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THE MINIMAL EXPONENT AND £-RATTONALITY FOR
LOCAL COMPLETE INTERSECTIONS

BY Qianyu CHEN, BrapLEy Dirks & Mircea MustaTA

ABsTrACT. — We show that if Z is a local complete intersection subvariety of a smooth complex
variety X, of pure codimension r, then Z has k-rational singularities if and only if &(Z) > k+r,
where &(Z) is the minimal exponent of Z. We also characterize this condition in terms of the
Hodge filtration on the intersection complex Hodge module of Z. Furthermore, we show that if Z
has k-rational singularities, then the Hodge filtration on the local cohomology sheaf H’, (Ox) is
generated at level dim(X)—[a&(Z)]—1 and, assuming that k¥ > 1 and Z is singular, of dimension
d, that Hk (Q‘éﬁk) # 0. All these results have been known for hypersurfaces in smooth varieties.

Reésumic (Exposant minimal et k-rationalité pour les sous-variétés localement intersections com-
pletes)

Nous montrons que si Z est une sous-variété localement intersection complete d’une variété
complexe lisse X, de codimension pure 7, alors Z posseéde des singularités k-rationnelles si et
seulement si &(Z) > k+r, ot @(Z) est 'exposant minimal de Z. Nous caractérisons également
cette condition en termes de filtration de Hodge sur le module de Hodge associé au complexe
d’intersection de Z. De plus, nous montrons que si Z est a singularités k-rationnelles, alors
la filtration de Hodge sur le faisceau de cohomologie locale 7, (Ox) est engendré au niveau
dim(X)—[&@(Z)] —1 et, si de plus k > 1 et Z est singuliére, de dimension d, que J-Ck(Q%_k) # 0.
Tous ces résultats sont connus pour les hypersurfaces dans les variétés lisses.
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850 Q. Cuen, B. Dirks &« M. MustatA

1. INnTRODUCTION

It is well-known that rational and Du Bois singularities play an important role
in the hierarchy of singularities of higher-dimensional algebraic varieties. Recently,
definitions of “higher order” versions of these classes of singularities have been pro-
posed, as follows. Suppose that Z is a complex algebraic variety. If Q) is the p-th
graded piece of the Du Bois complex of Z (suitably shifted), then there is a canonical
morphism

Oy, — QF

that is an isomorphism over the smooth locus of Z. Following [JKSY22], we say that Z
has k-Du Bois singularities if this morphism is an isomorphism for 0 < p < k. For
k = 0, we recover the definition of Du Bois singularities.

On the other hand, if u: Z — Z is a resolution of singularities that is an iso-
morphism over Z \ Zgye and such that D = u‘l(ZSing) is a simple normal crossing
divisor on Z , then following the first version of [FL22a], we say that Z has k-rational
singularities if the canonical morphism

Q) — Ru. Q% (log D)

is an isomorphism for 0 < p < k. Again, for £ = 0 this is the classical notion of
rational singularities. Our main goal in this note is to characterize numerically, in the
case when Z is locally a complete intersection, the condition for having k-rational
singularities. A similar characterization for k-Du Bois local complete intersections
has been obtained in [MP22a], extending work on hypersurfaces in [MOPW23] and
[JKSY22].

Suppose that X is a smooth, irreducible, n-dimensional complex algebraic variety
and Z is a local complete intersection closed subscheme of X, of pure codimension
r in X. In this setting the minimal exponent a(Z) was introduced and studied in
[CDMO24]. In the case r = 1, this is the invariant introduced by Saito in [Sai94]
as the negative of the largest root of the reduced Bernstein-Sato polynomial of Z.
In general, &(Z) can be described in terms of the Kashiwara-Malgrange V-filtration
associated to Z and it is also related to the Hodge filtration on the local cohomology
sheaf H”, (Ox). The minimal exponent can be considered as a refinement of the log
canonical threshold of (X, Z): we always have let(X, Z) = min {&(Z), r}. Moreover,
it is shown in [CDMO24] that a(Z) > r if and only if Z has rational singularities,
extending a result due to Saito [Sai93] in the case of hypersurfaces.

An interesting example of minimal exponent that goes beyond the case of hypersur-
faces is the following one: suppose that fi,..., f. € Clz1,...,z,] are homogeneous
polynomials defining the hypersurfaces Hi,...,H, in A™, and Z is the subscheme
defined by (f1,..., fr). Suppose that in A™ ~ {0}, the H; are smooth hypersurfaces
which intersect transversely. If deg(f;) = d; for 1 <i<rand 2 < dy <--- < d,, then

&(Z):min{i—kd%(n—dl—~-~—di)|1<i<r}:p+i(n—d1—-~-—dp),

JE.P — M., 2024, tome 11



THE MINIMAL EXPONENT AND K-RATIONALITY 851

where p is the smallest ¢ < r that satisfies d; + - - - +d; > n (with the convention that
p = r if there is no such ¢). This formula is the main result of [CDM24].
The following is our main result:

Turorem 1.1. — If Z is a local complete intersection subvariety of the smooth, irre-
ducible variety X, of pure codimension r, then Z has k-rational singularities if and
only if a(Z) > k+r.

In the case of hypersurfaces, this result was proved independently in [FL22b, App.]
and [MP22b]. The proof we give follows the idea in [FL22b, App.], making also essen-
tial use of results from [CD23] on the Kashiwara-Malgrange V-filtration in the case
of higher codimension subvarieties. A key ingredient in the proof is Saito’s theory of
mixed Hodge modules [Sai90].

We note that the result in Theorem 1.1 could be formulated independently of the
ambient variety X. Indeed, it is shown in [CDMO24, Prop. 4.14] that the difference
a(Z) — r is independent of the embedding of Z in a smooth variety X. Since having
k-rational singularities is a local property in the Zariski topology, we see that in this
formulation we don’t need to assume that Z has a global embedding in a smooth
variety X.

The characterization of k-Du Bois singularities in [MP22a] for local complete inter-
sections can also be formulated in terms of the minimal exponent: it says that, with
the notation in Theorem 1.1, Z has k-Du Bois singularities if and only if &(Z) > k+7.
In particular, we obtain the following

Cororrary 1.2. — If Z is a complex algebraic variety which is locally a complete
intersection and if Z has k-Du Bois singularities, for some k > 1, then Z has (k—1)-
rational singularities.

Another consequence of the numerical characterizations of k-rational and k-Du Bois
local complete intersections is that k-rational implies k-Du Bois. However, this result
has already been known (it was proved independently in [FL22b] and [MP22a]) and
we use it in our proof of Theorem 1.1.

As a consequence of the result in Theorem 1.1 and of general properties of the
minimal exponent, we obtain an upper bound for the dimension of the singular locus.
We note that if in the following corollary we replace “k-rational” by “k-Du Bois”,
then it follows from the results in [MP22a] that codimyz(Zgng) > 2k + 1.

Corovrrary 1.3. — If Z is a complex algebraic variety which is locally a complete
intersection and if Z has k-rational singularities, then
codimz (Zging) = 2k + 2.

Let us recall the condition for k-Du Bois singularities in terms of the Hodge fil-

tration on local cohomology. For every subvariety Z of a smooth complex algebraic

variety X and every i, the local cohomology sheaf H% (O ) underlies a mixed Hodge
module. As such, it carries a Hodge filtration F,5H%(Ox), an increasing filtration by

JEP — M., 2024, lome 11



859 Q. Cuen, B. Dirks &« M. MustatA

coherent O x-submodules. If Z is a local complete intersection of pure codimension r,
then the only nonzero local cohomology sheaf is H7 (Ox ). There is another filtration
EH7%(0x) on H7,(Ox), also by coherent O x-modules, given by

E,Hy(0x) = {u € Hy(0x) | 15T u=0} for p>0,

where I is the ideal defining Z. It is shown in [MP22a] that F, K% (0x) C E,H%(Ox)
for all p > 0 and equality for p = k implies equality also for p < k. One defines the
cohomological level of the Hodge filtration on H7%(Ox) by

p(Z) = sup {k: 20| FrHZ(0x) = Ek%g(ox)},

with the convention that p(Z) = —1 if there are no such k. It is then shown in [MP22a]
that Z has k-Du Bois singularities if and only if p(Z) > k. The condition in terms of
the minimal exponent follows from this and the equality p(Z) = max { la(Z)|—r,—1 },
proved in [CDMO24].

We characterize k-rationality in a similar fashion. Recall that if X is a smooth
irreducible n-dimensional variety and Z is a closed subvariety of X of pure codimen-
sion r, then H7,(Ox) also carries a weight filtration and the lowest weight piece is
WitrH%(Ox), which underlies a pure Hodge module of weight n + r (this D x-mod-
ule is the intersection cohomology D x-module of Brylinski and Kashiwara [BK81]).
We prove the following result, which in the case of hypersurfaces was proved in [Ola23].

Trrorewm 1.4. If Z is a local complete intersection subvariety of the smooth, irre-
ducible, n-dimensional variety X, of pure codimension r, then for every nonnegative

integer k, we have &(Z) > k +r if and only if FxWy1,H%(0x) = ERxH,(0x).

We also show that for singular local complete intersections that have k-rational
singularities, with k£ > 1, some higher cohomology groups of the graded pieces of the
Du Bois complex do not vanish. This extends the result from [MOPW23, Th.1.5] in
the case of hypersurfaces.

Tueorem 1.5. Let Z be a local complete intersection subvariety of the smooth,
irreducible, n-dimensional variety X. If Z has pure dimension d and k-rational sin-
gularities, for some k > 1, then

}Ck(Q%_k) ~ Exty (N, wz) ~wy o, Sym@z Q,

where Q is the cokernel of the canonical map Tx|z — Ngz/x. In particular, if Z is
singular at , then 3* (Q%_k)x # 0.

As observed in [MOPW23], such a result imposes restrictions on varieties with
quotient or toroidal singularities. Indeed, if Z is a variety with quotient or toroidal
singularities, then J’ (Q%) = 0 for all p and all i > 1; for quotient singularities, this
follows from [DB81, §5] and for toroidal singularities, it follows from [GNAPGPS8S8,
Ch.V.4]. On the other hand, it is well-known that such singularities are rational.
By combining Theorems 1.1 and 1.5, we thus obtain

JE.P — M., 2024, tome 11



THE MINIMAL EXPONENT AND K-RATIONALITY 853

CoroLrary 1.6. Let Z be a local complete intersection subvariety, of pure codimen-
ston r, of the smooth, irreducible algebraic variety X. If Z is singular, with quotient
or toroidal singularities, then r < a(Z) < r+ 1.

Our final result concerns the level of generation of the Hodge filtration on H%(Ox).
Recall that if M is a D x-module endowed with a good filtration, where Dx is the
sheaf of differential operators on X, then we have F1Dx - F,M C F, 1 M, with equality
for p > 0 (here F,Dy is the order filtration on Dy). If equality holds for p > po,
we say that the filtration on M is generated at level pg. This definition applies, in
particular, for the filtered D x-module underlying a mixed Hodge module on X.

Turorem 1.7. If Z is a singular, pure codimension r, local complete intersection
subvariety of the smooth, irreducible, n-dimensional variety X, then the Hodge filtra-
tion on H%(Ox) is generated at level n — [a(Z)] — 1.

When r = 1, this is [MP20a, Th. A]. We also note that it follows from [MP22a,
Th.4.2] that the filtration on H7(Ox) is always generated at level n — r, hence
the assertion in the above theorem is interesting when &(Z) > r — 1. Furthermore,
via the equivalence in loc.cit., the assertion in Theorem 1.7 admits the following
interpretation in terms of relative vanishing.

Turorem 1.8. — Let Z be a singular, pure codimension r, local complete intersec-
tion subvariety of the smooth, irreducible, n-dimensional variety X. If f: Y — X
is a proper morphism that is an isomorphism over X ~ Z, with Y smooth and
E = f~1(2)eqa a simple normal crossing divisor, then

RO (log E) =0 for i >n—[a(2)] - 1.

Let us comment briefly on the role of the “local complete intersection” condition
in our results. First, this condition guarantees that if Z is a closed subscheme of
the smooth variety X and r = codimx (Z), then the only nonzero local cohomology
sheaf of Ox along Z is H(Ox). It is clear that in order to go beyond the complete
intersection case, one needs to take into account also the Hodge filtration on the other
local cohomology sheaves and it is not clear what is the best way to study this (for
a related discussion, see [MP22a, §3]). Moreover, in the complete intersection case,
the algebraic structure of H%(Ox) is easy to understand and, as a result, the same is
true for the filtration E,H%(Ox).

Outline of the paper. — In the next section, we review some basic notions and results
that we will need for the proofs of our main results. Theorem 1.1 and its corollaries,
as well as Theorem 1.4 are proved in Section 3. Theorem 1.5 is proved in Section 4,
while Theorem 1.7 is proved in Section 5.

Acknowledgements. — We would like to thank Sebastian Olano and Mihnea Popa for
many helpful discussions. We are also indebted to Christian Schnell for some useful
suggestions, to Morihiko Saito for his comments on a previous version of this paper,
and to the anonymous referee for several comments that improved the readability of
the paper.
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854 Q. Cuen, B. Dirks &« M. MustatA

2. BACKGROUND OVERVIEW

In this section we recall some definitions and results that we will need. We work
over the field C of complex numbers. By a variety we mean a reduced scheme of
finite type over C, not necessarily irreducible. For a variety Z, we denote by Zgy, the
singular locus of Z.

2.1. Mixep Hopce mopures. — We only give a brief introduction to mixed Hodge
modules and refer for proofs and details to [Sai90]. Let X be a smooth, irreducible,
n-dimensional variety and let X" be the complex manifold corresponding to X.
We denote by Dx the sheaf of differential operators on X. For basic facts about
D x-modules, we refer to [HTTO08]. All the Dx-modules we will consider will be
left D x-modules. Since some of the results in the literature are stated for right
D x-modules, we recall that there is an equivalence of categories between left and
right D x-modules such that if M" is the right D x-module corresponding to the left
D x-module M, then we have an isomorphism of O x-modules

M~ M @0, w-

When dealing with filtered D x-modules, the filtrations on M and M" are indexed
such that the above isomorphism maps F,_,M" to F;, M ®¢, wx for all p € Z.

All filtrations on D x-modules that we will encounter are assumed to be bounded
below, good filtrations compatible with the filtration F,Dx on Dx by order of dif-
ferential operators. This means that they are increasing, exhaustive filtrations by
O x-submodules such that we have

F,Dx - FMC F,p )M forall p,qe€Z,

and there is gp such that this inclusion is an equality for all p > 0 and g > ¢o. In this
case we say that the filtration is generated at level qq.

A mixed Hodge module M = (M, F,M, P, o, W,M) on X consists of several pieces
of data: M is a D x-module on M (holonomic and with regular singularities), F,M is a
good filtration on M (the Hodge filtration), W,M is a finite increasing filtration on M
by D x-submodules (the weight filtration), and P is a perverse sheaf over Q on X2
(sometimes written as rat(M)), whose complexification is isomorphic via a to the
perverse sheaf over C that corresponds to M via the Riemann-Hilbert correspondence.
These data are supposed to satisfy a complicated set of conditions that we do not
discuss. We refer to (M, F') as the filtered D x-module underlying M (though, with
an abuse of notation, we sometimes write Fy, M and Wj M instead of F3M and WM,
respectively).

The Tate twist M (k) of a mixed Hodge module M as above has the same underlying
D x-module, but the two filtrations are shifted by

FM(k) = FiopM  and  WM(k) = Wi oM for all i€ Z.

We note that the mixed Hodge modules on X form an Abelian category and every
morphism of mixed Hodge modules is a morphism of D x-modules, which preserves
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THE MINIMAL EXPONENT AND K-RATIONALITY 855

the Hodge and the weight filtration and is strict with respect to both filtrations. There
is a duality functor D on this category, lifting the usual duality functor on holonomic
D x-modules. All our Hodge modules are polarizable, so the choice of a polarization
implies that if M as above is pure of weight k (that is, Gr}V (M) = 0 for i # k), we
have an isomorphism D(M) ~ M (k). For a general mixed Hodge module M and for
every k € Z, the graded piece Gr}’ (M), with the induced Hodge filtration, is a pure
Hodge module of weight k.

An important example of a mixed Hodge module (in fact, the only one that is easy
to describe explicitly besides the ones with 0-dimensional support) is Q%[n], which is
a pure Hodge module of weight n. The underlying D x-module is Ox and the Hodge
filtration is such that GrY(Ox) = 0 for all i # 0. The corresponding perverse sheaf
is Qxan[n]. Note that since Q¥ [n] has weight n, a choice of polarization gives an
isomorphism D(Q¥[n]) ~ Q¥ (n)[n].

Given a mixed Hodge module M, with underlying filtered D x-module (M, F'), the
Hodge filtration makes the de Rham complex of M a filtered complex. The graded
pieces are, in fact, complexes of Ox-modules. More precisely, Grf)7 DRx (M) is the
complex

0 — Grp (M) — Q% ®o, Gri (M) — -+ — Q% R0, G1},

(M> — 07
placed in cohomological degrees —n, ..., 0. For example, we have
GrijDRX (Q¥[n]) = Q& [n —pl.

We always think of Grg DRx (M) as an object in the derived category of coherent
sheaves on X. This construction is compatible with push-forward by proper mor-
phisms (see [Sai88, §2.3.7]) and satisfies the following compatibility property with
the duality functor by [Sai88, SS2.4.5 & 2.4.11]: for every p, we have a canonical
isomorphism

(2.1) GriDRx (D(M)) ~ RHomo,, (Gr¥ )DRx (M), wx[n]).

For future reference, we include the following lemma, in which we consider arbi-
trary filtered D x-modules. This is a standard homological algebra fact about filtered
complexes, but we include an argument for the sake of completeness.

Levva 2.1 — If f: (M, F) — (N, F) is a morphism of filtered D x-modules on X
and k € Z, then the induced morphism

Gry DRx (f): Gry DRx (M) — Grj DRx(N)
is an isomorphism (in the derived category) for all p < k if and only if F,f: F,M —
F,N is an isomorphism for all p < k + n.

Proof. — The “if” assertion follows directly from the definition of the graded de Rham
complex. For the converse, arguing by induction, it is enough to show that if F}, f is an
isomorphism for all p < k+n — 1 and Gry, DRx (f) is an isomorphism (in the derived
category), then Fyy,f is an isomorphism (recall that all our filtrations are assumed
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856 Q. Cuen, B. Dirks &« M. MustatA

to be bounded below). By hypothesis, we have a morphism of complexes placed in
cohomological degrees —n, ... ,0:

0— Grf (M) — - -5 Q¥ ' @0, Griy, 1 (M) ﬁ Q% @0y Grp, (M) — 0

lg lg 5

0= Grf (N) — -+ —5 Q' @0, Gr,, ((N) =25 Q% @0, GrE (N) = 0

such that the vertical maps in degrees # 0 are isomorphisms and such that all in-
duced maps in cohomology are isomorphisms. The first condition implies that the
map coker(a) — coker(v) is an isomorphism and since the map induced for the
(—=1)-cohomology is an isomorphism, it follows from the 5-Lemma that the map
Im(B) — Im(0) is an isomorphism. Since the map induced for the 0-cohomology is an
isomorphism, it follows from the 5-Lemma that the map GrkF +n(f) is an isomorphism,
and one more application of the 5-Lemma implies that Fy, f is an isomorphism. O

One can define mixed Hodge modules also on a singular variety Z. In our set-
ting, Z will be embedded in a fixed smooth variety X, and we will always view the
mixed Hodge modules on Z as mixed Hodge modules on X whose support is con-
tained in Z. One can consider the bounded derived category of mized Hodge modules
on Z, denoted D° (MHM(Z)) One can show that this is equivalent to the subcat-
egory of D? (MHM(X )) consisting of objects whose cohomology is supported on Z
(see [Sai90, Cor. 2.23]). We will denote by H? the standard p-th cohomology functor
D*(MHM(Z)) — MHM(Z). The derived category of mixed Hodge modules satis-
fies a 6-functor formalism. For example, if ¢: Z — X is the inclusion, where X is
smooth, then the underlying D x-module of the mixed Hodge module H? (Z'Qg[n])
is the local cohomology sheaf H?(Ox) of Ox along Z. With a slight abuse of nota-
tion, from now one we will denote by H%(Ox) also the corresponding mixed Hodge
module. For every variety Z, if az: Z — pt is the morphism to a point, then one
defines QY := a3 (Q/}) in D*(MHM(Z)). If Z is smooth, then this coincides (up to
a cohomological shift) with the object that we have already discussed. In general,
however, it is a more complicated object. If X is a smooth, irreducible n-dimensional
variety and i: Z — X is a closed embedding, then by functoriality we have a canonical
isomorphism Q¥ ~ i*Q%, so we have a canonical isomorphism

(2.2) D(QY) ~i'Q¥ (n)[2n].

For every Z, it is shown in [Sai90, §4.5] that Q¥ is of weight < 0, that is, we have
GrlY (H7(Q%)) =0 for i> j. Furthermore, if Z has pure dimension d, then H*(Q%)=0
for i > d and the intersection complex Hodge module

(2.3) 1C,Q = Grl/ H(QY)

can be characterized as the unique object of MHM(Z) whose restriction to U =
Z N\ Zging is Qg [d] and which has no subobject or quotient supported on Zgi,g. The
corresponding perverse sheaf is the intersection complex of Z; if Z is irreducible,
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THE MINIMAL EXPONENT AND K-RATIONALITY 857

then this is simple, hence so is IC; Q¥ and we have Q = End(ICZQH). In general,
if Z has N irreducible components, we have End(IC 2QH ) = Q" and a morphism
(ICZQH) — (ICZQH) is uniquely determined by its restriction to the smooth locus
of Z.

Note that by definition of IC;Q¥, we have a canonical morphism

(2.4) vz: QF[d] — ICZQ".

Suppose now that X is a smooth, irreducible n-dimensional variety and i: Z — X is
a closed embedding. Let r=n—d. Since IC; Q¥ = Cr!/ H4(Q%) and Grgvﬂfd(QIZ{) =0
for p > d, it follows using (2.2) that

D(IC,Q") ~ G, (%~ D(QY))

2.5
(29) ~ GeY a0 (1 QY () [2n]) = Gl 55 (0x) (n)

and GrZVQ'CTZ'(OX) = 0 for p < n+r. We note that this lowest weight piece of H% (Ox)
is the intersection cohomology D-module introduced by Brylinski and Kashiwara in
[BK81]; if Z is irreducible, then it can be characterized as the unique simple D x-sub-
module of H7(Ox).

We also consider the shifted dual v} = D(y)(—d) of vz, that can be identified
via (2.2) to
(2.6) vy: DICZQY)(—d) — 'Q¥[n + r](n — d).

Note that since IC;QH is pure of weight d, the choice of a polarization gives an
isomorphism D(ICzQH)(—~d) ~ 1C Q™.

We will be especially interested in the case when Z is a local complete intersection
subvariety of X, of pure codimension r. In this case H%(Ox) = 0 for all i # r, hence
i' QX [n+7] is a mixed Hodge module on Z. Duality implies that also Q¥ [d] is a mixed
Hodge module on Z, hence vz and v are morphisms of mixed Hodge modules.

2.2. V-riLtraTIONS. — Suppose that X is a smooth, irreducible, n-dimensional affine
variety and f1,..., fr € Ox(X) = R are nonzero regular functions such that the ideal
(f1,..., fr) defines the closed subscheme Z of X. We consider the graph embedding

X = W=XxA", uz)=(z, fi(z),..., f(2))

and the D-module pushforward By = ¢4Ox (where f stands for (fi,...,f)).

If ¢1,...,t,. denote the standard coordinates on A", then we can write
By = @ ROy,
angO
where for a = (a1,...,a,), we put 95 = 05" ---0;". The action of R and of 9;, are

the obvious ones, while the actions of D € Derc(R) and of the ¢; are given by

D-hdpsy = D()65— > D(f)hds+i sy and  t;-hdf6s = fihdfS5—ashdf™ 8y,
i=1
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where eq,...,e, is the standard basis of Z%. In fact, By underlies the pure Hodge
module ¢, Q% [n], of weight n, with the Hodge filtration given by
FprrBy = @ RO}y,
lal<p
where for o = (a1,...,a;), we put || = a1 + -+ + .

The V-filtration on By has been constructed by Kashiwara [Kas83], extending
work of Malgrange [Mal83] in the case r = 1. (Actually, in both of these references,
the V-filtration is indexed by integers. The Q-indexed version that we discuss below
was introduced by Saito [Sai84].) It is a decreasing, exhaustive filtration indexed by
rational numbers (V*Bj)eq. It is discrete and left-continuous and it is characterized
by several properties, the most important of these saying that for every A € Q

t;-V*By CVMIBy and 9y, - V*By CVA 1By,

and if s = — 31, Oy,t;, then s+ A is nilpotent on Gry;(Bf) = V*By/V>*Bj, where
V>ABy = U6>>\ VBBf. Note that the Hodge filtration on By induces a Hodge filtra-
tion on each Gry,(Bj).

In fact, a V-filtration exists on ¢1 M, whenever M underlies a mixed Hodge module.
In the case r = 1, the interplay between the Hodge filtration on M and V-filtrations
plays an important role in the definition of mixed Hodge modules. For details about
the construction and properties of V-filtrations, see [BMS06].

Let i: Z < X be the inclusion. For r = 1, the V-filtration is the key ingredient for
the definition of 4'(M) and i*(M) when M is a mixed Hodge module on X. In the
case 7 > 1, the corresponding description does not follow from the definition of these
functors, but it has been recently proved in [CD23, Th. 1.2]. We only state this in the
case M = Q%[n], as follows.

Taeorem 2.2, With the notation we have introduced, the following hold:
(i) The Koszul-type complex

0 — Grl (By)(—r) Lutzt), @Grlv(fo—r) e Grl (Bg)(—1) — 0,

placed in cohomological degrees O, ...,r, represents i!Qg[n} in the derived category of
filtered D x -modules.
(ii) The Koszul-type complex

Dy o) I
OB, @ Gty (By)(—1) — - — Grly (By)(—r) — 0,
=1

0— Gr(/(Bf)
placed in cohomological degrees —r, ... ,0, represents i* Q% [n] in the derived category
of filtered D x -modules.

2.3. Tue mintmaL ExPONENT. — We next discuss the minimal exponent for local com-
plete intersection varieties, following [CDMO24]. Let X be a smooth, irreducible,
n-dimensional variety and Z a (nonempty) closed subscheme of X, which is locally a
complete intersection of pure codimension r. Suppose first that X = Spec(R) is affine
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and Z is defined by the ideal generated by fi,..., fr € R. The minimal exponent
a(Z) is defined by

sup{y > 0| 6y € V7' By}, if 0f & V" By;

@7 az) - e
sup{r —14+q+v | FgqrBf CV" "B}, if 7 € V' Byg.

In general, we consider a cover X = U; U --- U Uy, where each U; is an affine open
subset as above, and put
a(Z) = z‘;ZIrrwllljrilgéza(Z Nn0;).

It follows from [BMS06, Th.1] that we always have min {&(Z),r} = lct(X, Z),
the log canonical threshold of the pair (X, Z). Therefore the minimal exponent is
interesting precisely when lct(X, Z) = 7, in which case Z is automatically reduced
(see [CDMO24, Rem. 4.2]). Moreover, it follows from [CDMO24, Cor. 1.7] that Z has
rational singularities if and only if &@(Z) > r. One can also show (see [CDMO24,
Rem. 4.15]) that Z is smooth if and only if &(Z) = oo; by definition of the minimal
exponent, this can be rephrased as

(2.8) Z is smooth if and only if V"By = By.

In fact, if x € Z is a singular point, then we have the following more precise bound
(see [CDMO24, Rem. 4.21]):
(2.9) a(Z) <n—idimcT,Z.
The minimal exponent a(Z) depends on the ambient variety X, but in a predictable
way: the difference a(Z) — dim(X) only depends on Z (see [CDMO24, Prop. 4.14]).
When r = 1, the minimal exponent was defined by Saito [Sai94] as the negative
of the largest root of the reduced Bernstein-Sato polynomial bz (s). For the fact that
this agrees with the above definition, see for example [MP20b, Lem. 5.3 and Cor. C].
Recall now that the D x-module K’ (Ox) underlies a mixed Hodge module on X,
namely H" (i'Q¥[n]), where i: Z < X is the inclusion. We thus have a canonical
filtration on H7%(Ox), the Hodge filtration (FPJ{TZ(OX))ZQO- We have a second filtra-
tion, the order filtration (E](,“J-CTZ((‘)X))p)()7 given by

EpH5(0x) = {u € Hy(Ox) | I u =0},

where Iz is the ideal defining Z in X (see [MP22a, Prop. 3.11]). It is a general fact
that FH?,(Ox) C E,H%(Ox) for all p > 0 (see [MP22a, Prop. 3.4]) and the following
result shows that the minimal exponent governs how far these two filtrations agree
(see [CDMO24, Th.1.3]):

Turorem 2.3. If X is a smooth, irreducible variety and Z is a local complete
intersection subvariety of pure codimension r in X, then for a nonnegative integer k,
we have F,H,(Ox) = E,HY(Ox) for 0 < p <k if and only if a(Z) > r + k.

(We note that what we denote by Fp By here is denoted by Fj By in [CDMO24].
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2.4. k-Du Bois SINGULARITIES. To a variety Z, Du Bois associated in [DB81] a com-
plex Q7 known now as the Du Bois complex of Z. This is a filtered complex that
agrees with the de Rham complex Q2%,, with the “stupid” filtration, when Z is smooth.
This allows extending to singular varieties some important cohomological properties
of the de Rham complex of smooth varieties, see [PS08, Ch.7.3] for an introduction
to this topic.

We are interested in the shifted truncations Q7 := Gr%.(Q%)[p], which are objects
in the bounded derived category D?

oon(Z) of coherent sheaves on Z. For every p, there

is a canonical morphism QY — QF that is an isomorphism over the smooth locus
of Z. Following [JKSY22|, we make the following:

Derinition 2.4, — For a nonnegative integer k, we say that the variety Z has
k-Du Bois singularities® if the canonical morphism QY — QF is an isomorphism for
0<p<Ek

Note that for k = 0, we recover the familiar notion of Du Bois singularities. As we
have mentioned in the Introduction, it was shown in [MP22a, Th.F] that if X is a
smooth, irreducible variety and Z is a local complete intersection subvariety of X, of
pure codimension r, then Z has k-Du Bois singularities if and only if F, H%,(Ox) =
E,H7%(0x) for p < k. In terms of minimal exponents, this condition can be rephrased
as a(Z) = r + k. The proof of this result in loc. cit. extends the argument in the
case of hypersurfaces, for which the two implications had previously been proved in
[MOPW23] and [JKSY22].

Prorosition 2.5. — If Z is a local complete intersection variety with k-Du Bois sin-
gularities, then codimgz(Zging) > 2k + 1.

Proof. — This is a local statement, hence we may assume that Z has pure dimension
(we use the fact that Z is Cohen-Macaulay) and that it is a closed subvariety of the
smooth irreducible variety X . In this case the assertion follows by combining [MP22a,
Cor. 3.40 and Th. FJ. O

The connection between the Du Bois complex and mixed Hodge modules is pro-
vided by the following result of Saito. If Z is a closed subvariety of the smooth,
irreducible, n-dimensional variety X and i: Z < X is the inclusion, then it is a
consequence of [Sai00, Th.4.2] that for every p, we have an isomorphism
(2.10) Qy[-p] = G DRx(QY) in  DZyy(X).

In light of (2.1) and (2.2), this is equivalent to
(2.11) QY [-p] ~ RHome (Grf_nDin!Qg}r[n],wX).

For an easy proof of this isomorphism, see [MP22a, Prop. 5.5].

(Q)Strictly speaking, one should say “has at most k-Du Bois singularities”, since we do not re-
quire Z to be singular. However, we trust that the simplified formulation will not lead to confusion.
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2.5. k-RATIONAL SINGULARITIES. Given a variety Z, by a strong log resolution of Z
we mean a proper morphism pu: Z — Z that is an isomorphism over Z \ Zgjng, such
that Z is smooth and E = p Y (Zsing) is a simple normal crossing divisor. Following
[FL22Db], we make the following:

Derinition 2.6. — For a nonnegative integer k, we say that the variety Z has k-ra-
tional singularities if for a strong log resolution pu: Z — 7 as above, the canonical
morphism

(2.12) QY — RM*QPZ(log E)

is an isomorphism for 0 < p < k.

It is easily seen that the condition in the above definition is independent of the
choice of strong log resolution (see for example [MP22b, Lem. 1.6]). Note that for k = 0
we recover the classical notion of rational singularities. This condition implies that Z is
normal, hence in particular, every connected component of Z is irreducible. The notion
of k-rational singularities has been extensively studied in [FL22b], [FL24], [MP22b].
We note that the definition of “k-rational singularities” in [FL22b] is different than the
one we gave. However, the two definitions are equivalent when Z is a local complete
intersection, see Remark 2.10 below.

For our purpose it will be convenient to consider a different description of k-rational
singularities. Recall from [MP22b, §6] that for every variety Z of pure dimension d
and every nonnegative integer k, we have a canonical morphism

(2.13) Yi: U — RHomo, (5 *,wy[—d]),

where w7, is the dualizing complex of Z. This is defined as follows: suppose that
w: Y — Z is an arbitrary resolution of singularities (we only require that Y is smooth
and p is proper and an isomorphism over a dense open subset of Z). By functoriality of
the Du Bois complex, for every nonnegative integer k, we have a canonical morphism
g Q]} — R, 0% . On the other hand, on Y we have a canonical isomorphism

QF = RHomo, (U, wy[—d]).

By pushing this forward and using Grothendieck duality for u, we obtain an isomor-
phism [ as the composition

R, QY = Ru.RHomo, (Qdy_k, wy [—d]) — RHomo, (Ru Q¢ ", wi[—d]).

The morphism ), is obtained as the composition Y _, o 3y o, where we put ), =
RHomo, (g—k,wy[—d]). It is shown in [MP22b, Prop.6.1] that this definition does
not depend on the choice of resolution of singularities.

With this notation, we have the following characterization of k-rational singularities
in the local complete intersection case from [MP22b] (in loc. cit. one assumes that Z
is irreducible, but the argument works in general):

Tarorem 2.7. If Z is a local complete intersection variety of pure dimension d
and k is a monnegative integer, then Z has k-rational singularities if and only if Z
has k-Du Bois singularities and the morphism iy, : Q’} — RHomeo, (Q‘;k7wz) is an
isomorphism.
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It will be important for us to use an interpretation of the morphism v, from [FL22b,
App.], as the graded de Rham of a morphism of mixed Hodge modules. Let Z be a
variety of pure dimension d and p: Y — Z any resolution of singularities, with u
a projective morphism. Note that by functoriality we have a canonical morphism of
mixed Hodge modules a: Q¥[d] — 1. Q¥ [d]. On the other hand, since Q#[d] is pure
of weight d, on Y we have a canonical isomorphism Q#[d] — D(Q#![d])(—d), which
after pushing forward to Z and using the compatibility of pushforward with duality,
gives an isomorphism

B: QY [d] = wD(Qy [d]) (—d) — D (1. Qi [d]) (—~d).

We then obtain a morphism ¢ in the derived category of mixed Hodge modules on Z
as the following composition

214 QUM % 1QU[d] 5 D QY ) (—d) -2 D(QY[d))(~d),

where oV = D(a)(—d).

If Z is a closed subvariety of the smooth, irreducible variety X and i: Z — X
is the inclusion, then using the compatibility of the graded de Rham complex with
direct image and duality, we see that for every k € Z we have

ap = GriyDRx (a)[k —d], B = GrT;DRx(B)[k —d], ay_j, = Grl DRx(a")[k —d],
hence ¢, = Gr2, DRx (¢2)[k — d).

Revark 2.8. — It follows from the definition of ¢z that ¢}, := D(¢z)(—d) can be
identified with .

Remark 2.9. — Suppose now that X is a smooth, irreducible, n-dimensional variety
and 7: Z — X is a closed embedding, where Z is a local complete intersection sub-
variety of X, of pure codimension r. Let d = n — r. As we have already mentioned,
in this case, the morphisms

QYA %5 1C,Q"  and D(ICZQH)(—d>7—g>D(Q§[dD(—d)

are morphisms of mixed Hodge modules, with v surjective and ~) injective.
Since ¢z is a morphism between two mixed Hodge modules on Z, we obtain the
same morphism if we take H?(—); in other words, 1z agrees with the composition

(2.15)  QZld] — 3 (1. Q' [d]) — D (3 (1. Qi [d]) (—d) — D(QZ[d])(—d).

On the other hand, since Q¥f[d] is pure of weight d, so is H° (. Q1 [d]), see [Sai90,
(4.5.2)]. Since Gry, (Q¥[d]) = 0 for i > d, it follows that the composition in (2.15)
further factors as

(2.16) QU[d] —Z51C,Q" — HO (1. Q¥ [d]) — D (H (1. QL [d)))(—d)
— D(IC,Q")(—d) —%5 D(QY [)) (—d).
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We also note that the intermediate composition
1CzQ" — 3 (1. Qi [d]) — D(3° (1. Q3 [d])) (—d) — D(IC2Q")(~d)

is always an isomorphism. Indeed, a morphism IC,Qf — D (IC zQ)(—d) is uniquely
determined by its restriction to a dense open subset of the smooth locus of Z, and on
a suitable such subset over which p is an isomorphism this composition is the identity.

For every k, it follows from Lemma 2.1 that Grf DRx (1z) is an isomorphism for
all p < k if and only if F,3z is an isomorphism for every p < k 4+ n. Since 7z is
surjective and 7 is injective, it follows from the above discussion that Grf DRx(¢z)
is an isomorphism for all p < k if and only if

Fyyz: F,QY[d] — F,ICZzQ  and
Fp-&-dVg: Fp+dD(ICZQH) = Fp—TWn-ﬁ-r%rZ(oX) — Fp+dD(QIZ{[dD = Fp—TJ{E(OX)

are isomorphisms for all p < k + n (recall that every morphism of mixed Hodge
modules preserves the Hodge filtration and it is strict).

Remark 2.10. We note that in [FL22b] one says that a variety Z of pure dimension
d has k-rational singularities if the composition

o, — QY ﬂ) RHomg, (Q%ﬁp, wy[—d])

is an isomorphism for all p < k. It is shown in [FL22b, Cor. 3.17] that this definition
is equivalent to the definition we use in this paper if codimz(Zging) > 2k + 1. Further-
more, it is shown in [FL22b, Th. 3.20] that with their definition as well, if Z is a local
complete intersection and has k-rational singularities, then Z has Du Bois singular-
ities, and thus codimy(Zsng) > 2k + 1 by Proposition 2.5. We thus conclude that
for local complete intersection varieties, the two definitions of k-rational singularities
agree.

3 CH/\R/\CTER]Z/\TIONS OF k-RATIONALITY FOR LOCAL COMPLETE INTERSECTIONS

Let X be a smooth, irreducible variety of dimension n and Z be a local complete
intersection subvariety of pure codimension r in X. Let d = n — r be the dimension
of Z and i: Z — X the inclusion. We will freely use the notation introduced in the
previous section. The following is the main result of this section, which implies several
of the statements in the introduction.

Tarorem 3.1. — With the above notation, for every monnegative integer k, the fol-
lowing conditions are equivalent:

(a) a(Z) > k+r;
(b) FkWn+er:TZ(OX) = Ekj{TZ(OX)7
(c) the morphism

(3.1) Fpir Q7 [d] — Fpy, 1C2QM,
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induced by vz and the composition
(3.2) FyWiioHz (0x) — FyHZ(0x) — EpHZ(0x),
induced by vy, are isomorphisms for p < k.
(d) Z has k-Du Bois singularities and the morphism
¢k: Q’} — Rﬂ'fomoz (Q(é_k7wz)

is an isomorphism;
(e) the canonical morphism
QY — G DRx(IC2Q™)[p — d]

is an isomorphism (in the derived category) for p < k.

Remark 3.2. We note that the morphism in (e) is the composition

0f, — ) ~ Gr” DRx(QY)[p] — GrT,DRx (IC2Q")[p —d],
where the second map is induced by vz: Q¥ [d] — IC,QH.
Remark 3.3. — Note that condition (d) in the theorem is equivalent to Z having
k-rational singularities by Theorem 2.7. Therefore the equivalence (a) < (d) is the
content of Theorem 1.1, while the equivalence (a) < (b) is the content of Theorem 1.4.

We proceed with the proof of Theorem 3.1 in several steps, by showing the following
implications:
(a) = (b) = (¢) = (d) + (e), (d) = (c), and (e) = (b) = (a).

Proof of Theorem 3.1. — Since all assertions are local, we may and will assume that X
is affine and Z is defined in X by fi,..., fr € Ox(X). In particular, we will be able
to consider the V-filtration corresponding to these functions. We denote by Iz the
ideal defining Z in X.

Step 1. Proofof (a) = (b). Let W, be the monodromy filtration on Gry, By, shifted
by n, uniquely characterized by:

— (s+a) W,Gry,By C W,_2Gr{, By and
— (s+a): GV _GreBs = GrV_ Gr& By is an isomorphism for all j > 1.
n+yj vPf n—j vPf
Explicitly, this is given by
(3.3) Wh1iGry By = Zker ((s 4+ )™ ) NIm((s + a)).

J

Consider the map o: (Gr(/_le)EBT Lutzyte), Gry,By. By [CD23, Th. 1.2], for ev-
ery ¢, we have an isomorphism of filtered D x-modules

(3.4) Gr},, 3% (0x) ~ (Gr}" cokero, F[—r]) forall i€ Z.
Recall that we know that W;,H%(Ox) = 0 for ¢ < n, hence
(3.5) Wit rHy(0x) = Gr,), 35 (0x) ~ (Gr) coker o, F[—7]).
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Since a(Z) > k + r, it follows from the definition of the minimal exponent that
Fiir41By CV>""1B, hence

(s+71) Fryr By C Zti + Fitr41By C V7" By.
i=1
We thus have

(36) Fk_i_rGIJ{/Bf g WnGr(}Bf

because ker(s+r) C W,,Gry, By by (3.3). This implies that F., coker o C W, coker o,
and using (3.5) we conclude that

FeWharHz(0x) = FrHz(0x) = ExHz(0x),
where the last equality follows from Theorem 2.3.
Step 2. Proofof (b) = (¢). — We first prove the following
Levmva 3.4 — The equality FyWi 1, H7%(0x) = ExH%(0x) implies
FyWhrHy (0x) = EyHz(O0x)  forall p<k.
Proof. — Recall first that F,H(0Ox) C E,H%(0x) for all p by [MP22a, Prop. 3.4],

hence FyW, 1, H%(0x) = E,H%(Ox) if and only if the inclusion “2” holds. Since
WitrHY(0x) is a Hodge module supported on Z, we have

Iz - Fan+T9{%(Ox) - Fp_1Wn+T9‘C%(Ox) forall peZ

(see [Sai88, Lem. 3.2.6]). On the other hand, it follows easily from the definition of
the filtration E,H%(Ox) that we have

IZ EPJ{%(OX) = Ep_lj‘fTZ(OX) for all P 2 1.
The assertion in the lemma now follows by decreasing induction on p. |

We next use duality to prove the following

Leyyia 3.5, — If F,Wo g HL(Ox) = F,HY(Ox) for some p € Z, then the surjective
map
H H
Fotr1Qz [d] — Fpir11C2Q

induced by vz is an isomorphism.
Proof. — The equality F,W,4,H%(0x) = F,H",(Ox) is equivalent to the vanishing
of FpGrK_TH?{E(OX) for all j > 1. Since Grmrﬂ-f}{rz((‘)x) underlies a polarizable

pure Hodge module of weight n + r 4 j, the choice of a polarization gives an isomor-
phism of filtered D x-modules:

(3.7) D(Gr)y,y ;15 (0x)) = (Gl oy, HR(0x)) (n+ 1+ ).

On the other hand,

D (G, ;1Y (0x)) = G, D(H(0x))

3.8
(3:8) ~ Y, (QEd)(n) = (GrY Q¥ d)) ().
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Combining the two equations (3.7) and (3.8) yields
(Grithrss35(0x)) (r +5) = Gri Q]
as filtered D x-modules, which implies
Fpy1-3Gr), H5(0x) = Fypp 1 Gry QY [d).
We have seen that our hypothesis gives Fp+1_jGrmr+j9'Cg(OX) =0 for j > 1, hence
Fp+r+1GrgijQ§[d] =0 for j > 1 and thus F,1,1Wy_1Q¥[d] = 0. This implies the
conclusion of the lemma by definition of vz. O

Returning to the proof of the implication (b) = (c), note that the assertion in
Lemma 3.4 gives the fact that the morphism (3.2) is an isomorphism for p < k.
Similarly, by combining Lemmas 3.4 and 3.5 we conclude that the morphism (3.1) is
an isomorphism for p < k (in fact, for p < k + 1). We thus have the assertion in (c).

Step 3. Proof'of (¢c) = (d) + (e). — The surjectivity of the morphism in (3.2) implies,
in particular, that Z is k-Du Bois by [MP22a, Th.F]. Recall that we have defined
v = GrkaRX(@bZ)[k} — d], so we see that vy is an isomorphism if and only if
Cr, DR () is an isomorphism, which by (2.1) holds if and only if Grj_;DRx (¢7)
is an isomorphism (recall that D(¢z) = ¢ z(d), see Remark 2.8). We thus conclude
that the condition in (d) holds.

Similarly, once we know that Z is k-Du Bois, the condition in (e) is equivalent with
ar? »DRx(7z) being an isomorphism for p < k, which is equivalent by (2.1) with
Grg_dDRX(’y}) being an isomorphism for all p < k. This is implied by Fj,4,7y being
an isomorphism for all p < k, but this is precisely the morphism F,W,,H7%(0x) —
F,H7%(0x). Therefore the condition in (e) holds as well.

Step 4. Proof of (d) = (¢). — It follows from Theorem 2.7 that the conditions in (d)
are equivalent to Z having k-rational singularities. In particular, since we have these
conditions for k, we also have them for £ — 1. In particular, we know that v, =
GrﬁldDRX(wz)[p — d] is an isomorphism for all p < k. Using (2.1) and the fact that
D(yz) = ¢z(d), we conclude that Grg_dDRX(wz) is an isomorphism for all p < k.
Lemma 2.1 thus implies that F},; 1z is an isomorphism for all p < k. As we have seen
in Remark 2.9, this implies that the morphisms (3.1) and (3.2) are isomorphisms for all
p < k (for the latter morphism, we also use the fact that F,H%(Ox) = E,H%(Ox)
for p < k, due to the fact that Z has k-Du Bois singularities). We thus have the
condition in (c).

Step 5. Proof of (e) = (b). — If k = 0, applying RHomo (—,wx|[r]) to the isomor-
phism in (e) gives via (2.1) an isomorphism
GrY, DRx W, 4, 35 (0x) — G’ DRxH%(0x) — Extly (07, wx)

(note that 8xtfgx (Oz,wx) = 0 for i # r since Z is a local complete intersection of
pure codimension ). We have

CGrf, DRxH%(0x) = wx @0y FoHy(Ox) and
GrljnDRXWnJrrj{rZ(oX) =wx oy FOWnJrrj{rZ(oX)a
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while the image of the inclusion
El'th(OZ,wx) —r wWx QVoy j‘fTZ(Ox)

is wx ®o EoH%(Ox). We thus obtain the condition in (b) in this case.

From now on we assume k > 1. Arguing by induction on &, we may and will assume
that W4+, H%(0x) = E,H%(Ox) for p < k — 1. In particular, we know that Z
has (k — 1)-Du Bois singularities, and thus codimy(Zsing) > 2k — 1 > k by [MP22a,
Cor. 3.40]. We only need to prove that the injection FW,,+,H%(Ox) — EpH%(0x)
is indeed an isomorphism. Moreover, because we know the corresponding assertions
for the lower pieces of the filtrations, it follows from Lemma 2.1 that it is enough to
show that the induced morphism

(3.9) Gry_, DRx W4, H5(Ox) — Gry_, DRxHY(Ox)
is an isomorphism (in the derived category).
Applying RHomg . (—,wx[r + k]) to the isomorphism in (e) implies via (2.1) that
the composition
(3.10) Grf  DRxW,y,H%(0x) — Gri_ DRxH%(Ox)
— RHomo . (Vy, wx|[r + k])

is an isomorphism. On the other hand, since codimy(Zgns) > k, it follows from
[MP22a, §5.2] that the second map in (3.10) gets identified with the canonical mor-
phism

Gri_,DRxH%(0x) — Gry_, DRxH}(Ox).

We thus conclude that indeed (3.9) is an isomorphism.

Step 6. Proof of (b) = (a). — In addition to the map

)@T (tlat27-"7t7“)
_——

o: (Gr;_le Gr(,Bf

that we used in Step 1, we also consider the map

(atuatm"'vatr)

§: Griy By (Gry 1By (—1))"".

The key point is to show the following

Cram. — The condition in (b) implies that the composition of the canonical mor-
phisms
(3.11) Gry,, ker§ — Gry,,Gr}, By —» Grf_ . coker o

is an isomorphism.

By [CD23, Th.1.2], we have an isomorphism of filtered D x-modules
(3.12) Gry,,QF[d] = Gr))\  kerd forall ic Z.
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In particular, we have W, ker 6 = ker d (recall that, similarly, the isomorphism (3.4)
implies W,_1 coker 0 = 0). Note that the inclusion W, ker§ — W, Gr}, B¢ induces a
canonical filtered morphism

WnGI‘;Bf
W, Gri,Bf Nimo’

(3.13) Gr ker § — W, coker o =

Indeed, the morphism is well-defined because

Wiy—1kerd CW,_1Gry, By = (s + 1) - Wy41Gry, By = ZtiﬁtiWnHGrQ/B]« Cimo.
i=1

We deduce that the canonical map ker § — coker o factors as
ker § — GrY ker § — W, coker o —» coker o.

Furthermore, the canonical maps
Grﬁ;r ker 6 — Gr,§+rGrnW ker §

and
GrEHWn cokero — Gr,§+r coker o
are isomorphisms because of (3.4) and (3.12), together with the fact that the canonical
map
Grfa:tng[d] — Grf;rGrZVQg[d}
is an isomorphism for p < k + 1 by Lemma 3.5. Therefore the claim is now reduced

to the assertion that (3.13) is a filtered isomorphism. Clearly, (3.13) is a filtered
isomorphism over the complement V = X \ Z,e of the singular locus of Z, due to

ker 8|y = Gry, Bg|v = coker oy

preserving the Hodge filtration (this follows from the fact that if Z is smooth, then
V'By = By by (2.8), hence Gr}, 'Bj = 0). Therefore (3.13) is an isomorphism of
D x-modules because its source and target decompose by (3.12) and (3.4) as direct
sums of simple D-modules, corresponding to the irreducible components of Z. More-
over, it is even a filtered isomorphism thanks to the fact that the Hodge filtration is
uniquely determined by the regular locus [Sai88, (3.2.2.2)]. This completes the proof
of the claim.

To conclude the proof, note that the condition in (b) implies that &(Z) > k+r by
Theorem 2.3. Therefore we have

Gr£+TGr7{/Bf = GrerTBf/IZ : GrerrBf = Grgﬂ coker o,

where the first equality follows from the fact that

FrV>"Bp =Y ti- Frye V"' By
i=1
by [CD23, Th. 1.1]. The claim implies that the composition

Gry,, ker§ — Gry,, Gr}, By — Gry,,, coker o,
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is an isomorphism, hence § is zero on Gr£+TGr(,Bf = Gr£+TBf/IZ -Gr},, By. There-
fore

O FrirBf C Fioy By +V>" 1By CV'By+V>" !By CV>""!By for 1<i<r,

where the second inclusion comes from the fact that &(Z) > k + r. This implies
Fiiri1By € V>""1Bg, which is equivalent to &(Z) > k + r. This completes the
proof of this step and thus the proof of the theorem. O

We next prove the two corollaries stated in the introduction:

Proofof Corollary 1.2. — The assertion follows from the fact that Z has k-Du Bois
singularities if and only if &(Z) > k4 r, while by Theorem 1.1, Z has (k — 1)-rational
singularities if and only if &(Z) > k+r — 1. O

Proofof Corollary 1.3. — We may assume that Z is irreducible and affine and let
Z — X be a closed embedding, of codimension r, with X a smooth, irreducible
variety. The assertion to prove is trivial if Z is smooth (with the convention that the
empty set has infinite codimension), hence we may and will assume that Z is singular.
If s = dim(Zsing) and H is the intersection of general hyperplanes sections in X, then
7' :== Z N H is a local complete intersection variety with nonempty, 0-dimensional
singular locus, and a(Z’) = a(Z) by [CDMO24, Th.1.2]. In particular, it follows
from Theorem 1.1 that a(Z") > k+r. Since codimz(Zsing) = codimz (Zg,,,
replace Z by Z' to assume that Zg,g is nonempty and zero-dimensional. We then
need to show that d := dim(Z) > 2k + 2.
Let & € Zging. By (2.9), we have

), we may

a(Z) < dim(X) — %dimc T.(Z)=(d+r)— %dimc T.(Z).

Since x € Zging, we have dime T, (Z) > dim(Z) +1 = d + 1, hence

d—1

a(Z) < (d+r) (d+1)=T+r.

1

2

Since &(Z) > k + r, we conclude that k +r < %L + 7 hence d > 2k + 1. We thus

conclude that d > 2k + 2. O
4. NON-VANISHING RESULT FOR THE Du Bois coMPLEX

In this section we show that for singular, d-dimensional, local complete intersection
varieties Z with k-rational singularities, where k > 1, the cohomology sheaf H* (Q%ﬁk)
does not vanish.

Proofof Theorem 1.5. — Note first that Theorem 2.7 gives an isomorphism
QF ~ RHomo, (QL ", wz),

and since RHomg , (—,wz) is a duality, we get an isomorphism
QIF ~ RHome, (0, wz).

The first isomorphism in the theorem follows by taking that k-th cohomology sheaf.
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It is shown in [MP22a, §5.2] that since Z has k-Du Bois singularities (more pre-
cisely, since codimy(Zsing) = k), the sheaf Q¥ is the 0-th cohomology of the complex
Q% ok Symk_'(NZ/X)V placed in cohomological degrees —k,...,0. Since this is a
resolution of Q% by locally free Oz-modules, it follows that

Ext@z(ﬂé,wz) ~wy Qo, 83675]52((2’}, Oz)

~ wy Qo, coker (Tx ®o Sym’é;l(Nz/X) — Sym@Z(NZ/X))
>~ wyz oy, Syng(Q),
where the last isomorphism follows from [Eis95, Prop. A2.2(d)].

In order to see that F* (Q‘;k)z # 0 if x € Z is a singular point, it is enough to
consider, in a neighborhood of z, a closed immersion Z < X such that 7,7 = T, X.
In this case the morphism of locally free Oz-modules

Tx ®oy Symg, ' (Nz/x) — Symg, (Nz/x)

is given by a matrix whose entries all vanish at . We thus conclude that the minimal

number of generators of H*(Q% *), is equal to rank(Symf) (Nz/x)) = (“"4I*7),

where e = dimg T, Z, hence it is nonzero since e > d+ 1. This concludes the proof. [

5. CIENERATION LEVEL OF THE HODGE FILTRATION IN TERMS OF
THE MINIMAL EXPONENT

In this section we prove the bound on the level of generation in terms of the minimal
exponent.

Proofof Theorem 1.7. — Let d = dim(Z) = n — r. The starting point is the observa-
tion that for every mixed Hodge module M on X, the Hodge filtration is generated
at level q if H°Gr,_, DRx (M) = 0 for all p > . Recall that by (2.1), we have

Gri_,DRx (M) ~ R¥ome  (Grh_,DRx(D(M)),wx [n]).

If we apply this with M = H"i'Q¥ [n] = H}(Ox), where i: Z < X is the inclusion,
since D(M) ~ QX[d](n), we conclude that

Gri_ . DRxH7(0x) ~ RHomo  (Gr’ ,DRx QY [d], wx[n]).

If we apply H®(—) on both sides, we conclude that the Hodge filtration on H%(Ox)
is generated at level ¢ if

(5.1) exty (G DRxQ¥[d],0x) =0

for all p > gq.
Recall now that for a bounded complex of Ox-modules K* and an O x-module F,
there is a spectral sequence

By = Eatl (K™',F) = &aty ! (K", 9).
We take K* to be the complex GrfPDRXQIZ{[d], so that
K™ =0y @0, Gr,_,,QF[d].
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Therefore the vanishing in (5.1) holds if for all j € {0,...,n}, we have

eath (U " @0, Gif_(,_)_,QF[d),wx) =0,

or equivalently, )

xtly (Gri_,QF[d],0x) =0.
We conclude that in order to complete the proof of the theorem, it is enough to show
the following claim:

Cram 5.1, — Forall p 2 n— [a(Z)] and all j € {0,1,...,n}, we have
(5.2) Extly (Grj_,QYF[d],0x) =0.

In order to prove the claim, we may and will assume that X is affine and Z is
defined by f1,..., fr € Ox(X), so we can make use of the corresponding V-filtration.
By Theorem 2.2(ii), for every ¢ € Z, we have an isomorphism

Otyy--0, 0
F,Q7[d] ~ ker (FyGri, (By) B ERRRR NN

& FiGri ! (B1)(-1).

Suppose now that &(Z) > ¢. In this case, by definition of the minimal exponent we
have Fy.1By CV>""1Bf and F;By C V" By. We thus conclude that

(5.3) F,Q¥[d) ~ F,Gr},(Byf) ~ F,By /F,V>"By.

On the other hand, it follows from [CD23, Th.1.1] that we have

F,V>"By = Zti CFVPTTIBy = Zti - FyBy,
i=1 i=1
so that (5.3) gives
F,QZ[d) ~ FiBy/(ts, ..., t:)Fy By,
and thus
Gr{ Q¥[d] ~ Gr} By/(t1,...,t,)Gr, By.
Recall now that by definition we have FyBy = Gry By = 0 if £ < r and gr}' By =
@\B\:E*r OXOtB if £ > r, with each t; acting as multiplication by f;. We thus conclude
that if £ > r, then
(5.4) GriQfd ~ @ 00,
|B|=t—r

We now proceed to prove the claim. Note that since Z is singular, it follows
from (2.9) that &(Z) < n— 3(d+ 1), hence n — [&(Z)] > [(d+1)/2)] > 1.

We first consider the case when p > n — [@(Z)], so that p > 0 and [a(Z)] >
n—p>=j—pflorall j€{0,1,...,n}. By taking £ = j — p, it follows from (5.4) that

we have
0 ifj—p<r,

Grl QH[d] ~

-zl {@lﬂ—j—p—r 070; ifj—p>r.

Clearly, the vanishing in (5.2) holds if j —p < r. If j > r +p > r, we use the fact
that Z is a complete intersection, so locally we have the Koszul resolution of O,
of length r, by free O x-modules. In particular, we have Sxtfgx(oz, Ox) = 0 for all
j > r, proving the claim in this case.
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We next consider the case when p = n — [a(Z)]. If j € {0,1,...,n — 1}, then
[a(Z)] > j — p and we get the vanishing in (5.2) as above. In order to complete the
proof of the claim, it is thus enough to consider j = n and show that

It follows from Theorem 2.2(ii) that we have an inclusion

Gr{s(z Q% 1d] € Grfs(z) Gy By.

Since Extgf(l(—, Ox) = 0, we deduce using the long exact sequence of Ext sheaves

that we have a surjection
ety (Griz(z Gry By, 0x) — Eatl (Griz271Q% [d], Ox).
Therefore it is enough to show that the left term is 0.
Note now that it follows from [CD23, Th. 1.1] that
Fraz V7 "By = (t1,...,tr)FlaznV"""'By = (t1,...,t;) Fa(z) By,
where the second equality follows from the definition of the minimal exponent. There-
fore we have

GrFa(Z)] GrT‘}Bf = Grlﬁa(z)] er.Bf/(t]7 PN 7t7")Gr]F&(Z)] Bf
- GFF‘&(Z)] Bf/(th ce 7t,,~)GI'|F&(Z)'| Bf

Using again the fact that Sxtgf(l(—, Ox) =0, we see that it is enough to show that

gl'tgx (GrF&'(Zﬂ Bf/(tl, ce ,tr)GrF‘a(z)" Bf, OX) =0.
This follows from the fact that GrF&(Z)]Bf/(tl, e 7tr)C}rlF&(Z)]Bf is isomorphic to

a direct sum of copies of Oz and Exty, (0z,0x) = 0, as follows using the Koszul
resolution of Oz (note that r < n, since we assume that Z is reduced and singular).

This completes the proof of the claim and thus the proof of the theorem. O
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