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ON UNIFORM POLYNOMIAL APPROXIMATION

BY AnTHONY POELS

Asstracr. — Let n be a positive integer and £ a transcendental real number. We are interested
in bounding from above the uniform exponent of polynomial approximation &y, (§). Davenport
and Schmidt’s original 1969 inequality @, (§) < 2n — 1 was improved recently, and the best
upper bound known to date is 2n — 2 for each n > 10. In this paper, we develop new techniques
leading us to the improved upper bound 2n — %nl/?’ + O(1).

Résumic (Sur 'approximation polynomiale uniforme). — Soient n un entier strictement positif
et £ un nombre réel transcendant. Nous cherchons a borner supérieurement I’exposant uniforme
d’approximation polynomiale & (). Etablie par Davenport et Schmidt en 1969, I'inégalité
Wn(€) < 2n—1, a été améliorée pour la premiére fois récemment, et la meilleure borne supérieure
connue a ce jour est 2n — 2 pour tout n > 10. Dans ce papier, nous développons de nouvelles
techniques qui nous permettent d’obtenir la borne supérieure améliorée 2n — %nl/ 3 +0(1).
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770 A. PoiiLs

1. INnTRODUCTION

Let & be a non-zero real number and let n be a positive integer. Dirichlet’s theorem
(1842) is one of the most basic results of Diophantine approximation. It shows that

for any real number H > 1, there exists a non-zero integer point (zo,...,r,) € Z"*!
such that
(1.1) max {|z1],...,|z,|} < H and |zo+ 1§+ + 2, < H ™

It is natural to ask if we can improve the exponent n of H~", and this question gives
rise to two Diophantine exponents. The so-called uniform exponent of approximation
Wn (&) (resp. the ordinary exponent wy,(£)), is the supremum of the real numbers w > 0
such that the system

IPl<H and 0<|P(E)|<H™

admits a non-zero solution P € Z[X] of degree at most n for each sufficiently large H
(resp. for arbitrarily large H). Here, || P|| denotes the (naive) height of P, defined as
the largest absolute value of its coefficients. These quantities have been extensively
studied over the past half-century, see for example [5] for a nice overview of the
subject. By Dirichlet’s theorem, if £ is not an algebraic number of degree < n, then
we have

wn(§) = Wn(§) = n,

and it is well known that those inequalities are equalities for almost all real numbers &
(with respect to the Lebesgue measure). Note that if £ is an algebraic number of
degree d, then @, () and w,(§) are both equal to min{n,d — 1} (it is a consequence
of Schmidt’s subspace theorem, see [5, Th.2.10]). We can therefore restrict our study
to the set of transcendental real numbers. The initial question “can we improve the
exponent n in Dirichlet’s theorem?” may be rephrased as follows: “does there exist a
transcendental real number ¢ satisfying @,,(§) > n?”. For n = 1 the answer is negative
and rather elementary to prove, so the first non-trivial case is n = 2. Before the early
2000s, it was conjectured that no such number existed. This belief was swept away
by Roy’s extremal numbers [20], [21], [1], whose exponent &5 is equal to the maximal
possible value (3 + 1/5)/2 = 2.618---. Since then, several families of transcendental
real numbers whose uniform exponent ws is greater than 2 have been discovered (see
for example [22], [6], [15, 16]). However, for n > 3 the mystery remains, and it is still
an open question whether or not there exists ¢ € R\ Q with @, (¢) > n.

In this paper, we are interested in finding an upper bound for the uniform exponent
W (€), as this could provide clues to solving the initial problem. Brownawell’s version
of Gel’fond’s criterion [3] implies that @, () < 3n. In 1969, Davenport and Schmidt
[10, Th. 2b] showed that for any transcendental real number ¢ and any integer n > 2,
we have

(1.2) Gn(€) < 2n— 1.
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Up to now, few improvements have been made. Bugeaud and Schleischitz [8, Th. 2.1]
first got the upper bound

1
(1.3) @n(g)gnfiJr n272n+1/4:2nfg+5n,

where £,, > 0 tends to 0 as n tends to infinity. Recently, Marnat and Moshchevitin [13]
proved an important conjecture of Schmidt and Summerer on the ratio &, (§)/wn(§)
(see also [19, Ch. 2] for an alternative proof based on parametric geometry of numbers).
In [23], Schleischitz pointed out that we can use the aforementioned inequality in the
proof of (1.3) to get
Wn(€) <2n—2,

for each n > 10. This is currently the best known upper bound. Let us also mention
that using parametric geometry of numbers, Schleischitz [24, Th.1.1] was able to
replace the estimate (1.3) by

3(n—1)++vn?—2n+5

Bul6) < A

where ¢/, > 0 tends to 0 as n tends to infinity. For n = 3,...,9, bounds that are better

=2n—2+¢),

than (1.2), but nevertheless (strictly) greater than 2n — 2, are known. For example,
it was proved in [8] that for each transcendental real number £, we have

@3() <3+V2=441---,

see also the very recent work of Schleischitz [25]. In this paper, without relying on
Marnat-Moshchevitin’s inequality and with a different approach, we show in Section 7
that the upper bound &, (£) < 2n — 2 holds for any n > 4. We also improve the upper
bound for @s.

Turorem 1.1. — Let n = 3 be an integer and £ € R be a transcendental real number.
If n > 4, then

W, (&) < 2n — 2.
For n = 3, we have the weaker estimate O3(¢) <2+ 5 =4.23---.

We do not think that these upper bounds are optimal. It is interesting to note that
Schleischitz, with a different method and under a technical condition, also found the
estimates of Theorem 1.1, see [25]. Our main result below is a significant improve-
ment on the previous results as n tends to infinity and does not require Marnat and
Moshchevitin’s inequality [13].

Tueorem 1.2. — Set a = 1/3. There exists a computable constant N > 1 such that,
for each n = N and any transcendental real number £ € R, we have
@n(€) < 2n —an'/3.
The constant a = 1/3 is not optimal. Numerical calculations based on the results
from Section 11 suggest that we could take N rather “small” in Theorem 1.2 (maybe

N < 10%?). However, to keep the arguments and calculations as clear and simple as
possible, we did not try to provide an explicit value of N.

JEP — M., 2024, lome 11
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Theorem 1.2 can be compared to [17, Th.1.1], where we study Xn(f), the uni-
form exponent of rational simultaneous approximation to the successive powers = =
(1,£,€2,...,€") (which is known to be, in a sense, dual to @, (€)), see Section 2 for
the precise definition and more details. We were not able to deduce one result from
the other, even though there are similarities in the arguments. For example, given a
polynomial P € Z[X] of degree at most n, which is a good approximation, we can
associate the k 4+ 1 polynomials P, X P, ..., X*P of degree at most n + k. They pro-
vide information on @y, (¢). On the other hand, if we consider y € Z"*! which is a
good approximation of Z (for simultaneous approximation), we can associate the k+1
blocks of successive n+ 1 — k coordinates of y, which are rather good approximations
of (1,&,...,£"%). They in turn provide information on Xn_k(g). Note that the diffi-
culties in the proofs of both theorems are not in the same places. In particular, in this
paper we have to work with érreducible polynomials, a rather heavy constraint. Also,
one of the most delicate parts of our approach is to bound from above the ordinary
exponent wy, (), whereas this is rather “simple” to do for the ordinary exponent A, (£)
in [17].

Before presenting our strategy, let us quickly explain Davenport and Schmidt’s
proof of the upper bound (1.2). Given a real number & < &, (), they show, using ele-
mentary means and Gelfond’s lemma, that there are infinitely many pairs of coprime
polynomials P, @ € Z[X] of degree at most n, such that

QU< [IP|l and  max{|Q()],[PE)I} < [P,

(where the implicit constant only depends on n). It implies that the resultant
Res(P, @), which is a non-zero integer, satisfies

1< |Res(P, Q)| < IPII" Q)" max { | PIIQ [QUIPE)I} < [[P]*r—.

The first upper bound for | Res(P, Q)] is classical, see Lemma 4.1. Since || P|| can be
arbitrarily large, they deduced that the exponent 2n —1 — & is non-negative. Estimate
(1.2) follows by letting @ tend to @, (§). Note that the term 2n in (1.2) is directly
related to the size of the 2n x 2n determinant defining Res(P, Q) (if we suppose that P
and @ have degree exactly n).

The key idea in the proof of our main Theorem 1.2 is to work with a large number
of “good” linearly independent polynomial approximations Qo, ... +1 rather than
just two polynomials P and @ as above. By doing this, we can replace Res(P, Q) by a

non-zero (2n—j) x (2n—j) determinant depending on the coefficients of Qq, ..., Qj+1.
Under the ideal and unlikely assumption that
(1.4) IQkll < 1Qoll and  |Qx(&)] < Qol™®  (for k=0,...,5),

the aforementioned determinant would be bounded from above by ||Qql/?" 7~ 1%,
So, together with an additional non-vanishing assumption, it would lead to @, (§) <
2n—7j—1. Several new difficulties arise when trying to make the above arguments work.
We introduce the tools for the construction of the generalized resultant in Section 6.
To ensure that this determinant does not vanish, we need the extra assumption that

JE.P — M., 2024, tome 11
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Qo, - -.,Q;j+1 are irreducible polynomials. The idea is to first fix a sequence of best
approximations, that we call minimal polynomials, and then to consider their highest-
degree irreducible factors (which also happen to be rather good approximations).
We deal with this question in Section 5. Two obstacles remain. Firstly, note that it may
be possible that the best polynomial approximations span a subspace of dimension 3,
even when £ is transcendental and n is large, see [14, Th.1.3]. Therefore, as soon
as j > 1 (we will later choose j < n'/3), we have to justify that we can find j + 2
linearly independent polynomials as above. The second major problem is the control

of the sequence Qy, . .., Q,+1. Estimates (1.4) seem out of reach, instead we get upper
bounds of the form
(1.5) 1@kl < [1Qoll and  |Qk()] < QoI  (for k=0,..., ),

where 6 < 1 depends only on n and j, and is “close” to 1 if j is not too large
compared to n. The main ingredients for showing this are related to twisted heights,
see Sections 8.2 and the appendix, and an important inequality on the height of
subspaces due to Schmidt. The parameter 6 in (1.5) is a function of the exponent of
best approximation w, (£). We show in Section 10 that if the uniform exponent satisfies
Gn(€) = 2n — d (with d < n'/?), then the ordinary exponent w, (&) is bounded from
above by 2n +2d?, and the ratio @, (£)/wn(£) is therefore close to 1. This part, which
is essentially independent from the others, is rather delicate, because we work with
the polynomials @;. They are certainly irreducible, but not as good approximations
as the minimal polynomials. More precisely, there could be large gaps between the
height of two successive Q;. If we could drop the irreducibility condition and directly
work with the sequence of minimal polynomials, we could possibly replace the upper
bound 2n — O(n'/?) with 2n — O(n'/?) in Theorem 1.2. Section 11 is devoted to the
proof of Theorem 1.2.

Acknowledgements. I would like to thank Damien Roy for his attentive reading of
this work and his many comments, which helped to improve its overall presentation
and clarity. I also thank the referee for their work and valuable comments.

2. NortATioN

Throughout this paper, £ denotes a transcendental real number. The floor
(resp. ceiling) function is denoted by |-| (resp. [-]). If f,g : I — [0,+00) are two
functions on a set I, we write f = O(g) or f < g or g > f to mean that there is a
positive constant ¢ such that f(z) < cg(z) for each x € I. We write f < g when both
f < gand g < f hold.

Let K be a field. If A is a subset of a K-vector space V', we denote by (A),, CV
the K-vector space spanned by A, with the convention that (&), = {0}.

Given a ring A (typically A = R or Z) and an integer n > 0, we denote by A[X] the
ring of polynomials in X with coefficients in A, and by A[X]<, € A[X] the subgroup of
polynomials of degree at most n. We say that P € Z[X] is primitive if it non-zero and
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the greatest common divisor of its coefficients is 1. Given P = >°;_, ax X"* € R[X],
we set

P|| = .
1Pl = max o

Gelfond’s lemma is the following statement (see e.g. [4, Lem. A.3] as well as [3]).
For any non-zero polynomials P, ..., P. € R[X] with product P = P - - - P, of degree
at most n, we have

(2.1) e [Pl ([Pl < PN < e[ Pyl - - N 2]

In particular, for each non-zero polynomial P € Z[X]<, and each factor Q € Z[X]
of P, we have e "[|Q|| < ||P||. We will often use (2.1) as follows. If Q € Z[X]<, is
irreducible and if P € Z[X],, is a non-zero polynomial which satisfies | P|| < e™"|Q|],
then @ cannot divide P. They are thus coprime polynomials.

We recall the definition of the resultant, which, as explained in the introduction,
is useful for estimating the exponent @, (&) (see also Section 4). Let P,Q € Z[X] be
non-constant polynomials of degree p and ¢ respectively, and let a;,b; € Z such that
P(X) =Y"¥_sarX" and Q(X) = Y7_,bxX*. Their resultant Res(P, Q) is defined
as the (¢ 4+ p)-dimensional determinant

ap 0 ... by 0O
ap—1 ap by—1 by
Qo bo
(2.2) Res(P,Q) = 0 ap 0 b
ag bp
q P

Besides the exponents of linear approximation w,, and &,, we will also need the fol-
lowing exponents of simultaneous rational approximation. For each positive integer n,
the exponent Xn(f) (resp. A\, (§)) is the supremum of the real numbers A > 0 such
that the system

lyo| <Y and L(y) < Y~  where L(y) := max \yogk — yil,
1<kLn

admits a non-zero integer solution y = (yo,...,yn) € Z"*! for each sufficiently large
Y > 1 (resp. for arbitrarily large Y'). Dirichlet’s theorem [26, §I1.1, Th. 1A] implies
that Xn(f) > 1/n. The best upper bounds known to date for Xn(ﬁ) when n > 4 are
established in joint work with Roy in [17]. In particular, there is an explicit positive

constant a such that
~ 1

A < )
n(&) n/2+an'/2 +1/3
and sharper results are also obtained when n is small.

JE.P — M., 2024, tome 11
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3. MINIMAL POLYNOMIALS

A sequence of minimal polynomials (associated to n and &) is a sequence (P;);>0

=z

of non-zero polynomials in Z[X],, satisfying the following properties:

(i) the sequence (||PZ-||)1.>0 is strictly increasing;

(ii) the sequence (|P; (§)|)i20 is strictly decreasing;

(iii) if |[P(&)] < |P;(§)| for some index ¢ > 0 and a non-zero P € Z[X]<y,, then
[P = [| Piga |-

Note that if we require the dominant coefficient of P; to be positive (and since £ is
transcendental), then the above sequence is unique up to its first terms. Let (P;)i>o0
be a sequence as above. We have the classical formulas:

~ . . .—logl|P; . —log | P;
(3.1) Wn(&) = hirr_lﬂl)lgf M and w,(§) = h?isogp 10§|||Pi(||§)|
In particular, given a positive real number & with @ < @, (£), then we have, for each
sufficiently large index 1,
w
wa()’
(with the convention 7 = 0 if w,(§) = o0). The second inequality in (3.2) asks for

an upper bound on wy,(§). Given a non-zero P € Z[X], we set w(P) = 0 if ||P| = 1.
Otherwise, we denote by w(P) the real number satisfying

|PE©)] =PI~

(32) PO < IPusal® and [Puall” <[P, where 7 :=

With this notation, we have

(3.3) wp(€) = limsup w(P)=limsupw(P;) and liminfw(P;) > ©,(§).
|| Pl|—o00 i—00 100
PEZ[X]<n
The following results are well-known. We prove them for the sake of completion. The
first one follows from the arguments of the proof of [9, Lem. 2] (see also [21, Lem. 4.1]).

Lemwya 3.1, Let i > 0 and write V; = (P;, Piy1)p C R[X|<n. Then {P;, Piy1}
forms a Z-basis of the lattice V; N Z[X]<n.

Proof. — By contradiction, suppose that {P;, P11} is not a Z-basis of V; N Z[X]<p.
Then there exists a non-zero ) € Z[X]<, which may be written as Q@ = rP; + sPi;1,
where 7, s € Q satisfy |r|, |s| < 1/2. In particular, we have

QI < (I[Pl + [sl| Pigall < [|Pitall,
QO] < Irl[P(E)] + |sl| Piya (§)] < [Pi(E)]-
This contradicts the minimality property of P;. O

The next result is analogous to the second part of [21, Lem. 4.1]. The construction
of S; is due to Davenport and Schmidt [9].

JEP — M., 2024, lome 11
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Lemma 3.2. For each i > 0, define
Si = Pi(§)Piy1 — Pi1(§P; € R[X]<,.

Then )
§||Si|| <Pyl Pi(6)] < 2]|Sq]].-

Moreover, if for integers 0 < i < j the space spanned by P;, Pit1, -+, P; has dimen-
sion 2, then S;_1 = £5;. In particular

[ Piga [I[P:(E)] = (1 P51 P51 (E)]-

Remark 3.3. — Note that the quantity ||S;|| satisfies ||S;]| =< De(V;), where De is
defined in Section 8.2 and V; = (P, Piy1)g. We will study the function D¢ more
deeply later.

Proof. — We easily get ||.S;|| < 2||Piy1]||Pi(€)]- Define Ry, R_ € Z[X]<y by
Ry =P, %P,
Suppose that there exists € € {4, —} such that |R.(§)| < |P;(£)|/2. Then by mini-
mality of P;, we must have ||R.|| > || Pi+1||- Since S; = P;(§)R. — R:(§)P;, we find
1Sl = [P Rl = [R (O Pl = %||H+1|||Pi(5)l-
Assume that |[Ri(€)|, |[R-(&)| = |P:(£)]/2. This is equivalent to

Pn(©)] < 3IPE)]

Again, this yields |Si]| > [P Pyl — 1Poss OB = [P || PA(€)]/2.

Now, let us write V; = (P, ..., Pj)p, with j > 4, and suppose that V; has dimen-
sion 2. We need to prove that S;_; = £5;. If j = ¢ 4+ 1 it is automatic, we may
therefore assume that 7 > ¢ + 2. By Lemma 3.1, there exist a,b € Z such that
P, =aP;y1 + bP;ys. Since {P;, P;11} is also a Z-basis of V;, we have b = +1, and we
deduce that

Si = (aPiy1(&) + bPi12(8)) Piy1r — Piya(€) (aPiy1 + bPiyo) = —bSiy1 = £Siy1.
By induction, we get S; = £5;41 =--- = £5,_1. O

The proof of [9, Lem.3] (which deals with the case n = 2) yields the classical
following result.

Lemva 3.4. — Suppose n > 2. Then, there are infinitely many indices i > 1 for which
P;_1, P; and P;11 are linearly independent.

Proof. — By contradiction, suppose that there exists ¢ > 0 such that V =
(Pj, Piy1,...)p has dimension 2. By Lemma 3.2 there exists ¢ > 0 such that
for each j > i we have

0 < [[Pisall[Pi(€)] < el Pill|Pj—1l.

JE.P — M., 2024, tome 11
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This leads to a contradiction since ||P;|||Pj—1] < [|P;]|'~%»©+°() tends to 0 as j
tends to infinity. O

Remark 3.5. — As mentioned in the introduction, it is however possible that all
polynomials P; with i large enough lie in a subspace of dimension 3 , see [14, Th.1.3].

4. RESULTANT AND FIRST ESTIMATES

The following useful result can easily be derived from the proof of [10, §5] (see also
of [3, Lem. 1]). We recall the arguments since they illustrate (in a simpler situation)
how we will deal with generalized determinants.

Lemwva 4.1. Let p,q be positive integers with p,q < n. There exists a constant
¢ > 0 depending on & and n only, with the following property. For any polynomials
P,Q € Z[X] of degree p and q respectively, we have

| Res(P, Q)| < cl|P||*H| Q"= max {|| P[[|QE)I, QNI PE)1}-

Proof. — Let a;,b; € Z such that P(X) = > 7_ apr X" and Q(X) = Y_i{_, bk XF.
Fori=1,...,p+¢q— 1, we add to the last row of the determinant (2.2) its i-th row
multiplied by ¢P+9=¢ This last row now becomes

(€ P(©), . EP(), P(©). € 7Q(9). . £Q(9). Q) ).

Using the upper bounds |a;| < ||P|| and |bj| < ||Q| for the other entries of (2.2),
we obtain

[Res(P, Q)] < [[PII*HPEIQIP + [ PIIQlP~H ()],
where the implicit constant only depends on p, ¢ and &. O

The next result, which is also based on inequalities involving resultants, will be used
in Section 10. It ensures that if R € Z[X] is a “good” approximation, in the sense
that R(&) is very small compared to ||R||, and if we write R as a product of coprime
polynomials By - - - By, then one of those factors is also a “good” approximation, while
the product of the others is not.

Lemva 4.2, — Let m, k be positive integers. There exists a constant ¢ > 0 depending
onm and & only, with the following property. Let By, ..., By € Z[X] be non-constant,
pairwise coprime polynomials, and suppose that R := By - - - By has degree at most m.
Then, there exists j € {1,...,k} such that

B;(&)] < cllRI™HR(E)]  and H\B > ¢ YR,
175]

Proof. — If k=1 this is trivial. We now suppose that k > 2 and write d; = deg(B;)
for i =1,... k. By hypothesis, we have deg(R) = d; + - - - + dx, < m. Note that

k k
(4.1) 1RE©)| =[] I1B:iI and || =T IBill,
i=1 =1

JEP — M., 2024, lome 11
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the second inequality coming from Gelfond’s lemma (with an implicit constant depen-
ding only on m). Choose j € {1,...,k} such that |B;({)| is minimal and fix i €
{1,...,k} with ¢ # j. Since B; and B; are coprime, their resultant Res(B;, B;) is a
non-zero integer. Using Lemma 4.1, we find

1< | Res(Bi, By)| < | Bill =M B; |~ (IB; 11B:()] + [1B: | B; (€)1)
< [1Bi]| | B; 11| Bi (),
with an implicit constant depending only on & and m, hence
—log|B;(§)| < d;log ||Bi|| + dilog || B;|| + O(1).
On the other hand, by summing the above inequalities for 7 # j, and by using (4.1),

we obtain
k k
> —log|Bi(§)| < dj Y log||Bi|| + (m — d;)log || B;| + O(1)
i=1 i=1
i#] i#)

< (m—1)log||R|| + O(1).
We easily deduce that

k k
[I11B:©1> |RI=™Y and |R()| =[] IB:(&)l > 1B;(©IIRI~™Y. O
=
5. AA SEQUENCE OF IRREDUCIBLE POLYNOMIALS

As explained in the introduction, to get the upper bound &, (§) < 2n — 1, the
strategy of Davenport and Schmidt [10] consists in considering the resultant Res(P, Q)
of two “good” polynomial approximations P, Q € Z[X]<y. To ensure that Res(P, Q)
does not vanish, they need a polynomial P which is irreducible (for it is then easy to
find @ so that P and @ are coprime). The same difficulty appears in [8]. Similarly,
we will not work directly with a sequence of minimal polynomials. Instead, we will
considerer the largest irreducible factors of the minimal polynomials. Now, let n, d be
integers with

2<d<1+ g

In this section, we assume that the transcendental real number ¢ satisfies @, () >
2n — d and we fix a real number @ (arbitrarily close to @, (£)) such that

(5.1) Wn(&) > W >2n—d.
We denote by (P;);>0 & sequence of minimal polynomials associated to n and &.

Our goal is to prove the existence of a sequence (Q;);>0 as below.

Prorosirion 5.1. — Suppose that (5.1) holds. Then, there exist a sequence (Q;)i>o of
pairwise distinct polynomials in Z[ X<, and an index jo = 0 with the following prop-
erties. The sequence (||Q:l])i>o0 is bounded below by 2, unbounded and non-decreasing,
and for any i >0
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(i) Q; is irreducible (over Z) and has degree at least n — d + 2;

(if) Qi divides P; for some index j > jo (not necessarily unique), and for each
J = jo there exists k > 0 such that Q) divides Pj;

(i) Q:(€)] = Qi@ < Qs -2, and we further have

(5.2) wn (&) =limsupw(Qr) and liminfw(Qk) = ©,(£).
k—s00 k—o0
(iv) if Q; divides a minimal polynomial P; with j > jo, then
, i) —2n+d
. < . 146, Jp— M
(53) 1B < Qi where 0 = X920 2,

(v) we have
w@—-n-—d+3)
wn (€) (wn(g) —n—d+ 3) ’

(5.4) 1Qix1l” € ||Q:ill where T =

with the convention T =0 if wy,(§) = .

The above proposition is essentially a consequence of Lemma 5.3 below. Asser-
tion (iii) ensures that the polynomials @; are quite good approximations, and they
can be used to compute the exponent of best approximation w, (). Estimate (5.4) is
the analog of the second inequality of (3.2) but is way more difficult to prove. The
main reason behind this difficulty is that there may be many polynomials P € Z[X]<,
with [[Qs < [P < Qi1 and |P(€)] < Qi(é).

In order to prove Proposition 5.1, we need the two technical lemmas below. Essen-
tially, they will be used to prove that the factors of P; of small degree are bad approx-
imations. This will lead to the existence of a factor of large degree which is necessarily
a rather good approximation.

Lemva 5.2, — Suppose that (5.1) holds. Then, there exists a constant ¢ € (0,1)
depending only on & and n such that for any non-zero polynomial R € Z[X|<pn—d+1
we have

(5.5) R)] > cf| R||~ "+ 40D > || R ==,
In particular (5.5) holds for any R € Z[X]<a—2.

Proof. — If R is constant we have |R(§)| = || R|| and the result is trivial. Now, suppose
that R is irreducible and not constant. We adapt the arguments of Davenport and
Schmidt [10, §5-6]. Set H = e~ "||R||. By definition of @, (£) and @, if H is sufficiently
large, there exists a non-zero P € Z[X|<, such that

IPIl<H and [P(€)] < H®.

By (2.1), the (irreducible) polynomial R is not a factor of P, they are thus coprime
polynomials. Their resultant is a non-zero integer, and using Lemma 4.1, we obtain

L< | PI4s®=Y R PE)| + || P“s | R|" Y R(E)|
< Hn—&-deg(R)—l—@ +Hn+deg(R)—1|R(§)|.
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Since @ > 2n — d and deg(R) < n —d + 1, the first term tends to 0 as H tends to
infinity. Hence 1 < H™+4e8(F)=1| R(£)|, which implies (5.5).

If R is not irreducible, we write R = Hle R; with integer s > 1 and Rq,...,Rs €
Z[X] irreducible of degree < deg(R) (possibly constant). Combining ||R|| = []:_; || R:||
together with (5.5) applied to the irreducible factors R;, we find

|R(E)| = H |R; (&) > H |‘RiH—(n+deg(R)—1) > HR”—(n-&-deg(R)—l).
i=1 i=1

Finally, the last assertion comes from the fact that d — 1 < n +d — 1 (since d <

1+n/2). O

Levmwa 5.3, — Suppose that (5.1) holds. There exist ig > 0 and a constant ¢ > 0 such
that for each i > ig the polynomial P; has a unique irreducible factor P; € Z[X] of
degree = n — d + 2 and positive leading coefficient. It satisfies

(5.6) IR 2 = el Bi(e)lI Bl 42,
moreover (||EH)Z>ZO tends to infinity and as i tends to infinity. For each i large
enough, we have || P;|| > 1, and writing | P;(€)| = ||ﬁi||""(13i), we furthermore have

(5.7) wn (&) = limsupw(P;) and liminfw(P;) > @y, (€).
i—o00 100

Proof. First, note that since d < 1 4+ n/2, if we decompose P; as a product of

irreducibles, there is at most one factor of degree > n — d+ 2. Fix i > 0 large enough

so that w(P;) > @, and write

P:=P =[] R
k=1
where Ry,...,Rs € Z[X] are irreducible polynomials (and s is a positive integer).

Suppose that deg(Ry) < n—d+1 foreach k = 1,...,s. Then, by Lemma 5.2 together
with || P|| < [, [|Rkl|, we find

S

1P~ = 1P(€)| = [T I1Re(&)] > [T IRl = o)==
k=1 k=1

This is impossible if ¢ is sufficiently large since @ > 2n — d. Therefore, if i is large
enough, one of the factors Ry has degree at least n —d+ 2. Without loss of generality,
we may suppose that it is R := R;. Write S := Hizz Ry, so that P = RS. We have
deg(S) < d—2, and (5.5) of Lemma 5.2 yields
S(€)] > ||§]| =D
Together with || P|| < || R||||S], this leads to
[P(&)] = [REIISE)] > [REIIS|~ "2 < [RE)| | R]" 2| Pl =" +=2),

and (5.6) follows easily by setting P; := R. The rest of the proof is based only on (5.6)
and the inequality || P;|| < || P;||. Note that |P;(&)|[|P;]|"T9=3 < || P;||"?3~% tends to
0 as 7 tends to infinity (using d < 1+ n/2 together with @ > 2n — d). We deduce that
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|P,(&)]|| P;||" 3 also tends to 0 as i tends to infinity, which is possible only if || B
tends to infinity. In particular, if 7 is large enough we must have ||P || > 1. Writing
|P(&)] = | B ‘*’<P) we also have w(P;) > n + d — 3. Now, using || ;|| < || ]|, and
taking the logarlthms of the two sides of (5.6), we get
(w(P) = (n+d—3)) log ||Pil| < (w(P}) — (n+d = 3)) log | ;|| + O(1)
< (@(P) — (n+d - 3) (log | P + 0(1)) + 0(1),

By dividing by log || P;|| and by simplifying, we deduce that w(P;) > w P;)(1—0(1))
and (5.7) follows easily from (3.3). O

=~

Proof'of Proposition 5.1. — Let ig > 0 and (Pz)z>io given by Lemma 5.3. Let (Q;)i>0
be the (infinite) sequence of factors (P;);s;, reordered by increasing height, without
repetition. By Lemma 5.3, we may assume ig large enough so that ||@Q;|| > 1 for each 4,
as well as |Q;(€)] < [|Qil|~. This sequence clearly satisfies the first assertions (i) to
(iii), the third one coming from (5.7) together with (3.3).

Now, let 7 > 0 and let j > iy be an index such that @; divides P;. Since we have
Qill < ||P;|| by Gelfond’s lemma, the index j tends to infinity as i tends to infinity.
Then, estimate (5.6) can be rewritten as

(5:8) (PO IP 7 < Q€)M @il T = (| @y @0t

Using |P;(&)|7 > ||P;||® and & > 2n — d, we get, for each large enough i,
HPan—2d+3 < ||Qi||w(Qi)—n—d+3’

which is equivalent to (5.3). So, assertion (iv) holds assuming ig large enough.

It remains to prove assertion (v). Note that this is trivial if w,(§) = co. Let us
assume that wy () < co and fix a small € > 0 to be chosen later. For each pair (¢, j)
as above with j > iy large enough as a function of €, we have w(P;) > @,(§) — /2
and w(Q;) < wp(§) +¢/2, and thus (5.8) yields

||Pj‘|an(§)7€7n7d+3 < HQiH“’"(E)JFE*n*dJrS’

for each @ > 0 and each j > iy such that @; divides P;. We define k as the largest
index such that

wn(§) +e—n—-d+3
On(f)—e—-—n—d+3

| Pell < 1Q:)|°),  where 6(e) =

Since || P;]| < [|Q:]%), by maximality of k we have ig < j < k. Let £ be such that Q,
divides Pj41. We find

1Pell < 1Qill") < | Prsall < 11Qe),

and therefore £ > ¢ + 1. On the other hand, since by Gelfond’s lemma we have
|Qell < || Pis1ll, we deduce from (3.2) that

1Qi+1ll < 1Qell < | Prsall < | Pl &2 <[] Qy )/
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We now choose € > 0 small enough so that

0(e) < wn(f)—n—d—kf’).

—~

w—n—d+3
This is possible since @ < &, (), and it yields (5.4) for each ¢ > 0, assuming that ig
is large enough. |

6. ON THE DIMENSION OF SOME POLYNOMIAL SUBSPACES

We start by introducing some families of vector spaces spanned by polynomials,
and we study their dimensions.

DeriniTion 6.1. — Let k£ > n be an integer and let A be a subset of R[X]<,,. We define
Bir(A) = {Q,XQ,..., X 18QQ; Q € A {0}} C R[X]<k,
Vi(A) = (Br(A))g »

ga(k) = dim Vi (A).

The spaces Vi (A) play the role of the spaces U¥(A) in [17, §3] (for simultaneous
approximation). We obtain analog properties. Note that if A contains at least one
non-zero polynomial, then

(6'1) Vn('A) & Vn+1('A) G

The goal of this section is to prove the following result. We could not find a reference
for the proposition below.

Prorosition 6.2. Let k be an integer with 0 < k < n, and let A be a set of
k+ 1 linearly polynomials of R[X|<y. Suppose that the ged of the elements of A is 1
(in other words, the ideal spanned by A is R[X]). Then

(6.2) Van—k(A) = R[X]<an—k-

The case k = 1 is a classical result (it is implied by the fact that the resultant of
two coprime polynomials is non-zero). The proof of Proposition 6.2 is given at the
end of the section. Recall that a function f: {n,n+1,...} = R is concave if for any
1 > n, it satisfies

) = fG—1) > [+ 1) f(0).
The next result is a dual version of [17, Prop. 3.1] (where we deal with simultaneous
approximation to the successive powers of &).

Levvia 6.3. — Let A # {0} be a non-empty subset of R[X|<,,. The function g4 is
concave and (strictly) increasing on {n,n+1,...}.

Proof. — The series of inclusions (6.1) shows that the function g4 is increasing on
{n,n +1,...}. For simplicity, we write V; = V;(A) and B; = B,;(A) for each i > n.
Given an integer i > n we have XV; C V11, and we set

h(i) = dim (Vig1/X Vi) = ga(i+ 1) — ga(i).
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We have to prove that h is decreasing on {n,n+1,---}. Fix ¢ > n+1 and consider the
linear map 7 : V; = V;41/XV; defined by n(P) = P+ XV;. Since B, U XB; = B, 1,
we have V; + XV; = V;11. So 7 is surjective, and consequently Im 7 = V;11/XV; is
isomorphic to V;/ker 7. On the other hand, XV;_; C V; N XV, C kerm, so XV;_; is
subspace of ker . Hence

h(i —1) = dim (V;/XVi—1) > dim (V;/ker ) = dim (V;41/XV;) = h(i). O
Lemwva 6.4. Let P,Q € R[X]<,, be two coprime polynomials. Then, we have
dim Vi, 5(P,Q) > 2(j + 1),
for each j € {0,...,n—1}. In particular Va,—1(P, Q) = R[X]<on—1-

X

Proof. — Let p (resp. q) denote the degree of P (resp. of Q). There exist o, 8 € R
such that the polynomial P := P(X)(X — )" P and Q := Q(X)(X — )" ¢ are
coprime (and of degree exactly n). Fix j € {0,...,n—1}. Since P and @ are coprime
and j < n, the linear map
RX]<; x R[X]<j — R[X]<n4;
(R,S) — RP + SQ
is injective, so its image Vi ; (P,Q) C Vot (P, Q) has dimension 2(j + 1). O

Proof of Proposition 6.2. — For simplicity, we write g = g4. Recall that A has cardi-
nality k + 1, so that g(n) > card(A) = k + 1. If k = n, then (6.2) is automatic (since
in that case A contains a basis of R[X]<,). So, we may assume that k < n. We first
prove that for each sufficiently large m, we have

(6.3) Vin(A) = R[X]<m-

Indeed, since the ideal spanned by A is R[X], there exists an integer ¢ > n such
that 1 € Vy(A). Let P be a non-zero element in A of degree d, and set m = £ + d.
Then V;,,(A) contains R[X]<4, as well as the polynomials P, X P, ..., X*P. We easily
deduce (6.3).

By contradiction, suppose that (6.2) does not hold, i.e.,

(6.4) g(2n—k) <2n—k.

We distinguish two cases. Suppose first that g(2n—k)—g(2n—k—1) > 2. By concavity,
then ¢g(j) —g(j — 1) > 2 for each j with n < j < 2n — k, and we deduce that

g2n—k)zgn)+2n—k)=2k+1+2(n—k)=2n—k+1,

since g(n) > card(A) = k+ 1. This contradicts (6.4), so g(2n—k) —g(2n—k—1) < 1.
Since the function g is increasing and concave, it is linear with slope 1 on

{2n—k2n—k+1,...}.
Choosing m > 2n — k such that (6.3) holds, we obtain by (6.4)
m+1=g(m)=g902n—k)+m—(2n—k) < m,
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a contradiction. Hence (6.2) holds. O

g9(4)
2n

Ficure 1. Graph of the piecewise linear function interpolating the
values g(i) = dim V;(A) at integers i € {n,...,2n — 1}.

7. Proor or Tueorem 1.1 (case d = 2)

In this section, we deal with the case d = 2 to prove Theorem 1.1, namely that
03(8) <2+ V5 =423 and @,(£) < 2n — 2 for each n > 4. The estimate @, (£) <
2n — 2 was already known for n > 10, however for n = 4,...,9 it is a new result. For
n = 3, our bound improves on the bound ©3(¢) < 3+ /2 = 4.41--- due to Bugeaud
and Schleischitz [8]. Moreover, our proof does not require Marnat-Moshchevitin’s
inequality [13].

Proofof Theorem 1.1. — Suppose that &, (§) > 2n — 2, and fix a real number & such
that

Wn(§) >0 >2n—2.

Let (P;);>0 be a sequence of minimal polynomials associated to n and £ as in Section 3.
According to Lemma 5.3 (with d = 2) there exists an index iy > 0 such that P; has
degree n and is irreducible for each ¢ > ¢y3. Consequently, up to a finite number of
terms, the sequence (P;);>o coincides with the sequence (Q;);>0 of Proposition 5.1.
Let I denotes the set of indices i > ig + 1 such that P;,_;, P; and P;;; are linearly
independent. By Lemmas 3.2 and 3.4, the set [ is infinite, and for any consecutive
1 < jin I, we have

[P [ ()] = 1 P5][| Pi—-1(E)]-
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~
*
<t

Furthermore, the irreducible polynomials P; and P;;; are also coprime since ||P;|| <
| Pis1] and |P;(&)] > |Piy1(€)]. Lemma 4.1 yields

1< |Res(Ps, Pogt)| < 1B HIPea || BAE) < 1P HIBS 7 Py )]
< | By

We deduce that

(7.1) IP I < |IPi])® where 6 = =

-1
W—n
Let A < ¢ < j be consecutive indices in I. We have the following configuration
(Pr, Phy1)g = (Pi—1, Pi)g # (Pi, Pig1)g »
so Py, Pny1, P41 are linearly independent. Proposition 6.2 combined with Lemma 6.4
implies that
(RIX]<n-2Pn @ RIX]<n-2Phs1) +RIX]<n-2Pis1 = RIX]<an2.

Choose k € {0,...,n—2} such that (Py,..., X" 2Py, Pyy1,..., X" 2Pyy1, X Piyq)

is a basis of R[X]<an—2. We denote by M the matrix of this basis expressed in the

canonical basis (1, X, ..., X?"~2). Estimating det(M) as in the proof of Lemma 4.1

(in other words, for £ = 2,...,2n — 2, we add to the first row of M the ¢-th row

multiplied by ¢/~1), we get the estimates

1< | det (M)| << [P Pl 2 [ Prota [ HI Picea |-

Now, since || Py1[" " Pu(€)] = [|Pasr|[* 2Pl Piz1(€)] < | P5[|" 777, we deduce

that

(7.2) 1P |% 7 < (| Pul|™ 2| Py -

For consecutive i < j in I, define 7; € (0,1) by
1Bl = II1P;

i

and set 7 = imsup,cr; ,o, 7i € [0,1]. Let h < i < j be consecutive indices in I as
previously. By (7.2), we obtain

1 1
O-n+1<(n-2)+—40(1)<(n—2)7+ — +o0(1).
T T
We infer that
(7.3) p(t) =0, where p(t) = (n —2)t* — (& —n + 1)t + 1.

Note that

pO) =1, p(niQ)

We deduce that p has one root o € (0,1/(n — 2)) and one root larger than 1. Since
7 € [0,1] and p(r) = 0, we obtain 7 < «. Combined with the estimate ||P;||] =
| P;]|7 < || ]| valid for any i € I (this is a consequence of (7.1)), this leads to

2n—-2-0

n—2

<0 and p(l)=2n—-2-w<0.

n—1

A4 1<0r<o —.
(7.4) T 04<(n_2)2
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We easily check that this is impossible when n > 4 (the right-hand side is strictly less
than 1), thus ©,(£) < 2n — 2 for each n > 4.
We now deal with the case n = 3. Suppose by contradiction that &3(¢) > 2+ /5
and choose @ such that
D3(€) > > 24+ V5.
The polynomial p from (7.3) becomes p(t) = 2 — (& —2)t + 1. Denote by « its smallest
root, and by 8 = (v/5—1)/2 the smallest root of the polynomial #> — /5t + 1. We find

0=p3>-V6B+1> B2~ (&—2)B+1=p(B),

hence o < 8. Combined with 8§ = 2/(&w — 3) < 1/, this implies that fa < 1, which
contradicts (7.4). It follows that &3(¢) < 2+ /5. O

8. ]\[ULTILINE/\R ALGEBRA AND HEIGHT OF POLYNOMIAL SUBSPACES

This section is divided into two parts. We introduce and study a quantity D¢ (V)
associated to a subspace V' C R™ defined over Q in Section 8.2. Intuitively, D¢ (V) is
small if V' is spanned by good polynomials approximations of Z[X] (i.e., small when
evaluated at £). This will be a key-point for estimating the height of the polynomi-
als @); of Section 5. In order to define D¢, we need some tools of multilinear algebra
that we recall in Section 8.1. In the appendix we give another interpretation of D¢ in
term of twisted heights.

8.1. MurtiLiNEAR ALGEBRA AND HopcEe puarity. — For each integer m, we view R 11
as an Euclidean space for the usual scalar product (- | -), and we denote by ||-[|, the
associated Euclidean norm. For each k = 1,--- ,m + 1, we identify AXR™+1 with RV,
where N = (™), via an ordering of the Pliicker coordinates, and we denote by [|y]|,
the norm of a point y € A'R™+! =2 R¥ This is independent of the ordering. Let V be
a k-dimensional subspace of R™*! defined over Q, i.e., such that <V N @m+1>R =V.
Its (standard) height H(V) is the covolume of the lattice V N Z™*! inside V (with
the convention that H(V) =1 if V = {0}). Explicitly, we have

HV) = ler A A,
for any Z-basis (x1,...,xx) of the lattice V N Z™*T1. Schmidt established the very

nice inequality
HUNVYHU+V) < HU)H(V),

valid for any subspaces U, V of R™*! defined over Q (see [27, Ch.I, Lem. 8A]). In this
paper, we need to work with a “twisted” height and the corresponding version of
Schmidt’s inequality (obtained by following Schmidt’s original arguments).

Let (e1,...,ems1) denotes the canonical basis of R™*1 and let k be an integer
with 0 < k < m + 1. The Hodge star operator

w0 MR NnmRR
is defined by
*(eil VANRERIAN eik) = Ei17~~-7ikejl JANRERIA ejmJAi,€
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for any indices 737 < .-+ < i and j1 < -+ < Jmy1—k forming a partition of
{1,...,m+1}, wheree;, . ;, denotes the signature of the substitution (1,...,m+1) —
(J1y -y Jmti—ky i1y, ik). Given X € NR™F1 the point *X is called the Hodge
dual of X.
We now collect some useful properties of the Hodge star operator, see for example
[11], [2] and [7, §3] for more details. First,
[+X [y = | X[, and x(xX) = (- H=RX

for any X € NR™L If X = @, A--- Ay, is a system of Pliicker coordinates of a
k-dimensional subspace V' C R™*!, then *X is a system of Pliicker coordinates of its
orthogonal V+. This implies the classical identity

H(V) =H(VY).
If k£ > 0, then given y € R™*! and a multivector X € AFR™*1 the point
ys X =x(y A (xX)) € NTIR™H

is called the contraction of X by y (see [7, Lem. 2]). Explicitly, if X = @1 A -+ A g
is a decomposable multivector, then

k
(8.1) yJX:Z(—l)k_i(a:i|y) TIA AT N\ ATy,
i=1

where the hat on @; means that this term is omitted from the wedge product (see [7,
Eq. (3.3)]). In particular, if k = 1 and X = & € R™"!, we simply have

(8.2) vz =(y|2).

8.2. ScHMIDT’S INEQUALITY. Let m be a non-negative integer and set =,, =
(1,6,€2,...,€™). We keep the notation of Section 8.1.

Derinition 8.1, Let V be a k-dimensional subspace of R™*! defined over Q, with
k> 1, and let (z1,...,x;) be a Z-basis of the lattice V N Z™*!. We set
De(V) = [Em 2 Xl = [|Em A (X)),
where X = @1 A--- Axy. By convention, we set D¢({0}) = 0. Following the notation
of [17, §11], we also set
Le(V) = 1Em A X5,
with the convention that L¢({0}) = |2, ]|5-

REmARrk. If (z},...,x}) is another Z-basis of VNZ™T! then &) A--- Az} = £X.
Consequently, D¢ (V) and Lg (V) do not depend on the choice of the basis. In [17], we
considered L¢(V') for spaces V' spanned by good simultaneous approximations. The
function D¢ is connected to the quantity introduced in [18, Def. 7.1] (where we work
in a number field K instead of Q). Note that D¢(V) = 0 if and only if Z,, € VL.
Since ¢ is transcendental, this is only possible when V' = {0}. We have

De(R™) = |Emlly < 1,
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where the implicit constants depend on £ and m only. Moreover, (8.2) implies that

(8.3) De((@)g) =|Em | )|
for any primitive integer point & € Z™*!. Equation (8.1) yields the explicit formula
k

Z(—l)k_i(wi | Em) TIN-ANT; A ANy
i=1

On the other hand, if (yy,...,Ypyi_p) is a Z-basis of V- N Z™F! then *X =
+y, A AY,i1_- Consequently, we can also write

(85) De(V) = |Zm Ay Ave s Aysailly = Le (V).
Both formulas for D¢ (V) will be useful.

(8.4) De(V) =

2

Prorosirion 8.2 (Schmidt’s inequality). For any subspaces U,V of R™t1 defined
over Q, we have

(8.6) De(UNV)De(U~+V) < De(U)De (V)
and
(8.7) L:(UNV)Le(U+V) < Le(U)Le (V).

Proof. In view of (8.5), we only need to prove that (8.7) holds for any pair (U, V)
as in the statement of the proposition (for then, it suffices to apply (8.7) to the pair
(U+,V1)). We follow Schmidt’s arguments [27, Ch. I, Lem. 8A]. For any pure products
X,Y,Z € AR™! we have

(8.8) X[ [ X AY A Z], <X AYl, | X AZ,.
Let U,V be subspaces of R™*1 defined over Q. If U = {0} or V = {0}, then (8.7)
is trivial, so we may assume that U and V have dimension > 1. Let x1,...,x, be

a Z-basis of U NV NZ™*! which we complete to a Z-basis @1, ..., Ty, Yq,.-., Y Of
UNZm™* (vesp. ©1,...,%p, 21,...,2¢ of VNZ™L). Set
X=E, N1 N...&p, Y=y NNy, and Z=2z1 A Az
We get (8.7) by applying (8.8) to the above pure products. O
We identify R[X]<,, to R™T! and R™*! to the space of (m+1) x 1 column matrices

with real coefficients via the isomorphism

m ao
(8.9) Zaka»—>(a0,...,am) and (ag,...,am) —

k=0

am

Then, for any P € R[X]<,, we have P(§) = (z | Z,,), where z € R™*! corresponds
to P. In particular, if P € Z[X]|<,, is primitive, then (8.3) may be rewritten as

(8.10) De((P)g ) = P(&)|-
We will repeatedly use the following “twisted” dual version of [17, Lem. 2.1].
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Lemwva 8.3. There is a positive constant ¢, which only depends on n and &, with
the following property. For any linearly independent polynomials Py, ..., Py € Z[X]|<m
(with k > 1), we have

(8.11) De((Pr, ..., Pi)r) <

k

Note that for any P € Z[X]<m, Eq. (8.10) implies that DE(<P>R) < |P()]

HM?r

Proof. — Let Q1,...,Qx be a Z-basis of VNZ[X|<y,, where V = (P, ..., Py)p. There
exists a non-zero o € Z such that

Pin- NPy =aQi A AQy,

and so
De(V) = [1Em 1 (Qu A~ AQw)lly < IEma(PrA--- APy
On the other hand, by (8.1) combined with Hadamard’s inequality, we obtain

k
IEm s (PLA- APy = D (=D)**P&) - PLA--- AP A--- APy
i=1 2
< Z (B OUP - N Bl] - - [ P
(recall that the norm || - || is defined in Section 2). O

9. SUBFAMILIES OF POLYNOMIALS: DIMENSION AND HEIGHT
Let d,n,£ and & be as in Section 5. In particular we have

2<d<1+g,

and we suppose that (5.1) holds, namely
Wn(€) > W >2n—d.
Let us fix a sequence of minimal polynomials (P;);>o associated to n and £ as in

Section 3. We denote by (Q;)i>0 the sequence of irreducible factors given by Propo-
sition 5.1. In particular, for each 7 > 0 we have

(9-1) 1Qi(&)] < [1Qill =,

as well as
B} ‘ - O(@-n—d+3)
(9.2) [Qit1lI” < [Qill, where T = wn(€) (wn(f) —n—d+ 3)

Assuming that d is not too large, we will prove in the next section that w,(£) < oo,
and thus 7 > 0. Here, we investigate the following question: can we find “large” sub-
families of (Q;)i>o which are linearly independent, and whose elements have “com-
parable” height? More precisely, given two indices k < ¢, can we find an exponent
6; € (0,1) which depends only on d,n and the dimension j + 1 of the subspace

€1[0,1).
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(Qk, Qk+1,---,Qi)p (and not on the indices i and k), such that |Q;]|% < [|Ql|?
For i = k + 1, we already have (9.2). With this goal in mind, let us introduce some
notation.

DeriNtTion 9.1, — Let my, = m,,(§) € [2,n + 1] be the integer
my = 111}20 d1m(<Ql, Qi-&-h . >]R)

Remark. — Note that we might have m, < n 4+ 1, since, unlike for simultaneous
approximation (see [17, Eq. (5.3)]), it is possible that the sequence (F;);>; is contained
in a proper subspace of R[X]<y, see e.g. [14]. However, we will show later that under
the hypothesis d =< n'/3, we have m,, > n'/?. The next definition is somewhat dual
o [17, Def. 5.2]. However, note that in [17, Def.5.2], the sets A;[i] are constructed
from the points x;, z;11,... coming after the good approximation x;, whereas in the
present setting we need to consider the points @Q;, @;_1, ... coming before Q;. It does
not seem to work well the other way round.

Derinirion 9.2, — Let j1 > jo > 0 be such that
dim <Qjoa Qj0+17 sy Qj1>]R = dim <Qjo’ Qj0+17 s >]R = M.

For each ¢ > j; and j =0,...,m, — 2, we define

oj(i) =k, Ajli] = {Qk, Qr+1,---,Qi} and Y;(i) = |Qr—1]],
where k € {jo +1,...,4} is the smallest index such that dim (Qg,...,Qi)g =Jj + 1.

Proposition 6.2 implies that

(9.3) Van—j(4;li]) =R[X]<an—; (G =1,...,my —2).
Derivition 9.3, — Let 7 € (0,1). We associate to 7 a sequence (7)o j<n/2 by setting
7o =7, and for j =1,...,|n/2]

2j —1

2n — d)r2
T; :aj(Tj,1 _72n7d)’ where a; = (2n s

(n—2)7+n—j+1

The first main result of this section is the following.

Prorosition 9.4. — Let 7 € (0,1) and let (7j)o<j<n/2 be as in Definition 9.3. Suppose
that

(9.4) 1Qix1ll” < 11Qs]] for each sufficiently large i.
Then for each large enough i, we also have

(9.5) Qi < Y;(i) for j=0,...,min{|n/2},m, — 2},
with implicit constants which do not depend on i and j.

Remark. — We will use the exponent 7 given by (9.2). We will prove that under
suitable conditions, the exponent of best approximation w,, (£) is not “too large”. This
will ensure that 7 is “close” to 1. This issue, which is one of the delicate parts of this
paper, will be dealt with in Section 10.
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In order to get (9.5), we will try to adopt a strategy similar to the one of [17, §5]
in the setting of simultaneous approximation to the successive powers of £. New
difficulties arise however, for example we need to work with D¢ instead of the standard
height of subspaces (see Section 8.1). Schmidt’s inequality (8.6) will play a key-role in
our proofs. We use the notation of Definition 6.1 for the sets By (A) and the subspaces
Vi(A) CR[X]<k-

Proof. — Without loss of generality, we may suppose that the index jy is large enough
so that (9.4) holds for each i > jo — 1. Fix i > j1, and for simplicity write m = m,,
and Yy, =Y, (4) for k=0,...,m — 2.

We prove (9.5) by induction on j. If j = 0, we have Yy = [|@Q;_1] since o¢(i) = i.
By (9.4) applied with ¢—1 instead of ¢, we get ||Q;||™ < Yy. Now, let j € {1,...,m—2}
with j < n/2 such that (9.5) holds for j — 1. If 7; < 0, then (9.5) holds trivially for j.
We assume that 7; > 0. Consequently, we also have 7;_1 > 0. Write P := @Q),,(;) and
Q = Qq,;(i)+1- By (9-4), we have

2
(9.6) 1QI™ <IPI" <Y;.
Since P and (@ are coprime, Lemma 6.4 implies that dim V5, ;(P, Q) > 2(n — j + 1).
Therefore, there exists a family of 2n — 35 + 1 linearly independent polynomials
U; == {Uo,...,Usn—3;} C Bap_;(P,Q)
such that (A;[i]),N(U;)r = {0}. Note that since j < n/2, we may choose U; such that
it contains at least n — 2j polynomials whose height is equal to || P||. The remaining
n — j + 1 ones have height < [|Q||. By (9.3), we have Va,—;(4;[i]) = R[X]<2n—;-
Therefore, there exists
Vi={Vi,...,Vj_1} € Boy(Aj[i]) = Ban—j(Qo, (i), - - - Qi)
(with the convention V; = @ if j = 1) such that we have the direct sum
(AjliD)g & (Us)g ® (Vj)g = R[X]<an—j-
All the polynomials of V; have height at most [|Q;|. Let k € {o;(i),...,i} which
maximizes |Qx(£)]/||Qx|| and define
A= (A;[i])y and B :=(U; UV; U{Qr})
so that A + B = R[X|<2n—; and AN B = (Qx)g- We will now make a crucial use of

the function D¢ introduced in Definition 8.1 (here, the ambient space is R[X]<on—j,
identified to R?"~7+1 via (8.9)). Recall that

De(A+ B) = De(RX]<an ;) = (16, €79, = 1,
and that according to (8.10) the primitive polynomial @} satisfies
De(ANB) = De((Qu)g ) = |Qr(E)]-
Schmidt’s inequality (8.6) applied with the subspaces A and B yields
(9.7) |Qr(§)] < De(A+ B)De(AN B) < De(A)De(B),

R

JEP — M., 2024, lome 11



792 A. PoiiLs

the implicit constants depending only on n and £ (and not on the indices 4, j).
It remains to estimate D¢(A) and D¢(B). The subspace B C R[X]<a,—; is gen-
erated by the 2n — 2j + 1 linearly independent polynomials V = U; UV; U {Qx}.
Moreover (see the remarks after the constructions of U; and V), we have

LT IR < P12 1QU™ @il (| Q-

ReV

By choice of k, for each R € V we also have |R(§)|/||R]| < |Qk(|/|Qkl, and
Lemma 8.3 combined with the above yields the upper bound

De(B) < [QuIIPI" QU™ HIQs ]~

The space A = (4;li])p € R[X]<2n—; is spanned by a set U of j + 1 linearly poly-
nomials that may be chosen among Qg _, (i)—1,---,Qi—1, Q. For each R € U, we have
|R| < ||Q:]l and |R(&)| < |R||™% < Yf_‘f{ Combined with Lemma 8.3, we obtain

De(4) < Y [RE)] [T IS < Y;=50Qi.

ReEU SeuU
SZR

Then, combining the above upper bounds for D¢(B) and D¢(A) with (9.7) and (9.6),
we get

@ n—2j n—j j— —2§)/7+(n—j+1)/72 i
YE, < ||P|"H Q)| Q[P < Y TR T DI g 2

where the implicit constants depend on n and £ only. Using the induction hypothesis,
we also have [|Q;[|“ 1 < Yja_l, hence

o ; —235)/7+(n—j 72 n— o
Qi€ 71— 2+ <<Yj(” 2j)/7+(n—j+1)/ :Yj(2 d)/oj

Rising each term to the power «;/(2n — d) and using & > 2n — d, we easily deduce
(9.5) for j. This concludes our induction step. O

Remark 9.5. We could get a slightly greater exponent 7; in the above proposition

by using a more precise estimate for D¢ (A). However, this improvement would at best

lead to a larger constant a in Theorem 1.2 ; the term n!/3

1/2

would remain the same,

whereas we are expecting n'/“. We preferred to keep the arguments simple.

The following result is inspired by Laurent’s approach in [12, Lem. 5].

Prorosition 9.6. — Let the hypotheses be as in Proposition 9.4 and write m = m,,.
For any A < M\, (§), there are infinitely many indices i such that

Yin—a(i) < [|Qil /A7),

In particular, there are infinitely many indices © such that

n

. m— ) g iM7 =
(9.8) Vonoali) QU where o= o
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Proof. By definition of m, the subspace
(9.9) = (Qop_s(i)=1> Qo _a(i)s -+ Qi)g

of R[X]«y, is independent of ¢ for ¢ > ji, where j; comes from Definition 9.2. It has
dimension m since dim A,, _o[i] =m — 1 and Q,,, _,;)-1 & Am—2[i]. Fix two positive
real numbers a, A with A < a < A\, (5 ), and suppose by contradiction that there exists
an index ig > j; such that for each i > iy
(9.10) Vi a(i) > |Qill,  where 6 = ——.
WAT

By hypothesis, we can also assume that [|Q;y1]|” < [|Q;]| for each ¢ > ig. Identi-
fying R[X]<, with R""! via the isomorphism (8.9), we claim that the point = =
(1,£,€2,...,&m) is orthogonal to V, with respect to the standard scalar product (- | -)
of R"*1,

By definition of ), (&), there exist infinitely many non-zero y = (yo, . .., y,) € Z"*1
satisfying

L(y) = max |yo¢" —ye| Y77, where Y = [ly] = max [.

Let (y;)i>0 be an unbounded sequence of such points ordered by increasing norm. This
sequence converges projectively to Z = (1,&,£2,...,£"). Without loss of generality,
we may assume that |lyol|* > 2(n + 1)||Q;,||- Fix an index j arbitrarily large. For
simplicity, set y := y; and Y = ||y,||. There exists an index i > io such that

Y(X
(9.11) H@H<( )n@ﬂn|wwﬁ.

Note that ¢ tends to infinity with j. Let k € {04,,—2(¢) — 1,...,i}. The polynomial
Q = Qy is identified with an integer point z € Z"*! such that Q(¢) = (z | Z). Since
(1Y) = (1Y = y0Z) +yo (2 | E), we get

[(zly) | < (n+D]QIL(Y) + YIQ(¢)]
(cf. [12, Lem. 5]). Our hypothesis (9.10) yields

1Qill” < Yim—2(d) < QI < [1Qs-
Using (9.11) together with L(y) < Y%, we get
1
_|_

(n+DIIRIL(Y) < 5.

Moreover, (9.11) also yields Y1/% < ||Q:]|"/®°™) = ||Q;||°*/*, where the implicit
constant only depends on n. Since A < a, we may choose j so large that (2Y)V/“ <
|Q:]|?. Combining this with the estimate |Q(&)] < ||Q||~® from (9.1), we also get
- oo _ 1
YIQEI <YIQI™ < Y[Qill™"® < 5.
We conclude that the integer | (z | y) | is (strictly) less that 1. It is thus equal to 0, and
so y and z are orthogonal. By letting & vary, this implies that y = y; is orthogonal
to the subspace V. Since this is true for all sufficiently large j, it follows that the
(projective) limit E is also orthogonal to V. This proves our claim and provides the
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required contradiction since no Q; vanishes at the transcendental number &. Thus,
(9.10) does not hold for arbitrarily large indices i. Estimate (9.8) follows by noticing
that A,(£) > 1/n by Dirichlet’s theorem, and recalling that @ > 2n — d. We may
therefore choose A < Ay, (§) so that Ao > (2n — d)/n. O

Corovrrary 9.7. — Under the same hypotheses, suppose moreover that m = m,, sat-
isfies m —2 < n/2, and let (7;)ogj<n/2 be as in Definition 9.3. Then, we have

< n
T2 S = — .
2SH (2n —d)T

Proof. — By Propositions 9.4 and 9.6 there are infinitely many indices i for which

1Q:]|™2 <« Yi—2(i) < ||Q:]|*. Since ||Q;] tends to infinity with ¢, we deduce that
Tm—2 < M- O

10 LT]’]’ER BOUND ON THE EXPONENT OF BEST APPROXIMATION

This section is devoted to the proof of the following upper bound for wy, ().

Prorosition 10.1. Suppose that ©,(§) > 2n — d, with an integer d € N satisfying
2 < d < y/n/4. Then, we have the upper bound
n(4d* —d —5) + 8d* — 2d — 15

wn(€) < 2n+ P(n,d), where P(n,d) = 8 T 20515

If moreover we have d < [\3/ n/16—‘ and n > 16, then
wn(€) < 2n + 2d°.

Let d,n,£ and @ be as in Sections 5 and 9. We suppose thus that 2 < d < 1+n/2
and that (5.1) holds, namely

Wn(€) > W >2n—d.

Fix a sequence of minimal polynomials (P;);>0 associated to n and £ as in Section 3.
We denote by (Q;)i>0 the sequence of irreducible factors given by Proposition 5.1.
Unless otherwise stated, all the constants implicit in the symbols <, >, < and O(-)
depend only on n, d, £ and @.

According to Proposition 5.1, we have w, () = lim sup,_, ., w(Q;). By (5.3), we also
have
w(Q;) —2n+d

n—2d+3 ’
for each ¢ > 0 and each j such that (); divides P;. Proposition 10.1 implies that if 43
is small compared to n, then 6; = O(d?/n) is small, and Q; has “almost” the same
norm as Pj.

In order to bound from above w,(£), it suffices to do so for w(Q;). We could

(10.1) 1P| < [|Qsll*+% with 6; =

try to use (10.1), which implies that any minimal polynomial of height greater than
1Q:]|**% is not divisible by Q;. They are thus coprime and we may consider their
(non-zero) resultant. However we cannot conclude, as 6; is too large. To resolve this
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problem, we need several lemmas. We first start by a few simple observations. A quick
computation yields

(10.2) (1+6,)2n—d) =w(Q;) + (n+d— 3)0;.
More generally, for each n > 0, we have
(10.3) (1+6;(1—n)(2n—d) =w(Q;) + (n+d—3—n(2n — d))#;.

Under the condition nn < (n + d — 3)/(2n — d), which holds as soon as n < 1/2, this
implies that for each i > 0, we have

(10.4) 1Q:(6)] = 1|Qs]| 7@ > ||QZ_||*(1+9i(177]))(2n7d).

Leyva 10.2. Let i > 0 and n € [0,1/2), and suppose that R € Z[X]<4-2 is a
non-zero polynomial such that P := @Q;R has degree at most n and satisfies

(10.5) |P|| < H := ||Q:||'TC="  and |P(¢)| < H2H,
Define

Then, we have the following properties.

(i) The polynomial R is non-constant. We have d > 3 and
(10.6) |R||~ ™43 <« |R(€)| < HQH—(H-&-d—?})(l—n’)Gi-

(ii) There exist a non-constant irreducible polynomial A € Z[X|<, and an integer
e € [1,d — 2] such that A® divides R,

(10.7) 1A > QUM and A~ < A%(€)).

(iii) Let A and e be as in (ii). If S € Z[X]<a—2 is a non-zero polynomial such that
A and S are coprime and ||S| < ||A¢||, then
(10.8) 1S(&)] > || A°| =349
Proof. Fix ¢ > 0. For simplicity, write @ := @; and 6 = 6,. By Gelfond’s lemma,
we have

IQUIRI = |QRIl = | Pl < Q¢

so that
(10.9) IR|| < Q).

The first inequality of (10.6) and the second of (10.7) are consequences of Lemma 5.2
(using deg(A°) < deg(R) < d—2). Using (10.3) together with (10.5) and ||Q||~“(?) =
|Q(£)|, we find

QER©)| = |PE)] < @~ 1+#a=m)en=d _ | g(¢))|iq||~ (m+d-3-nzn-a)s

Simplifying by |Q(£)| yields the second inequality of (10.6). In particular we have
|R(§)| < 1 since ||Q] > 1 (and 6 > 0 as well as < 2 < 1). Consequently R €
Z[X]<d—2 cannot be constant, and thus d > 3.
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Without loss of generality, we may suppose that P (and thus R) is primitive. Let
us consider the factorization of R over Z. There exist an integer k& > 1, irreducible
(non-constant) pairwise distinct polynomials Ay, ..., Ay € Z[X] and positive integers
Qaq,...,aE such that

k k
R:HAJ%:HBJ- witth::A?j for each j =1,... k.
j=1 j=1

According to Lemma 4.2, there exists j € {1,...,k} such that B = B; satisfies
IBE)| < [|IRI|**|R(E).

Set A = A; and e = a;. We use (10.9) to bound ||R| from above, and the second
inequality of (10.6) to bound |R({)| from above. Then, Lemma 5.2 applied to the
polynomial B € Z[X]<4—2 together with the above yields

1B~ < | BE)] < | R R(§)] < ||Q|(*—Ammom(mra=90=nD0,

Since by definition of ’ and 1" we have

d—3
1 [ 1 _ — 1 e~/
e 1) Ui
we deduce that
(10.10) B0+ < [B(e)| < [|Q~ -9,

and (10.7) follows easily upon recalling that A° = B. Now, suppose that S € Z[X]<q—2
is a non-zero polynomial coprime to A with [|S|| < ||B]|. If S is constant, then (10.8)
is trivial. We may therefore assume that S has degree at least 1. Then, the estimate
of Lemma 4.1 yields

1< [Res(B, )| < ||BI*2[SI1°21B(&) + | BI (15117215 (€)]
< |IBI**=*(1B(&) + 15()))

(where the implicit constants depend on &, n and ¢). As B divides R, we have ||B|| <
| R||. Together with (10.9), this gives | B|| < [|Q[|*~™. Combining the above with
(10.10), we obtain

IBIP4 Be)] < [|Q| 2S00 =(nrd=5)0(1-n),

(10.11)

On the other hand, using n < 1/2 we get
(2d-5)(1-n)—(n+d—-3)1-7n")=(2n—4d+8)n— (n —2d+5) < —1.
Since for each large enough i, the number 6 = 6; is bounded from below by
_ w—2n+d 50
n—2d+3 ’

it follows that || B||2¢=5|B(¢)| < ||Q]|~” tends to 0 as i tends to infinity. Consequently,
(10.11) becomes

1< ||B]**215(¢)l,
hence (10.8). O
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ON UNIFORM POLYNOMIAL APPROXIMATION 797

Lemma 10.3. Let n € 10,1/2). As in Lemma 10.2, we set
g Zn=2de 3 rd-=3

n+d—3
Suppose either that we have d = 2, or that we have d > 3, " € [0,1/2) and
1— 2" 1 2
10.12 S 2d
(10-12) 1—n" d—2 - n

Then for each large enough i > 0, there exist Z € R with ||Q;]| < Z < ||Q,)T0:(1—)
and a non-zero P € Z[X]|<n, coprime to Q;, which satisfies |P(&)| < |Q:(§)| and

(10.13) |P||<Z and |P(¢)| <29,

Proof. — Since 0, (§) > 2n — d, there exists Xy > 0 such that for each X > X the
system
|P|| <X and |P(¢)| < X =9

has a non-zero solution P in Z[X]<,. Fix ¢ > 0 such that [|Q;|| > Xo, and choose
a non-zero solution P € Z[X]<, of the above system with X := ||Q;'T% (=), For
simplicity, write @ = Q; and 6 = ;. We have |P(£)] < X~(27=9 < |Q(¢)| thanks
0 (10.4). If P and @ are coprime, then the conclusion holds with Z = X. We may
therefore assume that P and @ are not coprime. Then @ divides P, and assertion (i)
of Lemma 10.2 implies that d > 3. Let A € Z[X]<q—2 and e € [1,d — 2] be the non-
constant irreducible polynomial and the integer given by Lemma 10.2 (ii). In particular
we have deg(A°¢) < d — 2 and (10.7) holds. Set Z := e~?"||QA®||, and define v by the
relation

Z = Q|+t
By Gelfond’s lemma and by definition of Z and v, we have

Q= = A%l > 11Q|I "™,

the last inequality coming from (10.7). We deduce that v < 5" +0(1/log||Q||). Since
n” < 1/2 we may assume i large enough so that v < 1/2. On the other hand, since
QA€ divides P, by (2.1), we have

Z <e QA L ||P <X = HQ||1+9(1777),
hence v > 1. We now consider a non-zero solution Pe Z[X)<n of the system
(10.14) ”P” Z and |ﬁ( 6| < 7—(@n—d)

We claim that P and Q are coprime. Suppose by contradiction that @ divides P. There
exists R € Z[X] such that P = QR. Write R = A7S, with f € N and S € Z[X l<d—2
coprime to A. By (2.1) and by definition of Z, and since @ and S divide P we obtain

IQUISI < e"IPll < e Z = e ™[[QA"|| < || QI A%l
We deduce that ||S]| < ||A¢||. Similarly,
QAT < e™|[P|| < e"Z = e ™| QA7).
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Consequently, the polynomial QA® cannot be a factor of QAS (by (2.1) once again).
Thus f < e — 1. Since ||S|| < ||A°||, the last assertion of Lemma 10.2 yields

(10.15) 1S(&)] > [|A%| =34,

By hypothesis v < 1/2, and Lemma 10.2 (i) applied to the solution P= Qﬁ of the
system (10.14) gives the estimate

(2n — d)v

n+d—3°

We now use (10.15) and |A¢(&)| > ||A¢||~("+9=3) (coming from (10.7)) together with
f<e—1<d-— 3. We get the lower bound

(10.16) R©)] < |QI~ =900 where ' =

tog | R(6) = L 10g4°(6)| + 105 13(6)
>-[(1- %)(n+d—3)+2d—5} log [|A°]| + O(1)
>-[(1i- ﬁ)(nﬂz—@+2d—5}9(1—u)1og||c2|| + o),

the last inequality following from || A¢| =< ||Q||?*~*). Comparing this with (10.16)
and noting that v/ < 2v, we obtain

1-2v  1-7 1 2d — 5
<

< <1- 1/1 .
1w ST1-v a2 nra—s o0/ leliel)

The function v — (1 — 2v)/(1 — v) is decreasing on [0,1/2]. Using the estimate
v <n”+0(1/log||Q]), we obtain
1— 2" 1 2d -5
<1- 0(1/1 .
" T3t a3+ 00/ leglill)
Since (2d — 5)/(n + d — 3) < 2d/n, this contradicts our hypothesis (10.12) when i is
sufficiently large. So, if ¢ is large enough, then P and @ are coprime. Finally, the lower
bound |P(¢)] < Z=C=D < |Q(¢)] follows from (10.4) with 7 replaced by v (since
v < 1/2), by a similar argument as in the beginning of the proof. ]

_|_

Proof of Proposition 10.1. — The condition d < {/n/4 implies that d < 1+n/2. Define

_ 1 v (2n—2d43)n+d—3 and v — 1
“o2dts5/27 T T ntd—3 Td+ 1
We claim that the hypotheses of Lemma 10.3 are satisfied for this choice of parameters.
For d = 2, this is automatic since n < 1/2. If d > 3, a direct computation yields

" —n +4d® — 11d% — 13d + 6

L v R CORR )

so that " < v < 1/3. Since z — (1 — 2z)/(1 — x) is decreasing on [0, 1/2], we deduce
that (1 —2n")/(1 —=7n") > (1 —2v)/(1 — v). On the other hand, we have
1-2 1 2d\  2(n—d*+2d®
v _ (1 b i) _ 2n—d’+2d°)
nd(d — 2)

Ui

207

1—v d—2 n
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hence our claim. Consequently, for each large enough i there exists a non-zero poly-
nomial P € Z[X], coprime with Q;, satisfying

IPOI<1Qi(€)] <1 and [P <[|Qq"0—.
Such a polynomial is non-constant, and Lemma 4.1 yields
1< [Res(Qi, P)| < [1Qi1" T IPIMIQi@] + @il 1P~ P ()]
< || Qi[O —w(@0),
As ||Q;]| tends to infinity, it follows that
n—1+n(l+0(1—n)—w(@:)>0(1/loglQil)-
Using the definition (10.1) of 6;, this can be rewritten as
(nn — 2d + 3)w(Q;) < 2nn® — (3d +nd — 5)n +2d — 3+ O(1/log |Q:])-
The hypothesis d < W implies nn — 2d + 3 > 0. Thus, after simplification
(3d+nd—5)n+2d—3

2 _
(@) +0(1/105]1Q1])) < 2

nn—2d+3
n(d—1—-nd)+2d—3
n+ P n+ P(n,d),

where P(n,d) is as in the statement of Proposition 10.1 (and n = 1/(2d + 5/2)).
We conclude that
wn(€) = i supw(@Qi) < 20 + P(n, d).
1—00
Set Q(n,d) = (2n — 8d% + 2d + 15)(P(n,d) — 2d?). A direct computation yields
Q(n,d) = —n(d + 5) + 16d* — 4d*> — 22d* — 2d — 15.

If d < ¥/n/16 we have 16d* < nd, and therefore Q(n,d) < 0. We obtain P(n,d) < 2d?,
and consequently @y, (£) < 2n + 2d%. It remains to show that in the case n > 17 and

d = [p] with
p= /n/16,

we still have Q(n,d) < 0. If 17 < n < 128, or equivalently if 1 < p < 2, then we
have d = 2 and Q(n,2) = —7n + 117 < 0. The same reasoning leads to Q(n,d) < 0
for 2 < p < 3 and 3 < p < 4. We now suppose that p > 4. Writing d = p + ¢, with
t € [0, 1], and using the fact that 16p® = n, we find

Q(n,d) < —n(d+5) +16d* = —16p°(p + t + 5) + 16(p* + 4tp® + 6tp*> + 4t°p + t*)

= 16p° (3t — 5) + 16(6t°p” + 4t°p + t*) < 16R(p),

where R(z) = —223 + 622 + 42 + 1. As the coefficients of R(x + 4) are all negative,

we have R(z) < 0 for each & > 4. In particular, R(p) < 0, and once again we obtain
Q(n,d) <0. O

Note that the upper bound 2n + P(n,d) is not optimal in Proposition 10.1 (and
could be slightly improved by choosing the parameter n closer to 1/(2d)).
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11. PROOF OF THE MAIN THEOREM

In this last section we prove our main Theorem 1.2 in the following stronger form.

Turorem 11.1. — Let e = 0.3748 - - - be the unique (positive) solution of the equation
(1+z)e” =2 and set a = (22(2 — eE)/Q)l/3
constant C' > 0 such that, for each n > 1 and any transcendental real number £ € R,

= 0.3567---. There exists an explicit

we have
Gn(€) < 2n—ant/? + C.

Since 1/3 < a, it implies Theorem 1.2. We first establish a preliminary result which
uses the following notation. Let n,d be integers with 2 < d < /n/4. In particular
d <14 n/2. We define
n(4d* —d —5) +8d* — 2d — 15

2n —8d? +2d + 15 ’

w(d,n) :=2n+ P(n,d), where P(n,d) =

as well as
(2n —d)(n —2d+3) o n
w(d,n)(w(d,n) —n —d+ 3) and - p(d,n) = (2n —d)T’

T(da n) =

Let (Ti(d, n))
tion 9.3.

o<i<n/2 be the sequence associated to 7 = 7(d,n) € (0,1) by Defini-

Tueorem 11.2. — Let n,d,j be non-negative integers with 2 < d < \/ni/4 and 1 <
j < n/2. Suppose that

(11.1) T(d,n) > p(d,n) fork=0,...,j.
Then for any transcendental real number £ we have
(11.2) Gn(€) < 2n—min{d,d;}, whered; =2j—1— J-1
. n X el ) ] Tj (d, n) .

Proof. — Fix a transcendental real number . If &, (§) < 2n — d, then (11.2) holds.
We now assume that @, (§) > 2n — d, and we choose a real number @ such that

Wp(€) >w>2n—d.

Let (P;)i>o0 denote a sequence of minimal polynomials associated to n and £ as in
Section 3. We denote by (Q;);>0 the sequence of irreducible factors given by Propo-
sition 5.1, and denote by
m = my(§)
the dimension of the spaces (Q;, Qit1,...)g for each large enough ¢ (as in Defini-
tion 9.1). Proposition 10.1 yields w, (§) < w(d,n), and by Proposition 5.1 (v), we get,
for each large enough 1,
Qi IT™ < @il

For simplicity, we write 7 = 7(d,n) and 7, = 7%(d,n) for each k € N with k < n/2.
If m — 2 < j < n/2, then Corollary 9.7 yields 7,,—2 < p(d,n), which contradicts the
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hypothesis (11.1). Hence, we must have j < m — 2. Let i > 0. Set Q = Q) If i is
large enough, there exists a non-zero P € Z[ X<, such that

1P| <e @l =X and |P(E)| <X
By (2.1) the (irreducible) polynomial @ does not divide P, they are thus coprime.

Lemma 6.4 implies that dim V5,,_; (P, @) > 2n—2j+2. Choose a linearly independent
subset

W :={Ui,...,Usn—2j42} € Ban—;(P,Q)
of cardinality 2n — 2j + 2. According to (9.3), we have Va,—;(4;[i]) = R[X]<2n—;-
So there exists

Vi=A{Vi,...,Vj_1} C Boy(Aj[i]) = Ban—j(Qo, (i), - - - Qi)
such that
(Uj)g ® (Vi)p = R[X]<2n—;-
Then, identifying R[X]<2,—; with R*"=7*1 via (8.9), we form the determinant
(113) 1 < |det(Ul,...7U2n,2j+2,V1,...7Vj,1)|.
For k=1,...,2n — 25 4+ 2, we have
Ukl < QI and  [Ux(§)] < Q.
On the other hand, for k = 1, ..., j—1, we have by Equation (9.5) from Proposition 9.4
QI < IVill < @il < Q™ and  [Vi(&)] < Vil ™® < QI

For i =2,...,2n— j + 1, we add to the first row of the determinant (11.3) the i-th
row multiplied by ¢~!. This first row now becomes

(UL8),- -, Van—2j+2(8), VA(€), - - -, Vj-1(8))-

By the above, the absolute value of each of its elements is < ||Q||~*. By expanding
the determinant, we obtain

L< QIP*HH|QilHIQI™® < [|QI*n i D/n=e,
By letting i tend to infinity, we deduce that
<2 -2 +1+ (-7, =2n—d;.
Since & may be chosen arbitrarily close to @, (), we finally get (11.2). O

In view of (11.2), the idea is now to choose d and j so that d is maximal and
d =~ d;j. The next two results aim at simplifying condition (11.1) of Theorem 11.2.
The second one also provides a simple lower bound for the exponent 7.

Lemva 11.1. — Let n,d,j be non-negative integers with 2 < d < y/n/4 and 1 < j <
n/2. Suppose that j satisfies

. 2
(2n — d)7(d, n) <1 and Tj(d,n)>o~

(11.4) (n—2j)r(d,n)+n—j+1
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Then, the sequence (Tk(d, n))0<k<j is (strictly) decreasing. In particular, condi-

tion (11.1) is fulfilled if moreover
7;(d,n) > p(d,n).

Proof. Let a1 < -+ < @; be as in Definition 9.3. Condition (11.4) is equivalent to
a; < 1 and 7j(d,n) > 0. By definition, we have

2k —1
Tr—1(d,n) = oy, '1.(d,n) + 5 —d (for k=1,...,7).
Since a; ' > a;l > 1, this yields 7,_1(d,n) > 7% (d,n). This proves the first assertion
of our lemma. The second one follows easily. |

Lemva 11.2, Let n,d,j be non-negative integers with 2 < d < \/m and1 < j <
n/2. Define

(2n — d)1(d,n)?
(n—2)7(d,n) +n

=afd,n) =

and suppose that

. J(2i—1)7(d,n) J(2j — Do
11.5 J > = .
(11.5) T dn) +n (2n—d)r(d,n)
Then, « € (0,1) and for k=0,...,7, we have
> §(2j = D7(d,n)?

d 2 J d) - 0

(d,n) > a’r(d,n) (n—=2)7(d,n)+n =
Proof. — We have a € (0,1) since 7(d,n) < 1 and d > 2. For simplicity, we write
7 =7(d,n). Let (0k)k>0 be the sequence defined by o¢ = 7, and

2k — 1
Ok :a(ak_l — 2n—d) for k>1

Using (11.5), we find

(11.6) > 0.

agj _O'j,1 2j—1 o ZQk—l j(2j—1)

ol @2n—djait 0 fd P D
In particular o; > 0. Since o1 > a"loy, by mductlon, we get 0; < o1 < -+ < 0.
Moreover, & = a; < ay, for each k € N with 1 < k < n/2, where oy is as in

Definition 9.3. Another quick induction yields o < 7% for £ =0, ..., 5. We conclude
by combining o; < o < 7 with (11.6). O

Proofof Theorem 11.1. — Define a function f : [0,00) = R by f(z) = z(2 — €*). Let
€ =0.3748 - - - be the unique solution of the equation (1 + x)e® = 2. It is the abscissa
of the maximum of f. Set

3/2e(2 — €
a= 5%:0.3567-~
Let n > 1 and define d = d(n) and j(n) by

d(n) = [an'/3] and = j(n) := ﬁ;ﬂ
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We suppose n > 30 so that 2 < d < 1+n/2 and 1 < j < n/2. Since d*/n? < d/n =
O(n=2%/3), we find w(d,n) = 2n + 2d> + O(d), and then

3d? 2/3 94 2/3
T(d,n) =1— - +0(1/n*?) and a(d,n)=1-— o +0(1/n*?),

(where a(d,n) is defined in Lemma 11.2). In particular, by choice of j, we have

a(d,n)’ = exp (jlog(a(d,n))) = exp(—% + O(l/n1/3)>

=e °+0(1/n'?).

(11.7)

Since

S =Drldn) g
(n—=2)r(d,n)+n
there exists N; > 30 such that condition (11.5) of Lemma 11.2 is fulfilled for each
n > Ni. Thus, for £ =0,...,J, we have
j(2) = Dr(d,n)?
- 2n — 2
In particular d; =2j — 1 — (j — 1)/7;(d, n) satisfies

Te(d,n) = a(d,n)’7(d,n) =e°+0(1/n'/3).

26(2 — €° 3
dj2j(2—66)+(9(1):%+O(l):%+0(l):d+0(l).
On the other hand, we have
n 1
dn)=———— = +0(1/n'/3).
pdm) = Gt = 5+ 01/

Since e~¢ > 1/2, by (11.7) there exists Ny > Ny such that condition (11.1) of The-
orem 11.2 is fulfilled for each n > N,. We conclude that for any n > N> and any
transcendental real number £, we have

@n(€) < 2n —min{d,d;} =2n —d + O(1). O

ArpPENDIX. TWISTED HEIGHTS

The purpose of this appendix is to give another interpretation of the quantity
D¢ (V') defined in Section 8.2. Our first approach was actually to work with the heights
Hrp defined below. We are thankful to Damien Roy for pointed out the link with
Hodge’s duality.

Fix A € GL(R™T!) and let V be a k-dimensional subspace of R™*! defined over Q.
Its (twisted) height 34 (V) is defined as the covolume of the lattice A(VNZ™*1) inside
the subspace A(V) (with the convention that 34 (V) = 1 if V = {0}). Explicitly,

we have
(Al) }CA(V) = ||Aac1/\~-~/\AmkH2,

where (x1,...,x}) is any Z-basis of the lattice V' N Z™+1. Then Schmidt’s inequality
generalizes as follows

(A.2) Ha(U+V)HAUNV) < Ha(U)Ha(V)
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for any subspaces U,V of R™*! defined over Q. The proof is the same as for ra-
tional subspaces (see [27, Ch.I, Lem. 8A] and [13, §5]). Similarly to Marnat and
Moshchevitin [13, §5], we consider twisted heights of the following form. Let T > 1
be a parameter. We define the matrix A, 7 € GL(R™"!) as

1 m
" 0 ... 0 O§ 0 50
0 T71
Am,T: . . )
T—l

so that for each polynomial P = ag + - -+ anX™ € Z[X]<m (identified to a point of
R™*1 via (8.9)), we have

(TP
0 T‘_1 aq
(A3) Am}T =
m T‘iam

We denote by H,, 1 (or simply Hrp if there is no ambiguity about the integer m) the
twisted height H{4 associated to the matrix A = A,, 7. Note that

CH:T (R[X]gm) = %T(Rerl) = det(A) =1.
Derinirion A1, — Let V be a subspace of R[X |, defined over Q. We set

@é(v) _ TLHEOO T COdim(V)j—Cm,T(V),

where codim(V) = m + 1 — dim(V') denotes the codimension of the space V inside
R[X]<m. In particular, D¢(R[X]<,) = 1, and for any primitive polynomial P €
Z[X]<m, we have

De((P)g) = IP(§)] = De((P)g)-

Our goal is now to prove that for any non-zero subspace V C R[X]¢,, ~ R™T!

defined over QQ, we have
De(V) =< De(V),

where De is as in Definition 8.1 (and the implicit constant depends on m and & only).
First, note that since dim(U + V) + dim(U N V) = dim U + dim V' for any subspaces
U,V of R[X]<m, we deduce from (A.2) (with A = A,, ) the following version of
Schmidt’s inequality, which is the analog of Proposition 8.2
(A4) De(U 4 V)De(UNV) < De(U)DL(V),
valid for any U,V of R[X |, defined over Q.

Prorosition A.2. — Let V be a k-dimensional subspace of R™! defined over Q, with
1<k<m+1, and set 2, = (1,€,...,&™). We have

(A.5) De(V) < De(V) < De(V),
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where the implicit constant depends on & and m only. Moreover, for any Z-basis

(T1,...,2) of VNZ™HL we have
k

(A.6) De(V) = D (D" Gl ai) & A--Aaf A Aah]]
i=1 2

where ac;|r € Z™ denotes the point x; deprived of its first coordinate.

Before to prove this result, we introduce some notation that we will need in the
proof. Given two positive integers p and ¢, we define J(p, q) as the set of p-tuples
(41,...,1p) of integers with 1 < i3 < -+ < 4, < ¢q. Let e = (eq,...,€e4) be the
canonical basis of R?. For any I € J(p, q) as above, set ef = e;; A---Ae;, € NRY. For
any X € NRY, we call I-coordinate of X its e-coordinate in the basis (er)seg(p,q)-

For any x1,...,x, € RY, we denote by M(x1,...,x,) the ¢ X p matrix whose columns
are &1,. .., &, written in the basis e, and by D;(x1,...,x,) the minor formed by the
rows of M(x1,...,x,) of index ¢ in I. Then, writing X = a1 A --- A &, we have the

classical formulas
(A7) X= Y Dxr,....,x)er and [ X[3= Y Dr(m1,...w)°
I1€3(p,q) I€3(p,q)

Therefore, for each I € J(p,q), the I-coordinate of X is D(x1,...,xp).

Proof'of Proposition A.2. FixT>1and fori=1,...,k, set
k
Z = X:piwl/\---/\ar?i/\--~/\33;€7 where p; = (=1)" (2, | ),
i=1
Y = lim T "y (T)A--- Ay, (T), wherey;, = y;(T) = A, r(x;) € R
T—+oc0
By (8.4) we have
De(V) = 2|l and De(V)=[Y],.
We prove the following properties. For i = 1,...,k we set z; = (5, | ;) ,x;) €
R™+2,

(i) For each J = (1, ja,...,Jx) € J(k,m + 2), the J-coordinate of z4 A --- A zj is
equal to the K-coordinate of Z, where K = (jo — 1,...,55, — 1) € J(k—1,m + 1).
Fix I = (i, ..., i) € J(k,m + 1).

(ii) If iy > 2, then the I-coordinate of Y is equal to 0.

(iii) If 41 = 1, then the I-coordinate of Y is equal to the J-coordinate of 24 A+ - -Azy,

where J = (1,42 + 1,...,4; + 1). It is also equal to the K-coordinate of Z, where
K= (7;27...,2']@).

To prove the first assertion, it suffices to expand the determinant © ;(z1,...,2x)
along its first row. Let T = (i1,...,4;) € I(k,m + 1). Suppose first that i1 # 1. Then,
by Hadamard’s inequality, the I-coordinate of y;(T) A - -+ Ay, (T) satisfies

k
D1y, yn)l < [T eyl = 0(T7),

j=1
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and we deduce that the I-coordinate of Y is equal to 0, which proves assertion (ii).
Suppose now that i; = 1 and set J = (1,io+ 1,...,4, + 1). Then

DI(y17 .. ‘7yk:) = Tm'H_k@J(zl, .. .,Zk,),

hence the first part of (iii). The second part is obtained by combining the above with
assertion (i).

We deduce from the last two assertions that all the non-zero coordinates of Y
are coordinates of Z, thus ||Y'||, < [ Z],, which proves the second inequality in
(A.5). For the first estimate, we need to estimate the K-coordinates of Z with K €
J(k—1,m+1) of the form (1,4s,...,ik—1). According to assertion (i), they are exactly
the determinants © j(z1,...,2z;) with J = (1,2,73,...,4%) in I(k,m + 2).

Fix a J € J(k,m + 2) as above. The second row of the matrix M(z1,...,2x) is a
linear combination of the remaining rows (with coefficients in absolute value between 1
and |£|™). We deduce that © j(z1,...,2;) can be written as a linear combination of
D(z1,...,2K), where J' belong to the subset of J(k, m+2) consisting in the k-tuples
whose second element is > 3. By assertion (iii), they are all coordinates of Y, hence
D(z1,...,2k)| < |Y],. We conclude that ||Z|, < ||Y][,.

Finally, fix (i2,...,4t) € J(k —1,m) and set K = (ia +1,...,4; + 1). By definition
of Z, the K-coordinate of Z is equal to

o~

k k

E = _E + + +
piDI(wl7"'awia"'7wk)_ piQJ(:B17"'7wia"'7wk)'

i=1 i=1

By assertion (iii), this is also the (1, K)-coordinate of Y. So, the set of non-zero
coordinates of Y is exactly equal to the set of non-zero coordinates of the point

k
Zpiwf/\~--/\:czr/\-~-/\w;
i=1
Equation (A.6) follows from the second identity of (A.7). O
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