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ON THE L2 RATE OF CONVERGENCE IN THE LIMIT
FROM THE HARTREE TO THE VLASOV-POISSON
EQUATION

BY Jacky J. Cnong, LAURENT LAFLECHE & CHIARA SAFFIRIO

Asstract. — Using a new stability estimate for the difference of the square roots of two solutions
of the Vlasov—Poisson equation, we obtain the convergence in the L? norm of the Wigner
transform of a solution of the Hartree equation with Coulomb potential to a solution of the
Vlasov—Poisson equation, with a rate of convergence proportional to i. This improves the p3/4—¢
rate of convergence in L2 obtained in [L.Lafleche, C.Saffirio: Analysis & PDE, to appear].
Another reason of interest of this paper is the new method, reminiscent of the ones used to
prove the mean-field limit from the many-body Schrédinger equation towards the Hartree—Fock
equation for mixed states.

Résumi: (Sur le taux de convergence dans L? dans la limite de ’équation de Hartree & I’équation
de Vlasov-Poisson)

Gréace & une nouvelle estimée de stabilité pour la différence entre les racines carrées de deux
solutions de I’équation de Vlasov-Poisson, nous obtenons la convergence en norme L2 de la
transformée de Wigner d’une solution de I’équation de Hartree avec potentiel de Coulomb vers
une solution de l’équation de Vlasov-Poisson, avec un taux de convergence proportionnel a
la constante de Planck h. Ceci améliore le taux de convergence h3/4=¢ dans L? obtenu dans
[L. Lafleche, C.Saffirio : Analysis & PDE, a paraitre]. Un autre intérét de cet article est la
nouvelle méthode, réminiscente de celles utilisées pour prouver la limite de champ moyen de
I’équation de Schrodinger & N corps vers I’équation de Hartree-Fock pour des états mixtes.
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1. INTRODUCTION AND MAIN RESULT

In this paper, we study the limit of solutions to the Hartree equation towards
solutions to the Vlasov-Poisson equation in the semiclassical regime, that is when
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704 J. Crong, L. LarLecne & C. SAFririo

the Planck constant converges to 0. We focus on the cases of the three dimensional
Coulomb and gravitational interaction potentials
+1

1 K(z) = ——,

(1) @)= s
which are the most relevant singular potentials from a physical viewpoint and the
most challenging from a mathematical viewpoint.

We consider the Hartree equation

(2) ihoyp = [Hp,p]  with  p(0) = p™,

where h = h/2m is the reduced Planck constant, p = p(t) is a time-dependent positive
self-adjoint trace class operator acting on L?(R?) satisfying the normalization

(3) BTp) =1 and |lp|l. = Cu,

where ||| is the operator norm and C. is a fixed independent-of-h constant. Here
H, = —h?A/2 + V, denotes the Hartree Hamiltonian where the operator V), is the
operator of multiplication by the mean-field potential V,(z) = (K * p)(x) associated
to the two-body interaction potential K defined in our case by Equation (1), and p(x)
is the quantum spatial density defined as the scaled restriction to the diagonal of the
integral kernel of p,

p(z) = diag(p)(z) := h’p(z, ),
where we adopt the same notation to denote both the operator p and its integral kernel
p(x,y). The choice of the normalization (3) is motivated by semiclassical analysis and
is natural in the analysis of many-body fermionic systems, although the results of this
paper apply to both the bosonic and fermionic settings.
The classical analogue of Equation (2) is the Vlasov—Poisson equation given by

where Ey = —V V% is the self-consistent force field associated to the mean-field poten-
tial Vy(x) = (K * ps)(t,x) with ps the spatial density given by

prita) = [ rieaga

For the well-posedness of the Hartree and the Vlasov—Poisson equations we refer
to [6] and [24, 21] respectively and the references therein.

Equation (4) can be seen as the semiclassical approximation of a system of many
interacting quantum particles, as pointed out in the pioneering works by Narnhofer
and Sewell [23] and by Spohn [28] where the Vlasov equation was obtained directly
from the many-body Schrédinger equation with smooth interaction in the combined
mean-field and semiclassical regime. This has been reconsidered in [13] and more
recently in [8, 7], where the case of the Coulomb potential with a N dependent cut-
off has been addressed. Moreover, a combined mean-field and semiclassical limit for
particles interacting via the Coulomb potential has been treated in [12] for factorized
initial data whose first marginal is given by a monokinetic Wigner measure (that can

JIEP. — M., 2023, tome 10



ON THE L2 RATE OF CONVERGENCE 7()5

be seen as the Klimontovich solutions to the Vlasov equation), which leads to the
pressureless Euler—Poisson system.

Most of the above mentioned works rely on compactness methods that do not allow
for an explicit bound on the rate of convergence, which is essential for applications.
For this reason the Hartree equation (2) has been considered as an intermediate step
to decouple the problem into two separate parts, namely to prove the convergence of
the mean-field limit from the many-body Schrédinger equation towards the Hartree
equation, and then the semiclassical limit from the Hartree equation to the Vlasov
equation. In this paper, we are interested in the latter problem, that has been largely
studied in different settings. It was first proved by Lions and Paul in [20], and later
in [22, 10], that the Wigner transforms of the solutions of the Hartree equation (2)
converge in some weak sense to solutions of the Vlasov—Poisson equation. Quantitative
rates of convergence were then obtained, first in the case when the Coulomb potential
is replaced by a smoother potential, in Lebesgue-type norms [2, 1, 3] and in a quantum
analogue of the Wasserstein distances [11]. The case of singular interactions was then
treated in [15, 16] with the same quantum Wasserstein distances, and in [26, 27, 17]
in Lebesgue-type norms. In particular, for K as in Equation (1), the explicit rate has
been established in [15] for the weak topology and in [27, 17] for the Schatten norms.

In a different setting, the semiclassical limit has also been studied for local pertur-
bations of stationary states in the case of infinite gases in [19].

Our goals here are twofold. On the one hand, we want to improve the rate of
convergence in the L? norm in terms of & for the convergence of the Wigner transform
of the solution of the Hartree equation to the Vlasov—Poisson equation. The rate
h3/4=¢ for ¢ > 0 small enough, was obtained in [17], the reason being that the
method used in that previous paper was relying on a L! weak-strong uniqueness
principle, thus leading to the expected correct rate of order A in trace norm, but
lower order rates for higher Schatten norms. In this paper we recover a rate of order &
for the L? convergence, that is expected to be optimal.

On the other hand, the ideas used in this paper are closer to those used in [4, §]
to prove the semiclassical mean-field limit from the many-body Schrédinger equation
towards the Hartree—Fock equation for mixed states, in the sense that it considers the
square roots of the phase space densities in the L? setting. Inspired by these ideas, we
introduce a new L? weak-strong stability estimate for the Vlasov—Poisson and Hartree
equations, which can be compared with the L' method used in [17]. It serves as a
guiding principle to our main theorem.

1.1. NotraTions

1.1.1. Functional spaces. Let us fix some notations before stating our main result.
A point in the one-particle phase space R3 x R? is denoted by z = (z,£). We denote
the phase space Lebesgue norm and its mixed norm variant by

1/r
1= ([ 15 )" 1fllzay =117 Mg e

JIP — M., 2023, tome 10



706 J. Cnong, L. LarLecne & C. SArrmio

for 1 < r < oo and with the usual modification when r = oco. The corresponding
weighted Sobolev spaces WF? are defined by the norm

{a € Ngv ‘al = Zi6:1 Qi,

R 1/2 )
Flher = (3 Moo plz, )™ with 37 A

| <K
where (z) := y/1+ |z|? is the standard bracket notation. We also use the standard
notation HX = Wk2.

Due to our choice of the potential, it is natural to introduce the Lorentz spaces LP-4
with (p, q) € [1,00]? that are intermediate spaces between Lebesgue spaces such that
VK € L?/?°, They can indeed be defined by real interpolation of Lebesgue spaces
(see e.g. [5, Th.5.3.1]), and as such they verify for any € € (0,p—1], LP~¢NLPTe C LP9.
Moreover, their dual is given by (LP?)" = L4 where p/ = p/(p — 1) denotes the
Holder conjugate (see e.g. [14]). This implies the analogue of Hélder’s inequality for
these spaces.

For any bounded linear operator p acting on L?(R?), we denote its operator norm
by ||p|l, and for 1 < p < oo, we define its Schatten-p norm by

lell, = Tx(|p")"/7,
where |p| = \/p*p. To obtain meaningful quantities in the semiclassical limit & — 0,
we also define the semiclassical analogue of the Schatten spaces via the rescaled Schat-
ten norm
1ol er = 137 lpll, = h*/7 Ta(|pl")"*

and ||pl| s~ = ||p|| - Notice that, unlike its unscaled counterparts, the semiclassical
Schatten norms do not enjoy the same inclusion inequality in the limit as & — 0, that
is, ||p|| ;4 is not bounded uniformly in % by ||p|;, for any 1 < p < ¢ < oo. These
semiclassical spaces play the roles of the Lebesgue spaces on the phase space. We will
denote by C a h-independent constant that can change from line to line.

1.1.2. Weyl quantization and Wigner transform. — The Fourier transform is defined
with the convention that

3(6) = Fg) (€) = / e ()

Consistently with our normalization (3), we associate to every function f € L' (R} xR)
the operator p; with integral kernel

pi(z,y) = /RB e P WL F (2 +y) /2, hE) dE.

The operator p; is called the Weyl quantization associated to f (z). By the Fourier
inversion theorem, we could also define the inverse mapping called the Wigner trans-
form. More precisely, for any operator p with sufficiently regular kernel p(x,y), we de-
fine its Wigner transform by

o §) = [ e pla kg2~ /2 dy.

JIEP. — M., 2023, tome 10



ON THE L2 RATE OF CONVERGENCE 707

1.2. MAIN RESULT. Our main result reads as follows.

Tueorem 1.1. — Let p > 0 be a solution to the Hartree equation (2) with initial
condition p™ € L' N L verifying (3) and f > 0, f € L'(R%) be a solution to the
Vlasov—Poisson equation (4) with initial condition f™ verifying

£V e W A HE  and // £ €™ da de < 0o
RS

for ny > 6. Then there exist time-dependent functions A,Cy,Cy € CO(Ry,Ry), inde-
pendent of b and depending on the initial conditions of equations (2) and (4) such that

) o= fle <L (I1F ymm = VI o + Cr(t) B) X0+ Cat)

Remark 1.1. The behavior of the time-dependent functions A, C; and Cs appearing
in the theorem depends strongly on the propagation of weighted Sobolev norms for
the Vlasov—Poisson equation, and might lead in the worse case to functions growing
faster in time than e . To simplify the exposition, more details about these functions
are given in the next section.

Remark 1.2. — Our method also allows us to treat the Hartree—Fock equation. In that
case, the exchange term vanishes in the semiclassical limit and can be treated as an
error term as in [17, Prop. 5.1].

1.2.1. Strategy and explicit constants. Before giving more precise upper bounds on
the functions A, C7 and Cj, let us explain our strategy. The rationale of our result
is a stability estimate for the square root of the solutions of the Vlasov equation
in L?, as explained in Section 2. Rephrasing this estimate in the quantum context to
estimate the difference between the solutions to the Hartree equation and the Vlasov
equation, we have to deal with the fact that the Weyl quantization of a non-negative
function is not always non-negative. Thus, we have to consider an alternative quan-
tization of f, sometimes called the Wick quantization, the anti-Wick quantization,
the Toplitz quantization, the Husimi quantization or the coherent state quantization.
We introduce the coherent state at the point z and its corresponding density operator

V. (y) = (wh) >t @M G thand  p = B ) (]

Then, to every function f on the phase space, we associate the operator p ¢ defined
by taking averages of the coherent states p, against f(z), that is

© pr= [ 1 e =5 [5G0 il

It follows from this formula that p ¢ 1s a positive operator whenever f > 0. We sum-
marize some of its other well known properties which we will need in this work in
the following lemma. We refer the reader for example to [20, 18] and the references
therein for additional properties of this quantization and the proof of the following
lemma.

JIP — M., 2023, tome 10



708 J. Cnong, L. LarLecne & C. SArrmio

Lemma 1.1. Let f be a function of the phase space. Then the quantization (6) is
obtained from the Weyl quantization by a convolution with a Gaussian

(7) 5f = Pf7 where f: gn * f with gh(Z) .= (ﬂ’h)_?’ €_|Z‘2/n_

By (7), we have the estimate

~ 3h
(8) oy =Pl po = IIf —gn* fll2 < -5 IV £ L2
For 1 < p < oo, we have that
(9) lopller < Ifllps-

This quantization will allow us to consider an intermediate equation between the
Hartree and the Vlasov—Poisson equations, depending on the mean-field force of the
Vlasov equation, but whose solution is a positive operator. More precisely, we con-
sider p a solution to the equation

inoip = [Hy.p

with Hamiltonian Hy = —(h?/2) A 4+ V} and initial data p = f)i/— and we define

fm
U=/,

which satisfies the same equation.

1.2.2. Quantum Soboley spaces. — To define a semiclassical version of Sobolev spaces
on the phase space, we introduce the following operators
x
pr = [Vap] and pr = {Eap:L

which can be seen as an application of the correspondence principle of quantum me-
chanics. More precisely, one observes that these operators correspond to the gradients
of the Wigner transform, that is

fVIp:vxfp and ngpZVEfp‘

We will refer to V,p and V¢p as the quantum gradients. The semiclassical analogues
of the kinetic homogeneous Sobolev norms are defined by

lolPo, == S IVEplE,  with V&= V... Ve,
|a|=k
[0l == sup [VEp|l e,

la|=k
and the inhomogeneous version by
lol5ors = ol + D 1050,
1<e<k

for any k € N with the usual modification when p = co. Notice that for p = 2, we have
|pllvyr2 = || foll j Which is suggestive of the strong connection between W** and the

JIP. — M., 2023, tome 10



ON THE L2 RATE OF CONVERGENCE 709

classical kinetic Sobolev spaces. Moreover, we will also consider weighted versions of
these norms with the particular case of the weights defined for n € R by

n/2
(11) m:= (p)" = (1 +[p|*)
where p = —ihV so that |p|* = —h2A.

1.2.3. A refined version of the main theorem. — With the above definitions, we now
give another version of the main theorem with more explicit upper bounds on the
constants appearing in Inequality (5).

Tueorem 1.2. Under the assumptions of Theorem 1.1, the following estimate holds

12 - <e¥?(|pgm— V|, +Cin) X 4 ot

(12) o —psl .. < €U P\/F L 1(t)h)e 2(t)

An upper bound for A is given by A(t Cfo s)ds where X\ is defined for some
€(0,1) by

(13) At) = [ Vebllypre llosl 2 + X2 | Ve m]| o

with n > 2, and where ||-|| zs+- s a shorthand notation for ||-|| sve + ||| gs—-. The
functions Cy(t) and Ca(t) are bounded from above by
2

t
(14) cl(t)kc/o 5 Vet ()20 / O 1 Cy ()15 0)? [|n 7| ds

(15) Cg(t)<C<Ci“+ / cf(s>y\vgf(s,.)ny2ds),

which remain bounded at any time t > 0, and where Cy(t) = ||pf(t )le S
t
(16) Colt) =2 [ 1By )] s
and
in / f£in 2 in
(17) cn = H f ||W11‘4ﬁH3 + Hf ||H110H2'

The fact that these quantities (13), (14) and (15) remain bounded uniformly in &
at any time is proved in the last section in Proposition 3.2.

Remark 1.3. Notice that the quantity
I _ — _ in — in _
77 N G e U N

that appears in the right-hand side of Equation (12) is 0 in the case when p'* = f)i/F,

that is when p™ is the square of a Wick quantization. Due to the strategy of the
proof, that mimics the proof of the stability estimates presented in Section 2, the
initial datum for the auxiliary problem (24) has to be chosen positive, close to Pyin
in £2, its square root is close to \/pi® in £2 and regular in the sense that the quantity
HVEW mHLP + HV \/7 m||Lp is uniformly bounded with respect to h. The choice

pl = p VI guarantees these properties.

JIP — M., 2023, tome 10



710 J. Cnong, L. LarLecne & C. SArrmio

2. STABILITY ESTIMATES FOR THE VLASOV—Po1ssoN AND HARTREE EQUATIONS

2.1. Crassicar case. — We start by explaining our method through examining the
classical case and obtaining a stability estimate for the Vlasov—Poisson equation.

Tarorem 2.1. — Let f1 and fo be two positive solutions of the Vlasov—Poisson equa-
tion verifying || f1ll o » | f2ll oo < Coo. Then we have the following bound

VA= VE e < IV = VI e,
where A(t) = C fo s)ds with
MO = el Vv Foll oz + €2 Ver/ Poll s
In particular, the following estimate holds
1fi = Foll s < 2€X2 i = f32)],17 2.
Proof. — Let vy = Vfi, va = /f2 and v := vy — vy. Then v satisfies the equation
(8t + f -V + Ev% . Vg)v = (Evg - Ev%) : ngg = (VK * p(U2+U1)U) . V§1)2.
Then, by direct computation, we have that

1d
3310l = [ 0 (TR % pmsnn) - Veradode

= / ( W + 2va(2) v(z"))VK(xz —2') - (v(z) Veva(z)) dzdz’
R12

=: Il + 2 [2.

The first term is bounded by writing first
2 2
<|vrs [ oende]| ol <1951 [ (Tevalag]|, Tl ol
R3 Lge R3 Lge
and then by applying Holder’s inequality for the Lorentz spaces to get
2
S IVEIl 200 Vevall o py 10l o [0]]72-

The second term is bounded by the Hardy-Littlewood—Sobolev inequality and then
by the Cauchy—Schwarz inequality, leading to

I gc”/ vvgdfu ”/ vvgvzdg’
R3 L2 R3 L

<C|Iwlzz lezllze |,

6/5
x

HL? |‘V§U2||L§ Lg/5'
Finally, by Holder’s inequality, we obtain
2 1/2
Iy < Clloall ez IVevallpg e 10l = Cllog e / IVevall g s [Ell7%
Combining the bounds for I; and I leads to

d 2 1/2
S lol3e <€ (o2 I9evallyy pz + 10l 962l gy )10l
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ON THE L2 RATE OF CONVERGENCE i

We conclude by using the fact that ||v]|; < || f1 ||1/2—|—||f2 Hl/Q = 262 and Grénwall’s
lemma. O

2.2, Quantum case. — Using the quantum analogue of gradients and Lebesgue norms
of the phase space, we deduce a similar estimate for the Hartree equation.
Let us begin by recalling the following useful semiclassical commutator estimate.

Lemma 2.1 (Proposition 4.31in [17]). — Letp€[1,3/2) and q satisfying p~'=q 1 +2/3.
Then for any € € (0, — 1) and n > 2, there exists a constant C > 0 such that

1/2)4+¢ 1/2)+&
IEG—2), plll o < Ch |[Vepm|| L2 [ Wepm| 02072

where € =¢/q and m = (p}"

Notice that our scaling is different from the scaling used in [17, Prop. 4.3], but one
can easily pass from that scaling to our current scaling by multiplying both side of
the inequality in [17] by h? with d = 3.

Turorem 2.2, — Let p; and py be two solutions of the Hartree equation (2) such that
1P1ll po < Coo and ||psll s < Coo and let vy = (/p; and vy = \/py. Then there exists
a universal constant C' >0 and T > 0 such that for anyt € [O,T],

(18) o1 — vall g2 < [0l — 0| o P,

where A(t Cfo s)ds with X given for some ¢ € (0,1) by

1/2
(19) A(t) = [ Vevallygre ||z H + €2 Veva m|| s,
where n > 2. This implies the following estzmate
in in||1/2
(20) oy — P2||L2 < ZGiéQ le — P2 HLI e,
Remark 2.1. It is actually not difficult to see from the interpolation argument in

the proof of Lemma 2.2 that ||Veva|[yg12 = [[Vefu, |l g1 can actually be replaced by
||v£fv2 HH1/2'

Remark 2.2, — Contrarily to our main theorem, the result here is only local-in-time
since it is not yet known whether the global-in-time uniform in % propagation of
regularity holds for the Hartree equation in the case of the Coulomb potential. For
slightly less singular potentials, we have proved it in our recent paper [9].

Proof. — Let v =wv; — vy. Then v satisfies the equation
ihdy = [Hp,,v] + [Vp, = Vp,, v2].

Differentiating its Hilbert—Schmidt norm with respect to time, we obtain

1 d
4 dt HUHLQ - hQTr([ P VP2’UQ] ) = hQTr([ ?—03, U ]U)
Since v2 — v2 = (v + v3)” — v2 = v% + v vy + v2 v and diag(vvs) = diag(vs v), we get
1

d
e ||v||22 = W2 Tr([Viy2, v2] 0) + 2 B2 Tr([Va, v, va] v) =: [1 + 2 L.

JIP — M., 2023, tome 10



712 J. Cnong, L. LarLecne & C. SArrmio

To bound the first term, we introduce the notation K, := K(z — y) and write

B= 12 [ TRl ) pos(@) 0o < sup (07 [l ol ) [ Tooel da
R3 z€R3 R3

2
< CHVEUZ mHLsie HUHL]OO ||”HL27

where we have used Lemma 2.1 to bound the commutator in trace norm. To bound
the second term, we use Holder’s inequality to get

I, < hil ||[Vvv2av2]||£2 ||fU||L2

and then we apply the following inequality which we will prove in the subsequent
section (see Lemma 2.2)

|HVvvzaU2]||L2 < C”V§U2”w1,2 Hpvvz||L§~

Also, notice that

lowallz =1 ( [
R:}

Hence, since h? ||va]|7. = diag(py) = pa, we deduce that
Y

5 \1/2
[ svtroan] ) <8 ol ol
R

1/2 2
Iy < C|[Vevallyyr2 o2l o 0],

and, as in previous proposition, applying Gronwall’s lemma proves (18). Inequal-
ity (20) follows from the identity p; — py = £ (v1 — v2)(v1 4+ v2) + 2 (v1 + v2)(v1 — v2)
and the Powers—Stgrmer inequality

VA~ VB|%, < |A - Blls,

which holds for any positive operators A, B (see [25, Lem. 4.1]). O

22.1. A Semiclassical inequality for commutators

Lemma 2.2, There exists a constant C' > 0 such that for any self-adjoint trace class
operators p and p, we have the following estimate
1

7 Ve plll g2 < Clpllz Vel 2

where p = diag(p).

Proof'of Lemma 2.2. — We use a first order Taylor expansion of V,, of the form

V() = Vio(y) + (& — 9) - / YV, (z9) do,

where zp = (1 — 0) x + 6 y. This implies that % [Vp, p] is the operator with kernel

1

1
G Wonl e = [ VVolen) - Vep(a.n) a0

JIEP. — M., 2023, tome 10



ON THE L2 RATE OF CONVERGENCE 7]3

Its Hilbert-Schmidt norm being given by the L? norm of its kernel, and doing the
change of variables (z,y) — (x4 0y, x — (1 —0)y) with Jacobian equal to 1, we obtain

1
2 e
| Voot <0 [ [[ 19V(0) Venlo+ 000~ (1= 0)9) P dwyao
0 R

1
<BIVIL [ [ IVenta g0 - (- 0)0)1, dy s

where the second inequality follows by Holder’s inequality. The first factor on the
right-hand side is controlled using the Hardy-Littlewood-Sobolev inequality by ||p]| - -
To control the second factor, we perform the change of variable x — x — 0y to get

1
/ / | Veps(a + 8y, — (1 — 0)y)|2, dydo = / Ve, — )|, dy.

The L3 norm in this term is now bounded using the Gagliardo-Nirenberg-Sobolev
inequality associated to the embedding H' C L3 which yields

IVers(z,z = )3, < C(IVetle, 2 =)l 3s + IVa(Fenle,z — ), ).

However, notice now that the gradient with respect to x appearing in the above
formula is actually also a quantum gradient of the operator since

Vo (Vep(z,x —y)) = (Vi + Va) Vep) (2,2 — y) = [V, Vep] (2,2 — y)

and this is exactly V,Vepu(z, 2 —y). Using the fact that for both v = Vep and for
v = V,V¢pu, by the Fubini theorem and the change of variables y — = — y it holds

W [ =)l dy=r [[ - )P dedy = o
R3 RS
we therefore arrive at the inequality
1
[ 1¥enta 0 = (1= 000y a6 < Vel
0 ,

which concludes the proof. O

3. SEMICLASSICAL LIMIT IN LQ SCHATTEN NORM

We consider p a solution of the Hartree equation (2) and f a solution of the Vlasov—
Poisson equation (4). Then, in the same spirit as [17], we will use the fact that the
Weyl transform p; of f solves the equation

(21) ihdpp = [Hy,ps| — Bp(ps)  with  pp(0) = ppin,
where By (py) is the operator with kernel

@) Bilopen) = (Vi) Vi) - =) 995 (52 oy o)

A second order Taylor expansion (see the proof of [17, Prop. 4.4]) leads to the following
estimate

1
(23) F1Br@p)] 2 < CRIVES|l e [[VEF o

where ||V Ey||, . is controlled by [|pf|ly1.00 and [[pfll,:-

JE.P.— M., 2023, tome 10



714 J. Crong, L. LarLecne & C. SAFririo

Let p be a solution to the following Cauchy problem for the linear Hartree equation
. ~ ~ . ~ ~in ~2
(24) thowp = [Hy,p]  with  p(0) = p™ =5 /o,
with Hamiltonian Hy = —h?A/2 + Vj.

Remark 3.1. The choice p™ = T)i/ﬁ guarantees

I¥:6, s mll e = Ny, o, 7 Lo
which is bounded by a Sobolev norm of 4/ fin by [17, Prop. 3.2]. See also Remark 1.3.
Our aim is to show that the bound on the difference between p and p; in £2 is of
order fi. To this end, we consider p the solution to the auxiliary problem (24) with
initial datum p™ = ﬁi/F Then, applying Minkowski’s inequality yields
(25) o =pslle < llp=Dllez + [ — Pyl o

The second term on the right-hand side is needed in our method because of the
possible lack of positivity of the Weyl quantization of f, which prevents us to take its
square root. Hence we will call it the term due to the lack of positivity. The equations
verified by p and p; yields

ihoy (P — py) = [Hy,p = ps] + Brlpy)-
Hence, Inequality (23) leads to

. t
(26) Hﬁ_prLZ < Hﬁm _pfir' ’LZ +Ch/0 ||VEf(S7')||LgO vaf(sv)HL2 ds.

The first term on the right-hand side of Inequality (25) is the true nonlinear error that
corresponds to the stability estimate for the Hartree equation proved in the previous
section. It can be readily estimated in a similar manner as in Section 2.2 by

(27) lo=Dllce < Vo= Vo 2 (Vo coo + VP o)

We now estimate each term separately.

3.1. AN ESTIMATE ON THE TERM DUE TO THE LACK OF POSITIVITY. — For the second term
on the right-hand side of Equation (26), [[VEy| ;.. and ||V§f||L2 are bounded by [17,

Prop. A.1]. As for the first term, the difference between the initial data p" and P fin
can be written as follows

~in ~2 ~ ~
P —Pyin = p\/ﬁ — Pyin + Prin — Prin.

Since, by Inequality (8), we have that
3h
5 |

(28) By = pgnll ez < S IV2 e

it remains to estimate ﬁi/j— — Pyin in £2. This is done via the following lemma.
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ON THE L2 RATE OF CONVERGENCE 715

Lemwva 3.1, Let g € WL2P with p € [1,00]. Then
~ ~ 2
1Py = 5l < 4871V g1720,
where 55 means (p,)°.

Proof. — Notice that for any (f,g) € (L* + L>)?,

pry =17 [[ 1966 10 wuldsa

where f = f(z),¢" = g(2') and

3/2 —(ly—|? _'|? (g
Gei) = vy = () [ e ool rem cve=0rmg,

Using the parallelogram identity and the formula for the Fourier transform of a Gauss-
ian, one obtains the following expression for G,

G(z,2) = o~ (z=2")/21/h i (w+a)-(6'~€)/(2h)

Notice also that p; = 1 is the identity operator. Hence, we write

PPt PP f'gd +1fg
pry = P PPy, //Rﬁ G(z,2) |) (| dz dz'.

Therefore, since fg+f'g'— fg' = f'g=(f = f') (g —g'), we obtain
~ PrPy+ Py P
A(f7 ) =Py — M
= // g g) (szl) [12) <1/Jz/|dzdz’_
R6

To obtain bounds on A(g,g9) = p,2 — ﬁi, we will now bound A(f,g) by bilinear
interpolation.

Trace norm estimate. — Using Minkowski’s inequality and the fact that the trace norm
of [1.) (.| is 1, we obtain the following trace norm estimate

h—3
ALl < 5 [[ [ VGl Vot Gale - ) d s doas
(0,12 J JRrS xRS

g}L;S(//RGXRJVf ) G (v) dudv>1/2 </~/]RG><]R6|vg )P G (v )dudv)

NS 48h”foL2 ||Vg||L27

/2

where Gy(2) = |22 e /2" and zp = (1 - 0) 2 + 6 2.
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716 J. Cnong, L. LarLecne & C. SArrmio

Operator norm estimate. Let (o, ¢) € (L?)? and define ¢, (2) := (¢, | ¢). Then

(61A(F.9) ) = h™ // Rﬁff)(gg) Gz, ) () b)) dz 2
SV Lo Vgl e / / (2 — ) o ()] g ()] dz 4

VAl 1Vl ”G?”Ll H%IILz [Pell L2

where the last inequality follows from Young’s inequality. Observing that 1,(z) =
F (o(x — ) ¢) (&/h), we deduce that |9l . = h*/? ||¢] ;2 and so

IACS, )l goe < ABRIIV | oo (VG oo

General Schatten norms. By the complex bilinear interpolation (see e.g. [5, §4.4]),
we deduce that for any p € [1, 00],

IACS, D gr < BRIVl 20 V3l 20,
which leads to the desired result by taking f = g. O

3.2. Bousp ox ||p = pllg2- — In Equation (27), ||\/p|lc~ and |[/p|lc~ are bounded
because p € £°°. The main result of this section is Proposition 3.1 which gives an
estimate for ||\/p — v/p| 2 in terms of /. To prove the proposition, we come back to
the equations satisfied by p and p and proceed similarly as in the proof of Theorem 2.2
about the stability for the Hartree equation. However, the equation of p is different
from the Hartree equation as its force field is given by the classical force field. This
makes appear several additional error terms. To bound these error terms, we first
establish some preliminary results.

As a first tool, it will be useful to exchange the role of x and £ to manipulate
weights of the form (x) instead of weights of the form (p). The quantum analogue of
exchanging the x and & variables is obtained by conjugation with the semiclassical
Fourier transform Z,¢(€) := h*/2 §(h¢). More precisely, we define p* := 7, ' p F,.
Then it holds

(29) pr=pp with (€)= f(&,).

This exchange operation is a linear automorphism which preserves the LP norms.
Moreover, from the definition of a Fourier multiplier, (p) %, =%}, () and so (x)* = (p)
and (p)* = (z).

Proofof (29). — Computing the kernel of p} yields

1 ! 4 4 St ’ ’ ’
p}(x,y) E E /9 627” (zw -y y)/h 6—271'1 (y'—x")-€ f(%7h€) dl‘/ dy/ df
R

Therefore, by the change of variables ¢ = (' +y')/2h and n =2’ — ¢/

pilay) = [ e I B 21 F (1)) ) G

and we deduce Equation (29) by the Fourier inversion theorem. O
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We can now use the above defined operation to prove the following lemma.
Lemma 3.2. — Let f be a phase space function. Then there exist r,ro € L*(R%) such
that

Piyy — Py (P) = P
(P) Py (P) — Piey2f = Pry>
satisfying the following estimates
(30a) 1722 = lpeys — P (P) | 02 < IIfollm

352
— 1A fllze-

Notice that a similar result holds when we replace p; (p ) by (p) py, which follows by
taking the adjoint. Furthermore, we also have

17/l g2 < C IS s
for some C > 0 independent of h.

(30Db) 72l 2 = ([ () Py (P) = iyl oo <

Proof. — Notice the kernel of the difference Py — Py (x) is given by
/Rg e TN ((H0) — (y)) f (%5¥, he) d€

-5 z+y . /]R3 6_2ﬂi(y_z)'5 vgf (%’ hg) d§ = Py

2
where r € L? is defined by 7(2) = 2 (a,(ih V¢)-V¢ f)(2) where a, (ih V) is a bounded,
x-dependent Fourier multiplier of the ¢ variable associated to the function a,(n) =
(22 —n/2)/({z) + (x — n/2)). More explicitly, we have

ih mi(E—€")-
)= [ D0 ) Ve (e ¢ an
In particular, it follows that
h
(31) Hp(x)f — Py (x) Hm =llprllez =1rll.: < 5 Ve fllLe-
We now use Inequality (31) together with the properties of the exchange operation (29)
to get
o s = ps ) [l 2 = [lP%ers = £F @) || 22 = Py e = g (2) || 2

ShVef e = II(Vaf) 2 = BV fll L2,
which completes the proof of Inequality (30a). To get the second inequality, a similar
computation gives that

(z) p () = play2y = P,
with ro(2) = f (bg(ih Ve)Ae f)(2), where b, is the bounded function given by

A 0 =20 2 -l A @) =3l ~24 @) )

sz — "’7‘ |U| ¥
B = v m e @+ (@) (@ —n)

and the same reasoning leads to Inequality (30b). O

Y
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Another simple observation is that the commutator between convolution with the
Gaussian function gj,(z) = (wh)~* e~12/M and multiplication by a weight is also of
order .

Lemwva 3.3. Let h € (0,1). Then there exists C > 0 such that for any p € [1,00]
and any function of the phase space it holds

(32a) 1(E) .~ Fllwes < CRIFlyons
(32b) 112 ~] fllo < Chllfllyrs,

where [m,~] f:=m (gn * ) — (gn * (mf)).
Proof. For any z = (z,¢) € R® and any general m(¢), it holds
mon) 1) = [ onl) (m(©) = ml€ - €) £z - ) d',
RG

where 2’ = (2/,¢’). By a second order Taylor expansion, this can be written as

m1f = o€ (Vo) - | (1= 0)¢ - VEm(e - 0¢) ) £ = )0
— I, — I

Next, using the fact that that gy, is even, one can replace f(z —2") by f(z —2') — f(2)
in Iy, leading to

1
I =Vm(§) - // Egn(2) € Vef(x—a', & —6¢")dz db.
0 JRS
By Minkowski’s inequality, we obtain

2 3
1l o < IVml g (1€ g0l 2 IVeflle = 5 B IVl (Ve o

Similarly, I is bounded by

1 3
P o [ P Y P [ T

In particular, if m = (£), then it yields |[[m,~] f|.» < 31| f|lyy1.»- Noticing that
VZ[m,~]f = [m,~]V2f also yields ||V2 [m,w]fHLp < 3h||VifHW1,p. Finally,
noticing that

Vilm, ~ f = [m,~VEf +2[Vm,~|Vef + [Vim,~] f
and using the above estimates with m replaced by Vm and V?m leads to
IV m, ~ 7], < 36 211l 7o

and so to Inequality (32a). To get Inequality (32b), notice that [(£)*,~]f = [|€]*, ~]f
and write

[Kfv~}f=u46mxi)@0®2:(ﬂz—z®1d+2g@gélv&ﬂz—9qu9>dz,
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where A : B = Tr(ATB) = > AijBij is the Frobenius inner product for square
matrices A and B. Then it follows that

3h 16 h3/2
1061~ A1l < 5 (18 lLn + 2080 Ve ) + == IVef o,

which concludes the proof. O

Levmva 3.4. — Let h € (0,1). Then there exists C > 0 such that for any function g
on the phase space

1) (Bg — By2) (P) || < O (ngffvf"‘mHS + H92HH110H2)'

Proof. — Let m := (p) and m(§) = (£). By the definition of the absolute value for
operators, by the proof of Lemma 3.2 and by Lemma 3.3, we can write

~2 ~ ~
mpg m = |pgm|2 = |p_?jm|2 = ‘pm§+pr|2 = |p7ng +pr1|27

where r; = [m,~] g+ r, and
mﬁQQ m = pm2g§ + Pr, = ﬁmz g2 + Prys
where rg = [mz, N] g2 + 9. It follows that
~2 ~ ~ ~
33)  [Im(Pg = g2 )ml| g2 = [1Png + P, " = Brnz g2 = Pl 2
~92 ~ ~
< Hpmg — P2 gr"HLZ + ||pr1||2L4 + 2||pmg Pry HLz + HpmHﬁz'

The first term on the right-hand side of Inequality (33) is bounded by Lemma 3.1
with p = 2, leading to
155 g = Ponz 2| 2 < 481V (m 9)]| -
The second term can be bounded by
or,lles < llor, = Prllcs + 1Py, 24

and then noticing that the Schatten-4 norm is controlled by the Hilbert—Schmidt
norm, one obtains ||p,, — p, |lcs < A4 p,, — P, llc2 < hY4||V?rq| 12, where we
used Inequality (8) in the last inequality. Hence we deduce that

120l ca < Nrillps + B4V 71 L2 < Chllgl s
The third term can be bounded by Hélder’s inequality and Inequality (9) as follows

1P g Pr N2 < NP gllcallprlles < CRhllmgllLallgllas-

Finally, the last term can be bounded by

lorollee < Ch(llg?lmy + Rl Ag* ] 22)-

Combining all the inequalities leads to the desired result. |
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Lemma 3.5. Let p; be a solution to Equation (21) and p be a solution to Equa-
tion (24). Then

t
|[diag(p — py)| ,, < Ce“" (D) ﬁ<Ci“ +/0 loscs lwienps [P @) [[yyoa ds>,
where C™™ s given by Equation (17) and Cg(t) by Equation (16).
Proof. — Let m = (p). We will use the fact that
[diag(® — pp)| . < Clm (B = pp)m| .-

as follows for example from the proof of [8, Prop.6.4]. By the equation verified by
p—p ¢ and the cyclicity of the trace, one gets

d . ~
i 5 Im (3= oy ml[2 = T (2 5 o) mf* V] m )
+h*Tr(m (p— py) m® By(py) m).

By the fact that % [|p|2 , Vf] = FE¢-p+p- Ef and Holder’s inequality for the trace,
we deduce that

d " . _ _ 1
glm@=rpomll . <2[m@=ppoml|.(m By pm~H| ot 5 M Br(p)ml

_ 1
<2Efl e Im (B = o) mll o+ 5 | Brog) m?| ..

By Gronwall’s lemma, this implies

~ ~in 1 !
Hm(p—pf)mHLz<60E(t)<||m(9 _Pfin>m||ﬁ2+ﬁ/0 HBf(pf)mQHLZ)

with Cg(t) given in (16). With our choice of the initial datum p™ = 5i/f—n7 the
first term on the right-hand side is bounded in Lemma 3.4. For the second term, we
compute explicitly the L? norm of the kernel of the operator B f (pf) m?2. Recall the
definition of B¢ (p) given by Formula (22) and define

82V (z,y) == Vi(2) = Vi(y) — (x —y) - VVf(
so that the integral kernel of B can be written Bf(p)(z,y) = 6°V (z,y) p(z,y). Then
by the chain rule, the integral kernel of the operator By (p;) |p|2 is given by
(Bs(pg) Ip* ) (,y) = =1* 8V (2,y) Aypy (2, y) — B2Ay (5°V (2,)) py(2,y)
— 212 Vy52V(x, Y) - Vyps(z,y) = J1 + Jo + J3.

w-l—y)
2

The J; term is simply By(p; |p|2) which can be bounded in £2 by Inequality (23),
leading to

2 2
1105 10 g2 < C 2 llosllwr s V2 (pg IPI) || oo
For the J; term, since V is the solution of the Poisson equation, we have that

—h? 8,8V (x,y) = £ (pf(mTer) - pf(y)) - iThg fo(x ;r y) (z—y),
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which means

_ 2 THY\ _ n THYY
Jo(z,y) = £h (pf( > ) pf(y))pf(x,y)i 4Z.fo( 5 ) Veps(2,y).
Then we deduce that
hB
12l g2 <20 [lpsl oo [lof]] o2 + 2 IVorlle Veps ez

Lastly, for the J3 term, observe that
z+y

Ve =2 (5 (52) -] e 5 (5)

which means

1
J3(z,y) = ih3/ VEf(y+t(x—y)/2):VyVepg(z,y)dt
0
PV E (x +1)/2) : Vy Vepy ().
Hence it follows that
1751l 2 < C 2 VE;] oo [ Vepy Pl g2

This completes our proof of the lemma. |

Prorosition 3.1. — Let p be a solution to the Hartree equation (2) with initial da-
tum p™ and p be a solution to (24) with initial datum p". We denote by vy := VP,
U= \/3 and vi* and V™ the corresponding initial data. Then for anyt € R,

t
lor = 3lZs < [Jof =3[z A0 + 22 / c(s)* X AO7AD g,
0

where A(t) = Cfg A(s) ds with A given by (13) and c(t) is given by

t
~ in 2
(t) = C P | Ve gr. / O™ 4 losen lwrnie 195y 8)* yons ds

with C™™ given in Equation (17) and Cg(t) in Equation (16).
Proof. Define v := v; — v. Observe that v; solves
ihOyvy = [Hy,v1], Hy:=H,
and v solves
ih0yv = [Hy,7].

Now we proceed by mimicking the proof of Theorem 2.2. By direct computation, we
have that
ih Oy = [Hy,v] + [Vp — foﬁ],
which implies
1 d
4 dt

(34) o122 = h* Te([Vig = Vi, 7] v)-

JIP — M., 2023, tome 10



729 J. Cnong, L. LarLecne & C. SArrimrio

Now adding and subtracting h? Tr([V;, 0] v) to the right-hand side of Equation (34)
yields

1 d

w5 T i oE = BT = Vo] ) TV Vi)

= B2 Te([Viz 2, 0]0) + W Te([Vap,, 0]0) = J1 + Ja.
We bound J; in the same manner as in Theorem 2.2 and get that
J1 < W2 Tr([Vye, 0] v) + 202 Tr([Vay, 0] v) = J11 +2J1 2,
where the two terms are readily bounded as follows
Ji1 < CIVerml| g 0]l e 101172,

Ji2 <Ch™? Ve, 91| g2 [Jv]] 2

The right-hand side of J;; is controlled by ||11H22 since ||[Veoml| 3. is bounded
thanks to Proposition 3.2 and ||v|| oo < ||v1]| g + ||0]| g, Which are both bounded.
By Lemma 2.2, similarly as in the proof of Theorem 2.2, we get
~ 1/2
N2 < ClIVellygu sl [[0]22.

where p; € L>(R?) and | Vevl|\p1.2 is bounded in time thanks to Proposition 3.2.
We are now left to bound the term J5. By Holder’s inequality for Schatten norms and
Young’s inequality for products we obtain

T2 =0 T([Vop, 7]0) < [ [Vomp, 0 s + 10

We aim at showing that %H [Vﬁ_pf,ﬂ] HLQ is small. To this end, apply Lemma 2.2 to
get

1 ~ ~ N
(36) a1 Vo-p, Tllce < CUIVETlgr2 || ding(B — o)l -
The term ||diag(p — py)[z2 in Equation (36) is controlled in Lemma 3.5, leading to
the statement of the proposition. O
3.3. Proor or ThE MAIN THEOREMS. — Now that we have a bound on /p — \/p in £?

by the above proposition, we are ready to finish the proof of the semiclassical limit.

Proof of Theorem 1.1 and Theorem 1.2. — As explained in the beginning of the sec-
tion, by Lemma 3.1 with p = 2, we get that

(37) By = 8" o < 48R [VVF1,

and so, together with Inequality (26), Inequality (28) and the fact that |V Ey|;. can
be controlled by [|pg|] ;1.0 the error due to the lack of positivity can be estimated

above by

t
3) 15 prllee <O (192 s VI + [ Dol 92012 ).

NnLL»
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On the other side, the nonlinear stability error (27) is controlled, using Proposition 3.1
. ~in _ ~2
and recalling that p=~ = p\/F, by

(39) o= Bllex < €42 (Vo™ =B szl s + illel oo ) €2

Summing up (38) and (39) and using the estimate on the initial state (37) prove
Theorem 1.2.

Moreover, we can control the difference of the square roots using Inequality (8)
which tells us that the Wick and Weyl quantization are close since \/F is sufficiently
regular, and then the fact that the Wigner transform is an isometry from £2 to L2

to get
— — 3h o
H pln_p /fin ’£2 g H fln_f /pin |L2+?||v2 flnHL27
which leads to our main inequality (5). O
3.4. PROPAGATION OF REGULARITY. In this section, we prove the following proposi-

tion about the semiclassical propagation of regularity for v assuming sufficient regu-
larity on the solution to the Vlasov—Poisson equation.

Prorosition 3.2. Let h € (0,1), g € [1,00), n € N, f be a sufficiently smooth
solution of the Viasov—Poisson equation (4) and v be the solution to the linear equation

ih0;v = [Hy,7],
where Hy = ng + Vi Let m = <p>2n. Then for any € € (0,1), there exists Cy
depending only on q, n and €, such that for every t > 0 it holds
t
[l < 5% mlhns exp( Con [ s znose ds ).
0

Remark 3.2. — To obtain the result of Theorem 1.1, we need bounds on the norm
of & in W22 0 WL3%2((p)*") with 2n > 2. In particular, by the inequalities in [17],
these norms are bounded for the initial data 7' = p S if

[ IV
is bounded uniformly in 7 € (0, 1).

Proof. We define V¥ and ng to be the composition of quantum gradients. From
this definition, we see that

~ . 1
Vit =[V,[V, - [V,7]] and vgfv:—(m)k [, [z, - - [2,])]
L —_—
k-times k-times

are tensor-valued operators acting on L?(R?). Here the multiplication of vectors is

defined to be their tensor products, that is, for any two vectors z,y € R? we have
that zy = r ® y.

By the Jacobi identity, we arrive at the equation
k

1 E\ 1 A ,

ko ko -1 k—j~

(40) PAADES %[Hf,vxv] -> < ,>h[vg By, VFI7].

=1 M
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Likewise, using the fact that Vj H f =0 for j > 3, we have that

ViD= — [Hf,vga]—kvg—lvma

ih
and

1
OV Ve T = o [Hy, V0] — (k= 1) Vg’“*E*lV”“
—Z() (VI By, VI IVE T,

where ¢ < k. Let us focus on propagating moments for V v since Equation (40) only
depends on Vfﬁ for ¢ < k. Define a weight equivalent to m by m = 1 + Zl P
in [8, Lem. 6.3]. Then, by [8, Lem. 6.2], we arrive at the estimate

d .
LIwsaml ., < 1l e 9k, + hz() i, i,

for ¢ > 2. Let us estimate the first term. To simplify the notation, we write V' = V7,
E = Ey, and p = V9. Recall the identity [V, p] = ih E. Then it follows

1 2n—1 2n—1 k
o [Vopl ZPIEPQ"““ ZZ()QP?"“,
k=0 ¢=0
where gy = (fzh) O!E;. Using the above identity yields the estimate

1 2n—1 m
AT Sl ) [N PP

£=0
Notice that
lgell oo = W[ VE 5 0fpy | o < CHE ([0 py | o

for € € (0,1), then it follows that

1 n 1+ A2 -1
vl < oo (S

Let us now estimate the second term. Write p;_; = Valf*j v. Using the fact that

(VIT'E, 1Pt = [vi~ Ea“k—jp?n} —Hp—j (Vi E,pi"],
then it follows

1 .
Lv2 B 5,

1 - . 1 - .
<NV B 8+ 3 Doy [V B, = i+

By [8, Prop. 6.5], we have that
L <OV sl |Vere 027, with ~=1_L1logpsy
We JEr L r 2 q 3
Term I5 is handled in the same manner as in the case of ih [V, p? ] , which yields

<1+h

< Cy s [0yl D amlles.
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~1

Hence it follows

d o~ _ e .
dwsonl,, < Cq7f7n(t)(||vam||u 'y <]> A% Jvam).
j=1

In fact, recycling the above argument yields the estimates

and

4
dt

S o o
GIVET Rl < Copnd) (I 9ETR ., + (Ve V20 )

vask_%ﬁ‘ﬂm < Cy,pn(t) (HVagVSk_%mHU

14
=0 vE T, 3 () IV L, )

Jj=1

Combining the above estimates (41) gives us a bound of the form

d . ) _
3z [omllvpra < Cg pn®)lomllvpra,
which then by Gronwall’s lemma leads to the result. |
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