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SYMPLECTIC HOMOGENIZATION

BY CrAUDE VITERBO

Asstract. — Let H (g, p) be a Hamiltonian on 7*7T™. Under suitable assumptions on H, we show
that the sequence (Hy,)x>1 defined by Hy(q,p) = H(kq,p) converges in the y-topology—defined
in [Vit92]—to an integrable continuous Hamiltonian H (p). This is extended to the case of non-
autonomous Hamiltonians, and the more general setting in which only some of the variables are
homogenized: we consider the sequence H(kz, vy, q,p) and prove it has a v-limit H(y, q,p), thus
yielding an “effective Hamiltonian”. The goal of this paper is to prove convergence of the above
sequences, state the first properties of the homogenization operator, and give some applications
to solutions of Hamilton-Jacobi equations, construction of quasi-states, etc. We also prove that
when H is convex in p, the function H coincides with Mather’s o function defined in [Mat91]
and associated to the Legendre dual of H. This gives a new proof—in the torus case—of its
symplectic invariance first discovered by P.Bernard in [Ber07].

Risumic (Homogénéisation symplectique). — Soit H (g, p) un hamiltonien défini sur T*T™. Sous
des hypotheses convenables, on montre que la suite (Hy)g>1 définie par Hy(q,p) = H(kq,p)
converge pour la topologie v, définie dans [Vit92], vers un hamiltonien intégrable H(p). Ceci
s’étend au cas de hamiltoniens non-autonomes, et au cas ou seulement certaines variables
sont homogénéisées : par exemple la suite Hy(kx,y,ps,py) qui dans ce cas aura une limite
ﬁ(y,pz,py), qui est un « hamiltonien effectif ». Le but de cet article est de démontrer la
convergence de ces suites, ainsi que les premiéres propriétés de 'opérateur d’homogénéisation
et d’en donner des applications aux solutions d’équations de Hamilton-Jacobi, aux quasi-états
symplectiques, etc. On démontre aussi que lorsque H est convexe en p, la fonction H coincide
avec la fonction a de Mather (cf. [Mat91]) associée au dual de Legendre de H. Cela redémontre,
dans le cas du tore, que cette fonction est symplectiquement invariante, comme ’avait démontré
P. Bernard ([Ber07]) dans le cas général.
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1. InTRODUCTION

The aim of this paper is to define the notion of homogenization for a Hamiltonian
diffeomorphism of T*T™. In other words, given a compactly supported Hamilton-
ian H(t,q,p) on S' x T*T™, we shall study whether the sequence Hj defined by
Hy(t,q,p) = H(kt,kq,p) converges to some Hamiltonian H, necessarily of the form

H(q,p) = h(p). o

The convergence of (Hy)r>1 to H should be understood as the convergence for the
symplectic metric v defined in [Vit92] (see also Section 2.1), of the flow of Hy, ¢}
to the flow of H, ‘. This convergence is necessarily rather weak, since for example
C%-convergence for the flows essentially never holds.

However, such vy-convergence implies the C°-convergence for the variational solu-
tion (see [OV95] for the definition) of Hamilton-Jacobi equations

9 0
U(O, q) = f(Q)a

to the variational solutions of
() %u(t,q) +ﬁ(aﬁqu(t, q)) =0,
u(0,q) = f(q).
It is important to stress that this notion of convergence does not imply any kind
of pointwise or almost everywhere convergence™) for ¢t or Hy, but is rather related
to variational notions of convergence, similar to I'-convergence (see [DG75], [DM93]),

(HIg)

that was already used in homogenization theory for studying viscosity solutions of
Hamilton-Jacobi equations. Homogenization using this method was for example used

(D However C° convergence of the flows implies y-convergence as we proved in [Vit92], we refer
to Humiliére’s work in [HumO8b] for stronger statements, i.e., weaker assumptions.

JIEP. — M., 2023, tome 10



SympLEcTic HOMOGENIZATION 6()

in the work of Lions, Papanicolaou and Varadhan (see [LPV87] and also [Eva89],
[Fat97]), or the rescaling of metrics on T (see [AB84] and [Gro99]).

Many results in the above-mentioned papers can be considered as special cases of
“symplectic homogenization” that is presented here. We believe some of the advan-
tages of this unified treatment are:

(1) The removal of any convexity or even coercivity assumption on H in the p
direction (this is required in [LPV87] and [Eva89, Fat97, Fat08]), usually needed to
define H because of the use of minimization techniques for the Lagrangian. In fact
our homogenization is defined on compactly supported objects, and then extended to
a number of non-compactly supported situations.

(2) The natural extension of homogenization to cases where H has very little reg-
ularity (less than continuity is needed).

(3) A well-defined and common definition of the convergence of Hj, to H or ¢y
to @ that applies to flows, Hamilton-Jacobi equations, etc.

(4) The symplectic invariance of the homogenized Hamiltonian extending the in-
variance results proved in [Ber03] for Mather’s o function, making his constructions
slightly less mysterious.

(5) The geometric properties of the function H (see Proposition 3.2(5)), yield-
ing computational methods extending those obtained in the one-dimensional case in
[LPV8T] or in other cases (see for example [Con96]).

This paper will address these fundamental questions, some other applications will
be dealt with in subsequent papers (see for example [Vit18] for an approach to
Mather’s theory in the non-convex setting).

1.1. Some Norartion

A :  the Liouville form pdq defined on T* M.

Ham (T*M) :  compactly supported time-dependent one periodic
Hamiltonians, i.e., elements in C2°(R/Z x T*M,R).

Ham.(T*M) : set of time one flows of Hamiltonians in $am.(T*M).

GFQI : Generating function quadratic at infinity.

L(T*M) : the set of images of the zero section under the action of

the Hamiltonian diffeomorphisms in Ham.(7T*M).
c(a, S) :  critical value obtained by minimax
on S with the cohomology class «.
v(L) and v(¢) : c(p,L) — (1, L) and ¢(u, ) — ¢(1, ) the metrics
on L(T*M) and Iﬂr\nC(T*M).

Sﬁ/anC(T*M ) : completion for the metric v of $Ham.(T*M).
Ham.(T*M) : completion for the metric v of Ham.(T*M).

c(l(z) ® @, S) : the number ¢(q, S, ), where S;(¢;€) = S(x, ¢; ).
sup(f(A)) : for f: X - Rand A C X is defined as sup,¢ 4 f(z).

JIP — M., 2023, tome 10
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1.2. Nork. Previous versions of this paper crucially used the case M = T™ of the
following

Consecture 1. — There exists a constant C, such that any Lagrangian submani-

fold L of T*M contained in the unit disc bundle {(q,p) € T*M | |lp|| < 1} that is
Hamiltonian isotopic to the zero section satisfies y(L) < Ciy.

The content of Section 6 replaces the use of this conjecture in the proof of the main
theorem. Added in revision: the conjecture has been recently proved, in particular for
M = T", by Shelukhin in [She22] (see also later proofs in [GV22, Vit22]). Also a
number of papers using the present paper or its ideas are [MVZ12], [MZ11], [SV10],
[Vit18], [Bis19], [Vit21].

2. LA CRASH COURSE ON GENERATING FUNCTION METRIC

This section is devoted to defining the metric v, stating some of its main properties
and explaining the relationship with Hamilton-Jacobi equations. The reader familiar
with the v-metric may skip this section and start directly from Section 3, possibly
returning here for reference.

(2)This journal has since disappeared, but has been replaced by “Reflets de la physique”.
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SympLEcTic HOMOGENIZATION Al

2.1. (;ENERATING FUNCTIONS, THE CALCULUS OF CRITICAL VALUES AND THE 7y-METRIC

Let M be an n-dimensional closed manifold, L be a Lagrangian submanifold in
T*M Hamiltonian isotopic to the zero section Ops (i.e., such that there is a Hamil-
tonian isotopy ¢ such that ©1(0pr) = L).

Derinirion 2.1. — The smooth function S : M x R¥ — R is a generating function
quadratic at infinity (GFQI for short) for L if:

(1) there is a non-degenerate quadratic form B on R* such that
IVeS(q:§) — VB(E)| < C,
(2) zero is a regular value of the map
(¢:§) — %?(q;&
(3) by (1) and (2), Xs = {(q;&) | %(q;f) = 0} is a smooth compact submanifold
in M x R¥. The map

ig:ng —> T*M
oS
(¢:€) — (q, afq(q,f))
sends diffeomorphically ¥g to L.

Remarks 2.2, We point out that:

(1) Throughout this paper, we shall use a semicolon to separate the “base vari-
ables” ¢ from the “fiber variables” &, and we shall abbreviate “generating function
quadratic at infinity” by “GFQI".

(2) When k = 0, i.e., there are no fiber variables, L is just the graph of the
differential dS(q).

When L is Hamiltonian isotopic to the zero section, any two GFQI of L are equiva-
lent by the equivalence relation generated by the following three elementary operations
associating S; to Sy (see [Thé99, Th. 3.2, p.254] and [Vit92, Prop. 1.5, p. 688]):

(1) (Stabilization) Sa(x,&,n) = Si(x,&) + q(n), where ¢ is a non-degenerate qua-
dratic form.

(2) (Diffeomorphism) Sa(x,&) = Si(z, o(x,§)), where (z,£) — (z,¢(x,€)) is a
fiber-preserving diffeomorphism.

(3) (Translation) So(z, &) = S1(z, &) + c.

Moreover, an elementary computation using the Kiinneth isomorphism shows that
denoting by S* the set

{(:6) € M x R | 5(q:€) < A},

we have for ¢ large enough that

H*(S¢,57°) ~ H*(M)® H*(D~,0D"),

JIP — M., 2023, tome 10



79 C. ViTERBO

where D~ is the unit disc of the negative eigenspace of B. In the sequel we denote
by S°°, (resp. S~°°) the set S° (resp. S~¢) for ¢ large enough. Therefore, to each
cohomology class a in H*(M) we may associate the image of « @ T' (T is a chosen
generator of H*(D~,0D~) ~ Z) in H*(S*,57°), and for o # 0, by homological
minimax, a critical level ¢(a, S) (see [Vit92, §2, p.690-693]).

According to [Vit92], if Si,S2 are related by (1) or (2), then H*(S}, S}) =
H*(S%,S2), while if they are related by operation (3), we have H*(S},S}) =
H*(S7¢,857¢). As a result the minimax critical levels are well-defined up to a
constant shift (i.e., a shift by a constant independent from the cohomology class).

Derintrion 2.3 (see [Vit92, Def. 2.1]). Let L be Hamiltonian isotopic to the zero
section, S a GFQI for L. For any non-zero cohomology class « we define

c(a, S) = inf{\ | the image of T ® o in H*(S*, S~°°) is non-zero}.
We denote by 1 the generator of HY(M), u the generator of H™(M) and set

c_(S) =¢(1,9),
C+(S) = C(M7S)’
L) = e, 8) — e(1, 8).

ReEmARrks 2.4. — We notice that

(1) According to [Vit92, Thé99] the numbers ¢(«, S) indeed only depends on L and
not on S up to a global shift: replacing S by S + ¢ generates the same Lagrangian
and this shifts all the ¢(a, S) by c.

(2) Note that translating S by a constant shifts ¢(a, .S) by the same constant, so
that, provided we normalized S in some way, ¢(c, L) is now well-defined as the common
value of ¢(a, S) for S a GFQI for L. For example, if we specify the Hamiltonian H
yielding the isotopy between the zero section and L, we may normalize S by requiring
that its critical values coincide with the critical values of the action Ay defined on

P = {e:[0,1] = T°M | c(t) = (¢(t), p(t)), p(1) = 0} by

An(c) = / p()d(t) — H(t, q(t). p(t))] dt.

Thus c+(H) = c4(S) is well-defined. When ¢! is generated by some compactly sup-
ported Hamiltonian, we may normalize the GFQI so that the fixed point at infinity,
which is a critical point of S, has critical value zero. We may thus define ¢(«, v(0ar))
for ¢ € Ham.(T*M).

(3) Note that when S has no fiber variable, we have

cr(S) = ISS]B[ S(x),c_(5) = xlél]’{; S(z).

(4) There is a similar definition for a homology class instead of cohomology class
(see [Vit92, p.692]). For v € H.(M) we have

c(u, S) = inf{\ | the image of T ® u is in the image of H, (S, S°)}.

JIEP. — M., 2023, tome 10



SympLEcTic HOMOGENIZATION 7‘%

(5) We shall sometimes deal with the case M = R™. Then we need quadraticity
at infinity of S for both the £ and z variable, so that (1) in Definition 2.1 should be
replaced by

(1) there exists a nondegenerate quadratic form B(q,&) on M x RF(= R" x R¥)
such that

IVS(q;§) — VB(g;§)| < C.

The map v is well-defined on the set £(T*R"™) of Lagrangian submanifolds Hamil-
tonian isotopic to the zero section, where the Hamiltonian is assumed to be compactly
supported by compactifying L and R™ to S™ so that we set (L) & Y(L U {(c0,0)})

where
LU{(00,0)} cT*S" =T*R" U ({0} x (R™)*).

It follows from [Vit92], that v defines a metric on £(T*M) by setting

Derinition 2.5, — Let S; and S be GFQI for Ly and Lo in L(T*M). Then
V(L1 L) = c(p, $1682) — (1, 516 .52) where (516 .52)(q;&1,€2) = S(q; &) —5(g; &)
The function 7 defines a metric on £(T*M). We denote by £(T*M) the completion®
of L(T*M) for ~.

That 7 is a metric on £(T*M) is a consequence of Lusternik-Shnirelman’s theory
(see [Vit92]). Note that v(L) = v(L,0pr) so our use of v is a slight abuse of notation.

Our goal is to define a metric on Ham (T*M) = C([0,1] x T*M,R) the set of
compactly supported, time dependent Hamiltonians of 7% M, and on Ham (T M) the
group of time-one maps of Hamiltonians in $Ham.(T*M). For M = T", the graph of
¢ € Ham, (T*T™),

L) ={(z,9(2)) | z € T"T"}

is a Lagrangian submanifold of T*T™ x T*T™ (where T* M is T* M with the symplectic
form of opposite sign: —dp A dq).

But T*T™ x T*T™ is covered by T*(Arp«pn ), where Ap-pn is the diagonal, through
the symplectic covering map

G T*(T" x R™) — T*T™ x T*T"
(u,v,U, V) — (u— V,v,u,v —U).
Here (q,p) € T*T™, (Q, P) € T*T™ and the symplectic form is
dp Ndqg— dP A dQ,

while (u,v) € T"™ X R", (u,v,U, V) € T*(T™ x R™) with symplectic form dU A du +
dV A dv.
The inverse of 7,

(q,p,Q,P)H(q,P,p—P,Q—q)Z(u,U,U,V)

(3)Usually called the Humiliére completion, see [HumO8b].

JIP — M., 2023, tome 10



74 C. VITERBO

is not well-defined: since @, g are only defined modulo Z", so is V. It is thus mul-
tivalued, but we may lift I'(¢) to I'(¢) C j~1(I'(¢)), which is now a Lagrangian
submanifold in T*(Arqsn).

In other words it ¢! is a Hamiltonian isotopy of T*T™ and &' the lift to T*R™ such
that @° = Id, we have, setting [q] to be the class of ¢ € R™ in T™,

T(¢) ={([a),P.p— P,Q —q) € T*(T" x R") | 3(q,p) = (Q, P)}.

When ¢ has compact support, we may compactify both f(cp) and Ap«7n» and we
get a Lagrangian submanifold T'(p) in T*(T™ x S™). We may then set

Derinrrion 2.6 ([Vit92, p. 697]). — For M = T™, the maps c_, ¢4 and «y are defined by

c(p) =c(1®1,T(p),  cilp) =clurn ® psn,T(p))

and

Y(p) =7(T(9)) = c(prn @ psn, () —c(1®1,T(¢)).
We also set
cr(p, ) = cx(ey™") and (e, ¥) = (™).

Prorosition 2.7 (see [Vit92]). — The map v defines a bi-invariant metric on
Ham (T*T") since

(1) it is non-degenerate y(p) =0 <= @ =1id

(2) it is invariant by conjugation y(ep~1) = v(¢) for all v in Ham.(T*T").

(3) it satisfies the triangle inequality

Y(eY) < () +7(¥)
for any ¢, in Ham (T*T™).

Proof. — Then according to [Vit06b, Prop. 2.11], v is a distance on the set of Lagran-
gian Hamiltonian isotopic to the zero section. We apply this to T'(p) CT™*(T™ x S™).
Property (1) follows from the non-degeneracy of the metric on £(T*(T™ x S™)). For
property (2) the proof is identical to the proof of [Vit92, Cor. 4.3] for the case M =R").
The last property follows easily from the triangle inequality from [Vit92, Cor. 3.6,
p. 696]. 0

Remarks 2.8
— The metric v can be extended on one hand to Ham.(T*M) by setting 7(¢) =
sup{v(¢(L),L) | L € L(T*M)} and on the other hand to general symplectic manifolds
(see [Oh05, Sch00]) using Floer cohomology instead of generating function homology.
— A vector field Z is called a Liouville vector field, if Z is conformal (i.e., the flow v
of Z satisfies )jw = e'w). We then have, according to [Vit92, Cor. 4.3, p. 698],

(2.1) (o ) = €'y().
On the set Ham.(T*T™) the metric v is defined as follows.®

(4)Remember that elements of Hame(T*M) are time-dependent Hamiltonians.

JIEP. — M., 2023, tome 10
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Derinition 2.9, Let H(t, z) be a Hamiltonian in $iam.(7T* M) with flow ©%;. We set
V(H, K) = sup{r(pj o (0k) ") [ £ € [0,1]}.
Finally we state two convergence criteria for the y-metric.

Prorosition 2.10. — Let M = R"™ or T™. Let pg,px be the time-one maps of the
flows associated to H, K in Hom (T*M). We have

Y(H, K) < [|H — K|cogo,1)x7+ M R)-

As a result, if the sequence (Hy)k>1 of Hamiltonians on T*M with fized support,
CP-converges to H, then (Hy)r>1 converges, in the metric vy, to H.
Similarly we have a constant C' such that

(g, ¥) < C-deo(p, ).

Proof. — The first statement follows immediately from [Vit92, Prop.4.6, p.699
& Prop.4.14, p.707]. It is stated explicitly for example as [Vit06b, Prop.2.15] or
[HumO08b, Prop. 2.4(d), p.378]). The second one follows for Hamiltonian maps sup-
ported in the unit disc bundle from [Sey12, Th.5]. The general case follows from the
homogeneity (by the dilation ¢ - (¢, p) — (g,t - p)) of both sides. O

We may therefore define the completion fJ/Cl;lC(T *M) of Ham.(T*M) for v, as Hu-
miliére did (see [HumO8b, §4, p.388]). For example @C(T *M) is the set of equiv-
alence classes of Cauchy limits for v of sequences of elements of Ham.(T*M), two
sequences being equivalent if their v-distance converges to 0. For Iieu\nc(T*M ) we as-
sume the sequence is supported in a fixed compact set. Note that the support of an
element of @(T*M ) can be defined directly (see [HumO8b]), so this is the same
as the subset of elements of I—Ta?l(T*M ) having compact support. From the above
proposition we deduce that a sequence of Hamiltonians C%-converging uniformly on
compact sets will be a Cauchy sequence for v, hence defines an element in %C (T*M).
We thus get

Prorosrrion 2.11 (see [HumO8b, Prop. 1.3]). — There is a continuous inclusion map
C2([0,1] x T*M,R) — Ham.(T* M)

Similarly if Ham.(T*M) is the C°-closure of Ham.(T*M) we have a continuous in-
clusion

Ham, (T*M) — Ham,(T*M)

Finally, we claim that the spectral numbers ¢(«, L) are well-defined on the ~-com-
pletions of the above metric spaces, for example in Ham,.(T*M).

Proposition 2.12. For o € H*(T™ x S™) ~ {0} the map ¢ — c(a, ) uniquely
extends as a continuous map (for the metric v) defined on Ham.(T*T™).

JIP — M., 2023, tome 10



76 C. VITERBO

Proof. — Since |c(a, 1) — ¢, p2)| < v(¢1, p2) according to Proposition B.3, this is
just an application of the general statement that a Lipschitz map defined on a metric
space has a unique extension to its completion. O

2.2. VARIATIONAL SOLUTIONS OF HAMILTON-JACOBI EQUATIONS. Let S(z,y;&) be a
GFQI, where (z,y) € X x Y. Define S,(z,§) = S(z,y;€) and for a« € H*(X) set
c(a®1(y), S) = ¢(a, Sy). The notation indicates that H*(X x{y}) = H*(X)xH*({y})
and H*({y}) is one-dimensional generated by an element denoted 1(y).

Let ¢! be the Hamiltonian flow of H(q,p), and f(@t) the lift of its graph in
T*(T™ x R") as in Definition 2.5. Let Si(q, P,¢) be a GFQI for I'(¢?). We thus
define ¢(1(g, P),St) = ¢(1, St.q,p). Then w,(¢, P) = ¢(1(q, P), St) is, by definition, the

variational solution of
0 0
gite(@ P+ H (0. P+ gou(a)) =0,
uO(q7 P) =0.
We refer to [OV95], [Vit95] and [CV08] for more information on variational solu-
tions, in particular the fact that it does not depend on the choice of S and [Vit18,

App. 2, Th. 13.1] for the proof that variational solutions satisfy the equation outside
a closed set of zero measure.

3. STATEMENT OF THE MAIN RESULTS

We shall first give our results in the case of homogenization with respect to all
variables, then present the case of partial homogenization, and finally the applications
to variational solutions of Hamilton-Jacobi equations.

3.1. STANDARD HOMOGENIZATION
Tueorem 3.1 (Main theorem). Let H(t,q,p) be a compactly supported, smooth
Hamiltonian, 1-periodic int on T*T™. Then the following holds:

(1) There exists a Hamiltonian H € C2(R™,R) such that the sequence

Hk (t> Qap) = H(kt7 kq“’p)

y-converges to H(t,q,p) = H(p).

(2) The function H only depends on ¢, the time-one map associated to H (i.e.,
it does not depend on the isotopy (¢")ic(0,1))-

(3) The map

A:C®(R/Z x T*T™,R) — C°(R™,R)

defined by A(H) = H extends to a nonlinear projector (i.e., a surjective map satisfying
A? = A) with Lipschitz constant 1:

A Ham (T*T") — CO(R™, R),

where the metric on %C(T*T") is given by v, and the canonical metric on C°(R™,R)
is the CY-metric.
Moreover A sends Lipschitz Hamiltonians to Lipschitz maps.
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The next theorem states some properties of the homogenization map A.

Turorem 3.2 (Main properties of symplectic homogenization). — The map A defined
in the above theorem satisfies the following properties:

(1) It is monotone, i.e., if Hy < Ha, then A(Hy) < A(H2).

(2) It is invariant under the action of a Hamiltonian symplectomorphism:

AH o) =A(H) for all € Ham(T*T™).

(3) Setting H.(t,q,p) = c- H(c-t,q,p), we have A(H.) = cA(H) for any c € R.
In particular, if H is autonomous, A(cH) = cA(H).

(4) The map A extends to a map (still denoted by A) between P(T*T™), the set of
subsets of T*T™, to P(R™), the set of subsets of R™. This map is bounded from below
by the symplectic shape of Sikorav (see [Ben88, Sik89, Eli91]), i.e.,

shape(U) = {po € R" | Iy € Ham.(T*T"), »(T" x {po}) c U} C A(U).

(5) If L is a Lagrangian Hamiltonian isotopic to L,, = {(¢,po) € T*T"} and
sup(qper H(q:p) = h (resp. inf(y pyer H(q,p) <h) we have A(H)(po) = h (resp. <h).
(6) We have

1 — 1 —
lim —cy (%) = sup H(p), lim —c_(¢*) = inf H(p).
k—o0 pER™ k— o0 k; peR”
(7) For any sequence of non-negative compactly supported functions, (Hy)n>1, con-
verging uniformly to 1 on compact sets, we have lim,, ((H,) = 1.
(8) Given any Radon measure p on R™, the map

C(H) = A A(H)(p)dp(p)
satisfies all the properties of a symplectic quasi-state® ezcept for normalization (i.e.,
¢(1) = 1) which is however satisfied in a weak sense according to 7. In particular,
we have A(H + K) = A(H) + A(K) whenever H and K Poisson-commute (i.e.,
{H,K}=0).

Remarks 3.3. Here are some comments:
(1) The function H will be defined in the autonomous case as

H(p) =lime(p ® 1(p), Hy).

Of course there is a lot to prove, starting from the existence of this limit.
(2) In (1) the assumption could be replaced by the property that Hy; < Hs in the
sense of [Vit92] (i.e., c_ (<pI_{1 o @y,) =0, see [Vit92, Def. 4.9, p. 701]).

(®)see [EP06] for the definition and properties of quasi-states in the symplectic framework, inspired
by [Aar91].
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(3) Note that it is not true that characteristic functions are in %JT"‘T”), for
example an integrable Hamiltonian is in the completion if and only if it is continuous,
so for example for U = S x [—1,1], Hy is not in Ham.(T*T"). However A can be
extended to any H that is a limit of a decreasing sequence of continuous functions, i.e.,
any upper semi-continuous function-by setting H = lim;, Hy,, by setting H = limy, Hy,.
It is easy to show that this does not depend on the choice of the sequence (Hy). So A
extends to the class of upper semi-continuous functions. However it is not clear what
properties do still hold in such situation, since for example —H is not upper semi-
continuous.

(4) Property 3 is essentially trivial for ¢ > 0. The non-trivial fact is that A(—H) =
—A(H) (see Remark 3.8).

(5) As aresult of 5 if u is a smooth subsolution of the stationary Hamilton-Jacobi
equation, that is, H(x,p + du(x)) < h, then H(p) < h. Similarly if u is a smooth
supersolution, that is, H(q,p + du(q)) > h, then H(p) > h.

(6) From 5, we get the following statement: let

¢,
c}.

Ef = {po € R" | 3L Hamiltonian isotopic to L,,, inf g pyer H(q,p)

VAN

E; = {po € R" | 3L Hamiltonian isotopic to Ly,,sup(, e H(q,p)
As a result, if p € E:r NE,., we have H(p) = c.
More generally we have the following

COROLLARY 3.4. Let H be an autonomous Hamiltonian. Then if ¢ = H(py), then
H~1(c) intersects all images of L,, by a Hamiltonian map.

Proof. — Indeed, if this was not the case we could find a Hamiltonian image of L,
which is contained in either H < ¢ or H > c. In the first case, this implies H(pg) > ¢
in the second H(pg) < ¢, contradicting our assumption. O

3.2, PARTIAL HOMOGENIZATION. We now consider the case of a Hamiltonian H de-
fined on T*T"™ x M, where M is some symplectic manifold. We shall only deal with
the case where M = T*T™, but the general case can be easily adapted. We want to
understand the limit of Hy (¢, z,y,2) = H(kt, kz,y, z) for (z,y) € T*T", z € M. In-
deed, we shall show that it is sufficient to define the homogenization for (? for small ¢.
But denoting by ¢! the flow of Hy, the graph of ¢} for ¢ small lives in a neighborhood
of T*(T™ x R™) x Ay, hence in T*(T™ x R™) x T*Aj,. Since the graph lives in a
cotangent bundle, we shall see that it can again be described, using the theory of
generating functions.(® We then have the following extension of Theorem 3.1, which
corresponds to the case m = 0:

Turorem 3.5 (Main theorem, partial homogenization case). Let H(t,x,y,q,p) be
a compact supported Hamiltonian on T*T™T™. Then

(G)Indeed, the main advantage of T™ over general closed manifolds, is that T*T™ x T*T™ is
covered by T*A, while for general M this only holds in a tubular neighborhood of the diagonal.
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(1) The sequence (Hy)r>1 defined by
Hk:(ta x,Y, qap) = H(kt7 k.’I}, Y, Q7p)

y-converges to a continuous function H of the form H(y,q,p).
(2) The map
Ay 1 C2([0,1] x T*T"™ R) — CY(R"™ x T*T™, R)
given by A, (H) = H extends to a projector (i.e., it is surjective and satisfies A2 = A, )
with Lipschitz constant 1
Ay s Hamo(T*T™) —s CO(R™ x T*T™),
where the metric on %C(T*Tm"’”) s 7.

(3) If Higpy(w,y) = H(x,y,q,p), we have
Az (H)(y,q,p) = A(Hgp))()-

Thus partial homogenization is obtained by freezing the non-homogenized variables.

Remarks 3.6

(1) In 2 we identify C2(R™ x T*T™ R) to an element in Ham, (T*T™*™) as we did
in the previous section.

(2) The Hamiltonian H(y,q,p) is called the effective Hamiltonian. In case it is
smooth, its flow is given by ® (o, 0, g0, po) = ((t), y(t), ¢(t), p(t)) with

y(t) = vo, 2(t) = w0 + / %—IZ@O, 4(), (1)),
i(t) = %—I;@o,q(t),p(t)), p(t) = —%—Ij@o,q(w,p(t».

(3) It is not true anymore that H depends only on the time-one map of H.

(4) More generally, using Theorem 3.5 3, we may prove properties of A, analogous
to the properties of A stated in Theorem 3.1. The projector A, is not invariant by
symplectic maps. It is however invariant by fiber-preserving Hamiltonian symplectic

maps: if
¥(@,y,4,p) = (Vg (7, 1),12(¢, p))
we have
Ax(H o) (y,q,p) = Az (H)(y,v2(q,p))-
3.3. Homocenizep Hamirron-Jacost EQuations. — Our theorem has some interesting

applications to generalized solutions of evolution Hamilton-Jacobi equations. Consider
the equation:

(HJ) %u(t,q) + H(t,q, %U(L q)> o
u(0,9) = f(q),

where t e R,q € T" and H € C®°(R/Z x T*T™).
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Smooth solutions to such equations are only defined for ¢ less than some Tj. In gen-

eral, solutions exhibit shocks: ||D2u blows-up as t goes to Tp.

(q)HCO([o,T]xTn,R,R)
There are essentially two types of generalized solutions for such equations: viscosity
solutions (cf. [CL83], [Bar94], [BCD97]) and variational solutions (cf. [Sik90], [Cha91],
[OV95], [Vit95]). These two solutions do not coincide in general, with one notable
exception: when the Hamiltonian is convex in p (cf. [Zhu96], [Rool7, Weil3]).

From [LPV8T7] it follows that if H is coercive in p, and wy, is the viscosity solution of
0 0
—u(t H\kt,kq, —ur(t =0
(HJk) atUk( 7q)+ ( , kg, aquk( aQ)) 5

The sequence (uy)xr>1 converges to u, the viscosity solution of
0 —/ 0
- 2 a, +H(—ﬂt, ):0,
) praixy B4 (t,q)
u(0,q9) = f(q).
Our theorem, together with results by Humiliere (cf. [HumO8b, §6, in particular
Prop.6.1]) implies that this extends to the non-coercive case, provided wy is the

variational solution and H is given by our main theorem. We now state the more
general proposition, yielding the analog of [LPV87]:

Prorosrrion 3.7. Let H € C°([0,1] x T*T™™™ R) be either coercive (i.e.,
lim|(y, p)|—oo H(t, 2,9,q,p) = +00) or compactly supported, f € CO(T™™ R) and uy,
the variational solution of (HJPy):

0 9] 0
a. t? ] H(kt7k777 ta ) ’ T ta ) )207
(HIP,) 5y k(8 2,0) + 0 5ol 2,4), 5ot 2, )
Uk(0,$, Q) = f(x7Q)
where (z,q) € T™ x T™ Then klim ug(t,x,q) = u(t,z,q) where convergence is uni-
—+o0
form on compact time intervals and u is the variational solution of (HJP).
0 — 0 0
N —u(t, z, +H<,—Ut,:6, , = uk(t, x, )zO,
(D) 5 Ut 2, 0) ¢, 5 -ult,z,q) 2 k(t, 2, q)
u(0,z,q) = f(z,q).
More precisely, for (x,q) in a bounded set, there is a sequence € going to zero,
such that for allt > 1
|uk(t7 z, q) - ﬂ(tv z, Q)| < ept
The next three sections will be devoted to the proof of our main theorem, first in
the “standard case”, then in the “partial homogenization” setting.

Remark 3.8. — Note that, according to Theorem 3.2(3), we have A(—H) = —A(H).
This is a statement that typically does not hold in the case of viscosity solutions, since
if u(t,z) is a viscosity solution associated to H, u(—t,z) is not in general a viscosity
solution associated to —H.
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4. PROOF OF THE MAIN THEOREM

Let us introduce the reader to the main steps of the proof. We denote by ¢!, the
flow of Hy(t,q,p) = H(kt, kq,p) for H € Ham.(T*T™). In the first part of Section 4.1,
we shall construct a GFQI of the graph of the ¢!, starting from a GFQI of the graph
of the flow ! = .

Our proof will then be split in two parts:

— Finding a candidate 3 * for the y-limit of ¢, or equivalently a candidate H for
the ~-limit of Hy

— Showing that the y-limit of ¢} is indeed .

Recall from Section 2.2 that if S(g,p, &) is a GFQI for T'(p), c(a®1(p), ¢) is defined
as c(a, Sp) where Sp(g,€) = S(g,p,€).

The first step goes along the following lines: if H does not depend on (¢, ¢), then
c(pg @1(p), ") = H(p), oV if Hy, is a sequence of autonomous Hamiltonians y-con-
verging to H, we must have that

klim (g @ 1(p), ¢k) = H(p).
—00

We shall thus try to define H using this formula, and we shall first prove that this
limit exists. This is the object of the second part of Section 4.1 and is proved in
Proposition 4.10. We thus get a candidate @' for the -limit of o5

The second step is more delicate, and is dealt with in Section 4.2. The formula
obtained for the GFQI of ¢!, yields the following inequality valid for any Hamiltonian
map «

klim infe(p®1,pra) < c(p®1,pa)
—00

and proved in Proposition 4.15.

We must then prove the reverse inequality. This requires us to use the previous
inequality with ¢! instead of ¢, the difficulty being that we do not know a priori
that =1 = %!, The proof of this equality is the object of Section 6.

Finally note that we do not know,® in general, whether the convergence of a se-
quence of compactly supported Hamiltonians (Hj)i>1 follows from the convergence
of the sequence of flows (¢} )r>1. Indeed, it could happen that in the completion
@10 (T*T™), the same family of maps @', is obtained from two different Hamiltoni-
ans i.e., is the image of two different elements of Ham.(T*T™) by the extension to the
completions of the exponential map H — ¢%;. However, two distinct compactly sup-
ported continuous integrable Hamiltonians Hi(p), Ha(p) cannot have the same flow,
as is proved in Corollary A.2 (this also follows from a much more general theorem of
Humiliére, Leclercq and Seyfaddini, see [HLS15]).

(" Recall that according to Proposition 2.12, spectral numbers are well-defined on Iimr\nc (T*T™).
(8)In the case of continuous Hamiltonians and flows, i.e., the case of the group Hameo, this is
proved in [Vit06a)] (see also [BS13]). I owe this remark to Vincent Humiliére and Nicolas Vichery.
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4.1. REFORMULATING THE PROBLEM AND FINDING THE HOMOGENIZED HAMILTONIAN

First of all, we shall assume we are dealing with a compactly supported autonomous
Hamiltonian H € $Ham.(T*T™). We shall see in Section 11.2 that the general case
reduces to this one.

Similarly let ¢! be the flow associated to Hy(g,p) = H(kq,p) set or = ;. and
=1

We first compute ¢} as a function of ¢’. The map pi(q,p) = (kg,p) defined on
T*T™ is not invertible. Nevertheless its lift py : T*R™ — T*R"™ is invertible. If we
denote by @ any lift of ¢, then ﬁ,:lﬁﬁk is Z™-equivariant, that is,

pr. epk(a+v.p) = by, ' epi(g,p) + (v,0)
for v € Z". It therefore descends to a diffeomorphism of T*T"™. However this diffeo-
morphism depends on the choice of the lift @. Since ¢ is the time-one of a Hamiltonian
isotopy, we may choose for ¢ the lift starting from the identity. With this choice we
shall write by abuse of notation p,zlgppk for the symplectomorphism of 7*7T™ induced

by Py, - Pk

Lemva 4.1, — Let py : T*T™ — T*T™ be defined by pr(q,p) = (kq,p), then with the

above convention, we have ok = pi ' " py.

Proof. The map py, is conformally symplectic, hence
dH(2)€ = dH (pi(2))dpi(2)§ = w (X (pr(2)), dpr(2)€)
= (pkw)(dpr(2) ™ X (pr(2)), €).
Since pjw = kw, we get
X, (2) =k ((pr)«Xn) (2) = (pr)" (kX H)(2)-

The flow of kX is ©*, hence the flow of (p)* (kX ) is py '¢* pi. O

From now on we shall write ¢, = p;1¢kpk. We are thus looking for the +-limit of
Py o i

Note that we may replace ¢ = ¢! by
pglgak/”pk ~-converges to 1, we have that

17 for some fixed integer r. Indeed, if

o o = pr (™" prer ) Pyt
y-converges to p.bp- L. If our theorem is proved for ©'/7 1 will be generated by a

Hamiltonian depending only on the p variable. We easily check that in this case

propy ="

In other words, p;, '¢* py y-converges to .
Remark 4.2. — Note that pkgopgl is not well-defined since ﬁk{Eﬁgl is not Z™ equi-
variant. However the conjugacy pr(plzrlippkr)P; 1 is well-defined: one may check

that the lift is indeed Z"-equivariant. Similarly for ¢ the flow of an integrable
Hamiltonian, h(p), the map p,.¢p, ! is indeed well-defined, and equal to ¥" as
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stated. Of course by a continuity argument this extends to the case where h is only
continuous.

For simplicity we shall assume from now on that ¢ is C''-close to the identity, so
that it lifts to a Hamiltonian diffeomorphism @ of T*R™, C'-close to the identity.
The graph of the map @ has a generating function S defined on T*T™ and compactly
supported. We identify ¢ € R™ with its projection in 7", and P € R™. By abuse of
notation, we shall still denote by S the lift of S to T*R™.

The function S defines ¢ by the relation

oS oS
(g, -2 ,P):( _» ,P,P).
w(q aq(q ) 4= 5p@P)
This means that the graph f(gp) of @ in T*R" x T*R™ ~ T™* Agzx, has the generating
function S(q,p) that is the lift of a compactly supported function defined on T*T™.
In other words, setting ©(g,p) = (Q, P) we have

P_p="22(q.P
P aq(q, )
0S
q—Q—afP(q,P)-

Similarly when ¢ is not C''-close to the identity. Then S has extra variable ¢ € V
and S(z, P;&) is quadratic at infinity. Then for (g, P;€) such that g—?(q, P;¢) =0,
we have

a(q,p_ %j(q,P;ﬁ)) = (q— Z%(q,P;ﬁ)vp)-

We now give the composition law for generating functions, due to Chekanov
(cf. [Che96]).

Lemvia 4.3. — Let @1, 92 be Hamiltonian maps having S1,S2 defined respectively on
T"xR"x Vi and T™ xR™ x V5 as generating functions, compactly supported functions
on T*T™. Then 1 6 po has the generating function

S(q1,p2;42,p1,61,&2) = S1(q1,p1,61) + S2(q2, P2, &2) + (P1 — P2, @2 — @),
where 1 € R™, g2 € R", p1,p2 € R™.

Remark 4.4. — Let us point out the following.

(1) The above function S is a GFQI, since the sum of two functions (in different
variables) with derivatives at bounded distance from the derivative of a quadratic form
is at bounded distance from the derivative of a quadratic form. Note that according
to Brunella ([Bru91], see also [Vit06b, Prop. 1.6]), S may be deformed to a generating
function that is equal to a quadratic form outside a compact set.

(2) Note that in the above lemma, ¢o € R™ is identified with its projection on T".
We may remark that if we set go = ¢1 + u, we have

S"(q1,p2;u,p2) = S(q1,p2;q1 + u,p2) = S1(q1,p2) + Sa(q1 + u, p2) + (p2 — p1,u),
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so that S’ is a GFQI of the same Lagrangian as S (since we did a fiber-preserving
change of variable), and is the lift of a function defined on T*T™ x R?" (¢, € T",
p2 € R™ u,v € R").

Proof. — This is a straightforward computation and we refer to [Che96, Th. 4.1] (see
also [Cha84] for example). O

More generally, we get:

Levmma 4.5. — The map @* has the generating function
Sk(q1, Pr; 1,42, P2, 5 Qk—1,Pk—1,qk) = 2k(q1, Pk; P1, 42, P25 5 Qk—1, Pk—1, Gk)

+ Br(qu, pr;P15,G2, P2, 5 Qe—1,Pk—1, k),
where

Ek(q1, PriP1:G2, P2, s Qk—15Pr—1,qk) = ZS(ijpj)

j=1
k-1
and  Br(qu, prip1 g2, Qoo Ph—1, Q) = D (D5 @1 — @) + (Pro @1 — k)
j=1
Proof. By induction from the formula in Lemma 4.3
S(q1,p2;q2,p1) = S1(q1,p1) + 52(g2,p2) + (P1 — P2, 2 — Q1) U

Remarks 4.6
(1) In the sequel (g;,p;) € T*R", even though, by our usual abuse of notations,
we identify ¢; with its projection on 7™ = R"/Z"™. Note however that for v € Z",
we have that ¥j and Sy are invariant by (¢;)i1<j<n — (¢ + V)1<j<n- We emphasize
that the ¢; and p; are vector coordinates (i.e., each ¢; and each p; is a vector in R™).
(2) Note that this formula is a discretization of the action functional (up to sign).
The sum of the S(g;, p;) corresponds to [ Hdt while the quadratic term corresponds

to [ pgdt.

Again, ¥y, is defined on (T*T™)*, while By, is defined on (T*R™)*. Note also that B,
is the discretization of [ g1 Pgdt, so that our expression is the discretization of the
Maupertuis action |, g1 pq — Hdt. Finally we have:

Lemma 4.7. — Let ¢ be a Hamiltonian diffeomorphism of T*T™ generated by S(q,p).
Then i = p,?lgak,ok is generated by Fy given by

Fi(qu, peiPis - 5 Q=15 Pk—1, Gk)

1
= %Ek(kQMPk;pla"' ckqe—1,pr—1,kqr) + Bie(qu, Drs 01y s Q-1 Ph—15 Q) -
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Proof. Indeed an elementary computation shows that if S(q,p;&) is a generating
function for ¢ : T*R™ — T*R", then %S(lﬂq,p; &) generates pglwpk.
Thus in our case, we expect the generating function

1 1
%Ek(k‘hvpk;plv(&a'“ A1, Pk—1, Q) + gBk(kthk;pl,sz,m s Qh—1,Pk—1, qk)-

But the fiber-preserving change of variable ¢; — kg; (j > 2) transforms this generat-
ing function into

1
Fi(qu,prs 01562, 5 Qre—1,Pk—1, Q) = Ezk(kthk;m,k(b, o kQr—1, Pk—1, k)

1
+ EBk(k(hapk;plkaQa"' Jkgk—1,pe—1, )

Because the second term is quadratic, we easily check that it is equal to
B(q1, Pk P15G2, 5 Qk—1, Pk—1, Q) - U
Derinition 4.8. — We set to simplify our notations

T =4dq1,Y = Pk, g = (plqu,‘ o an—l;pk—l»Qk)'
We define

Fr : RE x (R™): x RE'O™Y R,

k—1
Fk(l’,y§€) = % |:S(]€{,E7p1) + ZS(kQJapj) + S(qu7y) +Bk($>y7§)7

j=2
where By (z,y,§) is defined by
k—1
Bi(q1,pkip2s - Gk) = Y0y @41 — @) + (Pro @1 — Gi)-
j=1
Let p, be the fundamental class in the torus 7" (which variable is denoted here
by x). We then define

hi(y) = c(pe, Fky) = c(pe @ 1(y), Fr),
where Fy ,(7;€) = Fi(x,y;§).

Remarks 4.9. — Let us make the following remarks.

(1) As long as we write c(u, ® 1(y),S) for a generating function S, there is no
ambiguity. However, if A is the Lagrangian associated to S, and (A), is the reduction
of A at y, having GFQI S,, writing an expression like ¢(a, (A),) requires some care,
since S is defined up to a constant, and this constant yields a coherent choice of
a GFQI for (A), for each y, so that the c(«, (A),) are well-defined up to the same
constant for all values of the parameter y, and not up to a function of y as one could
expect. Indeed, a choice of S, a GFQI for A defines a GFQI for (A),, by S, = S(y, ).

Moreover, for similar reasons, even ¢(3, (A),) — ¢(«, (A),) depends on the global A
and not only on its reduction (A),.
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2) Note also that for v = (v1,..., v v,7) € ZHZF 1, we have
( ) ) b ’

Fk(xay;f) = Fk(z+yl,y,ﬁ+£),

where 74+ € = (p1,q2 + vo, ..., Dk—1,qk + Vk). Indeed, this periodicity is obvious for
the terms containing S, and the quadratic term is

k—1
Bi(qu, priDas - k) = Y (i1 @5 — @i1) + Pr @1 — i),
j=1
remembering that * = ¢,y = pi for which the periodicity is easily checked.

(3) Note that since ¢! equals the identity outside a compact set of the cotangent
bundle, the function & — Fj(z,y,£) will have, for y large enough, a single critical
point with critical value equal to zero (by normalization). According to Remark 4.4(1),
we could deform F} to be exactly quadratic for y large enough, but this is not really
useful, since for such values of y topologically there is no way to distinguish £
Fy(z,y,§) from a quadratic form (the topology of the sub-level sets will coincide).

(4) The analogue of the above formula still holds if ¢ is not assumed to be C!-small.
Then its graph I'(¢) has a generating function S(g,p; (), on R? x R™); x E— R
and ¢} has generating function

Fr:R2 x (R™): x RE"C7D x B* — R,

where £ is as in Definition 4.8

k—1
Fk(x7y7§7<177<k) 1|: (kx p17<1) ZS(kQJ’pJ7CJ)+S<kq}€ay7<k) +Bk(x7ya§)

j=2
Our first step will be to prove:

Provosition 4.10. — The sequence (hy)r>1 s a precompact sequence for the C° topol-
0gy.

The proposition will follow from Ascoli-Arzela’s theorem, once we prove the fol-
lowing

Levmva 4.11. — The sequence (hi)k>1 is equicontinuous and uniformly bounded.

Proof. Indeed let @y be the lift of ¢ = p,zlgokpk to T*R™. It has support in some
tube

TiR" = {(g,p) e T'R" | |p| < A};
Now recall from [Vit92, §2, p. 690-693] that c(c, F ) is a critical value of Fy, ,,. Thus
for each y there exists x(y), {(y) such that

6Fk. 6Fk

— (), y;:¢(y)) = 0, ¢

o — (@(y),5,6W) =0, Fir(z(y),y,£)) = h(y)-
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Moreover, we may assume ¢ is generic, so that the map y — (x(y),£(y)) is smooth
on a set W, the complement of some codimension one subset (see [OV95] and also
[Rool7, Weil3], [Vit18, App. 2, Th.13.1]). Thus for y in W,

0
dhy(y) = @Fk(w(y),y,ﬁ(y)) = z(y) — Xe(2(y), ),
where X}, is defined by

QZIC(LL', y) = (Xk(x,y), Yk(x7y))

The quantity z(y) — Xi(z(y),y) can be estimated as follows: the first coordinate of
the flow @t satisfies
oOH
i(t) = Ty(kxk(t),yk(t»
hence |#(t)| is bounded by C = sup{|%—lg(x,y)| | (z,y) € T*T"} which is finite
since H is compactly supported. This implies that |z — Xi(z,y)| < C hence in the
complement of ¥ the inequality

ha(o)] = | 5 Fuleo).0.60)| < ©

holds. Since hy is continuous, this implies that it is C-Lipschitz.

For the uniform boundedness, let C' be a bound for |S|. Then, according to Def-
inition 4.8, |Fy(z,y;&) — Bi(z,y,&)| < C. Since ¢(ug, Bi) = 0 we get |c(pz, Fi)| =
Ih(y)] < C. o

From Ascoli-Arzela’s theorem and the above Lemma 4.11, we infer that the se-
quence (hy)g>1 is relatively compact in the CY topology. In other word it has a
C%-converging subsequence, and so does any of its subsequences. We now argue as
follows: consider a subsequence (hy, ),>1 of (hg)k>1 C-converging to ho,. We are
going to prove that (90,1%),,21 ~-converges to P, the time-one flow of ho,. We still
need to prove that the whole sequence (4 )k>1 CY-converges to @, but this follows(?)
from:

Provosition 4.12. — If a subsequence of (p;, " pr)i=1 has a v-limit B, then any
other ~y-converging subsequence has the same ~y-limit.

Proof. — We start with
Lemma 4.13. For any ¢, in Ham (T*T"):
(4.1) V(") < kv(ew),

(4.2) Y(py, Lopr) = %v(w)-

(9We use here the fact that in a metric space if every subsequence of a sequence (xy)r>1 has a
converging sub-subsequence with limit x, then the sequence itself converges to x.
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Proof. Indeed, we may write

MF = ov (P (e)y) (Y2 (e)y?) - (T F D ()t

Since each factor is conjugate to ¢, and we have k factors, Property (4.1) fol-
lows immediately from conjugation invariance of v and the triangle inequality. Prop-
erty (4.2) follows from the fact that if S(q, P;€) is the GFQI for ¢ then Ry (g, P; &) =
%S(k - q,P;€) is the GFQI for p; '¢p, and it is easy to check that c(a, Ry) =
%c(a,S (¢, P;€)) (this is a manifestation of the scaling property of + by conformal
conjugation, see equation (2.1) in Section 2). O

Now we prove that the sequence (pglgokpk);@l cannot have two distinct limit
points. Indeed, let us assume we have two infinite sets of integers, A, B such that
there exists 71 # @2 and a sequence ¢ converging to 0 with the property

Vk € A, y(py "o o, 1) <en, Yk € B, v(pp " pr. 72) < e
Then for any integer g,

V(Prg € Prq 71) = Y03 (01 " pr) pq (07 171 "pg))

since
I
This last equality follows from the fact that for an integrable Hamiltonian, H(p),

we obviously have H, = H.
But using (4.2), we get for k € A

V(Prog € Pra: 1) = V(03 (01 " k) pq (05 'T1 " pa)) = Y(pg (01" " pr) T T pg)
< év((pglw’“pk)qﬁfq) <q- év(pglwkpﬁfl) < ek
Similarly we get that for k in B, and any ¢, we have
V(g 9" Prq: T2) < e
As a result, for k € A,m € B we have

Yot @ ™ s T1) < ks V(P " e T2) <

This implies v(71,72) < €, + € and since the right hand side goes to zero as k,m
go to infinity, we get that 7, = 72 and this concludes the proof. |

4.2. Tue MaIN STEPS OF THE PROOF. — In the previous section we obtained a contin-
uous function he(p), as the limit of some subsequence (hg, (p))y>1. Since hoo is con-
tinuous, according to Humiliére (cf. our Proposition 2.11 above, or [Hum08b] propo-
sition 1.3) it has a “generalized flow” that is generates a one-parameter subgroup
in @C(T*T"). In other words the map H — ¢!, extends to a map between the
~y-completions,

Hame(T*T™) — Hamo(T*T™).
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Note that I%r\nC(T*T”) inherits the group structure of Ham.(T*7T"). We denote by
Pl the “generalized flow” associated to he.. Note that the element % is not a map:
it is only an element in Ham.(T*T™).

Prorosition 4.14. — For allt > 0, the element 3L, is the y-limit of (¢},)k>1 defined
by 0t = pi ' o*pr: we have

lim (¢}, Ps) = 0.

k—+oo
From now on we assume ¢ = 1, and denote @), = ¢}, and P, = ®.L. The proof of
Proposition 4.14 will be based on the following two propositions

Prorosirion 4.15. — There exists a sequence (ky,),>1 going to infinity such that for
any « in Ham.(T*T™), we have

limsup cy (pr, @) < ¢y (Poor).
V—r00

Prorosirion 4.16. Consider a subsequence of (pr,)v>1 such that (all limits are
uniform in p)

Jim (@ 1(p), ¢y, ) = lim A, (p) = hoo ().
Then we have

lim c(u® 1(p),¢;,") = —heo(p)-

vV—00

Proof that Proposition 4.15 and 4.16 imply Proposition 4.14.. — Indeed take o = §},
where @, = ®' is the limit associated by the previous subsection to some subsequence
of (ky)y>1 still denoted (ky,),>1. By Proposition 4.15, we get

limsup e (pr, Poe ) < 1 (Id) = 0.

and since for all 8 in }falf\nc(T*T”)7 ct(B) = 0 we get
lim sup ¢4 (p, P 1) = 0.
Now we must prove liminf, c_ (¢, Po) = 0, and it is enough to show that
liminf c_(pg, ) = c— (o)

for any « in }Ta?nc(T*T").
But according to [Vit92, Prop. 4.2(2), p.697] and invariance by conjugation of ¢
(see [Vit92]) the formulas

cr(@ ) =—c(p) and cx(pp™') = cx(p)
hold in Ham(T*T™). Since ¢+ are obviously continuous for the v-topology, the same
formulas hold in Ham.(T*T™). We can thus write

c-(pw,a) = —cr(a™pp)) = —ci (g a™h).
We then apply Proposition 4.15 to the sequence (go,;/l). According to Proposition 4.16,
lim c(p @ 1(p), #3,,) = —hoo(p)
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and according to Corollary A.2, —h(p) has flow 7 in the completion I%I’\HC(T*TTL).
As a result,

liminf e_(py,0) = ~lmsupes (gpla™!) > e (o tat) = e (F0).
. : )

Taking again a = p we get
limkinf e (pr, P H) =0,

hence
lim e (pk, Poo ") = lim ey (05, Pos ™) = 0.

We thus proved that if the sequence hy, (p) = c(pz ® 1(p), ¢x,) C°-converges to hoo,
then (¢x, )y>1 y-converges to @,. Note that conversely, if (¢r, ),>1 y-converges to P,
since ¥ + c(a, 1) is 1-Lipschitz, we have that hy, (p) = c(uz ®1(p), ¢r, ) C%-converges
t0 c(pe @ 1(p), Poo) = hoo(p)-

Now assume there are two subsequences, (¢x, )v>1, (@1, )v>1 such that the sequence
c(pz ® 1(p), pr,) C°-converges to hl , while c(u, ® 1(p), 1) C%-converges to h2,.
Then we find two subsequences of (¢y)r>1 y-converging respectively to @; and @,
(where @ is the flow of Al  while %, is the flow of h2 ). But according to Proposi-
tion 4.12, two ~y-converging subsequences of (¢x)r>1 must have the same limit, thus

P, = Py. Using again the continuity of ¢ — ¢(a, 1) for v, we have
hie(p) = lim c(a ® 1(p), ¢1,) = c(ia ® 1(p), 71)
= c(pte @ 1(p), B,) =lime(uz ® 1(p), p1,) = h3,(p).

As a result we proved that

(a) the sequence (hg)x>1 is precompact for the C° topology,

(b) if a subsequence (hg,),>1 C%-converges to h then the sequence (py, ),>1 con-
verges to @,

(c) any two converging subsequences of (py)r>1 have the same limit.

We claim that this implies that (¢x)r>1 converges, and its limit is = @, the
flow of heo defined by heo (p) := limg ¢(p ® 1(p), ©k)-

Indeed from (a) we get the existence of a limit A for some subsequence, from (b)
that then the corresponding subsequence of (¢g)k>1 converges to ¥ and since by (c),
¥ is unique, so is h (according to Proposition A.1). Now we claim (hy)r>1 converges.
Indeed, assume otherwise: there would be a subsequence k, such that y(hy,,h) > ¢
for all v. But the subsequence hy, being precompact has a converging subsequence,
whose limit must be different from & a contradiction with (c). Now we know (hy)r>1
converges to h, hence so does (pk)r>1 and it must have limit @, the flow of hoo
(in Ham, (T*T™)).

This concludes our proofs of Proposition 4.14, modulo the proofs of Proposi-
tions 4.15 and 4.16. |
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We note the following

Cororrary 4.17. — The ~y-convergence of ¢ to ¢l is uniform in t on compact
sets. In other words the sequence of functions t — 7(902@71‘/) converges uniformly on
compact sets to 0.

Proof. — This follows from the fact that if |H||co < C then ||Hg||co < C and thus
Y(phe ) < Ot —s|. So let fi.(t) = v(p}@ "), then
|fi(t) = fr(s)] = I(ep@ ") — (i )| < Y(ehp ' o Per°)
<(prer®) +7(@%°) <20t — .

Now if a sequence (fx)r>1 of functions defined on [0, 1] and uniformly Lipschitz con-
verges simply to a function f, then the convergence is uniform. Indeed, the sequence
(fx)k>1 is equicontinuous. It is also uniformly bounded, since v(¢x) < [|Hgl|lco < C
so Y(pht et < v(ph) + (e~ < 2C. So by Ascoli’s theorem, one can find a sub-
sequence converging uniformly on compact sets, but the limit of the subsequence is
necessarily f. And since we proved that all converging subsequences must have the
same limit, the sequence is uniformly converging to f on compact sets. O

t

5. Proor or ProprosriTion 4.15

First of all, it is enough to deal with the case where o« € Ham.(T*T") (i.e., not
in its completion), since Ham.(7T*7T™) is dense in Iﬁr\nc(T*T”) and ¢y is continuous
for v. Now we may choose S(z,y;n) a GFQI for «, with 1 belonging to some vector
space V. Let Z" act diagonally on the (u,z) variables by v x (u,z) —, (u + v,z + V)
and extend this action by the trivial action on products of R} x R7 so that ¢ia has
the GFQI defined on the Z™ quotient

Gr Ty xRy x Ry x RY x V x By — R

Grlu,v;z,y,n,8) = S(x +u,vin) + Fi(u,y;8) + (y — v, 7),
where F), was defined in Definition 4.8 and is a GFQI for ¢y, v € T}, v € R7, x € R,
y eRY, £ € By, n eV, and Ej is the space R2k=1) a5 in Definition 4.8.

It will often be more convenient to switch from cohomology to homology in order
to make our argument geometrically more transparent. By relative cycle we mean a
chain with boundary in ;"> (i.e., in F, © for ¢ large enough). The number c(a, S) was
defined for a homology class a in Remark 2.4 4. The identification of ¢(p,, ® 1(y), Fi)
with ¢([T0 x {y}], Fx) follows from Proposition B.3. In the sequel we denote by C' a rel-
ative cycle representing z in H,(F®, F®) which means that C C F® and [C,C N F%] =z
in H,(F", F2).

Thus, by definition of ¢(u, ® 1(y), pr) = hi(y), for each y, there is a relative cycle
C~ (y) homologous to T} x {y} x E,” (x lives in T", £ in Ej, and E,_ is the negative
eigenspace for the quadratic part By of Fy) in

H*( ?(m,v,n)’ Gl;,?aoc,v,n)) = H*(FISO7 Fk—oo)
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such that
Fi(y, 0 (y)) < hu(y) +¢

(we denote by (y,C~(y)) the set of (u,y,£) such that (u,£) € C~(y)). Unfortunately
we may not get such an estimate if we simultaneously require that C~(y) is to depend
continuously on y. However, let us first assume such a continuous dependence can be
achieved and (hy)k>1 converges to heo. Set

Gy : T xRy xR} x Ry x V/Z" — R,
ék(%wl‘,yﬂ?) = S(x+uav7n)+hk(y)+<y_vv'r>

Again we may find a (relative) cycle I' in 77 x R} x (R}) x (R}) x V in the homology
class of T{; 0 X Ay, x V7, where V™ is the negative eigenspace of the quadratic
part(® of S, such that

sup G (T) < c(p, G) + ¢ = (i, pa) + €.
Let now I" xy C~ be the (relative) cycle
r Xy C_ = {(U7U7w7ya§7n) | (’U’7U’x’y7n) S F7 (U’g) S C_(y)}

We claim that

(1) sup Gi(T xy C7) < Gi(T) + ¢,
(2) I' xy C~ is a cycle in H, (G, G}, °°) homologous to

Ty xRy x Apy X B x V7,
so that

c(p, pra) = c(p, Gr) < supGi(T' xy C7) <supG(T') + ¢
< e(p, Gy) +e < e, pra) +e.

Indeed, for (1) we have
sup G (I' xy C7)
= sup{S(m + ua”ﬂ?) + Fk(uvyvg) + <y - le'> | (U»@,fﬂvyaﬁ) € F? (U,f) € Ci(y)}v
but Fy.(u,y,€) < hi(y) + ¢ for (u,§) € C~(y), so

sup G (I xy C7) < sup{S(z + w,v;n) + hi(y) + {y —v,2) | (w,0,2,9,n) €T} +¢
<sup Gi(T) +&.

(10)Notice that Ag,y, the diagonal in R} x RY, is the negative eigenspace of (y, —x).
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For (2), we use the fact that if T is homologous to T7*

(u,v

) X Dgy X V7 and C™ (y)
is homologous to T™ x {y} x E,_ then I xy C'~ is homologous™? to
(T(awy X Doy X V7)) xy (T x {y} x Ey),

that is, T} x R} x Ay, x B x V™.

Let us now try to establish the above inequality without the assumption that we
can find C~ (y) such that sup Fy(y,C~(y)) < hi(y) + € depending continuously on y.
Let the subsequence (g, ),>1 converges to hoo. We will see in the next Lemma that
we may find a continuous family C~(y) such that for k = k, and v large enough, the
estimate

sup Fi.(y, C™ (y)) < hi(y) + ¢
holds for y outside of a subset Uss where Uy is a §-neighborhood of some grid in (R™)*
(see Figure 1), while inside Usg, sup Fy(y,C~ (y)) < a for some constant a.

The existence of C~(y) is a consequence of the following general result. We remind
the reader that a function F' satisfies the Palais-Smale condition if any sequence such
that F'(z,) is bounded and VF'(z,) converges to zero has a converging subsequence.

This implies that the flow of —VF/|VF(z)|? is defined for all time outside a neigh-
borhood of the set of critical points (which is compact) provided our metric is com-
plete. In particular, for generic F (i.e., F' Morse and with Morse-Smale gradient flow),
classes in H*(F®, F%) are represented by linear combinations of unstable manifolds
of critical points (see for example [Lau92]). As usual we denote by F'>° (resp. F’~°°)
the set F'© = {x | F(z) < ¢} for ¢ large.

Levma 5.1. Let F(u,x) be a smooth function on the product V- x X of two oriented
complete Riemannian manifolds. We moreover assume both F and its restriction F,
to a fiber {u} x X satisfy the Palais-Smale condition and for u outside a compact set,
F,, does not depend on u.

Let f € C°(V,R) be such that for eachu € V, there exists a cycle C(u) representing
a class in Hy(F,[>, F, ) with sup F(u,C(u)) < f(u). Moreover we assume that
H,(F°, F,>°) vanishes for p > d+ 1.

Then for any positive € and any subset U in V, such that each connected
component of V.~ U has sufficiently small diameter, there exists a cycle C in
Hitdimv)(F>,F7%°) and a constant a such that if we denote by é(u) the slice
CnaYu) (r:V x X — X is the second projection)

sup F(u, C(u)) < f(u) + axu(u) + &,

where xy is the characteristic function of U.

(11)The general fact that if we have two fibrations, px : X — Z,py : Y — Z and two cycles
A, B in X,Y respectively, in general position with respect to px,py, then the homology class of
A X z B only depends on the homology classes of A and B. This follows from the fact that, denoting
p=(px,py): (X xY) = Z,then Axz B=(AxB)Np~1(Ayz), so represents the class ji([A x B])
where j : X Xz Y — X XY is the inclusion, and j; the umkehr map. In general we may perturb
A, B so that they are in general position, and then the homology class of A Xz B does not depend
n the choice of perturbations.
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Proof. What we are doing is a constructive version of the Leray spectral se-
quence H,(V, H,(F; %, F,7>°)), on the term H, (V, Hy(F >, F, >°)), yielding a class
in Hyypq(FT°, F~>).

Our assumptions imply that the critical values of F;, are contained in some bounded
interval (independent from w), [—a/2,a/2]. We may assume V is triangulated and U
contains a neighborhood of the (n — 1) cells (n = dim(V)). In other words V' \ U is
contained in the union of the top dimensional cells. We denote by VP the p-skeleton
of V, and by WP(§) a d-neighborhood of VP. Continuity of F' implies that if we
take 5(u) to be constant (i.e., independent from u) in each connected component of
VL WnL(§), containing a connected component of V ~\. U, the inequality will be
satisfied there. We need to extend C(u) for all u in V, so that the union of the C(u)
makes a singular cycle.

For this we proceed by induction on cells of the skeleton of V' of decreasing di-
mension, so that we are going to extend C(u) for u € V ~ WP(6,) successively for
p=n—1,n—2,...,1,0. For the first step, we need to glue the é(u) so that they yield
a cycle over the union of n and n—1 cells (outside a neighborhood of (n—2)-cells). For
this we need to look at what happens on an n — 1-dimensional cell, T; ; intersection
of the n-cells T; and T; where we have a priori two conflicting definitions of 6(u)7
that we denote by C;(u), (NZ'J(u) obtained by taking for C(u) the constant value given
on each of the two n-cells, T, T;. Let us write C;(u) — C;(u) = 0L ;(u) which is of
course possible since C;(u) and 5j (u) are homologous chains in Hy(F, >, F,/*°) on
T; NT;. Then we may glue these together to

U Gwu U Ciwu U TY(u).

u€eT; ueTy ueﬁz,j

Note that this is indeed a singular chain of dimension n+ dim(C;(u)), since dim(7T;) =
dim(7}) = n, dim(I'*’) = dim(C;(u)) + 1,dim(7} ;) = n — 1. Thus each of the three

pieces has dimension n + dim(C;) = n + dim(C}).
Now of course, the maximum of F' over

U Ciw)u U Cjw)u U Tij;u)
w€eT; ueT; u€T;

has increased outside V \ U, but we can always assume that I'; ; C F“. If this was
not the case, we could push I'; ; down using the gradient of F,,, and since there is no
critical value above a/2, we can push it below a. As a result we have defined a cycle

over the complement of the (n — 2)-skeleton, contained in F'®.
Now we look at the next inductive step, that is, extending to the (n — 2)-skeleton.
Consider then for T, an (n — 2)-simplex, that is, in the boundary of the Tz for 8 in
some set of (n — 1)-simplices. For each 8 we have a I'g obtained in the previous step.

We claim that at any point of the (n — 2)-simplex T, we have ZTaeaTﬁ al'g = 0.
Indeed by definition 9T'g = 51'3 (u)— 5]’5 (u) where T is bounded by T, and T}, , and
in the above sum each index will appear twice (of course we need oriented simplices,
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and the above is correct provided they are oriented in a compatible way: this is made
possible by the orientability of V).

Now, we claim that ZTQ o, I'g, which is closed by the above argument is in fact
a boundary JI',. Indeed, over each fiber, u, this is a d + 2-cycle, and the homology
of the fiber Hy(F, >, F, ) vanishes for k > d + 2. Therefore, in this dimension, any
cycle is a boundary, and we may find I',, such that

M= Y T

Ta€ 8Tﬁ

Now Iy is contained in F'¢ and we get

U Gu U Gu U Dy U L
u€eT; u€T); u€Ty ; u€Tq
is a cycle over the (n — 2)-skeleton and contained in Hy(F%, F~°°). We must then
iterate this procedure on the n — 3,...,0 skeleton. |

We then apply the Lemma to Fj, which clearly satisfies the assumptions with
U = U’ We then get that sup Fi(y, 0~ (y)) < hi(y) + arx’(y) + ¢ where x° is a
smooth function with values in [0, 1], equal to one on Us and to zero outside Uss, ay is
a constant and ¢ is arbitrarily small.

Now for £ > 1 we want an expression('?) for Gy, a GFQI of ¢, using the explicit
formula for Fyj, obtained as in Lemma 4.7 (or rather Remark 4.9(4)). We thus get

| =

£
ZFk}(gx]?y]’E]) + BZ(an) + <y€ - 'U,.fL']_)
j=1

and u € T"w € R", T = (21,...,2¢) € R, G = (y1,...,9) € (RV, € =
(&1, &) € (Bp),neV.

We may now “spread our error terms” axx®(y) by translating them. More precisely,
for j from 1 to £, let us choose domains U? C R™ yielding x4 (with supp(x}) C U?),
such that(® the following holds:

(1) the connected components of R” \ U J‘»S have diameter less than 4,

(2) any (n+ 1) distinct sets U]‘-S have empty intersection.

Such U J‘-S may be constructed by taking for U ]‘-S the §/2-neighborhood of
S;={(z1,...,2n) ER" | Tk, 2, € 20(Z + 1)} =26(S +rjler+---+en)),

where

(a) S={(x1,...,zpn) | Ik, 2y € Z},
(b) 71,...,7, are distinct elements of R/Z such that |r; —r;| > ¢ for ¢ # j (so it is
understood that § < 1/¢).

(12)Note that Gy, actually depends on the choice of £ and k and not just of the product /k.
(13)Here we measure distance with the norm lzllo = supi¢j<n |zjl, otherwise we get an un-

pleasant /n factor.
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We refer to Figure 1 for a representation of the U j‘.; when n = 2,¢ = 3. Clearly we
have S;, N S;, N---NS; NS;,,, =2 provided Ji # jir for i # k and the same holds
for their neighborhood. U 361 N UJ‘Z -NU ]‘Sn nU J‘SH] =g.

We now have

sup Fi(y, Ci(y)) < hu(y) + arx’(y) +e.

Consider

¢
_ 1
Gé,k(uav;f7§7n):‘s(w1 +U7U 17 ZZ hk y] +aka(yj))+BZ(@@)+<W_U,$1>

=

(L E—

Ficure 1. An example of the sets U (yellow), US (red), US (blue)
for n = 2, £ = 3 (inspired by P. Mondrian, [Mon42]).

Let T be a cycle in the homology class of T’ (u ) X Ay .y x V7, such that
sup Ge () < c(p, Gog) + €
and let (I' xy C~[f]) be defined as
(Cxy CTl]) =T xy (Cy x---xC))
= {(u,v;7,5,&n) | (w,0,7,7,m) €T, (bx;,&) € CF (y;) }-

Now (I' xy C~[f]) is in the homology class of T x R x A, , x (E; ) x V™~ and we
may thus infer that

o, prer) = c(p, Geg) < sup G (I xy C[E])
and G x((T' xy C~[f])) < Gex(T). We may thus conclude that
e, Gew) < e, Gee) + 2¢.

Our last step will be to prove

Lemva 5.2, — For each k there is a constant Ay such that the following inequality
holds for all £:

A
c(p, Gog) < c(p, Gr) + Tk
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Proof. Indeed ég, % is the generating function of 1y 5 ¢ o where

Vo =p; (Vhgo 0hs) pe

and wi s is the time-one flow of hy(y) + akxg (y).
But since the Hamiltonians hy (y) +ag x?(y) depend only on y, their flows commute,
hence 1y 5¢ is the time-one flow of

¢
Kis.e(y) = % <Z hi(y) + akxfg(y))-

Now since (n + 1) sets U j‘? have empty intersection, we have that

¢
Vy €R", Zx?(y)‘ <n,
=1
hence
na
| Krs0(y) — ha(y)] < Tk

As a result, using the inequality between v and the C°-norm of the Hamiltonian from
Proposition 2.10, we get

na A
Y(WVr,5.0,Pk) < Tk - 7k7
where 1y, is the time-one flow of hy(y) hence
A
Y (Y500, Yra) < Tk
and
= Ay _ Ay
c(p, Gog) < c(p, Yrs0c) < c(p, rar) + 7 S c(p, pror) + 7 O

Since by assumption, as v goes to infinity (1, ),>1 y-converges to @ we get for
k=k,

_ _ A
c(p, orea) = c(p, Gor) < (i, Geg) + € < c(p, Gg) +¢ + 71«

and since this holds for any positive ¢ we have

e, prear) < e(p, ) + =7
Taking ¢ large enough, we see that there is a sequence® ¢,
lim e(p, e, 1, @) < c(p,pa)

as announced. This concludes the proof of Proposition 4.15. g

(141 fact this holds for any sequence.
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Remark 5.3. It is important to notice that
_ 1<
Gop = S(x1 4+ u,v;m) + 7 (hi(y;) + arx’(y;)) + Be(@,9) + (ye — v, 21)
j=1

cannot be bounded from above by

£
1 a
S(ar +uvin) + 5 Y hw(y) + Be@ ) + (e = v.1) +
J=1

as it is obvious by choosing (y1,...,y¢) such that each y; is in U ]‘5 . Our proof makes

crucial use of the commutation property of the hy(y) + ax;(y) and would not hold if
we replaced X‘;(y) by an analogous function x?(m, Y).

6. Proor or ProrosiTion 4.16

Let T, be the graph of ¢, where ¢ in coordinates is ¢(z,y) = (X (z,v),Y (z,y))
and S, a GFQI for T'(p)
r, = {(X(:c,y)7y,y —Y(x,y), X(z,y) —2) | (z,y) € T*T"}.
Then the reduction of I', at y = o is

(Fw)yo = {(X(xvyO)a Yo — Y({E,yo)) | S Tn}a
that is, Ly, — ¢(Ly,), where
Ly, = {(z,%) |z € T"}.
Note that if S, is a GFQI for ¢, it is normalized, and this yields a normalization of
the GFQI for L, — ¢(Ly). This could very well NOT be the normalization expected
by the reader (see for example Remark 2.4(2)).

For example for H integrable, of the form H(p), we have L, = ¢(L,), so
L, — ou(Ly) = On. However the normalization of the generating functions yields
c(p, Ly —¢u(Ly)) = H(y) and not 0.

Now cl(arg © 1(y), 9) = claw @ 1(y), Sp) = el (Sp)y) = (e Ly — p(Ly)).

LLemma 6.1. — We have
c(pe @ 1(y), o) = clpt, Ly — or(Ly)) = —c(1, Ly — ¢ ' (Ly)) = —c(1. @ 1(y), 03, 1)

Proof. — TIndeed, c(u, Ly — ¢1(Ly))) = c(u, ¢y ' (Ly) — L,) by Hamiltonian invari-
ance*) of ¢(p, L1 — Lg). Moreover c(u, @5, ' (Ly,)—Ly) = —c(1, L,—¢; *(L,)) by [Vit92,
Cor. 2.8, p.693]. |

Denoting by ﬁk(y) the number c(i; ® 1(y), v '), to prove Proposition 4.16 it is
enough to show that hy(y) = c(u: ® 1(y),05") = —c(ls @ 1(y), ¢x) differs from
—c(pz ® 1(y), 1) = —hi(y) by a term of the size O(1/k). This is the content of

(15)¢hat s, c¢(a, L1 — La) = (e, p(L1) — p(L2)) for ¢ a Hamiltonian map. The proof is the same
as in [Vit92] page 695, proof of Proposition 3.5.
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Prorosition 6.2. We have, uniformly in vy,

c(pe @ 1(y), &) — c(la ® L(y), x) = O(1/k).
Remarks 6.3
(1) Using the proof of Conjecture 1 by Shelukhin (see [She22]) we can prove the

above proposition as follows:
(e © 1(y), ox) — e(1o @ Uy), @) = et Ly — pi(Ly)) = e(1, Ly — o5 ' (Ly))
1
=7(Ly —r(Ly)) = E’Y(Ly - ‘Pk(Ly))-

But the ¢* have a fixed compact support, so the same holds for L, — oF (Ly) hence
according to the main theorem in [She22], v(L, — ¢*(L,)) is bounded independently
from k, and we conclude that limy, £v(L, — ¢*(L,)) = 0.

(2) Indeed the proposition implies

hi(y) = clpe @ 1(y), 01 ) = —c(1s ® 1(y), )
= —c(pz @ 1(y), o) + O(1/k) = —hi(y) + O(1/k).

Since by definition ¢(a, ) = ¢(«, Fi) we have to prove that
c(pe @ 1(y), Fi) — c(1a ® Ly), Fi) = O(1/k).

According to Proposition B.3, if f is defined on an n-dimensional orientable manifold,
and o« € HI(f°, f*) then

C(a7f) = Sup{c(u,f) | u € HQ(fbvfa)v <a7u> # 0}

As a result, we may in the sequel replace cohomology classes by homology classes
using this property.

Proof of Proposition 6.2. — First of all, let u be a homology class in Hy(T™) repre-
sented by a map A : X — T™ and v € H,(T™) be represented by a loop B : St — T™.
Denote by u - v the class represented by C : (0,z) — B(6) - A(z). Here z - y is the
product in the group 7" and u - b € Hpy1(T™) is then well-defined, i.e., does not
depend on the choice of the representatives of u and v: this is the Pontryagin prod-
uct of u and v. Moreover it is easy to see that if vy,..., v, form a basis of Hy(T™),
then vy - vy - - - v, is a nonzero multiple of the fundamental class,"®) 1. Since we must
compare ¢(1, ® 1(y), Fi) and c¢(uy ® 1(y), Fy), our proposition will follow from

Proposition 6.4. — Let A:V — T xR™ x E, representing the class ux [{y} x E, /] €
Hd+n(k_1)(F,§’y,F,;5°), andv € Hi(T™). Then there exists C' : S1xV — T"xR" x E},
F ), where

representing u-v X [{y} x E,’] € Hd+1+n(k,1)(F,§:y,

d <c+ O(/k).

(16)by abuse of language, we denote by p both the fundamental homology class and the funda-
mental cohomology class. This should cause no confusion.
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Proof. In the proof we shall assume v is represented by the loop s — sv, where
v € Z™. All degree one classes on the torus can be represented in such a way. The
first step will be to modify C to a cycle C in the same homology class. We denote
by K a number such that

K>max{ sup |S(@p),  sup |dS<q,p>|},

(¢,p)€T*T™ (¢,p)€T*T™

where S is the generating function for ¢ as in Section 4.1. We first show that relative
cycles in sublevel sets can be deformed to “standard form”.

Lemva 6.5. — There exists a cycle C homologous to C in Hy(Ff

— 00
ey Fey ) and a

constant M such that we have
() € € ({q.p) | max; [ps| < M}UFF) O FE,.
(i) CNF 3 T x {y} x By .

Proof. — Let us choose M so that S has support in the set |p| < M/2. We are going
to deform C' by first using the vector field Z, associated to the differential equation

4; = —x(p;1)(p; —pj-1) = X;(q,p), p; =0, forl<j<k,

where x(|p;|) vanishes for |p;| < M/2. Note that y = p is preserved. As a result,
if ¢t is the flow of Z, we have

S Fe 8 @p)imo = iy 00). 200 = (3 Fi(0). X a.0))
k

== 2 (G Pralan). (s~ i)

j=1

= ZX(|pj|)(—\pj —pial*+ <g(i(k‘ “q5,05), (pj —pj—1)>)

i
== x(Ipil)lp; = pial%,
i

since S vanishes on the support of x(|p|). Note that the p,; are integrals of the
flow of Z, that Fj,, is decreasing along the flow of Z and that since py = y is
fixed, if max;|p;| > M, for M large enough with respect!”) to y, the quantity
Zj x(|p;))lp; — pj—1|* is bounded from below by some constant my > 0 (note that
my = O(1/k), but we don’t care). Thus outside the region {max; |p;| < M}, Z is a
pseudo-gradient for Fy ,, and since the flow is complete (it is bounded by a linear
quantity), it satisfies the following properties:

(1) Setting ¥'(q,p) = (Q, P) we have p = P.
(2) For (¢,p) & {(q,p) | max; |p;| < M} we have Fyy(¢'(q,p)) < Fiy(q,p) — mat.

(17)This is where the proof would fail if we did not fix y, and wanted to prove the incorrect

1

statement E'y(ka) — 0.
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As aresult, if (¢, p) € Ff, we have

Plerak/m (g, p) € ({maxj [pjl < M} U F';;K) NFL,

(see Figures 2 and 3).
We thus obtained a cycle C; = (¢+4K)/mk (C) satisfying (i). We now deform C;
to C as follows. Since ||F),, — Bi|| < K we have —K < ¢ < K, and the inclusions

—4K —3K —2K —K
Fo, CBPN CE N Bt

Thus
Ci € Hy(Fyf2°, Fi ) = Hy(Bj™, B, ™) and B> ~ B X,
and [C1] = [A x {y} x E;] in Hy(B;">®, By™)

for some cycle A representing the class a.
This means there is a cycle D such that 0D = C — (A x {y} x E,)), so

DN BK) =CinB*K — (Ax {y} x B, )N B*¥) + DN {B), = -3K}.

Thus in Bk_SK we may replace C; by the homologous cycle A x {y} xE, ﬂBk_‘gK D,
where D' C {Bj, = —=3K}. But then D' N Fy /% = @ so

(Ax{y} x E))NB )Y uD)nF 5 = (Ax{y} x E;)n B nF K
Then the cycle
C=(Cin{By>-3K})UD' U((Ax {y} x E;)n B;>K)

is homologous to Ci.

Ficure 2. On the left: The
cycles C1, A x {y} x E
and bounding cycle D.

Ficure 3. The cycle C.
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Now, since

sup{Fi,y(¢,0) | (4:p) € D' U ((A x {y} x E;) N B *)}
<sup{Fyy(g:p) | Br(g:p) < —3K} < 2K,
we may conclude that sup{Fy ,(¢,p) | (¢,p) € 6} is bounded by the maximum of
{sup{Fi,y(¢,p) | (¢,p) € C1} and
sup{Fr.y(0,p) | (¢.p) € D' U (A x {y} x E;) N B*F}},
that is, by max{c, —2K} = ¢. Finally C satisfies both (i) and (ii). O

Now that we have a cycle in “standard position” we are going to construct a
representative of [C] - v. Remember that v is represented by s — s-v for v € Z™.
We set

T;(qla <o qE,P1y - 7pk) = (q17' - q5-1,945 + SV, Qj4+15---54k, P15 - - - apk?)
and 7(U0%k) = 75 oo 75T and 75 = 7(589),

Then C}| = Usepo,1) 7°(C) is a cycle representing u - v x {y} x E, . More generally
for any continuous path o : [0,1] — [0,1]*, such that ¢(0) = (0,...,0) and o(1) =
(1,...,1) we have, since all such paths are homotopic, that C' = {J,c(o1) 77 o()(C) is
homologous to Cj.

Moreover, define the paths

ok(s) = (/k,.. 1k, s — j/k,0,0,...,0) for s € [j/k, (j + 1)/k],
where there are j components equal to 1/k. Thus oy, joins (0,...,0) to (1/k,...,1/k).
Now set
o(s)=U/k,....L/k)+or(k-s—1¥)
for s € [¢/k,({+1)/k] for 0 < £ < k — 1. Then o connects (0,...,0) to (1,...,1).

(1/3,1/3,1/3)

(1/3,0,0)
(1/3,1/3,0)

(0,0,0)

Ficure 4. The path o3 : [0,1] — [0, 1]3.

Now we claim Fy,,, (7*/*(q,p)) = F, (g, p). This follows clearly from the fact that
q; — S(qj,pj) is Z™-periodic and the formula

Fiy(q,p) Z (k- q;,p5) + Bi(a,p),

w\'—
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where
k—1
= (p, a4 — G+1) + (ry @ — Q1)
j=1

Since

(1) o sends [0, 1] in [0, 1]* with ¢(0) = (0,...,0) and o(1) = (1,...,1).

(2) a(t/k) = (€/k,.... t/k)
and 7¢/%(C) still satisfies properties (i) and (ii) from Lemma 6.5, it is enough to prove,
using F}, , 0 Tk = = F}, 4, that for any such C, we have

U @)= U (0 cF,
s€[0,1/k] s€[0,1]

with ¢ < c+ O(1/k).

LemMma 6.6. — We have
1
(1) Fry(m;(q,p)) = Fry(e,p) + k(S(qu + ksv,p;) — S(kqj,p5)) + s(pj — pj-1,v),
1
(2) Fry(r;/y o o n!M(q.p)) = Fiy(0.0) + 7 (pjm1 — p1.v),

K
(3) Fralr] orilh o0 r (a0 <Fig(0.) + 421y —py al+pss — ).

Proof. — Assertion (1) is checked immediately. Then (2) follows at once from the fact
that S(g; +v,p;) = S(gj,p;). Finally (3) follows immediately from (2) and (1). O

Now for (¢,p) € C satisfying properties (i) and (ii) of Lemma 6.5, since 73 (s) is of
the form 7} o 7-1/1 0---0 7-1 ¥ for 0 <t < 1/k, we have:
(1) If (¢,p) € {maxJ Ipj| < M} we have, using Lemma 6.6(3),
L K +4M|v
Fiy( O 0.9) < Frey(a.n) + M < o)
(2) If (¢,p) € F,;;K and (¢,p) € T" x {y} x E,  we have p; = —(¢; — q;—1) hence
Fry(q,p) = — Epf + % 1 Z ‘ S(kqj,pj) thus using (3) of Lemma 6.6 we have

ox(s L
Fioy (77 (g ZPJ z ZS kgj,pj) + == (Ip; = pi-1l + |pj—1 = p1))
M
<A Rl 42l )+ K
In the path oy(s) only the k-th variable varies from 0 to 1/k. But since —3K >

Fiy(q,p) = Br(q,p) — K we get Bi(g,p) < —2K so Zj p? > 2K and using standard
inequalities

v 6M |v
508 iy 4 2yl +lpah) — K > 0 = YO s
J

for M large enough. And this implies
Fioy (17 (¢.p)) < =K + O(1/k) < ¢+ O(1/k).
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We thus proved that for any (q,p) € Cand s e [0, 1], we have
Fry(77*)(q,p)) < ¢ = c+ O(1/k).

Since the map from S* x C — F,flu given by (s, q,p) — 77¢() represents [6’] - v, this
concludes our proof and the proof of Proposition 4.16. ]

Remarks 6.7

(1) The above method of proof, in the case of variational problems for closed
geodesics, is related to the “passing the obstacles one at the time” that can be found
in the paper by [Ban80] page 87, as well as to Gromov’s book [Gro99], Sections 2.26
and 2.27. I wish to thank V.Bangert for the reference.

(2) Since ¢r = p; ' ¢*pi, and we proved (¢ (Ly) — L) converges to zero, so for
y =0, we get 1+7(¢*(07~)) converges to zero. This is much weaker than Conjecture 1.

7. Proor or THEOREM 3.1

We are now going to prove Theorem 3.1 in the autonomous case. The general case
could be proved along the same lines, but we shall show in Section 11.2, how to deduce
it formally from the time-independent case.

Thus far we showed that some subsequence of (¢})g>1, y-converges to ¥, and
in Proposition 4.12 that this implies the convergence of the sequence itself to ..
Recall that according to Corollary 4.17 the y-convergence of ¢}, to ¢! is uniform in ¢
on compact sets. In other words the sequence of functions ¢ — (%P~ ") converges
uniformly on compact sets to 0 and thus the sequence H(kq,p) converges to H =
A(H) for the y-metric (recall that H is continuous, so belongs to %C(T*T"), the
y-completion of C2°([0,1] x T*T™)). Clearly H(q,p) = hoo(p) defined in the previous
subsection (Proposition 4.14), satisfies the first statement of Theorem 3.1.

End of the proof of Theorem 3.1 (for time independent Hamiltonians)

Here Assertion (2) follows from the fact that %L, determines H (see Corollary A.2),
and that

Poo = lim pto" oy,
which only depends on ¢ = .
We finally prove Assertion (3). Given two compactly supported Hamiltoni-
ans Hi, Hy, with ¢1,p2 the time-one maps of their flows, setting hy(p) =
c(ptz @ 1(y), pi "0k pr).

|hie1 () — b2 ()] < le(pe @ 1Y), pr ' ohpr) — c(pa @ 1(y), py; "5 on)|
_ L IR 1, _
< (o " or) ™t o pp b o) < (ot ek pr) < 21 Fok) <1 ea),

where the last inequality follows from Equation (4.1) in Lemma 4.13. Therefore, the
map A : Ham(T*T") — C°(R™, R) is 1-Lipschitz for the norms v and C° respectively.
It thus extends to a Lipschitz map from Ham(7T*T") to C°(R"™,R).
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Since if H only depends on p, we have H = H, we get that A is a projector. Finally,
if C' is the supremum of |%(q,p)| on T*T™, the functions hy defined in Lemma 4.11
are C-Lipschitz, hence their uniform limit is also C-Lipschitz. This settles the last
claim of the theorem and concludes our proof of Theorem 3.1 for the time-independent
case. U

8. Proor or TurorEM 3.2

We assume again H to be time-independent. In order to prove (1) of Theorem 3.2,
we need to prove that if H; < Hy then hog1 < hoo,2. This would follow immediately
from the fact that we may choose Si,Ss such that"® Si(g,p) < Sa(q,p) hence,
F1 < Fj2 and therefore

hiea(y) = c(p @ 1(y), Fra) < c(p @ Uy), Fr2) = hi2(y)-
As a result, hoo1(y) < hoo2(y)-
However there is the following more general and simpler proof, assuming only(*®)
that H; < Hy so that ¢ < ¢l and
P etk = % 5ok,

then by going to the limit, p; < ®,. Now %, and @, are the flows of H; and H,
which depend only on p. Therefore, according to Corollary A.2, they commute, and
our assertion follows from the

Levva 8.1. — If o', the time-one flow of the compactly supported integrable Hamil-
tonian H(p), satisfies Id < ! then H is non-negative.

Proof. — Recall that Id < ¢ means c_(p) = 0. In Proposition A.1, we prove that
c—(¢') = inf,ern H(p). Therefore, if c_(p!) vanishes, H must be non-negative. [

To prove (2), we have to compare A(H o) to A(H). Note that the flow associated
to H o is =t ot o4p. Thus A(H o)) is associated to the y-limit of

P 0T e o = (ot o) (o 0" o) (o M)
But limy_, o fy(plzlw_lpk) = 0, that is, pgl o~ t o pj y-converges to Id. Hence
: —1,-1 k T -1,k —1
Jm p ™ 0 o = lm pmtp
For Property (3), we start with the case ¢ > 0. First if ¢ is a positive integer,

limy_s o0 pglgoc’“pk = limk%m(plzlcpkpk)c and it thus y-converges to ©°¢, that is, the
flow of cH. If ¢ is positive and of the form 1/q

. —1 k/q, _ 7 -1 ¢ =1 -1 ¢ [ g
Jm py ot = i p it pge = pg ((ggope @' pe)pg = Py PPy

(18)This is automatically the case if Sj is a finite dimensional reduction of the action functional,
as described in [Cha84] or [LS85].
(19)Remember that 1 = @2 means c_ (gOQng_l) =0, see Remark 3.3.
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and this is the flow of %ﬁ Finally, we have to compare limy_, pglcpk pr and
limy, oo p,?lgo_k pr- Clearly, since the limits exist, they must be inverses of each other,
that is, they are given by ., and (p,,)"*. Now it follows from [HumO8b] or (since
we are in the situation of Hamiltonians depending on p) from Corollary A.2 that two
integrable autonomous continuous compactly supported Hamiltonians H, K in 531‘;1(:7
such that their flows satisfy ¢y = Id in I—m(T*T"), must satisfy H = —K.

We now prove Property (4). We limit ourselves to the case where U is closed and
bounded. Let us consider a decreasing sequence of non-negative smooth functions
(H,)u>1 such that (), supp(H,) = U, and lim, H, = xy, where xy is the character-
istic function of U, the limit being here a pointwise limit. Then H, is also a decreasing
sequence of non-negative continuous functions, and therefore has a limit H .., and we
denote by A(U) the support of H .. Since for any other sequence (K, ),>1 decreasing
to xu, we may find, for each v, a p such that K,, < H,, we have K o, < H. By sym-
metry, we get K oo = H oo hence the support of K o, coincides with the support of H .
This support defines A(U). For U bounded but not closed we may set A(U) = A(U).
In the general case, we set A(U) = A(U) = limy, oo 7 A(V). Assume now L is a
Lagrangian submanifold Hamiltonian isotopic to L,,. By the Hamiltonian invariance
we just proved, A(L) = A(Ly,). Now it is easy to show that

A(Ly,) = {yo}-

Since shape(U) contains p if and only if U contains a Lagrangian L, Hamiltonian
isotopic to L,, we get that for p € shape(U), we must have p € A(U). This concludes
the proof of (4).

As for property (5), it is an easy consequence of the above. Indeed, assume first
H(L) > h where L is Hamiltonian isotopic to L,,. Let x,, be a function on (R)”
equal to 1 near pg, very negative in a neighborhood of the p-projection of the support
of H, and compactly supported. Then if ¢(L,,) = L, we have

H = h-(kp, 09),
hence
T>h-(ipod) =h-Fpy = h-hp,.
As a result,
H(po) > hrp, (po) = h.

Changing H to —H, and using (3) we get the second statement.

Property (6) follows from the fact that ci(p; ' " pr) = +c4 ("), the fact that cy
are continuous for the -topology and Proposition A.1.

For (7), since A is only defined for compactly supported functions, this means that
for any sequence (Hy,),>1 of compactly supported functions such that lim,, H,, = 1,
where the limit is uniform on any compact set, we have lim,, A(H,) =1

Let us define K to be a smooth non-negative compact supported function equal
to 1 on [—1,1] and set Kr(p) = K(|p|/R).
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Let (Hp)n>1 be a sequence of compactly supported functions converging uni-
formly on compact sets to 1, with the extra requirement that there exist sequences
(Ru)n>1, (R))n>1, (En)n>1 such that lim, R, = lim, R = +o0, lim, &, =0 and

KRn - Z':n-KvR;L < H, < KRn + 5nKR;,,~

Since K only depends on p we have that Kr, Kr' commute and A(Kr) = Kg. This
implies that

hm(KRn - 5nKR1’1) < hrnfl(Hn) < lim(KRn - EHKR%).

Since lim,, Kr, = 1 this implies that lim,, A(H,,) = 1.
Finally, to show that ¢ : H — [ A(H)du(p) is a quasi-state, it is enough to deal
with the case where i is a Dirac mass at p. We must then prove

(1) (Monotonicity) Hy < Hy implies H; < Hy. This follows from Theorem 3.21.

(2) (Quasi-linearity) If H, K Poisson commute, then (H + K)(p) = H(p) + K(p).
this follows from the fact that if H, K commute, with respective flows ¢, ¢, then
H + K has flow ¢'¢! and then A(H + K) corresponds to

1i —1 ktykt =1 _ —1 _kt i —1 .kt N _ —t ot
i oy = Tim (o0 pr) lim (pp 9 o) = 9oy,

and this corresponds to A(H)(p) + A(K)(p) according to Corollary A.2.

This concludes the proof of Theorem 3.2 in the time independent case.

9. Proor or THEOREM 3.5, THE PARTIAL HOMOGENIZATION CASE

We consider the case of the sequence defined by Hy(z,y,q,p) = H(kz,y,q,p) and
prove that it y-converges to H (y, ¢, p) obtained by performing the above homogeniza-
tion, on the variables (z,y) and freezing the (g, p) variables.

The flow Ui of H(kxz,y,q,p) is given by

0 0
= —H(k- g — kLo
=% (k-z,y,q,p), ¥ k’ax (k-x,9,q,p),

d:a%H(k':v,y?q,p)? P:*(%H(k-x,y,q,p)-
Set
wip(t) =k-x(t/k), y(t) =y(t/k), a(t)=q(t/k), pr(t)=Dp(t/k).

We shall consider the flow ¢! associated to the Hamiltonian equations:

9 . 0
Tp = %H(mmyk,%,pk), Yk = —%H(a:k,y;@,qk,pk),

10 10
= H = — - H .
dk k@p (xkvy/quapk)a Pk kaq (xkaykvqkapk)

Then the flow W is given by p; '¢¥ pr, where

pk(may7Qap) = (k : I7yaQ7p)'
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Let Sk(z,v,q,p,§) be a generating function for the flow above. The candidate for
the homogenization is again given by limy_, oo H}, where

Hi(y,q.p) = c(pe ® 1(y) @ 1(q,p), Sk)

is obtained by freezing the (¢,p) variables and performing homogenization on the
(z,y) variables as in the previous section. The precompactness of the sequence is
proved as in Proposition 4.10, and the same holds for the uniqueness of the limit as
in Proposition 4.12. Let us reformulate the problem by considering the symplectic
form o}, on T*T™*" given by o = dy Adx + kdp A dq. For a Hamiltonian H(z,y, q,p)
its flow for o is defined by the equations

. OH, ) g 2H )
T = 6y ‘/E7 y?q?p ) y - ax :I:7 y7 q?p )
10H ~10H

i=r5p@yap), D= 757](:6,1;,%19)-
Note that ¢} is the flow associated to H for the symplectic form oj. We thus have
Lemma 9.1. The flow Vi of Hy(x,y,q,p) = H(kz,y,q,p) is given by
Uk = Py kP
where p(x,y,q,p) = (kx,y,q,p) and @}, is the flow of H(z,y,q,p) for the symplectic

form
o = dy ANdx + kdp A dg.

Now to the above Hamiltonian map C*-close to the identity, we may associate the
function S(z,Y,q, P) on T*(T™t™) given by

X—xzai(xaKQ7P)7 y_Y:aj(x7Kq’P)’

oY Ox
198 108
Qiq_%aip(aaicqap)a pip_Eaiq(xaK(LP)

Indeed this amounts to the identification of T*(T™* ™) x T*(T™* ") endowed with
the symplectic form oy © oy, (i.e., m,m2 denoting the projections on the first and
second T*T" factor, o) © oy, is defined as (7o — w50), with T*(T"T™ x R™T™)
endowed with the standard form by

(I7yaQ7p7X7Y7Q7P) — (‘T7Yaq7Pay7Y7X 7$’k(p7 P),k(qu))
Note that S depends on k, even though it is not apparent in the notation. Two such
transformations are composed by using the following formula: If

Si(z1,Y1,q1, P1), Sa(x2, Y2, g2, P)

are the generating functions for o1, @2, we will have the generating function of ;1 0o
given by the next formula similar to that of Lemma 4.3

S(I,YaQ7P;x2,Y17q2aP1) = Sl(xath’Pl) +S2($27KQ27P)
— (-2, Y1 =Y) — k(P — P,qg — ¢2).
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Indeed, the constraining equations are

oS 0859
— = Y,q2,P)—-Y +Y, =
01'2 0 <— 333 (1’2, q2, ) + Y1 07
95 =0 < —(z,Y1,¢,P)+—x+35=0,
v, = oY 1,9, 11 2=
oS 0S5,
— =0 < x9,Y,q2, P) + k(P — P;) =0,
94s dq ( 2 q2 ) ( 1)
oS 051
— = Yi.q, P — =
apl 0 8P(x 1,4, 1)+k( QQ) O,
and the map ¢ is given by
a5 108
(.I,Y"‘%(l‘,KQ,P§$2,E,Q2,P1) q7P+Eai(z7KQ;Pa$27Y1aQQ7P1)>
oS 198
(334'87(33 Y,q, Pyx2,Y1,q2, P1), Y, q + Ea?(%Kq7P;$2,Y17Q2,P1),P)7
that is,
051 108
(.’E Y+ a (:L’ Ylaqvpl) q7P+%67q1(5L',th,P1))
0S5 105,
— (;p+87(12,y’q27p) Y,g+ - op (»Tz,Y(Jz,P)
Now the map (1 sends
oS S1
(anl—"_aixl(x?YDQaPl) q7P1+ L a (37 }/3.7Q7P1))
051 105,
($+ ay(x Ylaan1> Ylaq+ L ap(x Ylaan1> Pl)

and the map o sends

oS 108
(-/E2aY+ T;(anKQQ7P) q7P+ L a (x27Yq2aP))
052 So
— (962-5-87(3?2,3/,%7]3) YQ2+ w 9P 2 (2,, Q2,P),P>-
Since
S
Y:Y1+87;($2,Y,QQ,P),
=29+ —— 52 2 (22,Y, q2, P)
T = T2 Y X2, q2, ’
1059
P P1+k a (.’EQ,YQQ,P),
105,
q—Q2+ A aP ($2,YCI2aP)a

we may infer

¥ = P10P2.
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9.1. Resorution IN THE (g2, P1) VARIABLES. For j = 1,2, let the functions
05 05
e — Y, q2, P — Y, q2, P
8P(x2a » 42, )7 aq (33'2, » 42, )
be C! bounded, and assume k is large. We may then solve
08
87;(3;27Y7QQ7P) + k(P - Pl) - 0)
051
—(x,Y1,q, P k(q — =0
OP (1‘7 1,94, 1)+ (q QQ) )

in
(g2, P1) = (q2(,Y, q, P; 2, Y1), Pi(z,Y, q, P; 22, Y7)).

This requires the following matrix to be invertible:

1 9%S 1928,
- E&]T;(xz,qu,P) EW;(anKq27P)
16%5, 1 029,
- Y, q2, P I—— Yi,q, P
kL OP2 (:C27 y 42, ) kapaq(xv 1,9, 1)

If we moreover assume that the norm of the inverse matrix is bounded, we get
that the map is globally invertible: this is a theorem of Hadamard (see [Had06] and
[DMGZ94] for a modern exposition in English).

We thus get, under this assumption, a new generating function

~

S(@,Y,q, P2, Y1) = S(2,Y,q, P2, Y1, q2(2, Y, ¢, P32, Y1), P1(2,Y, ¢, Py 02, Y1)).
Note that

lg2(z,Y, q, P22, Y1) — qller = O(1/k),  [|Pi(2,Y,q, P;w2, Y1) = Pller = O(1/k),
hence

1S(z,Y,q, P;xs, Y1) — S(2,Y,q, P;22,Y1,q, P)|cr = O(1/k),
where
S(xz,Y,q, P;x9,Y1,q, P) = S1(x,Y1,q, P) + So(x2,Y,q, P) — (x — 22, Y] = V).

Note that the left-hand side of all these equations depend on k, since S itself depends

on k.

9.2. GENERATING FUNCTIONS FOR COMPOSITIONS. — Suppose now that S; is a function

of (z1,Y1,q1, P1,&1), Sa of (z2,Ya, o, Po, &) which are both GFQI. Then

S(x,Y, q, Pyx2, Y1, q2, P1,&1,&2) = S1(2, Y1,q, P1,&1) + Sa(x2,Y, g2, P, &2)
(-2, Y1 =Y) —k(P1 — P,q — qo).
The conditions defining ¢ = @1 o @9 are then given by
055
g
051

ﬁ(z,th, Plvgl) + k(q - 112) = Oa

(anKQ27P7£2)+k(P_P1) 207
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and for k large enough we may write, as in the previous section

(g2, P1) = (q2(,Y, q, P; 22, Y1,&1, &), Pi(2,Y, q, P; 22, Y1, 61, 62)).

We then set

o~

S(xayaQ7P;x27Y17£17£2) = Sl(x7Y17q7Pl(x71/7qaP;$271/1a§1a§2)7£1)
+SQ(.’E27Y7QQ((L',Kq,P;$27Y1,§1,§2),P,€2) - (.’L’ _:E2;Y1 _Y> - k(-Pl - Paq_ Q2>

Again, we have, as above

||§(:E7Y7Q7P;'T27Y17§17€2) - S(xaKQaP7 x2a}/a.7q7p7£1a€2)“cl = O(l/k)

9.3. From ¢f, 10 @l,. — Let ¢} be the flow associated to H(x,y,q,p) for the sym-
plectic form . According to Lemma 9.1, the flow W! associated to H(kz,y,q,p)
for oy is given by

Vi = py i o
Let Fi(x,Y,q,P,§) be a generating function associated to the time-one flow of

H(z,y,q,p), for the symplectic form oy, i.e., ¢}. We then have a generating function
for pie given by

Fk,g(z,Y,q,P;f,Y,q,P,g)
14 4
=Y Filw;, Y505 Py &) = D (g — w41, Yy = Vi) — klgy — gj41, P — Pipa).

j:l j:l
Here

=z, q1=¢(q, PZ:P> Y}ZY,

~"7x€)7 q:(q27"'7q2)7 PZ(Pl"""Pe*l)’
?:(Yh-u,}/@—l)? g:(fla"'7£f)'

The condition for solving the constraints F /g = OF /JOP = 0 in (g, P) is that for k
large enough the inverse of the following matrix is bounded

T = (1’2,

1 9*Fy, 1 9*F
- = —(7,Y,q, P ———(7,Y,q, P
kaan(x’ » 4, ) k aqg (.’IJ, ,q, )
10%F 1 0%F = =
7872]6(T7Y,6’P) Iﬁ*a*k('ra y 4, )
k op k 0Pog
This amounts to the inequality
0*Fy, 0° Iy,
Y, q, P Y, q, P
1 aqap (‘r7 ’q7 ) 8q2 (x7 7q7 )
(*) 7. 2 2 Se
k 6Fk(x )aFk(xY P)
8P2 ) 7q) apaq 9 7Q7
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since a matrix of the type

I+A4 C 0 0
B I+A C 0 0
0 B I+A C ... 0
0 0 B I+A C
0 0 0 B I+A

is invertible with bounded inverse if ||A]|, || B]|, ||C| are small enough.®?) Indeed, the
lllcc norm of the matrix

A C 0 ... 0
B A C 0 0
0 B A C 0
o ... 0 B A C
0 ... 0 0 B A

is bounded by a constant times max(||Al|, ||B]|, [|C||), with a constant independent
from the number of blocks. Under the above assumption (), we have that

— = = ~ — = 1
||Fk’4(1'7Y,q,P;E,Y,g,P,g) _Fk,f(xa}/aqvp;fvyvg)ncl < Cg%a

where

I ¢
Fio(@,Y,q, Ps2,Y,8) = Y Filw;, V5,0, P.&) — > {wy — w541, Y) = i)
j=1 j=1
Now let us for typographical convenience revert to (z,y, ¢, p) notation instead of
(z,Y,q, P). Let the generating function associated to Wi be given by Fy(z,y,q,p;§).
We thus have according to Proposition 4.15 for each fixed value of (g, p), a function
hi(y, q,p) and a cycle I'(y, g, p) with the proper homology class such that

Fi(y, 4,01 (y, 4, p)) < hie(q,y,p) + x,
where limy o0 M (Y, ¢, p) = hoo (Y, ¢, p). Moreover T'(y, ¢, p) may be allowed to depend
continuously on (y, ¢, p) provided we allow the weaker inequality
Fe(y, 4.9 T (y.4,p)) < hie(q,y,p) + ax’ (g, p),

where now X? is supported in Wf, a d-neighborhood of a grid in the (¢, p) variables.
The procedure here is the same as in the proof of Proposition 4.15. Note that we used

(20)1¢ holds independently from the number of blocks: this follows from Gershgorin’s theorem
(see [Ger3l, Var04]), stating that if R bounds the sum on any line of the absolute value of the off
diagonal terms, then the eigenvalues of the matrix are at distance less than R from the diagonal
terms. The bound on the inverse follows immediately since in our case ¢ is fixed and k can be taken

arbitrarily large.
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Proposition 4.15, in order to get rid of the y dependence of the X?w Then

¢
. 1
Fro(@,y,4,p;7,79,§) = ?Z k(25595545 0,€5) = (Y5 — Yj+1, 05 — Tj41)
will satisfy on
Fk,f = {(:rjvyj7%p7§j) | (xjagj) € Fj(yjaQ7p)}
the inequality

£ 4
_ |
Fk,e(xayaQ7p;xay g ZZ Z/ q, p Z — Tj+1,Yj _yj+1>'

N\@

As before we choose the Wf so that the intersection of 2m+1 distinct Wf = supp(x;)
is empty. Thus F\kl is bounded by the generating function of hy(y, ¢, p) up to 2ma/¢.
We therefore get for all a, that

2ma
o(p, Uppa) < (Mv‘l’ka)+ 7

hence limy, ¢(u, ¥}, ,a) < e(p, T 2o @). We thus proved the analogue of Proposition 4.15
in the partial homogenization case.

Finally, we may conclude the proof of Theorem 3.5 as we did in the standard case
for Theorem 3.1, noting that the proof of Proposition 6.4 extends to the situation
where we have parameters (g, p) without any notable modification.

10. Proor or Prorosition 3.7

We shall limit ourselves to the case where homogenization is done on all variables.
According to Proposition B.1, if uq, ug are defined as ¢(1(q), L1) and ¢(1(g), La) respec-
tively, we have

c(1(q), L1) — e(1(q), L2)| < v(L1, L2).
Now if L1 = ¢1(A) and Ly = p2(A), we have
Y(L1, L) < y(prp3 ).
In our case, Ly = (Id x¢t)A, L = (Id xg")A, and therefore we get
lur(t,q) —a(t, q)] < (i@ ")
Now using the estimate (4.1) in the proof of Proposition 4.12, we see that
Y(eRT ™) <m(erE ),
and taking the supremum over ¢ in [0, 1], we get, since the flow is autonomous,

sup Y(ppp ) <m sup (eLp Y,

te[0,m)] t€[0,1]
thus implying
sup |ug — | < y(Lg, L) < meg,
tel0,m]

where ) = sup;¢(o 1) (¢t ®~"). This concludes the proof of Proposition 3.7.
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11. No~ compACT-SUPPORTED HAMILTONIANS AND THE TIME DEPENDENT CASE

11.1. Tue coErcive case. — Assume first that the autonomous Hamiltonian H(q, p),
defined on T*T™, is not compactly supported, but that H is coercive, that is,
lim H(q,p) = +o0

|p[—o0
Then let x4 : R — R be a truncation function, that is, a smooth function such that
(2) x4 is supported in [—2A4, 24],
(3) xa=1on[-A Al
We then consider xa(|p|)H(q,p) = K(q,p), and denote by ¢! the flow of H, and
by ! the flow of K. Since ¢! preserves H, we have that if a()\),b(\) are defined by
a(A) = inf{[p| | Vg, H(q,p) = A} and b(X) = sup{|p| | Vg, H(q,p) < A}, so that

W™ = {(g.p) | Ip| < a(N)} € {(a,p) | H(a:p) <A} {(@p) | [p] <O} =W,

then ¢! sends W™ into WP thus, for A > b()\), we have ¢t = ! on WM,
Since py preserves W and WP the flow ¢} = p, '¢**p). sends also W™ into
WP and moreover coincides with Py on wael,

We want to conclude that the homogenizations @' = limy ¢! and @t = limg ¢}
coincide on W), This is given by the following result based on the ideas of [HumO8b,
§4.4]. First we shall say that Et ="' on U if and only if (@t)*@t has support in
the complement of U (in the sense of [HumO08b, §4.4] or [Hum08a, Def. 2.24, p. 51]).

Dermvirion 11.1 ([HumO08b, §4.4] or [HumO08a, Def. 2.24, p. 51])

Let H € %C(T*T"). We define supp(H) to be the intersection of closed sets F,
such that there exists a sequence H, of Hamiltonians supported in F, such that
~ —lim,, H, = H. One similarly defines supp(yp) for ¢ € %C(T*M ) as the intersec-
tion of the closed sets, F', such that there exists a sequence ¢,, converging to ¢ such
that supp(p,) C F.

Lemva 1120 Let @b, ¢} be two sequences of smooth Hamiltonian flows, with sup-
port contained in a fized compact set for all k. Let U C V such that for any t,
O(U) C V, YL(U) CV and ¢ = ¢t on V. Then if v — limy_00 ¢ = pL and
v = limg oo h = L and Hoo, Koo generate @b, L, then we may conclude that
H., — K is constant on U.

Proof. Let Hy(t,z), Ki(t,2) be the compactly supported Hamiltonians gener-
ating ¢!, ¢;. For z € V, we have ¢} (z) = ¢k(z), hence ¥} and ¢! coincide.
Then ((¢f)~to "OZ)W = Idy, so the Hamiltonian generating this flow, Ly (¢,z) =
(Hy — Ky)(t,9%(2)) vanishes on V. Now by assumption Lj ~-converges to a Hamil-
tonian generating (1% ) top! , thus supp((vi,) topl ) N U = @. This flow being
generated by Ho, — Ko which is continuous, we have according to [HumO8a,
Prop. 2.25, p. 52|, that H,, — K is constant on U. |
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Now if a(\) < A < B, setting Hy = H-x4 (resp. Hg = Hxp), we have Hy = Hp
(up to constant that can be adjusted) on W) hence we may set

Prorosirion & DeriNiTION 11.3. Let H be an autonomous coercive Hamiltonian
on T*T™. Then the limit H = limg— 4o H 4 is well-defined.

Thus any autonomous coercive Hamiltonian can be homogenized:

Provosrrion 11.4. — The map A from f)/Cl;IC(T*T") to C2(R"™,R) eatends to
a map defined on the set of autonomous coercive Hamiltonians, i.e., such that
lim |00 H(q, p) = +o0 with values in C°(R™,R). Moreover if H is convez in p,

then so is H.

Proof. — This follows from Lemma 11.2 applied to the sequence (Hy)n>1. According
to our truncation argument, the convexity statement needs only to be checked for H
of class C> and Tonelli. Then according to Proposition 12.4 below, H coincides with
Mather’s o function and according to [CIPP98, Th. A & Cor.1], the « function is
given by

H(p) = inf H du(q)).
() wethy ) S0P (¢,p+ du(q))

Now we have

H(tpy + (1 —t)p2) = eciln(fN - Sggﬂ(q,tpl + (1 —t)p2 + du(q))
w ") q

inf  sup H(q,tp1 + (1 — t)p2 + tduy (q) + (1 — t)du
et vy B9 H (@ o+ (1= D)pa o+t (g) + (1= t)dua(g))

<t inf sup H(q,p1 + du +(1—t inf sup H(q,p2 + du
el (Vg oy (g,p1 + dui(q)) + ( )uQeCI(N,mqu (¢, p2 + duz(q))

<tH(pr) + (1 — t)H(p2).

N

The first inequality is obtained by just setting « = (1 — t)u; + tus, the second one by
convexity of H. O

11.2. Non-auronomous Hamirronians. — Consider now a compactly supported 1-pe-
riodic Hamiltonian H(¢,q,p) on T*T™ and consider the Hamiltonian K(¢,7,q,p) =
T+ H(t,q, p). This new Hamiltonian, defined on T (T™*!) is not compactly supported,
but, considering the function x4 as defined above, the Hamiltonian

Ka(t,7,q,p) = xal(r + H(t,q,p)) (T + H(t,q,p))
is compactly supported and autonomous. Its flow preserves the subsets
W = {(t,7,q,p) | =A< T+ H(t,q,p) <A}.

Then K4 can be homogenized, and the same argument as above shows that that
Ka=Kpgfor A\ < A< Bon|r| <\— |H|. Moreover, we now prove that K =
limg_s 400 K 4 is of the form 7 + H(p) on |r| < A: in other words, K(r,p) — 7 is
independent from 7 (and denoted by H(p)).
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Prorosition 11.5. Let H(t,q,p) be a Hamiltonian on T*T", 1-periodic in time and
compactly supported in (q,p). Then ima_, oo K4 = K(7,p) is well-defined and there
exists H(p) such that K(7,p) = 7+ H(p). The function K satisfies the properties of
Theorems 3.1 and 3.2.

Proof. — Being of the form L(t, 7, q,p) = at+Lo(t, q, p) is equivalent to the commuta-
tion of ¢3 and ¢*, where ¢ is the flow of 9/07, since {L,t} = JL/07. Now by assump-
tion on |7| < A — ||H||, we have {K4,t} = 1, so setting pi(t,7,q,p) = (kt, 7, kq,p),
we may write in this region (note that the region is preserved by px)
. -1 k . -1 k k
PRy = lm o eRey” = lim p oY ok

k—+4o00
— 1 —1, ks ks = I s —1, ks — PSS
m oy VK e = lm Y7o il pr = U0
Thus ¢ and 1° commute, therefore K(t,7,q,p) = at + H(p) for some constant a.
The following lemma implies a = 1.

Lemma 11.6. — Let K(t,7,q,p) =7+ H(t,q,p), with flow ¢*, and let

Vit 7, q,p) = (t, 7 + 5,4, p).

Then 7w =%~ is generated by
Lo(s,t,7,q,p) = K(t,7,¢,p) = K(¥~7¢7*(t,7,4,p)) = 0.
Proof. — This is just the translation, using [CV08], of the fact that {K,t} =1. O

As a result, if we have a sequence K,, = 7+ H,,(t, q, p) y-converging to K, we shall
have (517 °4~7) = o, hence

VP27 p V™) = o,
and this implies Ko (t,7,q,p) = 7 + Hxo(t, g, p). Note that even after truncation, we
have L, =0 over a large compact set, and |L,| <o, so that y(¢3 070 2Y7)=0. O

Remark 11.7. We could have taken a direct approach to the non-autonomous
problem. For this one can replace in Section 4.1 the generating function S(g, P) for
/" by a generating function S(q, P, &) for ¢. All formulas for the generating function
of p} translate immediately, as well as the proofs of Section 4.

Finally, we may consider the case of a non-autonomous, coercive Hamiltonian. Note
that if H is a Hamiltonian equal to a constant ¢ outside a compact set, we may still
define H as ¢+ (H — c).

Proof of Theorems 3.1 and 3.2 for non-autonomous Hamiltonians. — For general Hamil-
tonians, the proof of Theorem 3.1 and 3.2 now follows easily from the autonomous
case and Proposition 11.5. We only need to check that homogenization for K 4, that
is, y-convergence of (K 4)x for all A implies the v convergence of Hy.
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Lemma 11.8. Let H,(t, q,p) be a sequence of compact supported Hamiltonians (with
fized support) in T*T™. Assume for all A we have

(Kn)A = XA(T + Hn(tu q7p))(7— + Hn(t, Q7p))
is y-converging to (Kso)a such that ima_, oo Ko = K(7,p) = 7+ H(p). Then H,
y-converges to H.

Proof. — The flow of K =7+ H(t,q,p) is given by

®°(t,7,q,p) = (t+s, 7+ H(t,q,p) — H(t + s,0,°(q,p), i (¢, p)),

where ¢! is the flow of H. If x4 is a truncation function replacing K by x(K)

replaces ®°(t, 7, g, p) by ®% (¢, 7, ¢, p). Notice that ®°(¢, 7, ¢, p) = ®% (¢, 7, ¢, p) provided
|7+ H(t,q,p)] < A. Now we write the coordinates as (¢,7,¢,p,t',7/,Q, P) and the
graph ['(®!) of ®! is given by

{(t. 7 q,p,t + 1,7+ A7(t,0,), 04 (0, 0)) },
where A7(q,p) = H(t,q,p) — H(t + 1,057 (g,p)). Taking the reduction by ¢t = 0,

t' =1, we get
{(a,p,%5(a. 1))} = T(p)-

As a result if A > ||H||co, we have ®°(¢,7,q,p) = @5 (¢, 7,¢,p) for t = 0,¢' =1,
so the reduction of T'(®L) by {¢t = 0,# = 1} coincides with the reduction of T'(®1),
that is, T'(p}).

Now the reduction inequality [Vit92, Prop.5.1, p.705] implies continuity of the
reduction for y-topology, hence if K,, = 7 + H,(t,q,p) is a y-converging sequence
with limit Ko = 7 4+ Hoo((t,q,p), then the flow (p,)i"* v converges to (puo)i™*,
in other words H,, is a 7-converging sequence with limit H.,. Applying this with

H,(t,q,p) = H(nt,nq,p) and Hx(t, q,p) = H(p) and using Proposition 11.5 to verify
that K is of the form 7+ H(p), we get our theorem in the non-autonomous case. [J

Note that in Theorem 3.2 only (1), (2), (3), (6) involve the non-autonomous case.
O

Now we may even extend homogenization to the coercive situation. Let f, such
that f.(z) =« for x < r and f.(z) =r for x > r. We then set

Derinirion 11.9. — Let H(t,q,p) be a coercive non-autonomous Hamiltonian. Then
we set - .
H(p) = lim sup K(p) = lim f,.(H).
K<H T—00

KeC%([0,1]xT*T™ R)

Prorosition 11.10. — The function H is well-defined and lower semi-continuous.
If H is convez, so is H.

Proof. — Indeed, as a converging increasing sequence of continuous functions, H is
lower semi-continuous. Similarly, if H is convex, given the convex domain Qp =
{p € R")* | |p| < R} we have that the f,.(H) are convex in Qp for r > R hence
according to Proposition 11.4, H is a limit of functions convex in Qg. Since R is
arbitrary, we get that H is convex. 0
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Remarks 11.11

(1) Because H(t,q,p) < h(p) for some function h, we have H < h, so H is locally
bounded. We do not know whether H should be continuous.

However if 0H /0p(q,p) is bounded, then H is Lipschitz, hence continuous (but
most interesting coercive Hamiltonians are superlinear so this does not hold). We do
not know an example of coercive Hamiltonian H such that H is not continuous. Note
that H would necessarily be non-autonomous, non-convex and superlinear.

(2) Note that we may also use the distance 5 defined by

Y(p,id) = sup{y(¢(L),L) | L € L}

and we may also define the weak limit as ¢ = limy, ¢y, if and only if for any L in £
we have

limy(¢x(L), ¢(L)) = 0.

Note that this is different from convergence for 7, which would require that the above
convergence is uniform in L.

We may now consider applications of the non-compact situation to homogenization
of Hamilton-Jacobi equations. Indeed, let us consider a Hamiltonian H(¢,q,p) on
T*T", ¢! its flow, and f a C! function defined on T™. Since the graph of df is
bounded, for any positive time 7', we may replace H by K4 for A large enough, in
such a way that ¢'(Tgqr) is unchanged for 0 < ¢ < T. Since H is now compactly
supported, we get a function us(¢, ), and the variational solutions ug, ¢ (¢, z) of

uk(O,q) = f(q)a

converge to the variational solution s of

) O utt.) + T (Soult,q)) =0
u(0,q) = f(q)-

We may now extend the convergence to the case where f is only C°:

Cororrary 11.12. Assume f € CO(T™), and we have a sequence f, € C(T™)
converging uniformly to f. Then uk y converges uniformly on bounded time intervals
touy = lim,, uf, -

Proof. — Indeed, we have the estimate:

Leyya 11,13, — Let uy, ugy be the variational solutions of the Hamilton-Jacobi equa-
tion (HJ) with initial conditions f and g respectively. Then

luy = ugllco < If = gllco-
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Proof. — Let ¥ be a Hamiltonian diffeomorphism of T*N such that U(Ay) = Ay,
where Ay = {(z,df (z)) | # € N}, and such that v(¥) < |f — g|co. We may take for U’
a truncation to a compact domain of the isotopy W¥(z,p) = (x,p+td(g— f)(z)). Then
the function uy is obtained as c(1(x), ' (Af)), and we have

e(1(2), " (Ag)) = c(1(@), " (Ag))] = le(L(@), ' (Ap) — c(1(), o T(Ap))]
< Je(1(@), @' (Ag) — 9 U(Ap)] < Je(L(x), Ay — T(Ap))]
<(Ap, W(A) < 7(W) < [1f — gllco. 0

Now this implies, denoting by us s, the sequence of variational solutions of the
equation obtained by replacing f by f, in (HJg)

ks, = uk.g,llco < Nfy = fulleo and [y, =y, | < Ifv = fullco,

hence the sequences (uy,y,)u>1 and (Uy, ),>1 are Cauchy, hence have limits denoted
ug,y and uy.

Given a positive €, choose v large enough, so that |f — f,| < e for all 4 > v, and £
large enough so that for k > ¢ we have |uy 5, — Ty, | < € we get

luk,p, —Us,| < luk,p, —up, |+ ukys, — a5, | + [y, —Ty,| < 3e.

As a result, for p going to infinity, we get |ug,; — Uy| < 3¢ hence

lim ug r =7ur. O
k—o0 o !
11.3. A NON-COERCIVE EXAMPLE. Assume for example that

H($17I27p1,p2) = h(p17p2)

outside a compact set. Notice that the Poisson brackets, { H,p1} = {H,p2} = 0 outside
a compact set, therefore {H, |p1|?> + |p2|?} = 0 outside a compact set. The flow ¢
of H will then remain inside a bounded domain W for X large enough. We may then
use the same truncation method as above, and infer that we may homogenize H:

Provosirion 11.14. — Let H(x1,x2,p1,p2) = h(p) outside a compact set. Then we
have a homogenization operator A with the same properties as in the compactly sup-
ported case.

Corovrrary 11.15. — Assume uy, is a variational solution of Hamilton-Jacobi equation
(HJy) where Hsatisfies the conditions of Proposition 11.14. Then the sequence uy
converges uniformly to a solution u of (TLJ).

Remark 11.16. — By an approximation method, this will work for any Hamiltonian
such that

lim [H(g,p) — h(p)| = 0.

[p|—o00
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12. HOMOGENIZATION IN THE P VARIABLE AND CONNECTION WITH MATHER'S v
FUNCTION
12.1. HOMOGENIZATION IN THE P VARIABLE. This problem of homogenization in the
p variable corresponds to the singular perturbation or penalization problem, studied
in recent years by several authors (see for example [AB02, AB03]).

Let us consider a Hamiltonian H (g, p) which is either compact supported or coer-
cive. The sequence defined by Hy(q,p) = H(q,k - p). Its flow is given by

V= G " G,

where Ck((LP) = (q7 k p)
Note that here (i is a bona fide map on T*T™, so that we do not have to invoke
covering arguments. Since (j satisfies (jw = kw, we get, that

(G M) = %7@’“)-

There is a priori no limit for the sequence ¢! = ¢ '¢*'¢;: indeed if ¢! is the
flow of H(p), ¢ "¢ ¢k will be the flow of H(kp). However let us write 73 (q,p) =
pr 0 G H(a:p) = (k- q,p/k), then (x = py o7, " and

Uk = GO G = ooy L eyt = el
Now
vhp ") <ext,

—~

Y
thus(2V)

v (b V(@ ) = vl ) = v(ek® ) < et

Now since Tk_l¢ b1y, is generated by H (k- p), we do not get a limit for H(q, k - p) but

we get:

Prorosition 12.1. — Let H be an autonomous Hamiltonian which is either compact
supported or coercive.

Jim (H(q,k-p), H(k-p)) = lim y(}(@) ") =0.

In spite of the fact that H(k - p) has no limit as k goes to infinity, the above
proposition has a number of applications. First, let us consider the standard parabolic
Hamilton-Jacobi equations

%u(t q) + H(q, gqu(u q)) =0,
u(0,q) = f(q).

(21)We use here that ’}’(TkLpTl;l) = 7(¢). Note that 7 is not Hamiltonian, as it is not even
isotopic to the identity. However if we lift ¢ to ¢ : T*R"™ — T*R™, and 71 also obviously lifts to
a Hamiltonian map of T*R™ given by 7t : (q,p) — (tg,p/t), and c+ (Tktka_l) belong to the set of
actions of the fixed points of (Tk(ka_l) contained in the set of actions of ?kﬁFk_l. But since the set
of actions of fixed points of thﬁ?t_l is constant, the result follows by taking ¢ = k.
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Set vi(t,q) = zu(k - t,q). This is now a solution of

(t,q) + H(q7 kgvk(t, q)) =0,

9,
ot " dq

0(0,0) = (ko)

and since limy,_,o0 Y(H (¢, k - p), H(k - p)) = 0 and limy_.o 1 f(kq) = 0 we get that vy,
is approximated by wy, variational solution of

ot
wk(()? Q> = 07

0 —(, 0
gl a) + H (kg (r,0))=0,

that is, limg o0 |w, — vi| = 0. Now, it is clear that wy(t,q) = —tH(0), so that we
get the following result, which had been proved in [LPV87] in the p-convex one-
dimensional case.

Prorosition 12.2. — Let u be a variational solution of

0 0

—u(t, +H( , —u(t, ):0,
(1) 5 (6 a) %9 (t,q)

u(0,9) = f(q),
then

o1 =
Jim ~u(t,q) = ().
In the general convex case this result is due to the fact that the solutions of (HJ)

are defined by the Lax-Oleinik semi-group T and that for ug the viscosity solution of

H(x,dug(z)) = —H(0) we have T*ug+ H (0)t = ug and for all u [Tt u—T?ug| < |u—wuo|
so that |Tu + H(0)t| is bounded (see [Fat97, Fat98]).

12.2. ConnEcTiON WiTH MATHER @ FUNCTION. — We start with

Derinition 12,3, The C? Lagrangian L(t, q, &) is said to be a Tonelli Lagrangian
if it is strictly convex and coercive, that is o L(t,q,&) > 1d for some £ > 0 and the

» 9€2
Euler-Lagrange flow defined on TN by
d o 0
——L(t — —L(t =0

is complete.
Of course if H is the Legendre dual of L, that is,

this definition is equivalent to requiring that the flow ¢! of the corresponding Hamil-
tonian is complete.
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For a Tonelli Lagrangian L(¢,x,&), 1-periodic in ¢ and strictly convex in p, the «
function has been defined by Mather in [Mat91] as
q(0) = xo, ¢(T) = xl}

LT .
o) = = Jim int 7 [ Lato). et = ey =2y |00

T—o0

Note that in the above, the infimum is for xg, z; free to vary.
As a special case, we may show

Prorosition 12.4. Let H be the Legendre dual of the Lagrangian L, i.e., H is
strictly convex in p and

L(t7Qa§) = SEPN{@)’ €> - H(t7qap)}
peT,

Then
T
H(p) = — lim inf;{/o L(t,q(t),q(t))dt — (p,x1 — z0)

T—o0

q(0) =z, ¢(T) = w1}
g€ CH([0,T],N)}
As a result H coincides with Mather’s o function.

Proof. — Replacing L(t,q,&) by L(t,q,&) + (p, &), it is enough to consider the case
p=0. Then let

Pr={q:[0,t] > M}
and 7 : P; — M the map g — ¢(t). Let

Ei(g) = / L(s, 4(s). d(s))ds

be defined on Py, and consider(®® E, as a GFQI. We shall write (z1,q) instead of ¢
to remind the reader that 7(q) = ¢(t) = z1. Now

DEGo0) = [ |G 066 ~ 5 5 (o)) dats)as
n Z—’é(t, a(), d(t))da(t) %(o,qm), §(0))54(0).

Setting
oL .
p(t) = 3¢ (ha(®),d(t)
and since ¢(t) = OH /0p(t,q(t),p(t)) by the variational formula connecting L and H,
the vanishing of DE,;(x1,q) implies
OH
(t) = ———(¢,q(2 t
B(t) = =7, (a0, p(1)),
so we get (z1,0F;/0x1) = (z1,p1) = ¢'(20,0). Therefore, E; is a GFQI of ¢ ;;(0n),
and since
uL(tax) = inf{Et(xa Q) ‘ qc ?7Q(1) = JI} = C(l(x)a Et)

(22) A5 Frol Zapolsky pointed out, one must first do a finite dimensional reduction of E, for
example using a broken geodesic method see [Cha84]. This is done in Appendix D.
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is a variational solution of

0 0
aug, q) - H(ta q, %u(ta Q))>
u(0,q) =0,

(HJ)

and we proved in Proposition 12.2 (note that here the equation has a different sign
in front of H)

.1
tILIEO ZUL(tﬂ z) = —H(0),

this concludes our proof. O
As a consequence we get for N = T™:

Cororrary 12.5 (P.Bernard, [Ber07]). — The Mather o function is symplectically
mvariant.

13. MORE EXAMPLES AND APPLICATIONS

13.1. HomocENizaTION OF H(t,q,p) IN THE VARIABLE t. — Applying partial homoge-
nization’s Theorem 3.5 to the ¢ variable for a T-periodic Hamiltonian H (¢, ¢, p) defined
on T*T™, we obtain an autonomous Hamiltonian H(q,p). However, this is nothing
else than

_ 1 T
H(q7p)=f/o H(t,q,p)dt.

Indeed, if H(kt,q,p) has flow ¢}, we have, by the fundamental theorem of classical
averaging (see [BM58, p. 429], [SV85, Th. 3.2.10, p. 39]):
lim ¢ =3’

k— o0

in the CY topology, where %' is the flow of

1 T
0

Since according to [Vit92, Prop. 4.15, p. 703], CO-convergence implies 5-convergence,>®)

our claim follows.

(23)This is proved in R2” in the quoted reference, but is easily extended to the torus case. Indeed
the proof is based on the lemma, page 703, which states the existence of a compactly supported
Hamiltonian diffeomorphism such that each point of the unit disc bundle is displaced by at least e.
This can be constructed by taking the Hamiltonian flow associated to the Hamiltonian H(q,p) =
x(Ip])(p,£(q)), where x is a cutoff function, £(g) a non-vanishing vector field on 7".
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13.2. THE ONE DIMENSIONAL CASE. In [LPV87], the computation of H in the case
H(q,p) = |p|> — V(q) and for V bounded from below is explicitly dealt with. Indeed,
assuming V' > 0 is one-periodic and vanishes at least at one point, we have

{mm=0ﬂm<ﬁwwwm%

(%) ==\ _ 1/2 .
H(p) =X where X solves |p| = [; (V(¢) +A)/~ dq otherwise.

Indeed, according to Theorem 3.2(5), if we can find a curve L in T*S! such that
Ip|> = V(q) < hon L and [, pdg = v then H(v) < h. Since H(q,p) < h contains
L, = {(¢,p(q)) | p = (V(g)+h)/?} and this is the graph of a Lagrangian submanifold
with integral of the Liouville class

v=£<ww+m“%%

we get that H (v) < h. But the Lagrangian, {(¢,p) | p = (V(¢)+h)'/?+¢} is contained
in H(q,p) > h, hence H(v) > h. By the monotonicity property (Theorem 3.2(1))
H(v) >0, and this proves ().

In higher dimension, since {(q,p+du(q)) | ¢ € T"} is Lagrangian and Hamiltonian
isotopic to Ly, the fact that if u(g) is a smooth function such that H(q,p+du(g)) < h

then H(p) < h is a useful piece of information in estimating H.

13.2.1. A special “geometric” example. We now give an example of a Hamiltonian
that is the characteristic function of a domain in 7*7T*. The Homogenized Hamiltonian
is well-defined according to Theorem 3.2(4) and Remark 3.3(3).

B Ar7=0 HEW H-=1

Ficure 5. The Hamiltonian H (g, p).

We let H be a Hamiltonian on T*T"* represented on Figure 5, vanishing on the red
set, assumed to be open, and equal to one in the blue set. We want to compute H (p)
for |p| < 2. Denote by A the area of the red island, and by B the area of the blue
sea, so A+ B = 2. Note that for A large compared to B (in fact as soon as A > B)
it may be difficult to construct a curve with Liouville class 0 contained in H = 1 since
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p=2 -
p:l _—
p=-1 |
p=-2 —

Ficure 6. The Hamiltonian H(k - ¢,p) (for k = 3).

we have to either go above the red island, thus adding an area of A/2 and we cannot
subtract more than B/2, or we go below and then add —A/2 to which we cannot add
more than B/2. However replacing H by H} the red island is replaced by k smaller
islands, and the difficulty vanishes as we have the choice to go above or below each
island. More generally for k large enough, we may find an embedded curve isotopic
to the zero section, contained in the blue region of Figure 6 (where H(k - q,p) = 1),
with any given Liouville class in [—1,1]. Thus, the curve yields an L € £, contained
in Hy, = 1 for any p in [~1, 1]. As a result, since obviously Hy = H, we have H(p) > 1

for any p in [—1,1]. Since obviously, H(p) = 0 for |p| > 1, we get
(1) H(p) =1 on [-1,—1],
(2) H(p) =0 for |p| > 1.

Remarks 13.1

(1) Note that here H is not continuous, so it is not surprising that H isn’t either.

(2) The above example can be easily adapted to get homogenized Hamiltonians
taking more than two values.

(3) With some more work, one can compute the homogenization of any autonomous
Hamiltonian on T*S*.

13.3. HomocexizeEp METRIC AND THURSTON-GROMOV NORM. — First consider the case
where H generates the geodesic flow of g: even though H(q,p) = (g9(q)p,p)*/? = |p|3
is not compactly supported, it is coercive, so we may define its homogenization ac-
cording to Proposition 11.4. Then T™ Hj, generates the geodesic flow of the rescaled
metric by the covering map

™ —1T"
q— kq
of degree k™.
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It is well-known that if D is the distance defined by g on R™ the universal cover
of T™ (i.e., D(z,y) is the length of the shortest geodesic for g connecting z to y in R™)
and Dy, the one defined by gx(q) = g(kq) (corresponding to Hy), again on R™, we have

1 _
Dy (z,y) = ED(kzx,k:y) and  lim Dy(z,y) = D(z,y),

k— oo
where D is the distance associated to some flat Finsler metric g (see [AB84, Th.IIL.1]).
Since g, is invariant by the Z™-action, g and hence Dy, descend to a metric dx on T,
and similarly D descends to a Finsler metric d.
It is also well known that g, does not converge to g in any reasonable sense, except
for the convergence of minimizers of the associated energy functional

B6) = [

This phenomenon is related to the notion of I'-convergence introduced by De Giorgi
and his school in the 70’s (cf. [DG75, DGF75], [DM93], [Bra02]). We shall denote by

L(%), Lk(7), L(7) the length of a curve for the respective metric d, di, d. In particular,
we easily see that /i («), the length for dj of the shortest closed geodesic in the
homotopy class a (in m (T") ~ Hy(T") ~ Z"), {x(a), converges to £(a), the length
for d of the shortest closed geodesic in the homotopy class a, £(a). In other words,
set

Po ={ue C™([0,1],T7) | [u] € a}
and notice that this is the image by the projection of
Po = {uc C=([0,1],R") | u(t +1) = u(t) + a},

then

(o) = inﬂi Li(x) = inf{Dy(xz,z + «) | z € R"},
z€Po

and since Dy (x,z + «) converges uniformly to D(x,z + «), and x needs only to vary
in a fundamental domain [0,1]™ in R™, we get that

lim £ (o) = (a).

k— o0

But the class a contains at least a second closed geodesic, obtained by a minimax
procedure (see [Bir27, p.133]). Indeed let § € H;(T™) be independent of « and
u : [0,1]> — R™ be a smooth map. Set

E]v’a,g = {u € C=([0,1]%,R") | u(s,t + 1) = u(s,t) + a,u(s + 1,t) = u(s,t) + B}.
Then there is a closed geodesic of length

f(0.B) = inf sup Le(us)
u€Pa,5 5€(0,1]

where u,(t) = u(s,t), and similarly for £(«, 3). It is thus reasonable to ask whether

lim 4x(a, ) = U, B)?

k—+oo
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The methods of our theorem imply a positive answer, since

Ek(aa ﬁ)2 = C(ﬁa E)7
that is, £x(a, 8) is the homological minimax level associated to the 1-dimensional
homology class of the free loop space that is the image of S by 6 — £3(6) - a where
“.” denotes the addition law on the torus. We more generally can look at f(«, §),
where 8 € Hp(T™). Our results imply

Prorosition 13.2. — We have

lim 4 (, B) = €, B) = £(0).

k—o0

Proof. — The first statement is just Proposition 11.4 (or Proposition 12.4). The fact
that £(a, 3) = £(«a) follows from the fact that the Finsler metric d is flat (i.e., invariant
by translation on the torus), hence if ¢(t) is a geodesic such that ¢(t+1) = ¢(t)+« and
B € Hy(T™) = Z" then cs(t) = c(t) + sB has length L(cs), independent of s, so that
taking x(s,t) = c(t)+s8 we see £(a, 3) = £(c) holds for B € Hy(T™). The general case
follows by using the Pontryagin product (see the proof of Proposition 6.2) to prove by
induction that £(c, 31 - - - Bx) = £(«). Since any class in Hy(T™) is a linear combination
of Pontryagin products, and because of the general fact that c(a, f) = ¢(b, f) implies
cla+b, f) =c(a, f) = c(b, f) we may conclude our proof. O

Note that the analogous statement cannot hold for the whole length spectrum
of g (i.e., the set of lengths of closed geodesics), as it is easy to construct examples
for which the length spectrum of g becomes dense as k goes to infinity i.e., for any
A € Ry and § > 0 there is kg in N such that for all k > ko, Spec(gi) N[A—08, A\ +0] # @
(just add lots of small “blisters” to a flat metric), while the spectrum of g is discrete.

Remember also that the Thurston-Gromov norm associated to g is defined as fol-
lows: for each homology class ¢ in Hi(T™ R) ~ R™, let us define ||¢||r¢ as follows.
For c rational, that is, m - c € H,(T™,Z) for some integer m, ||c|r¢ = L¢(m-c). The
norm is then extended by density of the rationals.

The proof of the following result is then left to the reader:

Prorosition 13.3. The Thurston-Gromov norm coincides with the symplectic
homogenization of the metric.

14. FURTHER QUESTIONS

Sergei Kuksin pointed out that the homogenization or averaging described here is a
“dequantized averaging”, in the sense that the traditional homogenization is concerned
with the limit of the “quantized Hamiltonian”, H(x /e, D) as € goes to zero. By this we
mean a Partial differential operator with principal symbol H(x /e, p) operating on the
set of smooth functions on 7" or R™. Here, on the other hand, we deal directly with the
“classical Hamiltonian” H(x/e,p). It is natural to ask whether there is a connection
between quantized and dequantized averaging, or to use a simpler language, between
the homogenization of an operator, and the symplectic homogenization of its symbol.
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We may already consider the simple case of the previous section: according to the
classical theory of I'-convergence, the limiting operator of the Laplacians associated
to the metric g, converges to some elliptic operator, denoted A,,. But A, is not in
general equal to the Laplacian of the metric g... First of all g, is not Riemannian,
but only Finslerian. Moreover, it seems that g, detects changes in the metric on small
sets: typically a three-dimensional torus with a metric made small along three geodesic
circles in three orthogonal directions will have a much smaller g, than one without
such “short directions”. But the Laplacian will not detect this, since the Brownian
motion will not see such lines. So the only reasonable question is whether the metric
Joo determines the Laplacian A.
One may ask a more general question, that is,

Question 14.1. — Assume the sequence (H,),>1 converges to H for the y-topology.
Does the spectrum—or some quantity defined using the spectrum—of the operators
H,(x,D,) converge to the spectrum—or some quantity defined using the spectrum—
of H(x,D,)?

ApPPENDIX A. CAPACITY OF COMPLETELY INTEGRABLE SYSTEMS

Our goal is to prove the following

Prorosition A.1. — Let o' be the time-one flow associated to the continuous, com-
pactly supported Hamiltonian, h(p), defined on T*T™. Then

cr(ph) = sup h(p), e~ (¢') = inf h(p), V(") = (@) —c—(p") = osc h.

As a result, a continuous compactly supported and integrable Hamiltonian has gener-
alized flow equal to Id if and only if it is identically zero.

Proof. — We shall only consider smooth Hamiltonians, the general case follows by
density of compactly supported smooth Hamiltonians for the y-topology in the set of
continuous compactly supported ones (since density already holds for the C° metric).
Set ¢'(q,p) = (Q+(q,p), Pi(q,p)), then the graph of ¢; defines a Lagrangian submani-
fold I'y in T* (T xR™) as the image of (¢, P) — ((¢ + Q¢)/2, (p+ P1)/2, p—P, Qi—q).
Note that even though @y is in T™, Q); — q has a unique lift to R™ which is continuous
in ¢ and equals 0 for ¢ = 0. The same argument allows us to define (¢ + Q:)/2 =
q+(Qi —q)/2.

Moreover, if we set z = (¢+ Q¢)/2,y = (p+ P:)/2,{ =p— Py, n = Q¢ — q, the
symplectic form is given by d¢ A dx + dn A dy. In our situation, we have

t
Ty =q+ 5h’(p), ye=p, &=0, m="n(p.

Thus if we set fi(z,y) =t h(y), we have

0 0
& = % ft(xay)a = a*yft(l‘,y),
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that is, f; is a generating function of I'; with no “fiber variables". As we mentioned
in Remark 2.4(3)

ci(@h) =sup fi, c_(o") =inf fi, ~(¢") =sup f; — inf f;.

(zy z,Y

Since fi(x,y) = h(y) this proves our proposition. O

The following applies the ideas of [HumO08b, §4.4, p.390] and [HumO8a, §3.3]. For
a continuous Hamiltonian, H, we define its “generalized flow” to be the image of H
by the extension of H — ¢}, as a map from H.(T*M) to Ham.(T*M).

Cororrary A.2. — The following assertions hold

(1) If hi(p) and ha(p) are compactly supported, continuous, and have the same
“generalized” time-one flow (in }Tar\nc(T*T")) then hy = ha.

(2) If hi(p), ha(p) are continuous and compact-supported, and have generalized
flows (in ﬁa?nc(T*T”)) o4, 05, then hy(p) + ha(p) has generalized flow % o ph. As a
consequence @t o b = @t ol In particular, if ' is the flow associated to h(p), ¢~ *
is the flow associated to —h(p).

Proofof (1). — Indeed, according to the above Proposition, we have
Y(P1(pe) ™) = tose(hn — ha)

since according to the above proposition this is true for smooth h1, hs, and we conclude
by density of compactly supported smooth functions in the set of compactly supported
continuous functions. Therefore, o1 = l implies hy = ha. O

Proofof (2). — Let hy 1(p), hi2(p) be smooth sequences C%-converging to hq (p), ha(p)
respectively. This implies that these sequences «-convergence. Now the corresponding
time-one flows, ¢}, |, ¢ o commute so that Ay, 1 (p)+h2(p) = hi(p) has flow ¢ 0@y 1,
and since the 7-limit of ¢} 0 ¢} | is @1 0 o, we get that h(p) = hi(p) + ha(p). The
commutativity of the addition, implies the commutativity of the flows. Finally, the
flow of the zero Hamiltonian being the identity, the last claim follows. O

APPENDIX B. SOME “CLASSICAL” INEQUALITIES
Our goal here is to prove the following results:

Prorosirion B.1. — Let Si(z,€),S2(z,n) be two GFQL and S1,(&§) = S(z,§),
So,2(n) = S2(x,n). Then

|C(1za Sl,m) - C(lwa SQ,:E)| < '7(817 S2>

Prorosition B.2. For a Hamiltonian isotopy @ on T*T™, and L Hamiltonian
isotopic to the zero-section, we have

@' (L), L) <A(ph).
Note that the isotopy may be assumed to be compactly supported, since we may

truncate the Hamiltonian outside the compact set [J;¢(q ) o (L).
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Prorosrrion B.3. Let S be a GFQI, o € H*(M) and a € Hi(M). Then
c(a, S) =inf{c(a, S) | a € Hy(M), (o, a) # 0},
c(a, S) = sup{c(a, S) | a € H*(M){a,a) # 0}.
In particular, ¢(1,S) = c([pt]p, S) and c(pn, S) = ¢([M], S).
As a result, we have for any nonzero o in H*(M)
el 1) — e, p2)| < (01, 02)-

Proof'of Proposition B.1. — 1t is important to notice that all formulas or inequalities
we shall use in the proof are established in [Vit92] for any GFQI, and not only those
associated to an embedded Lagrangian submanifold.

Indeed, we have according to [Vit92, Prop. 3.3, p.693] the formula

c(u-v,581 ® S2) > c(u,S1) + c(v, S2),

where S1 @ Sa(z,&1,&2) = S1(x,&1) + S2(x, &2). We then apply this inequality to the
generator u = v = 1, of H°({x}) (which is its own Poincaré dual) and we get

¢(1y, 51,29 S2,2) = c(ly, S1,5) + ¢y, —S2.4)-
But by [Vit92, Prop. 2.7, p. 692], we have
c(ly, —S2.4) = —c(1y, S2.2),
thus
(1,81, © 52,5) =2 c(14,51,2) — c(1g, S2.2).
Similarly we have
c(lz, 81,0 © S2.2) < e(1y; S1,2) + (1, =S2.2) = (s, 81,2) — (s, S2.2).

Now since (S1952),(&1,8&2) = S1.4(§1) —S2,4(§2) and y(L1, La) = v(S1652), we have
by the reduction inequality ([Vit92, Prop. 5.1, p. 705])

c(1z, 81,2 © S2.2) <Y(S1 0 S2) = v(L1, La),
and our claim follows. OJ

Proof of Proposition B.2. — Indeed, ¢(0r=) is the symplectic reduction of

T(p) = (a0, Q, P) | (@, P) = ¢(q,p)}
by the coisotropic submanifold, N, = {p = 0}. The symplectic map

(Q>p7QaP) - (Qap,p - PaQ - Q) = (U,U, U,V)
sends N, to N, = {v = 0}. The reduction inequality in [Vit92, Prop. 5.1, p. 705] and
the fact that ¢(L) =T'(¢)) N N, /N¥, then implies

V(L)) < 1(T(g) = 7(p).
Now if L = p(Ogn), we have

Y(e(L), L) = 7(e(p(07n)), p(0rn)) = (o~ 0p(0rn)) < 7(p " 0p) = (),
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where the second and last equality follow by symplectic invariance of ~, while the
inequality has been proved above. O

Proof of Proposition B.3. — Let us denote by T the Thom isomorphism, and by T*
its homological counterpart. Let a € Hy (M) and T*a its image in Hy 1 q(ET>®, E~),
and for a € H¥(M) and Ta its image in H**4(E+°° E~°°). Now, considering the
(k + d)-cohomology group as the dual of the (k + d)-homology group (we work with
coefficients in a field), we have the following diagram

7
Hyra(B* E=°) =2 Hy g(E+, E=>) .

it (T) Hl;“

and we have i} (T'«) # 0 if and only if there is T*a € Im(4y) such that (T'a, T*a) # 0.

Since (T'a, T*a) = {(a,a) we have the inequality A > ¢(a, L) if and only if there
exists a such that (o,a) # 0, and A > c¢(a, L): this follows immediately from the
universal coefficient theorem (H* (M) is the dual of Hy(M)). In other words we proved
that

(%) c(a, L) = sup{c(a, L) | (o, a) # 0}.
This proves the first statement. Similarly we have the inequality A > ¢(«, S) if and
only if there exists a such that (o, a) # 0, and A > ¢(a, 5), so

(0, §) = inf{e(a, S) | (@, a) £ 0}.
Now by [Vit92, Prop.2.7, p.692], if b € H,,_1 (M), a € H¥(M) are Poincaré dual
classes,®¥) we have the identity c(a, S) = —c(a, S). Moreover from the same paper
(Prop. 3.3, p. 693) we see that c(a - 3,51 © So) = ¢(a, S1) + (3, 52).
So for b € H,_ (M) and o € H*(M) be Poincaré dual classes we may write,
using (%)
c(a, S1) — c(a, S2) = c(a, S1) + (b, Sa) = c(a, S1) + sup{c(B, S2) | (B,b) # 0}
= sup{c(a, S1) + ¢(B,S2) | aU B # 0}
<sup{e(a- .51 ©5:) | a-f #0}.
Since a € H*¥(M),3 € H" *(M), a - B # 0 implies that « - 8 is a multiple of the
orientation class u, hence, the last term in the above equals to ¢(u, S1©.52). We finally
proved
c(a, S1) — (e, S2) < c(a- B,51 © S2) = c(u, S1 © Sa).
Using the fact that c(u, S2 © 51) = —¢(1,51 6 52), we get exchanging S; and S
c(a, S2) — c(a, 51) < e(p, S2 © 51) = —¢(1,51 © Sa),
that is,
C(O{, Sl) - C(O[, S2) = C(la Sl o 52)7

(24)This means for all 8 € H"*(M) we have (3,b) = (o U B, [M]).
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so that finally
(1,51 © S2) < e, S1) — ¢, S2) < c(p, S16 S2).

Since in our case Sp,S; are GFQI for T'(¢1),T(¢2), we have ¢(1,5; © S3) < 0 <
c(p, S1.© S2), so the above inequality implies

le(a, 1) = c(a, p2)| = [c(a, S1) — ¢(a, S2)]
<e(p, 810 82) —¢(1,81 ©82) =v(51,52) = v(p1,92). O
ApPENDIX C. A DIFFERENT TYPE OF HOMOGENIZATION

As has been pointed out to me by M. Bardi and F.Cardin, the Hamilton-Jacobi
homogenization is often applied to the sequence H(x,e 1z, p): we seek the limit as e
goes to zero of

%u(t, x) + H(x, ez, %u(t7 1’)) =0
u(0,z) = f(x).

This seems to be more general than the case we deal with. However we prove here

(HHJ.)

that this problem can be reduced to the case we studied. Let indeed K(x,y,ps,py)
be the Hamiltonian on T*(T™ x T™) defined by K(z,y, pz,py) = H(z,y, pe + Dy)-

Remark C.1. — Note that even if H is compactly supported, K is not, since the map
(P2, Py) > Dz + Dy is not proper. However K is C? bounded, and this is enough to
carry on symplectic homogenization as in Sections 6-8.

We claim that the equation

(1) %u(t, x) + H(m, x, ({%u(t, ac)) =0

is satisfied by u(t,z) = v(t,x,z) where v is the variational solution of
) 5ot ) 4 K (2,0 5 o(t ), golt,) =0,

Indeed this can be rewritten for z = y as

0 0 0
av(t,x,x) + H(x,x, %v(t,x,x) + a—yv(tx,x)) =0,

and since 9 5 5
%u(um) = %v(t,x, x) + 8—yv(t, x,T),

this proves our claim.
Now we may replace K by

K. (z,y,pz.0y) = H(x,y/e,pe +py) = Ho(2,y, 02 + Dy)

and we shall get solutions of the equation

0 40 B
&ug(t,x) + H(x,e T, %us(t,m)) =0.

However we have to prove that
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Prorosirion C.2. If v is a variational solution of (2), then u(t,z) = v(t,x,x) is
variational solution of (1).

Proof. — Indeed it is enough to prove that if L is a Lagrangian submanifold contain-
ing the isotropic submanifold
of ofy of of
Ir=4(t,—K =, =, =, =
f {(’ (m’y’ax’8y>’8x’8y)}

and such that L is contained in

{(thvmvyapm’py) | 7+ K(t,%y,px,py) =0},

then its symplectic reduction by =y is a Lagrangian submanifold, L, contained in
{(t,7y2,p2) | 7+ H(t,z,2,p,) = 0}

and LA contains
1= {(t-1 (s @) o)}
where g(z) = f(x,z). This is rather straightforward to check, and is a consequence of
the commutation relation {x — y, p, + py} = 0.
Finally we notice that if S(¢,z,y,§) is a GFQI for L, then v(t,z,y) = c(ltz,y,5),
while the reduction La of L by & = y has for GFQI the function Sa = S(z,z,§), so
that u(t, z) = ¢(1y,5,SA) = ¢(14 3.0, S) = v(t, z, ). This concludes our proof. O

Cororrary C.3. — Let H(xz,y,p) be a compactly supported function on T"xT™xR™.
Set K(z,y,pz,py) = H(z,y,pz +py), and let K(z,p;,p,) be the homogenization of K
with respect to the y variable (i.e., K(z,p.,py) is the y-limit of K.(z,y,ps,py) =
K(z,y/e,pzypy)). Then H(z,p) = K(z,p,0) is such that a sequence (v:)eso of vari-
ational solutions of

0 4 0 B
Ev(t,x) + H(x,s T, %v(t, a:)) =0

CO-converges to a variational solution of

0 — 0
av(t, x) + H(m, %v(t, x)) =0.

Proof. — The only missing fact is to show that K(z,p,,p,) can be written as
H(x,p, + py) (if this is the case, we recover H by H(z,p) = K(z,p,0)). We claim
that this amounts to proving that the x; being coordinates on the first torus, and y;
the same coordinate on the second torus, the function z; — y; commutes®® with K,
knowing it commutes with K.. The result follows from the fact that this commutation
relation goes to the ~-limit. If <p§ is the flow of z; — yi, and ! the flow of K., the

relation ¥ o} oyt = ¢ implies for @t = —lim. o ¢* that P oploy™ =t O

(25)0f course x;—1y; is only defined in S, but this is equivalent to claiming that for any function f
on S!, f(xz; — y;) commutes with K, provided it commutes with K.
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Lemma C.4. Let H be a compactly supported smooth Hamiltonian and (K;)j>1
a sequence of Hamiltonians commuting with H and ~y-converging to a continuous
Hamiltonian K. Then H and Ko, y-commute in the following sense

KOO(‘:DtH) = Ko,

where @Y is the flow of H. In particular, if the K; commute with the functions x;—y,;
then so does Ko, and Koo (x, ps,py) only depends on (z,py + py).

Proof. — Indeed, the flow of K being 1/)t we have that gpqujgo;f ~y-converges to
oS o o » hence our first result. Now the flow of x; — y; is given by

(xayvpzvpy) — ($7y7p1 + teJ"py + tej>'

Now a continuous Hamiltonian commuting with the functions z; —; only depends
on py + py. Indeed it is easy to show that for all ¢, K;(z,y,ps + tej,py — te;) =
K;(z,y,ps,py) hence y-converges to both K(z,p, + te;, p, — te;) and K(:c,px, y)-
Thus by uniqueness of the limit, for all t and j, K (z, py, py) = K(z,ps +tej, py, —te;).
This is equivalent to the property that K is a function of (x,p, + Dy)- O

AppEnDIX D. GENERATING FUNCTION FOR KULER-LLAGRANGE FLOWS

Let N be a compact manifold. The goal of this appendix is to prove that if the
Hamiltonian H(t,q,p) is strictly convex in p and its flow is complete, then !(0x)
has a GFQI equal to a positive definite quadratic form at infinity. The same property
holds for the graph of ¢!. We remind the reader that using the Legendre transform, the
flow of H can be identified with the Euler-Lagrange flow associated to the Legendre
dual of H, L(t,q,&), where

L(t,q,§) = sup{(p,&) — H(t,q,p) | p € Ty N}.
The definition of Tonelli Lagrangians can be found in Definition 12.3.

Prorosirion D.1. — Let L(t,q,€) be a Tonelli Lagrangian defined on R x TN, 1-pe-
riodic in t. Let o' be the flow of the corresponding Hamiltonian H(t,q,p) defined on
R x T*N. Then A = ¢'(0n) has a generating function equal to a positive definite
quadratic form outside a compact set. As a consequence, if we denote by S(q,&) this
function, we have c¢(14,A) = infecra S(q,€) and c(1,A) = inf(y eyern xra S(¢,€).

Proof. — Using Brunella’s idea of embedding T*N into T*T™ (cf. [Bru9l]) we only
need to prove this for a Lagrangian defined on the torus (this is the only case we use
here anyway).

Thus consider a general Lagrangian L(t,q,£) and the corresponding Hamiltonian
H(t,q,p). If we look for intersection points ¢! (0x) N Oy, we can modify H outside a
compact set, so that H (t,q,p) = C|p|? outside a compact set, H is still strictly convex
and for ¢ in [0,1], ¢*(Ox) is unchanged. There is thus a corresponding “truncated”
Lagrangian L. We still denote by L the truncated Lagrangian in the sequel. Note that
this is automatically a Tonelli Lagrangian.
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Consider the set W = {(q1,q2) € R™ x R"}/ ~ where (q1,¢2) =~ (¢1 + v, g2 + v) for
v € Z™ and we have the projection W — T™ on the first component, with fiber R™.

We sometimes denote by (g, z) an element in W with projection g, and z=go — ¢1 €R"
which is well-defined in R™. Consider, for (g1, ¢2) € W,

Alq1,q2) = inf{/o L(s,q(s),4(s))dt | ¢ : [0,1] = R"™, ¢(0) = q1,¢(T) = qz}.

The existence of a critical point of the energy E(q) = fol L(s,q(s),q(s))dt on the set
Plq1,q2) = {q:[0,1] = R™ | ¢(0) = g1,4(1) = g2} of paths connecting ¢1, g2 is equiva-
lent, by the standard methods of the calculus of variations, to the existence of a point
in ! ({1} xR™) N {ga} x R™. For L(t,q,p)=L°(t,q,p)=(C/2)|p|?, the corresponding
maps is given by g(q,p) = (¢+Cp,p), hence p5({g1} xR™) = {(¢1 +Cp,p) | p € R"}
and this intersects transversally at a unique point all other {g2} x R™. This will still
hold for a C'-small compactly supported perturbation of ¢}, hence for a general L as
above, provided ¢ is small enough, the minimizer realizing A(q1, g2) is unique.

Lemma D.2. — Let L be a Lagrangian such that L(t,q,&) = C|&|? for € large enough.
Then for t small enough, we have that for any q1,qe, the function

Ei(y) = / L(s. q(s), d(s))dt

has a unique critical point v : [0,t] — R™, depending continuously on (q1,q2). More-
over this unique critical point is a minimum and for |qa — q1| large enough, the critical
value Ay(q1,q2) = (C/2t)|q2 — q1|? is quadratic positive definite in qa — qi.

The existence of a minimum of E; on P(g1,¢2) implies that if uniqueness and
transversality hold, the only critical point of E is a minimum, and A; is a smooth
function of (g1, g2).

Proof. For simplicity we may assume C = 1. Let ¢! be the flow associated to H,
the Legendre dual of L, and 7 : T*R™ — R"™ be the projection. We claim that for ¢
small enough, ¢* = wop! : {¢g} x R® — R" is a diffeomorphism. Indeed, we claim that

(1) for |p| large enough (independently of t), ©'(q,p) = q + tp,
(2) for ¢ small enough D('(q,p) is invertible.
The first claim is clear: if H(t,q,p) = |p|? for |p| > 7, then for [p| > r, we have

©'(q,p) = q + tp. The second claim only needs to be checked for |p| < r. Let us
compute

L (D@0 = D(26' (@), = D(Xn(e*(a.p)

dt
= DXH(()OtO (q7p))D@t0 (qap)7

so if M(t) = Dy'(q,p) we have
d

- M(t) = DXy (" (q,p)) M (1)
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and
D(m o ¢")(q,p)joyxrr = D7("(¢,0)) D" (¢, p) [0y xrr = Do M () 10y xrr-
Now
M(t) = M(0) + tDXg(q,p) + o(t)
and Xy (q,p) = (0H/0p, —0H /q), so that

0*H /dopdq —0?H |0q?
DX =
#(0:p) ( O*H [0p* —0”H |0pdq
and 02K
Do DX (¢ p))(ayxrr = o
As a result, denoting S(t) = Dm o M(t)|{0}xrn We get

2
S(t) = 5(0) + ¢ %m,p) +olt)

and since S(0) = 0 and the reminder o(t) is uniform on any set bounded in p (since
it will be bounded, by Taylor’s formula by higher derivatives of H which are periodic
in q), we get that for ¢ small enough, S(¢) will be invertible for |p| < r. This concludes
the proof of (2).

We thus know that the map mo? is equal to g+4¢-Id outside a compact set, and has
invertible differential. It is a classical calculus exercise to conclude that such a map is
a diffeomorphism. This means that given ¢; for every gs there is a unique critical point
of v — E4(7y), which is necessarily a minimum, since we know by the Tonelli condition
implies that there is a minimum. Moreover the map ¢» — P(g2) where P(q1,q2) is
the unique point such that 7¢*(q1, P(q1,q2)) = ¢2. Finally for g2 — ¢ large enough,
the path q(t) = q1 + (s/t)(g2 — q1) is a critical point of E on P(q1, q2). O

Now let N be chosen large enough so that ¢*+1/Np=k/N gatisfy the conclusions
of the above lemma (i.e., t = 1/N is small enough in the sense of the previous
lemma). Let Ag(q,¢’) be the minimum of the energy corresponding to L(t,q,&) for
t € [k/N, (k + 1)/N]. Then, consider the function focused

S(q1562,q3,---,an) = Ao(q1, q2) + A1(q2,q3) + - + An—1(gn—1,9n).

One easily checks that S is a generating function for ! (0p»). Moreover it is asymp-
totically quadratic in the sense that it satisfies the assumptions of [Vit06b, Prop. 1.6
p.441], and this proves that S can be deformed into a GFQI equal to a positive def-
inite quadratic form generating the same Lagrangian (see loc. cit., Prop. 1.6 and the
proof of Th. 1.7). O

Arpenpix E. Revarionsuare witn [MVZ12]

The paper [MVZ12] contains a slightly different approach to symplectic homoge-
nization: it is focused on the behavior of the Lagrangians L,, by iterations of ¢g.
They also make use of Floer homology, but this does not really matter, as we could
use Generating Function homology (see [Tra94], and [Vit95] for the equivalence of the
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two). We here briefly relate their definition with ours. Their version of homogenization
(see the proof of [MVZ12, Th.1.3]) is defined by
.1
pp(ip) = Jim ey (7" (7 (On)).

We claim

Prorosition E.1. Let ¢ be the time-one flow of a compactly supported smooth
Hamiltonian H. Let H be defined in Theorem 3.1. Then we have p,(¢) = H(p).

Lemma B2 — Let H(p) be an integrable Hamiltonian. Then we have setting Ly, =
{(z,po) | * € T™} that FH*(¢u(Ly,), Lpy;a,b) = H*(T™) if H(po) € la,b] and
vanishes otherwise.

Proof. Indeed, the flow is given by (x,p) — (z + tVH(p),p) and we have that
FH*(ou(Lpy), Lpy;a,b) = FH*(Lp,, Ly, H; a,b) where the second homology is ob-
tained by taking trajectories of Xy and the action of a trajectory is fol pdr — Hdt =
poVH(po) — H(po). Note that for po = 0 we get —H (0). For a general py, replacing H
by Kp,(p) = H(p + po) we get that FH*(Lg, Lo, Kp,; a,b) is non zero if and only if
—K(0) = —H(po) €]a,b]. Note that if 7,, is the vertical translation by py, we have
PKpy — T pypuTp,- U

Proof of Proposition Ii.1. — Now let H be a smooth compact supported Hamiltonian.
Setting o = p,zlgolf_lpk, according to our Main Theorem, ¢ y-converges to ® and
since 7p, and p, commute, the sequence (%c+(r_p0<pkrp0 (On),0n))

c+(®(Lyp,)) = H(po). This uses the fact that the map
Ham(T*N) x L(T*N) — L(T*N)

g>1 converges to

given by
(o, L) — o(L)
extends by continuity to

Ham(T*N) x L(T*N) — L(T*N)

(see [HumO8b, Prop. 4.3]). O
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