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STOCHASTIC HOMOGENIZATION OF DEGENERATE
INTEGRAL FUNCTIONALS AND
THEIR EULER-LAGRANGE EQUATIONS

BY MattHIAS RUF & THOMAS RUF

AssTract. — We prove stochastic homogenization for integral functionals defined on Sobolev
spaces, where the stationary, ergodic integrand satisfies a degenerate growth condition of the
form c|lA(w,z)|? < f(w,z,&) < [EA(w,z)|P + A(w,z) for some p € (1,+00) and with a sta-
tionary and ergodic diagonal matrix A such that its norm and the norm of its inverse satisfy
minimal integrability assumptions and A is a nonnegative, stationary function with finite first
moment. We also consider the convergence when Dirichlet boundary conditions or an obstacle
condition are imposed. Assuming the strict convexity and differentiability of f with respect
to its last variable, we further prove that the homogenized integrand is also strictly convex
and differentiable. These properties allow us to show homogenization of the associated Euler-
Lagrange equations.

Reésumic (Homogénéisation stochastique des fonctionnelles intégrales dégénérées et leurs équa-
tions d’Euler-Lagrange)

Nous prouvons ’homogénéisation stochastique des fonctionnelles intégrales définies sur des
espaces de Sobolev, ou l'intégrande stationnaire et ergodique satisfait & une condition de crois-
sance dégénérée de la forme c|€A(w,z)|P < f(w,z,€) < [€A(w,z)|P + A(w,z) ot p € (1, +0),
A est une matrice diagonale stationnaire et ergodique dont la norme et celle de son inverse
satisfont aux hypothéses d’intégrabilité minimale et A est une fonction stationnaire et non né-
gative avec un moment d’ordre un fini. Nous considérons également la convergence lorsque des
conditions aux limites de Dirichlet ou une condition d’obstacle sont imposées. En supposant la
stricte convexité et la différentiabilité de f par rapport & sa derniére variable, nous prouvons
en outre que l'intégrande homogénéisée est également strictement convexe et différentiable. Ces
propriétés nous permettent de montrer I’homogénéisation des équations d’Euler-Lagrange as-
sociées.
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254 M. Rur & T, Rur

1. INnTRODUCTION

In their pioneering papers [14, 15], Dal Maso and Modica have set the basic strategy
for the stochastic homogenization of integral functionals defined on Sobolev spaces.
They consider functionals of the type

(1.1) Fg(w,u):/Df(w,ac/s,Vu(x))dx,

where f is measurable in (w, ) and convex in the last variable satisfying the p-growth
condition

(1.2) gl < flw,2,8) < CO([E)F + 1)

for some p € (1,400) and positive constants C' > ¢. In this setting, the appropri-
ate tool to study the asymptotic behavior of minimizers as € — 0 is ['-convergence
(cf. [8, 12] for a general introduction to the topic). Randomness enters the problem
through the parameter w, that is, the integrands are chosen at random in the above
class of integrands. A crucial assumption that allows to homogenize the functionals
to a simpler functional is stationarity, that is, for all z € R? (or all z € Z?, depending
on the model) and for any finite point set {x1,...,z,} C R% the random vectors
(fw,z1,€),..., fw,zn, &) and (f(w,z1 + 2,£),..., f(w,zn + 2,€)) have the same
distribution (this can be expressed conveniently with measure preserving group ac-
tions, cf. Section 2). Under those assumptions one can prove that the I-limit exists
almost surely and is given by an integral functional of the form

Fhom(w7u):‘/thom(W,vu(.’L'))d{I}.

Under the additional assumption of ergodicity, the limit is deterministic. The inte-
grand still satisfies p-growth conditions and is convex in the gradient variable. The
basic strategy can be summarized as follows: by deterministic arguments, one proves
that the given class of integral functionals is compact with respect to I'-convergence,
which implies that (up to a subsequence) the I'-limit of F.(w,-) has the form

Fo(w,u):Lfo(w,x,Vu(x))dx.

In a second step, by the blow-up formula for convex integrands in [13, Th.1], the
convergence of minima yields that

folw,x0,&) = ;im inf{]{2 ( )fo(w,m,f +Vou(z))de: ve Wol’p(Q(;(xO))}

—0

= lim lim inf{][ flw,x/e, £+ Vou(x))der: v e Wol’p(Q[;(xo))}
Qs (zo)

§—0e—=0

t=1/e

= lim lim inf{]{2 ( )f(w,y,§+Vv(x))dm: v E Wol’p(Q(;t(mo))}
st(txo

§—0t—+o0

= lim inf{][ flw,y, €+ Vo(z))dz : v e Wol’p(Qt(O))},
Q:(0)

t——+o0
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where the last equality is a consequence of the subadditive ergodic theorem [1] in
the sense that the limit in ¢ exists and is independent of xy and therefore also of 4.
This proves the full I'-convergence result and ergodicity implies that the integrand is
deterministic.

This approach has been extended to nonconvex integrands in [28] with the same
growth condition (1.2) and a quantitative continuity assumption in the gradient vari-
able compatible with the p-growth of f. The additional continuity assumption is no
major restriction since the relaxed functional has the same I'-limit and by a general
theory has an integrand that is quasiconvex in the gradient variable. For quasiconvex
functions satisfying the p-growth condition (1.2) the additional continuity estimate
comes for free (see [22, Prop.4.64]). To the best of our knowledge, the by now most
general stochastic homogenization result for integral functionals on Sobolev spaces
is [19], where the authors consider integrands f that are either convex with the lower
bound in (1.2) for p > d and such that sup,, , f(w,r,-) has zero in the interior of
its domain, but with no other growth condition from above, or nonconvex integrands
with a convex lower and upper bound of the above type together with a technical
upper semicontinuity condition (see [19, Def. 2.5]) that covers the case of adding non-
convex perturbations satisfying the p-growth condition (1.2) to a possibly unbounded
convex integrand. In this setting, the approach by Dal Maso and Modica no longer
works since no integral representation theorem exists for such functionals and there-
fore there is little chance to prove that the class of functionals is compact with respect
to I'-convergence.

More recently, also the discrete-to-continuum analysis of finite-difference models
on an e-scaled lattice either with random weights or a random geometry attracted
attention. Under the same p-growth condition (1.2) and a decay assumption for long-
range interactions, general homogenization results for discrete energies defined on an
e-scaled stationary stochastic lattice or on a fixed periodic lattice eZ? with stationary,
ergodic interactions were obtained in [2]. The latter case was extended to degenerate
weights with a finite range of interaction in [29]. More precisely, the authors consider
energies of the type

Eo(w,u)=e* Y > fo(w, 2/, Vule)),
z€eZiND e€&

where & is a finite set of edges and Vu(e) denotes the discrete gradient along the
edge e. Up to constants, the density f. satisfies the growth condition

(1.3) cAe(w, 2)[€]7 < felw, 2,8) < Ae(w, z)([€7 + 1),

but the weights A, are not required to be bounded uniformly from above and below
(in that case (1.3) and (1.2) would be equivalent). Instead, the following integrability
assumptions are taken into account (here and in what follows € denotes a probability
space):

~ Ae(+,0) € LY(Q) and AoV P7V (. 0) € L1(Q) if u is scalar-valued;
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256 M. Rur & Tu. Rur

~ Ae(+,0) € L*(Q) for some o > 1 and \J#4(-,0) € L*(Q) for some 3 such that
1 1 »p
1.4 —4+=-<5
(1.4) T3S

if u is a vectorial function.

In the scalar case, the authors need an additional 'convexity at infinity’ assumption
to be satisfied by f.. Note that the moment condition in the vectorial case is strictly
stronger than in the scalar case.

In this paper we consider a continuum version of [29], that is, we consider integral
functionals of the type (1.1) with the integrand f satisfying the degenerate growth
condition

(1.5) clEAw, 2)|” < flw, z,8) < [EA(w, 2)[P + Alw, x),

where A : QxR% — My is a diagonal matrix-valued function and A : QxR? — (0, +-00)
a measurable function. The novelty of our result is that we only assume the mo-
ment conditions |A(-,0)|?,A(-,0) € L'(Q) and |A(-,0)~*|P/(?=1) ¢ L(Q), both in
the scalar and the vectorial case, and we drop the convexity assumption at infinity.
These moment conditions are optimal in the sense that the multi-cell formula defin-
ing the homogenized integrand degenerates for some examples violating the above
integrability assumptions (see Remark 3.2 and Example 4.4). Note that the different
integrability exponents compared to [29] are due to the fact that the matrix A(w, )
occurs inside the pth power, while in (1.3) the edge weights A. correspond to the
pth power of the eigenvalues. The degeneracy via the matrix A allows us to consider
anisotropically degenerated integrands. However, the diagonal structure, that yields
a single weight for each partial derivative similar to (1.3), is crucial for our proof.
Besides joint measurability of f, the only further regularity assumption we make is
the lower semicontinuity in the gradient-variable, which we need for measurability
issues (cf. Lemma C.1).

Assuming the above degenerate growth condition together with the stationarity
and ergodicity of f, A and A (cf. Assumption 1), we show in Theorem 3.1 that u
F.(w,u, D) I-converges in L'(D,R™) to a deterministic functional Fyom that is finite
only on WHP(D,R™), taking the form

Fhom (1) = /D From(Vau(z)) da,

where the homogenized density is given by a standard multi-cell formula involving
minimizing the heterogeneous functional under affine Dirichlet boundary conditions.
Furthermore, the integrand fhom satisfies the standard p-growth condition (1.2).
In Theorem 3.3 we consider Lipschitz-continuous boundary conditions and an exter-
nal linear force, which both pass to the limit. In this case, compactness of minimizing
sequences (or, more general, energy-bounded sequences) holds with respect to weak
convergence in W1 (D, R™) and strong convergence in L% (=1 (D, R™). In order to
obtain the strong convergence with exponent d/(d — 1), in Theorem B.1 we prove
the complete continuity of the non-compact Sobolev embedding W1 — L4/(d=1)
that means, it maps weakly converging sequences to norm-converging sequences
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(cf. Theorem B.1). Very recently, D’Onofrio and Zeppieri obtained a similar stochas-
tic homogenization result [18], assuming additionally that the weights further belong
to the Muckenhoupt class A, (which ensures a slightly higher stochastic integrability
and gives more structure to the corresponding weighted Sobolev space) as well as
a local Lipschitz-continuity of f in the last variable. However, they also prove a
representation result for the I'-limit in the non-homogenization regime generalizing
earlier works [10, 16] in the scalar and convex case. To this end, one needs to work
in weighted spaces even in the limit € — 0, a setting for which our proof strategy is
not feasible.

In Theorem 3.6, we add an obstacle-type constraint of the form u > . on D (to be
interpreted componentwise), where ¢, converges weakly* in W>°(D,R™) to some
function ¢ € W1°°(D,R™). In the limit ¢ — 0 we obtain an obstacle problem for
Fhom with the obstacle ¢ and boundary condition g.

As in [29], the subtle point in the proof of the I'-convergence is the possibility
to locally modify a sequence on a small set with a controlled increase of energy
(this is the so-called fundamental estimate in the language of I'-convergence of local
functionals). In the non-degenerate setting, this can be done if the sequence converges
strongly in LP, where p is the growth-exponent of the integrand. However, in the
degenerate setting the corresponding term is weighted by |A(w, x/¢)[P. Moreover, the
strong convergence in LP might not be an appropriate topology for the I'-convergence
since we can prove compactness of sublevel sets of the energy only in W', We
overcome this issue using two ingredients: via a vectorial truncation, we show that up
to a small error in energy, we can assume that the sequence is bounded in L*°. In order
to pass to the limit in the critical term, we further have to control the oscillating
weight function |A(w,x/€)P. We prove a strengthened version of the ergodic theorem
in the sense that this family of oscillating functions converges weakly in L(D) for
almost every realization. The ergodic theorem yields the convergence when integrating
over cubes or, more generally, sets with a decent boundary, which would show weak
convergence if |A|P possessed higher integrability. In our setting however, to show the
weak convergence one needs to establish the ergodic theorem for averages of the form

][ A(w, /2)[P da
E

for an arbitrary Borel set E C D. We show the L'-weak convergence by an abstract
approach identifying the biting limit of the sequence (cf. Lemma 4.1).

In a second part of the paper, we focus on the convergence of the associated Euler-
Lagrange equations. To this end, we consider a strengthened set of assumptions,
namely we assume that f is strictly convex and differentiable with respect to the last
variable. In Theorem 3.8 we show that when f. — f in L4(D,R™), the unique weak
solutions of the degenerate elliptic PDE

—div(0¢ f(w, /e, Vu)) = f-  on D,
u=g¢g ondD

JIP — M., 2023, tome 10
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with finite energy converge almost surely to the unique weak solution of the PDE

—div(V fhom(Vu)) = fo on D,
u=g¢g ondD.

However, we emphasize that our result is naturally restricted to variational models,
that is, the monotone operator dfc has to be the gradient of a potential. It would
be interesting to study non-variational degenerate PDEs with variational techniques
(see [4] for the approach in the uniformly elliptic setting). However, this is beyond the
scope of the present paper. To deduce the above convergence statement for the Euler-
Lagrange equations from our I'-convergence result, two properties are of fundamental
importance: the strict convexity and the differentiability of fhom. To prove these two
properties, we establish a non-asymptotic formula for the homogenized integrand that
involves a single minimization problem on the probability space (cf. Lemma 4.13).
This formula is well-known in the non-degenerate case, but some care has to be taken
when extending it to our setting. From the single minimization problem it is quite
straightforward to show that strict convexity of the homogenized integrand is inherited
from the heterogeneous integrands. To prove differentiability we show directly that the
convex function fj,om is upper semidifferentiable in the sense of [6]. Let us mention that
in the non-degenerate, deterministic, but non-periodic case the differentiability of the
integrand of the I'-limit (which in that setting exists up to subsequences) was proved
under the assumption of convexity in £ and a local equicontinuity of the derivative
of O¢ f- in [23, Prop. 3.5], while the non-convex case was treated in [3, Th. 2.8] under
a global estimate on the modulus of continuity of O¢ f. (for the sake of completeness,
we prove the differentiability of fhom in the non-convex case with a corresponding
degenerate modulus of continuity in Appendix A).

The paper is organized as follows: in Section 2 we introduce the precise framework
and recall some notions from probability theory. We then present the main results in
Section 3, while the proofs are contained in Section 4. In the appendix we show the
differentiability of fhom without convexity assumptions, a measurability result, and
prove the complete continuity of the Sobolev embedding Wt < L4/(@=1) the latter
being independent of the rest of the paper.

2. PRELIM]NAR]ES AND NOTATION

2.1. GENERAL NOTATION. We fix d > 2. Given a measurable set S C R%, we denote
by |S| its d-dimensional Lebesgue measure. For x € R? we denote by |z| the Euclidean
norm and B,(z) denotes the open ball with radius p > 0 centered at x. Given g € R?
and p > 0 we set Q,(z0) = o+ (—p/2, p/2)?. We let M, be the set of real-valued d x d-
matrices equipped with the operator-norm |- | induced by the Euclidean norm on R.
We further define Dy be the set of diagonal matrices in My. For a measurable set
with positive measure, we define fs = ﬁ /. 5+ We use standard notation for LP-spaces
and Sobolev spaces WP, In case of functions W1 (D, R™), we always choose the
Lipschitz-continuous representative (which exists since D is an extension domain).

JIEP. — M., 2023, tome 10
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The Borel o-algebra on R? will be denoted by B¢, while we use £ for the o-algebra of
Lebesgue-measurable sets. Throughout the paper, we use the continuum parameter ¢,
but statements like € — 0 stands for an arbitrary sequence ¢, — 0. Finally, the
letter C stand for a generic positive constant that may change every time it appears.

2.2, StarioNariTy AND ERGODICITY. — Let = (,F,P) be a complete probability
space. We recall the notion of measure-preserving group actions.

Derinition 2.1 (Measure-preserving group action). — A measure-preserving additive
group action on (2, F,P) is a family {7,},cge of measurable mappings 7, : Q@ — Q
satisfying the following properties:

(1) (joint measurability) the map (w, z) + 7. (w) is F ® L4 — F-measurable;
invariance) P(m, F) = , for every F' € F and every z € RY;

2) (i i P(r.F) =P(F), f FeJand R?

(3) (group property) 7o = idg and T,, ., = T, 0 T», for every z1, 2o € R%

If, in addition, {7,},cgae satisfies the implication
P(r.,FAF)=0 VYzeR? — P(F) € {0,1},
then it is called ergodic.

We will use several times the additive ergodic theorem in the following form (see
[5, Prop. 2.1]):

Turorem 2.2 (Additive ergodic theorem). — Let g € LY(Q) and {7.}.cpe be a
measure-preserving, ergodic group action. Then a.s. for any bounded, open set
O C R? with Lipschitz boundary it holds that

I w)dz = Eg].
i f9(mw) de =Elg]

2.3. FRAMEWORK AND Assumprions. — Fix an open, bounded set D C R? with
Lipschitz boundary and let (©,F,P) be a complete probability space. For ¢ > 0,
we consider integral functionals defined on L'(D,R™) with domain contained in
Wht(D,R™), taking the form

F.(w,u,D) :/ flw,z/e, Vu(z))dz € [0, +o0]
D
with the integrand f satisfying the following assumptions:

Assumption 1. — The function f : Q x R? x R™*4 — [0, 400) is F @ L4 @ BmXd-
measurable and

(A1) for all w € Q and all x € RY the map ¢ — f(w,x, &) is lower semicontinuous;
(A2) let p € (1,4+00). For all w € Q,z € R? and ¢ € R™*? it holds that

clEA(w, )P < f(w,z,§) < [EA(w, )P + A(w, z),
with ¢ > 0 and jointly measurable functions A : Q x R — Dy and A : Q x R? —

[0, +00) such that |A(-,0)[?, A(-,0) € L*(Q) and |A(-,0)~ /=D ¢ L (Q);
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(A3) there exists a measure-preserving, ergodic group action {7,},cgra such that
f(rw,z,8) = f(w,z + 2,8),
AlTw,z) = A(w, = + 2),
ATw,z) = Aw, = + 2),
for all (z,w,z,&) € RY x Q x RY x R™*4,

Remark 2.3

(a) It would be more natural to require the properties in (A1) and (A2) for almost
every w € Q and almost every » € R%. Assumption (A3), however, can actually serve
as a definition given the random functions f(w,0,&), A(w,0) and A(w,0). If they
satisfy (A1) and (A2) almost surely for z = 0, then by [24, Lem. 7.1] properties (A1)
and (A2) hold for almost every w € Q and for every z € RY \ N, with a null set
N, C R? while (A3) holds pointwise. Our results remain valid in this setting with
obvious modifications in the proofs.

(b) Assumption (A1) will be only used to prove measurability of the stochastic
process whose limit defines the homogenized integrand. One can replace (Al) by
upper semicontinuity, which simplifies the proof of measurability since in this case an
infimum can be taken over a countable dense set.

(¢) The a priori weaker growth condition

EAw, ) — Alw,2) < f(w,2,€) < €AW, D) + A(w, )

can be treated by considering the new integrand f(w,z,¢) = f(w,z,§&) + Alw, ),
which satisfies Assumption 1 with the weight A= 2A, and which yields the same
I-limit except an additive constant given by E[A(-,0)]|D| (this is a consequence of
Theorem 2.2). The growth condition (A2) simplifies some estimates.

(d) Stationarity (A3) and the stochastic integrability assumptions in (A2) together
with Fubini’s theorem show that |A(w, )P, A(w,), |A(w, ) HP/P=1 ¢ Ll (R?) for
a.e. w € .

As explained in the introduction, we also consider a set of strengthened assumptions

to obtain further results on the stochastic homogenization of degenerate nonlinear
elliptic PDEs in divergence form.

Assumprion 2. — In addition to Assumption 1, for all w € Q and all z € R?, the
function € — f(w,x,&) is differentiable and strictly convex.
3. MAIN RESULTS

In this section we state the results of this paper. We first state the I'-convergence
result without boundary conditions and external forces. For reader’s convenience we
recall that

flw,z/e, Vu(z))de if ue WHY(D,R™),
F.(w,u,D) = /D
+00 otherwise on L'(D,R™).
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Taeorem 3.1. Under Assumption 1, almost surely as € — 0, the random integral
functionals u — F.(w,u, D) T-converge in L*(D,R™) to the deterministic integral
functional Fiom : LY (D;R™) — [0, +00] given by

Fhom(u) = / from(Vu(z))dz  if u € WHP(D,R™)
D
and +oo otherwise. The integrand is given by the asymptotic cell-formula

1
From(€) = im0 nf{Fy (0, (0,1)) - w € €+ W ((0,0), R™)).
Moreover, the function & — fhom(§) is continuous and satisfies the p-growth and
coercivity conditions

colélP < from(§) < ColéP + C1

with ¢ = cE[|A(-,0)~ P/ e-D])1=r Oy = supy, =1 E[[nA(-, 0)[P] and C1 = E[A(,0)].
Here c is given by Assumption 1 and the supremum with respect to n runs over R™*?,
Remark 3.2 (On the optimality of the integrability assumptions)

In [29, Rem. 2.3] the optimality of the integrability assumption |A(-,0)[? € L1(Q)
and |A(-,0)"HP/P=1) ¢ LY(Q) was discussed for the discrete setting in the following
form (stated for simplicity in the continuum): given £k € N and Q = (0,1)%, the
formula

fper(€) := lim E [inf{ flw,z,£ +Vu(z))de : v e Wgé}(kQ,Rm)H
k—-+o0 kQ

with periodic boundary conditions can degenerate in the sense that fper(§) = +00 or
fper(§) = 0 occurs for some examples and some & when one of the two integrability
conditions is violated. However, strictly speaking the equality fhom = fper is usually
proved under the assumption that I'-convergence holds (see, for instance, [29, §4.7])
and in general one expects only the inequality fper < fhom, S0 just the degeneracy
Jper(§) = 400 transfers to fhom(€). In Example 4.4 we slightly refine the argument
of [29] to obtain a stationary, ergodic integrand of the form f(w,x,&) = |[£A(w, )P
such that almost surely

lim inf{ flw,z,& + Vu(z))dz : u € Wol’l(kQ)}
kQ

k——+o0

_ J+oo if £ ¢ Rey and [A(+,0)[ ¢ L(Q),
|0 if€E€Re; and |A(,0)7LP/ =D ¢ L1(Q), but |A(-,0)|P € L1(Q).

If both integrability conditions are violated, we are not able to to pass from periodic
boundary conditions to Dirichlet boundary conditions in the case £ € Re;. Neverthe-
less, this example shows that our integrability assumptions are optimal for stationary,
ergodic media in the sense that in general the multi-cell formula with affine boundary
conditions degenerates when one of the two assumptions is violated.
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We next focus on Dirichlet boundary conditions. We also include a linear forcing
term. Given g € Wl’oo(Rd,Rm) and f. € LYD,R™), we define the constrained

loc
functional

F.(w,u, D)= [, fo(x) - u(w)dz if u € g+ Wy (D,R™),

3.1) F w,u, D) =
( ) e,fs,g( ) {—l—oo otherwise on LI(D,Rm)~

Note that the integral involving f. is finite for u € WH(D,R™) due to the Sobolev
embedding.

Turorewm 3.3. — Let g € W (RER™) and f., fo € LY (D, R™) be such that f- — fo
in LY(D,R™). Under Assumption 1, almost surely as ¢ — 0, the random functionals
urs F. g g (w,u, D) T-converge in L' (D,R™) to the deterministic integral functional
Fhom, fo,g : LY (D;R™) — [0, +00] given by

/D fhom(Vu(z)) dx — /D folz) - u(z)de fueg+ Wol’p(D7Rm)

and +oo otherwise. The integrand from ts given by Theorem 3.1. Moreover, any se-
quence ug such that

limsup F; . 4(w,us, D) < +00

e—0

is weakly compact in W5 (D,R™) and hence strongly compact in LY (=1 (D R™),

Remark 3.4. — The assumption g € VV&:O (R4, R™) ensures that u = g is admissible
in the infimum problem. Since |A(w,-)|P? only belongs to L (R?), the energy of g
is guaranteed to be finite only if Vg € L>(D,R™*%). The integrability imposed on
the external force f. is the most general that still guarantees coercivity of the tilted
functional under Dirichlet-boundary conditions. We could instead consider a fixed
element fj in the dual space WH1(D,R™)’. Taking an e-dependent family in this dual

space would lead to a technical notion of convergence, that we do not discuss here.

Remark 3.5 (Existence and convergence of minimizers). — By the general theory of
I'-convergence, Theorem 3.3 implies the convergence of (almost) minimizers to mini-
mizers of the I'-limit. To ensure existence of minimizers of u — F; ;. 4(w,u, D) it suf-
fices to assume that the map £ — f(w, x, &) is quasiconvex. Indeed, then the functional
is lower semicontinuous with respect to weak convergence in W11(D,R™) as can be
seen as follows: for fixed (w, ) € QxR and given j € N, consider the quasiconvex en-
velope fj(w,x,§) of & — min{j(1+¢]), f(w,z,&)}. Clearly 0 < fj(w,x,§) < j(1+(£]),
so that by [11, Prop. 9.5] the function f;(w, -, -) is a Carathéodory-function and by [11,
Th. 8.11] the corresponding integral functional is lower semicontinuous with respect to
weak convergence in W11 (D, R™). As shown in the proof of [26, Lem. 4.1] it holds that
fiw,z,8) 1 flw,z,§) as j — 400, so that F.(w,-) can be written as the supremum of
weakly lower semicontinuous functions and is therefore weakly lower semicontinuous
itself. The existence of minimizers can then be proved as in Lemma 4.16.
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Our third theorem covers the case of an e-dependent obstacle constraint on D.
In what follows, vector-valued inequalities are understood componentwise. Given ¢, €
Whee(D,R™) such that g > . on dD, we define

F. . g(w,u,D) ifu> ¢, ae in D,

400 otherwise,

F7s J(wou, D)= {
where Fy j, 4 is defined in (3.1).

Turorem 3.6. — Let g and f-, fo be as in Theorem 3.3 and let p., o € WH>°(D,R™)
be such that p. — @ in WL (D,R™). Assume moreover that g > @. on D for
all € > 0. Under Assumption 1, almost surely as € — 0, the random functionals
U Fi}a,g(w, u, D) T-converge in L*(D,R™) to the deterministic integral functional
o jo.g - LHD;R™) = [0, +00] given by

/ Jhom(Vu(z)) dx—/ fo@)-u(z)dz ifue g+WyP(D,R™) and u > ¢ a.e. in D
D D

and 400 otherwise. The integrand from ts given by Theorem 3.1. Moreover, any se-
quence u. such that

limsup F/5_  (w,ue, D) < +00
e—0 e

is weakly relatively compact in WH(D,R™) and hence strongly relatively compact in
Ld/(d—l) (D, Rm) .

Remark 3.7. — Similar to Remark 3.5, the existence of minimizers for fixed € > 0 is
guaranteed by the quasiconvexity of f in the last variable. Indeed, it suffices to note
that the constraint u > ¢, is closed under L!-convergence. Moreover, by the Sobolev
embedding we also have that g > ¢ on 9D, so that the limit functional is non-trivial.

Our last result concerns the stochastic homogenization of the Euler-Lagrange equa-
tions associated to F.(w,-, D). This is the only result where we consider the stronger
Assumption 2. For notational convenience, given g € Wli’coo(]Rd,Rm), we introduce
the affine energy space

Agelw) := {u € g+ Wy (D,R™): /D |[Vu(z)A(w,z/e)|P dz < —i—oo}.

Tueorem 3.8. Under Assumption 2 the function fuom given by Theorem 3.1 is
strictly convex and continuously differentiable. The derivative satisfies the estimate

IV fuom (€)] < C(1 4 |€[P71).

Moreover, let g and f., fo be as in Theorem 3.3. Then for almost every w € ) there
exists a unique weak solution ue ., € Ago(w) of the PDE

—div(0e f(w, /e, Vu)) = f. on D,

3.2
(32) u=g ondD.
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As e — 0, ue,, converges weakly in W(D,R™) and strongly in L¥@=1(D,R™) to
the unique weak solution u € g + Wol’p(D, R™) of the PDE

—div(V fhom(Vu)) = fo on D,
u=g ondD.

Remark 3.9
(a) The weak formulation of (3.2) has to be understood in the following sense: for
every ¢ € Ag . it holds that

| ocswafe Vu@)Vela)ds = [ o) pla)da.
D D

In particular, the equality is valid for all ¢ € WO1 °°(D,R™). The homogenized equa-
tion can be tested against all functions ¢ € W, *(D,R™).

(b) The differentiability of fhom can be proved without convexity assumptions.
In this case, the non-asymptotic formula for fiom in Lemma 4.13 is not available
and differentiability has to be proved starting with the multi-cell formula. For this
reason, we need a more quantitative C!-assumption on the map & — f(w,z, ). More
precisely, if we assume that for some ¢g > 0 and 0 < o < min{1, p — 1} the estimates

(3.3) 10ef(2,&) = Oc f (-, 2,&0)]
< alAC,2)| (A, 2) Y7+ |G AC )| + A 2))" - [(& — &) A( 2)|°
and
(3.4) 106 (2, 0)] < A(2)
hold true, then fiom is also continuously differentiable with

IV from (€)] < C(1+ [¢[P7).

Since this might be of interest in the quasiconvex case (where the bound (3.4) is auto-
matically satisfied), we provide a proof of this fact in the appendix (cf. Lemma A.1).
Note that by the chain rule (3.3) is satisfied by functions of the form f(w,z,§) =
g(£A(w,x)) with g a homogeneous and deterministic function satisfying the non-
degenerate version of (3.3).

The existence of solutions to (3.2) can be shown replacing the strict convexity in
Assumption 2 by the quasiconvexity of the map ¢ — f(w,z,&). Indeed, a close in-
spection of the proof of Lemma 4.16 reveals that, regarding existence, the convexity is
only used to show that F.(w,-) is lower semicontinuous with respect to weak conver-
gence in WhH(D,R™) and to have (4.38) available. As explained in Remark 3.5, the
quasiconvexity already implies the weak lower semicontinuity, while we prove (4.38)
for separately convex functions. We could formulate an analogue of Theorem 3.8 with-
out strict convexity, but assuming quasiconvexity and (3.3)—(3.4). However, solutions
might be non-unique and therefore convergence only holds up to subsequences.
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(¢) Theorems 3.1, 3.3 and 3.6 hold with a slight adaption without assuming ergod-
icity. In that setting the I'-limit can still be random and in the proofs one has to
replace the expectation by the conditional expectation with respect to the o-algebra
of (7.),ere-invariant sets whenever applying the additive ergodic theorem. However,
for Theorem 3.8 the ergodicity assumption is crucial to ensure that the deterministic
formula for fhom in Lemma 4.13 makes sense.

4. Proors

In this section we occasionally apply the (sub)additive ergodic theorem. In such a
situation we have to exclude a null set of 2. We stress that we apply the ergodic theo-
rem only countably many times (some care has to be taken when proving Lemma 4.3
below). For this reason, we do not always mention this step in the proofs, but assume
tacitly that the element w € 2 is chosen from a suitable set of full probability. In
particular, we can always apply Theorem 2.2 or the strengthened version in Lemma
4.1 below to A(w, -/¢), |A(w,-/¢)|P and |[A~ (w, -/e)[P/P—1),

4.1. THE ERGODIC THEOREM AS WEAK CONVERGENCE IN L1. — In this section we show a
strengthened version of the additive ergodic theorem in the sense of weak convergence
in LY(D).

Lemvia 4.1. — Let g € LY(Q) and {7.}.cre be a measure-preserving, ergodic group
action. Then for a.e. w € ) the sequence of functions x — g(7,/.w) converges weakly
in LY(D) as e — 0 to the constant function Elg]. In particular, for a.e. w €
the sequences of functions |A(w,-/¢)|P, |A(w, /&) HP/®P=Y and A(w,x/e) converge
weakly in L' (D) as e — 0 to the constant functions E[|A(-,0)|P], E[|A(-,0)"|P/(>=1)]
and E[A(+,0)], respectively.

Proof. — Splitting g into its positive and negative part, we can assume without loss
of generality that g > 0. Due to the Theorem 2.2, for a.e. w € ) it holds that
(4.1) lim + g(7,/.w)dr = lim g(tyw) dy = E[g].

e=0/p e—0 D/e
Hence for such w the sequence g(7./.w) is bounded in L'(D) and due to the bit-
ing lemma (see [7]) we find a function o, € L'(D), a subsequence £, — 0 and a
decreasing sequence of measurable sets (E;);jen with lim; .4 |E;| = 0 such that
9(7./e,w) = 04, in L'(D \ Ej) as n — oo for every j € N. In order to identify
the function o, we follow [7, §3] and consider the truncation of g(7.,.w) defined for
k € N by gex(w,z) := min{g(r,/.w), k}. For fixed k € N, the sequence g. r(w,-) is
bounded in L*°(D). Applying Theorem 2.2 to g. i, up to excluding another null set
in , we deduce that

gen(w,") = E[min{g, k}] in L=(D) as e — 0.
By the monotone convergence theorem it holds that

lim E[min{g, k}] = Elg],

k—+o0
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which according to [7, Prop. on p. 659] yields that o, = E[g]. Since we assume g to be
nonnegative, [22, Prop. 2.67] and (4.1) allow us to upgrade the biting convergence to
weak convergence in L'(D). Since the limit does not depend on the subsequence &,
this shows the claim. The second part of the lemma follows from Assumption 1. [

4.2. COMPACTNESS FOR ENERGY-BOUNDED SEQUENCES. We derive a compactness
property for the gradients of sequences u. with equibounded energy. Note that, in the
domain of the I'-limit, gradients have better integrability than in the compactness
statement. Finally, compactness for the sequence u,. itself can only hold with further
assumptions that allow us to apply a Poincaré inequality.

Lemma 4.2. For e >0 let u. € WHY(D,R™) be a function such that

sup F.(w,ue, D) < +00.
e€(0,1)

Then, as € — 0, the gradients Vu. are relatively weakly compact in L'(D,R™*%).
If moreover u. is bounded in L*(D), then, up to subsequences, there ewists u €
WP(D,R™) such that u. — u weakly in WH(D,R™).

Proof. — We first show that |Vu,| is bounded in L!(D). Hélder’s inequality and the
lower bound in Assumption 1 yield that

(4.2) /D|Vu5(x)|dxg/D|Vu€(:v)A(w,a:/5)|\A(w,x/s)_1|dx

<(/ |ws<x>A<w,x/s>|pdx)l/p ([ 1a.areyipioas)

<em 1 Fe(w,ue,D)KC

(p—1)/p

and due to Lemma 4.1 the right-hand side is bounded when ¢ — 0. This proves the
boundedness of |Vu.| in L!(D). Since D has finite measure, it remains to show that
Vue, is equi-integrable along any sequence €, — 0. We are going to show that

(4.3) lim sup lim sup/ |Vue(x)|dz =0,
k—+oco =0 Dn{|Vue|>k}

which implies the equi-integrability along sequences €,, — 0. Again Holder’s inequality

implies that

/ V()] do < OV ( / (A, 2/2) [P/ 2=D) dx)
DA{| Ve |k} DA{|Vu. >k}

Since |Vuc| is bounded in L*(D), it follows from Markov’s inequality that
IDN{|Vue| >k} < k™| Vel pypy < Ck™

(r—=1)/p

Using the equi-integrability of = — |A(w,z/e)" P/®~1) as ¢ — 0 (see Lemma 4.1),
we obtain (4.3) due to

lim lim sup/ |A(w, z/e) "L P/ P~V dz: = 0.
DA{|Vue |k}

k=400 0
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Finally, we treat the case when u. is also bounded in L'(D,R™). Then by standard
embedding theorems and the first part, we obtain that there exists u € W1(D,R™)
and a subsequence (not relabeled) such that u. — w in WH1(D,R™). It remains to
show that u € WHP(D,R™). Invoking Poincaré’s inequality, it suffices to show that
Vu € LP(D,R™*4). As in [29], this will follow from duality. For any p € L>(D,R™*4)
we have by weak convergence and Holder’s inequality that

/|Vu (z)]dx < hmlnf/ [Vue(z) - p(x)| dz
1/p
< lim sup (/ [Vue(x)A(w, x/e)P dx)
e—0 D
(p—1)/p
([ Mt afe) oD@ 0o )
D

(p—1)/p
< CYPlimsup (/ |A(w, z/e) P/ PV |p(z) [P/ (P~ D) d:z:) .
D

e—0

Using Lemma 4.1, we know that the integrand in the last line converges weakly in
LY(D) to the function x + E[|A(-,0)~ P/ ®P=D]|p(z) [P/~ from which we infer that

/ Vu(z) - p(x)| dz < CE[JA(, 0) 7 [P/ D) =020 1y ).
By density this estimate extends to the dual space of LP(D,R™*%), so that indeed
Vu € LP(D,R™*4), O
4.3. EXISTENCE OF THE HOMOGENIZED INTEGRAND. — Here we prove the existence of

the limit defining fLom(€). To this end, we introduce a suitable stochastic process to
which we can apply the subadditive ergodic theorem. Some care has to be taken when
dealing with different macroscopic gradients £ since the exceptional sets of w, where
convergence fails, should be independent of £. To this end, we establish a continuity
property that allows to extend the convergence from rational matrices & € Q™*? to
all matrices by deterministic arguments. Moreover, the continuity property implies
the continuity of & — fhom(£), which will be crucial for proving the upper bound for
the I'-convergence by density arguments.

Lemva 4.3, Given f satisfying Assumption 1, a bounded open set A C R? and
& e R™*4 we define

11e(w, 0) = inf{ Fy (w,u,0) : u—&x € W' (O,R™)}.

Then a.s. for every cube Q = x + (—n,n)* C R and all ¢ € R™*9 there exists the
deterministic limit

om = w tQ
fron(©) = lim o ne(,10Q),
which is independent of the cube Q. Moreover, we have the estimate

CO‘§|p < fhom(é.) g CO|§|p + Cl
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with co = cE[|A(-,0) P/ P=D11=P (¢ as in Assumption 1), Cy =supy, = E[[nA(-,0)/"]
and Cy = E[A(+,0)], and the function £ = from (&) s continuous.

Proof. In order to apply the subadditive ergodic theorem, we first need to establish
the integrability of the function w — pe(w, O). Measurability is proved in Lemma C.1
in the appendix. In order to show the integrability, we use the affine function u(z) = &x

as a candidate in the infimum problem. Since F} is nonnegative, the upper bound in
Assumption 1 implies that

(4.4) 0< / flw,z,6) d / |EA(w, )P + Aw, z) dz
From Tonelli’s theorem we infer that
Efue(-, 0)] < /OE[|§A(~,:¢)|P] +E[A( 2)] dz = (E[IEA(-, 0)[P)] + E[A(-, 0)])[O]

< (sup EllpAC 01§l + E[A(, 0)]) O],

Inl=1

(4.5)

where the equality follows from stationarity and a change of variables in ). Hence
pe (-, 0) € LY (). We claim that pg is 7-stationary in the sense that

(4.6) pe(Tow, O) = pe(w,0 + z)  for all w € Q.
Indeed, given v € &z + W' (O,R™), the map 0(z) = v(z — z) + £z belongs to
Er + WO1 ’1(0 + z,R™) and by stationarity of the energy density f we have
flw,z,Vo(x))dz = / flw,z + 2z, Vou(x))de = / f(rw,z, Vo(z)) da
O+z
which implies (4.6) by minimizing both sides. Finally, if (U;)7_; C R are bounded
open sets with

UU;jcO, UinUp=oforalll<j<k<n, ’0\ Uy, =o,
j=1

j=1
and for every 1 < j < n we are given a function v; € £z + Wol’l(Uj,Rm), then the
function v = 377, v;xv, belongs to &z + W, (O, R™) and therefore

pe(w, 0) < Fi(w,v,0) ZFl w,v;,U

Minimizing the right-hand side with respect to the variables v;, we deduce subaddi-
tivity in the form of

(4.7) pe(w, 0) < Zus(w Uj)

It follows from the subadditive ergodic theorem (see [1, Th.2.7]) that for a set of full
probability there exists the a priori random limit

(4.8) fow, &) := lim 1 e (w, nQ)

n~>+oo | Q|
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for all cubes of the form Q = z + (—k, k)¢ with integer vertices k¥ € N and 2 € Z%.
To extend the convergence to arbitrary sequences ¢ — +oo and general cubes QQ =
x + (-n,n)? with x € R? and n > 0, we argue by approximation following the
standard method in the non-degenerate case. Given & > 0, we choose xf;t € Q¢ and
n[;i € QN (0,+00) such that, setting Q(;i = a:ﬁi + (—ngt, ngt)d, it holds that

Q; CQCQy,
(4.9) dist(0Q7F,0Q) > 0,

Q51 = (1-9)QF |
Then there exists R = Rs € Z such that the cubes RQ? have an integer center and
integer vertices. Set t_ = |t] as the integer part of ¢ and write

tRQ = (tRQNt_RQ;) U (tRQ ~ t_RQ;).
From subadditivity (4.7), the nonnegativity of f and the bound (4.4) we deduce that

1
(w,tRQ) < HTQH pe(w, t- RQy)

(1P + 1) .
’ [tRQ| /tRQ\tRQ5| (w, 2)[” + Aw, z) da.

=:k(w,x)

1
(4.10) m#f

Due to (4.8), the first term on the right-hand side converges to fo(w,&) as t — 4o0.
We want to write the last integral as a difference of integrals over cubes. To this end,
note that the second condition in (4.9) implies that for ¢ large enough the inclusion
t_RQ; C tRQ holds true. Indeed, given z € Q5 we know that tRx € tRQ and
[tRz — t_Rx| < R|x|, but
dist(tRx, 0tRQ) = tR dist(z,0Q) > tR dist(0Qy ,0Q).
Hence indeed
1
tRQ| Jirqi_ro;
Theorem 2.2 applied to &, (4.10) and the third condition in (4.9) yield that
) 1
limsup ——— e (w, tRQ) < fo(w,€) + (|7 + DE[x(-, 0)]6.
t—+o0o |tRQ|

Since this estimate holds for all diverging sequences ¢ — —+o00, it follows from the
arbitrariness of § that

k(w, z) da.

B t\41Qs|
k(w,x)dz _]{RQ ki(w, ) dr — (7) W t_RQ;

1
lir_rzigop ol pre (W, Q) < fo(w, €).

A similar argument using the cubes tRQ and (t_ + I)RQCJ;r instead yields the reverse
inequality

1
fo(w,§) < ltlglﬁgof Q] pe (w, Q).
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We still need to prove that f is deterministic(™). To this end, it suffices to show that fo
is invariant under the group action 7,. Take any two cubes @1 € Q € Q2. Then for ¢
large enough it holds that

Q1 C t(Q + z/t) C tQo.

Using stationarity and subadditivity of ue, as well as (4.4), we obtain that for z € R¢
and Kk = |A|p +A

|tQ| N’ﬁ(TZW tQ) |tQ‘ M{(w t( + Z/t))

1 (1€ +1)
< 7 pe(w, tQ1) + 7/ K(w, ) dz
tQ.] " QI Ju@+z/t)~t0:

1 (1§17 +1)
< |75Q71| pe(w, Q1) + 7|tQ| /th\th K(w, x) dz.

Applying Theorem 2.2 to the last integral we infer that

(12w, tQ) < fo(w, &) + ([P + DE[K(-,0)] === Q] ~ |Gu]

QI

lim sup L
pﬂm|Q|f

Since Q1 € Q € Q2 were arbltrary7 we conclude that

(2w, Q) < folw,§).

lim sup I
FHW|Q|£

By a similar argument one proves the reverse inequality for the limit inferior, so that
T.w belongs to the set where the limit exists. Consequently fo(w,&) = fo(rw, &) for
almost every w € Q and every z € R%. Ergodicity then yields that fy is deterministic
and we call this value from(&).

It remains to prove the bounds for fiom. Let @ be a fixed cube. Since fhom is
deterministic, an application of Fatou’s lemma yields that
o) = Elfon(©)] < liminf ol 1Q)] < sup ElnA(.0)P] P + EIAC, 0,

*° Inl=1

where we used the bound (4.5) in the last inequality. In order to prove the lower
bound, note that for any v € x + Wol’l(Q, R™) Holder’s inequality yields

€l = ’]évv(ar)dx <]{2|W(x)|dx

1/p (p—1)/p
< ( |Vo(z)A(w, z)|P dx) < |A(w, z) "t/ P~ D dx) .
Q Q

Taking pth powers and using Assumption 1 we infer that

p—1
P < (qu( |A(w, )~ |p/p1dm) .

1
(DThis is well-known to experts, but we could not find a reference for R%- stationary, subadditive

processes.
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Rearranging terms we obtain by the arbitrariness of v that

(4.11) e (f, Mty dx) 6P < = e, Q).
Q IQl
Replacing @ by t@ and letting ¢ — +o00, Theorem 2.2 yields that

ck |:|A('7O)_1|p/(p_1)} o ‘§|p < fhom(f)'

So far we have proved the almost sure existence with an exceptional set depending
on ¢. In what follows, we remove this constraint. Fix &,¢& € R™*?. In order to
compare j¢ and jg,, we use cubes of different size. For a cube Q = x + (—n,7)? and
s > 0set Q(s) = x + (—sn,sn)? and fix § > 0. Then there exists a smooth cut-off
function ¢ = s, € C°(R%,[0,1]) such that

C
p=1ontQ, ©=0on R tQ(1+6/2), Vol oo (ray < 5
We first extend a given v € {x + Wol’l(tQ,R’”) to RY setting v(z) = £z on RY N tQ
and then define o € &z 4+ Wy ' (tQ(1 + §), R™) by
v(z) = p(x)o(z) + (1 — ()0

By the properties of ¢, the product rule, and Assumption 1, we can estimate
ey (wa tQ(l + 6)) <k (w7’67 tQ(l + 5))

< / flw,z,Vo(x))de —|—/ |Vo(2)|P|A(w, )| + Alw, z) dx
QUI+6)~tQ

< Fy(w,0,1Q) + C / s P DT RIPIER —Eoal” 187 + 6o + 1) o

< Fi(w,v,tQ) + C K(w, z)((0t)7P1E — &olP|z|P + |&P + |olP + 1) dx
tQ(146)\tQ
Since |z| < Cg(1+ 0)t on tQ(L + 6), for 6 < 1 we can pass to the infimum over v to
deduce that

pgo (W, 1Q(1+40)) < pre(w, 1Q) +C(07PI€ = ol + &P +[€o[” +1) /tQ(1+6) o k(w,z) dz.

Now assume that & € Q™*¢ and consider w in the set of full probability such that
the limit of ¢ — [tQ| pg, (w,tQ) at +o0o exists for all rational matrices & and all
cubes. Theorem 2.2 applied to s then yields that

(4.12)  from(&) < hm1nf|Q| pe(w, Q)

1
—Plg _ ¢ |P p p . _
+ 0PI =&l + € + 16" + VEISG 0] (1= i 7a)-
A similar construction based on the cubes tQ and tQ(1 — §) yields that

e1Q) < e (01QUL-0) +OG TGl +IeP +leoP+1) [ st
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which again by the ergodic theorem shows that

(4.13) limsup 1 e (W, Q) < fhom (&0)
t—too [tQ)

+CO(O7PlE = &ol? + |7 + [€ol” + DE[s(-, 0)](1 — (1 - 8)9).
Combining the two inequalities (4.12) and (4.13) then yields

1 .. 1
(wa tQ) < 1151£>n+12<f AT He (wa tQ)

lim sup
[tQ|

— U
{400 |tQ)] ¢
1

+ C(67I€ — &olf + €17 + ol + DE[(,0)] (2~ (1= 0)* = =—).
(1+9)
Considering a sequence of rational matrices that converges to £ and then letting 6 — 0
we deduce that

1 1
limsup — pe(w, tQ) < liminf — pe (w, tQ),
SiaTTo] e(, 1Q) < Jimief tQ e, 1Q)
so that the limit exists for such w and consequently the convergence statement indeed
holds for a uniform (with respect to £ and Q) set of full probability. It remains to
show the continuity of fhom. With what we have shown we can evaluate (4.12) for all
£,& € R™*? and infer that for all 0 < 6§ < 1 it holds that

_ 1
from(€0) < from(€) + C6 1€ — &l +167 + ol + DEIs(, 0] (1= 55 )
This estimate implies the continuity of from- O
4.4. OPTIMALITY OF THE INTEGRABILITY ASSUMPTIONS. — In the proof of Lemma 4.3

we have strongly used the integrability properties of the matrix A given by Assump-
tion 1. In this section, we show that they are indeed necessary to have a non-degenerate
model in the sense of Remark 3.2.

ExamrrLe 4.4. — We only consider the scalar case m = 1. The vectorial case can be
treated the same way arguing separately for each component. Following [29], we con-
sider a sequence A\, :  — (0,+00) of iid random variables. Those can be extended
to a random function A : Q@ X R — (0,400) via piecewise constant interpolation on
the intervals [k,k + 1) with & € Z. The resulting function, which is a priori only
Z-stationary and ergodic, can be turned into a R-stationary and ergodic weight with
the same piecewise constant structure using non-integer translations on an extended
probability space (for details on this construction, see [24, p.236]). We then define
the integrand f(w,,¢) = |£A(w,)|P, where the matrix A : © x RY — Dy is the
matrix A(w, ) = Aw, z1)I with I denoting the identity from R? to R%. By definition,
it holds that |A(w,z)|? = Mw,z1)? and |A(w,z) " [P/P=1) = \(w, z;)~P/P~1),

We first discuss the case E[A(-,0)?] = +o0. Fix u € Wy (kQ) and define the
lower dimensional cube Qg—1 = (0,1)471. Then for a.e. x; € (0,k) it holds that
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u(zy,-) € Wy (kQq_1) and by Tonelli’s theorem

k
][ (€ + V(@) A(w, o) da 2][ )\(w,xl)p][ (€0, £0) + Vyulas, y)P dy.
kQ 0 kQa—1

The inner integral on the right-hand side is minimal for u(z1,-) = 0 due to Jensen’s
inequality. Therefore

inf {][kQ (€ + Vu(e) A(w, )P dz : u € W (kQ)} > (52,...,gd)|Pin Mw, z1)P dz.

Combining a truncation of the weight A with the ergodic theorem, for £ ¢ Re; it fol-
lows that a.s.

(4.14) lim inf {][kQ |(§ + Vu(z)A(w,z)|Pdz : u e Wol’l(kQ)} = -00.

k—+o00

Next we consider the case when E[\(-,0)?/(P=D] = 400 and ¢ = e;. In order to treat
the case of Dirichlet boundary conditions instead of periodic minimizers, we need to
assume in addition that E[A(:,0)?] < +o0. Given s € (0, 1), we define the regularized
weight Ag(w,z1) = max{s, A(w,z1)} and the map u € W1(kQ) by u(z) = vy s(x1),
where

k -1 xry
v;w(xl):(][ )\S(w,t)‘p/(P‘l)dt> / Ao, )P/ P=D) gt — .
0 0

An elementary calculation yields that

k 1-p
As(w, z1)Pler + Vu(z)|P dz = (][ A (w, t) 7P/ (P~ 1) dt> .
kQ 0

Passing to the limit in k, it follows that
fpers(e1,w) : = limsup inf {][ As(w,z1)Pler + Vu(x)|Pdz : u € WS&} (k:Q)}
kQ

k—+oo
k 1-p
< lim (][ )\s(w,t)_l/(p_l) dt) = E[/\S(.7O)—1/(p—1)}1—p’

k— 400 0
where the last equality follows from the additive ergodic theorem. Since the weight A4
satisfies the deterministic estimate s < A; and is integrable, our I'-convergence result
in Theorem 3.1 holds and by standard arguments (see [29, §4.7]) one can prove that
almost surely

fpers(er,w) = klim inf{][kQ As(w,z)Pler + Vu(x)|Pdz : u e Woll(kQ)}

—+o0
Since A < A for all s > 0, we deduce that
E[Xs(-,0)"Y@=D)1=P > Jim sup inf {][ [(e1 + Vu(x)A(w, z)|Pdx : v e Wol’l(kQ)}
k—+o0 kQ

and letting s — 0 in the left-hand side, we deduce from the monotone convergence
theorem that

0= lim inf{][kQ [(e1 + Vu(z))A(w, z)|Pdx : u € Wol’l(k'Q)},

k—4oc0
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so that the multi-cell formula with affine boundary condition ejx degenerates.
By p-homogeneity it follows that we can replace e; by re; for all » € R and we obtain
the statement of Remark 3.2.

4.5. Proor or UNCONSTRAINED I'-coONVERGENCE. — Here we prove the I'-convergence
without boundary conditions and external forces, fixing a typical element w €
(cf. beginning of Section 4) such that in addition Lemma 4.3 holds. We first prove
the existence of a recovery sequence for a given map u € W1P(D,R™). We argue by
density using a piecewise affine approximation of u and then focus on a single cell T'
where the target function is affine with gradient £. We partition this cell (up to a
boundary layer) with small cubes. On such cubes @ we use a rescaled version of an
almost solution of the infimum problem defining ¢ (w,e~'Q). This construction will
lead to the following result.

Proposition 4.5. Given u € WHP(D,R™), there exists a sequence
u. € WH(D,R™)

such that ue — u in L*(D,R™) and

lim sup F (w, ue, D) < / Joom (Vu(z)) de.
e—0 D

Proof. For convenience, we define the abstract I'-upper limit of F, as the function
F’(w,-) : LY(D,R™) — [0, +oc] given by

F'(w,u) = inf{limsupFa(w,uE,D) D U. — uin Ll(D,Rm)}.
e—0

It is well-known that u + F"(w,u) is lower semicontinuous on L!(D,R™). We will

show that

(4.15) F”(w7u)</thom(Vu(x))da:

for all w € WHP(D,R™). Since D has Lipschitz boundary, we can assume without loss
of generality that v € W1P(R? R™). Due to the p-growth from above and continuity
of fhom, the right-hand side in (4.15) is continuous with respect to strong convergence
in WLP(D,R™). Hence by standard density arguments it suffices to prove (4.15) for
continuous, piecewise affine functions u : R* — R™, that means, there exists a locally

finite triangulation {7 };en of R? into non-degenerate (d + 1)-simplices such that u|r,
is affine for every ¢ € N and w is continuous. We will provide a local construction such
that u. € u + Wol’l(ﬂ,]Rm) for all 4 € N, which due to the continuity of u can then
be glued together to obtain a full recovery sequence u. € V[/'l(l)c1 (R?, R™). Hence for
the moment we consider a single simplex T' = T; and write u|r(z) = &z + b. Given

0 < § < 1, consider the set of cubes

Q(T) :={Q =62+(-6/2,6/2): 22, QC T}
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and define an interior approximation of T" by T := UQer (1) Q. We will define the
sequence us = U s separately on each cube in Qs(T). For ¢ > 0 and Q € Q5(T)
we choose ve g € Wol’l(Q/s, R™) satisfying

flw,z, &+ Vo(z))de < pe(w,Q/e) +¢
Q/e

for which we recall that
pe(w,Qfe) = inf{ flw,z, Vo(x))dz : v elr+ W&’l(Q/s,Rm)}.
Q/e

We then define u. on T (and depending on §) by
us(x) =&+ b+ Z eve,g(z/e)xq(x).

QeQs(T)

Due to the zero boundary conditions of v, ¢ it holds that u. € u—l—WOl’l(T, R™). From
Lemma 4.3 we know that

hm |Q/ | ,Uﬂf( 7Q/€) — fhom(f)‘

Using the upper bound for f in Assumption 1 and performing the change of variables
y = x/e, we can estimate the energy of u. on the simplex T by

F.(w,u., T Z / flw,a/e, £+V’U5Q($/€))d$+/ flw,x/e, &) dx

Qe9; (T T\Ts

< e et Vio@)dy+et [ (EPlAWaP + Aw) d

QEQ(;(T QJ/e (T'\Ts)/e

Since |Q/e| = |Q|e~? and Qs(T) is a family of pairwise disjoint cubes, we deduce in
the limit ¢ — 0 that

lim supFe (w, ue, T)

e—0
< T 1@l rom(©) + limsupet / EP|A(w, )P + Aw,y) dy
QEQs(T) =0 (TTs)/e

e—0

< [ om(Fuu) dy+ (7 + Dlimsupe’ [ A )P+ Ay dy.
T (T'\Ts)/e
The last limit can be treated with Theorem 2.2 applied to |A|P + A, which yields that

lim sd/(T . |A(w, )P + Alw,y) dy = |T ~ T5| E[|A(-, 0)|P + A(-, 0)].
NiLs

e—0

The right-hand side vanishes when § — 0. Summing up, we have proved that
(4.16) limsup Fe(w,ue,T)
e—0
< [ From(Vu@) do -+ (7 + DIT ~ T EIAC,0) + A 0).
T

We next consider the asymptotic behavior of u.. Due to (4.16) we can combine
Poincaré’s inequality and Lemma 4.2 to infer that w. is bounded in WhH(T,R™)
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and that up to a subsequence (not relabeled) u. — s in L'(T,R™) for some s.
Let us estimate the difference between s and the target function u in L'(T,R™).
By Poincaré’s inequality on the small cubes @ € Qs, we have that

lus — ull 1oy —hm Z /|EUEQ (x/e)]dx < C(Shmmf Z /|VUEQ (x/e)| dz

QEQa(T) QEQ Ty @

ca(|g||T|+hmmf 3 /g+w€,Q<x/5)dx)

QeQs(T)
< C(S(|§||T|+liminf/ |Vu8(x)|dx>.
e—0 T

Applying Holder’s inequality, the right-hand side can be further estimated leading to

1/p
= ullaacry < €O (1 iy ([ fGw/e, Vo) WiAGwe/2) oo i ).

Due to Lemma 4.1 and (4.16) the term inside the parenthesis is finite, so we con-
clude that s — u in L*(T,R™) as § — 0. Considering then the global sequence

€ WH1(RY,R™) and the corresponding L!(D, R™)-limit us, from (4.16) and lower
semicontinuity of u — F"(w,u) we deduce that

F"(w,u) < ligniélfF”(w,ﬂg) hmmf Z lim sup Fe(w, ue, T)
- TnD#ew 70

/fhom Vu(z /fhom Vu(z))dz + Z /fhom Vu(z

TﬂD;éJZ TNOD#Z

For the fixed piecewise affine function u, we can refine the triangulation with triangles
of arbitrarily small diameter and repeat the above construction to make the last term
arbitrarily small. Therefore

F(w,u) < /D From (Vau(z)) dz,

that is, equation (4.15) holds true for all piecewise affine functions, which concludes
the proof. O

Next we prove the I'-liminf inequality. The basic idea is to use the standard blow-
up method. The subtle point is that we need to locally adapt the boundary values
of a sequence with equibounded energy, which is beyond the standard framework
due to the presence of the weight A(w,-). We first prove the lower bound under the
assumptions that the sequence under consideration is bounded in L>°. With a vectorial
truncation we can then remove this restriction in a second step. Since we need the
vectorial truncation several times in the paper, we formulate it as a separate result
below. It is here where we need that A is a diagonal matrix.

Lemvia 4.6. — Let u. € WHH(D,R™) be such that u. — u in L*(D,R™) as
e — 0. Then for every 6 > 0 there exists a constant Cs > 0 and a function
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ue s € WHH(D,R™) such that ue s = ue a.e. on {Juc| <!} and for a.e. x € D
ue,s(2)] < fue(z)l,  fues(2)] < Cs.
Moreover, for € small enough it holds that

F.(w,ues5,D) < (14 0)F:(w,us, D) + 4.

Proof. — As proved in [9, §4], for every r > 0 there exists ¢, € C°(R™,R™) that is
1-Lipschitz, ¢,.(x) = x for |z < 7, [¢,(z)| < 2r and supp(¢,) C B3,(0). Note that the
1-Lipschitz continuity implies that |¢,.(x)| < |z|. Adapting [9, Lem. 4.1] to our setting,
we now construct a suitable truncation of u.. To this end, we discretize the co-domain
of u. and use an averaging argument to find a good truncation level. Fix N € N and
for 0 <i< Nletrg =N and ;41 = 3r;. Then N < r; < 3NV N < +00. We consider
the truncated sequence g ; =1y, ou.. By the chain rule Vu, ; =V, (u:)Vue, so that

Vue,; = Vue a.e.on {|uc| <r;}, Vuei(z) =0 a.e. on {|ue| = 3r; =riz1}.

In the intermediate region {r; < |uc| < 741} we use that A is a diagonal matrix. The
kth partial derivatives of u. ; satisfies

‘816’“671' = ‘V'(/}n (ua)alcua| < |akue|,

where the last inequality follows from the 1-Lipschitz continuity of t,,. Write A =
diag(Ar)¢_,. Then for the Frobenius norm | - | we have that

1/2
2) < (Z /\k(w,x/a)2|8kue|2>
k¢

1/2

Vi) Al /) = (5 Moo
k

= |Vue(2)A(w, z/¢)| -

Using the upper bound in Assumption 1, it follows from the equivalence of norms on
R™*4 that

F.(w,uc;, D) < F.(w,uc, D) —l—/ C|Vue(z)A(w, z/e)|P + AMw, x/e) dz

{ri<|uc|<riz1}

—|—/ Aw,z/e)dx
{luc|Zrig1}

By construction the sets {r; < |u.| < 741}, are pairwise disjoint and contained
in D, so there exists 1 < i, < N such that

N
Fe(w, uei,, D Z (w, e, D
< F.(w,ue, D / |Vue(2)A(w, z/e)|P dz + 2/ Aw,x/e) dx
< Fo(w,ue, D) + F (w, uE7D)+2/ Alw,z/e) dx.

Due to Lemma 4.1 we know that A(w,-/¢) is equi-integrable as e — 0. Moreover,
since u. converges in L', it follows that the set {|u.| > N} has small measure for N
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large uniformly in e. Hence, given § > 0 and £ > 0 small enough, there exists N5 > 61

such that
2/ Alw,z/e)dx <6
{lue|>Ns}
and 1+ C/Ns < 14 4. For such N5 we find that
Fow,uec;,, D) < (14 90)F.(w,ue, D)+ 6.

Since r;, > Ns > 671, it suffices to set u 5 := uc;, and Cs = 3V 1 N5, The property
|ue,5] < |ue| follows from the inequality [¢,(z)] < |z]. O

The following proposition establishes the lower bound for the I'-convergence state-
ment in Theorem 3.1.

Prorosition 4.7. — Let u. € LY(D,R™) and u € WHY(D,R™) be such that u. — u
in L*(D,R™) as e — 0. Then

/ Shom (Vu(z)) do < liminf F.(w, ue, D).
e—0
In particular, w € WP (D, R™) whenever the right-hand side is finite.

Proof. — Without loss of generality, we assume that the limit inferior is finite and,
passing to a non-relabeled subsequence, it is actually a limit. By Lemma 4.2 we
deduce that v € WHP(D,R™). Define the absolutely continuous Radon-measure v,
on all Borel sets B C D by

B):/Bf(w,x/a,Vus(x))dx

By our assumption, the sequence of measures v, is equibounded, so that (up to passing
to a further subsequence) . — v for some nonnegative finite Radon measure v
(possibly depending on w). Using Lebesgue’s decomposition theorem, we can write
dv = f(x) dz + do, with a nonnegative measure ¢ that is singular with respect to the
Lebesgue measure. Since D is open, the weak* convergence implies that
liminf F, (w,u., D) = liminf v. (D) > v(D) > / fla)ds

e—0 e—0 D
Hence it suffices to show that f(xo) > fhom(Vu(z)) for a.e. g € D. For z € D,
let 7, > 0 be such that Q,.(z) C D for all 0 < r < r,. Since v is a finite measure,
it follows that v(9Q,(z)) = 0 except for a countable number of radii r € (0,7;). The
Besicovitch differentiation theorem [22, Th. 1.153] and Portmanteau’s theorem imply
that for a.e. g € D we have (along a suitable sequence r — 0)

Qo) _ ()

r—+0e—0 'rd

flao) = hm
Therefore it suffices to prove that for a.e. zg € D we have

(4.17) lim inf lim inf flw,z/e, Vus(x))dz = fuom(Vu(xp)).

r—0 e—0 Qr ($O)
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In what follows, we let g be a Lebesgue point of u and Vu. To reduce notation,
we define the linearization of u at xg by Ly, »,(x) = u(zo) + Vu(zo)(z — o).

Step 1. — We prove (4.17) under the additional assumption that there exists Cyp > 0
such that

(4.18) sup ||z (p) < Co,

0<e<1

which also implies that v € L*°(D). Since ¢ is fixed in this step, we drop it from
the notation for cubes. Let us modify u. close to 0Q,: Given 0 < <1 and N € N
we define for 0 < ¢ < N the numbers 7, = 1 —ni/N and the cubes Q,,,. Note that
Qu—nyr C Qn;r C Q. For 1 <i < N we pick a cut-off function p; , € C=(R4,10,1])

such that ¢;,(z) = 1 on @, and supp(p;,) C @y, ,r, which can be chosen such
that |V, yllec < CN/nr. Define then the function u. ,, : D — R™ by

Ue, (7) = @i (@)ue () + (1 = @i (2)) Lu,ao (2)-
Since u. € WHY(D,R™) due to the global energy bound, it holds that wu.,, €
WL1(D,R™). By the product rule we have that

Ve n = Vin @ te + 0inVie — V@i 0 @ Ly g0 + (1 — @in) Vu(zg),
so that 0 < ¢;, < 1 implies the estimate
(4.19)  [Vue p, (2)A(w, z/2)[P < C(IVepi (@) [P luc(x) = Luyzo (@) A(w, z/e) [P

+ |Vue () A(w, z/e)|P + |Vu(zo) A(w, z/€)|?).

Since Ue y, = U o0 Q. and Ug 5, = Ly 2, OD R4~ Qy,_,r, we can estimate the energy
of ue ,, on Q, by

1 1 1
(4-20) rd FE(W» Us,anr) < o Fo(w,ue, Q) + d FE(Wa uE””]i)Q”]z‘—IT ~N Qnir)

1
+ ﬁ Fs(w7 Lu,woy Qr N Qni,ﬂ')-

We argue that the last two terms are asymptotically negligible for a suitable choice of 7.
To reduce notation, we set S;', = Qu,_,r \ Qp,,. Using the bounds in Assumption 1
and (4.19) we have that

1 1
2 Pl S) < o [ Vit (2) Aws /)P + A /e) do
C
< g /3 (N/(nr))Plue(w) = Lyzo () [P|Alw, z/€) [P + |Vue(z) Alw, x/¢)|P dz

1M

oz [ Fuleo) A,/ + Aw,a/e) da

im

C
<S([ O se) = Ly OPIAG /P o 4 Fefiore T, )

T c
+ 7/ |Vu(zo)|P|A(w, z/e)|P + Alw, x/e) d.
" JQrQu-
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To bound the last term in (4.20), we argue similarly and obtain that

1 c
e Ly @~ Qo) S g [ Vaao) Al /D) + Alwya/z) da
QT\Q(lfn)r
Combining the last two estimates and summing (4.20) over 1 < ¢ < N, the fact that

the sets (Sm)ﬁ\;1 are pairwise disjoint and all contained in @, ~ Q (1—n)r implies that

1 1 1 C
NZ? WuemaQr)\* s(w,ue, Qr) + Nrd Fe(w, ue, Qr \Ql 77)T)

CNP 1
+ / 0(2) — Luao (@)P| A, 2/2)P da
C
+Z IFu(w0) Pl A(w, o/e)|? + Aw,z/e) da

Td QT\Q(lfn)T
Taking i. = ic, € {1,...,N} such that F.(w,ucy,, ,Qr) < Fo(w,ucy,,Q,) for all
1 <i < N, the energy of the corresponding sequence is bounded by
C

1 1
(4-21) ﬁ FE(W; Ue,n;, s Qr) < (1 + N) ﬁ Fe(wa Ug, Qr)

CNpr—1
o [ )~ Lo @A /)P s
T V(o) Alw, /)P + Alw, z/e) da

Qr~Qu—n)r

We now pass to the limit in €. Due to the construction it holds that
Ue ;. — u(wo) + Vu(xo)rg € Vu(xo)r + Wt (Q,, R™).

Since the energy is invariant under the shift u — u + a for any fixed a € R™, by a
change of variables from @, to Q../¢ we conclude that

1 1
pa Felortien s @r) 2 g gy 1outeo (4 @ /€)

For the last integral in (4.21) we can use the ergodic theorem. The other integral in
(4.21) is the nontrivial term in the case of degenerate growth conditions. Since we
assume that u. is bounded in L°°(D) and converges in L'(D) to u, (up to a subse-
quence) we can assume that |us(z) — Ly g, (2)|P converges a.e. to |u(z) — Ly g, ()P
and is uniformly bounded. Moreover, we know from Lemma 4.1 that |A(w, -/€)|P con-
verges weakly in L(D) to E[|A(-,0)|P]. By [22, Prop. 2.61] the product thus converges
weakly in L!(D) to the product of the limits. Hence by Lemma 4.3

N 1
mfhom(Vu(xo)) hmlglfr— (w,ue, Q)
NP1
+OBIACOP) S [ 106) ~ Ly @) do

C (E[JA(,0)”]| Vu(zo) P + E[A(-,0)]) (1 = (1~ n)?).
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Our construction allows us to consider the following order of limits: first we let » — 0.
Since u € WP(D,R™), the LP-differentiability of Sobolev functions (cf. [21, Th. 2,
p.230]) yields that

im — _ Py —
}1_)1110 ), |w(x) — Ly (2)|P dz = 0.

In a second step we let n — 0 and N — +o0o and conclude that
1
from(Vu(xo)) < liminf liminf — F(w, ue, Qr),
r—0 e=0 r

which coincides with (4.17).

Step 2. Now consider a general sequence u. € WH1(D,R™) such that u. — u in
LY(D,R™) and with equibounded energy F.(w,u., D). Instead of proving (4.17), we
directly show the lower bound using Lemma 4.6. Given 6 > 0, let u. 5 € W11(D,R™)
be the function given by Lemma 4.6, so that

1
. < . s
llgi:(glf F.(w,ue, D) > s 1121;151f F.(w,ue5,D) =0

In particular, by Lemma 4.2 it follows that (up to a subsequence) u.s — us in
WhH(D,R™) with us € W1P(D,R™). From Step 1 and the uniform boundedness of
ue,s we infer that

1
llgélf FE(UJ, Ug, D) = m /;) fhom(vué(x)) dz — 0.
Hence it suffices to show that

(4.22) lignjglf/[) fhom(VU5(x))dx>/thom(Vu(x))dx.

Since ue s = ue on {|uc| < 571}, it follows that us = u a.e. on {|u| < §7}. More-
over, it is a consequence of Lemma 4.6 that |us(z)| < |u(z)| a.e. on D. Domi-
nated convergence thus implies that us — u in L'(D,R™), while Vus is bounded
in LP(D,R™*?) due to the p-growth from below of fiom (cf. Lemma 4.3). Hence
us — u in WHP(D,R™). Finally, note that by what we have proved we already know
that us = u for 0 small enough if v € L*°(D,R™). Hence, we have identified the
[-limit on WP (D, R™) N L>°(D,R™). Since fhom has p-growth and the I-limit has
to be lower semicontinuous on L'(D), it follows by standard results ([11, Th.8.4])
that from is quasiconvex. Hence the integral functional

un—>/th0m(Vu(x)) dx

is lower-semicontinuous with respect to weak convergence in W?(D,R™) (see [11,
Th.8.11]) and therefore we obtain (4.22) which concludes the proof. O

Proofof Theorem 3.1. — By Lemma 4.2 the I-limit is finite only on W1P(D,R™).
Propositions 4.5 and 4.7 yield the I'-convergence statement, while the properties of
fhom are proved in Lemma 4.3. O
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4.6. PROOF WITH BOUNDARY DATA. In this section we fix a boundary condition g €
VVI})SO (R4, R™) and prove a compactness statement and the corresponding lower and
upper bounds when the functionals are restricted to maps u. satisfying the boundary
condition u, = g on D in the sense of traces. The case of external forces is postponed

to the next section.

Levvia 4.8, Let u. € g+ Wy (D,R™) be such that

sup F.(w,ue, D) < +00.
£€(0,1)

Then there exists u € g + Wg’p(D,Rm) such that up to a subsequence u. — w in
WEHD,R™) and u. — u in L%(D,Rm).

Proof. — Due to Lemma 4.2 and Theorem B.1, the convergence follows once we show
that u. is bounded in L'(D,R™). This is a consequence of Poincaré’s inequality since
by Lemma 4.2 Vu, is bounded in L(D,R™*4). It remains to prove that u = g on dD.
Since u. — u in WH(D,R™), the trace of u. converges weakly in L!(99) to the trace
of u. Hence u = g on 0D in the sense of traces and therefore u € g+W01’p(D, rR™). O

Next we prove the lower and upper bound with active boundary conditions.

Prorosition 4.9. — Let u. € g+ Wy (D,R™) be such that ue — u in L'(D,R™)
and moreover liminf,. g F.(w,us, D) < +00. Then u € g+ Wol’p(D7Rm) and

/ Jhom (Vu(z)) dz < liminf F. (w, ue, D).
D e—0

Proof. — By Lemma 4.2 we know that u. — u in WHY(D,R™) and u € g +
VVO1 P(D,R™). The lower bound is a consequence of Proposition 4.7. ]

Prorosirion 4.10. Let u € g+ WyP(D,R™). Then there exists u. € g +
Wy (D,R™) such that ue — u in L*(D,R™) and

limsupFE(w,ug,D)é/ from (Vu(z)) de.
D

e—=0

Proof. — By density it is enough to prove the claim when u—g € C°(D,R™). Due to
Proposition 4.5 we find a sequence u. € Wh(D,R™) such that u. — u in L*(D,R™)
and

(4.23) limsupFE(w,us,D)g/ from(Vu(z)) de.
D

e—0

We modify u. near 0D such that it belongs to g + Wol’l(D,Rm) with a negligible
increase in energy. This will be achieved by certain convex combinations as in the
proof of Proposition 4.7. Hence we need again to truncate the sequence u.. Using

JIEP. — M., 2023, tome 10



STOCHASTIC HOMOGENIZATION OF DEGENERATE INTEGRAL FUNCTIONALS 283

Lemma 4.6, for every § > 0 there exists Cs > 0 and a sequence u. 5 € Wh1(D,R™)
with the following properties:

(4.24) l|lue,5]| Dy < Cs,

(4.25) Ues = ue  a.e. on {|u| <5,

(4.26) |ue s (2)] < |ue ()],

(4.27) limsup F; (w, ue 5, D) < (1 + 6)limsup F. (w, ue, D) + 6.
e—0 €

Choosing ¢ sufficiently small, we can additionally assume that

(4.28) [ull o= (D) + llgll Lo () < 671

Next, let n > 0 be such that {x € D : dist(xz,0D) < n} C {u = g}. Given N € N and
0 <7 < N we define the sets

D; = {z e D: dist(x,0D) > %n}

and for 1 < i < N we choose a cut-off function ¢; € C(R%, [0, 1]) such that ¢; =1
on D;, supp(pi) C Di—1, and [|[V;|| o @e)y < CN /7. We then define the interpolation
between u. 5 and g by

(4.29) Ue 5 = pities + (1 — @3)g € g+ Wo (D, R™).

In order to estimate its energy we can argue as for (4.20) and the subsequent estimates

to obtain
Fo(w,ue s, D) < Fo(w,te5,D) + Fe(w, e 54, Dic1 N D;) + Fe(w, 9, D \ D;_1)

F.(w,ue5,D) + CF(w,ue5,Di—1 ~ D;) + (1 + C)F.(w, g, D\Dy)

+ C/ (N/1)Pue,s(x) — g(2)[P|Alw, z/e)[” + Alw, z/e) dz.
D; 1\D;

<
<

The sets {D;_1 \Di}f\il are pairwise disjoint and contained in D~ Dy . Hence, similar
to (4.21), for every € > 0 there exists 1 < i. < N such that, setting u’;(s = Ugs,,, it
holds that

(430) Fo(wuly D) < (14 5 )Fa(w,ueg, D) + (1 + C)Felio,g, D D)

e 5 L @) = g@)PLAGw. a2 + Al e) de

To pass to the limit in &, we need to bound the last two terms. Since g € W1°° (D, R™),
we conclude that

Fe(w, 9, D~ Dy) < ([[Vgllzep) + 1)/ |A(w, z/e)” + Mw, z/e) dz.

D~\Dn

The definition of Dy yields that D\ Dy C {z € D : dist(z,0D) < n}. The measure
of the latter set vanishes as n — 0. Lemma 4.1 on the L!-weak convergence in the
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ergodic theorem then implies that for n = n(J) small enough, it holds that

(4.31) limsup(l + C)F.(w,g,D ~ Dy) +— Aw,z/e)dx
=0 D~Dy

In order to bound the last term in (4.30), we note that due to (4.24) the function
x> |ue 5(x) — g(x)|P is uniformly bounded as e — 0. Moreover, for a.e. x € D\ Dy,
due to (4.28) we have along a subsequence

4.25
g(r) = u(x) = 6hglo uc, () (425) Ehglo ue; 5(),

so that we can apply [22, Prop. 2.61] and deduce that
lim ue; 5(x) — g(x)|P|A(w, z/c5)|P dz = 0.
8j—>0 D~Dx

The limit is independent of the subsequence, so this convergence is valid along any
sequence € — 0. Combined with (4.27), (4.23), and (4.31), the estimate (4.30) with
C/N < 0 yields

(4.32) lim sup F.(w, uZ 5, D) < (1+ 5)2/ Jhom(Vu(z)) dz + 20.
e—0 D

We finally argue that u? 5 — u in L'(D,R™). Due to (4.28) and (4.25), we know that

along a subsequence, for a.e. x € D, it holds that

u(z) = lim v, (z) = lim u.; 5(x).
e;—0 ej—0 7

Since
u, 5(z) = pi (@)ue,; 6(2) + (1 — @i (2))g(2)
_ {ugjﬁ(x) on Dy,
@i (2)ue;,5(x) + (1 — pi(z))u(z) on D\ Dy,

it follows that along the same subsequence we have uZ ;(z) — u(z). Due to (4.26)
we can apply Lebesgue’s dominated convergence theorem to deduce that (now along
the whole sequence) u? ; — u in LY(D,R™). Since § > 0 was arbitrary, a diagonal
argument in (4.32) proves the claim. |

4.7. PROOF WITH BOUNDARY DATA AND EXTERNAL FORCES. Here we add the linear
force term to the energy. As I'-convergence is stable under continuously converging
perturbations, the proof comes almost for free.

Proofof Theorem 3.3. — We first show the compactness statement. Repeating the
estimate (4.2), we have that

<|D|][ —1p/ (=1 dy)lp (/D Vug(x)|dx)p < CF.(w,ue, D).
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Applying the ergodic theorem to the first integral on the left-hand side, we deduce
that there exists a constant C' > 0 such that for £ > 0 small enough we have

1
(4.33) Vol HVUE|\’£1(D) < Fo(w,ue, D).
Set ¢ = p/(p — 1) as the dual exponent of p. From Holder’s inequality, the Sobolev
embedding, Young’s inequality, and Poincaré’s inequality in T/VO1 ’1(D, R™), we deduce
that for any § > 0 it holds that

Amw%mm

< | fellpapyluell Lasca-n (py < CllfellLacpy lluellwra oy

05_ C(Sp
- ||fa||Ld(D D Huellﬁvl,l(p)

05_ CoP
I ”fe”Ld(D D (HVUSHil(D) + ||9||€V1,1(D))-

From (4.33) we conclude that for § small enough

/ fe(z) - uc(x

In particular, since f. is bounded in L4(D,R™), a bound of the form

Cﬁ,p”fe” D)"’ F(W Ue, )+||9||€v1,1(0)~

lim sup (Fg(wm@D) - /D fo(z) - ue () dx) < 400

e—0

implies that F.(w,u., D) is bounded as ¢ — 0 and therefore the compactness state-
ment follows from Lemma 4.8. Since u. — u in L%@=D (D, R™) implies that

iy [ @) u)do = [ poto)

the T'-convergence follows from the result without external forces (see Propositions

4.9 and 4.10). O
4.8. PROOF FOR THE OBSTACLE PROBLEM. — The last constraint we treat is u > ¢..
Proof of Theorem 3.6. — To reduce notation, we just consider the scalar case m = 1,

but the same arguments can be applied for every component. Moreover, since g enters
the problem only with its values on D, we can replace it by another W1>°(D)-
function that has the same trace. We construct such a function g satisfying g > .
on D for all £ small enough, which turns out to be convenient for the proof. Note that
such g also satisfies § > ¢ in D since . — ¢ uniformly on D. To construct g, we fix
a large constant ¢, > 0 and set ¢(z) = min{1, dist(z,0D)} and

9(x) = cyd(x) + (1 = o(x))g()-

Then g € W1°°(D) due to the Lipschitz continuity of the distance function. Moreover,
for # € D let x, be any point such that |z — z,| = dist(z, dD). Since g > ¢. on 0D
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by assumption, we obtain

9(x) = pe(x) = d(x)(cy — 9(x)) + g(x) — g(xp) + ¥e(2p) — 9:()
P(@)(cg — 9(x)) = Cla -z,
< {cg —g(z) — Cdiam(D) if dist(z,0D) > 1

|z — xp|(cg — g(x) — C) otherwise,

2
2

where in the penultimate estimate we used that g + ¢. is bounded in W1°°(D) as
e — 0, so that by the Lipschitz regularity of 9D the sequence g+ ¢. is equi-Lipschitz
on D as e — 0. For ¢, large enough the right-hand side terms in the above estimate
are nonnegative. Finally, it holds that ¢ = g on 9D, so that from now on we may
assume that for £ > 0 small enough

(4.34) g > max{p,p.} on D.

We now come to the actual proof. Note that when u. — u and ¢. — ¢ in L*(D), the
condition u. > ¢, a.e. implies that u > ¢ a.e. Since Ff} g(w,u, D) > F, ;. 4(w,u,D)
for all u € L'(D,R™), the compactness property and the I-liminf inequality follow
from Lemma 4.8 and Proposition 4.9, respectively. Therefore it suffices to show the
[-limsup inequality. Without loss of generality we set f. = 0 since the linear term is a
continuously converging perturbation with respect to weak convergence in W11(D).

For the moment, we ignore the boundary condition g and consider a general map
u € W (D) such that u > ¢. For n > 0 consider the function u, = u+1n €

W1ee(D), which satisfies
(4.35) Uy = @+ 1.
Fix § > 0. By Lemma 4.6 we find a sequence u. s, € W1 (D) such that [[uc s, <

Cs, Ue 5y — uy in LY(D) as e — 0 and

105 F. @i D) < (14 0) [ from (Vi () +
D

e—0

= (1+5)/thom(vu($))d$+5

In order to satisfy the constraint, we introduce v, 5, = max{u. s, -} € WH(D).
Writing ve 5, = max{p. — uc 5,0} + uc 5., we see that ve 5, — u, in LY (D) and
from the chain rule it follows that a.e. in D we have

vvs,é,n = V(S@s _Us,é,n)X{¢5>uE,5,n} +Vus,6,n = V@sX{gag>uE,5m} +vu5,5,nX{cp5<uE,5,n}~
Using the upper bound in Assumption 1 and the nonnegativity of the integrand f,
we deduce that

Fo(w,ve 5, D) < Fo(w, Ue 5., D) +/ Ve (2)P|A(w, z/e)|P + Alw, z/e) da

{pe>uc,6,n}

< Fo(w,ue 5.0, D)+ (IVeelloo + 1) / |A(w,z/e)|P + Aw,z/e) dx

{@s>us,5,n}
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We claim that the last term vanishes as e — 0. Since ¢, is bounded in W1°°(D)
and x — |A(w, z/e)|P + A(w, z/¢) is equi-integrable by Lemma 4.1, it suffices to show
that [{¢- > uc 5, — 0 as e — 0. Since p. — ¢ and uc 5, — u, in L*(D), this is a
consequence of (4.35). Summing up, we have constructed a sequence v 5, € wWti(D)
such that ve 5., — uy in LY(D), [[ves,]l < Cf, ve 5 = @ in D and
limsup Fe(w, ve,6.5, D) < (1 +9) / Shom (Vu(x)) dx + 6.

D

e—0
Since u, — u in LY(D) as n — 0, using a diagonal argument we find a sequence
u. 5 € WHH(D) such that ucs — u in L'(D) as € = 0, [Jucsloo < C§, ues = pe
in D and
limsup F. (w, e 5, D) < (1 +5) / From(Vu(x)) da + 6.
D

e—0

Next we include the boundary condition g. Fix u € ngWol’p(D) such that u > p a.e.
In order to repeat the argument for Proposition 4.10 we need to reduce the analysis
to the case that u — g has compact support in D and that w € L°(D). To this end,
consider a sequence u, € g + C°(D) such that u, — u in W1P(D). In general,
this sequence does not satisfy the constraint u, > ¢ a.e. Hence, we consider the
modified sequence v, = max{u,,p} € W>(D). Since g > ¢ on D, the function
v, — g € WH(D) has compact support in D and v,, > ¢ a.e. Moreover, writing
v, = max{p — un,0} + u,, the Lipschitz continuity of the map z — max{z,0} and
the convergence u,, — u in W1P(D) imply that v, — max{p — u,0} +u = u in
WP(D) (cf. [27, Th.1]). As a consequence, it suffices to show the upper bound for
functions u € W°°(D) such that u—g has compact support in D and u > ¢. From the
above argument we know that for every § > 0 there exists a sequence u. s € W1(D)
with ue s — u in L'(D) as € = 0, |Jucs/loo < C§, ues = ¢- in D and

limsup F.(w,ue, D) < (1+9) / Jrom(Vu(z))dr + 6.
e—0 D

We modify the sequence u. s in the same manner as in the proof of Proposition 4.10.
The estimates are analogous, but we have to ensure that the constraint is preserved.
To this end, recall that due to the boundedness in L>(D), the only modification is
the adjustment of the boundary condition via a convex combination of u. s and g
(cf. (4.29)). Due to (4.34) this construction still dominates ¢.. The remaining part of

the proof is unchanged and we conclude by a diagonal argument with respect to §. [

4.9. STOCHASTIC HOMOGENIZATION OF THE INULER-LLAGRANGE EQuATIONS. — In this sec-
tion (and only here) we add Assumption 2 to the setting. In order to prove the
differentiability and strict convexity of the homogenized integrand, we first derive a
non-asymptotic formula for fyon, that is well-known in the non-degenerate setting
(see, for instance, [24, Chap. 15] or [19, Lem. 3.7]).

Define the set

(4.36) Fo,={he LYQ,R?) : E[h] = 0 and for a.e. w € Qand all 1 <i,j < d
the function @ — h(r,w) € L (RY RY) satisfies 9;h; — d;jh; = 0 on R?}.
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Even though d # 3 in general, we refer to the distributional equality 0;h; — 0;h; =0
as h being curl-free. The following lemma holds.

Lemva 4.11. The space Foo; is a closed subspace of L'(2,R?). Moreover, given
h € Fy, there exists a map ¢ : Q — Wl1 1(Rd) such that Vo(w,z) = h(r,w) almost
surely as maps in LL (R R?) and such that for every bounded set B C R? the maps
w = @(w,) and w — Ve(w,-) are measurable from Q to L'(B) and to L'(B,RY),
respectively.

Proof. — FJ, is a linear subspace of L*(€2,R?). To show that it is closed, consider
a sequence h,, € F} such that h, — h in L*(Q,R?). Then E[h] = 0 and, as shown
on [24, p.224], the convergence implies that (up to a subsequence) it holds that
z = hy(raw) — x — h(rw) in LL (R R?) for almost every w € 2. Hence it
follows that h € Fgot Next, we argue that for almost every w € € there exists
o(w,-) € Wb (RY) such that Vi (w, x) = h(r,w) as elements in L] (R R). Since 0
is complete, we can assume without loss of generality that 0;h; = 0;h; for all w € Q.
To reduce notation, we temporarily suppress the dependence on w and just write
h = h(z). Given n > 0 we consider the regularization h,, = hx6,, where 0, € C2°(R?)
is a family of standard mollifiers. Then h,, € C°°(R?,R%) and due to Fubini’s theorem
it follows that in a distributional (and hence classical) sense 0;h, j — O;hy; = 0 for
all 1 < 4,7 < d. By the classical Poincaré lemma on simply connected domains there
exists a functlon ¢, € C®(RY) such that Vi, = h,, and fB ) ¢ndz = 0. Fix now
any ball B’ centered at the origin and containing B;(0). Then we have a Poincaré

inequality of the form
/ lu —][ y)dy|dz < C(B ’)/ |Vu|dz  for all u € WH(B).
’ Bl B’

By well-known properties of convolution, we have that Vo, — h in L'(B’,R%) and
by the Sobolev embedding also ¢, — ¢ for some ¢ € W(B’) with Vo = h in B'.
Since B’ was arbitrary, we conclude that ¢ € Wll)cl (RY) with V¢ = h. Moreover,
it follows that for any bounded set B C R? we have that ©n — ¢ in WH1(B). Hence
the measurability properties of the map w — ¢(w,-) and its gradient follow once we
prove them for the approximating map ¢, (w, -) and its gradient. The construction by

convolution yields an explicit formula for ¢, which reads

gpn(w,x):/ hy(w, tz) - xdt = // (Tyw)by (tx —y) - xdy dt.
0 R

Since we assume that (w,z) — 7,w is jointly measurable, it follows from Fubini’s
theorem that h,, is measurable in w, and by smoothness also continuous in its second
variable. Hence h,, is jointly measurable and again by Fubini’s theorem and regularity
in the second variable, we deduce that ¢, is jointly measurable. By construction,
Ve, = h, is also jointly measurable. Then by [20, Lem.16 b), p.196] the maps
w = op(w, ) and w — Ve, (w, ) are measurable with values in L'(B) and L*(B,R%),
respectively. This concludes the proof. |
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We shall also need a suitable estimate for the local Lipschitz constant of £ —
f(w, z, &) that we prove in the next lemma. We show a slightly more general statement
to include the claim in Remark 3.9 b).

Lemma 4.12. — In addition to Assumption 1, assume that the map & — f(w,x,§)
is separately convexr. Then there exists a constant C = C(p,d + m) such that for all
y:= (w,7) € Q x RY and all &, & € R™*4

<O ((AW"7 + 180AW) | + S AW) ™ + AW P~V [(&1 — &) Ay) -

In particular, if f(y,-) is also differentiable in &, then for all z € R™*4 we have

(438) [0S (4,6, )| < C ((AW)"7 + [A@)EN ™ + Aw) P77 ) |2 A(y).

Proof. Since y = (w, ) is fixed in the proof, we drop it from the notation. By
[22, Th.4.36], a separately convex function f is Lipschitz-continuous on any ball
B,(¢) € R™*4 with Lipschitz constant bounded by

mw =+vm+d sup w
T €, €Bar(€) r

Consider the function ¢ — (&) := f(€A™1), which according to Assumption 1 satisfies

O] <€ + A
Since A~! is also a diagonal matrix, it follows that fis separately convex, too. Hence
for any given &, & € R™*9 we infer that

_ _ 2| ()|
_ < d
o) - Sl <Vmd s AT e ]

< Vim e d (27T AP o] + &)+ 20070 ey - g,

&1 — &ol

which implies (4.37) via the formula f(§) = f(£A). When f is differentiable with
respect to the last variable, we deduce from the chain rule and the above local Lipschitz
estimate that

Def(€), 2 = [{(@e)(EA), 20| < C (AP + €A™ + Aw, )P D/7) |z4].

Now we can formulate an alternative formula for fy,, that allows us to prove its
strict convexity and differentiability with elementary arguments.

Lemma 4.13. — In addition to Assumption 1, suppose that the map & — f(w,x,&) is

convez. Then for all € € R™*4 | there exists he € (Fo)™ such that

(439) fhom(g) = Hllf ) E[f(,07£+ h)} = E[f(,(),f + hf)]
he(Fy o)™
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Proof. We first show the existence of a minimizer for the above minimization
problem. The map h — E[f(-,0,£+ h)] is lower semicontinuous with respect to strong
convergence in L'(€, R™*?) due to Fatou’s lemma and Assumption 1. As this func-
)™ is
weakly closed due to Lemma 4.11. Hence it suffices to show that a minimizing sequence
h, is relatively weakly compact in L*(£2, R™*%). Since Q has finite measure, it suf-
fices to show that minimizing sequences are L'-bounded and equi-integrable. Fix any
measurable set F'€J. Then, by Holder’s inequality and Assumption 1, we have that

/|€+hn\dﬁ” (/ | A(w, 0)(€ + hay(w ))|de>1/p (/ |A(w,0)" 1|p/(p1>)(p_1)/p

SCE[f(+,0,6+hn)]<C(E)

(r—1)/p
(/ |A(w |p/(p*1) dp) )

Since the function w + |A(w,0)~'[P/(P~1) is integrable by assumption, the above
estimate proves the equi-integrability and boundedness of h,, and thus there exists

tional is convex, it is also weakly lower semicontinuous. Being a linear space, (FgOt

a minimizer he € (F},;)™. For the proof of the first equality in (4.39), we roughly
follow [19]. Fix a cube @ C D. For every € > 0 consider a function u. € Wh1(D,R™)
with JCQ u.dz = 0 and JCQ Vu, dz = 0, satisfying

@Fg(w,uE,Q)—5<inf{]{gf(w,x/e,f—FVu(x))dx: éVudsz}.

Since v = 0 is admissible in the above minimization problem, it follows from
Lemma 4.2 and the Poincaré inequality that up to a subsequence (not relabeled) we
have u. — u in L'(Q,R™) for some u € W1P(Q,R™) with J[Q Vudz = 0. Applying
Theorem 3.1 with Q = D, Jensen’s inequality yields that

From(€) = fhom( € + Vu(e) dx) < ][ From (€ + Vu(a)) da
(4.40)

hmmfmf{][ flw,z/e, &+ Vu(z))dx : ][Vudx—O}

Here we used that fi,on inherits the convexity of f, which follows from the general fact
that the I'-limit of convex functionals is convex. Next, given a minimizer he € (Fgot)m,
let e : Q@ — Wik 1(Rd R™) be the function given componentwise by Lemma 4.11.

loc

Define the W'licl (R4, R™)-valued random variable ug . by
teelw) = 2c(w)(a/2) ~ | Vect)/erdy

Then |, o Vue dz = 0 and therefore almost surely

inf{]é flw,z/e, &+ Vu(z)) de : ]éVudsz}

(4.41) < ]é flw,z/e,§ + Vug o (x)) dx
= ]ZQ f(w, x/e,& 4 he(T4/.w) _]{ghg(Ty/EW) dy> dz.
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The ergodic theorem implies that (expect for a null set depending on £ that we exclude
for this proof)

(4.42) lir% he(Ty/ew) dy = E[he] = 0,
E—r Q
(4.43) liH(l)][ flw,z/e,& + he(mp).w)) dz = E[f(-,0,€ + he)].
=0 /g

To conclude the inequality fnom(§) < E[f(-,0,€ + he)], we recall that due to
Lemma 4.12

If( 2, &)=f(h2,8) <C ((A('yfl?)l/p + [€0A(, 2)| + €A z) )P ! +A('a$)(p71)/p)
X |(§1 = o) A(-, )|

Set Heo(w) = f, he(7y/ew) dy. Due to (4.42) we may assume that [He.(w)| < 1.
Inserting the above local Lipschitz-estimate into (4.41) and replacing all exponents
p — 1 by p (without loss of generality A > 1) yields that

]éf (w,x/s,f—!— he(Ty/ew) — H@E(w)) dx < ]é fw,z/e,& + he(1y).w)) do

L Afe) 4 1A/ + 1€+ i) Alw,a/P) o ClHe ()]
Q

Since He . (w) — 0 by (4.42), we deduce from (4.43), the ergodic theorem applied
to |A|P and A as well as the lower bound in Assumption 1 that

hml(I)lf f (w@/s,f + h&(Tm/Ew) - HE,&(W)) dr < E[f(? 075 + hﬁ)]
E—r Q

Combined with (4.40) this shows that

(444) fhom < E[f(,0,§+ hf)}

We still need to show the reverse inequality. By Lemma C.1, we obtain for every ¢ > 0
a measurable function u¢ . : 2 — Wy (Q/e,R™) such that almost surely

Fl(wagx + UE,E(W)a Q/{-}) = N&(Wa Q/E)
= inf{F(w,u,Q1/¢) : u € tx+ Wy (Q/e,R™)}.

(Due to convexity, the almost sure existence of minimizers can be proved as in Lemma
4.16.) Next, we need to switch to a jointly measurable version. From [20, Lem. 16,
p. 196] we infer that there exist F ® £%-measurable functions ve o, be - : 2 x Q/e — R
such that ve o (w, ) = ue(w) and be . (w, ) = Vue . (w) for a.e. w € Q. In particular,
for a.e. w € Q we have ve o (w,-) € Wyt (Q/e,R™) and Vg e(w, ) = bee(w,-). With
a slight abuse of notation, we therefore write b¢ . = Ve .. By [24, Lem. 7.1] we can
assume that the set of w, for which these properties hold, is invariant under the group
action 7, for almost all z € R?. Finally, we extend v¢ . and Vg - to Qx (R4\Q/e) by 0.
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This extension is jointly measurable on QxR%. We now define he . € L*(Q, R™*4) by

hee(w) = Vg e (T—yw, y) dy.
Q/e
Note that he¢ . is well defined and measurable due to the joint measurability of Vug .
and the joint measurability of the group action. To see that it is integrable, we can
use Fubini’s theorem and a change of variables in 2 to deduce that

/ €+ heo(w)| dP < ][ / €+ Ve o (r_y0, )] dP dy
Q Q/eJa

:][ /\£+vays(w,y)|d]P’dy:/][ € 4+ Ve o (w, y)| dy dP.
Q/e JQ QJQ/e

The last term can be controlled via Hoélder’s inequality as at the beginning of this
proof, using that for a.e. w € Q the function Vve . (w, -) is the gradient of an energy
minimizer on Q/e. We argue that he. € (Fp)™. Since for a.e. w € Q the func-
tion Ve . is the weak gradient of ue . (w) € Wy (Q/e,R™), it follows from Fubini’s

theorem and a change of variables in €2 that

/ he e(w)dP = / Ve .e(w,y)dy dP = 0.
Q QJQ/e

=0 almost surely

Hence, it suffices to show that all rows of z — he¢ o(T,w) satisfy the curl-free condition
of Definition 4.36. To this end, we derive a suitable formula for the distributional
derivative of this map. Fix 6 € COO(Rd) and an index 1 < j < d. Since Vg .(w,-) =0
on R? \ (Q/e), we can write

/h&s(m )0,0(x dx—/ / VteelTa—y:Y) g g(2) dy da
R Rt JRa Q /el

Ve o(Tow, x — 2)
= 0;0(x)dzd
- L LTG () de e

Ve (Tzwv y)
= — 22 9.0(y + 2) dy d=.
fo f TS o)
In order to conclude that h¢. € (Fgot)m, it suffices to note that for a.e. w € Q and
almost every z € R? the function y — Vug (7w, y) is the gradient of the Sobolev
function wu¢ . (T.w) € Wy (Q/e,R™), so that the curl-free conditions follows. Now we
can conclude the proof. Since he . € (F;)™, it follows from Jensen’s inequality that

E[f(v 075 + hf)] < ]E[f(v 076 + h&,E)} < / f(w7 07 5 + VU&,E(Tfywv y)) dy dP
QJQ/e
- [ [ 1 0.8+ Vel ) dyap

- / F(@, 9,6+ Vog o(w,9)) dydP = - Elpe (w, Q/)),
QJQ/e

L
Q/el
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where we used the stationarity of f, and that Vv .(w, ) = Vue (w) almost surely
in the last step. Passing to the limit as ¢ — 0, we obtain from L'-convergence in the
subadditive ergodic theorem (see [31] or [25, Th. 2.3, p.203]) that

]E[f(’ 075 + hé)} < fhom(g)v

which concludes the proof. O
We now prove that strict convexity of £ — f(w,x, &) is inherited by from-

Prorosition 4.14. — In addition to Assumption 1, assume that the map & +—
fw,z,8) is strictly convex. Then also from is strictly conver.

Proof. — Fix &,& € R™* and t € (0,1) and let he,, he, € (Fj
ma 4.13. From the same lemma we know that

Jnom (880 + (1 = £)€1) S E[f(-,0,4(80 + he,) + (1 = )(&1 + he,))]
< ﬂE[f('v 0750 + hﬁo)] + (1 - t)E[f('v()?gl + h’fl)}
= tfhom(&)) + (1 - t)fhom(gl)'

To have an equality, we need in particular that the second inequality is an equality.
Since £ — f(w,0,§) is strictly convex, the only possibility to have an inequality is
when &y + he, = &1 + he, almost surely. Taking expectations, we deduce in this case
that & = & (recall that E[h] = 0 for all h € (F},;)™). Hence fhom is strictly convex
as claimed. ]

)™ be as in Lem-

In the next lemma we show the crucial property that fiom is differentiable.

Prorosition 4.15. — Under Assumption 2, the function fuom given by Lemma 4.3 is
continuously differentiable and the derivative satisfies the estimate

IV from (€)] S C(A+|E[P7Y)  for all € € R™*? and some constant C' > 0.

Proof. We first show that fom is differentiable. We know from the previous lemma
that from is (separately) convex. Due to [6, Cor. 2.5] it thus suffices to show that fhom
is upper semidifferentiable, that is, for all £ € R™*? there exists £* € R™*¢ such that

lim sup Jhom (1) = from(§) — (§*,n = &)
n—E In — ¢
We prove this property using the formula for fyon, given by Lemma 4.13. Given
¢ € R™*? and he € (FL,)™ as in Lemma 4.13, we define £* € R™*? as the matrix
given by

<0.

(€, 0) :==E[ef(-,0,€ + he), v)].
Then for n € R™*? we have that

fhom(n) — fhom(é-) — <€*777 - §>
In—¢l

<E

(4.45)

f('70’77+h§)_f('707§+hf)_<8€f('70’§+h€)777_€>j|
In— ¢ '
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The integrand on the right-hand side tends to 0 almost surely when n — £ since
f(w,0,-) is differentiable in the point § + he¢(w). It remains to apply the dominated
convergence theorem. Due to the mean value theorem and (4.38) we have for some
random number ¢t = t(w) € [0, 1] that

‘f(w,o,n + he(W)) = f(w,0,€ + he(w)) ‘ _ ‘ (O f(w,0,tn + (1 — 1) + he(w)),n — &) ‘
In— ¢ In—¢|
< C((A(W’ 0)YP + |(n — €) A(w, 0)| + | (€ + he(w)) A(w, 0)])P~ + A(w,o)(p—n/p)
X |A(w,0)]

< C (A, 017 + | Aw, 0)] + (€ + he(w)) Alw, 0))) " + Alw, )"~/ ) |A(w,0)],

where we assumed that | — £] < 1 from the second to the last line. To see that the
term in the last line is integrable, one applies Holder’s inequality with exponents p and
p/(p—1) and uses the integrability of A(w, 0), ||A(w,0)||?, and of |(§+ he(w))A(w, 0)/P.
For t = 0 we obtain the bound for the remaining term in(4.45). Hence the dominated
convergence theorem yields that fuom is upper semidifferentiable and therefore also
differentiable.

By [22, Th. 4.65] the derivative of a (separately) convex function is continuous. The
claimed bound on the derivative follows from the estimate

| from (£1) = from (£2)] S C(L+ &P + &P )6 — &,

which holds due to the (separate) convexity of fhom and its p-growth from above
(cf. [22, Prop. 4.64]). O

Having established the strict convexity and the differentiability of fiom, it remains
to prove the existence of minimizers for fixed € and that they satisfy the associated
Euler-Lagrange equation of Fy.

Lemvia 4.16. — Under Assumption 2, for every e > 0, g € W2 (R R™) and f. €

loc
L4(D,R™) there exists a unique minimizer of the problem

inf{/ flw,z/e, Vu(x)) de —/ fe(z) - u(x)de: ve g+ W&’I(D,Rm)},
D D
which is the unique weak solution of the PDE (3.2) in the affine energy space
Age(w) = {u cg+ Wy (D,R™): / Vu(z)A(w, 2)|P de < +oo}.
D

Proof. — The function g is admissible for the infimum problem and has finite energy.
Now consider a minimizing sequence u,, € g+ WO1 1 (D,R™). Using the same estimates
as in the proof of Theorem 3.3 in Section 4.7, it follows that

sup F(w, up, D) < 400.

neN
Combining Holder’s inequality with the fact that for fixed € > 0 the function x —
|A(w, x/e)~1|P/(P=1) is equi-integrable, one shows as in the proof of Lemma 4.2 that
Vu,, is bounded and equi-integrable. Due to Poincaré’s inequality it follows that, up
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to a subsequence, u,, converges to some u € g+ Wy (D, R™) weakly in W' (D, R™)
and by Theorem B.1 also strongly in Ld/(d’l)(D,Rm), which allows to pass to the
limit in the linear term. The functional u — F(w,u, D) is lower semicontinuous with
respect to strong convergence in Wh1(D,R™) due to Fatou’s lemma and by convexity
also weakly lower semicontinuous. Hence, by the direct method of the calculus of
variations, u is a minimizer. Due to strict convexity of £ — f(w,z/e, ), the minimizer
under Dirichlet boundary conditions is unique. To prove the assertion about the Euler-
Lagrange equation, we fix ¢ € W' (D, R™) such that JplA(w, z/e)Ve(x)P < 4o00.
An elementary calculation based on the dominated convergence theorem, the bound
(4.38) and Holder’s inequality, implies that F.(w,-, D) is Gateaux-differentiable at u
in the direction ¢ with derivative

6F5(w,u,D)g0:/D85f(w,x/8,Vu(x))th(x)dx.

Since the term [, fou dz is linear and continuous on W' (D, R™), it follows that the
minimizer solves (3.2) in the claimed weak form. The solution of the PDE is unique in
Ag e(w) since any other solution would also be a global minimizer due to the convexity
of the energy (which is infinite outside Ag . (w)). O

Proof of Theorem 3.8. — The claimed properties of fhom follow from Proposition 4.14
and Proposition 4.15. The existence and uniqueness of solutions of the PDE at the
e-level is proved in Lemma 4.16, the existence and uniqueness of solutions (via the
existence and uniqueness of minimizers) of the homogenized PDE follow by standard
methods using the properties of V fhom stated in Lemma 4.15 and the almost sure
convergence of solutions is a consequence of the convergence of minimizers under
I'-convergence, which holds due to Theorem 3.3. |

ArpENDIX A. DIFFERENTIABILITY OF fhom WITHOUT CONVEXITY ASSUMPTIONS

In this section we show that the differentiability of fhom can be obtained without
the formula given by Lemma 4.13, but with the additional assumptions (3.3) and
(3.4).

Lemva A1, — In addition to Assumption 1, assume that the map & — f(w,x,§)
is differentiable and that its derivative satisfies (3.3) and (3.4). Then fnom given
by Theorem 3.1 is continuously differentiable and the derivative satisfies the bound

IV from (€)] < C(1+[¢[P7H).

Proof. — The function fhom is quasiconvex and finite, so in particular it is separately
convex. Hence the only point to be adapted in the proof of Proposition 4.15 is the
upper semi-differentiability of fhom, that is, for all £ € R™*? there exists £* € R™*4
such that
lim sup fhom(n) — fhom (5) — <£*a n— £>
n—E& In — f‘

<0.
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Fix € € R™*¢ and given € > 0 we choose a function ug . € W, (Q/e,R™) such that
1
f(w?$7£ + vuﬁ,&) d.’IJ < Ivayml /’Lf(wv Q/E) + €,
Qe ‘Q/d

where ji¢(w,Q/¢€) is given by Lemma 4.3. We then set £& € R™*? as the matrix
defined by

(&, vy = ]{2/ (O f(w, @, & + Vue o), v) da.

Let n € R™*4 be such that |n — ¢| < 1. Then it holds that

1 *
(W7Q/€) - mME(W,Q/E) - <€5’77_£>

< f(w,x,n+vu§,s) —f(w,x,f+VUg7g) dz
Q/e

1
Q/el '

- ]{2 | (Oef 0,6 Ve m =G do e

To bound the right-hand side, we use the fundamental theorem of calculus and (3.3)
to deduce that

(w, Qe) (W, Qfe) = (&5 =¢&) —¢

SLE. o
Q71" Q71"
1
< ][ / (Ocf(w,m,t(n — &) + €+ Vug ) — O f (w, 7,6 + Vug o), n — £) dt dz
Q/eJO
1
<cf [ {aea) - A0 + 2(E + Tue A D))
Q/e 0

< (|A(w,2)lln = €)'} de.

Since t € [0,1] and p — 1 > « > 0, we may replace t by 1 and absorb the factor 2
in C. Then Holder’s inequality and the bound |n — ¢| < 1 yield that

(@, Qe) - @ e (0, QJe) — (€5 —€) — <

(p—1-a)/p
< C(][ (Alw, )P + |A(w, z)| + |(€ + Vue ) A(w, z)])P dx)
Q/e

«(f o)l dx)(lm)/p

b
Q/el 1"

. (r-1-0)/p
10/4] pe(w, Q/e) + 5)

(14a)/p
x(][ |A<w,x>|pdx) In— €1+,
Q/e

<c( Aw, ) + |A(w, )7 do +
Q/e
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Letting € — 0, we deduce from Lemma 4.3 and the ergodic theorem that

fuom(n) = fuom (€) — liminf(¢Z,n — €) < C(EIA(,0) + A, 0] + fuom(€))
X E[JA(, 0) 7)1 e)/ply — g|t+e

(p—1-a)/p

and since a > 0, the upper semi-differentiability of from follows once we show that &*
is relatively compact in R™*4. To show boundedness, we use (3.3) and (3.4) to infer
that

€] < ]{? eS8+ Vug )l do

<][ |O¢ f(w, x,§ + Vug o) — Oc f(w, x,0)| + Alw, z) dz
/e

<of JA @) (Aw )P 4 (€ + Vug A, )]) T IE+ Vug o) Alw, 2)| da
Q/e

+ Aw,z)dz
Q/e

p—1
<C Alw, z)|( Alw, )P + £+ Vue ) A(w, x + Aw,x)dx
£, 1Al e+ Tueaae )+ f A
1/p (p=1)/p
<c(][ A<w7x>|pdx) (][ A(w7w)+|(€+VUs,e)A(w7w)lpdw>
Qe Q/e

+][ Aw, ),
Q/e

where we used Holder’s inequality to obtain the last line. Using Assumption 1, the
almost minimality of u¢ ., and the ergodic theorem, we deduce that

(p—1)/p
) +

tim sup |€2] < CE[A(, 0)P1/7 (EIAC 0)] + from(©) E[A(, 0,

which implies the boundedness of £ and thus the differentiability of from- O

ArreEnDIX B. COMPLETE CONTINUITY OF THE EMBEDDING Wl’l — Ld/(d_l)

We show that the non-compact Sobolev embedding Wt < L#/(4=1) is completely
continuous.

Turorem B.1. — Let d,m € N and d > 2. If (up)nen € WHHRY, R™) is a sequence
such that w, — u in WS (R, R™), then u, — u in LY @=D(RY R™). The same result
holds true when R is replaced by an extension domain O, i.e., in case there exists a
bounded, linear operator E : WH1(O,R™) — WHL(RY, R™) such that E(u) = u a.e.
on O.

Remark B.2. — Every bounded open set with Lipschitz boundary is an extension
domain. For such sets it suffices to prove the equi-integrability of |un|d/ (d=1) " This
has already been shown in [17, Lem. A.3].
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Proof of Theorem B.1. Arguing separately for each component, it suffices to prove
the scalar case m = 1. Consider u,,uy € WH1(R?) such that u, — ug in WH(R?).
From the Gagliardo-Nirenberg-Sobolev inequality we infer hat uy € L% (@1 (R%). To
show strong convergence in this space, we first show that the sequence |un|d/ (d—1)
does not lose mass at infinity. Since Vu,, — Vug in L'(R? R9), it follows from the
Dunford-Pettis theorem that for every ¢ > 0 there exists a set A. C R? with finite
measure such that

sup/ [Vu,|dz < e.
neNJRI A

Although it might be known to experts, we argue that we can take the sets A. to
be compact. Indeed, due to the inner regularity of the Lebesgue measure there exists
K. C A. compact such that |A. \ K| < p(g), where p(g) > 0 is chosen such that the
equi-integrability of |Vu,,| implies that

sup/ [Vu,|dz < e.

neENJANK,.
We conclude that

neN
Since K. is compact, we find a radius R = R. > 0 such that K. C Bg. For any
N € Nand 1 < ¢ < N we define the radii ; = R + 7 and consider a cut-off function
p € C(R%[0,1]) such that ¢ = 1 on B,, ,, supp(y;) C By, and ||[Vp;|le < 2.
We then define the function
Uni = (1 — p;)u, € WHHRY).

By the product rule it holds that Vu,; = (1 — ¢;)Vu, — Vpu,. The Gagliardo-
Nirenberg-Sobolev inequality then yields that

(d—1)/d (d—1)/d
</ |t |4/ (@D dx) < (/ |t 1|/ (4D dx) < O/ |Vy,,i| da
RINB,, Rd Re

<C |Vu,|dx + 2C |t | d
]Rd\Bri B, \B,

sup/ [Vu,|dz < 2e.
RANK,.

—1

<C |Vu,|dz 4+ 2C
RINBgr B,,\B

U | da.

Ti—1

Since Br D K., the penultimate integral above can be bounded by 2Ce uniformly
\ B,.,)Y, are pairwise disjoint, it follows that

in n. Moreover, since the sets (B, ,

N

e (@-1/d e (d-1)/d
[t - dx) <= (/ [t |44 dx)
</]Rd\BTN | N Z Rd\Bri

=1

20
<2 -
Ce + N/

|t | dex.
Rd

Since u,, is a bounded sequence in L'(R?), it follows that for given ¢ > 0 we can find
a number N = N, and a corresponding ball B, = By n. such that

(B.1) sup / [ |40 da < (4Ce)V @D L ¢,
neN JRI B,
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where we assumed that ¢ < 1 for the last estimate (recall that d > 2). Due to
the compact embedding W' (B) << L'(B) for any ball B C R, we deduce that
u, — u locally in measure on R?. Combined with (B.1) it follows that u, — u in
measure on R?. Given k € N, we consider the truncated sequence

Un, i = min{max{—k, u,}, k}.
Then a.e. on R? it holds that Vunr = VUunX{ju,|<k}y, S0 that u, € WhL(RY),
Moreover, pointwise it holds that |u, x| < |u,|. Therefore also |u,, x|%/ (=1 satisfies

(B.1). Since the truncation operator x — min{max{—k,z}, k} is 1-Lipschitz, for any
0 > 0 it holds that

lm  [{|tnkx —uox| >0} < EIE [{|wn —ug| >} =0

n—-+oo

and we conclude that u, j; converges to ugj in measure. Moreover, |un)k\d/(d_1) is
bounded in L>(R%). Hence it is equi-integrable and we conclude from Vitali’s con-
vergence theorem [22, Th.2.24] that u, , — u in L% (@~ (R?). Next, note that

/ \unfun,k|+|Vuanun7k|dxg/ (lun| — k) + |Vuy| dz
R4 {lun|>k}

< / [un] + [Vuy,|dz.
{lun|>k}

Since |[{|un| = k}| < k7 H|up| 11 (R4, the equi-integrability of u, and Vu, imply that

lim sup/ [thr, — Un k| + |V, — Vup, | dz = 0.
k—+00 neN JRa

The triangle inequality and the Gagliardo-Nirenberg-Sobolev inequality yield that
||u - UnHLd/(d—l)(]Rd)
< luw— ’U/k;HLd/(d—l)(]Rd) + |lug — Un,]gHLd/(d—l)(Rd) + ||un7k — UnHLd/(d—l)(]Rd)

< ||u - UkHLd/(d—l)(Rd) + ||’LLk - Un’k;HLd/(d—l)(Rd) + CSllp Hun,k - un||W1,1(Rd).
neN

Letting first n — 400 and then & — +o0o we deduce that

1im sup ||u — unHLd/(d—m(Rd) = 0.
n—-+o0o

This proves the claim for D = R?. If D C R? is an extension domain, then by definition
there exists a bounded, linear extension operator E : W11(D) — W (R?), which is

also weakly continuous. Hence the claim follows from the continuity of the restriction
map L% (@=1D(RY) — L4/ (4=1)(D). O

AprPENDIX C. MEASURABILITY

Here we establish the following lemma:

Lemva C.1. Under Assumption 1 the function w — pe(w, O) defined in Lemma 4.3
is measurable for every open, bounded set O C R?%. Moreover, if for almost every
w € Q there exists a minimizer for the problem defining pe(w, O), then there exists a
measurable function u : Q@ — x + Wy (O,R™) such that Fy(w,u(w),0) = pe(w,O)
for almost every w € Q2.
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We first show a more general result for the measurability of infimum-values and
minimizers that is well-known in some special cases.

Lemma C.2. Let Y be a complete, separable metric space and (T, A, m) be a com-
plete measure space. Assume that F : T xY — RU {400} is A ®@ B(Y)-measurable
and that y — F(t,y) is lower semicontinuous and not constantly +oo for everyt € T.
Then the function t — infycy F(t,y) is A-measurable. Moreover, if for every t € T
there exists a minimizer of y — F(t,y), then there exists an A-B(Y)-measurable
function ymin : T — Y such that ymin(t) € argmin F(¢,-).

Proof. — Tt will be convenient to consider the epigraph of F' defined as the multi-
function
t—epiF(t,-) :={(y,a) €Y xR: F(t,y) < a}.
The lower semicontinuity assumption on F in the second variable shows that epi F'(¢, -)
is closed-valued. Moreover, it is non-empty by the finiteness assumption on y
F(t,y). Since F is jointly measurable, the graph of epi F'(¢,-) defined by
Gr(epi F'(t,")) ={(t,y,a) e T xY xR: F(t,y) < a}

belongs to A®B(Y) @ B(R). Due to the completeness of A with respect to m and the
properties of Y we can apply [22, Rem. 6.11] and conclude that epi F'(¢,-) is weakly
measurable in the sense that

{teT: epiF(t,-)NO # &}

is A-measurable for every open set O C Y x R. We now follow [30, Th.14.37] in
order to prove the measurability of the infimum value. Denote by IT: Y x R — R the
projection map defined by II(y, ) = o. We introduce a multifunction " : T — P(R)
setting I'(¢t) = H(epi F(¢,-)). Let U C R be open. Then

{teT:UlepiF(t,))NU £} ={teT:epiF(t,-)N(Y xU) # &},

which is A-measurable since Y xU is open in Y XR. Hence also I is weakly measurable.

Since I'(t) NU # @ if and only if I'(t) N U # @, it follows that also the closure

of I' is weakly measurable. Finally, since I'(¢) C R, we know that it is even strongly
measurable, that is,

{teT:T{t)NC +# o}
is A-measurable for every closed set C' C R (cf. [22, Rem. 6.4]). An elementary argu-
ment shows that

{teT:yig}f/F(Ly)Sa}:{tET: acl(t)}={teT: Tt N{a} #a}.

The set on the right-hand side is A-measurable. Hence also ¢ — inf,cy F(t,y) is A-
measurable. To obtain the measurable selection of minimizers, define the multifunction
M:T — P(Y) by

M(t)={y €Y : F(t.y) = inf F(t,y)}-

By assumption, M(t) # & and due to lower semicontinuity M (¢) is closed for all
t € T. Moreover, by the measurability of the infimum value the graph of M is
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A ® B(Y)-measurable. Since T' is complete, Aumann’s measurable selection Theorem
(see [22, Th.6.10]) implies the existence of a measurable selection of minimizers. [J

With the above lemma at hand we can now prove the measurability of the process
1203 (w7 A) .

Proof of Lemma C.1. Since we assume € to be a complete probability space, we can

set f(w,z,£) = |€JP on the null set where |A(w, -)|P + A(w, ) is not locally integrable

and this modification does not affect measurability. We have to transfer the measur-

ability properties of the integrand to the energy. To this end, we first regularize the

integrand in £. Given k € N, define the Moreau-Yosida-regularization of f by
fk(w7ma€): inf {f(w,x,()+k|(—£|}

(ERM XN

It is well-known that f is k-Lipschitz in the last variable. In order to apply Lemma C.2
we need to complete the product o-algebra @£ with respect to the product measure

P X | - |. Denote the completed o-algebra by F @ £L4. Considering £ as a parameter,
we deduce from Lemma C.2 and Assumption 1 that the function (w,z) — fr(w,x,§)
is measurable with respect to ¥ ® £4. By a well-known argument for Carathéodory-
functions it follows that f; is F® £4 @ B(R™*9)-measurable. Hence for any u €
£x + Wyt (O,R™) the function (w,z) — fi(w,z, Vu(z)) is F ® Ld-measurable and,
by Tonelli’s theorem in the form of [22, Th.1.121], we can define

Fiy(w,u) : Q@ x (&x + Wy (O,R™)) — [0, +00)
by
F*(w,u) = /Ofk(w,x,Vu(x)) dz.

The integral is indeed finite since the nonnegativity of f and the Lipschitz continuity
of f imply that

(C1) 0< fulw,2,6) < fulw,2,0) + kle] < fw,2,0) + klé] < Alw,) + kle].

(Recall that A(w,-) is locally integrable on R%.) Due to (C.1) and the Lipschitz-
continuity of f;, in the last variable, the functional F*(w,-) is continuous on &x +
W,y (O, R™). Moreover, again by Tonelli’s theorem, for fixed u € &z + Wy (O, R™)
the function w + FF(w,u) is measurable. In particular, the functional F* is
F @ B(éx + W' (O,R™))-measurable. Due to lower semicontinuity it holds that
fr T f pointwise and therefore also F¥ — F| pointwise. It follows that F) is also
F ® B(éx + Wy (O,R™))-measurable (and not constantly +oco for fixed w € Q
since Fy(w,&x,0) < 400). Using that £z + Wol’l(O,Rm) is a separable, complete
metric space, the measurability of w — pe(w, O) follows once again from Lemma C.2
due to the completeness of 2. In the case when minimizers exist almost surely, we
set f(w,z,£) = 0 for those w, for which no minimizer exists. As just proved the
(modified) function Fy is F ® B(Ex + W,y (O, R™))-measurable and the measurable
selection of minimizers follows from Lemma C.2. |
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