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MASS CONCENTRATION IN
RESCALED FIRST ORDER INTEGRAL FUNCTIONALS

BY AnTONIN MONTEIL & PauL PEGON

Asstract. — We consider first order local minimization problems of the form min f]RN f(u, Vu)
under a mass constraint [px u = m. We prove that the minimal energy function H(m) is
always concave, and that relevant rescalings of the energy, depending on a small parame-
ter e, I'-converge towards the H-mass, defined for atomic measures Y, m;dz;, as >, H(m;).
We also consider Lagrangians depending on ¢, as well as space-inhomogeneous Lagrangians and
H-masses. Our result holds under mild assumptions on f, and covers in particular a-masses in
any dimension N > 2 for exponents o above a critical threshold, and all concave H-masses in
dimension N = 1. Our result yields in particular the concentration of Cahn-Hilliard fluids into
droplets, and is related to the approximation of branched transport by elliptic energies.

Rizsumi (Concentration de masse dans des fonctionnelles intégrales d’ordre 1 rééchelonnées)

Nous considérons des problémes de minimisation locaux d’ordre 1 de la forme min fRN f(u,Vu)
sous contrainte de masse fRN u = m. Nous prouvons que la fonction d’énergie minimale H(m)
est toujours concave, et que des rééchelonnements appropriés de 1’énergie, dépendant d’un
petit parameétre e, I-convergent vers la H-masse, définie pour les mesures atomiques Y, m;dz;
par y_, H(m;). Nous considérons également des lagrangiens dépendant de ¢, et des lagrangiens
et H-masses spatialement inhomogenes. Notre résultat est valable sous de faibles hypotheses
sur f, et couvre les a-masses en toute dimension N > 2 pour des exposants a au-dessus
d’un seuil critique, et toutes les H-masses concaves en dimension N = 1. Notre résultat
donne en particulier la concentration des fluides de Cahn-Hilliard en gouttelettes, et est lié &
l’approximation du transport branché par des énergies elliptiques.
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432 A. MontEeiL & P PEcon

Norarion
B, (x) open ball of radius r centered at x;
B, open ball B,.(0);
M (RN)  set of finite signed Borel measures on RY;
My (RN)  set of finite positive Borel measures on RY;

Dy pushforward of a measure u € . (R") by a map ® : RV — Rk,
defined as A — p(®~1(A));

Tl Borel measure A + p(A — ) if u € .4 (RY) and z € RY;

CBI Borel measure 7, (uL B) if B is the ball B,.(x);

L1 LN [ weak convergence of measures, i.e., weak-x convergence in duality
with the space €,(RY) of continuous functions vanishing at
infinity;

L6 ‘., 4 DArTow convergence of measures, i.e., weak-x convergence in
duality with the space %,(R”) of continuous and bounded
function;

by set of increasing maps o : N — N;
o1 309 01,09 € X are such that o1 ([n, +oc])) C o3(N) for some n € N ;
+ fixed to either 4+ or — in the whole statement or proof, and
F=—(b).

1. INnTRODUCTION

1.1. Serring. — Let N € N* and let f : RY xR x RY — [0, +0c0] be a Borel function
such that f(-,0,0) = 0. Consider the following energy functional, defined for any fixed
x € RN on the set of finite Borel measures .# (RY) on RV by
\ fla,uly), Vay) dy it p=ul®, ue Wil ®Y),

(L) e = Ja

+00 otherwise.
The minimization of this energy under a mass constraint gives rise to the notion of
minimal cost function, valued in [0, +o0] and defined by

loc

(1.2)  Hy(x,m) = inf{&fc(uLN) s we W n LYRY) such that /szu = m}.

As a preliminary result, which applies to (1.1) and deserves interest on its own,
we will establish the following;:

Turorem 1.1. — Let f : RxRYN — [0, 4+00] be Borel measurable such that £(0,0) = 0.
The function defined for every m € R by

(1.3) Hy(m) = inf{ flu, V) + we Wh! nLYRY,R), / u= m}
RN RN

vanishes at 0 and it is either identically +00 on (0,4+00), or it is everywhere finite,

continuous, concave and non-decreasing on [0,+00). The symmetric statement on
(—00,0] holds as well.

JE.P — M., 2024, tome 11



MASS CONCENTRATION IN RESCALED FIRST ORDER INTEGRAL FUNCTIONALS 43%

The proof is very simple and works with no further assumptions on f.
Our main purpose is to prove that if (fc)c>0 is a family of functions

fo :RY xR x RY — [0, +o0]

which converges pointwise to f as ¢ — 0 and satisfies some conditions, then the
rescaled energy functionals €., defined for each € > 0 on .Z(R") by
(1.4)

fo(z, eNu(x), N IVu(z)e N de if p=ul™,ue W RY),
Ee(p) = RN

400 otherwise,

I'-converge as € — 0, for the narrow or weak convergence of measures, to the H s-mass,

defined on . (R by (see Definition 2.2):
MU0y [ Hp (o p(a)) 490 @)

d -\ ,,d
+ H(2,0") dpd (z) + Hi(x,07)dpus (z).
RN RN
where p1 = p® + p? is the decomposition of y into its atomic part p® and its diffuse
part p?, p? = ui — p is the Jordan decomposition of u? into positive and negative
parts, and H} (x,0%) is the recession at 0, that is

H
Hy(2,0%) = Tim_22@™)

m—0E |m|

€ [0, +o0].

Notice that the exponents over ¢ in the definition of €. are tuned so that if B,.(z¢) CRY
and u. is a mass-preserving rescaling of v, given by u.(z) = e Nu.(e 1 (z — x0)),

then
/ Fo(s N (), NV (@))e N de = / f-(0 + €9, ve(y), Voe(4)) dy,
B, (z0) B./e

so that the energy contribution of a mass m > 0 contained in a ball B, (zg) should
be of the order of Hy(xo, m). This explains why M7 is expected to be the I-limit
of €.. Nevertheless, it is not true in general (see Section 1.3 below), and we will need
a couple of assumptions on f and f. detailed in the next section.

This kind of singular limit of integral functionals is reminiscent of several variational
models with physical relevance which have been the object of intensive mathematical
analysis, such as Cahn-Hilliard fluids with concentration on droplets [BDS96] (which
we recover in Section 5.5) or on singular interfaces [MM77], toy models for micromag-
netism and liquid crystals like Aviles-Giga [AG99] and Landau-de Gennes [BPP12],
or Ginzburg-Landau theory of superconductivity [BBH17].

1.2. AssumpTIONS AND MAIN RESULT. — Our first two assumptions are rather standard
and guarantee the sequential lower semicontinuity of the functionals %,
(Hy) f:RY xR x RY — [0, +00] is lower semicontinuous,

(Hy) f(x,u,-) is convex for every x € RN, u € R.

JEP — M., 2024, lome 11



434 A. MontEeiL & P PEcon

In order for vanishing parts to have no energetic contribution, we will impose

(H3) f(z,0,0) = 0 for every z € RV.

We also need continuity in the spatial variable,

(Hy) f(-,u, &) is continuous for every u € R, ¢ € RY.

Next, we need a compactness assumption which ensures relative compactness in the
weak topology of Wé’f(RN ) for sequences of bounded energy €% and bounded mass;
it will also be needed in obtaining lower bounds for the energy (see Proposition 3.8):

(Hs) there exist a, € (0, 4+0), p€ (1, +00) such that for all (z,u, &) ERN xRxRYN,
f@,u,6) = alf]’ - Bu.

We also impose a comparison condition on the slopes of f(z,-,&) and H¢(x,-) at the
origin, which will be needed in order to show that the I'- lim inf is bounded from below
by the H¢-mass, and which rules out some non-trivial scale invariant Lagrangians for
which the expected I'-convergence result fails (see Section 1.3):

(Hg) for every g € RY,

a9 A< L0t 0=, TS
We give a general assumption (simple in dimension one but quite technical in dimen-
sion N > 2) depending only on the Lagrangian f so as to guarantee such a condition
(see (S) and Corollary 2.7 in Section 2.3).

Since our aim is not to care much about the dependence on z, we shall impose a
spatial quasi-homogeneity condition:

(H7) there exists C' < +oo such that for every z,y € RN, u € R, £ € RY,
fy,u,8) < C(f(z,u,8) +u).

Last of all, we need the family of functions f. : RV x R xRY — [0, +-o0] to converge
towards f in a suitable sense, namely, we assume

(Hs) f-1 f and f"f(-,Oi,O) 1 f(-,0%,0) as e — 0.
Notice that this assumption is empty if f. does not depend on €.
Our main result is the following:

Tueorem 1.2. — If (f.)eso satisfies (Hg) with each f. satisfying (Hy)—(Hs) and the
limit f satisfying (Hg)-(Hz), then MU is the T-limit as ¢ — 0 of the function-
als &, defined in (1.4), for both the weak convergence and the narrow convergence of
measures.

In particular, as a T-limit, the functional M*f must be lower semicontinuous for
the weak convergence of measures (and so for the narrow convergence as well). This
implies that H is lower semicontinuous on R x R (see Proposition 2.4).

We point out that for the I'-lim sup, we need weaker assumptions on f. and f (see
Proposition 4.2), which will be useful for some applications (see Section 5.5).

JE.P — M., 2024, tome 11



MASS CONCENTRATION IN RESCALED FIRST ORDER INTEGRAL FUNCTIONALS /|%5

We will allow ourselves slight abuses of notation. First of all, we will sometimes
consider Lagrangians defined on R x R which do not depend on 2 and still refer to
hypotheses (H;)—(Hs) ; we will use the notation € instead of £% in (1.1) and consider
H; as a function of m only in (1.2). Besides, we will often identify functions u € L{
with the measures u = ul™, so as to concisely write &;(u) instead of &(uL™).
Finally, we will also consider Lagrangians defined only for u € R, which may be
thought as defined for u € R, set to +00 when w is negative.(!) The resulting minimal
cost function Hy and its associated Hy-mass may be thought as defined on R and
M (RN) respectively, as they will be infinite on the respective complements.

1.3. REMARKS AND APPLICATIONS. We start with two situations where the expected
I-convergence fails and which justify the importance of (Hs) and (Hg), then we provide
examples and applications of our result, as a short summary of Section 5, where full
details are provided. We restrict our attention to positive measures and Lagrangians
defined for u > 0.

Vanishing parts do not contribute to energy. — By assumption (Hsz) no energy is given
to any set where a function u vanishes. It is a necessary condition for M Hr to be
lower semicontinuous (a necessary condition to be a I'-limit) and not identically +oo.
Indeed if M*7 is lower semicontinuous and finite for some measure p € #(RN)
then (see Remark 2.1) M™/(tu) < M+ (p) for every t € (0,1) hence M*#(0) <
lim inf, o+ M7 (tp) < M™7 (1) < 400. Thus M*7 is not identically 400 if and only
it MH7(0) < +o0, i.e., S~ Hp(2,0)dH°(z) < +o00. But since Hy(x,0) = (+00) x
f(x,0,0) this can only happen if f(-,0,0) = 0. This justifies imposing (Hs).

Scale invariant Lagrangians. — In Section 5.1, we will see that in the particular case
fe(x,u, &) = uPA=VPIIEP for p € (1, N) and p* = pN/(N — p), our I'-convergence
result does not hold as a consequence of the fact that €. does not depend on €. Note
that in this case, the slope assumption (Hg) does not hold, and we also provide a
simple variant of such energies which satisfies all our assumptions except (Hg) where
the I'-convergence towards M Hi also fails, thus justifying the need for such a slope
condition.

Concave H-masses in dimension one. — Consider the energy given for u = u£L” by
Er(p) = / |Vul|? + c(u) with Lagrangian  f(z,u, &) = |£> + c(u).
RN

In dimension NV = 1, it is shown in [Wirl9] that for any concave continuous function H
with H(0) = 0, there exists a suitable ¢ > 0 such that Hy = H. As explained in
Section 5.2, Theorem 1.2 implies that the rescaled energies

(1.6) E(p) = f(ENu, NIV :/ eN T2\ Vul? + e Ne(eNu).
RN RN

(DNotice that if any of our assumptions is satisfied for a Lagrangian defined for u € R, then it
holds also for the Lagrangian extended to R in this way.

JEP — M., 2024, lome 11



436 A. MontEeiL & P PEcon

I'-converge to M H leading to an elliptic approximation of any concave H-mass in di-
mension one. In dimension N > 2, we will show that H; must be concave on [0, 4+00),
and strictly concave after the possible initial interval where it is linear (see Proposi-
tion 2.8) ; however, we have no solution to the inverse problem, consisting in char-
acterizing the class of attainable minimal cost functions H = Hy for Lagrangians f
satisfying our assumptions.

Homogeneous H-masses in any dimension. — We consider the functional given for y =
ul™ by
a1 e = [ Vo= [ Varea, p>1ose ()
RN RN
Then, the rescaled energies
&(p) = f(ENu, NIV = / ePNAP=N gy |p 4 e~ (1) Ny
RN RN

I-converge to a non-trivial multiple of some a-mass M* = M #=t" Where the expo-
nent « = (1 —s/p+s/N)(1—s/p+1/N)~! ranges over (1 —2/N + 1,1] when (s, p)
varies in its range and N > 1. More details are given in Section 5.3.

Space-inhomogeneous H-masses. — We may consider for example functionals given,
N
for u =uL"”, by

£5) = [ allg(u@). Vu(e) ds

where a : RY — R is a continuous function valued in [M ~%, M] for some M € (0, +oc0)
and g : Rx RY — [0, +o0] satisfies our assumptions (H;)—(Hg), e.g. g(u, &) = [£[P +u®
with s € (—p’,1]) as above. In the latter case we obtain I'-convergence towards a
space-inhomogeneous a-mass for some « € (0, 1] given by

C Z a(z;)ms if p= Zle Mz, ,
My () = 1<i<e

+o00 otherwise,

for some constant C' € (0, +00).

Cahn-Hilliard approximations of droplets models. — Following the works of [BDS96,
Dub98], we consider the functionals

(19) W) = [ e W) +el TP

where W (t) ~i_, 400 t° for some exponent s € (—2,1). As shown in Section 5.5,
we way rewrite these functionals to fit our general framework, and recover known

I’-convergence results, under slightly more general assumptions, as stated in Theo-
1—s/2+s/N

rem 5.1. The I'-limit is a non-trivial multiple of the a-mass with a = T=s/241/N "

JE.P — M., 2024, tome 11



MASS CONCENTRATION IN RESCALED FIRST ORDER INTEGRAL FUNCTIONALS /|%7

Elliptic approximations of branched transport. The energy of branched transport
(see [BCMO09] for an account of the theory), in its Eulerian formulation, is an H-mass
defined this time on vector measures w whose divergence is also a measure,

(1.9) MY (w) = [ H@6@) a3 @)+ [ (.07 dw,
b Rd
where w = 0¢-H' L X +w is the decomposition of w into its 1-rectifiable and 1-diffuse
parts (see Section 5.4 for more details). An elliptic approximation of Modica-Mortola
type has been introduced in [OS11] for H(m) = m®,a € (0,1), and their I'-con-
vergence result in dimension d = 2 has been extended to any dimension in [Monl15]
by a slicing method which relates the energy of w to the energy of its slicings. The same
slicing method, together with Theorem 1.2, would allow to prove the I'-convergence
of the functionals
(1.10)
£.(w) = {fRd Jo(a, e ol (), 1| Vol (@))el U de i w = vt v € WhLRYRY),
R =

400 otherwise,

toward M fIf for Lagrangians f. — f satisfying (H;)—(Hs), thus covering a wide range
of concave H-masses over vector measures with divergence.

1.4. STRUCTURE OF THE PAPER. In Section 2, we prove the concavity of the minimal
cost function H; with respect to the mass variable m in full generality (Theorem 1.1),
we establish useful properties of general H-masses, and we identify the slope at the
origin of Hy in terms of f under our assumption (Proposition 2.5 and Proposition 2.6).
In Section 3, we apply a concentration-compactness principle to provide a profile de-
composition theorem for sequences of positive measures (Theorem 3.2), which is used
to obtain our main lower bound for the energy € ; (Proposition 3.10) and also yields an
existence criterion for profiles with minimal energy under a mass constraint (Proposi-
tion 3.12). Section 4 is dedicated to proving lower and upper bounds on the rescaled
energies €. (Proposition 4.1 and Proposition 4.2) that imply in particular our main
I-convergence result (Theorem 1.2). Last of all, in Section 5, we provide counterex-
amples and several examples of energy functionals that fall into our framework, as
summarized in the previous section.

2. MINIMAL COST FUNCTION AND H -MASS

In this section, we study the properties of general H-masses, of costs Hy associated
with general Lagrangians f, and we relate the slope of Hy at m = 0 to that of f at
(u, &) = (0,0) in the variable u, under particular conditions.

2.1. CONCAVITY AND LOWER SEMICONTINUITY OF THE MINIMAL COST FUNCTION. — Before
proving Theorem 1.1, let us note that it covers the case where we have a constraint
(u,Vu) € A, where A C R x RY is Borel measurable, by considering Lagrangians f
taking infinite values.

JEP — M., 2024, lome 11



438 A. MontEeiL & P PEcon

Proofof Theorem 1.1. — Let us first assume that f(u,&) = +oo when u < 0, so as
to restrict ourselves to non-negative functions. We first prove that Hy is concave on
(0,400). Let m > 0 and u € W' 0 LY(RY R, ) such that Ja~n u = m. We pick a
non-zero vector v € RV and for every t € R, we set u!(-) = u(- + tv) and

wAu'(-) =min{u(-),u' ()}, uwVa'() =max{u(-),u ()}

We have u A u +u V ut = u + ut. Hence

(2.1) /u/\ut—i—/ uVut:2/ u = 2m.
RN RN RN

Moreover, it is standard that uAu® = u—(u'—u)_ € WL (RN) with V(uAu) = Vu
a.e. in {u < u'} and V(uAul) = Vul a.e. in {u > u'}. Since uVul = u+ut —uAul,

we have similar identities for v V u!, and we obtain

(2.2) Er(unu’) +Ep(uvul) =Ep(u) + Ef(u') =284 (u).

Let M :t — [pn uAu’. In view of (2.1), (2.2), and by definition of H, we have proved
(2.3) He(M(t)) + He(2m — M(t)) < 2&¢(u).

By continuity of translations in L' and since the map (z,y) — @Ay is Lipschitz on R2,
we have that M is continuous on R with M (0) = m. Moreover lim;_, ;o M(t) = 0
by dominated convergence. So, by the intermediate value theorem M (R) 2 (0, m].
Hence, we have proved Hy(6) + Hy(2m — 0) < 2E,(u) for every 6 € (0,m]. Taking
the infimum over u such that [,y u = m, we obtain

H(0) + Hy(2m — 0)
2
that is, Hy is midpoint concave on (0,+o00). Since Hy is also bounded below (by 0),
we can deduce that Hy is concave (0, +00) (see [RV73, §72]), and since Hy > 0, either
H; is identically +o00 on (0, +00), or it is finite everywhere, continuous, concave and
non-decreasing on (0, +00).
We now justify that if Hy(m) < +oo for some m > 0 and f(0,0) = 0, then
lim,, o+ Hy(m) = 0= Hy(0). Let u € Wb (RN, Ry ) such that [y u =m > 0 and
Ef(u) < 400, and set

< Hy(m), V0e (0,m],

t. :=sup{t >0 : M(t) >0} €[0,4+00], where M(t) :/ uAut.
RN

Since M is continuous with M(0) = [ u > 0 and limy_, o M (t) = 0 as seen above,

we have that t. € (0,+o00], lim;_;, M(t) = 0 and M (¢) does not vanish identically

t

near t,. Moreover, if t, = 400, since u* — 0 locally in measure, by dominated

convergence,
limsup Hy(m) < limsup € s (u A u') = lim sup/ fu, Vu) + / fu, Vu)
m—0+ t——+oo t—=+oo J{u<ut} {u—t>u}

< 2£(0,0)[{u = 0} = 0.

JE.P — M., 2024, tome 11



MASS CONCENTRATION IN RESCALED FIRST ORDER INTEGRAL FUNCTIONALS /|3()

If t, < +oo, we have u A ut* = 0 a.e. and u! — u'* locally in measure as ¢t — t, by
continuity of translation in L'. Thus using dominated convergence again,

limsup Hy(m) < limsup € ¢(u A u') = lim sup/ fu, Vu) + / f(u, Vu)
{u<ut}

m—0+ t—(ta)— t— ()~ {u=t>u}

- [ twvor [ fwve
{u<ut*} {u=t >u}
= Er(uAu) = £(0,0) x (+00) = 0.

Finally, we treat the general case (without assuming that f(u,£)=+o0 if u<0) For
this, notice that for every u € VVI}DC1 NLY(RY) such that Ja~x u=m >0, denoting by u.
the positive part of v and my = fRN uy, since f(0,0) = 0 we have f]RN flu, Vu) >
Jon flug, Vuy) > Hy(my), where g is defined by g(u, &) = f(u,§) if u > 0 and is
set to +oo if w < 0. Since H, is non-decreasing and my > m, it yields Hf(m) >
Hy(m4) > Hy(m). The another inequality Hy(m) < Hy(m) being trivial, Hy = H,
on R, . ]

Remark 2.1. — Let us remark two things about the proof.
First, we actually proved the concavity and monotonicity of

m— Hy(m) = inf{ fu, Vu) : uEWl’l(RN,R+),/ u:m}
RN

RN loc
on (0,+400) for f Borel, without assuming f(0,0) = 0.
Second, the end of the proof shows that under this extra assumption, minimizing
among signed profiles or non-negative (resp. non-positive) profiles is equivalent when
m > 0 (resp m < 0).

2.2. DEFINITION AND RELAXATION OF THE [ -MASS

Derinition 2.2, — Let H : RY xR — [0, +00] be a Borel measurable function having
left /right slopes at the origin defined for each » € RY by
H
(2.4) H(2,0%) = lim 28 ¢ g 4o
m—0+ |m|

For every finite signed Borel measure u € . (RY), we set
H(u) = H(7 /L({})) fH:O +H’('a O+),ui + H/('a Oi)ud—y

where p = pu®+ p¢ is the decomposition of u into its atomic part u® and its diffuse (or
non-atomic) part u?, ué = ui — p? is the Jordan decomposition of u? into positive
and negative parts.

The H-mass of p is then defined as the total variation of H(u), that is:

M () = / H(x, p({2})) 43 ()
RN

+ H'(z,0%) dpd (z) + H'(x,07) du? (x).
RN RN

JEP — M., 2024, lome 11



A40 A. MontEeiL & P Pecon

The previous definitions and notations extend in the obvious way to the case of
functions H : R — [0, 4+o00] with no space variable x, interpreted as functions inde-
pendent from .

M is a natural spatially non-homogeneous extension (depending on the posi-
tion z) of the H-mass of k-dimensional flat currents® from Geometric Measure The-
ory, introduced by [Fle66] (see also the more recent works [DPH03, CDRMS17]).

We say that H : RN x R — [0, +-00] is mass-concave if m — H(z,m) is concave on
(0, +00) and (—00,0) for every 2 € RN. From [BB90], we have the following result:(®)

Prorosition 2.3 ([BB90, Th. 3.3)). Assume that H : RN x R — [0, +o0] is lower
semicontinuous, mass-concave and H(-,0) = 0. Then M is sequentially lower semi-
continuous on A (RN) for the weak topology.

From another work from the same authors [BB93, Th.3.2], we know that under
some further assumptions on H, M is the relaxation for the weak topology of the

functional
M () = Zle H(x;ym;) ifp= Zle m;b,, with k € N*, 2; € RN, m; € R,
atom (1 400 otherwise.

We need a slightly different result,¥ namely that for any function H : RY x R —
[0, +00] satisfying all the assumptions of Proposition 2.3 except the lower semiconti-
nuity, the relaxation of M

atom for the narrow sequential convergence is M Hise \where
Hg. is the lower semicontinuous envelope of H, which can be expressed as
(2.5) Hyse(x,m) = sup{G(z,m) : G < H with G lower semicontinuous}.

It is worth noticing that if H(-,0) = 0 and H is mass-concave, then these properties
hold also for Hige.

Prorosition 2.4. — Let H : RN x R — [0, +00] be a function which is mass-concave
and such that H(-,0) = 0. Then, the sequentially lower semicontinuous envelope of

Mﬁcm in the narrow topology of .# (R™N) is given by M namely we have:
(2.6) M™M= = sup{F : F<ME | F sequentially narrowly l.s.c. on //Z(RN)}.

We point out that for a general H, for M 40 be sequentially lower semicontinuous
(for the narrow topology) it is necessary that H is Isc on RY x (0, +o00). However,
neither the subadditivity of H in m nor its lower semicontinuity on R xR, are neces-
sary. Indeed, M is sequentially lower semicontinuous if for instance H (x,m) =400
when  # 0,m > 0, H(z,0) = 0 when = # 0 and H(0,-) is any lower semicontinuous

()In the case k = 0, since signed measures are merely O-currents with finite mass.

(3)In the notation of this paper, we take u = 0 and f(z,s) = |s|?; we have ¢ (z,0) = 0 and
wf(x,s) =400 if s # 0.

(Dn [BB93, Th.3.2], H is assumed to be lower semicontinuous and the authors make a further
coercivity assumption (assumption (3.5) in the paper) that we want to avoid.
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function. Nevertheless the subadditivity in the mass m and the lower semicontinuity
would be necessary if H did not depend on z.

Proof of Proposition 2.4. — Since Hyg is lower semicontinuous and mass-concave, we
know from Proposition 2.3 that M7= is sequentially lower semicontinuous in the
weak topology hence also in the narrow topology of .# (R™). Since M s Mgom,
we deduce that M= is lower or equal than the sequentially lower semicontinuous
envelope of M ftom in the narrow topology, i.e., the right hand side in (2.6), which we
denote by F : .4 (RN) — R,. We shall see that F < M

We first prove that

H sC
(27) F < Matlom'
For this, we let p = Zle m;0,, be a finitely atomic positive measure and we let
L = Zle M0z, , where for each i € {1,...,k}, (zin)nen is a sequence of

points converging to z; and (m;)nen IS a sequence converging to m; such that
Hiso(xi, m;) = limy, o0 H(zi n, M ). Then (py)nen converges narrowly to p and, by
lower semicontinuity,

F(p) < liminf F(p,) < liminf M2 (1)
n—oo

n— o0
k

k
= lim H(xi,n,mi,n) = ZHlsc(fEiami)a
n—oo — Pt

so that F(u) < M= (1) as wanted.

We now prove that F < M= Let yu € .#(RY) and u = p® + p? be the de-
composition of y into its atomic part p® = Zle m;0y,, with k € NU {+o00} (here,
k = 0 if there is no atom), and its diffuse part p?, and let u¢ = ,ui — 14 be the
Jordan decomposition of u¢ into positive and negative parts. We then discretize pud
by taking n € N*, a partition (Q})ic(1,...,(n2n)~y of [-n, n)N by means of cubes of

the form Q7 = ¢ +27"[-1,1)N with ¢! € RY, and we define

nAk (nQW)N (nzn)N
Hn = Z midz,; + Z Mi(an)(sw? - Z U(i (Q?)(sy??
i=1 i=1 i=1
where for each i € {1,..., (n2")N}, 27, y" € @Zl are some points such that

(2.8) Hlscl(x?a0+) = inf Hlsc/(x70+)a Hlsc/(y?aoi) = inf Hlsc,(xvoi)'
z€Q) zeQy

Such points exist since ; is compact and since by concavity,

Hyse(z,m)
/ + Isc\«s
(2.9) Hy'(2,07) = sup ————=,
+m>0 |m|
so that H{ (-,0%) are lower semicontinuous as suprema of lower semicontinuous func-

tions.
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The sequence (p, )nen converges narrowly to p. We deduce by lower semicontinuity
of F,

(2.7
F(p) < liminf F(p,) < liminf MES ()
n—oo n—oo
nAk (n2™)¥
= hnrr_lgngHmc zim) + Y (Hlsc(x?,ui(Q?)) +H1sc(y?,—ui(Q?)))7
i=1
(2.9) nAk (n2mN
< llnn_ligf Z Hle xumz z; Hlsc/(x?a 0+)M1(an)
(n2™)¥
+ Z Hlsc yz ) ) (Qn)
(2.8) nAk (n2mN
< hH—l}lnfz Hise(xi,m;) + Z Hy'(-,07) dﬂi + Hi'(-,07) dﬂi
- i=1 Y@ Q7
= ZHISC Ly, mz / Hlsc -0 d,u+ + / Hlsc/('v 07) d,uci
RN
= MHlSC (,LL),
where we have used monotone convergence in the last but one equality. O
2.3. SLOPE AT THE ORIGIN OF THE MINIMAL COST FUNCTION. In this section we provide

a technical assumption, that is simple in dimension N = 1, on the Lagrangian f and
which implies the comparison condition on the slopes (Hg).

(S) for every xg € RV,

(210)  F(00,05,0)=  liminf L% S i gup gup L@0 0 p(UDE)
(@.u,6)—(20,0%,0)  |ul u—0E |g]=1 |ul

)

with p=0if N =1 and for some p € €((0,1], (0, +00)) satisfying

1 1 dt N
— ) dy<4oo IfN>2
/0 (/y p<t>) Y

Prorosrrion 2.5. Let f : Ry x RN — [0, 4+00] be a lower semicontinuous function
such that £(0,0) = 0, with N > 2. For every function p € €((0,1], (0, +00)) such that

(2.11) /01(/; I;;‘;)Ndy<+oo7

the function Hy defined in (1.3) satisfies

(2.12) lim Mglimsup sup M

m—0t m u—0+ e€SN-1 U
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Proof. For every y > 0, we let

1
F(y) /y ,0(2:) € [0, +o0].

The function F is decreasing, and belongs to €1 ((0, 1]) and LY ((0, 1]) by assumption.
We now consider the solution of the ODE v, = —p(v), with v-(0) = &, given by

ve(r) = F~YF(e)+r), if0<r<F(0)—F(e),
=7 o if r > F(0) — F(e),

with F(0) possibly equal to +oo. Notice that v. € W !(R,) because it is non-
increasing and bounded, hence it has finite total variation, and because it is of class €
except possibly at r. := F(0) — F(e), where it has no jump. As a consequence the
radial profile defined by u.(z) := v.(]z|) belongs to Wlf)cl (RY) and we compute, using

the change of variables s = v.(r) (i.e., 7 = F(s) — F'(¢)) and an integration by parts
combined with monotone convergence.

me- = U = N-1 Oov rerl r
i / s |/O (N 1d
= sV / S(F(s) — F(£)V " F'(s) ds
0

gy [ O FEDY | [ (Fs) - F(s))ND

tlo

] ALLCELCILPN
0

e—=0

The equality on the last line holds because lim,_,o+ [, (F — F(e))Y < +oo (since
F € LY((0,1))), hence lim;_,o t(F(t) — F(¢))" exists by existence of the limit in the
previous line, and it must be zero (again, because F € L ((0,1])).

Moreover, since supyg 4 ) V= = €,

€(u:) = / / (), L)Y 1 I (@) dr < e sup L PWE)
0 Jsh—t u<e, |€|=1 u
By assumption, we deduce that
H &
lim sup M < lim sup M < limsup sup M 0
m—0+ m e—0+  Me u—s0t gesN-1 U

In dimension N = 1, we need no other assumption than H; < +oo, as stated
below.

Prorvosition 2.6. — Let f : Ry x RN — [0, +00] be Borel measurable with N = 1.
The minimal cost function Hy is either identically infinite on (0,400), or it satisfies
(2.12) with p =0, i.e.,

H 0
lim Hy(m) < limsup M
m—0+ m u—s 0+ u
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Proof. — One can assume that there exists u € VV]%)C1 (R,R4) with 0 < [pu < 400
and &(u) < 4o00. In particular, up to changing the value of u on a negligible set, u is
continuous on R. Let ¢ € (0,supg u), set A. := {2 : u(x) = e} which is non-empty by
the intermediate value theorem and integrability of u, and define

inf A, if inf A, > —o0,

A =
‘ any point in (—oo, —e ') N A, otherwise,
sup A. if sup A. < +o0,
| any point in (7' +o00)N A, otherwise.

By continuity and integrability of u, u(a.) = u(be) = ¢ and

sup  u(z)<eV sup u(z) —0.
z€R[ac,bc] |z|>e—1 €0

Moreover a., b. converge to points —oco < a < b < 400, hence u = 0 on R\ (a,b) and
by dominated convergence, since Vu = 0 a.e. on {u = 0},

+oo > lim u—+ f(u, Vu) = £(0,0) LR\ (a,d)).
e=0" JR[ac be]
Notice that this limit is necessary zero. Let m > 0. If ¢ is small enough, then
fR\[aE bt < m so that we can take R. > 0 such that eR. = m — fR\[ae b U
We then define
u(x) if z < ae,
us(x) =< ¢ if ac < x < a. + R.,
u(ba +x— (aa + Ra)) ifrx>a.+ R.,
so that [ ve = m. Moreover,
E(ve) = E(u, R X [ae, b)) + R f(g,0).
Hence, as R. = (m +o(1))/e as € — 0,
0
Hy¢(m) < limsup E(ve) = mlimsup M O
e—0+ e—0t €
From Proposition 2.5 and Proposition 2.6 we obtain the following corollary.

Cororrary 2.7. — Let f: R x RN — [0, +o0] satisfy (Hy), (H3) and (S). Assume in
addition that Hy < 400 if N = 1. Then (Hg) holds.

Proof. — If N =1 we apply Proposition 2.6 to get

H ()
lim Hy(m) < 1imsupM < hminfM = f'(0%,0),
m—0+t m w—0+ u m—0+t u

and if N = 2 taking a function p as in (S) and applying Proposition 2.5 yields

H (S) 0
lim 22 i sup sup L@ %P0 @ f S0 e g,
m—0t m u—0E |¢|=1 \u| m—0+ U
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The analogous inequality when m — 07 is obtained by considering the symmetric
Lagrangian (u, &) — f(—u, —&). a

2.4. STRICT CONCAVITY OF THE MINIMAL COST FUNCTION IN DIMENSION N > 2

We show that in dimension N > 2, the minimal cost function must be strictly
concave away from the possible initial interval where it is linear:

Prorosition 2.8. — Assume that N > 2 and that f : R x RN 3 (u,&) — f(u,§) €
[0, +00] satisfies (Hy), (Hz), (Hs), (Hs) and (He). Let

my =sup{m >0 : Hy is linear on [0,m]},
where Hy is defined in (1.3). Then, Hy is strictly concave on (ms,+00). A similar

statement holds on R_.

A similar result does not hold in dimension 1 since any continuous concave function
H : Ry — Ry with H(0) = 0 can be written as H = Hy with f satisfying all our
assumptions (H;)—(Hg) (see Section 5.2).

We denote by M/, the set of non-negative minimizers of mass m € R :

loc

(2.13) M = {u e W (RN, R,) : &f(u) = Hy(m) and / u= m}.
RN
The proof of Proposition 2.8 is based on the following observation:

Lemwa 2.9, Let f: Ry xRY — [0, +00] be Borel measurable and let u; € M, with
m; € Ry fori =1,2. Let also u, = min{ui,us}, u* = max{uy,us}, m. = [pn us
and m* := [onu*. If Hy is affine on [m,,m*] then u, € MJ, and u* € M.

Proofof Lemma 2.9. — We use the same observations as in the proof of Theorem 1.1.
In particular, we have m, +m* = my + my; since Hy is affine on [m,, m*], it yields
Hy(m.) + Hp(m") = Hy(ma) + Hy(mg).

But we have also

Hy(m.) + Hp(m") < Ef(us) + Ep(u”) = Ep(un) + Ef(ug) = Hy(ma) + Hy(mo),
so that the inequalities we used, i.e., Hf(m,) < Ey(uy) and Hyp(m*) < Ey(u*), are
actually equalities. O

We also use an elementary Sobolev type inequality:

Lemma 2.10. — Let N > 2, p € (1,+00) and w C RVN™1 be a bounded open set. For
every u € W,oP(R x w),

Lr(RxXw)

il

[ ey 0" < Nl + 7] 22
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Proofof Lemma 2.10. — We prove the lemma when u € ¢1(R x w); the general case
follows by approximation. For every z1,y; € R, 2’ € w, we have
1 Qu

7 /
021 (t,2") dt.

u(zy,2') = u(yr, 2') +
Y1
By averaging in the variable y;, we deduce

I1+1/2 ZI?1+1/2 6u
) < [ )+ [ )
I171/2 1171/2 :L‘l

The result follows from Hélder inequality after integrating over w. O

dt.

Proof of Proposition 2.8. — Assume by contradiction that the concave function Hy is
not strictly concave on (m., +00) which means that there exists m € (m., +oo) and
n > 0 such that H; is affine on [m — n,m + n]. (Note that n < m — m,. by definition
of m..) Moreover, we will see in Proposition 3.12 that M/, is not empty because H f
is not linear on [0, m]. We let u € M/ .

As before, we shall use the notations A and V for the minimum and maximum;
we also let (e, ...,en) be the canonical basis of RY. Knowing that 7+ u(- + 7) is
continuous in RY for every u € L*(RY), that u + u(-+ 7) is isometric in L!(RY) for
every 7 € RV that the map (x,y) — = Ay is Lipschitz on RV x RY  and since the
set M4y /2 is compact in L' up to translations in view of Remark 3.13, we deduce
that there exists dp > 0 such that

(2.14) [ A (- +6es)[| 1y >m  for all § € (0,60) and w e ML .

We now construct by induction a sequence (¢, )nen in Ry and a sequence (uy, )pen in
M/ such that

(2.15) tni1 Ztn+00 and up(z) <KU@)AU(z+thes) V€ RY,

where we have set

U(z) = esssupu(z + tey).
teR
To this aim, we first set ug := u and tg = 0. Then, if we assume that ¢, and u,, are

constructed as before, we first pick an d} € R, such that

Un = Up V Uy (- + Spe1)  satisfies / Up =M+ Q,
RN 2

which is possible since 1 < m, as we argued in the proof of Theorem 1.1. Similarly, we
pick a 62 € Ry such that w41 = vy Avy (- + 07 e2) satisfies [y uny1 = m, and we set
tnt1 = t,+062. By Lemma 2.9, v,, € M{nJrﬂ and u,, € M/,. By (2.14), we have 62 > 4,
2

thus insuring the first condition in (2.15). For the second condition, we observe that
for all 2 = (x1,2") € RV,

Upy1(2) < (Supup(z +ter)) A (Supuy(x +tey + 62e3)) < U(x) AU(z + toyiea),

teR teR

where in the last inequality we have used the induction hypothesis (2.15).

We now show that the sequence (u,, LN)neN is vanishing which will contradict the
compactness of M7 in L' up to translations.

m
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For this, we let (zx)ren be a sequence in RN and (u,, )ren be a subsequence of
(un)nen such that

limsup sup / U, = lim Up,, -
n—o00 geRN Jz4[0,1)N k=00 Jor+[0,1)N

By (Hs), we have Ou/0z; € LP(RY). Using this fact, estimate (2.15), and
Lemma 2.10 with w a unit cube in RN ~!, we obtain

lim Up,, < liminf U /\/ U
k=00 Ja)4[0,1)N k=00 Jz+[0,1)N Thttn, ea+[0,1)N
.. ou
<hmmf(”“”Ll({0<(x—xk)~ez<1})+ Fe >
koo T1 e ({0< (2 —1)-2<1})

ou
3x1

A likm inf(”'U/lLl({tnkg(ggmk).62<tnk+1}) + )7
- L? ({tn,, <(z—ak)-e2<tn, +1})

and the conclusion follows since the sequences (zy - €2)reny and (tn, + Tk - €2))ken
cannot be both bounded as limy_, o ty, = 00. O

3. LOWER BOUND FOR THE ENERGY AND EXISTENCE OF OPTIMAL PROFILES

Our main tool to localize the energy and obtain a lower bound relies on a pro-
file decomposition for bounded sequences of positive measures, which is reminiscent
of the concentration-compactness principle of P.-L. Lions. This differs from classical
strategies to localize the energy which are based on suitable cut-offs. Naturally, this
concentration-compactness result also provides a criterion for the existence of optimal
profiles in (1.2). Nothing can be said beyond existence of a minimizer at this level of
generality. Further properties such as uniqueness and radial symmetry would require
conditions on the Lagrangian f and not only on the cost function Hy. We deal with
these questions in a particular case in Section 5.3.

3.1. PROFILE DECOMPOSITION BY CONCENTRATION-COMPACTNESS. — We prove a profile
decomposition theorem for bounded sequences of positive measures over RY, which
is essentially equivalent to [Marl4, Th.1.5] in the Euclidean case. We have added
an extra information on mass conservation that will be useful, and provide a self-
contained simple proof. We start with a definition.

Derizition 3.1. — A sequence of positive measures (fin )nen € .44 (RY) is vanishing if

sup i (Bi(x)) —— 0.

TERN n—oo

Any bounded sequence of positive measures over RY may be decomposed (up to
subsequence) into a countable collection of narrowly converging “bubbles” and a van-
ishing part, accounting for the total mass of the sequence, as stated in the following
theorem.
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Tueorem 3.2. For every bounded sequence (pn)nen of positive Borel measures
on RN, there exists a subsequence (Un)neom), 0 € E, a non-decreasing sequence of in-
tegers (kn)neovy converging to some k € NU{+0o}, a sequence of non-trivial positive
Borel measures (u')o<i<k, and for every n € o(N), a collection of balls (B:)o<i<k,
centered at points of supp iy, such that, writing for all n € o(N),

(3.1) fin = ptby + iy, where ply = > LB},
0<i<kn
(54 .
(A) bubbles emerge: (Cpi fin)nes(N) —2 it for every i < K,
" n—00
B) bubbles split: minggicj<k, dist(B?, B)) —— 400,
RISI<Fn n n
n—o0
(C) bubbles diverge: minpg;<y, diam(Bf) —— +o0,
n—oo
(D) the bubbling mass is conserved: ||l | PR Dol
(E) the remaining part is vanishing: sup,cpn~ pb(B1(z)) — 0.

Before proving Theorem 3.2, we introduce the “bubbling” function of a sequence
of finite signed measures (i, )nen:

(g/
(3.2) m((kn)nen) = sup {||M|| t (T—ay oy Ho(0) ) teN — 1, 0 € 5, Ty € RY (W)}-
Although we will use this function on signed measures, we will start from a sequence

of positive measures and use the following characterization of vanishing sequences,
which holds only in the case of positive measures:

Lemwva 3.3. A sequence (fin)nen of finite positive measures over RN is vanishing
if and only if m((tn)nen) = 0.

» (g/
Proof. Assume that (1,)nen is vanishing and that (17—, fo(e))een —% p for some
o € ¥ and some sequence of points (z4(¢))een. Then, for every x € RY,

w(Bi(z)) <liminf 7y, pige)(B1(z)) = liminf ps ) (B1( + 245())) = 0,
f—00 £—00
i.e., p =0 and thus m((ue)een) = 0.

Conversely, if (un)nen is not vanishing, then there exists ¢ > 0, 0 € ¥ and a
sequence of points (Zn)neoav) in RY such that p,(Bi(z,)) = € for every n € o(N).

Up to further extraction, one can assume that (7_z, , o (r))een “o, w € M(RN).
We have
1(B1(0)) = limsup 7., io(e)(B1(0)) = h?ﬂ Sup flo(¢) (B1(T4())) = € > 0,
—o0

{— 00

which entails m((pe)een) =€ > 0. O

Proofof Theorem 3.2. — If (un)nen is vanishing, then we take o = Id and k = 0,
so that sy = pe = g, (A) to (D) are empty statements and (E) is satisfied since
(thn )nen is vanishing. Assume on the contrary that (g, )nen is not vanishing. We shall
construct the bubbles by induction and prove their properties in several steps.

(®)Recall that cpp = (z+— 2 —y)y(uL B) if B = B,(y) and p € .#(RV).
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Step 1: construction of bubbles centers. At first step (step 0), since m((fin)nen) > 0,
there exists o9 € ¥ and a sequence of points (w%)ne”o(N), such that

€. . 1
(3:3) (T—20 fin)neooy) — p’ € A (RY)  with [|°]| > oMUt )nen)-

We then set 0 = Hon = Tz0 1Y and we continue by induction, starting from the sequence
(u%)nEUO(N). More precisely, assume that for a fixed step k — 1 € N, for every i € N
such that 0 < i < k — 1, we have built ' € #(RY), 0; € I, points (2},)neq, vy and
sequences (1t )neo; () € 4 (RN) such that for every i,

(3.4) 0j 201,
(3.5) o=t — Y T, (Vn€oy(N),
0<j<i
(36) (T—x;:u'iz_l)neﬂi(N) — Miﬂ
i 1 i
(3.7) e = 5m((kn)nes:an) > 0,

where 0_1 = Id, (u,;!) == (pn). If m((uﬁ_l)neak_l(N)) = 0, we stop; otherwise, we

proceed to the next step k to build oy, u¥, (2%) 0, ), (1h) as we did at step k = 0,
starting with (uﬁfl)negkﬂ(N). Either the induction stops at some step k — 1 € N for
which m((1E™")neo, ,v)) = 0 or the previous objects are defined for every i € N,
in which case we let k := 4o0.

Step 2: splitting of bubbles centers. — We prove that

(3.8) lim  dist(z?,27) = +o0 for every i,j € Nwith 0 < j <i < k.

0i(N)3n—o0
Indeed, assume by contradiction that there is a first index ¢ < k such that for some
Jo < i, (dist(z}, 22°))eq, vy is not divergent. In particular, there exists o < o; such
that (x%—:c{l”)neg(N) — z € RN, Moreover, (dist(z?,, x%))negi(m — 00, for ever'yjl< i,
J # jo by minimality of ¢ and the triangle inequality dist(?,2z2°) < dist(a?,z?) +
dist(z¢,, 27°). Notice by (3.5) that for every n € o(N),
B R D D AV
Jo<j<i

hence taking the translation 7_. ,
T ity = Togo g (T_ g™ =) = Y T e
—T,n xnofmil —270Fn x), —xk, ’

and passing to the weak limit, knowing that 0 — 2! — —z and dist(zJ,, 2%) — +o0
for jo < j <,

ph=1op (W —p) = Y 0=0.

Jo<j<i

) %! )
This contradicts the fact that (7_g: 15, Jneoqy — p* # 0 and proves (3.8).
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Step 3: weak convergence of bubbles. From (3.5) we get
(3.9) Tl = T it = D T i
0<j<i

and by (3.8), the sum converges weakly to 0, and so

7 . S s
(3.10) (T—i fn)neo, vy — p' for every i € N with i < k.
Step 4: construction of the bubbles with mass conservation. — We now construct the

extraction o € ¥ that we need by induction: we set ¢(0) = 0 and, assuming that
o(0) < -+- < o(f — 1), with £ € N*, have been constructed, we set o({) = n with
n € oynk—1(N) large enough so that n > o(¢ — 1) and for every i < £ A k,

(3.11) pn(Be(ay,) < [l +275,

and

(3.12) min dist(z!,27) > 4¢.
0yt

Such an n exists by (3.8) and (3.10), noticing that p, (Be(x},)) = (T_g: fin)(By). Then
for each n = o (¢), £ € N, we set k, = £ Ak, and for each i € {0,...,k, — 1},
B! = By(z!).
Finally, for every n € ¢(N), we decompose p,, as expected:
fin = b+, where pb = > p,LBj,.
0<i<kn
Let us check the four first items (A)—(D). Notice that (C) is fulfilled because
diam(B. (f)) =/{ — 400 as £ — oo, and (B) because of (3.12). Since for every i < k,
lim () 5n—o00 diam(B;,) = +oo and cpi fin = (T_gi (unL By,)) for every n € o4(N),
(eBi pn)neo(n) converges weakly to u' by (3.10), and together with (3.11) it implies
that ¢ .
(CB;'LNn)nGU(N) —
i.e., (A) is satisfied. Moreover, by (3.11) again,
limsup > poe)(Bhpy) < D llnll + hmsup (EAE)27 = > |l
£—oo 0<i<ko (o) 0<i<k 0<i<k
and since k, — k, by Fatou’s lemma we have,

D et <lminf Y o (By),

0<i<k 0<i<ko(e)
which proves (D) because 20<i<kam ug(g)(B;(e)) = ||,uf’7(z)||.

Step 5: vanishing of the remaining part, proof of (I£). — By Lemma 3.3, it suffices to
prove that m((i;,)neov)) = 0. We claim that:

(3.13) () neot) < m(Hh)ncon),  for every i € N with i < &,

which concludes since m((1f)neq, ) = 0 if k < 0o, and m((p},))neo, () — 0 as
i — oo if k = co. Indeed, if k = oo, we have by (3.7) and (D),

1 )
3 Y ml(w)neoiay) < Dl = Jim [|pag )| < i inf |10 [| < o0,
€N €N
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Let us show (3.13). Let & < o and (2,,),ez(v) be a sequence of points such that

<gl
(T ) mez () —= p € M (RY).

We need to prove that ||u|| < m((ph)neq, av)) for every i < k. Assume without loss of
generality that ||| > 0. Then for every i < k,

(3.14) (dist(xy, xﬁl))neg(N) — 00.
Otherwise, up to subsequence, (dist(zy,, z%,)), would be bounded by some constant M,
and for every r > 0,

(T i) (By) < pip(Bryar () —— 0,

n—roo
because 1% is supported on RN Uo<ick, B and Bryn(zl,) € By, for n large
enough by (C). Hence u would be 0, a contradiction. Up to further extraction, one
can assume that (7_z, fin)nes(n) converges weakly to a measure 7i € . (RY). Since
< iy, we have p < 7i. Moreover by (3.5), for every i < k and n € T(N) large
enough,
Toan by = Toaybin = D Ty o i
VA

’

.,
and because of (3.14) the sum converges weakly to 0, so that 7_, p? —> @, and
consequently,

il < Tzl < m(()neo.ov)s
which is what had to be proved.

Step 0: re-centering of the bubbles at points of supp i, — By (3.10), (T_zi fin)neo(m)
converges weakly to the non-trivial measure u; for every i < k, thus

(3.15) R;/2:= limsup dist(supp i, ") < 4o00.

oc(N)on—+o0

Therefore, for every n large enough, there is a point ¢, such that |2¢ — 7| < R;
and T, € suppp,. After a further extraction, one may assume that for every i,
|zt — 0| < R; < r] where diam Bj, = 2r}, for every n, and (z}, — T}, ) () converges
to some p; € RY. Finally, we set 77 := r? — R; and B! := B(Z!,77) C B.. After

replacing the balls Bi by Bi (B) and (C) are satisfied by definition. Notice that
(T_3i tin)neo(v) converges weakly to fi* == 7, u' with [|i']] = ||p*]|, and

lim sup||c sz || = lim sup o (B,) < limsup o, (By) = ||
hence (A) holds. Besides, using Fatou’s lemma,

lim sup Z fin(B%) < lim sup Z pin(BL)

n

i1<kn i<kn
= il < liminf p,(By) < liminf > (B})
i<k i<k " " 1<kn
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so that lim, Y7, - fin(BL) = 32, ||pi| and (D) is satisfied. In particular,

lim ) p(By, ~ B;) =lim ) pa(By) —lim Y pa(B}) =0,

i<kn, i<kn i<kn
and (E) holds as well. O
Remark 3.4. — If the sequence of families of balls (B, )o<i<k, satisfies the conclusion

of the theorem, i.e., (A)~(E), then it is also the case for any family of balls (B%)o<i<x,,
with the same centers as those of Bf and with smaller but still divergent radii (i.e.,
satisfying (C)). It can be easily seen following the arguments at Step 6 of the proof.

3.2. LOWER BOUND BY CONCENTRATION-COMPACTNESS. — We will first establish a lower
bound for the minimal energy along vanishing sequences defined on varying subsets
of RN. We say that a sequence of Borel functions (tn)nen, each defined on some
open set €, C RY, is vanishing if the sequence of measures (\un\LNLQn)neN is
vanishing in the sense of Definition 3.1, namely if [|un[|r1 (q,) — 0 asn — oo, where

L}, .(€) is the set of uniformly locally integrable functions on the open set €, i.e.,
Borel functions u on €2 such that
(3.16) lullLy, (@) = sup / lu] < 4o00.

z€RN JQN(z+[0,1)N)

It will be convenient to first extend our Sobolev functions to a neighbourhood 5 of
where for every § > 0 and every set X C RY , we have set

X5 = {z cRY : dist(z, X) < 6}.

We will need to consider sufficiently regular domains for which we have an extension
operator WP N L1, (Q) — WP N Ll (Qs). We will only apply it to domains with
smooth boundary, in which case we can use a reflection technique. Since we want
quantitative estimates, we will use the notion of reach of a set X C R¥ (see [Fed59)).
We say that X has positive reach if there exists 4 > 0 such that every z € X has
a unique nearest point m(x) on X. The greatest § for which this holds is denoted
by reach(X) and the map * € Xieach(x) + 7(z) € X is called the nearest point

retraction.

Exawrre 3.5. — Assume that Q is a perforated domain B ~ Ule B where the B®
are disjoint closed balls included in some open ball B® (possibly B = RY). Then,

reach(99) = inf{radius(B") : i =0,...,k} U {dist(0B*,0B7) : i # j}.

By [Fed59, Th. 4.8], we have

(i) if z,y € Xs with 0 < § < §p == reach(X), then |w(z) — w(y)| < g—ﬂﬂx -yl
(ii) if # € X and D, is the intersection of X eacn(x) with the straight line crossing
00 orthogonally at x, then w(y) = x for every y € D,.
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1

Lemma 3.6 (Extension). Let Q C RY be an open set such that its boundary Of)
is €' with positive reach.(®) Then, for every 6 € (0,reach(dQ)), every p € [1,+00)
and every u € L' N WLP(Q), there exists u € L' N WIP(Qs) such that © = u a.e.
on Q, and

@l (0s) < Allullry, [[@lloy, @ <Alluller @) [Vl < AllVullpeo),

uloc ulo

with a constant A < 400 depending only on N, and reach(95).

Proof. — Let o : (00Q)s — (0Q)s be the reflection through 09, defined by o(z) =
27(xz) — x. By the properties (i) and (ii) of the nearest point retraction, we have
that o = 0~! (simply because m(o(z)) = 7(x)) and o is L-Lipschitz with a constant
L < 400 depending on ¢ and reach(02) only.

We define(™ @ by @ = u on Q and T = uo o on Qs ~ Q. This map is well-defined
since o(Qs \ ) C Q. Indeed, if we had x,0(x) € Qs \ Q, then the line segment
[z, 0(x)] would meet O orthogonally at its center m(x), and would remain out of 2,
because otherwise there would exist a point y belonging either to 9Q N (z,7(z)) or
NN (w(x),o(x)) thus contradicting the definition of m(x). Such a situation is not
possible for a € boundary.

Moreover, by the change of variable formula and the chain rule, u satisfies the
desired estimates since o is bi-Lipschitz with its Lipschitz constants controlled in
terms of ¢ and reach(99). O

We will need a localized version of the Gagliardo—Nirenberg—Sobolev inequality in
a particular case:

Lemma 3.7. Let Q C RYN be an open set such that O is € with positive reach,
let p € [1,400), let r = p(1 + 1/N), and assume that r < pN/(N —p) when p < N.
Then for every u € L' N W1P(Q),

HUHLT(Q) < C(”quLP(Q) + ||U||L1(Q))aHUHESC(QV
where « € (0,1] is the unique parameter such that 1/r = a(l/p—1/N)+ (1 —«), and
the constant C' < +oo depends on N,r,p and reach(952).

Proofof Lemma3.7. — We let v € L' N W1P(Q) and we extend u to u € L' N
WP(Qs) as in Lemma 3.6, with 6 = reach(f2)/2. By the Gagliardo-Nirenberg—
Sobolev inequality (see [Nir59]) on the hypercube Qs = [~6/V/N,5/vVN)N C By,
we have for some C depending on IV, 4,

[lras) < CUVE o 1T, + ClEls (-
We then cover 2 with the disjoint hypercubes Q;5(c) = ¢+ Qs C Qs centered at points
c on the grid € := QN (26/vVN)ZN. Since r > p(1 + 1/N), we can check that

r—1

(317) roa = m

> p.

(6)Thanks to [Fed59, Rem. 4.20], 99 is actually of class Z11.
()Note that @ is not defined on 0%, but this set is negligible.
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By superadditivity of s — s"%/? and of s — s"®, we obtain

[ullir 0y < DI 0s o)
cEE

<O IV e TS, + €l e
cEC

—|| T 1— ||
< NVl o, Il 0, + Ol o a5

r(l—a)
o0c(25)

<O (IVulloa + lulla @)™l ™%, -

Prorosition 3.8. — Assume that f : RN xR xRN — [0, +o<] satisﬁes (Hy) and (Hs)
for some p € (1,400). Consider a vanishing sequence (un)nen i Wit (0, Ry ), where
the Q,, C RN are open sets with €' boundary such that inf,,cy reach(09,) > 0, and a
sequence (O )nen of Borel maps ®y, : Q, — RN such that sup,cq |®n(y) —z0| — 0 as
n — 400 for some xg € RN. If 0, = an up # 0 for every n and (0,,)nen s bounded,
then:

n—-+o0o

oo 1
timint o [ @), V() dy > S 20.0%.0)
where f' (xq,0%,0) was defined in (2.10).

Proof'of Proposition 3.8. — Suppose for example that u,, > 0 a.e. for every n. Without
loss of generality, we may assume after extracting a subsequence that:

(3.18) K= s?lp ei/Q F(@,(y), un(y), Vun(y)) dy + 0, < +o0.

For all n € N, we consider the measure v, € ///+(RN x R x RY) defined as the
pushforward of the probability measure f,, = 0 uy, LN LQ, by the map (Pry Uy Vi),
that is:

Up = (D, Up, Vun)4(,,).

’

We are going to show in several steps that v, BN (20,0,0) and deduce the result.
It suffices to show that the three projections v = (7)svy, i € {1,2,3} converge
narrowly to d,,,d0 and dy respectively. Indeed, this would imply that (v,,) converges
narrowly to a measure concentrated on (zo,0,0), hence to d(z,,0,0) since the v, are
probability measures. First of all, since (v,) has bounded mass and (6,,) is bounded,

we may take a subsequence (not relabeled) such that v, o, vand 6, - 6asn — oo
for some v € A (RN x Rx R¥) and 6 > 0

o €y .. . .
Step I: v}, == §,,. — This is a direct consequence of the fact that v, is concentrated
on ®,(RY) for every n and dist(®,(RY),z¢) — 0 as n — oc.

(g/
Step 2: v2 — §p. — By (3.18) and our assumption (Hs), there is a constant K; > 0
with

(3.19) /|Vun\p Kl/ Uy, n € N.
Q,

n
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We deduce from Markov’s inequality, and Lemma 3.7 applied with » = p(1 + 1/N),
corresponding to o = N/(N + 1), that

1 1 —r,r
Ao =g [ w=g [
{un>77} {un>rl}

< / "
X u,
0n77r71 Q, n

c
1!

Cl r(l—«a
<o ()l o)

@)

< HVUNHL”(Qn) + ”un”Ll( ) ” nHL 0e(Q0)

where in the last inequality, we have used the identity ar = p and (3.19), and C, C’
depend only on N, r,p and inf,, reach(9%,,).
Since (un)nen is vanishing and (6, )nen is bounded, the last term in the previous

(ﬁ/
inequality goes to zero as n — oo and it follows that v2 —= 4.
Step 3: v3 o, do. — Fix M > 0 and 5 > 0. One has by (3.19),

1 1 1
Vf’L([M;I—oo)):f/ ung—/ un—&——/ Up,
On J (15w =01 On J {un <n}n{|Vun| > M} On J {uwn>n}

L LN ({[Vun| = MY) + v2([n, +00))

S b,

< p

< b [, Tul 4 A o0)
Nk, 2

Sap T Vn ([0, +00)).

By the previous step, we know that lim,, . v2([n, +oo)) = 0, hence taking the
superior limit as n — 400 then 7 — 0 we get lim, 4o 3 ([M, +o0)) = 0. Since this

€,
is true for every M > 0 we obtain 13 —= 4.

. %,
Step 4: conclusion. — By the previous steps, we deduce that v, —= 0(0,0,0) 38 M —
+00. We define g : RY x R, x RY — [0, +00] as the lower semicontinuous envelope of
RN x R x RN 3 (z,u,€) v 3 f(2,u,€). By (Hy), we have g(z,u,€) = 1 f(z,u,€) if
u > 0, and by definition of f” (see (2.10)), we have g(z,0,0) = f’ (z,0T,0) for every
x € RV, Hence, by lower semicontinuity of g and weak convergence of (1), we get

f(®n, un, Vuy,)

lim inf f (@, up, Vuy,) > liminf —_ U,
n—oo Jo n—o00 {un>0} Uy,
~timinf | 9, u,€) dvn (2, 0, €)
N0 JRN xRxRN

= / g(xauaf)d(s(a’o,o,o) :f/—(x070+70)7
RN

which ends the proof of the lemma. O
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As a corollary, we may now relate the slope at 0 of Hy to that of f.

Cororrary 3.9. — Assume that f : RV x R x RY — [0, 4+oc] satisfies (H;), (Hs)
for some p € (1,400) and (Hg). Fiz x € RN, If either N > 2 or (N = 1 and
Hy(z, ) # 400 on RY), then H}(I,Oi) = f' (x,0%,0).

Proof. — The inequality H}(m,Oi) < . (z,0%,0) is precisely (Hg), and the converse
inequality H}(z,0%) > f’ (x,0%,0) comes from Proposition 3.8. Indeed, if (un)nen €

VV&)C1 (RN ,R1) is a sequence of functions of mass 6,, = fR ~ Uy going to 0 and which is

almost minimizing in the sense that lim, .. 8?(un)/|9n| = liminf, o H(z,0,)/0n
then (up)nen is vanishing and Proposition 3.8 yields
E%(up,
nminfL) > f' (z,0%,0). O
n—oo  |6,]

We now establish our main energy lower bound along sequences with bounded mass
(not necessarily vanishing):

Prorosition 3.10. — Assume that (f.)e>0 is a family of functions f. : RN xRxRY —
[0, 4+00] satisfying (H1), (H2), (Hs) and (Hs) where f = lim. f.. Let (¢p)nen be a
sequence of positive numbers going to zero, (Rp)nen and (rn)nen be two sequences
in (0,400] such that lim, oo 1 = limy 00 Ry — 7 = 400, (Un)nen be a sequence
of functions u, € Wlicl (Br,,Ry) with finite limit mass m = lim,_, fBr Uy, and
(®,)nen be a sequence of Borel maps ®,, : Bg, — RY such that !
(3.20) sup |®,(y) — x| —— 0 for some xo € RY.

yEBR, n—o0o
Then there exists a family (u)o<i<k of functions in Wli’cl (RN R.) with k € NU{+o0},
such that m; = f]RN u' € RY for every i, and

(3.21) m=m, + Z m;  with =m, >0,
0<i<k

(3.22) liminf | fo, (P, tin, Viin) = [mo| £ (20,0%,0) + > / f(zo,u’, Vub).
n—=o Jpp. o<i<k /RN

Proof. — Suppose for example that u, > 0 a.e. for every n. We first assume, up to
subsequence, that the left hand side of (3.22) is a finite limit. We apply the profile
decomposition Theorem 3.2 to the sequence of positive measures p,, = u, LNLBM
where, we assume the extraction o to be the identity for convenience, and we use the
same notation as in Theorem 3.2. In particular, for each bubble B! = B, (x1), with
0 <1t < ky,, wehave x; € supp pn C E,«n. By assumption, we have lim,, oo (R, —1y) =
+00; hence, up to reducing the radii of the balls B if necessary, in such a way that
their radii still diverge (see Remark 3.4), we can assume that

(3.23) B CBg,—1, 0<i<ky,.

For each 0 < i < ky,, we let uf, == u, (-+2%). Since (3.22) is assumed to be finite, we
get that the sequence (uf), is bounded in VVli’p (RN) by (Hs). Hence, after a further

C
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extraction if needed, we get that (u?)),eny — u’ weakly in V[/l1 P(RYN) for some limit u’,
for every 0 < i < k = lim k,,. Setting m; = f]RN u* for every %, by (D) in Theorem 3.2,
we have
My =M — Z mi:nILrI;o Un.
0<i<k Bry, \U0<i<kn B},
Fix € > 0. We decompose the energy as

(324) fa(q)nvunavun) = / fe((pnaun»vun)

Br,, Br, ~Uo<i<k, Bn

> / F@ (- 4+ 2 ), ul, V).
0<i<ky
Note that the domains @, = Bg, \ Upcics B! satisfy infneN reach(0€),) > 0 as
noticed in Example 3.5, thanks to (3.23) and (B), (C) in Theorem 3.2. Hence, applying
Proposition 3.8 to the Lagrangian f., we obtain
(3.25) lim inf/ fe(®nywn, Vu,) = my(fe)" (20,07,0).
Br,~Uo<i<k, B

n— 0o i
n

Moreover, by the lower semicontinuity of integral functionals (see [But89, Th. 4.1.1]),
in view of (3.20), we have for each i with 0 <i < k,

(3.26) lim inf fo( @ (- + 2h),uly, Vul,) > fe (20, u’, Vub).
n—oo B P RN

TTL

Finally, by (3.24), (3.25), (3.26), (Hg) together with monotone convergence, we deduce
that

lim inf fen (Qn,un,Vun)>El_i)%1 (mv(fs) (70,07,0) Z / fe(z0,u’, Vu'! ))

n—oo [p
R"‘L

0<i<k
_mvf (]"an 0 § / f l‘O,U vu)
0<i<k
The similar statement for non-positive functions is obtained in the same way. O
3.3. ExisTENCE or orTIMAL PROFILES. — For the existence of an optimal profile

n (1.2), we need a criterion that rules out splitting and vanishing of minimizing
sequences:

Levma 3.11. — Let H : Ry — Ry be a concave function. Then H is subadditive, and
if for some 0 < 0 < m one has H(m) = H(m —0)+ H(0), then H is linear on (0, m).

Proof. — By concavity, t — H(t)/t is non-increasing. Hence,
H(m) H(m) H(9) H(m —0)
m m 0 m—60
But, by assumption, the last inequality is an equality which means that H(m)/m =
H(0)/60 = H(m — 6)/(m — 0). In particular, the monotone function ¢ — H (t)/t must

H(m)=26 + (m—0) <0 + (m—0)
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be constant on [#, m], i.e., H must be linear on [0, m]. By concavity this is only possible
if H is linear on [0, m)]. O

We can now state and prove our existence result:

Prorosrrion 3.12. Assume that f: R x RN 3 (u, &) — f(u,€) € [0, 4] satisfies
(Hy), (Hg), (Hs), (Hs) and (Hg). Let m € Ry (resp. m € R_). If the cost function Hy,
defined in (1.3), is not linear on [0, m] (resp. [m,0]), then the minimization problem
n (1.3) admits a solution u € W5H(RN), i.e., [rnu=m and [on f(u, Vu) = Hp(m),

such that u >0 (resp. u < 0) in RY,

Proof. — We consider the case m > 0, the case m < 0 can then be deduced by consid-
ering f(u, &) = f(—u,—¢£). We assume without loss of generality that Hy is finite on
(0, +00), otherwise by Theorem 1.1 there is nothing to prove. By Remark 2.1, the ad-
missible class in (1.3) can be reduced to non-negative functions. In particular, if m = 0,
then u = 0 is the only non-negative solution. If m > 0, we apply Proposition 3.10 in
the following situation: f.(z,u,&) = f(u,&) for every (z,u,&) € RN x R x RN, ¢ > 0,
R, = 400, ®, = 29 € RN, (uy)nen is a minimizing sequence for the minimization
problem in (1.3), and (r,)nen is a sequence of positive radii going to +oo such that
lim,,—s 00 fBrn u, = m. We obtain

Hym) > mof 070+ Y [ f v,

0<i<k

with k € NU {+o00}, u’ € Wli’f(RN,R_‘_) and m = Zogi<k m; + m,, where m; =
f]RN u'. By Proposition 2.5 and Proposition 2.6, in view of our assumption (Hg),
and since Hy is assumed to be finite on (0,+oc0) (for the case N = 1), we have
fL(0%,0) > H}(0%). Moreover, by Theorem 1.1, we have m,H(0%) > Hy(m,).

Hence, by definition of Hy,
Hy(m) > Hy(my) + Y Hyp(my).
0<i<k

Since the concave function Hy is not linear on [0, m], by Lemma 3.11, we have either
k =1 and m, = 0, and we are done, or K = 0 and m = m,. But in the latter
case, we would have Hy(m) = mH}(0%) which implies that the monotone function
t — Hy(t)/t is constant on [0,m], i.e., that H is linear on [0, m]. This contradicts
our assumption. O

Remark 3.13. Notice that the end of the proof actually shows, under the given
assumptions, that the set of minimizers for a given mass m is compact in L' modulo
translations.

4. I'-CONVERGENCE OF THE RESCALED ENERGIES TOWARDS THE H -MASS

We establish lower and upper bounds for the I'-lim inf and I'-lim sup respectively,
from which we deduce the proof of our main I'-convergence result. The upper bound on
the I'- lim sup holds under more general assumptions and will be needed in Section 5.5.
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4.1. Lower BounD rFOR THE I'- lim inf. Given a Borel function f: RV x R x RNV —
[0, +00], we define for every (z,m) € RY x R,
(4.1) H (w,m) = Hy(e,m) A (f(2,0%,0)|m]), i +m >0,

recalling that H; is defined in (1.2) and f’ (x,0%,0) in (2.10), with the usual con-
vention (£oo) x 0 = 0. Notice that it is concave on Ry and R_ by Theorem 1.1, and
under (Hg) we have H (z,m) = Hy(z, m).

Prorosition 4.1. — Assume that (f.)eso is a family of functions f. : RN x Rx RN —
[Oa +OO] satz’sfymg (Hl); (H2), (H3)7 (H5) and (HS) where f = lim. o fa- Let (En)nEN
be a sequence of positive numbers going to zero, (un)nen be a sequence in VVli)C1 (RN),
and let

= fo (- eNup, eN IV, e N N

b ©;
be the energy measure associated with w,. If u, L~ = p € MRN) and e,, == e €

M (RN), then
(4.2) e>Hy(n).
In particular, T(63)-liminf. 0 €. > M

Proofof Proposition 4.1. — Set H := H and recall that it is concave on Ry and R_
by Theorem 1.1. Let us assume first that w,, > 0 a.e. for every n. To obtain (4.2), it is
enough to prove that for every zo € RV,

(4.3) e({zo}) = H(xo, p({zo}))-
and that if zg € supp p is not an atom of u, then

B
(4.4) lim sup ABr(xo)) > H'(z0,07),

r—o+ M(Br(70))
Indeed (4.3) implies that e > (H(u))® (the atomic part of the measure H(y) defined
in Definition 2.2) while (4.4) implies that e > H'(-,0")u? = (H(u))?, by Radon-
Nikodym theorem (see [AFP00, Th.2.22]); these two relations yield e > (H(u))® +
(H(w))* = H(u) as required.
We fix zy € supp p and proceed in several steps.

Step 1: blow-up near xy. — We first take two sequences of positive radii (Ry)eeny — 0
and (r7)een such that for every £ € N, r, € (0, Ry),

(4.5) (0B, (z0)) = (9B, (z0)) =0,
and
_ €(Br,(%0)) _ .. e(Br(zo))
4.6 lim ——%— = limsup —————~%%
(0 A u(Bry @) ha® u(Ba(xo)
This last property is obtained by taking first a sequence (pg), such that

limsupw — lim e(B e(bp,(To)) (%0))
it WBR(x0)) 500 (B, (w0))

)
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then using monotone convergence the measures to get first r, then R, such that
0<r <Ry <ps,  w(Bp(z0)) = (1—2")u(B,,(0))
and e(Br,(20)) = (1 — 27 9e(B,, (x0)).
By weak convergence and (4.5), according to [AFP00, Prop. 1.62 b)], we have for
every £ € N,
lim e,(Bg,(z0)) = e(Bgr,(z9)) and lim Un, = (Br, (o))

n— oo n— oo B'r‘[ (:EO)

Hence, there exists an extraction (ng)eeny € X such that
(4.7) lim ~ = +co and lim Rezre _ “+o0,
L—00 871[ £—00 gnz

satisfying the following conditions:
(4'8) M({-'L'O}) = lim Unys 6({.%0}) = lim enz(BRz(xO))’

£—00 Br@ (z0) £—00
and

B n (B

(4.9) lim sup 76( 7, (%0)) = lim Ze\ZRT0) «(Br,(20))

=00 U(Brz (-TO)) £—o0 fBT@(‘TO) Un,

We may rewrite the mass and energy in terms of the re-scaled map vy defined by

(4.10) ve(y) = en tn, (2o + €nyy), yERN, LEN,
as follows:
(4.11) [ =
By, (z0) B 1
ng e
and
(412) ené(BRZ(IO)) = / fgn( (.IO +5nzy7ve(y))vv€(y))dy'
B__1,
En[ e

Step 2: proofof'(4.3). — By Proposition 3.10, we have

6({(E0}) = th fane (.’L'() + EnY, ’U[(y), V/U@(y)) dy
— 00 B _1
(4.13) e e

2 mvf/— (l‘o,0+, 0) + Z Hf(l'o, mz)
0<i<k
Here k € NU {400} and m =m,, + Zo<i<k m;, with m; > 0, m, > 0 and
m = lim ve = p({zo}).
{— 00 B _,
cny e

Since the function H = H ', defined in (4.1), is the infimum of two functions which
are mass-concave, it is mass-concave hence subadditive. From (4.13) we thus arrive at

e({wo}) > H(wo,my) + > Hlwo,mi) > H(wo,my+ Y mi) = H(wo, ul{zo})).
0<i<k 0<i<k
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Step 3: proof of (4.4). Fix € > 0 and assume that m = u({zo}) = 0. In that case,
we apply Proposition 3.8 to the sequence of functions (vs)een defined on the sets
Q = B_-1, and the function f. to get, thanks to (Hg):

ne

limsupM — lim M
root W(Br(zg)) t—o fBW(zO)Uw

Te

{— 00

o 1
>timinf———— [ Lo+ e ls), Vo)
fB ., UeJB
Eny e
> (f=)"(20,0%,0).
Taking the limit ¢ — 07, we deduce by (Hg) and (4.1):

. e(BR(xO)) / /
(4.14) h}{nlsolipm > f' (29,0",0) = H'(z0,07).

In view of the discussion at the beginning of the proof, we have now proved (4.2).

Step 4: proof of (4.2) for signed (uy,),. — Notice that the preceding reasoning for non-
negative u, applies also to the case of non-positive u,,. Let us handle the case where
the (u,)’s may change sign. We simply apply the above cases to the positive and
negative parts ((un)+)n which converge weakly as measures (up to subsequence) to
some measures ut € ., (RY) which satisfy u = p* — =, so that e > H(+u®).
We know that the Jordan decomposition p = gy — p_ is minimal, so that pi+ < p®
and gy L p—. By monotonicity of the function H; (see Theorem 1.1), we have
e> H(+ur) > H(+ps). Since H(py) L H(—p_), we get

e > H(py)+ H(—p-) = H(p).

Step 5: lower bound for the T-liminf. — We justify that (4.2) implies the lower bound
[(€})-liminf. o & > M". Indeed, fix u € .#(RN) and consider a family (u.).>o
weakly converging to u as € — 0. We need to show that MH(M) < liminf. 0 & (ue).
Assume without loss of generality that the inferior limit is finite and take a se-
quence of positive numbers (£,)neny — 0 such that this inferior limit is equal to
lim,, o0 Ec, (ue, ). Now the energy measure e, associated with u,, = u., has bounded
mass and up to extracting a subsequence one may assume that it converges weakly
to some measure e € ., (RY). By the previous steps, e > H(u), and by lower
semicontinuity and monotonicity of the mass:

liminf &, (ue) = liminf||le, || = |le|| = [|H(»)|| = MH(M). O
e—0*t n—o0
4.2. UppEr BOUND FOR THE I'-limsup. — In this section, we introduce the following

substitute for (Hy), (Hy) and (Hg), where f, (f-)c>0 are Borel maps from RY xR — RY
to [0, +o0]:
(U) there exists C' < 400 such that for every z,y € RY, v € R and £ € R,

limsup fo(z + ey, u, &) < f(z,u,6) and  fo(y,u,&) < C(f(x,u,€) +u) Ve >0,

e—0t
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Prorosirion 4.2. Assume that f,(f-)eso satisfy (U) and (Hs). If u € #(RY),

(g/
then there exists (ug)eso € Wli)cl (RN) such that uc L~ =y when e — 0 and which

satisfies

limsup € (ue) < M s (1)

e—0t

where Hyoe < Hy stands for the lower semicontinuous envelope of Hy, defined
n (2.5). In other words, we have T'(%))-limsup,_,o &, < M7,

Proof of Proposition 4.2. — Let F = T'(%})-limsup,_,, . As an upper I-limit, F is
sequentially lower semicontinuous in the narrow topology. Hence, by Proposition 2.4,
it is enough to prove that F(u) < M™7 (1) whenever p is finitely atomic. Let p =
Zle m;b,, with k € N, m; € R, x; € RY | and assume without loss of generality that
x; # x; when i # j and M (1) < 4o00. Fix n > 0. For each ¢ = 1,..., k, there exists
u; € W,o!(RV) such that Jpn wi =mi and [on f(2i,ui, Vug) < H(zg,m;) 41 < 400.
We define for every i =1,...,k,

(4.15) ul(z) = e Nu(e Nz —2;)), z€RY,
and
(4.16) ue = max{ul : i=1,...,k},

which converge narrowly as measures to u as € — 0. We have by change of variables:

k

e (ue) Z/u _ul} (z,eNul(x),eN TVl (2))e™ da

k

< Zﬁg(ug) = Z/RN fe(z; + ex,u;, Vu,).
i=1 i=1

Using our assumption (U) and the dominated convergence theorem, one gets as e — 0:

k
F(p) < limsup E( Z f T, ui, V) < ZH xumz)‘i’kniMH( )+ kn.
e—0 =1
The conclusion follows by arbitrariness of n > 0. |
4.3. Proor or THE MAIN ['-CONVERGENCE REsULT. — We now explain how Theorem 1.2

follows from Proposition 4.1 and Proposition 4.2.

Proof of Theorem 1.2. — The lower bound I'(6})-liminf._,0 & > M*s follows from
Proposition 4.1, and the upper bound I'(%})-limsup,_,( €. < M5 from Proposi-
tion 4.2, where the assumption (U) is a consequence of (Hy), (H7) and (Hs). By (Hg)
and Theorem 1.1, H; = Hy, and since Hy > Hy 1sc by definition, both I'-lim inf and

I-limsup (for weak and narrow topologies) coincide with M7, O
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5. EXAMPLES, COUNTEREXAMPLES AND APPLICATIONS
5.1. ScALE-INVARIANT LAGRANGIANS AND NECESSITY OF THE SLOPE ASSUMPTION
Our assumption (Hg) is not very standard, but we need a condition of this type
in order to get I-convergence of the rescaled energies €. towards M/ as shown by
the following class of scale-invariant Lagrangians:

up(l/p*—l)|§|p if u>0,

(5.1) fe(@,u,8) = f(u, &) with f(u,é“){

0 else,
where p € (1, N ) N € N* and p* :== pN/(N —p). By straightforward computations,
Ec(u) = Ef(u) = [an fu,Vu) for every ¢ >0 and u € W1 P(RY) in that case.

Moreover, the associated minimal cost function H is not trivial. Indeed, applying
the Gagliardo—Nirenberg—Sobolev inequality,

(/RN|v|p*>1/p* gC(/RN|va)1/p, Vo e LV ﬂVVll 1(RN)

to the function® v = u'/?" | we obtain that for every u € Wli)’l(RN, R,) N LYRY),

C

p/p* P P
()" <6 fyrmw=() s
RN p {u>0} p

Hence, for every m > 0, we have Hy(m) > 0, and even Hyf(m) < 400 since any
function v = v?", with v € WLP(RN R,), has finite energy. Replacing u by mu in
the infimum defining Hy in (1.2), we actually obtain

(5.2) Hp(m)=m'"P/NH;(1), 0< H(1) < 4oc.

In that case, it is clear that the I'-limit of €&, = € in the weak or narrow topology of
M+ (RYN), that is the lower semicontinuous relaxation of €, does not coincide with
M*7: indeed, the first functional is finite on diffuse measures whose density has finite
energy, while the second functional is always infinite for non-trivial diffuse measures
since H}(07) = +o0.

These scaling invariant Lagrangians are ruled out by our assumption (Hg). All the
other assumptions are satisfied except (Hs). Note that the following perturbation of f,

Flu, &) = (14w D) g

satisfies all the assumptions except (Hg), and provides a counterexample to the I'-con-
vergence. Indeed, M H; > My, is still infinite on diffuse measures, while (the relax-
ation of) &€ Fis finite for any diffuse measure whose density has finite energy.

We stress that an assumption like (Hg) is actually needed, even for the lower semi-
continuity of the function Hy — recall that if M g ;isa I'-limit, then it must be lower

(S)Actually, we apply it to ve = ¢<(u) where ¢, is a suitable approximation of (~)1/P* and take
e — 0.
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semicontinuous by [Bra02, Prop. 1.28], which in turn implies that the function H; is
lower semicontinuous by Proposition 2.4. Indeed, consider the Lagrangians

f(xvu’a 5) = (1 + Up(l/p*fl))‘éwp(x)’

with p € €°(RY, (1, N)) such that p(0) = p € (1, N) and p(x) > p when z # 0. Then,
we have H;(0,m) = m'~P?/NH(1), but Hf(z,-) = 0 if 2 # 0 as can be easily seen via
the change of function eNu(e-), with £ > 0 small.

5.2. GENERAL CONCAVE COSTS IN DIMENSION ONE. It has been proved in [Wirl9] that
for any continuous concave function H : Ry — Ry with H(0) = 0, there exists a
function ¢ : Ry — Ry such that ¢(0) = 0, u — c¢(u)/u is lower semicontinuous and
non-increasing on (0, +00), and for every m > 0,

H(m) = inf {/R|u'|2 +e(u) : ue Wh(R,Ry), /Ru = m} .

The Lagrangians of the form f.(z,u,&) = |£|? + c(u), in dimension N = 1, satisfy
all our assumptions (H;)—(Hg), hence our T'-convergence result stated in Theorem 1.2
yields the I'-convergence of the functionals

e.w) = [ P+ L, wewimry),
R

towards M for both the weak and narrow convergence of measures. Therefore, we
may find an elliptic approximation of any concave H-mass. Let us stress that c is
determined in [Wirl9] from H through several operations including a deconvolution
problem, but no closed form solution is given in general; nonetheless, an explicit
solution is provided if ¢ is affine by parts.

In higher dimension N > 2, Proposition 2.8 tells us that the class of functions
H = Hy with f satisfying (H;)—(Hg) is smaller, namely, H must satisfy:
H is linear on [0, m.],

(5.3) Im, >0,
H is strictly concave (m., +00).

We have no positive or negative answer to the inverse problem, consisting in finding f
satisfying our assumptions such that ¢ = H, for a given continuous concave function
H : Ry — Ry satisfying (5.3).

5.3. HoMOGENEOUS €OSTS IN ANY DIMENSION. — In this section, we provide La-
grangians f to obtain the a-mass M“ = M =t in any dimension N for a wide
range of exponents, including exponents a € (1 — %,1}. We consider for every
p € [l,+00),s € (—o0, 1] and N € N*| the energy defined for every u € Wlicl (RY Ry)
by

(5.4) Ef(u) = f(u, Vu) ::/ [VulP +u°ly,s0.
RN RN

Notice that for p > 1, f satisfies all our hypotheses (H;)—(Hg) ; in particular, (Hg)
holds as a consequence of the stronger condition (S) (see Corollary 2.7) which is
satisfied with p(t) = ¢ in dimension N > 2. Thus by Theorem 1.2 the re-scaled
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energies I'-converge to the Hy-mass. In this case, we may show that H;(m) = cm®
for some a € (0,1), ¢ € [0,+00], and the constant ¢ belongs to (0, +00) if and only if
s € (—p/,1). Details are given hereafter.

Homogeneity of Hy. — In order to compute Hy¢, one may first express H¢(m) as the
minimum of a scaling invariant expression by optimizing £¢ over all mass-invariant
rescalings uy = ANv(\-) of a given function u € WL (RN, Ry) ; it yields

(5.5) Hf(m):inf{ inf )\Np“’*N/ |Vu|p+)\NS*N/ u®
0<A<+o0 RN {u>0}

weWhE R, [ u=m}.
]RN

Computing the infimum w.r.t. A\, we obtain

(5.6) Hp(m) = cnps inf{(/RN|Vu|p)m(/{u>o} us)a2 :
U € W'li’cl(RN,RQ, / u = m},
RN

with the two exponents
N(1-ys) Np+p—N
o=, Q= ———
Np+p—Ns Np+p—Ns
and the constant
(Np+p— Ns)(N — Ns)N=1)/(Np+p—Ns)

ONps = (Np + p— N)Notp=N)/(Np+p=Ns)
In particular, substituting « with mu in (5.6) gives
N - N
(5.7) Hy(m) =m%H(1), with oa:=po +sas = ﬁ

It remains to ensure that this function is not trivial, i.e., 0 < Hy¢(1) < +o0.

Upper bound: Hp(1) < +oo. — In the case s € [0,1], any u € €}(RY) has finite
energy, thus H is non-trivial for every p € [1,4+00). In the case s < 0, consider the
competitor u : x + (1—|z|)] for v > 0 to be fixed later. Then [y |Vu[P < 400 if and
only if ¢t — (1 — )"~V is integrable at 17, that is if (y — 1)p > —1 or, equivalently,
v > 1 —1/p. Similarly, f{u>0} u® < 4oo if and only if vs > —1 or, equivalently,
v < —1/s. Therefore, one may find v > 0 satisfying both conditions, and ensure
that Hy is non-trivial, if

—p' < s.
Lower bound: Hy(1) > 0. — Here, we can assume w.l.o.g. that Hs(1) < +oc. In the

case s = 1, taking any competitor u is with finite energy and A — 0% in (5.5) yields
H¢(m) = m for every m > 0. Hence, we may also assume that s < 1. Note that in
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view of (5.6) and (5.7), we know that H(1) is related to the greatest constant ¢ > 0
such that the Gagliardo-Nirenberg-Sobolev (GNS) type inequality(®)

(5.8) c(/ u)
. » Np(1—s)/(Np+sp—Ns) o\ Vp+p—N)/(Np+sp—Ns)
<(/RN|W|) (/{u>0}u‘) ,

Yu € WhHRY)

C

1/
holds true, namely, we have ¢ = (H 1)/ cN7p7s> ; hence, the inequality (5.8) holds

with ¢ > 0 if and only if H¢(1) > 0. This is actually equivalent to proving existence
of a minimizer of &; over functions u € VV&)C1 (RN, R4) with [pyu = 1 in view of
Proposition 3.12. We prove this, together with uniqueness and basic properties of

optimal profiles in the next paragraph.

[EXISTENCE, UNIQUENESS AND PROPERTIES OF OPTIMAL PROFILES. — It is well-known that
optimal profiles in the classical Gagliardo-Nirenberg-Sobolev inequalities do exist ;
besides, up to rescalings and translations they are unique, radially decreasing and
compactly supported. Existence of radially decreasing solutions is a consequence of
Pélya—Szego inequality (see for instance [BZ88]), compactness of the support follows
for example from the compact support principle of Pucci, Serrin and Zou [PSZ99] or
Pohozaev-type identities, and uniqueness from the work of Serrin and Tang [ST00] for
instance. All these techniques may be adapted to our case for exponents s € [0,1), but
we did not find a comprehensive reference, even more so when s € (—p’, 0), except for
p = 2and s < 0 which is treated in [Dub98]. For this reason and for self-containedness,
we provide a sketch of proof for the existence, symmetry, compactness of the support
for s € (—p’, 1]) of optimal profiles in (5.4). We are only able to justify uniqueness for
s € (0,1].

1. Ezistence of an optimal profile which is radially symmetric. — The radially symmetric
decreasing rearrangement u* of an admissible function u € I/Vlzcl (RN, R, ) satisfies

[Vu*||, < [[Vull, by the Pélya-Szegd inequality, and we have [ |u** < [pn|ul® by
equimeasurability. Hence,

Ep(u”) < E(u).
Thus we can restrict the minimization to radially symmetric non-increasing functions.
Take a minimizing sequence (uy,),, in this class: u, () = v, (|:]) with v, : [0, +00) non-
increasing, [y un =m € Ry, and Ef(u,) — Hy(m). (un)n is weakly precompact in
LL _(RM), by compact Sobolev embedding, and even globally precompact in L!(R™Y).

loc

Indeed, when s > 0, the upper bound

N T
8 unlr)* o < \SN‘1|/O ()N dt < E4(un) < C < +00, Vr € Ry,

(9The notable difference with the classical GNS inequality is that the exponent s is smaller
than 1, and may even be negative.
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gives a uniform integrable decay in |z|~N/*

elementary inequality ¢t +¢° > 1 for all ¢ > 0, to obtain

(5.9) {un > 0} </ (tp + %) der < m + C' < o0,
{u, >0}

at infinity ; when s < 0, we use the

so that the size of the support of w, (a ball of radius R,, > 0) is uniformly bounded
with respect to n.

We deduce by lower semicontinuity of €, that, extracting a subsequence if neces-
sary, (un), converges in L' to a minimizer u of &; with mass m, i.e., E¢(u) = Hs(m)

and [~ u = m. In particular,
Hf(l) > 0.

2. Luler-Lagrange equation and compactness of the support. Let u(-) = v(]]) be a
global minimizer of (5.4) with mass m > 0, with v : Ry — Ry non-increasing.
Let also B(0,R) be the support of u, with 0 < R < +oco. (Here, B(0,R) = RY
if R = +00.) Computing the first order variation of the energy, we obtain that for
every test function w € CL(RY) which is compactly supported in B(0, R) and satisfies
Jp~ w(z)dz = 0, we have

(5.10) (6€¢(u), w) = /RN (p(Vu)P~t - Vw + su®"tw) dr = 0.

In other words, u solves in the weak sense the Euler-Lagrange equation
—pAyu+su*~t =), in B(0,R),

where A € R is the Lagrange multiplier associated to the mass constraint. One can
see that

A= Hj(m) = am® T Hy(1).
Indeed, let u; be a minimizer of £ of mass 1 ; then a minimizer of €; with mass m
is given by um(-) = mANui (A, -), with \,,, = m*=P/(NP+P=Ns) (see (5.5)) ; hence,

(5.11) H}(m) = %Ef(um) = <6€f(um), %Um>L2(RN)
= O gy = A gy = o (Am) = A
In particular, A is unique.
From the Euler-Lagrange equation, we also get that u is smooth in B(0, R) by
a bootstrap argument ; hence, u solves the Euler-Lagrange equation in the classical
sense. In terms of the profile v, the Euler-Lagrange equation rewrites

(5.12) —(pv' ()P NN fosp(r) TN = N e € (0, R).
For every r € (0, R), integrating (5.12) on (0, r) yields
(5.13) v’ (r)P N = /0 (sv(p)*~t = N)pN~1dp.

The LHS in (5.13) is non-positive as v’ < 0 in (0, R). If s > 0 and R = +o0, the
RHS is +o0 since the integrand goes to +oco as p — R, which is a contradiction. When
s < 0, we already saw in (5.9) that the support of v is bounded. In any case, we have
thus proved that

R < +o0.
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3. Uniqueness when s > 0. We justify that there is a unique minimizer of the
energy with mass m. Once we know that v’ does not vanish on (0, R), the case of
equality in Pdlya—Szegd inequality (see [BZ88, Th. 1.1]) implies that any minimizer u
satisfies u = u*. Then, applying [ST00, Th. 1] yields the uniqueness of radial solution
to Apu+ f(u) = 0 for the non-linearity f(t) = A—st*~', thus we get that v is unique.
We now prove that v" < 0 on (0, R). Since the LHS in (5.13) is non-positive, the
non-decreasing function g : p — sv(p)*~! — A, which tends to +o0o as p — R, must
be negative near 0. If we had v’'(r) = 0 for some r € (0, R), then the non-positive
function ¢ + pv’(t)P~1#N =1 would be maximal and its derivative would vanish at
t =r. By (5.13), this means that g(r) = sv(r)*~! — X = 0 so that g < 0 on [0, 7], but
also that g(p)p™~! integrates to 0 on [0,7]. Hence, g = 0 on [0, 7], a contradiction.

CONCLUSION AND RANGE OF (X-MASSES OBTAINED IN THIS WAY. — To summarize, we have
shown that if —p’ < s < 1 then H ¢ is non-trivial. The converse is true. Indeed,
if Hf(1) < 400 then, by the preceding, there exists a radial decreasing minimizer
u(-) = v(]-]) with v : [0,400) — R, non-increasing and compactly supported on
[0, R], 0 < R < +00. But, by the Young inequality,

R v(R/2)

Er(u) = c/ o(r)* P ' () PN dr > CR/ /7" qt
R/2 0

with cg > 0, the latter being finite if and only if s/p’ > —1.

Since «, in (5.7), is a monotone function of s, one may easily compute the
range of parameters « that we obtain. If p and N are fixed, o ranges over
(N-1)/(N+1-1/p),1] when s € (—p',1]. Hence, when N = 1 we obtain
the whole range a € (0,1], and at least the range a € (1 —2/(N +1),1] when p
ranges over (1 4+ oco) in dimension N > 2.

54 BRAN(]HED TRANSPORT APPROXIMATION: H -MASSES OF NORMAL 1-CURRENTS

Branched transport is a variant of classical optimal transport (see [Sanl5] and
Section 4.4.2 therein for a brief presentation of branched transport, and [BCMO09] for
a vast exposition) where the transport energy concentrates on a network, i.e., a 1-di-
mensional subset of R%, which has a graph structure when optimized with prescribed
source and target measures. It can be formulated as a minimal flow problem,

min{M{I(w) sdiv(w) =p” — M+}7

where pF are probability measures on RY, H : R¢ x R, — R, is mass-concave, and
the H-mass M {{ is this time defined for finite vector measures w € .# (R%,R?) whose
distributional divergence is also a finite measure; in the language of currents, it is
called a 1-dimensional normal current. Any such measure may be decomposed into a
I-rectifiable part A€ - H' LY where 6(z) > 0 and £(z) is a unit tangent vector to ¥ for
H'-ae. z € ¥, and a 1-diffuse part w' satisfying |w'|(A) = 0 for every 1-rectifiable
set A:
w=0¢ - H' LM +wt.
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The H-mass is then defined by:
(5.14) MU (w) = / H(z,0(x))dH (z) —|—/ H'(z,0)d|w™]|.
b Rd

In the case H(z,m) = m® with 0 < a < 1, a family of approximations of these
functional has been introduced in [OS11]:

Joa €|V +e720)? i w=0vL% ve W2 (RERY),

400 otherwise,

(5.15) €.(w) = {

with f = (2—-2d+2ad)/3—d+a(d—1)),n=(d-1)(1 —a) and 2 =3 —d +
a(d — 1). It has been shown in [OS11, Mon17] that the functionals &, I'-converge as
e — 0T, in the topology of weak convergence of u and its divergence, to a non-trivial
multiple of the a-mass M¢ = M1 with H(z,m) = m® in dimension d = 2. The
result extends to any dimension d, by [Mon15], thanks to a slicing method that relates
the energy €. with the energy of the sliced measures u = (w - v)4 supported on the
slices V, = {z € R? : z-v =a} ~RY, for any given unit vector v € R? defined by

E.(u) :/ N |Vul? + e 72 uf’.
RN

The functionals &, T-converge as ¢ — 0%, in the narrow topology, to cM® for some
non-trivial ¢, as shown in Section 5.3, and one may recover every a-mass in this way for
a € ((2d—4)/(2d+1),1], and in particular every so-called super-critical exponents
for branched transport in dimension d, that is o € (1 —1/d, 1].

The same slicing method would allow to extend our I'-convergence result stated in
Theorem 1.2 to functionals defined on vector measure
(5.16)

6. () = {fRd felw, e o|(2), Vol (2)e' 4 de if w=vL% 0 e WHHRE,RY),
. =

400 otherwise,

for Lagrangians f. — f fitting the framework of Theorem 1.2. The expected I'-limit,
for the weak topology of measures and their divergence measure, would be the func-
tional M ff , with H; defined in (1.2). Note that this approach would provide ap-
proximations of H-masses for more general continuous and concave cost functions
H : Ry — Ry satisfying H(0) = 0. By [Wirl9], we would obtain all such H-masses
when N =1 (corresponding to d = 2).

5.5. A Cann-HitLiarp MopEL ror proPLETS. — Following the works [BDS96] in the
one-dimensional case and [Dub98] in higher dimension, we consider functionals on
M+ (RYN) of the form:

+o0 otherwise,

where W : R, — R is a Borel function satisfying W () ~u— 400 ©® for some exponent
s € (—o0,1). In [BDS96, Dub98], it is in particular proved, under some assumptions
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on the slope of W at 0 and its regularity, that the family (W.).so I'-converges to

a non-trivial multiple of the a-mass, a = %, when s € (=2,1) and p =
p(s,N) = % In this section, we recover this I'-convergence result using

our general model.

Replacing € with & := eV+2)+N0=5) and noticing that 1 — p = %7 one

gets for every u € WL (RN R, ):
Welw) = [ MW )+ T
RN
= [ (W eV )+ v
RN

= Nf (z,eNu, eNTIVu)e™N,
R

where f2V is defined for every x € RV u € Ry, ¢ € RY by
¥ (z,u,€) = We(u) + |€> and We.(u) = VW (e Nu).

Therefore if we take f- = f2 in our general model (1.4) we exactly get Wz = €.. The
fact that W(u) ~ u® as u — +oo implies that W, converges pointwise to the map
ws :u > u® if u >0, ws(0) =0, hence fIV converges to f : (x,u,&) — ws(u) + [£]2.

Turorem 5.1. — Assume that W : Ry — Ry satisfies:
(HW;) W is lower semicontinuous,
(HW2) {W =0} = {0},
(HW3) W(u) ~ystoo u° for some s € (—o0, 1),
(HW4) sup —— W) < 400

u>0 U°

(HW3) 0 < lim inf W(“).

u—0t u

Then (W.)eso T-converges to M*™#= | for both topologies €y and 6, and if s € (—2,1]
then M7 is a non-trivial multiple of M where o = %

To prove this theorem, we start with a simple lemma.
Levva 5.2, — Assume that W satisfies (HW1)-(HW35). Then for every 6 € (0,1),
there exists cs € (0,+00) such that for every e > 0 and every u € Ry,
(5.18) 5(u® A cse™NI=y) < We(u).
Proof. — Fix 6 € (0,1). There exists M > 0 such that du® < W (u) for every u > M.
Besides, the map w : u — W(u)/u is lower semicontinuous and positive on (0, M]
by (HW;) and (HW>), and since liminf, o w(u) > 0 by (HWs), w is necessarily

bounded from below on (0, M] by some constant ¢ > 0. As a consequence W, (u) > du®
if u>eNM and Weo(u) = ceVE Dy if u < eV M, hence:

VueR, Weo(u) = 0u® Ace NO79)qy). O
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Proofof Theorem 5.1. — By (HW,), there exists a constant C' such that YV < C'f;
for every e, and since f1V does not depend on the z variable and converges pointwise
to fs, (U) is satisfied and our I'-lim sup result stated in Proposition 4.2 yields
M"Uis > (6))-limsup &..
e—0

Fix § € (0,1). By Lemma 5.2, there exists ¢s such that
Va,u, & [ (2w, €) 2 0(1EP + (w8 A ese™ V) = £ (2,0, ).

It is easy to check that f¢ satisfies (H;), (Hz) and (Hs) for every ¢ > 0. Moreover
fg T 5fs and (fg)/—(’OJrvO) = 506571\](175) T (+OO) = (5fs)/—(’0+70) as € — 0,
thus (Hg) holds for the family (f2).~0, and by applying our T-liminf result stated in
Proposition 4.1 to the energies £ induced by f° we get:

[(€))-liminf & > T(%})-liminf & > M"ss..
We get the result by taking the limit 6 — 1, noticing that (fs)"(-,0%,0) = +o0, so
that Hy, = Hyy, = 6Hy, and M"sre = M°H5e = sM"se. 0

Remark 5.3. — We recover the I'-convergence results of [BDS96] and [Dub98] when
s € (=2, 1) under slightly more general assumptions: besides (HW3) and (HW3), the
authors impose the existence of a non-trivial slope lim,_,o W (u)/u € (0,+00) and a
regularity condition (either W is of class ¢! or continuous and non-decreasing close
to 0), which are stronger than (HW;), (HW,) and (HW3). Let us stress however that
these works also tackle the cases s < —2 in any dimension, where the exponent p has
to be fixed to p(—2, N), and the case s = —2 in dimension one, where a logarithmic
factor must be introduced, replacing e = with e = #(=2D|loge|~! = ¢~ /2|loge|~!. This
implies that in our model we get a trivial I'-limit when s < —2, namely Hy = +oo
on (0, +00).
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