,, Xy, 74, my),
where T is the Teichmiiller space for curves of genus g, X, is the tautological family
over T4, m, is the projection and mg is the tautological marking. For n € N, denote
by ugi"(n) the marked family of divisors of degree n obtained as the universal family
of divisors of degree n over U, along with the pullback marking.

Let UP¢(n) be the universal marked family of branching classes over US™ (n), given
by Proposition 2.2.3, and let ugps(n) be the universal marked family of branched
projective structures over ugc(n), given by Proposition 2.3.3. The family u';PS(n)
is clearly the universal family of marked branched projective structures of genus g
and degree n. Denote by Py(n) the basis of the family UPS(n). Now let p be a
marked branched projective structure of degree n and genus g. The structure p can
be seen as a family over a single-point analytic space {x}. By universality of ugPS(n),
there exists a unique morphism f : {#} — P,(n) such that the family p is the
pullback of ugps(n) by f. To the structure p is thus associated a unique point in
Pg(n). In particular, the structure p is isomorphic to the fiber of UP*(n) over the
associated point. Clearly, two marked branched projective structures of genus g and
degree n have the same associated point if and only if they are isomorphic, and any
point in P,(n) is associated to the fiber of utg)ps(n) over itself. In this way we get
a bijection between the analytic space Py(n) and the set of isomorphism classes of
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marked branched projective structures of degree n and genus g. We thus have the
following corollary of Proposition 2.3.3:

Turorem 2.3.7. — Let n,g € N. The moduli space of isomorphism classes of marked
branched projective structures of genus g and degree n is an analytic space Py(n), and
s the basis of a universal family U;’ps(n) of marked branched projective structures
of genus g and degree n. Moreover, the fiber of ngs(n) over a branched projective
structure p € Py(n) is p itself.

Let us now give a proof for Proposition 2.3.3.

2.4. SCITWARZIAN PARAMETRIZATION IN FAMILY. — Let g,n € N. Fix a family of branch-
ing classes § = (T, X, 7, D, a) of genus g and degree n.

Levmva 2.4.1. Suppose given pg a branched projective structure on X relative to T
and of relative branching class a.

(i) If p is a branched projective structure on X relative to T and of relative branch-
ing class a, then the difference p — po is a holomorphic section of the vector bundle
KR71(=D) over X: p —po € H° (X, K{7.(=D)).

(ii) If g€ H° (I)C,K%ZS(—D)), then there exists a projective structure p on X rela-

tive to T and of relative branching class a such that p —pg = q.

Proof

(i) Let (z,w) be local coordinates on an open subset U C X adapted to the locally
trivial family on X, (T, X, ), i.e., with z = Z o 7, where Z is a local coordinate on 7.
Let ¢g : U—CP? be a local chart of py on U and ¢ : U — CP! a local chart of p
on U. The difference p — pg is the meromorphic relative quadratic differential

¢= ((6w(6i¢/8w¢)—1/2(8i¢/6w¢>2)—(6w(6i¢o/6w¢o>—1/2(afu¢0/aw¢o)2))dw®2.

But pg and p, when restricted to the fibers of 7, define branched projective structures
with the same branching class, thus for any ¢ € T, ¢|x, is a local holomorphic sec-
tion of K}%?(—Dt). As a consequence, the relative quadratic differential ¢ is a local
holomorphic section of KS‘?/QT(—D).

(ii) Take = € X, U an open neighborhood of z, (U, ¢g) a chart of pg, and (z,w)
coordinates on U adapted to the locally trivial family (7, X, 7). Write ¢y = udw®2.
Up to restricting U, according to Cauchy-Lipschitz’s theorem, there exists a holomor-

phic solution ¢ : U — CP! of the partial differential equation
0 (056/0w®) — 1/2(0%6/0u$)* = u+ (9w (9} é0/0wdo) — 1/2(07,00/0uwb0)?).

As a consequence of Proposition 1.2.2; ¢ defines on U a relative branched projective
structure with relative branching class a. By doing so around each point of X, one
gets a branched projective atlas on X relative to S of relative branching class a. This
atlas defines a relative branched projective structure p, and one has p —po=¢q. O
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For any ¢t € T, write a; the branching class defined by a on the fiber of G over t.
Consider the union

(4) Y={tp teT, pePy}

of the spaces of branched projective structures on the fibers of §. There is an obvious
map

(5) a: Py —T.

According to Proposition 1.2.2, for any t € T, the fiber a~1(¢) is either empty or an
affine space directed by H° (Xt,Kg?f(—Dt)), according to whether the cohomology
class c(a;) € H! (Xt7 Kg?f(—Dt)) vanishes or not. Thus studying the structure of P
is essentially studying the variation with ¢ of the space H® (Xt, K}egf(—Dt)) and the
cohomology class c(ay).

Write BRY. the sheaf on X of branched projective structures on X relative to T' of
relative branching class a: the space of sections I' (U, BRY) is the set of branched pro-
jective structures on U relative to w(U) of relative branching class a|(yy. Lemma 2.4.1
implies that BRY is a sheaf of affine spaces directed by the line bundle K. %?T(fD).
Moreover BRY; is clearly locally nonempty. In particular, it comes with a cohomology
class C(a) € H' (X, K{77(~D)) with €(a) = 0 if and only if H*(X, BRY) # 2, ie.,
if and only if there exists a branched projective structure on X, relative to T of relative
branching class a.

The Leray spectral sequence gives an exact sequence (see [Voi07]):

X
(6) H'(T,mK$2.(=D)) — H' (X, K$3(—D)) =2 H(T, R'm, K$3,.(—D)).
Write

(7) ¢(a) = xg(C(a)).
Recall the Riemann-Roch formula for K}‘??(—Dt):
W (X, K (=Dy)) — h* (Xe, K2 (=Dy)) =39 — 3 —n.

Let us finish this paragraph by showing Proposition 2.3.3 in the special cases where
the branching degree n is either small enough or large enough when compared to the
genus g.

Suppose h° (X, Kg?f(th)), thus A' (X, Kg?f(th)), does not depend on t € T.
Then the sheaves W*K?/ZT(*@) and le*Kg?/QT(fD) are vector bundles, and the
section c¢(a) in (7) satisfies for any ¢t € T ¢(a)(s) = ¢ (a¢).

Denote by Z C T the zero locus of the section ¢(a), which is an analytic subspace.
Let ¢ : Z — T be the holomorphic immersion. In other words, there exists a branched
projective structure of divisor D; and branching class a; on X; if and only if t € Z.
Let §' = (Z,*X, *m,0*D, *a). The space Z is exactly the image of the map « in (5)
and the space P% in (4) satisfies

PL = {(s,p) |seZ pe P;i} = fPZSC

The map xg, defined as in (6), is the zero map. Moreover, if Z is Stein, the exact
sequence (6) applied to the family G’ has vanishing first term, which implies that the
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second term also vanishes. As a consequence, up to restricting Z to an open subset,
there are branched projective structures on ¢*X relative to Z and of branching class t*a
(such structures do not necessarily exist globally on Z, see [DG23]).

By Lemma 2.4.1, the map «a : P§. —» Z is an affine bundle directed by the vector

bundle

(t*m), K%%C/Z_gc*u (=*D) = W*KSQ??T(—D”Z,
and whose local holomorphic sections are given by the (local on Z) branched projective
structures on ¢*X relative to Z and with branching class ¢*a. In particular, the map «
is holomorphic.

The pullback family of branching classes a*§ = (P, X, o*m,a*D, a*a) comes
with a tautological relative branched projective structure po: if (¢,p) € P%, the
branched projective structure defined by po on (o*m) " (¢,p) = X, with branching
class a; is p.

The discussion around Lemma 2.2.7 applies mutatis mutandis, to show that the
family (P, o*X, a*m, o*D, a*a,po), along with the morphism o : P§. — T is a uni-
versal family of branched projective structures over G.

If n < 2g — 2, by Serre duality, for any ¢ € T, we have

hl (Xt,Kg??(*Dt)) = hO(XthXt(Dt)) =0,

because deg(Tx,(D¢)) < 0. In particular, h' (X, Kﬁ?f(th)) and h%(Xy, K%f(th))
do not depend on ¢ € T'. In that case, the section c¢(a) takes values in the zero vector
bundle, thus Z = T and P% is an affine bundle over 7.

On the other extreme, if n > 4g — 4, then deg (K;egf(—Dt)) <0, so

h (X, K2 (—Dy)) = 0.

Again hO(Xt,K?gf(—Dt)) and h! (Xt,Kg??(—Dt)) are both independent of ¢t € T.
Moreover the fibers of « : P§. — T' contain at most one point. In that case, P4 is an
analytic subspace of T.

One has the following proposition, which is a particular case of Proposition 2.3.3:

Prorosition 2.4.2. Recall n,g € N, § = (T,X,D,7m,a) is a family of complex
curves of genus g with divisors of degree n and branching classes and P4 is the set of
branched projective structures on the fibers of G.

(i) If n <29 — 2, the space PS. defined in (4) is an affine bundle on T directed by
the vector bundle ., (K%QT(—Q)).

(ii) If n > 4g — 4, the space PS is an analytic subspace of T.
In both cases, P is the basis of a universal family of branched projective structures
over G.

Remark 2.4.3. — In the limit case n = 2g — 2, the set Ty of points ¢t € T for which
At (Xt,Kggf) # 0 is the set of points for which D; is a canonical divisor of Xj.
T =T\ Ty, a *(T") C P%|r is an affine bundle over 7”. It is striking that, accord-
ing to [FR21], the branching divisor being canonical for the underlying complex curve

JIP. — M., 2024, tome 11



1392 G. BiLron

is necessary for a branched projective structure to be a critical point of the holomor-
phic map My , — T4. Here T} is the Teichmiiller space for genus g, A is a partition of
k < 2g—2, p is a non-elementary representation of 1 (R) in PGL(2,C) and M) , is the
complex manifold of branched projective structures on a curve of genus g with mon-
odromy p and whose branching points follow the partition A\. Moreover, it is proved in
[FR21] that the condition is sufficient if the underlying complex curve is hyperelliptic
and the divisor is reduced.

2.5. BRANCHED PROJECTIVE STRUCTURES RESTRICTED TO A DIVISOR. — To prove Proposi-
tion 2.3.3 in its full generality, we need to introduce a technical notion of branched
projective structure restricted to a divisor. It can be seen as a notion of jet of projec-
tive structure. It can also be seen as a way to precise the information contained in a
branching class in order to get an analog of Proposition 1.2.2 without the ambiguity
in point (ii).

Let X be a Riemann surface, along with an effective divisor D and a branching
class a over D. Let D’ be an effective divisor on X.

Dermnition 2.5.1. — Let U and U’ be two open neighborhoods of D’ in X. Write
V =UNU'. Let p1, ps be branched projective structures, defined respectively on U
and U’, of divisor D|y (respectively D|y+) and branching class a|y (respectively aly).
The projective structures p; and ps are said to coincide over the divisor D’ if the
difference ps|y — p1|v € H*(V, KZ*(—D|v)) vanishes over the divisor D', i.e.,

polv —pilv € H(V,K$? (-D|v — D'|v)).

A branched projective structure restricted to D' of divisor D and branching class a
is an equivalence class for the above equivalence relation. We denote by P% p the set
of branched projective structures of divisor D and branching class a restricted to D’.

Any local holomorphic map defined around the points of D’ with branching class
a determines an element of P§ 5. Proposition 1.2.2 implies the following:

Prorosition 2.5.2. — Let D be an effective divisor on a Riemann surface X, let
a € AL and D' an effective divisor on X. The space P% pr s an affine space directed
by HO(X, K$*(=D)|pr).

Now let r € P% 5, be a branched projective structure on X with branching class
a restricted to D’. We denote by P%" the space of branched projective structures of
branching class a whose restriction to D’ is r. The following proposition is a clear
consequence of Proposition 1.2.2.

Prorosition 2.5.3. Let D be an effective divisor on a Riemann surface X, a € AR
and D' an effective divisor on X. Let r € P% ., be a restricted branched projective
structure.

(i) There ezists an obstruction ¢(a,r) € H' (X, K$*(—D — D')) such that
¢la,r) =0 if and only if PY" # @.
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(i) The set Py", if nonempty, is an affine space directed by the vector space
HY(X,K*(—-D —D")).
In particular, if D’ is chosen so that
deg(D) + deg(D") > 4g — 4,
then h° (X, KP(-D - D')) =0, thus P{" contains at most one point.

2.6. FAMILIES OF RESTRICTED BRANCHED PROJECTIVE STRUCTURES. — In this paragraph
we complete the proof of Proposition 2.3.3. By a family of branching classes with
auziliary divisors of degree n’ we mean a family (T, X, 7, D, a, D’) where (T, X, 7, D, a)
is a family of branching classes and D’ is an effective divisor on X that contains no
fiber of 7, such that the restriction of D’ to any fiber of 7 has degree n’.

Derinition 2.6.1. — Let § = (T,X,7,D,a,D’) be a family of branching classes
with auxiliary divisors. Let U and U’ be two open neighborhoods of D’ in X. Set
V =UNUW. Let p1, p2 be relative branched projective structures, defined respectively
on U and W, of divisor Dly (respectively D), and of branching class a|y (respecti-
vely aly/). The projective structures p; and po are said to coincide over the divisor D’
if the difference paly — p1|v € HO(V, K@fT(—®|V)) vanishes over the divisor D', i.e.,
p2|\7 — p1|\7 S HO(V7K§/2T(—'D‘V — 9/))

A branched projective structure on X, relative to T, restricted to D’ of divisor D
and branching class a is an equivalence class for the above equivalence relation.

DeriNirion 2.6.2

(i) Let n’ € N. A family of restricted branched projective structures of auziliary
degree n’ is given by a family F = (S,X, 7, D,a, D’ t), where (S,X,7,D,a,D’') is a
family of branching classes with auxiliary divisors of degree n’ and t is a branched
projective structure on X relative to S, restricted to D’, with branching divisor D and
branching class a.

(ii) Let G be a family of branching classes with auxiliary divisors of basis T'. A fam-
ily of restricted branched projective structures over G is a family of restricted branched
projective structures F of basis S, along with a morphism f : S — T such that the
underlying family of branching classes with auxiliary divisors is f*G.

(iii) Let S be an analytic space, F a family of restricted branched projective struc-
tures over § with basis S. The family F is said to be universal if any family F of
restricted branched projective structures over G is uniquely obtained as the pullback
of F by some morphism g : 8" — S, where S’ is the basis of F'.

Fix § = (T, X, 7, a) a family of branching classes of genus g and degree n, as well as
an effective divisor D’ that contains no fiber of §. Write H the corresponding family
of branching classes with auxiliary divisors and n’ the auxiliary degree.

For t € T, write respectively X;, Dy, a; and D, the curve, branching divisor,
branching class and auxiliary divisor in the fiber of H. Consider the union

o ={tr)[teT,re PY 1}
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of the spaces of restricted projective structures on the fibers of J. There is an obvious
map
a T%C,‘D' — T

The following lemma is a direct consequence of Lemma 2.4.1:

Lemva 2.6.3. — Lettg be a branched projective structure on X, relative to T, restricted
to D', of divisor D and relative branching class a.

(i) Ift is another such structure, then the difference v—vg is a holomorphic section
of the vector bundle K;‘?/QT(—DM@/.

(i) If g € H° (9/,K§?/2T(—D)|@z) is a section, then there exists v a branched pro-
jective structure on X, relative to T, restricted to D', of relative branching class a,

such that v —vg = q.

The dimension of H° (Dj, K?;f (=D¢)|p;) does not depend on ¢t € T. Thus
the sheaf m, (KS?ET(—DMD/) is a vector bundle on 7, and giving a section in
HO(D', K%QT(—Q)@/) is equivalent to giving a section in H (T, . (K??T(—DHD/)).
As a consequence, TSC,'D/ has the structure of an affine bundle over T, whose holo-
morphic (local) sections are the ones defined by (local over T') families of branched
projective structures on § restricted to D’.

The pullback family of branching classes

a*§ = (Pyp @ X, a" T, @D, a*a)
comes with a tautological relative branched projective structure vy restricted to @*D’:
if (¢t,7) € P% 5, the branched projective structure defined by to on (@ m) " (t,r) = X,
with branchfng class a; is r.

The discussion around Lemma 2.2.7 applies mutatis mutandis, to show that the

family

(PL.p o X, @' m, "D, a0, @* D’ vo) ,
along with the morphism @ : P§. — T is a universal family of branched projective
structures over . We thus have the following lemma:

Lemva 2.6.4. If G is a family of branching classes with auziliary divisors, there
exists a universal family of restricted branched projective structures over G.

Now let I = (T, X, 7, D, a,D’,t) be a family of restricted branched projective struc-
tures with genus g, branching degree n and auxiliary degree n’. Suppose n+n’ > 4g—A4.
Denote by r; the restricted branched projective structure in J over ¢ € T'. Consider
the set

Pyt = {(t,p) |[teT,pe P;tt’“}
of branched projective structures whose restrictions are given by the fibers of J. There
is an obvious map
p: Py —T.

According to Proposition 2.5.3, the fiber of p over t € T is either empty or an affine
space directed by H® (X;, K§? (—D; — Dj)). Since moreover deg(Dy) + deg(D}) =
n+n' > 4g — 4, the line bundle Kﬁ?f (=D — Dj;) has negative degree, thus has no
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nonzero section. As a consequence, the fibers of o contain at most one point, and ﬂ)g‘c’t
can be seen as a subset of T'.

Similarly to Section 2.4, consider the sheaf BRY" of branched projective structures
on X, relative to T, branched on D, of relative branching class a, whose restriction
to D’ is t. This is a locally nonempty sheaf of affine spaces directed by K. 5?/2T( -D-D")
and thus is associated to a cohomology class C(a,t) € H' (X, K%QT(—D —D’)) that
vanishes if and only if BRy" has global sections. One also has an exact sequence
similar to (6):

®) HYT, K7 (=D D)) — H' (X, K37, (=D — D))

2, BT, R'm K§2,(~D — D).
Write
t(a,t) = X9 (€(a,)).
Since h° (K}%Q (=D, — D;)) vanishes for any ¢ € T, Riemann-Roch formula implies
that h' (K}‘?f (=D, — Dy)) does not depend on t € T, so that RIW*K%ZT(fD - D
is a vector bundle on T of which ¢(a,t) is a holomorphic section. For any ¢ € T, one
has ©(a,t) = ¢(at, ). Thus P is the zero locus of the section ¢(a, t).

Let ' = (PY", p*X, p*m, p*D, p*a, p*D’, p*r). The map yy, defined as in (8), is the
zero map. Moreover, if T is Stein, the exact sequence (8) has vanishing first term,
which implies that the second term also vanishes as soon as x5 vanishes. As a con-
sequence, up to restricting ngC’t to an open subset, there is a branched projective
structure on p*X relative to P5:" of branching class p*a and whose restriction to p*D’
is t. Such a relative branched projective structure is unique since the fibers of p contain
at most one element. We denote it by py.

A family of branched projective structures over the family of restricted branched
projective structures J = (T, X, m, D,a, D’ t) is a family of branched projective struc-
tures ¥, = (T, X1, 71, D1, a1,p1) along with a morphism f : T — T such that the
family of branching classes (11, X1, 71, D1, a1) is the pullback by f of (T, X, n,D,a)
and the restriction of p; to f*D’ is f*r. Such a family F; is universal if any other
such family is uniquely obtained as a pullback of F.

Clearly, the family of branched projective structures ( X, prm, p*D, p*a, po),
along with the morphism p : P3* — T is a universal family of branched projective
structures over J. We have shown:

Lemva 2.6.5. Let J be a family of restricted branched projective structures of
genus g, branching degree n and auziliary degree n'. If n+n' > 4g — 4, there exists a
universal family of branched projective structures over J.

Now we are able to complete the proof of Proposition 2.3.3. Let § be a family of
branching classes of genus g and branching degree n, of basis Tg. Take D’ a divisor
on the total space of G that contains no fiber of § and let H be the corresponding
family of branching classes with auxiliary divisors. Write n’ the auxiliary degree of K,
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and choose D’ such that n +n’ > 4g — 4. Let J be the universal family of restricted
projective structures over 3, Ty its basis and fgg : Ty — Tg the associated morphism.
Now, let F, of basis Ty, be the universal family of branched projective structures
over J. Write fy5 : Ty — Ty the associated morphism. The family &, along with the
morphism fgg = fgg o fy5 : Ty — Tg is a family of branched projective structures
over §G.

Let J1, of basis Ty, with a morphism fgg, : T3, — Tg, be another family of
branched projective structures over §. By restricting the relative branched projective
structure of J; to the pullback auxiliary divisor f&5 D', one gets a family of restricted
branched projective structures J;, of basis T4,, over the family 3, the associated
morphism being fgs,. By universality of J, the family J; is the pullback of J by
some morphism fyg, verifying fgg, = fgy 0 fy5,. As a consequence, F; is a family of
branched projective structures over J, the associated morphism being given by fs7,.
By universality of F, there exists a morphism fgg, : Ty, — T such that 1 = f34 F
and fog, = fog o fgg, thus fog, = feg o fog,.

It remains to show that fgg, is the unique such morphism. Suppose given f :
Ty, — T3 such that 1 = f*F and fgg, = fgg o f. The family of restricted branched
projective structures J; is obtained by pulling back J by the morphism fo fy5. By uni-
versality of J, one has fy5 o f = fy5,. Thus J; is the pullback of F by f as a family
of branched projective structures over J. Since JF is a universal such family, f = fgq,.
This concludes the proof of Proposition 2.3.3.

3. HOLONOMY AND SINGULARITIES OF THE MODULI SPACE OF MARKED BRANCHED

PROJECTIVE STRUCTURES IN GENUS AT LEAST TWO

In this section, we prove the following theorem. Recall that if n,g € N, P4(n)
stands for the moduli space of isomorphism classes of branched projective structures
of genus g and branching degree n.

Taeorem 3.0.1. Let n,g € N, with g > 2. Let p be a branched projective struc-
ture of genus g and branching degree n on a marked Riemann surface X. Let p €
Hom(m (X),PSL(2,C)) be a monodromy representation for g. The branched projec-
tive structure p is a singular point of the moduli space P4(n) if and only if the image
Im p C PSL(2,C) of the monodromy representation p has commutative image and the
action of Im p on CP' admits a fized point.

Remark 3.0.2
(i) It is equivalent to say that p is a singular point of P4(n) if and only if, up to
conjugation, Im p is contained either in {z — az |a € C*} orin {z — z+a | a € C}.
(ii) In particular, branched projective structures with non-elementary holonomy
are smooth points of P,(n). The holonomy of a branched projective structure whose
degree is either odd or smaller than 2¢g — 2 is non-elementary (see [GKMO00]). Thus
if n is odd or n < 2g — 2, then P,(n) is smooth.
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(iif) A branched projective structure in Py(n) is a smooth point if and only if
its holonomy is a smooth point of the analytic space Hom(m;(X),PGL(2,C)) (see
[Hub81] for singularities of the latter), where X is the underlying Riemann surface.

(iv) The holonomy p € Hom(m(X),PGL(2,C)) of a branched projective struc-
ture p is only defined up to conjugation with an element of PGL(2,C). However, the
criterion on p for p to be singular does not depend on the choice of p.

In order to study the singularities of P, (n), we need to have an insight in its tangent
spaces. We achieve this by studying the infinitesimal automorphisms of branched
projective structures.

3.1. INFINITESIMAL AAUT()M()RPHISMS OF A BRANCHED PROJECTIVE STRUCTURE

Let X be a compact Riemann surface of genus g > 2 and p a branched projective
structure on X of branching divisor D and branching class a € AR. Denote by A,, the
sheaf of infinitesimal automorphisms of the branched projective structure p. A local
vector field V' defined on a open subset U C X is a local section of A, if the flow of V/
(defined at small times on relatively compact subsets of U) preserves the charts of p.
More precisely, if ¢!, is the flow of V at time ¢ € C, then V € I' (U, A,) if and only
if for any relatively compact open subset U’ C U, any chart f : U’ — CP?! of p and
any small enough ¢ € C, the map f o ¢}, is again a chart of p.

The sheaf A, is a subsheaf of T'x (fDmd), where D9 is the reduced divisor asso-
ciated to the branching divisor D. A germ of holomorphic vector field V{,) at x € X
is in the stalk of A, at x if and only if V() is the pullback of a germ of projective
vector field by some chart of p.

Let p € Hom(m(X),PSL(2,C)) be a monodromy representation of p. Let Ad,, be
the sheaf on X whose stalk at x € X contains germs of meromorphic vector fields
at x that are obtained by pulling back a germ of projective vector field by a chart of
the branched projective structure p. In particular, Ad, is a subsheaf of the sheaf of
meromorphic functions on X and A, is a subsheaf of Ad,. The sheaf Ad, is a local
system whose stalks are 3-dimensional Lie algebras modeled on sl(2,C), and whose
holonomy is given by p, where PSL(2, C) acts on its Lie algebra by the adjoint action.

Let x € X be a branched point of p of degree n and z a local coordinate of X
centered at x such that f(z) = 2"** € CP! = CU {oo} is a chart of p. The pullback
by f of the vector field W = (ao 4+ a1+ aQCQ) O¢, where ( is the classical coordinate
on CP! = CU {oo}, is given by

1
W= (ao— + a1z + agz"+2)8z.
Z”L

This implies that the quotient Ad, /A, is supported on the branched points of p
and the stalk of Ad, /A, at any branched point of p is a complex line, whatever the
branching degree. The short exact sequence

0— A, — Ad, — Ad, /A, — 0
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gives in cohomology the long exact sequence (recall that X has no infinitesimal
automorphism, so H% (X, A,) = 0)
(9) 0— H°(X,Ad,) — H°(X,Ad, /A,) — H"(X,A,) — H'(X,Ad,)
— 0 — H*(X,A,) — H?(X,Ad,) — 0.
In particular, the injection A, — Ad, induces an isomorphism
H?*(X,Ap) ~ H*(X,Ad,).

The sheaf cohomology of the local system Ad,, is the same as its cohomology with
local coeflicients, see [Ste43]. Moreover, Poincaré duality provides an isomorphism
H? (X,Ad,) ~ Hy (X, Ad,), where the latter group is the homology with local coef-
ficients of Ad,, see [Sunl7] and references therein. We have the following lemma, see
[Whi78]:

Lemma 3.1.1. — Let Lo C g be the linear subspace generated by the family

(l)(’)/) W — W)'yETrl(X) .
Weg

Let Ly C g be the linear subspace of fized points of the action on m(X) on g:
Ly ={Weg|Vyem(X),p(y) W=W}
One has
(i) Ho (X,Adp) = g/Lo,
(i) H° (X,Ad,) = L.
Take W € g. Recall that g is the Lie algebra of projective vector fields, so W can be

written W = (ao + a1+ agcz) O¢. A computation shows that if g € G is the Mobius
transformation g : ¢ — (al + 8)/(v¢ + ), then

i)ifa=d=1,v=0,i.e., g is parabolic fixing co € CP!, then
(i) 7=0,1ie,gisp g ;

g-W =W+ ((a28* — a1 8) — 2a258¢) 0 ;

(ii) if B=v=0, =1, i.e., g is either elliptic or loxodromic fixing 0 and oo in CP?,

then
g W=W+ (ao(a — 1) +a((1/a) — 1)C2)8<.

As a consequence, there are three cases for the dimensions of the spaces in Equa-
tion (9). Here we denote by r the number of branched points of p, without taking the
multiplicity into account, so that h° (X, Ad, /A,) = r. Recall that the Euler character-
istic of X is given by the alternate sum of the Betti numbers of the cohomology of any
local system on X, so in particular 3(2—2g) = h° (X, Ad,)—h' (X, Ad,)+h? (X, Ad,)
(here the factor 3 stands for the dimension of the model space for coefficients g).

(i) If the image of p is the trivial subgroup of G, Ly = {0}, L1 = g, so

R (X,Ad,) =3 and h*(X,A,)=h?*(X,Ad,) = ho(X,Ad,) =3.

As a consequence h' (X, Ad,) = 6g, and h' (X,A,) =69 — 3 +r.
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(ii) Suppose the image Im(p) C G is not the trivial subgroup but all the nontrivial
elements of Im(p) have the same set of fixed points. More precisely, the nontriv-
ial elements of Im(p) are either all parabolic transformations with the same fixed
point (conjugate to z — z + ), or all loxodromic or elliptic transformations with
the same two fixed points (conjugate to z +— az). Then h°(X,Ad,) = 1, and
h%(X,A,) = h? (X,Ad,) = ho (X,Ad,) = 1. As a consequence h' (X, Ad,) = 6g — 4,
and h' (X,A,) =69 — 5+ 7.

(iii) In the other cases, i.e., if the image Im(p) C G contains at least two nontrivial
transformations g1 and g with g1 not fixing a fixed point of go, then h° (X, Ad,) = 0,
and h? (X,A,) = h?(X,Ad,) = ho (X,Ad,) = 0. As a consequence h' (X,Ad,) =
6g — 6, and h' (X,A,) =69 — 6+ 1.

Remark 3.1.2. The group h? (X, A,) is nonzero if and only if the monodromy
representation p is a singular point of Hom(7m(X), G) (see [Hub81]).

3.2. TANGENT SPACES OF THE UNIVERSAL SPACES OF DIVISORS. — Let n, g € N with g > 2.
Following Section 2.3, let Uy = (T4, Xy, 4, my) be the universal family of marked
Riemann surfaces of genus g (mg is the marking). In particular T is the Teichmiiller
space. Let

ugiv (n) = (‘.Tg (n), f)CgiV (n), w(gliv (n), mgiv (n), @2” (n))

be the universal family of marked curves of genus g with divisors of degree n, and
let v4(n) : Tg(n) — T4 be the forgetful morphism. In particular, T,(n) is the moduli
space of marked Riemann surfaces with divisors.

A partition of n is an ordered finite sequence of strictly positive integers (k1 <
ko < -+- < k) with k; + -+ + k. = n. Denote by Part(n) the set of partitions of n.
Let (X,D,m) € T,(n): X is a Riemann surface, m is a marking on X, and D is a
divisor of degree n on X. The divisor D is given by D = ky - 1 + - - - + k,- - &, with
k; € N*, x; € X pairwise distinct and k; + --- + k. = n. The k;’s can be chosen to
be ordered, so that the sequence (ki,...,k,) is a partition of n, uniquely determined
by D.

In this way we define a map @ : T4(n) — Part(n). For any partition x = (k1 <

- < ky) of n, @ (k) is a smooth 3¢g — 3 + r-dimensional analytic subspace of T (n)
(see [BM14] for details on the structure of the symmetric powers of a smooth curve).
Let us denote this space by T,(k) = @w~!(k), and by

Uy (k) = (Ty(k), Xg" (1), D" (), mg™ (k), mg™ (k)

the restriction of the family U,(n) to the basis T4(k). Let us also denote by v4(k) :
T4(k) — T, the forgetful submersion, restriction of 74 (n). Finally, denote by Sym, (X)
the submanifold of the symmetric power Sym™(X) containing the divisors whose
associated partition is .

Let us now focus on the space Ty(x) from the point of view of infinitesimal defor-
mations of marked curves with divisor. Let (X, D, m) € T,4(x) be a smooth marked
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complex curve with divisor (m is the marking on X'). One has a first exact sequence:
(10) 0— (TSymN(X))D - (TTQ(K))(X,D,m) - (T‘Tg)(x,m) —0

and another one, denoting by D™ the reduced divisor on X with the same support
as D:

0— Tx (-D™) — Tx — Tx

Dred — O

Since g > 2, one has in cohomology:

0— H°(X,Tx

prea) — H' (X, Tx (=D™%)) — H' (X, Tx) — 0.

There is an obvious isomorphism ¢ : (TSymN(X))D — H° (X, Tx|prea). One also
(X.m) s H'(X,Tx), called the Kodaira-Spencer
isomorphism, of which we recall the definition.

Consider the exact sequence

has an isomorphism KS : (ng)

(11) 0 — T jg, — T, 9 22Ty 0,

By applying the left exact functor mg, it gives a morphism of vector bundles
Ty Ty, = Ty, = R'7mg. T, s, The map KS is the former isomorphism restricted
to the fiber above (X,m) (the equality mg.m;Ty, = Tz, stands because 7, has
compact fibers). It is a property of the Teichmiiller space that the map KS is an
isomorphism (see for instance [EE69)]).

Let us denote by DV (k) the restriction of the divisor DV(n) to the manifold
X;iv(m). The reduced divisor associated to CD(gﬁV(n), denoted by Dgiv(ﬁ)red, is a com-
plex manifold (a smooth analytic subspace), that is transverse to the fibers of 7™ (k).
As a consequence, when writing the Kodaira-Spencer exact sequence (11) for the
family UJ™(k), we can restrict to the vector fields on X (k) that are tangent to

div red.
D (r)rec:
0 — Taiv ()7, () (= DG (8)7) — Tocaiv () (— log D™ (1))
dm ™ (k)

_— W;iv(lﬁ)*qu(n) — 0.

Recall that Tai () (—log DI (k) 4) is the sheaf of vector fields on XJ% (k) that
are tangent to Dgi"(m)red. Note that the reason why, in the above diagram, the arrow
dwgi"(n) is surjective is that D‘;i"(m)md is a smooth analytic subspace transverse to
the fibers of dwgiv(n). By applying the left exact functor ﬂgiv(ﬂ)*, one obtains in
particular a morphism of vector bundles

T(‘Tg(n) — Rlﬂgiv(fﬁ)*Txgw(ﬁ)/g.g(m) (—Dgiv(li)md) )

By looking at that morphism at the point (X, D,m) € T,(k), one obtains a linear
map

(12) KS™ : (T, (w)) (x.D,m) — H' (X, Tx (—=D™?)).
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It is easy to see that the following diagram commutes:

0— (TSymN(X))D — (TTQ(K))(X7D7’I'TL) - (TTg)(X,m) —0

JL JKSdiv JKS

0 — H® (X, Tx|prea) — H' (X, Tx (—D™%)) — H' (X, Tx) — 0

By the five lemma, we have:
Levva 3.2.1. — The map KSUY in (12) is an isomorphism.

3.3. TANGENT SPACES OF THE UNIVERSAL SPACES OF BRANCHING cLAssks. — Let X be a
Riemann surface of genus g > 2, D a divisor on X and a € AL a branching class.
Let U be an open set in X and let V € T'(U, Tx(—D"?)). For any ¢t € R near 0,
denote by ¢!, the flow of V at time ¢t. Write

Yo(V) = lim Y= pr ),
t—0 t
where the pullback of branching classes is the pullback of jets of holomorphic maps
(thus the pullback of holomorphic maps).

Let ¢ be a non constant holomorphic map on U, whose jets at the points of D|y are
representatives of the branching class a|y. In particular, ¢ has branching divisor D|y.
Write V = f(¢)0,, where f is a multivalued holomorphic function. A straightforward
computation shows that x,(V) = f”(¢)d¢. As a consequence, if D|y = nz with
x € U and if z is a local coordinate centered at x and such that ¢ = 2”1, thenif V =

(a12 +agz? +--+)d,, the section x,(V) € I'(U, Kx|p) is given in the coordinate 2 by:
(13) xa(V) = ((n+2)as +2(n+3)azz +3(n+4)asz?+- - +n(2n+ Dayy12" ") dz.
In particular, the morphism of sheaves x, : T (—D™%) — Kx|p is surjective. Denot-
ing by I', its kernel, one gets an exact sequence:
(14) 0 — Ty — T (=D"%) X% Kx|p — 0
and thus in cohomology
(15)  0— HYX,Kx|p) — H'(X,T,) — H' (X, Tx (-D™)) — 0.

Let n € N. Following Section 2.3, let

Ug® = (Ag(n), Xy (n), mg" (n), my°(n), Dy°(n), a,°(n))

be the universal family of marked branching classes of genus g and degree n. Write
dg(n) : Ag(n) = T4(n) the forgetful morphism. According to Section 2.2, A4(n) is an
affine bundle over T4(n).

For any partition x of the integer n, denote by A4(x) the bundle Ag(n) — T,(n)
restricted to the basis Ty(k) C Ty(n). Let

u];c(n) - (‘Ag(ﬂ)a xlgjc(/{)v ‘DEC(H)v ’/T_zk;c(li)v C‘EC(/‘@))
be the pullback by the inclusion Ag(x) —Ag(n) of the family UP(n). Denote by ()

the restriction of d,4(n) to Ay(k).
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Let (X, D,a,m) € Ag4(n) be a marked curve with divisor of degree n and branching
class. Denote by k the partition of n associated to the divisor D. It is a consequence
of Proposition 1.1.2 that the tangent space of the fiber AY = (k)1 (X, D,m) at a
is (TAﬁ)a = H%(X, Kx|p). Moreover we saw in Section 3.2 that there is a Kodaira-
Spencer isomorphism

KS™ i (Ty, (x)) = H'(X,Tx(-D™?)).

(X,D,m)
As a consequence, similarly to Section 3.2, one has identifications between the kernels
and cokernels of the exact sequences (15) and

0— (Tap), — (Ta,0) (x.pam) — (T7,00) (x. 0y — 0

Let X (respectively K™') be the subsheaf of Tocve () (respectively Tove () Ag(r))
that contains the vector fields preserving the relative branched atlas a;’c(f{). The
Kodaira-Spencer exact sequence for the family DCEC(K;), when restricted to the vector
fields preserving agc(ﬁ;), is given by:

0— K — K — 70(k)* Ta, (w) — 0.
Applying the left exact functor WEC(K,)*, one gets a morphism of sheaves Ty () —
legc(n)*fKrd. In particular, at the point (X, D, a,m), this morphism gives a linear
map:

(16) KS*: (T, () — H'(X,T,).

(X;D,a,m)

It is easy to see that the following diagram is commutative:

0—— (TAg)a — (TAg(”))(X,D,a,m) BE— (T(-Tg(“))(X,D,m) —0

J{Ksbc lele

OHHO(X,KX|D)*>H1(X7FQ)*)H1 (X7TX (—Dmd))*)()

Since KS" is an isomorphism by Lemma 3.2.1, we have the following lemma:
Lemva 3.3.1. — The map KSP® in (16) is an isomorphism.

%4 TANGENT SPACES OF THE UNIVERSAL SPACES OF BRANCHED PROJECTIVE STRUCTURES

Let X be a Riemann surface of genus g > 2, D a divisor on X, a € A a branching
class and p € P¢ a branched projective structure. Let U be an open subset of X and
let Ve T'(U,T,), where T', is defined in (14). For any t € R that is near 0, the flow
of V at time ¢ is denoted by ¢},. Note that, by definition of 'y, V € ', means that
for all ¢ near 0 one has (¢¢,)" a —a = 0. Write

&,(V) = lim W# e (U, K&*(~-D)).

Let ¢ be a chart on U of the branched projective structure p. Write V- = f({)0,
where f is a multivalued holomorphic function. A straightforward computation shows
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that &,(V) = f(¢)d¢®?. Suppose D|y = nz with € U and let z be a coordinate
centered at = such that ¢ = 2"*1. Write V = (a12 + a22% + ---)9,. Then

£,(V) = (Z k(k+n+1)(k— (n+ 1))ak+1zk_2)dz®2.

k>1
According to Equation (13), V' is a section of I, if and only if as=a3="---=an4+1=0.
As a consequence:
(17) £, (V) = (Z(@ +2)U+n+3)(—n+ 1)a5+3zé)dz®2.

L>2n

Since for any ¢ > n, ({+2)({+n+ 3)({ —n+ 1) # 0, the morphism of sheaves &, :
I, — K$*(—D) is surjective. Denote by A, its kernel. It is the sheaf of infinitesimal
automorphisms of p. There is an exact sequence:

0— A, — T, L, K@ (-D) — 0
which gives, by taking cohomologies, an exact sequence:
(18) 0— H°(X,K*(-D)) — H'(X,A,) — H' (X,T,)
— H' (X, K@(-D)) — H?*(X,A,) — 0.
For any n € N, according to Section 2.3, let

UEP (n) = (Py (), XEP (), 72P° (), mEP* (m), DE*(n), a¥°(n), B5P*())

be the universal family of marked branched projective structures of genus g and
degree n. In particular Py(n) is the moduli space of marked branched projective
structures of degree n and genus g. Denote by ay4(n) : Py(n) — Ay(n) the forgetful
map.

3.4.1. Casen < 2g —2o0rn >4g —4. — Let us first handle the case, corresponding
to the framework of Proposition 2.4.2, where the branching degree n and the genus g
verify n < 2g — 2 or n > 4g — 4.

In this paragraph we prove the following proposition, which, combined with the
study of Section 3.1, shows Theorem 3.0.1.

Prorosition 3.4.1. — Take g > 2 and n € N,

(i) If n < 2g — 2, the analytic space Py(n) is smooth.

(ii) If n > 49 — 4 and p € Py(n), p is a smooth point of Pg(n) if and only if its
sheaf A, of infinitesimal automorphisms satisfies H* (X, A,) = 0.

Proof. — In the case n < 2g — 2, according to Proposition 2.4.2, P4(n) is an affine
bundle on the smooth variety A4 (n), thus it is smooth. The case n > 4g — 4 is more
subtle, it is the reason why we introduced the Kodaira-Spencer machinery.

From now on, suppose n > 4¢g — 4. Consider the vector bundle on A4(n) whose
fiber over a point (X, D,a,m) is H' (X, K§?(—D)), and denote by ¢,(n) = ¢ (abe(n))
its global section defined in (7). By Proposition 2.4.2, the map a4(n) is an embedding

and thus identifies P,(n) with an analytic subspace of A4(n). More precisely, we saw
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in the proof of Proposition 2.4.2 that the subspace P4(n) C Ag(n) is given by the
zeroes of the section ¢4(n). In particular, if (X, D,a,m) € P4(n) C Ay(n), one has
¢g(n)(X,D,a,m) = 0. In that case, the differential (dcy(n))(x,p,a,m) is a linear map
from (T4, (n))(x,D,a,m) tO H! (X7 K}‘?Q(fD)). We will show that this differential is
surjective for any p € Ay(n) such that H?(X,A,) = 0, which implies smoothness of
Pg(n) at p.

For any partition x of the integer n, denote by P, (k) the restriction of the bundle

Py(n) —» Ag(n) to the basis Ay(k) C Ag(n). Let

U () = (Py(), X5 (), w5 ), b (), DI (1), ()
be the pullback of the family ngs(n) by the inclusion P,(k) — P4(n). Denote by
ag(k) the restriction of ay(n) to Py(k).

Let (X, D, a,p,m) € Ay(n) be a marked curve with divisor of degree n, branching
class and branched projective structure. Let x be the partition of n associated to
the divisor D. Proposition 1.2.2 implies that the tangent space of the fiber P§ =
ag(k)"H(X,D,a,m) at p is (Tpg), = H(X, K§2(—D)). Moreover, as we saw in
Section 3.3, there is a Kodaira-Spencer isomorphism

be . ~ 1
KS™ : (T, (6) (x.pamy — H' (X, ).
Thus the first (respectively the third) terms of the two exact sequences (18) and

0— (Tpg()p . (TTg(“))(X,D,a,p,m) - (TAg(”))(X D,a,m)

deg (K )XDam)

H' (X, K$*(~D))
are identified.

Let § (respectively §') be the subsheaf of T)bp (%) (respectively Toeors /Tg(m)) of
vector fields preserving the relative branched projective structure p,(n). The Kodaira-
Spencer exact sequence for the family DCEPS(H), when restricted to vector fields pre-
serving p,(n), is given by:

0— G — G — wPP5(k)* T, () — 0.
By applying the left exact functor Fbpg(lﬁ)*, one gets a morphism of sheaves

Ty, (k) = R! EPS( )« Grel. In particular, at the point (X,D,a,p,m), one gets a linear
map

bps . 1
(19) KS ps . (TTQ(“))(X,D7a7p7m) — H (X, Ap)
Since n > 4g — 4, (Tp;)p = H° (X, K%*(—D)) = 0. Thus one has the following

diagram, that is easily seen to be commutative:

deg (k)
(X,D,a,p,m) - (TAQ(”))(X,D,a,m) L> Hl (X K®2( D))

JKprS JKSbC

0—— H' (X,A)) ——— H' (X,T,) ——— H' (X, K$*(-D)) — H* (X, A,)

0— (TTQ (k) )
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Since KSP¢ is an isomorphism, one has:

Levva 3.4.2. — The map KSP® in (19) is an isomorphism. Moreover the differential
deg(k) is surjective at any point p of P,(k) such that H* (X, A,) = 0.

Let p € Py(x) be such that H?(X,A,) = 0. Since the restricted differential at
deg(k) is surjective at p, the total differential dcy(n) is a fortiori surjective at p. This
implies that p is a smooth point of Py(n) C A,(n). Reciprocally, if H? (X,A,) # 0
and D is reduced, then h' (X,A,) = 6g — 6+ n + h?(X,A,) > 6g — 6 +n, so p is
singular.

Finally, let p € Py(n) be any branched projective structure such that h?(X, A,) > 0.
It is shown in [CDF14] that p is the limit in Py(n) of a sequence (p,,),,cy of branched
projective structures with the same holonomy as p and reduced branching divisor.
By Section 3.1, the dimension of H? (X, A,) depends only on the holonomy of p, thus
the points p,, are all singular points of Py(n), and since the singular locus is closed,
the point p is itself a singular point. (|

3.4.2. General case. In order to address the case where 29 — 2 < n < 4g — 4,
we need to have a closer look at the point of view on P4 (n) given in Section 2.6, and
to work with restricted branched projective structures.

Let X be a Riemann surface of genus g > 2, D and D’ divisors on X, a € A
a branching class and r € P% p, a jet of branched projective structure. Let U be an
open subset of X and let V € I'(U,T',), where T, is defined in (14). For any ¢t € R
that is near 0, the flow of V' at time ¢ is still denoted by ¢},. Write

&.(V) = lim W# e T (U, K&(-D)|p).

According to Equation 17, the morphism of sheaves E,, Ty — K%Q(—DHD/ is surjec-
tive. Denote by A, its kernel, so that there is an exact sequence:

0— A, —T, L K@ (-D)|pr — 0
which gives, by taking cohomologies, an exact sequence:
(20) 0 — H(X,K¢*(-D)|p)) — H'(X,A,) — H'(X,T,) — 0.
Fix n € N. Let ® be a divisor on xg°(n) such that ® contains no fiber of the map

mp¢(n) : Xp°(n) — Ag(n). Let n be the degree of the restriction of D to the fibers of

Xb¢(n). Choose D such that n+n > 4g — 4.
Applying Lemma 2.6.4, let us write

Uy(n, D) = (Py(n, D), Xg(n,D), my(n, D), my(n,D),Dy(n,D),a4(n, D), D", ty(n, D))

the universal family of restricted branched projective structures over the family of

branching classes with auxiliary divisors
(‘Ag(n)v xlgc (TL) ﬂ-bc (’I’L), mlg)C (TL), ®Sc(n) abc (’I’L), :D) .

g g
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Let @g(n,®) : Pg(n,®) — Ay(n) be the forgetful morphism. It is an affine bundle by
Section 2.6.

For any partition x of the integer n, denote by P,(x,®) the restriction of the

bundle @y (n, D) : Pg(n, D) = Ay(n) to the basis Ay(k) C Ag(n). Let

Uy(k, D) = (Pg(k,D), Xy(k, D), Dy (,D), mg(r, D), ag(k, D), D' (r), tg(r, D))
be the pullback by the inclusion P, (k, D) = Pg4(n, D) of the family Uy(n, D). Denote
by @4(k, D) the restriction of @y(n, D) to Py(k, D).

Let r € Py(n,D). Let (X,D,a,m) € Agy(n) be the marked curve with divisor of
degree n and branching class, image of r by the map @,(n,®). Let D’ be the divisor
of degree n on X, restriction of ® to the fiber of Xp¢(n) over (X, D, a,m). Denote
by k the partition of n associated to the divisor D. The tangent space of the fiber
P% p = a(k, @) (X, D,a,m) at r is (Tp;)D/)r = H(X,K$?(—D)|p), according
to Proposition 2.5.2.

Moreover we saw that there is a Kodaira-Spencer isomorphism

bc . ~ 1
KS™ . (T‘AQ(K‘))(X,D,G.,M) — H (X, Fa).

As a consequence, one has identifications between the kernels and cokernels of the
exact sequences (20) and

0— (Tre ), — (Tp,00), — (Ty0) (x Do) — 0-
Let o (respectively Gis!) be the subsheaf of T, (r,0) (vespectively T, (v 0)/P,(x0))
that contains the vector fields preserving the restricted relative projective structure
ty(n,®). The Kodaira-Spencer exact sequence for the family X, (x, D), when restricted
to the vector fields preserving ty(x, D), is given by:

0— G5 — Gp — my(k, D) T, (. 0) — 0.

Applying the left exact functor 74 (x, D)., one gets a morphism of sheaves Ty, (xo) —
R17rg (K, @)*9%61. In particular, at the point r, this morphism gives a linear map

(21) KSo 1 (T, (n,0)), — H' (X, A,).

It is easy to see that the following diagram is commutative:

0— (TP;,D,)T —— (Tr,0), — (Ta,0) (x Do) — 0

JKS’D lKS]OC

0 —— HO (X, K$*(~D)|p/) — H'(X,A,) —— H' (X,T) ———0

Since KSP® is an isomorphism, we have the following lemma:
Lemma 3.4.3. The map KSo in (21) is an isomorphism.

Since n+n > 4g — 4, one has a vector bundle on Py(n, D) whose fiber over a point
re Py pois H' (X, K¢ (-D — D")). Denote by ¢4(n,D) = t(ag(n,D),ty(n, D)) its
global section defined in Section 2.6. According to Section 2.6, the space P,4(n) is
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an analytic subspace of Py(n,®), namely the vanishing locus of the section ¢4 (n,D).
In particular, for any p € P,4(n), the differential (dey(n, D)), is a linear map from
(Tg)g(n)g))p to H! (X, K§2(—D - D’))7 where X is the curve underlying p, D is the
branching divisor of p and D’ is the auxiliary divisor. We will show that this differential
is surjective for any p € P,(n) such that H?(X,A,) = 0, which implies smoothness of
Py(n) at p.

For any partition s of the integer n, P4(xk) is the intersection of the subspace
Py(n) C Py(n, D) with Py(k, D) C Py(n,D). Recall that the family UPPS (k) is the
pullback of the family ugps(n) by the inclusion P4(k) = Py(n).

Let (X, D, a,p,m) € P4(n) be a marked curve with divisor of degree n, branching
class and branched projective structure. Let x be the partition of n associated to the
divisor D. Denote by r the branched projective structure p, seen as an element of
Py(k,D).

Denote by G (respectively G*!) the subsheaf of Txlg)pS(K) (respectively Txgps(n)/f},g(ﬁ))
containing vector fields preserving the relative branched projective structure py(x).
The Kodaira-Spencer exact sequence for the family X4(x, D), when restricted to vector
fields preserving py(x), is given by:

0— G — G — TP (k) T, () — 0.
By applying the left exact functor W];ps(li)*, one gets a morphism of sheaves Ttp () —

R'mpPs (k). G, At the point (X, D, a,p,m), one gets a linear map

(22) KS" 2 (T, (x)) — H'(X, Ap).

(X,D,a,p,m)

It is easy to see that the following diagram is commutative, where D’ is the auxiliary
divisor for the branching class a and r is p restricted to D’:

dey (K, D)),
bps ( g\l
. KS™ > (Lo, (ei2), ——— H (X, K§*(~D — D))

| [1so

0—— HY(X,A)) ——— HY(X,A,) ——— HY(X,K$*(-D — D))

0— (Tp,(x)

— H*(X,Ap).
Since KSp is an isomorphism, one has:

Lemma 3.4.4. The map KSPP in (22) is an isomorphism. Moreover the differential
deg (K, D) is surjective at any point p of Py(k) such that H* (X, A,) = 0.

Take p € P, () such that H? (X, A,) = 0. Since the restricted differential dc, (r, D)
is surjective at p, the total differential dcy(n,®) is a fortiori surjective at p. This
implies that p is a smooth point of Py(n) C Py(n,D). Conversely, if H* (X,A,) # 0
and D is reduced, then h' (X,A,) = 6g — 6 +n + h?(X,A,) > 6g — 6 +n, so p is
singular.
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Finally, let p € P,(n) be any branched projective structure such that h?(X, A,) > 0.
It is shown in [CDF14] that p is the limit in Pg4(n) of a sequence (py,)nen of branched
projective structures with the same holonomy as p and reduced branching divisor.
By Section 3.1, the dimension of H?(X, A,) depends only on the holonomy of p, thus
the points p,, are all singular points of P4(n), and since the singular locus is closed,
the point p is itself a singular point.

3.5. THE HoLONOMY MAP. Let S be a surface of genus g (with g > 2). Denote by
Hom™(m1(S), PSL(2,C)) the space of group morphisms p : m1(S) — PSL(2,C) such
that Im p C PSL(2, C) is not abelian and is not conjugated to a subgroup of the group
{z+ az|aeCYU{z~ a/z|ac C}.I In particular, Hom* (7 (S), PSL(2, C))
contains all non-elementary representations. The space Hom™(m(S), PSL(2,C)) is
an open subspace of Hom(m(S), PSL(2,C)). The space Hom™(m;(S5), PSL(2,C)) is
a smooth analytic space (see [Hub81]) and the group PSL(2,C) acts freely and
properly by conjugation on Hom*(m;(S), PSL(2,C)). As a consequence, the quotient
Hom™ (71 (S), PSL(2,C))/ PSL(2,C) is a smooth analytic space.

Denote by P,4(n)* the subset of P,(n) of branched projective structures whose
holonomy lies in Hom™* (71 (S), PSL(2,C)). There is a map

Holgy(n)* : Py(n)* — Hom™ (71 (S), PSL(2,C))/ PSL(2,C)

which associates to a branched projective structure the conjugacy class of its holo-
nomy representations. The space Py(n)* is clearly an open subset of P4(n), and it is
smooth by Theorem 3.0.1. Since Py (n)* is the basis of a family of branched projective

*

structures, the map Holy(n)* is holomorphic.

Tueorem 3.5.1. — The holonomy map
Holy(n)* : Py(n)* — Hom™(m(S), PSL(2, C))/ PSL(2, C)
18 a holomorphic submersion.

Let Xy be the PSL(2, C)-character variety associated to S, i.e., the GIT quotient
Hom(m (S),PSL(2,C))// PSL(2,C), that is an analytic space. There is an analytic
morphism Holg(n) : P4(n) — X4, that to a branched projective structure associates
its holonomy. There is an obvious map

¢ : Hom*(m(S), PSL(2,C))/ PSL(2,C) — X,,

that verifies in particular Holg(n) = ¢oHoly(n)*. In restriction to the preimage of the
smooth locus of X, the map ¢ is a biholomorphism. As a consequence, Theorem 3.5.1
implies:

CoroLrARry 3.5.2. — In restriction to the preimage of the smooth locus of the character
variety Xg, the holonomy map Holy(n) : Py(n) — X4 is a holomorphic submersion.

(1)This second condition is necessary for the action by conjugation of PSL(2,C) to be free.
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Proof'of of Theorem 3.5.1. — Take p € Py(n)*, with underlying Riemann surface X.
Let p € Hom*(m1(S), PSL(2,C)) be a holonomy representation of p, and write [p] =
Holy(n)*(p). It is proved in [Hub81] that the tangent space of

Hom* (71 (S), PSL(2, C))/ PSL(2, C)

at [p] is H'(X, Ad,), where Ad, is defined in Section 3.1.

Hubbard also proved in [Hub81] that in the case n = 0, the differential at p of the
holonomy mabp, i.e., d, Hol,(0)* : T,%,(0) — H'(X, Ad,), is given by the Kodaira-
Spencer at p of the universal family UpPS(0). The situation is almost the same in the
branched case (n > 1), with two differences. Firstly the Kodaira-Spencer map KSP®
(see Section 3.4) is only defined on T,,P,(k), where x is the partition of n associated
to the branching divisor of p. Secondly KSPP® takes values in the first cohomology
group of the subsheaf A, of Ad, (see Section 3.1). However there is a canonical map
¢: H'(X,A,) = H'(X,Ad,), coming from the inclusion A, C Ad,.

Thus the proof of Hubbard gives in the branched case:

dp Holy(n)*| 7,3, (x) = ¢ 0 KS"P*.

Since ¢ is surjective according to (9) and KSPP® is an isomorphism, dp Holy (n)*| 1,9, (x)
is surjective, thus d, Holy(n)* is a fortiori surjective, which proves that Holy(n)* is a
submersion. O
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