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STABILIZATION OF THE DAMPED PLATE EQUATION
UNDER GENERAL BOUNDARY CONDITIONS

BY JEROME LE Rousseau & EMvanuer WeEND-BENEDO ZONGO

Asstract. — We consider a damped plate equation on an open bounded subset of R?, or a
smooth manifold, with boundary, along with general boundary operators fulfilling the Lopatin-
skii-Sapiro condition. The damping term acts on an internal region without imposing any
geometrical condition. We derive a resolvent estimate for the generator of the damped plate
semigroup that yields a logarithmic decay of the energy of the solution to the plate equation.
The resolvent estimate is a consequence of a Carleman inequality obtained for the bi-Laplace
operator involving a spectral parameter under the considered boundary conditions. The deriva-
tion goes first through microlocal estimates, then local estimates, and finally a global estimate.

Résumi (Stabilisation de I’équation des plaques amorties sous des conditions au bord générales)

Nous considérons une équation des plaques amorties sur un ouvert borné régulier de R%, ou
sur une variété lisse et compacte a bord, avec des opérateurs au bord généraux qui satisfont
la condition de Lopatinskii-Sapiro. Le terme d’amortissement agit sur une région interne et
aucune condition géométrique n’est imposée. Nous démontrons une estimée de résolvante pour
le générateur du semi-groupe associé qui implique une décroissance logarithmique de ’énergie de
la solution de ’équation des plaques. Cette estimée de résolvante est conséquence d’une inégalité
de Carleman obtenue pour le bi-laplacien muni d’un parameétre spectral et sous les conditions
au bord considérées. L’obtention de cette inégalité passe tout d’abord par des estimations
microlocales, puis locales et enfin une estimation globale.
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1. INnTRODUCTION

Let © be a bounded connected open subset in R?, or a smooth bounded connected
d-dimensional manifold, with smooth boundary 0f2, where we consider a damped
plate equation

02y + A%y + a(z)dy = 0 (t,x) € Ry x Q,
(1.1) Biyr, xo0 = B2yr, xaa =0,
Yt=0 = y07 3ty|t:0 = yl,

where o > 0 and where B; and By denote two boundary differential operators. The
damping property is provided by +a(x)0; thus referred as the damping term. As in-
troduced below, A? is the bi-Laplace operator, that is, the square of the Laplace
operator. Here, it is associated with a smooth metric g to be introduced below; it is
thus rather the bi-Laplace-Beltrami operator. This equation appears in models for the
description of mechanical vibrations of thin domains. The two boundary operators are
of order kj;, j = 1,2 respectively, yet at most of order 3 in the direction normal to the
boundary. They are chosen such that the two following properties are fulfilled:

(1) the Lopatinskii-Sapiro boundary condition holds (this condition is fully de-
scribed in what follows);

(2) along with the homogeneous boundary conditions given above the bi-Laplace
operator is self-adjoint and nonnegative. This guarantees the conservation of the en-
ergy of the solution in the case of a damping free equation, that is, if @ = 0.

We are concerned with the decay of the energy of the solution in the case « is not
identically zero. We shall prove that the damping term yields a stabilization property:
the energy decays to zero as time ¢ tends to infinity and we shall prove that the decay
rate is at least logarithmic.

1.1. STABILIZATION AND CONTROL OF SCHRODINGER AND PLATE EQUATIONS. — In the case
of the “hinged” boundary conditions

Y+ xo0 = AYr+xoa = 0,

the plate equation can be written as the product of two Schrédinger equations since
02y + A%y = (—idy + A)(i0; + A). As observed by Lebeau in [34] this allows one to
transfer a control result obtained for the Schrédinger equation to the plates equations.
In particular, Lebeau proved that controllability can be obtained for both equations if
the control region fulfills the celebrated Rauch-Taylor condition, often coined GCC for
geometrical control condition [39, 6]. The GCC expresses that all rays of geometrical
optics reach the control region. Yet, the GCC condition is not a necessary condition
as expressed by the result of Jaffard [23] on the controllability of the plate equation on
a rectangle domain with an arbitrarily small control domain along with the “hinged”
boundary conditions. Yet, the proof of [23] relies on the generalization of Ingham type
inequalities in [25] and the very particular geometry that is considered.
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STABILIZATION OF THE DAMPED PLATE EQUATION UNDER GENERAL BOUNDARY CONDITIONS 3

For stabilization, GCC concerns the damping region, here given by the support of
the function a. If GCC holds exponential stabilization holds. Note that in the same
geometry as that of [23] an exponential stabilization result is proved in [38], using
similar techniques. However, if no geometrical condition is imposed on the damping
region, if a general geometry is considered, and if different boundary conditions are
considered, one cannot expect an exponential decay rate. A logarithmic decay rate is
quite natural if one has in mind the equivalent result obtained for the wave equation
in the works of G.Lebeau [35] and G.Lebeau and L. Robbiano [37]. We also refer to
[31, Chap. 6] and [32, Chap. 10 & 11] where the result of [35, 37] for the wave equation
are reviewed and generalized in particular on the framework of general boundary con-
ditions as those we consider here. See also the work of P. Cornilleau and L. Robbiano
for a quite exotic boundary condition, namely the Zaremba condition.

Among the existing results available in the literature for plate type equations,
many of them concern the “hinged” boundary conditions described above. In [38]
where exponential stabilization is proved, the localized damping term involves the
time derivative 0y as in (1.1). Interior nonlinear feedbacks can be used for expo-
nential stabilization [41]. There, feedbacks are localized in a neighborhood of part of
the boundary that fulfills multiplier-type conditions. A general analysis of nonlinear
damping that includes the plate equation is provided in [2] under multiplier-type con-
ditions. For “hinged” boundary conditions also, with a boundary damping term, we
cite [4] where, on a square domain, a necessary and sufficient condition is provided
for exponential stabilization.

Note that under “hinged” boundary conditions the bi-Laplace operator is precisely
the square of the Dirichlet-Laplace operator. This makes its mathematical analysis
much easier, in particular where using spectral properties, and this explains why this
type of boundary conditions appears very frequently in the mathematical literature.

A more challenging type of boundary condition is the so-called “clamped” boundary
conditions, that is, ujpq = 0 and d,ujpq = 0, for which few results are available. We
cite [1], where a general analysis of nonlinearly damped systems that includes the
plate equation under multiplier-type conditions is provided. In [3], the analysis of
discretized general nonlinearly damped system is also carried out, with the plate
equation as an application. In [42], a nonlinear damping involving the p-Laplacian is
used also under multiplier-type conditions. In [13], an exponential decay is obtained
in the case of “clamped” boundary conditions, yet with a damping term of the Kelvin-
Voigt type, that is of the form 0;Ay, that acts over the whole domain. In the case
of the “clamped” boundary conditions, the logarithmic-type stabilization result we
obtain here was proved in [33]. The present article thus stands as a generalization
of the stabilization result of [33] if considering a whole class of boundary condition
instead of specializing to a certain type. The present work contains in particular also
the case of “hinged” boundary conditions.

1.2. Mernon. — Following the works of [33, 35, 37] we obtain a logarithmic decay
rate for the energy of the solution to (1.1) by means of a resolvent estimate for the
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4 J. Le Rousseau & E. Zo~co

generator of the semigroup associated with the damped plate equation (1.1). In [33]
this was achieved by means of a Carleman estimate for the elliptic operator D* + A?
with an additional variable s in the case of the “clamped” boundary conditions. Exten-
sion of this strategy has however not been possible in the case of general boundary
conditions. The proof of the resolvent estimate we seek is yet also possible by means
of a Carleman estimate for the operator P, = A? —g* where o is a spectral parameter
for the generator of the semigroup and we found that this method of proof extends
to general boundary conditions.

Our first goal is thus the derivation of the Carleman inequality for the operator P,
near the boundary under the boundary conditions given by B; and Bs.

Then, from the Carleman estimate one deduces an observation inequality for the
operator P, in the case of the prescribed boundary conditions. The resolvent estimate
then follows from this observation inequality.

1.3. O~ CarveEmAN EsTIMATES. — A Carleman estimate is a weighted a priori inequal-
ity for the solutions of a partial partial differential equation, where the weight is of
exponential type. For instance, for a partial differential operator P away from the
boundary, it takes the form

€™ ull 20y < Clle™ Pul| 12 (q),

for u € €°(Q) and 7 > 79 for ¢ well chosen and some 7y chosen sufficiently large.
The exponential weight function involves a parameter 7 that can be taken as large as
desired, making Carleman inequalities very powerful estimates. Additional terms on
the left-hand side of the inequality can be obtained, including higher-order derivatives
of the function u, depending of course of the order of the operator P itself. For a
second-order elliptic operator such as the Laplace operator one has

TB/QHGWUHLZ(Q) + 71/2||€WDU||L2(Q) +712 Z €™ D ull 12
=2
" <€l Bz o
under the so-called sub-ellipticity condition; see [31, Chap. 3]. Note that the power of
the large parameter 7 adds to 3/2 with the order of the derivative in each term on the
left-hand side. In fact, in the calculus used to derive such estimates one power of 7 is
equivalent to a derivative of order one. Thus with this 3/2 compared with the order
two of the operator one says that one looses a half-derivative in the estimate.

This type of estimate was used for the first time by T.Carleman [12] to achieve
uniqueness properties for the Cauchy problem of an elliptic operator. Later, A.-P.
Calderén and L.Hormander further developed Carleman’s method [11, 18]. To this
day, the method based on Carleman estimates remains essential to prove unique con-
tinuation properties; see for instance [43] for an overview. On such questions, more
recent advances have been concerned with differential operators with singular poten-
tials, starting with the contribution of D.Jerison and C.Kenig [24]. The reader is
also referred to [40, 27, 28, 14, 29]. In more recent years, the field of applications of
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STABILIZATION OF THE DAMPED PLATE EQUATION UNDER GENERAL BOUNDARY CONDITIONS J

Carleman estimates has gone beyond the original domain; they are also used in the
study of:

— Inverse problems, where Carleman estimates are used to obtain stability esti-
mates for the unknown sought quantity (for instance coefficient, source term) with
respect to norms on measurements performed on the solution of the PDE, see for
instance [10, 22, 30, 21]; Carleman estimates are also fundamental in the construction
of complex geometrical optic solutions that lead to the resolution of inverse problems
such as the Calder6n problem with partial data [26, 15].

— Control theory for PDEs; Carleman estimates yield the null controllability of
linear parabolic equations [36] and the null controllability of classes of semi-linear
parabolic equations [17, 5, 16]. They can also be used to prove unique continuation
properties, that in turn are crucial for the treatment of low frequencies for exact
controllability results for hyperbolic equations as in [6].

For a function supported near a point at the boundary, in normal geodesic coordi-
nates where Q is locally given by {z4 > 0} (see Section 1.4 below) the estimate can
take the form

Z 73/2*|ﬁ‘||eT‘PDﬁu||L2(Q) + Z 73/27“3'|6wDﬁU\zd:0+|L2(Q)
1Bl<2 1BI<1
< Clle™ Aull 2.

This is the type of estimate we seek here for the operator P,, with some uniformity
with respect to o.

1.4. GeomeTrICAL SETTING. — On Q we consider a Riemannian metric g, = (gi;(x)),
with associated cometric (g% (z)) = (g,)~!. It stands as a bilinear form that act on
vector fields,

92 (Uz, Vz) = Gij (:c)uZ vl oy = ui@xi, Vy = U;(?a:i.

xr-x)

For z € Q) we denote by v, the unit outward pointing normal vector at z, unitary
in the sense of the metric g, that is

9V, V) =1 and ¢z (ve,uy) =0 Vu, € T,00.

We denote by 9, the associated derivative at the boundary, that is, 9, f(x) = v, (f).
We also denote by n, the unit outward pointing conormal vector at x, that is, n, = v},
that is, (ng); = gi;v3.

Near a boundary point we shall often use normal geodesic coordinates where 2 is

<

locally given by {z4 > 0} and the metric g takes the form
g=dx’ ®da? + Z gijda’ @ da?.
1<4,5<d—1

Then, the vector field v, is locally given by (0,...,0,—1). The same for the one
form n,.
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6 J. L Rousskau & E. Zonco

Normal geodesic coordinates allow us to locally formulate boundary problems in a
half-space geometry. We write

¢i={reR?|2y>0} where = = (2/,z4) with 2’ € R, 24 € R.

We shall denote its closure by Ri, that is, ]Rd ={r eR¥| x4 >0}
The Laplace-Beltrami operator is given by
(1.2) (Agf)(@) = (detg,) ™2 Y~ 0, ((det g,) /%9 (2)0a, f) ().
1<4,5<d
in local coordinates. Its principal part is given by >, <ij<d g% (x)aﬁamj and its prin-

cipal symbol by 37, <, .y 97 (2)&:&;.
The bi-Laplace operator is P = Ag. In the main text of the article we shall write
A, A? in place of A, Az.

1.5. MAI~N rESULTS

1.5.1. Stabilization result. — Let (Po, D(Pg)) be the unbounded operator on L?(f2)
given by the domain

(1.3) D(Po) = {u € H*(Q) | Biujpq = Baujpq =0},

given by Pou = A?u for u € D(Pg). As written above the two boundary differential
operators are such that (Pg, D(Py)) is self-adjoint and nonnegative.

Let y(t) be a strong solution of the plate equation (1.1). A precise definition of
strong solutions is given in Section 9.3. One has y° € D(Py) and y' € D(Pé/Q). Its
energy is defined as

£w)(1) = 5 (11 0y + (Poy(0), y(1)) (o).

Turorem 1.1 (logarithmic stabilization for the damped plate equation)
There exists C > 0 such that for any such strong solution to the damped plate
equation (1.1) one has

C 1/2
W) < ————(IPoy” + ay' 2y + 1P
(log(2 + t))
A more precise and more general statement is given in Theorem 10.3 in Section 10.2.
As explained in Section 1.2 the above stabilization result will be proved thanks to a

2
Y ||L2(Q))'

Carleman estimate that we present now.

1.5.2. Carleman estimate. — We state the main Carleman estimate for the operator
P, = A% — ¢* in normal geodesic coordinates as presented in Section 1.4. A point
20 € 99 is considered and a weight function ¢ is assumed to be defined locally and
such that

(1) Qap = C > 0 locally.

(2) (A+02?, ) satisfies the sub-ellipticity condition of Definition 6.1 locally. This is
a necessary and sufficient condition for a Carleman estimate to hold for a second-order
operator A + o2, regardless of boundary conditions [31, Chap. 3 and 4].

JIEP. — M., 2023, tome 10



STABILIZATION OF THE DAMPED PLATE EQUATION UNDER GENERAL BOUNDARY CONDITIONS 7

(3) (P,, B1, By, p) satisfies the Lopatinskii-Sapiro condition of Definition 4.1 at
o = (2°,¢,7,0) for all (¢/,7,0) € R¥™! x [0,+00) x [0, +00) such that 7 > ko,
for some ko > 0. This means that the Lopatinskii-Sapiro condition holds after the
conjugation of the operator P, and the boundary operators B; and Bs by the weight
function exp(ry).

Turorem 1.2 (Carleman estimate for P, = A2—0%). — Let k) > ko > 0. Let 2° € 99.
Let ¢ be such that the properties above hold locally. Then, there exists a neighborhood
WO of 2%, C >0, 79 > 0 such that

(1.4) 7_1/2Hewu||4ﬁ + |tr(ewu)|3’1/2’T
2

< C(|le™ Poull,. + Z |6T¢ij|$d:0+|7/27kja‘r)’
j=1

for T = 19, koo < T < KGO, and u € ?EO(W_?_)

The volume norm is given by

lem?ully,, = Y T D ul| 2 -
|BI<4

The trace norm is given by

|tr(€ﬂp“)|3,1/277 = Z |ag(67¢u)|wd:0+‘7/2,n777
0<n<3

where the norm |.|7/27n’7 is the L?-norm in R?~! after applying the Fourier multiplier
(72 +|¢'|?)7/4="/2, These norms are well described in Section 2.3.

Observe that the Carleman estimate of Theorem 1.2 exhibits a loss of a half-
derivative. A more precise statement is given in Theorem 7.4 in Section 7.2.

Remark 1.3. — The condition koo < 7 < ko in Theorem 1.2 calls for a comment as
it is not classical in the case of Carleman estimates, even in the presence of a spectral
parameter. Usually one has only koo < 7 and in applications similar to that we have
in mind one chooses 7 = kgo. The extended condition we make here thus does not
appear as a potential limitation.

We postpone the technical explanation to Remark 7.2 below Proposition 7.1 where
this condition appears first.

1.6. SOME OPEN QUESTIONS

1.6.1. Boundary damping. Here, we have considered a damping that acts in the
interior of the domain Q. The study of boundary damping, as in [37] for the wave
equation, is also of relevance. Yet we foresee that it requires to specify more the used
boundary operators. This was not our goal as we wished to treat general boundary
operators here.

JIP — M., 2023, tome 10



8 J. Lt Rousskau & E. Zonco

1.6.2. Spectral inequality. If the boundary operators By and Bs are well chosen,
the bi-Laplace operator A% can be selfadjoint on L?(2); see Section 9.1. Associated
with the operator is then a Hilbert basis (¢;)jen of L?(£2). In the case of “clamped”
boundary condition the following spectral inequality was proved in [33].

Turorem 1.4 (Spectral inequality for the “clamped” bi-Laplace operator)
Let @ be an open subset of Q. There exists C > 0 such that

1/4
||uHL2(Q) < Cer

[ull 2@y p>0, we Span{g; | u; < p}.

The proof of this theorem is based on a Carleman inequality for the fourth-order
elliptic operator D? + A? that is, after the addition of a variable s. Extending this
strategy to the type of boundary conditions treated here was not successful because
it is not guaranteed that having the Lopatinskii-Sapiro condition for A2, By, and B,
implies that the Lopatinskii-Sapiro condition holds for D? + A2, By, and Bs. Yet,
the Lopatinskii-Sapiro condition is at the heart of the proof of our Carleman esti-
mate. Proving a spectral estimate as in the above statement for the general boundary
conditions considered here is an open question.

1.6.3. Quantification of the unique continuation property. For a second-order oper-
ator like the Laplace operator A and a boundary operator B of order k (yet of order
at most one in the normal direction) such that the Lopatinskii-Sapiro condition holds
one can derive the following inequality that locally quantifies the unique continuation
property up to the boundary; see [31, Lem. 9.2].

Prorosition 1.5. — Let 2° € 0Q and V' be a neighborhood of x° where the Lopatinskii-
Sapiro condition holds. There exist a neighborhood W of 2°, € € (0, 1), 6 € (0,1), and
C > 0, such that

5
1-5
(1.5) l[ull g1y < CH“”Hl(V)(HAu”L?(V) + Bl g1-r (v rog) + ||u||H1(VE)) ;

forue H2(V), with V. = {z € V| dist(z,0Q) > €}.

This inequality can be obtained from a Carleman estimate as in Theorem 1.2 for
the Laplace operator, yet with the large parameter 7 allowed to be chosen as large as
desired. This is exploited in an optimization procedure on the parameter 7 in [7g, +-00[
for some 7y. Note however that in the statement of Theorem 1.2 one has ¢ < 7 < 0.
Thus, the optimization procedure cannot be carried out in [y, +00[. While having a
result quantifying the unique continuation under Lopatinskii-Sapiro-type conditions
for the bi-Laplace operator similar to that of Proposition 1.5 can be expected, the
Carleman estimate we obtain in the present article cannot be used, at least directly,
for a proof as carried out in [31] or in former sources such as [36].

JIEP. — M., 2023, tome 10



STABILIZATION OF THE DAMPED PLATE EQUATION UNDER GENERAL BOUNDARY CONDITIONS 9

1.7. OurLiNE. This article is organized as follows. In Section 2 we recall some
basic aspects of pseudo-differential operators with a large parameters 7 > 0 and some
positivity inequality of Garding type in particular for quadratic forms in a half-space
or at the boundary. Associated with the large parameters are Sobolev like norms, also
in a half-space or at the boundary.

In Section 3, the Lopatinskii-Sapiro boundary condition is properly defined for an
elliptic operator, we give examples focusing on the Laplace and bi-Laplace operator
and we give a formulation in local normal geodesic coordinates that we shall mostly
use throughout the article. For the bi-Laplace operator we provide a series of examples
of boundary operators for which the Lopatinskii-Sapiro boundary condition holds and
moreover the resulting operator is symmetric. We also show that the algebraic condi-
tions that characterize the Lopatinskii-Sapiro condition is robust under perturbation.
This last aspect is key in the understanding of how the Lopatinskii-Sapiro condition
get preserved under conjugation and the introduction of a spectral parameter. This is
done in Section 4, where an analysis of the configuration of the roots of the conjugated
bi-Laplace operator is performed. In Section 4.5 the Lopatinskii-Sapiro condition for
the conjugated operator is exploited to obtain a symbol positivity for a quadratic
form to prepare for the derivation of a Carleman estimate.

In Section 5 we derive an estimation of the boundary traces. This is precisely where
the Lopatinskii-Sapiro condition is used. The result is first obtained microlocally and
we then apply a patching procedure.

To obtain the Carleman estimate for the bi-Laplace operator with spectral param-
eter A% — 0% in Section 6 we first derive microlocal estimates for the operators A +o2.
Imposing o to be non-zero, in the sense that o 2 7, the previous estimates exhibits
losses in different microlocal regions. Thus concatenating the two estimates one derives
an estimate for A? — o* where losses do not accumulates. A local Carleman estimate
with only a loss of a half-derivative is obtained. This is done in Section 7. With the
traces estimation obtained in Section 5 one obtains the local Carleman estimate of
Theorem 1.2.

For the application to stabilization we have in mind, in Section 8 we use a global
weight function and derive a global version of the Carleman estimate for A%2 — ¢# on
the whole 2. This leads to an observability inequality.

In Section 9 we recall aspects of strong and weak solutions to the damped plate
equation, in particular through a semigroup formulation. With the observability in-
equality obtained in Section 8 we derive in Section 10 a resolvent estimate for the
generator of the plate semigroup that in turn implies the stabilization result of The-

orem 1.1.
1.8. Some Norarion. — The canonical inner product in C™ is denoted by
m—1
/ - / / /
(z,2)em = E 2k, for z=1(z0,...,2m-1) € C", 2" = (2{,...,2,,_1) € C™.
k=0

The associated norm will be denoted |z[2.. = Y7 " |24
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10 J. Le Rousskau & E. Zonco

We shall use the notations a < b for a < Cb and a 2 b for a > Cb, with a constant
C > 0 that may change from one line to another. We also write a < b to denote
a<b=<a.

For an open set U of R? we set Uy = U N Ri and

(1.6) G (Uy) = {u= Ve | v € €°(RY) and supp(v) C U}.
We set . (R%) = {u“Ri | u € .Z(R?)} with .#(R?) the usual Schwartz space in R%:
ue SRY —= ue R and Yo, 8 € N? sup 2Dl u(z)| < cc.
z€R4

We recall that the Poisson bracket of two smooth functions is given by

d
{f.9} = (O, f0u,9 — O, fOc,9).
j=1
Acknowledgements. The authors wish to thank two anonymous reviewers that pro-
vided useful corrections and remarks that improved the readability of the article.

2. PSEUDO-DIFFERENTIAL CALCULUS

In a half-space geometry motivated by the normal geodesic coordinates introduced
in Section 1.4 we shall use £ = (¢,£4) € R?"! x R and we shall consider the operators
Dy = —i0q and D’ = —id’, with &' = (0%, .., 0z, ,)-

yYrg 1

2.1. PSEUDO-DIFFERENTIAL OPERATORS WITH A LARGE A PARAMETER. — In this subsec-
tion we recall some notions on semi-classical pseudo-differential operators with large
parameter 7 > 1. We denote by S the space of smooth functions a(zx, &, ) defined
on R? x R%, with 7 > 1 as a large parameter, that satisfies the following : for all
multi-indices o, 3 € N¢ and m € R, there exists C, 3 > 0 such that

|6§‘8§a($,£,7)| < Cou APl where A2 =72 4 |¢)?,
for all (z,£,7) € RY x RY x [1,00). For a € S

™. one defines the associated pseudo-

differential operator of order m, denoted by A = Op(a),
1 .
ix-& -~ d
e B L GE L}
One says that a is the symbol of A. We denote W7* the set of pseudo-differential
operators of order m. We shall denote by 2" the space of semi-classical differential
operators, i.e, the case when the symbol a(x, &, 7) is a polynomial of order m in (£, 7).

Au(z) =

2.2. TANGENTIAL PSEUDO-DIFFERENTIAL OPERATORS. — Here, we consider pseudo-diffe-
rential operators that only act in the tangential direction x’ with x4 behaving as a
parameter. We shall denote by ST, the set of smooth functions b(z,{’, 7) defined for

7 > 1 as a large parameter and satisfying the following: for all multi-indices o € N9,
B € N1 and m € R, there exists Ca.,p > 0 such that

02060(,&',7) < Caphris !, where A2 =72 +]¢'],
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for all (z,&',7) € R? x R4 x [1,00). For b € S7., we define the associated tangential

pseudo-differential operator B = Op.(b) of order m by
1 s ! ’ JR—
x' € / (¢! / d
aniT /RGH e = bz, & T)u(€’, wa)de', u € S (RY).
We define W' as the set of tangential pseudo-differential operators of order m, and
27", the set of tangential differential operators of order m. We also set

AT, = Op, (AT",).

Bu(z) :=

Let m € N and m’/ € R. If we consider a of the form
(@.8,7) Zaj 2,87, a; €SP,

we define Op(a) = Z;":O OpT(aj)ng. We write a € S™™ and Op(a) € U™,

2.3. Funcrion NoRrwms. For functions norms we use the notation ||| for functions
defined in the interior of the domain and [.| for functions defined on the boundary.
In that spirit, we shall use the notation

lully = lull g2y, (v @)+ = (W) 2re),
for functions defined in Ri and

lwly = ||w||L2(]Rd*1)’ (w, W)y = (W, W) 2(Ra-1),

for functions defined on {x4 = 0}, such as traces.
We introduce the following norms, for m € N and m’ € R,

]

= Z |AFm =3 pi Ll

mmT

m
gz = Ntllo- =< D IAT7 Dl
+

7=0

for u € #(R%). One has
lull,, , =< Y 7D,

la|<m
and in the case m’ € N one has

/_
||u||m,'m’,‘r = Z Tm+m ‘@|||D0éu||+7

ags<m
|a|<m+m/

with @ = (o', ag) € N9,
The following argument will be used on numerous occasions: for m € N, m’, £ € R,
with ¢ > 0,

] < lull

m,m’,T m,m’+£4,7

if 7 is chosen sufficiently large.
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At the boundary {4 = 0} we define the following norms, for m € N and m’ € R,

m
2 . . 2 -
e, = S AT DLy oi |, ue P(RL).
=0

2.4. DIFFERENTIAL QUADRATIC FORMS. A differential quadratic form acts on a func-
tion and involves differentiations of various degrees of the function. One can associate
to these forms a symbol and positivity inequality can be obtained in the form of a
Gérding inequality. Such forms appear in proofs of Carleman estimates in the seminal
work of Hérmander [19, §8.2].

Here differential quadratic forms are defined either in a half-space or at the bound-
ary. The results we present here without proof can be found in [8] and [32].
2.4.1. Differential quadratic forms in a half-space
Derinition 2.1 (interior differential quadratic form). Let v € (R%). We say that

N
(2.1) Q(u) = (A*u,B*u);,  A®=O0p(a®), B* = Op(b*),

s=1
is an interior differential quadratic form of type (m,r) with smooth coefficients if,
for each s = 1,... N, we have a°(p) € S;””"/ and b%(p) € S;””"”, with r’ + 7" = 2r,

0= (z,§7)
The principal symbol of the quadratic form @ is defined as the class of

N
(2.2) q(0) =Y _a*(0)b°(0)
s=1
in S2m,2r/52m,2r—1.
A result we shall use is the following microlocal Garding inequality.

Prorosirion 2.2 (microlocal Garding inequality). — Let K be a compact set of@
and let % be an conic open set of@ x R x R, contained in K x R¥™! x R,.. Let
also x € S$7T be homogeneous of degree 0 and such that supp(x) C % . Let Q be an
interior differential quadratic form of type (m,r) with homogeneous principal symbol
q € 822" satisfying, for some Co > 0 and 19 > 0,

Req(o) = CoA" AT,

For 0 < C; < Cqy and N € N there exist 7., C >0, and Cn > 0 such that

Re Q(Op, (x)u) > C1]|0p,(x)ull’, .. — Cltr(Op, ()u)[2 1 11 /2. — Ol _y.ro
foru € ?(Ri) and T = Ty.

We refer to [8, Prop. 3.5] and [32, Th. 6.17] for a proof. We also state a local version
of the result that follows from Proposition 2.2.
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STABILIZATION OF THE DAMPED PLATE EQUATION UNDER GENERAL BOUNDARY CONDITIONS 13

Prorosition 2.3 (Garding inequality). Let Uy be a bounded open subset of @
and let Q be an interior differential quadratic form of type (m,r) with homogeneous
principal symbol q € S*™2" satisfying, for some Cy > 0 and 79 > 0,

Req(o) = CoA2™ AT,

fO’f’T 2 To, 0 = (Ql7£d)7 Ql = (1’75/,7') € UO X Rd_l X R+7 and gd cR.
For 0 < C; < Cy there exist 7, C > 0 such that

ReQ(u) > Cullull}, .. = Cltr(@)l2_y i1 /0.0

m,r,T

forue S(RL) and 7> 7.

2.4.2. Boundary differential quadratic forms
Derinirion 2.4, — Let u € ?(Ri) We say that
N

Qu) = Z(Asu|rd:0+’Bsu|$d:0+)8v A®=a*(z,D,7), B* =b°(z, D, 1),
s=1
is a boundary differential quadratic form of type (m—1,r) with € coefficients, if for
each s = 1,... N, we have a*(g) € S7~1"(R% x RY), b°(0) € ST~ 1" (RL x R?) with
'+ =2r 0= (0,&) with ¢ = (x,&’,7). The symbol of the boundary differential
quadratic form @ is defined by

N
q(d' €0, €a) =) a®(d, €a)b* (', €a)-
s=1
For z = (20,...,20-1) € C* and a(p) € SE=1¢, of the form a(¢’, &4) = Z?;é a;(0)E)
with a;(¢’) € Sf;H't_j we set

-1
(2.3) Ya(d,2) = Z%‘(@’)ZJ*

From the boundary differential quadratic form ) we introduce the following bilinear
symbol Yo : C™ x C™ — C

N
(2.4) Yoo, 2,2') = Z Yos (0, 2)Xps (0, Z), 2,2/ €C™.

s=1

We let # be an open conic set in R4~ x RI~1 x R,

DeriNiTION 2.5

Let @ be a boundary differential quadratic form of type (m — 1,r) with homoge-
neous principal symbol and associated with the bilinear symbol X (¢, 2, 2’). We say
that @ is positive definite in # if there exist C' > 0 and R > 0 such that

m—1
ReZQ(QNaxd = 0+,Z,Z) >C Z >‘12',(T7n_1_]+T)|Zj‘2a

=0
for o = (2/,&,7) € #, with |(¢',7)| > R, and z = (20,...,2m_1) € C™.
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We have the following Gérding inequality.

Prorosirion 2.6. — Let Q be a boundary differential quadratic form of type (m—1,7r),
positive definite in W, an open conic set in R¥™1 x R4 x R, with bilinear symbol
Y0, 2,2'). Let x € S2. be homogeneous of degree 0, with supp(x|q,—o+) C # and
let N € N. Then there exist 7, > 1, C > 0, Cn > 0 such that

Re Q(Op;(x)u) = C|tr(Op;(x)u)

forue S(RL) and 7> 7.

2 2
m—1,r,7 CN| tr(u)lmfl,fN,’r7

2.5. SYMBOLS AND OPERATORS WITH AN ADDITIONAL LARGE PARAMETER. In this article,
we shall use operators with a symbol that depends on an additional large parameter o,
say a(z,&,7,0). They will satisfy estimate of the form

070 a(,€,7,0)| < Cayp(7® + [€]* + o) =172,
We observe that if 7 2 o one has
MNP €+ SN2
Thus, as far as pseudo-differential calculus is concerned it is as if a € S7* and this

property will be exploited in what follows.
Similarly if a = a(z, &', 7, 0) fulfills a tangential-type estimate of the form

10200 a(2,€',7,0)| < Cap(r® + [€2 + 0%) (= 18D/2,

if one has 7 2 o one will be able to apply techniques adapted to symbols in ST, and
associated operators, like for instance the results on differential quadratic forms listed
in Section 2.4.

v

3. LLOPATINSKIT-SAPIRO BOUNDARY CONDITIONS FOR ELLIPTIC OPERATOR

Let P be an elliptic differential operator of order 2k on Q, (k > 1), with principal
symbol p(x,w) for (x,w) € T*Q. One defines the following polynomial in z,

ﬁ(wi/7 Z) = p(xa w/ - an)a
for z € 00, W' € T}OQ, z € R and where n, denotes the outward unit pointing conor-

mal vector at x (see Section 1.4). Here x and w’ are considered to act as parameters.
We denote by p;(z,w'), 1 < j < 2k the complex roots of z +— p(z,w’, ). One sets

ﬁ+(x,w’,z) = H (Z—pj(amw/)).
Im p, (2.0) 20

Given boundary operators By, ..., By in a neighborhood of 92, with principal symbols
bj(z,w), j=1,...,k, one also sets gj(x,w’,z) =bj(z,w — 2ny).

Derinirion 3.1 (Lopatinskii-Sapiro boundary condition). — Let (z,w’) € T*9$ with
w’ # 0. One says that the Lopatinskii-Sapiro condition holds for (P, By, ..., B) at
(z,w") if for any polynomial f(z) with complex coefficients, there exists ¢, ...,c; € C
and a polynomial g(z) with complex coefficients such that, for all z € C,

FE) = Y ebilaw 2) + g(2)pt (@, 2).

1<j<k
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We say that the Lopatinskii-Sapiro condition holds for (P, By, ..., By) at « € 9Q if it
holds at (z,w’) for all W’ € T;0Q with w’ # 0.

The Lopatinskii-Sapiro boundary condition is of great importance in the analysis
of elliptic equations. In fact, the Lopatinskii-Sapiro condition is equivalent to having
the operator

L : Hm+2k(Q) N Hm(Q) @ Hm+2k7€171/2(60) DD Hm+2k7£k71/2(89)
U +—r (Pu, Blu‘ag, ey Bku‘ag),

to be Fredholm, if m > 0 and if each operator B; is of order ¢;. This is done in great
generality in [20, Chap.20]. If P is the Laplace operator this is presented in great
details in [32, Chap. 3].

Roughly speaking the Lopatinskii-Sapiro condition states that modes exponen-
tially small in the interior of the domain  (as frequency increases) yet not small at
the boundary cannot be estimated without the use of a proper boundary operator.
No boundary operator is needed for mode that do not have this asymptotic behavior.
This is explained in [32, §2.1.1].

3.1. Somk Exampres. — The Lopatinskii-Sapiro condition holds in the following cases

— P = —A on Q, with the Dirichlet boundary condition, Bujgg = uaq-

~ P = A? on (, along with the so-called clamped boundary conditions, i.e,
Biujpq = ujpq and Baujgg = 0,u|pq, where v is the normal outward pointing unit
vector to 0f); see Section 1.4.

— P = A?on , along with the so-called hinged boundary conditions, i.e, Biujpq =
U|,9Q and BQU‘@Q = Au‘ag.
3.2. Cask or THE Bi-LarLAcE oPERATOR. — With P = A2 on 0, along with the general
boundary operators By and By of orders ki and ks respectively, we give a matrix
criterion of the Lopatinskii-Sapiro condition. The general boundary operators B;
and By are then given by

By(x,D)= > B (x,D)id,), (=12
0<j<min(3,k¢)
with Béf‘_j (z, D) differential operators acting in the tangential variables. We denote
by b1 (x,w) and b (x,w) the principal symbols of By and Bs respectively. For (z,w’) €
T*0N), we set
g@(x7wlvz) = Z blzg_j(x,wl)zj, ! = 1,2
0<j<min(3,k¢)

We recall that the principal symbol of P is given by p(z,w) = \w|‘;. One thus has
plz,w', z) = p(z,w — zn,) = (2° + |w'|£27)2.

Therefore p(z,w’, z) = (2 — ilw'|§)?(2 + i|w’|4)?. According to the above definition we
set pt(x,w', z) = (2 —i|w'|4)? Thus, the Lopatinskil-Sapiro condition holds at (z,w’)
with w’ # 0 if and only if for any function f(z) the complex number i|w’|, is a root
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of the polynomial z — f(z) — c1by (z,0,2) — Cabs (z,w’, z) and its derivative for some
c1,co € C. This leads to the following determinant condition.

Levva 3.2, — Let P = A% on Q, By and By be two boundary operators. If x € 09,
W' € TN, with ' # 0, the Lopatinskii-Sapiro condition holds at (x,w’) if and only if

by b
3.1 det| ~ 2 |(z,0,2 =1 0.
(3.1) <6zb1 %) ( w'ly) #
Remark 3.3. With the determinant condition and homogeneity, we note that if

the Lopatinskii-Sapiro condition holds for (P, By, Bs) at (z,w’) it also holds in a
conic neighborhood of (z,w’) by continuity. If it holds at x € €, it also holds in a
neighborhood of z.

3.3. FORMULATION IN NORMAL GEODESIC COORDINATES. Near a boundary point = €
0%, we shall use normal geodesic coordinates. These coordinates are recalled in Sec-
tion 1.4. Then the principal symbols of A and A2 are given by 52 + r(z,¢') and
(€2 + r(x,&'))? respectively, where r(z,¢’) is the principal symbol of a tangential
differential elliptic operator R(x, D’) of order 2, with

r(z, &) = Z g7 ()¢ and r(x,¢) = CIE'P.

1<i,5<d—1

Here g% is the inverse of the metric g;;. Below, we shall often write |¢'|2 = r(z, &)
and we shall also write |¢|2 = &3 + r(z,&’), for £ = (¢, &q).

If by (z,€) and bo(x, &) are the principal symbols of the boundary operators B
and B, in the normal geodesic coordinates then the Lopatinskii-Sapiro condition for
(P, By, By) with P = A? at (,¢') reads

by bo
d t b /’ - ; /:1/‘ 07
e (85db1 8gdb2> (2,8, &4 = i|]2) #

if [¢/|, # 0 according to Lemma 3.2. If the Lopatinskii-Sapiro condition holds at
some z°, because of homogeneity, there exists Cy > 0 such that

b b
(32)  |det( 7 )@ i) > Colg R, ¢ e R
0e,b1 Oe,ba '
3.4. StaBILITY OF THE LopaTINsKIi-SapiRo coxprrion. — To prepare for the study

of how the Lopatinskii-Sapiro condition behaves under conjugation with Carleman
exponential weight and the addition of a spectral parameter, we introduce some per-
turbations in the formulation of the Lopatinskii-Sapiro condition for (P, By, Bs) as
written in (3.2).

Levvia 3.4. — Let VO be a compact set of O such that the Lopatinskii-Sapiro condi-
tion holds for (P, By, Bs) at every point x of VO, There exist C1 > 0 and € > 0 such
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by by
det
Og,b1 Og,bo

forz e VO ¢ eRITL ("€ CL, and 6 € C, if |¢'| + |0] < €|¢'|.. Moreover one has

det (bl(x7f/ + Clagd = Z|£l|w + 6) b2<$,€/ + Cl7gd = Z|€l|w + 6)) ‘

that

(33) (1'75/ =+ </7£d = Z|§/|x —+ 6) 2 Cl|fl|§1+k271a

bl('r7§/ + Clagd = Z|£l|w + 6) b2<x7§/ + Cl7gd = Z|€l|w + )
> C1l6 — | [¢/5r =,

(3.4)

forz e VO, ¢ eRI-L (¢ e C4L, and 8,6 € C, if || + 16| + 18] < €€/

Proof. — From (3.2), since V° is compact having the Lopatinskii-Sapiro condition
holding at every point  of V' means there exists Cy > 0 such that

b b
det ! 2

The first part is a consequence of the mean value theorem, homogeneity and (3.5)
with say Cl = 00/2

For the second part it is sufficient to assume that § # § since the result is obvious
otherwise. For j = 1,2 one writes the Taylor formula

(3.5) (z,&,i|¢|2) = Col¢|Frth2=1 2 c VO ¢ e RITL

bj(‘r7§/ + C/ai‘§/|z + )
= bj(m,fl + C/7i|§/|ér + 6) + (g_ 5)85dbj(x7§/ + Clﬂ Z‘€l|r + 5)
1
+ (6 — 5)2/ (1= 8)0,bj(x, & + ¢ ,il¢|o + 05) ds,
0
with 8, = (1 — s)8 + 0, yielding

1(m<“m8+Cqu+®mmﬁ”{%gh+®>
5—6 by (2,6 + ¢ i€ |2 + 0) ba(m, & + (i€ o + )

by b .
:dt ,l+ /7 /1+6
e<@&ﬂhm>®£ ¢ ilgl +9)

_ 1
+ (60— 5)/0 (1—38)f(x,&,¢,8,5)ds,
with

f(z fl C/ 5 S) _det< b1($7£/+cl,i|£/|x+6) b2($,§/+</7i|f/‘1+6) > '

8§db1($,f/ + C/7i|§/|a: + 55) 8&{()2(1‘,5’ + Clvi‘£/|$ + 65)
With homogeneity, if |¢'| + 6] + |0] < |¢/]. one finds

d <bﬂ%€+Cﬁwm+® bo(a, €+ Cil€]. + 6) )
et

< |§/|k1+k272
8§db1(:v7§’ + Cla ’L‘f/|m + 65) 852(1[)2(1},5/ + <I77;|§I‘x + 65) ~

x )
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18 J. Le Rousskau & E. Zonco

Thus with |6 — g| < €l€'|s, for € > 0 chosen sufficiently small, using the first part of
the lemma one obtains the second result. O

3.5. EXAMPLES OF BOUNDARY OPERATORS YIELDING SYMMETRY. — We give some examples
of pairs of boundary operators By, By that

(1) fulfill the Lopatinskii-Sapiro condition,

(2) yield symmetry for the bi-Laplace operator P = AZ, that is,

(Pu,v)r2(0) = (u, Pv)12(0)

for u,v € H4(Q) such that BjU‘BQ = Bj'U|aQ =0,5=1,2.

We first recall that following Green formula
(3.6)  (Au,v)r20) = (u, Av)2(0) + (Onljan, Vjan) L2(00) — (Ujae, Onvian) L2(09)

which applied twice gives (Pu,v)r2q) = (u, Pv)p2(q) + T'(u,v) with

(3.7) T(u,v) = (OnAujaq,vjoa)L2(00) — (Aujaq, Onviaa) L2 (00)
+ (Onuja0, Aviaa) L2(00) — (Uaq, OnAvioa) L2(00) -

Using normal geodesic coordinates in a neighborhood of the whole boundary 0f) allows
one to write A = 92 + A’ where A’ is the resulting Laplace operator on the boundary,
that is, associated with the trace of the metric on 99Q. Since A’ is selfadjoint on 99
this allows one to write formula (3.7) in the alternative forms

(3.8) T(u,v) = (82wan, visa)r2a0) — (02 + 28" ua0, Onvia0) £2(00)
+ (Onujpn, (07 + 2A"vj00) L2(00) — (400, Favj00) L2(50)

or

(3.9) T(u,v) = ((8; + 2A"0n)uj90,vj00) 12(69) — (Ontjoq, Onvjan) 12(50)
+ (Onujpn, 92vj00) L2(00) — (woq, (0 + 2070, )vj00) 12(50)-

We start our list of examples with the most basics ones.

Examrre 3.5 (Hinged boundary conditions). This type of conditions refers to
Biujga = ujpq and Baujpg = Aujpg. With (3.7) one finds T'(u,v) = 0 in the case of
homogeneous conditions, hence symmetry.

Note that the hinged boundary conditions are equivalent to having Biujgq = ujsn
and Byujpg = 87%u|ag. With the notation of Section 3 this gives by (z,w',z) =1 and
bo(z, 0, 2) = (—iz)? = —22. It follows that

12
det < bi bi ) (z,0, 2 = ilw'],) = det (1 |w o ) = —2ilw'[y #0
0.b1 0.y 0 —2ifw’|g

if w’' # 0 and thus the Lopatinskii-Sapiro condition holds by Lemma 3.2.

With the hinged boundary conditions observe that the bi-Laplace operator is pre-
cisely the square of the Dirichlet-Laplace operator. This makes its analysis quite
simple and this explains why this type of boundary condition is often chosen in the
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mathematical literature. Observe that symmetry is then obvious without invoking the
above formulas.

Examrre 3.6 (Clamped boundary conditions). This type of conditions refers to
B1U|ag = U0 and BQU‘@Q = 6nU|aQ. With (38) one finds T(u, U) = 0 in the case of
homogeneous conditions, hence symmetry. With the notation of Section 3 this gives
by(z,o,2) =1 and by(z,w’, z) = —iz. It follows that

by b 1w’
det | ~ 2 (z,0', 2z = i|w']y) = det e |,g =—i#0.
0:b1 0.bo 0 —i

Thus the Lopatinskii-Sapiro condition holds by Lemma 3.2.

Note that with the clamped boundary conditions the bi-Laplace operator cannot be
seen as the square of the Laplace operator with some well chosen boundary condition
as opposed to the case of the hinged boundary conditions displayed above.

Examrres 3.7 (More examples)

(1) Take Biujpo = Onujpq and Boujpg = OnAujpq. With these boundary condi-
tions the bi-Laplace operator is precisely the square of the Neumann-Laplace operator.
The symmetry property is immediate and so is the Lopatinskii-Sapiro condition.

(2) Take Biujpo = (07 + 2A")ujpo and Baujpg = O3ujpq. With (3.8) one finds
T(u,v) = 0 in the case of homogeneous conditions, hence symmetry.

We have by (z,w',2) = —2% — 2|w’|2 and bo(z,w',2) = iz and
'5 '5 2 13
et ~ 2 (2= ilw'|y) = det |w |/g |w |g/ )
8zb1 8zb2 —21|UJ |!] _37’|w ‘g
= 5ilw’|; # 0

if w’ # 0 and thus the Lopatinskii-Sapiro condition holds by Lemma 3.2.

(3) Take Biujpg = Onujpn and Baujpo = (03 + A')ujpq, with A’ a symmetric
differential operator of order less than or equal to three on 0f), with homogeneous
principal symbol a/(z,w') such that o’ (z,w’) # 2|w'|3 for W' # 0, that is, o' (z,w’) # 2
for |w'|y = 1.

With (3.8) one finds

T(u,v) = (—A'uj90, vj90) L2(09) + (Uja0, A'Vjsq)L2(90) = 0,

in the case of homogeneous conditions, hence symmetry for P.
We have b (z,w’,2) = —iz and by(z,w’, 2) = iz3 + a/(x,w’) with o’ the principal
symbol of A’.

b b Wy W3+ d (z,0
ot }v 3 (a:,w’,z _ i|w'|g) — det | |.g | |g . (/ ) )
0:b1 0:b2 —1 —3i|w' |7

=i(a/(z,w") = 2/w'[3) #0,
if w’ # 0 since a'(x,w’) # 2|0’ |g by assumption implying that the Lopatinskii-Sapiro
condition holds by Lemma 3.2.

JIP — M., 2023, tome 10



20 J. Le Rousskau & E. Zonco

(4) Take Blu‘ag = UJpQ and BQUWQ = (82 + Alan)u‘ag with A" a symmetric
differential operator of order less than or equal to one on 0f2, with homogeneous
principal symbol a/(z,w’) such that o’ (z,w’) # —2|w’|, for w’ # 0, that is, a/(z,w’) #
—2 for |w'|; = 1. This is a refinement of the case of hinged boundary conditions given
in Example 3.5 above.

With (3.8) one finds

T(u,v) = (A'Opujaq, 0nvian) L2(09) + (Ontjon, —A'Onvjoa) L2(00) = 0,

in the case of homogeneous conditions, hence symmetry for P.
We have by (z,w’,z) = 1 and by(z,w’, 2) = —22 — iza'(x,w’) with @’ the principal
symbol of A’.

g ,5 1 712 + / ! , !

oo L") s n = iluly) = e [ 1o F o)
0,by 0,by 0 —2i|w'|y —ia'(z,w")

= —i(d(z,w') + 2lw'|y) #0,

if w’ # 0 since o/ (z,w’) # —2|w’|, by assumption implying that the Lopatinskii-Sapiro
condition holds by Lemma 3.2.

(5) Take B1u‘ag = (87% + A/an)U|ag and BQU|aQ = (6;"1 + 2(9nA,)U‘QQ, with A’
a symmetric differential operator of order less than or equal to one on 0f2, with
homogeneous principal symbol a/(z,w’) such that 2a/(z,w’) # —3|w'|, for ' # 0,
that is, a(z,w’) # —3/2 for ||, = 1. With (3.9) one finds

T(u,v) = (A'Opuj90, Onvion) L2(69) + (Ontijon, —A'Onvj00) L2(00) = 0,

in the case of homogeneous conditions, hence symmetry for P.
We have by (7,0, 2) = =22 —izd'(z,w’) and by(x,w’, 2) = i2® + 2iz|w

b b W2+ Wl (x, W) —|w!]?
et < Lz ) (z,0, 2 = ilw'|,) = det (' g+ Jolpa (2, ) /||g2
g

9.by 9,by —2i|w|g —id (z,w") —ilw

|2 and

— —i|w’\§(2a’(x,w’) + 3\w'|g) #0,

if w’ # 0 since 2a/(z,w’) + 3|w’|y # 0 by assumption implying that the Lopatinskii-
Sapiro condition holds by Lemma 3.2.

4. IJOI’ATINSKIT-SAI’IRO CONDITION FOR THE CONJUGATED BI-IAAI’LACIAI\

Set P, = A2—¢* with o € [0, +00) and denote by P, , = €"?P,e~"% the conjugate
operator of P, with 7 > 0 a large parameter and ¢ € € (R? R). We shall refer to ¢
as the weight function. The principal symbol of P, in normal geodesic coordinates is
given by

po(,€) = (&1 +7(x,¢))* — o™,
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Observe that e™D;je~ ™ = D; +ird;p € P}. So, after conjugation, the principal
symbol becomes
Pop(,8,7) = po(x,§ + iTdy )
- ((ﬁd +i704¢0)? + r(x, & + dezrgo))Q — ot
- ((ﬁd +i7040)? + r(x, & + iTdy ) — 02)
x ((fd +i7030)? + r(x, & + itdy ) + 02).
We write po o (x,€,7) = q;7¢(x,§,7)q§’w(x,f,7') with
qi#)(az,f,T) = (€q +i1040)* + 7(x, & +itdy ) + (=1)7 02, j=1,2.
We consider two boundary operators B; and By of order k; and ko with b; (z,8)
for principal symbol, 7 = 1,2. The associated conjugated operators
Bj,=¢€"%Bje "%,
have respective principal symbols
bjo(x,&,7) =0bj(z,§+itdp), j=1,2.

We assume that the Lopatinskii-Sapiro condition holds for (Py, By, By) as in Def-
inition 3.1 for any point (z,w’) € TF0. We wish to know if the Lopatinskii-Sapiro
condition can hold for (P,, By, Bs, ), as given by the following definition (in the
chosen local normal geodesic coordinates for simplicity).

Dermvition 4.1, — Let (2,€,7,0) € QxR x [0, +00) x [0, +-00) with (&', 7,0) # 0.
One says that the Lopatinskii-Sapiro condition holds for (P,, By, Bs, @) at (z,¢',7,0)
if for any polynomial f(z) with complex coefficients there exist ¢;,co € C and a
polynomial £(z) with complex coefficients such that, for all z € C

f(Z) = Clbl,tp(l'vflvfd = sz) + 02b2,<p(xa€/7£d = ZvT) + K(Z)p:',gp(mvflvfd =z, 7_)7
with
Pap@ & &a=2zm)= [ (-p€ 7o)

Im p; (&',7,0) >0
where pj(z,&,7,0), j = 1,...,4, are the complex roots of the polynomial z —
p(mp(xvglagd = ZaT)'

In what follows, we shall assume that dgp > 0. Locally, one has dg¢ > C7 > 0, for
some C; > 0.

4.1. LOPATINSKIT-SAPIRO CONDITION AND ROOT POSITIONS. — With the assumption that
dap > 0, for any point (z,&’,7,0) at most two roots lie in the upper complex closed
half-plane (this is explained below). We then enumerate the following cases.

— Case 1 : No root lying in the upper complex closed half-plane, then
piap(xa 5/5 gda T) =1

and the Lopatinskii-Sapiro condition of Definition 4.1 holds trivially at (z,¢’,7, o).
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— Case 2 : One root lying in the upper complex closed half-plane. Let us denote
by p* that root, then pf (x,&',€4,7) = €4 — p*. With Definition 4.1, for any choice
of f, the polynomial {; — f(&a) — c1b1,p(2,&,€q,T) — caba,(2,&,&q, 7) admits pT
as a root for ¢1, ¢ € C well chosen. Hence, the Lopatinskii-Sapiro condition holds at
(z,&',7,0) if and only if

bie(@,§,€a=p",7) #£0 or byy(z,&,6a=p",7)#0.
Note that it then suffices to have
bl,tp b2’<p
afdbl,s@ aEd,bQAP

— Case 3 : Two different roots lying in the upper complex closed half-plane. Let
denote by pj” and pj these roots. One has pd (.8, €a,7) = (€4 — pT)(Ea— p3 ). The
Lopatinskii-Sapiro condition holds at (x,¢’, 7, o) if and only if the complex numbers pf
and ,02+ are the roots of the polynomial

§ar— f(&a) — cibrp(@, &' 6a, T) — caba (@, €, 4, T),
for ¢1, co well chosen. This reads
f(pf) = Clbl#/’(l‘vglvgd = p;r7 T) + 02b27¢<$,§/,§d = pirﬂ-%
f(p3) = c1br (2,60 = p3,7) + cabo o (2,8, €4 = p3, 7).
Being able to solve this system in ¢; and co for any f is equivalent to having
det bl#’(xaélvfd :Prﬂ') b2,tp(£7£’7§d:p-1i_a7)
bl,ga(xa 517 €d = p;v T) b2,tp(£7 5/7 gd = p;r7 T)

— Case 4 : A double root lying in the upper complex closed half-plane. Denote by p*
this root; one has pf (x,¢', €4, 7) = (€4—p™)?. The Lopatinskii-Sapiro condition holds
at at (x,&,7,0) if and only if for any choice of f, the complex number p* is a double
root of the polynomial &; — f(&a) — c1b1,o(2,&, &, 7) — cabao(x, &, &, T) for some
c1,¢o € C. Thus having the Lopatinskii-Sapiro condition is equivalent of having the
following determinant condition,

det bl,tp(mvf/agd :er»T) bQ,LP(mvg/agd :p+77—)
e
8{41)1,50('1:5 5/7 fd = p+7 T) 6§db2,§0(xa 5/7 fd = p+7 T)
Observe that Case 4 can only occur if o = 0 (then one has (¢/,7) # (0,0)). If o > 0
then only Cases 1, 2, and 3 are possible. This is precisely stated in Lemma 4.7. This

will be an important point in what follows.
We now state the following important proposition.

det ) (@&, 6q = p*,7) £ 0.

(4.1)

(4.2)

Prorosition 4.2. — Let 20 € 0. Assume that the Lopatinskii-Sapiro condition holds
for (Py, B1, B2) at 2° and thus in a compact neighborhood V° of 2° (by Remark 3.3).
Assume also that Oy > C1 > 0 in VO. There exist g > 0 and pq > 0 such that if
(2,8, 7,0) € VO x RI™1 x [0, +00) x [0, +00) with (¢',7,0) # (0,0,0),

|dor ()| < podap(z) and o < piTdap(x),
then the Lopatinskii-Sapiro condition holds for (P,, By, Ba, ) at (z,£',7,0).
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The proof of Proposition 4.2 is given below. We first need to analyze the configu-
ration of the roots of the symbol p, , starting with each factor qg’@, j=1,2.

4.2. RoOT CONFIGURATION FOR EACH FACTOR. — We consider either factors &; ~—
@} ,(x,&' &, 7). We recall that

qg’,(p(x7 3 T) = (fd + iTad(p)Z + 7"(.’)3‘7 fl + ZTda:’(p) + (_1)j027 j=12

First, we consider the case r(z,& +itd, ) + (—1)70? € R™, that is, equal to —3?

with 8 € R . Then, the roots of £ — ¢} (x,¢',£q,7) are given by
—iT0qp+ L and —iT0sp — B.

Both lie in the lower complex open half-plane.

Second, we consider the case r(z, & +itdy ) + (—1)70% € C ~R~. There exists a
unique a; € C such that Rea; > 0 and
af(x, & 7,0) = r(a,& +irdyp(x)) + (=1) 0

=r(x, &) — 7% (z,dpo(x)) + (—1)7 02 + i277(x, &, dpr o(x))?,

where 7(z, ., .) denotes the symmetric bilinear form associated with the quadratic form
r(x,.). Then, the two roots of £; — qg'w(a:, &' &g, 7) are given by

(4.3)

(4.4) mia(x, & T 0) = —itOup(x) — i (x, & 7, 0)
and
(4.5) w2z, &, 7,0) = —iTdap(x) + iaj(x, &, T, 0).

One has Im;; < 0 since g = C1 > 0. With Im 7 2 = —70q¢ + Re a; one sees that
the sign of Im 7; » may change. The following lemma, gives an algebraic characteriza-
tion of the sign of Im ;5.

Levwa 4.3, — Assume that 040 > 0. Having Im7jo(x, &', 7,0) < 0 is equivalent to
having

(Qa)*r(x,€") +7(2,€', dwp)® < 72(0a)?|dupl; + (—1) "1 0? (0ap)*.
Proof. — From (4.4)-(4.5) one has Im7; » < 0 if and only if Rea; < 7049 = |704¢),
that is, if and only if
4(104¢)* Re oz? — 4(104¢)* + (Im oz?)Q <0,
by Lemma 4.4 below. With (4.3) this gives the result. O

Levwva 4.4. Let z € C such that m = 22. For xy € R such that o # 0, we have

|Rez|S =0.

>

lzo| <= 4z2Rem — daj + (Imm)?

The notation § is to be understood as <, =, or > in each term of the equivalence
respectively.
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Proof. — Let z =z +iy € C. On the one hand we have 2? = 2% — y? + 2izy = m and
Rem = 22 — 32, Imm = 2xy. On the other hand we have

43 Rem — 4zy + (Imm)? = 422 (2% — y?) — ) + 42y
= 4(zf +y°)(2® — 1),

. . . < < .
thus with the same sign as (22 —23). Since | Re 2| = |zo| & 2?2 — 2} = 0, the conclusion

follows. 0O

With the following two lemmas we now connect the sign of Im ;9 with the low
frequency regime |¢'| < 7.

Levmma 4.5. Assume there exists Ko > 0 such that |d | < KolOap|. Then, there
ezists C, > 0 such that Imm; o(x, &', 7,0) < 0 if Ck,|&'| + 0 < 7049, j =0, 1.

Proof. — With Lemma 4.3 having Im7; » < 0 reads
(4.6) (Qap)’r (@, &) +7(@,€', durp)? < 72(0a)?|da o]z + (=1)"10?(8a0)*.
On the one hand, since |dy¢| < Ko|Oa| one has

(Bap)?r(z, &) + Tz, dup)® < K (Dap)?|€',

for some K > 0 that depends on Ky, using that ||, ~ |¢/|. On the other hand one
has

7 (0u)’|dpl; + (1) 710 (0u)* > 7%(ap)" — 0*(Dap)*.
Thus (4.6) holds if one has
72(0ap)" — 0*(Dap)? = K(9aw)?|€'7,
that is, 72(0ap)? > K|¢'|?> + o2. O

Levvia 4.6. — Let W be a bounded open set of R and 2° € W. Assume that Ogp > 0
in W and let kg > 0. Then, there exists C > 0 such that

€'l < Cr if Immjo(z,&,7,0) <0 and koo <7, € W.
Proof. — With Lemma 4.3 having Im7; » < 0 reads
(Qap)?r(@, &) + (@, durp)? < 72(ap)?|dapl? + (=1)7 1 0? (0a)”.
In particular, this implies
r(@ &) < Tldopl; + (=1)7 0" < (sup |dopl; +1/k5)7
The result follows since |&'| < r(z,£’). O
As mentioned in Section 4.1, we have the following result.

Levmma 4.7, — Assume that o > 0. Then, m 2(z, &', 7,0) # m22(x, &', 7,0). Moreover,
the roots m1 o(z, &', 7,0) and ma2(x, &', 7,0) cannot be both real.
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Proof. With the forms of the roots given in (4.4)—(4.5) if m1 9 = m2 o then a1 = ao,
thus of = a2 implying 02 = 0.

Assume now that 712 € R and mo 2 € R, that is, Im7; o = Imm 5 = 0. This reads
Re o = 704¢, giving |Re ;| = |04¢], for j = 1 and 2. With Lemma 4.4 one has

4(10ap)* Rea — 4(194¢)* + (Tm af)? =0, j=12.
Observing that Ima? = Im a3 one thus obtains Rea? = Rea3, and the conclusion

follows as for the first part. O

4.3. Proor or Prorosition 4.2. Here, according to the statement of Proposition
4.2 we consider

|derpl < poOayp and o < 17040

First, we choose 0 < po < 1 and 0 < p; < 1/2. Below both may be chosen much
smaller. According to Lemma 4.5, with Ky = 1 therein, for some Cy = 2Cg, > 0
if one has C2|¢'| < 7044 then all four roots of {g — ps (2, &', &q, 7) lie in the lower
complex open half-plane. If so, we face Case 1 as in the discussion of Section 4.1 and
the Lopatinskii-Sapiro condition holds. To carry on with the proof of Proposition 4.2
we now only have to consider having

(4.7) 704 < Col€'].

Our proof of Proposition 4.2 relies on the following lemma.

Lemva 4.8. There exists C3 > 0 sgh that, for 5 = 1 or 2, for 0 < po < 1,
0 < py <1/2, and for all (z,&',7,0) € VO x R4~ x [0, +00) x [0, 4+00), one has

|dy ()| < podap(x), o < mTdap(z) and Immjo(z,&,7,0) >0
= |aj = €'o] + Tldorp(@)] < [€'12C3 (o + 117).
Proof. — With (4.7) one has
(4.8) 7|der ol < 070 S p10l€' |-
With the first-order Taylor formula one has

of =r(x, & +irdy o) + (1) 0”

1
=r(x, &) +/ derr(z, & +iTsdyrp)(iTdyp)ds + (—1)7 0.
0
With (4.8) and homogeneity one has
|der (2, €' + iTs dur ) (iTdar )| S pol€']7.
One also has 0 < u1704¢ < p1)¢'].. Since r(z, &) = |¢'|2, this yields
of =[€'[7(1+O(po + 7)) and hence a; = [¢']o (1 + Opo + 17)).

This and (4.8) give the result. O
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Before proceeding, we make the following computation. For j = 1,2 and ¢ = 1,2
we write
bep(2,8 60 = j2,7) = be(2, & +iTdwp, i 2 + iTap)
(4.9) =be(x, & +itdy o, ia;)
= by(z, & +irdyp, il |2 + iy — €]2))-
We use Lemma 3.4 and the value of € > 0 given therein. We choose 0 < pp < 1 and
0 < p1 < 1/2 such that

(4.10) Cs(po + i) < e,

with C3 > 0 as given by Lemma 4.8.
We now consider the root configurations that remain to consider according to the
discussion in Section 4.1.

Case 2. — In this case, one root of p, , lies in the upper complex closed half-plane.
We denote this root by p™. According to the discussion in Section 4.1 it suffices to
prove that

bi, oy
(4.11) det ’ T (@8 =pT,T) #0.
De4b1,p Oyba,p
In fact, one has p* = 7,2 with j = 1 or 2. We use the first part of Lemma 3.4 with
¢’ =irdyp and 6 = i(co; — |€|s). With (4.9) and (4.10) with Lemma 4.8 and the first
part of Lemma 3.4 one obtains (4.11).

Case 3. — In this case Imm; 2 > 0 and Immy 3 > 0. According to the discussion in
Section 4.1 it suffices to prove that

det (bl,@(xvglvgd = 71-1,277-) b2,tp($7§/7§d = 7T1’2,T)> 7& 0.

(4.12) , ,
bl,cp(l‘7£ 7£d = 7T2,27T) b2,tp($7£ 7£d = 7T2,277_)

We use the second part of Lemma 3.4 with ¢’ = itd, ¢, 6 = i(a; — |€].), and 5=
i(ag —|€|z). With (4.9) and (4.10) with Lemma 4.8 and the second part of Lemma 3.4
one obtains (4.12).

Case 4. In this case (that only occurs if ¢ = 0) the Lopatinskii-Sapiro condition
holds also if one has (4.11). The proof is thus the same as for Case 2. This concludes
the proof of Proposition 4.2. O

4.4. LOCAL STABILITY OF THE ALGEBRAIC CONDITIONS. — In Section 3 we saw that the
Lopatinskii-Sapiro condition for (P,, B1, Bs) in Definition 3.1 exhibits some stabil-
ity property. This was used in the statement of Proposition 4.2 that states how the
Lopatinskii-Sapiro condition for (P,, By, Bo) can imply the Lopatinskii-Sapiro condi-
tion of Definition 4.1 for (P,, By, Ba, ), that is, the version of this condition for the
conjugated operators.

A natural question would then be: does the Lopatinskii-Sapiro condition for the
conjugated operators enjoy the same stability property? The answer is yes. Yet, this
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is not needed in what follows. In fact, below one exploits the algebraic conditions
listed in Section 4.1 once the Lopatinskii-Sapiro condition is known to hold at a point
oY = (2,¢% 79 69) in tangential phase space. One thus rather needs to know that
these algebraic conditions are stable. Here also the answer is positive and is the subject
of the present section.
As in Definition 4.1 for o = (z,£,7,0) one denotes by p;(¢’) the roots of
Do, (2,&,&a, T) viewed as a polynomial in &g.
Let 0¥ = (2°,£%,7°,6%) € 99 x R4~ x [0, +00) x [0, +00). One sets
Jt={j€e{1,2,3,4} | Imp;(o”) > 0},
J™={j€{1,2,3,4} | Imp,(o") < 0},
and, for ¢’ = (z,¢',7,0),
ki (@)= T €a—ri(@)),  wp(@)=T] (& —ri(d))
jeJ+ jeJ~
Naturally, one has

K;)/(QOI7§d> :p;@(‘r07§0/7£d77—0) and RQOI(QOI7§d) :p;@(x0u50/7§d77—0)'

Moreover, there exists a conic open neighborhood %4 of 0% where both /@';}),(g’ ) and
K 0 (0') are smooth with respect to ¢’. One has

Po,p = p:,g;p;w = K’ZO/ fi;ox-
Note however that for o' = (x,&,7,0) € % it may very well happen that

pj,gp(xag/agdﬂ—) # K;_O/(lefd) and p;,tp(x7£/7£d77-) # HQO/(Q/7€d)'

The following proposition can be found in [8, Prop. 1.8].

Prorosition 4.9. — Let the Lopatinskii-Sapiro condition hold at
0" = (2°,£,7°,6%) € 9Q x R4 x [0, +00) x [0, +00)

for (Py, By, Ba, ). Then,

(1) The polynomial £ — pjﬁp(xo,fo’,fdﬁo) is of degree less than or equal to two.

(2) There exists a conic open neighborhood % of o such that the family
{bi,(g', €d), bfo(g’, &q)} is complete modulo mzo, (o', &q) at every point o =(x,&',7,0) €Y,
namely for any polynomial f(£;) with complex coefficients there exist ¢1,co € C and
a polynomial £(£4) with complex coefficients such that, for all £5 € C

(4.13) f(€a) = cibip(@,€, €4, 7) + cabap (2, € €0, 7) + L(Ea) R o (0 €a)-

We emphasize again that the second property in Proposition 4.9 looks very much
like the statement of Lopatinskii-Sapiro condition for (P,, By, B, ) at ¢ in Defi-
nition 4.1. Yet, it differs by having pj#,(x,{/,gdﬁ) that only depends on the root
configuration at ¢’ replaced by KJ::O,(Q/ ,&€4) whose structure is based on the root con-
figuration at o”.
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Let m* be the common degree of p} (0”,&4) and /@'Q"O,(g’,gd) and m~ be the
common degree of p, ,(¢%,&q) and K0 (0, &) for o' € %. One has m* +m™ = 4
and thus m~ > 2 for ¢’ € % since m* < 2.

Invoking the Euclidean division of polynomials, one sees that it is sufficient to
consider polynomials f of degree less than or equal to m* —1 < 1 in (4.13). Since the
degree of b; ,(¢', &4) can be as high as 3 > m™* —1 it however makes sense to consider f
of degree less than or equal to m = 3. Then, the second property in Proposition 4.9
is equivalent to having

{blav(xaflafdﬂ-)vbQ,SG(xaf/:fd’T)} U U {H;_O/(Q/agd)gg}

0<e<3—m+

be a complete in the set of polynomials of degree less than or equal to m = 3. Note
that this family is made of m’ = 6 — m* = 2 + m™ polynomials.

We now express an inequality that follows from Proposition 4.9 that will be key in
the boundary estimation given in Proposition 5.1 below.

4.5. SYMBOL POSITIVITY AT THE BOUNDARY. — The symbols b; ., j = 1,2, are polyno-

mial in &g of degree k; < 3 and we may thus write them in the form

k;
bj7</7(9/7 fd) - Z b;,p(gl)gﬁa
£=0

with bﬁj , homogeneous of degree k; — £.
The polynomial &; — /{zo,(g', &q) is of degree m™ < 2 for ¢ € % with % given by
Proposition 4.9. Similarly, we write

Kho(0 &) = Zfe )&,

with HZO’,Z homogeneous of degree m™ — £. We introduce

b‘, (legd) lf.j = 1727
ej,Qo’(leéd) = { ]_,:0 , j—3 if i —3 ’
K’QO/(Qagd)gd nj)=9...,M

As explained above, all these polynomials are of degree less than or equal to three.
If we now write

€,00 Q Ed Zeﬂ QOf €d7

for j = 1,2 one has ef QO,(Q) = bﬁ)v(g’x with £ = 0,...,k; and e? (@) =0 for
¢>Fkj,and for j =3,...,m/,
0 if0<j—3,
eﬁﬁgo,(gl)z I ifl=5—3,... o mT+j—3<mT+m —3,
0 if 0> m*+j— 3.
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In particular eg po(0") is homogeneous of degree mT+j—£—3. Note that m™+m/—-3=3.
We thus have the following result.

Levmvia 4.10. — Set the m' x (m+1) matriz M (o") = (M; ¢(0"))1<j<m’ with M ¢(0") =
0<e<m

efjgo,(g’). Then, the second point in Proposition 4.9 states that M(o") is of rank

m+1=4 foro € %.

Recall that m’ = m~ + 2 > 4. We now set

3 3
(4.14) Be, o (0,2) = Zefjgo,(g’)zg = Z M; (o) ze, z=(z0,...,23).
=0 =0

in agreement with the notation introduced in (2.3) in Section 2.4.2. One has the
following positivity result.

Levmya 4.11. — Let the Lopatinskii-Sapiro condition hold at a point
0¥ = (2°,£”,7°,6%) € 9Q x R4 x [0, +00) x [0, +00)

for (P,,B1, Ba, ) and let % be as given by Proposition 4.9. Then, if o' € % there
exists C' > 0 such that

m/

2
Z‘Zejygo,(g',zﬂ > Oz, z = (20,...,23) € CL
j=1

Proof. — In C* define the bilinear form

Zgg(z7 Z/) = Z EejngI (9/7 z)zengg, (Q/? Zl).
j=1

With (4.14) one has

Ya(z,2") = (M(0")z, M(¢')2') ppr = ("M (0" )M(0")2, 2") cs-

As rank*M (/)M (o') = rank M (¢') = 4 by Lemma 4.10 one obtains the result. [

5. BOUNDARY NORM ESTIMATE UNDER LLOPATINSKII-SAPIRO CONDITION

Near z° € 0 we consider two boundary operators B; and Bs. As in Section 4
the associated conjugated operators are denoted by Bj ., j = 1,2 with respective
principal symbols b; ,(x,&, T).

The main result of this section is the following proposition for the fourth-order
conjugated operator Py . It is key in the final result of the present article. It states
that all traces are controlled by norms of By ,v|;,—o+ and Ba ,v|,,—o+ if the Lopatin-
skii-Sapiro condition holds for (P, By, Ba, ¢).

Prorosition 5.1. — Let kg > 0. Let 2° € 09, with Q locally given by {xq > 0}.
Assume that (P,, By, Ba, ) satisfies the Lopatinskii-Sapiro condition of Definition 4.1
at o = (2°, ¢, 7,0) for all (¢',7,0) € R4 x [0,4+00) x [0, +00) such that T > koo
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Then, there exist a neighborhood W° of 2°, C > 0, 79 > 0 such that
2

\tr(v)|3)1/2)7 < O(HPUWU||+ + Z |Bj,wvlwd:0+|7/2_kj; + ||”||4,—1,T)7
j=1

for o =0, 7 > max(79, koo) and v € ?SO(W?_)

The notation of the function space ?ZO(W_E) is introduced in (1.6). For the proof
of Proposition 5.1 we start with a microlocal version of the result.

~ - A
().1. A MICROLOCAL ESTIMATE

Prorosition 5.2. — Let k1 > kg > 0. Let 2° € 0Q, with Q locally given by {xq > 0}
and let W be a bounded open neighborhood of z° in RY. Let
(€Y, 79,69 € R¥71 x [0, +00) x [0, +00)
nonvanishing with 70 > k10° and such that (P,, B1, Bo, ) satisfies the Lopatinskii-
Sapiro condition of Definition 4.1 at o* = (2°,¢%,7° 50).
Then, there exists a conic neighborhood % of 0* in W x RI~1 x [0, +-00) x [0, +-00)
where T > Koo such that if x € S7_, homogeneous of degree 0 in (¢',7,0) with

supp(x) C %, there exist C > 0 and 19 > 0 such that
2

|tr(OpT(X),U)|371/2,T < C(Z | Bj,oV)zg=0+ ‘7/2,;6].’7. + ||P0,<va+
j=1

ol + 00 e, )
for o >0, 7 > max(0, koo) and v € € (W4).

Proof. We choose a conic open neighborhood % of ¢*" according to Proposition 4.9
and such that % C W x R4~ x [0, +00) x [0, +-00) . Assume moreover that 7 > koo
in %0.
In Section 4.5 we introduced the symbols e; o (¢, &q), j =1,...,m' =m~ +2 =
6 —m™. For a conic set ¥ denote Sy = {o’ = (z,&,7,0) € ¥ | |(¢,7,0)| = 1}.
Consequence of the Lopatinskii-Sapiro condition holding at ¢”, by Lemma 4.11 for
all ¢’ € Sy, there exists C' > 0 such that

m

2
Y oI5, 0 (@2 2 Clzlts,  z=(20,...,23) €C".
j=1

Let % be a second conic open neighborhood of ¢ such that %, C %,. Since S% is
compact (recall that W is bounded), there exists Cy > 0 such that

Z|Z Q, | 200|Z‘(2:4, Z:(Zo,...,23)€(:4, QIGS%.

Introducmg the map Nyo' = (x,t& tr,to), for o' = (x,&,7,0) with t = |(¢',7,0)| 7!

one has

(5.1) Z o (N, )’ > Co|z|2a, z = (20,...,23) €C*, o € U,
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since N0’ € Sz Now, for j = 1,2 one has

Eem Z €, 90’ )ze,

with eﬁ oo (¢") homogeneous of degree kj — ¢, and for 3 < j < m' one has

E €J QO/ Z@,

with e] £)0,( ') homogeneous of degree m++jf€f3. We define 2’ € C* by 2, = t77/2z,
£=0,...,3. One has

Eej 007 (thl7z/) = tkj77/2ze (Q/a 2)7 ] = 1a 27

j.gO’
and
’

il .
€5 007 (thl,z/) =t" + 13/22@ (Q/, Z), ] = 37 Lo, M.

Thus, from (5.1) we deduce

3,097

ZAQW/Q k) Qa +Z/\2(13/2 " _])|2 JQO' Q’Z)|2
> C ZA2(7/2 £) |Zl‘2a

for z = (29,...,23) € C* and o' € 74, since t < Ar;asT 2 oin @/1.
We now choose % a conic open neighborhood of ¢, such that % C %;. Let
SO be as in the statement and let ¥ € SQ be homogeneous of degree 0, with
supp( ) C % and X¥ = 1 in a neighborhood of %, and thus in a neighborhood of

supp(x)- ‘ L

For j = 3,...,m' one has e; ,0 (¢, &) = mzo,(g’,fd) gl_?’ € Sm ti=30 GQet E; =
Op(Xxe; 007 ). The introduction of X is made such that Xe; ,or is defined on the whole
tangential phase-space. Observe that

’

2
2 2
B(w) = Z |Bj7‘pw‘$d:0+|7/27kj,'r + Z |ij‘$d:0+|13/27m+7j,'r
j=1 j:3

) 2
7/2—k; 13/2—m™* —j
E |A JB]#Pw\fﬁd 0+|a+§ |A ijlxd:()*'a
Jj=3

is a boundary quadratlc form of type (3,1/2) as in Definition 2.4. From Proposition 2.6
and (5.2) we have

m,

2
(53) |tr |3 /2,7 ~ Z| G U|zg= O+|7/2 k; T+Z‘E Uz y= O+|13/2 mt—j,r
j=1 Jj=3

2
+ |tr(v)\37_N7T.

for u = Op,;(x)v and 7 > koo chosen sufficiently large.
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In 724 one can write
Pop = pj,spp;7g‘0 = K;o/ H;om
with :‘izo, of degree m* and K yor of degree m™. In fact we set
ih(@) = T[ a—%pi(@)),  Fpld)= ] (&a—xpi(@)),
jeJt jeJ—
with the notation of Section 4.4, thus making the two symbols defined on the whole
tangential phase-space. In %, one has also

_ et =
Do, = K/QOIKJQO/-

The factor E;O, is associated with roots with negative imaginary part. With
Lemma A.1 given in Appendix A.l one has the following microlocal elliptic estimate

HOpT(X)w”m*,T + ‘tr<OpT(X) )|m -1,1/2,7 ~ ||OpT( 0’>OpT( )’IUH+ + Hme*,fN,'r’

for w € .S(R%) and 7 > ko7 chosen sufficiently large. We apply this inequality to
w= OpT(E:O,)v. Since

O, ()P (X)OD5 () = Op; (1) Prp mod W47,

one obtains

| t2(Op; (x)Op+ (R o )v)|
With [Op,(x), OpT(/@ZO,)] € U™ 1 one then has
| tr(Op, (% S 1Prpolly + Molly, 1 -+ [t0(0)l5 1/ 7

with u = Op,(x)v as above, using that m* +m~ = 4. Note that

S 1Po0vll

—1,1/2,7 ~ 4,-1,7

) )|m,*—1,1/2,‘r

m- —1

nmwmnAWvawmmm|

—j—1/2,7

m
Z |Eju|xd=0+|5/2+m*7j,‘r - |tr(v)m:0+|3’71/2,7,
Jj=3

using that fi%;ro, = Xej+3,> in a conic neighborhood of supp(x) and using that
m~ = m' — 2. We thus obtain

D Ejugea=0t by g e s S WPoptlly A+ J0lly gy + 16205 1o s
since 13/2 —m™* =5/2 + m~. With (5.3) then one finds
2
2
| tr(u |3 /2,7 Z |B ¢U|xd:0+|7/2_kj,7. + ||PU,<pv||+ + HU||47_17.,. + |tr(1})|37_1/277_.
j=1

In addition, observing that

|B‘,<pu\zd20+|7/2_kj7.r S |Bj1§0lu‘md:0+|7/2_kj’7- + |tr(v)|3771/2777

the result of Proposition 5.2 follows. O
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5.2. Proor or Prorosition 5.1. As mentioned above the proof relies on a patching
procedure of microlocal estimates given by Proposition 5.2.
Let 0 < K{, < ko. We set

el ={(,m0) e R x[0,+00) x [0, +00) | T > Koo, },

and
d—1 d—1
S+,n0 = {(£I7T7 U) € F+,n0 ‘ ‘(5»7—7 U)l = 1}'

Consider (¢¥,7°, 0%) € Sifnlg. Since the Lopatinskii-Sapiro condition holds at % =
(20,6% 79 69), we can invoke Proposition 5.2:

(1) There exists a conic open neighborhood %0 of ¢ in W x R4~ x [0, +-00) x
[0, +00) where T > Kj{0;

(2) For any x,0 € Sy homogeneous of degree 0 supported in %o the estimate of
Proposition 5.2 applies to Op,(x,o/)v for 7 > max (7,0, koo).

Without any loss of generality we may choose %, of the form %, = Gy x T por,
with &, C W an open neighborhood of 2% and I'gor a conic open neighborhood of
(€% 79,69%) in R~ x [0, +00) x [0, +00) where 7 > k0.

Since {2} x Si}}o is compact - we can extract a finite covering of it by open sets of
the form of %,0,. We denote by %;, i € I with |I| < oo, such a finite covering. This is
also a finite covering of {2} x 1!

Each %; has the form %; = 0; x I';, with €; an open neighborhood of 2° and T;
a conic open set in R4~ x [0, +00) x [0, +00) where 7 > Kj0.

We set 0 = Nijer0; and % = O x Ty, i € I. Let WY be an open neighborhood
of 2 such that W° € &. The open sets %; give also an open covering of W0 x Si;lo
anc@ X Fiﬁo. With this second covering we associate a partition of unity x;, i € I,
of W0 x Sifﬁlo, where each x; is chosen smooth and homogeneous of degree one for

[(¢,7,0)] = 1, that is:
> xile) =1

iel
for o' = (x,¢',7,0) in a neighborhood of W0 x I‘i}}w and (&', 7,0)] > 1.
Let u € G, (WY9)). Since each x; is in S7 . and supported in %;, Proposition 5.2
applies:

2
(5:4) 160D, (X0l 1 /2.7 < Co( 3 1Bisstimumot oy + I Poiprll,

j=1
ol + 1805 1 jar ),
for some C; > 0, for ¢ > 0, 7 > max(7;, ko) for some ; > 0.
We set X = 1 — > ;o7 xi- One has X € S;2° microlocally in a neighborhood of
WO x F‘j:nlo. Thus, considering the definition oflifﬁlo, if one imposes T > koo, as we
do, then X € ST 2° locally in a neighborhood of W0.
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For any N € N using that supp(v) C WY one has

| tr(v ‘31/27 Z|tr Op,(xi)v |31/2T+|tr(OPT( X)v) ,
i€l

/S Z | tr(OpT(Xi)U)IS,l/Q;r + | tr(v)|3,fN,T
el

< D160 (xi)V) 512 + 1004, -1
i€l

Summing estimates (5.4) together for i € I we thus obtain

2
|62 (0)]s,120 S D IBisgVleam0tly ja_s, » + 1Prgvlly + 10y 1+ 18205 1/
Jj=1

for 7 > max(max; 7;, koo). Therefore, by choosing 7 > koo sufficiently large one
obtains the result of Proposition 5.1. ]

6. MICROLOCAL ESTIMATES FOR SECOND-ORDER FACTORS
We recall that P, = A? — 0% = (—=A — 0%)(—A + 0?) with o > 0. Set Q) =
—A + (=1)70?; then P, = QLQ%. We also set Q = —A, that is, Q = Q} = Q2.
The principal symbols of Q% and Q are given by

(6.1) @ (2,6 =& +r(2,8) + (=1Y0® and q(z,§) = £ +r(z, &),
respectively. The conjugated operator Py , = e"¥FP,e™"¥ reads
P, = ,1,#, (2,750, with Qf;,q, = er{;e*w.
We set
Qb+ (@) b — (@)
j_ %o o, d _ oy o9
Q! > and Q, e

both formally selfadjoint and such that Q(J;M = QJ+iQ,. Note that Q, is independent
of 0. Their respective principal symbols are

@ (0,6,7,0) = & — (104p)? + 1(2,€) + (—1) 02 — 721 (z, duri),
da (l’, 5; T) - QngadQD + 27:7:(377 5,7 dz’(p)
Note that Q7 and Q, take the forms
(62) st = D?Z + Tsjﬂ Qa = T(ad(de + Ddad(p) + Ta,

where T7,T, € 27, are such that (T7)* = T7 and T,; = T,,. Naturally, the principal
symbol of Qfmp is

@ (2,6,7) = ql(x,&,7,0) +iga(z, &, 7).
The principal symbol of Q{,'#, =eTPQRIeTTY is

@ (x,6,7,0) = (§a 4 i704p)* + (2, &) + (1) 0 — 7°r (2, dorp) + 2077 (2, €, dar ).
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As in Section 4.2 we let «; € C be such that
aj(z,8,7,0)° =r(x,& +irdyp) + (1)o7
= T(Ivgl) - T2T(I7dm'¢) + 2iT?(z7£/7dﬂC's0) + (71)]'027

and Rea; > 0. Note that uniqueness in the choice of a; holds except if r(z,&" +
itdy @) + (—1)70% € R™; this lack of uniqueness in that case is however not an issue
in what follows. One has

@) (2,8 a0, 7) = (€a + iT0ap)? + i (2, €, 7,0)°
= (fd + 1104 + (2, &, T, 0)) (ﬁd + 1104 —iaj(z, &, T, U)).
We recall from (4.4)-(4.5) that we write ¢ ,(2,&,&4,7) = (£a — 7j1)(€a — 7j,2) with
w1 = —it0qp —ia(z, &' 7,0) and w0 = —iT0qp + ia;(z, &, T, 0).

The roots 7, k = 1,2 are functions of z,¢’,7 and o.
We denote by B a boundary operator of order k that takes the form

B(Z‘,D) = Bk(IaD/) +Bk71(1‘7D/)Dda

with B¥(z, D’) and B*~!(z, D’) tangential differential operators of order k and k — 1
respectively. The boundary operator B(xz, D) has b(x, &) = b¥(z, &) +bF 1 (x, &)&y for
principal symbol. The conjugate boundary operator B, = ¢"¥Be™"¥ is then given by

By(x,D,7) = BE(2,D',7) + BE (2, D', 7)(Dg + i70a%)
= Ef,(m, D',7)+ Bf;_l(x,D/, T)Dg,
with Ef,(x,D’,T) = BZZ(.T,D/,T) + iTBf,_l(x,D’,T)adgo. The principal symbol of
B,(z,D,T) is
where b’;_l(ac,ﬁ’ ,T) is homogeneous of degree k — 1 in A, and
Tk / _ 1k / - 1 k—1 /
is homogeneous of degree k in Ay ;.

6.1. Sus-ELLIPTICITY. Set
qs(xvé-a’r) = 53 + r(x’gl) - (Tad‘p)2 - T(l’,’]’dz/gﬁ) = |§|i - |Td<)0|i7
where |€|2 = £2+7(x,&'). One has ¢ = g5+ (—1)702. Observe that {q¢Z, ¢} = {¢s,qa}-

Drrinvition 6.1 (Sub-ellipticity). — Let W be a bounded open subset of R? and ¢ €
€ (W) such that |d.p| > 0. Let j = 1 or 2. We say that the couple (QJ,¢) satisfies
the sub-ellipticity condition in W if there exist C' > 0 and 7y > 0 such that for o > 0
V(z,€) € W xR%, 1 > 10,
0o (2,6,7) =0 = {¢d,a}(2,6,7) = {gs: g} (2,€,7) = C > 0.
Remark 6.2. — Note that with homogeneity the sub-ellipticity property also reads
V(Iaé.) € W X Rda T 2 T00, Qg,gp(x7€?7-) = O = {qg7qa}(x7£a7-) 2 0)\73—
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Prorosition 6.3. Let W be a bounded open subset of R% and 1 € €>°(R%) such
that v > 0 and |dz| > C > 0 on W. Let 19 > 0. Then, there exists vo > 1 such
that (Q2., ) satisfies the sub-ellipticity condition on W for T > 190 for ¢ = €7V, with
¥ = 9, for both j =1 and 2.

Proof. — We note that |dyp(z)] # 0. The proof is slightly different whether one
considers the symbol q}”p or the symbol q?,’(p.

Case 1: proof for q} ,. — Assume that ¢} , = 0. Thus |¢]2 —|7dyp|2 — 0 = 0 implying
|€] ~ o + yTp. On the one hand by Lemma 3.55 in [31], one has

(6.3) {gs:4a} (@, &,7) = T(V0) (v)? (Hgto(, B))? + 47°q(w, dyp(x))?)

+ (7¢)3%{@7 qw}($7677—)a

with 8 = £/(y¢), and where H, denotes the Hamiltonian vector field associated with
the symbol g as defined in (6.1). Here, g, denotes the principal symbol of e™¥Qe~"%,
that is,

qw(x,ﬁ,T) = Q(mvf + Zngﬂ/)(l'))
= (gd + i76d¢(x))2 + ’I’(I, él + Zde'¢($))

On the other hand, one has (Hy¢(z,3))? + 472q(z,dy(z))? = 72 and since
2%,{@, gy }(x, B, 7) is homogeneous of degree 3 in (3, 7), we obtain

{ds:0a} = Cr(y79)° = C' (70 + |Blyp)® = Cv7° = (7 + [€])?,
with 7 = y7¢. Yet, one has |£| ~ o + 7 implying
{45100} = C7° = C"'(F + [€])° = Cy7° = CW (T + 0)°.

Since ¥ > 0 and v > 1 one has ¢ > 1 implying 790 < 7 < 7 and thus

{45, 4} (2,6,7) > 7(Cy — C).
It follows that for v chosen sufficiently large one finds {g¢s, g, }(2,£,7) = C > 0.
Case 2: proof for qZ ,. — Assume that g7 , = 0. Then [¢[2 4 0® = [rdp|3 implying
|€] + o ~ 7|dg| ~ 7. The same computation as in Case 1 gives

g5, 0a}(2,€,7) > C7° = C'(T + [€])°.

Here |£| + 7 < 7 yielding

{ds: 4} (@, &,7) = (Cy = C")7.
The remaining part of the proof is the same. O

Lemvia 6.4. — Let j = 1 or 2. Let (Q%, ) have the sub-ellipticity property of Def-
inition 6.1 in W. For p > 0 one sets t(0) = p((¢2)? + ¢2)(0) + 7{d?, ¢ }(0) with
0= (z,&,7,0) € W xR x[0,00) x [0,00). Let 79 > 0. Then, for u chosen sufficiently
large and T > 190 one has t(p) = CAL for some C > 0.

The proof of Lemma 6.4 uses the following lemma.
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Lemva 6.5. Consider two continuous functions, f and g, defined in a compact
set £, and assume that f > 0 and moreover

fy)=0 = g(y) >0 forally € L.
Setting hy, = pf + g, we have hy, > C > 0 for u > 0 chosen sufficiently large.
Proofof Lemma 6.4. — Consider the compact set
L ={(z,&,1,0) |xeW, €+ 12 +02 =1, 7= 190}

Applying the result of Lemma 6.5 to t(¢) on . with f = (¢)? +¢2 and g = 7{¢?, ¢, }
we find for ¢(9) > C on .Z for some C' > 0 for p chosen sufficiently large. Since (o)
is homogeneous of degree 4 in the variables (£, 7, 0) it follows that

t(o) > Clo® + 7% +[€]*)* 2 A7 0

6.2. LOPATINSKIT-SAPIRO CONDITION FOR THE SECOND-ORDER FACTORS. — Above, in Sec-
tion 4, the Lopatinskii-Sapiro condition is addressed for the fourth-order operator
P, . Here, we consider the two second-order factors ng.

With the roots 71 and 7; 2 defined in (4.4)-(4.5) one sets

q(j;_:;(x? fla fda T) = H (fd - 7Tj,k(xa 5,7 7, J))
Imﬂj’k>0
k=1,2

Derinition 6.6. — Let j = 1,2. Let « € 09, with Q locally given by {x4 > 0}. Let
(¢, 7,0) € RI71 %[0, +00) x [0, +00) with (¢, 7,0) # 0. One says that the Lopatinskii-
Sapiro condition holds for (Q7, B, ) at o = (z,&,7,0) if for any polynomial f(£4)
with complex coefficients there exist ¢ € C and a polynomial £(£4) with complex
coefficients such that, for all £, € C

(6.4) f(€a) = by, Ea,7) + U(E) gl b (@, € Eay 7).

Remark 6.7. — With the Euclidean division of polynomials, we see that it suffices
to consider the polynomial f(£;) to be of degree less than that of qg'::g(m,f’, &4, 7T) In
(6.4). Thus, in any case, the degree of f(£;) can be chosen less than or equal to one.

Levva 6.8. — Letj =1 or2. Let x € 02 and (¢/,7,0) € R¥™1 x [0, +00) x [0, +00)
with (&', 7,0) # 0. The Lopatinskii-Sapiro condition holds for (QL, B, o) at (x,&',7,0)
if and only if

(1) either g5 (2, &' €a,7) = 1;

(2) or giib(z,& 6a,7) = &4 — 7 and by (x,& 7, 7) # 0.

IDI"OQ}(: — If qg—’)z(m7 5/7 §d7 T) = (fd - 7Tj71(£L‘7 5/7 T, U)) (gd - 7Tj72(.7}, 5/7 T, U))7 that is,
both roots m;1(z,&,7,0) and mjo(x,&,7,0) are in the upper complex half-plane,
then condition (6.4) cannot hold, since by Remark 6.7 it means that the vector space
of polynomials of degree less than or equal to one would be generated by the single
polynomial by (z,¢’, &4, 7).

Suppose that qg:';(x,f’,fdﬂ') = {4 — 7 that is one the root m;1(z,§,7,0) and
mj2(x, &, 7,0) has a nonnegative imaginary part and the other root has a negative
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imaginary part. Then, the Lopatinskii-Sapiro condition holds at (x,¢’, o, 7) if for any
f(&a), the polynomial &g — f(€q) — cby(z, &', £q, T) admits 7 as a root for some ¢ € C.
A necessary and sufficient condition is then b, (z,&',§q = 7, 7) # 0.

Finally if qgv,;t(x,g’,gd,f) = 1, that is, both roots m;1(z, ¢, 7,0) and m;2(z, &, 7,0)
lie in the lower complex half-plane, then condition (6.4) trivially holds. O

6.3. MicrorocaL estimates. — Here, for j = 1 or 2, we establish estimates for the
operator @7 in a microlocal neighborhood of point at the boundary where (Q7, B, ¢)
satisfies the Lopatinskii-Sapiro condition (after conjugation) of Definition 6.6.

The quality of the estimation depends on the position of the roots. We shall assume
that 944 > 0. Thus, from the form of the roots 71 and ;2 given in (4.4)—(4.5), the
root 71 always lies in the lower complex half-plane. The sign of Im 7; » may however
vary. Three cases can thus occur:

(1) The root ;2 at the considered point lies in the upper complex half-plane.
(2) The root ;2 at the considered point is real.
(3) The root ;5 at the considered point lies in the lower complex half-plane.

Prorosition 6.9. Letj =1 or2 and ky > ko > 0. Let 2° € 0Q, with Q locally given
by {xq > 0} and let W be a bounded open neighborhood of z° in Re. Let ¢ be such that
dap = C >0 in W and such that (QJ, o) satisfies the sub-ellipticity condition in W.
Let 0% = (20,€% 70, 60) with (£¥,7°,0°) € R4™1 x [0, +00) x [0, 4+00) nonvanishing
with 7° > k10 and such that (Q3, B, ) satisfies the Lopatinskii-Sapiro condition of
Definition 6.6 at 0.

(1) Assume that Imm;2(0") > 0. Then, there exists a conic neighborhood % of o
in W x R*™! x [0,400) x [0,+00) where T > koo such that if x € S° ., homogeneous
of degree 0 in (', 1,0) with supp(x) C %, there exist C > 0 and 79 > 0 such that

(6.5)  1I0p:(x)lla » + [tr(Opr(X)0)l1 12,7
< C(||er,gpv”+ + |B¢U|$d:O+|3/2_va + Hv||27_177—)a
for 0 >0, 7> max(rg, koo) and v € €, (Wy).
(2) Assume that Im7;2(0”) = 0. Then, there exists a conic neighborhood % of o

in W x R x [0,400) x [0,+00) where T > koo such that if x € S° ., homogeneous
of degree 0 in (£, 1,0) with supp(x) C %, there exist C > 0 and 179 > 0 such that

(6.6) 7 210p;(x)vlly, + [tr(Op; (X)0)]y 1/~
< C(”Qg',apv‘l+ + |B<F,U|Id:0+ |3/27k,7' + HU“Z,—LT)’

for o =0, 7 > max(rg, koo) and v € €, (Wy).

(3) Assume that Im7;2(0”) < 0. Then, there exists a conic neighborhood % of o
in W x R*™1 x [0,400) x [0,+00) where T > koo such that if x € S° ., homogeneous
of degree 0 in (&', 7,0) with supp(x) C %, there exist C > 0 and 79 > 0 such that

6.7)  [I0p(x)vlly, + (0P ()0)|1 1/ < CIQF L0l + 10]l5, -1 ),

for 0 >0, 7 > max(rg, koo) and v € €, (Wy).
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The notation of the function space €. (W) is introduced in (1.6).

6.3.1. Case (i): one root lying in the upper complex half-plane. — One has
Im7;2(0”) >0 and Imm;;(e”) <O0.

Since the Lopatinskii-Sapiro condition holds for (Q7, B, ) at ¢”, by Lemma 6.8
one has

by (20,6, €q = mj2(0”), %) = b(2°, Y + im0, p(2°),ic; (0”)) # 0.
As the roots 7,1 and ;2 are locally smooth with respect to o' = (z,£,7,0) and

homogeneous of degree one in (¢/,7, ), there exists a conic neighborhood % of ¢ in
W x R4 x [0, +00) x [0,4+00) and C; > 0, Co > 0 such that

Sz={d e ||gP+7°+0° =1}
is compact and
T2 kKoo, Immja(0') = Cadrr, and Im7ja(0') < =Cidr s,
and
(6.8) bo(x,&, 80 = mj2(0'), ) # 0,
if o = (z,¢,7,0) €EU.
Welet x € 57, and X € SY_ be homogeneous of degree zero in the variable (¢, 7,0)

and be such that supp(Xx) C % and X = 1 on a neighborhood of supp(x). From the
smoothness and the homogeneity of the roots, one has x7; 1 € STl’T, k=1,2. We set

Ly = Dy — Opy(¥mj2) and Ly = Dy — Opy(%m;).

The proof of Estimate (6.5) is based on three lemmas that we now list. Their proofs
are given at the end of this section.
The following lemma provides an estimate for Lo and boundary traces.

Lemma 6.10. — There exist C > 0 and 19 > 0 such that for any N € N, there exists
Cny > 0 such that

| tr (Op;(x)w) |1,1/2,T < C(|ByOp, (X)W =0+ |3/2—k,7’
+ | L20p+ (X)W} y—o+ ‘1/2,7) + COn[tr(w)ly _n .
for 7 = max (719, koo) and w € ?(Ri).

The proof of Lemma 6.10 relies on the Lopatinskii-Sapiro condition. The following
lemma gives an estimate for L.

Lemma 6.11. — Let x € SQ’T, homogeneous of degree 0, be such that supp(x) C %
and s € R. There exist C >0, 19 > 0 and N € N such that

10p: 00wl 57 + 0P 0OWiay=0+ |4y 15, < CUIL1OP DWlg - + lg, )

forw e F(RL) and T = max(7o, koo ).
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The proof of Lemma 6.11 is based on a multiplier method and relies on the fact
that the root 7;; that appears in the principal symbol of L lies in the lower complex
half-plane.

The following lemma gives an estimate for L.

Lemva 6.12. — Let x € SQ’T, homogeneous of degree 0, be such that supp(x) C %
and s € R. There exist C >0, 19 > 0 and N € N such that

10p: ()l » < C(1L20p (X)Wl s - + 1OPr 00 Wlwy=0+ |y, + Wl —nv.7)
forw e F(RL) and T > max(7o, koo ).
Note that this estimate is weaker than that of Lemma 6.11. Observing that
L10p;(x)L2 = Op,(x)L1Ly mod W1
= Op,(x)Q%, mod ¥,

and applying Lemma 6.11 to w = Lov with s = 0, one obtains

10p-+(X) Lovll ;- +10pr(X) L2vjzy=0+, j5 . S [1£10P- () Lav]ly + v

1,—N,7
S 13 vl + el
for 7 > koo chosen sufficiently large. We set v = Op;(x)v, and using the trace
inequality
Wagmoel, . S Nollygrore  weE F(RL) and s >0,
we have

[Loully ;- + [ Lotjzy=0+, 5 S 10 () L2vlly ;- + [OP: () L2Vjzy=o0t |, 5
el + jagmotly a0
S 10p: () Lavlly ;- + 10p: () L2vjzy=ot |, jo . + [10]ly -
Therefore, we obtain
1Zoully ; + [L2ujz,mot |y o, S 1Q% I, + 0]l -
With Lemma 6.10, one has the estimate

|tI‘(U)|1’1/2’T + HLQUHLT S ‘Btpu\zd:0+|3/2_kﬂ. + ||sz7,gov||_‘_ + ||U |2,—177—7
for 7 > koo chosen sufficiently large using the following trace inequality
—Z(md
\tr(w)|m’S’T < Hw||m+1’571/217, we S (RY)and meN, seR.

With Lemma 6.12 for s = 1 one obtains

lully 1+ [te()]) ), + 12wl - S [Botag=o+ly n_y - +1QF o0l +10lly 1 s

for 7 > koo chosen sufficiently large. Finally, we write

[1Daully » < | Laully - +[|Op:(Xmj 2)ully , S [[Low

o+ el

yielding

||UH2,T + ’tr(u)|1’1/217 5 |B</7u|ar:d:0Jr ‘3/2_k77 + ||Q?7,cpv||+ + ||/U||2,71,T'
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As u = Op,(x)v, with a commutator argument we obtain

|Bsﬂu|$d:0+ ‘3/27]6,7' S |B<Pv‘wd:0+ |3/2,k’7— + | tr(v)|1,—1/2,7'

S |Btpv\zd:0+|3/2_k77 + ||U||2,—1,T'

yielding (6.5) and thus concluding the proof of Proposition 6.9 in Case (i). |

We now provide the proofs the three key lemmas used above.

Proofof Lemma 6.10. — Set

2

‘T(U)) = |B@w‘1d:0+| 1/2,7

2
3/2— k7 T | Low|q,—o+|

3/2—k 2 1/2 2
= |AT,/T B¢w|xd:0+ |6 + |AT,/T L2w\wd:0+ |8'

This is a boundary differential quadratic form of type (1,1/2) in the sense of Defini-
tion 2.4. The associated bilinear symbol is given by

Sy(d,z,2") = A3 bi(x,{’,r)zo
+ b’;_l(x, ¢.1)n) @’;(w, ¢,z + bz, € 7)Z)
+ e (21 = Xmj2(0")20) (71 — Xmj2(0)Z0)
with z = (z0,21) € C? and 2’ = (2, 2}) € C?, yielding
Y5(o,2,2) = )\3;2’“@:2(1,5',7)20 + biil(x,§’,7)21|2 + )\Tﬂ"zl — iﬂm(g’)zof.
One has X5(¢’, z,2) > 0. For z # (0,0) if ¥5(¢’, 2, 2) = 0 then
21 = X7;,2(¢') 2o,
bl;(%f’ﬂ')% + biil(l‘vflfr)zl = Oa
implying that zg # 0 and
b<p (xuglagd = 5(177]-_’2(@/)77') :B];(if,f/, T) + b];_l(ﬁ?é-/u’r)%ﬁjﬂ(g/) =0.

Let %, C % be a conic open set such that supp(x) C % and ¥ = 1 in a conic
neighborhood of %;. Then, for ¢’ € %, one has

by (2,8 €a = Xmj2(0'),7) = by (&, 60 = mj2(0'),7) #0,

by (6.8). From the homogeneity of b’f[l(x,f',T) and E’;(x,g/,T) in ¢, it follows that
there exists some C' > 0 such that

S5(0, 2, 2) = C (X2 |z0)* + Mr,rl21]?),

if o/ € 241. The result of Lemma 6.10 thus follows from Proposition 2.6, having in
mind what is exposed in Section 2.5 since we have T > ko here. |
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Proofof Lemma 6.11. — We let v = Op;(x)w. Performing an integration by parts,
one has

2Re (Liu, iA2w) = 2Re ((Dg — Op, (Xm;1))u, iA25 1y
T + T s T, T +
= Re (i(AZ5Op, (1) — Opy(X7j.1) AL, Ju, u)
+ Re(A?i]:"'lUmd:OJr y u|3¢d=0+)8'

Note that Re(AZ5  uy,, —o+, Uz =0+ )o = |u‘$d:0+|§+1/277—'

Next, the operator i(AZ5Op, (Xm;,1) — Op,(X7j,1)*A25) has the following real
principal symbol

9(¢) = —2Imm; 1 (" )ATF,

and since Im ;1 (¢') < —CiAr,r < 0in % one obtains (o) 2 A2572 in % . Since %
is neighborhood of supp(x), the microlocal Garding inequality of [31, Th.2.49] (the
proof adapts to the case with parameter o as explained in Section 2.5 since o < 7)
yields
2
-
for 7 > koo chosen sufficiently large. With the Young inequality one obtains

. 2 2
2Re (Law,i25 ), > upe,mos 2, + CIAZE I, = Cllwl i

. 1 2 2
(Lo, a0 ) | S ZIIAT  Daully + AT
which yields for ¢ chosen sufficiently small,
(6.9) Uza=0t | 411 /97 F ullossrr S NErully - + l[wllo 7

Finally, we write
(6.10)  [[Daully , » < [[Laullg s - + [10p-(Ocms)ully o » S NLaull o - + l[llo oqr -
Putting together (6.9) and (6.10), the result of Lemma 6.11 follows. O

Proofof Lemma 6.12. — We let u = Op;(x)w. Performing an integration by parts,
one has

2Re (Lou, —iA2 ' u) = 2Re ((Dg — Op,(X7j2))u, —iA25  y
) + > ) +
= Re (Z (OpT(%ﬂ—j,2)*A%7T - A%,SjlopT(%ﬂ—j,Q))ua u)+

2541
- Re(AT,T u\acd=0+ ? U|a:d=0+)6-

Note that Re(Affjlu‘wd:0+7u‘md:w)a = |U‘Id:0+|§+1/277—'

Next, the operator i(Op, (Xm;j2)*AZ5 — A251Op, (X),2)) has the following real
principal symbol

9(¢') = 2Imm;2()ATT,

and since Im7;2(¢') = Cakrr > 0 in % one obtains ¥(¢') 2 A25F2 in % . Since %
is neighborhood of supp(x), the microlocal Garding inequality of [31, Th.2.49] (the
proof adapts to the case with parameter o as explained in Section 2.5 since o < 7)
yields
2
-

. 2 < 2
2Re (LQU,’LA.%?:_LU;)+ > —|U|md:0+|s+1/277 + C”A.T.)t_lun CNHw”O’fN,Ta
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for 7 > koo chosen sufficiently large. The end of the proof is then similar to that of
Lemma 6.11. g

6.3.2. Case (i1): one real root. One has Im 7 2(0") = 0 and Im; 1 (0*) < 0.
Since the Lopatinskii-Sapiro condition holds for (Q7, B, ) at ¢”, by Lemma 6.8
one has

b (2, €7 €4 = 13 2(0”), 7°) = b(a", € + iy p(a®), i (o)) # 0.

As the roots 7;1 and ;2 are locally smooth with respect to o' = (z,£,7,0) and
homogeneous of degree one in (¢/,7, ), there exists a conic neighborhood % of ¢ in
W x R4 % [0, +00) x [0,4+00) and C; > 0, Co > 0 such that

Sz={d e ||gP+7°+0*=1}

is compact and

T = Koo, ma(0") # mi2(0),
Imm;2(0") > —CoArr, and Immji(0') < —CiAr
and
(6.11) by(z,&' &a =mj2(0"),7) #0,

if o = (z,¢,7,0) €.

Welet x € 57, and X € S be homogeneous of degree zero in the variable (¢, 7,0)
and be such that supp(X) C % and X = 1 on supp(x). From the smoothness and the
homogeneity of the roots, one has ;i € ST{T, k=1,2. We set

Ls=Dy— Op_r(%ﬂ'j,g) and Ly = Dy — OpT(jZTer)'

Lemma 6.10 and Lemma 6.11 also apply in Case (ii) and we shall use them. In
addition to these two lemmas we shall need the following lemma.

Lemma 6.13. — There exist C > 0, 79 > 0 such that
T 2wl < CIQF pwll, + | tr(w)],1/0,),
for T = max(ro, ko) and w € E, (Wy).

Proving Lemma 6.13 is fairly classical, based on writing Q{,’ o= Q7 +iQ, and on an

expansion of ||Qjmpw||3_ and some integration by parts. We provide the details in the
proof below as the occurrence of the parameter o is not that classical. Lemma 6.13
expresses the loss of a half-derivative if one root, here 7, o, is real.

Observing that

L10p;(x)Ls = Op; (x)L1 Lz mod W1°
= Op;(x) £,¢ mod \1171—707
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and applying Lemma 6.11 to w = Lyv, one obtains
10p: () LaVja =0t |y - S L2 OPr (X) Lavlly + vl _n -

<13 oll, + ol .

for 7 > koo chosen sufficiently large. We set v = Op;(x)v, and using the trace
inequality
= (Td
Wagmoel, . S Nllygrore  weE F(RL) and s >0,
we have

‘L2u|$d10+ |1/2,7— S |OpT(X)L2U\rd:0Jr |1/277. + |v\zd:0+ |1/277
< 10D, (0 Lavjaot |y 1 + 01l
Therefore, we obtain
|L2u\zd:0+|1/277 S ||Q<j7,LpUH+ + HU”LT'
On the one hand, together with Lemma 6.10, one has the estimate
612) |l S Botisaorly ., + 1@l +

for 7 > koo chosen sufficiently large using the following trace inequality

|2,—1,‘r7

[0 (W) s S 0ls1a1/2, wEL(R]) and meN, s €R.
On the other hand, with Lemma 6.13 one has
7 ully,, S 1QF pull, + |t ()l 1,0
again for 7 > koo chosen sufficiently large and since [QZW,7 Op-(x)] € Y10 one finds
(6.13) T 2 ully,, S Q% 0l + o

Now, with £ > 0 chosen sufficiently small one computes (6.12) +¢ x (6.13) and obtains

1 T tr(w)

1,1/2,7

T_1/2||UH2,T + ‘tr(u)|1,1/2,7 S.z ||er,gpv||+ + |B<Pu\wd:0+|3/2,k’-,- + ||v||2,71,7"
As u = Op,(x)v, with a commutator argument we obtain
|B¢U|Id20+ ‘3/2—]6,7’ S |Btpv\zd:0+ |3/2_k77— =+ |tr(v)|1,—1/2,7'

,S |Btpv\zd:0+| =+ ||’U||2,7177'

3/2—k,T
yielding (6.6) and thus concluding the proof of Proposition 6.9 in Case (ii). O

We now provide a proof of Lemma 6.13.
Proof of Lemma 6.13. — We recall that Q7 , = Q] +iQ,, yielding

(6.14) Q% swll, = Qwly + |Qaw]? +2Re(Qiw,iQqw) -
With the integration by parts formula

(fv Ddg)+ = (Ddf7 g)+ - i(f|zd:0+7g|wd:0+)87
and the forms of Q7 and Q, given in (6.2) one has

(f,QL9)+ = (QLf,9)+ — i(flzumo+s Dagjwy=0+)o — i(Daflzs—o+» Gza=o+ )0,
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and
(f,Qa9)+ = (Qafs 9)+ — 271(0ap flzy—0+ > Gjzg=0+ )05
yielding
(Qaw, Qw)+ = (QLQow, w)4 — I(Qaw)y,—0+ Daw|z,—o+)o
= i(DgQaW|g =0+, Wig,=0+)ds
(Qlw, Qaw) 4 = (QuQlw,w) 4 — 2iT(Dap@QIw)y,—o+, Wizy—0+)o-

This gives

(6.15) 2Re(Qw,iQqw)y = i([Q7, Qulw, w); + TA(w),
with
(6.16) A(w) =7 H(Qaw, Dgw)y + 7~ ((DaQa — 2704 Q)w, w) ,.

We have the following lemma adapted from Lemma 3.25 in [31].

Lemwva 6.14. The operators Qq € TP and DyQ, — 27040Q% € D3 can be cast in
the following forms

Qo = 27040Dy + 27(x, D', 7dyp) mod 72°,
and
DaQa — 27849Q% = =279 (R(x, D) + (=1) 0® — (104p)? — 1w, 7dorp))
+27(x, D', 7dywp)Dy  mod TULY,
With this lemma we find
A(w) = 2(0apDaw|g,—o+, Daw|gz,—o+)o
+ 2(?((,6, D/, dx/@)w|zd:0+ 5 de‘wd:m)a
+2 (?(.Z‘, D/a dm"P)de\zd:OJr ) w\zd:0+)8
(6.17) —2(0ap(R(z, D) + (—1)j02)w‘xd=0+,w|xd=0+)a
+ 2(8d90((78d90)2 + T(-T7 Tdyr L)0))w|:cd=0Jr ) w\xd=0+)3
+ (0Op(co)w|z =0+ Dawz,—o+ )o
+ ((Op(c0)Da + Op(c1)) Wig, =0+ Wiz y=0+ ) 5>
with Op(co), Op(co) € 2° and Op(c1) € 2 .. Observe that one has
(6.18) A w)] S [er(w)]} g,
From (6.14) and (6.15) one writes
. 2 . 2 . .
(6.19) Q4 wll, +7ltr(w)f} . 2 [Qwll} + 1Qawl]l’ + Re(i[Q], Qalw, w) .

We now use the following lemma whose proof is given below.
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Lemma 6.15. There exists C;C" > 0, p > 0 and 79 > 0 such that
P2 2 iy 2 2
p(llQlwlly + 1Qawlly) + 7 Re(i[QL, Qulw, w)4 = Cllwlly, — C'[tr(w)[} /o -
for T = max(ro, koo) and w € €. (W)

Let > 0 be as in Lemma 6.15 and let 7 > 0 be such that pu7~! < 1. From (6.19)
one then writes

. 2 2 _ . 2 2 3 .
1Q5. w0l + 7)o, 2 7 (1(1QMwI + 1Quw]2) +i7(1QL Qulw, w1 ),

which with Lemma 6.15 yields the result of Lemma 6.13 using that 7|tr(w)|,,, <
|tr(w)|1,1/217. .

Proof of Lemma 6.15. — One has [Q7,Q,] € TZ?%. Writing
7 Re (i[Q1, QuJw,w) , = Re (ir7'[Q], Qulw, T*w) , ,

it can be seen as a interior differential quadratic form of type (2,0) as in Definition 2.1.
Therefore

T(w) = p(|Qwl’. + [Qawl?) + 7 Re (i[Q], Qulw,w) ,

is also an interior differential quadratic form of this type with principal symbol given
by
t(0) = uld ()1 + T{d da}(0), 0= (x,€,7,0).
Let 79 > 0. By Lemma 6.4, the sub-ellipticity property of (Q7, ¢) implies
t(0) 2 A2, 0 €W x R x [0,400) x [0,400), 7 > 790,
for p > 0 chosen sufficiently large. The Garding inequality of proposition 2.3 yields
T(w) > Cllwl3,, — C'ltr(w)|?1/a.r
for some C,C’ > 0 and for 7 > koo chosen sufficiently large. |
6.3.3. Case (iii): both roots lying in the lower complex half-plane. — The result in the
present case is a simple consequence of the general result given in Lemma A.1 whose
proof can be found in [8]. In the second order case however, the proof does not require
the same level of technicality.

One has Im7;1(0”) < 0 and Imm; 5(0”) < 0. As the roots 7;; and 72 depend
continuously on the variable o' = (x,£’, 7, 0), there exists a conic open neighborhood
U of ¢” in W x R x [0, +00) x [0,4+0oc) and Cy > 0 such that

7> koo, Imm;1(0) < —Colrr, and Immj2(0) < —CoAr 7,
if o = (z,¢,1,0) €U .

Let x € SY_ be as in the statement of Proposition 6.9 and set u = Op,(x)v.
We recall that Q7 , = QJ + iQ,, yielding

. 2 . 2 2 . .
1Q%ully, = Q%] + Qaully +2Re(Qu, iQau)+-
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We set L(u) = ||Q§u||i + ||Qau||%r This is an interior differential quadratic form in
the sense of Definition 2.1. Its principal symbol is given by

Uo) = (¢)(0)* + aal0)®, o= (2,€7,0).
For € € (0,1) we write
(6.20) 1Q% pull’. > eL(u) + 2Re(Qu, iQuu) -
For concision we write ¢ = (¢/,&4) with ¢ = (z,£’,7,0). The set
L ={o=(0,¢) |0 €, €4€R, and [£* + 1% + 0% =1}

is compact recalling that W is bounded. On & one has |¢] ,(0)| > C' > 0. By homo-
geneity one has

(6.21) |q§7¢(g) > A2 e, £,€R, if T > 10,
for some 19 > 0. Therefore

(6.22) (o) = N4 e, & eR, if > T10.

By the Garding inequality of Proposition 2.2 one obtains

(6.23) ReL(w) > Cllul2, — /| tr(@)? )5 — Cnllol3 ..

for 7 > koo chosen sufficiently large.
From the proof of Lemma 6.13 one has

(6.24) 2Re(Qlu,iQuu)y = i([Q7, Qulu, u) y + TA(u)
with the boundary quadratic form A given in (6.16)—(6.17).
On the one hand, one has [QJ,Q,] € TZ? and therefore

j 2 — 2
(6.25) | Re([Q1, Qalu,w) 4| S Tllully _y - < 77 ullz -

On the other hand, we have the following lemma that provides a microlocal positivity
property for the boundary quadratic form A. A proof is given below.

Lemma 6.16. — There exist C,Cxn and 10 > 0 such that
TReA(u) = C|tr(u)

?,1/2,7 - Cn| tr(”)ﬁ,—N,T’ for u = Op;(x)v,
for T > max(79, Ko0).
With (6.24)—(6.25), and Lemma 6.16 one obtains
2Re(Qlu,iQuu)+ > Cltx(w)ly 5, = C'7 7 ull3, — Cn| ()] .,
(6.26) > Clu()lf s, — C'7 M ulls,, = Cxllolls .0

with a trace inequality, for 7 > kgo chosen sufficiently large.
With (6.20), (6.23), and (6.26) one obtains

; 2 2 2 2
Q% ull, = eCllully,, — C'eltr(u)ly o — Cnellvlly _y

+ C|tr(u)

2 — 2 2
1,1/2,7 — 't 1”“’”2,7 - C;\/HUHZ,fN,T'
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With e chosen sufficiently small and 7 > kgo sufficiently large one obtains for any
N eN

Hu”g,-r + |tr(u)|1)1/2)7_ N HQZ',Q@UH_‘_ + ||UH2,_N,T~

With a commutator argument, as u = Op;(x)v one finds ||Qg7¢u||+ S ||Qf,7¢v||+ +
|lv]l5._; ,» vielding estimate (6.7) and thus concluding the proof of Proposition 6.9 in
Case (iii). O

Proofof Lemma 6.16. — With (6.17) one sees that it suffices to consider the following
boundary quadratic form

A(w) = 2(0apDaw)y,—o+, Dawiz,—o+)o
+ 2(r (@, D', dp @)Wy, =0+ , Daw)z,—0+)a
+ 2(F(x, D', dyr ) Daw|y ,—o+ w\wd:0+)3
— 2(3d<p(R(x, D'+ (—l)jaz)w‘zd:m,w‘zd:m)@,
+ 2(0ap ((T0asp)? + (2, Tdar ©) ) W)y =0+ » Wig =0+ ) 5>

in place of A. It is of type (1,0) in the sense of Definition 2.4. Its principal symbol is
given by ao(¢',€a, &) = (1,€a)A(0') *(1,€a) with

A (o) r(z,&,dw ) —o+>
A Q/ —9 (~ 3S T4 7
( ) T($,§/7dz/¢)|xd:0+ ad90|wd:O+

where
A11(0) = —(0ap) (r(2,6) + (=1 0* = (10a¢)* — r(x,7dw9)) |, o+

with ¢’ = (x,&’,7,0). The associated bilinear symbol introduced in (2.4) is given by
Yalo,z,2") = zA(0) 7, z=(20,21) € C?, 2/ = (2}, 7)) € C*

One computes

det A(¢') = ~4((0ue)* (r(w.) + (~1)'0* = (0ap)?
- ’I“(l‘,de/(p)) + ?(x,glvda:'@)Q)

|xqg=0*

With Lemma 4.3 one sees that Imm;2 < 0 is equivalent to having det A(¢’) > 0.
We thus have

det A(o') > C >0, for o' = (z,¢,7,0) € Sy,

with Sz = {0/ € Z | &4 € R, | + 72 + 0% = 1} since Sy is compact. Since
0aP)z,—0+ = C' > 0 then one finds that

ReX4(0,2,2) > Clz]? + |21)%), o = (x,&,1,0) e, |(&,1,0)]=1.
By homogeneity one obtains

RGZA(Q/7Z,Z) = C()“QF,T|ZO|2 =+ |Zl‘2)a Ql = ($7£I7T70) € @a |(£l77-7 U)| > L
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With Proposition 2.6, having in mind what is exposed in Section 2.5 since we have
T 2 Koo here, one obtains

ReA(w) > Ol tr(w)f,, — Cnltr(@) _y.,. for u=Op,(x)v.

for 7 > koo chosen sufficiently large.
Here, we have Im7; o < 0 and thus |{'| S 7 by Lemma 4.6. Thus one has

2
Tl tr(u)ly o, 2 [ tr(u)

2 2
112 — )1y

by the microlocal Garding inequality, for instance invoking Proposition 2.6 for a
boundary quadratic form of type (1,1/2). This concludes the proof. O

7. Locar CARLEMAN ESTIMATE FOR THE FOURTH-ORDER OPERATOR

In Proposition 5.1, we proved that a norm of all traces at the boundary could
be estimates from the values taken by the boundary operators. That result relied
on the Lopatinskii-Sapiro condition. Here we aim to moreover estimate a volume
norm. The strategy is to estimate this norm from all traces at the boundary and not
from the boundary operators. The proof is then much simpler. Yet combined with
Proposition 5.1 an estimation of both volume and trace norms will be obtained from
the the values taken by the boundary operators.

7.1. A FIRST ESTIMATE

Prorosition 7.1. Let Ky > K} > k1 > ko > 0. Let 2 € 99, with Q locally
given by {xy > 0} and let W be a bounded open neighborhood of x° in RZ. Let ¢
be such that Ogp > C > 0 in W and such that (QL, ) satisfies the sub-ellipticity
condition in W for both j = 1 and 2. Let ¢” = (2°,&Y,7°,6%) with (¢¥,7°,0") €
R~ x [0, +00) x [0, 4+00) nonvanishing with k10° < 70 < K0P,

Then, there exists a conic neighborhood % of 0V in W x R4=1 x [0, +00) x [0, +00)
where koo < T < KGO such that if x € S?yT, homogeneous of degree 0 in (¢, 1,0) with
supp(x) C %, there exist C > 0 and 19 > 0 such that

(7.1) T71/2||OpT(X),U||47T < C(”PU#PUH+ + |tr(v)|371/277 + ||v||4,—1,7')’
Jor =19, koo < T < Kyo, andv € C, (Wy).
The proof of Proposition 7.1 is based on the microlocal results of Proposition 6.9.

Remark 7.2. — An important aspect is that here we have o 2 7; it is key to have
only a loss of a half-derivative. Losses are due to lack of ellipticity, that is, having
root(s) of p, , lying on the real axis. If o = 0 the operator is a square and two roots
can lie and the real axis yielding a loss of a full derivative.

Note that the issue of having two potential roots on the real axis and thus a loss
of a full derivative is independent of the choice of boundary operators.

Having ¢ > 0 implies that only one root of p, , can lie on the real axis. In the
proof we shall write P, as a factor of two operators and we apply the Carleman
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estimates of Proposition 7.1 to each one. Each estimates exhibits a loss of a half-
derivative. If naively concatenated the two estimates indeed yield a Carleman estimate
with a loss of a full derivative. In fact the loss of each estimate occurs in different
microlocal regions and a microlocal concatenation allows one to have a loss of only a
half derivative.

Having o > 0 was not sufficient for us to separate microlocal regions if 7 increases
because of homogeneity issues. This explains the introduction of the condition is
o 2 7. We do not exclude that ¢ > 0 could suffice to reach a similar estimate; we
could not prove it.

Proof. — We shall concatenate the estimates of Proposition 6.9 for Q},M and wa,
with the boundary operator B simply given by the Dirichlet trace operator,

Bujg,—o+ = Ujgy—0+-

One has b(z,§) = 1 and b,(x, &, &4, 7) = 1. Since 94¢ > 0 then Im ;1 < 0. Thus,
either g2 % (x, &, €a,7) = 1 or ¢h (2, ,€4,7) = €a — 7j,2. With Lemma 6.8 one sees
that the Lopatinskii-Sapiro holds for ( v Byp) and (Q2 , B, ) at 0.

Proposition 6.9 thus applies. Let %; be the conic neighborhood of ¢ obtained

invoking this proposition for é,w for j =1 or 2. In %; one has 7 > rgo. We set

w :%1ﬂ%2ﬂ{’7'<l€60},
and we consider y € SQ,T, homogeneous of degree 0 in (&', 7, 0) with supp(x) C Z .

Since in % one has ¢ > 0 then 7 2 and w32 cannot be both real by Lemma 4.7.
Proposition 6.9 thus implies that we necessarily have the following two estimates

—2
(7.2) 7= 0p; (Wl S NQz pwll, + [Wag=otlg - + Wl -
and
—¢
(7.3) 210 (wlly,, SNQ5 pwll, +[wly/o, + lwlly 1,

with either (¢1,05) = (1/2,0) or (¢1,€) = (0,1/2), for w € €, (W) and 7 > koo
chosen sufficiently large.

Let us assume that (¢1,¢3) = (1/2,0). The other case can be treated similarly.
Writing P, , = Q2 ,Q} ,, with (7.3) one has

10P: () Q0,4 0ll, , S 1ol +1Q5 o Viza=0t Iy o + I0lls 1 -
S 1Popvll 4 + [ tr(v)

Since [Op-(x), Q) € W10 one finds
(7.4) 1Q5.,0p: ()0l . S IPovlly + [60(0)]51 2 + [0]l4, 1 -

For £ = 0,1 or 2, one writes
@1 ,Op, (DA ], +]tx(Op, (DA ), |,
S Q.0 (vl + [tr(V)]5 10, + 1Vl —y 7y
since [Q} ,Op,(x), DAZF] € Wit

2.3/2,7 T HU||47—1,T~

+110p, () DEAZ o]

2,—-1,7
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Let ¥ € SQ,T be homogeneous of degree zero in the variable (¢/,7,0) and be such
that supp(Y) C % and X = 1 on a neighborhood of supp(y). With (7.2), from (7.4)
one thus obtains

7'_1/2||OPT(;()OPT(X)DSA%_T%HZT < ||Po,soUH+ + |tr(v)‘3,1/2,r + H’U||4771,T'
Since Op,(X)Op, (x)DEAZF = A%f’“DsOpT(X) mod ¥%~! one deduces

T 2DEOP () 0llg g r S IPoplly 4 10005 po 7 + 0llg 1 -
Using that £ = 0,1 or 2, the result follows. O

Consequence of this microlocal result is the following local result by means of a
patching procedure as for the proof of Proposition 5.1 in Section 5.2.

Provosition 7.3. — Let K > kg > 0. Let 2° € 99, with Q locally given by {zq > 0}
and let W be a bounded open neighborhood of x° in R®. Let ¢ be such that Oy > C > 0
in W and such that (Q2, ) satisfies the sub-ellipticity condition in W for both j = 1
and 2.

Then, there exists a neighborhood W° of 2°, C > 0, 19 > 0 such that

(7.5) T 2ol < C(I1Prpolly + [ tr(0)lz1/0,),
for 7= 10, koo < T < Kho, and v € € (W4).

7.2. IinaL sTivate. — Combining the local results of Section 5 for the estimation
of the boundary norm under the Lopatinskii-Sapiro condition and the previous local
result without any prescribed boundary condition we obtain the Carleman estimate
of Theorem 1.2. For a precise statement we write the following theorem.

Turorem 7.4 (local Carleman estimate for P,). — Let x, > 1o > 0. Let 2° € 99,
with Q locally given by {xq > 0} and let W be a bounded open neighborhood of x°
in R%. Let ¢ be such that 930 > C > 0 in W and such that (QJ, ) satisfies the
sub-ellipticity condition in W for both j =1 and 2.

Assume that (P, By, Ba, ) satisfies the Lopatinskii-Sapiro condition of Defini-
tion 4.1 at o' = (2°,¢',7,0) for all (¢',7,0) € R¥L x [0, +00) x [0,400) such that
T 2 KoO.

Then, there exists a neighborhood W° of 2°, C > 0, 79 > 0 such that

(7.6) 771/2‘|€T¢u||4; + |tr(e7—¢u)|371/277'

2
< C(|le™ Poull,. + Z €77 Bjvjz,—0+ |7/2—kw)’
j=1

for T = 19, koo < T < K4o, and u € ?C;C(W_?)

The notation of the function space ?SO(WJ?) is introduced in (1.6). For the appli-
cation of this theorem, one has to design a weight function that yields the two impor-
tant properties: sub-ellipticity and the Lopatinskii-Sapiro condition. Sub-ellipticity is
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obtained by means of Proposition 6.3; the Lopatinskii-Sapiro condition by means of
Proposition 4.2.

Proofof Theorem 7.4. — The assumption of the theorem allows one to invoke both
Propositions 5.1 and 7.3 yielding the existence of a neighborhood WP of z° where, by
Proposition 5.1, one has

2
s1/27 S 1 Popvlly + Z |Bj’¢v‘zd:0+|7/2—kjﬁ Folly,—1,
j=1

(7.7) [ tr(v)

for ¢ > 0, 7 > max(1q, koo) for some 71 > 0 and v € ?ZO(W_E) With the Proposi-
tion 7.3 one also has
(7.8) T2l SN P vl + 1t (@)]5 0 40

for 7 2 71 and koo < 7 < Ko for some 7 > 0.
Consider o > 0 and 7 > max(71, 71) such that koo < 7 < kjo. Combined together
(7.7) and (7.8) yield

2
31/2,7 S 1o el + Z |Bl¢”\$d:0*|7/2—kj,r +olly, 17
j=1

7ol - + | tr(v)
Since [|vll, _; , < 7*1/2||v||4,7 for 7 large one obtains

2
7—71/2||UH4,T + \tr(v)|3,1/217 S ||P07<pv||+ + Z 1Bj V) y=0+ ‘7/2—1;7,7-'
j=1

If we set v = €"%u then the conclusion follows. O

8. GLoBAL CARLEMAN ESTIMATE AND OBSERVABILITY

Using the local Carleman estimate of Theorem 7.4 we prove a global version of
this estimate. This allows us to obtain an observability inequality with observation in
some open subset & of Q. In turn in Section 10 we use this latter inequality to obtain
a resolvent estimate for the plate semigroup generator that allows one to deduce a
stabilization result for the damped plate equation.

8.1. A ¢rLoBaL CARLEMAN ESTIMATE. — Assume that the Lopatinskii-Sapiro condition
of Definition 3.1 holds for (Py, By, Ba) on 0.

Let 0y, 01, 0 be open sets such that 0y € 07 € 0 € 2. With Proposition 3.31
and Remark 3.32 in [31] there exists ¢ € €°°(Q) such that

(1) ¥ =0and 9,9 < —Cp < 0 on 9Q;

(2) ¥ >01in

(3) dyy #£0in Q \ 0.
Then, by Proposition 6.3, for v chosen sufficiently large, one finds that ¢ = exp(v1))
is such that a

(1) ¢ =1and d,p < —Cy < 0 on 99,

(2) ¢ >11in

(3) (QZ, ) satisfies the sub-ellipticity condition in QN 0y, for j = 1,2, for 7 > 10
for 7y chosen sufficiently large.
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Then, with Proposition 4.2, for k3 > 0 chosen sufficiently large one finds that the
Lopatinskii-Sapiro condition holds for (P,, By, B, ) at any (x,¢',7,0) for any x €
00, & € TroQ ~R¥™1 7 >0, and o > 0 such that 7 > kg0, for kg chosen sufficiently
large, using that 02 is compact.

Thus for any x € 99 the local estimate of Theorem 7.4 applies. A similar result
applies in the neighborhood of any point of  \ &}.

With the weight function ¢ constructed above, following the patching procedure
described in the proof of Theorem 3.34 in [31], one obtains the following global esti-
mate

(81) T2 ull,, + |6 (e W)y 0
2
,S HBTLPPUUHL?(Q) + Z |€T¢Bju\89|7/2,kj,7- + 7—71/2||6TLPX0U||4,7-3
j=1
for 7 > 19, koo < T < Kjo, and u € F°(Q), and where yo € €>°(0) such that
Xo = 1 in a neighborhood of @;. Here, Il and [.|, ., the Sobolev norms with the
large parameter 7, are understood in €2 and 0) respectively.

Remark 8.1. — Observe that inequality (8.1) also holds for third-order perturbations
of P,. Below, we shall use it for a second-order perturbation

P, —icla =A% —¢* —ic’a.
8.2. OBSERVABILITY INEQUALITY. — By density one finds that inequality 8.1 holds for
u € H*(). Let Cp > supg e — 1. Since 1 < ¢ < supg p one obtains

2

(8.2) ull gra gy S €7 (1Pl 20 + Z | Bjujoal /215 90y T [l 4¢0,))
j=1

for 7 > 79, Koo < 7 < KO-
With the ellipticity of Py one has
ull graoyy S N1Poull 2oy + 1l p2(g)
since €01 € 0. This can be proved by the introduction of a parametrix for Py. One
thus obtain
Hu||H4(ﬁl) S ||P0U||L2(Q) + 1+ OA)HUHLQ(ﬁ)a

and thus with (8.2) one obtains the following observability result.

Turorem 8.2 (observability inequality). Let P, = A? — o* and let By and By be
two boundary operators of order ki and ks as given in Section 3.2. Assume that the
Lopatinskii-Sapiro condition of Definition 3.1 holds. Let € be an open set of Q. There
exists C' > 0 such that

2
el sy < OV (1Pl gy + 3 1Bioal e oy + lull e

j=1

for u € H4(Q).
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REeEmark 8.3. With Remark 8.1 the result of Theorem 8.2 hold for P, = A% — g*
replaced by P, —io’a = A? — o — ic2a.

9. SOLUTIONS TO THE DAMPED PLATE EQUATIONS
Here, we review some aspects of the solutions of the damped plate equation whose
form we recall from the introduction:
02y + Py + a(x)oy =0 (t,x) € Ry x Q,
(9.1) Biyr, xo0 = Baujr, xo0 = 0,
Y=o =¥°, OYjt—0 =y,
where P = A% and o > 0, positive on some open subset of Q. The boundary operators

By and By of orders k;, j = 1,2, less than or equal to 3 in the normal direction are
chosen so that

(i) the Lopatinskii-Sapiro condition of Definition 3.1 is fulfilled for (P, By, Bs)
on 0f);
(ii) the operator P is symmetric under homogeneous boundary conditions, that is,

(9.2) (Pu,v)12(0) = (u, Pv)12(0),
for u,v € H*(Q) such that Bjujpg = Bjvjag = 0 on 89, j = 1,2. Examples of such
conditions are given in Section 3.5.

With the assumed Lopatinskii-Sapiro condition the operator

L:HYQ) — L}(Q) @ H/*7*1(8Q) @ H/27*=2(90)

(9.3) u — (Pu, Biujpq, Baujag)
is Fredholm.

(iii) We shall further assume that the Fredholm index of the operator L is zero.

The previous symmetry property gives (Pu,u)r2(q) € R. We further assume the
following nonnegativity property:

(iv) For u € H*(Q) such that Bjujsq =0 on 98, j = 1,2 one has
(94) (Pu, U)LQ(Q) = 0.

This last property is very natural to define a nonnegative energy for the plate equation
given in (9.1).

We first review some properties of the unbounded operator associated with the
bi-Laplace operator and the two homogeneous boundary conditions based on the
assumptions made here. Second, the well-posedness of the plate equation is reviewed
by means of the a semigroup formulation. This semigroup formalism is also central in
the stabilization result in Sections 10.1-10.2.
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9.1. TuE UNBOUNDED BI-LLAPLACE OPERATOR. Associated with P and the boundary
operators By and By is the operator (Pg, D(Pg)) on L?(f2), with domain

D(Po) = {u € L*(Q) | Pu € L*(Q), Biujpq = Baujaq = 0},

and given by Pou = Pu € L?(Q) for u € D(Py). The definition of D(Py) makes sense
since having Pu € L?(Q2) for u € L*(2) implies that the traces 05u g are well defined
for k=0,1,2,3.

Since the Lopatinskii-Sapiro condition holds on 9§ one has D(Py) C H*(f2) (see
for instance Theorem 20.1.7 in [20]) and thus one can also write D(Pg) as in (1.3).
From the assumed nonnegativity in (9.4) above one finds that Py + Id is injective.
Since the operator

L't HYQ) — L*(Q) & H/>7(0Q) & H™/>7*(00)
u — (Pu + u, Biujaq, Baujsq)

is Fredholm and has the same zero index as L defined in (9.3), one finds that L’ is
surjective. Thus Ran(Pg+1d) = L?(Q). One thus concludes that Py is maximal mono-
tone. From the assumed symmetry property (9.2) and one finds that Py is selfadjoint,
using that a symmetric maximal monotone operator is selfadjoint (see for instance
Proposition 7.6 in [9]).

The resolvent of Py +Id being compact on L?(£2), Py has a sequence of eigenvalues
with finite multiplicities. With the assumed nonnegativity (9.4) they take the form of
a sequence

ES
VA

OSposm<--<p
that grows to +00. Associated with this sequence is (¢;);en a Hilbert basis of L%(2).
Any u € L?(Q2) reads u = > jen Uj®s, with uj = (u, ¢;)r2(0). We define the Sobolev-
like scale

(9.5) HE(Q) = {ue LX(Q) | (1i*u)); € 2(C)} for k > 0.

One has D(Pg) = H£(Q) and L?(Q) = H%(Q). Each H%(Q), k > 0, is equipped with
the inner product and norm

() oy = S04 1) 27l gy = SO+ g2 2,
JEN JEN

yielding a Hilbert space structure. The space H%(Q) is dense in HY () if 0 < k' < k
and the injection is compact. Note that one uses (1 + /J:j)k/z in place of ,u;-c/z since
ker(Pg) may not be trivial. Note that if & = 0 one recovers the standard L-inner
product and norm.

Using L?(Q) as a pivot space, for k > 0 we also define the space H5"(Q2) as the
dual space of HE(Q). One finds that any « € H5"(Q) takes the form of the following

limit of L2-functions

Vi
u = lim E Ui
L—00 4 ng]’
J=0

JIP — M., 2023, tome 10



56 J. Lt Rousseau & E. Zonco

for some (u;); C C such that ((1+ uj)*k/‘luj)j € ¢?(C), with the limit occurring in
(Hy, (Q))/ with the natural dual strong topology. Moreover, one has u; = (u, ¢7J>Hgk k-
Ifu=>3nyujo; € Hz*(Q) and v = D ienvid; € H%(Q) one finds
(u, @>H5k7H],§ = Zujﬁ
jeN

One can then extend (or restrict) the action of Py on any space HE(2), k € R.
One has Py : HE(Q) — HpE*(Q) continuously with
(9.6) Pou =Y pu;o;,

jeN
with convergence in Hj *(Q) for u = D jenui®; € H%(Q). In particular, for u €
HE(Q) = D(Pg) and v € H%(R) one has
(9.7) (Pou,v)r2(0) = <P0U,5>H§27H§ = Z/‘j“jvij
JEN

and if u,v € H%(Q) one has

(9.8) (u, V)2 (0) = (U, 0)L2(0) + (Pow, V) =2 2 = D (1 py)uym;.
jEN

Note that

(9.9) <POU75>HE2,H123 = (P(1J/2u7 P(1J/2U)L2(Q)’

/2

with the operator P(lJ easily defined by means of the Hilbert basis (¢;);en. In fact,

H%(Q) is the domain of Pé/z viewed as an unbounded operator on L?((2).
We make the following observations.

(1) If ker(Pg) = {0} then
(u,v) —> <P0u’ﬂ>H;2,H%

is also an inner-product on H%(€), that yields an equivalent norm.

(2) If 0 is an eigenvalue, that is, dimker(Pg) = n > 1 then (¢o,...,¢n—1) is
a orthonormal basis of ker(Py) for the L2-inner product. From a classical unique
continuation property, since a(x) > 0 for = in an open subset of £ one sees that

(9.10) (u,v) — (au,v)r2(q)

is also an inner product on the finite dimensional space ker(Py) C L?(©). We introduce
a second basis (@, - . -, on—1) of ker(Pg) orthonormal with respect to this second inner
product.

In what follows, we treat the more difficult case where dimker(Pg) = n > 1. The case
ker(Pg) = {0} is left to the reader.
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9.2. THE PLATE SEMIGROUP GENERATOR. Set H = H%(Q) & L?*(Q) with natural inner
product and norm
(9.11) ((u0> u1)7 (UO’ Ul))g{ = (uov ’UO)H;‘;(Q) + (ul’ U1>L2(52)7
2 2 2
(9-12) [ w5 = 111z ) + e 720

Define the unbounded operator

(9.13) A= (IBO a(;)> ,

on H with domain given by D(A) = D(Po) & H%(2). This domain is dense in H and
A is a closed operator. One has

N =ker(4) = {*(u°,0) | u” € ker(Py) }.
The important result of this section is the following proposition.

Prorosition 9.1. — The operator (A, D(A)) generates a bounded semigroup S(t) =
et on K.

The understanding of this generator property relies on the introduction of a reduced
function space associated with ker(Py), following for instance the analysis of [37]. It
will be also important in the derivation of a precise resolvent estimate in Section 10.1.
If ker(Pg) = {0}, that is, pp > 0, this procedure is not necessary. For v € ker(Py),
v # 0, we introduce the linear form

F,: H—C
(9.14) 0,1 -1 0 1
(u”,u) — (av,v)Lz(Q)((au V) 2() + (v ,U)LQ(Q)).
We set
(9.15) H= N ke(F)= [ ker(F,)),
veker(Pg) 0<j<n—1
v#0

with the basis (po,...,pn—1) of ker(Py) introduced above. If (v,0) € ker(A), with
0 # v € ker(Py), note that F,(v,0) = 1. We set ©; =(¢;,0), j=0,...,n—1 and

n—1
NV =Y F, (V)®;, for Ve,
j=0

and IL;, = Idg¢ —IIy. We obtain that IIx and IL; are continuous projectors associated
with the direct sum

(9.16) H=H®N and H = ker(Iy).

Note that F and N are not orthogonal in H. Yet, it is important to note the following
result.

Levva 9.2. We have Ran(A) C H.
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Proof. — Let U = Y(u® ul) = AV with V = (1% v!) € D(A). One has u® = —v! €
H%(Q) and u! = Pgv° + av; € L3(Q). If 0 # ¢ € ker(Pg) one writes
(0, ©) 12(0)Fo(U) = (—aw', ) 12(0) + (Pov” + av’, ) 120
= (Pov°, ) r2(0) = (v°, Po)r2(0) =0,
using that v°, ¢ € D(Pg), that (Pg, D(Py)) is selfadjoint, and that ¢ € ker(Pg). The

conclusion follows from the definition of H in (9.15). O

The space H inherits the natural inner product and norm of H given in (9.11). Yet
one finds that the inner product

(9.17) (u®,ub), (UO,’Ul))g;f = <P0u0,U70>H§27H§ + (ul,vl)Lz(Q),
and associated norm

2 — 2
(9.18) 1, )5 = (Pou’, u0) g2 o + [lu' |20,

yields an equivalent norm on H by a Poincaré-like argument. We introduce the un-
bounded operator A on H given by the domain D(A) = D(A) NH and such that
AV = AV for V€ D(A). We then have A = AolL;.. Observe that D(A) = IL; (D(A))
since N = ker(A) C D(A). Thus, one has

(9.19) D(A) = D(A) @ N.

As for the decomposition of H given in (9.16) note that D(A) and N are not orthog-
onal.

Levmva 9.3. — Let z € C be such that Rez < 0. We have
(=1dg ~A)Ullg, > | Re2| [Ullse, U € D(A),

The proof of this lemma is quite classical. It is given in Appendix A.2. With the
previous lemma, with the Hille-Yosida theorem one proves the following result.

Lemva 9.4, — The operator (A, D(A)) generates a semigroup of contraction S(t) =
e~ tA on K.

If we set
(9.20) S(t) = S(t) o Iy, + I,

we find that S(t) is a semigroup on H generated by (A, D(A)), thus proving Propo-
sition 9.1. If Y© € D(A), the solution of the semigroup equation %Y (t) + AY (t) = 0
reads

(9.21) V(t) = St)Y? = S(t) o My YO + T YO,

We set Y (t) = I Y (t) = S(t) o I Y.
The adjoint of A has domain D(A*) = D(A) and is given by

A= (—?30 04(193)> '

Similarly to Lemma 9.3 one has the following result with a similar proof.
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Lemma 9.5. Let z € C be such that Re z < 0. We have
(z1dge —A")Ullg = | Rez||[Ullg, U € D(A*) = D(A).

9.3. STRONG AND WEAK SOLUTIONS TO THE DAMPED PLATE EQUATION. — For y(t) a so-
lution to the damped plate equation (9.1) one has Y (t) = *(y(¢),0:y(t)) formally
solution to 4Y (¢) + AY () = 0 and conversely.

The semigroup S(t) generated by A as given by Proposition 9.1 allows one to go
beyond this formal observation and one obtains the following well-posedness result
for strong solutions of the damped plate equation.

Prorosition 9.6 (strong solutions of the damped plate equation)
For (y°,y') € HE(Q2) x HE(Y) there exists a unique

y € €°([0, +00); Hy () N6 ([0, +00); H5(2)) N6 ([0, +00); L* ()
such that
02y + Py +adwy =0 in L>=([0, +o0); L*(Q)),
(9.22) 0 L
Yt=0 =Y, aty\t:O =Y.
Moreover, there exists C' > 0 such that
(9.23) Iyl g ) + 10w 12, () < C(”yO”Hg(Q) + ||y1||H§(Q)), t=0.

With Y'(¢) as above, for such a solution y(t) one has

Ly +avmy =0, YO =¥ ="G"y")
that is,
Y(t) = S(t)Y? € €°([0,+00); D(A)) N € ([0, +00); Hp(Q) & L*()).

A weak solution to the damped plate equation is simply associated with an initial
data (y°,y') € H%(Q) x L*(Q) and given by the first coordinate of Y (t) = S(¢)Y°.
Then one has

Y(t) € €°([0,+00); H) N € ([0, +00); L*(Q) & Hp*()),
or equivalently
y € €°([0,+00); HE(Q)) N € ([0, +00); L*(2)) N €2 ([0, +00); H5*(2)).

For a strong solution, the natural energy is given by

(9.24) £w)(1) = 5 (191 E0y + (Poy(0), y(1)) (o).

Observe that if y° € ker(Pg) then y(t) = y° is solution to (9.1) with y' = 0. This
is consistent with the form of the semigroup S(t) given in (9.20). Such a solution is
independent of the evolution variable ¢, and thus, despite damping, there is no decay.
However, note that such a solution is ‘invisible’ for the energy defined in (9.24). In fact,
for a strong solution to (9.1) as given by Proposition 9.6 one has

(9.25) £(w)(1) = 31V (05
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with Y'(t) as defined below (9.21) and ||.|4, defined in (9.18). For a strong solution,
we write

GEW0) = Re(Buy(2). O29(0) e+ 5 (Pod (). 10 . + 5 (Pou(), By(0)
= Re(8wy(t), (07 4 Po)y(t))2()
= —Re(9y(t), a0ry(t))2(0) <0

since a > 0. Thus, the energy of a strong solution is nonincreasing. To understand
the decay of the energy one has to focus on the properties of the semigroup S (t) and
its generator (A, D(A)) on H. This is done in Section 10.1.

For a weak solution y(t) € €°([0,+00); HE(Q2)) N € ([0, +00); L*(Q)) the energy
is defined by

EW)(0) = 5 (100 ) + Poy(t), ) 2,11

that coincides with (9.24) for a strong solution. The stabilization result we are inter-
ested in only concerns strong solutions (see Section 10.2). Thus, we shall not mention
weak solutions in what follows.

10 RESOL\/ENT ESTIMATES AND APPLICATIONS TO STABILIZATION

Here we use the observability inequality of Theorem 8.2 to obtain a resolvent
estimate for the plate semigroup generator that allows one to deduce a stabilization
result for the damped plate equation. This a sequence of argument comes from the
seminal works of Lebeau [35] and Lebeau-Robbiano [37].

10.1. ResovLvenT EstimaTE. — We prove a resolvent estimate for the unbounded oper-
ator (A, D(A)) that acts on 3. First, we establish that {Re z < 0} lies in the resolvent
set of A.

Prorosition 10.1. — The spectrum of (A, D(A)) is contained in {z € C | Re(z) > 0}.

The proof of this proposition is rather classical based on a unique continuation
argument and a Fredholm index argument for a compact perturbation. It is given in
Appendix A.3.

Tarorem 10.2. — Let O be an open subset of 0 such that o > 0 > 0 on 0. Then, for
o € R the unbounded operator io Id — A is invertible on H and for there exist C > 0
such that

(10.1) (o 1d —A) " g gy < CeC7T o eR.

Proof. — By Proposition 10.1 ioId —A is indeed invertible. Observe that it then
suffices to prove the resolvent estimate (10.1) for |o| > ¢ for some o > 0.

Let U = "(u%,u') € D(A) and F = *(f°, f!) € H be such that (icId—A)U = F.
This reads

O =iou® +ut, = —Pou® + (io — a)u’.
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which gives
(Po — o? — iaa)uo =7
with f = (ic — a)f° — f!. Computing the L2-inner product with u° one finds
((Po — o)u®,u®) L2(0) — io(au®,u®) L2y = (f, 1) L2(0)-

As a > 0, computing the imaginary part one obtains

O’HCXUQUOHL%Q) = —Tm(f,u") 20

Since a > ¢ > 0 in & by assumption and since we consider |o| > ¢ one has

2
30° U2 gy < 11l 2oy 16"l 2oy

Applying Theorem 8.2 (with Remark 8.3) one has

o|1/2
14 sy S €7 (1l ey + 1400 22)

replacing |o| by |o|? therein. Thus, we obtain

o|1/2 1/2 1/2
1l 3y S €7 (1 Nz @y + Ity 10l 120

for |o| = 0¢. With Young inequality we write, for £ > 0,

1/2 1/2
Sl 11,

1/2 _ 1/2
L2(Q)||u0|| Seterdlel

£2(Q) 1£1 220y + €llu’ll 20y
Thus, with ¢ chosen sufficiently small one obtains
1/2

< Clol

HU ||H4(Q) ||fHL2(Q)~

Since u! = ¥ —iou’ and f = (ic — a)f° — f! we finally obtain that
o172
4 g0y + 1wl 22y S €10 (1 2y + 15 1 22e)
o|1/2
S e g
Since u® € H*() one has
2
|(Pou®,u®) 20| < HUO||H4(Q)||U0||L2(Q) < ||UO||H4(Q)
and thus one finally obtains
o|1/2
U5 = (Pou®, u) ey + lu 720y < €17 IIP 3,
which concludes the proof of the resolvent estimate (10.1). O

10.2. Stasirization resuLt. — As an application of the resolvent estimate of Theo-
rem 10.2, we give a logarithmic stabilization result of the damped plate equation (1.1).
For the plate generator (A, D(A)) its iterated domains are inductively given by

D(A™) ={U € D(A™) | AU € D(A™)}.

With Proposition 9.6, for YO = (3%, ') € D(A™) then the first component of Y (t)
S(t)Y? is precisely the solution to (9 1). One has Y () = Y (t) 4+ IIxY? with Y (¢)
S(t)TL; Y with the semigroup S(t) defined in Section 9.2. Moreover, by (9.25) the
energy of y(t) is given by the square of the H-norm of Y (t).
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With the resolvent estimate of Theorem 10.2, with the result of Theorem 1.5 in [7]
one obtains the following bound for the energy of y(t):

¢
(10g(2 + t))4n

We have thus obtain the following theorem.

(10.2) E)(t) = [V ()l < 1A"Y O 5.

Tueorem 10.3 (logarithmic stabilization for the damped plate equation)

Assume that conditions (i) to (iv) of Section 9 hold. Let n € N, n > 1. Then, there
exists C > 0 such that for any Y° = t(y°, y') € D(A™) the associated solution y(t) of
the damped plate equation (1.1) has the logarithmic energy decay given by (10.2).

Note that for n = 1 using the form of A and (9.9) one recovers the statement of
Theorem 1.1 in the introductory section.

A]’]’EN])IX. SO\’IE TECHNICAL RESULTS AND PROOFS

A.1. A PERFECT ELLIPTIC ESTIMATE. Here we consider a(¢’,£;) polynomial in the &,
variable and such that its root have negative imaginary parts microlocally.

Lemma A1, — Let kg > 0. Let a(o,&4) € SE0, with o' = (z,¢',7,0) and with k > 1,
that is, a(o’,&q) = Zf:o a;(o) S_J, and where the coefficients a; are homogeneous

in (&', 7,0). Moreover, assume that ag(¢') = 1. Set A = Op(a).

Let % be a conic open subset of W x R4~ x [0, +00) x [0, +00) where T > koo and
such that all the roots of a(¢’,&4) have a negative imaginary part for o' € U .

Let x(0') € 82, be homogeneous of degree zero and such that supp(x) C % and
N € N. Then there exist C > 0, Cy > 0, and 19 > 0 such that

10p: ()0 llg» + [t2(OPr ()0 —1,1/2,» < ClIAOP- ()0l + [[0lly, -7
forw e F(RL) and T > max(79, Ko0).

We refer to [8] for a proof (see Lemma 4.1 therein and its proof that adapts to the
presence of the parameter o with o < 7 in a straightforward manner).

A.2. Basic RESOLVENT ESTIMATION. — Here we provide a proof of Lemma 9.3

Let U = *(u, u') € D(A). With (9.17) We write

' zu® 4 u! u’
((z1dg =AU, U) 5 = (<zu1 —Pou? — au1> 7 <U1>>5}c

2 1 o
= Z”U”g{ + <POU ,u0>H§27H%
— (Pouo, Ul)LQ(Q) — (aul, Ul)L2(Q)
= 2||U 1% + 2i Im(u?, Pou®) 20y — (cut, ul) 20
Computing the real part one obtains

(A1) —Re((z1dg —A)U,U)g = —Re(2)|U||% + (aut, u') 2(q).
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As a > 0 and Rez < 0, this gives
| Re((=1dg =AU, U) gl = | Re(2)| U5,
which yields the conclusion of Lemma 9.3. ]

A.3. BASIC ESTIMATION FOR THE RESOLVENT SET. — Here we provide a proof of Propo-
sition 10.1. Let z € C. We consider the two cases.

Case 1: Rez < 0. — By Lemma 9.3 z1Id,, —Ais injective. Moreover, as its adjoint
zZldg —A* is injective and satisfies [[(Z1dg —A")U|lz, 2 [|U|lg for U € D(A) by

Lemma 9.5 the map zId, — A is surjective (see for instance [9, Th.2.20]). The esti-
mation of Lemma 9.3 then gives the continuity of the operator (zIdj —A)~! on K.

Case2: Rez = 0. We start by proving the injectivity of zId, —A. Let thus U =
t(u®,u') € D(A) be such that 2U — AU = 0. This gives
(A.2) 2’ +ul =0, —Pou’ 4 (2 — a)u! =0.
First, if 2 = 0 one has u' = 0, and then Pou® = 0. Thus, u® € ker(Pg) given
U € N =ker(A). From the definition of J this gives U = 0.

Second, if now z # 0, using (A.1) we obtain

0 = Re((z1dg, —AU, U)ge = 7(au1,u1)L2(Q).

As « > 0, this implies that u” vanishes a.e. on supp(a). Observe that

Pou’ = zu' = —2%u°.

The function 4 is thus an eigenfunction for Py that vanishes on an open set. With
the unique continuation property we obtain that «® vanishes in Q and u! as well.

If we now prove that zId, —A is surjective, the result then follows from the closed
graph theorem as A is a closed operator. We write zId, —A=T+ Id; with T' =
(z—1)1dg —A. By the first part of the proof, T is invertible with a bounded inverse.
The operator T is unbounded on H. We denote by T the restriction of T to D(A)
equipped with the graph-norm associated with A. The operator T is bounded. It is
also invertible. It is thus a bounded Fredholm operator of index ind7 = 0. Similarly,
we denote by ¢ the injection of D(A) into 5 and A the restriction of A on D(A)
viewed as a bounded _operator. We have 2zt — A = T +.. Since ¢ is a compact operator,
we obtain that z. — A is also a bounded Fredholm operator of index 0. Hence, zt — A
is surjective since zIdsc —A is injective as proved above. Consequently, zIdsc —A is

surjective. This concludes the proof of Proposition 10.1. g
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