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SPECTRAL GEOMETRY ON MANIFOLDS WITH
FIBERED BOUNDARY METRICS I:
LOW ENERGY RESOLVENT

BY DaniEL Grieser, MoHAMMAD TALEBI & Boris VERTMAN

Asstract. — We study the low energy resolvent of the Hodge Laplacian on a manifold equipped
with a fibered boundary metric. We determine the precise asymptotic behavior of the resolvent
as a fibered boundary (aka ¢-) pseudodifferential operator when the resolvent parameter tends
to zero. This generalizes previous work by Guillarmou and Sher who considered asymptotically
conic metrics, which correspond to the special case when the fibers are points. The new feature
in the case of non-trivial fibers is that the resolvent has different asymptotic behavior on the
subspace of forms that are fiberwise harmonic and on its orthogonal complement. To deal with
this, we introduce an appropriate ‘split’ pseudodifferential calculus, building on and extending
work by Grieser and Hunsicker. Our work sets the basis for the discussion of spectral invariants
on ¢-manifolds.

Résumi (Géométrie spectrale sur les variétés avec métrique fibrée au bord I : Résolvante & basse
énergie)

Nous étudions la résolvante a basse énergie du laplacien de Hodge sur une variété munie
d’une métrique fibrée au bord. Nous déterminons le comportement asymptotique précis de
la résolvante en tant qu’opérateur pseudo-différentiel fibré au bord (aussi appelé ¢-opérateur
pseudo-différentiel) lorsque le parameétre de la résolvante tend vers 0. Ceci généralise les travaux
précédents de Guillarmou et Sher qui considéraient les métriques asymptotiquement coniques,
correspondant au cas particulier ou les fibres sont des points. Le phénoméne nouveau dans le
cas de fibres non triviales est que la résolvante a un comportement asymptotique différent sur
le sous-espace des formes qui sont harmoniques dans la direction des fibres et sur son supplé-
mentaire orthogonal. Pour traiter ce probléme, nous introduisons un calcul pseudo-différentiel
« décomposé » approprié, en nous appuyant sur les travaux de Grieser et Hunsicker et en
les étendant. Notre travail jette les bases d’une discussion des invariants spectraux sur les ¢-
variétés.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
1.1. SETTING OF MANIFOLDS WITH FIBERED BOUNDARY METRICS. Consider a compact

smooth manifold M with interior M and boundary OM (also denoted here by M),
which is the total space of a fibration ¢ : 9M — B over a closed manifold B with
fibers given by copies of a closed manifold F. We fix a boundary defining function
r: M — Rt =[0,00), i.e., v71(0) = OM and dx # 0 at OM, and a trivialization
U =2 [0,¢), x OM of an open neighborhood U of M. We consider a ¢-metric (also
called fibered boundary metric) on M, i.e., a Riemannian metric g4 which on U =
(0,&); x OM has the form

dz?  ¢'g
(1.1) g I W=go+h, QOZF‘F x2B

+gFa

where ¢gp is a Riemannian metric on the base B, gp is a symmetric bilinear form
on the total space OM, restricting to Riemannian metrics on the fibers F', and the
perturbation h is a two tensor on U satisfying the bound given in Assumption 1.2
below. If h = 0 then g, is called an exact ¢-metric.

ExamprLes 1.1. — There are various examples, where such metrics arise naturally. The
natural metric on the moduli space of non-abelian magnetic monopoles of charge 2 is
a ¢-metric, cf. [HHMO04, KS15, FKS18]. Other examples include gravitational instan-
tons, i.e., complete hyperkédhler 4-manifolds, as well as products of scattering with
closed manifolds.

Recall that the Hodge Laplace operator associated to g4 is Ay = (d+d*)?, where d
denotes the exterior derivative and d* its adjoint. This is a self-adjoint and non-
negative operator in L?(M, AT*M;dvol,), where dvoly is the volume form for gy,
so the resolvent

(A + K27
is defined for all k # 0. We always take k > 0. The objective of this paper is the
precise analysis of the Schwartz kernel of the resolvent, in particular of its asymptotic
behavior as k£ — 0. More generally, our results apply to the Hodge Laplacian acting
on sections of a vector bundle over M equipped with a flat connection.

If the fibration ¢ is trivial, OM = B x F has the product metric, and A = 0 then
Ay acting on functions is, over U, given explicitly by

(1.2) Ay [ U= -0+ 22Ap + Ap — (2 - b)230,,

JE.P.— M., 2022, tome g
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where b = dim B, Ap is the Laplace-Beltrami operator of (B,gg) and Ap is the
Laplace-Beltrami operator on (F,gp). The full Hodge Laplacian admits a similar
structure. In the non-product case we recover under additional assumptions a similar
structure, where A is now replaced by a family of Hodge Laplacians Af, , associated
to the family of Riemannian metrics gr(y) on F', with parameter y € B. We will be
explicit below.

The operator Ay + k? is, for any parameter k > 0, an elliptic element in a general
class of differential operators having a structure similar to (1.2), called ¢-differential
operators. Mazzeo and Melrose in [MM98] developed a pseudodifferential calculus,
denoted by W7, which contains parametrices for such operators P. Therein they gave
a stronger condition, called full ellipticity, that is equivalent to P being Fredholm
between naturally associated Sobolev spaces, and is necessary for P to have an inverse
in the calculus. The operator A, + k? is fully elliptic for & > 0, but not for k = 0
unless Ap, is invertible for all y € B, which may happen in the case of the Hodge
Laplacian twisted by a flat vector bundle. In that case, the behavior of the resolvent
can be deduced directly from [MM98]. The contribution of our paper is that we allow
the fiberwise Laplacians to have a non-trivial kernel.

If the fiber F' is a point then fibered boundary metrics are called scattering or
asymptotically conic metrics. In this case the low energy resolvent has been stud-
ied before, with application to the boundedness of Riesz transforms: for the scalar
Laplacian this was first done in the asymptotically Euclidean case, i.e., for B = S°,
by Carron, Coulhon and Hassell [CCHO6], then for general base and using a differ-
ent construction of the resolved double space (see below) by Guillarmou and Hassell
[GHO08, GH09], who also allow a potential. Guillarmou and Sher [GS15] then used the
calculus of [GHO8] to analyze the low energy resolvent of the Hodge Laplacian and
used this to study the behavior of analytic torsion under conic degeneration.

1.2. ASSUMPTIONS AND THE MAIN RESULT. We study the Schwartz kernel of the resol-
vent (Ay + k?)7! as k — 0 under additional assumptions that we shall list here.
We shall also explain why we make these assumptions.

Assumprion 1.2. — The higher order term h satisfies |h|g, = O(23) as z — 0.

This assumption guarantees that the terms resulting from A do not alter the leading
order behaviour of the Hodge Laplacian, more precisely of the terms P;; in (5.27).

Assumprion 1.3, — We assume that ¢ : (OM, gr + ¢*gp) — (B, gp) is a Riemannian
submersion.

This assumption is used in order to obtain the expression (5.4) for the Hodge
de Rham operator.

The next assumption requires some preparation: The spaces 3, = ker Af, of
harmonic forms on the fibers have finite dimension independent of the base point
y € B, since they are isomorphic to the cohomology of F. It is a standard fact
that these spaces then form a vector bundle H over B. The metric g induces a flat

JIEP. — M., 2022, tome g



962 D. Grieser, M. Tares1 & B. VERTMAN

connection on the bundle H, see [HHMO04, Prop. 15]. We denote the twisted Gauss-
Bonnet operator on B with values in this flat vector bundle by Dp = 0 + 0*. Its
definition will be recalled explicitly in (5.5). Write Np for the number operator on
differential forms Q* (B, 3(), multiplying any w € Q¢(B, H) by £. We define the family
of operators

2
D2+ (b——l - NB) %

(1.3) In(Pyo) := =X + - 2
acting on Q*(B,H) ® Q*~(B, ). This is the indicial family of a b-operator Py, that
will be introduced in (5.27). Its set of indicial roots is defined as

(1.4) specy, (Poo) := {A € C | In(Py) is not invertible}.

Noting that Iy (Poyo) is symmetric, we find that specy,(Pyo) C R is real. We can now
formulate our next assumption.

Assumprion 1.4. — Assume that specy, (Poo)N[—1, 1] = @. Due to symmetry of I(Poo)
under the reflection A — — X, this is equivalent to spec, (Pyo) N [—1,0] = @.

Note that even if Assumption 1.4 is violated for the (full) Hodge Laplacian but
holds for the Laplacian acting on forms of a fixed degree k, then our results hold for
that degree.(!)

Assumption 1.4 can be reformulated in terms of spectral conditions on D g precisely
as in [GS15, (21)] with dy and Ay replaced by ? and D%. It is satisfied if Dp
has a sufficiently large spectral gap around zero. As we will see in Corollary 5.8,
Assumption 1.4 implies the non-resonance condition®

(1.5) kery—172(01,g,) Do = kerpz(arg,) Ay,

imposed also by Guillarmou and Sher [GS15], in addition to asking for 0 ¢ spec;, (Poo)-
These conditions are needed in order to construct the Fredholm inverse for the Hodge
Laplacian. Specifically, the assumption 0 ¢ specy,(Pyg) is used to obtain a Fredholm
inverse in (7.14). The no zero-resonances assumption is used in Lemma 7.6, that jointly
with the functional analytic observation of Lemma 7.7 yields the zf parametrix in
(7.20) and (7.21). Now, the full Assumption 1.4 is used to ensure that such constructed
parametrices actually act boundedly on L?(M, g,).

Assumption 1.5. The twisted Gauss-Bonnet operator Dg, defined in (5.5), com-
mutes with the orthogonal projection I1 in (5.15) onto fiber-harmonic forms.

(1)Compare with [KR22], their method does not allow for this conclusion.
(21t is natural to ask whether the non-resonance condition and 0 ¢ spec Pyo) already impl
pecy Yy imply
Assumption 1.4. We conjecture that this is not the case since (1.5) is a global condition on M
while specy,(Poo) is determined locally at the boundary. However, we do not have an explicit
counterexample.

JE.P.— M., 2022, tome g
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This assumption implies that the off-diagonal terms in the decomposition of Ay
with respect to the bundles H and its orthogonal complement in C°*°(F’), near OM,
vanish quadratically at the boundary as ¢-operators. This assumptions is needed to
analyze the structure of the Fredholm inverse of Ay, as used by Grieser and Hunsicker
in [GH14, Th. 2], cf. Remark 5.6.

AssumptioN 1.6. — The base B of the fibration ¢ : OM — B is of dimension dim B > 2.

This assumption has also been imposed by Guillarmou and Hassell [GHO08] and
[GH09], where in case of trivial fibers F it means dim M > 3. If dim B < 2 then
the resolvent has a different behavior as £k — 0. We use the assumption explicitly in
(5.29). Our main result is now as follows.

Turorem 1.7. — Under the Assumptions 1.2, 1.3, 1.4, 1.5 and 1.6, the Schwartz
kernel of the resolvent (A, + k*)~1, k > 0, lifts to a polyhomogeneous conormal
distribution on an appropriate manifold with corners, with a conormal singularity
along the diagonal.

We also determine the exponents and the leading terms in the asymptotics of
the resolvent kernel, and make the different asymptotic behavior with respect to
the decomposition into fiberwise harmonic forms and their orthogonal complement
explicit. The precise statement is given in Theorem 7.11.

Remark 1.8. — Our result admits some obvious extensions:

(1) Similar to Assumption 1.2, replacing Ay by A, + V, where V = 23W with
a positive® W e C°(M,End(A®T*M)), does not affect the argument and The-
orem 1.7 still holds. Without the positivity condition on V', the problem is much
more intricate since the potential might lead to non-positive spectrum and affect zero
resonances, cf. [GHO09.

(2) As already noted in [Shel3, Th. 6], the proof of Theorem 1.7 carries over ver-
batim to the case where the resolvent parameter k2 is allowed to vary in the right half
plane Rk > 0. Then the resolvent asymptotics is uniform as & — 0 in angular sectors
larg k| < m/2 — ¢ for any € > 0.

1.3. Key points oF THE PROOF. — As in the papers by Guillarmou, Hassell and Sher,
our strategy to prove polyhomogeneity of the resolvent kernel is as follows: first,
we construct an appropriate manifold with corners, which we call M,f ¢ on which
we expect the resolvent to be polyhomogeneous. The Hodge Laplacian behaves like
a scattering Hodge Laplacian on the space of fiberwise harmonic forms and like a
fully elliptic ¢-operator on the orthogonal complement of this space. The low energy
resolvents for these two types of operators are described by two different blowup
spaces, denoted M ,f,sc) » and Mi x R;.. Therefore, M ,f ¢ 1s chosen as a common blowup
of these two spaces.

(et §4.1 for the definition of ®T*M

JIEP. — M., 2022, tome g
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The boundary hypersurfaces of M ,3 ¢ then correspond to limiting regimes, so that
the leading asymptotic term(s) of the resolvent kernel at each of them can be deter-
mined by solving a simpler model problem. The model problem at the & = 0 face called
zf involves the Fredholm inverse of Ay, so we need to analyze this first. Combining
these solutions and an interior parametrix, obtained by inverting the principal symbol
(which corresponds to the ‘freezing coefficients’ model problem at each interior point),
we obtain an initial parametrix for the resolvent. We then improve this parametrix
using a Neumann series argument and finally show by a standard argument that the
exact resolvent has actually the same structure as the improved parametrix.

The contribution of our paper is that we analyze the low energy resolvent of Ay in
the non-fully elliptic case, i.e., allowing the fiberwise Laplacians to have non-trivial
kernel. A parametrix construction for a closely related operator, the Hodge Laplacian
for the cusp metric 2%g,, was given by Grieser and Hunsicker in [GH14], and a similar
construction for the spin Dirac operator (assuming constant dimension for the kernel
of the operators induced on the fibers) was given by Vaillant in [Vai0l]. Vaillant also
analyzed the low energy behavior of the resolvent for this operator.

For the construction of the Fredholm inverse of A, we introduce and analyze a
pseudodifferential calculus, the ‘split’ calculus (see Definition 5.3), which contains this
Fredholm inverse, and reflects the fact that this operator exhibits different asymptotic
behavior on the subspaces of fiber-harmonic forms and on its orthogonal complement.
This construction is close to the construction by Grieser and Hunsicker in [GH14],
where the notion of split operator was first introduced. For the proof of our main
theorem we then construct a split resolvent calculus that additionally encodes the
asymptotic behavior of the resolvent as & — 0. This split resolvent calculus combines
the ¢-calculus of Mazzeo and Melrose, the resolvent calculus of Guillarmou and Hassell
and the split calculus.

1.4. Structure oF THE PAPER. — Our paper is structured as follows. In Section 2
we review fundamental aspects of geometric microlocal analysis that are important in
the present work. Then we review the pseudodifferential b-calculus in [Mel93] and the
pseudodifferential ¢-calculus in [MM98] in Sections 3 and 4. We state Fredholm prop-
erty results and the asymptotic description of the parametrices for elliptic elements
in both calculi.

In Section 5 we analyze the structure of the Hodge Laplacian and display its split
structure with respect to the bundle of fiberwise harmonic forms and its orthogonal
complement. We introduce the split pseudodifferential calculus, which is a variant
of the ¢-calculus that reflects this splitting. We give an improved version of the
parametrix construction for the Hodge Laplacian in that calculus, building on the
construction by Grieser and Hunsicker [GH14].

In Section 6 we review the low energy resolvent construction of Guillarmou, Hassell
and Sher [GHO8], [GS15] on scattering manifolds. In particular, we present the blowup
space M, ,f’sc due to Melrose and S& Barreto [MSB], which is used in those works, and
its slightly more general cousin M ,37507 P that we need.

JE.P.— M., 2022, tome g
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The proof of our main theorem is given in Section 7. We first construct the blowup
space M,fyd) and then construct the initial parametrix. The final step towards the
resolvent kernel requires a composition theorem, that we prove in Section 8.

This work will have applications in the construction of renormalized zeta functions
and analytic torsion in the setting of manifolds with ¢-metrics. These will the subject
of a separate paper.

Remark 1.9. — The authors wish to acknowledge that in a parallel work by Kottke
and Rochon [KR22], a result similar to Theorem 1.7 was obtained independently and
simultaneously using partly different methods, in particular working with the Dirac
operator, and not relying on a split-pseudodifferential calculus.

Acknowledgements. — The authors are grateful to the anonymous referees for valu-
able comments. The second author would like to thank Colin Guillarmou for helpful
discussions. He is grateful to the Mathematical Institute of University of Oldenburg
for hospitality and financial support.

2. FUNDAMENTALS OF GEOMETRIC MICROLOCAL ANALYSIS

We briefly recall here the main concepts and tools of geometric microlocal analysis
that will later be used for the construction of the resolvent kernel for Ag. The main
reference is [Mel93]; see [Gri01] for an introduction.

2.1. MANIFOLDS WITH CORNERS. A compact manifold with corners X, of dimen-
sion N, is by definition modeled near each point p € X diffeomorphically by
(RT)F x RN=F for some k € Ny, where Rt = [0,00). If p corresponds to 0 then k
is called the codimension of p. A face of X, of codimension k, is the closure of a
connected component of the set of points of codimension k. A boundary hypersurface
is a face of codimension one, a corner is a face of codimension at least two. We assume
that each boundary hypersurface H is embedded, i.e., it has a defining function py,
that is, a smooth function X — R™ with H = {py = 0} and dpg nowhere vanishing
on H. Then py can be taken as coordinate of the first component of a tubular
neighborhood X D U 2 [0,e) x H. The set of boundary hypersurfaces of X is
denoted . (X). In this section, we always work in the category of manifolds with
corners.

2.2. Browur or p-susmaANIFoLDs. — Assume P C X is a p-submanifold of a manifold
with corners X, that is, near any p € P there is a local model for X in which P
is locally a coordinate subspace. The blowup space [X; P] is constructed by gluing
X ~ P with the inward spherical normal bundle of P C X. The latter is called the
front face of the blowup. The resulting space is equipped with a natural topology.
It has a unique minimal differential structure with respect to which smooth functions
with compact support in the interior of X ~\. P and polar coordinates around P in X
are smooth, cf. [Mel93, §4.1].

JEP. — M., 2022, tome g



966 D. Grieser, M. Tares1 & B. VERTMAN

The canonical blowdown map

is defined as the identity on X \ P and as the bundle projection on the inward spherical
normal bundle of P C X. Finally, given a p-submanifold Z C X, we define its lift
under § to a submanifold of [X; P] as follows:

(1) if Z C P then 8*(2) := B~1(2),

(2) if Z € P then 8*(Z) := closure of 371(Z \ P).

2.3. b-vEcTOR FIELDS, POLYHOMOGENEOUS FUNCTIONS AND CONORMAL DISTRIBUTIONS

Let X be a manifold with corners.

Derinirion 2.1 (b-vector fields). A b-vector field on X is a smooth vector field
which is tangential to all boundary hypersurfaces of X. The space of b-vector fields
on X is denoted #,(X).

Derinition 2.2 (Index sets)
(1) A subset E = {(v,p)} C C x Ny is called an index set if

(a) the real parts Re(y) accumulate only at +o0;
(b) for each ~y there exists P, such that (v,p) € E implies p < Py;
(c) if (y,p) € E then (y+4,p') € E for all j € Ny and 0 < p’ < p.
If a € R then a also denotes the index set (a + Np) x {0}. Addition of index sets is
addition in C x Ny. For example, a + E = {(v + a,p) | (7,p) € E}. The extended
union of two index sets E and F' is defined as
(2.1) EUF=EUFU{(v,p+q+1)|3(y,p) € E, and (v,9) € F}.
If F is an index set and a € R then we write
E >a if (y,k) € E implies Ry > a,
E >a if (v,k) € E implies Ry > a, and k =0 if Ry = a.
(2) Anindex family & = (&x) me.a, (x) for X is an assignment of an index set &4 to
each boundary hypersurface H. Moreover, &7 denotes the index family for H which

toany HN H' € #,(H), where H' € .#,(X) has non-trivial intersection with H,
assigns the index set &y .

Derinition 2.3 (Polyhomogeneous functions). — A smooth function w on the interior
of X is called polyhomogeneous on X with index family &, we write w € ﬁfp‘ig(X ),

if the following condition is satisfied: w has an asymptotic expansion near each
H e #,(X) of the form

w~ Y ayy - pp(logpu)’,  pa — 0,
(v,p)E€H
for some tubular neighborhood of H with defining function pg, where the coef-
ficients a., are polyhomogeneous functions on H with index family &H . Since
dim H < dim X, this defines polyhomogeneity by induction.

JE.P.— M., 2022, tome g
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The asymptotic expansion above is assumed to be preserved under iterated appli-
cation of b-vector fields. Its precise meaning is that there exists I'g € R so that for all
I' € R and any finite collection of b-vector fields Vi, ..., Vy we have

(V1 0---0 VN) (W - Z Ay p ° P’YH(IOg pH)p) = O(p% HH/;éH pI_{yD)'

(v,p)EEH
Ry

It is a non-trivial fact that this condition is independent of the choice of tubular
neighborhood, see [Mel92].

DeriNiTion 2.4 (Conormal distributions). — Let P C X be a p-submanifold which is
interior, i.e., not contained in 0X. A distribution v on X is conormal of order u € R
with respect to P if it is smooth on X \ P and near any point of P, with X locally
modeled by (R*)* x Rﬁ;ﬁ and P = {y" = 0} locally,

i

(2:2) u(a,y'y") = /6““’ " a(w,y'sn") dn"
for a symbol a of order m = p + %dimX — %codim P.

If X = M x M for a closed manifold M and P C X is the diagonal, then dim X =
2dim P, hence m = p, and conormal distributions are precisely the Schwartz kernels
of pseudodifferential operators on M, with m equal to the order of the operator. In
our setting we will need to make the resolvent parameter k into a variable, so X =
M x M x Rt and P = Diag,; xR, hence m = u + 1/4. The order of the operator
still equals the order m of the symbol, so its kernel is conormal of order m — 1/4.

Polyhomogeneous sections of and conormal distributions valued in vector bundles
over X are defined analogously.

2.4. b-mars AND b-riBraTIONS. — The contents of this subsection are due to Melrose
[Mel92], [Mel93], see also [Maz91, §2.A].

A smooth map between manifolds with corners is one which locally is the restriction
of a smooth map on a domain of RY. We single out two classes of smooth maps,
such that polyhomogeneous functions behave nicely under the pullback and the push-
forward by these maps. We begin with the definition of a b-map.

Derinirion 2.5, —  Consider two manifolds with corners X and X’. Let pg,
He #,(X),and pyr, H' € .#,(X") be defining functions. A smooth map f: X' — X
is called a b-map if for every H € .#,(X), H' € .#,(X’) there exists e(H, H') € Ny
and a smooth non vanishing function hg such that
* e(H,H'
(23) Flom)=ha ] pasi .
H'es(X')
The crucial property of a b-map f is that the pullback of polyhomogeneous func-

tions under f is again polyhomogeneous, with an explicit control on the transforma-
tion of the index sets.

JEP. — M., 2022, tome g



968 D. Grieser, M. Tares1 & B. VERTMAN

ProrosiTion 2.6. Let f : X' — X be a b-map and u € ;zfp‘fg(X). Then f*(u) €
ﬁfp‘ig(X’) with index set & = fo(F), where fo(F) defined as in [Maz91, A12].

In order to obtain a polyhomogeneous function under pushforward by f, one needs
additional conditions on f. On any manifold with corners X, we associate to the space
of b-vector fields #4,(X) the b-tangent bundle ®T'X, such that #;,(X) forms the space
of its smooth sections. There is a natural bundle map PTX — TX (see Section 3.1 for
details in case X is a manifold with boundary). The differential d, f : T, X' — Ty X
of a b-map f lifts under this map to the b-differential dbf : PT, X" — be(x)X for
each x € X’. We can now proceed with the following definition.

DeriNiTioN 2.7

~ A b-map f: X' — X is a b-submersion if d®f is surjective for all z € X".

— f is called b-fibration if f is a b-submersion and, in addition, does not map
boundary hypersurfaces of X’ to corners of X, i.e., for each H there exists at most
one H' such that e(H,H') # 0 in (2.3).

We now formulate the Pushforward theorem due to Melrose [Mel93]. The pushfor-
ward map acts on densities instead of functions, and hence we consider the density
bundle Q(X) of X, and the corresponding b-density bundle

(2.0 o) = (I o))

He#,(X)

: &
Then we write 7 ,

Op(X) over X, with index set &. The precise result is now as follows.

(X, Qp(X)) for polyhomogeneous sections of the b-density bundle

Prorosition 2.8. — Let f : X' — X be a b-fibration. Then for any index family &'
for X', such that for each H' with e(H,H') = 0 for all H we have® &}, > 0, the
pushforward map is well-defined and acts as

For FE (X (X)) — AP0 (X, (X)),

Here, fu(&7) is defined as in [Maz91, A.15].

2.5. OPERATORS ACTING ON HALF-DENsSITIES. — We will always identify an operator
with its Schwartz kernel via integration, so it is natural to consider densities. The
most symmetric way to do this is using half-densities: if the Schwartz kernel is a half-
density then the operator it defines maps half-densities to half-densities naturally.
However, differential operators are not typically given as acting on half-densities.
The connection is made by fixing a positive real density v (in this paper, typically
the volume form associated to g4 or a related density) on X. This defines an isometry

L3 (X,v) — L2(X,QY?), wr— uv!'/?

7

(4)This condition means that 5;1, > 0 for any H' which maps into interior of X. This condition

simply ensures integrability, so that pushforward is well-defined.
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where L2(X,v) == {u: X — C | [y |u[?>v < oo} and L*(X,Q"/?) is the space of
square-integrable half-densities on X.(%)

Then if A is an operator acting in L?(X,v) (i.e., on functions), the operator on
half-densities induced by this identification is given by

A(ur'/?) = (Au)v'/?.
Note that
A symmetric in L*(X,v) <= A symmetric in L?(X, Ql/z),

since by definition of A we have Jx Aur -wpv = [ /~1(u11/1/2) ~ugrl/2. Also, if A is
given by an integral kernel K with respect to v, i.e., (Au)(p) = [ K(p,p )u(p’) v(p’),
then A is given by the integral kernel K where K is the half-density

(2.5) K(p.p') = K(p,p') v(p)?v(p))/2.

In practice we often write A instead of A.

‘3 BEVIE\’\" OF THE PSEUDODIFFERENTIAL b-CALCULUS

In this section we review elements of the b-calculus [Mel93]. In this section M is a
compact manifold with boundary dM, of dimension n. In contrast to the rest of the
paper, OM need not be fibered.

3.1. b-VECTOR FIELDS AND bD-DIFFERENTIAL OPERATORS. Recall that the space of
b-vector fields #, = #,(M) is defined as the space of smooth vector fields on M
which are tangential to dM. Fix local coordinates (z,6) near a boundary point,
where z defines the boundary, so that § = {6;}; define local coordinates on OM.

Then, ¥, is spanned, locally freely over C*°(M), by
(m&I, 89i )

The b-tangent bundle PT'M over M is defined by requiring its space of smooth sections
to be #,. Interpreting an element of %, as a section of TM rather than of T'M defines
a vector bundle map PTM — T'M which is an isomorphism over the interior of M but
has kernel span{zd, } over 9M. The dual bundle of PT'M, the b-cotangent bundle, is
denoted by PT* M. It has local basis (dz/z,df;). Let us also consider some Hermitian
vector bundle E over M.

The space of b-differential operators Diff}' (M; E) of order m € Ny with values in F,
consists of differential operators of m-th order on M, given locally near the boundary
OM by the following differential expression (we use the convention D, = (1/4)0, etc.)

(3.1) P= Y Poglx,0)(xD.)"(Dy)",

g+|al<m

(®)Note that L2 (X,Q1/2) is naturally identified with L?(X, Qé/Q) (if X has corners) — one could
also write any other rescaled density bundle here — since square integrability is intrinsic for half-
densities.
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where the coefficients P, , € C°°(U,End(E)) are smooth sections of End(E). Its
b-symbol is given at a base point (x,0) € U by the homogeneous polynomial in
(£¢) eR xR

on(P)(2,0;6,0) = Y Pag(z,0)£7¢".
jtlal=m
Invariantly this is a function on "T*M (valued in End(E)) if we identify (&, ¢) with
Edx/x+(-df € bT(*xﬂ)M. An operator P € Diff{"(M; E) is said to be b-elliptic if o1, (P)
is invertible on PT*M ~ {0}. Writing P™(PT*M; E) for the space of homogeneous
polynomials of degree m on the fibers of PT* M with values in End(E), the b-symbol
map defines a short exact sequence

(3.2) 0 — Diff{* '(M; E) — Diff{"(M; E) 2 P™(*T*M; E) — 0.

3.2. b-PSEUDODIFFERENTIAL OPERATORS. — Parametrices to b-elliptic b-differential
operators are polyhomogeneous conormal distributions on the b-double space that
we now define. Consider the double space M x M and blow up the codimension-two
corner M x OM. This defines the b-double space

M? = [M x M;dM x OM].

We may illustrate this blowup as in Figure 1, where 6,60’ are omitted. As usual, this
blowup can be described in projective local coordinates. If (z,0), (2’,60") are local
coordinates on the two copies of M near the boundary then local coordinates near
the upper corner of the resulting front face bf are given by

(3.3) s=2 ', 0,0,

x'’
where s defines 1b and 2’ defines bf locally. Interchanging the roles of x and z’, we get
projective local coordinates near the lower corner of bf. Pullback by the blowdown
map [ is simply a change of coordinates from standard to projective coordinates.
We will always fix a boundary defining function z for M and choose =z’ = z as
functions on M. Then s is defined on a full neighborhood of bf \ rb, and if in addition
0’ = 6 as (local) functions on M then the b-diagonal,

Diagy, := f Diagy;, Diagyr = {(p,p) |[p€ M} C M x M,

is locally s = 1,0 = ¢'. It is a p-submanifold of M.
We defined b-densities in (2.4). The b-density bundle €,(M?) on the double

space M? has local basis

!/
L g dg.
r X

The b-density bundle on M2 is, in coordinates (3.3), spanned by

!/
95 0T g g
S T

Note that Qy,(M2) = B, (M?). The corresponding half b-density bundle is denoted
by /% (M2).
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{ bf

T T
rb

Ficure 1. b-double space MZ and By, : M2 — M?.

We can now define the small and full calculus of pseudodifferential b-operators,
following [Mel93]. Note that we identify the operators with the lifts of their Schwartz
kernels to Mg Recall from Section 2.5 that operators act on half-densities, so their
Schwartz kernels are half-densities.

Derinirion 3.1. Let M be a compact manifold with boundary and E — M a
vector bundle.

(1) The small calculus U (M; E) of b-pseudodifferential operators is the space of
distributions on M? taking values in Qlla/ 2(M,f) ® End(F) which are conormal with
respect to the b-diagonal, smoothly down to bf, and vanish to infinite order at Ib, rb.

(2) The full calculus \I/g“g(M ; E) of b-pseudodifferential operators is defined as

U (M; E) == U7 (M; E) + o4 (M; E)

where 48 (M; E) := o5, (M2, 9> (M?) © End(E)),

if & is an index family for Mg with &, > 0. We sometimes leave out the bundle F
from the notation if it is clear from the context.(®

Here, End(E) is the vector bundle over M which is the pullback of the bundle over
M x M that has fiber Hom(E,/, E,) over (p,p’) € M x M. Note that \Ilgoo’”@(M; E)=
28 (M; E) if 0 C &y.

3.3. Frepnorm prRoPERTIES OF b-oPErATORS. — For any P € Diffy'(M; E) of the form
(3.1) locally near the boundary, we define the corresponding indicial operator I(P)

(6)This is a coarse version of [Mel93, the Def. 5.51]: there, the index sets are given for 1b and rb
only, and then the @, term is replaced by ,Qipég‘é‘o’éarb (M) +,Qipéglé’g"b (M?). If & + & > 0, which
is true for all index sets of operators appearing in our paper, this is contained in the given definition
by the pull-back theorem, with &, = 0 U (& + &). Also, this notation, and similar notation
used below for other calculi, is not the same as that, e.g., in [GH09, Def. 26]. Here we assume the
conormal singularity to have smooth coefficients up to bf, while there they have index set &¢. This
is especially relevant when the index set at the front face is allowed to contain negative exponents,
as in the definition of the (k,sc) calculus.
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and indicial family I(P) by
I(P) = Z P q(0,0)(xDy)* (Do),

g+|al<m
INP)= ) Pag(0,6)((1/i)2)"(De)",
q+lal<m
where the latter is a family of differential operators on M, acting in L2(OM; E | OM).
The set of indicial roots specy, (P) is defined as
specy, (P) := {A € C| I,(P) is not invertible}.

Before we can proceed with stating the Fredholm theory results for b-operators, let us
define weighted b-Sobolev spaces for m € R and ¢ € R

' H"(M;E) :={u=2"-v|VPec U (M;E), Pve L*(M;E)}.
Note that we define L?(M; E) = L?(M; E;dvoly,) with respect to the b-density dvoly,,

which is a non-vanishing section of the b-density bundle Qy,(M).
Tueorem 3.2 (Parametrix in the b-calculus). — Let P € Diff'(M; E) be b-elliptic.
Then for each o ¢ R(spec,, (P)) there is an index family &(a) for M satisfying
E(@)p >a, E(a)w >—a, &E(a)p =0,
and a parametriz Q. € \I/,;m’g(M; E), inverting P up to remainders
PoQy=Id—R, o, QuoP=I1d—R,,
where the remainders satisfy
Ry € 2™ U N E), Ry, €U % (M; B) 2.

The restriction of the Schwartz kernel of Q, to bf is given by the inverse of the
indicial operator I(P) in z®L*(R* x OM, E), with weight «, i.e., having asymptotics
as dictated by &(«) at 1b and rb.

The index family &(a) is determined by specy,(P) and satisfies
a4 wé& (o) = {z+ 71| z € specy,(P), Rz > a, r € Ny},
(34) 78 (), = {—2+ 1| z € spec,(P), Rz < o, 7 € Np },

where m : Cx Ny — C is the projection onto the first factor, i.e., we neglect logarithms.

Note that 2> ‘l/goo’éa(a)(M; E)= szbg(a)“b (M; E) where & (), is the index fam-
ily with index sets equal to &(«) at rb and empty otherwise. Similarly, we have
\I/goo’g(a)(M; E) X = %g(a)\lb (M; E)

By standard boundedness results this implies (cf. [Mel93, Th. 5.60 and Prop. 5.61])
the following Fredholm and regularity result.

Turorem 3.3 (Fredholmness and regularity of elliptic b-operators)
Let P € Difly*(M; E) be b-elliptic. Then P is Fredholm as a map

P:a“HT™(M;E) — x*H$(M; E)

JE.P.— M., 2022, tome g



RESOLVENT AT LOW ENERGY 97‘%

for any o ¢ R(spec,(P)) and any s € R. The Fredholm inverse of P is in
the full b-calculus \I/gm’éa(a)(M;E) with &(a) as in Theorem 3.2. Moreover, if
u € z*H(M;E) for some a,s € R and Pu € o} (M;E) for some index set I

phg
then u € ﬁ/p‘{lg(M;E), where J = I UK for some index set K > «, determined by
spec,, (P).

In particular, if u has only Sobolev regularity, but is mapped by a differential
b-operator to a section with an asymptotic expansion at M, for instance if u is in
the kernel of P, then u must also have a full asymptotic expansion at OM .

Recall that the Fredholm inverse is defined as follows: if K = ker P and R = Ran P,
then the Fredholm inverse of P is zero on R* and equals (Pgrs r)"lonR.

4. REVIEW OF THE PSEUDODIFFERENTIAL (,ZS-(IAL(]IILUS

In this section we review elements of the ¢-calculus, following [MM98]. We are
now in the setting of a compact manifold M with a fibration ¢ : M — B of the
boundary. We also fix a boundary defining function x > 0 and collar neighborhood
U= [0,e), x OM of OM.

4.1. @-VECTOR FIELDS AND @-DIFFERENTIAL OPERATORS

Derivition 4.1, — A b-vector field V on M is called a ¢-vector field, V € ¥, =
Y4 (M), if at the boundary it is tangent to the fibers of the fibration ¢ : M — B and
if it satisfies Vo € 22C°°(M) for the chosen boundary defining function z. Near a
boundary point we use coordinates {x,y;, z;} with y = {y; }; being local coordinates
on the base B, lifted to M and extended to [0,¢) x OM, and z = {z;}, restricting
to local coordinates on the fibers F. Then ¥} is spanned, locally freely over C*°(M),
by the vector fields

o 0
dy;’ 0z
We introduce the so called ¢-tangent space by requiring ¥, (M) to be its smooth
sections

0
27
T T

— — o 9 9
o) b _ YaTe's) _ 2
C>®(M,°TM) =¥y =C>(M) span<w —axw—ayi, 7 >,

where the second equality obviously holds only locally near M. Note that the met-

ric g4 extends to a smooth positive definite quadratic form on *TM over all of M.
The dual bundle ¢T* M, the so-called ¢-cotangent space, satisfies

_ - dz dy;
C=(M,*T* M) = C=(M)- span<m—:§, 73’ dzj>.

The space of ¢-vector fields 7y is closed under brackets, hence is a Lie alge-
bra, and is a C°(M)-module. Hence it leads to the definition of ¢-differential
operators Diff}, (M; E), where E is some fixed Hermitian vector bundle. Explicitly,
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P € Diffj’ (M; E) if it is an m-th order differential operator in the open interior M,
and has the following structure locally near the boundary 0M

(4.1) P= Z P p.q(2,y,2)(x*D,)(2D,)’ D2,

lal+]B]+q<m
with coefficients P, g, € C*(U, End(E)) smooth up to the boundary. The ¢-symbol
o4(P) is then locally given over the base point (z,y,2z) € U by the homogeneous
polynomial in (¢,7,¢) € R x RAm B  Rdim F

(42) Ugb(P)(xava;gan,C) = Z Paﬁﬂ(x’yaz)gqnﬁca-

le+[B]+q=m
Invariantly this is a function (valued in End(E)) if we identify (&,7, () with &da/a? +
n-dy/x+(¢-dz € ¢T&}y)z)M. We say that P is ¢-elliptic if 04(P) is invertible
off the zero-section of ?T*M. Writing P™(?T*M; E) for the space of homogeneous
polynomials of degree k on the fibers of ?7* M valued in End(E), the ¢-symbol map

defines a short exact sequence

(4.3) 0 — Diff7" " (M; B) —> Diff?(M; E) —%s P™(®T*M; E) — 0.
4.2. ¢-PSEUDODIFFERENTIAL OPERATORS. — We now recall the notion of ¢-pseudodif-

ferential operators W7 (M; E) from Mazzeo and Melrose [MMO98]. These will be opera-
tors whose Schwartz kernels lift to polyhomogeneous distributions with conormal
singularity along the lifted diagonal on the ¢-double space Mz The space Mf) is
obtained from the b-double space Mg by an additional blowup: recall the definition
of the (interior) fiber diagonal
diagy i = {(p:0') € U x U | $(p) = (1)}

In coordinates this is the submanifold {z = a’,y = ¢'}, so the boundary of its lift is
contained in the b-face of M and locally given by

diagy := (By(diagy ;e)) = {s =1,y =, 2’ = 0}.
The ¢-double space is now defined by
(4.4) M3 = [Mi;diagy],  Ben : M — M.

Ficure 2. ¢-double space Mg

JE.P.— M., 2022, tome g



RESOLVENT AT LOW ENERGY ()75

This blowup is illustrated in Figure 2, with the y, z, 2’ coordinates omitted. Pro-

jective coordinates near the interior of ¢f can be given using (3.3) by
s—1 y—y

(45) T: 77 Y: ?7 Z, 1'/7 y/ﬂ Z/a
where 2’ defines ¢f locally and bf lies in the limit |(T,Y)| — oco. Here, the roles of x
and z’ can be interchanged freely. Pullback by the blowdown map is again simply
a change of coordinates from standard to e.g. the projective coordinates above. The
total blowdown map is given by

—2
ﬂ¢':ﬁboﬂ¢'b:M¢%—>M .

We now define the small calculus and the full calculus of pseudodifferential ¢-opera-

tors, following [MM98] and [GHO09]. As always we identify operators with the lifts of

their Schwartz kernels to M g, and let operators act on half-densities. It is convenient(”)
to normalize to the b¢-density bundle

—( —2(b Oy, (T
(4.6) Qg (M2) = p "V, (M2) = o, 20 B30, (M12).
The corresponding half bg-density bundle is denoted by Qif(Mg)

Derinition 4.2, — We define small and full calculi of ¢-operators.

(1) The small calculus W' (M; E) of ¢-pseudodifferential operators is the space of
Qi{f(Mg) ® End(F)-valued distributions on Mq% which are conormal with respect to
the lifted diagonal, smoothly down to ¢f, and vanish to infinite order at 1b, rb and bf.

(2) The full calculus \Il:;g(M ; E) of ¢-pseudodifferential operators is defined as

w4 (M; E) := W (M; E) + o/ (M; E),

where /f (M;E) := o5, (M2, 017 (M2) ® End(E)),

if & is an index family for M; with &y > 0. Sometimes we leave out the bundle E
from notation if it is clear from the context.

4.3. FrREDHOLM THEORY OF ¢-OPERATORS. — The normal operator of a ¢-differential
operator P € Diffy' (M) is defined as follows. Write P in coordinates near the bound-
ary as

P= > Papglr.y.2)(@*D,)"(xD,)’ D2
|| +]B8|+g<m
Then we define

(4.7) No(P)y = > Papg(0,y,2)DEDY D,
lal+|8l+a<m

(")This means that at ¢f we normalize to ¢-densities — for the fibration of ¢f given locally by
projection to the y’ coordinate in (4.5) — and at all other faces to b-densities. In this way kernels of
¢-differential operators, and more generally operators in the small ¢-calculus, are conormal to the
diagonal uniformly up to ¢f (when considered as sections of Q:}f(Mg ), and operators in the small

b-calculus are smooth up to bf, away from ¢f.
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The normal operator Ng(P), is a family of differential operators acting on RxR® x F,
parametrized by y’ € B. The Schwartz kernel of Ny(P) can be identified with the
restriction of the Schwartz kernel of P to ¢f, using coordinates (4.5).

Note that Ny(P),s is translation invariant (constant coefficient) in (T,Y"). Per-
forming Fourier transform in (7,Y) € R x R” we define the normal family

(4.8) No(P)y == > Papgl0,y,2)79€" D
la|+]Bl+gsm

This is a family of differential operators on F, parametrized by (7,¢) € R x R® and
y € B.

Derinirion 4.3 (Full ellipticity). — An elliptic differential ¢-operator P € Diff§* (M)
is said to be fully elliptic if additionally the operator family J%,(P)y/ (1,€) is invertible
for all (7,&;4), including (7,£) = 0.

We can now state Fredholm results for fully elliptic ¢-differential operators, due to
[MMO98].

Tueorem 4.4 (Invertibility up to smooth kernel, [MM98, Prop. 8])
If P € Diff ' (M; E) is fully elliptic in the sense of Definition 4.3, then there exists
a small calculus parametriz Q € \I/;”L(M; E) satisfying

PQ~-1d, QP —1d € ™ W, (M; E) = /7.

In order to state continuity and Fredholm results we introduce weighted ¢-Sobolev
spaces. We write for any m, ¢ € R

IZH(ZL(M;E) ={u=2"v|VPe Vi (M; E), Pv e L*(M;E)}.

Here as before, we define L?(M; E) = L?(M; E;dvoly,) with respect to the b-density
dvoly,. However, as derivatives in the definition of Hg(M; E), e.g. for m € N, we use
¢-derivatives.

Tureorewm 4.5 ([MM98, Prop.9,10]). — Let P € Diff'(M; E) be fully elliptic. Then
for any a,s € R, P is Fredholm as a map

P: :EaHdem(M; E) — 2“Hj(M; E).
The Fredholm inverse lies in U™ (M; E).

We point out that this theorem is simpler than the corresponding Theorem 3.3
for b-operators: no weights « are excluded, and the Fredholm inverse lies in the
same calculus (not a ‘large’ calculus). This is due to the fact that full ellipticity is a
very strong condition: e.g. for the Laplace-Beltrami operator on a ¢-manifold, twisted
with some flat vector bundle F| full ellipticity would require twisted zero-cohomology
HC(F,E | F) on fibers to vanish.
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5. Hopce LapLACIAN FOR qb-METRICS, SPLIT PARAMETRIX CONSTRUCTION

In this section we analyze the structure of the Hodge Laplacian for a ¢-metric
and exhibit its ‘split’ structure with respect to fiber harmonic and perpendicular
forms. We define a pseudodifferential calculus which reflects this structure, carry
out the parametrix construction (building on and extending [GH14]) and show that
the Fredholm inverse of the Hodge Laplacian lies in this calculus. We continue in
the setting of a compact manifold M with fibered boundary dM, with a choice of
boundary defining function z > 0 and collar neighborhood U = [0,¢), x OM. In this
section we always consider E = AyM = A®T*M and often omit the vector bundle
from the notation.

5.1. Strucrure or tiE Hopce Lapracian Ag. Recall the definition of a Riemann-
ian submersion ¢ : (OM,gon) — (B,gp): we split the tangent bundle TOM into
subbundles ¥ & THOM, where at any p € M the vertical subspace ¥, is the tangent
space to the fiber of ¢ through p, and the horizontal subspace Tzf{ OM is its orthogonal
complement with respect to ggas. Then ¢ is a Riemannian submersion if the restric-
tion of the differential d¢ : THOM — TB is an isometry. In this case, one can write
gom = gr + ¢*gp where gp equals ggpar on ¥ and vanishes on T7 M. We also write
¢*TB for THOM.

With respect to the fibered boundary metric ¢ we obtain on the collar neighbor-
hood U

(5.1) *TU :=*TM |y =span{2?0,} ®x¢"TBa& V.

This splitting induces an orthogonal splitting of the ¢-cotangent bundle ¢7* M:

d
(5.2) *T*W:=*T*M | = span {xf} @z 1¢*T*Ba ¥V*,
where 7* is the dual of 7, see (5.11). Recall that the ¢-tangent bundle *TM is
spanned locally over U by 220, 10y,, 0., In terms of this basis the metric g4 takes
the form

1 0 0
(5.3) go=10 Aw(y) =zdoly,z) |+0(?),
0 xAlO(yvz) A11(y,2)

with A;; smooth and Ay not depending on z because of the Riemannian submersion
condition, Assumption 1.3 on go. The vanishing order O(z?) of the higher order terms
is due to Assumption 1.2. Note that in local coordinates ¥ is usually not spanned
by the dz; except at « = 0, unless the off-diagonal terms in (5.3) vanish.

With respect to the corresponding decomposition of A?T*M over U and assuming
that the higher order term A = 0 is trivially zero for the moment, we compute as
in Hausel, Hunsicker and Mazzeo [HHMO04, §5.3.2] for the Hodge Dirac operator D
over the collar neighborhood U

(5.4) Dy =12?D, +2A + Dp +xDp — 2°R,
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where we set A=A+ A", Dp =dp +d}, R=R+ R* and
(55) Dp = (dB—H)+(dB—H)*.

Here, I and R are the second fundamental form and the curvature of the Riemannian
submersion ¢, respectively; dg is the sum of the lift of the exterior derivative on B
to OM plus the action of the derivative in the B-direction on the ¥ *-components of
the form. The term z2D, acts for any w € A’ (m’lqb*T*B) @® AY™ as follows

dx dx
(xzDI) w= 2 A (m%)z) w, x2Dm<ﬁ A w) =— (x2az) w.

To be precise, 229, is the lift of the corresponding differential operator on (0, €) under
the projection 7 : (0,e) x OM — (0,¢). Finally, A is a 0-th order differential operator,
acting for any w € A’ (z71¢*T*B) ® A¥V™* by

dx dz
Aw:—ﬁ-ﬁ/\w, A(E/\w) =0b-10) - w.

We can now take the square of Dy to compute the Hodge Laplacian

(5.6) Ay = D% = (aD,)* + D% + 2°D% + Q, Q € z- Diff,,(M).

Since D% equals Apg plus terms in x - Diffz,(M ), we conclude for the normal operator
and normal family, defined in (4.7), (4.8)

(5.7) Ny(Ag)y = A1y + AR,
(5.8) Ny(Ag)y =72+ |€]* + A, € Diff*(F,).

Here Ary is the Euclidean Laplacian on RAT =R x T, yB, where the scalar product
on Ty B as well as the norm [¢| for £ € TfB are defined by gp. Also, Ap, = DQFy.
Thus the normal family of the Hodge Laplacian is invertible for each (7,&) # 0, and
hence Ay is fully elliptic, only if ker(Ag,) = {0}. Note that we do not impose this
restriction in this paper and hence require additional methods for the low energy
resolvent construction.

Remark 5.1. — In case the higher order term h in (1.1) is non-trivial, additional terms
of the form z - Diffz,(M ) appear, which do not contribute to the normal operator.
They do, however, contribute non-trivially to the split structure of A, in the next
section, unless Assumption 1.2 is imposed.

5.2. SPLITTING INTO FIBERWISE HARMONIC AND PERPENDICULAR FORMS. The explicit
form of ]\Af¢(A¢) in (5.8) shows that the Hodge Laplacian is not fully elliptic, unless
ArF, is invertible for one and hence each y € B. Thus, near M we split the differential
forms into forms which are fiberwise harmonic and the perpendicular bundle. In the
former, Ay acts as a scattering operator, in the latter Ay is fully elliptic, in a sense
made precise below.
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To be precise, let us write V' := [0,e) x B. Then the ¢-cotangent bundle (with
trivial fiber) reduces over V' to the scattering cotangent bundle, cf. (5.2)

d
(5.9) S¢T*V = span {2} ®z 'T*B.
T

Consequently we find from (5.2)
(5.10) ST U = ¢* (°T*V) @ V™.

If p € U and F is the fiber through p, then pull-back under the inclusion of F into U
is a map (¢T*U)p — T, F', which restricts to an isomorphism %" — T F', and this is
an isometry for g and g since ¢ is a Riemannian submersion. Hence we have the
isometry

(5.11) VTR,
The decomposition (5.10) induces a decomposition for the exterior algebras
(5.12) APT*U = A¢* (5°T*V) @ AV*.
Together with (5.9), this allows us to write
C®(U, A°T*U) = C®(V,A**T*V @ C*(F,AT*F)),
where C°(F, AT*F) is considered as a bundle over B, the fiber over y € B being
C>®(Fy,AT*F,). We decompose this bundle as
(5.13) C®(F,AT*F)=H & C,

where for each y € B the space UTC,/ is the kernel of the Hodge Laplacian Af, on the
fiber (Fy,gr(y)), and éy is its orthogonal complement with respect to the L2-scalar
product. Note that dim Jffy = rank H*(F))) is finite and independent of y € B by the
Hodge theorem. It is a classical result [BGV04, Cor.9.11] that H is a smooth vector
bundle over B. For each (z,y) € V let

H ACT V) ay) ®Hy,  Clay) = ATV )(y) ® €y

z,y) —

We define a smooth section of H to be a smooth differential form on U whose restric-
tion to the fiber over (z,y) € V lies in H(, ) for each (z,y), and similarly for C.
Summarizing, we get
(5.14) C®(U,A’T*U) = C>®(V,H) & C>=(V, C).
Corresponding to this decomposition we have projections

IT: (U, A°T*U) — C(V, H),
(5.15) It :=1d — I : C®°(U, A®T*U) — C(V, @),

These maps are defined fiberwise from the projections of C*(F,, AT*F,) to I}N{y and
to €y, respectively, for each y € B.
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5.3. Serit strRucTURE OoF THE HopGE LAPLACIAN, We now turn to the structure of
the Hodge Laplacian with respect to the decomposition above. Recall from (5.4) that
the Hodge Dirac operator Dy = d + d* over U (still with respect to go, setting h =0
for the moment) takes with respect to the decomposition (5.12) the following form

(5.16) Dy =12?D, +2A + Dp +xDp — 2°R.

We consider now as in [HHMO04] the decomposition of Dy with respect to the decom-
position (5.14), which leads to the following matrix representation

T(V,H) T(V,H)

_ (D¢)00 (D¢)01 ) IID4II HD¢HJ‘ ) ’ ’
(517) Do = ((D¢>)10 (Do)~ \IT-DyI T+ DIl ) - SO
r(v,e)  T(V,e).

The individual terms in the matrix (5.17) are given as follows. We define the operator
0 = II(dp — DII, which in [HHMO04, Prop. 15] is shown to act as a differential, i.e.,
02 =0 and (0*)2 = 0. Then we find from (5.16)

(5.18) (Dg)oo = #2Dy + (0 + %) + xA — 2[RI,

(5.19) (Dg)11 = 22D, + 2T DIt + zA — 22T R + T DRIl

(5.20) (Dg)or =11 (zDp — 2*R) I+,

(5.21) (Dg)10 = I (zDp — 2°R) 11

Note that in (5.20) and (5.21) we used that 22D, and A commute with II. We can

express the matrix in (5.17) as follows

D D Ago A
622 2= (oo o) = (")
where the individual entries are given by
Ao = xDy + (3 +0") + A — 2IIRI, Ay =1 (Dp — zR) I+
(5.23) Ay =Tt (D — 2R) 11, Ay = (Dy)11.

We point out that Ay acts as an elliptic differential b-operator on sections of J.
Similarly, A;1 acts as a ¢-operator and Ay, A1g as b-operators. However, below it is
useful to think of the latter as ¢-operators.

For the Hodge Laplacian Ay = (Dy)? (with respect to go in (1.1) with h = 0) one
computes from (5.22) that

~ ((Ag)oo (Ag)or
(5.24) Ap = ((A¢)10 (A¢)11> ’

where the individual entries are given in terms of (5.23) by

(Ag)oo = (zA00) + (zAo1)(z A1),
(Ag)or = (Aoo)(wAo1) + wAo1 A1,
(Ag)10 = (zA10)(Ago) + A11(2A10),
(Ag)11 = (zA10)(zA01) + 2 :
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5.3.1. Unitary transformation of Ay to an operator in L*(M;dvoly,). The Hodge
Laplacian A, is identified with its unique self-adjoint extension in L?(M;dvoly),
where dvoly is the volume form induced by g¢. It is convenient to transform Ay to a
self-adjoint operator in L?(M;dvoly,), where

(5.25) dvoly, = 2"+ dvol,.
We can pass between L?(M;dvoly,) and L?(M;dvoly) by an isometry
(5.26) W : L*(M;dvoly) — L3(M;dvoly), w sz~ (t+D/2,
We use that isometry to define the operator

Op = WoAgo W1 =g~ C+D/2A 4 (t+1)/2

which is self-adjoint in L?(M; dvoly,) instead of L?(M;dvoly). Below, we will deal only
with Oy, which is unitarily equivalent to the Hodge Laplacian.

Recall that we impose Assumption 1.5 so that [Dp,II] = 0. This condition implies
that T+ (D)1l = 0 and I (Dp) I+ = 0, hence zA4g; = —2?IRI and 2459 =
— 22T+ RII are z2 times zero-order operators. This implies that

Op = xf(b+1)/2A¢x(b+1)/2

can be written

SCPOOx .CCPOlIZ?

o ]
where Py € Diff} (M), P11 € Diff; (M) and Poy, Pio € Diff} (M) (in fact, Py1, Pio €
Diff}t(M ) in the special case where the metric perturbation h = 0), with each P;;
sandwiched by appropriate IT and IT+ factors. We call (5.27) the split structure of Og.

All of the computations above are done for h = 0 a priori. Now, for a non-trivial
higher order term h, the Assumption 1.2 with a stronger decay of |hl,, = O(z?),
guarantees that (5.27) still holds with O(23) contributions in each component. Since

e.g. 2Pyz + O(x®) = x(Pyo + O(x))x, we have only higher order contributions to
all PZJ

5.3.2. Normal operator of Oy under the splitting. — Here we in particular explain in
what sense Py; € Diﬁ’i(M ) is fully elliptic. The normal operator of O, has the
following form under the splitting above (cf. (5.7))

N(zPyz), 0 ) Age+1 @ Ids, 0
5.28) N = = v )
( ) ( ¢’)y ( 0 N(Pll)y 0 A]RlH’l @ (AFy)|éy

Note that the lower right corner is invertible as a map on sections of €, with inverse a
convolution operator in the (T, Y)-variables on R®*!, rapidly decaying as |(T,Y)|— oo
(the class of operators with this property is called the suspended calculus). This can
be shown by using a spectral decomposition of Ap, or directly as in [GH14, Prop. 2.3].
In this sense Py; is fully elliptic on sections of €.

JIEP. — M., 2022, tome g



982 D. Grieser, M. Tares1 & B. VERTMAN

The upper left corner of (5.28) behaves differently: If b > 2 then the standard
fundamental solution defines a bounded operator (acting by convolution)

(5.29) Aptyy = (T, Y)['bx 1 27 P2L2(ROH dvol,) — 27 HE (R, dvoly),

if v € (0,b — 1), where x > 0 is smooth and equals 1/r for large values of the
radial function r on R?*!. Here, ¢ is a dimensional constant. For b < 2 there are no
values v for which Age+1 is invertible between these spaces. See for example [ARS21,
Prop. A.2]. In any case, the convolution only decays polynomially at infinity.

Structure of Pyg. — On V = [0,¢) x B, using (5.9) we may write any H-valued form
as a sum u = uy + (dr/x?) A uy where uy, up are sections of A*(x~1¢*T*B) ® H and
AT (27 ¢*T* B) @ H, respectively. Computations verbatim to [GS15, (15)] yield

(5.30) Poo = —(20,)* + L+ 2? TIRTI* RIL.

where with respect to this splitting u < (u1,u2)? the action of L is given by

(5.31) L= MDRI + (45 — Np)” 2(dp — 1)
: - oy

2(dp —I)* IIDEI + (Y —

(do not confuse this matrix representation with the matrix formula under the split-
ting into fiberwise harmonic and perpendicular forms), where Ng denotes the number
operator on A*(z~1¢*T* B), multiplying elements in A*(z~1¢*T*B) by ¢. The opera-
tor Py is a differential b-operator. Its indicial family Iy (Pyo), given in (1.3), and the
set of indicial roots specy (Poo) are defined in §3.3.

Note that zPyox is, up to O(z*) and modulo the unitary transformation (5.26), the
Hodge Laplace operator on (V,dz?/z* + ¢*gp/2z?) twisted by the vector bundle H,
equipped with the flat connection 8 = II(dp — I)IL.

5.4. ParaMETRIX cONSTRUCTION FOR THE spLIT HopGe LApLACIAN. We now review
the parametrix construction for the operator Oy, which is the main result of [GH14].
We begin with the definition of the split ¢-calculus.

A section u of A®T*M can be decomposed over the collar neighborhood U of the
boundary OM into fiberwise harmonic and perpendicular forms as in (5.14). With
respect to that decomposition, we can write u over U as Iu + I+ or as a two-vector

(5.32) ul U = (rii) .

The different parts of the parametrix of Ls with respect to this decomposition have
different index sets in their asymptotics on Mg We introduce notation to describe
this behavior. First we consider sections over M.

Derivition 5.2, — For an index set I, we define 7}, (M) to be the space of u €
,prfhg(M, A®T*M), whose decomposition (5.32) has index sets (;1,). In other words,

the leading terms to two orders in the asymptotics of u at M have values in H.
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We extend this concept to sections on the ¢-double space qu Note that for a
section on M? we can distinguish its J(- and C-parts in both factors near the corner
OM x OM and thus represent it by a 2 x 2 matrix. However, near 1b = OM x M and
rb = M x OM we can do this only in the first (resp. second) factor, so we get a 2 x 1
resp. 1 x 2 vector. The boundary hypersurfaces of Mg lying over OM x OM are bf
and ¢f. Thus we define the split ¢-calculus, identifying operators with lifts of their
Schwartz kernels, as follows.

Derinirion 5.3 (Split ¢-calculus). Let & be an index family for Md% and consider
K e ,fo(M, Ay M). We write I[IK meaning that IT acts on the first component in M2,
and KTI meaning that II acts on the second component — the notation suggested by
interpreting K as an operator. Then

K € {5 (M)
if the following holds:

at bf, when K is written with respect to the H-C decomposition as a 2 x

1) at bf, when K i itt ith t to the H-C d iti 2x 2
: Ly . St &

matrix (HHf;HH HHf;HH | ), it has index sets ( ts o{iii),

2) at lb, when K is written as a vector ( 1 ), it has index sets Sin ;
K Ep+2
(3) at rb, when K is written as a vector (KTI, KII1), it has index sets (c?rb En+2 );

(4) at ¢f, when K is written as a 2 X 2 matrix, it has index sets

( Ept Epr + 2)
éa(z;f +2 g(pf '

The split ¢-calculus is then defined in view of Definition 4.2 by
m,& m
(M) = WEH (M, Ay M) + o 5 (M).

We call the matrices and vectors of index sets in (1)-(4) the split index family associ-
ated with &.

In short, the definition says that terms with a II+ factor on the left have an extra 22
factor from the left (affecting all faces except rb), and terms with a II* factor on the
right have an extra 2% on the right (affecting all faces except Ib) — except for the
I+ KTI* term at ¢f, which is no better than the IIKTI term. Essentially, this latter
fact says that K is diagonal to two leading orders at ¢f.

Note that the proof of our Composition Theorem 8.4 also yields a composition
theorem for \ng (M), by restriction to zf. However, we do not need it, so we do not
state it explicitly here.

The following result is similar to [GH14, Th. 12], which is the main result therein.
Our statement here is slightly stronger and we write out the proof in detail, since it
will be adapted to the resolvent construction below.

TaeoreM 5.4. For each o ¢ specy,(Poo), Oy has a parametriz Q. such that

0pQa =1d =Ry, Q.05 =1d—R.,,
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where Qo € \If;éf(M) and remainders R, € z*° \IJ;,O;}(?(M) and R, € \I!;’O;{)g(M) x>,
The index family & is given in terms of &(«) (that is determined by specy (Poo) and

satisfies (3.4)) by
&b = E(@)p — 1, & = E(a)m — 1, bt = =2, Eyr > 0.

Index sets for Q. with respect to the H-C decomposition are illustrated schematically
in Figure 3 (¢ shall run through elements of & () and r through elements of & (&), ).

Ficure 3. Schematic structure of index sets of Q.

As preparation for the proof we need two considerations for dealing with the split-
ting of Oy in (5.27). Both arise from the need to compose a parametrix of Pyy with
¢-operators coming from the other entries of the matrix. Recall that Py is a b-operator
in the base V = [0,¢) X B, so its Schwartz kernel, and the Schwartz kernel of its
parametrix Qqg, lift to distributions on the b-double space Vb2, valued in End(%)
(and half-densities). On the other hand, the kernels of ¢-operators are distributions
on the ¢-double space Ui. Thus, in order to analyze the compositions, we first lift
Qoo to Vj and® then to Ui. To do this we need the following facts.

Fact 1: Lifiing from b-double to ¢-double space. — Consider the lift of a kernel from ;2
to V¢2 under the blow-down map Sy.1, in Figure 2. An elementary calculation (compare
[GH14, Prop. 1]) implies that for any index family .# on V;? and any m € R (we use

(8)The notation qu indicates the double space constructed in Section 4.2, with M replaced by V'

and with the trivial fibration (whose fibers are points).
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the notation introduced in Definitions 3.1 and 4.2 and omit the vector bundle H from
the notation)

(5.33) By Uy (V) — plrU ™ (V) + ) (V), Bl (V) — ) (V),

where Z e = 0, Fror = mU (b+ 1), Fpip = Fpp = & and F' has the same
index sets as Z at lb, rb and bf, and in addition Fj; = Fpr + (b + 1) (the shift
arises from the density factor, see (4.6)). We use this to lift the b-parametrix Qqp,
where m = 2. Note that, since b > 2 by Assumption 1.6, the leading term in ﬁq@f
is 2, without logarithm. If b=1, there would be an additional logarithm. If b=0, the
leading term would be 1.

Fact 2: Fxtended calculus. The lift 8} ,Qoo is a distribution on V¢2, valued in
End(H) (and half-densities). Since 3 C C>(F, AT*F) and U is an F-bundle over V,
this distribution can also be interpreted as a distribution on Ui. It is conormal with
respect to the interior submanifold {x = 2/, y = ¢/}, which is the diagonal in V¢2, but
is the fiber diagonal (thus larger than the diagonal) in Ui. Thus S5 ,Qoo does not
define a pseudodifferential operator in W;Z’*(U).(g)

Since in our argument sums of such operators and operators in \IJ;Q’*(U) will be
considered, we define for any pseudodifferential calculus on M or U, the corresponding
extended calculus as the space of operators whose kernels are sums of two terms, one
conormal with respect to the diagonal and one conormal with respect to the fiber
diagonal, the latter term being supported near the corner (9M)? of M?2. We denote
the extended calculus by @;2’*(1().

Note that the fiber diagonal hits the boundary of M i only in the interior of the
¢-face ¢f, just like the diagonal, because U? is a fiber bundle with fiber F2. In par-
ticular, the extension does not affect asymptotic behavior at other faces. In [GH14,
Prop. 2] it is shown that the extended calculus enjoys the same composition properties
as the standard calculus.

The extended calculus is only used in the intermediate steps, the final parametrix
lies in the standard (non-extended) calculus.

Proofof Theorem 5.4. — We follow the parametrix construction given in [GH14].
We explain the main steps since our notation is somewhat different and since we
will generalize the construction to the k-dependent case. We also simplify the con-
struction slightly and give more details of the second step. We construct the right
parametrix, it then turns out to be a left parametrix also, by standard arguments.
The construction proceeds in four steps:

Step 1: We first construct a parametrix ¢, with Og@Q; = Id —R; where the
remainder Ry vanishes at the boundary faces bf and ¢f suitably.
Step 2: We improve ()1 to a parametrix ()2 whose remainder also vanishes at 1b.

(9Note that it is the fiber diagonal in the ¢-double space, unlike the fiber diagonal in the b-double
space which was used in the definition of M;
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Step 3: Using a parametrix in the small ¢-calculus, obtained by inverting the prin-
cipal symbol, we remove the interior singularity of the remainder.
Step 4: Iteration gives a remainder as in the theorem.

Step 1. We first work near the boundary, i.e., in U. We use the fact that the diago-
nal terms of Oy in (5.27) are elliptic resp. fully elliptic in the b-calculus and (extended)
¢-calculus sense, and that the product of the off-diagonal terms is higher order com-
pared to the product of the diagonal terms in terms of x. Abstractly, an approximate

right inverse for a block matrix P = (é g) with this property is given by(lo)
A —AB
5.34 = ~ - ,

where A\, D are right parametrices for A, D, say
AA=1d-R, DD=1d—S and B =BD, C' = CA.
A short calculation gives PQ; = Id —R; where
R —-RB’ B'C’ 0
Rl:R/l+Rlll7 Rllz (—SC/ S )’ Rlll: ( 0 C/B/)'
We apply this with A = zPyxz, B = xPyx, C = xPigxr, D = Py;. Since a ¢
specy, (Pyo) there is a b-calculus parametrix @gg, obtained from a small calculus
parametrix (near the diagonal) and inversion of the indicial operator I(Pp)
(5.35) PyoQoo = Id —Rgg, Qoo € ‘I’EQ’g(a)(Va H), Roo € be%bg(a)(u H).

Note that Theorem 3.2 actually yields a better parametrix with remainder in
pﬁ?pfgﬂbg(a)(V, ). However, an extension of that result to the resolvent is not
straightforward, and in fact the rather crude parametrix Qoo with remainder Ry is
fully sufficient for our purposes.

Also, there is a ¢-calculus parametrix for P;q, i.e.,
(5.36) PLuQui=1d—Ru, Qu e ¥, (W), Ry € f (U).

(We leave out the bundle A?T*M from notation in this proof.) We refer the reader
to [GH14, Prop. 2] for details why this works in the extended calculus, and emphasize
that we removed higher order terms at ¢f right away.
Then A = 2~ Qooz~" lifts to an element of W2 (V,3() ¥, (U) by (5.33),
with & as in the statement. With D = Q11 we get
B' = (¢Pyz)Qu1 € 22 Ty (U) = Ty (UW)a?,
C' = (xPl()JJ)A\ S $2 Eiyg(U)

The extra 22 factors in B’, C" give Q1 € @;2}(& (u).

(10)This formula arises from taking leading terms in the Schur complement formula for the inverse
of a block matrix.
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We now analyze the remainder terms R} and R}. We shall use the notation for
index families

Z = (a,b,l + \,7 + p) means:

5.37
(5.37) Tt = a, For 2 b, Fip, = E(Q)p + A, Fp = E(a)w + p-

First, R = xRoox ! lifts by (5.33) to be in ,Qf(b(lA’HLT_l)(U). Then by the composition
result [GH14, Th.9] we find RB’ € Mf’ﬁ’lﬂ’rﬂ)(U). Similarly, we conclude with
S = Ry that SC' € dég’g’gm*l)(U). The diagonal terms in R are

B/c/ c x4§27g(u _ péfag,(lo,l-‘r&’r—l)(u)’
OB’ € 2T (W = T O )

—0,%
In summary we get Ry € pf;f\I/Z ! (U), where

(5.38) % _(<L0J+Lr—1> <3,2,z+1,r+1>>
. . |

(9,9,9,7r—1) (2,0,l+1,r+1)

Note that all terms in R; vanish at bf and ¢f. If we had simply inverted the diagonal
terms then we would have got a remainder whose IT*+ RII component does not vanish
at bf, which would not be good enough for the iteration argument in the resolvent
construction below.

At this point the Schwartz kernels of Q1 and R; are defined over U x U only. Using
a cutoff function we modify ()1 to an element of @;2%(@ (M), without changing it near

bf U ¢f, so that R; = Id —PQ; is in pifﬁzﬂl (M) with %, as above.

Step 2. We want to refine our parametrix (); from Step 1 so that the remainder
vanishes to infinite order at lb. We accomplish this by determining @)} supported
near 1b so that 0,Q} agrees with R; at 1b to infinite order. Then

(5.39) 0,Q1 = R1 — Ry,

where Ry has the same index sets as Ry except for @ at lb, and also has order zero.
The construction is essentially the same as that in [Mel93, Lem. 5.44], but we need
to be careful with the correct exponents in the H-C splitting. Finding )} amounts to
solving

IPO()I lZJPOll‘) <q0> (7’0)
5.40 -
( ) (mplox Py q1 T1

as an equation in the (z,y, z) variables, with (2, 3/, 2) as parameters, to infinite order
as x — 0, with control of the 2’ — 0 behavior which corresponds to the asymptotics
at the intersection of Ib with bf. Here

- (:‘j) runs through the two columns of Ry,
~ (%) runs through the corresponding two columns of Q.
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By (5.38) the exponents at 1b occurring in (79) are (%ﬁ) for I € m& (), for either
column of R (in fact, slightly better in the first column). Then (5.40) can be solved
to leading order for (g‘f) having leading exponents (%j&) at 1b by first choosing") ¢,
satisfying (always to leading order) (xPyox)qo = ro (using b-ellipticity of Py). Note
that the term (xPy12)g; will be of higher order. Then we choose ¢ satisfying Py1q1 =
r1 — (xPyox)qo (using full ellipticity of Py1). Doing this iteratively removes all orders
step by step.

Uniformity at 1b N bf (as 2’ — 0) is shown as in [Mel93, Lem. 5.44], we only need
to check the exponents at bf. For the left column of Ry, they are (1,2)T by (5.38),
which implies they are (—1,1)7 for the left column of Q} by the explanation above.
For the right column of Ry they are (3,2)7, which implies similarly (1,2)7 for the

right column of Q. In summary, @} has index sets (only listing bf, 1b)
(-1,1-1)(1,1-1)
(1,1+1) (2,1+1))°
so we get that Q) € \P;?g(M) after possibly adjusting & by allowing more log terms
at 1b. More precisely, comparing with Figure 3 we see that @] is strictly higher order

at bf than @1, except in the (€, C) (lower right) component (this information is not
used in this paper).

Step 3. — We now have 04Q2 = Id —Rs with Q2 = Q1 + Q) and Ry from (5.39).
Next we remove the interior conormal singularity of the remainder. First, note that
(RoIT, RoTTt) has index sets (notation as in (5.37))

(5.41) ((1,4,@,1"—1),(2,4,®,r+1)).

Since [y is ¢-elliptic, we may find a ‘small’ parametrix @), arising from inverting the

1) ptic, y p g g
¢-symbol, so UpQ, = Id =R, with Q, € ¥,™ (M) and R, € ¥ > (M). Then we
obtain

UpQ3 =Id —R3, with Q3 := Q2+ Q,R2, R3:= R, Ry

Since @, Rz has the same index sets as Rp, see (5.41), it is also \II;Q}Cg(M) like Q2
and does not contribute to the leading terms of Q3 at bf and ¢f. Also, R3 has the
same index sets as Ro and in addition is smoothing.

A priori, our construction only yields that Q3 lies in the extended ¢-calculus. The
following standard regularity argument shows that ()3 actually lies in the ¢-calculus:
since @, is also a small left parametrix, Q,0y = Id — R, with R € \Il;m, we have

Qo — QsR3 = Q,04Q3 = Q3 — R,Q3

and since both remainders are smoothing, Q3 has the same singularity as Q..

(IDIf ] is an indicial root of Ppo then go gets extra logarithmic terms.
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Step 4. The remainder term Rj3 is smoothing and vanishes at 1b, bf, ¢f, so that the
Neumann series Id + Rz + R3+ - - - can be summed asymptotically by the composition
theorem for the full ¢-calculus. Denote the sum by Id +S. Multiplying this from the
right gives Q, = Q3(Id+S5) and R, = R3(Id+S) as required.

Finally, we note that @, has the same leading terms as @1, to two orders at bf
and ¢f. This concludes the proof of the theorem. O

Remark 5.5. Note that, as in [GH14], we first constructed the boundary parametrix
and then combined it with the interior parametrix arising from inverting the ¢-symbol.
This is the opposite order from what is done, e.g., by Vaillant [Vai0l] in the same
context. Our approach has the advantage of giving control of the H-C decomposition of
the parametrix both on the domain and range side (the opposite order would give only
control on the range side of the right parametrix). This gives more precise information
on the parametrix and is needed, for example, for the proof of the Fredholm property
stated below.

Remark 5.6. — The fact that the off-diagonal terms of Oy in (5.27) are higher order
in terms of  — 0 is the reason that we impose the assumption [II, Dg] = 0. Without
this assumption the off-diagonal terms would only be in Diﬂ?i(M)ﬂx Difff (M) (rather
than 2 Diffi(M)), and it is not clear what the result would be in this case.

5.5. MAPPING PROPERTIES AND ABSENCE OF RESONANCES. By standard arguments the
existence of a parametrix allows to deduce mapping, in particular Fredholm, results
for Oy, as well as asymptotic information on elements in its kernel. In our context
we obtain different regularity for the H and the € components.

The split Sobolev space is the Sobolev space analogue of Definition 5.2

(5.42) H3(M) = 272 HE (V3 9€) + H2(M; Ay M),

where HE),O(V, H) is the space of Hg sections of H compactly supported in V =
[0,€) x B.(1?) Recall that we always use the measure dvol,. This space has a natural
Hilbert space topology, see [GH14, §6.1, Def. 7]. Note that

H3e (M) & L*(M; Ay M),

(5.43) 2 H2(M) C L*(M; Ay M).

There are also higher regularity versions of (5.42), defined as x~2 Hgfgk(V; H) +
H;E(M ; Ay M) where in the second summand up to two ¢-derivatives in addition to
up to k b-derivatives are required to lie in L2.(*3) We only formulate the following
result for the case k = 0 since this is all that we need here.

(12)Note that Hﬁ - Hi - x*ZHg.
(13)1t would not be natural in our context to define higher split spaces by replacing 2 by k
everywhere in (5.42), since these would not form a scale of spaces.
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CoroLrAry 5.7. The operator [y is bounded
(5.44) O : 2T HZ (M) — 2T L2 (M; Ay M)

for all &« € R and Fredholm if o & specy,(Poo). Its Fredholm inverse Gy o lies in
ql(;z}cg(M) with the same index family & as in Theorem 5.4. The leading asymptotic
terms of the (lift of the) Schwartz kernel of Gy o are as follows.

(1) At bf: it is (za’)~! times the inverse of I(Poo), acting on z®L?, pulled back
from the b-face of M2 to the bf-face of M?. In particular, only the HIH component of

b ¢

the Fredholm inverse G o is non-zero at bf.

2) At ¢f: it is the inverse of the normal operator of Oy, where the H part of the

¢

inverse is given by (5.29).

The Fredholm inverse was defined after Theorem 3.3. We now continue with the
proof of Corollary 5.7.

Proof. Boundedness follows easily from (5.27) and the Fredholm property follows
from boundedness and compactness of the parametrix and remainder on the appro-
priate spaces, see [GH14, Th.13]. The shift in weight arises since Qg in (5.35) is
bounded z®L? — x*HZ, so 7 'Qpoxr " : z*T1L% — 2> 1 HZ. The statement on the
Fredholm inverse then follows by standard arguments as in [Mel93, Prop. 5.42 & 5.64].

The leading terms at bf and ¢f only arise from the first parametrix @ constructed
in Step 1 of the proof of Theorem 5.4. The leading (i.e., order —2) contribution at bf
occurs only in the HIH-component and is £~ Qpox !, which implies the claim for bf.
The leading (i.e., order 0) term at ¢f is the direct sum of the pull-back of z7'Qgoz~*
to ¢f and of the inverse of the normal operator of Py;. Since b > 2 by Assumption 1.6,
the singularity of Qgo at the diagonal is of the type (|s — 1|2 + |y — ¢/[?)~(®—1D/2
where s = x /2’ (recall projective coordinates (3.3)). Thus 2~ 1Qgoz ! is given by the
half-density (for the same constant ¢ as in (5.29))

(- d
¢ (ax')y (s =12 + [y —y?) " 1)/2\/;xd8dydy’-

Pulling back this half-density to M; gives in projective coordinates (4.5)

9 o\ —(b—1)/2 dx dy’
c- (TP +1YP) \/deYﬁﬁ’

which shows that the standard fundamental solution on R?*! indeed appears at ¢f
as in (5.29). O

We now obtain information on the kernel of [g.

Cororrary 5.8. — Under the Assumption 1.4 the following holds: for any solution
w € x LA (M;AyM) to Oyu = 0, we have that u € ﬂ(f&%)fl(M). In particular,
u € L2(M; Ay M) and thus there are no resonances, i.e.,

ker,—1r2(arin, ) Up = kerpzara,an g
Equivalently, we have for the unitarily equivalent Hodge Laplacian Ay

kerxflLZ(M;A¢M;dvol¢) A(ﬁ = kerLQ(M;A¢M;dvol¢) Aqﬁ
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Proof. — Taking the dual spaces of (5.44) with respect to L? we get Oy : 2*71L? —

z* 1 H 2 (compare [GH14, Th.13)) if a ¢ specy, (Poo). We take a = 0 and use the left
X b

parametrix o from Theorem 5.4. Applying Qo to Ogu = 0 we get u = Rju. Since

(5(0)% - 1)
EO0)+1)°
at Ib and @ at all other faces, and since &(0)1, = &ip(1) by Assumption 1.4, we con-

clude u € ﬂ/{f}})*l

R}, has index sets

(M). The claim on no resonances follows. O

6. REVIEW" OF THE RESOLVENT CONSTRUCTION ON SCATTERING MANIFOLDS

The operator (A + k?) and its unitary transformation (O, + k2) are fully elliptic
¢-differential operators and invertible for k£ > 0, so the Schwartz kernels of their
inverses are polyhomogeneous distributions on Mq% x (0,00)g, where the ¢-double
space M ; is defined in (4.4), with a conormal singularity at Diag, x(0,00) where
Diag, is the lifted diagonal in Mq?) However, that description is not uniform up to
k = 0. In case of dim F = 0 (scattering manifolds), the behavior of the resolvent
(Op + k%)~ as k — 0 was analyzed by Guillarmou-Hassell [GH08, GHO09], as well
as Guillarmou-Sher [GS15], who define a blowup Mg . of M? x R*, Rt = [0, 00),
on which the resolvent is polyhomogeneous and conormal.

In this section we review this construction and generalize it slightly to obtain a
space M,isc’ & which in case of point fibers reduces to M,f’sc and in the general case
serves as intermediate step in our construction of the resolvent space M, 13 " for Oy,
which is carried out in Section 7. In Section 6.4 we review the results of Guillarmou,
Hassell and Sher in the case of point fibers.

In this section M is a manifold with fibered boundary, and local coordinates near
the boundary are as in Definition 4.1.

6.1. BLowur OF THE CODIMENSION 3 CORNER. We consider M? x R with copies
of local coordinates (x,v,2) and (z',9,2") on the two factors M near OM. We use
the following notation for the corners of M? x R*. For any iy,is € {0,1} we define
Ciyi, == {x; =0 for all j with i; =1} C M? and

C-. = Ci1i2 X {0}, C+

o iy = Ciyiy X RT.
For example, the highest codimension corner of M? x R¥ is given by
C={z=42"=k=0}
The blowup of the corner C7; and blow-down map are denoted by
By : [M? x RY,C7,] — M? x RT.

This leads to a new boundary hypersurface that we call bfy, as illustrated in Figure 4,
where all other variables are omitted. We may introduce local projective coordinates
near each corner of bfy.
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k k
b rb b1
—_—
& At T x’ x
Ficure 4. Blowup of Cf;.
Near top corner. Away from zf we may introduce,
/

(6.1) E=o ¢=Ton a2k

Here, ¢’ is a local boundary defining function of the right boundary face rb (we write
prb = &), € of the left boundary face Ib (we write pp, = £), and k of the new boundary
face bfy (we write ppg, = k).

Near right corner. In a similar way, away from Ib we may introduce,
/
T k
/ !/ !/
(6.2) sS$=— k=—, 2,9 2,4, 2.
x x

Here, local boundary defining functions are given by pnt, = @, prp = 8, put = k.
Projective coordinates near the left corner are obtained by interchanging the roles
of z and z’, and replacing rb by 1b.

6.2. BLowur OF THE CODIMENSION 2 CORNERS. The next step is to blow up the
codimension 2 corners that are given by

Cyy =M x OM x {0}, C5y=0M x M x {0}, C;, =0M x oM xR".

More precisely we blow up their lifts to [M? x R*, C5,], which we still denote by
C31,C30, Oy This defines

(63) M]f,b = [[M2 X RJr’ CII] 7061’ CIO? Of_l]

with blow-down map (2 and new front faces 1bg, rbg and bf. This blowup is illustrated
in Figure 5. We keep the notation bf, for the lift of the face bfy.
The associated (full) blowdown map to M? x R* is given by

Bo=P20p1: MZ, — M? xR*.
We now describe the blowup in terms of projective coordinates that are valid near

some of the intersections of the various boundary hypersurfaces in M, lib'
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[\

Ficure 5. Blow up of Cgy, C3y, O

Projective coordinates near bfy Nbf. — We use the projective coordinates (6.1). The
new projective coordinates near the left corner on the top are now given by

& =z z!
(64) C: ? = ;a gl = Ea Y, 2, y/a Z/a k.
where pp, = ¢, por = &, pv, = k. Interchanging the roles of z and 2’ gives a set of
coordinates near the left top corner, i.e., near bfy N bf, valid away from rb.

Projective coordinates near bfo Nrbg. — We use the projective coordinates (6.2). The
new projective coordinates in the lower right corner, where bfy, rbg and zf meet, are
now given by
!/

(6.5) s’:%,T:gzg, xz, Y 2y, 2.
where p,e = 7, prb, = §', pof, = . Projective coordinates near the left lower corner,
where bfg, 1bg and zf meet, are obtained by interchanging the roles of x and z’.
Projective coordinates near the other corners are obtained similarly.

6.3. BLowur or THE FIBER D1AGONAL. — The final step is to blow up the intersection
of the lifted (interior) fiber diagonal, which is locally given by = 2/, y = ¢/, with the
face bf:

(66) diagk,sc,qS = Bg(diag(b,int XRJr) Nbf = {C = 13 Y= y/a 5/ = O}
in projective coordinates (6.4). The new front face is denoted sc and the resulting
space
Mlg,sc,zb = [Mlg,b;diagk,sc@]
with blow-down map (3 is illustrated in Figure 6.
The associated (full) blowdown map to M? x R¥ is given by

Br,sc,p = B30 P2 o Py : M5,5C7¢ — M? x R*.
In the same pattern as before, we may introduce projective coordinates near the

intersection bfy N sc. Using the coordinate system (6.4), we define new projective

JIEP. — M., 2022, tome g



994 D. Grieser, M. Taresr & B. VErRTMAN

bf
B4 b rb
_—
lbo I‘bo
zf zf

Ficure 6. Final blowup M,f)swﬁ = [M,iwdiagkysc,d)].

coordinates as follows

(-1 y—y a’

& =kT, U := & =kY, 5’:?, v, 2z, 2k,

with (T,Y) as in (4.5). Here, the boundary defining functions are as follows: pp¢, = k,
pse = & and the boundary face bf lies in the limit |(X,U)| — co. We illustrate these
coordinates in Figure 7.

The lifted diagonal in M, ,isc’ ¢ 18, by definition, the set

(6.7) X =

Diagy, o0 4 = BZySC’d,(DiagM xRT).

bf

zf

Ficure 7. Illustration of projective coordinates in M,f,swﬁ.

Remark 6.1. — For each fixed ko > 0 the level set {k = ko} in the blowup manifold
M., is simply the ¢-space M7, introduced in (4.4). The face zf is diffeomorphic to
the b-space M?, and in fact in case of trivial fibers F, the Hodge Laplacian A, can
be reduced to a b-operator zf, see (6.9) below. That observation has been crucial in
the resolvent constructions by Guillarmou, Hassell and Sher.

If the fibers of ¢ are points then we generally write sc instead of ¢, e.g. Ag, *T'M,
Mg ., Brsc instead of A, *TM, M,?,SC@, Bi,sc,4, respectively. This notation is used
e.g. in Definition 6.2 below.
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Note that, if M is a general ¢-manifold with trivialization U 22 [0, €) x M near the
boundary then ¢ defines a fibration U — V = [0,¢) x B, and this induces a fibration

(68) ui,sc@ — Vk2,sc

with fibers F2. Therefore, a distribution on V,f,sc valued in End(H) for a subbundle
H C C*(F, E) and some bundle E — U can instead be considered as a distribution

2 .
on uk’w valued in F.
6.4. ASYMPTOTICS OF THE RESOLVENT ON SCATTERING MANIFOLDS. — We close the section

with a short review of the main result by Guillarmou-Hassell [GHO8], as well as
Guillarmou-Sher [GS15] on the resolvent kernel of the Hodge Laplacian in the special
case where fibers are points, usually referred to as scattering manifolds.

Note that, in the case of point fibers, Ay, reduces to the top left corner of Ay
in (5.27). Conjugating A by W as in (5.26) we obtain O, the top left corner of Oy.
Thus, if we define (identify x with the corresponding multiplication operator)

(6.9) P:=z2"1lo0y 0zt

then P is precisely the operator Py in (5.27). This is an elliptic b-differential operator
on M. By [GS15, (15)], parallel to the formulas in (5.30) and (5.31), we have up to
higher order terms coming from the higher order terms in the metric

(6.10) P = —(20,)* + Le.,

where the action of Lg. on A*(z71T*B) @ x~2dx A A*~Y(z~1T*B) is given by
b=l _ 2

(6.11) Lo (22t (5~ ) e,
2d7, Ap + (%5 — Np)

where Ap is the Hodge Laplacian of B, and dp denotes here the exterior differen-
tial on B. Np denotes as before the number operator on A*(z~'T*B), multiplying
elements in A*(z~'T*B) by £. The indicial family I,(P) and the set of indicial roots
specy, (P) are defined as in Section 3.3.

Before we can state the main theorem of Guillarmou and Sher [GS15], let us intro-
duce the (k,sc)-calculus of pseudodifferential operators with Schwartz kernels lifting
to M .. As usual we identify the operators with the lifts of their Schwartz kernels.

Derintrion 6.2. Let M be a compact manifold with boundary and let £ — M
be a vector bundle. We define small and full (k,sc)-calculi as follows. Consider the
following density bundle (compare to (4.6))

(6.12) Qs (MF o) = p V(M ) = pi 2V By (o (M x RT).
The corresponding half-density bundle is denoted by* Qi{; (M ,?’SC).

(19)This is precisely the half-density bundle 1/2 (M? ) introduced in [GHO8, §2.2.2].
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(1) The small (k,sc)-calculus, denoted W}, (M;E) for m € R, is the space of
distributions on M, z’sc, valued in Qé{; (M2 ..) ® End(E), which are conormal of order

k,sc
m — 1/4 with respect to the lifted diagonal and which vanish to infinite order at all
boundary hypersurfaces except bfy, zf and sc.

(2) Consider (ap,, azf,asc) € R and an index family & for M,isc such that

&vt, Eb, G = D. The full (k,sc)-calculus is then defined by
(6.13) w0 s (v py o o o pucc (M E) + (M ED),

k,sc k,sc

where we simplified notation by setting

(6.14) (M3 B) = o7 (ME oo Q4 (ME ) © End(E) ).

See the remark after Definition 2.4 concerning the order shift by 1/4.

Tueorem 6.3 ([GS15, Th.18]). — Let (M,g) be a scattering (asymptotically conic)
manifold, satisfying Assumption 1.2, 1.4 and 1.6, where

(1) Assumption 1.4 can be replaced with (1.5) and 0 ¢ spec, (P).

(2) Assumption 1.6 is equivalent to dim M > 3.

Then (e + k2)71 lies in the full (k,sc)-calculus \I',;z;(fz’o’o)’g(M, Ase M), where
@pzf = _27 @@bfg P> _27 gsc P 07 @plbo — Orbg > 0.

Moreover, the leading terms of the resolvent at all boundary hypersurfaces of M,isc
are given by solutions of explicit model problems.

7. Low ENERGY RESOLVENT FOR (ﬁ-METRICS, PROOF OF MAIN THEOREM

Recall that our aim is the construction of the inverse for A, + k2, which is a
self-adjoint operator in L*(M;A,M;dvol,). We equivalently describe the parametrix
construction for

2= OH/2 o (Ay 4 k) 0 2®HD/2 = O, 4 K2,
which is a self-adjoint operator in L?(M;AyM) := L*(M;AsM;dvoly). In the collar
neighborhood U of the boundary, [y acts with respect to the splitting into fiber
harmonic forms H and the perpendicular bundle € by a 2 x 2 matrix (see (5.27))

xPyx xPy1x
So=\uror Py )
10T 11

As in the parametrix construction for [y in Section 5.4, we will start the construc-
tion of a resolvent parametrix for [y by taking parametrices for the diagonal terms
1 Pyox+k? and Py1+k2. These are well-behaved (i.e., polyhomogeneous and conormal)
on two different spaces:

— Recall from Section 5.3 that xPypx is, up to higher order terms, a Hodge Lapla-
cian on V = B x [0,¢) for a scattering metric, twisted by the bundle H. Therefore
it has a resolvent parametrix which is well-behaved on the space sz,sc and valued
in End(%). By (6.8) and the subsequent explanation it is therefore a well-behaved
distribution on U7 .. 4 C MZ ;.
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— For operators like Piq, i.e., fully elliptic ¢-Laplacians, the resolvent is well-
behaved on Ui xRt C Mg x RT.

These two spaces are illustrated along each other for comparison in Figure 8. In order
to construct the resolvent of (s we therefore need to find a blowup of M? x RT that
blows down to both M} . , and MZ x R*. We now construct such a space, which we
call M ;.

~

N—

2
Mk,sc,d)
Mj x Rt

Figure 8. Comparison of the blowup spaces Mg . , and M7 x RT.

7.1. CONSTRUCTION OF THE BLOWUP SPACE Mliaﬁ' — The space Ml?,aﬁ is constructed
from M, ,f,sc’ » by one additional blow-up. Let diag,, 4 be the intersection of the lifted
interior fiber diagonal with bf:

(7.1) diagy, , = B se.p(diagy iy XRT) Nbfg = {X =0, U =0, k =0}

in projective coordinates (6.7). Then we define

(7.2) M} 4 = [M} .. 4 diagy, 4,

with the blowdown map By-sc : M,? 6= M,f’sc’ ¢ and total blowdown map
Brip = Brisc,p © Bo-sc : M 5 — M? x RY.

The resulting blowup space is illustrated in Figure 9.

Ficure 9. Blowup space M ,f e
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By construction, the blowup space M, , blows down to M7 . ,. However, existence
of a blowdown map to Mq% xR is non-trivial and is the subject of the following lemma.

Lemva 7.1. — The identity in the interior extends to a b-map
Bro: My — M7 x RF.

More precisely, Bl/wﬁ is the composition of the blow-down maps for the blow-up of
M¢2> x RT in the faces f x {0}, where f runs through the faces bf, ¢f, 1b, tb of M2,
with bf blown up first. The face ¢f, of M,f,d, is the lift of the front face of the blow-up
of ¢f x {0}.

For the proof we use the following result on interchanging the order of blowups.

Lemma 7.2, — Let Z be a manifold with corners and A, B C Z be two p-submanifolds
which intersect cleanly.*®) We shall blow up both submanifolds in different order and
write e.g. [Z; A, B] := [[Z, A], B], where B is the lift of B under the blow-down map
[Z,A] — Z. Then there are natural diffeomorphisms as follows.

(a) If A, B are transversal or disjoint, or one is contained in the other, then inter-
changing the order of blowups of A and B yields diffeomorphic manifolds with corners

[Z: A, B] = [Z; B, Al

(b) In general, interchanging the order of blowups of A and B yields diffeomorphic
results if additionally the intersection AN B is blown up:

[Z;A,B,ANB|=[Z;B,A, AN B.

In both cases diffeomorphy holds in the sense that the identity on Z ~ (AU B)
extends smoothly to a b-map between the two spaces with smooth inverse.

Proof. — For the proof of statement (a) we refer to [HMM95, Lem. 2.1]. For the proof
of statement (b), that is stated without proof in [Mel08, Prop. 5], we shall illustrate
the idea on a specific example that models the blowup of diag,, , in M, ,f,sc) - Consider
Z =R, xRI xR} with coordinates (z,y, z) as indicated in the lower indices. We set

A={x=2=0} and B:={zr=y=0}
Their intersection is AN B = {z = 0,y = 0, z = 0}. We shall consider projective
coordinates on the blowups [Z; A, B, AN B] and [Z; B, A, AN BJ.

Blowup [Z; A, B, ANB]. — The blowup is obtained in three steps, blowing up A first,
then the lift of B second, and finally the lift of the intersection A N B as the third
step. This is illustrated in Figure 10.

(15)This means that near any p € AN B one can find coordinates adapted to the corners of Z so
that both A and B are coordinate subspaces locally. This implies that the lift of B under the blow-up
of A is again a p-submanifold, and similarly with A, B interchanged. See [Mel96, Prop. 5.7.2].
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o)

Fieure 10. [Z; A, B, AN BJ.

Blowup [Z; B, A, ANB]. — The blowup is obtained in three steps, blowing up B first,
then the lift of A second, and finally the lift of the intersection A N B as the third
step. This is illustrated in Figure 11.

e ed AL

Fieure 11. [Z; B, A, AN B].

There is an obvious isomorphism between the face lattices"®) of the two spaces.
We shall write out explicitly the projective coordinates near the corners indicated
by a bullet in Figures 10 and 11. Straightforward computations show that projective

coordinates in both blowups are the same and given by

(7.3) 51:ﬁ7 52:E7 53:E~
x Y z

These projective coordinates are illustrated in Figure 12.

(Z: A, B, AN B] [Z;B,A, AN B

Ficure 12. Coordinates in corners of [Z; A, B,AN B| and [Z; B, A, AN B.
Similarly we may check that projective coordinates near any pair of corresponding

corners of [Z; A, B, ANB] and [Z; B, A, AN B| coincide, proving the statement in this
model case. The general case is studied along the same lines. g

We can now prove Lemma 7.1.

(16)i.e., the ordered sets whose elements are the faces of the space, ordered by inclusion.
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Proof'of Lemma 7.1. — We proceed in the notation of Section 6 and denote for exam-
ple by C;; the highest codimension corner in M? x R*, and C}; = M x OM x R*;
we will use the same notation for the lifts. We will apply Lemma 7.2 with

Z=[M?xR*;CHj] =M xR", A=C},, B=diag,xR",

where diag, is the fiber diagonal in the b-face of My, see (4.4). In local projective
coordinates (s = z/2',2',y,y’, 2,2’ , k) near the resulting front face in Z, we have
A={2'=k=0}and B={2' =0, s =1, y = y'}, which shows that A, B intersect
cleanly (but not transversally). Now [Z; A, %] = M E,b (where x denotes the left and
right edges C7y, Cp;) and the lift of B to this space is diagy, .. , and disjoint from x,
so [Z; A, B, *] = M,isc,qb. The lift of AN B to this space is diag, and disjoint from ,
so we obtain

(7.4) [12:4,B,40 B);C1,, i | = MR,
On the other hand, [Z; B] = M3 x RT, so we also have
(75) |28, A,A0 B Clo, G5, | = [[M2 < R, 4,40 BJ 1, i .

By Lemma 7.2 the spaces in (7.4), (7.5) coincide so the claim follows since the lifts
of A, AN B, C}y, C§; are f x {0} with f = bf, ¢f,1b, rb. O

We can apply the construction of the (k, ¢) double space to the boundary neighbor-
hood U £ [0,¢) x OM instead of M. We can also apply it to the space V = [0,¢) x B,
with the trivial fibration that has point fibers. Then, similar to (6.8), the fibration
U — V =[0,¢) x B induces a fibration

(7.6) Uzo — Vig

with fibers F'2. Therefore, a distribution on Vk?’ ¢ valued in End(H) for a subbundle
H C C*®(F, E) and some bundle E — U can instead be considered as a distribution
on u%@ valued in E.

7.2, Derinition or hE (K, ¢)-cancurus. — The lifted diagonal Diagy, 4, i.e., the clo-
sure of the preimage of {(p,p,k) | p € M,k > 0} € M? x R* under the map
Br,o : Ml?@ — M? x RY, is a p-submanifold of M,f’¢ and hits its boundary only in
the faces sc, ¢f, and zf. The Schwartz kernel of the operator O, + k2 lifts to Mlg,¢ to
be conormal to Diagy, 4, uniformly to the boundary with a non-vanishing delta type
singularity, when written as a section of the half-density bundle

1/2 _ —(b+1)/2~1/2
(7-7) Qb{i) (Mlng&) = psc(bJrl)/Q%f(o+ )/ Qb/ (M13¢)

This is because the same is true for [y on M¢2>7 hence on Mg x RT, with respect to its
diagonal diag xR*, and this diagonal hits bf x {0} transversally, so blowing up that
face (which results in ¢f, away from bfg) does not affect conormality. Equivalently,
in local coordinates we blow up {z’ = k = 0}, and this does not affect conormality
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with respect to {(T,Y) = 0,z = z’}. We also use here that the half-density bundles
are compatible in the sense that

QM2 ) = (8) (05 (02) 0 0 ®)).

This motivates the following definition. As usual we define operators (in our case,
families of operators on M depending on the parameter k£ > 0) by their Schwartz
kernels and identify kernels on M? x (0, 00) with those lifted to the interior of M ,f e

Derinition 7.3. — Let M be a compact manifold with fibered boundary and E — M
a vector bundle. We define small and full (k, ¢)-calculi as follows.

(1) The small (k, ¢)-calculus, denoted by WZ%(M;E) for m € R, is the set of

distributions on M ,, valued in Qéf(M 7 »)®End(E), which are conormal of order(!?)
m — 1/4 with respect to the lifted diagonal and which vanish to infinite order at all
boundary hypersurfaces except ¢f), zf and sc.

(2) Consider (agt,, azt, asc) € R3, and an index family & for M ,f 4 satisfying &, =

& = & = . The full (k, ¢)-calculus is defined by

m, (gt At ,0sc),E a (pf  Ase \TyM . £ .
(7.8) Wttt S (V) = gt pas ptee g (M E) + oA, (M5 B),
where we simplified notation by setting

1/2
AL (M; E) = o (M2 4, ng, (M2 ,) ® End(E)).

If the triple (agt,, s, asc) = (0,0,0), we simply write \I/Zlf(M, E).

Note that, as in Definition 6.2, the numbers agr, azr, asc refer to the behavior of
the conormal singularity at the boundary faces, while the index family & describes
the boundary behavior of the smooth part. These two behaviors are allowed to, and in
general will, be different. If £ = Ay M then we also need a split version of the (k, ¢)-
calculus, analogous to Definition 5.3, because of the different behavior of H- and
C-valued sections.

Derinirion 7.4 (Split (k, ¢)-calculus). — Let & be an index family for M;?,¢ as above.
Let dliﬁ,:}c(M) be the space of sections K € ,;af,f(b(M; Ay M) which satisfy the con-
ditions in Definition 5.3, with bf, b, rb and ¢f replaced by bfy, lbg, rbg and ¢f,
respectively. The split (k, ¢)-calculus is defined as

m,& m
U (M) = Uity (M A M) + 248 5¢(M).

zts™¥sc 15 . .
The space \I/?;f%?f‘”a £:0isc) (M) is defined in an analogous way.

(17)See the remark after Definition 2.4 concerning the order shift by 1/4.
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7.3. INITIAL PARAMETRIX CONSTRUCTION ON M,f "
,

Tueorem 7.5. — There exists a resolvent parametriz G(k) € \Il];ié;c(M), such that
(Og + k*)G (k) = 1d —R(k),
with remainder R(k) € \If,:’(;fg}(fl’l’l)"%(M) where the index set & satisfies

Eiby = (= — 1, &by =E(—1)w — 1,
Sbtg = =2, Epr, 20, & =0, & = =2,
with &(—1) determined by specy,(Poo) and satisfying (3.4) with P = Py, « = —1, and

an index set Z positive at all faces. Moreover, & and %y are empty at f = bf,1b, rb.
Note that by Assumption 1.4, &(—1), = &(1), > 1 and similarly at rb. Hence

(7.10) Eby >0, &y > 0.

(7.9)

The proof of this result occupies this subsection. Constructing G(k) requires solv-
ing model problems at the various boundary hypersurfaces of M, ,3 ¢ leading to the
construction of the leading terms at these faces. We first find the leading terms at zf
and then at the faces sc, bfy, ¢f,, lying over OM x JM. Along the way we check that
the constructions match near all intersections, and also with a small parametrix at
the diagonal.

The construction at zf is global on M x M and uses Corollary 5.7. The construction
at the faces sc, bfy, ¢f, closely follows the route taken in Step 1 in the proof of
Theorem 5.4, with [y replaced by [y +k? and Mi by M,f’qﬁ. In the intermediate steps
of the construction we need the extended calculus as explained after Theorem 5.4.
The definition given there carries over to the (k, ¢) because Ui o V,ﬁ » 1s a bundle
with fibers F2 see (7.6). The lifting property (5.33) also carries over and now reads
(leaving out bundles)

(711) ﬂ;—sc : \II,I;Z::(V) — pglfo\lll;gb(v) + %kim(v)ﬂ Mk{c(v) — dki (V)

for any index set .% for M,f’sc, where Fp, bty = 0, Fnor, = mU(b+1), and F, ; = @
at all other faces f, and where .#' has the same index sets as % at all faces that already
exist on V,ﬁsc, and in addition yjﬁo = Ppt, + (b+ 1). Note that, since the boundary
fibration for V has point fibers, we have V2 . = V2 _ ..

We also need to pull back via 8}, , : M , — M3 x RT:

(7.12) (Brp)™ s C(RY, W™ (M) — W 3 (M).

This follows from the fact that ¢f, arises as front face of the blow-up of the corner
of x {0} C M; x R (see Figure 11) and the fact that this face is transversal to the
diagonal in M7 x R*.

In the following construction we denote the leading term of order m at a face f by
Gm(f). That is, the resolvent behaves like pf'Gy, (f) + o(p'}') near the interior of f,
and similarly if there are several leading terms. Here py is a defining function for the
interior of f. We use k as interior defining function for all faces ‘at k = 0’ i.e., zf, 1bg,
bfy, ¢f,. At zf we need to construct two leading terms, G_z(zf) and Go(zf).
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7.3.1. Leading terms at zf. We shall define (a fibered cusp operator)
Ueg := x_ll]¢x_1.

From Corollary 5.7 it follows that the following operators are Fredholm:

(713 O, 2 H%(M) — LZ(M; AgM), %f — 1 ¢ specy,(Poo)

O : x°Hj (M) — L°(M; Ay M), if 0 & specy,(Poo)-

We abbreviate L? = L?(M;A,M) and H2, = HZ,(M). Assume 0 ¢ specy (Pop)."®
Recall that by (5.43) only the second map in (7.13) is an operator in L% Let Gy be
the Fredholm inverse of [y in L?. Because [, is self-adjoint in L? we have

(7.14) OegGep = Id —IIey,

where II.4 is the orthogonal projection in L? onto the L?-kernel of ey, which has finite
dimension. Conjugating by z and inserting = - 2! between (., and G4 we obtain

(7.15) Opz ' Gegr ™! = Id —allepz .
This is an identity in 2L?, since the operators on the left hand side in (7.15) map

x_ch¢x_1 Oe

xL? cHZ, zL?.

We now show that (7.15) is also an identity in L? (without weight z!). First, we con-
sider the right hand side of (7.15).

Levva 7.6. — If Assumption 1.4 is satisfied, then x1l.,x~" extends to a projection'?)
in L?, and the orthogonal projection Iy of L? onto the L?-kernel of Oy satisfies

ker IT4 = ker (wax*l) .
Proof. — We have by Assumption 1.4
(7.16) keryz ey = kerpe D¢x_l =z ker,-172 0y = xkery2 Oy,

where the last equality is by Corollary 5.8 that follows from Assumption 1.4. In par-
ticular, kery: 0.y C xL? Writing the Schwartz kernel of Il as Z;V:1 o; ® aj for
an orthonormal basis (¢;) of kery> [y, we see that the Schwartz kernel of zIl.,z "
equals Z;Y:I(xqﬁj) ® (:::_15]»), and from z7'¢; € L? we conclude that this extends to

an operator on L?, and that (for u € L?)
u € ker (mHC¢x_1) — ulz?! kerr2 Oeg.

Now (7.16) gives z~ ' kerp2 . = kerzz Oy, and the claim follows from kerp» [y =
RanlIl, = (kerII,)" by the following sequence of identities

kerII, = (kerpe D¢)l = (1:*1 kery DC¢)L = ker (JL‘HC¢$71) . a

(18)This is of course a consequence of Assumption 1.4.

(19)Note that the projection mHC¢z_1 is not orthogonal.

JIEP. — M., 2022, tome g



1004 D. Grieser, M. Taresr & B. VErRTMAN

Next, we consider the left hand side of (7.15). Since 7 Gepz ™! is a parametrix
of Oy in #L? with finite rank remainder, the argument in Corollary 5.7, with o = 0,
shows that its index set at rb is &(0);, — 1. Now x_lGC¢x_1 extends to L2 iff its
index set at rb is positive, and by (3.4) this is equivalent to

(7.17) [—1,0] Nspecy,(Poo) = 2.

Thus by Assumption 1.4, (7.15) is indeed an identity on L2. In view of (7.15) as
an identity on L? and Lemma 7.6 we can obtain a formula for a Fredholm inverse
of Oy, using the following simple functional analytic result, relating projections and
orthogonal projections.

Lemma 7.7. — Let Hy and Hs be Hilbert spaces, P : Hy — Hs and G : Hy — H;
be operators such that P o G =1d —1II for a continuous projection 11 in Ho. Then the
operator Id —I1 4+ IT* in Hsy is invertible, and the orthogonal projection I1, in Ho with
ker IT = ker 11, is given by

(7.18) M, = IT* o (Id —IT 4 I1*) %
Moreover, setting G, := G o (Id =11 + I1*) ™!, we have
(7.19) PoG,=1d-1II,.

Proof. — Since II is a projection, ker IT = Ran(Id —II). The property ker IT = kerII,
implies that II, also vanishes on Ran(Id —II), so
I, o (Id —IT) = 0.

Next, II, is the identity on the orthogonal complement (kerIl,)* = (kerIl)t =
RanIT*. Thus II, o IT* = IT*. Adding this to the property II, o (Id —IT) = 0 above,
we conclude

I, o (Id —IT 4 IT*) = II*.
The operator II — IT* is skew-adjoint, thus has purely imaginary spectrum. Con-
sequently, Id —IT + II* is invertible and (7.18) follows. Finally, (7.19) follows by a
straightforward computation with S = Id —IT + IT*:

PoG,=PoGoS ' =1d-MoS ! '=(S-T") oS !'=1d-T*cS~!. O
We apply Lemma 7.7 by setting (in the notation therein)
P=04 G=1'Geyz ", T=allyr ', H =H} Hy=1L"

We then obtain a Fredholm inverse G,, which we denote G, to O, by setting (note
H:¢ = Hcd:)
(7.20) Gy =1 'Gegr ™ o (Id —allepr ™ + o Mlepz) L.
Remark 7.8. — Formulas like (7.18) have appeared in the literature before, e.g. in
[BBLZ09, Lem. 3.5]. Our functional analytic approach is different from the approach

by [GS15] and [GHO8], where the Fredholm parametrix is obtained by algebraic com-
putation with bases of kery2 [ly.
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We can now define the two leading terms of the resolvent parametrix at zf as
(7.21) G_a(2f) =114, Go(zf) = Gy.

Note that sGy = Id —II4 and Oglly = 0 imply that this defines indeed a parametrix
near zf:

(7.22) (Og + k) (k1L + Gy) = Id+O(K?).
7.3.2. Leading terms at sc, bfo, ¢fy. — In this step we will construct a parametrix
——2,8'

by defining it near the boundary faces sc, bfo, ¢f, of M}, and extending it to M ,
using a cutoff function, with remainder term vanishing at the boundary, see (7.26)
below for the precise statement. Here &’ coincides with the index set & in (7.9) except
at zf, where &/; = 0. We follow Step 1 in the proof of Theorem 5.4, replacing Oy by
Op + k2 and taking the weight o = —1. That is, with O, written as in (5.27) and in
the notation of the proof of that theorem we now set

A=axPyxr+k* B=uxPyx, C=axPyox, D=P;+k.

Diagonal terms in (5.34). — Comparing (6.10), (6.11) with (5.30), (5.31) shows in
view of (6.9) that we can apply the resolvent construction of Guillarmou and Hassell
to find a parametrix Qoo for A = xPyox + k2, but only near the boundary, i.e., on
V2. That is, we use the solutions of the model problems at the diagonal, at sc and
bfy (but not at zf) to obtain

(zPooz + k*)Qoo,k; = 1d —Roo ks
Qoo,k € \I’_Q’(_Q’O’O)’&(V, H), Roox € pbfopscﬂf‘s’c(‘/, H),

k,sc

(7.24)

where & is the index set & but without the ¢f, part. By (7.11) Qg lifts to an
element of \p,;iéa(v, H) C @,:ig(l[) (we leave out the bundle Ay M from notation in
this proof). In the notation of (5.34) we set A= Qoo,x and R = Ry k-

Next we construct a parametrix for D = Py + k?. As discussed after (5.28), the
normal operator of Pj; = HJ-D(bHJ- is invertible, and by [GH14, Prop. 2.3] its inverse
lies in the extended suspended calculus of M; The argument given there shows that
the same holds for Py; + k2, with smooth dependence on k > 0. So the arguments of
loc. cit. apply to give Q11,x € C“(RZ,@;Q(U)), Riix € C“(R;Mf(ﬂ)), satisfying
(P11 4+ k*)Q11,5 = Id —Rq1 1 as an identity in C*°(V x (0, 00), €). Pulling these oper-
ators back under the map 3, : U , — U2 x R we obtain by the extended analogue
of (7.12)

——2
QlLk € \Ilk,¢(u)7 Rll,k € ﬂkﬁ(u)a

where #,; = 0 and .#; = @& at all other faces f.
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Off-diagonal terms in (5.34). With A = Qoo,% and D= Q11,5 we get

B' = 2PyxQik € $2@27¢(U) = @2,¢(U)x2 and C' = zPiozQooxr € xQWZj;(U)

——2.6
The extra z? factors in B’,C’ give Q1 € \IlkiH(U)

Remainder. — The analysis of the remainders is analogous to the proof of Theo-
rem 5.4. For index families we use a notation analogous to (5.37):

(7.25) F = (a,b,c,l + X\, r +p)
= P, = a, Ty, 2 b, Foe 2 ¢, Ty = E0)b + N, Fipy = E0)p +p

and %, = 0, and all other index sets empty. By (7.11) Roo  lifts to ,ka(vlf’l’lﬂ’rfl) (u).
Then Roo B’ € 5> () and Ryp 107 € 52227~V (). Also,

—0,& —0,(2,0,0,l43,r—1)

B'C' e $4‘I’k,¢(u :lefopgc‘l’k,¢ (w,
—0,8 —0,(2,0,0,l4+1,r+1

C'B' € 22Ty (Wa? = ply ot Ty D ),

In summary we get (Og + k%)Q1 = Id —R; where R; € péfopgcﬁg”fl (U) with

(7.26) @ ((1,0,0,l+1,r—1) (3,2,_175_,_17,,4_1))
. L |

(9,9,9,9,r—1) (2,0,0,i+1,r+1)

This has positive index sets at bfy, sc, ¢f,.

Matching at the intersections of boundary faces. — The terms at sc,bfg, ¢f;, match
between each other and the faces bf,1b,rb by construction. We now show that the
terms at bfy and ¢f, also match with the leading terms at zf.

First, the coefficient of the k=2 term is the orthogonal projection IIy to K =
kery» 04, whose integral kernel is vazl ¥; @9, (times b-half densities) for an or-
thonormal basis (1;) of K. By Corollary 5.8, ¢; € (M) for an index set F > 0,
and this implies II, € szf_%(M ) with # positive at all faces (and even with an in-
dex set > b+ 1 at ¢f by (4.6)). Since the leading orders at bfy and ¢f; in & are
—2, 0 respectively, it follows that k=2II, = (x’)~%(2/) %I, (recall from (6.2) that
k' = k/x') is lower order than the leading terms of G;(k) at these faces, in each of
the components of the H-€ decomposition.

Next, the kY coefficient at zf is G, in (7.20). The fact that Gee is a Fredholm
inverse of L.y implies as in the proof of Corollary 5.7 that G4 is pseudodifferential,
and more precisely that 271G oz! € \IJ;QH‘% (M) with & the index set for zf induced
by & in (7.9), and has the same leading terms at the intersection with bfy and ¢f,
as @1 (k) restricted to k = 0, in each component of the H-€ decomposition. Also, the
terms S = mHC¢x_1 + x_1HC¢x vanish at the boundary as in the argument above
for 114, so (Id+S)™! = Id+S5" where S’ has the same vanishing orders by standard
arguments, so the factor (Id +S)~! does not change the leading term.
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7.3.3. Singularity at the diagonal. The fact that the distribution kernel of Oy + k2
has a delta type singularity on diag,, ,, uniformly and non-vanishing at the boundary,
means that its (k, ¢)-principal symbol, which is an endomorphism of N* diagy, 4, is
uniformly invertible. By inverting this symbol and applying the standard parametrix
construction one obtains a ‘small’ parametrix Qa satisfying

(O +£)Qa =1d—Rp, Qa € Vi 5(M), Ra € U5 (M).

The same argument as in the proof of Theorem 5.4 shows two things: that the
parametrix constructed so far, which was only in the extended ¢-calculus near the
boundary, is actually in the ¢-calculus itself, and that QA can be adjusted to match
with the parametrices at the faces hit by the diagonal.

7.3.4. Remainder term of the initial parametriz. — We choose our initial parametrix
G(k) to be an element of \Il,ﬁf;( (M) which matches the models at zf, sc, bfy, ¢f, as
explained above. We now analyze the term R(k) in (Og + k?)G(k) = Id —R(k) and
in particular track the different terms in the H-C decomposition.

First, consider 1bg near its intersection with zf, away from bf,. Here

G(k) = k~2G_s(zf) + Go(zf) + G,

where G has index sets .Z, 1 at lbg, zf, respectively, with . = ( gfmﬂrg
0

(recall K = k/x as defined in (6.2)) defines zf near zf N by, this means G = kG’
with G’ having index sets .Z, 1 at by, zf, respectively. Then by (7.22)

(O + K)G(k) = Id +k2Go(2f) + (O + k2)(5G").

The main term here is OykG’ = kOyk kG’ = kxOyz~'G’. Now xOuz ! has the
same structure (5.27) as Oy, and x defines lbg, so applying it to G’ yields index set

22 én, Eiv, + 2
7.27 © = ° ,
( ) (2 0) ® (éyibo + 2) (Cg}lbo + 2)

where ® is the tropical matrix product, which is the usual matrix product with +

) . Since &

replaced by U (respectively replacing + by ‘min’ for lower bounds on index sets) and -
by +.

The index set of KG’, and hence of R(k), at rbg is the same as that of G’ since P
does not act on the local defining function z’ of rby, so it is (é"rbo Erby + 2). Now (7.10)

implies that R(k) € Mk%’g{(M) near (Ibg Urbg) N zf with %y, %1, positive. Similar

arguments and (7.26) show that R(k) € \IJ,;ZO’;}(CLM)"%(M) with & positive at all faces.

This finished the proof of Theorem 7.5.

Remark 7.9. Our Assumption 1.4 implies that the remainder term, after construct-
ing model solutions at zf, sc, bfy, ¢f,, is positive at all faces, including lbg and rby.
For this reason, and since we do not require finer information for the Riesz transform,
we do not need a construction of leading terms at these side faces as in the works by
Guillarmou, Hassell and Sher.

JIEP. — M., 2022, tome g



1008 D. Grieser, M. Tares1 & B. VERTMAN

7.4. STATEMENT AND PROOF OF THE MAIN RESULT. Now we have all tools in place
to finish our microlocal construction of the resolvent for the Hodge Laplacian Ay
on ¢-manifolds at low energy. Recall that we work under the rescaling (5.26) and
thus Ay is replaced with the unitarily equivalent operator Oy acting in L2(M; Ay M).
We recall the initial parametrix Q(k) for (O, + k?), constructed in Theorem 7.5

(Op + 5)Q(k) = Id —R(k).

In order to invert the right hand side we begin with a lemma that is parallel to [GHO8,
Cor. 2.11].

Lemmya 7.10. For N > dim M, R(k)N is Hilbert-Schmidt for each k > 0, with

Hilbert-Schmidt norm
IR(E)N| s — 0, as k — 0.

Proof. — Since the Schwartz kernel for the error term R(k) is a polyhomogeneous
conormal distribution when lifted to M, ,3 > vanishing to positive order at all boundary
faces, there exists a positive lower bound € > 0 for all its index sets. Then the
composition theorem 8.4 implies that R(k)" has index sets that are bounded below
by Ne > 0. Since the order of R(k) as a pseudodifferential operator is (—1), the order
of the conormal singularity of R(k)" is (=N) < —dim M, so its Schwartz kernel
is continuous across the lifted diagonal. Thus R(k)" is a Hilbert Schmidt operator
in L2(M; AyM). Finally, its Hilbert-Schmidt norm tends to zero as k — 0 since its
Schwartz kernel vanishes at the k = 0 faces zf, 1bg and rbg. O

Thus Id —R(k) is invertible as an operator in L?(M;A,M) for k > 0 sufficiently
small. We can now state and prove our main theorem.

Thueorem 7.11 (Main theorem). — The resolvent (Oy + k%)~1 is an element of the
split (k, ¢)-calculus \I/,;?bé;{(M), defined in Definition 7.4, where the individual index
sets satisfy

(7.28) Sse 20, Eyt, 20, bty = =2, iy, Epy >0, S = 2.

The leading terms at sc, ¢fy, bfy and zf are of orders 0,0, —2, -2, respectively, and
are given by the constructions in Section 7.3.

Proof. — Fix N > dim M. By Lemma 7.10 there is ko > 0 so that R(k)" has operator
norm less than one for k € (0,kq]. Therefore, Id —R(k)" and hence Id —R(k) is
invertible for these k, with inverse given by the Neumann series 32 ; R(k)’. As in the
proof of Lemma 7.10, all index sets of R(k)? are bounded below by je, and since this
tends to oo as j — 00, it follows by standard arguments that (Id —R(k))~! = Id +S(k)
where S(k) lies in the calculus with the same lower bounds for the index sets as R(k).

By Proposition 7.5 the initial parametrix Q(k) satisfies the claims of the theorem.
Hence the same holds for (O, + k?)~! = Q(k)(Id+S(k)). Since S(k) has positive
index sets everywhere, the leading terms of (O, + k?)~! are the same as those of
Q(k). This proves the statement when k is restricted to k < ko. Since (Oy + k?) is
fully elliptic for all & > 0, with smooth dependence on k, the statement holds for
all k. ]
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8. TRIPLE SPACE CONSTRUCTION AND COMPOSITION THEOREMS
The following results hold for any vector bundle E. We applied these composition

results above for the particular case where E = A®T* M.

Turorem 8.1. — Consider operators A and B with integral kernels lifting to
1) B Ka € g (MF 4. O © End(E)) = oy,
Bt o KB € (M2 4, 07 @ End(E)) = /7.

Assume that both lifts vanish to infinite order at bf, Ib and rb. Then the composition
of operators Ao B is well-defined and has integral kernel lifting to

. 1/2
(8.2) B oK aok € A5 (M2, Q7 ® End(E)) = oS,
Furthermore, the analogous statement holds for the split spaces:
(8.3) BioKa € ﬂff@g{, Bro KB € Wk‘i,ﬂ{ = BroKaoB € ﬂfk%,ﬂ{-
The index family C is given by
Coty = (Sbty + Pty + (04 1)U (Einy + Foby + (b+ 1)) U (e, + Fr,) »
Chiy = (Ebty + Fbto )U(Elby + Frbe ) U(Et, + Pty )U(Ebt, + Fot, ),
Crby = (Eut + Frbo )JU(Erby + Foty )U(Erby + Fot, ),
(8'4) Glbo = (églbo + g\zf)U((g)bfo + t%bo)U(gqbfo + %bo),
Cot = (&t + Fut)U(Ervy + Fibg ),
Cot =Cp = Cp, = 3,
esc = ((gasc + <gfsc)
Note that no integrability condition on the index sets at the left and right boundary

faces is needed since composition, hence integration, is done only for fixed k£ > 0, and
Schwartz kernels are assumed to vanish to infinite order at the side faces for k£ > 0.

Proof. — The Schwartz kernel K 4,5 may be expressed using projections
7 M2 xRY — M2 xRY,  (p,p,p", k) — (0,0, k),
e M2 x RY — M2 xRY,  (p,p,p", k) — (p,p", k),
TR M> x RT — M? xR, (p,p/,p" k) — (p,7, k).
With this notation we can write, provided the pushforward is well-defined,
Kaop = (mc)s (npKa @ 11 Kp).

To prove the theorem, we need to define a triple space M,f s glven by a blowup of
M3 x R*, such that the projections 7,7, mr lift to b-fibrations I, I, I on
the triple space Mliqﬁ. More precisely, writing 6,%@ = Bro : le,d) — M? x Rt for
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1010 D. Grieser, M. Tares1 & B. VERTMAN

the blowdown map on Mg ,, we are looking for a space M}, and a smooth map
By Mg, — M? xRt such that the following diagram commutes for * € {L,C, R}.

i
M, ——— M,

/81?2,¢l lﬁzxﬁ

M3 x Rt 5 2 x RY
Once we know that the projections lift to b-fibrations, we deduce that
(8.5) Bi oK aop = (Tc). (HE (Br oK) - 11} (5Z,¢KB))v

is polyhomogeneous on M, ,f » Dy the pullback and pushforward theorems of Melrose.
We proceed in four steps.

— Step 1: Construct the triple space Mg”d).

— Step 2: Show that projections 7y, g, 7w lift to b-fibrations Iy, I1g, I1o.
— Step 3: Compute the index sets (8.4).

— Step 4: Prove (8.3).

StEp 1: CONSTRUCTION OF THE TRIPLE SPACE M f: s — We constructed the double space
M ,f o from M? x R* by first doing a b- (or total boundary) blow-up, then blowing up
the fiber diagonal in k > 0, denoted diag,, .. 4, and finally the fiber diagonal at k = 0,
denoted diagy, ,. (Here fiber diagonal always means the boundary of the interior fiber
diagonal, lifted to the b-space.) Similarly, we will construct the triple space M, ,g’ é by
first doing a b-blow-up, then blowing up the preimages of the fiber diagonal in k > 0
under the three projections, and finally blowing up the preimages of the fiber diagonal
at k = 0. In both cases the three preimages intersect, so their intersection is blown
up first.

We now provide the details. We first set up a notation for the various corners in
M? x R*, similar to the notation for the double space. We write (z,2’,2") for the
defining functions on the three copies of M. As before, k& > 0 is the coordinate on
the RT-component. Now for any triple of binary indices 41,142,435 € {0,1} we define
Ciyigig == {x; =0 for all j with i; =1} C M3 and

Cz. - Ci1i2i3 X {O}a c

19243 119213

= Oi1i2i3 X R+.
For example the highest codimension corner in M? x R is given by
Ciyy={x=2"=2"=k=0}.

We will slightly abuse notation below by denoting the lifts of C ; ;.
for * € {',+} and 41,%2,13 € {0, ].}

We will also sometimes use this systematic notation for the boundary hypersurfaces
of the double spaces Mlg,sc«b and Ml?,d Thus, for example, bf = C}| and bfy = C};.

For the fiber diagonals we also write diagy, .. 4 = C(Lb and diagy, , = C3,.

« .
as C7;,;, again
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Construction of the b-triple space. The space M3 x RT has boundary faces of codi-
mensions 4, 3, 2 and 1. We do the total boundary blow-up, i.e., we first blow up the
codimension 4 corner, then the codimension 3 corners, and then the codimension 2
corners.

The result of blowing up the codimension 4 corner, C7,;, is shown schematically
in Figure 13, left. Note that, as before, for the figures we pretend that M = R™, i.e.,
we leave out the y-variables in M, and we only depict the boundary faces. For the four-
dimensional space Ri and its blow-ups this boundary is a union of three-dimensional
polyhedra (which are the boundary hypersurfaces), just as for the three-dimensional
space Ri it is a union of polygons, as in Figure 9, for example.

a3
9.

S
Vg

N,

Ficure 13. Construction of M ,‘z‘)b: In the left picture, only the highest
codimension corner [M?xR*; C};;] is blown up. In the middle picture
the codimension three corners are also blown up. In the last picture
the codimension two corner C7j is also blown-up.

After blowing up C7;; the lifts of the codimension 3 corners Cy1,C11, Ci109 and
Cﬂl are pairwise disjoint, so we can blow them up in any order. The result is illus-
trated in Figure 13, center. After this, the lifts of the six codimension 2 corners are
pairwise disjoint, so we can blow them up in any order. To get an intuitive under-
standing of the blowups of the codimension 2 corners, we illustrate schematically the
blowup of Cl+10 in Figure 13, right. This defines the b-triple space M,f’b, with the
blowdown map

Byt Mp, — M? x RT.
As shown in [GHO8], the projections 7, 7m¢,mr lift to b-fibrations M,ib — M,f,b
(the latter space is constructed in Figure 5), which are denoted by my, 1., b, Tb, R,

respectively.

Blow up of fiber diagonals diagy, .. s in bf faces. — The preimage of the interior
int(C;;;,) under the projection 7z, : M3 x Rt — M? x R* is int(C§,,,,) Uint(CY, ;.)
for any isiz and * € {e,+}, so if izizx # 00+ we have for the lifted projection
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1012 D. Grieser, M. Tares1 & B. VERTMAN

(by abuse of notation, we denote the lifted corners by the same symbol again)

—1
(8.6) T, 1 (Clhis) = Chiniy U C gy
and the latter two hypersurfaces intersect. Now consider diagy, . , = C(;qu cM ,37]3, the
part of the fiber diagonal contained in Cy; = bf, see (6.6). By (8.6) and its analogues
at C' and R, its preimage under each of the projections my, . is given by the union of

two fiber diagonals:
1 /q-
ﬂb’L(dlagk’SC’qﬁ) = CO+¢¢ U Cltbrﬁ’
-1 .
(87) ﬂ-b,c(dlagk7SC,¢) = C(z_()d) U O;_]-(Ib’
o r(diagy se.6) = Clyo U Oy
Here, e.g. C;“w - M,ib denotes the intersection of the lift of the fiber diagonal
{r =2, y=y'} with (ﬁ%b)*(Cﬁo). Similarly, C’qu C M3, denotes the intersection
of the lift of the fiber diagonal {z = ', y = y'} with (ﬁgb)*(Cﬂl) This notation is
illustrated in Figure 14.

MZ,

Ficurk 14. Lifted diagonals 02_4507 C;‘¢1 in M.

Let us check which of the six submanifolds on the right in (8.7) intersect non-
trivially. First, the first and second term in each line intersect. Also, any two of the
second terms intersect in the triple fiber diagonal

+ _ o+ + +
O =CsNCG,NCL, .
We refrain from writing C’;;b » instead of & T for better readability.
We define the triple scattering space by

M so = [Mp; 07, Oy Ch1g0 Cosns Cigr Coon Cogols
with total blow down map ﬁg)sc : ME”SC — M3 x RT. Note that we blow up the
fiber diagonals in C}7, first.(?*) As shown in [GHO8, Lem. 6.1], the lifted projections
Th,L, Th,C, Tb,R lift to b-fibrations 7 1, Tsc,c's Tsc,R : M,f’sc — M,f respectively.

,sc?

This also follows by the argument in the proof of Theorem 8.2 below.

(20)This is in fact immaterial, the other order would work just as well.
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Blow up of fiber diagonals ¢f, in bfy faces. This step is analogous to the previous
one, with k& > 0 fiber diagonals replaced by k = 0 fiber diagonals. Consider the
fiber diagonal diag;, , = Cg, C M, ,f,sc, 4» which is contained in the (lifted) boundary
hypersurface Cj; = bfy. Again by (8.6) its preimage under each of the projections
Tse,« 18 given by the union of two fiber diagonals:

71 . . L[]
oo (diagy, 4) = Copp U Clyy,

—1 . . L]
ﬂ'SC,C(dlagk,gb) = C¢O¢ U C¢1¢,

71 . L ] [ ]
Toep(diagy o) = Cguo U Chyrs

with notation analogous to before. The hypersurfaces in the third line are illustrated
(on the level of M,ib) in Figure 15.

Mgy,
Figure 15. Lifted diagonals Cj 5, Cg g in My .
Again, intersections are non-trivial only in each line and among second terms on
the right, and the latter intersect pairwise in the triple fiber diagonal at k& = 0,
The blowup of @* (and of &7) and the various lifted diagonals are illustrated schemat-

ically in Figure 16.
We can now define the final (phi) triple space as follows

3 . 3 . . . . . . ° .
(88) Mk,(b T [Mk:,sm 7 ) Cl¢¢’ C¢1¢a C¢»¢17 CO¢¢7 C¢o0¢>7 C¢¢0]7

with total blow down map, 6;;’#) : M,i’,¢ — M3 x Rt.

Step 2: Livrs I, 1o, Il EXIST AND ARE B-FIBRATIONS

Turorem 8.2. — The projections ©y,, wo, wr lift to b-fibrations
(8.9) g, e, g : My, — ME 4.
Proof. — Since the spaces M, g’ »and M, ,f » are symmetric under permutations of the M

factors, it suffices to prove the statement only for one of the projections, e.g. for Ilg.
As noted above, mg lifts to a b-fibration 7y g : M,g’,sc — M,isc. We now use two

standard lemmas about lifting b-fibrations. The first, Lemma 2.5 in [HMM?95], states
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1014 D. Grieser, M. Tares1 & B. VERTMAN

Fieure 16. Various lifted diagonals after blowup of ¢ and 0°.

that 7 g lifts if we blow up a closed p-submanifold Z in the range M, ,fysc and also all
the maximal p-submanifolds of the domain M ,3’7“ which are contained in the preimage
W;}R(Z). We apply this to Z = diagy, ,,, with preimage C3,,UC{,;, to conclude that
Tse,r lifts to a b-fibration

(8.10) (M oo: Copr, Cogol — [MR o, diagy, 4] = M .

Thus it remains to blow up the space on the left to obtain M ,i’ > and to check that
the composed map remains a b-fibration. For this we use Lemma 2.7 in [HMMO95]
repeatedly. This lemma states that if f: X — Y is a b-fibration and S C X a closed
p-submanifold then the composition with the blow-down map, [X,S] — X N Y,
is a b-fibration again if f(.S) is not contained in a boundary face of ¥ of codimension
two, and if f is b-transversal to S. These conditions can also be restated as follows:
f(S) is all of Y or a boundary hypersurface of Y, and f restricted to S is a b-fibration
S — f(S). This is easily seen to be satisfied for all blow-up centers in the sequel.

Recall from (8.8) that, to obtain M} ,, we need to blow-up &* first in M .. Now
the three p-submanifolds CJ,;, Cg,q, O° of M 5’7“ satisfy the following relations:

Cq.wlCﬁ., C;5¢Oﬂﬁ.:®

The former holds by definition of &°, the latter holds since after blow-up of Cy11
in M3 the triple fiber diagonal (on which # = 2’ = 2 holds) hits the boundary only
in the interior of the Ci1; front face, while Cygp is contained in the Cjy front face;
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compare Figure 16. Therefore, Lemma 7.2(a) implies
(M3 se3 Cop1, Cop0, 0°] = [Mjie; 0%, 1, Cgo) -

Finally, we blow up Cg,,, Cls,, Closs Cope to obtain Mlg,¢> (using that the former
two are disjoint from C(;¢O), and the proof is complete. |

Step 3: Compute THE INDEX sETS (8.4). — In order to compute the index sets for the
composition we first need to determine the exponent matrices (see (2.3)) of the lifted
projections Iy, Il¢e, g : M,‘;57¢ — M,f’qs. That is, for each of these maps and for
each boundary hypersurface H’ of the target space M ,? » we need to determine which
hypersurfaces H of M ,f » are mapped to H'. For these the exponent e(H, H') equals
one, for all others it is zero. That only the exponents zero and one occur follows from
the proof in step 2 and Lemmas 2.5 and 2.7 in [HMMO95] (our maps are simple in their
terminology).

As an example, we determine the preimage of H' = bfy = C}; under the map IIj,.
First, the preimage of bfy C M?, under the map m, 1, is the union of Cgy; and C74,
see (8.6). When passing to the écattering spaces this remains unchanged since only
fiber diagonals in k£ > 0 are blown up. Now consider the blow-ups leading from M, gsc
to M, ,:3 o A new front face arising from such a blow-up, say of the submanifold Z, will
be in the preimage of bfy under I, if and only if Z maps onto bfy. This is the case
precisely for the fiber diagonals C3;, and CF ;. Summarizing, we obtain

(HL)il(be) = C'611 U C'1.11 U C;nqs U C(;ﬁqﬂ'

By similar arguments we obtain preimages as listed in Table 1.

From Table 1 we can read off the index family C, using (8.5) and the index set
formulas in the push-forward and the pull-back theorem. We write out the argu-
ment for Cyf : The entry for ¢f, in the Ilg column shows that the asymptotics of
1% (Br o Ka) - 117 (Bf; , K ) at the faces CF,, C3,4 and 0 contribute to €y, . To find
the asymptotics of H*R(,BZV(bKA) at C;w we note that the entry C’J)% appears in col-
umn IIr only in the line 1bg, so the asymptotics is given by &ip,. Arguing similarly
for the other factor and the other faces we find that the product has index sets

(1) éabfo + cgzbfo at O;ﬂzb’

(2) Cgolbo + ﬁrbo at C(;O(b’

(3) £¢f0 + j¢f0 at 0°.

From there we conclude (taking into account the lifting properties of Qif as in [GH14,
Th.9])

Cyt, = (Sbty + Fbt, + (b + 1)) U (b, + Finy + (b + 1)) U(Eyt, + For,)-

Proceeding similarly at other boundary faces we conclude the rest of (8.4).

Step 4: COMPOSITION OF SPLIT OPERATORS. — We now prove (8.3). It is useful to intro-
duce the ‘tropical’ notation for operations on index sets, £ @& F := E U F and
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H Mlz,qﬁ Preimage of H' under the map
1155 I g
2t = Cio 00 Coxo Cox
bfy = CT; 11 C31 Copr | Crat Crgg Cigr | Cris Coig Oy
oo=Cho | Clus 0 |Chpor |G 0"
tho = Cio || G210 Cgo Cleo Coso Clox Coop
rho = Co1 || Clor Cooo Cos1 Cogg Co1e Cogo
bf = Cfy || Chy Chy Cln | Ol Oy Cli | O Chay C
=Cls | Cioo 77 Cous O Cloe OF
b=Cfy || Chy Chyo Cho Chyo Cio. Cloy
b =Gy Clor C¢t0¢ Co Co+¢¢ Cit. CSLM

TasrLe 1. Relations of boundary hypersurfaces of M, ,‘3’ » and M, ,3 o Un-
der the maps Iy, Il and I1g; a * means that both faces with x =0
and * = 1 occur. The bottom four lines are a copy of the middle four
lines, with « replaced by +.

E ®F :=FE+ F. Then we have for any u € dp]flg(M) and v € (prlf]g(M)
u+wve ;zfp%?F(M), u-vE .szfp]flgF(M).

This implies a similar rule for 2 x 2 matrices of functions & = (u,;) on M and of index
sets E = (E;;) where 4, j € {0,1}: if we define ﬂf ﬁ%pﬁflg(M) to mean w;; € ﬂplf]g(M)

for all 7, j then for any @ € @/p}%g(M) and U € Mpﬁg(M)

u+ve d;fl?F(M), u-ve .Q/p]flé@F(M),
where ® denotes the tropical matrix product, which is the usual matrix product with
+, - replaced by @, ®, respectively.

We now turn to index families &, % for M, ,3 é and integral kernels K4 € dk":} and
Kg € dk"i, omitting B , for simplicity. Define the tropical sum & & .# face by face
and the ¢-tropical product as
(8.11) E 0y F =C
if € is defined from &, .% as in (8.4). Then linearity and (8.2) imply

£ éa g
Ka€a, Kpedly = Kayp € 4’57, Kaop € o)y, .

Again, this implies for 2 x 2 matrices of kernels and index families, with notation
analogous to above,

S s o ;o foF o Fe,F
(8.12) Kac ey, Kpealy = Kape#l37, Kiop € 42%,6754’ .
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Recall the definition of the split (k, ¢)-calculus, Definitions 5.3 and 7.4. Given an
index family & for M q%, let & be the associated split index family, considering it as
2 x 2 matrix at each face. Consider kernels K 4, K supported over U x U (see below
for the general case), and let K A, K B be the associated 2 x 2 matrices of kernels as
in Definition 5.3. Now if K4 € ‘Q{kéjaﬁ,?f’ Kp € dkﬁ,}c then

Thus (8.12) implies Kaop € dkéjf“by. So (8.3) will follow if we prove the
(8.13) Claim: & ®y.Z C (& Oy F)

This is to be understood as inclusion of index sets at each face and in each matrix
component. We prove (8.13) at the face bfy, the proof at the other faces is analogous.
We abbreviate bfy, ¢f), Ibg, rbg by b, ¢, 1, r respectively. For example, éA“’Ol,b denotes
the 01 component of & at bfy (which is &b, + 2).

For any i,j € {0,1} we have by definition of € in (8.4), with sums over k € {0, 1},

(@67 )iio = B ©0 Ty
(814) =@ [(Ginp © Fin) U (Girs © Fsr) U (Ginp © Frin) U (Ginp © F)
C |®@s© Fiin)| T |@(Gik1 © Fii)| T+
where in the last line we used part (a) of the following lemma (recall that & = U).

For an index set E denote
B E FE+2
T \E+4+2E+4)°

Levma 8.3
(a) If Ey,...,En and Fy, ..., Fx are index sets then

(E1U~"GEN)U(F1G'”UFN) C (E1UF1)U"-G(ENUFN).

(b) If &, F are index families for M,f’q5 then, with notation as introduced above,

& © Fn = (6 + F), & F = (&+F)
&y @ Ty = (& + F), & ® Fy = (6 + Fy).

The identities in (b) are the core of the proof of (8.3).

Proof. — (a) follows immediately from the definition of the extended union. For (b)
we calculate

&, +26,+4 Fy+2 F, +4

. &+ F,  E+ Fnp+2
C\&+FL 28+ P+ 4

where, for example, the upper left entry arises as (&, © %) @ (& +2) © (F, +2)) =
(& + Fp) U (& +2)+ (P +2) = & + F. The other calculations are similar.

%@%:( & éab—|-2> ( F yb—i-Q)

) = (& + P)",
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We can now finish the proof of the claim (8.13), continuing from (8. 14) By the def-
inition of ® and by part (b) of the lemma we have @, (&ix.1 @fkj b) = (gb ®%)ij =
(& + fb)%. Rewriting the other terms of (8.14) similarly using the other identities
in part (b) of the lemma we get

(6 @4 F)p C (6 + F) T (& + F) T (8 + F) T (& + Fy)P.

Since this last expression equals (& ©4 # )1, we obtain the bfy part of the claim
(8.13). The proof at the other boundary faces is analogous.

Finally, the restriction that K4 was supported over U x U was only made
to simplify the notation. One way to remove it is to write M = U U U, where
W =M\ [(0,e/2) x OM], then any K4 is a sum of four terms, supported over
Ux U Ux W, W xUand W x U respectively. We have dealt with the first term;
the others are treated similarly. O

We can now prove the general composition formula, where the operators have
a conormal singularity along the diagonal. Note that the lifted diagonal in M,? "
intersects only the boundary faces ¢f,, zf and sc.

Turorem 8.4. — Consider operators
A c \I/ :(a¢f07azfyasc) (M'E)

Be \1/ (a¢f07azf) ai),F (M E)

Assume that Syt , Eut, Ee contains the index sets agt,, Ast, Gsc, Tespectively. Similarly,

!, respectively. Then,

provided &y, + Fin, > 0, the composition of operators Ao B is well-defined with
AoBe \Ilm-i-m @ty +aye, antag;,asctag,), e(ME)

assume that Fgs , Fye, Fsc conlains the index sets aibfo,a;f,a

Furthermore, the analogous statement holds for the split calculi:

Ae WS (M;E), Be VS0P (M;E) = AoB ey n ) B).

The index family C is given by (8.4).
Proof. — The statement follows from Theorem 8.1 exactly as in [GHOS, §6]. O
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