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SUBDIFFERENTIALS AND
MINIMIZING SARD CONJECTURE IN
SUB-RIEMANNIAN GEOMETRY

By Lupovic Rirrorp

Dedicated to Professor Francis Clarke’s 75th birthday

Asstracr. — We use techniques from nonsmooth analysis and geometric measure theory to
provide new examples of complete sub-Riemannian structures satisfying the Minimizing Sard
conjecture. In particular, we show that complete sub-Riemannian structures associated with
distributions of co-rank 2 or generic distributions of rank > 2 satisfy the Minimizing Sard
conjecture.

Reésumic (Sous-différentiels et conjecture de Sard minimisante en géométrie sous-riemannienne)

On utilise des techniques d’analyse non-lisse et de théorie géométrique de la mesure pour
produire de nouveaux exemples de structures sous-riemanniennes complétes vérifiant la conjec-
ture de Sard minimisante. On démontre en particulier que les structures sous-riemanniennes
complétes associées a des distributions de co-rang 2 ou génériques de rang > 2 vérifient la
conjecture de Sard minimisante.
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1. InTRODUCTION

Consider a smooth connected manifold M of dimension n > 3 equipped with
a sub-Riemannian structure (A, g) which consists of a totally nonholonomic smooth
distribution A of rank m < n and a smooth metric g over A. By the Chow-Rashevsky
theorem, such a structure makes M horizontally connected, that is, for any z,y € M
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1196 L.. Rirrorn

there is v : [0, 1] — M, absolutely continuous with derivative in L?, called horizontal
path, which joins x to y and satisfies

A(t) € A (y(t)) for a.e. t € [0, 1].
Then, define the function dgg : M x M — R by
dsr (2, y) := inf{length?(7) [y € O, v(1) =y} V(z,y) € M x M,

where Q2 stands for the set of horizontal paths v : [0, 1] — M such that v(0) = x. The
function dgy, called sub-Riemannian distance with respect to (4, g), makes (M, dsg)
a metric space which defines the same topology as the one of M as a manifold, and
furthermore, as in Riemannian geometry, thanks to a sub-Riemannian version of Hopf-
Rinow theorem, the completeness of (M, dsr) guarantees that for any pair x,y € M
there is a horizontal path, called minimizing, which minimizes the sub-Riemannian
distance between x and y. We refer the reader to the monographs [4, 32, 36] for further
details on sub-Riemannian geometry and we assume from now that the metric space
(M, dsg) is complete (the sub-Riemannian structure (A, g) is said to be complete).

Within the set of horizontal paths, the so-called singular minimizing horizontal
paths play a significant role in sub-Riemannian geometry. Those are critical points
of the End-Point mapping whose end-points may correspond to loss of regularity of
the sub-Riemannian distance so a good understanding of the space filled by them is
crucial. The Minimizing Sard Conjecture is precisely concerned with the size of the
(closed) set of points, denoted by Abn™™(z), that can be reached from a given point
x € M through singular minimizing horizontal paths (see [32, §10.2], [38, Conj.1,
p.158], [3, §IIL] or [11, §2.1)):

Mintviizing Sarp CoNgecture. — For every x € M, Abn™" (z) has Lebesgue measure
zero in M.

Although various special cases of the Minimizing Sard Conjecture have been ver-
ified, the conjecture remains open in its full generality. The best result toward the
conjecture, due to Agrachev [2], shows that Abn™" () has always empty interior and
to date, the Minimizing Sard Conjecture is known to hold true in the following cases:

(i) The distribution A is medium-fat, that is, for every z € M and every smooth

section X of A with X (x) # 0, there holds
T.M = Ax) + [A, Al(z) + [X, (A, A]] (z),
where
[A, A](z) := Span{[Y, Z](x) | Y, Z smooth sections of A}
and
[X,[A, A]](z) := Span{ [X,[Y, Z]|(z) | Y, Z smooth sections of A}.

The result follows from the Lipschitzness properties of the sub-Riemannian distance
obtained by Agrachev and Lee [6] which is itself a consequence of previous works

on medium-fat distributions and Goh abnormals by Agrachev and Sarychev [10]
(see also [36]). It allows easily to obtain the conjecture for distributions which are
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medium fat almost everywhere such as distributions of step 2 almost everywhere
(A(z) + [A, Al(z) = Ty M for almost every « € M) like for example co-rank 1 distri-
butions (m =n — 1).

(ii) The sub-Riemannian structure (A, g) has rank m > 3 and is generic in the set
of sub-Riemannian structures of rank m over M endowed with the Whitney smooth
topology. The result follows from the absence of Goh controls for generic distributions
of rank m > 3 (as shown by Agrachev and Gauthier [5, Th. 8] and Chitour, Jean and
Trélat [19, Cor. 2.5]) along with the fact that singular minimizing horizontal paths for
generic sub-Riemannian structures are strictly abnormal (see [19]).

(iii) The sub-Riemannian structure (A, g) over M corresponds to a Carnot group
of step < 3 (see [29]) or of rank 2 and step 4 (see [18]). The latter case verifies indeed
the stronger Sard Conjecture. We refer the reader to [17, 29] for a few other specific
examples of Carnot groups satisfying the Sard Conjecture and to [3, 16, 14, 15, 17,
18, 29, 32, 34, 37, 38] for further details, results and discussions on that conjecture.

In this paper, we aim to provide new examples of complete sub-Riemannian struc-
tures satisfying the Minimizing Sard conjecture. In the spirit of a previous work by
Trélat and the author [38], we are going to show that the sub-Riemannian struc-
ture (A, g) satisfies the Minimizing Sard conjecture whenever all pointed distances
dsr(z,-), with z € M, are almost everywhere Lipschitz from below, and then in a
second step, we shall give sufficient conditions for the latter property to hold true.
Our results are as follows:

For every & € M, we denote by Goh-Abn™"(z) the set of y € M for which there
is a minimizing horizontal path v € Q2 joining x to y which is singular and admits
an abnormal lift ¢ : [0, 1] — A* satisfying the Goh condition

(1.1) P(t) - [A,Al(v(#) =0 viel0,1].

As shown by Agrachev and Sarychev (see [9, 10]), any singular minimizing horizontal
path, which is not the projection of a normal extremal, does admit an abnormal
lift satisfying the Goh condition (1.1) and moreover Agrachev and Lee [6] proved
that the absence of abnormal lifts satisfying (1.1) along all minimizing paths from x
to y guarantees that the pointed distance dgsgr(z,-) is Lipschitz on a sufficiently small
neighborhood of y. We refer the reader to Section 3.3 for several comments and proofs
regarding those results. By construction, Goh—Abnmin(x) is a closed set satisfying

Goh-Abn™™(z) ¢ Abn™™"(z).

We define the Goh-rank of a horizontal path v € Q2 | denoted by Goh-rank(y), as
the dimension of the vector space of abnormal lifts ¢ : [0,1] — A* satisfying the Goh
condition (1.1). Note that if -y is not singular, then it admits no abnormal lifts so its
Goh-rank has to be 0. Our main result is the following:

Tueorem 1.1. — Let M be a smooth manifold equipped with a complete sub-
Riemannian structure (A,g) and x € M be fixved. If for almost every y € M all
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minimizing horizontal paths from x to y have Goh-rank at most 1, then the closed set
Abn™"(x) has Lebesgue measure zero in M.

Although the assumptions of Theorem 1.1 seem to be not easily checkable, they
are automatically satisfied in a certain number of cases that we proceed to describe.

We say that a sub-Riemannian structure (A, g) has minimizing co-rank 1 almost
everywhere if for every x € M and almost every y € M, every singular minimizing
horizontal path from x to y has co-rank 1. Of course, a minimizing horizontal path of
co-rank 1 cannot have Goh-rank strictly more than 1. Therefore, we have:

Cororrary 1.2. — Let M be a smooth manifold equipped with a complete sub-
Riemannian structure (A, g) having minimizing co-rank 1 almost everywhere. Then
the Minimizing Sard Conjecture is satisfied.

We say that the distribution A is pre-medium fat almost everywhere if for almost
every € M and every smooth section X of A with X (z) # 0, there holds

(1.2) dim (A(z) + [A, Al(@) + [X, [A, A]] () = n — 1.

This is for example the case of totally nonholonomic smooth distributions of rank
m > n — 2. We can check by taking one derivative in (1.1) that if v € Q2 is a
minimizing horizontal path from x to y # x in M, then any abnormal lift ¢ satisfying
the Goh condition of v must verify

D) - (A(Y (1) + [A, Al (y(1) + [X*(v(1)), [A, Al) =0 forae. t€[0,1],

where Xt is a smooth section of A defined on a neighborhood of «(t) such that
X (v(t)) = 4(t). Therefore, if y is a point where (1.2) is satisfied then for almost every
t € [0,1] close to 1 any abnormal lift of + satisfying (1.1) must annihilate a vector
hyperplane, which forces Goh-rank(y) to be at most 1. In conclusion, we have the
following:

Cororrary 1.3. — Let M be a smooth manifold equipped with a complete sub-
Riemannian structure (A,g) with A pre-medium-fat almost everywhere. Then the
Minimizing Sard Conjecture is satisfied.

We finish with a corollary which actually follows from Corollary 1.2. As shown by
Chitour, Jean and Trélat (see [19, Th.2.4]), there is a dense open set O,, in the set
Dy (with m > 2) of smooth totally nonholonomic distributions of rank m endowed
with the Whitney C'*° topology such that for every A € O,,, every nontrivial singular
horizontal path (w.r.t. A) has co-rank 1. Thus, for any A € O,,, and any smooth metric
g over A with (A, g) complete, the sub-Riemannian structure (A, g) has co-rank 1
almost everywhere. In conclusion, we have:

Cororrary 1.4. — Let M be a smooth manifold equipped with a complete sub-
Riemannian structure (A, g) of rank m > 2 where A is generic in the set of smooth
totally nonholonomic distributions of rank m over M. Then the Minimizing Sard
Conjecture is satisfied.
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The proof of Theorem 1.1 consists in proving that for every x € M, the pointed dis-
tance dgg(z, -) admits at almost every y € M a support function from below which is
Lipschitz. Roughly speaking, this result follows on the one hand from the fact that the
assumption on Goh-ranks of minimizing geodesics provides some Lipschitzness prop-
erty along a hypersurface 8 near y while on the other hand the continuous function
in one dimension given by the restriction of dsr(x,-) to a curve transverse to § is at
almost every point either differentiable or limit of many oscillations (see Section 2.4).
The key result in the proof is this alternative, satisfied almost everywhere by contin-
uous functions in one dimension, between differentiability and limits of points where
the function reaches local minima (see Proposition 2.8). Since such an alternative is
probably not available in higher dimension, our approach does not allow to treat the
case of distributions with minimizing horizontal paths of Goh-rank > 2.

The paper is organized as follows: In Section 2, we recall several notions of subdif-
ferentials and prove several results of importance for the rest of the paper regarding
Lipschitz-type properties of continuous functions. We explain in Section 3 how some
properties satisfied by those subdifferentials interplay with the Minimizing Sard Con-
jecture; in particular, we provide in Proposition 3.10 various characterizations of the
conjecture. Then, Section 4 is devoted to the proof of Theorem 1.1 and we comment
on our results in Section 5. Finally, the appendix contains a reminder on second order
conditions for openness.

Acknowledgements. — The author is indebted to Aris Daniilidis and Alex Ioffe for
fruitful discussions.

2. SUBDIFFERENTIALS AND LLIPSCHITZNESS

Throughout this section, we consider a function f : O — R defined on an open set
O C M and we suppose that f is continuous on O. We recall that f is said to admit
a support function from below ¢ at some point x € O if ¢ : V — R is defined on an
open neighborhood V C O of x and satisfies

f(@)=p(z) and f(y) > ely) Vye.

We gather in the following sections several notions and results of non-smooth analysis
that may be found in [21] or [40] in the Euclidean setting, we provide all proofs for
sake of completeness.

2.1. VISCOSITY AND PROXIMAL SUBDIFFERENTIALS. — The wiscosity (or Fréchet) subd-
ifferential of f at x € O, denoted by 9~ f(x), is defined as the set of p € T M for
which f admits a support function from below ¢ at z of class C*! satisfying dp(x) = p.
Note that if f admits a support function from below which is differentiable at x then
it admits a support function from below at z which is of class C'. Thus, we check
easily that if f is differentiable at  then we have 0~ f(z) = {df(x)} and furthermore
we observe that if f attains a local minimum at z then we have 0 € 9~ f(x). The
set 0~ f(x) is always a convex subset of T*M but it may be empty, as shown by the
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example of f(z) = —|x| on the real line with x = 0. Nonetheless, we have the following
result:

Provosirion 2.1. — The set of x € O such that 0~ f(z) # & is a dense subset of O.

Proof of Proposition 2.1. — For every open set O’ C O with O’ C O, we can construct
a smooth function 8 : O — [0,+00) which tends to +o0o when approaching the
boundary of O’ so that f + 8 attains its minimum at some point z € O’ where
p:=—0+ f(z) + B(x) satisfies

f@)=o(x) and f(y) >oly) VyeO,
which shows that dp(z) = —dB(x) belongs to 0~ f(x). O

Note that this result is sharp, we cannot expect in general more than nonemptyness
of the viscosity subdifferential for a dense set of points. Examples of functions in one
variable having nonempty viscosity subdifferentials only for a countable set of points
may be given by Weierstrass or Van der Waerden functions, see [24].

The prozimal subdifferential of f at x € O, denoted by 0p f(x), is defined as the
set of p € T} M for which f admits a support function from below ¢ at x of class C?
on its domain and satisfying dp(xz) = p. Note that if f admits a support function
from below which is of class C? then it admits a support function from below at z
which is of class C*°. The set 0p f(x) is a convex subset of Ty M that may be empty
and which is contained in 0~ f(x). Note that the inclusion 05 f(x) C 0~ f(z) may be
strict as shown by the example f(x) = —|z|?/? at # = 0 on the real line. The proof of
Proposition 2.1 shows that the set of € O such that d5 f(z) # @ is a dense subset
of O. In fact, we have much more than this, we can show that elements of 0~ f can
be approximated by elements of 05 f. More precisely, we have:

Prorosition 2.2, For every x € O, every p € 0~ f(x) and every neighborhood W
of (x,p) in T*M, there isy € O and q € Op f(y) such that (y,q) € W.

We do not give the full proof of Proposition 2.2, we are just going to show how
to deduce the result from a theorem by Subbotin [42]. We follow the proof given by
Clarke, Ledyaev, Stern and Wolenski in [21, Prop. 4.5, p. 138].

Proof of Proposition 2.2. — The Subbotin Theorem reads as follows (its proof can be
found in [21, Th. 4.2, p.137]).

Lemvia 2.3, — Let h : O — R be a continuous function on an open set O C R™,
x € R™, and let p € R be such that

Dh(z;v) := lim > p Yv € By,

where By stands for the closed unit ball in R™. Then, for any ¢ > 0, there exist
z € Be(x) and ¢ € Oph(z) such that

If(z) — f(x)|<e and C-v>p Yv € By.
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To prove Proposition 2.2, we consider a point « € O, a co-vector p € 9~ f(x) and
a neighborhood W of (z,p) € T*M. In fact, up to taking a chart, we can assume
to work in R™ with a function f defined on an open set O C R", with x € O and
p € (R™)*, and with a neighborhood W of (x,p) € T*(R™) which contains a set of the
form Bs(x) x Bj(p) with § > 0. Let h : O — R be the continuous function defined by

hy)=fly)—p-y VyeO.
Since p € 9~ f(x), we check easily that
Dh(x;v) 20 Vv € Bj.

Thus, by applying Lemma 2.3 with p = —§ and ¢ = ¢, there are z € Bs(z) and
¢ € Oph(z) such that |h(z) — h(x)| < 6 and

C-v>-8 Yv€EB.
We infer that || < ¢ and p+ ¢ € 05 f(2). O

2.2. Lipscurrz points. — We assume in this section that M is equipped with a
smooth Riemannian metric h whose geodesic distance is denoted by d” and for which
at every x € M the associated norm in T, M is denoted by ||, and the norm of some
p € T M is defined by |p|, := |v|y where p = hy(v,-) (we refer the reader to [41] for
further details of Riemannian geometry). Then, for every x € M, the pointed distance
d" := d"(z,-) is 1-Lipschitz with respect to d", there is an open neighborhood V of =
such that d” is smooth in V . {x} with a differential of norm 1 and we have

(2.1) 0 dy(x) = {p e T; M | |pl. < 1}.

As shown by the following result, the Lipschitzness of f is controlled by the size of
co-vectors in 0~ f. We recall that a set € C M is said to be convex with respect to h
if any minimizing geodesic between two points of € is contained in C.

Prorosition 2.4. — Let C C O be an open convex set (with respect to h) and K > 0
be fixed, then the following properties are equivalent:

(i) f is K-Lipschitz (with respect to d") on C.
(ii) For every x € C and every p € 0~ f(x), |pl. < K.

Proof'of Proposition 2.4. — Assume that (i) is satisfied and fix z € C and p € 9~ f(x)
(if 0~ f(x) is nonempty). By assumption f admits a support function from below
¢ :V — R with dp(z) = p and by K-Lipschitzness of f we have
e(y) < fy) < fz) + Kd"(z,y) = p(z) + Kdj(y)  VyeVNE.

We infer that p = dp(x) belongs to 0~ (Kd")(x) = KO~d"(z), which by (2.1) gives
Il < K. .

Let us now assume that (ii) is satisfied and fix Z € €, § > 0 with B (7,4) C € and
some constant K’ > K. Pick a smooth convex function ¢ : [0,5) — [0, +00) such that

(2.2) o(t) =K't Vtel0,0/4]
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and
(2.3) ¢(50/16) + Eg}}(fi 5 {f(@)} = [(@) + 6(5/8),
fix y,z in B(Z,5/8), and define g : B"(Z,§/2) — R by

9(x) = f(z) + ¢ (d"(x,y)) Vo e B"(z,0/2).

The function g is continuous on B(Z,d/2) and satisfies (by (2.3) and the fact that ¢
is increasing) for every x € B"(7,6/2) \ B"(%,75/16),

9(x) > f(z) + 6(56/16) > f(@) + $(0/8) > 9(7),

hence it attains a minimum at some point z, € B(Z,6/2). If z, # y, since x
d(d"(x,y)) is Ct on B(7,6/2) \ {y} (with differential of norm 1), this means that

_¢/ (dh(xga y)) dd;(mg) € aif(mg)v

thus |¢'(d(z4,y))| < K which contradicts the properties satisfied by ¢ ((2.2) and the
convexity). In consequence x, = y. Therefore,

Fy) =g(zy) < g(2) = f(2) + ¢ (d"(2,9)) < f(2) + K'd"(z,y),

where we have used that d”(y, z) < /8 and (2.2). Since y, z are arbitrary points in
B(%,5/8) and K’ any constant > K, we are done. O

We say that f is Lipschitz at some point x € O if there is a smooth Riemann-
ian metric on M such that f is Lipschitz, with respect to that metric, on an open
neighborhood of z, and we denote by Lip (f) the set of such points. Of course, if f is
Lipschitz at some point z € O with respect to some metric then it is Lipschitz with
respect to any other metric. Proposition 2.4 yields the following characterization:

Prorosirion 2.5. — For every x € O, the following properties are equivalent:

(i) = € Lip (f).

(ii) 0~ f is bounded in a neighborhood of x, that is, there is a neighborhood V C O
of x such that the set of (y,q) withy € V,q € 0~ f(y) is relatively compact in T*M.

Finally, we note that by construction the set Lip(f) is open and f is locally Lip-
schitz on Lip(f), thus Rademacher’s Theorem (see e.g. [22, 23]) implies that f is
differentiable almost everywhere on Lip(f).

2.3. LIpSCHITZ POINTS FROM BELOW AND LIMITING SUBDIFFERENTIALS. — We say that f
is Lipschitz from below at some point x € M if it admits a support function from
below at @ € M which is Lipschitz on its domain, and we denote by Lip™~ (f) the set
of such points. Moreover, we call limiting subdifferential of f at x, denoted by 0 f(x),
the set of p € T M for which there is a sequence {(zy,pr)}ren converging to (z,p)
in T*M such that pp € 0~ f(xg) for all k& € N. As shown by the following result,
Lipschitz points from below belong to the domain of the limiting subdifferential.
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Prorosition 2.6. Let h be a smooth Riemannian metric on M, K >0 and z € O
be such that f admits a support function from below at x € M which is K-Lipschitz
(with respect to d") on its domain, then there is p € 0y f(x) with |p|, < K

Proof'of Proposition 2.6. — Let x € O be such that f admits a support function from
below ¢ at € M which is K-Lipschitz with respect to a smooth Riemannian metric h.
Up to considering a chart and extending properly the restrictions of fy and ¢y on a
small open nelghborhood V of x € R™ to the whole R™, we may assume that we work
in R™ with f : R" — R continuous such that f\V = fiv (so that 97 flz) = 07 f(z))
and a support function @ : R™ — R of f (or f) at & which is K-Lipschitz with respect
to the Euclidean metric for some K > K as close to K as we want. Thus, we have by
assumption

(2.4) flz)=3(x) and fly)—F(y) >0 VyeR"
For every positive integer k, define the function ¢ : R® x R™ — R by
Uy, 2) = fy) = B() + kly =2 + |z — 2> V(y,2) €R" xR"
and set
my = inf{wk(y,z) | (y,2) € R™ x R"}.
By K-Lipschitzness of & and (2.4), we have for every k € N* and any y,z € R™,
Uiy, 2) = F(y) — ) + (B(y) — §(2)) + kly — 2* + |z — 2|
—Kly — 2| + kly — 2> + |2 — 2.
Thus, since my, < Yi(z,z) = 0, we infer that for every k € N* the infimum in the
definition of my, is attained at some (yg, 2% ), i.€., mr = Vg (yk, 2k ), and there holds

lim gy = lim z; ==x.
k—+o00 k—+o00

Given k € N*, we note that v (yg, ) = my gives
Fluk) = 3(2) + klyk — 2° + |2 — 2 = Flyr) — 3(2x) + klye — 2 + |2 — 2
for all z € R™, which means that the function —¢ admits the smooth function
20— =3(z1) + klyr — zi* = klyk — 2° + |ye — 2> — [z — 2]
as a support function from below at z; and so yields
2k (2 —yp)" —2(z —2)" € 07 (—9)(21)-

Similarly, ¥ (-, 2x) = mu gives

ok = —2k (yr — 21)" € 0~ f(yr) Yk € N*.

Since —p is K -Lipschitz with respect to the Euclidean metric, we have by Proposi-
tion 2.4
| =2k (zk — yr)" = 2 (2, —2)"| < K for all k.

In conclusion, we have shown that for all k, we have p,, € 9~ f(yk) with limg— 4 oo Y =
z and |pg| < K + o(1) for k large. Since fiv = fjv, this implies that p, € 07 f(yx)
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for k large enough, which by compactness gives some p € 0; f(zx) with |p| < K.
We conclude by letting K tend to K. O

The following result is an easy consequence of Rademacher’s Theorem, it shows
that viscosity subdifferentials of f are nonempty almost everywhere over Lip™ (f).

Provosirion 2.7. — There is a set N C Lip™ (f) of Lebesgue measure zero in M such
that 0~ f(x) # & for every x € Lip™ (f) N~ N.

Proof of Proposition 2.7. — Without loss of generality, up to considering charts, we
may assume that M = R™. Pick a sequence {xj}ren+ which is dense in R™ and set
for every k, ¢ € N*

A= {w € Lip (/) " Blaw, 1/0) | £(y) — f(@) > ~Lly — al, Yy € B 1/0)}.

Since Lip~ (f) = UZ,kEN* Ap g, it is sufficient to show that for every k,¢ € N*
0~ f(z) # @ for almost every x € Ay, Fix k,¢ € N* such that Ay, # @ and
define the function ¢y ¢ : A ¢ — R by

O o) = sup{¢(m) | ¢ : B(xg,1/¢) — R is ¢-Lipschitz and ¢ < f on B(zy, 1/6)}.

By construction, ¢ is finite (because Ay ¢ # @), ¢-Lipschitz and equal to f on
A ¢. By Rademacher’s Theorem (see e.g. [22, 23]), we infer that for almost every
x € Apy, ¢re is differentiable at  which means that 0~ ¢y ¢(z) is a singleton and
¢, admits a support function from below differentiable at « and shows that 0~ f(z)
is nonempty. ]

2.4. ON THE DOMAIN OF THE LIMITING SUBDIFFERENTIAL. — We may wonder whether
limiting subdifferentials are nonempty almost everywhere. The following result gives
a positive answer in one dimension:

Prorosition 2.8. — Let a,b € R with a < b and ¢ : (a,b) = R be a continuous
function. Then, for almost every x € (a,b), at least one of the following properties is
satisfied:

(i) ¢ is differentiable at x.
(ii) There is a sequence {xy}ren converging to x such that 0 € 0~ p(xy) for all
k € N, in particular we have 0 € 07 ¢(z).

Proof of Proposition 2.8. — The result will be an easy corollary of the following
lemma:

Levma 2.9, — Let I = [e,d] C (a,b) with ¢ < d be a closed interval such that
min {¢(2) | z € [z, 9]} = min{p(z),p(y)} Vo <yinl

Then there is e € I such that ¢ is monotone over [c,e] and [e,d].
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Proofof Lemma 2.9. — Let T,e € R be such that

©(T) =min{p(z) | z € [c,d]} and ¢(e) =max{p(z) |z € [c¢,d]}.

Since by assumption the minimum of ¢ over [ is equal to the the minimum of ¢(c) and
©(d), we may assume that T = cor T = d. If T = ¢, we claim that ¢ is nondecreasing on
[¢, €] and nonincreasing on e, d]. If not, there are z < y in [c, €] such that p(z) > ¢(y),
so that

min{p(2) | z € [x,e]} < v(y) < o(x) < (e),

which contradicts the assumption. The rest of the proof is left to the reader. |

The set S of z € (a,b), for which there is a sequence {zj}ren converging to x
such that 0 € 9~ p(xy) for all k € N, is closed in (a,b). We need to show that ¢ is
differentiable almost everywhere in (a,b) \. S. Suppose by contradiction that there is
a set E C (a,b) \ S of positive Lebesgue measure such that ¢ is not differentiable at
any € F and fix T a density point of E. We claim that there are ¢,d,e € (a,b) N S
with T € (¢,d) C (a,b) ~ S and e € [¢,d] such that ¢ is monotone on [c, €] and [e, d].
As a matter of fact, otherwise, for every k € N* large enough, the assumption of
Lemma 2.9 is not satisfied over the interval Iy, := [z — 1/k, T + 1/k] C (a,b) ~ S so
there are xp, yi, 2x € I with x; < 2z < yi such that

¢(z,) =min{p(2) | z € [k, yx]} < min{p(zy), o(ye)},

which means that ¢ attains a local minimum at z; so that 0 € 9~ f(zx) with zj
converging to = as k tends to +oo, a contradiction.

In conclusion, since monotone functions are differentiable almost everywhere, we
infer that ¢ is differentiable almost everywhere in a neighborhood of Z, which contra-
dicts the fact that T is a density point of E. O

Remark 2.10. — The Denjoy-Young-Saks Theorem allows to make more precise asser-
tion (ii). Given ¢ as in Proposition 2.8, the Dini derivatives D, Dy, D™, D_¢ :
(a,b) > RU{£oo} of ¢ at = € (a,b) are defined by

. +h) — ()
Dtp(z) =1 plrth) = o)
pla) = limsup =—— —==, i
D_y(x) = liminf w

h—0t

D o(x) = liminf M

)
- () = lim sup P& — 9@ —h)
) D 90(’1:) - lh_>0+p h .

)

Denjoy-Young-Saks’ Theorem (see [26] and references therein) asserts that for almost
every x € (a,b), one of the following assertions holds:

(1) DT p(z) = Dyp(z) = D™ p(x) = D_¢p(z) € R, i.e., f is differentiable at x,

(2) D*f(x) = D~ f(2) = +o0 and Dy f(x) = D_f(x) = —oc,

(8) D*f(x) = +00, D—f(2) = —o0 and D f(x) = D~ f(x) € R,

(4) D™ f(x) = +o00, Dy f(x) = —cc and D_f(z) = DT f(z) € R.
As a consequence, we may also suppose in Proposition 2.8(ii) that one of the above
assertions (2), (3), (4) is satisfied.
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Proposition 2.8 implies that the limiting subdifferential of a continuous function
in dimension one is nonempty almost everywhere, we do not know if this result holds
true in higher dimension (see Section 5.1).

2.5. PROJECTIVE LIMITING SUBDIFFERENTIALS. — We now introduce an object that al-
lows to capture limits of elements of 9~ f going to infinity. For every z € O, we call pro-
jective limiting subdifferential of f at x, denoted by 05, f(z), the set of p € Ty M ~ {0}
for which there are sequences {(zk, pr) }ren in T* M and {A; }ren in (0, +00) satisfying

lim |pgl,, = +oo, kgffoo (zk, Aep) = (z,p) and pp € 07 f(zx) VkeN.

k——+oo

By construction, the set dp, f(z) is a positive cone, that is, if p € 0p, f(x) then
Ap € 0p; f(x) for all A > 0. Proposition 2.5 implies the following:

Prorosirion 2.11. — For every x € O, 0p; f(x) = @ if and only if x € Lip(f).

As we shall see in the next section, viscosity and limiting subdifferentials of pointed
sub-Riemannian distances come along with minimizing normal extremals while pro-
jective limiting subdifferentials are associated with minimizing abnormal extremals.

3. MiNnimizING SARD CONJECTURE, SUBDIFFERENTIALS AND LLIPSCHITZNESS

Throughout this section we consider a point x € M and fix a smooth Riemannian

metric h on M. Then, we denote by dZ, := dgsr(z,-) the pointed sub-Riemannian
distance and we define f, : M — R by

1 x
(3.1) fo(y) = §dSR(y)2 Vy € M.

We check easily by definition of the viscosity subdifferential that we have for every
y € M~ {z} and every p € Ty M,

(3.2) p €0 di(y) = dsn(w,y)p € 0™ fu(y).

The aim of this section is to explain the link between subdifferentials of f,, and min-
imizing geodesics and eventually to provide several characterization of the Minimizing
Sard Conjecture.

3.1. ABNORMAL AND NORMAL EXTREMALS. — We explain below how the notions of ab-
normal and normal extremals emerge in sub-Riemannian geometry and introduce
several notations that will be used in the next sections, we refer the reader to [36] for
further details.

Let us consider § # z in M and 7 : [0,1] — M a minimizing geodesic from z to 7,
that is, a horizontal path that minimizes (|v|? = g.(v,v))

1
energy?(y) = / 5(t) | dt,
0

among all paths v € Q2 verifying (1) = 7. Then, consider an orthonormal family F =
{X1t ..., X™} of smooth vector fields which parametrizes A on an open neighborhood
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V C M of 7([0,1]) and denote by E the end-point mapping associated with x and F
defined by
Blu):=~"(1)  Vue L*([0,1],R™),

where " is the curve in QxA solution to the Cauchy problem
FU(E) =D ui(t) X (v"(t)) for ae. t€[0,1], ~(0) ==
i=1

By construction, there is a control @ € L?([0, 1], R™) such that ¥ = 4™ and F is well-
defined and smooth on an open set U C L?([0, 1],R™) containing u. Then, we define
the smooth mappings C : U — R and F : U - M x R by

(3.3) C(u) = % lull2. and F(u):= (E(u),C(u)) YueU

and note that for every u € U we have, because J is orthonormal,

1
Clu) = 5 energy?(7").

In particular, by construction we have
1 1
C(u) = 3 energy?(y) = 3 dse(2,7)* and |a(t)| = dse(z,7) for ae. t €0,1].

Furthermore, we observe that since 7 has no self-intersection, we may assume by
shrinking V if necessary, that V is smoothly diffeomorphic to the open unit ball
B™(0,1) C R™ through a diffeomorphism ® : V — B™(0, 1) satistying
(3.4 ol <lp-dB[ < Klp| VeV, vpe (R
for some constant K > 0 depending on 7, so that we may assume from now that we
are in R”.

Let us now consider a local minimizer u € U of C' with end-point y := E(u), that is,
such that

C(u) =min{C(u') | v € U, E(W') =y}.

By the above construction, this means that the horizontal path 4% minimizes the
energy energy?(y) among all paths v € Q2 sufficiently close (in W12 topology) to v*
verifying v(1) = y. By the Lagrange Multiplier Theorem, there are p* € T, M and
Dy € {0, 1} with (p*,p§) # (0,0) such that (we denote here the differentials of smooth
function with uppercase letter "D")

where the differentials of F and C at u are respectively given by (see e.g. [36, Prop. 1.8,
p. 14])

3.6)  DuE(v) = /15“(1)5“(15)_13“(75)1;(15) dt e L2([0,1],R™)
and

1
(3.7) DuC(U):/O (u(t),v(t)ydt Vv e L*([0,1],R™),
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where we have defined B* : [0,1] — M, »(R) by

(38) BUt) = (X1 (1), X™(7(0)  vie [0,1)
and S* : [0,1] — M, (R) as the solution to the Cauchy problem
(3.9) SU(t) = A“(t)S“(t) for a.e. t €[0,1], S“(0)=1I,,

with A% : [0,1] — M, (R) given by (Jx: is the Jacobian matrix of X*)
(3.10) AM(t) = ui(t)Jx: (4(t))  forae t€[0,1].
i=1

Then we define the extremal ¢*P" : [0,1] — T*M by
(3.11)  Y"P(t) = (”y“(t),pu’ﬁ“ (t)) = (w(®),p* - SU(MS“)") Ve o]

By construction, ¥*P" is a lift of 4* verifying ¥*?" (1) = (y,p*) and we have the
following result:

Prorositiox 3.1. — Depending on the value of p§ € {0,1} in (3.5), we have:
(i) If p¥ = 0, then ™“P" is an abnormal extremal (and v* is a singular).
(ii) If p¥ = 1, then ¢"P" is a normal extremal and we have

u(t) = B*(t)"p(t)* for a.e. t € [0,1].

This being said, we explain in the next section the link between subdifferentials
of f, and extremals. We keep the same notations as above.

3.2. SUBDIFFERENTIALS AND EXTREMALS. — The key result to connect subdifferentials
of f; to normal extremals, due to Trélat and the author [38], is the following:

Prorosition 3.2, — Lety € M ~{z}, p € 0~ fx(y) and uw € U be a local minimizer
of C with end-point E(u) =y, then we have

(3.12) p-DyE = D,C.

In particular, there is a unique minimizing geodesic from x to y, it is given by the
projection of the normal extremal ¢ : [0,1] — T*M satisfying (1) = (y,p). Moreover,
if ¥(0) is not a critical point of the exponential mapping exp,,, then y does not belong
to Abn™"(z).

Proofof Proposition 3.2. — Let y € M ~ {z}, p € 9~ f.(y), and u € U be a local
minimizer of C' with end-point F(u) = y and let ¢ : M — R be a support function
from below of class C* with dp(x) = p. By assumption, we have

Clu) = fa(y) = ¢(y) and C(u) > fo (B(W)) 2 ¢(E()) V' €U,
which means that the function C' — po E attains a local minimum at u. Hence we have
(3.12) and by Proposition 3.1 we infer that v* has to be the projection of the normal
extremal 1™P" with p* := dyp = p. If ¥(0) is not a critical point of exp,, then the

horizontal path 4" is not singular and there is no other minimizing geodesic from x
to y, we infer that y ¢ Abn™"(x). O
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Remark 3.3. We note that if y € M ~ {z}, p € 0pfz(y) and u € U is a local
minimizer of C' with end-point E(u) = y, then we have (3.12) and moreover since the
function C' — ¢ o E with a local minimum at u is of class C? (where ¢ : M — R is a
support function from below of class C? with dp(x) = p), we have

D?C(v) —p-D*E(v) > 0 Vv € Ker(D, E),

where D2C and D2 F stand for the quadratic forms defined respectively by the second
order differentials of C' and E at u.

As a consequence, Proposition 3.2 allows to associate to each p € 97 f»(y) a normal
extremal whose projection is minimizing.

Prorosirion 3.4. — Let y € M ~ {z} and p € 0] f.(y), then the projection of the
normal extremal v : [0,1] — T*M satisfying ¥(1) = (y,p) is a minimizing geodesic
from x to y.

Proof of Proposition 3.4. — Let y € M ~{z}, p € 0] fo(y) and {(yx, px) }ren be a se-
quence converging to (y,p) in T*M such that py € 0~ u(yy) for all k € N. By Propo-
sition 3.2, for every k € N, the projection ~; : [0,1] — M of the normal extremal
Yy [0,1] = T*M verifying (1) = (yg, px) is @ minimizing geodesic from z to yy.
By regularity of the Hamiltonian flow, the sequence {1 }ren converges to the normal
extremal ¢ : [0,1] — T*M verifying ¢(1) = (y,p) and its projection is minimizing as
a limit of minimizing geodesics from x to yi which converges to y. g

If however we consider a co-vector p in 0p; fz(y) then Proposition 3.2 allows to
obtain a minimizing singular geodesic associated with p, more precisely we have:

Prorosition 3.5. — Let y € M ~ {z} and p € 0p; f2(y), then there is a singular
minimizing geodesic from x to y. Moreover, for all sequences {(yr, k) }tren tn T*M
and { A tren in (0,+00) satisfying

G [Prly, = +oo,  lm (y, Aupr) = (y,p) and pr € 9" fyr) VkEN,

any subsequence of the sequence of minimizing geodesics {Vi}ren given by the pro-
jections of the normal extremals vy : [0,1] — T*M wverifying ¥ (1) = (yx, px), which
is convergent with respect to the W12([0,1], M) topology, converges to a singular
minimizing geodesic admitting an abnormal extremal ¢ : [0,1] — T*M such that

Y(1) = (v, p).

Proof. — Lety € M~{xz}, p € 0p; f+(y) and let two sequences {(yx, pr) }ken in T M
and { A }ren in (0, +00) satisfying the properties given in the statement. Assume that
some subsequence {7k, }ren of the sequence {7 }ren given by the projections of the
normal extremals vy : [0,1] — T*M verifying ¥ (1) = (yx, px) converges uniformly
(in W12([0, 1], M)) to some minimizing geodesic 7. Using the notations of the previous
section, we write v = v with u € L?([0,1],R™) and notice that for an index ¢ large
enough, ¢ > L, we can write v, as v* for some u, € U where the subsequence
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{uete>r tends to w in L?([0,1],R™) as £ tends to oo. Then we have for all index
L> L,

Pk, - Dy, E = Dy, C,
which gives
MeyPry - Do, B = Mg, Doy, C vl > L,
where

ZBTOO Ak, Pk, =p and EBEIOO Ak, = 0.

By passing to the limit, we obtain p- Dz FE = 0 which, by Proposition 3.1, shows that
v = ~% is a singular minimizing geodesic admitting an abnormal extremal 1 : [0,1] —
T*M such that ¥ (1) = (y, p). O

3.3. Non-Lirscurrz roints apmit Gon ABNorMALS. — For every x € M, the notation
Goh—Abnmin(x) stands for the set of y € M for which there is a minimizing path
v € Q2 joining = to y which is singular and admits an abnormal lift v : [0,1] — A+
satisfying the Goh condition

(3.13) () - [AA](vE) =0 Ve o,1].

By construction, Goh-Abn™"(z) is a closed set satisfying

Coh-Abn™™"(z) € Abn™"(z).

Agrachev and Sarychev [10] showed that any singular minimizing geodesic with no
normal extremal lifts does admit an abnormal lift satisfying the Goh condition and
Agrachev and Lee [6] proved that the absence of Goh abnormal extremals imply
Lipschitzness properties for f,. In some sense, the following result combines the two
results.

Provosirion 3.6. — For every x € M, we have M ~ Lip(d,) C Goh-Abn™"(z).

Moreover, for anyy € M~\Lip(f.), anyp € 0p; f2(y) and any sequences {(yx, pr) tren
in T*M and {\t}ren in (0,400) satisfying

L |pely, = oo, lm (yk, Akpr) = (y,p) and pr € 90" falyx) VK EN,

any minimizing horizontal path from x to y, obtained as the limit in W12(]0,1], M) of
a subsequence of the sequence of minimizing geodesics {y }ren given by the projections
of the normal extremals vy, : [0,1] = T*M wverifying vr(1) = (yg,px), does admit an
abnormal extremal v : [0,1] — T*M with ¥(1) = (y,p) which satisfies the Goh
condition.

Let us fix ¥ # z in M and a minimizing geodesic 7 : [0,1] — M from x to § and
by considering all notations introduced in Section 3.1 (especially (3.3)) write ¥ = 4*
for some w € U. Proposition 3.6 will be an easy consequence of the following result
(we refer the reader to the appendix for further details on negative indices of quadratic
forms (ind_)):
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Prorosrrion 3.7. Assume that |||~ < L for some L > 0. Then for every k >0
and every N € N, there are p, A > 0 such that the following property is satisfied: For
every u € U such that

(3.14) lu—1llp2 <p, |lullpe <2L,
and every p* € TyM and py € R, with y := E(u) and (p*,py) # (0,0), satisfying
(3.15) p* - D, E =7py D,C,

together with

(3.16) 7, > A B
and
(317) ind_ ((ﬁu? _ﬁg) . (D12LF)|Ker(DuF)) < N’

the extremal Y*“P" = (y*(t),p"P" (t)) : [0,1] — T*M defined by (3.11) satisfies

(3.18)

P [X X ()| < Rt VEE 1), Vig =1, m.

Proof'of Proposition 3.7. — The formula of D, E has been recalled in (3.6) and the
quadratics forms defined respectively by the second order differentials of C' and E are
given by

(3.19) D2C(v) = ||v||3.  Yove L*([0,1],R™)
and

(3.20) D2E(v) = 2/1 SU(1)S™(t) " [AU(t) + D¥(t)] dt Vv € L3([0,1],R™),
0

where for every v € L%([0,1],R™) the functions A%, D* : [0,1] — M,,(R) are defined
for almost every ¢ € [0, 1] by

B21) AL = Y nODp X (010), DAO) = 5 3w (BD X (51(0)
with
(3.22) SL(t) = / S (#)S"(s)~ 1 B(s)(s) ds.

0

We refer the reader to [36] for the above formulas. The proof of Proposition 3.7 will
follow from the following lemma (compare [36, Lem. 2.21, p. 63]):

Lemma 3.8. There are p, K > 0 such that for any uw € U with |ju — @l|z < p,
lul|pe < 2L and any t,6 > 0 with [t,t + 6] C [0, 1], the following property holds: For
every v € Ker(D,E) with Supp(v) € [¢,f + d] and every p* € T,; M, we have

(3.23) P DRE(v) - Q7 (v)| < K |vlZ2 [p"], 6°
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where Q;f’ﬁu : L2 ([0,1],R™) — R™ is the quadratic form defined by

(3.24) /t+6/ M“’P v(t))dsdt Vv e L*([0,1],R™)
with

(3.25) (MPPY), = 2p"P (1) Doy X' (XI(v*(D))  Vij=1,...,m

0,J
Proofof Lemma 3.8. — Let t,0 > 0 with [t,t 4+ ] C [0,1] and v € Ker(D,F) with
Supp(v) € [¢,t + 0] be fixed. By (3.11) and (3.20), we have

326) 7" (D) i,y () =2 [ 07 (0)-[A2(0) + DY0)

Since v € Ker(D,E) and Supp(v) € [, + 6], we have 6.(t) = 0 for every t €
[0,] U [t + §,1] and by Cauchy-Schwarz’s inequality, we have for every ¢ € [, + 4],

DHOIES sup{HS" §4(s) 7 B (s)|| } VE=Fllollze < Ky o]z VO,

s€[0,1]

where K7 is a constant depending only upon the sizes of S*, (S*)~1, B* for u close
to w. Then we have

AY(t)=Dy(t)=0 Vtete [0,f]U[t+4,1],

and

Dy ()| < Kz ||vlFe |Jul| 6 VEe [t,T+0],

which gives

1
(3.27) / PP (1) - DR () dt| < K Jo]|2 5], 6%,

0

where Ky, K3 are some constants depending on K7, on the size of the D?2X7’s and L
(remember that ||u L~ < 2L). Note that since we can write for every ¢ € [t,t + ¢],

- [ S ux 6 m)ds
~ [ ux @) s+ [ 300 [X (5 (6) = X0 (07@)] ds

:/ SU(t)S"(s) " B (s)v(s) — B"(s)v(s) ds

0
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we have (since ||u||p~ < 2L, S* and " are both Lipschitz)

(3.28)

t m
5L(t) _/Z Zvj(s)Xj('y“(f)) ds| < Ky |v||p2 0%, Ve [6,T+4],
j=1

where K, is a constant depending only upon the sizes of S%, (S*)~!, B* (for u close
to ), upon the Lipschitz constants of the X7’s in a neighborhood of the curve 7
and upon L. Moreover, by noting that Q;fu satisfies for every v € L?([0,1],R™)
(by (3.24)~(3.25)), ’

,u +s m _ t m ' -
1= #”<ﬂ~§ZvAﬂwayW</"E:uxﬁxwv%w>w)dt
t t =1

i=1

the first equality in (3.21) gives
1 —u —u
2 [ (1) A0 dt - Q1T
0 ;
145 . m )
_g / P (1) (Z i) Dy X7 [51(1)]
t i=1
m t m
— Z ’Ui(t)D,yu(Z)Xl [/ Z vi(s) X’ (’y“(f)) ds]) dt
i=1 =1
46 . m ‘ t m . B
= 2[ p“P(t) - (Z Ui(t)Dv(t)XZ) [611}(t) - [ Zvj(s)X] (v () ds] dt.
t i=1 toj=1
By (3.28), we infer that

1 —Uu
\2j/ PP (1) - AU (8 dt — Q" (v)
i ,

< Ks |oll 171, 0%

for some constant K5 depending on the data, which by (3.27) gives

2 [ 570 (420 + D) b= Q2 o)
0

< Ko |lvllZ- "], 6%
for some constant K depending on the data. We conclude easily by (3.26). ]

Returning to the proof of Proposition 3.7, we fix k > 0, N € N, v € U with
llu—"7lr2 < p, ||ullr < 2L and we suppose for contradiction that there are t € (0,1)
and i # j € {1, ,m} such that

P R0
(3.29) B0 =P

X7 XT] (v4) > &
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Let us consider § > 0 with [¢,¢ + d] C [0, 1] to be chosen later, we note that we have
for every v € LQ([O, 1],Rm),

u t+5  pt .
Q75 (v) :/ /<v(s),M§"” w(t)) ds dt
’ t t
46

(3.30) - / (w® (1), M7 o(t)) di
T
t+5 m .
:/ Z wi () (MFP), vy(t) dt,
toii= "
t
with w”(t) :z/ v(s)ds  Vtelt,t+4].
T
Set N := N +n + 1 and denote by L = Lz s the vector space in LQ([O, 1], Rm) of all
controls v for which there is a sequence {a1,...,az} such that
N
vy (t) = Z ar, cos (k(t — t)2m /)
=1 vt € [,E+6],
N
vi(t) =) agsin (k(t — t)27/9)
k=1
and vi(t) =0, Vi#i,j vt € [0, 1].

Then, we have for every v € L,

0 N ag .
w2 (t) = o Z?bln (k(t —1)2m/5) B
= vt € [t,t+ 4],
. 0 a
L(t) = o ; - (1 — cos (k(t — t)27/0)),
and wl(t)=0, Vi#i,j Vtel0,1],
which gives
t+6 N 52 % t+0 N 52@%
| wrona - > | oo i - P

and
t+6

/H_é w (t)vy(t) dt = ﬁ wjﬂ.(t)vj(t) dt = 0.

t

In conclusion, by (3.30) and by noting that

. 1 wpt wp®
Pis® = g (7)) 55= 7)),
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we infer that

u

. T+6 . _
v () — /t Wl (6) (MEP" )2 s (8) 4+ w (6) (MET )= on() dt

(3.31) .
3 Tl g
27k (AN

k=1

where we have

N
(3.32) vl =6 af.
k=1
Let us now distinguish between the cases pg = 0 and pg # 0.
Case 1: pgy = 0. If 6 > 0 is small enough then (3.23), (3.31) and (3.32) imply that
p“-D2E(v) <0  Yve L~{0},

where the vector space L C L?([0,1],R™) has dimension N = N +n+ 1. Since pjj =0
and codim(Ker(D, E)) < n, this contradicts (3.17).

Case 2: py # 0. By (3.29), ( and (3.32) and by noticing that

3.31)
N
> ai <
k=1

_X a2
A
> %
k=1
we note that we have for every v € L \ {0},
u,p* = 2 7\ N _
Qs ) —p6lvle _ —Pig() Splyag/k 6 _ &IPS
[v]|2.[p"], 62 2r 5N a2 Py 2rN6 - [p"]y 02
Take § > 0 small such that
K
——+K<0
2w N§
and suppose that
PG | ‘ K . o KO |Th
— - 7+K‘<:> “q>‘K6— 7‘ ol
'1,0% " 226 Pl ol Pl
Then by (3.23) and the above inequality, since D2C = || - ||z, we infer that

p“-D2E(v) —puD2C(v) <0  Yve L~ {0},
where the vector space L C L?([0,1],R™) has dimension N = N + n + 1. Since
codim(Ker(D, F)) < n+ 1, this contradicts (3.17). O

Remark 3.9. — We note that in the case where v = @ and pj = 0, Proposition 3.7
asserts that if we have

ind_ (ﬁﬁ (D%E)|Ker(DﬁE)) < oo

for some p* # 0 such that p*- DgE = 0, that is p* € Im(DzE)~", then the correspond-
ing abnormal extremal )™P" satisfies the Goh condition. This is the classical Goh
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Condition for Abnormal Geodesics due to Agrachev and Sarychev, see [10, Prop. 3.6,
p- 389] and [36, Th.2.20, p.61].

Proof of Proposition 3.6. Let x € M,y € M~\Lip(fs), p € 0p; f(y), two sequences
{(yk, Pr) bren in T*M and {\; }ren in (0, +00) satisfying

lim |pg[,, = o0, kginoo (Yr, Akpr) = (y,p) and  pp € 0" fu(yr) VEkEN,

k—4o00
and v : [0,1] — M be a horizontal minimizing path from x to y obtained as the uniform
limit of a subsequence of the sequence of minimizing geodesics {vx }ren given by the
projections of the normal extremals ¢y : [0,1] — T*M verifying ¥ (1) = (Y, Pk)-
By Proposition 2.2, we may indeed assume that there are two sequences {(Jx, Pk) } ken
in T*M and {\; }ren in (0, +00) satisfying

kEI}rloo |Prlg, = +o0, kEToo (ﬂk, /\kﬁk) =(y,p) and py € Opfa(yx) VEkEN,

and that v : [0,1] — M is the uniform limit of a subsequence of the sequence
of minimizing geodesics {Fx}ren given by the projections of the normal extremals
Ur [0,1] = T*M verifying Jk(l) = (Y, Pr)- Assume as in Section 3.1 that v = %
for some % in an open set U of L%([0, 1], R™) where the end-point mapping F is well-
defined and smooth. Then, for k large enough there is %, € U such that 7, = 7%
and moreover we can without loss of generality parametrize 7“* by arc-length and
assume that |ty (t)] = dsp(x,Jr) almost everywhere in [0, 1], so that ||tg|lc < 00. By
Remark 3.3, we have

D3,Cw) =P~ D3, E>0 Vo € Ker(Dg, F),
so we have
. ~ 2 =
ind_ ((_pk‘v 1) ' (DﬂkF) | Kcr(ngF)) =0.
Therefore, by Proposition 3.7, we have
D (t
lim Vi(t)

k—+4o00 |ﬁk|§k

X, X7] () = 0.

By a compactness argument, we conclude that, up to a subsequence, the sequence of
extremals {Ag1x } converges to an abnormal extremal satisfying the required prop-
erty (see e.g. the proof of [43, Lem. 4.8]). O

3.4. CHARACTERIZATIONS OF THE MiNiMIZING SARD CONJECTURE. We are now ready
to give several different characterizations of the Minimizing Sard Conjecture (recall
that f, has been defined in (3.1)).

Prorosition 3.10. For every x € M, the following properties are equivalent:

(i) The closed set Abn™"(z) has Lebesque measure zero in M.
(ii) The closed set Goh-Abn™"(z) has Lebesgue measure zero in M.
(iii) For almost everyy € M, 0p; fz(y) = @.

(iv) For almost every y € M, 0~ f.(y) # @.

(v) The set Lip™ (fz) has full Lebesgue measure in M.
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(vi) The function d, is differentiable almost everywhere in M.
(vil) The open set Lip (f.) has full Lebesque measure in M.
(viil) For almost everyy € M, 0p f2(y) # @.
(ix) The function f, is smooth on an open subset of M of full Lebesgue measure
i M.

Proof of Proposition 3.10. — The implications (ix) = (viii) and (ix) = (vii) are im-
mediate, (viii) = (iv) follows from the inclusion 0pf, C 07 f,, (vii) = (vi) is
a consequence of Rademacher’s Theorem, (vii) = (v) follows from the inclusion
Lip(d,) C Lip™ (d,), (vii) < (iii) is a consequence of Proposition 2.11, (v) = (iv)
is a corollary of Proposition 2.7, and (vi) = (iv) follows by definition of 0~ d,. More-
over, (iv) = (i) follows by Proposition 3.2 together with Sard’s Theorem applied to
the mapping exp,, (ii) = (vii) is a consequence of Proposition 3.6 and (i) = (ii) fol-
lows from the inclusion Goh-Abn™"(z) ¢ Abn™"(z). Thus it remains to show that
(i) = (ix), this proof can be found in [11, §2.1]. O

4. Proor or Tueorem 1.1

Let € M be fixed and M, be the set of points y € M~ {x} for which all minimizing
geodesics have Goh-rank at most 1, which by assumption has full Lebesgue measure
in M. The first step of the proof of Theorem 1.1 consists in showing that we may
indeed assume that we work in the open unit ball of R™ with a distribution that
admits a global parametrization by m smooth vector fields. For every y € R™ and
r > 0, we denote by B,.(y) the open unit ball in R™ centered at y with radius r.
Moreover, we recall that a point y € R™ is a Lebesgue density point (or a point of
density 1) for a measurable set E C R™ if

im 2B @) NE)
r=0 L™ (B (y)) ’

where L™ stands for the Lebesgue measure in R™ and that if F has positive Lebesgue
measure then almost every point of F is a Lebesgue density point for E (see e.g. [22]).
Our first result is the following:

Prorosition 4.1. If Abnmin(:r) has positive Lebesque measure in M, then there
are a complete sub-Riemannian structure (A,g) of rank m on B1(0) generated by an
orthonormal family of smooth vector fields F = {Yl, ..., X"} on B1(0) along with a
point § € B1(0) \ {0} such that the following properties are satisfied:

(1) all minimizing horizontal paths from 0 to y have Goh-rank at most 1,
(ii) ¥ is a Lebesgue density point of Abn™"(0).

Proofof Proposition 4.1. — Let us first recall a result of compactness for minimizing
geodesics. For every y € M, we denote by 'V C W12([0, 1], M) the set of minimizing
geodesics from x to y. We refer the reader to [1, 36] for the proof of the following
result:
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Lemma 4.2, For every compact set X C M, the set of v € T'Y withy € K is a
compact subset of W2([0,1], M) and the mapping y € M +~ T¥ € C(W12([0,1], M))
has closed graph (here C(W12([0,1], M)) stands for the set of compact subsets of
W2([0,1], M) equipped with the Hausdorff topology).

Assume now that Abn™"(z) has positive Lebesgue measure in M and pick a
Lebesgue density point 7 of the set Abn™"(z) N M,. Lemma 4.2 along with the
parametrization that can be made along every minimizing geodesic as shown in Sec-
tion 3.1 yields the following result:

Lemma 4.3. — There are an open neighborhood B of §, a positive integer N, N min-
imizing geodesics ¥*,..., N € TV, N open sets V',.... VN c M diffeomorphic
to B1(0) containing respectively ¥'([0,1]),...,7V([0,1]), N orthonormal families of
smooth vector fields F* = {XV1 ... XtmYy o FN = (XN XN defined re-
spectively on VY, ..., VN and N open sets W', ..., WY containing B with
—1 =N
FH[0,1]) cW c V... .7V (0,1) c W c VN

such that the following properties are satisfied:

(i) For everyk =1,...,N and every z € V¥, A(z) = Span{X*1(2),..., Xkm(2)}.

(ii) For everyy € B and every v € I'Y, there is ky € {1,..., N} such that

([0,1]) € W

We now need to consider a family of sub-Riemannian distances from x whose
minimum over B coincides with dgg (2, -) (the sub-Riemannian distance with respect
to (A, g)). For this purpose, we state the following lemma whose proof is left to the
reader.

Lemma 4.4. For every k =1,..., N, there is a smooth function ¥ : V¥ — [1, 4+00)
satisfying the following properties:

(i) ¥*(2) =1 for all z € WF.

(i) Y*(2) > 1 for all z € VF < w".

(iii) The sub-Riemannian structure (A, g* = *g) on V¥ is complete.

For every k = 1,..., N, we define the function F* : V¥ — [0, +c0) by
1 &
Fk(y) = 5 ng('T7y)2 vy € Vka

k
where dJ stands for the sub-Riemannian distance associated with (A, gk). Since each
sub-Riemannian structure (A, g*) is complete on V},, each F* is continuous. Moreover,
since B is contained in all W*| we have thanks to Lemma 4.3(ii) and Lemma 4.4(i),

foly) = 3 den (o) = min{ F(w), ... FN()} Wy e B,

By permuting the indices 1,..., N if necessary, we may indeed assume that there is
N € {1,...,N} such that

fo@) =F'@m) = = FN(y),
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so that there is an open neighborhood B’ C B of 7 satisfying

foly) = min{F'(y),....FN(y)}  Wye®.

Furthermore, if for every y € B’ and every k € {1,...,N}, we denote by I'Y C
Wt2([0,1], M) the set of minimizing geodesics from z to y with respect to (A, g*),
then we have (by Lemma 4.3(ii) and Lemma 4.4(i)—(ii))

ry=1v Vk=1,...,N,
and in addition, since ¥ € M,, all minimizing geodesics from x to § have Goh-rank
at most 1. As a consequence, since I'V is a compact subset of W2(]0,1], M) and the
mappings y € B’ — 'Y € ¢(W2([0,1], M)), with k = 1,..., N, have closed graph
and since the mapping v € Q2 + Goh-rank(y) € N (recall that Q2 stands for the set
of horizontal paths « : [0,1] = M such that v(0) = x) is upper semi-continuous, we
infer that there is an open neighborhood B” C B’ of 7 such that

Goh-rank(y) < 1 Vye B, Vk=1,...,N,VyeTIY.

We are ready to complete the proof of Proposition 4.1. We claim that there is k in
{1,...,N} such that B"” \ Lip_(FE) has positive Lebesgue measure. As a matter
of fact, otherwise there is a set B of full Lebesgue measure in B” such that every
point in B belongs to Lip~ (F¥) for all k =1,..., N. Then, for every y € @, each F*
admits a support function ¢* from below at 3 which is Lipschitz on its domain and
so the function min{@* | & = 1,..., N} is a support function from below for f,
at y which is Lipschitz on its domain (given by the intersection of the domains of
!, ..., o). Therefore, B is contained in Lip~ (f.) and as a consequence the proof
of Proposition 3.10 shows that Abn™"(z) N B” has Lebesgue measure zero. This
contradicts the fact that 7 € B is a Lebesgue density point of Abn™" (z). We conclude
the proof by considering a Lebesgue density point 7 of the set

B" \ Lip~ (FF) € B" \ Lip(F*) ¢ Abn®™ (z) N B"

(the inclusion follows by Proposition 2.11 and Proposition 3.5, and Abn}*™ () stands
for the set of points that can be reached from x through singular minimizing horizontal
paths with respect to (A, gg)) and by pushing forward the sub-Riemannian structure
(A, g%), the family of vector fields F* = {X*1 ..., X¥m} on V¥ and § to B1(0) by
using the diffeomorphism from V¥ to By (0) (note that we have to multiply each vector

field by 1/4/1* to obtain an orthonormal family). a

Now, we suppose for contradiction that Abn™"(z) has positive Lebesgue measure
in M and we consider the sub-Riemannian structure (A, g) on Bi(0), the orthonor-
mal family of smooth vector fields ¥ on B;(0) and the Lebesgue density point 7
(of Abn™"(0)) given by Proposition 4.1. We define the continuous function F' :
B1(0) — [0, +00) by

1
Fly) =5 dse(0,9)> Yy € By(0),
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where dgy stands for the sub-Riemannian metric associated with (A, g) and we denote
respectively by exp, the exponential mapping associated with (A, g), by Co the set of
its critical values, by My the set of points y € B1(0) \ {0} for which all minimizing
geodesics from 0 to y have Goh-rank at most 1, and by T'Y € W12([0,1], Bo(1)) the
set of minimizing geodesics from 0 to y € B1(0). It follows from the proof of Proposi-
tion 3.10 and the upper semi-continuity of the mapping v € QOK — Goh-rank(y) € N
(where Q& stands for the set of horizontal paths 7 : [0,1] — By (1) such that v(0) = 0)
that the set A C B1(0) defined by

(4.1) A = My ~ (Lip™ (F) U €y)

has positive Lebesgue measure. We pick a Lebesgue density point 7 of A.
Then, we denote by U the open set of u € L?([0,1],R™) for which the solution
~*:10,1] = B1(0) to the Cauchy problem

AU(t) = Zui(t) X' (44(t) for ae. t€[0,1], ~7"“(0)=0

is well-defined, we denote by E : U — B1(0) the end-point mapping associated with 0
and F defined by

E(u) :=~"(1) Yu e U,
and we recall that the function C' : L?([0,1],R™) — [0,+00) has been defined in
Section 3.1 by

1 m
C(u) := 3 [|w]|% 2 Yu € L*([0,1], R™).

Moreover, for every vector space V' C R", we denote by Proj%/ :R™ — V the orthog-
onal projection to V' (with respect to the Euclidean metric) and for every y € R”
we define the affine space V (y) by

Viy) ={y}+V.
The second step of the proof of Theorem 1.1 consists in proving the following result
which is a preparatory result for the next step.

Prorosition 4.5. — There are §,7,p € (0,1), K > 0, a control @ in U with v* € TV,
a linear hyperplane V.C R™ and a smooth function h : [0,8/4) — [0, +00) such that
the following properties are satisfied:

(i) For every u € U with ||u—1l|z2 < 6 and every z € V(y*(1)) N B,(v*(1)), there
is v € U such that

(4.2) Proji 1y (1°(1) = 2,

(4.3) 17" (1) — 2| < K|z =~*(1)],

(4.4) Clv) < Cu) + K|z —~*(1)],

(4.5) o —allZ> — llu = all7=]| < K]z =" (1)].

(ii) The function h is smooth, nondecreasing and satisfies

h(a) =0 Vo € [0,62/4], h(a) > 0 Vo € (62/4,6%), lim h(a) = +oo.
a—62
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(iii) The function W : B.(y) — [0,+00) defined by
W(y) :=inf{C(u) + h (u—71|37:) |u €U s.t. y*(1) =y} Yy € B.(y)
is continuous and the set

K = {y € B,»() ~ Lip~ (W) | W(y) = F(y)}

have positive Lebesgue measure.

Proof'of Proposition 4.5. — We start with the following lemma which is an easy con-
sequence of the construction of 7.

Lemva 4.6. — For every v € TV, one of the following situation occurs:

(i) v is not a singular horizontal path.
(ii) 7 s a singular horizontal path and Goh-rank(y) = 1.

Proofof Lemma 4.6. — Let v € TV be fixed. If y is the projection of a normal extremal
(wr.t (A,g)), then there is p € T§B1(0) = (R™)* such that y = exp,(p). Since
y € A C B1(0) \ €y, the mapping exp, is a submersion at p and as a consequence ~y
is not a singular horizontal path. Otherwise, v is not projection of a normal extremal
and so it is singular and admit an abnormal lift satisfying the Goh condition (see
Remark 3.9). Since y belongs to My, we have Goh-rank(y) = 1. a

We need to consider all minimizing geodesics in TV and so to distinguish between
the cases (i) and (ii) of Lemma 4.6. The following result follows easily from the Inverse
Function Theorem (see e.g. [36, Proof of Th.3.14, p.99]).

Lemva 4.7. — Let u € U with v* € TV and v* non-singular be fized. Then there are
0,p € (0,1) and K > 0 such that the following property is satisfied: For every v € U
with ||v — ul|r2 < § and every z € B,(v"(1)), there is w € U such that

(46) ’Yw(l) =z,

(4.7) C(w) < C(v) + K|z —=~"(1)],

(4.8) [w =22 < K[z =~"(1)],

where the last inequality implies

(4.9) [lw —ullfz = v —ull7:| < K(K +2)|]z =~"(1)].

For every singular minimizing geodesic v* € I'V with v € U (since § € My, all
those +* verify Goh-rank(y*) = 1), we denote by P“ the vector line of co-vectors
p € (R™)* for which there is an abnormal lift 1) of v* satisfying the Goh condition
and ¥ (1) = (¥, p), and we define the hyperplane V* C R™ by

(4.10) Vii= (P9 = {veR"|p-v=0,Vpec P'}.

Note that since any co-vector in P* annihilates the image of the end-point mapping £
from 0 associated with F in U (see Section 3.1), we have

(4.11) Im (D,E) C V"
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The following lemma follows from an extension of a theorem providing a sufficient
condition for local openness of a mapping at second order due to Agrachev and
Sachkov [8], we refer the reader to the appendix for the statement of the result and
its proof.

Levva 4.8, — Let uw € U with v* € TV and * singular of Goh-rank 1, be fized.
Then there are 6,p € (0,1) and K > 0 such that the following properties are satisfied:
For every v € U with ||v — ul|z2 < 0 and every z € V*(y"(1)) N B,(7"(1)), there is
w € U such that

(4.12) Projizu(yo1y (77(1)) = 2,

(4.13) 17 (1) =2l < K[z —~"(1)],

(4.14) C(w) < Cv) + K|z —=~"(1)],
(4.15) lw = ullfz — llo —ullf| < K|z —~"(1)].

Proofof Lemma 4.8. — Let u € U, with y* € T¥ singular of Goh-rank 1, be fixed and
let €: U — V*(g) be the smooth mapping defined by

E(v) = Proj%,u,@ (E(v)) Vv e U.

We need to consider two different cases.

First case: Tm(D,,€) = V*. — There are u!,...,u"~! € L*([0,1],R™) such that the
linear operator

R — pu

n—1

oa— Z o; D, E (ul)

i=1
is invertible. Thus, by the Inverse Function Theorem, the smooth mapping G* :
R"~! — V%(%) defined in a neighborhood of the origin by

G%(a) =& (u + jz_;l aiui>

admits an inverse % of class C' on an open neighborhood of w. In fact, by C*
regularity of F, this property holds uniformly on a neighborhood of u. There are
d,p € (0,1) and K > 0 such that for every v € U with ||v — u||r2 < J, the smooth
mapping % : R"! — V() defined in a neighborhood of the origin by

n—1
§%(a) =& (U + Z aiul)
i=1
admits an inverse " = (HY, ..., HY_;) : V¥(y) N B,(E(v)) — R™ ! of class C* such

n—1
that
|HY(2) — HY ()| < K|z — 2/ Vz,2' € VYY) N B,(E(v)).
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As a consequence, if v belongs to U with ||v —u||r2 < § and z belongs to V*(~?(1))N
B,(y"(1)), then we have

2 = Proj%,u@)(z) e V¥(y) N B,(E(v)).

Hence, by the above result, the control w € U defined by

n—1
(4.16) wi=v+ Z HY (2 )u'

i=1
satisfies

Projizu (g (7*(1)) = E(w) = 2/,

which implies

Proj‘l/uw(l)) (v(1)) = 2,
and, by noting that

I (Projipu gy 77 (1) = H(E(v)) =0 and  |2' —&(v)| = [z =7 (1)],

we also have

n—1 n—1
lw =g = ||>HI( ' =D H(E(w))u'
i=1 i=1 L2

<) 3N 3 o]

n—1
<K |2 — &) Z HuiHL2
i=1

n—1
= Kz="()] Y [[u' ;. = KK'|z=7"(1)
i=1

So, by considering local Lipschitz constants Lg, Lo respectively for E and C, we infer
that for any v € U with ||[v—u|| 2 < 6 and any z € V*(7¥(1))NB,(7"(1)), the control
w given by (4.16) satisfies (4.12),

v (1) =2l < [y (1) =" (W) + (1) — 2]
Lpllw —v|[z2 + |y (1) — 2|

= (LpKK'+1)|z—~"(1)|

NN

which gives (4.13) (for a certain constant),
Clw) < C(v) + Lefw = vl[r2 < C(v) + LeKK |2 = 47 (1))
which gives (4.14) (for a certain constant), and (because ||[v — uljzz < § < 1 and
|z =" <p<1)
[l = wll22 = o = ull22] = |llw = ol2 + 26w — 0,0 ) s
< lw = vllZ2 + 2w = vl 22
S KK'(KK'+2) ]z —~"(1)]
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which gives (4.15) (for a certain constant). We complete the proof by considering the
maximum of the constants above.

Second case: Tm(D,, &) # V*. — We claim that

(4.17) ind_ (A (D2¢) )=+c00 VA€ (m (DueN:" < {0},

| Ker(Dy &)

where (Im(DUE))LVu stands for the set of linear forms on V" which annihilate
Im(D,€). To prove the claim, we observe that if (4.17) is false then there is a linear
form A # 0 in (Im(DuS))J—V such that

ind_ ()\' (D38)|Ker(Du8)> < oo

Extend \ into a non-zero linear form A on R™ by setting A= A\ Pron\}u. Since
Im (D,E) C V* (by (4.11)), the linear form X belongs to (Im(D, FE))* and we have
Ker(D,€&) = Ker(D, E). As a consequence, since

D2E = D2E + (D2E — D2¢),

where the image of D2E — D2€ is orthogonal to V*, we infer that

. 2 . Y 2
ind_ ()" (Dug)\Ker(Duﬁ)) = ind- (>‘ ' (DUE)|Ker(DuE))'
Thus if the claim is false, then by Remark 3.9, the horizontaleath v admits an
abnormal extremal ¢ satisfying the Goh condition with ¢ (1) = A. Since A ¢ P*, this
is a contradiction.
We can now conclude the proof of the second case by applying Theorem A.1 at
u = u with
X1 = (20,1, R™), [ - [Iz2) , F=&:U —V"(y),
and G=(E,C,C):U—R"™ with C=| —ul|?.:U —R.
By (4.17), there exist d,p € (0,1) and K > 0 such that for any v € U and any
Z' € V¥(y) with
v —ull;2 <d and [z —E(v)| < p,
there are wy,wy € L?([0,1],R™) such that v + wy + wy € U,
2= E&(v+wy +ws),
wy € Ker (D,€) NKer (D,G)

and  |lwi]|pz < K\/|2/ = EW)|, |lwa|rz < K|z — E(W)].

By setting w := v + w; + we and by noting that wy, € Ker(D,G) C Ker(D,FE), the
Taylor formula gives

(1) =~ (1) = E(w) — E(v)
= D,E(wy +ws) + DgE(wl +ws) 4o (||w1 + w2||%2)
= D, E(ws) + DgE(wl + wa) + 0(||w1 + w2||%2),
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so that
[y (1) =7"(1)] < KK'[Z" = E(v)|
for some K’ > 0. Therefore, if 2’ is given by
' = Projyu(g)(2) € VY(H) N By(E(v)) with z € V*(7°(1)) N By(v"(1)),

then we have (4.12), if we denote by Lg a local Lipschitz constant for £ then we have
(because |2’ — E(v)| = |z — (1))

7 (1) =2l < (1) =" (W] + (1) - 2]

<
< (LeKE' + 1)z —"(1),

which gives (4.13) (for a certain constant), by noting that
wy € Ker(D,G) C Ker(D,C) and |2/ —&v)|=1]z—7"(1)| < p <1,
we have
2C(w) = ||v + w1 + wal|7
=2C(v) + 2(v, w1 + wa) > + [lwy + wal|7-
=2C(v) + 2(v, w2) 2 + [|w1 + w23
2C () + 2||ol| 2 [[wsl| 2 + (w1 ]| 2 + Jwsl z2)*
<20(0) + 2 (Jullzz + ) K 2~ * ()| + (2K~ 77 (D])
=20(v) + K (2||ull2 + 2+ 4K) [z =" (1)},
which gives (4.14) (for a certain constant), and finally by noting that
wy € Ker(D,G) C Ker(D,O),
we also have
llw = w22 — l[o = wll2a] = [l — w2 + 2(w — v, — u)a]
< Jlwi + w27 + 2 (w2, v — ) 2]
< (2K +2K |z 7" (1)]
=2K(2K + 1)|z —~v°(1)].
The proof of Lemma 4.8 is complete. ]

The compactness results of Lemma 4.2 together with the results of Lemmas 4.7
and 4.8 yield the following result:

Lemma 4.9. — There are 6,r,p € (0,1), K > 0, a positive integer N, N controls

ul, .. uN in U with 'y“/Z eT¥ fort =1,...,N and N linear hyperplanes yu' e yu
in R™ such that the following properties are satisfied:
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(i) For every £ € {1,...N}, every v € U with ||v — u’||z2 < 0 and every z €
Ve (y"(1) N By(v" (1)), there is w € U such that

L
(4.18) PrOJvuz( 1,(1))( “(1)) = 2,
(4.19) (1) =2l < K|z =2 (1),
(4.20) C(w) éC(v)+K|z— (D),
(4.21) llw = w122 = Il —u[|2:] < K |z =" (1)].
(ii) For anyy € B, () and v € 'Y, there is £ € {1,..., N}, such that ||[v —u®| > <
5/2.

Pick a smooth nondecreasing function h : [0,%/4) — [0, +00) such that
h(a) = 0Va € [0,6%/4], h(a) > 0Va € (62/4,6%) and lim h(a) = +oc.
a—r

Then, for every £ =1,..., N, define the function W* : B,(3) — [0, +00) by
W¥(y) := inf {C(u) +h (||u - ue||2L2) |ueUst 7%(1) = y} Yy € By (Y).
By construction, the functions W1, ..., W are continuous on their domain (recall
that the end-point mapping F : U — M is open, see e.g. [36, §1.4]) and we have
(by Lemma 4.9(ii) and the construction of h)
F(y) =min {W'(y),....W™(y)}  Vye B.(y)
and
F@)=w@) =---=wN@®).
Then, for every set I C {1,..., N}, we define the set 2! C B,./2(y) by

2" = {y € Boa(@) | Fly) = W(y) vk € T and F(y) < W*(y) vk ¢ I}

and we check easily that

Br/2(:/y\) = U Z’I
Ic{1,...,N}

and that we have for every y € B, »(y) and every I C {1,..., N} (see the end of the
proof of Proposition 4.1)

ye ' \Lip (F) = ye U (2" ~Lip~(W")).
kel

Since by construction the point ¥ is a Lebesgue density point of A given by the set
(4.1) the set

Byp@~Lip (F)= U @'~\Lip"(F))c U U (@ \Lip- (W)
1c{1,...,N} I1c{1,...,N} kel
has positive Lebesgue measure and we conclude easily. |

We denote by P C R" the vector line orthogonal to V', for every a in B, 5 (y) NV (¥)
we define the piece of affine line P, given by

Py = (a+ P)N By (y),
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and we denote by W|p, the restriction of W to P,. By construction, each W|p, is a
continuous function on an open set of dimension 1. The third step of the proof of
Theorem 1.1, which can be seen as the core of the proof, consists in showing that the
functions W and W|p, admit Lipschitz functions from below at the same points.

Prorosiriox 4.10. — There exists K > 0 such that for every a € B, ;2(§) NV (3) and
every 1§ € Py the following property is satisfied: If W p, admits a support function
from below ¢ at § which is Lipschitz on its domain (with Lipschitz constant Lip(p)),
then there is v > 0 such that

W(y) =2 W(y) — K (1+ Lip(¢)) [y — 9 Yy € B, (9);

in particular, § belongs to Lip~™ (W).

Proof of Proposition 4.10. — First, we note that since W is well-defined and continu-
ous on the closed ball B, 5(¥), there is A > 0 such that W (y) < A for all y € B, /»(7).
As a consequence, if we consider some y € B,./2(y) and u € U such that

(4.22) W(y) =Cu) +h(lu—7alf:) and ~"(1) =y,

then we have h(|ju—||32) < A, hence (because h(a) goes to 400 as « increases to 62)
there is § € (0,8) such that ||u—17||z> < 6. We denote by L > 0 the Lipschitz constant
of h on the set [0,42] with 62 := 5+ (32 +62)/2 (remember that h is smooth on its
domain).

Let a € B,./2(y) NV (¥Y), § € P, and ¢ a function which is Lipschitz (with Lipschitz
constant Lip(y)) on an open segment of P, containing 7 such that Wp, admits ¢ as
support function from below at . Given y € B,(¢) N B,./2(y), we consider a control
u € U satisfying (4.22) and we set (see Figure 1)

z = Projﬁa (y).

3

Po

Ficure 1. z belongs to P, NV (y)
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By construction, we have |y — z| < |y — 9| < p with y = 4*(1) and since
h(|lu —al2,) < +oo we have |ju — 4|/ 2 < §. Therefore, by Proposition 4.5, there is
v € U such that

Projiz,) (1°(1) = 2, [7"(1) = 2| < K|z =y,
C(v) <C(u) + K|z —y| and o -7 —llu—1ll7-]| < K|z —yl.

The properties Projl‘;(y)(’y”(l)) = z and z € P, imply that v¥(1) € P,. Moreover,

we note that if y belongs to the ball centered at ¢ with radius less than (6% — 52) /K
then we have

N -2« N N —2 5 <
Ju—1l7: <0 <6® and [o—al7. <u—alF: + Klz—y| <5 + Kly— 3] <%
so that

h(llo=al72) <h(lu—2al72) + L[l = a7z = lu—al7:| < KLz - yl.

Consequently, for every y in a ball centered at § with radius less than (4% — 32)/ K,

we have
Wip, (4*(1)) < C(v) + h (v —al72)
< C(u)+ K|z —y[+h (Ju—al32) + KL|z — y|
<W(y)+ K(L+1)|z -y

Moreover, there is ¥ > 0 such that if y belongs to B,(y) then v”(1) belongs to the
domain of ¢ (because |[7"(1) =g| < [v"(1) =z + |z —y|+ |y =y < K|z —y[+2[y—g] <
(K +2)|ly — 9l|), thus if y € B, () then we have

e (v"(1) < Wip, (v"(1)) S W(y) + K(L+1) [z —yl.

In conclusion, we obtain that for any y sufficiently close to ¢, there holds (we set
K:=K(L+1))

W(y) = ¢ (7°(1) — K |z -y
> ¢ (§) — Lip(p) |7*(1) — g — K |2 — y|
> () — Lip(p) (W'(1) — 2l + |z =y + |y —9]) — K |z — y]
> ¢ () — Lip(e)(K +2) ly — 9| — K |y — 3|
> ¢ (§) — K (1+ Lip(¢)) |y — il
by setting K := K +2. O

Proposition 4.10 allows us to distinguish between two cases. For each a € B,./2(y) N
V(y) we denote by K, the intersection of X (introduced in Proposition 4.5(iii))
with P,, that is,

Ko :=KN P,y VacB,§) NV
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By Proposition 4.5(iii) the set X C B,./2(¥) has positive Lebesgue measure and more-
over by Proposition 2.8, for every a € B, /5(y) NV (¥y) there are two measurable sets
X, K C K, with

L1 (KL UK = L1 (K,)
satisfying the following properties:

(i) For every y € K¢, the function W\p, is differentiable at y.

(ii) For every y € X7, the function W)p, is not differentiable at y and there is a
sequence {yx fren in P, converging to y such that 0 € 0~ W)p, (yx) for all k € N, in
particular we have 0 € 9; Wp, (y).

We set

XK'= U K and K" = U XK
a€B./2(Y)NV (T a€B./2(Y)NV(Y)

and we note that by Fubini’s Theorem, we have
LK) = L™ (K UK™) > 0.

Two different cases have to be distinguished: £"(X?) > 0 or £"(X?) = 0 and
L"(K%) > 0. The first case (L"(KX?) > 0) leads easily to a contradiction because
L(XK?) > 0 together with Proposition 4.10 imply that any point of K¢ C X belongs to
Lip™ (W) which contradicts Proposition 4.5(iii). Therefore, we assume from now that

LMK =0 and L"(K")>0

and we explain how to get a contradiction.
By Fubini’s Theorem there is & € B, /2(y) NV (y) such that

(4.23) LH(KY) > 0.

We pick a Lebesgue density point § of X% in P; (w.r.t. £) and we notice that by
construction of A (see (4.1) the point § does not belongs to Cy the set of critical
values of exp,. Then we pick a unit vector v € R™ tangent to P; and we define the
continuous function W : (—r/10,7/10) — [0, +o0) by

We(t) == Wp, (i + t0) — W|p, (3) vt € (—=r/10,7/10).

The next lemma follows essentially from the construction of ¢, Proposition 4.10, the
Inverse Function Theorem and the Denjoy-Young-Saks Theorem (see Remark 2.10).

Prorosition 4.11. — There are p,0 > 0 with B,(§) C B, /2(y) such that the following
properties are satisfied:

(i) For anyt € (—u, ) and any p € 0~ Wo(t), there holds
pl<t = (WHs) SWO 0 +p(s 1) +0ls =) Vs € (-pmp).

(i) D=W%(0) = 00, Dy W%(0) = —00 and D_W?(0) = DTW&(0) € R.
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Proof'of Proposition 4.11. For every y € M, we denote by I'}}, the set of controls
u € L*([0,1],R™) such that

W(y) = Cu) + h(|lu—1al72)-

The proof of the following result is a consequence of the continuity of W and the fact
that h is nondecreasing.

Levwa 4.12. — For every compact set X C B, /5(Y), the set of controls u € T}, with
y € X is a compact subset of L*([0,1],R™) and the mapping y € B, 2(y) — T, €
C(L2([0,1],R™)) has closed graph (here C(L?([0,1],R™)) stands for the set of compact
subsets of L*([0,1],R™) equipped with the Hausdorff topology).

Proof of Lemma 4.12. — Let X be a compact subset of B,./5(y) and {u }ren, {yx }ren
be two sequences respectively in L?([0, 1], R™) and X such that u;, € T'¥%; for all k € N.
The sequence {yx tren is valued in K compact and since W is bounded on X (because
it is continuous) and

1 _
Wiyr) = 5 lurllZ> +h (Jur —@ll72) ¥k €N,

the sequence {u} e is bounded in L2([0, 1], R™), so there is an increasing subsequence
{ke}oen such that {yg, }een tends to some § € K at infinity and {uy, }reny weakly
converges to some u € L2(]0,1],R™). We note that by the Hahn-Banach Separation
Theorem (see e.g. [20]) we have

[@ll L2 < iminf ||ug,|l2 and ||@ — @l g2 < liminf ||ug, — @2,
£—+00 £—+o00
therefore, since h is nondecreasing, we obtain
1,5 2 o1 2 o ~112
Sl b (1 = @l122) < minf =l |3 + lim it b (o, — a32)
e ~
< liminf {3 e [32 + b (Jur, - @l32) }

{—+00

= egrfoo W(yr,) = W (7).

This shows that @ belongs to I‘Iy/v and that, up to a subsequence, the sequence {ug, }ren
convergences strongly to @ in L2([0, 1], R™) (because {uy, }sen converges weakly to U
and ||@||pz = liminf,, 4o ||uk,||r2), which concludes the proof of the first part. The
second part is left to the reader. O

We now consider the set @ C T'Y, € L?([0,1], R™) defined by

0= {U € TY | Hyrtoen in Brya (@), {pktwen in (R™)*, {ug }ren in L2([0,1],R™)

s.t.  lim =7, llm wup=1u
k—>+ooyk Y k—+o0 k

and uy, € TV, pr € 07 W (yx), |pr| < 2K + 1Vk € N}.
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In the following result, the first part follows from the property (ii) above together
with Lemma 4.12 and the second part is due to the fact that g is in X% and so does
not belong to Co.

Lemva 4.13. The set © is a nonempty compact subset of L*([0,1],R™) and for
every u € © there are vt, ... ,v"™ € L%([0,1],R™) such that the linear mapping

A=A, d) ER? — DuE(Z)\ivi) eR"

i=1

1s invertible at X = 0.

Proofof Lemma 4.13. — By construction of g and the property (ii) above, there is
a sequence {7 }ren in Py converging to g such that 0 € 9~ Wp, (7,,) for all & € N.
Note that this property has to be understood as 0 € 9~ Wa(f;) for all k € N, where
the ty’s are defined by ¢§ + t,0 = ¥,. Proposition 4.10 shows that, in fact, for any
k € N the function W admits a support function from below at g, which is Lipschitz
(2K)-Lipschitz on its domain. Thus, Proposition 2.6 gives for every k € N a co-vector
Py € 0; W(7,) such that [p,| < 2K. By definition of 9, W we infer that there is a
sequence {yx ren in B, /2(¥y) along with a sequence {p}ren in (R™)* such that

lim y, =9 and pp €0 W(y), |pe] <2K +1 VEkeN.

k—+o00

By taking a control uy, in each I'(j; and applying Lemma 4.12, we conclude that © is
not empty. The compactness of O is an easy consequence of Lemma 4.12.

Let us now prove the last part of Lemma 4.13 and fix some u € ©. By definition,
there are sequences {yx}ren, {Pk}ren, {Uur}ren respectively in B, (), (R™)* and
L?(]0,1],R™) such that

lim yr =9, lim w,=wandu, € 'Yy, pr € 0~ W(yk), |pr| < 2K + 1Vk € N.

k— 400 k—-+o00

Thus, for each k € N, there is a support function from below ¢y : Ur — R of class
C" on its domain Uy C B, /5(y) with doy(yx) = pr such that (we define C : U — R
by C(u) == |lu— 1|2 for all u € U)
C(ux) +h(Clur)) = W (i) = p(ue)

and C(u) + h(C(u)) = W (E(u) = ¢ (B(w) Yu e Uy,
where Uy, is an open neighborhood of uy in U such that E(Uy) C Ug. Then, we infer
that

Pk - Dy B = Dy C + 1 (Jug, — @|22) - Do, C Wk €N.
By compactness (all py satisfy |px] < 2K + 1) and up to a subsequence, {p}ren
converges to some p € 97 W(g) and in addition uy — @ converges in L?([0,1],R™) to
u — u which satisfies h'(|lu — @l|z2) = h(]ju — @||z2) = 0 (by Proposition 4.5(ii) and
because u € I');, and W(g) = F(7)). Then, by passing to the limit we obtain

p-DyE = D,C.
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By Proposition 3.2, we infer that ¢ belongs to the image of exp, and since § ¢ Cg the
result follows. |

The following result is an easy consequence of the Inverse Function Theorem and
Lemma 4.13, its proof is left to the reader.

Lemva 4.14. — There are 0,p € (0,1), M > 0, a positive integer N, N controls

ul, ..., u? in © such that the following properties are satisfied:

For every £ € {1,...N}, every v € U with ||v — u’||z2 < §, there is a mapping
G4 : B5(7(1)) = U such that

E($™(y) =y  VyeB;(v"(1))
and

||9MHC2 <M

We are ready to complete the proof of Proposition 4.11. By construction of © there
is > 0 such that for any y € Pz N B, () for which 0~ W, p, (y) admits a co-vector of
norm < 1 we have that any v in T'Y, satisfies |[v — u’||z2 < § for some £ € {1,...,N}.
Therefore, if we consider y € P; N B w(7), p € 0" Wp,(y) with |p| < 1 and v € T,
then we have

W() <C(G°(2) +h (C(G(:) V2 € Byly)

and moreover if ¢ : J — R is a support function from below for W|p, at y, which is c!
on an open segment containing y in Py and verifies dp(y) = p, then we also have

0(2) < Wip,(2) < C(G°(2) + h(C(S¥(2)))  Vz € PaNINBy(y).
We infer that the differential at y of the function
2 C(8"(2)) + h(C (8" (2)))
is equal to p and we conclude easily by noting that Lemma 4.14 allows to obtain an
upper bound for the C2-norm of that function.

To prove (ii) we note that, by the property (ii) above, there is a sequence {¢x }ren
n (—pu, ) converging to 0 such that 0 € 9~ W4 (t) for all k € N which by (i) yields

Wo(s) < Wo(ty) + o(s —tg)> Vs & (—u,p), Vk €N,
Hence by passing to the limit we infer that we have (note that W%(0) = 0)
(4.24) Wi(s) < os® Yz € Py B(y).

By Denjoy-Young-Saks’ Theorem (see Remark 2.10), since W is not differentiable
at a, one of the following properties is satisfied:
(2) DFWe(0) = D~Wi(0) = +oo and D, W&(0) = D_W3(0) = —o0,
(3) DYW@(0) = +oo, D_W%(0) = —oc0 and DL W%(0) = D-W%(0) € R,
(4) D~W%(0) = +o00, D4 Wa(0) = —oo and D_W%(0) = DTW%(0) € R.
But the properties (2)—(3) are prohibited by (4.24), so the proof is complete. O

The final contradiction will be a consequence of the following:

JIEP. — M., 2023, tome 10



SUBDIFFERENTIALS AND MINIMIZING SARD CONJECTURE IN SUB- RIEMANNIAN GEOMETRY 1233

Prorosition 4.15. Lete,o >0, a,b € R with b > a be such that
(b—a)o
4

and let h : [a,b] — R with h(a) = h(b) = 0 be a continuous function such that for any
s € (a,b) and p € 0~ h(s) there holds

(4.25) €z

(4.26) bl <e = (h(s’) <h(s)+p(s —s) +o(s' —s)2 Vs € a, b]).

Then we have

(4.27) h(s) = D(s) :== max{—¢(s —a),e(s —b) } Vs € [a,b].

Proof of Proposition 4.15. — Suppose for contradiction that (4.27) does not hold and
consider a global minimum 3 € (a,b) of the function h — D on [a,b]. So, we have

h(3) < D(3). If 5 belongs to (0, (a+b)/2), then we have 0 € 8~ (h—D)(5) = 0~ h(s)—¢,
hence we infer that € € 97 h(3) which by (4.26) yields
h(a) =0 < h(3) +e(a —3) + o(a —3)°
Thus, we have
e(3—a)—0o(E—a)* <h(E) < DGE) = —£(5—a),
that is,
e(5—a) < o(G—a) e c< O _2“)0 <& _4“)”7
which contradicts (4.25). If s = (a + b)/2, then we have

h(s) — D(s) = h(3) — D(3) Vs € [a,b],

which implies that
h(s) = h(s) — D(3) + D(s) Vs € [a,b],

where the inequality becomes an equality for s = 5. Since the function s € [a,b] —
h(s) — D(3) + D(s) admits a minimum at s = 3, we infer that 0 € 9~ h(3). Then,
(4.26) along with h(a) = h(b) = 0 yield

h(a) =0 < h(3) +o(a—3)2 = h(3) + o(b—a)?/4,
0< h(3)+o(b—3)2=h(3) +ab—a)?/4

Thus, we have

We infer that
(b—a) e

(b—a) e
o 1 +2<0<a 1 X

a contradiction. The case 5 € ((a + b)/2,b) is left to the reader. O
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Recall that there is a sequence {tx}ren in (—p, p) converging to 0 such that 0 €
O~ Wa(ty) for all k € N. We may assume without loss of generality that {t;}ren is
contained in (0, ) and is decreasing. Proposition 4.11(i) gives

(4.28) 0=W¥0) < Wi(ty) +ot; VkeN.

Let us distinguish two cases.

First case: There is k € N such that ty, < o/4 and W(tx) > 0. — Since W%(0) = 0
and W? is continuous there is b € (0, ] such that W%(b) = 0. Therefore, by Proposi-
tion 4.11(i), the function h = W% : [0,b] — R satisfies the assumptions of Proposi-

tion 4.15 (with e = 1, a = 0 and (b — a)o/4 < tyo/4 < 1) and as a consequence we
have

W(t) > max{a —t,t — b} Vit € [a, b].
This property contradicts the property D, W@(0) = —oo given by Proposition 4.11(ii).

Second case: W (t) < 0 for all k large. — For every k large, we define the continuous
function hy, : [0,tx] = R by

. t o
hi(t) := W(t) — . W (ty) vt € [0, tx].
k

We have hj(0) = hi(tr) = 0 and moreover any p in 0~ hy(t) with ¢ € [0, t5] satisfies
(by (4.28))

L a —17d . L a L s

p+—Wi(t) € 0"WO(t) with ‘;W (tk)‘ = ——Wi(ty) < ot
k k k

Thus, by Proposition 4.11(i), we infer that if ot; < 1/2 then we have for any p in
O~ hi(t) with t € [0,tx] and [p| < 1/2,

N N 1 N
Wa(s) < Wa(t) + (p + t—W“(tk)) (s—t)+o(s—t)2 Vsel0t].
k
which gives

hi(s) < hi(t) +p(s —t) +o(s —t)* Vs €[0,t).

As in the first case, by applying Proposition 4.15 we obtain a contradiction to the
property D, W@(0) = —oo. So, the proof of Theorem 1.1 is complete.

5. FINAL COMMENTS

5.1. DOMAINS OF THE LIMITING SUBDIFFERENTIAL OF CONTINUOUS FUNCTIONS. — Given a
continuous function f : O — R defined on an open set O of R", we call domain of
its limiting subdifferential, denoted by dom(9; f), the set of x € O where 0} f(z) is
not empty. In Section 2.4, we proved that if n = 1 then dom(9; f) has full Lebesgue
measure in 0. But the we do not know the answer to the following:

OPEN QUESTION. If n > 2, does dom(0; f) have full Lebesgue measure in O?
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We expect the answer to be No, even if f is locally Hoélder continuous. Nevertheless,
since pointed sub-Riemannian distances are (locally) Holder continuous (this is a
consequence of Ball-Box Theorem, see e.g. [4, 13, 32]), a positive answer to the above
question in the Hoélder continuous case would have some interesting consequence on
the image of sub-Riemannian exponential mappings, see (5.1) below.

5.2. ON THE LIMITING SUBDIFFERENTIALS OF f,. — Let M be a smooth manifold
equipped with a complete sub-Riemannian structure (A,g). The sub-Riemannian
Hamiltonian H : T*M — R canonically associated with (A, g) is defined by

p(v)?
veAx)~{0 }
2 v e )~ {0)
in local coordinates in T* M. We recall that if we denote by ¢ the Hamiltonian flow

(given by H w.r.t. the canonical symplectic structure on T* M) then for every € M,
the exponential mapping exp, : 7o M — M is defined by

exp,(p) =7 (91 (2,p))  Vpe T, M,
where 7 : T*M — M stands for the canonical projection, and it satisfies
exp,(ADp) :=7r(<bf\{(x,p)) Vpe Ty M, VA= 0.
Let © € M be fixed, we define the set Pt C T* M, called minimizing domain of the
exponential mapping exp,, as
i i {p e TIM | dun (w,ex0,(p))* = 2H (2,p) |
it is the set of co-vectors p € TM for which the horizontal path -, : [0,1] — M,
given by 7, (t) := m(¢f (z,p)) for all t € [0,1] is minimizing from  to v, (1) = exp, (p).
Proposition 3.4 shows that we have
(5.1) dom (07 f,) C exp, (P™),

where f, := d%,(-)?/2 and dom(9; f.) denotes the set of y € M such that 9; f.(y) is
non-empty. We do not know the answer to the following:

1
(z,p) — 5 max{

Orex Question. — Do we have dom (8 f,) = exp,, (P2i)?

It is worth to notice that the property "0, fz(y) # @ for almost every y € M" is
not listed in Proposition 3.10. We do not know either if this property is sufficient for
the minimizing Sard conjecture to hold true.

5.3. NORMAL CONTAINERS AT INFINITY. — We keep here the same notations as in the
previous section. Given z € M, we denote by £, the set of all sequences {py }\ in TxM
such that

: . 1
A el = oo and B (w20 = 5

By compactness, we can associate to each sequence {py}r in £, a set of horizontal
paths starting from z. As a matter of fact, each pjy gives rise to a horizontal path
Ypr : [0,+00) — M (by setting v,, (t) = 7(¢H (x,p)) for all ¢ > 0) and since
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H(x,py) tends to 1/2 all those curves are uniformly Lipschitz on each interval [0, T
with T' > 0. So by Arzela-Ascoli’s Theorem, the sequence {~,, } converges uniformly
on compact sets, up to subsequences, to horizontal paths on [0, +00) starting from z.
We denote by I'S° the set of all such paths and we call it the normal container at
infinity from x. By construction any path of I';° is singular.

We call minimizing normal container at infinity from z, the set of minimizing
horizontal paths v : [0,1] — M obtained as uniform limits of paths ~,, : [0,1] — M
where {py} is a sequence in T M such that

pp €PMM Ve and  lim |ppl. = +oo.
r—+o00

By construction, we have
T3 ([0,1]) € T2 ([0, +00)) -

By Proposition 3.10, the set Abn™"(z) has Lebesgue measure zero in M if and only
if there holds 05, f.(y) = @ for almost every y € M. Moreover, we infer easily from
Proposition 3.6 that for any (y,p) € T*M with p € 05, f5(y), there is a minimizing
horizontal path v € 2™ guch that (1) = y which satisfies the Goh condition.
Those results suggest that a fine study of normal containers at infinity I'S° and ['2o-min
may help in the understanding of the minimizing Sard conjecture.

5.4. MEASURE CONTRACTION PROPERTIES. — Measure contraction properties consist in
comparing the contraction of volumes along geodesics from a given point with what
happens in classical model of Riemannian geometry. Unlike other notions of Ricci
curvature (bounded from below) on measured metric spaces which are not relevant in
sub-Riemannian geometry (see [28]), measure contraction properties have been shown
to be satisfied for several types of sub-Riemannian structures (see [27, 35, 7, 30, 31,
39, 12, 11]), all of which do not admit strictly abnormal minimizing horizontal paths.
The present paper provides new examples of sub-Riemannian structures which may
have strictly abnormal minimizing horizontal paths and for which Ohta’s definition of
measure contraction property makes sense (see [33, 35]), it is thus natural to wonder
whether they might enjoy measure contraction properties.

APPENDIX. A SECOND-ORDER CONDITION FOR LOCAL OPENNESS AT SECOND-ORDER

We state and prove in this section the result of local openness that we apply in the
proof of Lemma 4.8. For this, we consider a Banach space (X, || - ||) (whose open ball
centered at u € X of radius r > 0 will be denoted by Bx (u,r)), a positive integer N,
an open subset U of X and a mapping F : U — R which is assumed to be of class
C? on U, which means that it satisfies the following properties (the usual Euclidean
norm in RY is denoted by |- |):

(i) the function F is (Fréchet) differentiable at every w € U, that is, there is a
bounded linear operator D, F : X — R¥ such that

lim |F(u+ h) — F(u) — D, F(h)]
h—0 1Rl

=0,
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(ii) the mapping u + D, F is continuous from U to the set L(X,R") of bounded
linear operators from X to RY equipped with the operator norm || - ||,

(iii) the function u € U — D,F € L(X,R") is of class C' as a function from
(X, - 1D to (L(X,RN), || - ||) (note that (i)-(ii) above can be adapted to functions
valued in a Banach space instead of RY) which means that

. |F(u+h) = F(u) — D F(h) — 1DZF(n)|
lim
h—0 (| A2

=0 Yu € U,

where for every u € U, D?F : X — R" stands for the quadratic form defined by the
(symmetric) bilinear form (h, k) — D2 F(h, k) given by the derivative of u — D, F(h)
in u (along k) and where the mapping u € U — D2F € L?(X,R") is continuous.

We refer for example the reader to the monograph [25] for further detail on differ-
ential calculus in infinite dimensions.

By the Inverse Function Theorem, F' is locally open « at first order » at any point
where F' is a submersion, that is, where D, F' is surjective. The second-order theory
developed by Agrachev-Sachkov [8] and Agrachev-Lee [6] allows to give sufficient
conditions for a local openness property « at second-order » as we now show. Given
a critical point u € U, that is, a point where D, F : X — R¥ is not surjective, we
define the co-rank of u by

corankp (u) := N — dim (Im (D, F)) € [1,N]

and we recall that the negative index of a quadratic form @ : X — R (that is @
is defined by Q(v) := B(v,v) with B : X x X — R a symmetric bilinear form) is
defined by

ind_(Q) := max{dim(L) | Q103 < O},

where Q|1 0} < 0 means
Qu) <0 Yu € L~ {0}.

The following result provides a refinement of [36, Th.B.3, p.128] which was itself
obtained as an application of the second-order theory developed in Agrachev-Sachkov
[8, Chap. 20] and Agrachev-Lee [6, §5] (see also [4, Chap. 12]) (given a vector space
V C RN, VL stands for the set of linear forms on RY which annihilate V):

Turorem A.1. — Let F : U — RN be a mapping of class C* on an open set U C X,
@ € U be a critical point of F of co-rank r and let G : U — R, with d € N*, be a
mapping of class C* on U. If there holds

A1) ind (A (DEF), gpopy ) = N+d YA€ (Im(DgF)) " < {0},

then there exist (0,p) € (0,1) and K > 0 such that the following property holds: For
everyu € U, x € RN with

lu—a| <d and |z— F(u)|<p,

JIP — M., 2023, tome 10



1238 L.. Rirrorn

there are wy,ws € X such that u+ wy + wo € U,

r = F(u+w +ws),
wy € Ker (D, F) NKer (D, G)

and Jwi|| < Kv/|z = F(u)l,  [lwa|l < K|z — F(u)].

Proofof Theorem A.1. — Let F : U — RY, w € U and G : U — R? as in the
statement be fixed such that (A.1) is satisfied. The following result will allow us to
work on spaces of finite dimension, it is a consequence of (A.1).

Lemma A2, — There are a vector space W C X of dimension D and a vector space
V C W of dimension N —r such that the restriction F : Wy — RN of F to Wy :=
{u} + W satisfies the following properties: There holds

(A.2) W =V @Ker(DgF), Im(DgF) =Im(DgF)y) = Im(DgF)

and for every vector space Z C Ker(DgF) of dimension > D +r — N — d,

(A.3) ind_ (A. (D%f)lz) >r Ve (Im(zm?))L < {0}.

Proof of Lemma A.2. — Consider the (N—1)-dimensional sphere S  (RV)* defined by
$:={re (m(DaF))" [N =1} c ®Y)".

By (A.1), for every A € S, there is a subspace E) C Ker (DgF') of dimension N + d
such that

2
- (DUF)|E>\\{O} <0
and moreover by continuity of the mapping v — v- (DELF) By there is indeed an open
set Oy C S containing A such that
v (DiF) g oy <O Vv €O
Therefore, by compactness of S there are finitely many open sets Oy,,...,0), in S
such that
I
S=U O,,.

i=1
Pick now a finite dimensional space V' C X of dimension N — r such that (note that
V NKer(DzF) = {0})
Im (Dﬁﬂv) =Im (DEF)
and define the finite dimensional vector space W C X, say of dimension D, by
1
W=V e <ZE,\i).
i=1
By construction, the restriction F': Wy — RN of F to Wy := {u} + W satisfies (A.2)

and

(A.4) ind_ ()\ : (Dgﬁ)lKer(Dﬁﬁ)) >N+d Vie (Im(Dﬁﬁ))L < {0}
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Furthermore, if Z C Ker(DgF) is a vector space of dimension > D +r — N —d
and A belongs to (Im(DzF))% ~ {0} then thanks to (A.4) there is a vector space
E C Ker(DgF) of dimension N + d such that

A (D%ﬁ)lE\{O} <0

and in addition we have
dim(Z N F) = dim(Z) 4+ dim(E) — dim(Z + E)
>D+r—-N-d)+(N+d)—-D=r.
This proves (A.3). O

For every vector space Z C Ker(Dgﬁ ) of dimension > D +r — N — d, we define
the vector space

Xy =VeoZCX
and the mapping Hz : Xz — RY by
~ 1 ~
Hy(v,2) := DgF(v)+§(D%F)(z) V(v,2) eV X Z ~ Xz,
and we set
Bz(a):={(v.z) € Xz | lv+2z]| <a}  Va>0.
The proof of the following lemma is more or less the same as the proof of [36, Lem. B.7,

p. 135], we give it for the sake of completeness.

Levmva A3, For every vector space Z C Ker(Dgﬁ) of dimension > D+r— N —d,
there are jiz,cz > 0 such that the image of any continuous mapping H : Bz (1) — RN
with

(A.5) sup{|H (v, 2) — Hz(v,2)| | (v,2) € Bz(1)} < pz

contains the ball B(0,cz) C RY.

Proofof Lemma A.3. — Let Z C Ker(DgF) a vector space of dimension > D + r —
N — d be fixed. Denote by X the orthogonal complement of Im(DzF) = Im(DoHyz)

in RY which is a vector subspace of RV of dimension r and define the quadratic
mapping Qz : Z — X by

Qz(2) == Projx [(D%}N?) (z)} Vz € Z,

where Projx : RY — X stands for the orthogonal projection to K. By (A.2)-(A.3),
we have

ind_ (A*-Qz)>r VA € X~ {0}.
Hence by [8, Lem. 20.8, p.301] or [36, Lem.B.6, p.130], @z admits a regular zero
%z € Z. Thus, the point Z € X, satisfies

Z € Ker(DoHyz) = Z,
D2Hz (z,%) € Im(DoHyz) (because Qz(z) = 0 < D2F(z) € X+ = Im(DyHyz))
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and the linear mapping
(v,2) € Ker(DgHz) — Projx [(D2Hz) (% (v,2))] € X = (Im(DoHy))™

is surjective, so by [36, Lem. B.5, p. 129] we infer that there is a sequence {(v;, z;)}:
in Xz converging to 0 (w.r.t. ||-||) such that Hz(v;, 2;) = 0 and Dy, ,)Hz is surjective
for all 7. Let ¢ be large enough such that u; := (v;, 2;) belongs to Bz(1/4). Since D,,, Hz
is surjective, there is a affine space Y C Xz of dimension N containing u; such that
D.,(Hz))y is invertible. So, by the Inverse Function Theorem, there is an open ball
B := Bx(ui,p) NY C Bz(1) centered at u; in Y such that the mapping

(Hz)|y : B — (Hz)|y('B) CRN

is a diffeomorphism. Denoting by H : (Hz)y (B) — B its inverse, we pick some cz > 0
such that

B(0,¢z) C (Hz)|y(B) and H (B(0,cz)) C Bx (ui, p/4),

and moreover we consider some pz > 0 small enough such that any continuous map-
ping H : Bz(1) — RY verifying (A.5) satisfies

H(u) € (Hz)|y(B) VYu € Bx(ui, p/2)NY
and [(Ho H)(u) — ul ég Yu € Bx(ui, p/2)NY.
We claim that by construction the image of any continuous mapping H : Bz (1) — RV

verifying (A.5) contains the ball B(0,cz). As a matter of fact, for every x € B(0, cz),
the above construction implies that the function

U : Bx(H(z),p/4)NY — Bx(H(z),p/4)NY
defined by
U(u) :=u— (HoH)(u)+ H(x) Vu € Bx(H(z),p/4)NY,

is continuous from the N-dimensional ball Bx(H(x),p/4) NY into itself. Therefore,
by Brouwer’s Theorem, ¥ has a fixed point, that is, there is u € Bx(H(z),p/4)NY
such that

V(u) =u < H(H(u)) =H(z) < H(u) =z,

which concludes the proof of the lemma. O
Let > 0 be such that By (4, 108) C U. For every vector space Z C Ker(DgF) of
dimension e € [D+r—N —d, D+r— N]| (note that Ker(DzF') has dimension D+r—N)

and every vector space Z' C W of dimeunsion e, we denote by Dy (Z, Z’) the Hausdorff
distance between Z and Z’ over the unit ball, that is, (we set BY := Bx(0,1))

Dy (Z,7') ;= max{ su inf u—u su inf uw—u
u(%.7) {uezmpB;( u€ZNBk i I 7u’€Z’£B}( u€ZNB% i H}}
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and we denote by 7wz : W — Z’ the orthogonal projection to Z’ with respect to a
fixed Euclidean metric in W ~ R”. We note that, since norms in finite dimension are
equivalent, there is K > 0 which does not depend upon Z, Z’ such that there holds

(A.6) |lmz(2) — 2| < Kdu(2,2)) 2| Vze€ Z.

Then, for every € € (0,€) and every u € U with ||u — || < &, we define the function
Q% 70 Xz — RY of class C? by

Oy 71 u(v,2) = é(F(u + v +emy(2)) — F(u)) V(v,2) € Xz.

The following lemma follows from Taylor’s formula at second-order (iii) above and
Lemma A.3:

Lemma A4
For every vector space Z C Ker(DgF') of dimension e € [D+r— N —d, D+r— NJ,
there is ez > 0 such that for every vector space Z' C W of dimension e satisfying

Dp(Z,7") < ez,

and every u € U with ||u — 1| < ez, we have

B(O,Cz) C (I)EZ,Z’,u (Bz(l)) Ve € (O,EZ).

Proofof Lemma A.4
Let Z C Ker(DzF') a vector space of dimension e € [D+r — N —d,D +r — N]
be fixed. We claim that
lim sup{“bsz,z/w(v, 2) = Hy(v,2)| | (v,2) € 32(1)} = 0.

u—u,Z’'—Z,e—0

As a matter of fact, for every vector space Z' C W of dimension e and every ¢ € (0,),
we have for every (v,z) € Bz(1),

0%, 71.4(0.2) — Hz(0.2) = (DuF(0) + %DiF(wZ/(z)D

— (DaF(v) + 5 (DEF)(2)) + 05 21.4(v:2),

N | =

with

0% 7 .(v,2) = 5% (F(u+ce*v+emy(z)) — F(u) — D F (%)) — %DiF(ﬂ'z/ (2)).

By C! regularity of F, we have

lim sup{’DuF(v) - Dgﬁ(v” | (v,2) € 32(1)} =0

u—u
and by C? regularity of F' along with (A.6) we have
lim sup{yD;iF(nZ,(z)) — (D2F)(2)| | (v,2) € Bz(l)} —0.

u—u, ' —
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Moreover, we can write for every (v, z) € Bz(1),
F(u+e*v+emy(z)) — F(u) — D F(s%)
=F(u+e*v+emy(z)) — F(u) — D F(*v +emz(z))

= / Dtu+ 1—t)(e? U+ETFZ/(Z))F(€2U + 67TZ’(Z)) dt

= / Dtu+(1 ¢ (a2v+mz,(z))F(€U +72/(2)) dt,
so by C? regularity of F' and (A.6) we also infer that
. £ _
o fimsup{]07,71,(0.2)] | (v.2) € Bz (1)} = 0.

Consequently, the claim is proved and Lemma A.3 completes the proof. (|

We are ready to conclude the proof of Theorem A.l. First, we observe that for
every integer e € [D 47— N —d, D +r — NJ, the set of vector spaces Z C Ker(DgF)
of dimension e is compact with respect to the metric Dg. Hence, by Lemma A.4,
we infer that there are ¢, € (0,1) such that for every vector space Z C Ker(DyF)
of dimension e > [D +r — N —d,D + r — N, for every vector space Z' C W of
dimension e with Dy (Z,Z') < € and for any u € U with ||Ju — u|| < &, there holds

(A.7) B(0,¢) € 9% 4., (Bz(1)) Ve € (0,8).

Second, we note that for every u € U close enough to u, the two vector spaces
Z!, Z,, C W defined by (Proj I%; stands for the orthogonal projection to a vector space
E C W with respect to the fixed Euclidean metric in W ~ RP)

Z! :=Ker (D, F)NKer (D,G)NW and Z,:= Projll(er(Dil;) (z,)
have the same dimension in [D +r — N —d, D + r — N]. Thus, there is § € (0,1)
such that (A.7) is satisfied for any v € U with ||lu — @] < 6, Z = Z, and Z' = Z];
furthermore we note that we can assume also that |7z (2)| < C||z|| for some C > 1
Let us now show that the conclusions of Theorem A.1 are satisfied with K := C/V¢
and p := £%¢. Given u € U with ||u — | < 6, if z € RY verifies |x — F(u)| < p then

we have

-F 1
€= \5676\(10|<5 and g(fo(u))<E.

So, by (A.7) (with Z = Z, and Z' = Z]), there are (v,z) € Bz(1) such that
D% 74 (v,2) = (z — F(u))/e* which yields

z=F(u+w; +wy) with wy:=eny(2) and wy := 20,
where
wy € Ker (D, F) NKer (D, G)

and [wn]] < K|z = Fu)], [Jwsl| < Kl = F(u)|

are satisfied by construction. a

JIEP. — M., 2023, tome 10



(1]

(5]
[6]
[7]

(8]

[9]
(10]

(11]

(12]
(13]

(14]

SUBDIFFERENTIALS AND MINIMIZING SARD CONJECTURE IN SUB- RIEMANNIAN GEOMETRY 12/|‘3

REFERENCES

A. Acracuey — “Compactness for sub-Riemannian length-minimizers and subanalyticity”, Rend.
Sem. Mat. Univ. e Politec. Torino 56 (1998), no. 4, p. 1-12 (2001), Control theory and its
applications (Grado, 1998).

, “Any sub-Riemannian metric has points of smoothness”, Dokl. Akad. Nauk 424 (2009),
no. 3, p. 295-298.

, “Some open problems”,; in Geometric control theory and sub-Riemannian geometry,
Springer INAAM Ser., vol. 5, Springer, Cham, 2014, p. 1-13.

A. Acraciiey, D. Baritart & U. Boscain — A comprehensive introduction to sub-Riemannian ge-
ometry. From the hamiltonian viewpoint, Cambridge Studies in Advanced Math., vol. 181,
Cambridge University Press, Cambridge, 2020.

A. Acracngy & J.-P. Gaurnier — “On the subanalyticity of Carnot-Caratheodory distances”, Ann.
Inst. H. Poincaré C Anal. Non Linéaire 18 (2001), no. 3, p. 359-382.

A. Acracugy & P. Lee — “Optimal transportation under nonholonomic constraints”, Trans. Amer.
Math. Soc. 361 (2009), no. 11, p. 6019-6047.

A. Acracev & P. W. Y. Lee — “Generalized Ricci curvature bounds for three dimensional contact
subriemannian manifolds”, Math. Ann. 360 (2014), no. 1-2, p. 209-253.

A. Acracnev & Y. L. Sacuxkov — Control theory from the geometric viewpoint. Control Theory
and Optimization, II, Encyclopaedia of Mathematical Sciences, vol. 87, Springer-Verlag, Berlin,
2004.

A. AcracHiv & A. V. Sarvcrev — “Abnormal sub-Riemannian geodesics: Morse index and rigidity”,
Ann. Inst. H. Poincaré C Anal. Non Linéaire 13 (1996), no. 6, p. 635-690.

, “Sub-Riemannian metrics: minimality of abnormal geodesics versus subanalyticity”,
ESAIM Control Optim. Calc. Var. 4 (1999), p. 377-403.

7. Babreoppine & L. Rirrorp — “Measure contraction properties for two-step analytic sub-
Riemannian structures and Lipschitz Carnot groups”, Ann. Inst. Fourier (Grenoble) 70 (2020),
no. 6, p. 2303-2330.

D. Baricart & L. Rizzi — “Sharp measure contraction property for generalized H-type Carnot
groups”, Commun. Contemp. Math. 20 (2018), no. 6, article no. 1750081 (24 pages).

A. BeLraicne — “The tangent space in sub-Riemannian geometry”, J. Math. Sci. (New York) 83
(1997), no. 4, p. 461-476, Dynamical systems, 3.

A. Berotro pa Siiva, A. Ficarer, A. Parusiskr & L. Rirrorp — “Strong Sard conjecture and regu-
larity of singular minimizing geodesics for analytic sub-Riemannian structures in dimension 3”,
Invent. Math. 229 (2022), no. 1, p. 395-448.

A. BerLorto pa Sitva, A. Parusikskr & L. Rirrorp — “Abnormal subanalytic distributions and
minimal rank Sard conjecture”, 2022, arXiv:2208.01392.

A. BeLorro pa Sitva & L. Rivrorp — “The Sard conjecture on Martinet surfaces”, Duke Math. J.
167 (2018), no. 8, p. 1433-1471.

I. Boarotro, L. Naro~ & D. Vitrone — “The Sard problem in step 2 and in filiform Carnot groups”,
2022, arXiv:2203.16360.

I. Boarotro & D. Vitrone — “A dynamical approach to the Sard problem in Carnot groups”,
J. Differential Equations 269 (2020), no. 6, p. 4998-5033.

Y. Crrrour, F. Jean & E. Trirar — “Genericity results for singular curves”, J. Differential Geom.
73 (2006), no. 1, p. 45-73.

F. H. CrarkE — Functional analysis, calculus of variations and optimal control, Graduate Texts
in Math., vol. 264, Springer, London, 2013.

F. H. CLagrkE, Y. S. Lepyvaev, R. J. Stery & P. R. WoLenskr — Nonsmooth analysis and control theory,
Graduate Texts in Math., vol. 178, Springer-Verlag, New York, 1998.

L. C. Evans & R. F. Gariery — Measure theory and fine properties of functions, revised ed.,
Textbooks in Math., CRC Press, Boca Raton, FL, 2015.

H. Feperer — Geometric measure theory, Grundlehren Math. Wissen., vol. 153, Springer-Verlag
New York, Inc., New York, 1969.

P. G6ra & R. J. Stery — “Subdifferential analysis of the Van der Waerden function”, J. Convez
Anal. 18 (2011), no. 3, p. 699-705.

JIP — M., 2023, tome 10


http://arxiv.org/abs/2208.01392
http://arxiv.org/abs/2203.16360

4

(25]
[26]
27]
28]

(29]

(30]

(31]

L.. Rirrorn

R. S. Hamicron — “The inverse function theorem of Nash and Moser”, Bull. Amer. Math. Soc.
(N.S.) 7 (1982), no. 1, p. 65—222.
E. H. Hanson — “A new proof of a theorem of Denjoy, Young, and Saks”, Bull. Amer. Math.
Soc. 40 (1934), no. 10, p. 691-694.
N. JuiLLer — “Geometric inequalities and generalized Ricci bounds in the Heisenberg group”,
Internat. Math. Res. Notices (2009), no. 13, p. 2347-2373.

, “Sub-Riemannian structures do not satisfy Riemannian Brunn-Minkowski inequalities”,
Rev. Mat. Iberoamericana 37 (2021), no. 1, p. 177-188.
E. Le Donng, R. Montcomery, A. Orrazzi, P. Pansu & D. Vitrone — “Sard property for the endpoint
map on some Carnot groups”, Ann. Inst. H. Poincaré C' Anal. Non Linéaire 33 (2016), no. 6,
p- 1639-1666.
P.W. Y. Lee — “On measure contraction property without Ricci curvature lower bound”, Potential
Anal. 44 (2016), no. 1, p. 27-41.
P W. Y. Leg, C. L1 & I. ZeLexko — “Ricci curvature type lower bounds for sub-Riemannian
structures on Sasakian manifolds”, Discrete Contin. Dynam. Systems 36 (2016), no. 1, p. 303—
321.
R. Montcomery — A tour of subriemannian geometries, their geodesics and applications, Math.
Surveys and Monographs, vol. 91, American Mathematical Society, Providence, RI, 2002.
S.-1. Onra — “On the measure contraction property of metric measure spaces”, Comment. Math.
Helv. 82 (2007), no. 4, p. 805-828.
A. Otrazzt & D. Vitrone — “On the codimension of the abnormal set in step two Carnot groups”,
ESAIM Control Optim. Calc. Var. 25 (2019), article no. 18 (17 pages).
.. Rirrorp — “Ricci curvatures in Carnot groups”, Math. Control Relat. Fields 3 (2013), no. 4,
p. 467-487.
, Sub-Riemannian geometry and optimal transport, SpringerBriefs in Math., Springer,
Cham, 2014.
, “Singuliéres minimisantes en géométrie sous-Riemannienne”, in Séminaire Bourbaksi
2015/2016, Astérisque, vol. 390, Société Mathématique de France, Paris, 2017, Exp. No. 1113,
p. 277-301.
L. Rirrorp & E. Trérar — “Morse-Sard type results in sub-Riemannian geometry”, Math. Ann.
332 (2005), no. 1, p. 145-159.
L. Rizzt — “Measure contraction properties of Carnot groups”, Calc. Var. Partial Differential
Equations 55 (2016), no. 3, article no. 60 (20 pages).
R. T. Rockarerrar & R. J.-B. Wers — Variational analysis, Grundlehren Math. Wissen., vol. 317,
Springer-Verlag, Berlin, 1998.
T. Sakar — Riemannian geometry, Translations of Math.Monographs, vol. 149, American Math-
ematical Society, Providence, RI, 1996.
A. 1. SussoriN — Generalized solutions of first-order PDEs. The dynamical optimization perspec-
tive, Systems & Control: Foundations & Applications, Birkhduser Boston, Inc., Boston, MA,
1995.
E. Trérar — “Some properties of the value function and its level sets for affine control systems
with quadratic cost”, J. Dynam. Control Systems 6 (2000), no. 4, p. 511-541.

Manuscript received 13th February 2023
accepted 7th September 2023

Lupovic Rirrorp, Université Coéte d’Azur, CNRS, Labo. J.-A. Dieudonné, UMR CNRS 7351
Parc Valrose, 06108 Nice Cedex 02, France
E-mail : ludovic.rifford@math.cnrs.fr

Url :

JLEP

https://math.univ-cotedazur.fr/~rifford/

M., 2023, tome 10


mailto:ludovic.rifford@math.cnrs.fr
https://math.univ-cotedazur.fr/~rifford/

	1. Introduction
	2. Subdifferentials and Lipschitzness
	3. Minimizing Sard Conjecture, subdifferentials and Lipschitzness
	4. Proof of Theorem 1.1
	5. Final comments
	Appendix. A second-order condition for local openness at second-order
	References

