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LOGARITHMIC SPIRALS IN 2D PERFECT FLUIDS

BY IN-JEE JEONG & Ayman R. Saip

Asstract. — We study logarithmic spiraling solutions to the 2d incompressible Euler equations
which solve a nonlinear transport system on R/(27Z). We show that this system is locally
well-posed in LP, p > 1, as well as for atomic measures, that is, logarithmic spiral vortex
sheets. For logarithmic spiraling solutions, we make an observation that the local circulation
of the vorticity around the origin is a strictly monotone quantity of time, which allows for
a rather complete characterization of the long-time behavior. We prove global well-posedness
for bounded logarithmic spirals as well as data that admit at most logarithmic singularities.
We are then able to show a dichotomy in the long time behavior, solutions either blow up
(either in finite or infinite time) or completely homogenize. In particular, bounded logarithmic
spirals should converge to constant steady states. For logarithmic spiral sheets, the dichotomy
is shown to be even more drastic, where only finite time blow up or complete homogenization
of the fluid can and does occur.

Riésumic (Spirales logarithmiques des fluides parfaits en 2d). — On étudie les spirales loga-
rithmiques solutions des équations d’Euler incompressibles en deux dimensions d’espace qui
résolvent un systéme de transport non linéaire sur R/(27Z). On montre que ce systéme est
localement bien posé dans LP, p > 1, ainsi que pour les nappes de tourbillon en spirale logarith-
mique. Pour ces spirales logarithmiques, nous observons que la circulation locale du tourbillon
autour de l'origine est strictement monotone en temps, ce qui permet une caractérisation assez
complete du comportement en temps long. On démontre le caractére bien posé global des spi-
rales logarithmiques bornées ainsi que pour les données qui admettent au plus des singularités
logarithmiques. Nous sommes alors en mesure de montrer une dichotomie dans le comportement
en temps long : les solutions explosent (en temps fini ou infini) ou s’homogénéisent compléte-
ment. En particulier, les spirales logarithmiques bornées convergent vers des états stationnaires
constants. Pour les nappes de tourbillon en spirale logarithmique, la dichotomie est encore plus
radicale, ou seule I’explosion en temps fini ou ’homogénéisation complete du fluide peuvent se
produire et se produisent effectivement.
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1. InTRODUCTION

1.1. Locaritnmic spiraLs. — The vorticity equation for incompressible and inviscid
fluids in R? is given by
Oiw +u-Vw =0,

1.1
(L.1) u= VA~ w,
where w(t,-) : R = R and u(t,-) : R? — R? denote the vorticity and velocity of
the fluid, respectively. In this paper, we are concerned with solutions of (1.1) which
are supported on logarithmic spirals; in other words, vorticities w which are invariant
under the following group of transformations of R? parametrized by A > 0
(r,0) = (Ar,6 + Bln \),

for some nonzero real constant 3. Here, (r,0) denotes the polar coordinates in RZ.
Under the above invariance, we can take a periodic function h(t,-) of one variable
such that

(1.2) w(t,r,0) = h(t,0 — Blnr)
holds for all ¢,r,0. Then, the two-dimensional PDE (1.1) reduces to the one-
dimensional transport equation in terms of h:

(1.3) Oth +2H0ph =0
coupled with the elliptic problem

(1.4) AH — 4B0gH + (1+ 5%)0fH = h
defined on S = R/(27Z). To derive (1.3)—(1.4), we take the following ansatz for the
stream function

U(t,r,0) =r’H(t,0 — Blnr),
and note that the corresponding velocity field u = u"e” + u’¢? is given by
u"(t,r,0) = —r10g¥ = —rOpH(t,0 — Blnr),

1.5

(1-8) ul(t,r,0) = 0,% = 2rH(t,0 — Blnr) — BrogH(t,0 — Blnr),

which gives that u - Vw = 2Hdyh. Furthermore, (1.4) follows from w = V x u =
1(9,(ru”) — Bpu") and (1.5). As we shall explain below, the special case 8 = 0 corre-
sponds to the system for 0-homogeneous vorticity studied in [10, 12]. In this paper,

we shall study dynamical properties of the system (1.3)—(1.4) for 5 # 0.

1.2. Mam~ resuLts. — Let us present the main results of this paper, which come in
two categories: well-posedness issues and long-time dynamics.

JE.P — M., 2024, tome 11



LLOGARITHMIC SPIRALS IN 2D PERFECT FLUIDS 637

Well-posedness of logarithmic vortex. To begin with, we have local and global exis-
tence and uniqueness of the system (1.3)—(1.4) for h € LP and L, respectively.

Turorem 1.1 (Local well-posedness). — We have the following well-posedness results
for the initial value problem of (1.3)~(1.4): if ho € LP(S) for some 1 < p < oo, there
evist T > c|lho||;+ and a unique local solution h belonging to C([0,T); LP(S)) for
p < o0 and C.([0,T); L*=(S)) for p = o0, ¢ > 0 is a universal constant. For any p,
the LP solution blows up at T if and only if

.
[ Ineold =
0

Rewark 1.2. — Higher regularity (e.g. C** WP for k > 0) of h propagates in time
as long as ||h(t,)||r: remains bounded.

In the case of bounded, or even logarithmically singular data, we have global reg-
ularity:

Tueorewm 1.3 (Global well-posedness). — The local solution in Theorem 1.1 is global
in time for initial data hy € ﬂp<oo LP satisfying
1ol e

(1.6) sup ——— < 400
p2l P

In particular, L*> solutions are global in time.

Remark 1.4. The above can be extended to data satisfying ||hollzr < pIn(10 + p),
< pIn(10 + p) In(10 + In(10 + p)), and so on.

Next, we consider the space D(S) of atomic measures on S, ie. ¢ € D has a
representation g = 3.5 [0, with >, [I;| < co. Assuming that 0; are distinct,
we set ||lgllp = 32;501;|.- As we shall discuss in more detail later, the following
result gives a well-posedness for A which are atomic measures, which corresponds to
logarithmic vortex sheets in R2.

Turorem 1.5 (Logarithmic vortex sheets). Let ho € D(S) satisfy ho=3_ ;50 15,000,
Take some compactly supported family of mollifiers ©°(0) = (1/€)p(0/c). Then, there
exists some T > 0 such that for the sequence of mollified initial data h§ := ¢ *hg, the
corresponding unique global solutions {h®(t,-)},., converge in the sense of measures to

h(t,-) = Z‘[j (t)a; (1)
j=0
forallt €10,T). Here, {1;,0;},-, is the unique local solution to the ODE system

(17) {W) = 200 H (1, 0,(£)) I (2),

0;(t) = 2H(t,0,(t)),

JEP — M., 2024, lome 11



658 I.-J. JeonG &« A. R. Sam

with initial data I;(0) = I, and 6;(0) = 0,0, where H is the unique Lipschitz solution
o (1.4). Specifically, we have that

= L()K(6;(t) — 0e(t))

€20

and

(1.8) OpH(t,0;( ;)Ie —0,0), K'(0) = ;%w

with K being the fundamental solution to (1.4) given explicitly in (A.2). In this sense,
the time-dependent Dirac measure h(t,-) is the unique solution to (1.3)—(1.4) with
ingtial data ho in [0,T).

Let us briefly comment on the statements: to begin with, the function 99 H (which
is the derivative of the solution H to (1.4)) is actually not uniformly Lipschitz in
S. However, 0gH in this case (meaning that h in the right hand side of (1.4) is a
linear combination of Dirac deltas) is infinitely smooth away from the support of
the Dirac deltas, and in particular, one can prove existence and uniqueness of the
solution to (1.7) as long as none of the points 6; collide with each other. (The situation
is completely analogous to the case of point vortices evolving in a two-dimensional
domain.)

Furthermore, we emphasize that the above convergence statement does not follow
directly from some norm estimate (the main problem being K ¢ C(S); this is why
K'(0) needs to be defined as the limit in (1.8)) but instead one needs to use a crucial
cancellation coming from the fact that the non-continuous part of K’ is odd. In a
sense, this proof is similar (although simpler) to the proof that the sequence of de-
singularized vortex patch solutions to the 2D Euler equation converges to the solution
of the point vortex system in the singular limit ([24]). In the statement, we could have
regularized each Dirac delta by either a patch or some other L functions as well.

Remark 1.6. — One may extend the above statement to get local existence in the
broader class M := D + L'.

The following proposition verifies that the solutions to the one-dimensional system
(1.3)—(1.4) obtained in such a class give rise to actual weak solutions to the two-
dimensional Euler equations.

Prorosition 1.7. — Let h € Ci([0,T); M(S)) be a weak solution of (1.3) with initial
data hg. Then, (w,u) defined via (1.2)—(1.5) provides an integral weak solution, in ve-
locity form, to 2D Euler equations (1.1) with initial data wo. For h € C([0,T); L(S)),
we get moreover that (w,u) is a weak solution in vorticity form.

Long time dynamics and singularity formation. — Given the above local well-posedness
results, it is natural to study the long-time dynamics with initial data either in LP

JE.P. — M., 2024, tome 11



LLOGARITHMIC SPIRALS IN 2D PERFECT FLUIDS 65‘()

or in D. It turns out that there is a monotone quantity for solutions to (1.2)—(1.5),
which is nothing but the local circulation:

(1.9) r(R) //MR wit,z)d —/hte

Unless w is a constant, we have that I'(R) is strictly decreasing (resp. increasing)
for B > 0 (resp. 8 < 0), see Lemma 2.3. This is in stark contrast with the case of
0-homogeneous vorticity studied in [9, 12] and one can see from the proof the specific
nature of logarithmic spirals is reflected in the evolution of I'. As an immediately
corollary, we obtain that the only steady states to (1.2)—(1.5) in M are constants.
This provides the basis for obtaining long time dynamics of solutions.

In the case of bounded data, we can show long-time convergence to a constant
steady state:

Tueorewm 1.8 (Convergence for bounded data). — For hg € L*(S), there exist con-
stants I = I (hg) satisfying |I+| < ||hollpe such that the global-in-time solution
h(t,-) corresponding to hy satisfies

h(t,") — I, t — oo
in H=%(S) for any a > 0.

Examrpre 1.9. In the simple case when hy is the characteristic function of an inter-
val, i.e. hg = 1 for some J C S, we have that (I,.,I_) = (0,1) and (I+,I_) = (1,0),
depending on whether 5 > 0 or 8 < 0, respectively. See Figure 1 for an illustration:
for B < 0, if the initial vorticity in R? is the patch supported in the gray region
(Figure 1, center), then as t — oo, the support of vorticity occupies the entire R?
(Figure 1, right), while as t — —oo0, the vorticity locally decays to 0 (Figure 1, left).

Ficure 1. Evolution of the vortex patch supported between two log-
arithmic spirals (gray region).

Tueorem 1.10 (Trichotomy for LP data). — Consider 1 < p < 400, hg € L? and
h(t,-) € LP the unique local solution to (1.3)—(1.4) on a maximal positive interval of
existence (0,T,) with T, € (0,+00]. Then one of the following three scenarios must
occur.

— FEither T, = 400 and there exists I, € R such that h(t,-) S Iy in H=® for

a > max (0,1/p —1/2),

JEP — M., 2024, lome 11



660 I.-J. JeonG &« A. R. Sam

— the solution blows up in finite time: T\, < 400,
— or the solution blows up in infinite time: iminf,, o ||R(¢, )|, = +o00.

In the case of Dirac initial data, we can provide a simple criterion which guarantees
finite time singularity formation. When there is no singularity formation in finite time,
the solution must decay to 0.

Turorem 1.11 (Singularity for Dirac measure data). — If the initial data hg =
N—1 . .
ijo Ij7059j is monzero and satisfies
N—1
B Ljo <0,

Jj=0

then the corresponding solution blows up in finite time; BZ;V:_Ol Ii(t) - —oo as
t — T* for some T* < 0.

Furthermore, there is no finite time singularity formation if and only if the solution
satisfies Z;V:_Ol Li(t) > 0 for allt and S Z;V:_Ol I;i(t) = 0 as t — 400. This happens
in particular when 51;0 > 0 for all j.

Remark 1.12. — Finite time singularity formation for logarithmic vortex sheets could
seem paradoxical, in view of global well-posedness of bounded logarithmic vortex
solutions and the convergence statement of Theorem 1.8. Singularity for the sheets
can be interpreted as a form of strong instability for patches: initial data hg given by
the characteristic function on an interval of length 0 < ¢ <« 1 will grow to become
length O(1) after an O(1) time which is independent of .

1.3. Backcrounp maTEriaL. — To put the consideration of logarithmic spiral vortic-
ities and our main results into context, let us discuss various relevant topics for the
incompressible Euler equations.

Vortex sheets supported on logarithmic spirals. Spiraling behavior of fluid flows
are quite frequently observed in turbulent jets and mixing layers at relatively large
Reynolds number. While such vortex spirals are usually modeled by algebraic spirals
in the applied literature, it seems that Prandtl in 1922 was the first one to suggest
the possibility that logarithmic curves could be the profiles for such structures [26].
We refer to the interesting work [14] in which the authors inspect a variety of spiral
flows observed in experiments and conclude that in many cases a logarithmic curve
gives a better fit than an algebraic one. It turns out that, the case of one atom
(j = 1) in Theorem 1.5 exactly corresponds to the spiral suggested by Prandtl,
up to a translation in time. Similarly, for j > 2 with j-fold rotational symmetry,
the logarithmic spiral vortex sheets obtained by Theorem 1.5 are simply the ones
introduced later by Alexander [2]. Indeed, these special solutions introduced by
Prandtl and Alexander could be characterized by logarithmic vortex sheet solutions
satisfying an additional self-similarity with respect to time: w(t,z) = t~1&(x) for
some @ (see the formulas and discussion in Appendix B). It was a highly non-trivial

JE.P — M., 2024, tome 11



LLOGARITHMIC SPIRALS IN 2D PERFECT FLUIDS 661

task to verify that such formulas give rise to actual weak solutions to the Euler
equations (see for instance Saffman [29, §8.3], Kambe [20], and Pullin [27]), especially
if one tries to apply the classical Birkhoff-Rott formulation [4, 28].

The mathematical proof of this was done in Elling—Gnann in the m-fold symmetric
case with m > 3 [13], using special cancellation which is directly related with the well-
posedness theory of 2d Euler under m-fold symmetry which we shall explain below.
Without any symmetry hypothesis, the proof was done very recently by Cieslak—
Kokocki—Ozanski in [7]. The same authors proved the existence of (a variety of) non-
symmetric self similar logarithmic vortex spirals in [5]. A very nice review of the
literature on logarithmic spirals and technical difficulties in treating those are given
in [7, 5]. On the other hand, [13] contains many numerical computations which exhibit
various bifurcation phenomena of non-symmetric spirals. The PDE approach proposed
in this paper gives a unified framework in which all of the previous considerations, see
Proposition 1.7 and Appendix B, can be treated in a much simpler fashion. Which
from a mathematical point of view seems like the correct lens from which one should
look upon logarithmic spirals for 2d perfect fluid.

Long-time dynamacs for Fuler. — The global well-posedness of smooth enough solu-
tions to (1.1) is now a well established fact. The long time behavior picture of such
solutions is far from being complete. Indeed (1.1) is a non local, non linear transport
equation modeling a perfect fluid. Both physical and numerical experiments suggest
that most solutions relax in infinite time to simpler dynamics, i.e they experience a
major contraction in phase space. This can be summarized by the following informal
conjecture (see [32] and [30] respectively, [12] and also the review articles [8, 21])
regarding the long time behavior of solutions to the 2d Euler equation:

Consecrure 1.13

(1) Ast — +o0, generic solutions experience loss of compactness.

(2) The (weak) limit set of generic solutions consists only of solutions lying on
compact orbits.

The only rigorous (and important) proofs of those conjectures are in the perturba-
tive regimes around special steady states in the ground breaking work of Bedrossian
and Masmoudi [3] and later extensions by Ionescu and Jia [18, 19] and Masmoudi
and Zhao [25]. The only exception to this is the recent work [12] where the conjecture
is proved in full generality and in particular away from equilibrium but only for the
subset of scale invariant m-fold symmetric (m > 4) solutions.

The results in this paper can thus be put in the larger picture of the long time
behaviour of perfect fluids as follows. We give a rigorous construction of a special
class of weak solutions of the Euler equation that is invariant under the flow, the class
of logarithmic spirals solutions first introduced in [11], in Theorems 1.1, 1.3, 1.5 and
Proposition 1.7. Moreover we rigorously prove Conjecture 1.13 in this setting in full
generality and again away from equilibrium in Theorems 1.8, 1.10 and 1.11.

JEP — M., 2024, tome 11



662 I.-J. JeonG &« A. R. Sam

Regarding the study of logarithmic spiral vortex sheets, our formulation based
on (1.2) not only gives a very efficient way of accessing their dynamics, but also
realize the vortex sheet evolution as the well-defined limit of more smooth objects,
namely vorticities whose level sets are logarithmic spirals. The latter solutions can be
completely smooth except at the origin. Furthermore, we emphasize that the spirals
of Prandtl and Alexander are simply very specific solutions to the ODE system (1.7)
that we have obtained in this work, and this general approach provides a framework
for studying the asymptotic stability of self-similar singularity formation. To illustrate
this, we recover some recent results from [13, 7, 5] on existence and bifurcation of
self-similar logarithmic spiral vortex sheets using our formulation in Section 4.

Symmetries and well-posedness of 2D Fuler. — An unfortunate fact about non-trivial
logarithmic spirals solutions is that they cannot decay at spatial infinity which means
they fail to belong to the standard well-posedness class for vorticity for 2d Euler
LY (R?)N L (R?) given by Yudovich theory [34]. Indeed the space of LN L vorticity
is stable under the flow of Euler and defines through the Biot—Savart law a log-
Lipschitz velocity u that in turn defines by the standard Osgood theory for ODEs a
unique flow map

d
%q)(t,x) =u(t, ®(t,z)) and ®(0,z) = =.

A key observation from [10] is that one can use the following discrete symmetry,
which is preserved by the Euler flow, to drop the L' constraint on the vorticity. For
m € N a function w : R? — R is said to be m-fold symmetric if w(O0,,7) = w(z),
for all z € R?, where O,, € SO(2) is the matrix corresponding to a counterclockwise
rotation by angle 27/m. Indeed in [10] it is shown that for w € LS (R?) with m > 3
then w defines through the Biot—Savart law a log-Lipschitz velocity u. Thus m-fold
bounded symmetric logarithmic spirals are stable subset of solutions of a uniqueness
class of solutions for the 2d Euler equations for which the spiraling motion induces an
arrow of time and a strong relaxation mechanism in infinite time towards a completely
homogenized fluid, Theorem 1.8.

Under the m-fold symmetric assumption with m > 3, the logarithmic spiraling
dynamics can be realized as the dynamics at the origin of some compactly supported,
finite energy solution solutions of the 2d Euler equation on R2? by the cut-off proce-
dure given in the proof of Corollary 3.14 of [10]. Indeed, if hy € W1°°(S) is m-fold
symmetric then for any w2 € C%! (R2), there exists a unique global in time solution
to the two dimensional Euler equation w € 01 such that

w?P(t) = w(t) — h(t) € C*' (R?) for all time,

and h is the solution of (1.3)-(1.4) with initial data ho. We note that w2” can be
chosen in such a fashion that wy is compactly supported.

Dynamics of 0-homogeneous vorticity. — The special case § = 0 corresponds to the
system for 0-homogeneous vorticity studied in [10, 12]. A first major difference between
between the 8 = 0 and 8 # 0 cases is that for § = 0 it is necessary to assume

JE.P — M., 2024, tome 11



LLOGARITHMIC SPIRALS IN 2D PERFECT FLUIDS 663

m-fold (m > 3) symmetry on vorticity in order to ensure the well posedness of (1.4).
Within symmetry, the same techniques used here can be used to extend the local
well-posedness results for bounded m-fold symmetric scale invariant solutions in [10]
and get analogous results to Theorems 1.1, 1.3 and 1.5. In [12], with the help of
a monotone quantity quantifying the number of particles exiting the origin, it was
possible to show that BV m-fold (m > 4) symmetric data relax in infinite time to
states with finitely many jumps. This entropy found in [12] is much weaker than the
monotonicity of the local circulation (1.9) exhibited here; indeed for 8 = 0, (1.9) is
conserved in time. This weaker entropy thus leaves the room for steady states that
are not identically constant and cannot handle data that is not in the closure of BV
in L, let alone in L? or D(S).

Finally, on any finite time interval where both the m-fold symmetric m > 3 so-
lutions of the 0-homogeneous equations, (1.3) with 8 = 0, h°(t) and the logarithmic
spiraling equations h”(t) start from the same initial data h°(0) = h?(0) = hy € LP,
1 < p < 400 then h¥(t) — ho(t) in LP when S goes to 0. For hg € L™ we get
convergence in the weak topology and for hy € D(S) we get convergence in the sense
of measures. Indeed this follows from the observation that the kernel K7 associated
to (1.4) converges in WhH> to K™ when 3 goes to 0, which in turn follows from
the Cauchy—Lipschitz theorem with parameters applied to Kg' — K™ and the obser-
vation from Remark A.2 that Kj'(0) and Kg“(O) converge to K™(0) and K™'(0),
respectively.

One may consider the class of a-homogeneous vorticities for a € R, which satisfies
w(Az) = Aw(z) for all A > 0. Existence and nonexistence results (depending on the
range of ) are given in [1].

Remark 1.14. — We would like to clarify the difference of the logarithmic spiral
solutions considered here with such solutions for the 2d incompressible Navier—Stokes
equations (see for instance [16, 15, 33, 17, 22]). In the latter case, the ansatz for the
vorticity is given by (see equation (6) of [16])

w(r,0) = Nw(r, 0 + Bln N),

using our notation. Note that the factor A2 reflects the only allowed self-similar scal-
ing of the Navier-Stokes equations; the velocity and vorticity decays with rate r—!
and r~2 at infinity, respectively. In the paper [16], Guillod and Wittwer classified
steady solutions to the 2d Navier-Stokes equations in R?\{0} satisfying the above
symmetry. Among others, these solutions demonstrate the complicated nature of the
set of steady states of the 2d Navier—Stokes equations; we refer the interested readers

to the discussion in [16].

1.4. FURTHER QUESTIONS. Many interesting problems remain open for logarithmic
vortex spirals. One problem is to consider the inviscid limit of Navier—Stokes solutions
towards logarithmic spiral vortex sheets and prove convergence. Furthermore, it is an
important problem to understand stability of the logarithmic vortex spirals within
2d Euler equations. This was already considered in a recent work [6], where it was
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664 I.-J. JeonG &« A. R. Saip

proved that at least for a specific class of initial perturbations, the perturbation grows
only polynomial in time and not exponential. This issue certainly deserves further
investigations.

1.5. ORrGANIZATION OF THE PAPER. — The rest of the paper is organized as follows.
In Section 2, we obtain some simple properties of the kernel of the elliptic prob-
lem (1.4). Then, the main well-posedness results are proved in Section 3. Section 4
contains results pertaining to the long time dynamics of solutions, as well as some
case studies of Dirac deltas. In particular, we recover the existence and bifurcation
of symmetric and non-symmetric self similar logarithmic spiral vortex sheets. The
explicit form of the kernel is given in the appendix.
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2. PRELIMINARIES

2.1. ProrERTIES OF THE KERNEL. — In this section, we deal with the elliptic equa-
tion (1.4). For any h € LP with p > 1, the unique solution H € W?? is given by the
convolution H = K % h, where the kernel K is defined by the unique solution to the
ODE
4K —4BK' + (1 + BHK" =0, 0<6 < 2,

(2'1) / / : ! / 1

K(0)=K(2wr), K'(2m)—K'(0):= ;%K 2r—¢e)— K'(e) = i 5
In the appendix, we derive the explicit form of the kernel based on Fourier series.
We record a few simple properties of K below.

Lemva 2.1. — We have the formula
1
! 2 2 —
(2.2) /(K ) d9+/ K0 = T K(O)
Proof. — We start with
/ K'(0)K'(6)d6 = Tim [ K'()K’(6)d6
e—0 ‘9|>€
IR " : / _ K'(— _
= Eh_% K (9)K(0)d9+ggr%)(K (e)K(e) — K'(—e)K(—¢))

|0]>e
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We note that

lin(K/ () (¢) ~ K'(=£)K(~2) = 17 K(0).
Next,
i [ K @K@OwW = [ jﬂ (4K (6) + 48K (8)) K (9)d6

~ lim /VM - -:lﬂQ K2(0) + - iﬁﬁQ 0 (K2(0))d0

= /f : _:162K2(9)d9.
This gives (2.2). O
Levn 2.2, We have
(2.3) K'(0) = —48 / (K'(6))2d0
For any 0 £« €8S,
24)  (K'(a)+ K'(=a)) = —48 / K'(0) (K'(0 + o) + K'(0 — o)) do.

Proof. — We multiply both sides of (2.1) by K’ in the region |f] > ¢ to obtain

KK'do — 48 (K')?d6 + (1 + B?) / K"K'd§ = 0.

|8]>¢e [0]>¢ [0]>¢
Using that )
KK'd) = - (K*(e) — K*(—¢)) — 0
6]>¢ 2
and
1
K'K'40 = 5 ((K'(e) - (K')*(~<))
|0]|>e , y
1 K'(e) + K'(—e¢) 1 ,
= K
1+ p2 2 Ty ©)

as € — 0, we conclude (2.3). The proof of (2.4) is similar. We multiply both sides of
(2.1) by K'(0 + ) + K'(6 — «) and integrate in the region

A:=S\({|0 — o| <e}U{|0+a| <e}).
Then

/K (K'(6+a) + K'(6 — ) /K K0+ a) + K(0 — a))d0 + O(e),

which shows that
2/ K(O)(K'(6+a) + K'(6 — ))d8 = O(e).
A
Similarly, as € — 0, it can be shown using integration by parts that
(14 52)/ K"(0)(K'(6+ ) + K'(6 — a))df — K'(a) + K'(—a).
A

This finishes the proof. (|
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2.2. Mon~oTo~NiCITY

Lemma 2.3, — Any LP solutzon to (1.3) satisfies

(2.5) = /hd9 = —86/

For h=Y"1", Ii(1)8(0 — 0,(t)),

(2.6) Z;L - —85/(H’)2d0,
where N
(t.0) = > L(HK'(0 - 0:(t))

Proof. — Assuming that h is smooth,
%/hd& = —2/H89hd9 = 2/H’(4H —4BH' 4 (14 *)H")d#

_ 88 / (H")2d6 + / O (AH? + (1 + 6%)(H')?) db = —83 / (H")2d6.

The case of h € LP follows from an approximation argument. In the case of Dirac
deltas, we have

;;Z Z/ (LK (O:(t) = 05 (1)):

On the other hand,
~15 [ @ )8 - ~153 [ EOL@K O~ 650K (0 - 61(2))db.

Then (2.6) follows from (2.3) and ( A4). O

3. WELL-POSEDNESS ISSUES

3.1. Proo¥ OF WELL-POSEDNESS RESULTS. — In this section, we give the proof of exis-
tence and uniqueness. We emphasize that the uniqueness statement we prove is
uniqueness only among the solutions in the class of logarithmic spiral vortices.

Proofof Theorem 1.1. — We divide the proof into three parts.

1. Local existence in LP. — We obtain a priori estimates in LP for any p > 1. For this,
assume that we are given a smooth solution h, H to (1.3)—(1.4). Then,

%/W{w: —p/|h|P—1(2Hh')sgn(h)d9

:/2H’|h\pd6 < 2||H’\\Loo/|h|pd9.

Using that ||H'||pe < C||h||r» holds for any p > 1,

(3.1)

d C s
— » < — -
Al < el
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In the case p = 0o, we obtain
d
—||h]|p~ = 0.
Il

This gives that [|h||ze(o,7+;;0r) < 2[|hollzs for T* > 0 depending only on p and
|lhol|z»- Based on this a priori estimate, proving the existence of an LP solution can
be done by the method of mollification. Given any initial data hg € LP, consider the
sequence of mollified data h§ converging to hy in LP. For each hf, one can construct a
corresponding local smooth solution (h®, H¢) to (1.3)—(1.4), for example by an itera-
tion scheme. The sequence of solutions h° remains smooth in the time interval [0, T*]
and satisfies the uniform bound [|h%|| Lo (jo,7+];¢) < 2||ho||zr. Appealing to the Aubin-
Lions lemma, this gives a weak-LP limit h € L*° ([0, T*]; LP) as ¢ — 0, by passing to
a subsequence if necessary. The corresponding limit H° — H is strong in WP, and
this shows that (h, H) gives a weak solution to (1.3)—(1.4). (This argument is parallel,
and only easier, compared to the well-known proof of existence for LP vorticity weak
solutions to 2D incompressible Euler equations, see [23].)

2. Uniqueness in L*. — We prove that there is at most one solution in the class
L>([0,T); L) of logarithmic spiraling solutions. The case p > 1 is only easier. Given
an initial datum hg € L', we assume that there are two associated solutions h and h
belonging to L>([0,T]; L) for some T > 0. We denote H = Kh and H = Kbh.
By taking K to the equation for h, we may derive the evolution equations satisfied
by H and H':

(3.2) O H +2H0pH = —K (83 — 3(1+ %)) [(H')?],

(3.3) OH' +2HOyH' = (H')*> — 4K (3 — B9g) [(H')?].

Denoting D = (H — H), we see that it satisfies

(3.4) 8D +2HdyD +2DH' = —K(86 — 3(1 + %)) [(H' + H')D'].

Here, H', H' € L>([0,T); W) ¢ L*([0,T]; C°). The operator —K(83—3(1+/32)dy)
is convolution type with a bounded kernel. We consider the estimate of Kdy(gD'),
where g is a Wb! function:

Koy (gD')(0) = / K'(6— 6)g(6')D'(8')de'.

Note that for any 6, K'(6 —0")g(0’) is differentiable in the sense of distributions with
respect to ¢, with

e (K'(0 — 0")g(6"))

6(0_9/) 46 ! / / 4
TR 7R 0-090) -5

Since g and D are continuous functions, this allows us to rewrite

(0)D(®),

=K'(0-60)g'(¢') - 9(0) + K(0—0)g(0").

Kou(gD')(0) = [ 40— 0 @)D + 150
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where A is a bounded function. In particular, we obtain the estimate
IKg(9D")||r2 < CllgllLe=||Dllzz-
Similarly,
IK(9D")||z2 < CllgllL=|ID| 2.

We then estimate, by multiplying (3.4) against D and integrating,

d ~

S IDIZe < CAUH |z + | H o) D] 72

+ 1K (85 — 3(1 + 5)09) (H' + H')D')| 2| D] =
< O(Iplles + Rl D] 7.
Integrating in time, we obtain
IDIZ2 < | Doll72 exp(C IRl rr + Ihllzser)),

which gives uniqueness.

3. Blow-up criterion and global existence in L. — From the LP a priori estimate,

2 t
|h0||Lp exp(/ ||H/(T,-)||Lood’7'>.
PJo

Therefore, the local unique L? solution blows up in LP at T™ if and only if

we have that
[h(t e <

-
(3.5) /0 |H'(7,")|| Lo dT = 0.

Then for each time, ||[H'(7, )|z is equivalent to ||h(T,)||z1, from which the claimed
blow-up criterion follows. In the case p = 0o, we have that as long as the solution ex-
ists, [|h(t,*)]|Lee = ||hol|Le. In turn, this gives ||[H'(¢,-)||re < C|lho||Lee. This implies
that the L> solutions are global in time, in view of (3.5). O

3.2. GLOBAL WELL-POSEDNESS

Proofof Theorem 1.3. — The goal is to show the propagation of the constraint
limp oo ([|A(t, )|l ;»/P) < oo for all ¢. Starting back from (3.1) we get for
1<p<+0

d 2
—|lhlle < = |H ||z |2l Le-
s < 2 1
By the Gronwall lemma we get
1At )l e <
thus for p such that 2 fot | H'|| /P < In(2) we have
1At ) o < 2P0l L < 2C0p.

€2fJ||H/||L°C/p||h0||LP,

Now, as long as the solution exists, choose

t
p= max{1,4f0 HH/HLOC}
Note that
[1H'|| oo < CllP|L1, Al < ClRlLe,
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for any p > 1 and for C' > 0 universal. It follows then that
1At )l < Cmax{L, f5 (17l }-
It now follows by the Gronwall lemma that
12, )2 < Cexp(Ct).
which gives the desired result on the bound on the constraint and global existence. O

3.3. CONVERGENCE TO LOGARITHMIC SPIRAL SHEETS

Proofof Theorem 1.5. — Let ho = 37,5, L;000;, satisfy the assumptions of Theo-
rem 1.5. Now let us note that under those hypothesis that there exists n < 1 such H’
is smooth on all of the intervals (6;(0) —n,6,(0) +n) and thus the standard Cauchy-
Lipschitz theorem can be applied to guarantee the existence of a unique h correspond-
ing to the local in time solution given by (1.7). We let h¢ as the sequence of smooth
and global-in-time solutions with mollified initial data h§ := ¢° * ho.

To begin with, note that as long as the solution to (1.7) does not blow up,
we have 0;(t) # 0i(t) for j # k. We fix such a time interval [0,7] and then for
each j we can take some 7; > 0 such that h(t, )14, = I;(t)dg, 1), where A;(t) :=
(0;(t) —n;,0;(t) +n;) is the open interval.

Since the sequence of data h§ is uniformly L!, from the L! estimate given in the
previous section, we have that on [0, 7] (by taking T' > 0 smaller if necessary) h¢(¢,-)
is uniformly L' in t and ¢, and H¢(t,-) is uniformly Lipschitz continuous in t and e.
(Here, all the relevant norms are bounded in terms of ||hol|p.)

Note that supp(h§) C B(supp(ho), Ce) where we define for simplicity B(K,n) as
the n-neighborhood of some set K. For each fixed j, by taking ¢ > 0 sufficiently
small, we can ensure that supp(h§) has a unique connected component intersecting
A;(t = 0). By continuity, there is a small time interval on which supp(h®(¢,-)) still
has this property for all sufficiently small ¢ > 0. Then, the quantities {05(t), I5 ()}
are well-defined by the following equations:

63 (t) / he(t,0)do = / O (t,0)d6, and I:(t) = / he (¢, 0)do.
A1) A5(1) A4(1)

Note that uniform Lipschitz continuity of H¢ implies that the length of supp(h®) N A,
is < Ce with C depending only on the Lipschitz norm. This in particular guarantees
that

/ 10— 05(t)|h=(¢,0)d6 < C=I% (1),
A1)

simply because 05(t) € supp(h®(t,-)) N A;. Now, differentiating in time the above
relations (and using that A® is smooth and vanishes on dA4;),

(3.6) %I;(t):/A (t)2(H’)€(t,9)h€(t,9)d97

(3.7) 9;(t)%1;(t)+1;(t)%e;(t)= /A 2O 0

+ / 20(H')* (t,0)h% (¢, 0)do.
A1)
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We use (3.6) to rewrite (3.7) as follows:

d € _ € € 2 € _ € E g
iej(t) =2H®(t,05(t)) + T (1) /Aj(t)(H (t,0) — H(t,05(t)))h"(t,0)do
2 1> e €
+ IHO) /Aj(t)(é’—ﬂj(t))(H) (t,0)h"(t,0)do.
Estimating

/ (H®(t,0) — H(t, 05(t)))h=(t,0)do
Aj(t)

< ||(H/)E||L°°/ )|9 — 05(4)|h°(t, 0)dO < CeI5(t)

Aj
and similarly the other term, we obtain that

d
(3.8) ZO5(1) — 2HE (1, 9;@))‘ < Ce.
Let us now derive a similar estimate for (3.6). To this end, we first decompose
H® = H5 + HS,;; H; is simply defined as the solution to (1.4) with right hand side
h; = h®14;. We write

/ QH') (1, 0)h% (1, 0)d6 — / A(H'Y5 (¢, 0)h° (1,0)dB
Aj(t) Aj(t)
Q(H')S, (£, 0)h (¢, 0)dD.
+/Aj(t)< )5 (.01 (2, 0)

Then note that H. 25 18 smooth on A; from the support property, and this gives by
writing (H’);j(t, 0) = (H’);j(t, 05) + O(|0 — 65])

/A o 2(H’);j(t, 0)h(t,0)do = 2(H’);j(t, 9;(t))[f(t) + O(e).
St
Next, we have that

(3.9) / S(H)E (£, 0)he (¢, 0)d6) — / 20K + 1) (0)hE (6)do),
450 J 8 j J

where K is the kernel for the elliptic problem (1.4) (see Appendix for its explicit form).
We consider K as defined on [—7, 7], and then we can decompose K = K¢ + K°,
where K¢ and K° are even and odd parts of K around 6 = 0, respectively. Using the
ODE satisfied by K, we can derive the relation

(1+ %) (K°)" = 4B(K°) + K° =0,

and since (K¢)' € L*(S), we have that K° € W%(S) (we only need it to be
strictly better than Lipschitz). Alternatively, K° € W?2>(S) can be checked using
the explicit formula (A.2) given in the appendix. Returning to (3.9) and observing
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that (K°)" and (K*€)" are even and odd respectively,

/ 20K * 15) ()1 (6)d6 = / / 2(K® + K°)' (6 — 0')hs (0)hs (6')dbde!
S SxS

= // 2(K°) (0 — )5 (0)h5(6')dodo’
SxS

_ / 2(DpK° % h)(0)hS (0)do,
S

which can be estimated as
= /82(691(0 * hj)(@;(t))hj(G)d@ + /52((80[(0 * hj)(@) — (0p K % hj)(Qf(t)))h;(@)d@
= 2(0gK° x h;)(&j(t))[j(t) + O(e),

where we have used that hj is L' uniformly in ¢ and 9gK? is Lipschitz. This gives
that

(3.10) ‘%1;@) — 2 (, 05 (1) IE ()] < Ce,
where by definition,

(H')5 == (H')%; + 0pK° + b,
which is Lipschitz continuous in A;. Note that under the assumption (which we can
bootstrap upon) of h®* — h in the sense of distributions, we have (FI’);(t, 05(t) —
OpH (t,0;(t)) where the latter is defined in (1.8).

Using this observation together with (3.8)—(3.10) and noting that I5(t = 0) = I o,
05(t = 0) = 00 for all ¢ sufficiently small (possibly depending on j) gives that for any
fixed N > 1 and some 7" > 0 small, we have convergence {I5(t), 05 (t)} — {1;(t),0,(t)}
for t € [0, 7] and j < N. This gives the desired convergence in the sense of distribu-
tions. ]

3.4. Proor or Prorosirion 1.7. — The goal is to show that h € C, ([0,T); M (S))
solution of (1.3)—(1.4) defines a weak solution to the 2d Euler equations through
(1.2)~(1.5) in velocity forms. For h € C ([0,T); L' (S)), we show moreover that h
defines a weak solution in vorticity form.

3.4.1. In vorticity form for hg € L* (S). — To do so we write the 2d Euler equations
(1.1) in polar coordinates

1
(3.11) Oww + u" Opw + ;ueagw =0.

To begin with, assume that w(t,r,0) = h(t,0 — Blnr) with h € C(S). Then H, H' €
CL(S) as well, and in particular w and u are C*(R?\{0}), where we recall that
(3.12) w(t,r,0) = —rH'(t,0 — Bln(r))e” + (2rH(t,0 — B1n(r))

—rBH'(t,6 — Bln(r)))e’.

Using the relation between h and H, we see that a solution of (1.3)—(1.4) with h €
C(S) solves (3.11) pointwise, except at the origin. To deal with this problem we can

JEP — M., 2024, lome 11



672 I.-J. JeonG &« A. R. Sam

just directly use the definition of a weak solution to (3.11): it should solve for any
test function ¢ € C° (I X RQ) the identity

1 1
wohd + w (&ur + ;agu‘)) ¢+ wu0,.¢ + ;uewé‘gcb = f/woz,zbo.

(0,T) xR? ~ R2

To verify this, one simply rewrite the integral as the limit

e—0t
(0,T)x (R2\ Bo(¢))

lim / w0 + wu' Or¢p + 1u‘g(,u@ggz&,
r

which is possible thanks to uniform boundedness (in €) of the integrand in space and
time. Then we simply integrate by parts in space: the boundary integral terms vanish
as we take ¢ — 07 since 9,(wu") and r~'9p(wu’) are again uniformly bounded in
space and time.

In the case of w(t,r,0) = h(t,0 — Blnr) with h € C ([0,T], L*(S)), we note that
H e C([0,T],W%(S)) and H' € C ([0,T], W'(S)). In particular, from (3.12) we
see that u € C ([0, 7], C°(R?)). Now, to verify that it is a weak solution in R?, one
can mollify h, H, H' in 6 to reduce to the case of h € C*(S), while the error terms
coming from mollification are small thanks to the L' bound of A.

3.4.2. Invelocity form for hg € M (S). When h is merely a measure, we need to use
the velocity formulation to prove that the associated velocity defines a weak solution
in R2. We write the 2d Euler equations on the velocity in polar coordinates

dpu” + umOru” + Luldgum = —0,p,
opu? + uo,u? + %ue(i)gug = —%agp.

Thus a weak solution of the 2d Euler equation on an interval [0,7) C R solves for
(¢7,¢") € C° (I x R?)

[ w9 + (u)?0r¢" + ufurdee” = — [upoy— [ pdeoT
R2

(3'13) (0,T) xRR? (0,T) xRR?
[ u00,6” +uru?0,6° + L(u®P0pe? = — [ubel— [ plogd’,
(0,T)xR2 R2 (0,T) xR2

where we again used the incompressibility condition 0,u" + %89u9 =0.

To proceed, we need to compute the form of the pressure under logarithmic spiral
symmetry. The ansatz for the pressure is p = r2P(t,6 — BIn7) and we compute the
gradient in polar coordinates

Vp = (2rP — BrP")e" +rP'e’,

which gives

—2rP = o, (u” + ﬁue) +u" 0, (ur + ﬁug) + %uf’ag(ur + Bu?).
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Now u" + Bu’ = r (28H — (1 + *)H’) thus from (3.2)-(3.3) we get

2P = —4BHH' — 2K (88 — 3(1 + *)0s) [(H')?]
+(1+ %) (2HH" — (H')* + 4K(3 — Bdy) [(H')?])
— H' (26H + (1+ 8*)BH" — (1+36°)H') + (2H — BH') (26H' — (1+ %) H").

In particular we observe that the worst term (1+32)3H’H", which is not well defined
in the case of h € D (S) cancels out, and we get

2P = —2BK (85— 3(1+ %)) [(H')’]
+(1+ 5% (4K (3 — B0y) [(H')?]) — H'(26H — B*H").

Recall that h € D(S) gives H € W1>°(S) and H' € L*(S). Using this (with reg-
ularizing property of Kdy), we have in particular for h € C. ([0,7);D(S)) that
P e C.([0,T); L= (S)).

We now proceed to the proof that h provides a weak solution to (3.13). To do so,
we consider h® as the mollification of our solution given in Section 3.3. Let u® and p°®
be the respective velocity and pressure associated to h°. As they are W1> solutions
(and actually smooth outside of 0) to the 2d Euler equation they solve

[ )T o + (u")2)? 0rg” + L(u®)* (u") 0"
(0,T)xR2
=—JWp)eh— [ poe,
R2 (0,T) xRR?
f (ue)aat¢a + (ur)a(uo)eaﬂﬁe 4 % ((UQ)E)Q 89(159

(0,T)xR2
== JWyreg— [ p*10p9".
R2 (0,T) x R2

This can be proved along the lines of the proof that h € C(S) gives rise to weak
solutions to the vorticity equation. Now, by the results of Section 3.3 h® converges
to h in the sense of measures. This shows that (H")¢ again converges to H” in the
sense of measures (the same holds for H and H' for a stronger reason), giving that
u® — w and p° — p in the sense of measures, where u and p are the velocity and
pressure generated from h. In particular, u and p verify (3.13) by passing to the limit
¢ — 0 in the previous identities. This finishes the proof. (|

4. LONG TIME DYNAMICS AND SINGULARITY FORMATION

4.1. CONVERGENCE FOR BOUNDED SOLUTIONS

Proofof Theorem 1.8. — Recall that we are assuming 3 > 0. For hy € L, we have
that for all ¢ > 0, the solution h(t, -) satisfies

—[lhollee < R(t,0) < [lhol| Lo~
In particular,

I(t) == /h(t,o)de > 27| hol| 1
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and since the left hand side is strictly decreasing in time (unless hg is a constant),
I(t) — I+

for some constant I, < I(0) as t — co. Then, integrating (2.5) in time,

83 / / )2dodt = 1(0) —1,,

which gives H € L*([0,00); H*(S)) =: L?H}. Next, from the equation (3.2) for H

10 H |2 < 2| HH'|[ L2 + [[K(88 — 3(1 + 8%)3p) [(H')?] |2
< ClHllwr|1H L2 < Cllkl < 1 H |22 < Cllhollzs | H'| L2

This gives ;H € L7H; as well. We have that [Hdf = ifhd@ — iI+. Applying
Aubin-Lions lemma to the sequence of functions {H (- + t,,-)} defined on [0,00) x S
(here, t,, > 0 is an arbitrary increasing sequence), we obtain a convergent subsequence
in LfHel. The limit must be equal to the constant iI+, and therefore is independent
of the choice of a subsequence; H(t,-) — 314 in L2(S). Since h € L>(S) uniformly in
time, the convergence holds in H~%(S) for any a > 0 in terms of h. O

4.2. TricHoTOMY FOR LP DATA

Proof of Theorem 1.10. — The trichotomy of behavior follows from the analysis of I(t)
when hg € LP. We work again with § > 0 and hy not identically constant, then I(t)
is a strictly decreasing function of time and one the following three scenarios must
occur. There exists T* € (0, +00] such that either

— Ty = +o00 and there exists I, € R such that I(¢) Whrd 1,
—+00

- T, < 400,
— T, = 400 and I(t)t -  —00.

— 400

The only point requiring more analysis is the first one. Indeed as for the case hy € L™

we get that H € L7H,. Now I(t) being bounded combined with H € L?H} implies
that h € L{°Lj. Again from (3.2)

10 H > < C1H [yr.o0 1H [l 2 < CllBl e

(0,+00)

ey 1H N 2

and the proof follows as in the previous paragraph. O

4.3. SINGULARITY FORMATION FOR DIRACS

Proof of Theorem 1.11. — We assume 8 > 0. To begin with, we note that for each
fixed N, if h = Zf\il I,6(6 — 6;) then |Z L Ii| is controlled ||H'| ;2. This is clear
in the case N = 1. To see this for N = 2, note that ||H'|| L2 is a bilinear form of Iy
and Iy with coefficients depending only on 67 — 6. Then, it suffices to observe that
this bilinear form is strictly positive when I3 + I # 0 and converges to a strictly

(1)On the other hand, it is not correct for the norm vazl |L;].
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positive quadratic form of (I; 4+ I3) as 8; — 83 — 0. The general case follows from a
continuity argument and induction in N. That is,

N
IH' |2 > en| > i
=1

for some ¢y > 0 depending on N. Applying (2.6), we see that

PR N 2
2
(4.1) dt(z_; I,») < —8B3c% (z_; Ii) .
In particular, if it happens that (Zf\il I;) < 0 for some tg, then necessarily
(vazl I;(t)) — —oo as t approaches some T' > tg. Therefore, for finite time singular-
ity to not occur, it is necessary that Zf\;l I;(t) > 0 for all ¢ > 0. Furthermore, we can
exclude the case Zil I;(t) = 0 (for any t > 0) since Zfil I;(t) is strictly decreasing
(see (2.6)), unless h is trivial. Then, we have that Zfil I;(t) > 0 for all t > 0 and
(4.1) tells us that Zfil I;(t) = 0 as t — oc. O

4.4. Cask sTupy oF m symMETRIC Dirac peELTAS. — In this section, we revisit the case
of m-fold symmetric Dirac deltas where m > 1 is an integer. Namely, we consider the
dynamics of the solution of the form

(4.2) h(t,-) = Io(t) > 89,0),
j=0

where 0;(t) = 0y(t) + 2mj/m for j =1,...,m — 1. The m-fold symmetry is preserved
in time, and the solution is characterized by (Iy,6p). It is then natural to introduce
the m-fold symmetric kernel K™ by

m—1

K™0) =Y K(0+27j/m).

j=0
We give an explicit form of this symmetrized kernel in the appendix. Furthermore,
we can simply take the spatial domain to be S™ which is (0,27/m) with endpoints
identified with each other. The system of equations for (1o, 6y) reads

%Ho(t) = 2H(t, 0o (t)) = 2K™(0)Io (t),
d m\/ 2
= Io(t) = 2(K™) (0)(Io(1))*

We see that the equation for Iy does not involve the other variable 8y, and the solution
is simply
Iy(t) = ‘,TO(O) :
2Ky ()T (0)¢
Depending on the sign of 2(K"™)'(0)I(0), we have either finite-time blow up or decay
of rate 1/t as t becomes large. The constant (K™)’(0) can be explicitly determined
as a function of m, S and is given in Remark A.2. Assume that (K™)'(0)I,(0) > 0,
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so that the Dirac solution blows up at some 7" > 0. It is an interesting exercise to
see what happens to the sequence of patch regularizations of (4.2):

IO(O) m—1
By = =5 D Lig,0)—e.0,0) )
j=0

While there is a global solution associated with hg, one can show that as t — T,
the support of h®(t) occupies almost all of the spatial domain, so that in particular
|he(T*)||r = O(e™1), which blows up as e — 0.

4.5. CAsE sTUDY OF TWO NON-sYMMETRIC Diracs. — In this section, we study the evo-
lution of two Dirac deltas in the case m = 1. For simplicity, we shall assume that they
evolve in a self-similar fashion: their distance in S is fixed while the amplitudes are
proportional to 1/t. To this end, we recall the system (1.7) for two Diracs:

I} = 2K'(0)I? 4 2K' (6, — 62) 11 I,

I, = 2K'(0)I2 4 2K’ (03 — 61) 11 I,

01 = 211 K(0) + 21K (61 — 62),

05 =21, K(0) + 211 K (6 — 6y),
and assume a solution of the form

L(t) = At Ip(t) = Agt™',  01(t) — 0a(t) = d,
where Ap, As,d are constants. We may assume further that 0 < d < 7. Under these
assumptions, the ODE reduces to the following system of algebraic equations
—1=2A:K'(0) + 2A;K'(d),
(4.3) —1=2A5K'(0) + 2A, K'(—d),
0=(A; — A2)K(0) + A2 K (d) — A1 K(—d).

Assuming that (K’(0))%?— K'(d)K'(—d) # 0, A; and Ay are uniquely determined from
the first two equations in terms of d, and we are left with the single equation
(4.4) K(0)(K'(—d) — K'(d)) + K (d)(K"(0) = K'(=d)) + K(=d)(K'(d) — K'(0)) = 0.

Even when (K’(0))? — K'(d)K'(—d) = 0, a solution of (4.4) gives (infinitely many)
solutions to (4.3). We clearly see that d = 7 solves (4.4), which simply corresponds to
the symmetric self-similar blow up of two Dirac deltas. We now consider the function

F(B,d) = K(0)(K'(=d) — K'(d)) + K (d)(K'(0) = K'(=d)) + K (-d)(K'(d) — K'(0)),

then computing
Ks(0) = _sin(29) +O0(B) d Kj0)=-—
A - 873 an B o

cos(26)
47

+0(8)

we get 1

Thus considering the function F = 1672 B%F we observe that FisClin neighborhood
of (0,7/2), F(0,7/2) = 0 and 0qF(0,7/2) = —4 thus an application of the implicit
function theorem immediately yields the existence and uniqueness of a continuum of
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(non symmetric) solutions in the form (5, d(5)) in a neighborhood of (0,7/2). This
exactly the content of [5, Th.1] in the case M = 2.

Remark 4.1. The case of 2 Diracs is not special indeed an analogous reasoning
for M Diracs yields a system of 1 + M — 1 equations analogous to (4.4). It can
be then observed that the problem reduces to finding the zeros of another func-
tion F of 1+ M — 1 variables, 8 and the M — 1 differences of angles, into RM—1!
for which the implicit function theorem can applied near the point 5 = 0 and
(m/M,...,((M —1)/M)r) if the differential is not singular in the M — 1 variables.
This is the content of Theorem 1 of [5] where the cases M € {2,3,5,7,9} are covered.

We get back to the case M = 2 and study the behavior of F' in the limit 8 goes to
infinity. In this case, it is not very difficult to verify that

1 (2m—0)0 3 sy T —0 _3
This gives that, as 8 — oo,
F(B.) ~ 333 (2 — ) — )+ O(5™°).

This limit can be shown to be uniform in C! on 0 < d < 7. From this we deduce that
for 0 < d < m, there are no zeros of F(8,d) as long as § is taken to be sufficiently large.
Combining this computation with the previous one, we can arrive at the following
bifurcation result in the case of two Dirac deltas.

Prorosition 4.2. — There exist some By, 1 > 0 such that the following holds:

— for all 0 < B < Py, there is only one zero of F(8,d) =0 in 0 < d < w. This
unique zero converges to /2 as B — 0, and

— for all B > B1, there are no zeroes of F(B,d) =01in 0 < d < 7.
In particular, there exists at least one bifurcation point of non-symmetric solutions
from the symmetric one.

4.6. Some opeEN QuEsTions. — The following observations would be interesting to
investigate further potentially shedding some light on some new phenomena emerging
in the long time dynamics for solutions of the 2d Euler equations.

(1) Based on numerical simulations it seems like 8y = 81 = §, and the two Diracs
system exhibits a unique bifurcation.

(2) For 8 > [, the symmetric configuration seems to be stable and is the unique
global attractor of the blow up dynamics exhibited in Theorem 1.11.

(3) For 8 < B, bifurcation occurs, the new configuration becomes the stable and
unique global attractor of the blow up and the symmetric configuration becomes
unstable.

(4) It would be interesting to investigate further this bifurcation phenomena for
three or more Diracs.

(5) One can investigate the role of m-fold symmetry in the bifurcation of non-
symmetric solutions.
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APPENDIX A. DERIVATION OF THE KERNEL

In this section, we give an explicit form of the kernel.

Levmvia A1, — Let hy H solve the elliptic equation (1.4) for some 8 # 0 and suppose
moreover they are m-fold symmetric in 6 for m > 1. Then for § € [0,27/m) we have

2m
H() = /0 (0K (0 — 0')do,

with
2(B=i) (mf—m)
1 em(1+82)
KZ(0) =~ {]
B s (27w (14+ip)
4 Sln(m(1+ﬁ2))
Revark A.2. — We record the values
1 21(1 + i)
m — _—
K5'(0) = 4%[COt(m(1 +52))}’
and
. 27 (14iB) m 27 (14iB)
K(0) = — (B ijeor (F58) | 48K50)+ 3 oot (5558 |
B - .

2(1 + B2) N 2(1 + B2)

Proof. We give the proof in the case m = 1, as the general case can be obtained
similarly. Using the Fourier series

h(0) =3 hpe™,  H(O) = Hye™,
ne”Z nez

we obtain the relation

. 1 ~ 1 1 h
H, = , hy, = l : + — —=.
_ _ 272 2i %
4—4Bin— (1 + p%)n —5—n mstn| 4
Thus
1 [ 1 1 ,
Kﬂ(‘g) By Z 2i + = e
8mrlis—n s tn
1 1 1 o
(A1) . 2i(i+B) + 2i(—i+B) "
8 nez L~ 143z — 1 iTp2 T
_ 1 1 1 ind
8 2(1+iB T o2(=1+iB
871_ nez | (1+B2 ) +n (1+ﬁ2 ) +n

We use the following standard Fourier series computation found for example in [31].

Lemma A3, — Forae C~Nand 0 € R
in6

Z € _ 0 ei(ﬂ—@)a'
Sinta sin(ma)
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Applying the previous lemma to (A.1) we get for 8 # 0

B P el I G IR W - J Gy
(A.2) Kg(0) = < | = om(ite T on(—1+i =R - 2m (141
S (o) () | T | (B

Noting that the m-fold symmetric Kernel m > 1 is given by

Kﬁ(e)_gﬂ.Z[Qi + = ]‘5 ’

rerlicg —mn 4 +mn
_ 1 |: 1 1 :| mmné
- Z 2(1+4i8 T o(—14iB
8 nez (1+ﬂ2) +mn (1+,82 ) +mn
- Z 2(1+iB) - 2(=1+iB)
ST G e TN ey T
Thus making the change of variables <> m# and (1 + 82) + m(1 + 5?) we get for
0 € (0,2m/m) the desired result. O
06
041

0.2}
7 10
L y 4 | ALY L J I t
\y 2 3 4 5 6 o1
-0.2}

-04]

Ficure 2. Plots of Ké (0) for some values of 8

Exampere A4, — Let us take 8 = 1 and m = 1. Then, on the interval (0, 27), we ex-
plicitly have

_ 1sin(6)e?
T 21—’

The plot is given in Figure 2.

sin cos e?

Ki(0)

AI’I’ENI)IX B SELF-SIMILAR LOGARITHMIC VORTEX SHEETS

In this section, we show how our formulation of logarithmic vortex sheets corre-
sponds to the traditional one which goes back to the work of Prandtl. We follow the
notation of [7, 5]: in the case of one branch, they write

Z(t,0) =t exp(if + (0 — 6p)/5),
['(t,0) = gt** L exp(2(6 — 60)/p),
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where Z and T' correspond to the location and circulation of the spiral in R? parame-
terized by 6 € R, respectively. Here 6, g, p are constants. The vorticity is then given
by the sheet supported on the set X(t) = {Z(t,0) : € R}, characterized by local

circulation
R™? // w(t, z)dr = gt
|2|<R

Taking ¢t = 1 to be the initial time for simplicity, the above ansatz corresponds to
taking our A function to be

h(t=1,0) = 2g5(6 — 6o).

(Here, the factor 2 comes from comparing the circulation formula with (1.9).) Using
our formulation, for the Dirac delta solution corresponding to h(t = 1,-) to be self-
similar, we need to have

n(1,0) = 225(6 — ©(1,60)), O(t,00) = o — BuIn()

and then we obtain two consistency equations by comparing these with the ODE
system (1.7) at ¢ = 1, which are nothing but exactly the ones given in [7, Cor. 1.3].
Indeed we are looking for I(t) = 2g/t and ©(t,6p) to be solutions of (1.7) which
imposes in the case of one branch:

I'(t) = 2I(t)*K’(0) and ©'(t,0) = 21(t)K(0),
where K(0) and K'(0) are given explicitly in Remark (A.2) thus

2 8¢°K'(0 4
_29 _8KNO) g B A9,
t2 t2 t t

which finally gives
—4gK'(0) =1 and gK(0) = —fpu.

One may similarly consider the case of m branch spiral sheets as well.
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