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VANISHING VISCOSITY LIMIT FOR
AGGREGATION-DIFFUSION EQUATIONS

BY Irépéric Lacoutikre, FiLippo SANTAMBROGIO

& SEBASTIEN TrRAN TiEN

Asstract. — This article is devoted to the convergence analysis of the diffusive approximation
of the measure-valued solutions to the so-called aggregation equation, which is now widely used
to model collective motion of a population directed by an interaction potential. We prove, over
the whole space in any dimension, a uniform-in-time convergence in Wasserstein distance in all
finite-time intervals, in the general framework of Lipschitz continuous potentials, and provide
an O(y/e) rate, where ¢ is the diffusion parameter, when the potential is A-convex. We give an
extension to some repulsive potentials and prove sharp convergence rates of the steady states
towards the Dirac mass, under some uniform attractiveness assumptions.

Riésumi: (Limite de viscosité évanescente pour des équations d’agrégation-diffusion)

Cet article est consacré a ’analyse de convergence de I’approximation diffusive des solutions
a valeur mesure de 1’équation d’agrégation, largement utilisée pour modéliser le mouvement
collectif d’une population dirigée par un potentiel d’interaction. Nous prouvons, dans ’espace
entier en n’importe quelle dimension d’espace, dans le cadre général des potentiels lipschitziens,
la convergence uniforme en temps sur tout intervalle borné, en distance de Wasserstein, et avec
un ordre de convergence 1/2 lorsque le potentiel est A-convexe. Nous étendons ces résultats a
certains potentiels répulsifs et prouvons des taux de convergence optimaux des états station-
naires vers la masse de Dirac, sous certaines hypotheses d’attractivité uniforme.
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1. INnTRODUCTION

This paper addresses the vanishing viscosity limit € — 0 for the following
aggregation-diffusion problem on the whole space R?, in any dimension d:

(1.1a) Ot + V- (a[pf]p®) = eAp®,
(1.1b) alp®] = —VW x p®,
(1.1c) p°(0,-) = pp,

where ¢ > 0, W : R? — R is a given interaction potential and the sequence of initial
data (p§)e>o belongs to P3(RY) the set of probability measures with finite second
order moment, and converges as € goes to 0 towards a given p™ € Po(RY).

Equation (1.1a)—(1.1b) is often used in population dynamics to describe the collec-
tive motion of a population subject to Brownian diffusion and interacting through the
interaction potential W. The term VW x* p°(z) models the combined contribution of
the interaction of a particle located at point x with particles at all other points. These
equations appear in several applications arising from physics and biology to model, for
instance, swarming, chemotaxis, crowd motion, bird flocks, or fish schools, see, e.g.,
[29, 6, 42, 41, 15, 20]. The potential W depends on the model we consider. For exam-
ple, the celebrated parabolic-elliptic Patlak-Keller-Segel model [24, 25] for chemotaxis
with an adequate set of parameters corresponds to the aggregation-diffusion equation
in dimension d = 2 for the logarithmic potential W (z) = & In(|z|).

In this work, we assume that the interaction potential W satisfies the following
properties:

(A0) For all z € RY, W(x) = W(—x) and W(0) = 0,

(A1) W € CHR4~ {0}),

(A2) W is ao-Lipschitz continuous, for some constant a~, > 0 (nevertheless this
assumption is not done in Section 5).

In addition, some of our results only hold under one of the following supplementary
assumptions:
(A3) W is A-convex for some A < 0, that is, z — W (z) — (A\/2)|z|? is convex,
(A4-p) There exists a constant C' > 0 such that, for all z € RY, VW (z)-z > C|z|?,
where p > 1.
Potentials satisfying assumptions (A0)—(A1)—(A2)—(A3) but not differentiable at the
origin are often referred to as pointy [11, 14, 27]. These hypothesis exclude the Patlak-

Keller-Segel system from the analysis above, system in which the singularities are
much more complicate to understand (and can appear also for € > 0).

Remark 1.1. Note that assumption (A2) is incompatible with assumption (A4-p)
whenever p > 1, thus when the latter is done, it is done instead of (A2). This is the
reason why we only consider A < 0 in (A3), since (A3) with A > 0 implies (A4-2)
(incompatible with (A2)). Still, when studying well-posedness of inviscid aggregation
equations, the case A > 0 can be tackled considering compactly supported data for,
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VANISHING VISCOSITY LIMIT FOR AGGREGATION-DIFFUSION EQUATIONS n2b

in that case, the support decreases in time (see [14, Th. 2.1] and [9, Rem. 2.14]): as a
consequence only the local behavior of W matters. When € > 0, it is not clear however
that we can reproduce this argument.

When the potential is pointy, finite time blowup of weak solutions occurs [2, 3] for
the inviscid problem:

(1.2a) dp+ V- (alplp) =0,
(1.2b) alp] = =VW % p,
(1.2¢) p(0,-) = p™,

After blowup time, the solutions being possibly singular measures, the product a[p]p
is no longer well-defined. For A-convex potentials, the continuation of weak solutions
valued in Py(R?) has therefore been studied through three different approaches: gra-
dient flow solutions in the Wasserstein space [9], duality solutions ¢ la Bouchut-James
[21, 20] in one dimension of space and Filippov solutions [11, 27]. These notions of
solutions turn out to be equivalent to that of solutions in the sense of distributions
provided the velocity field a[p] is replaced by:

(1.3) alple) == | VW —y)pldy) = —VW * p(x),

where VW is defined as

—— \Al4 if R4 0
VW(“”):{O () ;ﬁfo ~ {0},

Our objective in this paper is to study the convergence of the viscous solutions
(p%)e>0 towards such a weak measure solution to (1.2). When W is A-convex, these
asymptotics had previously been mentioned in [8], where the authors explain how
to use the techniques for the I'-convergence of gradient flows developed by Serfaty
in [36]. Our method basically relies on the same arguments which actually do not
require the A-convexity of the potential but only its Lipschitz continuity — along
with the standard assumptions (A0)—(Al) (for other works with potentials that are
Lipschitz continuous but not A-convex, called repulsive, see for example [32] and
reference therein). Starting from the so-called Energy Dissipation Equality (EDE)
for the viscous problem (1.1), we prove lower bounds of lower semicontinuity-type
on each term of the EDE. This amounts to verifying the assumptions of [36, Th. 2];
if, in addition, the initial data is well-prepared, then we meet all the hypotheses
of this theorem. However, we deliberately pass to the limit by hand, so as not to
invoke abstract gradient flow arguments. Therefore, our proof is self-contained for the
reader with minimal background regarding optimal transport. In particular, in our
Theorem 3.1 we recover, at the limit € — 0, the right definition of the velocity field
for (1.2) as defined in (1.3).

We generalize this result in Corollary 3.4 to arbitrary Py(R9) initial data converg-
ing in Wasserstein distance towards the initial datum p™ of the inviscid problem,

JEP — M., 2024, lome 11



26 K. Lacouttire, . SantaMBROGIO & S. TraN TieN

when W is, in addition, A-convex. This is done by smoothing out the initial data and
estimating the distance to the modified solutions at time ¢, which is possible since the
interaction energy is A-geodesically convex. We then provide a convergence rate based
on the differentiation formula of the Wasserstein distance between two absolutely con-
tinuous curves on the Wasserstein space. Note that, for the Newtonian potential, the
vanishing viscosity limit had been established in [12] in dimension d > 2 and up to
the time of existence of weak solutions in L' N L> but, to the best of our knowledge,
without convergence rates.
This article is structured as follows.

— In Section 2 we recall some useful results and definitions regarding optimal trans-
port and functionals defined over the Wasserstein spaces.

— The main results concerning the convergence as € tends to 0 for the evolutive
equation are contained in Sections 3 and 4.

— In Section 3, in the framework of Lipschitz potentials, we begin with the
general convergence result of the diffusive solutions (p®).>o towards a solution
p to the inviscid problem (1.2) for well-prepared initial data. We then relax
some of our assumptions on the initial data and focus on A-convex potentials,
for which we prove that convergence still holds for arbitrary initial data (p§)e>0
converging towards p™.

— We then prove that convergence occurs at rate O(y/e) in Wasserstein dis-
tance. This is done with two different methods. The first relies on differentiating
in time the distance Wo between two smooth solutions and exploits the previ-
ously proved unquantified convergence. The second is based on the convergence
estimates of an upwind-type scheme for the inviscid problem due to the first
author with Delarue and Vauchelet [13, 14].

— Later, in Section 4, we show that convergence (without convergence rate)
still holds, up to an extraction, for repulsive potentials that behave like W (z) =
—|x|. The idea is to estimate, as in the A-convex case, the distance between
solutions associated with smoothed out initial data and solutions associated
with a fixed initial datum p™. This is done by differentiating the Wasserstein
distance between solutions and proving appropriate estimates on the aggregation
velocity field using an additional integrability assumption on V2W.

— Section 5 is devoted to the study of the stationary problem and, in particular,
we provide higher convergence rates for the viscous steady states towards the unique
steady state of the aggregation equation, that is, up to translations, the Dirac mass,
when the interaction potential satisfies the key assumption (A4-1) but is not necessar-
ily Lipschitz continuous. Under assumption (A4-p) for an arbitrary p > 1, estimates
are also obtained and proved to be sharp for p = 2.

— We eventually illustrate our convergence results in Section 6 and observe all the
proved convergence rates.

Acknowledgements. — The authors are indebted to Benoit Fabreges for crucial help
with the numerical code.
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VANISHING VISCOSITY LIMIT FOR AGGREGATION-DIFFUSION EQUATIONS 127

2. PRELIMINARIES

2.1. Norarions. — We denote by C(R?) the space of continuous functions from R?
to R, and by Co(R?) (resp. Cy(R%), C.(R?)) the subspace of continuous functions
vanishing at oo (resp. of bounded continuous functions, of continuous and compactly
supported functions). We also denote by M, (R¢) the space of Borel signed measures
with finite total variation, equipped with the weak topology o(M;(R?), Co(R%)). For
a sequence (pp)nen € Mp(RY)N and p € My (R?), we denote the weak convergence of
(Pn)nen towards p by p, — p.
n—oo

For p € My(R?) and r € [0, +00), we also denote by M,.(p) the r-th moment of p,
given by M, (p) = [ga |#|"p(dz), where |- | is the Euclidean norm. For p € M(R?)
and Z a measurable map, we denote by Z4p the pushforward measure of p by Z,
which satisfies, for any ¢ € C,(R9),

/ o(z) Zyp(dz) = / o(Z(x)) pld).

Note that, in the above equality as in the whole article, whenever the integration
domain is not specified, the integrals are considered over the whole space (which
is R? here). If u € My(R?) is a positive measure, we also note p < p whenever p is
absolutely continuous with respect to pu.

We call P(R?) the subset of M,(R?) of probability measures and we denote, for
p € [l,+00), Po(RY) := {p € P(R?), My(p) < 4+00}. For p1,v € P,(R?), we define the
Wasserstein distance of order p between u and v by (see [1, 33, 43]):

(2.1) Wylnv) = inf { / |x—y|w<dx,dy>}1/p,

YET (1,v)

where T'(y, ) is the set of measures on R? x R? with marginals x4 and v, i.e.,
T(u,v) = {7 € PR x RY); V& € Co(RY), [ £(x)(dr, dy) = [ E()u(d),
J € (da, dy) = [ €(y)vidy) }.

Any measure that realizes the minimum in the definition (2.1) of W, is called an
optimal plan, and the set of optimal plans is denoted by I'g(, ). The space P,(R%)
equipped with the distance W), is called Wasserstein space of order p and denoted
W, (R9).

We recall that the Wasserstein distance W), metrizes the weak convergence of mea-
sures in the sense that, for (p,)nen € Pp(RHYN and p € Pp(RY), Wy (pn, p) S 0 if

and only if p, _fT p and M,(p,) _>—+> M,(p) (see [43, Th.7.12]).

We shall also denote the conjugate exponent of p by p’ € [1,+oc] defined by
1/p+1/p" = 1, with the usual convention 1’ = 400 and oo’ = 1. For « € R, the positive
and negative part of a are denoted by a™ := max(0, o) and o~ := max(0, —«). With
that convention, both at and o~ are always nonnegative.

Throughout this paper, we will use the same notation C to denote any positive
constant.
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n28 K. Lacouttire, . SantaMBROGIO & S. TraN TieN

2.2. CURVES AND FUNCTIONALS OVER THE WASSERSTEIN SPACE. Let p € [1,400) and
T > 0. We call curve on the metric space W,(RY) any continuous function p €
€([0,T],W,(R%)). We say that p is an absolutely continuous curve if there exists
b € LY([0,T]) such that Wy(ps,p:) < f: b(r)dr for every 0 < s < t < T, and
we denote AC([0,T], W,(R%)) the set of absolutely continuous curves on W,(R%).
We also define for t € [0, T], the metric derivative of p at time ¢ as:

|P;| -— lim Wp(ﬂt+h, ,Dt) ]
h—0 h
If p is a Lipschitz curve on W,(R%), then the above limit exists for a.e. t € [0, T].
Now, up to a reparametrization in time, any absolutely continuous curve can become
Lipschitz continuous and therefore admits a metric derivative for almost every time.
The fundamental property of absolutely continuous curves in W,(R?) is the link
with a continuity equation:

Throrewm 2.1 ([1, Th.8.3.1]). — Letpe (1,+00) and T >0. Let pe AC([0, T], W,(R?)).
Then, for a.e. t € [0,T) there exists a vector field v, € LP(p;, R?) such that:

— the continuity equation Orp+ V - (pv) = 0 is satisfied in the sense of distributions
— for a.e. t € [0, T, ||vellLrp,) < |PE-
Conwversely, if we take a curve p € C([0,T], W,(R%)) such that, for eacht € [0,T), there
exists a vector field vy € LP(py, R?) with fOT lvell e (p)dt < 400 solving the continuity
equation Oyp+V - pv = 0, then p € AC([0,T], W,(R?)) and for a.e. t € [0,T], we have

P < Nlvell Lo on) -
As a consequence, the velocity field v introduced in the first part of the statement
actually satisfies ||v¢||e(p,) = |pt| for a.e. t €[0,T].

We now recall the definition of the first variation of a functional defined over
probability measures.

DeriNiTion 2.2 Let F : P(RY) — R U {+oco}. Assume that p € P(R?) is such
that:
Vo € [0,1], Y € P(RY) N LP(RY),  F((1—08)p+ op) < 400,

then we call first variation of F at p, denoted (0F/dp)(p), any measurable function g
such that:

dF(p + dx)

ST\ TOX) — d

dé ‘5:0 /g X

whenever x = p — p for some p € P(R?) N L (R?Y), where L (RY) denotes the set
of compactly supported functions in L°°(R9). If it exists, the first variation is defined
up to an additive constant.

JE.P — M., 2024, tome 11



VANISHING VISCOSITY LIMIT FOR AGGREGATION-DIFFUSION EQUATIONS 1129

We now introduce two functionals that are essential to our study, the interaction
energy W and the entropy U, defined on P(R?) by:

W) =5 [[ Wi~ pp(dapiay),

pln(p) if p < Leb,
U(p) = {f .
400 otherwise,

where Leb is the Lebesgue measure on RY. Note that, under assumption (A2), the
interaction energy W(p) is finite whenever p € P;(R?). For £ > 0, we shall also define
the energy functional as F€ = W+ eU. One can easily show that (6W/dp)(p) = W xp
and (6U/dp)(p) =lnp+ 1.

A key point in our proofs will be the lower semicontinuity (l.s.c) of the above
functionals so that minimization arguments apply.

Leymma 2.3

(1) If W is l.s.c. on R? and bounded from below, then the interaction energy W is
l.s.c. for the weak convergence.

(2) If W is Lipschitz continuous, then the interaction energy W is Lipschitz con-
tinuous for the W1 distance.

Proof. — The first claim is contained in [33, Prop. 7.2].
For the second claim, we will prove
[W(p) = W(u)| < Lip(W) Wi(p, ).

Indeed, we can write W(p) = 1 [(W * p)dp, so that we have

W(e) = Wio) =5 [ < p)dlp—p)+ 5 [ OF (= p)d

We then use
‘/(W *p)d(p — u)' < Lip(W * p) Wi(p, p)

together with Lip(W * p) < Lip(W), and
0+ o= )| = | [ WG = o = lan)| < Lip(I¥ (& =) W)
together with Lip(W (z — -)) = Lip(W). O

The following lemma is proved in [34, Prop.2.1]. Recall that My(p) is the p-th
moment of p.

Lemwva 2.4, There exists a constant C only depending on d such that the entropy
functional W satisfies U(p) = —C(My(p)*/? + 1). Moreover, if (pn)n € P(R?) is a
sequence weakly converging towards some p € P(R?) such that M(p,) is bounded,
then we have U(p) < liminf, 4o U(pn).

In particular, this means that the entropy is l.s.c. for the Wy distance for all g > 1.

JEP — M., 2024, lome 11



n3o K. Lacouttire, . SantaMBROGIO & S. TraN TieN

In order to obtain convergence of the moments of a weakly converging sequence
of probability measures, we will often make use of the following lemma, which is a
particular case of [1, Prop. 7.1.5], since our assumption implies uniform integrability
of the p-moment:

Lemma 2.5, — Let 1 < p < 400 and (pn)nen be a sequence of probability measures in
P,(RY). Assume that, for some constant C' > 0, we have for alln € N, M,(p,) < C.
Then, there exist a subsequence of (pn)nen converging towards some p € P,(RY) in W,
distance for all g € [1,p).

We finally define one last functional that will be useful in our proofs. Let p €
(1,400). We set K, = {(a,b) € RxR? | a+(1/p)p)P < 0} and, for (t,x) € Ry xRY,

1 p
TPy 0,
ptr!

flt:x) =99 ift=0,2=0,

400 ift=0,z#0.

Then, for X a measurable space and for (p, E) € My(X) x My(X)?, we define the
p-Benamou-Brenier functional by:

(0. 8) = su{ [ado+ [b-d8: ) e x5 .
The Benamou-Brenier functional satisfies the following properties (see [33, Prop. 5.18]):

Levma 2.6

(i) B, is convex and l.s.c. on P(X) x M(X)? for the weak convergence,
ii) pr and E are absolutely continuous with respect to a positive measure i, then

(
Bp(p ffp pa dﬂ;
(111) »(p, E) < 400 only if E < p,
(iv) In that case, if we denote by v the density of E with respect to p, that is

E = pv, then By(p, E) = [(|v|?/p)dp.

We also have the following symmetrization lemma, which we will repeatedly use
for V=VW:

Levva 2.7. — Let V be a bounded odd vector field on R?, p € P(RY) and v a vector
field on R such that v - (V x p) is integrable with respect to p. Then, one has:

[ vta)- vV s p)@ptde) =5 [ [ Ve - ) o6a) = otw)otdz)otan).

Proof. — Using the fact that V is odd, we can write thanks to the change of variables

Ty
[[ve=u-vptdnptan = [[ Vi) v

JE.P — M., 2024, tome 11



VANISHING VISCOSITY LIMIT FOR AGGREGATION-DIFFUSION EQUATIONS 31

Therefore, taking the half sum of the two quantities above:

[ v(@)- (v« p)@plaa) /Vx— (2)p(dx)p(dy)

(// x —y)-v(x)p(dr)p(dy) — / Ve —y) v(y)p(dx)p (dy))
=5 [ V=0 @) - s)ptanpa). ©

We finish with a computation of the derivative of W along a curve satisfying a
continuity equation:

Leymwva 2.8. Let p be a curve on ?(Rd) that solves in the weak sense Oyp+V-pv =0
with vy € L*(p;) for a.e. t € [0,T] and fo l|ve]2 dt < +oo. Then:

vt e [0,T], W(p:) —W(po) / / VW x ps) - vsdps.

Proof. — Let (W?)s=0 be an approximation of W such that W? € €' (R9), W? Y w
—
uniformly on R¢, W7 is even, VIW? is bounded by a.,, and VI¥? n VW pointwise
—
on R\ {0}.
We necessarily have VIW°(0) = 0 for all § > 0 and therefore VI¥/?° Py vw
—

pointwise on R%. On the other hand, for § > 0, since W% € C*(R%) and W? is even,
we have, for ¢ € [0,T]:

) 5 [[We-patna) - 5 [[ Wi - ymdom(

-/ t [ W@ =)o@ dnas.

Now, we can bound the integrand on the right-hand side writing |V (z—v)-vs(x)| <
G0 |vs|. Noting that we have

t t T 1/2
| [ 1o@otamiputanas = [ olosguys < VE( [ lfagds) " < +oc,

we can then use Lebesgue’s dominated convergence theorem with respect to the mea-
sure ps(dz)ps(dy)ds to get that the right-hand side in equation (2.2) converges to

/ot // VW (@ —y) - vs(@)ps(dr)ps(dy)ds,
/Ot /(V/ﬁ/ * ps) - Vsdps.

The uniform convergence of W? towards W ensures convergence of the left-hand side,
which concludes the proof. O

which is equal to

JEP — M., 2024, lome 11



n32 K. Lacouttire, . SantaMBROGIO & S. TraN TieN

2.3. PRELIMINARY RESULTS. We recall the following result of existence of a charac-
teristic flow and well-posedness of measure-valued solutions to (1.2):

Tueorem 2.9 ([9, Th.2.12 & 2.13], [11, Th.2.5 & 2.9]). — Assume W satisfies hypo-
theses (A0)—(A1)—(A2)-(A3) and let p™ be given in Pa(R%). Then, there ewists a
unique solution p € C([0, +00), Wo(R?)) satisfying, in the sense of distributions, the
aggregation problem (1.2) where a[p] is replaced by a[p] as defined in (1.3).

This solution may be represented as the family of pushforward measures (p; :=
Zy(t, ) p™)is0 where (Z,(t,))i=0 is the unique Filippov characteristic flow asso-
ciated with the one-sided Lipschitz velocity field a[p]. Besides, if p and p are the

respective solutions to (1.2) with p™ and p'™ as initial conditions in Po(R?), then,
forallt >0,
(2.3) Wa(pe, ) < e M Wa(p™, ™).

In [10], Carrillo, Gémez-Castro, Yao and Zeng proved the following well-posedness
and regularity Theorem for aggregation-diffusion equations with Lipschitz symmetric
potentials. They prove existence and uniqueness through a fixed-point argument and
regularity applying a bootstrap argument in adequate fractional Sobolev spaces. The
solutions they define are mild solutions, which are stronger than our definition of
solutions, which is in the sense of distributions. We recall the definition of the heat
kernel used in the mild formulation:

1 2
— = o=/t
Gilw) (4mrt)d/2 € ‘
Tueorem 2.10 ([10, Th. 1.1, 2.1 & 2.2]). — Assume that W satisfies assumptions
(A0)—(A1)~(A2). Let ¢ > 0 and p§ € P(R?).
(1) For all T > 0, there exists a unique solution p* € C([0,T], P(RY)) to the
aggregation-diffusion problem (1.1) in the sense that:
t
EW0.T. = Gaxpit [ (V) (VW p)pd)ds.
0

(2) This solution is actually a classical solution that belongs, for all T > 0, to
C((0,T), Wk?(R%)) for all k € N and p € [1,+oc] in the general case, and to
e([0, T], W*P(R%)) for all s > 0 and p € [1,+00] if we assume that p§ € W*P(R%).

Remark 2.11. — In [10], the authors state the second item of the above Theorem
under the assumption that W € WH>°(R9) and assuming that the initial datum
belongs to L1 (R?) with total unit mass instead of P(R?). It seems to us that W € L*®
is only required to obtain sharp decay of the energy functional and that the L'
assumption on p§ is only useful to simplify the notations.

In the above theorem, we actually have p¢ € C([0, +oo[, Wo(R?)). Indeed, as we
will see in the proof of our Theorem 3.1 (see equation (3.6)), 3-Holder continuity in

time follows automatically from a uniform bound with respect to ¢ € [0, T] on Ma(pf).
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This in turn comes from the following computations, where we use, first, integration
by parts, and, second, the symmetrization Lemma 2.7:

d £ £ £ £ £
M2(69) = [ 2P0 = [PV ((OW s pi)ef) + ¢ [ laP s
= _2/ (VW % pf)dp§ + 2ed,

=2 [ (VW o = = [[ VW ) (2 = (o) () < 2060
< 2a00\/ Ma(pf).

We thus get 4 M(p§) < 2acc\/Ma(pF)+2ed which implies, using a nonlinear Gronwall
lemma, that Mg(pt) is bounded over a finite horizon.

We finish by mentioning the special case of the dimension d = 1, with potentials
of the form W (z) = alz| for a € R \ {0}, for which the vanishing viscosity limit can
be obtained using the correspondence with Burgers’ equation. Indeed, let us set, for

> 0, u(t,x) = a(l — 2f(t)), where f¢(t) is the cumulative distribution function
of p§. One can show that p° solves (1.1a) if and only if u® solves the viscous Burgers
equation:

£\2
(2.4) Bpus + 9, (“2) = eyttt

and, similarly, p solves the aggregation equation (1.2a) with the correct velocity field
alp] if and only if u solves Burgers’ equation (see [5, 16, 22]). Using the fact that,
in dimension d = 1, we have the representation Wi(pf,p:) = [|f°(t) — f(D)llzr(w)
and combining with Kuznetsov’s estimate hereafter for the viscous Burgers equation
(see [26]):
[[u () = u(®)]| 21 r) < CTV (uo)Vet,

where TV denotes the total variation and C' is a positive constant, we deduce the
following proposition:

Prorosition 2.12. Assume d = 1 and W (z) = alz| for some constant a € R~ {0}.
Let pt € Po(R), set p§ = p™ for all e > 0 and let (p%).0 be the sequence of weak
solutions to (1.1).

Then, for all T > 0, (p°)eso converges in Wi distance and uniformly on [0,T],
towards a solution p € C([0,T],W3(R)) to (1.2) with the velocity field alp] being
replaced by alp] as defined in (1.3). More precisely, we have:

vt e [O7T]7 Wl(p?,ﬂt) < C\/{':»ta

where the constant C > 0 depends on ax only.

In the case of one initial Dirac mass p'™ = &y, one can even obtain convergence
of p® towards p at order 1 with respect to € using simple scaling arguments. The
initial data to the Burgers problem is u™ = 1 — 2H(x), and the solution to the
ini

inviscid Burgers problem is stationary, given by u(t) = ™. One can also show that

there exists a stationary solution to equation (2.4) of the form v°(¢t,z) = V(x/e),

JEP — M., 2024, lome 11



134 F. Lacourtiire, F. SaNtamBrocio & S. Tran Tiex

with V(—o0) = 1, V(400) = —1 and V'(f+oo = 0). We then have using a contraction
property of the viscous Burgers equation and the stationarity of v and u:

[u(#) = w(®)r < Jlus () — 0" (@)l + [[0°(8) = u(?)]| s

Sl —v=(0)ll 1 =[lve(0)—ui|| 1
< 2/ u(z/e) = V(x/e)|dx < 25/

which gives W1 (pS, p:) < Ce with C > 0 independent of time. This result can be
extended to the case of a finite sum of Dirac masses as initial datum, using the
arguments of Teng and Zhang [40] to compare shocks with traveling waves. We also

ulnl _ V

)

refer to [37, 38, 39] for generalizations of this result.

3. 0(51/2) CONVERGENCE RATE WHEN THE W 18 A-CONVEX

In this section, we assume that W satisfies assumptions (A0)—(A1)—(A2)-(A3).

3.1. Mernopo 1: compuriNG %Wgz(pf, Pt)- So as to make integration by parts rigor-
ous, we actually compute %Wg(pf, p?) for £,5 > 0 so that p° and p° are regular (see
Theorem 2.10), and then we let § — 0. We therefore need to know that p converges
in the sense of measures towards p;.

3.1.1. Convergence in C([0,T], W1 (R?)) without convergence rate. — Let T > 0 and let
p° € €(]0,T], Wo(R%)) be the solution to the aggregation-diffusion problem (1.1) on
[0, T] x R?, as given by Theorem 2.10. Let us denote v = —VW % p* —eVp®/p° so that
the continuity equation 0;p° + V - p*v® = 0 is satisfied in the sense of distributions.
We formally have, by definition of the first variation and then by integration by parts:

6 L = [y By

where, in the last equality, we used the identity (6F¢/dp)(p) = W *p+ s(lnp +1) to
deduce that v§ is nothing else than —V(§F¢/§p)(p§). Proving rigorously (3.1) can be
made using an easy adaptation of Lemma 2.8. Integrating (3.1) over time then yields:

5 E

(r3) dpé

Vi [0,T], Fo(p5) = F(p5) //(v

Let us only use this equality as an inequality as it will turn out sufficient for passing
to the limit, and let us write |V (§F¢/8p)(pS)|? as the half-sum

3 (e + v 6]

so as to recover a link between the velocity v and the functional F at the limit e — 0.
This way, we recover the so-called energy dissipation equality (EDE, that we use as

(k%)
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an inequality in our paper):

1 t
(B2) viel.T, FR) =) 5 [ [l
0
I §F .
w5 [ %5 w

Showing a sort of lower semicontinuity, when ¢ — 0, of each term in (3.2), we will

2
dpSds.

prove that up to successive extractions, (p°)e>o converges towards a measure p that
satisfies a continuity equation and an EDE. Combining both, we will prove that p
solves the aggregation problem (1.2). In case the solution to such a Cauchy problem
is unique, the whole sequence (p°)c>o converges towards p. This method does not
require the A-convexity but only the Lipschitz continuity of the potential .

Turorem 3.1. Assume W satisfies assumptions (A0)—(A1)—(A2). Let p™ €
Po(RY), and let (pf)e>0 be a sequence of weak solutions to (1.1).
Assume that the sequence of initial data (p§)e>o0 satisfies the following assumptions:

(3.3a) limsup F¢(p§) < F(p™),
e—0
: £ iniy __

(3-3b) lim Wa(pj, p™') = 0.

Then, for all T > 0, (p)es0 converges up to a subsequence, in Wy distance and
uniformly on [0, T], towards a solution p € C([0, T], Wo(R%)) to (1.2) with the velocity
field alp] being replaced by alp] as defined in (1.3):

sup Wl(pga ,Dt) — 0.
te[0,7T] e—=0

If the solution to (1.2) is unique, then the whole sequence (p%)c>o converges towards p.
Remark 3.2. — Note that assumptions (3.3) are automatically satisfied if the entropy

U(p§) is uniformly bounded with respect to € > 0. In case we take p§ = p™, this
corresponds to p'™ having finite entropy.

The following lemma shows that it is possible to construct such a sequence of initial
data:

Levma 3.3, — Recall that p™ is given in Po(R%). For allp > 1 such that p™ € P,(R?)
and for all o € (—1,0), there exists a sequence (u§)eso in Pp(RY) satisfying:

(3.4a) liminf F©(u$) < F(p™),
e—0
(3.4b) W, o) < Ce",

where the constant C' > 0 depends on p but not on €.

Proof. — Let a € (—1,0) and let p > 1 such that p™ € P,(R?). Let (r:)eso be a
sequence of positive real numbers to be specified later in the proof. Let n € L'(R?)
be a nonnegative function supported on B(0, 1), with unit total mass, such that nlnn
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and |z[Pn(z) are integrable on RY. We then set 1°(x) = r-9n(x/r.) and p§ = 1 * pii.
Because of the compact support of n we have

My,(n® * p™) < C(My(p™) + My (1)) < C,

so that, in particular, u§ € P,(R?) for all & > 0.
Firstly, let us choose 7. so that eU(n®) goes to 0 as e — 0. Since n° < Leb, we have
U(n°) = [ n° Inn®. Therefore, using the change of variables z = r.y, one has:

U(rF) = o / n(a/re) n(r=9n(z/re)) de
= /n(y) In (rZ%n(y))dy = /n(y) Inn(y)dy — dInr..

Based on the above computation, we choose r. = e~</¢ for some positive sequence
(he)eso such that lim._, he = 0. More precisely, we set h. = e**1, that is r. = e—c”

Now, using the convexity and the invariance under translation of U, we have
U(n® * p™) < U(n%), and therefore F=(u5) < W(u§) + eU(nF). Since W is continu-
ous on W;(R?) thanks to Lemma 2.3, we just need the convergence u§ — p™ in

Wi (R%) in order to have W(u§) — W(p'™) and hence
lim W(y5) +U(n") = W(p™) = F(p™).
e—0

Then, (3.4a) will immediately follow.
We now use

WE(ug, p™) = WE(n = p™, 60 % p™) < WE(n®,60) = My(n°) — 0,

where the last limit is justified by M, (n°) = r?M,(n) = CeP=". This proves (3.4b)
since @ < 0, and in turn (3.4a). O

Relaxing assumption (3.3a) can only be done under additional assumptions on
the potential. In the case W satisfies assumption (A3), replacing the original initial
data p§ by a smoothed out initial data u§ that verifies assumptions (3.3) and using
the A-convexity of the potential to estimate the distance between p® and the new se-
quence of viscous solutions p°, we obtain as a byproduct of Theorem 3.1 the following
corollary:

ConroLrAry 3.4. — Assume W satisfies assumptions (A0)—(A1)—~(A2)—(A3). Let p™ €
Py (R?), and let (p°)eso be the sequence of weak solutions to (1.1). Assume that the
sequence of initial data (p§)e>o converges in Wo(R?) to p'™ as e — 0.

Then, for all T > 0, the whole sequence (p®)e>o converges in Wy distance, uniformly
on [0,T], towards the unique solution p € C([0,T], Wo(R%)) of (1.2) with the velocity
field a[p] being replaced with alp] as defined in (1.3): sup,co,m Wi(pf, pt) — 0.

Proof of Theorem 3.1. — First of all, let us extract from (p.).>0 a converging subse-
quence. For ¢ > 0, recall that the continuity equation 0;p° + V - pv° = 0 is satisfied.
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Moreover, let us rewrite equation (3.2) using the identity

5F® Vp

\% p)=VW=xp+e—
5p() ;

and split it into three terms:
1t
Ve 0.0) FH) > F) 4 5 [ [ loideids
0

3.5
(3:5) //’VW*qurs P gt ds
— D% 4 D5 + D,

where Df, D5, D5 are the 3 terms in the above right-hand side, in the same order. Note
that, if Ma(pf) is umformly bounded, then D5 is uniformly bounded from below thanks
to the estimate in Lemma 2.4. In that case, using the fact that D5 is nonnegative and
the fact that F'¢(pf) is bounded from above thanks to assumption (3.3a) on the initial
data, we can deduce that fo [ |ve|2dpSds < C for some constant C' > 0 independent
of ¢ and t. In particular, for all ¢ € [0,T], v§ € L%(pf) and fo [ s Pdpsds < +oo.
Using Theorem 2.1, we obtain that p° € AC([0,T], Wo(R%)) and that its metric
derivative exists and is bounded by the L? norm of vS: |(p°)L] < |[v5]lL2(pe) for all

€ [0,T]. We deduce the following bound, that is uniform with respect to e, by

integration over time:
T
| 1eipas<c.
0

Then, using a Cauchy-Schwarz inequality, we get:
VO s<t<T, Wa(pi,pi) < / [(p°).|dT

(3.6) /2

(/ (). dT) NP )
which gives equicontinuity of (pf)e>o in Wa distance (and therefore in W; distance).
If we still assume that Ma(p5) is uniformly bounded, then the set {pf, e > 0} is
relatively compact in Wy (R?) in virtue of Lemma 2.5. We can therefore apply Ascoli-
Arzela theorem in the space C([0, 7], Wy (R%)) to extract from (p).~o a subsequence
converging in Wy (R%), uniformly in ¢ € [0,T], towards some p € €([0,T], Wy (R?)).
We still denote this subsequence (p%)es0. Moreover, the l.s.c. of the W5 distance along
with the weak convergence p; ?pt for all ¢t € [0,T] allows to pass to the liminf._,o

in (3.6) to show that p € C([0, T], W5 (R)). The limit p is actually 1/2-Holder in time
and satisfies the same estimate as p°®:

YOS s<t<T, Walps,ps) < VC(t—s).

JEP — M., 2024, lome 11



n38 K. Lacouttire, . SantaMBROGIO & S. TraN TieN

Let us come back to the boundedness of My (p5). This bound can actually be obtained
from inequality (3.5). Indeed, from (3.5) and assumption (3.3a), we get, since D§ > 0:

(3.7) / /|v 2dpsds <

Let us show that the second term controls My (p$) if t € [0, T]. Differentiating Ms(p5)
in time and integrating by parts, we have:

d 1/2
G a(60) =2 [ @ i(a)pian) < (i) 2 ( [ uiPast)

using Cauchy-Schwarz inequality. Applying a Gronwall lemma, this implies, for all
t € 0,77,

Ma(§) V2 < M)V + /(/fwm) s
<M%W%%%//fmwgi

where we used Jensen’s inequality with respect to the measure ds/t. Finally, we get:

//ﬁﬂ@s = (Ma(0f) — Mo ().

Plugging this inequality into (3.7) and using the estimate in Lemma 2.4 one obtains:
1
—a0e Ma(p§)"? = e(Ma(p})"* + C) + 57 (M2(p7) — Ma(pp)) < C,

which provides a uniform bound on Mas(p$) for ¢ € [0, T7].

The point is now, for every ¢ € [0,T], to show Ls.c. of each term D5,

1=1,2,3,
with respect to the W; convergence of (pf).>o towards p; that we just proved.

Dealing with D5 = F¢(pf). — Using Lemma 2.3, we see that the Wj-convergence
of (p§)eso towards p; ensures that lim._,o W(pf) = W(p:). Besides, thanks to
Lemma 2.4, we have for the entropy liminf._,o U(p§) > U(p:), and we deduce in turn
liminf._,oeU(pf) > 0. Therefore:

liminf F=(p5) > F(py).
e—0 )

Dealing with D5 = 5 fo J [ve2dpsds. — For € > 0, letting E° = p“v°, a Cauchy-
Schwarz inequality shows that the total variation of E° is uniformly bounded with
respect to € > 0O:

/2

|E€|([0,1] x RY) = / /|v€|dp5ds </ /|v5|2dp5ds) <VCT,

Thus, up to another extraction, we can assume that

g

e—0
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for some E € M,([0,¢] x R%)?. Now, since p° and E* are absolutely continuous with
respect to the Lebesgue measure on [0,¢] x R? as long as € > 0, Lemma 2.6 ensures
that D5 rewrites as follows:

t
D5 = [ [ £alpt, B )dwds = B, )
0
Then the lower semicontinuity of By on My ([0,#] x RY) x My([0,¢] x R%)? yields:
liminf D5 > Bo(p, E),
e—=0

which, in turn, implies that Bo(p, E) is finite and therefore gives the existence of a
vector-valued density v verifying E = pv. Using Lemma 2.6 (iv), the above inequality
rewrites:

1 t
O e > 2 .
hIEIi}l(I)lfDQ > 2/0 /|vs| dpsds

In addition, this transformation also allows to pass to the limit in the continuity
equation 9;p° + V - E€ = 0, which is now linear. Indeed, letting ¢ — 0 in the weak
formulation, one easily gets 9;p + V - (pv) = 0. This shows that the limit density p
is still a solution to a continuity equation, and the link between the velocity field v
and the functional F' will be made thorough when passing to the limit € — 0 in the
EDE (3.2).

Dealing with D§ = %fg JIVW x pS + EVpi/pi‘deids. — As it is standard when
dealing with terms belonging to L?(p%), we set
£

\Y
GF = (VW % p°)p° + e~

pE

so that D§ = Ba(p®, G%).

We deduce from (3.5) that D5 is uniformly bounded with respect to €, which implies
that G¢ is uniformly bounded in M, ([0, t] x R4)4. Therefore, up to another extraction,
we can assume that GELOG for some G € My([0,t] x R%)?. Since W is Lipschitz,

e—
we have
t
/ / |VW x pf|dpSds < asct,
0

thus (VW % p%)p° is uniformly bounded too in M,([0, ] x R4)%.
As a consequence, the difference €(Vp®/p®)p® is also uniformly bounded in
My ([0,¢] x R%)4. Now, its limit when € — 0 is 0 in the sense of distributions. Indeed,

for £ € €2°(R?),
t
Vpe, &) = — Védp®,
(eVp©,§) 6/0/ &dp

which can be bounded, for instance, by et||V&| L~ and therefore goes to 0 as e — 0.
We deduce that £(Vp®/p®)p® actually converges in the sense of measures towards 0,
hence the limit, in the sense of measures, of G¢ is that of (VW x p)p°.
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Limit in the sense of measures of (NW * p)p°. Let & € Co([0,t] x RY) and let us
consider the duality bracket (VW x p®)p®,£) as € goes to 0. That quantity equals,
using Lemma 2.7 applied to the even vector field VW:

69 [ [[ W) e
=5 [ [[ 7w -0 € - e, stanipitans

Now, since W is Lipschitz, VW is bounded, therefore the map
(s,x,y) — VW(I - y) ' (6(‘9"%') - 6(57?/))

is continuous and the weak convergence p° ® p© L()\p@p (which is equivalent to narrow
e—

convergence since we deal with probability measures) allows to pass to the limit € — 0
in the above quantity to obtain:

lim / [ W@ =) gls.apitan)i(anas

e—0

- 5/0 / VW (x = y) - (£(s, @) = &(5,9)) ps(d) ps(dy)ds.

Note that, until now, the value of VI¥(0) does not matter. Actually, all the integrals
when € > 0 hold with respect to to the Lebesgue measure and therefore the diagonal
{z = y} can be avoided. We therefore only need VW (z) = —VW (—z) for nonzero z
to apply Lemma 2.7, and this do not impose any value to VW (0).

Now, to come back to some duality bracket tested against £, one needs to unsym-
metrize the resulting expression by writing:

%A / VW(I'_Z/) (5(8,!])) _f(sﬂy))Ps(dl’)ps(dy)ds
- % A / V/I\/V(x —y) - &(s,2)ps(dz)ps(dy)ds
- %/O / VW (@ — y) - £(5,y)ps(d2) ps(dy) ds

(3.10) L
=5 | [T =0 €. 0pu(dopu s
0
1 [t —
3/ / T (@ — y) - €(5, 2)ps(dx)ps (dy)ds
/ [ W@ s, aputaniptaas,

where we used the fact that VW( = fVW( z) for all z € R?, which now imposes
VW(O) =0.
Remark 3.5. — These computations could hold against a test function £ that is only

Lipschitz on [0,¢] x RY provided VW (z) < C/|z|'=# for some 8 > 0. Indeed, the
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map (s,x,y) = VW(I - ) (E
and hence everywhere on [0, t]

(s,z) — &(s,y)) would be continuous on the diagonal

t] x (R%)2. This could provide a way to deal with the
non Lipschitz potentials W (z) = |z|? for 0 < 8 < 1, that are more singular than the
Lipschitz potentials but are still less singular than the logarithmic potential. However,
extra difficulties arise for the limit analysis when W is not Lipschitz.

We finally get that G = (V/ﬁ/ * p)p and therefore

A
Ba(p,G) = 5/0 /|VW*pS\2dp5ds.

Using the l.s.c. of By we finally get:
t
liminf D§ > / /\VW % ps|2dpsds.
e—0 0

Passing to the iminf._, to recover a limit FDE. — We can now pass to the liminf._,o
in (3.2) using the assumption (3.3a) for the left-hand side to get the following EDE
(which, once again is written as an inequality):

(3.11) F(p™) > F(p;) / /|vb| dpsds + - / /’VW*,OS‘ dpsds.

Recall that p still solves the continuity equation d;p + V - pv = 0 in the sense of
distributions. Identifying the velocity v is made through Lemma 2.8 which gives:

vt € [0,T], F(pt) — F(po) =/01/(VAW*ps)-vsdps-

Since (p§)e>0 converges to both pg and p™ in Wy (R9), we have py = p'™. Plugging
the above identity into (3.11) then yields:

)
2 Jo
so that v = —VW x p = ap] almost everywhere. We deduce that p solves the aggre-
gation equation (1.2) in the sense of distributions with the correct velocity field alp],

_— 2
Vs +VW*[)S dpsds < 0

which concludes the proof. Incidentally, the identity v = —VW % p confirms that the
limit EDE (3.11) is actually an equality. a

Proofof Corollary 3.4. — We now come back to the case of arbitrary initial data p§
i.e., we do not assume anymore that assumptions (3.3) hold. However, we still assume
that Wa(p§, p™) = 0 and in addition, we now assume W to be A-convex.

E—

Let (15)e>0 be a sequence of smoothed out initial data for which Wa (1§, p'™) " 0
e—

and the assumptions (3.3) hold on (u§)e>0. We denote by u¢ a solution to (1.1) for
the modified initial data pf. Applying Theorem 3.1, we know that p converges in
e([0, T], W (R%)) towards p solution to (1.2) as € — 0, up to a subsequence. But
since W satisfies the assumptions of Theorem 2.9, such a solution is unique and we
deduce that the whole sequence (uf).>o converges towards p.

JEP — M., 2024, lome 11



1142 F. Lacourtiire, F. SaNtamBrocio & S. Tran Tiex

It remains to show that Wa(p$, uf) goes to 0 as € — 0 by estimating this quantity
thanks to the A-convexity of W, which is encapsulated in the following lemma.

Levmva 3.6. — Assume W satisfies assumptions (A0)—(A1)-(A2)-(A3). Let p,p €
P2 (RY) and denote (p,1) a pair of Kantorovitch potentials from p to u for the qua-
dratic cost c(x,y) = 3|z — y|*>. In addition, we assume that p or p is an absolutely
continuous measure. Then,

/V<P~a[p]dp+/v¢-a[u]du < —AWE (p, ).

Remark 3.7

(1) In particular, we recover the last estimate in Theorem 2.9: if
Py € AOIOC([(L +OO), WQ(Rd))

are solution to (1.2) with initial data p™!, ;"' € Py(R9) and if p; or y; is an absolutely
continuous measure, the following inequality holds:

d
(3.12) %Wzg(Pt,Nt) < =205 (pi, pue)-

Indeed, this is a direct consequence of Lemma 3.6 and of the following computation
(see [33, Th.5.25] or [1, Th.8.4.7])

d1
dt 2
whenever p, u satisfy the continuity equations O;p + V - pv = 0, Oypp + V - pw = 0.
Inequality (3.12) then yields the aforementioned estimate using a Gronwall lemma:

(313) sz(pt,ut) = /VQDt . Utdpt + /th . wtd,ut,

(3.14) W (pr, i) < e M Wo(p™, ™).

Relaxing the assumptions that either p, or p; is an absolutely continuous measure
can be done replacing p; by p; for instance, and passing to the limit ¢ — 0 in the
resulting estimate, thanks to Corollary 3.4.

(2) Another way of proving Lemma 3.6 can be found in [35, Lem. 4.12].

Proof. — Assume p is an absolutely continuous measure. Then, there exists an op-
timal map from p to p for the cost c¢(z,y) = |z — y|?, which we denote T. Since
VipoT = =V, using u = Tup yields:
/Vso~a[p}dp+/vw'a[u]du:/Vso-(a[p] —alu] o T)dp
—— [[ Veta) - YWz - wldyp(as)
+ [[ Veta) - vW (@) - utdy)ptiz)

=~ [[Veta) (VWi ) - YW (T (@) - 7)) ) d)o(ao),
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where we used once more p = Tl p. Symmetrizing the above integral as in Lemma 2.7,
since VW is odd, and using Vyp =id — T, we get:

[ vedldldp-+ [ Vo aluldn

= *% / / (Ve(@) = Ve(y)) - (VW(o: —y) — VW (T(z) - T(y)))p(dy)p(dm)
:7%// (x*y*(T - ) VW (z —y) = VIW(T(z) - T(y)))p(dy)p(dw)

< // v = (&) — (y - T(y))pldy)plda),

where we used the A-convexity of W. We then expand the square to obtain:

/ e — T(z) — (y — T(y))|pldy)plde)

—2/|x— x)?p(dx) —2(// x—T dm)>2<2W22(p,,u),

which concludes the proof, as we assumed in (A3) that A < |

We now come back to the proof of Corollary 3.4. Denoting (¢5,15) a pair of
Kantorovitch potentials from pf to p7, and using Lemma 3.6 along with equation
(3.13), we get:

G3WRG ) < -AWH i) — ¢ [(V - Vi + V- V).

The last term above being nonpositive (see [33, Exer. 66] for instance), we obtain, using
a Gronwall lemma, that Wa(pf, u5) < e MWa(p§, ug). We then write, for ¢ € [0, 77,

W15, pe) < Wi(pf, 15) + Wils, pr) < e M Wa(p, g) + SFPT] Wi (ps, ps),
s€|0,

where we used the fact that W7 < Wh. Since both sequences (p§)e>0 and (uf§)e>o0
converge in Wo(R?) to the same limit, Wa(p§, 1) goes to 0 as ¢ — 0. Moreover,
(11°)e>0 converges to p in W; distance uniformly in [0, T]. These two facts along with
the above inequality show that (p°).~o also converges to p in C([0, T], W1 (R%)), which
ends the proof of the corollary. a

3.1.2. Convergence rate under the \-convexity assumption. We are now in position
to prove the following theorem:

Turorewm 3.8. — Assume W satisfies assumptions (A0)—(A1)—(A2)—(A3). Let p™ €
Po(RY), and let (p°)es0 be the sequence of weak solutions to (1.1). Here, we assume
that (p§)e>o is an arbitrary sequence in Po(R?).

Denoting p € €([0, +00), Wa(R?)) the unique solution of (1.2) with a[p] being repla-
ced by alp] as defined in (1.3), we have the following estimate:

. 1 —e—2M
(3.15) vt >0, Wa(pf, pe) < e X Wa(pg, p™) + \/?\/%'
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Please note that in the above estimate A < 0. If A < 0, 1 —e~2* and ) are negative
numbers so the ratio is positive and for A = 0 the expression should be extended by
continuity.

Remark 3.9. — In dimension d = 1 with the Newtonian potential W (x) = |z|, the
correspondence with Burgers’ equation stated in Proposition 2.12, gives convergence
at rate v/et in W distance. Due to W being 0-convex, our estimate leads to the same
estimate but in W5 distance, since taking A = 0 in (3.15) gives Wa(p5, pr) < V2det
for any t > 0.

If assumption (A4-p) is satisfied for some p > 1 instead of assumption (A3) and
if pj = 9o for all € > 0, one can also obtain the exact same estimate using a direct
computation. Indeed, in that case, p; = g for all ¢ > 0 and we have, using integration
by parts and Lemma 2.7:

SR = o [ laPita
[ IW =)@ - ity + 2 [ pitan)

-C // |z — y|Ppi (dx)p; (dy) + 2ed, using assumption (A4-p),
< 2ed.

Hence Wy(p§,00) < vV2det for allt >0

ini

Proof. — Take a sequence of initial data (u§).-o converging in Wo(R%) to p
¢ — 0 and denote (ue)eso the sequence of solutions to (1.1) with such initial data.
Let € > 0. For all § > 0, using Lemma 3.6 along with equation (3.13), we have,
denoting (y4,%,) a pair of Kantorovitch potentials for the quadratic cost from p§
to p) and integrating by parts:

d1 . .
5 W (o 1) < —AWS(pwu?)—&/Wert —5/V¢t~W?

—AWf(pi,uf)+€/Awtp§+5/Awmf-

The map = +— ¢;(z) — |2|?/2 being concave, V2p; < I, hence Ap; < d and the same
holds for ;. Therefore:

d

dt — W (pta:ut) —2AW (pt,ﬂt)+2(€+5)d
which gives the result after using a Gronwall lemma and passing to the limit § — 0
thanks to Corollary 3.4. |

3.2, MeTHOD 2: USING A NUMERICAL SCHEME. We now turn to a different proof of
the previous result. This alternate proof will also allow to illustrate the results and
the behavior of solutions with numerical results. Our main idea is to let, for a fixed
e > 0, pi, be a suitable numerical approximation of the viscous solution p® to the
problem (1.1) with fixed initial data p§ = p™', and then use the formalism of [14] to

ini
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estimate the distance from this discretized solution to the solution p to the aggregation
problem (1.2) in terms of e:

Vn € N, WQ(pZZ7ptn) < C(tn) V Az + g,

under suitable stability conditions for the numerical scheme, and where At > 0 is
the time step, t” = nAt and Az > 0 denotes the maximal space step. Proving the
convergence of the scheme with fixed € beforehand using compactness arguments and
a Lax-Wendroff-type theorem, then letting Az — 0, we shall deduce:

vt > Oa W2(P§»Pt) < C(t)\@a

where we shall specify the constant C(t). Note that our method also allows to deal
with the case of arbitrary Po(R?) initial data p§ as in Theorem 3.8, but we choose to
present it with initial data not depending on e for the sake of clarity.

Let us be more specific. We consider a Cartesian mesh of R? where the space step
in the ith direction is denoted by Ax; > 0. The nodes of the mesh are denoted by
vy = (J1Axq,...,JgAzg) for any J = (Jy,...,Jq) € Z%, and the cell centered on z;
is denoted by Cy := [(J1 — 3)Az1, (J1 + 3)Azq] x -+ x [(Ja — 3)Azq, (Jg + §)Aza).
We also denote by e; the ith vector of the canonical basis of R?. We initialize our
discretization with:

(3.16) oY ;:/ pMi(dr) >0, Jezd
Cy

and we consider an upwind type discretization for the aggregative part [13, 27, 14]
and an explicit discretization for the diffusive part. It writes, for n € N,

At _ _
oy =l (@) = (@ e) e, = (@) o5, + (@) )
(3.17)
At
+e Z A2 (Pes =205+ 05—c.) 5
i=1 1
where the discrete velocity is defined by:
(3.18) a;y = — Z o% DWE where D,WEK .= m(:m - TK).
Kezd
Note that, for the sake of simplicity, we drop, in this section, the superscripts € when
it comes to the discrete unknowns (') jeza nen but these unknowns always solve
numerical schemes for the aggregation equation with viscosity € > 0.
Since W is even, we also have D,WX = —D; W}, forall J K € Z¢ and i = 1,...,d.

Using a symmetrization argument as in the continuous setting, we deduce the discrete
equivalent of Lemma 2.7:

Lemwa 3.10. — Denote, for J,K € Z¢, DWEK = (D1WJ-K,...,DdW}() and when-
ever (vy)jeza is a discrete vector field on the mesh, vy = (vis,...,vas) € RY. For
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any (vy) jeze, we have:

Vi=1,...,d, Zv“afjpgzéz ZDinK(vaviK)prJ’p?(,

Jezd Jezd Kezd

and therefore:
> vr-aj Z > DWJ - (vg —vk) plf pl.
Jezd JeZd Kezd

Proof. — Using the definition of the macroscopic velocity and the fact that D;WE =

—D; W}, we have:
S DiWivig o pic

Swaiei=—3 S DiWE vk

JEeZ4 JeZd KezZd Jezd Kezd

> Y DWW vk pl s

Jezd Kezd

thanks to exchanging K and J in the latter sum. Taking the half sum of the first sum
and the latter, we obtain:

Z vigaiy py = % Z Z DiW (vig —vik) pf pikc-

Jezd Jezd Kezd

Summing over ¢ = 1,...,d concludes the proof. O

It is also natural to consider, instead of the explicit discretization of the Laplacian,
an implicit discretization:

d
At _ _
Pt = 5= 30 o (@) 705 = (@) TP e, — (@) P, + (@) 1)
i=1 ¢

(3.19)
At
+ed o (05T — 205+ 5T
i=1 ?

However, for the sake of simplicity, we only provide the proof of our convergence
estimate for the explicit scheme (3.17), although our method would also works for the
implicit discretization (3.19) but the computations are a bit more involved. Naturally,
both schemes are asymptotic-preserving in the limit ¢ — 0 since they degenerate
towards the upwind-type scheme of [14] when & goes to 0.

One could also consider the #-scheme, for 6 € [0, 1], defined by:

4 At
R DI ((a/})ﬂoﬁ (@540 Pe, — (@i ) 0, + (a) )
i=1

(3.20) o (Plge, =205 + 00,

H'M&

At
+€9Zf (o5l =207 + 051,
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The point of defining such a scheme comes from the fact that, for the heat equation
Oip = €Ap, under a parabolic CFL condition

EZAﬂ S 1—29)

if 6 € [0,1/2) and unconditionally if § € [1/2, 1], the #-scheme is known to be conver-
gent in L2 norm at rate O(At+ Az?). Moreover, for § = 1/2, one obtains the so-called
Crank-Nicolson scheme, which is convergent at rate O(At? 4+ Az?). However, the con-
vergence order of the #-scheme (3.20) for the aggregation-diffusion equation (1.1a)
will anyway be limited by the order of the upwind scheme. Also, the positivity of the
density can only be guaranteed if the more restrictive parabolic CFL condition

d d
At At
i=1 i=1 ?

holds. Preserving a hyperbolic CFL condition thus imposes taking § = 1, which
corresponds to the implicit scheme (3.19).

Prorosition 3.11. — Assume W satisfies assumptions (A0)—(A1)—(A2)—(A3) and let
p € €([0,+00), Wy (R%)) be the unique measure solution to the aggregation equa-
tion (1.2) with initial data p™ € Po(R?) as given by Theorem 2.9. Assume in addition
that the following strict CFL condition holds:

d

(3.21) Z(awg + 25%) < %
i=1 v (

Denote also the reconstruction:
pz: = Z pgalJa ne N7
Jeza

where (p}) jeza nen is defined through the explicit discretization (3.16)—(3.17)~(3.18).
Then, there exists a constant C > 0, depending only on as, and d, such that, for all
n € N¥,

1— 4xtm
(3.22) Wa(pen, p3) < C ST T JArte+e P Ag
Remark 3.12. — In estimate (3.22), the v/Ax + ¢ term corresponds to the error

induced by the scheme (3.17) and the Az term corresponds to the finite volume
discretization of the initial data (3.16). As in [14], one can also improve the prefactor
in the exponentials to get the slightly better estimate:

, 1- 6—2’\’5"
Wa(pin, p3) < O\ ———— VAz + e + e M Az,

which is similar to the estimates of the continuous setting, for instance (2.3), when At
is small.
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In the above proposition as in the whole paper, we do as if our discrete reconstruc-
tions (pi,)az>o depended only on Az. Rigorously speaking, they also depend on At,
but under the CFL condition (3.21) At goes to 0 as Az goes to 0. Setting At to be
an adequate function of Az, we can therefore consider (p%.,)az>0 as sequence labeled
by Az only.

Tueorewm 3.13. — Assume W satisfies assumptions (A0)—(A1)-(A2)—(A3). Let p €
€([0, +00), Wo(RY)) be the unique measure solution to the aggregation equation (1.2)
with initial data p™ € Py (RY) as given by Theorem 2.9 and let (p®).o be the sequence
of weak solutions to (1.1) with initial data p§ = p™.

Then, there exists a constant C > 0, depending only on as, and d, such that, for
all t > 0 the following estimate holds:

1 _ e—4Xt
(3.23) Wa(pf po) < Oy = VE.

Remark 3.14. — The estimate above is slightly worse than the estimate (3.15) that
we obtain using gradient flow arguments. Although, as in the previous remark, the

—2M with a bit more technical computations,

exponential factor can be improved to e
we do not manage to obtain the same constant C' = v/d. Nevertheless the important
fact is that the dependence with respect to € is the same in both proofs. The advantage
of the numerical proof is that it confirms the convergence of the numerical scheme

and its asymptotic preserving property.

3.2.1. Properties of the scheme

Lemma 3.15. — As in the continuous setting, our discretization (3.17) preserves
(1) total mass:
(3.24) vneN, > ph=1;
Jezd

(2) positivity of the density and the bound on the velocity field:
V(n,J) eNxZ% Yi=1,...,d, p% >0, a;"| < Goo,

under the CFL condition:
At At
. - —5 ) <1
(3.25) > (aoo g H2e sz) 1

(3) the center of mass:

vn € N*, p3 € P1(RY)  and Z zyp = Z x50
Jezd Jezd

Proof. — The first item comes from summing equation (3.17) over J € Z%. Moreover,

using the following rewriting of p?“ as a positive combination of py and pjie,,
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1=1 d:

PR

d

P =0 { zd:( aily 2A€A2t)] + ZP.%Lei (%ﬂj(%?ﬁei)_ + %)

i=1 i=1 v i

n eAt
+ZPJ e7( o (aiy- e)++A7x12)7

it is classical to prove the second item by induction on n € N, under the CFL condi-
tion (3.25) under which pJ! is a convex combination of the p%, see [28] for example.
Let us now focus on the third item. One has

Z |l,J|pn+1

Jezd
d
=2 ml[ Z (@) 05 = (@) P, = (050 e, + (@) 05)
Jezd i=1
At
€ ; Txf (P7}+ei —2p7+ pT}Gi):| J
thus
At At
> e < X b (143 o 20
Jezd Jezd
d
3D ST (R )+Z > Aaipl (0t e Ra)
i=1 Jezd i= 1 Jezd
d
3N e (i e ) DY A (o k4 ),
i=1 Jezd bl

which shows by induction that p}" € P1(RY) if p . € P1(R%). Now more precisely,
using the discretization (3.17) together with a dlscrete integration by parts, we have:

Z x]pn-l-l

JEeZ4

At
= aph- Z Hxr —2e) = (@) ph(xs—c, —2J))

Jezd Iezd
+ 52 Z Tye; = 27) (P re, — P)-
l Jezd
By definition of x5, we have z;_., — x5 = —Ax;. Hence, we deduce:
ST api™ =3 ayph +Atz > alipl - 62 S (e — o)
Jezd Jezd =1 jez ' Jezad
d
Y Y Y ael
Jezd =1 jezd
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Applying the symmetrization Lemma 3.10 to the constant vector field given by vy =
(1,...,1) € R? for all J € Z?, we have Y jezaaiypy =0 foralli =1,...,d, hence
the result. O

The following lemma ensures that M(p)) remains bounded over finite time. It
turns out necessary for the proof of convergence of the scheme by compactness, in
order to extract a converging subsequence.

lLemma 3.16 (Bound on the second moment). — For alln € N*, the following estimate
holds:
d
M3 p, = Z lzg 27 < e 4 (Mgmj + aoot” ZAJ% + 2d€t">.
Jezd i=1
Proof. — Using (3.17) and a discrete integration by parts, one can write:
Sl =Y ey
Jezd Jezd

) = @) (sl — J2s2)]

- Z AL S (@) o5l e
' Jezd
At ,
+5Z Z |17J (27 7|IJ‘)(pJ+ei*pJ).

b Jezd

By definition of x ,
|72 = |2 gre,|* = —2J; Az? — Ax?  and  |zj_.,|* — |vs* = —2J; Az} + Ax?.

Therefore, we get:

STV SV EEING o SEAe @uthZA% 2 Pl

JEezZ JEZ =1 jez JEZ

+5Atz > (=2Ji + DAzi(prse, — pa).
=1 Jezd
As a consequence of Lemma 3.15, we have |a;"}| < aoo. Using, in addition, the mass
conservation, we deduce that the penultimate term is bounded by a. At Z?Zl Ax;.
As for the last term, another integration by parts shows that the last term equals
2deAt. Finally, Lemma 3.10 applied to the discrete vector field given by v; = x;
yields:

d
2Atz Z JiAx; ;7 ply = 2At Z xy-aipy=—At Z DWE (x; —xr)phpl

i=1 JezZd JezZ4 J,Kezd
2
<-AAE Y g — ek
J,KeZd
< —4MAt g 27207,
JEeZ4
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where we used the A-convexity of W and the inequality |z, — zx|* < 2(Jzs)* + |z |?)
along with the fact that A is nonpositive. We obtain

d
Z lzg 2o < (1 — 40AY) Z |z s|%p" + aooAtZAxi + 2deAt.
Jezd Jezd i=1

We conclude the proof using a discrete version of Gronwall’s lemma. O

3.2.2. Proof of Proposition 3.11. — Before going through the proof of Proposition
3.11, let us introduce, for J € Z% and y € R? the following coefficients:

(3.26) as(y)

[y —xg,e;)| 2eAt
1- ( - ) h ,
; Ar, Aazf when y € Cy
1 At
=< Az; (<y*x‘]—euei>)++%x? WhenyecJ—em forizl,...,d,
1 _ At
Ar ((y = T yge,, €4)) —I—Zix% when y € Cyye,, fori=1,...,d,
0 otherwise.

It then holds that, for any J, L € Z<,

oy (xL + Ata’L’)

d
At 2eAt
Z(|au| T AL ) when L =J,
i=1 7
At At
— Ax_(aigfei)—‘r"'b when L=J —e¢;, fori=1,...,d,
At - eAt .
Az (@il ve.) +A7x2 when L=J+e;, fori=1,...,d,
0 otherwise,

so that we have the key identity:

vJezt pitt= Z piay(zp + Atal),

Lezd
Levvia 3.17. — For any y € R?, we have
Z ar(y)=1 and Z rron(y) =y.
Lez? Lez?
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Proof. Let J € Z<¢ such that y € Cj. To prove the first claim, we just use the
definition of ay,(y):

d

Z ar(y) = as(y) + Z(O‘J-‘rei (y) + ay_e, (y))
Leza i=1
d d
:1_2(|<y —AxxL‘,eiH 25At> Z ( $J,€i>)++ (<y—x(],ei>)7)
i=1 i P

+2Z€At —1.

As for the preservation of the barycenter, we once again using the deﬁmtlon of the
coefficients ay, (y):

d d
D wran(y) =wssy) + Y Trie s V) + Y Tsetre(y)
=1 =1

LeZd

—o [ S (el A S (L () S

3 7

+§;xJ(Al y—xJ,ei>)_+§;§)
— a1+ Z(—@‘A> #am(=aned) g (o))

+ Z ((—zsed)" = (w—2s.ed)”)
_xJ+Z —zye)e =y 0

We now turn to the proof of Proposition 3.11. For n € N*, we denote D,
Wa(pen, pxy)- The point is, roughly speaking, to obtain an estimate of the type
D2, < D2 + CAt(At + Az + ) and then use a discrete Gronwall lemma to ob-
tain estimate (3.22).

Let v be an optimal transport plan between pi» and p’, so that

= / |z — y>y(da, dy).

We also let a’y,, be any continuous reconstruction of the discrete velocity defined in
(3.18), for 1nstance piecewise affine, such that a’} ,(z;) = a7 for all J € Z.

To construct an adequate coupling +' € I‘(ptn+1 , pzzﬂ), recall that Theorem 2.9
gives ppni1 = Z(t"HL " ) psn, where Z is the Filippov characteristic flow associated
to afp] given by Theorem 2.9, except that here the second variable of Z denotes the
time of the Cauchy data (which is the third variable) whereas in Theorem 2.9 it was
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omitted as it was 0. If the discrete measure p‘ZZH was a pushforward measure of

par, we would also define 4 as a pushforward of v, but it is not the case in general
as we are dealing with atomic measures. Instead, if we denote by v the kernel on
(R4, B(R?)) given by:

V(y, B) € R x B(RY),  v(y,B)= Y ayly+Atag, (y))d.,(B),
Jezd

we have the kernel representation:
VBeB®Y),  pkiB) = [ vl Bk ).

The pushforward pgni1 = Z(t"F1,#", -)#ps can also be seen as a kernel representa-
tion. Indeed, setting yu(x, A) = d7n+1 4n 1) (A) for (z, A) € R? x B(R?), we have:

VAE B, pro(4) = [ 120 0)pes (o)
:/5Z(t"+1,t"7w)(A)pt"(dx) = //,L(.T,A)ptn(dx)
We now define the product kernel X on (Rd X ]Rd) X B(Rd X Rd) by:

K((x,y), A x B) = p(x, A)w(y, B) = dz(n1,0n ) (A) > ar(y + Atak, (y)) s, (B)
Leza

and then set 7/(A x B) = [[ou, ga X((2,4), A x B)y(dz,dy). Equivalently, for any
0 € Cy(R? x RY), we have:

//G(x,y)v'(dx,dy) = ////G(m’»y’)u(x,dx')'/(y,dy’)v(dx,dy)

- //{Z O(Z(t" 51", @),z ) ar (y + AtaX,(y)) | Y(dz, dy).

Lezd

One can show as in [14] that the marginals of 7/ are psn+1 and ngﬂ. In particular,

we have:
D;., </ |z — y*y' (da, dy).

Using the definition of 7/, we get:

(3.27) Diyy < // Z |z @) — :L'L|204L (y + AtaX, (y))v(dz, dy).
Lezd

Writing

Z( Tt x) —ap = Z(Th" @) — (y + AtaR,(y) — (22— (y + AtaR,(y)))
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and expanding the square, we obtain:

(3.28) Y |Z(t"em,2) — ap[Par(y + Atad,(y))

Lezd
= |Z(t" 5t x) —y — AtaR, )|+ Y oL —y — Atak, (y)| ar (y + Atak, (y))
Lezd
_ 2<Z(tn+1; " x)—y— Atazx(y)) . ( Z (zp —y— Atax,(y))or (v + Atazw(y))
Lezd

Now, the last term in scalar product vanishes as we have, using Lemma 3.17,

D (wn—y — Atak, (v)ar(y + AtaR,(y) = y + AtaR, (y) — (v + Atag,(y)) = 0.
Lezd

Plugging (3.28) into (3.27), we therefore deduce, using the fact that p” is the second
marginal of :

(3.29) D2, < //!Z(t”“‘t" x) —y — Atax,(y |2fy dz, dy)

Lezd
Let us deal with the last term in the above inequality. We have
pan(y) = Y P30, ()
Jezd

therefore
D / o — y — Atal, (9)|an (y + Atal, (4)) o3 (dy)

Lezd 5
= Z Z |z — xg — Ataj| g (25 + Atal}) p
Jezd Lezd

Moreover, using the definition of o, in (3.26), we compute:
d d
ni2 n n At 2e At
Z lep — g — Ata]j|"ap (z + Ata])) = At2|aJ|2<1 - M'aiﬂ - Z Ax?)
Lezd i=1 i=1 i
At 4 EAL At L eAt
3l anas (" + 505 + smes a1+ 555)]
< CAt(At + Az +¢),
where we used, for the last inequality, the CFL condition (3.21) and the fact that

the velocity a” is uniformly bounded. Multiplying by p", summing over J € Z¢, and
injecting into (3.29) yields:

(3.30) D2, < / |zt a) —y — Atagw(y)‘gfy(dac7 dy) + CAt(At 4+ Az +¢).

Dealing with the first term amounts to estimating the distance between the ex-
act characteristics Z(¢"*1;¢", z) and the forward Euler discretization y + Ata’k . (y).
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To this end, we write, on the one hand, using the definition of the Filippov charac-
teristics [17, 31]:
tn+1
Z{t" T ) = 2 +/ G, (s, Z(s;t",))ds
tn
tn+1

—x—/t /VW (s;t", ) — Z(s;t™, ) pun (d€)ds
On the other hand, we have, whenever y is a node of the mesh,
Y+ AtaR,(y) =y — At/V/W(y — ()PAs(dC).
Thus, still for y a node of the mesh, we have:

2
|Z (", )*y*AtaZx(y)l <z —yl?

_ 2/jn+l// S VW (Z(s; ", x) = Z(s;1",€)) — VW (y — g))ptn(df)pZZ(dO
t + CAt%.

Since v € T'(pn, pXr) and since the above integral can be decoupled using the linearity
of the scalar product, we also have:

J[@ = (T (26800 = 2(57,)) = Ty = Q) )on (d)p2dC)
— [[e=- (T (200 - 2(507,9) = Tl - )1 (de. o).

Injecting into (3.30), we get:

D2, < D2+ CAt(At + Az +¢)

=7 [ ) (T 200120552, ) T 4=) s )t ).

Decomposing x —y = © — Z(s;t",x) + Z(s;t", ) — y and using the fact that
|Z(s;t",x) — x| < acols — t7], we get:

tn+1

D2,, < D2+ CAH(At+ Az +¢) —2/ ////(Z(s;tm)—y)-
(VW (258", 2) = Z(s:8",€)) = YWy = ) )(de, dC)(de, dy).

Using the fact that W is even to symmetrize the last term as in Lemma 2.7, we obtain:

D2, < D2+ CAY( At—i—Am—i—a

/tn //// (s;t", ) (S;t",é)*y+é>~

(VW (2(s:t",2) = Z(517,€)) = VW (y = ©)) 2(d&, dC)(da, dy).
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The A-convexity of W then yields:

D2, < D2+ CAt(At+ Az +¢)

tn+1

—A/ ////|Zst x) —y— Z(s;t", € +C]7d£d§ (dz, dy).

Expanding the last term gives:

tn+1

(3.31) D2, < D2+ CAt(At+ Ax +e) — 2\ //|Z(s;t",x) - y‘z ~(dx, dy)
t'fb
tn+1

+2)\/tn // (5;t", ) — y) v(dz, dy)

Now, since A < 0, the last term above is nonpositive. It remains to estimate the
penultimate term. Writing:

2

|Z(s;1",2) = y| < |Z(s;t" @) — 2| + | —y| <accls "] +]x —y

we deduce:
n 2 2 n|2 2 2 A2 2
|Z(s;t , ) fy’ < 2(aoo|57t | + |xfy| ) < 2a5 At +2’:r fy|
whenever s € [t",t"1]. Integrating in space with respect to v(dz, dy) and integrating

over s € [t",t" 1], we obtain:

tn+1

—2)\/ //‘Z st x y’ZW(dx,dy) —4Xa? At® — ANALD?.
Together with (3.31), this yields:
D2, < (1-4\AY)D2 + CAH(At + Az + €).

Using a discrete Gronwall lemma, we finally get:

. 1— e 4"
Di < 6_4)\t D% =+ CT (At+A$+€)
Now, one can easily prove that D3 = W3 (p'™, p%,) < @AwQ (see [13]). This, along
with the CFL condition (3.21), which implies that At < CAw, gives the desired result.

3.2.3. Proof of Theorem 3.8. — We are now in position to prove Theorem 3.8 using
estimate (3.22) and passing to the limit Az — 0. To do so, we must verify that, for a
given ¢ > 0, the approximate solutions given by the numerical scheme (3.17)—(3.16)
converge, say uniformly in time (over a finite horizon) and weakly, in the sense of
measures, in space, towards the solution p° to the aggregation-diffusion problem (1.1)
with initial datum p™, as Az — 0. In all this section, ¢ is a fixed positive real number.

Let T'> 0 and let N € N be such that NAt = T where At satisfies the CFL
condition. We consider the following piecewise affine reconstruction in time, defined
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for t € [0, T] by
N
tn+1_t £.n t—1 e,n+1
(3323’) paAl’,t = n_()( At pAz + At pA’a: )1[t"7t"+1[(t)7
(3.32b) pan = plida,, n=0,...,N,
Jezd
—=0,...,N

where, once again, (p})’ i is given by the explicit discretization (3.17)—(3.16)
(it actually depends on e but we drop this dependence for convenience). Lemmas
3.15 and 3.16 show that, for all n € {0,..., N}, pX" € Po(R?), hence (pi,)as>0 is a
collection, indexed by Az, of curves in C([0, 7], W1(R9)) (they are actually curves on

W, (R?) but compactness arguments require to work in a smaller space).

Outline of the proof. We begin with assuming that p™ € L?(R9%). Then, from
(Par)Az>0, we shall extract a subsequence, that we still denote (p% ) Az>0, converging
in the C([0,T], My(R?)) topology towards a limit p € C([0,T], Wy (R%)). To do so,
we apply the Ascoli-Arzela theorem: the relative compactness assumption follows
quite directly from the uniform bound on Ms(p%)) that we proved in Lemma 3.16;
the equicontinuity assumption, however, is more involved and requires discrete H*
estimates (Lemma 3.18) in order to control the diffusive term. Then, using classical
discrete integration by parts, we show that p solves the aggregation-diffusion initial
value problem, the solution of which is unique, hence the whole sequence actually
converges. Passing to the limit Az — 0 in estimate (3.22) will give us the desired
estimate (3.23) for L2(RY) initial datum, and it will only remain to use a regularization
argument to conclude in the case of arbitrary Py (R?) initial datum.

Lemma 3.18. — For allm € {0,..., N}, we have:

2
Atz 3 Z p‘”el ‘2<C(a00,d,€,T) 3 (pZ) ,

n=0 jezd i=1 Jezd
with )
1 8dTa? (1+d)Ta?
c T)=—(1+ E (7> ,
(1) = o (14552 3 )
Jezd
Proof. — The idea is to perform a discrete version of the following rationale. If p°

solves (1.1) with L?(R?) initial data, we have:

d [ (pi)?
a/ ; /th VW*PtPt_5/|th|2

First, using an adequate Young inequality on the first term along with the fact that
VW is bounded allows to absorb the |Vp:|? term into the last one, getting:

% 2 /|Vt|2+7/ (v5)? 7/(%).

A Grénwall lemma then ensures that [ (pf)?/2 remains bounded over finite time,
where the bound depends on e, but ¢ is ﬁxed. Second, plugging back this bound
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into the above estimate gives a bound on fo |th (Rd)dt Let us reproduce these
computations in the discrete setting.

Step 1: bound on'y, ;cya (p9)2/2. — For the sake of compactness, let us note

Using twice the definition of the explicit scheme (3.17), we have:

Z (pT—l)Z* ZPJ ‘*‘PJ Pt —

Jezd JeZd
+1
P +p At At
= Z ! J( A, o Ere = Fr e o +€ZA 2 (P te; =205+ P _c,)
Jezd

A A
:722 t e = Fj- e/QPJ+€ZZ thJm 20% + pl_e,) P

Jezd i=1 JeZd i=1 L
1 At At ?
Y (— S A B ) 3 o (B 205+ 00
JEZA i=1 v i=1 @
= ST+ 5%.
Performing discrete integrations by parts and using Young’s inequality
2 2
a eb
bl S5 %
with a = F7,  , and b= (P 1e, — P77)/ Az, we can estimate ST as follows:
At At
St = Z Z J+el/2 (Phge, —PJ) —€ Z Z@W}m —PT}|2
Jezd i=1 Jezd i=1 i
J+ /2)2 e1Py Pl
€; +eq

<ZZN( e e D ZZAWM1M2

Jezd i=1 ’ Jezd i=1

J+el/2 At 5

ey yalfes) ZZ 310 v, = Pl

Jezd i=1 JeZdz 1 Z

As for S%, straightforward computations and the repeated use of (a +b)? < 2a® + 2b*
lead to:

d
4dAt? eAt
Z Ar? Z FJ+e/2 +Z4d< ) Z|PJ+e1 Pl
i=1 vt Jezd i=1 i Jezd
Using the fact that:
(Fe,2)” < (asep +asepye,)” < 20% ((05)" + (0510)%)
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we deduce that ) ; ;a (F}%+ei/2)2 < 4aZ, Y jez4(p})?. Transferring in both estimates
we found on ST and S7, and summing both, we obtain:

d

(P57 = (p5)* _ (4dAtal 32daZ At? (07)?
. ) <

(3.33) > . : +i_1 A2 >

JezZd

+Z< 2A$ (EM) ) Z 105 e, = P31

Under the Courant-Friedrichs-Lewy (CFL) condition

At 1
Ed@ < g for any i,

I

the last term in the above estimate is nonpositive, thus we get

n 7 d 7
Z (P57 = (p)? < 4dAtal, (1+ 8eAt Z (p)?
2 ~X

€ Ax? 2
Jezd i=1 v Jezd
4dAta? 1 (p?)?  4Ata? (p")?
< (1 o) Y e (14 L
(1) X 2 d) >
Jezd Jezd

Using a discrete Gronwall lemma, we deduce the following bound on the discrete L2
norm of p”

() A1+ d)t"aZ (P)”
MJ) < A\ THR P T
D5 eXp( e ) >
Jezd Jezd
Step 2: discrete H bound. — Assume a stricter CFL condition: there exists ¢ such
that
At 1 .
(3.34) EdA—x% <0< 3 for any 1.
Then, for any i,
eAt\2  eAt eAt eAt o
4d — = 8d — —-(86—-1) <0.
(Axf) 2Ax?  2Ax? ( Az? ) d( )<
Thus, thanks to 3.33,
d
SO e — o5l
i=1 Jezd
d 4dAta? <. 32da2, At (p7)? (P2 — (p)?
< [os) o0 J _ J J
\6(1—86)(< T Ax? )Z 2 2. 2 )
i=1 ¢ Jezd Jezd
d 4dAta2, N a3 At (p)? (512 = (p)?
< o 0 _ J J
5(1—85)(( € +Z € )Z 2 Z 2 )’
i=1 Jezd Jezd
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which implies, thanks to the L? estimate,

- n n d 8dAta?, 4(1 + d)t"a2, (00)2
Z Z 105 4o, — P57 < 5(185)( 6(1 exp( a ) Z p;)

=1 Jezd ¢ Jezd
-y (p’}“)z— (p?)z)
Jezd
Summing over n = 0,...,m — 1 yields
m-1 d

. . d  (8dTa%  (4(1+d)Ta% (p3)?
IIPIPLINEE 5(1-&5)( == o =) 3

n=0 i=1 jezd Jezs
(n7)? (r5)?
- Z 2 + Z 2
JEZ4 JezZd
Finally
m—1 d

SN e, — 031

n=0 i=1 jez
d 8dTa? 4(1+d)Ta? (»%)
< 1 e _r .
5(186)( T ZeXp( e )) 2.

JEZ

This is the desired result choosing § = 1/16. O

We now resume the proof of Theorem 3.13. From now on, we always assume con-
dition (3.34) to hold.

Step 1: Ascoli-Arzela theorem. — Let us denote, for K C R? any compact set, Lip :=
C.(K) N W1 (R%) the space of Lipschitz continuous functions supported in K and
Il - lip the Lipschitz semi-norm. We then introduce the pseudo-distance defined in
duality with ||-||Lip by:

Y € BRY, Was(ur)i= swp [ oduv)
¢ELip
lllip<1

For 0 < s <t < T, we have, thanks to the Cauchy-Schwarz inequality:

t t
(335) Wik (phes pins) = / |(Phe) |dr < VE=3 1 / (o).

Here, the metric derivative is the one associated to the pseudo-distance W7 k. Since we

chose p3 ,, to be the piecewise affine reconstruction of the pZ’Z forn =0,... N, we have,

for 7 e [t", "], [(Pa,.,)'| = ﬁWLK(pZ’Z,pZZH). Indeed, p%, is a constant-speed
£,n e,n+1

geodesic in Wy (K) from px to px. " (recall (3.32a) and the fact that linear in-
terpolations are geodesic for the W; distance, which is a norm), hence its length on
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[t",t" [ equals At|(p%, )| by definition and Wik (pX7, pX0Y) by the Benamou-
Brenier formula. Therefore:

t
c 2
(3:30) [ [(ohe i < / (
e W e (o, pan ™)

PAx,r
= 2

£ / _ ’
kg/ ’(pAw,T) ’ dr = At

Now, let ¢ € Lipy such that ||¢[|Lip < 1. We have, denoting ¢; = ¢(xs) and using
the definition of the scheme (3.17) along with discrete integrations by parts in space:

/¢d €7l+1 en Z¢ n+1_p7})

JEZ
At "
Z Z J+e /2 ¢J+€z - , _5 Z Z pJ—i—e7 _pJ) (¢J+ei - ¢)J)
Jezd i=1 Jezd i=1 l
< 2dac At + At Z Z p‘”'el ‘
Jezd i=1

Taking the supremum over ¢ and using (a + b)? < 2a? + 2b%, we get:

2
WE i (o, pan ™) < 8daZ AL + 252&2( 3 Z PJm D
Jeza i=1

dLeb(K — Py 2
< Sdlal,AF 4 26 A b) §~ Z £ e 1)
[[iz) A Jezd i=1

where we used a discrete Cauchy-Schwarz inequality so as to use the discrete H!
estimate we proved in Lemma 3.18: indeed, summing for n = 0, ..., N—1 and plugging
into (3.36), we obtain, using the aforementioned Lemma:

¢ 22 2Leb = d
[ o i < stz a0 L0 05 57 5
20 Jezd im1

pJJreL

s X

(3.37) =1

< Cltner d,e, T, K) (14 Hdlm- > (5).
i i Jezd

Now, since we assumed that p™ € L2(R9), the term (I/Hf=1 Az;) > jeza(pG)? is
bounded with respect to Az. Indeed, a Cauchy-Schwarz inequality along with our
initialization of the scheme (3.16) yield:

S =3 (/C p)

Jezd Jezd
Z Leb CJ / pml (H sz Z / 1n1 HAxl)HPmIH 5.
Jezd Jezd

JEP — M., 2024, tome 11



162 K. Lacouttire, . SantaMBROGIO & S. TraN TieN

Transferring into (3.37), we obtain a bound on f; |(p2w)7)”2d7' that is uniform with
respect to s,t and Az. Combining with (3.35), we deduce that (pi,)as>o0 is equi-
1-Holder and in particular, equicontinuous in €([0, 7], (Lipg)’). Lemma 3.16 ensures,
in addition, that Ms(p%,,) is uniformly bounded with respect to ¢ € [0,7] and
Ax > 0. Using Lemma 2.5, we deduce that (P‘Zz’t)moo lies in a relatively compact set
for all t € [0,7] and Az > 0. We can therefore apply the Ascoli-Arzela theorem along
with a diagonal extraction to extract a subsequence, that we still denote (p%,)Az>0,
converging in €([0, T, Wy (R?)).

Step 2: p® solves (1.1). — Using discrete integrations by parts as in [11, 27], we can
prove that p3, satisfies the following approximate weak form of (1.1), for any ¢ €
C([0, T[xR%):

T

T
e /0 / A(t, 1) o(d) + O(Az) + O(AL).

Passing to the limit Az — 0 in (3.38) is straightforward for the linear terms since

* . . . . .
PAq tAé p; uniformly in time. For the nonlinear term, this convergence also ensures
" Ax—0

that pA,  ® P, tA—*AOpf ® p7. Then, passing to the limit is done using a symmetriza-
’ TV Ar—

tion argument as in equations (3.8)—(3.9)—(3.10) using the fact that W is Lipschitz
and even.

We deduce that p® solves in the sense of distributions the aggregation-diffusion
problem (1.1) with initial datum p§ = p™!. Since such a solution is unique (see The-
orem 2.10), we deduce that actually the whole initial sequence (p%,)az>0 converges
towards p°.

Step 3: passing to the limit in (3.22) and relaxing the assumption p™ € L?(R?)

Now, let t > 0 and let n € {0,..., N} such that ¢ € [t",¢"*![. Estimate (3.22)

gives:
1 — e—4Xt
Wa(pts pars) < C — VAT + e+ e M A,

Passing to the limit Az — 0 in the above estimate using the semicontinuity of W5 then
gives the desired estimate (3.23), hence proving Theorem 3.13 in case of L?(R?) initial
datum. The general case can be obtained by approximation, using Assumption (A3)
which guarantees stability of the solutions for both € = 0 and € > 0. This ends the
proof of Theorem 3.13.

Remark 3.19. — As a byproduct of this proof, we obtain uniform in time conver-
gence in the W distance in space of the numerical scheme (3.17)—(3.16) towards
the C([0, T], Wo(R%)) distributional solution to the aggregation-diffusion initial value
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problem, in case of L?(R?) initial datum, and under a 1/6-CFL condition. In fact,
we expect this convergence result to hold for arbitrary Py (R9) initial datum and under
the standard CFL condition:

Z(aw% + 25@) < %

4. CONVERGENCE FOR REPULSIVE POTENTIALS SUCH THAT

AW <0 anp V2W € LPo(RY)

For any Lipschitz potential satisfying assumptions (A0)—(A1)—(A2), Theorem 3.1
guarantees the convergence of p® towards a solution p to the aggregation equation up
to a subsequence if the initial data satisfies the assumptions (3.3). Then, Corollary 3.4
extended this result to arbitrary initial data by an approximation procedure, and using
A-convexity to estimate the distance between two solutions. The goal of this section is
to proceed similarly in the case of repulsive potentials, typically W (z) = —|z|, where
A-convexity will be replaced by some integrability of the Hessian. More precisely,
we focus on initial data equal to p™, for which we only assume finiteness of moments.

The outline of the proof is the same as that of Corollary 3.4. However, we can no
more use the \-convexity of W but, using the additional assumption V2W € LPo(R?)
for a suitable pg, we still manage to estimate the distance between p; and a sequence of
viscous solutions associated with smoothed out initial data. More precisely, we obtain
the following result:

Tueorem 4.1. — Let W be an interaction potential satisfying assumptions (A0)—(Al)-
(A2) along with the additional assumption:

(A5) AW <0 and V2W € LPo(R?) for some py > max(d/2,1),

and let p™ be an initial datum belonging to € Po(RY). Denote (p°)eso the sequence
of weak solutions to (1.1) where the initial data is set to p§ := p™ for all € > 0.

Then, for all T > 0, the sequence (p°)eso converges in C([0,T], W1(R%)), up to an
extraction, towards a solution p € C([0,T], Wo(R?)) to equation (1.2) with the velocity
field a[p] being replaced by alp] as defined in (1.3).

If, in addition, p™ € LPo(R?) N LPo/(Po=P)(RY), then there exists a unique solution
in C([0, T], Wy(R%)) N L*®([0, T], LPo (R¥) N LPo/ Po—P)(R4)) to (1.2) and actually the
whole sequence (p%)e>0 converges.

Remark 4.2
(1) For W(z) = —|xz|, this result cannot be applied in dimension d = 1, since

V2W = —§y is not integrable. When d > 1, we have
(z/le)) @ (@/lz]) = 1a 1
|z ||

VAW (z) =

)

hence V2W € LP if and only if pg < d (up to cutting off the potential at infinity)
and therefore we can find py € (d/2,d) so as to apply our result.
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(2) In dimension d = 1, for W(x) = —|z|, Proposition 2.12 shows that the whole
sequence (p°)eso converges in C([0,T], W;(R)) towards a solution to the aggregation
equation that can be obtained as the derivative of the entropy solution to a Burgers-
type equation since entropy solutions and viscosity solutions coincide for scalar con-
servation laws.

(3) As a byproduct of our result, one obtains existence of a solution in

e([ov T]7 Wo (Rd))
to the aggregation problem (1.2) for potentials satisfying (A0)—(A1)—(A2)—(A5).

Proof. — Let T > 0. As in the proof of Corollary 3.4, for ¢ > 0, we introduce
pe € ([0, 7], Wy (R?)) solution to (1.1) with smoothed out initial data u§, that we
now assume to satisfy assumptions (3.4) for some a € (—1,0). In particular, (ug)e>0
satisfies assumptions (3.3) and Theorem 3.1 applies to (u°)c>o and guarantees con-
vergence of a subsequence, in €([0, 7], W; (R?)), towards a solution to the aggregation
equation (1.2). As for Corollary 3.4, the key ingredient is now to prove that the
distance W (pf, 5) goes to 0 as € — 0, for some p > 1 that will be specified later.

For the sake of clarity, let us drop the superscripts € for the remaining of this
section.

Denoting (¢, 1) a pair of Kantorovitch potentials from p; to u; for the cost
%|x — y|?, we can formally write (see [33, Th.5.24] or [1, Th.8.4.7])

1d

pdtWﬁ)(Pt,Mt) = /V%‘G[Pt]dpt +/V1/)t - alp]dpy

— 8/ (Vg@t -Vpi + Vo - Vut)dx.

The last term above is nonnegative thanks to the so-called five (actually four) gra-
dients inequality proved in [7] for the W, case with p > 1. Actually, [7] proves the
inequality in a compact setting and a full treatment of this last term would require a
suitable approximation procedure. Yet, the inequality we need, i.e.,

1d
];awf(m,#t) < /th ~alptldpt + /V% - alpldp

can also be justified in many different ways, for instance by the stochastic interpre-
tation of p; and u; as laws of the solutions of suitable SDE where the choice of a
common Brownian motion would allow to get rid of the term coming from diffusion
(see, for instance, [4]); since the diffusion effect of the Laplacian in the equation could
also be handled using convolution with the heat kernel, another possible way to prove
the same inequality would be to approximate the solutions by a splitting method,
alternating convolutions (which decrease the W, distance) and transport (which lets
the other term appear).
We thus get, using a triangle inequality along with the fact that

Ver(@) = o — Ty()[P~ (& = To(x)) = =V (),
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where T} is the optimal transport map from p; to p; (which exists since p; < Leb
whenever € > 0):

d
§£Wg(ptaut) < |Il| + |12|7

(41b) I = / & — Ty(2)[P (@ = Ti(2)) - (alps] (@) — alpe] o To(x))pe(de),

(4.1a)

(4le) L= / [ = Ty(@) P~ (& = T3(x)) - (alpe) o Ti(x) — alpu) o T4 ()i (d).
To estimate I;, we use the following bound on the Lipschitz constant of a[p;]:
Lip(alpi]) = [V2W # il < [V2W | Lrollpel op-

We deduce:
|11| < Lip(a[p:]) / |z — Ty () [Ppe(dx) < VW oo ll o]l Loy, WE (P 1)

To estimate I, we first apply a Holder inequality with respect to the measure p;(dx)
and with the exponents (p’, p). We get, since p'(p — 1) = p:

1/p 1/p
@2) 1l < ( [lo-n@lpan) ([ ldodoTio)-ado T )
We recognize that the first factor equals Wg’_l(pt,ut) since p/p’ = p — 1. Let us
deal with the second one. We consider v := ((1 — s)id + s73), pt the constant-speed
geodesic from p; to u;. Note that this curve implicitly depends on ¢. We also denote
by bs € LP(vs) the velocity field associated with v € AC([0, 1], W,(R?)), as given by
Theorem 2.1. We have as a consequence of the Benamou-Brenier formula ;v + V -

(bsvs) = 0 and [|bs|ze(r,) = [(vs)'| = Wy(pe, pe) for a.e. s € [0,1]. Therefore, for any
y € R%, one has:

alpi)(y) = alpd ) = = [ VW = 2)(pu(2) - ()i
= _/0 /VW(y — 2)0svs(2)dzds
1
= /0 /VW(y —2)V - (bs(2)vs(2))dzds
:/0 /VQW(y—z)bS(z)Vs(dz)ds,
so that the inequality (4.2) rewrites:

ppt (dx)) 1/p.
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Besides, using a Jensen inequality with respect to the measure v(dz)ds for the convex
function | - |P, we have:

/’/01 dS/VQW(Tt(x) — 2)bs(2)vs(dz)ds

//01 / IV2W (T,(z) — 2)[P|bs(2) [Prs(dz)dspy (dz)

p

pe(dz) <

< / 1 [ 1@ [195W (@) = 2P puldo dz)ds.

Now, since py = Ty pe, we have [ |V2W (Ty(z)—z)[Ppi(dz) = [ [V2W (y—2)[Ppe(y)dy
Applying a Hélder inequality with respect to dy and the exponents (¢, q’), where we
will specify ¢ right afterward, we get:

J 9w arau < ([ 199w - 2pray) " (/ mt(y)wdy)l/q

= VW0 llsell o

We therefore have to take g such that pg’ = pg, so that |V2W| ;. remains finite.
This requires that we choose p such that p < py, which imposes py > 1 since we also
needed p > 1. We also need to choose p such that p™ € Pp, which means p < 2. Using
fo I 1bs(2)[Prs(dz)ds = WE(py, pt), we finally obtain:

Po
o < V2 W | oo || P WE (oo ), for g = ,
Po—Dp
where the value of ¢ is computed so that we have ¢’ = po/p. We therefore have the
following Gronwall inequality on W2 (ps, pt):

1d 1
(43) G WE ) < IVW o (ol + il ) W (o )

Now, we need a bound on ||p¢||-. The following lemma implies that, if the interaction
potential W satisfies AW < 0, then the bound on p; is not worse than the one we
would obtain if p solved the sole heat equation and does not depend on the initial
datum.

Lemma 4.3. Let p € (1,400), € > 0 and let p solve the following Fokker-Planck
equation on the whole space RY:

(4.4) dp+V - (pVV) = ep,

where the potential V. might depend on p and satisfies AV > 0. Assume that py is
smooth for any t > 0, and that is has unit total mass. Then one has:

pellze < C(et) =42,

for a positive constant C = C(p,d) depending on p only and not on the initial
datum pg.
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Proof. In the following, C'(p) stands for any positive constant depending only on
p. For t > 0, testing equation (4.4) against pf71 and integrating by parts yields:
d1 p—1 p—1 p/2|2 p—1 p/2|2
%E/Pf:—T/PfAV—% P2 /|th " < —4e 2 /|th I
since AV > 0. Using the following Gagliardo-Nirenberg-Sobolev inequality [19, 30]:

/ 21 < C(p) / v,

and interpolating the LP norm between the L' and Lrt3 norms, we deduce that
y, := [ p¥ verifies the following nonlinear Grénwall inequality:

y' —eC(p)y' /4= <.

Integrating this inequality on [s,t] for 0 < s < ¢, we get:
—2/d(p—1 _ _
y, AT >y 20D 4 eO(p) > eC(p),

and therefore || p¢l/r = ytl/p < C(p)(et)~¥P=1/2 = (gt)=9/?"", This is the bound
one would obtain using a LP x L' convolution inequality if p solved the sole heat
equation on the whole space, that is, if we had p; = G * pg where G; denotes the
heat kernel. |

Using Lemma 4.3 with the potential V' = —W % p which has a positive Laplacian
under the assumption AW < 0, we get |[p]| ,»; + ||,ut||1L/qp < C(d,po)(et)~%/?P0 which,
in turn, yields the Gronwall inequality:

d
dt
where C is a positive constant that depends on p, pg and ||[V2W/||z»o only. We deduce:

W2 (py, pe) < C(et)™ PO WP (py, ue),

t —d /2y
WP (ps, 1) < WP (po, po)elo Cen20dr

provided py > d/2 so that 774/2P0 is integrable on (0,%]. Under this assumption,
using Lemma 3.3 along with the fact that py = p™, we get, for some constant C > 0
depending on d, p, po and ||[V2W|| s only:

(e —d)2 1-d/2 (e —d/2 1-d/2
Vi e [O,T], Wg(ptaﬂt) < Ce C(e*—e¢ £0) o Ct Po < Ce C(e*+e 70),CT Po7

which goes to 0 uniformly in ¢ € [0,T], as ¢ — 0, provided @ < —d/2pg. Since
—d/2py > —1, it is possible make such a choice while guaranteeing o € (—1,0).
To finish, we conclude the proof as in that of Corollary 3.4.

Now, note that AW < 0 ensures that any LP norm of solutions to (1.2) is nonin-
creasing in time. Therefore, when the initial datum belong to LPo (RN LPo/ (Po—P) (RY),
estimate (4.3) still holds for e = 0 between any two solutions to (1.2) and gives unique-
ness of the solution among the class of

e([0, 7], Wy (R)) N L= ([0, T], LPo (RY) N LPo/ (Po=P) (RY))

solutions. 0
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5. HIGHER CONVERGENCE RATE FOR STEADY STATES UNDER ASSUMPTIONS

(A0)- (A1) (Ad-p)

In this section, we compare stationary solutions to the aggregation-diffusion equa-
tion (1.1a) for a given ¢ > 0 with stationary solutions to the aggregation equa-
tion (1.2). We discard, in this section, the assumptions of A-convexity and Lipschitz
continuity on W but still assume that assumptions (A0) and (A1) hold. In addition,
we require the potential to satisfy assumption (A4-p), that is, to be at least as at-
tractive as |z|P, for some p € [1,00). These stationary solutions are in many cases
long-time limits of the corresponding evolving solutions, but we will not insist on
these aspects that are usually studied by A-convexity techniques, and we discarded
such an assumption in this section.

Note that this assumption along with (A0) implies W (z) > C|z|P/p for all x € R%.
If, in addition, W satisfies assumption (A1) then W is Ls.c. on R? and this implies
that W is L.s.c. for the weak convergence thanks to Lemma 2.3.

Also, without loss of generality, we only consider measures with 0 center of mass,
that is, measures p € P(R?) verifying:

/ zp(dz) = 0.

We define steady states for the aggregation-diffusion equation in the spirit of [23]:

Derinirion 5.1. Let € > 0. A steady state for the aggregation-diffusion equation
(1.1a) is a probability measure p € P;(R?) such that:

ife=0, VW= p =0, on supp(p),
and, if e > O:
VW*p+€@:0 on R%,
p>0 ’ on R%,

One can prove that this definition is equivalent to that of stationary solutions,
in the sense of distributions, to equation (1.1). Besides, if € > 0, one can show that
a distributional solution to the elliptic problem —V - (VW % p)p = Ap is necessarily
regular and positive on R? (see Theorem 2.10).

The following lemma justifies why we compare steady states for the aggregation
equation to the Dirac mass.

Levmva 5.2, — Under assumptions (A0)—(A1)—(Ad-p) for p = 1, the unique steady
state for the aggregation equation (1.2a) is, up to a translation, the Dirac mass dg.

Proof. — Let p be a steady state for (1.2) and assume that p is centered. Since
VW x p = 0 on the support of p, testing against pxr and using Lemma 2.7 with the
odd vector field VW yields:

[ W =) @~ (st o
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Under assumption (A4-p), we therefore have [[ |z —y|Pp(dz)p(dy) = 0. In particular
p® p is concentrated on the diagonal. Now, if p is not a Dirac mass, then there exists
disjoint Borel sets A and B with p(A) > 0 and p(B) > 0. Then we have, since A x B
is disjoint from the diagonal

0=p®p(AxB)=p(A)p(B) >0,

and this contradiction concludes the proof. O

Note that the Dirac mass is actually the only minimizer of the interaction energy W
under these assumptions. Conversely, Proposition 7.20 in [33] ensures that minimizers
of the energy F*° are actually steady states. This provides a way to prove existence of
steady states for (1.1a) when £ > 0.

5.1. EXISTENCE OF MINIMIZERS OF F€ FORr € > 0

Prorosirion 5.3. — Assume that W satisfies assumptions (A0)—(Al)—(Ad-p) for
somep =1 and let € > 0 be fized. The functional F€ =W + €U admits a minimizer
over P(R?) that actually has finite p-th order moment.

Remark 5.4. — We were not able to prove uniqueness of the minimizer under such
assumptions on W but it is likely to hold. Moreover, numerical illustrations will show
that, if we remove assumption (A4-p), multiple steady states can coexist even though
€ >0 (in case € = 0, it is easy to build explicit counterexamples).

To prove this proposition, we will use that under assumptions (A0) and (A4-p),
controlling W(p) gives control on [[ |z — y[Pp(dx)p(dy), and this latter quantity is
equivalent to M, (p) whenever p is centered, thanks to the following lemma:

Levva 5.5,  Let p € [1,00) and p € P,(RY). Assume that the center of mass of p
is 0. Then:
My(0) < [l = yPotdioldy) <2 (0).

Proof. — Letu(z) = [ |x—y[Pp(dy). Since p > 1, u is a convex function and therefore,
using a Jensen inequality, we get:

M,(9) = u0) = u( [ wp(do) < [ uwp(da).

In other terms, M,(p) < [[|z — y|Pp(dz)p(dy). The upper bound comes from the
inequality |z — y[P < 2P (|z|P + |y[P). O

Proof. Let (pn)nen be a sequence of probability measures that minimize F<.
We can assume that these measures are centered because F° is invariant under
translation. Up to an extraction, we can assume that (p,)neny converges weakly
towards some p € My(R%). To ensure that p € P(R?), we need to prove tightness of
(pn)nen. To do so, let us find a bound on M, (py,).
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Since (pn)nen is & minimizing sequence, F*<(p,,) = W(pp)+U(py) is bounded from
above by some constant that we still denote C' > 0. Moreover, using assumption (A0)
and (A4-p) and Lemma 5.5, since p,, is centered, we have:

Wio) > o [[le = sPoutanipntan) > I Myio).

In order to get a lower bound involving M,(p,) on the entropy term, recall that,
using a Legendre transform, ylny + e*~ > yz for all y > 0 and z € R. Setting, for
r € R y = p,(z) and z = —|z|*P for some exponent a > 0 to be specified later, and
integrating over z € R%, we get:

/pn Inp, > —/(lep)“pn(dx) +/e“”'”‘1dw.

Choosing « € (0,1) so that  — |z|* is concave, and using a Jensen inequality,
we deduce U(pn) = —My(pn)* + C(p, @), where C(p, ) depends on a and p only.
Finally, we obtain:

¢ o
% My (pn) — eMp(pn)* +eC(p,a) < C,
which implies, since a < 1, that M, (py) is uniformly bounded with respect to n.
On the one hand, this implies that (p,)nen is tight, hence p € P(R?). Since M,

is Ls.c. on P(RY) and p, % p, we also get p € P,(RY). On the other hand, the
n—-+0oo
uniform bound on M, (p,) along with Lemma 2.5 ensures that p,, is compact in W,
and hence we obtain My (p») "y M,(p) for any g € (0,p). Lemma 2.4 then gives
n——+0oo
U(p) < liminf, o U(pn), and, since W is Ls.c. for the weak convergence, we get
Fe(p) < liminf, o F(pn). This proves that p minimizes F¢ since (p,)nen IS a
minimizing sequence. U

5.2. O(e) CONVERGENCE RATE IN W), FOR POTENTIALS suct THAT VIV (2) - 2 > Clz|

In this section, we focus on assumption (A4-1) under which the potential is “really
pointy” and the aggregation compensates the diffusion so that convergence occurs at
rate O(g):

Tueorem 5.6. — Assume that W satisfies assumptions (A0)—(A1)—(A4-1). There ex-
ists a constant C' > 0 depending on d, such that for any € > 0 and p° steady state for
(1.1a) which center of mass is 0, the following estimate holds:

(51) Wl(pe,(So) < Ce.

Proofof Theorem 5.6. — Let € > 0 and let p° be a steady state for (1.1), that is:
v £

(5.2) VW % p° +e~—2- 0.

Testing the above equation against p°r we obtain:

/p5z~VW*p€dx+5/:c~Vp€dx:0.
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Integrating by parts and using Lemma 2.7 with the odd vector field VW yields:
1
5 [T - @ - e tan)piay) =

The desired result then follows from assumption (A4-1) and Lemma 5.5 with p = 1,
since Wy (p®,09) = M7 (p°). O

Note that, from equation (5.2), one has p° = C(e)e~"W**"/¢. The value of the
constant C(g) can be computed by imposing a total mass 1, so that we get p® =
e_W*”E/E/f e~W*r"/ Using this equality along with estimate (5.1), we obtain a
bound in W, distance for p € [1, 00) provided W is also Lipschitz continuous:

TaeoREM 5.7. Assume that W satisfies assumptions (A0)—(A1)—(A2)—(A4-1). For
any p € [1,00) there exists a constant C' > 0 such that for any ¢ > 0 and p° steady
state for (1.1a) which center of mass is 0, the following estimate holds:

W, (p®,00) < Ce.

Remark 5.8. At least in dimension one, this result is optimal. Indeed, we can
take for W the Newtonian potential W (z) = |z|, for which, using the correspondence
with Burgers’ equation, p° can be written as p®(z) = (1/¢)p(x/e), where p(z) =
(1 — tanh? (x/2))/4, and a scaling argument then gives WP(p®,d0) = e? My (p).

Proof. — Since
. e~ Wp /e
P = fe_W*ps/Ea
we have:
f |$|pe—W*pE(w)/6dm
= fefl/V*pE/s ’

Now, since W is Lipschitz continuous, one has

W5(1067 60)

Wopt = Wobo] Sane sup [ ("~ ) = an Wi, ) < Ce.
Lip(¢)<1

because of Theorem 5.6. Thus, —W % p® < Ce — W and therefore:
/|m|pe—W*p€(w)/8dx < C’/\x|pe_w(””)/adm < C’gp+d/|y|pe_w(5y)/5dy,

using the change of variables x = ey. Recall that Assumption (A4-1) ensures W (x) >
C|z| for all z € R%. This allows us to bound [ |y|Pe~" (e¥)/¢dy uniformly with respect
to €.

On the other hand, since W is aso-Lipschitz continuous, we have

W(z) < aco|z] + W(0) = aso|z|.

Integrating with respect to p®(dx), we deduce that W p®(0) < aoo W1 (p%, do). Besides,
W % p° is also aso-Lipschitz continuous. Hence,

W p=(x) K W% p™(0) + aoo|z| < acaW1(p%,00) + aoo|z| < Ce + axoz],
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thanks again to estimate (5.1). After another rescaling, we deduce:
/e—W*pE/s > ng,
thus getting W7 (o, do) < CePtd/e? = CeP, which concludes the proof. |

5.3. O(e'/P) coNVERGENCE RATE IN W), FOR POTENTIALS such THAT VIV (2) - 2 > C|2|P

Assume W satisfies assumptions (A0), (A1) and (A4-p) for some p € [1,00). Under
this assumption, a straightforward adaptation of the proof of Theorem 5.6 provides
an estimate on Wp(p®, do):

Tueorem 5.9. — Assume that W satisfies assumptions (A0)-(Al)—(Ad-p) for some
p € [1,00). There exists a constant C' > 0 such that for any e > 0 and p° steady state
for (1.1a) which is centered, the following estimate holds:

(5.3) W,(p°,80) < Cel/P.

Remark 5.10. — It is possible to prove optimality of this rate for p = 2. Let us
consider the quadratic potential W (x) = |x|?, that satisfies assumption (A4-2). Recall
that p° = e~W*r*/¢/ [ e=W*r"/¢ Expanding W (z —y) = |z — y|? and using both facts
that the total mass of p is 1 and that p® is centered, one has:

et/ = exp {—i (/ |20 (y)dy — 2z /ypg(y)dy + / Iylzpe(y)dy>}

— o7l /e = WE(p* 80) /e

Hence, p°(z) = e*|I|2/€/f e~171*/2dz, which in turn yields:

2
20 o sy JlalPerl Fda
W2 (P 750) - f€7|m‘2/€dx

A change of variables in both integrals then gives W2 (p¢,d9) = Ce. Note the estimate
W;,’(ps, 00) = CeP/? can be proved in the same way, but is not relevant in the context
of Theorem 5.9.

6. NUMERIC/\L ILLUSTRATIONS

This sections aims to illustrate our convergence results both in the evolutive case
and in the stationary case. The implementation of the schemes has been done in
Python and the code is available at github.com/strantien/aggregation. Tests are con-
ducted on [—1,1], with 2J + 1 cells, and the velocity field is always discretized by
(3.18). Wasserstein distances between two arbitrary probability measures are com-
puted using the POT package (see [18]).
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Convergence order in W, distance, upwind scheme with implicit diffusion, / = 5000, W(x) = |x|?, T= 0.5, CFL=10.9

—%¢ Scheme
—— Slope 12
—— Slope 1

-2

|
@

loguo of the error in W, distance
\
L

!
a

-6

logao (&)

Ficure 1. Order 1/2 convergence in Ws distance of p§. towards pr
for pmi(z) = 21/6/7 €207 W (z) = |x|2.

6.1. Evorurive sorLutions. — We begin with the convergence rate in Wasserstein
(not

distance of the viscous solutions p° associated with a fixed initial datum p™
depending on ¢). In this subsection p% , is computed using the implicit discretization
(3.19), for which the CFL condition is less restrictive than the parabolic CFL condition
of the explicit scheme. We also implemented no-flux boundary conditions so as to

preserve total mass. This condition is a discretization of

(€0ep —alplp)(t, =1) = (e0up — alplp)(t,1) = 0.

Namely, (3.19) is used for j = 2,...,2J and the system is closed with (here we omit
the index ¢ as the space dimension is 1, and we recall that 6§ = 1)

PP =t — S (@) 0 — (a3) ) + e 05— ),

and a similar equation for j = 2J + 1. Since in some cases we do not have explicitly a
reference solution for the inviscid equation (¢ = 0), the convergence rate with respect
to ¢ is estimated taking Ax small enough so that p% , approximates p®, and computing
Wp(pZ;}T, PAp r): this quantity is called “error” in the y axis on Figures 1, 2 and 3.
Actually in the case of Figure 1 the velocity field has the form —VW * p(z) = —uz,
which would allow for the computation of the reference solution; yet in order to use
the same tools based on the POT package (more suitable for atomic measures) we do
not exploit this property.

In Theorems 3.8 and 3.13, when W satisfies assumptions (A0)—(A1)—(A2)—(A3),
we proved convergence at rate O(£'/2) in W, distance, which is what we recover
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Convergence order in W distance, upwind scheme with implicit diffusion, / = 5000, W(x) = |x|, T= 0.5, CFL=10.9

—%¢ Scheme
—— Slope 12
—— Slope 1

!
@

!
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loguo of the error in W; distance

-5

logao (&)

Ficure 2. Order 1 convergence in Wy distance of p%. towards pr for
pMi(z) = 24/5/m e W (a) = |-

when W is smooth, as shows Figure 1. In practice, for this test case, we observe
0(51/2) convergence rate in W), distance for any p € [1, +oo[. However, in case W has
a Lipschitz discontinuity at the origin (Figure 2) we observe convergence at order 1
in W7 distance. This is the superconvergence phenomenon investigated by Tang, Teng
and Zhang [38, 40] in the framework of scalar conservation laws. In terms of aggre-
gation, the interpretation is that, when W is singular, the concentration is strong
enough to compensate part of the diffusion. In other W,, distances, convergence seems
to occur at order 1 when ¢ is not too small, and then degenerates quite clearly towards
order 1/p for any p € [1,4o00[ (see Figure 3 for p = 3). Note that, in every case, the
convergence order is robust with respect to the test case (be it for smooth or singular
initial data, e.g. Dirac masses).

6.2. SteapyY staTES. — In order to simulate the steady states for e > 0, recall that
they are characterized, over the whole space, by the following equation:

A e—W*ps/s
(6-1) 0= Tl
We therefore use a fixed-point method on the map sending p into e*W*”/E/f e~ Wrp/e
in order to solve Equation (6.1). Fixed point algorithm is stopped as soon as the W,
distance between two iterations is below some tolerance. Numerically, we observe that
this method turns two symmetric Gaussian bumps almost immediately (after the first
iteration) into a centered Gaussian whenever W is attractive and Lipschitz.
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Convergence order in W3 distance, upwind scheme with implicit diffusion, / = 5000, W(x) = |x|, T= 0.5, CFL=0.9

5 scheme

—— Slope 1/3
—— Slope 1
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loguo of the error in W5 distance

-5

-6

logao (&)

Ficure 3. Order 1/3 convergence in W3 distance, for small €, of p%.
towards pr for pli(z) = 21/5/7 e=20°° W (z) = |a|.

Convergence order in W, distance, / = 80000, tolerance = le-12

—— Fixed-point method
Slope 2

| |
w N
o wn

|
w
o

logio of the error in W; distance

-26 -24 -2.2 -2.0 -18 -16 -1.4 -1.2
logio ()

Ficure 4. Order of convergence in W distance of p® towards dg, for
the non-Lipschitz potential W(x) = +/|x| + |z|. The initial density

2
for the fixed point algorithm is the centered Gaussian 2/5/7 e =29,
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We first investigate the convergence rate towards the Dirac mass, for centered
steady states. The error is estimated computing the integral [ |z|Pp(dz) = WE(p, do).
When W satisfies assumptions (A0)—(A1)—(A4-1), we proved O(g) convergence rate
in W7 distance, which we do recover in Table 1 for W(x) = |z|. We also explore the
case when W verifies (A0)—(A1)—(A4-1) but is not Lipschitz continuous, which is the
case of W(x) = \/m + |z|. For this potential, we obtain, in Figure 4 convergence at
order 1.82264413 which is slightly less than 2, in W} distance. This can be linked to the
fact that W satisfies a sort of assumption (A4-1/2) when |z| < 1. Under assumptions
(A0)—(A1)—(A2)—(A4-3), we observe convergence at rate 1/3 in W3 distance as we
proved in (5.3), as shows Figure 5.

Convergence order in W3 distance, / = 1000, tolerance = 1e-06

—0.6  —%— Fixed-point method
Slope 1/3

-0.8

|
=
=)

I
-
N]

logyo of the error in W5 distance

I
=
IS

-1.6

-4.5 -4.0 -3.5 -3.0 =25 -2.0 -1.5
logao (€)

Ficure 5. O(e'/?) convergence in Wi distance of p° towards do,
W(z) = |z|>. The initial density for the fixed point algorithm is
the centered Gaussian 24/5/m e=202",

More generally, under assumptions (A0)-(A1)-(A2)—(A4-p), convergence at rate
1/p seems to occur in any W, distance, ¢ € [1, +oo[, which is what we proved in for
p =1 or for p = ¢q. To illustrate this latter case, we compute the convergence order
in W, distance for W(z) = |z|P, which seems indeed to be 1/p, see Table 1 (when
p = 1, since the potential is pointy, one has to refine the mesh so as to observe proper
convergence at order 1).
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TasrLe 1. Convergence order ~ 1/p of p° towards dg for W (z) = |z|?,
tol =106, ; =27% i =4,...,16, initial density 2,/5/7 e~202"

Order J
1.00205259 | 50000
0.49999997 | 2000
0.33333333 | 2000
0.25000000 | 2000
0.20000000 | 2000
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