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EFFECTIVE OPERATORS
ON AN ATTRACTIVE MAGNETIC EDGE

BY SorEN Fournars, BErvarp HELFFER, AymMan Kacivar

& Nicoras Raymonp

Apstract. — The semiclassical Laplacian with discontinuous magnetic field is considered in
two dimensions. The magnetic field is sign changing with exactly two distinct values and is
discontinuous along a smooth closed curve, thereby producing an attractive magnetic edge.
Various accurate spectral asymptotics are established by means of a dimensional reduction
involving a microlocal phase space localization allowing to deal with the discontinuity of the
field.

Résumi (Opérateurs effectifs sur une discontinuité magnétique). — Cet article s’intéresse au
laplacien avec champ magnétique discontinu dans la limite semi-classique. Le champ est supposé
prendre exactement deux valeurs non nulles de signes opposés et changer de signe le long d’une
courbe fermée et réguliére, la « frontiére magnétique ». Nous établissons diverses asymptotiques
spectrales a l'aide d’une réduction de dimension mettant en jeu une localisation dans ’espace
des phases et permettant de traiter la discontinuité du champ magnétique.
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918 S. Fournars, B. Hevrrer, A. Kacivar & N. Raymonnp

1. INnTRODUCTION

1.1. GENERAL FRAMEWORK. — In this article, we consider the magnetic Laplacian on
the plane R?,

2
(1.1) fo= (—ihV + A)? =) (—ihd,, + A7),
j=1

with magnetic potential A := (A7, As) € HL (R? R?), generating the piecewise con-
stant magnetic field

(1.2) B =1g, +alg,,

where —1 < a < ag and qg is a fixed negative constant. Here h > 0 is a small
parameter (the semiclassical parameter). Throughout this paper, we assume that

(1.3) 0, € R? is a connected and simply connected open set, Qs = R? \ Qy,
' I' := 09 is a C* smooth closed curve.

and we refer to ' as the magnetic edge (see Figure 1). We will denote the length of T'
by || = 2L.

Ficure 1. The plane R? = Q; U Qo UT with the edge I' = 9€; dashed.

The operator P¢ is self-adjoint in L?(R?) with domain
(1.4) Dom(P$) = {u € L*(R?) : (—ihV + A)Yu € L*(R?), j = 1,2}.

Its essential spectrum is determined by the magnetic field at infinity (in our case it is
equal to a). More precisely, by Persson’s lemma, we have

inf spegs (Py) = lalh.

The purpose of this paper is to study the spectrum of P{ in the energy window
Jn = [0, Eh] with E € (0, |a|) a fixed constant (thus, we analyze the spectrum below
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ATTRACTIVE MAGNETIC EDGE 919

the essential spectrum) and in the semiclassical limit h — 0. We denote by A, (P¢)
the n’th eigenvalue of Pf, and have

(1.5) sp(Ph) N[0, EA] = {Xa(Ph) 1000,

with N = N(h).

Let us stress that our spectral analysis will be uniform with respect to a € [—1, ag]
and that the condition on the sign of a is crucial since we will see that it implies a
localization of the eigenfunctions associated with eigenvalues in .J, near the edge I'.
That is why we will say that the edge is attractive.

1.2. HEURISTI(IS, EARLIER RESULTS, AND MOTIVATION

1.2.1. Analogy with an electric well and mini-wells. — The problem investigated
in this paper shares common features with the semiclassical asymptotics of the
Schrédinger operator, —h2A + V, with an electric potential V, in the full plane, see
[16, 17, 24, 18]. In this context, the “well” is the set 'y := {x € R? : V() = ming= V'},
which attracts the bound states in the limit A~ — 0. The well is said to be non-
degenerate if Ty, is a regular manifold, in which case the bound states might be
localized near some points of I'y/, the mini-wells. This phenomenon of mini-wells is
a manifestation of a multi-scale localization of the bound states. Interestingly, this
phenomenon occurs also in the setting of the magnetic Laplacian, with a Neumann
boundary condition, or with a magnetic field having a step-discontinuity as in the
present article. In particular, if we consider the Neumann Laplacian with a constant
magnetic field in a bounded, smooth domain, the boundary of the domain acts as
the “well” and the set of points of the boundary with maximum curvature acts as
the “mini-well” (see [15, 8]).

1.2.2. Some known results. — Recently in [1, 2], the operator P§ was considered in
L?(Q2) with Dirichlet boundary condition on 99, Q; C Q and I' a smooth curve
that meets 0f) transversely. The edge I' acts as the “well” and the set of points of T’
with maximum curvature acts as the “mini-well”. Moreover, when the curvature has
a unique non-degenerate maximum along the edge I', an accurate eigenvalue asymp-
totics displaying the splitting of the individual eigenvalues of P} has been derived in
[1, Th.1.2], when —1 < a < 0. This result is clearly reminiscent of [8].

1.2.3. Motivation. In the present article, we propose another perspective on the
problem. Our spectral analysis will be uniform in various ways. Firstly, it will allow
to derive, given some E € (0, |al|), an effective operator in the whole energy window
Jn = [0, Eh] with h € (0, ho]. In particular, the same strategy will provide us with
Weyl estimates (estimating the number of eigenvalues in Jj) and the behavior of the
individual eigenvalues. Secondly, it will also be uniform with respect to the parameter
a € [—1, ap]. This uniformity is the key to the understanding of the transition between
the regimes a € (—1,0) and a = —1. This is all the more motivating since the mini-
well phenomenon does not occur when a = —1. It is indeed rather satisfactory to have
a point of view encompassing quite different phenomena and showing their unity.

JIP — M., 2023, tome 10



920 S. Fournars, B. Hevrrer, A. Kacivar & N. Raymonnp

1.3. TaE BAND FUNCTIONS. The statement of our main results involves a family of
1D Schrédinger operators and their lowest eigenvalues, namely the operators obtained
when the magnetic step is along a straight line, in which case a dimensional reduction
is possible. This family has been the object of recent works (see [2, 19]). Let us briefly
recall some of its basic properties. Straightening the edge I' locally, it is natural to
consider the following “tangent” operator on R? with magnetic field

B =curl A = 1g xr + alr_xg,
where a € [—1,aq] is a fixed constant.() This operator is explicitly given by
(1.6) Py = h D} + (hDs — tha(t))?,  ba(t) = 1g, (t) + alp_(£).

By using a rescaling and a partial Fourier transformation along the straight edge
t =0, we are led to consider the analytic family of Schrédinger operators

(1.7) balo] = =07 + (0 = ba(1)1)”,
with domain
(1.8) B*[R) = {u € L*(R) : u” € L*(R), t*u € L*(R)},

where o € R is a parameter.
The operator b,[o] is self-adjoint in L?(R) and has compact resolvent. We denote by
(ut[l"] (0))n>1 the non-decreasing sequence of the eigenvalues (repeated according to

their multiplicity) of b,[o]. For shortness, we let

(1.9) pa(0) = p)(0) = inf sp(ha o).

By the Sturm-Liouville theory, we have the following proposition.

Prorosition 1.1. All the eigenvalues of h,[o] are simple. The eigenfunction asso-
ciated with ut[zn] (o) has exactly n — 1 simple zeroes on R.

The functions u([ln} (0), are called the band functions. When a = 1, we are reduced

to the harmonic oscillator and ML"] (0) = 2n — 1. When —1 < a < 1, the functions

uLn] (o) are no more constant functions, see [19]. The lowest band function, p, (o) is
studied in [2].

Proposition 1.2 (2, 19]). For alln > 1, the function ,ul[ln] is analytic as a function
of 0. Moreover, the lowest band function satisfies
(1.10) lim g (o) = 400, Ull)rfoo o (o) = lal,

g —r—00

and g has a unique critical point, which is a non-degenerate minimum S, € (0, |al),
attained at o(a) > 0.

MWour investigation concerns the attractive magnetic edge, which is the case when a < 0. In the
opposite case, a € (0,1), the magnetic edge will no longer attract the bound states, since pq (o)
(defined in (1.9)) becomes a monotone decreasing function with inf,cg pa (o) = a.

JIEP. — M., 2023, tome 10



ATTRACTIVE MAGNETIC EDGE 921

In light of Proposition 1.2, we write, for E € (0, |a|),
(1'11) M;lqﬁmE]) = [U,((LE),UJF((I,E)L

where —0o < 0_(a, E) < 0(a) < 04+(a, E) < +o0.

1.4. Maix resurLts. — Our analysis will reveal that the semiclassical spectral asymp-
totics of P¢ in the interval [0, E'h] is governed by that of an effective operator acting
on the edge I'. In particular, we obtain accurate asymptotics for the low-lying eigen-
values of P} highlighting a significant difference between the cases where —1 < a <0
and a = —1.

Tueorewm 1.3 (Case —1 < a < 0). — Assume that k has a unique mazimum, which is
non-degenerate:

Kmax 1= mlgxk = k(Smax), K" (Smax) <O.

For all a € (—1,0), there exists C(a) > 0 such that, for alln > 1,

M08 = B = Clhas + (1 5 )17/~ Cao @ o) + 0017/,

Remark 1.4

(i) Theorem 1.3 recovers the asymptotics obtained in [1]. The constant is given by
C(a) = —Ms(a) > 0, with M3(a) defined in (2.2) and calculated in (2.5).

(ii) The asymptotics in Theorem 1.3 is consistent with the phenomenon observed in
surface superconductivity (see [8] and references therein) and the semiclassical analysis
for the Schrodinger operator with a degenerate well in [17]. In this comparison, the
well corresponds here to I' and the mini-wells correspond to the points of maximal
curvature.

(iii) Actually, the proof of Theorem 1.3 provides us with a uniform description of
the spectrum in [0, Fh] and could also help determining the behavior of the eigenvalues
close to Fh when FE is non-critical for p,, i.e., when E # f,. In the context of the
Robin Laplacian, such considerations are the object of the ongoing work [7]. Note also
that there are some results high up in the spectrum in the recent work [14], where
Dirichlet conditions are considered.

(iv) It might happen that k& does not have a unique minimum and even that I" has
some symmetry properties. In this case, tunneling occurs and the eigenvalue splitting
is exponentially small (see [10]). The proof is similar to the case of the Laplacian
with a constant magnetic field and Neumann boundary condition in a symmetric
domain [6].

When a = —1, we will prove that C(a) = 0 and thus the second and third terms
in the asymptotics formally vanish. We still get accurate estimates for the low-lying
eigenvalues of P¢ when a = —1, which involves an operator on the edge I' ~ [-L, L),
whose half-length is denoted by L.

JIP — M., 2023, tome 10



022 S. Fournars, B. Hevrrer, A. Kacivar & N. Raymonnp

Turorem 1.5 (Case a = —1). There exists Cy < 0 such that, for every n € N, we
have as h — 0,

A(PE=T) = Bk 4+ W2 (h) + 0a(h?),

where vy, (h) is the non-decreasing sequence of the eigenvalues of the differential oper-

ator "
-1
%()) (Ds + ap)” + Cok(s)?,  with D, = —id,
acting on [—L, L) with periodic boundary conditions, and
[u]  o(=1)
1.12 = = .
(1.12) ey A/

Here |Q4] is the area of Q1.

The quantity «j, in (1.12) involves the circulation of the magnetic potential along I".
In fact, by Stokes’ Theorem, the circulation satisfies

i/A~7’ds(x):L CurlAdx:@.
T Jr Tl Ja, 2L

At the first glance, Theorems 1.3 and 1.5 seem independent. However, they both
result from the analysis of the effective operator of P§ (see Theorem 1.6 below), which
provides us with an accurate spectral description for —1 < a < 0.

This effective operator can be described as an h-pseudodifferential operator
on R with a 2L-periodic symbol with respect to the space variable, and acting on
2 L-periodic functions. Here and along the whole paper the parameter

(1.13) h = hl/?

is called the effective semiclassical parameter. Let us describe the shape of our effective
operator. For a given symbol pp(s, o) € Sge (1),(2) we consider the Weyl quantization,
i.e., the operator defined by

1

(1.14) (O (pr)u)(s) = 55 |

For an introduction to pseudo-differential operators, the reader is referred for instance

els=ra/hy, (S —; i ) U)u(?) dsdo.

to [25], where rigorous definitions are given and several fundamental properties are
established. These operators being well defined on 8(R), they can be extended by
duality as operators on 8'(R). We now underline that, if ps(s+2L,0) = px(s, o), then
Opy (pr) transforms all the 2L-periodic distributions into 2L-periodic distributions.
In fact, Opy (pr) also preserves the space of 2L-periodic functions that are in LZ ,
denoted by L%, (R) (see Section 4.1).

Such an induced operator will give us our effective operator and we will call
it a pseudodifferential operator on the edge, s representing the coordinate on I
(parametrized by arc-length).

(2that is, a smooth bounded function on R? such that its derivatives at any order are also
bounded, uniformly in 7 € (0, 1].

JIEP. — M., 2023, tome 10
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The main result in this article is the following.

Turorem 1.6 (Spectral reduction to the edge). There exists a self-adjoint h-pseudo-
differential operator (with symbol p§ € Sg=(1)) on the edge, whose principal symbol
coincides with pi, below E, such that the spectrum of Opy (ps) is discrete in [0, E]
for h in some interval (0, h).

Moreover, for all n € N such that A\, (P$%) € Jy, = [0, Eh], we have as h — 0,

An(P1) = hAn(Opy (p57)) + o(h?),

uniformly with respect to a € [—1,a9], where —1 < ag < 0. Here \,(Op} (psT))
denotes the n-th eigenvalue of Opy’ (pst).

The discreteness of the spectrum of such an A-pseudodifferential operator, for A
small enough, is rather classical. Indeed, fixing ET € (F, |a|), we shall see that the
principal symbol of p%ﬂ coincides with ., below E* and thus, since u, has a unique
minimum, we can consider a smooth function of ¢ with compact support, denoted
by x, such that p$f (s, o)+ x(0) = ET. Since Op}’ x is a compact operator on L2, (R),
we get that the essential spectra of Opy’ (p$)+Op} x and Op}! (ph) coincide. By using
the Garding inequality, this essential spectrum is contained in (E, 4+00).

The power of Theorem 1.6 is that it yields the two different asymptotics in The-
orems 1.3 and 1.5. The analysis in [1] only works for —1 < a < 0, in which case
the eigenfunctions are localized near the edge point(s) of maximal curvature, while
in the perfectly symmetric situation when a = —1, the localization near the edge is
displayed via an effective operator essentially independent of h (and thus the corre-
sponding eigenfunctions are not particularly localized near specific points on the edge,
even in the limit h — 0).

Of course, the present statement of Theorem 1.6 is not very informative if we do not
describe the effective operator (see (7.1) for the expression of p¢T, involving the curva-
ture k along the edge T, viewed as a function of the arc-length s). However, it already
gives an idea of the dimensional reduction approach using the tools developed in [21]
and inspired by [13, 22].

Besides the accurate asymptotics of the low-lying eigenvalues obtained in Theo-
rems 1.3 and 1.5, another interesting result that follows from Theorem 1.6 is a Weyl
estimate.

Turorem 1.7 (Asymptotic number of edge states). We have
L(CT+(CL,E) — O——(aaE))
h—0 h '
The above Weyl estimate is similar to the one for the Neumann Laplacian with a

magnetic field obtained by purely variational methods not involving pseudodifferential
techniques in [12, 11, 20].

N(Py, Eh)

JIP — M., 2023, tome 10



924 S. Fournars, B. Hevrrer, A. Kacivar & N. Raymonnp

Remark 1.8

(i) Our work does not cover the case when I has corners, in which case a strategy of
dimensional reduction might be inefficient (as in the case for the Neumann magnetic
Laplacian on corner domains, see [4, 5]).

(ii) Another interesting question is to analyze the behavior of the spectrum near
the Landau level |a|h, where we loose the uniformity in our estimates and we can
expect that another regime occurs.

1.5. Orcanizarion. — In Section 2, we discuss and recall some elementary properties
of the model in R? with a flat edge. Section 3 is devoted to the description of the
Frenet coordinates along the edge I' and the reduction of our problem to the study of
an operator in a neighborhood of I'. In Section 4, we express the operator obtained
in Section 3 as an hA-pseudodifferential operator with operator symbol and expand
this operator in powers of i. In Section 5, we use a Grushin problem to construct a
parametrix (that is an approximate inverse) for the operator introduced in Section 3.
In Section 7, we deduce accurate eigenvalue estimates from the Grushin reduction,
finish the proof of Theorem 1.6, and show how it yields the other theorems announced
in the introduction.

2. THE FLAT EDGE MODEL

This section is devoted to the study of the flat edge model (1.6) and more precisely
to the properties of the fibered family (1.7). We recall that our analysis holds for
[—1,(10], with —1 < ag < 0.

2.1. MoORE ON THE BAND FUNCTIONS. We will use the following lemma.
Levma 2.1, For all 0 € R, we have
pi (o) > lal.
Proof. — Let us consider the L2-normalized eigenfunction u := u([f]g associated with

,u,[fl (o). We have
—u""(t) + (0 — tha(t))*u(t) = pi (0)u(?).

By the Sturm-Liouville theory, u has exactly one simple zero ty. Assume first that
to = 0. Then, for all ¢t > 0,

—u"(t+to) + (0 — (t + to))2ult + to) = plZ (o)ult + to).
The (non-zero) function v = u(- + tp) is an eigenfunction of the Dirichlet realization
on Ry of —9? + (0 — tg — t)2. Since v does not vanish on R, we have pl?! (o) =
pP (0 —tg) > 1 > |a|. Now, assume that ¢y < 0. Then, for all ¢ < 0,

—u"(t 4 to) + (0 — alt + to))>u(t + to) = pl@ (o)u(t + to).

In the same way, we infer that (o) > lal. O

JIEP. — M., 2023, tome 10
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For later use, we can consider a smooth bounded increasing function y; on R
such that x1(c) = o on a neighborhood of the interval [o_(a, EY), 0 (a, E1)], see
(1.11). In particular pu, o X1 has still a unique minimum at o,, which is not degenerate
and not attained at infinity (since liminf|5| o0 tta(X1(0)) > ta(0a)). The functions

o[n] [n]

e = ta o x1 will serve as bounded versions of u,[ln]. We denote by Uy the positive
and normalized ground state of
(2.1) 10(0) = halx1(0)],

where b, is defined in (1.7).
We can express the projection on span(,) as II*(0)II(0) where

(o) = (-, t,) and II*(c) = - Uy,

where we emphasize that I1* (o) € £(C, L?(R)). Thanks to Lemma 2.1 (and the spec-
tral theorem), for all z € [0, Et], we can consider the regularized resolvent(®)

Ro..(0) = (o(0) — 2)~1 (1 ~IT*(0) (o).

Exavpre 2.2. As mentioned in the introduction, we will work with pseudodifferen-
tial operators in the s-variable (parallel to the boundary). A key example is given by II
above. We view (s, 0) = II(0) € Z(L?(R),C) as an operator-valued symbol. Thereby
we get, using the Weyl quantization of (1.14) in the introduction, for ¢ = ¢(s, ),

(Opy, (IN¢)(s) "=/ (11(0)p)(5) dF do

T 21h Jge
_ L

o 2mh R2
Similarly, (s, o) —1I(c)* €.Z(C, L?(R)) is an operator-valued symbol and for ¢ =1)(s),
we have

cils=Ro/h / (5. 1) (1) dt dF do.
R

(OPY(IT)) (s, ) = — [ e C=Do/my(3)i, (1) d3 dor

2mh R2

Prorosition 2.3. — For all z € [0, ET] (or more generally Rez < E*), the matriz
operator

no(o) — z II*(0)

P0.:(0) = ( ) 0

is bijective for all 0 € R and

) : B*(R) x C — L*(R) x C

R e
Po(o) =" ) o 1] = 20,2(0).
I z—p, (o)

Moreover, the operator symbols (s,0) — Py .(0) and (s,0) — 2y (o) belong to
S(R?, Z(B*(R) x C,L*(R) x C)) and S(R?, Z(L*(R) x C, B*(R) x C)), respectively.

(®)Since [0, ]a]) Nsp(ro(o)) = {,u‘[ll] (o)}, 7o(0) — z can be inverted on the orthogonal complement
of Uy, for 0< z < Ey < |al.

JIP — M., 2023, tome 10



926 S. Fournars, B. Hevrrer, A. Kacivar & N. Raymonnp

We recall that S(R? F) is the set of smooth functions on R?, valued in F with
bounded derivatives (at any order).

Proof. By straightforward computations, we can verify the identities
QO,Z(U)QO,Z(U) = IdBQ(R)X(C and eQZQ’Z(O')BQO’Z(O') = Isz(R)XC . O
2.2. SomEe UserFUL FormMuLAS. — Let us recall some formulas and results from [2].

Let ¢, be the positive and L2-normalized ground state of the operator no(o(a)).
introduced in (2.1). It is proved in [2, Th. 1.1] that ¢/ (0) < 0 for all a € (-1, ap).
Some useful identities involve the moments

(2.2) M, (a) = / ﬁ)(bamvfa<a>>"|¢a<f>|2d7,

for n € N. It has been proved in [2] that
(2.3)  Mi(a) =0,

) Mafe) = —58, [ s lou(rP b+ (5 = 1)ol@)6, 064, 0)
(25) M) = 5 (5 1) (@3 0)6,0).
The case a = —1 is special because

MZ(_l) = M3(_1) =0,

while, for —1 < a < 0, M3(a) < 0.
Finally, we will also need the following two identities [1, Rem. 2.3],

[ 7(0(@) = ba()r () dr = Ma(a) + o(@)Mafa),
(2.6) R
/Rba(T)TQ(O'(a) — ba(T)T)|¢a(T)\2 dr = —Mj3(a) — 20(a)Ms(a).

2.3. Tur symmeTrIC CASE ¢ = —1 AND THE DE GENNES MODEL. — Let us recall the
definition and properties of the de Gennes model occurring in the analysis of sur-
face superconductivity within the Ginzburg-Landau model [9, §3.2] (and references
therein). We start with the family of harmonic oscillators

blo] = =07 + (0 — bt)?

on the half-axis R, with Neumann condition at 0. Let us denote the positive normal-
ized ground state of h[o] by f, and the ground state energy by p(o). Then, minimizing
with respect to o € R we get

O = (irrelﬂfgﬂ(‘f) = u(€o), where §r = /0.
Let fo := f¢,. Then, for a = —1, we get by a symmetry argument

$a(t) = fo(lt]) and o(=1) = &.

JIEP. — M., 2023, tome 10



ATTRACTIVE MAGNETIC EDGE 927

Moments. Let us introduce the following moments
M= [ (&~ 041falt) .
Ry

Then, by [8], we have

2

(2.7) My=1, M =0, M2:%ﬂ M3:_Wu
and ; ;

My = g(l +607 —£/0(0)%) = S+ O3 + 6&9Ms3).

3. DECAY OF BOUND STATES AND SPECTRAL REDUCTION

In this section, we consider the eigenfunctions of the operator P¢ = Pj, with eigen-
values in the energy window
(3.1) J;F =1[0,ETh] where E < ET < |al.

We prove that the eigenfunctions associated with eigenvalues in J ;r are exponen-
tially localized near T', see Corollary 3.3. To describe the effect of the edge on the
localization, it is natural to use the classical tubular coordinates near I', whose defini-
tion will be recalled in Subsection 3.1. In order to prove Corollary 3.3, we will have to
combine Agmon estimates and a rough estimate on the number of eigenvalues in J 2‘
(polynomially in h~1)), which will be discussed in Subsection 3.2.

3.1. TUBULAR COORDINATES. For all € > 0, consider the e-neighborhood of I"
(3.2) [(e) = {x € R? : dist(z,T) < ¢}.
Consider a parameterization M(s) of the edge I' by the arc-length coordinate
s € [-L,L), where L = |I'|/2. Consider the unit normal n(s) to I' pointing inward
to ©1, and the unit oriented tangent ¢(s) = n(s) so that (¢(s),n(s)) is a direct frame,
i.e., det(t(s),n(s)) = 1. We can now introduce the curvature k(s) at the point M (s),
defined by 7i(s) = k(s)n(s).

Let us represent the torus (R/2LZ) by the interval [—L, L) and pick 9 > 0 so that

O :R/(2LZ) x (—¢€o0,€0) 2 (s,t) —> M (s) +tn(s) € T'(eo)
is a diffeomorphism, with Jacobian
(3.3) m(s,t) =1 — tk(s).
The Hilbert space L?(I'(gg)) is transformed into the weighted space
L*((R/2LZ) x (—€o,c0);m dsdt)

and the operator Py, is (locally near the edge) transformed into the following operator
(see [9, App.F])):

Th = —h2m_18tm8t

k k
+ml (—ih@s + 90 — ba(t)t + 5ba(t)t?)m-l (—ih@s + 90 — ba(t)t + iba(t)t2)7
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where b, is defined in (1.7) and

|2
34 =—.
(3.4) Yo oL
3.2. NUMBER OF EIGENVALUES. — We give a preliminary, rough bound on the number

of eigenvalues in J,J[ . As we will see, this first estimate will be enough to deduce a
stronger one at the end of our analysis.

Prorosrrion 3.1. — Let N(Py,, EYh) = Tr(1,,(Pr)). There exist C,hg > 0 such that,
for all h € (0, hy),
N(Pn,ETh) < Ch™2

Proof. — Let us introduce a fixed partition of the unity
Xout +Xe + X =1,

such that supp(xout) C R% \ Q1 = Qa, supp(xin) C Q1, and supp(x.) C I'(gg). The
quadratic form associated with P, is given by

Q) = /]R |(—ihV + A)y|? du,

for all 1 € L?(R?) such that (—ihV + A)y € L?(R?).
The usual localization formula (see, for instance, [23, §4.1.1]) gives the existence
of a constant C' > 0 such that

Qn(¥) = Qn(Xourt) + Qn(xet) + Qulxin®) — CH2[|¢]|*.
By noticing that ¥ — (Xout?, Xe¥, Xint®) is injective, and thanks to the min-max

theorem, we find that
N(Pn, ETh) < N(PS, ETh + Ch?) + N(P5, ETh + Ch?) + N(P, ETh + Ch?),

where the operators P9t P¢ and P are the Dirichlet realizations of (—ihV + A)?
on 9, I'(ep) and Q4 respectively. We recall that E < |a| < |ag| < 1 and notice that
Pout > |a|h and P > h. When h is small enough, ETh+ Ch? < |alh < h, so we must
have N (P9, E*h + Ch?) = N(Pi*, E*h + Ch?) = 0. Thus,

N(Pn, ETh) < N(P5, EYh + Ch?).
Therefore, we are reduced to estimate the number of eigenvalues of the operator with

compact resolvent P§ below Eth + Ch?. For that purpose, we can use the tubular
coordinates and notice that, for all ¢ € H}(T(go)),

k
Qn(¥) = (|2 + m=2(RD, + 70 = ba(t)t + 5 )01 Jm s dt.
(R/2LZ) X (~0,20) 2
This gives the following rough estimate, for some cq, Cy > 0,
Qn() . f(R/2LZ)><(—ag,eo) |hOy)|? + |hOs1p|? ds dt
= €0 -
||7‘p||2 f(R/QLZ)X(—EU,EO) |w|2d8dt
Thanks to the min-max theorem, this implies the upper bound

N(P5, ETh+ Ch?) < N(—h2AP™ ;Y (ETh + Oh? + Cy)),

0-
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where —ADP™ is the Dirichlet Laplacian on the cylinder (R/2LZ) x (—¢&g,0). The
spectrum of this operator can be computed explicit thanks to Fourier series, and we
get the rough estimate

N(=h2APT Y ETh + Ch? 4 Cy)) < Ch™2. 0

Since ET < |al, the eigenfunctions of Pj, associated with eigenvalues in the allowed
energy window J,;" are localized near the edge, see [2].

Prorosition 3.2. — There exist constants «,hg,Co > 0 such that, if h € (0, hg]
and up, is an eigenfunction of Py associated with an eigenvalue in J,j', then the fol-
lowing holds,

_ . 2acdist(x, T’
(3.5) /]R2 (Jun|® + K™ H(—ihV + A)uy[?) exp(%) dz < CO||UhH2L2(R2)-

Combining Propositions 3.1 and 3.2, we get the following estimate.

Cororrary 3.3. — Let n € (0,1/2). There exists hg > 0 such that for all h € (0, ho)
and uy, € dist 15, (Pr), we have outside T'(h'/?~1)

(3.6) / (lunl? + [(=ihY + Ayun[?) dz < e fun] 2 aa,-
R2\T'(h1/2-n)

Corollary 3.3 suggests to use the rescaling t = ht. We also consider a smooth cutoff
function

(3.7) eu(@) = elub), = h" =K,

where ¢ € 6§°(R) is even and satisfies ¢ = 1 on [—1,1] and ¢ = 0 on R \ (—2,2).
This cutoff function is convenient to define the new operator on the Hilbert space
L?((R/2LZ) x Rymy, d5dt), by

Ny = —my, ' dmndy
~ k - k
+myt (hDs + W19 = bal + ey 5 baf? )yt (WDs + W90 = ol + e = baf?)
acting on the domain

Dom(Np,) = {u € L*((R/2LZ) x R) : 92u € L*((R/2LZ) x R),
(hDs + h ™'y — bet)?u € L*((R/2LZ) x R) }.

As in Proposition 3.2, we can prove that the eigenfunctions of ifh associated with
eigenvalues in Jj are localized near t = 0.

Prorosirion 3.4. The spectra of Pp, and Ny, in i coincide modulo O(h>).
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Therefore, we are reduced to the spectral analysis of ﬁh. For shortness, we drop
the tildes. Up to a change of gauge, we are reduced to the operator

Nhﬂ = —mglatmhat
. K
(D + 0 = bat o+ heygbat® Jmy (AD +0 = bat + R 3 bat?),
with

mp(5,t) := 1 — he, (5, t)th(s),
and domain
Dom(Npg) = {u € L*((R/2LZ) x R) : 0fu € L*((R/2LZ) x R),
(hDg + 0 — byt)*u € L*(((R/2LZ)) x R)}.

Here

(3.82) 0 =0(h) =ty — %h
where m € Z is chosen so that

(3.8b) 0(h) € [0,irL™1).

Before going ahead, we have to deal with the inconvenience of working in a
Hilbert space with a weighted measure, which also depends on hA. Thus, let us use
the canonical conjugation and work in the fixed Hilbert space with flat measure

L2((R/2LZ) x R, ds dt):

(39) Mg = mi*Nygmy /2 = —miy 20 mndimy /2 + (my /2 Tomy 2),
where

(3.10) Tho = hDs + 0 — byt + fic,, g bat?.

Note that Gt oo

(3.11) —my, 2oympoymy V= —07 — img Ztmhh7

so that

CRE N A L0 S A T

4m? 2mp,

We restate the Proposition 3.4 in terms of the new notation.

Proposition 3.5. — The spectra of Py, and Ny e in J,;" coincide modulo O(h™).

4. A PSEUDODIFFERENTIAL OPERATOR WITH OPERATOR VALUED SYMBOL

4.1. PRELIMINARIES. Let us briefly prove that an operator given by (1.14) with a
2L periodic symbol, pi(s+ 2L, 0) = px(s, o), preserves 2L-periodic distributions and
also locally square integrable 2L-periodic functions. More generally, it also preserves
the set of functions

(4.1) Fno={u € L} (R): u(s + 2L) = /My (s)},

equipped with the L?mnorm on a period [~L,L). The operator Op} (ps) acts
continuously on %y ¢. In fact, this is even true in the vector valued case where
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we replace u € L2 (R) by u € L% (R; F) for some Hilbert space F in the definition
of gh’g.

Let us explain this for § = 0. From the composition theorem for pseudodifferential
operators (see [25, Th.4.18]), we see that (x)~! Op} (ps)(z) is a pseudodifferential
operator with symbol in S(1) (and thus it is bounded on L?(R) thanks to the Calderén-
Vaillancourt theorem, see [25, Th. 4.23]). This shows that Op}, (pr) is bounded from
L3(R, (z)~2dz) to L3(R, (z) "2 dz). Notice that there exist C;(L) > 0, C2(L) > 0 and
C5(L) > 0 such that for all u € L3, (R),

||u||2L?(R,(x)*2 da) S Ci(L) Z<€>_2||u||%2(2£L7L,22L+L) < CZ(L)”UH%gL(R)
€z

< Cs(D)||ullZ2 (g ()2 ax)-
Now the operator My, ¢ introduced in (3.12) (with T ¢ introduced in (3.10)) can be

seen as the action of an h-pseudodifferential operator My with operator symbol ny on
Fn,6(r) Where 0(h) is defined in (3.8b). We have

0 292 _ _
( i) t Mk + (mh 1/27hmh1/2)2,

4.2 Ny = —07 —
(4.2) h ¢ 4m% 2mp,

with %
Th = hDs = bat + hey bat>.
Note that, by using the Floquet-Bloch transform, 91 is unitarily equivalent to the

direct integral of the My 4.
We recall the classical notation for the Weyl quantization

1 ; s ~
(4.3) Opy, (ng)u(s) = D) /}RZ ez(sfa'”/hnﬁ<¥, o)u(ﬁ) dsdo.
Let us explain why the operator 915 can be written under the form (4.3). Note
already that, at a formal level, we expect that
np ~ng = —07 + (0 — bat)?.

This formal principal symbol suggests to consider a set of operator-valued symbols
(containing ng). We will need to introduce the space B(23 »)(R). As a vector space we
have B(25,a) (R) = B?(R) (as defined in (1.8)) and the index (s, o) refers to the norm,
given by
191152y = (@) (NI + 1) ]1%).

Here we used the standard notation
(1.0 () = (1 + )2,

We denote by S(R?,.Z (B2, (R),L?(R))) the class of symbols ¥ on R? with value

(s,0)
in Z(Bf, ,)(R), L*(R)), such that, for all j,k € N, there exists Cj; >0

\|5§5§‘I’(37U)Hf(B(?S,U)(R),H(R)) < Cjik-

It is inconvenient for a pseudodifferential calculus that the norm above depends
on o. Therefore, to have uniformity in o we will later introduce a localization in o,
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so that o will essentially be bounded in all expressions. The notation B?(R) (without
indices) will refer to the space with norm

191152 ®y = 107911 + 1)1,

Similarly, S(R?,.Z(B*(R), L?(R))) denotes the class of symbols ¥ on R? with value
in Z(B*(R), L*(R)).
More generally, we define, for j € N,

(4.5) Wllégsyg)(m = (@2 (1791 + 1E)91%), 1915 @ = 107917 + 1)1

Our symbols can be Ai-dependent and in this case we impose above the uniformity of
the constants with respect to h. The representation of Dy, as a pseudo-differential oper-
ator follows from the results of composition for operator symbols (see [21, Th.2.1.12])
and by noticing that the symbol of (3.10) (obtained by replacing 4D by o) belongs to
S(R*,.Z(B(, ,)(R), L*(R))) and also to S(R?*,.Z (B}, ,,(R), B, ,)(R))). Indeed, the
function ¢ — hb,c,t? is bounded, uniformly in A, since p = h*7 (for n fixed small
enough).

Remark 4.1. We recall that the operator and its Weyl symbol are related by the
following exact formula (see for instance [25, Th. 4.19 & 4.13] whose proof can be
adapted to operator-valued symbols):

nh(s,a) _ e—i(ﬁ/2)DsDa [e—isa/ﬁmh(eiv/ﬁ)} (870'),

—i(h/2)D.D

where e = is defined as a Fourier multiplier thanks to the Fourier transform

with respect to (s, o).

4.2. Expansion or ;. — Let us now describe an expansion of njy—the symbol
of 9M—in powers of h. We would like to write

(4.6) ny ~ ng + hng + Bng + - - -

With this writing, we mean an expansion of the associated operator 91, of the following
form

(4.7) Ny = no + hny + A2ny + B2 + hwy,

where, for some N € N, C, iy > 0, we have, for all i € (0, i),

(i) wy is a smooth function supported in {(s,t) : C~*h=2" < (t) < Ch=27} and
such that wy = O((t)) ,

(ii) %23) is a pseudodifferential operator whose symbol belongs to a bounded set
in S(RQ,X(BES,U) (R), L2(R, (t)~N dt))).
Note that (4.6) is not an expansion in the symbol class S(R27$(B(2570)(R), L3(R))),
which contains nj. We start by expanding the differential operator 91 (see (3.12))
with respect to f, with p (involved in the cutoff functions ¢, ) considered as a param-
eter.(*)

(4)Note that fic,, (t)t converges to 0 uniformly as i tends to 0 since g = 7?7 and n < 1/2.
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In the following proposition, we describe the (symmetric) differential operators n;.

Prorosirion 4.2 The decomposition (4.7) holds with

ng = —8? + p%,
(4.8) n1 = pop1 + P1po,

k2
_ 2 2

2 = Popz +P1 +P2po — ¢

where
Po = hDs — bat,
k 1 k

(4.9) p1 = Cuf(§P0 +5Pok + 5 bat),

k? 1 k?
Py = CitQ(? po + §p0k2 +5 bat>.
Proof. — Let us provide a Taylor expansion of (3.12). (3.10) can be rewritten in the
form
koo
‘J'h:p0+th§bat .
Straightforward computations yield,

—1/2

—1/2
my ' "Tpmy,

_ _ k
— mj; 'po +my, 2 (ADsmy; ?) + hey, 3 bat?my !
k
— mglpo + h2mg2cut(Dsk) + hmglcu 3 bat?.

Now we expand mgl in powers of A and get

-1 _ 22,272 3 (C#tk)g

mh —1+ﬁcutk+h Cﬂt k +h W,
so that
2¢,,tk At2k?

h2 —2 _ h2 h3 1% 4 14

M T T hetk T T hegth)

A2k

hmy ' = h+ Rtk + b3 —t— .

S R Y T

We have the following expansion

. . 1 1 1
my Ty = po + eyt (o + 5bat) + 12 (K222 (o + §bat) + 5cut(Dsk))

R, tk he,tk 2cit3k2)
1 — he,tk 1 — heutk '

((Cutk>2P0 + (2 + )cut(Dsk) +

The previous expression can be rearranged as follows

mgl/Q‘ThmFtlm =po+ hp1 + h2p2 + 77,3%5
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and

(4.10) %y = —hc,t*(Dsk)k

cutk he,tk
1 — he,tk 1 — heutk

Recalling (3.11), we can also expand the operator in the transversal variable and get

+

gcgt%?)

((Cutk)QPO + (2 + )cut(Dsk) +

_ _ k2
(4.11a) —my, 1/26tmh8tmh 12 _ —af — hzciz + B3y, + hawp,
where the functions vy and wy satisfy, uniformly with respect to s, and F,
(4.11b) vn(s,t) = O((t)*) and wn(s,t) = O(|ct] + [(t)c,]),
which gives in particular (i).

We get the expansion of the operator in (4.7) and the remainder term is expressed
via %, in (4.10) as follows

%;({3) = pip2 + Pap1 + Po#r + Znpo
+ h(p1 % + Zrpr + p3) + 1 (p2Zr + Znp2) + O (RP(t)*).

We see that the remainder L%’ég) satisfies (ii). O

We can now establish an expansion of the form (4.6) by considering the Weyl sym-
bols of the p; in (4.9) (and the composition of pseudodifferential operators). We get
the decomposition
(4.12a) ny = no + hng + k2ng + h3r3,h + wp,
where

no(s,0) = =07 + (0 — bat)?,
(4.12b) ni(s,0) = c,k(s)(2t(0 — bat)® + bat* (o — bat)),
k(s)
4 )

1
na(s,o) = cik‘(s)Q (3752(0 — bat)? + 2bt3 (0 — but) + Zbit4) - ci

(4.12¢) s € S(R?, Z(B, ) (R), L*(R, ()" dt))),

and wy, is introduced in (4.11b).

5. Tur GRUSHIN REDUCTION
Instead of the operator 91, we consider its truncated version defined by

(5.1) i =Opp (nh), 715 0(s,0) = nn(s, x1(9)),
where Y7 is defined in Section 2.1.

This localization effectively makes o bounded in all estimates. Therefore, we avoid
the use of the (s, o) dependent spaces Bjs,a) (R) (defined in (4.5)) but can work in their
uniform versions B’ (R). In particular, the remainder terms appearing in applications
of the symbolic calculus such as (4.7) will therefore be uniform in o.
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Consider the operator symbol, for all z € [0, E] and E < ET < |a],

C *
ng — z 117,

(5.2) @5,2(8,0) = ( I 0 > = z@(),z + h?, —l—th@Q—F"' s

where, I, = (-, u,) and for all j > 1,

C
njO

(5.3) P; = (0 0>, nj(s,0) = n;(s,x1(0))-

The operator & , is introduced in Proposition 2.3. Recall that it is bijective (since
z € [0, E]) and

: 0,z — <%0,z — ==
dp,2 90,2

is explicitly given in Proposition 2.3.
Prorosition 5.1. — Consider

@, a1,
e@172 = _QO,zgle@O,z = < Z 1’Z)

+
ql,z ql,z
and
4. G,
Dy, =219 %) — 2P 20 = ( = 2iz) :
q2,z q2,z
We let
dn q+
Dn(2) = Doz + hDy s+ 122y, = | 1= )
qh,z qh,z
Then,

Opy (2n(2)) Opy (Zn(2)) = 1A +1°6ny,
Opy (Zn(2)) Opy; (2n(2)) = Id +1° &1,

where &1/, is a pseudodifferential operator, whose operator-valued symbol belongs to
the class S(R?, £ (L*(R) x C, L*(R, (t)~N dt) x C)), uniformly in h, for some N € N
independent of h.

The coefficients appearing in Proposition 5.1 can be computed explicitly. Of par-
ticular importance to us is

(5.5) Giz(5,0) = 2 = f1,(0) + hai (5,0) + Wg5 . (5, 0),

where

(5.6) ¢i (5,0) = —(n1(s, x1(0)) e, Uo ),

(B5.7)  a3.(5,0) = (q0,211(5, X1(0))hor, ma (5, X1(0))hr) — (na(5,X1(0))hers U )-
Here &g is the positive ground state of the operator in (2.1) and ng,n1,ns are intro-

duced in (4.12b).
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Prorosirion 5.2. Writing
+
Ot (@) = (h @), = Op)
Qn Qy
we have
(5.8) Qn(NE — 2) + Qi Pr = WA+12ZF,  Qr (N — 2) + QEPr = W%,
(5.9) Qy =Pr+hé, QF =Pr +r&T,

where %’ff,f%)f are pseudodifferential operators whose symbols belong to the class
S(R?, Z(L*(R) x C,L*(R,{t)~N dt) x C)), and where &, ,&," are pseudodifferen-
tial operators whose symbols belong to the class S(RQ,X(Lz(R) x C,L*(R) x (C)),
uniformly in h.

6. SPECTRAL APPLICATIONS

6.1. LLOCALIZATION OF THE EIGENFUNCTIONS OF My 9. — In order to perform the spectral
analysis of My ¢, we need to prove that its eigenfunctions (associated with eigenvalues
in [0, E1]) are A-microlocalized, with respect to o + 6 in

{c€R:uy(s) < ET +¢}, withe >0 such that ET +¢ < a.

This can be formulated in terms of the semiclassical wavefront/frequency set (see
[25, §8.4.2, p.188]), however we write a stronger estimate in Proposition 6.1 below
which holds uniformly with respect to # € R. This is a consequence of the behavior
of the principal operator symbol ng g = —07 + (0 + 0 + b,t)? (which appears after the
Bloch-Floquet transform), which is bounded from below by ps (o + 6).

The following estimate holds (see [6, §5] where similar considerations are described
in detail).

Prorvosition 6.1. — Consider a smooth function x equal to 1 away from {j1, < E'+¢}
and to 0 on {p, < ET+e/2}. Then, for any 0 € R and any normalized eigenfunction 1
of the operator Ny, g associated with an eigenvalue in [0, E1], we have

(6.1) Opy (x(- +0))y = O(h™),
uniformly with respect to 0 € R, where O(h*°) holds in the sense of the norm
w— |82l 2 (R /202) xR, ) -

In addition, (6.1) also holds for all normalized ¢ € dist L9 g+1(Nnp)-

Let us consider the operator 9} 4 (with periodic boundary conditions) defined as
the operator induced by 0§ on %} ¢ (defined in (4.1)). By using Proposition 6.1 and
the min-max theorem, we get the following.

Prorosition 6.2, The spectra of Npg and N, 4 in [0, E4] coincide (with multiplic-
ity) modulo O(h>), uniformly with respect to 8 € R. More precisely, for all N > 1,

JIEP. — M., 2023, tome 10



ATTRACTIVE MAGNETIC EDGE 9%7

there exist fig,C' > 0 such that, for all @ € R and all i € (0,hg) and all k > 1 such
that A\ (Nre) < Ey, we have

IAe(Mn0) — Ae(N5 9)| < CAY.

6.2. WevL estimate. — A remarkable consequence of Proposition 5.1 and its corol-
lary is the following Weyl estimate, which improves Proposition 3.1.

Prorosirion 6.3. Let 0 = 0(h) be as defined in (3.8a). For E € (0, |al), we have as

h—0,

L(oi(a,E) —o_(a, E))
N(Oo, E) 0 N(Og, E) o : wh ’

where o4 (a, E) is defined in (1.11). In particular,
L E)—0o_(a,F
N(?h,Eh) ~ (U+(a7 ) g (CL, ))
h—0 vh
Proof. — The first asymptotics, N(My g, E) o N ,, E), follows from Proposi-
= ;

tion 6.2. Let us focus on establishing the second one.

Note that Q* = Op(gi(2)) with ¢;(2) given in (5.5). Let us now test (5.8) (with
z =0) and (5.9) with functions of .Z, ¢ of the form u = €?*/"y), with ¢ in the domain
of the operator R (with periodic conditions). We get

(6.2) Qr oM gt + Qi yBroth = Wi 0.
i0s/h (

where the index 6 refers to the conjugation by e or the translation by 6 of the
symbol in o). Then, we take the inner product with By ¢10. To deal with the term
involving @}, 4, we use the first equality in (5.9), and this gives

(6.3) (O} (0 (- + 0) B0, Bnoty) < Re(Nf, o0, B oBr.ov) + CHING, g |||
+ (ORI Il + Chllw ) [Br.otl-

We apply this inequality to 1 being a linear combination of eigenfunctions of NE o
associated with eigenvalues less than F and thus, thanks to the Agmon estimates
(with respect to t), we can write, for some Cy > 0, n € (0,1) and for i small enough,

{ODF (110 (- + 6)) B0t Brow) < 19 4[| (1985, 6Bn.0vll + CRII|) + ChIw[Bn,601.

By definition of Pp ¢, we see that the principal symbol of Bj, % ¢ is a projection so
that

(0D} (j1a (- + 0))Brot, Brow) < (1+ ORI g [[18]] + CRIw | Bn,00].

Applying this inequality to functions in the space spanned by the k first eigenfunc-
tions®) of N5 (provided that Ay (NG ;) < E), we get

(0D} (110 (- + 0))Brot, Brow) < (L+ CHAG o)[)° + Chl[ | |[Bnovl,

(®)associated with eigenvalues repeated according to the multiplicity.
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and also

(6.4) (ODY (fia (- + 0)) B0t Bnotb) < (95 9) + CR)|[0]>.

We have now to check that, when 1) runs over our k-dimensional space, By 97 runs
over a k-dimensional space. Using the first equality in (5.8) with the j-th eigenfunction
Y =1, and z = A;(915), and by using the Agmon estimates, we see that, there exists
C > 0 such that for all j, ¢,

|(Bh.0Bn0t5, %) — 0je] < Ch.

Then, writing ¢ = Z?Zl a4, we have

k k
(6.5) [Bnovll”* =Re > o;az(PBotyy, Brote) = (1-Ch) Y |ay|* = (1-Ch) ||y ]|*.
j=1

Jt=1

Recalling (6.4) and using the min-max theorem, this shows that there exist C, g > 0
such that for all 7 € (0, k),

Ak (Opzj (/ja(' + 9))) <A\ ) + Ch,

provided that Ax(Mf; 4) < E. By using Proposition 5.1 and similar arguments, we
get the reversed inequality. Let us only sketch the proof. Thanks to Proposition 5.1,
we get, for all f € L2 _(R) that is 2L-periodic,

loc
Re((MG 6 — 2)(Q1 4./), Q1 o.f) < —Re(Bi 4 Qis o(2) f, Qit o f) + CE | FI1Q5 4 f I

By taking z = 0 and by using the Calderén-Vaillancourt theorem to deal with the
right-hand-side, we get

(M5, 0(Q10.) @ of) < Re(ODY, jiq (- +0)f.Br,0Qst 4.f) + CHIIf |-

Then, we have

(0, 0(Qrr60), Qf o.f) < Re(ODY 11, (- + 0) f, ) + Ch f]*.

We can check that [|Q} ,f| > c||f|| for some ¢ > 0. From the min-max theorem,
we infer that

(T ) < A (O} (o (- +0)) ) + Ch.
There exist C, fig > 0 such that for all k¥ > 1 and all & € (0, k),

A (0P (- +0)) ) = M(305,)| < O

as soon as A, (N, 5) < E.

It remains to apply the usual Weyl estimate available for a hA-pseudodifferential
operator whose principal symbol is ﬁa(o + 0) and remember that 6 — 0 when i — 0
and that the symbol is 2L-periodic with respect to s. O
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7. ESTIMATE OF THE BOTTOM OF THE SPECTRUM

Let us now focus on the bottom of the spectrum. Here, we follow the analysis in
[3, §8.3], where quite similar considerations were used in the context of the magnetic
Dirac operator. In this section, we only highlight the most important steps. We will
sometimes write o, = o(a) to lighten the notation in this section.

We consider Proposition 5.1 with z € [0, 8, + Ch]. In view of (5.5), this suggests
to consider the operator whose Weyl symbol is
(71) p%ﬂ(sv U) = :u’a<a) - hEI\::lt(Sa U) - hQZ]\;‘fﬁa (87 U)'

We let

eff _ eff

Pho(s,0) =Dpf (s,0 +0).
Prorosition 7.1. —  We have, for alln > 1,
AN g) = A (OP%J(P%)) + o(h?),

uniformly with respect to 6 € R.
Proof. — Let us only sketch the proof. We recall that we have (5.8) and (5.9). Thus,
for all ¢ in the space spanned by the n first eigenfunctions associated with the first n

eigenvalues of 97 , (which all approach f,, as we can check thanks to similar manip-
ulations as in the proof of Proposition 6.3),

Qi o (2)Brov || < CI[(0.9 — 2)¢|l + CH ||,

where we used the Agmon estimates to deal with the term of order 3. Applying this
to z such that z = 8, + o(1), we see that

1(OpR (15) — 2)Brov | < CI(NG g — 200l + o(A?)|[9].

With (6.5) and the spectral theorem,(® this shows that the n first eigenvalues (repea-
ted with multiplicity) of 917 , lie at a distance o(h?) to the spectrum of Op}’ (p%ffg).
In particular, this gives the lower bound

A9 0) = An (Opy (Ph)) + o(12).
The upper bound follows from similar arguments. (|

Then, we can check that the eigenfunctions of Op}, (p%ffe) are microlocalized with
respect to o + 0 near o(a) at the scale 77/2 (for all v € (0,1)) by using that the
principal symbol has a unique minimum, which is non-degenerate. This leads us to
write the Taylor expansion

"
Ua A
P (s,0) = # (0 — 02)2 = K (5,00) — B0 — 0)Duiy (5,04) — B2d5 5 (5,04)
+ O(h(o — 04)* + W (0 — 04) + (0 — 04)?).

©)Use z = i (M, ,) and take 1 in the corresponding eigenspace.
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Rearranging the first terms, we get

(7.2) P (s,0) = bp(s,0) + O(h(o — 04)* + B (0 — 04) + (0 — 04)?),
where

. :U':zl(aa) aaai(svaa) 2
(7.3) bu(s, o) = (U - hul(ig)) — hgE(s,00)

(ot (5.0

2( +
+ h (q27ﬁa (57 UG) + 2#;’(@;)

We let
bhﬂ(s, 0’) = bh(s, o+ 0)
Note that Op} by ¢ is a differential operator of order 2 and that it shares common

features with that of [3, (8.10)]. The difference is the presence of the a priori non-zero
term hqi(s,0,). In Lemmas 7.2 and 7.3, we describe the terms appearing in (7.3).

Lemva 7.2. — When a > —1,
g1 (s,00) = C(a)k(s) + O(h™),

with C(a) = —Ms(a) > 0, with M3(a) defined in (2.2) and calculated in (2.5). When
a=—1, we have ¢E(s,0,) = O(h™).

Proof. — By (5.6) and the definition of n; in (4.12),
G (5,00) = —k(s) / 6 (260 — bat)® + bat? (0 — bal)) |da()]* dt,
R

where ¢, = &aa and where ¢, was defined in (3.7). Since ¢, decays exponentially at
+o00, we get

a1 (s,00) = —k(s) / (2t(00 — bat)® + bat® (00 — bat))|¢a(t)] dt + O(h)
= *k(s)ﬂz(a) + 0(h™),
where we used (2.6). By (2.5), M3(—1) =0 and M3(a) <0 for -1 < a < 0. O
Lemma 7.3, — When a = —1, we have
qéfﬁa (s,0(a)) = Cok(s)* + O(h™), and 8Uqft(s,a(a)) =0,
with Cy < 0 a universal constant.

The proof below establishes that Cy = —1/4 + G, where G is given by (7.5).

Proof. — Let us recall (5.6) and (4.12). For a = —1 , the function 7 — %, (7) is even
and the functions

T —ni(s,0) = k(s)eu(T) (27(0 — ba7)2 + baT2(O' — baT)),
T +—0,n1(8,0) = k(s)e, (1) (47(0 — by) + ba7?)

are odd. So we get 9,4 (s,0(a))|a=_1 = 0.
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By the same considerations, using (5.7) and (4.12b), we have
k(s)?
4
where (recall the function fy defined in Section 2.3)

055, (5,0(0)|am—1 = == + k(s)°G + 6(h™),

+oo
(74)  G=2(v,w) - 2/0 (3152(50 — )2+ 26%(& — 1) + it‘l) | fo ()2 dt.
Here w = (2t(&o — t)? + t*(§o — t)) fo(t) and v is the unique solution of

{—v” + (& —t)?v—-0Opw=w onRy,

v(0) = 0.
We will prove by a somewhat lengthy but elementary calculation that
13 3 3 39 51 93
. = oMy €My — S0 =~ — 2202 - g M.
(7.5) G =g Mat bl =500 =55 — 539 ~ g0l

From the definitions Ms, My > 0 and £ > 0. It follows from (2.7) that M35 < 0.
Consequently it is immediate (from the first expression for G) that G < 0. So to finish
the proof of Lemma 7.3 it only remains to prove (7.5).
For all £ > 1, we set
P = (& —t)F
and we observe that
3t%(€o — 1)* = 3Py — 660 P + 300 P,

2t3(&y — t) = —2P; + 6&0Ps — 600 P + 200 P,

1 1 3
1t4 = ZP4 — &5+ §@0P2 —&0O0P1 + 63,
Consequently,
+oo 1
2 [ (300 — 7 + 26006 — )+ 1) L Ao(0)
0 4
5
= 5 M — 26 My — 300 My + 26000 M1 + 207
5 03
= "My —26Ms + 2.
5 M4 EoMs3 + 9
Let us now compute
(76) <U,’LU> = <PU, f0>a

where
P(t) = 2t(& —t)* + 2 (& — t) = —(§o — 1)® + Og (&0 — t) = —P3(t) + O P ().
Let p, g be two polynomial functions such that
vo := pfo + qfo
satisfies
—Ug + (fo - t)2U0 — Ogvg = Pfy on R4,
Vo (0) = 0,
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thereby yielding the condition p(0) = 0 and
(=p" +2Piq+ (09 — P)q') fo+ (=2p" = ¢") f, = Pfo on R,.

We look for p and ¢ satisfying the condition —2p" — ¢”” = 0 and ¢ in the form ¢ =
aPy + bP; 4 ¢, where a,b and ¢ are to be determined.
We find after straightforward computations:

—p" 4+ 2P1q+(0¢ — P2)¢' = —P3 + ©o P
— 4GP3+3bP2+2(C—a@0)P1 —00)=—-P3+0pP;

1 O
<~ a——i, b—O, C—T,
and therefore
=1
p R
©
q(t) = —= (& —t)* + Toy

v=uvy=pfo+aqfs= i((fe — P)fo+ (=P +©0)fp)-

We can now compute (7.6). Noticing that

Pp = i(a —&P3 — OgP,y +£60P,), Pq= i(Pg, — QP — OyP, + 03),
we have

(Pv, fo) = i(MAL — &Mz — ©gM>) — i((Ps — 00P3 — O P, + O7) [y, fo)-
After an integration by parts, we have
2((P5 — ©9Ps — O P2 + 67) f5, fo)
= —{(P5 = ©9P3 — O P> + 07)' fo, fo) — [ fo(0)]*(Ps — ©gPs — O P + ©7)(0)
= —((=5Py + 300 P2 + 200 P1) fo, fo) + 0

= 5My — 309 M,.
Therefore, 3 & L
(Pv, fo) = ~3 My — ZM?’ + 3 O M.
Inserting this into (7.6), we infer from (7.4) that (7.5) is true. This finishes the proof.

0

The study of the differential operator Opy (br,¢) is rather easy and the behavior of
the spectrum depends on a.

When a > —1, thanks to our assumption on the maximum of the curvature, we are
reduced to use the harmonic approximation at (smax, o(a)) and we get the following.

Prorositiox 7.4 (Case a > —1). — When a > —1 and k has a unique mazimum
which is non-degenerate, we have

An (0D} (b)) = —C(@)kmaxh + (n = 1/2)8%>\/=C(a)ufl(0(a)) k" ($max) + o(h*/?),
uniformly with respect to 8 € R.
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In the case a = —1, there is essentially nothing to do.

~

Prorosition 7.5 (Case a = —1). — When a = —1, we have
A (Opy (bre)) = B An (Bro) + O(h%),

where

By = @ (Ds+ 5710 — h Yo (a))® + Cok(s)2.

Taking 6 = 6(h) (see (3.8a)) and arguing as in [3, §8.3] to deal with the remainders
in (7.2), we deduce Theorems 1.3 and 1.5 from Propositions 6.2 and 7.1. Since there
has been a number of changes of notation along the way, let us guide the reader
to this conclusion. Recall that & = h'/2. To prove Theorem 1.3, by Proposition 3.5
it suffices to prove the eigenvalue asymptotics for A, (9). By Proposition 6.2 it
suffices to consider the operator R (defined just before the proposition), and by
Proposition 7.1 to consider Opy (p%ffg), which by (7.2) and the localization estimates
reduces to the statement of Proposition 7.4. The proof of Theorem 1.5 follows the
same lines, only applying Proposition 7.5 in the last step instead of Proposition 7.4.
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