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FROM VLASOV-POISSON AND
VLASOV-POISSON-FOKKER-PLANCK SYSTEMS TO
INCOMPRESSIBLE EULER EQUATIONS:

THE CASE WITH FINITE CHARGE

BY JuLieN Barrg, Davip Curiron, THierry Goupon
& NADER MAsmouDI

Asstract. — We study the asymptotic regime of strong electric fields that leads from the
Vlasov—Poisson system to the Incompressible Euler equations. We also deal with the Vlasov—
Poisson-Fokker—Planck system which induces dissipative effects. The originality consists in
considering a situation with a finite total charge confined by a strong external field. In turn,
the limiting equation is set in a bounded domain, the shape of which is determined by the
external confining potential. The analysis extends to the situation where the limiting density is
non—homogeneous and where the Euler equation is replaced by the Lake Equation, also called
Anelastic Equation.

Riésumic (Des équations de Vlasov-Poisson et Vlasov-Poisson-Fokker-Planck aux équations
d’Euler incompressibles : le cas de charge finie)

Nous étudions le régime asymptotique de forts champs électriques qui conduit du systéme
de Vlasov-Poisson aux équations d’Euler incompressibles. Nous abordons aussi le systéme de
Vlasov-Poisson-Fokker-Planck qui induit des effets dissipatifs additionnels. L’originalité de cette
étude réside dans le fait qu’on suppose la charge totale finie et confinée par un fort champ exté-
rieur. En conséquence, I’équation limite est posée dans un domaine borné dont la géométrie est
déterminée par ce champ confinant. L’analyse s’étend au cas ou la densité limite est inhomo-
géne ; 'équation d’Euler est alors remplacée par I’équation des lacs (ou modele anélastique).
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1. INnTRODUCTION

1.1. TaE VLAsov-Po1SSON EQUATION IN A CONFINING POTENTIAL. — We are interested in
the behavior as € tends to 0 of the solutions of the following Vlasov equation

1
(V) atfa +v- vaE - (g Vi ®ext + vzq)s) : vvfs =0,

where the potential ®. is defined self-consistently by the Poisson equation
1
(®) B ==Zpe, pultio) = [ Litao)d,

and where e~ ®., is a strong external potential applied to the system. The problem
holds in the entire space: z € RN, v € RV and it is completed by an initial data with
finite charge

(1) fE‘t:o = [, //f;’“it dvdz =m € (0,00).

Notice that ®, is of size e~! and we shall consider the applied potential %(Pext also
of size e~1. The problem is motivated by the study of non neutral plasmas (see [14]
for a review): these are collections of particles all with the same sign of charge, for
instance pure electron, or pure ion plasmas. There are several methods to confine
such a plasma, among which the Paul trap, which uses an oscillating electric field.
The Penning trap, which uses a combination of static electric and magnetic fields,
is also standard, but (V) is not directly relevant to this situation since there is no
magnetic field in it. A non neutral plasma picture has also been used to describe
trapped neutral atoms [37], in the regime where multiple diffusion of quasi resonant
photons induces an effective interaction force between atoms which is formally similar
to a Coulomb force [46]. In this case, the system is however dissipative; a standard
way to take this effect into account is to add to (V) a Fokker-Planck operator acting
on velocities [11]. We will also discuss this situation. In these physical examples, the
small € limit is indeed relevant in many experimental situations. Figure 1 corresponds
to a numerical simulation of such an experiment. It strongly suggests the existence of
a limiting fluid model where the density is nothing but the characteristic function of a
ball. Our goal is to justify that, indeed, a simpler model, purely of hydrodynamic type,
can be used to describe the particles in this asymptotic limit. In the appendix, we
input typical orders of magnitude for a magneto-optical trap experiment and discuss
the relevance of the limit in this case.

In fact, we shall see that the limiting model holds in a domain the shape of which
depends on the external potential ®qy. But, to start with, we can consider a quadratic
and isotropic potential, say:

1 2
(2) Pext (7) = 57z |27,
where we remind the reader that N stands for the space dimension. It corresponds
to the case displayed in Figure 1. The confining potential e ~1®.,; tends to strongly
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Ficure 1. Snapshot of a 2D simulation of confined charged parti-
cles. Particles are subjected to the combination of a harmonic and
isotropic external potential, a strong Coulomb repulsion, a friction
and a noise. An external force has been added from the left to the
right in the lower half of the cloud, in order to set the particles in
motion. Left: instantaneous locally averaged density field. The den-
sity is almost uniform inside a ball, and almost zero outside. Right:
instantaneous locally averaged velocity field. (By courtesy of
A. Olivetti [40].)

localize in space the particle density. On the support of the limiting density p, the
electric force e 71V, @y + V,®. should be of order one. By (P), this imposes that

Aoyt + AP, =V, - (E_lqu)ext + vzq)s) = APyt — pe=1—pc

is of order &(g) on the support of p for the potential (2). Clearly, due to the condition
of finite charge (1), the limiting density cannot be constant uniformly on the whole
space. The intuition is that the limiting density has the same radial symmetries as
both the external potential (2) and the Poisson kernel, see (14) below. Actually, we
shall prove some convergence of p. to

(3) ne(r) = 1p(0,r)(2),

where 1y denotes the characteristic function of the set U. The radius R depends
on the total mass m so that the charge constraint (1) is fulfilled. In order to find a
hydrodynamic description of the particles, it is convenient to associate to the particle
distribution function f. the following macroscopic quantities

Current: Je(t,x) = /v fe(t,z,v) dv,
Momentum flux: P.(t,z) := /v@v fe(t, z,v) dv.

It turns out that the current looks like

(4) Je(t,x) = pe(t, 2)Ve(t, x) :0% ne(x)V(t,x) = 1o,r)(x)V(t, x),

JE.P.— M., 2015, tome 2
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where V solves the Incompressible Euler system in B(0, R):

{atv+vx-(V®V)+V1p=07

IE
(IE) V-V =0,

with an appropriate initial condition, and no-flux boundary condition on 9B(0, R).
In (IE), the pressure p appears as the Lagrange multiplier associated with the con-
straint that V is divergence free. This incompressibility condition comes from charge
conservation: integrating (V) with respect to the velocity variable v, we get

(5) 8tp€ + Vx . JE =0.

Letting € go to 0, with (3) and (4), we deduce that V is solenoidal. Obtaining the
evolution equation for V' is more intricate.

The analysis of such asymptotic problems goes back to [5], where a specific mod-
ulated energy method was introduced. It has been revisited in [35], still by using a
modulated energy method, but which is able to account for oscillations present within
the system. Accordingly, more general initial data can be dealt with in [35]. However,
these results hold either on the torus TV, or in the whole space with data having
infinite charge, that is [[ f(z,v) dvdz = co. A case with finite charge, but a different
Poisson equation which leads to a compressible hydrodynamic limit, has been con-
sidered in [23], again with a modulated energy. Further results on the quasi-neutral
regime can be found in [21, 22, 23, 24, 25]. Our goal in this article is twofold:

— To prove the convergence to (IE) in the case of a trapped system, with finite
charge. Even though our proof also relies on a modulated energy functional, there are
new difficulties: the shape of the domain on which the limiting equation (IE) holds is
determined by the external potential ®eyt, and a careful treatment of the boundary
is needed.

— To prove the convergence to the analog of (IE) in the case of a trapped dissipative
system.

Both improvements are relevant for experiments on non neutral plasmas or large
magneto-optical traps.

1.2. StaremenT or THE REsuLTs. — In what follows we shall deal with a smooth so-
lution (¢,z) + V(t,x) € RY (possibly defined on a small enough time interval [0, )
of the incompressible Euler equation (IE) set on the ball B(0, R), completed with
no-flux boundary condition

(6) V(tﬂl’)l/(l')h”:R =0,

where v(z) denotes the outward unit vector at « € 9B(0, R) (namely v(z) = x/|z|).
We work with solutions V' that belongs to L>(0,T; H*(B(0, R))), for a certain s > 0
large enough.

Turorem 1.1 ([44, 45]). — Let VUit : B(0, R) — RY be a divergence free vector field
in H®, with s > 1+ N/2, satisfying the no-flux condition V™. v =0 on 0B(0, R).

JIEP. — M., 2015, tome 2



From Viasov PoissoN sYSTEMS TO INCOMPRESSIBLE KULER EQUATIONS D1

There ezists T > 0 and a unique solution V € L*°(0,T; H*(B(0,R))) of (IE) with
the no-fluz condition (6). Moreover, we have

sup_ (V) + 10V Ollzes + Vo)l + 10 Vap (@)1 ) < C(T)

Itx

for some positive constant C(T') depending on T and the initial datum.

If N =1, the only divergence free vector field V™ satisfying (6) is V1 = 0 and
then the solution given in Theorem 1.1 is V = 0.

For further purposes, we need to consider an extension ¥ of the solution V to (IE)
with (6), defined on the whole space and compactly supported. Namely we require

¥ € L*(0,T; H*(RY)) to satisfy

(7) 7/|B(0,R) =V, ”I/|RN 0, 7(tx)- V(:r)hw‘:R =0.

< B(0,2R)
For the construction of such an extension, we refer to [33, Chap.l: Th.2.1 p.17 &
Th.8.1 p.42]. For an extension which is in addition divergence—free, see Lemma B.1
in the appendix.

In order to state our first result, we need to introduce an auxiliary potential func-
tion ®,. Suppose that (3) indeed holds true. Then, by using (P) and A®. = 1 for
the potential (2), we infer, for € — 0,

A(q)ext + 6@5) = A(I)ext — Pe — A(pext — ]-B(O,R) = ]-JRN\B(O,R)'

Moreover, since we want the electric force e 1V, ey + VO, = 671V, Py +6V, D.)
to be of order one on the ball B(0, R), this imposes ®ex;+eP. to be close to a constant,
say zero, on the ball B(0, R). It is therefore natural to look for a solution @, to the
Poisson problem

(8) Ady(z) =1 —ne(z) = 1gvB(0,R) ®, =0 in B(0,R).

In this specific case, we can find an explicit radially symmetric solution:
|z|? RN R? )
— — fN>2
ON T N(N—2)zN? aN—2) 7%

2 _ p2 2

(9)  ®e() =1~ p(o,R) X M?R _ %1n(\x|/R) i N =2,
1
5(|gc| — R)? if N =1.

With ®, and n. in hand, we split the Poisson equation (P) as follows, where n, is
defined in (3),

Ay, (t, ) = 1- Ze(az) N ne(z) —Eps(t,m) B éme
LA Du(2) + = AL (f,a) - 2 AD

= — Ay Pe(T — AV, (t,x) — - oxts

€ \/g € t

namely, we have

(10) .(e) + 2 By = 2 Bele) + 2 Welta). ATe(1,2) = =(nefa) = pe(t,2).

JE.P.— M., 2015, tome 2
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where U, represents the fluctuations of the potential. According to [5], we introduce
a modulated energy:

1 1 1
Sy ::5//|v—”f/|2 fedUdIJFi/‘vm‘I’E\deJrg//@e fedvdax.

When the external potential is given by (2), we shall establish the following state-
ment. )

Taeorem 1.2. Set
m 1/N
e (Y
) 50.1)

Let V™t € H*(B(0, R)) satisfy V- V™ =0 and the no-fluz condition (6). Denote
by V the solution, on [0,T], to (IE) with the no-flux condition (6) given in The-
orem 1.1. Consider ¥ a smooth extension of V satisfying the conditions (7). Let
finit . RN x RN — [0, 00) be a sequence of integrable functions that satisfy the follow-
ing requirements

it dy de = m,

1 o o 1 -
(11) &11_1;%{2//|'U o /Vlﬂlt|2 f;nlt dvdz + §/|vzq}1€n1t|2 dz
1 -
—l—g //(I)e fémtdvdx} = 0.

Then, the associated solution f. of the Vlasov—Poisson equation (V)—(P) satisfies, as
e — 0,

(i) pe converges to n. in C°([0, T); A1 (RN )-weak-x);

(ii) Sy o converges to 0 uniformly on [0,T];

(iii) J. converges to J in A'([0,T] x RN) weakly-x, the limit J lies in

L>(0,T; L*(RN)) and satisfies J‘[o 1 =V,V,J=0and Jv 0.

X B(0,R) (x)IBB(O,R) =

Remark 1.3

(i) Here, we were not very precise about the type of solutions to the Vlasov—Poisson
system (V)—(P) we are considering. We refer to [41, 34] for the construction of global
regular solutions to the system and some extra conditions to ensure the propagation of
regularity. There are also weaker notions of solutions (weak solutions or renormalized
solutions) to which our theorem can apply. We refer the reader to the introduction
of [34] for a discussion about these solutions.

(ii) The second part of the hypothesis (11) imposes that the initial modulated
energy is small; this is a strong hypothesis on the initial data. As pointed out in [5],
it corresponds to assume that the particles’ temperature vanishes: it reduces the
spreading of the particles distribution in velocity. When the problem is set on the
torus, or on the whole space with infinite charge, it can be relaxed, see [35], but still for

(1)Thr0ughout the paper, we denote by .#!(X) the space of bounded measures on X C RD. 1t
identifies with the dual space of the separable space Cg(X) of the continuous functions that vanish
at infinity.

JIEP. — M., 2015, tome 2
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a “cold particles” regime, though. In the present framework, going beyond (11) would
certainly require a fine description of boundary layers on {|z| = R}. Assuming (11),
Point (ii) of the theorem then ensures that the modulated energy remains small at
later times. As typical initial data satisfying (11), we can take

init (g, ) = ne(x) — 0 Ax(x) G(U - "//init(x)>’

N
lop o

where x € C°(B(0, R)) and where G is a nonnegative function that belongs to the
Schwartz space and satisfies [ Gdv = 1 (for instance, G is a normalized Gaussian
G(v) = (2m)~N/2 exp(—|v|?/2)). Then, we choose 0. — 0 as ¢ — 0 and J. = o(1/2)
(so that ne — d:Ax > 0 for & small enough). Indeed, we easily obtain

/ / ®, fMtdvdr =0,
// | — p/nit|2 finit gy dy = o2 (/ [v]2G(v) dv) (/ Ne dx) —0

)
and v = ﬁ X
. 52
hence / |V, Uit 12 4y = f / |V, x|?dz — 0.

We wish to extend this analysis by dealing with more general external potentials.
We distinguish two situations depending on the expression of the external potential:

— The quadratic potential

8
AN

(12) Pexi () =

b

[\v]

2.3

j=1

N =

<

with A; > 0,1 < j < N, in dimension N > 2 is typical to model non neutral plas-
mas [14] or magneto-optical traps experiments. In this case A®qy is still a constant,
that therefore determines the value of the (uniform) particle density n. on its sup-
port. But the problem has lost its symmetries and the shape of the support becomes
non trivial. We shall see that p. tends to a uniform distribution n,, supported in an
ellipsoid. However, we point out that the support of n, does not coincide with a level
set of ®eyi. An example with NV = 2 is given in Figure 2. The potential ®, can be
computed rather explicitly, and Theorem 1.2 generalizes directly. See Section 2.1 for
a precise statement.

— In the case of a non quadratic potential, under suitable hypotheses on ®eyt,
the limiting density n. still has a compact support J# and is still given on &
by ne = A®q. However, n, is clearly no longer constant on J#. The identifica-
tion of # and m, relies on variational techniques, with connection to the obstacle
problem. It is still possible to prove the analog of Theorem 1.2, but, since n, becomes
non homogeneous, instead of (IE) the limiting equations are now the so-called Lake

JEP.— M., 2015, tome 2
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(pext = CSt

Ficure 2. Some level sets of @y and the support of ne.
Equations, see e.g. [32]:

oV +V . -V, V+V,p=0,
(LE) {t + + VgD

Vi (nV)=0.

Such model — also referred to as the Anelastic Equations — arise in the modelling of
atmospheric flows [38]; we refer the reader to [36] for the justification of a derivation
from the compressible Navier-Stokes system. As a matter of fact, we can observe
that the first equation in (LE) may be written in the following conservative form
Ot (V) 4+ V- (neV V) +neV,yp = 0. The construction of ®, and %, and a precise
statement of the corresponding convergence theorem can be found in Section 2.2.

Motivated by actual experiments, we will also generalize the results to the case
where a Fokker-Planck operator acting on velocities is added to Equation (V). Our
starting point then becomes:

(VFP) atf5+v'vwf5 _vazq)e'vvfs :Lf€7
with
1 2
Lf =V (0f +6Vof) = 0V, (MooVu (f/Mop)),  Mos(v) = s e 1/,

(2m@)N/2
for some 6 > 0. Equation (VFP) is still coupled to the Poisson equation (P). Using
a modified modulated energy, we are able to show in this case that solutions f. of
(VFP) and (P) with well-prepared data converge when e and 6 tends to 0 in the
sense of Theorem 1.2 to n,V, where V is now the solution of the Lake Equation with
friction

OV +V V.V +Vup+V =0,
13) {t + +Vap +

V- (nV) =0.

JIEP. — M., 2015, tome 2
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On the boundary, we still have the no-flux condition (6). For the sake of completeness,
the necessary analog of Theorem 1.1 for the systems (LE) and (13) is sketched in
appendix A. See Section 4 for a precise statement on the asymptotic behavior of
(VEP) and its proof.

Acknowledgements. — Th. Goudon thanks Courant Institute in NYC, where a part
of this work has been done, for its hospitality. We are gratefully indebted to S. Serfaty
for many kind advices on the generalized Gauss problem and the obstacle problem,
to A.Olivetti for providing Figure 1, and to R.Kaiser and G. Labeyrie, from the
Cold Atoms Group at INLN, UMR 7335 CNRS-UNS, for informations about their
magneto-optical traps experiments.

2. Tue LiMIT DENSITY Tle AND TOTAL POTENTIAL (be

As said above, we have a clear intuition and explicit formulas for the equilibrium
distribution n. and the potential ®. in the specific case of the isotropic external
potential (2). Let us discuss in further details how @4y determines n, and its support,
and how the auxiliary potential ®,, which plays a crucial role in the analysis through
the decomposition (10), can be defined.

We remind the reader the definition of the fundamental solution, hereafter de-
noted I', of (—A) (mind the sign) in the whole space R™V:

1
if N > 2,
N(N=2)BO D[ 272 '
(14) [(z) = —In|z|/27 if N =2,
—lz|/2 if N=1.
2.1. THE CASE OF A GENERAL QUADRATIC POTENTIAL. — Let us consider in this section

the case of a quadratic potential (12). We have A®qyy = Zjvzl 1/A% > 0 which is
constant in space. It gives the value of the equilibrium density on its support since
we still expect pe — 1 A®eys. But it remains to determine this support Supp(ne) =
2 C RY on which we have the volume constraint

1
m:/nedw:|%|zp
j=1"13

coming from (1). Note that a quick computation reveals that £ can be neither radially
symmetric, nor a level set of ®eyy unless Ay = -+ = Ay.

In order to extend Theorem 1.2 for a potential as in (12), we need to construct a
domain .# C RY and a function @, : R — R such that

N
(15) Ad () = <Z ;2) Ipvey, Po=0 in 7.
J

j=1

JE.P.— M., 2015, tome 2
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The starting point is the observation that given a = (ay,...,an) € (R7)", then the
characteristic function of the ellipsoid

Hy = {x e RY; Zj\;lx?/a; < 1}
generates an electric potential which is quadratic inside the ellipsoid. This can be
found for instance in [28, Chap. VII, §6]; the computation there is for N = 3, but
the extension to the case N > 3 is straightforward, and the two-dimensional case is

treated by using arguments from complex analysis in [19].
For z € R, we denote by o,(x) the largest solution of the equation

(with ¢ € R as unknown). Consequently, x € %, holds if and only if o,(z) < 0.
By convention, 0,(0) = —oco. This quantity can be seen as an equivalent of the radial
coordinate in the ellipsoidal coordinate system. It allows us to construct a solution
to (15) where J is an ellipsoid, the coefficients of which depend on the mass m and
the A;’s.

(1) 28 lflV 2 3, then
( 7=1

N if 0a(z) =0,
1o oy
<_ ) /Om(l_iv:a;is) (ﬁ[la +s) "

- if oq(x) <O0.

Provosirion 2.1, — Let a = (a1,...,ay) € (RN
N 2 N -1/2
j
d
Za?—i—s)(l:[a —|—s> S

pM»—‘

F*l)ﬁ/

—

(ii) If N =2, then

o (oato) + 2% 4l o) + o)

+oo 2 2 d
‘/ > o - if u(z) 2 0,
oa(x) 523 95 T 5 \/(af + 5)(a3 + 5)

1
I'x1, (z) = 1 (a1a2)x

1 too 21 g2 ds
—In <(a1 + a2)2> - / z
2 0 ;G?H (a? + 5)(a3 + 5)
if oa(z) < 0.

Remark 2.2. An alternative point of view for the two dimensional case is to work
with the electric field instead of the potential. We refer to [19] for expressions of
the electric field generated by ellipses in NV = 2. In the case of a uniform charge
distribution, the electric field is linear inside the ellipse, with the same coefficients for

the quadratic terms as those coming from the expression in (ii).
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We define the mapping 2 : (Rj_)N — (Rj_)N by

N

(16) Vke{l,....,N}, Z(a)= /;Oo ! <H(aj+s)>1/2ds > 0.

ap +s \¢
Jj=1

From Proposition 2.1, we know that the potential generated by 1., is quadratic
inside %, up to an additive constant. The coefficients of the quadratic terms are
the _<H;‘V:1 a;)Z%(a)/4, 1 < k < N. The idea to make the connexion with the
external potential @,y is now to adapt the a;’s so that the quadratic terms in I'x 1 5,
(inside %) cancel out the quadratic terms of ®eyt, S0 that (APet) * 1, + Pext
is constant in .%,. We observe that vazl a; is related to the total charge of the
ellipsoid %, since

N N N
m= [n=1a 300 = 150.01(T] o) ™
=1 =1 =1

We shall thus need to solve equations in a of the form Z(a?,...,a%) = z, where
z € (R%)" is given. Therefore, we are interested in showing that 2 : (R%)N — (R%)Y
is a smooth diffeomorphism. When N = 2, explicit computations may be carried out.

Prorosrrion 2.3. Assume N = 2. Then, for any a € (R%)?

2(0) = (2ife), 24() = (= e 3W) .

Moreover, Z : (R%)* — (R%)? is a smooth diffeomorphism and its inverse is given by

2z2 221 )
21(21+22)7 22(21+22) ’

Fz) = (2712, (2 al2) = (

Proof. — The explicit formula for 2°(«) comes by computing the Abelian integral

/+°° ds _/+°°d 2 ay + s ds — 2
o (a1 + 5)3/2(an + 5)1/2  J, ds \ag —ay V az +s T oy + Jajag

for a1 # g, and the formula holds true when a1 = as as well. The formula for the

inverse then follows by direct substitution. |

For N > 3, we no longer have simple expressions for 2. However, we shall prove
that 2 : (R7)Y — (R%)Y is a smooth diffeomorphism by using the fact that
Z (RN — (R%)Y is a gradient vector field associated with a strictly concave func-

tion.
Proprosition 2.4. Assume N > 2 and let us define the function ( : (R*JF)N — R by:
+o00 s N —-1/2
—/ (H(ak +s)) ds if N >3,
((a) = 0 k=1

4In(y/o1 + /) if N = 2.
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Then, ¢ : (Rj_)N — R is smooth, strictly concave and it satisfies V¢ = Z. Fur-
thermore, V¢ = Z : (RL)N — (RY)N is a smooth diffeomorphism and for any
z€ (RN, 71(2) is the unique minimizer for
17 inf (z-a—({(a)).
a7) L aCGa)

In (17) we recognize the minimization problem that defines the Legendre transform
of ¢. This gives a way to compute numerically 2 ~!(z) through the minimization of
a convex function.

Proof. — The smoothness of ( is clear and V(¢ = 2 follows from direct computations.
If N = 2, the strict concavity of ( is straightforward and the fact that V{ = 2 :
(R%)? — (R%)? is a smooth diffeomorphism comes from Proposition 2.3: for any
z € (R%)?, Z~1(2) is a critical point of the strictly convex (since ¢ is strictly concave)
function @ — z - @ — (@), hence is the unique minimizer of that function. We assume
now N > 3. Then, for each s € R, the function

e RN — (ﬂm +s>)_1/2

k=1
is logarithmically strictly convex since Inowg(a) = (—1/2) ng’zl In(ag + s) and
Hess(In ow,, a) = (1/2) Diag((a; +5)7%,..., (ax +5)72).

Consequently, —((a) = f0+oo ws(a)ds is a strictly convex function of a. Let us show
that the Jacobian determinant of 2 never vanishes, that is Hess(C, «) is everywhere
negative definite. For that purpose, for v € RY, we write

+oo
—vT Hess (¢, a)v = / vT Hess(ws, a)vds,
0

and thus it suffices to show that Hess(ws, @) is positive definite for any s > 0. Now,
we write ws(a) = exp(In ows(ax)), thus

3?7,6135 (o) = exp(In o () [(’9]247,C (Inow,)(a) + 9 (In ows) () Ok (In 0w ) ().

Therefore, if v £ 0, we obtain

N 2
vT Hess(w,, a)v = ws(a) |vT Hess(In ow,, a)v + (Z v;0;(In ows)(a)) }
j=1
N 2

v
> w,(a)v! Hess(In ows, a)v = w,(a) g
=1

J
2oy +9)?° "
as wished.

Let us now fix z € (R%)" and consider the minimization problem (17). In view
of the negativity of ¢, this infimum g belongs to [0, +00). Since ( is strictly concave,
this problem has at most one minimizer. Let us show that it has at least one by
considering a minimizing sequence (a™),>o € (R})". We claim that the sequence
(&™)n>0 is bounded. Indeed, we have z - @ — ((a™) — p € R4, and since ¢ < 0,
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this implies z - @™ = ((a™) + 4+ o(1) < p+ o(1). Using that all components of z are
positive, the claim follows. As a consequence, we may assume, up to a subsequence,
that there exists « = (a1,...,an) € Rf such that o™ — « as n — +o00. In particular,
¢(a™) = z-a™ — p+o0(1) converges. We now prove that at most two components of «
vanish. For otherwise, Fatou’s lemma would yield

foo s N 172 oo N 172
+ o0 = / < (o + s)) ds = / lim inf< (af + s)> ds
0 ]];[1 0 n—-+oo ]];-[1 k
100 s N —1/2
N n IR TI _ n
< gglgg/o (kl:[lm + 5>) ds = lim inf(—((a")),

contradicting the convergence of (¢(a™))nen. It remains to show that « has no zero
component to ensure that 1+ o(1) = z-a™ — {(a") = z-a—((a) so that a € (R})N
is actually a minimizer for (17). We then assume that «; = 0, for instance, and show
that for sufficiently small § > 0,

z+(0,az,...,an) —C(6,aa,...,an) < z-(0,a2,...,an) —((0,as,...,ayN).
This reaches a contradiction for n large enough. We thus compute
D) = (z (6, g,...,aN) —C(é,ag,...,ow))
— (z~(O,ag,...,aN)—C(O7a2,...,o¢N))

+o0o N _1/2 too N _1/2
o o) [ ()
0 k=2 0 prairy
e 1 N —1/2
:5<Zl _A 81/2((5+3)1/2[51/2+(5+3)1/2] (g(ak—FS)) ds)

As 6 — 0, we have, by monotone convergence,

+o0 (chvzz(ak + S)) "
/0 ST ds

0+ 5)1/2[s1/2 + (0 4 5)1/2] too | 4N 172
—>/O W([g(@%;*'-S)) (LS:"‘()C)7

hence for § sufficiently small, D(§) < 0, as claimed. Therefore, & € (R%})" and ais a
minimizer for (17). It then follows that V{(«) = z as wished. O

We may now construct a solution to (15).

Cororrary 2.5 (Construction of the function @, for quadratic potentials)
Let N > 2 and assume that
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with A\; > 0,1 <7 < N. Let us also fix m > 0. Then, there exists a unique a € (Rj_)N
such that

N

1 m 1
18) |, g — | =m and Z(a?,...,a%) = (— .
e '( V) B0 DI N (52) 1<y

j=1"1

Therefore, there exists a constant k, depending only on the A\;’s, N and m such that

the function
N

1
P, = Doyt + (Z)\Q>F*1J£/a+h:
J

Jj=1

s convex and satisfies

N
1
(19) — AP, = (Z /\2) 1pnz,

j=1"17

with, furthermore, ®, = 0 in ., and ®, > 0 in RN ~ 7.

Proof. — We define A > 0 such that A2 = 3> A~2 and the constant « by the

i=1%
formulas
N oo s N -1/2
A2 (H aj> / (H(a? + s)) ds if N >3,
4k = j=1 0 j=1
—-A"%(a1a2) In((a1 + a2)?/2) if N =2.

The existence (and uniqueness) of a satisfying the conditions (18) then ensures that
. =0 in #, and —AP, = A 21~y . Then, from the formulas in Proposition 2.1,
we get, in {o, > 0},
422 4)? 4)?
‘I)Q(JI) =Ix 1% ($) + N7¢ext($) + Niﬁl

N
[[=1 9 [[;=1a; ;=10
too N2 N -1/2
= 1- J 2 d
[ -Xas)([Iw) a

j=1 j=1
N 4o s N —1/2 g too s N ~1/2
+ Y ( (a? + s)) - / ( (a? + s)> ds
oa(z) s N 72 N —1/2
— J 2
(20) = A (Z P — 1) <j_1_[1(aj + s)> ds.

j=1

The last integral is positive if o,(x) > 0 since, when 0 < s < g4(2),

x>
—-1> -l —— —1=0.
a?+s Za2-+aa(x)
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In order to see that ®, is convex, we notice that &, =0 in {0, < 0} = %, and that,
from (20), we have, when o,(x) > 0, and for any direction w € SV~1,

HN: s oa(z) s N wQ_ N —-1/2
) = f /0 (Cats)(ein) o
j=1"J

j=1
oo N 2 N -1/2
iWj
(Za2+oa ) <Za+aa )(Ha—i—aa ) 7
Jj=1 Jj=1
since Y-, #%/(a3 4 04(x)) = 1, which is indeed > 0. O

Clearly, the ellipsoid .7, is not a level set of the external potential ®eyt (except
when all the A;’s are all equal). It is interesting to study the limiting case of a very
asymmetric external potential. For instance in N = 2, we consider a trapping po-
tential (12) with a large aspect ratio A = A1/Ay > 1. Direct computations (using
Proposition 2.3) lead to

a; = \/H # ] a9 = \/E # .
T T+ T /T4 A /A3
Hence
al/ag = )\%/)\2 = AQ.

Thus, the aspect ratio of the particles’ cloud is much larger than the aspect ratio
of the external potential: this is an effect of the strong repulsion, see Figure 2 for a
typical picture. A similar phenomenon occurs in higher dimensions. For N = 3 with
cylindrical symmetry, explicit formulas corresponding to our 2 function are given
for instance in [47]. It is easy to check that for a strongly oblate external potential
(“pancake shape”), the aspect ratio of the cloud is again of the order of the square of
the aspect ratio of the external potential. We can now state the analog of Theorem 1.2
for a general quadratic Peyy-

Tarorem 2.6. Let @yt be any quadratic potential (12) to which we associate, by
virtue of Corollary 2.5, the ellipsoid ¥, and the potential ®.. Let Vit ¢ Hs(jg/a)
satisfy Vg - VMt = 0 in 10/& and the no-flux condition (6) on 0J,. Denote by V
the solution on [0,T] to (IE) with the no-flux condition (6) given in Theorem 1.1 and

consider ¥ ™t q smooth extension of V in RN satisfying the following conditions,
where R > 0 is such that 2, C B(0, R),

”//|‘%,a =V, "//’RN =0, V(t,x) v(x =0.

<B(0,2R) )|a<)£fa

Let fnit . RN x RN — [0,00) be a sequence of integrable functions that satisfy (11).
Then, the associated solution f. of the Vliasov—Poisson equation (V)—(P) satisfies, as
e—0,

(i) pe converges to ne = (Z;V 1A )1, in CO(0,T; . (RN )-weak-*);

(ii) &y o converges to 0 uniformly on [0,T];
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(iii) J. converges to J in AY([0,T] x RN) weaklyx, the limit J lies in
L>(0,T; L*(RYN)) and satisfies J|[07T}><% =V,Vy-J=0and J- I/(x)|a%a =0.

The existence of a smooth extension ¥ of V on RY satisfying the above mentioned
constraints follows from [33, Chap.I: Th.2.1 p. 17 & Th. 8.1 p.42]. See Lemma B.1 in
the appendix for a divergence-free extension.

2.2. THE CASE OF A GENERAL POTENTIAL. We wish now to extend the above results to
a general confining potential. When ®.,; is not quadratic, the equilibrium density n,
cannot be expected to be constant on its support. In turn, the limiting equation will be
more complicated than the Incompressible Euler system. Besides, the determination
of the domain .# = {®, = 0} is a non trivial issue, and its geometry might be quite
involved [43]. In the following we write Q = ¢ for the interior of .7 .

The pair (ne, ) should be thought of through energetic consideration. As it will
be detailed below, the total energy of the system (V)-(P) is

|v|? 1 1
Tfsdvdac—l—?8 <I>€p€dm+g Doy pe da.

It is natural to investigate solutions whose energy does not diverge when ¢ tends
to 0. Hence we are interested in configurations close to the ground state n, defined
by the variational problem where only the electrostatic part of the energy is involved:
namely, we wish to minimize

£lpl = [ Pos(@)dp(o) + 5 [ [T 1) dplw) dple).

for a fixed m > 0 over the convex subset .., (m) made of nonnegative Borel mea-
sures p of total mass m > 0 such that f Doyt dp is finite. This problem, which is often
referred to as the generalized Gauss variational problem, is quite classical and the
basis of the theory dates back to [18]. We refer the reader to [42, Chap. 1] for the case
N =2, and to [8, Th.1.2] when N > 3 for the existence of a minimizer under suitable
assumptions on Peyi. In what follows, we shall assume that ®.. fulfills the following
requirements:

(h1) ey : RY — R, is continuous, nonnegative and satisfies ®eyi (1) — +00 as
|x] = +o0,
(h2) If N =2 or N = 1, we have lim|g| 4 o0 (Pexs + mI)(z) = 4-00.

The following statement collects from [8, 42, 43] the results we shall need.

Tueorem 2.7. We assume that the potential Peyx salisfies the hypotheses (hl)
and (h2).

(i) The functional & is strictly convex on M5, (m).
(ii) The problem

(21) inf {&]p] ; p € ML (m)}

JIEP. — M., 2015, tome 2



From Viasov PoissoN sYSTEMS TO INCOMPRESSIBLE KULER EQUATIONS 263

has a unique minimizer ne which has a compact support of positive capacity. Moreover,
there exists a constant C, such that

I'*xne + Poxy = Cx  quasi everywhere,
(22) { t q )

Txne+ Poxt = Ci  quasi everywhere on Supp(ne).
(iii) Conversely, assume that py € A (m) and Cy are such that

% pg+ Pext = Co  quasi everywhere,
T'xpo+ Pext = Co  quasi everywhere on Supp(pp).

Then, po is the minimizer for (21): po = ne.

We then define the potential @, :=I' x ne + Pyt — Cx. The constant C, in (22) is
called the modified Robin constant and quasi everywhere (q. e.) means up a set of zero
capacity (which is a bit stronger than to be Lebesgue-negligible); see [43, Def. 2.11].
If N =1, (22) holds pointwise.

Proof. — The statements for N > 3 can be found in [8, Th.1.2]. When N =
we refer the reader to [42, Th.1.3 for (ii) and Th.3.3 for (iii)]. If N = 2, the strict
convexity (i) is not made explicit in [42]. Thus we give proofs of (i) for N = 2, and
(i)—(iii) for N = 1.

The argument for (i) is that if pg, p1 € .#.%,(m) and 6 € (0,1), then

11— 0)po +0p] — (1— 0)Elpo] — 05[]
- // £ — ) d[(1 — B)po + 6pr)(w) L1 — O)po + 6p1] ()

_ 5(1 —0) //F(x —y)dpo(y) dpo(x) — %9//F($ —y)dpi(y) dp1(x)

~500-0) [ [ @~ y)dipn = p) ) dlon — 1))

Unless pg = p1, the last integral is shown to be positive if N > 3 in [8, Lem. 3.1].
The case N = 2 is dealt with in [42, Lem. 1.8], under the restriction that py — p1 has
compact support. Actually, the method used in [8], which consists in writing T'(z) as
an integral of Gaussians e"g”|2/2t7 can be extended to the case N = 2 as we check
now.

The starting point is the equality (see [2, Eq. (12)])

+oo
ln1 = / l (e*'ﬁ/% — e*1/2t> dt.
T 0 2t
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Therefore, denoting p := pg—p1 and r := |z —y| and using the dominated convergence
theorem (on each of the sets {|z —y| < 1} and {|z — y| > 1}), we obtain

2
1 = 1 —r</2t _ —1/2t d d dt
[ mtamiaser = m_ [ ffe )0t o)
: - —r2/2t
PR /1 o 2 / / e dp(y) dp(z) dt
li /T 1 /// —tl¢?/2—ig(z—y) 4¢ q (y) dp(x) dt
pim /TE e £dp(y) dp(x

- lm e TRROR gt = [ Al

T—~+o00 /T

where, for the second equality, we use f dp = 0, and for the third one, we write
e~"/2t a5 the Fourier transform of a two dimensional Gaussian. This clearly shows
that [[T'(z — y)dp(y) dp(x) is positive unless p = 0, ensuring the strict convexity

of & on .4}, (m). When N = 1, we argue in a similar way by observing that

ext

+oo 1

0 vV 2mt

—r =

(/2 1) .

Indeed,
7r2/2t / a 7u2/2t du = — /(u/t)e7u2/2t du,

thus

+ 1 2/2t + 1 r 2/2t
— —(e™" -1 dt:/ —/ u/t)e”™ dudt
/0 ﬁ( ) 0 \ﬁ o(/)

r “+o0
:// ﬁ%eﬂﬁ/ztdtdu
+oo
// Tdeu-/\/ mdu =7rV2r

where we have used the change of variable 7 = u/+/2¢. Owing to this relation, we can
follow the same lines as above:

1 2
2 // [ =yl dp(y) dplz) = TL1+00 /1/T 2v/2mt // - doly) dp(z) df
— —r2/2t
Tgl}rloo 1/T 2\/? // © dp(y) dp(x) a
; —t€2/2—ig(z—y)
Tg%>ﬂ4ﬂﬁﬁ't v) dé dp(y) dp(x) dt

_ L —tE%/2 ()2 _ 2
—Tﬂ%Am/yf PR gt = [ oelpio) ag

It only remains to prove (ii)—(iii) for N = 1. This is tackled in [43], but with I'(z) =
—In |z|. The very same arguments apply to the case I'(x) = —|x|/2. O
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Remark 2.8. To motivate the above computation, one can remark that for N > 1
and under the condition [ dp = 0, we have, at least formally,

// (z —y)dp(y) dp(x /\VA Yo|?de = (27)~ /|£|2| ()2 d¢.

The minimization of the functional & is connected to an obstacle problem. This
connection is explained in details in [43, §2.5].

Prorosition 2.9. — If ne is the minimizer of Theorem 2.7, then h = T x ne is the
unique solution to the obstacle problem:

To find ¢ € HE (RN such that
[vo-9ig-arar=0
holds for any g € HIIOC(RN), with g — ¢ compactly supported and ¢ = 1 q. e.

where (x) = Cy — ®ey (7). Furthermore, assume @y € CHH(RN). Then, T % n, €
CLL(RN).

The second part of the statement, which improves the natural regularity of I" x n,,
is due to [6], [15], [26] with an analysis that relies on PDEs tools for the obstacle
problem, instead of dealing directly with the minimization problem (21). We then
define the coincidence set

K = {@e:O}:{F*ne:C*_q)ext}

and claim that J# is compact. Indeed, as |z| — 400, we have —T" x ne(x) ~ —mI'(z)
and Pex(x) + mI'(z) > 1 whatever is the dimension N by (hl)-(h2), thus
H ={T xne = Cy — Pyt } is bounded. The regularity of I' x n, implies that &
is closed as the level set of a continuous function.

Moreover, by (22), the set Supp(ne) % has zero capacity. We give some examples
in section 2.3 below where Supp(n.) & %, due to the presence of points or regions
where A®.y; vanishes. These points are precisely defined in [26, §3.6] and called
‘shallow points’ and it is shown in this paper (see Proposition 3.12 there) that it is
possible to pass from Supp(n.) to £ by simply adding these ‘shallow points’ This
fact is illustrated in section 2.3 below.

For a general potential @, the variational viewpoint and the theory of the obstacle
problem provide a definition for the equilibrium distribution ne, the domain J¢ (which
is not always the support of n.) and the potential ®,. The regularity of @y is not
“transferred” to the solution ®, or I' x n, beyond C1! regularity (see [15], [6]) since
the Laplacian of these functions is discontinuous. In addition, the topology of J¢ is
difficult to analyze in general: J# may have empty interior or may exhibit cusps.
Hence, these regularity issues for both .# and n. need to be discussed individually.
Let us then list the properties, which very likely are far from optimal, that we need
to deal with the asymptotic regime: there exists s > 1+ N/2 such that

(H1) ¢ has a non empty interior Q and 9 is of class C*.
(H2) @y € C5H3(RY), Ad,,; is bounded away from zero on 7 .
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The C! regularity assumption H1) on 99 excludes the presence of cusps in # . Let
us point out a regularity result derived from the obstacle problem theory.

Prorosirion 2.10. — Let ®eyt be a potential satisfying (hl) and (h2) and consider
the minimizer ne of (21) given by Theorem 2.7 and let # := {®, = 0}. Assume that
(H1) and (H2) are satisfied.

(i) [29] Then, Q = % and the boundary 09 is C5*1.
(ii) We have ne = 1o(A®oy) as measures.

Remark 2.11. — A consequence of the C! regularity of I' x n, is that, in (22), we
may replace ‘quasi everywhere’ by ‘everywhere’ since all the functions involved are
continuous. In particular, note that the strengthened assumption (H2) then implies
that n. is C**1(Q) and bounded from below on 7.

Revark 2.12. — Under the low regularity assumption @ € C'(RY) and when
N > 2, it follows from [6, Th.2] that I' x ne € C'. This prevents the singular part of
the measure n, from being a Dirac mass or a finite sum of Dirac masses, since the
fundamental solution I' is unbounded (if N > 2) near the origin. This however may
happen in dimension 1 (see the examples in section 2.3 below) and in these cases, the
relation ne = 1g(A®qyt) (as measures) might not be true.

Proof. — For the first point, notice that = # by (H1). In addition, we also have
from [29, Th.1] or [16, Chap.2, Th.1.1], since we assume that A € C’f;)tl(RN)
and does not vanish on #, that the boundary 95 is automatically of class C*T1 (and
even C*T1*8 for any 3 € (0,1)).

For the second statement, we first invoke the regularity result of [15] (see also [6],
[16]) saying that since @y € C*T3(RYN) c CLLY(RY), then I' % n. belongs to
CUH1(RY). Consequently, in the distributional sense, the compactly supported mea-
sure ne = —A(I' % ne) belongs to L= (RY). Since I' x n, = C, — Pey¢ in Q (q. e,
hence everywhere by continuity of the functions), we infer that n, = A®ey in Q. If
we make the assumption (H1), 99 is of class C! and we then deduce immediately
that ne = (A®ext)1g as a measure. When assumption (H1) is not satisfied, then,
as noticed in [26, Th. 3.10], it follows from [30, Chap. 2, Lem. A.4] that n, = Ay
holds almost everywhere in £, which concludes, even in this case. |

Remark 2.13. — The arguments in [16] and [29] can be used to establish that if ®ey
is analytic, then 0 is analytic too, when (H1) and (H2) hold.

With these assumptions (H1) and (H2), we can establish the following statement,
where we point out that the limit problem is the Lake Equation (LE) instead of the
mere incompressible Euler system, since now the equilibrium distribution n,. is inho-
mogeneous. We obviously need a smooth enough solution to the Lake Equation (LE):
we may refer to the works [32], [39] (when the domain 2 is simply connected) and [31]
(without simple connectedness assumption on the domain 2), which rely on a vor-
ticity formulation @ la Yudovitch and are then restricted to the dimension N = 2.
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We provide in the appendix (see Theorem A.1) a well-posedness result analogous to

Theorem 1.1 valid in any dimension and without simple connectedness assumption
on .

Tueorem 2.14. — Let oy be a potential satisfying (hl) and (h2) and consider ne
the minimizer of (21) given by Theorem 2.7 and let # := {®, = 0}. Assume in
addition that (H1) and (H2) are satisfied. Let V™ € H*(Q) satisfy V- (n.V™it) =0
in Q and the no-flur condition (6). Denote by V' the solution on [0,T] to the Lake
Equation (LE), with the no-flur condition (6) and initial condition V™t given in
Theorem A.1 and consider V™t q smooth extension of V™ satisfying the following
conditions, where R > 0 is such that Q C B(0, R),

V]g=V, 7/|RN\B(0,2R) =0, V(t,x)  v()] o = 0.

Let fnit : RN x RN — [0,00) be a sequence of integrable functions that satisfy (11).
Then, the associated solution f. of the Vliasov—Poisson equation (V)—(P) satisfies, as
e —0,

(i) pe converges to n. in C°(0,T; A1 (RN )-weak-x);

(ii) Sy o converges to 0 uniformly on [0,T];

(iii) J. converges to J in A'([0,T] x RN) weakly-x, the limit J lies in

L>(0,T; L*(RN)) and satisfies J|[0 mixo = V> Ve JJ =0and J- v(z)|,, = 0.

The existence of a smooth extension ¥ of V follows from [33, Chap.I: Th.2.1 p.17
& Th.8.1 p.42).

For convex potentials @, the only situation where we have been able to check
the hypotheses (H1) and (H2) (except the quadratic potentials for which A®qyy is
constant) is the case of the space dimension N = 1 (see Proposition 2.15) and the
case of a radial potential (see Proposition 2.16 below).

2.3. Asour nyporuesis (H1) FOR CONVEX POTENTIALS ey For the problem we have
in mind, it is natural to assume that the confining potential @ is smooth and convex.
In this case, one may think that the coincidence set J#" or Supp(n.) is convex. We
have not been able to find such a result in the literature for a general convex, coercive
and smooth enough confining potential ®..;. Actually, the obstacle problem is, in
most cases, set on a bounded convex domain G with suitable boundary conditions
instead of the whole space RY.

For the obstacle problem in bounded convex domains G, we can find a convexity
result for the coincidence set £ in [17, Th. 6.1] in the specific assumptions that APy
is constant and with the boundary condition ' xne =1+ ¢ =1 4+ C, — $ey¢ on 0G.
Just after [17, Th.6.1], an example is given (in a bounded convex domain G) showing
that the assumption ®ey¢ smooth and strictly convex (and T' *n, > ¥ on 9G) is not
sufficient to guarantee that J# is convex. Roughly speaking, A®.y is constant for
quadratic potentials.

Turning back to the obstacle problem in the whole space RY, the only convexity
result we are aware of is [6, Cor. 7], which corresponds, again, to the case where A®
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is constant. Extending this result to space depending functions Ad., is a delicate
issue (see however [16, Chap. 2, §3], which is not sufficient for our situation).

In the one dimensional case and for a convex potential ®ey, there is a simple
characterization of JZ | as explicited in the following Proposition.

Prorosirion 2.15 (The one dimensional case with a convex potential)

Assume that N =1 and that ®ey : R = R is of class C', piecewise C?, nonneg-
ative, conver (i.e., ®L., is nondecreasing) and that Pex(x) — m|z|/2 > 1 for |z| > 1
(so that (hl) and (h2) are satisfied). We denote by 0P, the piecewise continuous
function associated with the second order derivative of ®exy. Then, the minimizer ne
for (21) is given by
(23) Ne = (8(I)lext)|]aﬂa+[ )

where ay and a_ are defined by the equations
(24) m/2 = (I)Iext (a+> and  — m/2 = (I)lext(a*)'

Furthermore, Supp(ne) = Supp(0®L,,) N [a—,a+] and {P. = 0} = [a—,a]. In addi-

ext
tion, the potential ®. is convex.

Proof. As a first observation, notice that ®., is continuous, nondecreasing and
admits limits: limg_ 400 Phyi () = m/2, and lim, oo P (z) < —m/2. Assume
limg 400 PLy () = m/2. The convexity of Peyy implies Pext () — Pext(y) < 5 (z —y)
for x > y. Letting x go to +o0o contradicts the assumption on the asymptotic be-
havior of ®ey. We infer that lim,, o PL () > m/2. A similar reasoning shows
that lim,_, oo PL(z) < —m/2. We conclude that (24) has at least one (possibly non
unique) solution.

Since @/, is nondecreasing, and if by > a4 also solves m/2 = ®/_, (b ), this implies
that, on [ay,bi], P, = m/2, thus 0P, , = 0 and this does not change n.

Let us use the characterization (iii) in Theorem 2.7 and look for the measure ne
under the form n, = (0P,

ext)’]a o Which is piecewise continuous. This function ne

satisfies the mass constraint if and only if
a+
(25) m= [ 00 do = @l as) - P (a-).

Now, let us compute I'xne+ Pyt in [a—, a4 ] and investigate under which condition this
function is constant (in [a—, a,]). Elementary computations give, for a_ < z < a4:

1 [ ,
Panu(e) == [ Iy =al(08) ) dy

1 1 o+
=~y ¥alas)lar )+ ()@ —a) + 5 [ senly — 0 0)dy
1

= 5Pl oy — o)+ 5B (0 )@ —a )+

2 Pexi(ay)

+
N RN~ N~

q)ext (a,) - (bext (LC)
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q)ext

Ne

Ficure 3. The potential @, and the corresponding measure n, for Example 2

As a consequence, T' x ne + Peyt is constant in [a_,ay] if and only if @/, (ay) +
o/ (a_) = 0. Combining this with the mass constraint @, (ay) — PL (a_) = m
yields the relation (24). It then follows that, on [a_,a4],

1

Dxne + Qext = O = 5 (Pext(a4) + Pex(a-) — a4 Doy (a4) — a- Py (a-))

1 m

= 5 (Pext(a4) + Pext(a-)) — (as —a-).

It remains to check that I' x ne + ®oyy = C, in R. To see this, note that &, :=
I'*ne + Poxt — Cy is convex since its (distributional) second order derivative is equal
to the piecewise continuous function 9, P} 1gja_ ], and ®. =0 on [a_,a ], hence

is > 0 everywhere. This finishes the proof. O

Let us give some examples illustrating Proposition 2.15.

Exavere 1 (1D). — If ®uy is of class C? and @7, is positive on R, then ne(x) =
Oy (2)1[4_ 4. (z) and is absolutely continuous with respect to the Lebesgue measure.

We then have Supp(ne) = [a—, a].

Examrre 2 (1D). — The potential @y is O, piecewise C2, but is affine on the interval
[a—, ;] (hence it is not strictly convex), where its slope belongs to | — m/2,+m/2|

(see Figure 3). In addition, the second order derivative @/,

¢ is discontinuous at a_
and continuous at a4 and 9P/, is positive except on [a_, a4 ]. In this case, we may
still define a4 as the unique solutions to @, (as) = £m/2, and we have Supp(n.) =
[a_,a_]U[at,a4] C [a—,aq] = {®. = 0} and this is then a disconnected set. If the
slope in the region [a_, a] where @y is affine does not belong to | — m/2, +m/2],

then the support of n. is an interval as in Example 1.

Example 1 fits the hypotheses of Theorem 2.14, but not Example 2 since n, is
not bounded away from zero (near c.). In particular, for Example 2, we have to
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face new difficulties in solving the Cauchy problem (see Theorem A.1) for the Lake
Equation (LE). If in the one dimensional situation one can easily check that the
support of n, (instead of .#") is smooth, in a similar higher dimensional case, the
regularity of Supp(n.) is certainly not easy to analyze since we can not rely on the
results in [29, Th. 1] or [16, Chap. 2, Th. 1.1]. All these issues motivate hypothesis (H2).

Let us give now examples which do not fit the regularity hypotheses required in
Proposition 2.15. These expressions are justified through the characterization (iii) in
Theorem 2.7 and simple computation of T" x 7.

Examrre 3 (1D). — Take the potential ®ex () = |2|. Then, hypothesis (h2) exactly
means m < 1. In that case, we have n, = mdy and Supp(ne) = {0} = {®. = 0}.

Examere 4 (1D). Take two reals a < b and a convex potential ®.y which is affine
on | — 00, al, on [a,b] and on [b, +0o[. Assume also that (h2) is satisfied, that is,

m < min(®,, (+00), —PL., (—00)).

Then, - -
Ne = min(% (m+ (I’eXt(b; : jem(a) ) N m) 5a+min(% (m— (I)eXt(bl)) : je’(t(a) ) R m) .

As a consequence:
(I)ext(b) — Doyt (a)

—if —m < p— < m, then Supp(ne) = {a,b} and {®, = 0} = [a, b];

— if (I)CXt(bl)) = Pexi(a) < —m, then ne = md, and Supp(ne) = {b} = {P. = 0};
—a

— if (I)em(bl)) — Pexi(a) > m, then ne = md, and Supp(n.) = {a} = {P. = 0}.
—a

Examere 5 (1D). Consider the potential ®ey () = |x| + 22/2 + max(x — 1,0):
— if m < 2, then n, = mdy, I' x ne(z) = —m|z|/2 and
Supp(ne) = {0} = {®c = 0};
—if 2 <m < 4, then ne = 200 + 1—m/241,m/2—1) and
Supp(ne) = [~m/2 + 1,m/2 — 1] = {®, = 0};
if 4 <m <6, then ne = 200 + (M/2 —2)01 + L[_/241,1) and
Supp(ne) = [-m/2 + 1,1] = {®, = 0};
— if m > 6, then ne = 20 + 01 + 1[_m/241,m/2—2) and
Supp(ne) = [~m/2 + 1,m/2 - 2] = {®, = 0},

Examples 3, 4 and 5 show that the single convexity hypothesis on ®ey does not
guarantee that ne is a restriction of the nonnegative measure (“)%q)ext (in the distribu-
tional sense). It appears in these examples that n, is nondecreasing with respect to
the mass m, and thus that we always have n, < 92®.,; in the distributional sense. It
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is an open problem to determine whether this holds true in higher dimensions. Here
again, these issues motivate the regularity assumptions on @y in (H2).

The other situation where we may verify hypothesis (H1) is the radial case (see
[8, Cor.1.4] for a related result in dimension N > 3 for C? potentials ®.;). Let
©Yoxt : Ry — Ry be a nondecreasing function of class C* and piecewise C?. Consider
now the potential ®oy; : RY — R given by ®eyi (1) = @exi(|z|). It is then clear that
Pext 18 convex if and only if @y is convex.

Prorosition 2.16 (The radial case with a convex potential)
Assume that N > 2 and that Doyt : RY — R is as above. Then, the minimizer ne
for (21) is given by

(26) ne(x) = 1B(0,R) () AD oyt (),

where R is defined by the equation

(27) m= Ady(x)dx  or, equivalently, N|B(0,1)|RVN "¢l (R) =m.
B(0,R)

Furthermore, Supp(ne) = B(0, R) \ B(0, Riin), where Ry, = max{y, , = 0} < R.

In addition, the potential ®. is conver.

Proof. The existence of R is clear. We may have non uniqueness only in the case
where ®eyt is constant on a ball B(0, Ry) (of positive radius), since ¢l is nonde-
creasing. The potential &, may be searched for under the form of a radial function,
and we find the expressions

De (@) = (Pext (R) = Pext (|7]) + et (R)T(R))1B(0,R) + Pext (R)T (%) 1rn 5 (0,R):
where T'(R) stands for I'(y) for any y € 9B(0, R). O

Let us give some examples illustrating Proposition 2.16.

Exampre 1 (RapIAL). — If ey is of class C% and ¢, is positive on R, then n.(z) =

1p(0,r) () A®cyi(x) and is absolutely continuous with respect to the Lebesgue mea-
sure. We then have Supp(n.) = B(0, R).

ExampLe 2 (RADIAL). The potential ey is C', piecewise C?, but is constant on
the interval [0, Ro] (hence it is not strictly convex). It does not matter whether the
second order derivative of ey is continuous or not at Ry. We define R > Ry > 0
by the relation m = fB(o,R) A®., dz, or, equivalently, N|B(0,1)|RN "1l (R) = m.
Then, ne = 1p(0,R)~B(0,Ro) APext;

Supp(ne) = E(Oa R) ~ B(Ov RO) - E(O’ R) = {(be = 0}

and this set is then neither star-shaped nor simply connected. Here again, if po € C?,
this potential does not fit hypothesis (H2) since A®qyt is not bounded away from 0
near Ry.
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Let us give now examples which do not fit the regularity hypotheses required in
Proposition 2.15. These expressions are justified through the characterization (iii) in
Theorem 2.7 and simple computation of T" x 7.

[Exampre 3 (rapran). — Take the potential @exi(r) = r, that is @ex(z) = |z|. Then,
A(bext = (N — 1)/T > 0, Ne = (N — 1)|J)|_113(0,R), with N‘B(O, 1)|RN_1 =m, and
Supp(nc) = E(Ov R) = {(I)c = O}
ExamprLe 5 (rapiar). — Consider the potential @ext(r) = 7 + max(r — 1,0):

— if m < N|B(0,1)], then

ne = (N =1)[z["pnr), with R=(m/N|B(0,1))"/N"

and Supp(ne) = B(0, R) = {®. = 0};

— if N|B(0,1)] < m < 2N|B(0,1)|, then

ne = (N = 1)]z|"1p(1) + (m = NIB(0,1)])0a5(0.1)

and Supp(ne) = B(0, 1) = {®, = 0};

— if m > 2N|B(0,1)|, then

ne = (N = Dz 1p1) + N[B(0,1)[6ap(0,1) + 2(N — D|z[ " 15(0,8)~B(0,1);
where R > 1 is such that
2N|B(0,1)[(RN ! — 1) + N|B(0,1)| = m,

and Supp(ne) = B(0, R) = {®, = 0}.

Since we assume @qy convex and with 0 as a minimum point, it follows that ey
has a right-derivative at 0, hence the singularity in 1/|z| at the origin for n, is the
worst we can have. The radial Example 5 also shows that we may have Dirac masses
on a sphere (of positive radius).

Our next results guarantees that # has non empty interior when the confining
potential ®ey is C' and convex.

Prorosition 2.17. — We assume that 0 is a minimum point of Doy and that
the potential ®ey, is of class C' and convex. Then, there exists ro > 0 such that
B(0,79) C . In particular, & has non empty interior.

Proof. We follow the argument of [30, Chap.5, Th.6.2], where we work on h :=
I'xn, and shall use that it is a solution to the obstacle problem given in Proposition 2.9
with the obstacle 1) = C, — ®eys.

We first consider the case N > 3 and notice that Supp(n.) has a positive capacity:
we fix some a € Supp(n.) such that C, = h(a)+ Pext(a) (see (22)). Now, since N > 3,
we observe that (with ¢y > 0)

h(a) =T xne(a) = cy|- PN *ne >0

and that 0 is actually a global minimum point of @y, thus Cy > Pexi(a) = Pext(0)
and it follows that ¢¥(0) = Cy — @ext(0) > 0. On the other hand, h(z) ~ mI'(x) tends
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to 0 < (0) at infinity, thus there exists an Ry > 0 such that h(z) < 1(0)/2 when
|z| = Rg. For zy that will be close to 0, we let

v(x) = P(x0) + (x — xg) - Vio(x0)
be the affine tangent to i at xg. Since v is concave (Dot is convex), we have ¢ < v
in RY. Furthermore, if z is sufficiently close to 0 (depending on Ry), then Vi) (zo)
is small (since ¢ is C! and achieves a minimum at 0) and thus v > ¥(0)/2 > 0
on 0B(0, Ry). Since Av = 0, we may now apply [30, Chap. 4, Th.8.3] to infer h < v
in B(0, Rp) (this is a maximum type principle proved using the comparison function

g :=min(h,v)1p(o,ry) + MrNB(0,R0)
in the formulation of the obstacle problem given in Proposition 2.9). In particular,
W(xo) < h(zg) < v(xo) = ¥(x0), which means that, as wished, zg € .
Let us now turn to the dimensions N = 2 and N = 1. Then, it may happen that
¥(0) < 0, but since h(z) ~ mI'(z) tends to —oo < (0) at infinity, the previous
argument still applies. O

If one is able to prove that J is convex and assuming that ®ey; satisfies (H2),
then (H1) is automatically true. Indeed, any point of 9. has then a positive density
and we may then apply the regularity result of L. Caffarelli (see e.g. [16, Chap. 2,
Th. 3.10]) which ensures that 92 is of class C! (hence C**! by (H2)).

We conclude with a result from [26, Th. 3.24] on the topology of . valid only in
space dimension two (the proof uses complex analysis).

Prorvosition 2.18 ([26]). — We assume N = 2. Suppose that ®ey is of class C* and
that its Hessian is everywhere positive definite. Then, Supp(ne) is simply connected,
and equal to the closure of its interior. Moreover, if ®oxy is C* for some o € )0, 1],
then 0% is a C“P Jordan curve, for some 8 €0, 1[.

The above result does not prevent cusps in 0%, but just says that the boundary
0% possesses a C'1F parametrization.

3. ASYMPTOTIC ANALYSIS

This section is devoted to the analysis of the asymptotic regime € — 0. We shall
point out the difficulties and necessary adaptations between the case of quadratic
potentials, Theorem 1.2 and Theorem 2.6, and the general case, Theorem 2.14. For
the existence theory of the Vlasov—Poisson equation, we refer the reader to [1] for
weak solutions and more recently to [34, 41] where strong solutions and regularity
issues are discussed. Further details and references can be found in the survey [20].

3.1. A USEFUL ESTIMATE ON ®,. — Before we turn to the analysis of the asymptotic
regime € — 0, it is convenient to set up an estimate that describes the behavior of ®,
close to the neighborhood of 9. . In the isotropic case, @yt being given by (2), the
potential ®, is defined by (9), and we observe that there exists C' > 0 such that

(28) 0< (Jz] = R) [Va®e(z)| < C Pe(x)
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holds for any x with |z| > R. More generally, for a quadratic potential (12), we can
establish the following property, based on the formulas in Section 2.1.

Lemma 3.1. — Let ®, be the quadratic potential defined as in Corollary 2.5. Let
¥ RN — RN be smooth, compactly supported and such that ¥ - u‘ = 0. Then,
there exists a positive constant C, depending only on N, Py and “// ‘such that we
have, for any x € RV,

(29) |7V(I)e((£)| < che(x)

Proof. — Since ¥ is compactly supported and ®, is positive in {o, > 0}, we just
need to prove the inequality for x close to 0.%,, that is for o, (z) small. We still define
A > 0 so that A™2 = Z; 1A 2. From (20), and by Taylor expansion of the integral,
we infer that for 0 < o,(z) < land 1 <k < N

Ny (o) = (ﬂ aj> (Ua(x)l (ﬁ a?>1/2+ﬁ(03(.®))> _ 0@ | )

Jj=1

Let % (z) stands for the vector with components xj/a?. In particular, for
0 < o4(x) < 1, we get

V& (x) _ Z (x)
V@ ()] |2 (2)]

where the unit vector field  — 2 (z)/|Z (x)| is smooth near 0.%, and is the (out-
ward) normal on 9.%,. Now, observe that

Hk(Z 7o, m>)‘2asz;<m‘<i<a2+fm>ak“a@

(30) |[V®e(2)| = O(04(x)) and

+ O0(04(2)),

j=1 J
x N a2
L :
= 2(1—2 — Okoo(x) <Z ai) + O(04(x)).
k j=1 J
Therefore, for 0 < g,(x) < 1 and 1 <k < N, we have
1 N a2
2 D, = 7 0a a < 2
N0 () = 10a(7)0404(2) (; a§> + 0(07(x))
N :E2»
— 78 2 v 2
(20 X5 + ol
j=1
As a consequence,
N 2 2
1 x5 . oa(x)
2 _ 12 J 3 a
(31) Na(r) = 1o3() @ ) + ot > B,
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holds for some C > 0. Going back to (30), we arrive at

H(a) V0la) =¥ (0) - (g ) ¥V 8e(o)
= xX) - M Oq\T Og\T
= 710)- (g + (o)) ) % Olau(a)
= (0(0u(a)) + 0(0a(a)) X O(0a(x)) = O(02(x) = O(@.lw)),

by (31) and since ¥ - 2" /| 2| vanishes when o, = 0 in view of the no-flux condition
satisfied by #. This finishes the proof. O

In the more general setting considered in Theorem 2.14, the result is the following
and simply relies on the use of a local chart.

Levma 3.2. We assume that O is of class C* and that (H2) is satisfied. Then,
there exists a constant C' such that, for any x € RY,

(32) [V - V&e(z)] < CPe(x).

Proof. — We have already seen that 9 is actually of class C**1. Since ®, is positive
in RV ~ ¢ and 7 has compact support, by a compactness argument, it suffices to
show that (32) holds near any point a € 9. Possibly translating and rotating the
axis, we assume a = 0 and that the inward normal to 2 at a = 0is e; = (1,0,...,0).
We let 1 = O(z1 ), where ;= (z2,...,7x), be a C? parametrization of 9§ near 0,
with VO(0) = 0, hence O(z 1) = O(|zL|?).

We now consider the function ¢ : RV — R defined by ¢(y) := ®c(y1 +O(y1),y1),
where ¥, = (y2,...,yn) € RN~ Then, ¢(y) = 0 when y; > 0, hence, for 2 < j < N
and 1 < k < N and if y1 = 0, dpp(y) = 07 ,9(y) = 0; moreover, 97 1¢(0,y1) =
A®eyt (0,9, ) in view of the equality

N
Ay (7) = ApPe(2) = (Ayp — (ALO)01p + Z(aj@)zaijﬁa)(xl —O(zL),71)
j=2
in {z; < O(z1)}.
It follows from these relations that, by the Taylor formula and by using A®.(0) >0
and y; = x1 — O(z1) <0,

)

Qls,

1
o(y) = o) — 0(0,5.) — 119100, y1) = 4 / (1— 0% (ty1,y.) dt >
0
and we deduce
_ 2
(33) @(a) > DO

Still by the Taylor formula, we have, for 2 < j < N,

1
9,0(y) = 4 / (1= 003, oty ys) dt = 6(2)
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and
1
O1p(y) = 11079(0,y1) + i /O (L= 1) p(tyr,y1) dt = y1A%ex(0,y1) + O(y7).
Now, we write 01Pq(x) = O10(y) (with y = (x1 — O(x1),z1)) and VPe(z) =
Vip(y) = 01p(y)V1O(yL), thus
YV (x) VOo(x) = ¥ ()01 Po(z) + V1 (2) - VL Do(2)
= 7(2)01p(y) + Vo(x) - Vip(y) — O1p(y) Vo (x) - VLO(yL).
Note that Vp(y) = O(y?). Furthermore, since ¥ - v = 0 on 9Q = {z; = O(z,)}
and v(z) = (1,-V10(x1))/|(1,-V_1.60(x1))|, we deduce
V(x) - Vee(x) = O(y]) + dr0(y )([7/1(93) — Vi (x) - ViO(zL)]
~ 1(0(1),21) ~ V1 (O(a1),21) - V1O(@.)])
= 0(yi) + O(lyi]) x O(lz1 — O(zL)]) = O(y1).
We conclude by using (33). O

3.2. Basic A prior1 estimaTes. — Now that we have in hand the limiting density
profile n, and the associated potential field @, we derive some basic a priori estimates
from (V)—(P).

Using the splitting of Poisson equation as in (10), (V) recasts as

1
= w\I’E' ’UEZO'
\@V Vo f.

Let us compute the time variation of the following energies:

1
8tf5 +uv- vacfa - g VP - vvfa -

— Kinetic energy

d |v]2 1
— — fedvder = —= v -V, P, fsdvdx—— vV, fodvde.
dt 2 €

— Leading order potential energy

%//@e fedvdmz//v-vx@e fedvdz.

— Fluctuations potential energy

2 o — Pe
dt2/|vqf\dx_/qu OV, d = /\Ifat( \[)d:v

—/ T V- /vfgdv dx—\[//v V¥, fedvda.

By summing these relations, we conclude with the following claim (which applies for
all three cases for ®eyy).

Prorosition 3.3. The solution (fe, P = %@e +
following energy conservation equality

d |v]? 1 1 9
t{// 5 fdvdx—i—g// z‘dvdac—|—2/|C |*dz
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Furthermore, the total charge is conserved

//fg(t,x,v)dvdx://fe((),x,v)dvdx:m.

3.3. CONVERGENCE OF THE DENSITY AND THE CURRENT. — We assume a uniform bound
on the energy at the initial time, namely

1 - 1 i 1 .
(34) sup //f|v\2 M dyde + — //@e My do + f/|VI\I/;mt|2dac < 00,
0<e<1 2 € 2

where Wit golves the Poisson equation (10). Then, Proposition 3.3 ensures that the
energy remains uniformly bounded for positive times. Thus, possibly at the price of
extracting subsequences, we can suppose that

fe = f weakly-x in .Z*([0,T] x RN x RY),
Pe = /f5 dv —p weakly-% in .2*([0,T] x RY).
Going back to the Poisson equation, we observe that
Ne — Pe = \/gvm : (lells)
where, by Proposition 3.3, V, ¥, is bounded in L>(0,T; L?(R")). Consequently, we
establish the following claim.

Lemma 3.4. — The sequence p. converges to ne = p strongly in L>(0,T; H=1(RY))
and weakly-x in .#*([0,T] x RN). The limit f is supported in [0,T] x Q& x RY. The
sequence J¢ = [wvf. dv is bounded in L°>°(0,T; LY (RN)); it admits a subsequence which
converges, say weakly-x in 41 ([0,T] x RN); the limit J is divergence free, supported
in [0,T] x Q and may be written [vfdv=ncW for some W € .#*([0,T] x RY).

Proof. — Proposition 3.3 tells us that |v|2f. is bounded in L>(0,T; L*(RY x RV)).

Hence, by using Cauchy-Schwarz’ inequality, we get

/|J€\dx<//|v|\/ﬁ\/ﬁdvdm

< </ |v|? fgdvdnc)l/2 <//f€dvdm>l/2,

which leads to the asserted uniform estimate on the current. We can thus also assume
J. — J weakly-x in .#*([0,T] x RY). Furthermore, since the second order moment
in v of f. is uniformly bounded, we check that

p:/fdv, J:/vfdv.

Note that p. and J; satisfy (5). Letting € go to 0 yields
Op+Vy - J=0=0ne+V,-J=0+V,-J=0.

(35)

Thus, J is divergence-free. Finally, on the one hand, we have p = [ fdv, and on the
other hand p = n, is absolutely continuous with respect to the Lebesgue measure and
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supported in [0, T] x Q. It follows that Supp(f) C [0, 7] x 2xRY, and thus Supp(.J) C
[0, T] x Q; furthermore we have f([0,T] x 9Q x RY) =0, and J([0,T] x Q) =0. O

In order to define the normal trace of J over 992 (that is the sphere 0B(0, R)
in the case (2)), we shall use the theory introduced in [9]. As a consequence of the
discussion above, we start by observing that .J belongs to the set 2.#°*(RY) of
extended divergence-measure fields over RV, see [9, Def. 1.1]. Therefore, according to
[9, Th. 3.1], J admits a normal trace J - 1/| a0, defined as a continuous linear functional
over Lip(y,09Q), v > 1 (see [9, Eq. (2.1)]) with

<J-1/|BQ,¢>=/Q$Vx'=7+/QJ‘Vx¢A%

where the function (;AS € Lip(v,9Q) in the right-hand side is an extension of ¢ €
Lip(v, 9Q). However, by V, - J = 0 and the support property on .J, we can rewrite

<J-1/\BQ7¢>:0+/RNJ-VUE$=—<VI-J,¢AS>=0.

Another way to see this is to observe that the normal trace from Q must be the same
as the normal trace from RY ~\ , which is clearly zero since .J has support in €.
Consequently,

J - l/‘ﬁ =0 in [C(0,T;Lip(v,Q))]*.
Remark that this is not a pointwise relation. In particular, it may happen that Ji"t.
l/|§ = pVinit. u|ﬁ is nonzero, but this does not prevent the time integral of J - 1/|ﬁ
to vanish.

3.4. PASSING TO THE LIMIT: MODULATED ENERGY. — As in [5], we now study the modu-
lated energy

1 1 1
%1/7525//‘1]—7/‘2 fadvdx+§/|v$\1/8|2dx+g //(be fgd’UdiC,

where all the terms integrated are nonnegative. Let us compute as follows
d d FaE d |72
a,}ﬁy,g—a// (—2 — ~v)f5dvdx—a (pe 5 —”I/-JE) dz,
by using Proposition 3.3. We thus have
d
E%V’g = /(ps/y — Jg) . 3t”// dx —+ /
Here, we are assuming that the solution f. of the Vlasov—Poisson system (V)—(P)

is regular enough so that we can perform all the calculations that follow. Integrating
the Vlasov equation, we obtain

7/2
| 2‘ atpsd:c—/”f/oathdx.

1 1
5 :E'Ps —= Pe a:\:[la — Pe x(I)e: ’
(36) OJe +V +ﬁpV —i—ng 0

where we rewrite
1 Pe — Ne

= Pe m\IJa:
Y Ve

vqus + E Vz\I’E = _Axlpevx\l/s + lz v;c\pa

Ve Ve
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and
AUV, 0. =V, (Vo0 ®V,0,) =V, (|V, 02 /2).

Combining these relations to the charge conservation (5) and integration by parts, we

arrive at
d
E‘%ﬂ”:/ peV — Jo) - 8t“//da:—|—/ (|”//| /2) dz
Vo e |?
D,V : - V,0. @V, 0. )de+ | V, ¥V ———dx
1
- eV V0. d —7/ v.d
+ . /p \Y T+ z Vz x,

where D, ¥ stands for the jacobian matrix of the vector field ¥". For the last integral,
since n, is supported in €2, we write it as

/—“// Ve¥lodz =0

by integration by parts and using that V, - (ne¥) = 0 in Q and the no-flux condi-
tion (6).
Let us set

Py . :z/(v—”f/)@(v—"f/) fedv=P. -V RJ. —J.QV +p-¥V QY.
A direct substitution leads to

6 L. - / (0¥ — J) - (O + (V- Vo)¥) da

dt
- /D;// Py — Vo0, @ V,0,)da

2
/V “I/|V;II| dx+%/ps”f/~vxécdm.

We shall use the shorthand notation A < B when the inequality A < CB holds
for some constant C' > 0, the value of which might vary from a line to another. As
a matter of fact, we can dominate the second and third integrals of the right-hand
side by

1DV || (//|v — Pt dvdx+/|V$\IIE|2dx> < IDu || Hy ..

Let us distinguish the case of the isotropic potential in order to point out the dif-
ficulties. When @y is given by (2), we remind the reader that ®. is supported in
{]z| = R}, radially symmetric and increasing in |z|, see (9). Combining this with (28)
allows us to estimate the last term in (37) as follows:

1 v .x/|lz
f/ 0.7 (o) By V@ e
{lz|>R}

|| —

1 .
,/ 9o, da M
€ J{jz|>R} [z - R

é /ps”// VP do

A

S %7/,67
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Vea/|z|
lz|—R
supported, and ¥ - v = 0 on 9B(0, R). For a quadratic external potential (12), we
can proceed similarly by using Lemma 3.1. When dealing with a general potential,

we made hypothesis (H2) so that Lemma 3.2 applies and (29) allows us to estimate

1 1
- /pg”f/-vw(ﬁedx < - /pgbedxgc%ﬂy/@.

Therefore, we obtain

where we have used that belongs to L>(R™) since ¥ is smooth, compactly

d
(38) e S e e
where we have set
reie /(p;/ — L) (O + (V- V)Y da.

The Gronwall lemma yields

¢
Sy (t) < eC? (%V,E(O) +/ e_CTra(T) d7'> ,
0

for a certain constant C' > 0. The assumption (11) on the initial data is that
lim. 0 4% (0) = 0. Hence, we are left with the task of proving that fot re(T)dr
tends to 0 as € — 0. We have
t t
/ ro(r)dr —>/ /(ne”// ~0) @+ (V-V)Y) dedr
0 0

e—0

:/t/(ney/_J)-(at7/+(7/-vz)7/) dz dr
0 JQ

t
z—/ /(ne”f/—J)-prdJ;dT:O,
0o Jao

since ne¥ and J are divergence free on ) and their normal trace vanish. O

It is worth pointing out that the regularity assumption of the sequence of solu-
tions f. was only made to justify the computations leading to (38). If one consider
less regular solutions, we have to assume that these solutions were constructed through
a regularization procedure and that the previous calculations were done on these reg-
ularizations and hence (38) will still hold.

3.5. IbentiFication or THE LimiT. — Let us observe that if the initial datum satisfies
(11), then (34) holds true. Let us first justify (i): we shall show that [ p.xdz —
[ nex dz uniformly on [0,7] as e — 0 for any x € CJ(RY). We start by observing
that

(30) ‘ [ et as

holds for any y € CJ(RY). Next, consider x € C}(RY). The charge conservation (5)
yields

< m|x]loo

d

T pe(t, x)x(x) dx:/atpgxdx: —/Vx~ngdx:/J5~V$xdz,
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hence the uniform bound (35) on J. implies a uniform bound on % [ pe(t,z)x(z)dz
for 0 <t < T. By virtue of the Ascoli-Arzela theorem, the set

{t — /ps(t,:r)x(:r) dz, € > 0}

is therefore relatively compact in C([0,T]) for any fixed x € CL(R¥). This property
extends to any x € CY(RY) by virtue of (39). Indeed, for any § > 0, we can pick
xs € CHRYN) such that ||x — xslleo < J/m. It follows that

/ pe(t,2)x(x) dz = / pe(t.2)(x — xo) (@) do + / pe(t,2)xs(2) da,

where, owing to (39), the former integral is uniformly dominated by ¢ and the latter
lies in a compact set of C([0,T]). Therefore {t — [ p.(t,x)x(z)dz, ¢ > 0} can
be covered by a finite number of balls with radius 2§ in C([0,T]). Finally, since
CY(RY) is separable, we apply a diagonal argument to extract a subsequence such that
J p<(t,z)x(x) dz converges uniformly in C([0,T]) for any element x of a numerable
dense set in CJ(RY). By uniqueness of the limit, we find

lim [ po(t, z)x(x) dm:/nexdx.

e—0

Going back to (39), we check that the convergence holds for any y € C§(RY).

The manipulations detailed in the previous section prove (ii). According to [4, 5],
in order to establish (iii), we introduce the following functional: given A\ a non neg-
ative bounded measure on [0,7] x RY, and p a vector valued bounded measure on

[0,T] x RN, we set
H (A, 1) :Sup{/u~@1//\|®2},
) 2

where the supremum is taken over continuous functions © : [0,7] x RY — RY.
According to [4, Prop. 3.4], we have:

Lemma 3.5 ([4]). — If p is absolutely continuous with respect to A\, denoting by V the
Radon-Nikodym derivative of p with respect to \, we have

1
H ) =5 [AVE € fo,00],
otherwise J (A, p) = +00.

Clearly (A, ) — (A, u) is a convex and lower semi—continuous (for the weak-*
convergence) functional. Let 7 : [0,T] — [0, 00) be a continuous non negative function.
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Reasoning as in [5], we show that J € L°°(0,T; L*(RY)) since

H (e n2) / [ 2RI 0 dear
RN pe

-0 /RN o) Nv¢fs<w> SR

R
1 T T
f/ // o2 f. (¢, 2, ) n(t)dvdxdts/ ndt
2 0 RN xRN 0

becomes, as ¢ tends to 0

2
n(t) de dt

H (me,nd) S ||7I||L1(0,T)-
Reasoning the same way, we get

1 T e~ Pe 2
%(psw]e*ps%)zi/o /RNUMdIdt

Pe

1 T T
7/ // |v—”//|2f5dvd:cdt</ Hy . dt.
2J)o JJrN xRN 0

It follows that ¢ (ne, J — ne¥") = 0, which identifies the limit J and ends the proof
of (iii).

Finally, we can check that the initial data for the limit equation is meaningful by
establishing some time-compactness on the sequence J;. Let

Wr=1{0:[0,T]xRY = RY, © of class C', Supp(©) C [0,T]xQ, V, =0},

which is a closed subspace of the Banach space C! (endowed with the sup norm for
the function and its first order derivatives). Multiplying (36) by a function in #x, we
shall get rid of the stiff terms. Indeed, for such a trial function ©, we deduce from (36)

d 1
(40) E/JE-@dx:/JE~0t@dx—/®~(Vw-PE)dx—\—@/pa®~Vx\I/8dx,

since © -V, ®, = 0 pointwise in view of the supports. By using the estimates deduced
from Proposition 3.3, we observe that the first two terms are bounded in L*>(0,T).
For the last one, we use the Poisson equation (10) and integration by parts to infer

\%/ps@-vzlﬂgdxz %/ne@-vz\h dx—/Am\I/E@-Vm\Ilsdx

=o+/quf€-vw(®-v$\p€)dx
_ /@ VAV de+ 3 /a%\p Ds, 0400, V. d,
1< h<N

where we have used that n.O(t,-) is divergence free. For quadratic external
potentials, an integration by parts shows that the first integral is zero (since
n.© is divergence free). In any cases, the right hand side can be dominated
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by [[VOl|oo [Vl Loo(0,7;2(rNYy and it is thus bounded in L>°(0,T). Reporting this
into (40) allows us to conclude that

d
U J.-©dz is bounded in L>(0,T).
Since #g is separable, we can boil down a diagonal argument to justify that J; is rela-
tively compact in C%(0, T'; #-weak-*): we can assume that the extracted subsequence

is such that [ J. - ©dx converges uniformly on [0,7] for any © € #x. O

4. ASYMPTOTIC ANALYSIS OF THE VLASOV—Po1ssoN—FOKKER—PLANCK sYSTEM

In this section we state and prove a theorem analogous to Theorem 1.2 when the
basic equation is (VFP), which includes a Fokker—Planck operator, coupled with (P).

For the well-posedness issues of the system (VFP) coupled to (P), we refer the
reader to [3, 12]. The role of the external potential is precisely investigated in [13].
The associated moment system reads

61&,05 +vx : JE = 0,
ath + V- ]Ps +psvmq)s = _Js7

where we still use the notation J, = f vfedv, P = fv Quf.dv. As e — 0, we expect
as before that p. — ne = 1gA®., and that the behavior of the current is driven by
the Lake Equation with friction

(LEy)

OV +V -V,V+Vup=-V,
Vi (nV)=0.

If @yt is quadratic as in (12) (possibly isotropic), the domain € is an ellipsoid (pos-
sibly a ball) as in Section 2.1 and (LE;) becomes the Incompressible Euler system
with friction

V-V =0
For a more general confining potential @y, we make assumptions (hl), (h2), (H1)

and (H2) as in Section 2.2. Since we work with finite charge data, the limit equa-
tion (LEy) holds in €2, completed with the no-flux boundary condition (6), namely

V(t,z)- I/(x)|BQ =0.

Like in the previous section we associate with V', smooth solution of (LE¢), a smooth
compactly supported extension ¥ defined on [0, 7] x RY such that 7 - V($)’89 =0.

We shall investigate this asymptotics in the specific case where the “temperature”
0 = 0. goes to 0 as € — 0. In this context, we can derive an analog of Proposition 3.3
that accounts for the dissipation mechanisms induced by the Fokker—Planck operator.
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Prorosirion 4.1. The solution (f-, ®. = 1 &+ % U.) of (VFP)—(P) satisfies the
following entropy dissipation inequality

{ //'” fedvdr+ 2 //‘1’ fsdvdww/ feIn(f.) dvdz
/\v U, de} = -9,

where we denote
%://]v\/ﬁ+2eevv\/ﬁ\2dudx>0

Furthermore, the total charge is conserved

//fs(t,x,v)dvdx://fs(ovx,v)dvdx:m

Uniform estimates are not directly included in this statement since the function
z — zIn(z) changes sign. Nevertheless, we can establish such uniform estimates.

COROLLARY 4.2. We assume that there exists some (large) X > 1 such that

(41) /exp(f)\fbext) dz < 0.

We suppose also that 0 < e < 1/(8\) and 0 < 0. < 1. Let finit : RN x RN — [0, 00)
be a sequence of integrable functions that satisfy the following requirements

// it dy de =

(42) sup {//v|2 Mt dy da + 6. //f;mt|ln(f;mt)|dvdx
o<e<1/(8n) |2

0<0.<1 1 1
+§/\Vxllf‘€mt|2dz+f //(I)e fa‘mtdvdx} < o0,
5

Al.\Ifi.nit ne / flnlt dU

with

Let 0 < T < oo and let (f.,P. = l‘b + %\P ) be the associated solution of
(VEP)—(P). Then, uniformly for 0 < e < 1/(8\) and 0 < 0,

(i) fo(1+ |v|® + 0c|In(f.)]) + e 1@ fo is bounded in L°°(07T; Ll(RN x RYY)),

(ii) V.V, is bounded in L>(0,T; L*(RY)),

(iii) 2. is bounded in L'(0,T).

Remark 4.3. — In any dimension N > 1, (41) is always true for quadratic potentials.
If N =1or N =2, hypothesis (41) is satisfied if (h2) is, since Ppyi(z) + ml'(z) = +o00
when || — 400 and that I'(z) = —|z|/2 or —In|z|/(27). Therefore, hypothesis (41)
needs to be verified only for N > 3.
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Proof. — We first observe that hypothesis (41) implies

/exp(—/\(I)e) dz < oo.
Indeed, we have ®, = I' xne — Cy + Poyt = Poyt — Ci. We write, for h >
feln(fe) < feln(fo)l = feln(fe) = 2feIn(fe) (Le-ngoca + lo<f5<e—h)
(43) < fIn(fo) + oS e,

= //|v| fedvdz + - //<I> fedvdz + = /\V\If|2da:

We now use (43) with h(z,v) = [v]|?/(80.) + ®c(z)/(4€6;) to infer

(44) 6. //fgln fo)dvda < 6. //f5|ln fo)ldvda < 6. //fgln fo)dvda
TEAf) 0. [ [ exp(-IoP/(168.) - B.(2)/(826.)) dv .

The last term is equal to

and denote

Hgg/exp(—|v\2/(1695)dv/exp( (2)/(826.)) dx
<05 [exp(-oP/16)do [ exp(-Ad(a) d,

thus tends to zero as 6. — 0 (uniformly for 0 < € < 1/(8))). Using the dissipation of
the entropy given in Proposition 4.1, we then infer

1n1t + 0 // f;mtﬂn flnlt)| dU d.T 1n1t + 9 // fmlt In flnlt dU da:

Es(fe)—i-gs/ feIn(fe)dvdx

E.(f.) +9/ feln(f)] dvdz — %2 B.(£2) + 00, 50(0),

and the conclusion follows since 6, < 1. O

Until the end of the section, we shall make hypothesis (41). Since we are dealing
with the regime

Il<exl, 0<b.x1,
the estimates in Proposition 4.2 do not provide L'-weak compactness on the particle
distribution function and its moments; we still need to work with convergences in

spaces of finite measures. The first step in the investigation of the asymptotic behavior
is summarized in the following claim.
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Lemmya 4.4. We make assumptions (41) and (42). Up to a subsequence, we can
assume that f. converges to f weakly-x in .#*((0,T) x RN xRN). Then, p. converges
to ne = [ fdv in L>=(0,T; H Y (RY)) and in C°(0,T; .#* (RN )-weak-x). Moreover,
we can assume that

Jo—J= /vfdv in A([0,T] xRY),
the limit J is divergence—free and supported in [0,T] x Q.

Proof. — We follow the arguments of the previous section. We identify the limit of p.
by coming back to the Poisson equation \/eV, -V, ¥, = ne—p.. The time compactness
then appears as a consequence of the charge conservation, together with the estimates
on the current. We obtain the L>(0,7T; L*(R")) estimate on J. as in (35). Letting ¢
go to 0 in the charge conservation equation, we obtain

One+Vy-J=0=V,-J
Still reproducing the arguments of the previous section, based on the conservation of
the total charge, we arrive at the following conclusion:
Supp(f) € [0,T] x @ x RY, Supp(J) C [0,T] x Q.

Furthermore, J belongs to the set 2.#°*(RY), it admits a normal trace .J - V‘ag,
which actually vanishes. |

It remains to identify the limit J. As in the case of the pure Vlasov—Poisson equa-
tion, the idea consists in introducing a suitable functional intended to compare f. to
the expected limit. Let .4, : RY — (0, 00) be a given function such that

/JVd:E—m /nedx—//fOscvdvdx

1 lv — ¥ (t,)|?
e )

A natural candidate to replace the functional 7% . would be the relative entropy of f.

with respect to ne(x)My g, (¢, z,v) associated with the non-negative convex function
z— zIn(z) — z 4+ 1, namely

// i ln nCMM ) —f +neM4;/795) dv da,

but the first term is clearly meaningless since n, has compact support. Therefore, we
introduce

(45) Ne(x) = % exp ( — CI);G(ZC)), where Z. = /eXp ( - (I);T(Ey)) dy,

and the following modulated functional

FP __ fs _ 1 2
(46) LT = 6. //(f 1H(TMME) f. +</1/€M7/,95)dvdx+ 2/|Vz\p€| da.

and let us set
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In fact, #}Y is up to the term 1 [|V,¥.|>dz, nothing but the relative entropy
of f. with respect to A4.My g, associated with the non-negative convex function
G : (0,400) 3 z — zIn(z) — z + 1. This implies in particular that the integrand in
the first integral of (46) is simply

G(f:) = G(ANMyp.) — G (f)(fe — NMy ),

thus pointwise nonnegative, and vanishes only when f. = A.My .. By definition
of A7 and My . and using the fact

//fgdvdx:m://f/i/gMy/ﬁadvdm

in view of our normalizations, we infer

%VFE:esf/fsln(fs)dvda:+%//\%742 fsduc1:1;+1 /(I)efsdvdx
? 19

(47) + %/ |V, U, |?dx + %Nm@6 In(270.) — O.mlIn (m/Z,)

1
=y +0: // feln(fe)dvdez + §Nm95 In(276.) — O.mlIn (m/Z,).

This second expression of Jﬂflz justifies the choice we have made for 4. Actually, for
our purpose, the exact normalization f f NeMy . dvdx = m is not necessary, though
natural in a modulated entropy argument, only the fact that the leading order term
in In(AMy o) is —Pe(x)/(€0:) — |[v — ¥|?/(26.) is used. This is related to the fact
that the temperature 6. is small in the regime we are considering.

Let us now compare %% . and jffl; more precisely. As a first step, note that, on
the one hand,

0. In(276.) — 0

when 6. — 0; and on the other hand, that

|Q|=/Qe><p(—qte(f))dy<Zg=/eXP(—@;9(Ey))dy
</exp<—)\<1>e(y)) dy < +o0

if 6. <1ande <1/(8)), thus, as 6. — 0,

fmln(m/Z.) — 0.

The inequality (44) implies

1
Hy e = j‘ﬂfi — 0. // feln(fe)dvda — 5]\711196 In(276.) + 6.mIn (m/Z.)

(48) < AL 0., // FIn(f)1s e dvdz + ooyo(1)

<257 + 0-0(1).
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Then, let us compute the time derivative of the modulated entropy %@f 1:. We get,

% Ve = i{&//fsln(fs)dvdwr;/ lv— ¥ f.dvda
1 1 9
+ - efsdvdl"i’ |V \I/ | dzx
€

(‘ft{es J[ £z dods s 5 [ [l soavas
+1/ Bof. dvde + = /|v ¥ |2dx}
{ //U Y f.dvdr + = / |7 fgdvdx}

Bearing in mind the computation for proving Proposition 4.1, we obtain

d B a 1 )

Reasoning as in the previous section, and by using the moment equations, we are
led to

d
dt

1
— /D"// Py — V¥ @V, U, ) da + - /pg“// -V, dz,
using once again that V, - (n.”?) = 0 and the no-flux condition (6). Let us set

Dy = // (0 = )+ 20V /Fo |  dvda > 0

We rewrite
De =Dy — /p6|”f/|2dx—|— 2/"7 - Jodax.
Accordingly, we can reorganize terms as follows

d

a "I/E: *@"VE /(paqi/fjs)(8t/1/+(ni/vr)7/+7/)dx

1
— /D”// Py — V0. @V, 0. )dx + - /ps”// -V dz.
We can summarize the previous manipulations within the following inequality
d __rp 1
(49) a%@)g +Py . < - pV Vy@edr+re+ | DV : (Py.—V,¥.0V,¥,.)dzx

where, for any 0 <t < T,

t t
/ rEde/ /(pe”f/—Jg)(OT”//—"//-Vx"//—F”//)dIdT
0 0

tends to 0 as € — 0. We wish to strengthen this result as follows.
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Lemma 4.5. We make assumptions (41) and (42) and suppose that 0. — 0 as

e — 0. We have 4

dt
where, for any 0 <t < T, lim._,q fot rodr = 0.

L+ Dy e S HLE 1

Proof. — We can also reproduce the arguments in the previous section used to esti-
mate

1 1
- /pE”I/ ViPeda < - /p€<I>C dx.
For the last term in (49), we have

/m/ i (Py o~V 0. @V, V. )dr < ||D“I/OO<//U“//|2]’5 dvdx+/|VI\I!5|2dx),

so that, using (48),

8)
—|—9~1/5N7//f8<1) dvdx + = //|v—”//| fedvdz + = /|V\IJ|2dx—i-rE

< j‘ﬂf}; +7e + 0e—0(1).
It allows us to conclude by coming back to (49). |

Let us now state our main result concerning the Vlasov-Poisson-Fokker-Planck
system. We recall that we may work either with a quadratic potential @y (and then
the domain ) is an ellipsoid), or with a general potential where (hl), (h2), (H1)
and (H2) are satisfied.

Tueorem 4.6. — If N > 3, we make assumption (41), that is we assume that there
exists some (large) A > 1 such that

/exp(—/\éext) dz < oo.

Denote by V' the solution, on [0,T], to the Lake Equation with friction (LE) with
the no-flux condition (6) given by Theorem A.1 and consider a smooth extension ¥
toV. Let

fICRY X RY — [0, 00)

be a sequence of integrable functions satisfying
/ / fMdvde =m  and HLL(fM) — 0,

where LY is defined in (46). Consider then the associated solutions f- of the Viasov—
Poisson— Fokker Planck equation (VFP)—(P). Then, we have, as € — 0 and 6. — 0,

(i) pe com}erges to ne in C°0,T; A1 (RN )-weak-x);

(ii) jf © — 0 uniformly on [0,T];

(iii) Je converges to J in A1 ([0,T] x RN), where J|[07T}XQ =V,V,-J=0and
J-V(x)L,m =0.
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Remark 4.7. We have seen (see Remark 4.3) that the integrability assumption
[ exp(—A®ext) dz < 00 is automatically satisfied if N =1, 2 by (h2) or for quadratic
potentials. When N > 3, it is also true if @4y is convex and tends to +oo at infinity.

Remark 4.8. One may construct an admissible family of initial conditions following
the lines of Remark 1.3. In particular, taking G a normalized Gaussian, it is enough
to choose 6. and o. such that 6. [ f.In f. — 0, which imposes 6. Ino. — 0.

Proof. — Tt is clear that if %@55( ity 5 (), then (42) is satisfied. Item (i) has already
been discussed. Applying the Gronwall lemma, we deduce readily that (ii) holds from
Lemma 4.5. Coming back to (48), we infer that [ |v — ¥|?f. dvda tends to 0. Then,
we appeal to Lemma 3.5 to conclude that J belongs to L>(0,T; L*(RY)) and that
J =n.V. We can also justify some time—compactness as in the pure Vlasov—Poisson

case. |

.AI’I’EVI)IX /L\. SMO()'I‘H SOLUTIONS OF THE LAkE EQUATIO!\S

Taeorem A.1. Let Q be a smooth (0 of class C*Tt is enough) bounded open set
in RN, v be a real constant, s € N such that s > 1+ N/2 and n, : Q — R in H!
such that infqne > 0. Let V™' : Q — RN be a divergence free vector field in H*
satisfying the no-flux condition V"t . v =0 on 0. There exists T > 0 and a unique
solution V € L>(0,T; H*(B(0, R))) of

OV +V -V, V 4 Vap = -7V,
Vi (neV) =0,
with the no-fluz condition (6). Moreover, we have

sup_ (V) + 10V Olles + [Vap(O)]l12 + 10 Vap(®)l 11 ) < CT)

0<t<

for some positive constant C(T') depending on v, T, ne and the initial datum.

Proof. — The scheme of proof is exactly the same as in [44]. We shall denote V=
neV, which is divergence free. Applying V - (n..) to the equation, we see that the
pressure p satisfies, for any t, the elliptic equation

Vi (00Vap) = Ve (1Y V) = Ve (V- V(7))

(50) =V (W ' (%‘7» + > oVio(Vi/ne)

1<), k<N

v'vz (ﬁvx (l/ne)> + Z Bj‘/}kak(‘//\}/ne)a

1<),k<N
where we have used that V is divergence free as well as the identity

Vo (V -Vl )=V -Vu(Va- W)= > 00k

1<), k<N
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We may further impose a suitable Neumann boundary condition for p on 9. We recall
that for o > N/2, H? is an algebra. Notice that if V' € H®, with s > 14+ N/2, then
the right-hand side of (50) is in H*~! and

V9. (V-vati/md) + > o,7k0c (Vi)

1<, k<N

| <CIVIE-,

where C' depends on infg n. (which is assumed positive) and the H**! norm of n,.

Since ne is in H**! and bounded away from zero and since the boundary is assumed
of class C*T1 it follows from classical elliptic estimates that (50) endowed with the
Neumann condition on 99 has a solution p € H51(Q), defined up to a constant in
each connected component of §2, enjoying the estimate

(51) IVpllz: < ClIVIIF-,

where C depends on infone and the H*t! norm of n.. Assume now that V is a
smooth solution of (A.1) and let us perform an H* estimate. For any a € (NU {O})d
with |o| < s, we have

d ay/|2
= —2/ oV -0 (V- Vy)V) dx—2/ 8”‘V~8“prdm—2v/ 0°V|? da.
Q Q Q

Using classical commutator estimates, the Sobolev imbedding H®* C W1 and
the H*® estimate (51) on Vp, we then deduce

d
E/ |0°V |2 dz < 72/ 9V - (V- V)0V) dz + C(|V ||z + |IVIIF: + |V 3-)-
Q Q

We use integration by parts for the first integral (recall that V- = 0 on the boundary),
which then becomes [, (V- V)|0°V|* dz < C||V||3;.. This yields

d (0%
3 L1V E s < COVIae + VIR + V1),

and it follows that, for some Ty > 0 depending only on v, n. and V™ we have
IV Il Loe (0,0 15y < 2||[V™i%]| 2. The conclusion of the theorem follows from a suitable
viscous approximation where a careful treatment of boundary terms is needed, see [45].

O

AfAPPENDlX B CONSTRUCTION OF AN EXTENDED DIVERGENCE—FREE VELOCITY

Levmva B, — Let V € L*(0,T; H*(B(0, R),RY)) be a divergence free vector field
in H®, with s > 1+ N/2, satisfying the no flux condition V-v =0 on 0B(0, R). There
exists a solenoidal extension ¥ of the vector field V' defined on the whole space and
compactly supported. Namely, ¥ € L>=(0,T; H*(RY,RY)) and it satisfies:

(i) (7),
(i) Vi -7 =0 in RV,
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Proof. — Let usassume N = 2 or N = 3. Since V-V = 0 in the ball B(0, R), which is
convex, there exists h € L°°(0,T; H*T(B(0, R),R")) such that V = V x h. Then, by
standard extension results (see e.g. [33, Chap.I: Th. 2.1 p.17 & Th. 8.1 p.42]), there
exists an extension h € L*(0,T; H*™ (RN, RY)) to h. Considering a cut-off func-
tion x € C2°(RY) such that x(z) = 1 for # € B(0,3R/2) and denoting ¥ = V x (xh),
we see that ¥ enjoys the desired properties. For N > 4, the construction is similar
but involves differential forms. O

The arguments generalize readily to the case where the domain is an ellipsoid.

Remark B.2. — In the case of a general potential, n, is not uniform, and it is possible
to construct an extension ¥ € L>(0,T; H*(RN,RY)) which satisfies:

(i) (1),

(ii) V- (ne?) =0in RV,

However, it requires further topological hypotheses on . Assuming (H1), and
assuming also that J# is connected, and 0f) has a finite number of connected com-

ponents, we may apply [27, Co.3.2]: n,V is divergence free in the smooth domain €2,
hence we can construct a divergence free extension

I [0,T) xRY — RY

to neV. Using a cut-off function, we may take ¢ compactly supported in an arbitrary
neighborhood of £, the latter can be chosen so that A®.,; remains > 0. Finally, we
set ¥ = 7 /(A®cy), which is well-defined even when A®.,, vanishes.

ArpENDIX C. ABOUT THE EXPERIMENTAL PARAMETERS IN A MAGNETO-OPTICAL
TRAP EXPERIMENT

The goal of this section is to present an experimental situation where the asymp-
totic limit studied in this article is relevant.

Atoms in a magneto-optical trap (MOT) interact in a complicated way with lasers,
whose frequency is close to an atomic resonance. It is customary to split this com-
plicated interaction into several parts: a friction, which is linear in velocity as a first
approximation; an anisotropic external trap, which is harmonic as a first approxima-
tion; a velocity diffusion; a repulsive interaction [46], usually modeled as Coulombic;
an attractive interaction of a rather complicated form [10]. The latter interaction is
always weaker than the repulsive one, so that we neglect it here. Putting all these
effects together yields the Vlasov-Fokker-Planck equation for f(¢,z,v), the density of
particles in phase space:

(52) Of+v-Vof =Vaoo-Vof =V, (kvf +DV,f),
(53) Ayd = 3wi — cp,
where wy is the trap frequency, x the friction, D the velocity diffusion coefficient,

and c the "pseudo-Coulombic" coupling constant. Here the integral of f is normalized
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to 1 and the dimension of f is L=2NT~! (L stands for 'length" and T for "time").
For the sake of concreteness we assume N = 3. Since our purpose is only to discuss
orders of magnitudes here, we have taken an isotropic trap. This model is clearly very
approximate, but accounts for some basic experimental results, and plays the role of
a reference model to which more refined measurements and theoretical descriptions
are compared (see for instance [7] for a recent comparison between models and theory
in very large MOTs).

We write dimensionless equations using t = Tt, = L%, f = L‘6T3f and
¢ = L2T~2¢; we then drop the ~ for convenience. We obtain

DT?
(54) Of +0-Vaf =Vat Vof = KTV, (0] + 5 Vuf ),
71—
(55) st = 3fT? (1 3w8L3p).

‘We now choose
. c \1/3
= (52)

Apd=3w2T? (1 —p).

Equation (55) becomes

Hence in the strong coupling limit, p = 1, and L is essentially the size of the atomic
cloud. We now introduce

D 1/2 wo
Lg = (TQJ%) and Q = ?

The length L, would be the size of the cloud for a vanishingly weak repulsion; in this

case, the density profile is a Gaussian. The parameter @ is the quality factor of the
damped harmonic oscillations in the trap. We also introduce

- 3%

/
- L5

and choose

The system (54)-(55) becomes
L
(56) Of +v-Vof = Vo Vof = KTV, - (vf + =2V, ),

(57) Avo=1(-p).

This corresponds to the system (VFP) we have studied, with an dimensionless friction
coeflicient v = «T, instead of v = 1. A typical value for L, is 200 pum, and @ is at
most of order 1(2). The size of the cloud L varies depending on the number of trapped

(2)We thank R. Kaiser and G. Labeyrie for providing us these informations.
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atoms, a typical value for the regime we would like to describe being L ~ 2 mm (see
[7, Fig. 5]). Putting these orders of magnitude together, we obtain:

_ Loyl ~3
T30 "T10 157

It is thus not unreasonable to describe such a system by the limit regime studied in

this paper: € — 0, # — 0. The typical reduced friction in a MOT experiment would
however likely be larger than 1.
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