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A RIGIDITY RESULT FOR METRIC MEASURE SPACES
WITH EUCLIDEAN HEAT KERNEL

BY GiLLEs CARRON & DAviD TEWODROSE

AssTracT. — We prove that a metric measure space equipped with a Dirichlet form admitting
an Euclidean heat kernel is necessarily isometric to the Euclidean space. This helps us providing
an alternative proof of Colding’s celebrated almost rigidity volume theorem via a quantitative
version of our main result. We also discuss the case of a metric measure space equipped with a
Dirichlet form admitting a spherical heat kernel.

Résumic (Un résultat de rigidité pour les espaces métriques mesurés & noyau de la chaleur
euclidien)

Nous prouvons qu’un espace métrique mesuré équipé d’une forme de Dirichlet admettant
un noyau de la chaleur euclidien est nécessairement isométrique & ’espace euclidien. Nous en
déduisons une preuve alternative du célebre théoréme de presque rigidité du volume de Colding
grace a une version quantitative de notre résultat principal. Nous traitons aussi le cas d’un
espace métrique mesuré équipé d’une forme de Dirichlet admettant un noyau de la chaleur
sphérique.
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102 G. Carron & D. Tewoprose

1. INnTRODUCTION

In R™, the classical Dirichlet energy is the functional defined on H' by
E(u) := / |Vul?

for any u € H'. As well-known, it is related to the Laplace operator A := >}, Oy
by the integration by parts formula, namely

B(u,v) = — / (Aap

for any u,v € H' such that Vu € H', where E(u,v) := [,,(Vu, Vv). Standard tools
from spectral theory show that A generates a semi-group of operators (e!2);¢ sending
any ug € L? to the family (us);~o C H' satisfying the heat equation dyu; = Auy; with
ug as an initial condition. The semi-group (e2);~ admits a smooth kernel p, so that

for any f € L?, x € R™ and t > 0,

¢ f(a) = [ pley0f ) dy

The explicit expression of this heat kernel is well-known: for any x,y € R™ and ¢ > 0,

—le—yl?/at

1
p(z,y,t) = (amt)2

In the more general context of a measured space (X, pu), the Dirichlet energy
possesses abstract analogues called Dirichlet forms. Associated with any such a form &€
is a self-adjoint operator L whose properties are similar to the Laplace operator;
in particular, the spectral theorem applies to it and provides a semi-group (P )0
delivering the solution of the equation 0;u; = Luy starting from any square integrable
initial condition. Under suitable assumptions, this semi-group admits a kernel. When
the space X is equipped with a metric d generating the o-algebra on which u is defined,
this kernel is often compared with the exact Gaussian kernel

L @y
(47t)n/2
through upper and lower estimates: see [Stu95], for instance. From this perspective,
a natural question arises: what happens when the kernel of € coincides with this
Gaussian term? In this article, we answer this question by showing that the unique
metric measure space admitting such a kernel is the Euclidean space. The precise
statement of our main result is the following:

Tueorem 1.1. — Let (X,d) be a complete metric space equipped with a non-negative
regular Borel measure . Assume that there exists a symmetric Dirichlet form & on
(X, 1) admitting a heat kernel p such that for some a > 0,

1 —d?(z,y) /4t
p(z,y,t) = () © ()
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A RIGIDITY RESULT FOR METRIC MEASURE SPACES WITH KUCLIDEAN HEAT KERNEL 103

holds for any x,y € X and any t > 0. Then « is an integer, (X,d) is isometric
to (R*,d.), where d. stands for the classical FEuclidean distance, and p is the -
dimensional Hausdorff measure.

Then we show that this rigidity result can be turned quantitative via a suitable
contradiction argument. Denoting by dgn the Gromov-Hausdorff distance and by B}
any Euclidean ball in R™ with radius r > 0, we obtain the following;:

Turorem 1.2 Let n be a positive integer. For any € > 0, there exists & > 0
depending only on € and n such that if (X,d, n) is a complete metric measure space
endowed with a symmetric Dirichlet form & admitting a heat kernel p satisfying

1 1
g7 © OO < plat) < (148) o e

(1.1) (1-5) T

for any z,y € X and t € (0,T], for some given T > 0, then for any x € X and

re (0,V/T),
dan (Br(x),Bl) < er.

The intrinsic Reifenberg theorem of Cheeger and Colding [CC97, Th. A.1.1.] provides
the following immediate topological consequence, where ¥(-|n) is a function depending
only on n with ¥(r|n) — 0 when r — 0F.

Cororrary 1.3. — Letn be a positive integer. There exists &, > 0 depending only onn
such that if (X,d, 1) is a complete metric measure space endowed with a symmetric
Dirichlet form & admitting a heat kernel p such that for some numbers § € (0,,) and
T>0,

1

b d2(ay) /418t # o) /(11000
(dmtyn/2 <ple,y,t) < (1+9) ¢

(1-9) (4mt)n/?

holds for all x,y € X and t € (0,T), then for any x € X, there exists a topological
embedding of B” - into B /7(x) whose image contains B(l—\p(sm))ﬁ(x)'

We point out the two previous results are also true in case T' = +oc0. Moreover,
Theorem 1.2 can be used to give an alternative proof of a celebrated result established
by Colding [Col97, Th.0.8], namely the almost rigidity of the volume for Riemannian
manifolds with non-negative Ricci curvature. Let us recall this statement:

Tueorem 1.4 (Colding). — Let n be a positive integer. For any € > 0, there exists
b > 0 depending only on € and n such that if (M™,g) is a complete Riemannian
manifold with non-negative Ricci curvature such that for any x € M and r > 0,

(1.2) vol B.(x) =2 (1 —8) w, ",
then for any x € M and r > 0,

dan (Br(x),B) < er.

T
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104 G. Carron & D. Tewoprosk

This theorem is a direct consequence of our almost rigidity theorem coupled with
an intermediary result, Theorem 6.1, which states, roughly speaking, that a complete
Riemannian manifold satisfying the volume estimate (1.2) necessarily has an almost
Euclidean heat kernel. Our proof of this result is based on previous works by Cheeger
and Yau [CY81], Li and Yau [LY86] and especially Li, Tam and Wang [LTW97].

Finally, in the last section of this paper, we investigate the case of a metric measure
space equipped with a spherical heat kernel. To be precise, the sphere S™ has a heat
kernel which can be written as

K™ (dsn (2,9)),

where Kt(n) is an explicit function and dg- is the classical round Riemannian distance.
We show that if a metric measure space (X,d, ) is equipped with a Dirichlet form
admitting a heat kernel p such that

plz,y.t) = K™ (d(z,y))

for all x,y € X and t > 0, then (X,d) is isometric to (S™,dgn).

Let us spend some words to describe our proof of Theorem 1.1. A key point is the
celebrated result of Colding and Minicozzi asserting that on any complete Riemannian
manifold satisfying the doubling and Poincaré properties, the space of harmonic maps
with linear growth is finite-dimensional [CM97]. As already observed in non-smooth
contexts [Huall, HKX16], the proof of this result can be carried out on any complete
metric measure spaces satisfying the doubling and Poincaré properties. It turns out
that admitting a Dirichlet form with an Euclidean heat kernel forces the metric
measure space to satisfy these two properties, see Proposition 2.4.

Then we consider the functions

Blz,) = 5 (@(0.0) + P(0,) - (a, ), weX

which are easily shown to have linear growth. When (X,d, u) is equipped with a
Dirichlet form € satisfying the assumptions of Theorem 1.1, these functions are locally
L-harmonic: this follows from establishing

I1=0 and  Ld*(x,-) = 2a.

Therefore, the vector space V generated by the functions B(x, -) has a finite dimension n.
Choosing a suitable basis (hq, ..., hy) of this space, we embed X into R™ by setting

H(z) = (hi(x), ..., hn(z))
for any € X. More precisely, there exists x1,...,2z, € X such that (§,,...,0s,)
is a basis of V*, where d,(h) := h(z) for any x € X and any h € V, and (hy,...,hy)
is chosen as the dual of this basis. Setting Q(§) := >, ; B(w;,7;)&§; for any § =
(&1,...,&n) € R™, we easily get
(1.3) Q(H(z) — H(y)) = d*(z,y)

for any z,y € X, thus H is an embedding.

JE.P.— M., 2022, tome g



A RIGIDITY RESULT FOR METRIC MEASURE SPACES WITH KUCLIDEAN HEAT KERNEL 105

To conclude, we establish & = n and show that @ is non-degenerate, so that
dg(&,€) = /Q(§ — &) defines a distance on R™ that is isometric to the Euclidean
distance: then (1.3) shows that H is an isometric embedding onto its image which, by
a final argument, is shown to be R™. We prove these two concluding assertions by the
study of asymptotic cones at infinity of (X, d, u).

Concerning the rigidity result for the spherical case, we instead embed X into
E; := Ker(L — M), where A is the first non-zero eigenvalue of L, and show that
H(X) is isometric to ¥ := {Q = 1} for some suitable quadratic form Q.

The paper is organized as follows. Our proof of Theorem 1.1 relies on several notions
and results from different areas that we collect in the preliminary Section 2. Then
in Section 3 we establish simple rigidity results for metric measure spaces with an
Euclidean heat kernel. We use these results in Section 4 which is dedicated to the proof
of Theorem 1.1. Section 5 is devoted to the almost rigidity result, namely Theorem 1.2,
and Section 6 explains our new proof of Colding’s volume almost rigidity theorem.
Finally Section 7 contains our study of the case of metric measure spaces equipped
with a spherical heat kernel.

Acknowledgements. — The first author thanks the Centre Henri Lebesgue ANR-11-
LABX-0020-01 for creating an attractive mathematical environment. The second
author thanks S. Honda for interesting remarks and questions at a late stage of this
work and for the good working conditions in Tohoku University that grandly helped
completing this article. Both authors thank the anonymous referees for their precious
suggestions, notably to simplify the proof of Lemma 3.3.

2. PRELIMINARIES

Throughout the article, we shall call metric measure space any triple (X, d, 1) where
(X,d) is a o-compact metric space and u is a non-negative o-finite Radon measure
on (X,d) such that supp u = X. Here supp p denotes the support of p. We shall keep
fixed a number o > 0 and denote by w, the quantity

71.o¢/2
2.1 -
(2.1) YT Pla/2+ 1)

where I" denotes the usual Gamma function {Re > 0} 3 z — f0+°° t*~le~tdt. Note
that w, is the volume of the unit sphere in R™ when o = n is an integer.

We shall use classical notations for the functional spaces defined on (X,d, ), like
C(X) (resp. C.(X)) for the space of continuous (resp. compactly supported contin-
uous) functions, Lip(X) (resp. Lip,(X))) for the space of Lipschitz (resp. compactly
supported Lipschitz) functions, L? (X, ), where p € [1,+00), for the space of (equiva-
lent classes of) p-measurable functions whose p-th power is p-integrable, L (X, u) for
the space of p-essentially bounded functions, and so on. We shall write supp f for the
support of a function f and 14 for the characteristic function of a set A C X.

A generic open ball in (X, d) will be denoted by B, and we will write AB for the
ball with same center as B but radius multiplied by A > 0.

JEP. — M., 2022, tome g



106 G. Carron & D. Tewoprose

We will extensively make use of the following definition.

Derinition 2.1, — We say that a metric measure space (X, d, i) has an a-dimensional
volume whenever pu(B) = w,r® for any metric ball B C X with radius r > 0.

Diricnier rorms. — Let us recall some basic facts about Dirichlet forms, referring to
e.g. [FOT11, Stu94, KZ12| for more details. Let (X, 7) be a topological space equipped
with a o-finite Borel measure p. A Dirichlet form € on (X, i) is a non-negative definite
bilinear map & : D(€) x D(&) — R, with D(€) being a dense subset of L2(X, ),
satisfying closedness, meaning that the space D(€) is a Hilbert space once equipped
with the scalar product

(f 9 :=/ngdu+8(f,g> Vi.geDE).

and the Markov property: for any f € D(€), the function f} = min(max(f,0),1)
belongs to D(&) and E(f}, f3) < E(f, f). We denote by | - |¢ the norm associated with
e

We focus only on symmetric Dirichlet forms, i.e., those & for which E(f, g) = &(g, f)
holds for all f, g € D(E). Therefore, in the rest of the article, by Dirichlet form we will
always tacitly mean symmetric Dirichlet form.

Finally, let us recall that any Dirichlet form is associated with a non-positive
self-adjoint operator L with dense domain D(L) C L?(X,u) characterized by the
following:

D(L) := {f €DE):Th=Lf € L*(X,p) s.t. E(f,g) = f/thdu Vg€ D(E)}.

We now additionally assume that (X, 7) is locally compact and separable and
that p is a Radon measure such that suppp = X. A Dirichlet form & on (X, p) is
called strongly local if E(f,g) = 0 for any f,g € D(E) such that f is constant on a
neighborhood of supp g, and regular if C.(X) N D(E) contains a subset (called a core)
which is both dense in C.(X) for || - || and in D(E) for |- |e. A celebrated result by
Beurling and Deny [BD59] implies that any strongly local regular Dirichlet form € on
(X, 1) admits a non-negative definite symmetric bilinear map I" : D(E) x D(E) — Rad,
where Rad denotes the set of signed Radon measures on (X, 7), such that

8(f,g>=/xdr(f,g) Vf.geDE)

where fX dI'(f, g) denotes the total mass of the measure I'( f, g). From now until the
end of this paragraph, we assume that & is strongly local and regular.

Let us mention that the map T is concretely given as follows: for any f € D(€)N
L (X, p), the measure I'(f) :=T'(f, f) is defined by its action on test functions:

e2) [ edt() =80 o) -8R Ve e DE)NCLX)

Regularity of € allows to extend (2.2) to the set of functions ¢ € C.(X), providing a
well-posed definition of T'(f) by duality between C.(X) and Rad. In case f € D(E) is

JE.P.— M., 2022, tome g



A RIGIDITY RESULT FOR METRIC MEASURE SPACES WITH KUCLIDEAN HEAT KERNEL 107

not essentially bounded, I'(f) is obtained as the limit of the increasing sequence of
measures (I'(f™,,))nen where f", := min(max(f, —n),n) for any n € N. The general
expression of T'(f, g) for any f,g € D(€) is then obtained by polarization:

O(f.g)i= (0 +9,7 +9) ~T(F 0. f ~ g)).

Strong locality of €& implies locality of I', that is

Aamsz@mm

for any open set A C X and any functions u,v,w € D(&) such that w = v on A. This
property allows to extend I" to the set D)o (€) made of those p-measurable functions f
for which for any compact set K C X there exists g € D(€) such that f = g p-a.e.
on K. Then T satisfies the Leibniz rule:

(2'3) I(fg.h) = fF(ga h) +9F(fa h) Vu,v e DIOC(E) N Li)(?c(Xv 1), Yh € Dioe(€),
and the chain rule:

Vi e Cé,bd(R)v V f € Dioe(€),

B0 e L= DTD o vy e cim), v € Dun(e) 0 15X,

where C’tl)’bd(R) stands for the set of bounded C! functions on R with bounded
derivative.

For our purposes, we also need to define Dioc(£2, £) as the set of functions f € LE (Q)
for which for any compact set K C 2 there exists g € D(€) such that f = g p-a.e.
on K; here, Q is an open subset of X.

The so-called intrinsic extended pseudo-distance de associated with € is defined by:

(2.5) de(a,y) == sup{| f(a) — f(4)| : f € C(X)NDioe(€) st T(f) <u} Va,y € X.

Here I'(f) < w means that I'(f) is absolutely continuous with respect to x with density
lower than 1 p-a.e. on X, and “extended” refers to the fact that de(x,y) may be
infinite. When the topology 7 is generated by a distance d on X, we call assumption (A)
the following statement:

(A) de is a distance inducing the same topology as d.

A final consequence of strong locality and regularity is that the operator L canoni-
cally associated to &£ satisfies the classical chain rule:

(2.6) Lpof)= (¢ o f)Lf+ ("o fIL(f) V[EG, Yo ([0, +00),R),

where G is the set of functions f € D(L) such that I'(f) is absolutely continuous with
respect to p with density also denoted by I'(f). In particular:

(2.7) Lf? =2fLf+2I(f) VfeG.

JIEP. — M., 2022, tome g



108 G. Carron & D. Tewoprose

HEAT KERNEL ASSOCIATED TO A DIRICHLET FORM. Let (X, 7) be a topological space
equipped with a o-finite Borel measure p. Let € be a Dirichlet form on (X, 7). The
spectral theorem (see e.g. [RS80, Th. VIIL.5]) implies that the operator L associated
to & defines an analytic sub-Markovian semi-group (P)¢~o acting on L?(X, i), where
for any f € L?*(X,u), the map t — P.f is characterized as the unique C!' map
(0, 4+00) — L3(X, u), with values in D(L), such that

d
aptf:L(Ptf) vt >0,
limg o || Pef — f”LQ(X’M) =0.

One can then recover D(L) and L from (P;);>¢ in the following manner:

D(L) = {f € LQ(X, NE (y)»() converges in the L?-norm when ¢ | 0},
Pf—f
Lf= ltlw ; VfeDL).

We say that € admits a heat kernel if there exists a family of (u ® p)-measurable
functions (p(-,,t))¢>0 on X x X such that for all t > 0 and f € L?(X, i), one has

P f(z) = /Xp(%y,t)f(y) du(y)  for prae. z € X;

the function p = p(-, -, -) is then called the heat kernel of €. In this case, the semi-group
property (namely Psi; = Py o P, for any s,t > 0) implies that p satisfies the so-called
Chapman-Kolmogorov property:

(28) / p(IaZ7t)p(2,y75)dﬂ(z):p(xay7t+5)a V'Tvyer vs7t>0'
X

Moreover, for any t > 0, p(-,-,t) is symmetric and uniquely determined up to a
(4 ® p)-negligible subset of X x X.

When & admits a heat kernel, the space (X, 7, u, &) is called stochastically complete
whenever

/ p(z,y,t)du(y) =1 Vee X, Vt>0.
b's

Under stochastic completeness, one can show that
29) o) = {f e rxn)

t—r // F)?p(x,y,t) du(z) du(y) is bounded}
2t X><X
and

e(0) =tim [ (@)= F0)0(0) — 90)pla..0) (o) du(y)

for any f, g € D(E): see [Gril0, 2.2], for instance. In particular, if (X, d, u, €) is strongly
local and regular, then

(2.10) / pdl(f) = lim //X K ~ F())p(y.t) du(z) duy)
for any f € Dioe(&) and ¢ € Cc(

JE.P.— M., 2022, tome g



A RIGIDITY RESULT FOR METRIC MEASURE SPACES WITH KUCLIDEAN HEAT KERNEL 109

As well-known, the classical Dirichlet energy on R™ admits the Gaussian heat kernel
1

42
p(z,y,t) = We de(@.y)/4t Vz,ye€ X, Vt >0,

where d. is the usual Euclidean distance. This motivates the next definition.

Derintrion 2.2. Let (X,d, ) be a metric measure space and &€ a Dirichlet form
on (X, p). We say that (X,d, i, €) has an a-dimensional Euclidean heat kernel if €
admits a heat kernel p such that:

p(xayat) = ( !

W€7d2(z,y)/4t Vm,yGX,Vt>O
™

HARNACK INEQUALITIES. Let (X,d, ) be a metric measure space equipped with a
Dirichlet form & with associated operator L. Let 2! be the Lebesgue measure on R.
In order to properly state what a Harnack inequality means for (X,d, y, &), let us
introduce some notions. We refer e.g. to [Stu95] and the references therein for more
details. Note first that any element f € L?(X, 1) uniquely defines a continuous linear
form on D(€), namely g — [ fgdp. Thus L*(X, 1) embeds into D(€)* whose norm
we denote | - |g «-

For any open interval I C R, we consider the following functional spaces:

— L2?(1,D(&)) is the space of #£*-measurable functions u : I — D(E), uy := u(t),
equipped with the Hilbert norm |[ul|z2(r,p(e)) :== (f; lug)2 dt)/2;

— HY(I,D(&)*) is the space of .#!-measurable functions u : I — D(&)* admitting
a distributional derivative 9;u € L?(I,D(€)*) on I equipped with the Hilbert norm
lull g (r,p(e)) = (f7 luel3, At + [ [(Qeu)el? dt)'/2, where (Oyu); := dpu(t);

~ Dpar,1(&) = L*I,D(&)) N HY(I,D(E)*) equipped with the Hilbert norm
lpar.s = (f uel? dt + f; |(pu)ef2., de)1/2.

We can define a Dirichlet form €; on Dy 1(€) by setting

Er(u,v) = /S(Ut,vt) dt — /(atu)t copdt Vu,v € Dpar 1(E).
I I

Let © C X be an open set. Denote by @ the parabolic cylinder I x Q. Let Dg(€) be
the set of (Z! ® u)-measurable functions defined on @ such that for every relatively
compact open set Q' € Q and every open interval I’ € I there exists a function
tw € Dpar1(€) such that u = v’ on I' x Q. We also define Dg .(€) as the set of
functions u € Dg(€) such that for any ¢ € I, the function u; has compact support
in Q.

Derinition 2.3, We call local solution on @ of the equation (9; + L)u = 0 any
function u € Dg(€) such that £;(u, ) = 0 holds for any ¢ € Dg .(E).

When € admits a heat kernel p, one can show that for any x € X and ¢t > 0 the
function p(z, -, t) is a local solution of the equation (9; + L)u = 0.

The next important proposition is a combination of several famous results [Gri9l,
SC92, Stu9b).
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1o G. Carron & D. Tewoprose

Prorosition 2.4. Let (X,d, 1) be a metric measure space equipped with a strongly
local and regular Dirichlet form & satisfying assumption (A). Let L be the operator
canonically associated to €. Then the following statements are equivalent:

(1) the combination of

(a) the doubling property: there exists a constant Cp > 0 such that for any
ball B C X,

(2.11) u(2B) < Cpu(B),

(b) the local Poincaré inequality: there exists a constant Cp > 0 such that
for any f € D(E) and any ball B C X with radius r > 0, setting fp :=

w(B)~t [ fdp,
/B I — foldu < Cor€(f),

(2) the existence of a heat kernel p for & satisfying double-sided Gaussian estimates:
there exists A > 0 such that for any z,y € X and any t > 0,

1 AP (@)t 4 e/
—m e YIS,y t) S e O Y,
Ap(B s (x)) (B (7))
(3) the parabolic Harnack inequality: there exists a constant Cy > 0 such that for
any s € R, any ball B with radius v > 0 and any non-negative local solution u on
(s —12,5) X B of the parabolic equation (0; + L)u = 0, we have

(2.12)

(2.13) esssup(u) < Cpessinf(u),
Q- Q+

where Q_ = (s — (3/4)r?, s — (1/2)r?) x (1/2)B and Q4 = (s — (1/4)r?,5) x (1/2)B.

Note that the parabolic Harnack inequality (2.13) implies the elliptic one introduced
below in Lemma 2.6.

LocarLy L-uarmonic runcrions. — Let (X, d, 1) be a metric measure space equipped
with a strongly local and regular Dirichlet form & with associated operator L. We set

D.(€) :={p € D(€) with compact support}.

Derinimion 2.5. — Let © C X be an open set.

(1) We call local solution on Q of the Laplace equation Lu = 0 any function
u € Dioc(£2, €) such that E(u,¢) = 0 holds true for any ¢ € D (&) with supp ¢ C Q;
here supp ¢ denotes the support of the measure A — [ 4 pdu.

(2) We call locally L-harmonic function any function u € D(€) such that (u, ) =0
holds true for any ¢ € D.(E).

(3) For any f € L (X, u), we call local solution on € of the Poisson equation
Lu = f any function u € Dioe(£, &) such that &(u,¢) = — [ fedp holds true for
any ¢ € D.(€) with suppp C Q.
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We shall often simply write “Lu = f on 2”7 to mean that u € Dj.(€, &) is a local
solution on Q of the equation Lu = f, and “Lv = 0” to express that v € Do (E)
is locally L-harmonic. Lastly, we point out that strong locality directly implies that
constant functions are locally L-harmonic, i.e.,

L1=0.

Let us state a classical lemma (Liouville theorem under elliptic Harnack inequality)
whose proof is omitted here (see e.g. [ACT21, Lem. 7.3]).

Lemma 2.6. — Let (X,d, 1) be a metric measure space equipped with a Dirichlet form €
whose associated operator L satisfies an elliptic Harnack inequality, meaning that there
ezists a constant Cg > 0 such that for any ball B C X and any non-negative local
solution h of Lu =0 on B, we have

esssup h < Cgessinf h.

(1/2)B (1/2)B

Then any non-negative locally L-harmonic function is constant.

StroNGLY HARMONIC FUNcTIONS. — Let (X, d, 1) be a metric measure space. Following
the terminology adopted in [GG09, AGG19], for any open set Q C X we call strongly
harmonic function on 2 any function & : 2 — R satisfying the mean value property:

h(z) = ][ hdu Vz e, Vre (0,dz°0Q)).
B, (x)

Remark 2.7. — It can easily be checked that a function A :  — R is strongly harmonic
if and only if for any x € Q and any u € CZ ([0,d(2,°Q)]) with [, u(d(z,y)) du(y) =1
one has

hz) = /X u(d(z,)) hy) du(y).

Under mild assumptions on (X, d, i), an elliptic Harnack inequality holds true for
strongly harmonic functions, provided the doubling condition (2.11) is satisfied: see
[AGG19, Lem.4.1]. The next lemma is an easy consequence of this fact. We recall that
a metric space is called proper if any closed ball is compact, and that proper metric
spaces are complete and locally compact.

Lemva 2.8. Let (X,d) be a proper metric space equipped with a reqular Borel
measure (o such that 0 < p(B) < 400 for any metric ball B C X. Assume that (X, d, u)
satisfies the doubling condition (2.11). Then any non-negative strongly harmonic
function on X is constant.

When (X,d, 1) has an a-dimensional volume, strongly harmonic functions satisfy
the following two properties:

Levma 2.9. Let (X,d,n) be with an a-dimensional volume and h : X — R be
strongly harmonic. Then:

(i) if h has linear growth — meaning that there exists C > 0 such that |h| <
C(1+4d(o,-)) for some o € X — then h is Lipschitz;
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(i) if h is continuous and such that supyp, (. |h| = o(r;) for some point o € X
and some sequence {r;}; C (0,4+00) such that r; — +00, then h is constant.

Proof. — Let us first prove (i). Assuming h to have linear growth, we know that there
exists 0 € X, r, > 0 and M > 0 such that |h(z)] < Md(o, 2) for all z € X \ B, (o).
Since h is strongly harmonic, we have

(Bra())h(a) — u(Brly)hly) = [ hd

Bria(x)NBr(y)
for all » > 0 and any given z,y € X, where we have set d := d(z, y). Since p(By1q(z)) =
wa(r+d)* and (B, (y)) = war®, we obtain
|lwa (r +d)*h(z) —war®h(y)| < wa((r +d)* = 1%)supp, )5, ) P

(2.14 B Y
Swal(r+d)* =r*)supp .. (0)~B.) Pl

since Bria(2) C Byidtd(o,r)(0). Choosing r > r, +d(0,y) in order to ensure that
B, (y) contains By, (0), we get supp .. (o)~B,(y) [Pl < M(r+d+d(o,z)), hence

[(1+d/r)*h(x) = h(y)| < (1 +d/r)* =1)M(r +d +d(o, 7).
Letting » — 400 and applying (1+d/r)*—1 = ad/r+o(1/r) yields to |h(z) — h(y)| <
adM.
To prove (ii), apply (2.14) with r = R; :=r; —d — d(0, x) to get

|h(z)(1+d/R:)* — h(y)| < (1 +d/Ri)™ — 1) supp,_(4)|hl-
By the weak maximum principle [AGG19, Cor. 4.3], we have

sup |h| = sup |hl.

Bri (o) 8BT1- (0)
Since (14+d/R;)* —1 = ad/R; + o(1/R;) = O(1/r;) when i — 400, then there exists
i, and C > 0 such that

[h(@)(1+d/Ri)* = h(y)| < Cri 'supyp, (o) |h]
for all i > i,. This implies h(z) = h(y) by letting i tend to +oc. O

TANGENT cONES AT INFINITY. — We refer to [Gro07] for a definition of the Gromov-
Hausdorff distance dgy between compact metric spaces and only mention here
that a sequence of compact metric spaces {(X;,d;)} converges to another com-
pact metric space (X,d) with respect to the Gromov-Hausdorff distance (what we
denote by dgy (X;, X) — 0) if and only if there exists an infinitesimal sequen-
ce {€;}; C (0,4+00) and functions ¢, : X; — X called e;-isometries such that
|[d(p;i(x), pi(z")) — d;(x,2")| < €; for any x, 2’ € X; and any 4. If z; € X; for any 7 and
z € X are such that d(g;(z;),z) — 0, we write z; — z.

When dealing with non-compact spaces, we say that a sequence of pointed met-
ric spaces {(X;,d;,x;)}; converges in the pointed Gromov-Hausdorff topology to
(X,d, z) if there exist sequences of positive numbers €; | 0, R; 1 oo, and of Borel maps
@i : Br,(x;) — X, also called €;-isometries, such that such that for any 4 the ball Bg, ()
is included in the e;-neighborhood of ¢;(Bg,(z;)), namely Uye%(BRi (@) Bes (W),
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1di (9 2) — d(1(9), 94(2))| < € for any y, = € B, (x:), and d(ps(z:),2) = 0 (which
we also abbreviate to z; — ).

Pointed measured Gromov-Hausdorff convergence of a sequence of pointed metric
measure spaces { (X, d;, ui, ;) } to (X, d, p, z) is set as pointed Gromov-Hausdorff con-
vergence of {(X;,d;, z;)} to (X,d,z) with the additional requirement (; )4 Cbix),u,
where Chs(X) is the space of continuous functions with bounded support and fy is
the push forward operator between measures induced by a Borel map f.

A metric space (X,d) is called metric doubling if there exists a positive integer N
such that any ball in (X,d) can be covered by at most N balls with half its radius.
Whenever (X,d) is a doubling space, for any o € X, the family of pointed spaces
{(X,r71d,0)},~1 satisfies the assumptions of Gromov’s precompactness theorem
[Gro07, Prop. 5.2], henceforth it admits limit points in the pointed Gromov-Haudorff
topology as r T +o0co. These pointed metric spaces are called tangent cones at infinity
of (X,d) in o.

It is well-known that when (X, d, u) is satisfies the doubling property (2.11), then
the metric space (X,d) is metric doubling: see e.g. [ACDM15, §2.5].

When a metric measure space (X,d, ) has an a-dimensional volume, a simple
computation shows that it is measure doubling, with Cp = 2%. Moreover, one can
equip any of its tangent cones at infinity (X,d, o) with a limit measure p in the
following way. Let {r;}; be a sequence of positive real numbers diverging to +oo such
that (X, d, o) is the pointed Gromov-Hausdorff limit of {(X, ri_ld, 0)}i- Set p; =1
for any ¢, and note that

i(BY () = pti(Byr, () = wor® VeeX, r>D0.

Set V(x,r) := war® for any € X and r > 0. Then for any 6 > 0 and any Borel set A
of (X,d), setting
ps(A) = inf{>, V(z;,r) : {By,(2:)}i s.t. ACU; By, (2;) and r; < 6}

and then p(A) = lims_o p (A) defines a metric outer measure p on (X,d) whose
canonically associated measure, still denoted by p, is a Radon measure satisfying
w(Br(z)) = war® for any € X and 7 > 0. This shows that (X,d, 1) has an a-dimen-
sional volume. Moreover, we obviously have pu(B;(z)) = lim;_, o0 pt;(B% (;)) for any
r > 0 and any sequence z; —> z; by density in Chs(X) of the space spanned by

the collection of characteristic functions of balls, this implies the pointed measured
Gromov-Hausdorff convergence (X, ri_ld, i o) = (X,d, p,0).

Ascori-ArzerA Tvee tnEorEMS. — Let {(X;,d;, x;)}4, (X, d, x) be pointed proper met-
ric spaces such that

(Xi, di, l‘l) — (X, d, .Z‘)
in the pointed Gromov-Hausdorfl topology and ¢; : Bg,(z;) — X be e;-isometries,
where {€;}:;,{R;}:; C (0,+00) are such that €; | 0 and R; T +oco. For any i, let K;
be a compact subset of X;, and assume that there exists K C X compact such that
dan (K;, K) — 0. We say that functions f; : X; — R converge to f : X — R uniformly
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14 G. Carron & D. Tewoprosk

over K; — K if supg, |fi — fopi| — 0. Note that this definition depends on the choice
of the €;-isometries ¢; that we keep fixed for the rest of this paragraph.

Remark 2.10. — In the rest of the article, whenever we consider a convergent sequen-
ce of pointed metric spaces (X;,d;,z;) — (X,d,z), we always implicitly assume
that sequences {€;};, {R;}; C (0,+00) with €; | 0,R; T +00 and €;-isometries ; :
Bpg,(xz;) — X have been chosen a priori and that the statements “x; S8 27 and
“fi — f uniformly on compact sets” are meant with these €;-isometries.

In this context, we have the following Ascoli-Arzela theorem:

Proposition 2.11. Let {(X;,di,x:)}i, (X, d,2) be as above, and r > 0. For any i,
let f; € C(X;) be such that:

= sup; || fill oo (B, (21)) < T00 o

— the sequence {f;}i is asymptotically uniformly continuous on B, (x) (see [Honlb,
Def. 3.2]).
Then { f;}i admits a subsequence (f;(;)); which converges to f uniformly over By (x;) —
B.(z).

Proof. — From [Honlb, Prop. 3.3], we know that for {f;}; satisfying the above assump-
tions, there exists f € C(B,(x)) and a subsequence (f;;)); such that f;;)(z;) — f(x)
whenever z; <% z € B,(z). With no loss of generality, we can assume that the
subsequence is the whole sequence itself. By contradiction, assume that the uniform
convergence f; — f over B,.(x;) — B,(x) is not satisfied. Then there is some € > 0
and a subsequence (fj))e such that inff{suPE,.(xi(l)) |ficy — o in|} > €. Again,
we can assume that the subsequence is the whole sequence itself. For any i, choose
yi € B,(x;) such that |f;(y;) — f o wi(y:)| = €/2 and set z; := ¢;(y;) € Brye, ().
Properness of X implies that the sequence {z;}; converges to some z € B,.(z), up to
extraction. In particular, y; S8, 2. Then in

/2 < |filyi) = F(2) + £ (2) = [ opi(ys)l;
the first term in the right-hand side goes to 0 when 7 tend to 4+co. Since f is continuous,
we also have |f(z) — f o pi(y;)| — 0 when i tend to +oo, hence a contradiction. O

Let {(X;,di, x:)}4, (X, d, x), {®;}: be as above. Let (Y, dy ) be another metric space.
We say that f; : Y — X, converge to f : Y — X uniformly on compact subsets of Y if
supy d;(¢; o fi, f) — 0 for any compact set K C Y.

An Ascoli-Arzela theorem is also available in this context. We state it with an
equi-Lipschitz assumption which is enough for our purposes. The proof is omitted for
brevity.

Prorosrrion 2.12. Let {(X;,d;, z;)}i, (X, d, ) be as above. Let (Y,dy) be a metric
space and f; 'Y — X; be Lipschitz functions such that:

— L :=sup, Lip(f;) < 400,
— there exists y € Y and r > 0 such that d;(f;(y),x;) <1 for anyi.
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Then {f;}; admits a subsequence converging uniformly on compact sets of Y to some

Lipschitz function f:Y — X, and Lip(f) < L.
Let us conclude this paragraph with a stability result for strongly harmonic functions.

Prorosirion 2.13. — Let {(X;, d;, ui, ) }i, (X, d, i, ) be proper pointed metric mea-
sured spaces such that (X;,d;, pi, x;) — (X,d, p, x) in the pointed measured Gromov-
Hausdorff topology. Let f; € C(X;) be converging to f € C(X) uniformly over
B,(z;) = B.(x) for any » > 0. Assume that f; is strongly harmonic for any i.
Then f is strongly harmonic.

Proof. By the characterization of strongly harmonic functions stated in Remark 2.7,
it is enough to establish

(2.15) f() = fB RCURICRTE

for any given r > 0, y € X and u € C}([0, +00)) such that [, u(d(y,z))du(z) = 1.
Let y; € X; for any i be such that y; — y. For any i, set
u

fxi w(d; (ys, 2)) dps(2)

Ui 1=
and note that
[ w2 () = 1
X
so that f; being strongly harmonic implies
(2.16) fiw) = f DA l2)
r(Yi

But

+oo
/ w(ds (s, 2)) dpua(2) = — / o (r) s (B () dr
X 0

+o00o
- / o (Pu(B(y)) dr = /X u(d(y, 2)) du(z) = 1,

0 u; — u uniformly on (0, 400): this implies that the functions u;(d;(y;, ) fi € C(X;)
converge uniformly over all compact sets to u(d(y,-))f € C(X). Therefore, letting i
tend to 400 in (2.16) provides (2.15). O

LENGTH STRUCTURES. Let (X,d) be a metric space. A path in X is a continuous
map c: [0,1] — X. It is called rectifiable if its length

La(c) :==sup{> 1, d(c(t;), c(ti—1)) : 0=tg <--- <t, =1, n e Nx {0}}
is finite. (X, d) is called length metric space if for any z,y € X,
d(z,y) =1inf{Lq(c) : c € Quy},

JIEP. — M., 2022, tome g



16 G. Carron & D. Tewoprose

where g, is the set of rectifiable paths in X such that ¢(0) = = and ¢(1) = y.
A geodesic space is a trivial example of length space. Equivalently, (X, d) is length
if d coincides with its associated length distance d defined by:

d(z,y) := inf{Lg(c) : ¢ € Quy} Va,y e X,
in which case we say that d is a length distance. Note that we always have d < d and
Lg(c) = Lg(c) whenever c is a rectifiable path in X. Moreover,
Ly(¢) = lim Ly o(c),
d(¢) = lim La.a(c)

where

Ld a = SUP{EZ 1 ) (tz 1))
0:t0<"'<tn:1,|ti—ti+1| < aVi, ’I’LGN\{O}}
In this context, we have the following lemma.

Lemva 2.14. Let (X,0) be a length metric space. Assume that d defined as d :=
2sin(6/2) is a distance. Then its associated length distance d coincides with 0.

Proof. — First note that (2/7)d < d < & because (2/m)z < 2sin(x/2) < z for any
x € [0, w]. In particular, a map ¢ : [0,1] — X is continuous for 4 if and only if it is for d.
Moreover, since § is a length distance, d < ¢ implies d < 6, so we are left with proving
the converse inequality. Let ¢ be a path in X. Being continuous, c is also uniformly
continuous: for any € € (0,1), there exists a > 0 such that for any ¢,s € [0, 1],

[t —s| <a = d(c(t),c(s)) < e.
Since x — 2sin(x/2) < 22 for any x > 0, then

5 —d <62,

so that for any ¢, s € [0,1]:

[t —s| <a = d(c(t), c(s)) — d(c(t), e(s)) < €d(c(t), e(s))-
This implies Ls o (¢) — La,a(c) < €Lso(c) and thus (1 — €)L;(c) < d(c) by letting «
tend to 0. Letting € tend to 0 provides Ls(c) < Lqg(c). This implies § < d O

Busemann runcrions. — Let (X,d) be a metric space. A geodesic ray in X is a
continuous function « : [0, +00) — X such that d(y(t),v(s)) = |t — s| for any s,¢ > 0.
The Busemann function associated to a geodesic ray + is defined by

by (@) = Tim_t = d(z, (1),

Note that this limit is well-defined for any & € X since the function ¢ — ¢t — d(z,y(t))
is non-decreasing and bounded from above by d(o, z). Note also that b, is 1-Lipschitz,
since for any z,y € X and any ¢ > 0, one has t — d(x,v(t)) — (¢t — d(y,v(t)) < d(z,y),
henceforth b, (x) — b,(y) < d(z,y) by letting ¢ — +o0o. Moreover, for any s > 0, one
can easily check that

b,(1(s)) = s.
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We shall need the following lemma.

Levmma 215, — Let (X,d, u) be a metric measure space equipped with a strongly local
and regular Dirichlet form & with associated operator L. Assume that:

(1) Lip(X) embeds continuously in Dioc(E), i.e., there exists C > 0 such that
dI'(f) < CLip*(f)dp for any f € Lip(X),
(2) there exists a > —1 such that Ld(z,) = a/d(x, ) on X \ {x} for any z € X.

Then any Busemann function on (X,d) is locally L-harmonic.

Proof. — Let by be a Busemann function on (X,d). Since b, is 1-Lipschitz, we have

by € Dioe(€). To conclude we must prove that E(b,, ) = 0 for any ¢ € D(E).
Recall that strong locality implies that constant functions are locally L-harmonic.

Set fs := s —d(v(s),-) for any s > 0 and note that (2) implies that fs is a local

solution of Lu = —a/d(v(s),-) on X ~ {v(s)}. Then for any ¢ € D.(&), since for s

large enough 7(s) ¢ supp ¢ and thus d(y(s), ) > 0 on supp ¢, we get

o

|8(fs;90):’/X(Lfs)§0dM’ <m/x‘4p|du—>0 when s — +o0.

Thus to conclude, it suffices to show that for any ¢ € D.(&),

lm_ E(f, ) = E(by, ).

s——+oo

Let ¢ € D.(€) and K C X be a compact set containing the support of ¢. We introduce

Di(e)i= { £ € 225 [ ar() < 4o}

which is a Hilbert space when equipped with the norm

1/2
1 llce) = (|f||iz<K,,L) 4 /K dF(f)) .

As (fs) is increasing and converges pointwise to b, we have fg — by in L2 (X, p). As
a consequence, the sequence ( fs|) converges to b, |, weakly in L?(K, ). Since the
functions f, are all 1-Lipschitz, by (1) we get that the sequence ( fq|,) is bounded
in Dk (&), so it admits limit points for the weak convergence in Dy (&). This weak
convergence implies the weak convergence in L?(K, u). Therefore, by uniqueness of
the weak limit in L?(K, u), we get that b,|, is the unique limit point of ( fs|,) for

the weak convergence in Dk (€). The strong locality implies that

8(f57<)0):8(f5|](790) and g(b.y,(p)ZE(b’y|K,Q0)

Moreover v € D (€) — E(v, p) is continuous hence

E(fsr0) — E(by, ). 0
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LAPLACE TRANSFORM. Let F : [0,+00) — R be a locally integrable function such
that F(t) = O(e7") when ¢ — +oo for some v € R. The Laplace transform of F' is the
complex-valued function £L{F} defined by:

+oo
L{F}(z) = / F(©)e*€de, ¥z e {Re() >}

Lerch’s theorem asserts that if Fy, Fy : [0,4+00) — R are two continuous, locally
integrable functions satisfying F(t), Fa(t) = O(e") when t — +oo and L{F} =
L{F3} on {Re > 7}, then F; = F» (see e.g. [Coh07, Th.2.1]). This provides the
following lemma.

Lemwva 2.16. Let F: (0,400) = R be a continuous and locally integrable function
such that F(t) = O(e®t) when t — +oo for any € > 0 and
(2.17) L{FIN) =21 VA> ),

for some a >0 and A\, = 0. Then F(§) =&%*/T(a+1) for any £ > 0.

Proof. — Since F is locally integrable, one can apply the classical theorem on holomor-
phy under the integral sign to get that L{F'} is holomorphic on any compact subset
of {Re > 0}. Therefore, by analytic continuation, (2.17) implies L{F}(z) = 27*~! for
any z € {Re(+) > 0}. Since the Laplace transform of £ — £ is 2z +— D(a + 1)z727 1
Lerch’s theorem gives F'(§) = £*/T'(a+ 1) for any £ > 0. O

3. FIRST RIGIDITY RESULTS FOR SPACES WITH AN EUCLIDE/\N HEAT KERNEL

In this section, we establish several properties of metric measure spaces equipped
with a Dirichlet form admitting an a-dimensional Euclidean heat kernel. We shall use
most of these results in the next section to prove Theorem 1.1.

3.1. STOCHASTIC COMPLETENESS AND CONSEQUENCES. — We begin with stochastic com-
pleteness.

Lemma 3.1, — Let (X,d, i, &) be with an a-dimensional Fuclidean heat kernel. Then
(X,d, i, &) is stochastically complete.

Proof. — Take t,s >0 and x € X. By (2.8), for any y € X we have

[ btz e e ape) = () e,
X

t+ s

Letting s — 400 and applying the monotone convergence theorem, we get the
result. ]

As a consequence of Lemma 3.1, we can show that spaces with an a-dimensional
Euclidean heat kernel have an a-dimensional volume.

Levma 3.2, — Let (X,d, u, &) be with an a-dimensional Euclidean heat kernel. Then
(X,d, 1) has an a-dimensional volume.
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Proof. Take x € X. By Lemma 3.1, we have:

[ v nanm =1 veso
X

so that the hypothesis on the heat kernel implies:
(3.1) / o4 (@v)/4t du(y) = (4mt)*/? vit>0.
X

By Cavalieri’s principle (see for instance [AT04, Lem. 5.2.1]), we have

2 Foo Cq2(a .
/Xe @ (@v)/2t 4y (y) :/ p({e @I/t 5 g1y g,
0

Since for any y € X, one has e~ @v)/4t > g if and only if d?(z,y) < —4tlog(s), then

1% if s > 1,

{e—d2(1,~)/4t > s} _
B

74tlog(s)(x) ifs < 1.

Therefore, the change of variable £ = —4tlog(s) yields to

400
—d?(z,y) /4t _ 1 —g/4at
/Xe (=0)/ dﬂ(y)—zt/o e/ (B g (@) €.

Coupled with (3.1), and setting A = 1/(4¢), this leads to:
+o0o
/ e Mu(B je(x)) dE = 7PN /27L YA > 0.
o ,
Applying Lemma 2.16 and (2.1) provides the result. ]

A second consequence is that complete spaces with an a-dimensional Euclidean
heat kernel are proper; in particular, they are locally compact. Note that the space
(R™ \ {0}, d., - Z£™) shows that completeness is a non-removable assumption.

Levma 3.3. — Let (X,d, u, &) be with an a-dimensional Euclidean heat kernel and
such that (X, d) is complete. Then any closed ball in X is compact.

Proof. — From Lemma 3.2, we know that (X,d, ) has an a-dimensional volume,
hence it is measure doubling. Thus (X,d) is metric doubling. Since (X,d) is also
complete, by [Hei01, Exer. 10.17], any closed ball in X is totally bounded and hence
compact. O

Let us conclude with an important lemma.

Levma 3.4. — Let (X,d, pu, &) be with an a-dimensional Euclidean heat kernel such
that (X,d) is complete. Then (X, d) is a geodesic space.

Proof. — Let us begin with showing that any two points z,y € X admit a midpoint,
i.e., a point m € X such that

d(z,m) =d(y,m) = d(g;’ y)
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Set F(z) = d*(z, 2)+d?(z,y) for any z € X. Since F(z) — +o0o0 when d(x, 2),d(z,y) —
400, then there exists a ball B C X such that infx F' = infg F. From the previous
lemma, we know that balls in X are compact, so infg F' is attained in some m € B.
Therefore, setting
\:= F(m) = d*(z,m) + d*(m,y),
we have
||67F/4||Loo(x,u) = M4,

By the Chapman-Kolmogorov identity (2.8), we have for any ¢ > 0
/ o~ (@ @)/t 4y () = o~ 0[St (g2
X

which can be raised to the power t to provide

||67F/4||L1/”(X,p,) _ edZ(x,y)/8(2ﬂ_t)at/2'

Letting ¢ tend to 0, this yields to e=»/* = ¢~ (@¥)/8 hence A = d2(z,y)/2, thus

d2
(3.2) &2(e,m) + d2(m.g) = 00
by definition of A. Since for any z € X,

B (2,2) + (2,9) = 3(8(z,2) +d(2,))? + 5(d(@,2) — d(z,9))?

> 5(d(z’y))2 + %(d(:ﬂ7 z) — d(Zvy))Q’

taking z = m and using (3.2) implies d(x, m) = d(m, y).
The existence of midpoints implies that (X,d) is a length space, see [BBIO1,
Th.2.4.16 (1)]. Then the result follows from [BBIO1, Th.2.5.23] and [BBIO1, Th.2.5.9).
O

— N

Remark 3.5. — The previous proof can be adapted to show that if a complete proper
metric measure space (X,d, i) can be endowed with a symmetric Dirichlet form &
admitting a heat kernel p such that for any z,y € X,

. . _ 2
Jim —4tlogp(a, y, t) = d*(z, y),
where the convergence holds locally uniformly, then (X, d) is geodesic.

3.2. STRONG LOCALITY AND REGULARITY OF THE DiricHLET rorm. — Let us show now
that having an a-dimensional Euclidean heat kernel forces a Dirichlet form to satisfy
several properties. We begin with the following.

Levmwa 3.6. — Let (X,d, u, &) be with an a-dimensional Euclidean heat kernel. Then
Lip.(X) € D(&).

Proof. — Let f € Lip.(X) be with support K. Thanks to (2.9), we only need to show
that

Pt g (@) = 50 e o) dnty)
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is a bounded function. Set D(x,y) = f(x) — f(y) for any (z,y) € X x X. It is easily
checked that supp(D) C (K x X)U (X x K), so for any ¢ > 0, using the symmetry
in z and y of the integrand we get

i 2 2
F(p) < PPUE / / d?(x,y>—(4 e e () auty)

P [ [ S i ) duty),

(47rt)e/2

For any measurable function g : X — [0 o) and any C! function ¢ : [0, 00) — [0, 00)
satisfying limy 400 ¢(A) = 0 and f 1" |[(A) 1 ({g < A}) dX < oo, writing p(g(z)) =
f;[;; @' (N)dX and applying Fubini’s theorem leads to

+oo
(33) | elat@)auta) == [ 0) ntg < Apax
0
For any y € K, using this fact with g(z) = d?(z,y)/(4t) and p(£) = e ¢, we get
4L1p Foo
F() < s / | =0 B (1) a ),

Setting C, = C,(a) := 4f — 1)e=*X*/2d\ and recalling that (B ax(y) =
Wa (4tN)/2 ) we obtaln F( ) < Llp(f) p(K)Cowan™/2, thus F is bounded. O

Next we prove the following crucial result.

Prorosirion 3.7. — Let (X,d, pu, &) be with an a-dimensional Euclidean heat kernel.
Then & is strongly local and regular.

Proof. — In the proof of [Gril0, Th.4.1], it is shown that if (X,d,u, &) admits a
stochastically complete heat kernel p satisfying

1700, (d(w, y) 7)< playy,t) < P Dy (d(, y)t )

for any z,y € X and t > 0, where 5 and 7 are positive constants and ®q, Po
are monotone decreasing functions from [0,+occ) to itself such that ®; > 0 and
f+oo sPH771dy(s) ds < +oo, then

(4) &) =tmsupe ¢+ ] (/@) — F)? du(x) du(y)
t—=0 {d(z,y)<t1/2}
holds for all f € D(€), what in turn implies strong locality of €. Here we have used
A ~ B to denote the existence of a constant ¢ > 1 such that ¢4 < B < cA. Choosing
Dy (s) = Py(s) = e=*’/4 B =2 and v = a, we can apply this result in our context to
get strong locality of €.
To prove regularity, let us show that Lip.(X) is a core for €.
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Density in Ce(X). Let f € C.(X) be with support K. For any R > 0 and = € X,
set fr(z) = inf,{f(y) + Rd(z,y)}. Note that fr(z) < f(z) for any « € X, and since
f(y) + Rd(z,y) — 400 when d(z,y) — +o00 and (X, d) is proper, the infimum in the
definition of fr is always attained at some 2’ € X. Then fr(z) = f(2') + Rd(x,2’)
implies
o 2l

d(z,z") < —R
Being continuous with compact support, f is uniformly continuous, so it admits a
modulus of continuity w which we can assume non-decreasing with no loss of generality.
Then for any x € X

|fr(z) = f(2)| = f(z) — fr(z) = f(z) — f(2’) + f(2') = fr(z) < w(d(z,2")),
—_————
=—Rd(z’,z)<0
so that
[fr = fllo < w (2[|flloc/R) — 0

when R — +o00. Therefore, setting ¢k := max(1 —d(-, K),0) and gr := ¢k fr for any
R > 0, we get a sequence of compactly supported Lipschitz functions (gr)r converging
uniformly to f.

Density in D(€). — Let Lip,(X) be the set of Lipschitz functions f on X vanishing at
infinity, i.e., such that for some o € X one has f(x) — 0 when d(o,z) = +oc0. We are
going to show that Lip.(X) is dense in Lip,(X) N D(€) for the norm |- |¢. By (3.4),
we know that that there exists a constant C, > 0 such that if f € D(E), then

g tmsup [ E(f.2.0)du(e) < &(4) < Calimsup [ E(2.0)du(o),
Co t—0 Jx t—0 Jx

where

B(fuat) =2 [ (1)~ ) duy),
B s (z)
Let f € Lip,(X) N D(E). For any R > 0, we set

pr(z) = (1 - L?E(O)L

for any x € X, and fr := feor. By monotone convergence, we have

i [ = frllz = 0.

—+00
We look now at E(fgr,x,t) and we distinguish 3 cases:

—ifz € By_ ;(0), then E(fr,x,t) = E(f,,t);
—if x € Byp, s(0), then E(fgr,z,t) = 0;
—ifz € Byp, s(0) \ Bg_ ;(0),
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then using fr(z) — fr(y) = ¢r(®)(f(z) — f(¥)) + f(W)(pr(T) — vr(Y)) We get
B(froa,t) < 2~ (022 ( [ @ - )2 aut)
B ()
[ Puent - soR(y»?du(y))

B /()

B(fat)+ 2 @0 [ )5 ),

B ()

where we have used the fact that ¢g is 1/R-Lipschitz. By Fubini’s theorem,

thus

£(fr) < Ca limsup / B(f.2.8) o)+ Co g o | 1) ity

t—0
< CZE(f) / () duly
Hence {fr}r>1 is bounded in D(S). The fact that img— 10 ||f — fr|l2 = 0 implies
that fr converges weakly to f in D(€) when R — +oo. By Mazur’s lemma, there
exists a sequence {ug}, C Lip,(X) made of convex combination of {fr}r>1 such that

lim [ —uelle = 0.
{—+

Therefore, it is enough to show that Lip,(X) contains a subset that is dense in D(E)
for | - |e. Let L? be the set of compactly supported functions f in L?(X,u). Then
P,(L?) C Lip,(X) for any fixed ¢t > 0. Indeed, for any f € L? and =,y € X,

Aty tl) E / e S (OO
)« X

Setting ¢(s) = e~*"/4 and noting that |¢'(s)| < |¢'(vV2t)] =: ¢ for all s > 0, we
get from the mean value theorem, the triangle inequality and Hoélder’s inequality,

that | P, f(x) — Prf(y)| < C(t, f)d(z,y) with C(t, f) := cy(4mt) =2 pu(supp f)'/2|| f] 12
Moreover,

|Pef(x) — Pof(y)| <

1 — 2x, t
|Pef(z)| = ‘W/suppff(y)e e/ du(y)’

e—dz(o,z)/&f 4 (o) /4t
< (47rt)a/2/ ; [f ()] % du(y) — 0
supp

when d(o, z) — +o0.
Let us show now that P;(L?) is dense in D(€) by proving that its (-, -)e-orthogonal
complement F' in D(&) reduces to {0}. For any v € F, we have:

(3.5) /thfdquE(v,Ptf):O Vfel?
X
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Since P, maps L?(X, ) into D(L) and is self-adjoint, then

E(v, P f) = —/

d d
XUL(Ptf)du——/XvaPtfdu——&/Xthfdu

d d
= (Pw)fdu = 7/X a(Ptv)fdu = 7/ L(Pw)fdpu=E&(Pw, f)

for any f € L2, so (3.5) becomes:
/ (Po)fdu+ &P, f)=0 VY felL?
X

This implies P,v € D(L) with L(P,w) = Pyv. Since L is a non-positive operator,
1 cannot be an eigenvalue of L, so we necessarily have P,v = 0. This implies v = 0
since the spectral theorem ensures that 0 cannot be an eigenvalue of P;. ]

Proposition 3.7 has several consequences. The first one is the existence of a T’
operator defined on Dj,(&) for any (X, d, i, &) with an a-dimensional Euclidean heat
kernel. Coupled with Lemma 3.6, this yields the following.

Cororrary 3.8. — Let (X,d, u, ) be with an a-dimensional Euclidean heat kernel.
Then Lip(X) C Dioc(€) N C(X) and for some constant Cy depending only on a, we
have:

(3.6) L(f) < CiLip(f)*n V[ € Lip(X).

Proof. — Take f € Lip(X). For any compact set K C X, the function px :=
max(1 —d(-, K),0) is a compactly supported Lipschitz function constantly equal to 1
on K. Therefore, fpy coincides with f on K, and thanks to Lemma 3.6, f¢x belongs
to D(&). This shows that f € Dioe(&). Moreover, for any non-negative p € C.(X) and
t > 0, a direct computation like in the proof of the previous lemma implies

3 [ PO = F)Pp(e ) dute) dutr) < CrLin()* [ (o) dua)

with C7 depending only on «, so that letting ¢ tend to 0 and applying formula (2.10)
yields to (3.6). O

Proposition 3.7 also implies that we can define the pseudo-distance dg¢ recalled in
Section 2 for any (X,d, i, ) with an a-dimensional Euclidean heat kernel. It turns
out that in this case, dg¢ is equivalent to the initial distance d, as shown in the next
proposition.

Prorosrrion 3.9. Let (X,d, pu, &) be with an a-dimensional Euclidean heat kernel.
Then there exists Co > 0 depending only on « such that Cod < dg < d. In particular,
the assumption (A) is satisfied.

Proof. Let us first show that Cyd < de for some Cy > 0. Set
= {f € Lip(X) : Gy Lip(/)? < 1},
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where C} is as in (3.6). It follows from Corollary 3.8 that A is included in the set of
test functions in (2.5). Noting that f := _1/2d(x, -)is in A for all x € X and that
|f(z)— fly)=C 1/2 d(z,y) for all z,y € X, with Cy := Cfl/Q we get:

Let us show now that de < d. To this aim, we follow the lines of [Gri94]. Let
v € Dioc(€) N C(X) be bounded and such that I'(v) < p. For any a € R, ¢ > 0 and
r € X, set & (n,t) := av(x) — a®t/2.

Cramv 3.10. — For any f € L?(X, i), the quantity

/ f2 Eal+st) dl’t

where fy := P.f, does not increase when t > 0 increases.

Indeed, for any t > 0, writing &, for &,(-,t) and &, for %{a(~,t), we have

d
dt

Since ebe < e“”“”*, this implies

d e,
a(f?e )

2,60) _ d .\ e 200 £ _ e @ oo,
—(fre>) 2ft(@ft>€ + fré.esr = 2fLfie _?fte .

< eVl QA ||LA| + a?[f:2/2) € LY(X, p),

so we can differentiate under the integral sign to get

)=2 / FLfuct du— / f2eérd

The Leibniz rule (2.3) implies

/ fiL fre* du = _S(ft»ftefa):_/ I‘(ft,ftega)d/i
X

/ft U(fi,e ) du—/Xeﬁar(ft)d,i

=T'(f:, esa/2esa/2)

:*2/Xft€£”/2r(ft>€£“/2) d:“*/ efaI‘(ft)d,u

X

and, starting from T'(f,efe/?),

—2f1e 2T (fy, €54/2) = —D(frese/?) + fFT (/%) + e T(fy),

=2 [ e -z [ a4 [ e
/ f? (QF( Sa/2) _ ;e )du

so that

JIEP. — M., 2022, tome g



126 G. Carron & D. Tewoprose

Since v is bounded, we can apply the chain rule (2.4) with (&) := /2 to get
['(efa/2) = (1/4)esT(&,) and thus
2

2 1 2 1
20 (ee/2) — %ega = iegaf(fa) - %65“ = iegaazf(v) - %65“ <0,

so I'(t) < 0.
From now on, assume a > 0. Apply the claim to f = 14, where A is some Borel
subset of X. Then for any ¢t > 0 and any Borel subset B of X,

/B fRetel0 dy < /X J2e€C0 dy = I(t) < 1(0) = /A e dg,
hence
/ frete bl du < p(A)etPar,
B

Moreover, since the heat kernel is Euclidean, we have

2
/Bffeg“("” du=/B(/Ap(w,y,t)dM(y)> eSe (0 dy(x)

—(supax p d®)/2t
e : 2
B A 2 ainfgv—a“t/2
T MBI ,
thus
e—(suprB d?)/2t
(4mt)e
Take z,y € X. With no loss of generality we can assume v(y) — v(x) > 0. Choose t
such that v/t < d(x,y)/3. Apply the previous inequality with A = B j(x) and
B = B ;(y). In this case, sup s g d? = d?(x, y) + 2v/t. Moreover, since v is continuous,
we have infg v —sup, v =v(y) — v(z) + €(t) where €(t) — 0 when ¢ — 0T. Then
e~ (d*(z)+2v1) /2t
(4m)e
for any ¢t € (0,d*(x,y)/9) and any a > 0. Now for t € (0,d*(x,y)/9), choose a =
a(t) = (v(y) — v(z) + €(t))/t to get
67(d2 (zvy)+2\/i)/2t
(4m)
Apply the logarithm function, multiply the resulting inequality by 2t and then add
d?(z,y) to get
—2Vt 4 2tIn(wy /(4m)%) + (v(y) — (@) + €(t))? < d*(z, y).
Letting ¢ tend to O gives

3.7) (v(z) —v(y)* < d*(z,y).

Since for any u € Dic(€) and any R > 0, the function up := max(u, R) is in Djoc(E)
with I'(ug) < I'(u), approximating any possibly unbounded v € Djoc(E) N Ce(X) with
I'(v) < p by (vg)r>o provides (3.7) for any z,y € X for such a v. This implies
de < d. O

H(B)u(A)eatint v=supav)=a®t/2 ¢ 1

W2 W) @) he()—a’t/2 ¢

W2 /20w @) +e®)” ¢ 1.
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Remark 3.11. Though we will not use it in the sequel, let us point out that
Proposition 3.9 can be upgraded into d = dg provided a suitable technical assumption
holds: see [tERS07, Th. 2.5 (T)].

3.3. EVALUATION OF L ON SQUARED DISTANCE FUNCTIONS. Let us show now that the
operator associated to the Dirichlet form of a space with an a-dimensional Euclidean
heat kernel behaves on squared distance functions as the Laplacian does in R™.

Lemma 3.12. Let (X,d,pu, &) be with an a-dimensional Euclidean heat kernel. Then
Ld*(z,-) = 2a, Ld(z,-) = (a — 1)/d(z,-) on X ~ {z} and T'(d(z,")) =1 p-a.e. on X.

Proof. Take x € X. Note first that Corollary 3.8 guarantees that d?(z,-),d(z,-) €
Dioe(E). For any ¢ > 0, a direct computation relying on the chain rule (2.6) and
starting from the equation

—d(z,) /4t
(1) =0
dt (4mt)e/2

(recall the remark after Definition 2.3) provides
d*(z,r) o 1 1
2 5~ @) - s
4t o 4t (4)
Multiplying by (4t)? and letting ¢ tend to 0 gives I'(d*(x,-)) = 4d?(z,-) hence
I'(d(x,-)) = 1 by (2.4), while multiplying by 4t and letting ¢ tend to +oo gives
Ld?(x,-) = 2a, from which follows Ld(z,-) = (o — 1)/d(z,-) by (2.7). O

D(d*(, ) = 0.

Remark 3.13. — Note that any space (X,d, p, &) with an a-dimensional Euclidean
heat kernel satisfies the assumptions of Lemma 2.15. Indeed, Proposition 3.7 states
that (X, d, u, &) is strongly local and regular, Corollary 3.8 yields assumption (1) and
Lemma 3.12 yields assumption (2).

As a consequence of Lemma 3.12, we can show that locally L-harmonic functions on
spaces with an a-dimensional Euclidean heat kernel are necessarily strongly harmonic.

Lemma 3.14. — Let (X,d, u, &) be with an a-dimensional Euclidean heat kernel. Let
Q C X be an open set and h a locally integrable local solution of Lh =0 on 2. Then
for any x € Q, the function defined on (0,d(x,°Q)) by
r— hdp
Br(z)
is a constant. Therefore, h has a continuous representative strongly harmonic in 2.
Proof. — Take z € Q and set R := d(z,°Q2). From Lh = 0 we get that for any ¢ € D(L)
with compact support in 2,
(h,Lp)r2 = 0.
Take ¢ € C°((0, R)) and set u = p od(z,-) on X. Then u belongs to D(L) and has
compact support included in . The chain rule (2.6) and Lemma 3.12 yields to

Lu=xod(x, ),
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where we have set

x(r) = ¢"(r) + aT_lw’(T) =re(rely)

for any r € (0, R). Since x od(z,-) = — fd]?x ) X'(s)ds, we have

—/ORX'(S) (/BS(I) hdu) ds = —/ORX'(S) (/X hlp, () dﬂ) ds
-/ (— / ) ooy (8 d8>hdu

:/X(Xod(x,-))hdu:<h,Lu>Lz —0.

This implies that the function s — I(s) := [, (@) h dp satisfies the equation

a1 (1—a, '] _
T (r Y ) =0
in the distributional sense on (0, R). Then there exists real-valued constants a, b and ¢
such that for any s € (0, R),

I(s) = as™ +bs® + c.
Since h is locally integrable, ¢ = limg_,0 I(s) = 0. Then s~“I(s) = a + bs*>~“ for any
s € (0, R). Using test functions ¢ that are constantly equal to 1 in a neighborhood

of 0, we can get (2—«)b = 0, from which follows that s — s~*I(s) is a constant. Since
(X,d, 1) has an a-dimensional volume, this provides the result. O

3.4. SPACES OF LOCALLY L-HARMONIC FUNCTIONS WITH POLYNOMIAL. GROWTH. Let us
conclude with a result that shall be crucial in the next section. We recall that for any
positive integer m, a function h : X — R has polynomial growth of rate m if there
exists C' > 0 such that |h| < C(1 + d™(o,-)) holds for some 0 € X. The case m =1
corresponds to a linear growth. Note that functions with a fixed polynomial growth
rate form a vector space.

Provosirion 3.15. — Let (X,d, u, &) be with an a-dimensional Euclidean heat kernel.
Then for any m € N~ {0}, the space of locally L-harmonic functions h : X — R with
polynomial growth of rate m is finite dimensional.

Proof. — Having an a-dimensional Euclidean heat kernel, (X, d, p, €) trivially satisfies
the Gaussian estimate (2.12). Moreover, we know from Proposition 3.9 that it satisfies
the assumption (A). Consequently, by Proposition 2.4, (X, d, i, &) has the doubling
and Poincaré properties. Therefore, the arguments of [CM97] carry over. ]

4. CONSTRUCTION OF THE ISOMETRY

In this section, we construct an isometry between a given metric measure space
(X,d, pt) equipped with a Dirichlet form & admitting an a-dimensional Euclidean heat
kernel and an Euclidean space R equipped with a distance dg associated to a suitable
quadratic form Q.
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Let us recall that a quadratic form on a R-vector space V' is a map @ : V — R for
which there exists a bilinear symmetric form 8 : V x V — R such that Q(u) = B(u, u)
for any u € V, in which case one has 8(u,v) = $(Q(u+ v) — Q(u) — Q(v)) and then
Q(u+v) = Q(u) + 28(u,v) + Q(v) for any u,v € V. Moreover, when @ is positive
definite, setting

do(u,v) == /Q(u—0)

for any w,v € V defines a distance on V canonically associated to Q. When V = R¥,
Sylvester’s law of inertia states that @ can be transformed into (vi,...,v,) = >, v?
via a suitable change of basis. This implies that (Rf,dg) and (R, d.) are isometric, so
that the construction made in this section proves Theorem 1.1.

4.1. THE QUADRATIC FORM () AND THE COORDINATE FUNCTION H. — Let us explain how
to define ) in our context. We first fix a base point o € X and set

1
B(z,y) = 5(d*(0,2) + d*(0,y) — d*(x,))
for any z,y € X. Note that
(4.1) d*(z,y) = B(z,z) + B(y,y) — 2B(z,y).

Remark 4.1. — In case (X,d) = (R%, d.) and o is the origin in R, the law of cosines
gives B(x,y) = (x,y) for any z,y € R’ where (-,-) is the usual Euclidean scalar
product in R?.

For any z € X, it follows from Lemma 3.12 and the fact that constant functions
are locally L-harmonic that B(z,-) is locally L-harmonic. Moreover, for any =,y € X,
since d?(0,y) —d?(z,y) = (d(o,y) —d(x,y))(d(0,y) +d(x,y)), d(o,y) —d(z,y) < d(o,z)
and d(z,y) < d(z,0) + d(o,y), we have

B(z,y) < %(dZ(Ov z) +d(o,z)(d(o,z) + 2d(0,y)))
= d%(0,z) 4 d(o, z)d(0,y) < C(1 +d(0,7))

with C, := max(d?(o,x),d(0,)). This shows that B(z,-) has linear growth for any
x € X. Then V := Span{B(x,-) : © € X} is a subspace of the space of locally
L-harmonic functions with linear growth. Using Proposition 3.15, we know that this
space has a finite dimension, so V has a finite dimension which we denote by /.

Let us then consider the subspace D := Span{d, : € X} of the algebraic dual V*
of V. If f € V is such that §(f) = 0 for any 0 € D, then f = 0; since the duality
pairing V x V* — R is non-degenerate, this implies D = V*. Therefore, there exist
Z1,...,2¢ € X such that {dy,,...,0,,} is a basis of V*. Let {hq,...,he} be the
associated basis of V. Then for any z € X,
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and for any i € {1,...,¢},

¢ ¢
B(z,xi) = B(xi, x) = Z% (B(zi,-))hj(x) = ZB(% ;) h; ().
Therefore, we have
¢
(4.2) B(z,y) = Z B(zi, z;)h;(x)hi(y)

for any x,y € X. We now define Q on R’ by setting:
¢

Q) =Y Blw,z)&& VE=(&,...,&) €R
i,j=1
Then @ is a quadratic form whose associated symmetric form [ is given by
¢

B &) =Y Blas,x;)&g]

i,j=1
for any £,& € RY. Note that § is non-degenerate. Indeed, if ¢ € R’ is such that
B(&,-) =0, then for any y € X we have Zle & B(zi,y) = 0 because

¢ 14
D &B(wiy) = Y &hi(y)Blai x;) = BE (h(y), .. he(y))) = 0.
=1

ij=1
But {B(z;,)}; is a basis of V since
‘ ¢
B(w,y) =Y 6s,(B(,y)hi(z) =Y Blai, y)hi(x)
i=1 i=1

for any x,y € X, thus £ = 0, where 0, denotes the origin in R.
We are now in a position to introduce our “coordinate” function H : X — R’ which
we define as
H := (hy,..., hg).

This function H is continuous because hq, ..., hy are so. Moreover, for any x,y € X,
we have

(4.3) B(H(z), H(y)) = B(z,y)

thanks to (4.2) and

(4.4) d*(z,y) = Q(H (x) — H(y))

thanks to (4.1). Note that H (o) = 0y because B(x,0) = 0 for any x € X. Moreover,
(4.4), the continuity of H and the completeness of (X, d) imply that H(X) is a closed
set of RY.

Cramm 4.2. — H is an injective map. Moreover, Span(H (X)) = R® - in fact, the
closed convex hull of H(X) is R*.
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Proof. — If H(z) = H(y) then (4.4) gives d?(x,y) = Q(0) =0, so z = y. Then H is
injective. For the second statement, let us recall that the closed convex hull conv(E)
of a closed set E C R is defined as the smallest convex subset of RY containing F;
moreover, conv(FE) coincides with
N {x=0}
ACA(E)

where A(E) is the set of affine functions on R’ that are non-negative on E. Note
that being closed and convex, Span(E) contains conv(E). Take A € A(H(X)). Then
Ao H : X — R is an affine combination of locally L-harmonic functions, hence it is a
locally L-harmonic function too. Since Ao H is non-negative on X, Lemma 2.6 implies
that it is a constant. Therefore, conv(H (X)) = R?, what brings the result. O

Note that the right-hand side in (4.4) does not define any squared distance on R?
unless ) is shown to be positive definite, see Section 4.3.

4.2. CONICAL STRUCTURE OF TANGENT CONES AT INFINITY. Let (X,d, 0) be a tangent
cone at infinity of (X,d) at o. We denote by {(X;,d; := r; 'd,0)};, where {r;}; C
(0, +00) converges to 400, the sequence of rescalings of (X,d,0) converging in the
pointed Gromov-Hausdorff topology to (X,d, 0). Note that whenever z € X, there
exists a sequence {z;}; C X such that x; Z%, z; in particular, di(0,x;) — d(o,z) and
d(o,z;) — +oo.

Step 1. Construction of a Busemann function he associated with a divergent sequence

Let {z;}; C X be a sequence such that d(o,x;) — +o00. For any i, setting
D; :=d(o,x;),

we define
hi(y) == D; — d(z4,y)
for any y € X and call ¢; : [0, D;] — X a minimizing geodesic joining o to ;.

On one hand, the triangle inequality implies that the functions h; are all 1-Lipschitz,
so by the Ascoli-Arzela theorem, up to extracting a subsequence, we can assume that
the sequence {h;}; converges uniformly on compact subsets of X to a 1-Lipschitz
function hs. On the other hand, the minimizing geodesics ¢; being 1-Lipschitz too,
we can use again the Ascoli-Arzela theorem to assume, up to extraction, that they
converge uniformly on compact sets of [0, +00) to a geodesic ray 7.

Cramm 4.3. — The function ho, constructed as above coincides with the Busemann
function by associated with -y.

Proof. — Thanks to Lemma 3.12 and the fact that constant functions are locally

L-harmonic, we know that for any ¢ we have h; € Dj(€) and
-1
Lh; = dogxi, 3 on X ~ {x;}.
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Therefore, for any R € (0,d(o0,x;)), since d(x;,y) = D; — d(y,0) = D; — R holds for
any y € Br(o), we get
o —

|Lh;| < on Bg(0).

Then
a—1 .
[E(hs, )| = |{p, Lhi) 12| < Di—R”(plll —0 when i — +00

for any ¢ € D (€). Since h; — hy uniformly on compact sets, we can act as in the
proof of Lemma 2.15 to show that h is locally L-harmonic. Lemma 2.15 also shows
that b, is locally L-harmonic, hence ho, — b, is so too.

Let us show now that ho, — b, is non-negative. For any ¢ and s € [0, D], set:

his(y) =s—d(y,ci(s)) VyeX.
Since d(z;,y) < d(xy, ¢i(s)) + d(y,ci(s)) = Dy — s +d(y, ¢;(s)) for all y € X, we have
his < hi.

As the curves ¢; pointwise converge to v, the functions h; ; pointwise converge to
gs :y — s —d(y,7(s)), so that letting 7 tend to 400 provides

gs < hoo
and then letting s tend to +oo gives
by < oo

By Lemma 2.6, since ho, —b, is non-negative and locally L-harmonic, it is a constant
function. But b,(0) = 0 = h;(0) for any %, so ho — by is constantly equal to 0. O

Step 2. Behavior of H in the convergence (X, d;) — (X, d) and link with hs. — Recall
that for any 1 < j < £, the function h; has linear growth: |h;(z)| < C;(1+4d(o,x)) for
any x € X, where Cj > 0 is some constant. Then the rescalings h} := r;° h; are such
that |h}(z)| < Cj(r;* +d;(o0,x)) for any x € X, hence

I e ey < G374 7) < (14 7)

holds for any » > 0 and any ¢ such that r; > 1. Moreover, since h; is locally L-harmonic,
it is strongly harmonic by Lemma 3.14 and then Lipschitz by Lemma 2.9: there is
some constant C]’- > 0 such that
|hj(x) = hj(y)| < Cjd(z,y)
for any z,y € X. This implies that the sequence {h; }i is asymptotically uniformly
continuous on B;(z). It is immediate to check that the rescalings hj are also strongly
harmonic in (X,d;, ;) where u; := r; “u. Then Propositions 2.11 and 2.13 imply
that up to extracting a subsequence, we can assume that for any j = 1,...,¢, the
functions h; converge uniformly on all compact sets to a strongly harmonic function
ﬁj : X = R. We set
H:=(hy,...,hy): X — R"
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Cramv 4.4. For any given x € X, the function X > y — B(H(x), H(y)) is a multiple
of a Busemann function.

Proof. — Let {z;}; C X be such that z; S8, 2. Denote by heo the Busemann function
associated to {z;}; as in the previous step. Then for any y € X,

BUH(2), H(y) = lim_B(Hi(x.), H(y)

= lim lﬁB‘(lLI(asi),H(y))

i—+00 T

= Jim_ o (0.0 + P (0.9) ~ Plaiy) by (43)
(d(0,1) — dr, ) (d(o,1) +d(r:,9))

i—>+00 2r;

d(mi,y))

i—too  27;

since d(o, z;) — d(z;,y) = heo(y). Now
d<xi70) —d(O,y) d(l‘“y) d(mi,o)—i-d(o,y)

< < )
Ti T Ti
N—_——— N——
—d(z,0) —d(z,0)
SO
B(H(z), H(y)) = d(0,z)hoo (y)- O

Note that we also have the following.
Cramm 4.5. — H is an injective map. Moreover, Span(H (X)) = R
Proof. — Dividing (4.4) by r? and taking i — oo implies d*(z,y) = Q(H(x) — H(y))

for any z,y € X, hence the injectivity of H. To prove the second part of the statement,
let us show that H(X) is contained in no hyperplane of Rf. Take a linear form
A : RY = R vanishing on H(X). Considering the convergent sequence (X;,d;,0) —
(X,d,0), Proposition 2.11 implies that up to extraction the equi-Lipschitz functions
r7'AoH : X; — R converge to 0 = Ao H : X — R over Eii(o) — B, (o) for any r > 0.
Therefore, we have
sup |[AoH|= sup |AoH|=o(r;).
9B, (o) 8BS (o)

Being a linear combination of locally L-harmonic functions, Ao H is locally L-harmonic
hence strongly harmonic by Lemma 3.14. Thus Lemma 2.9 implies that A o H is
constantly equal to 0. Since Span(H (X)) = R?, this implies A = 0. O
Step 3. Construction of the bijection. Our goal now is to construct a natural bijection
between X \ {0} and S x (0, +00), where S := {z € X : d(o,z) = 1}.

Let us start with some heuristics. For z € X \ {0} given, we look for ¢ € S and
t € (0, 4+00) uniquely determined by z. Here is how we are going to proceed:

(1) prove that there exists only one minimizing geodesic ¢ joining o to z;
(2) show that ¢ extends in an unique way into a geodesic ray 7.
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Indeed, the unique geodesic ray v that we are going to construct necessarily crosses S
at a single point ¢ (otherwise 7 would fail to be a minimizing geodesic) and it is
such that v(t) = z for a unique time ¢ > 0. Conversely, a pair (g,t) would uniquely
determine a point y(t) € X.

Let us proceed now with the construction. Take z € X \ {o}. Let {x;}; C X be
such that z; — z. For any 4, let ¢; be the minimizing d;-geodesic joining o to ;.
As done previously, up to extracting a subsequence we can assume that {c;}; converges
uniformly on compact subsets of [0, +00) to a geodesic ray 7 : [0, +00) — X. We know
from Claim 4.3 and the previous step that

(4.5) B(H(z), H(y)) = d(e, 2)b(y)

holds for any y € X, where b, is the Busemann function associated with . Consider
now a minimizing geodesic ¢ in (X, d) joining o to z and set

D :=d(o,z).
For any s € [0, D], acting as we did to establish (4.5), we can prove that

B(H(c(s)), H(y)) = sby(y)

holds for any y € X. Subtracting (4.5) to this latter equality yields to
s
B(H(e(s) ~ 5 Hx). H@)) =0
for any y € X. By Claim 4.2, this implies
s
B(H(els) ~ 5 H).€) =0

for any £ € R™ and then

S

(4.6) H(c(s)) = D H(z)

since 3 is non-degenerate. Uniqueness of ¢ follows: if ¢; and ¢, are two minimizing
geodesics joining o to z, for any s € [0, D] one has

H(c,(s) = = H(z) = H(cs(s))

]

and thus ¢; (s) = ¢y(s) since H is injective.

Let us show now that ¢ extends in an unique way into a geodesic ray. Our argument
is inspired by the analysis done by Cheeger about generalized linear functions [Che99,
§8]. For any 4, set D; := d(o, z;) and write ; : [0, +00) — X for the geodesic ray in
(X,d;) defined by:

vi(s) = v(sr; + D;) Vs> 0.

On the one hand, by Proposition 2.12, we know that up to extracting a subsequence
we can assume that {v;}; converges uniformly on compact subsets of [0, +0) to a
geodesic ray 7 : [0, +00] — X whose associated Busemann function we denote by b5.
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On the other hand, if we write b,, for the Busemann function associated with ~;,
we can proceed as in Step 2 with d;, H;,; in place of d, H,y respectively to get

b () = 2L Fl)

for any y € X. Then the sequence (b,,) converges pointwise to the function

B(H(z), H(y))

F: X>y+—
X>oy D
and we have the following;:
Cramv 4.6
(4.7) F=b;+D.
Proof. Observe first that F' is strongly harmonic since it is a linear combination of
the strongly harmonic functions h,,...,h,. Let us show that b5 is strongly harmonic
too. For any i, set
—d2(x, _
pi(z,y,t) == W e~di@V)/At = rf‘p(x,y,rft)

for any z,y € X and t > 0, and

e—éz (z,y)/4t

R
P(2:9:1) = pparz

for any z,y € X and ¢ > 0. Then for any z,y € X and s,t > 0,

pi(@,y,t + ) = r8p(a, y, r2t + r2s) = 1 / D, 2,2 0)p(z, g, 128) du(2)
X

du(z
[ itz pteprzs e B = [ s ).
X i X

For any z,y € X and {;};, {y:}s € X such that z; S zandy; =5 y, the convergence
di(xh yz) - d(£7 g) lmphes pi(‘xia Yis t) - B(&) Y, t) for any t> 07 hence:

p(z,y,t+s) = / p(z, 2, t)p(2,y,s) du(z) Vz,ye X, Vt,s>0.
X

By a standard procedure described for instance in [Gril0, §2], we can construct
a Dirichlet form € on (X,d, ) admitting a heat kernel given by p. In particular,
(X,d, p, €) has an a-dimensional Euclidean heat kernel. Writing L for the associated
self-adjoint operator, we deduce from Lemma 2.15 that b5 is locally L-harmonic, then
Lemma 3.14 implies that b5 is strongly harmonic.

Let us show now that F —Q:/ > 0. Take i € N, s > 0 and y € X. Then
by(y) = ris + D; — d(y(ris + D;),y) by definition of a Busemann function, hence
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17 by(y) = s+ 17 Dy — di(7i(s), ). Since
ritby(y) = Jim rits —rld(v(s),y)

=Dir; '+ ,EI_E s —d;(v(D; +ris'),y), where s’ = (s — D;)r;

i
= Di’ri_l + b'Y'i (y)v

we get by, (y) = s — d;(7:(s), y). Letting ¢ tend to o0 provides F'(y) > s — d(7(s),y),
after what letting s tend to +oo gives F' > b5.

By Lemma 2.6, we get that F' — by is a constant function. Since F'(z) = D = d(o, )
and by(z) = 0, the claim is proved. O

Let v : [0,400) — X be the concatenation of ¢ and 7, i.e.,

© = c(t) if0<t<D,
" \F5¢t-D) ift>D.

By construction, v is 1-Lipschitz: d(y(t),y(s)) < |t — s| for any s,¢ > 0. Moreover,

(4.6) implies F'(y(t)) =t when 0 < ¢ < D while (4.7) implies F'(y(t)) =t when ¢ > D.

Since the function F is 1-Lipschitz we get [t —s| < d(y(),y(s)) for any s, > 0, thus
is a geodesic ray that extends c.
Let us show that this extension v is unique. By (4.7), we have

(4.8) B(H(z), H(y)) = D(b5(y) — D)
for any y € X and we can obtain
BH((1)), H(y)) = t(bs(y) — D)

for any y € X and ¢t > D by a similar reasoning. Then if 4" is another extension of ¢
obtained from a geodesic ray 7’ emanating from z, we get

BHH(L) — H(V'(t), H(y)) =0
for any y € X and ¢ > D, from which Claim 4.5 yields 7(t) = 7'(t).

Remark 4.7. — Note that (4.8) implies S(H (Y(t)), H(y)) = tB(H(7(1)), H(y)) for all
y € X, hence

(4.9) H(y())) = tH(3(1))-

Step 4. Construction of the isometry. — Let ® be the inverse of the bijection constructed
in the previous step, i.e.,
(0,400) x S — X ~ {o}

(t,0) — 1, (1),

where 7, Is the geodesic ray obtained by extending the minimizing geodesic joining o
to o. Note that (4.9) implies

(4.10) H(®(t,0)) = tH(®(1,0))
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for any (t,0) € (0,400) x S. Let d¢ be the cone distance on (0, 4+00) x S defined by
d&((t,0), (t',a)) := (t —t')* + 4tt'sin*(d g (. 0') /2)

for any (t,a), (t',a’) € (0, +00) x S, where dg is the length distance associated with
the distance on S obtained by restricting d to S x S. We are going to establish

(4.11) d(z,2') = do((t,0), (t',0'))

for any z = ®(t,0), 2’ = ®(t',¢') € X ~ {o}.

Cram 4.8. — There exists 6(a,0’) € [0, 7] such that

(4.12) d*(z,2') = (t — t')* + 4tt' sin®(8(c, o) /2).

Proof. — Choose {xl}“ {z}}; C X such that ; S8, x and X <8, &/, For any 4, divide

(4.4) by 72 to get di (zi,2}) = Q(H;(x;) — Hi(x})). Letting i tend to +oo implies
d*(z,2') = Q(H(z) — H(z')), hence

d*(z,2') = QUH(®(1,0)) — t'H(®(1,2))),

thanks to (4.10). To compute Q(tH (®(1,0)) — t' H(®(1,a'))), let us use h;(g) as a
shorthand for h;(®(1,c)). Then:

d*(z,2') = Q(thy (2) — t'hy(a)). ..., thy(a) — t'he(a"))

0
= Y Blai,z;)(thy(0) — t'h;(a))(th;(o) — t'hy(e)))

o
:( > Blows el @) (ZBH (@) ) ¢
£
- 2tt’( B(xi,x5)h;(a’)h; (U)>

4,j=1

= Q(H(2))t* + Q(H()(t')* — 2tt'B(H(), H(c))
=d*(c,0)t” +d*(¢’, 0)(t')* - 2tt'B(H (), H(c"))
=t + (') - 2tt'B(H(e), H().

Set B(z,2') := 4(d*(0,z) + d*(0,2') — d*(z, 2’)). Write (4.3) with @ = z;, 2’ = /,
divide by r? and let r; tend to +oo to get S(H(z), H(z')) = B(z,2’) and then

d*(z,2') = 12 + (t')? - 2tt' B(a, o).

Assuming ¢ = ¢/ = 1 provides B(o,0’) = 1—1 d*(g, ¢’). The triangle inequality implies
d*(o,0') < 4, thus B(g,0’) € [~1,1], so we can set

cos(d(a,0’)) := B(a, ')
for some 6(g,d’) € [0, 7]. O
In particular, (4.12) implies d(g,,0;) = 2sin(6(gy,0)/2) for any g4,0; € S.

Cramv 4.9. The function § defines a geodesic distance on S.
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Proof. Let us first show that § defines a distance on S. We only prove the triangle
inequality since the two other properties are immediate. For given g(,0;,04 € S, let
us set « := 0(gy,01), B 1= d(gy,05) and v := §(gy,0,). We can assume o + 3 < 7
because otherwise we would have o« + 8 > 7 > +, thus nothing to prove. For any
t,s,r > 0, the triangle inequality for d written with (4.12) gives

\/(t — 5)2 + 4tssin®(a/2) + \/(s —7)2 +4srsin®(3/2) > \/(t —7)2 + 4trsin®(v/2).

Considering the three complex numbers zy = t, z; = se'® and 2z = re’(®T#) | this can

be rewritten as

20 — 21| + |21 — 22| = \/(t — )2 4 4trsin®(y/2).
Choosing s so that zg, 21, 22 are aligned implies |zo — 22| = |20 — 21| + |21 — 22| thus

V(=102 +atrsin?((a+ B)/2) = |20 — 22] > 1/ (t — )2 + atrsin(7/2),

which yields to a+ 8 > ~.
Let us show now that ¢§ is geodesic. For given ¢, 0, € S with g, # g;, we aim at
finding g,,, € S such that

1
(00, Tm) = 0(am, 21) = 50(20,21)-
Let ¢ : [0,d(gy,07)] = X be the minimizing d-geodesic between g, and g;. Assume
first d(gy,a;) < 7 so that c¢(d(ay,a;)/2) # 0. Then c(d(gy,a;)/2) writes as (s, a,,)
for some (s,0m,) € (0,1) x S. We have

d(ag,a,) = d(@: 01) = %d(go,g%
from which follows
(4.13) (1 —5)% 4 4ssin” (ap/2) = (1 — 5)* + 4ssin? (ay /2) = sin? (8/2)
thanks to (4.12), where we have set ag := §(gy,a,,), @1 = §(g,,,0;) and B =

d(ay, ;). Note first that (4.13) immediately implies ag = a. Moreover, for any ¢ > 0,
d (UO’ (b(tv Um)) + Q (gh (I)(t, Um)) >d (007Q1>

implies

V(L= )2+ 4tsin?(a0/2) + /(1 — )2 + 4t sin* (a1 /2) > 25in(8/2),
thus
(1 — )% 4 4tsin®(ag/2) > sin?(5/2).
Therefore, the polynomial function F : t — (1 — t)? 4 4tsin®(a,/2) — sin?(3/2) is
non-negative and vanishes only at t = s, so F'(s) = 0 hence

2(1 — s) = 4sin®(ag/2).
Plugging this in (4.13) leads to sin?(3/2) = sin®(ag/2) hence ag = fs. O

Claim 4.9 and Lemma 2.14 implies § = dg which yields (4.11) by Claim 4.8.
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4.3. EqQuaLity £ = o AND POSITIVE DEFINITENESS OF (). Since f is non-degenerate,
we can write

(4.14) RE=E, ®E_,

where E is a subspace of R® with maximal dimension where 3 is positive definite
and E_ is its S-orthogonal complement; 3 is negative definite on E_. We call p, the
dimension of E; and p_ the dimension of E_. Note that £ = p; + p_ so in particular,
¢ > p4. Let us prove p4 > a, then ¢ = a, in order to reach our conclusion that is
{=py =qa.

Step 1. py > . — Let us write H = (H ,H _), where H _:= projp, o 4 and H_ :=
projp o H, and proj B, Projp_ are the projections associated to the decomposition
(4.14). Moreover, we set ¢4 (v4) := B(vy, vy ) forany vy € Ey and g—(v_) := S(v_,v_)
for any v € E_. Then for any z,y € X,

QH(z) — H(y)) = a+(Hy (z) — H, (y)) + ¢-(H _(z) — H _(y)),

thus

(4.15) d*(z,y) —q-(H_(z) — H_(y)) = a4 (H  (z) — H (y)).

Since ¢ < 0, it follows from (4.15) that ¢4 (H, (z) — H,(y)) > d*(z, y). Moreover,
—q-(H_(z) — H_(y)) is bounded from above by A (z, y), where A is the largest
modulus an eigenvalue of @ can have, so ¢ (H, (z) — H,(y)) < (1 +\)d*(z,y).
Finally, since H is injective, then H , is injective too. Therefore, the map H, is a bi-
Lipschitz embedding of (X, d) into (E,d,, ) where dg, (v4,v)) = \/q4(vy —v)y) for
any vy, v’ € Ey. This implies that p, is greater than or equal to the local Hausdorff
dimension of X which is equal to a.

Step 2. 0 = . — Set 1 := (P 1)u(uL X \ {o}). Then i is a Borel measure on
(0,400) x S equipped with de. We complete (0,4+00) x S by adding the point o
corresponding to the tip of this metric cone. Let dt ® v; be the disintegration of iz with
respect to the first variable ¢ (we refer to [AFP00, 2.5] for the definition of disintegration
of a measure). Since for any \,r > 0, we have u(hi(Br(0))) = A*u(B,(0)), where
hy: (t,o) — (At, o), then dv; = t* 1y for any ¢t > 0 and v (S) = aw,. Let us write v
instead of v;.

Cram 4.10. — For any o € S and h € V := Span(hy, ..., hy),

(4.16) W) = o5 /3 cos(dg(2, ))h(p) du(p).

Proof. — Take h € V and t > 0. Since hq, ..., h, are locally L-harmonic, then for any
zelX,

(4.17) h(z) = /X p(z, y, t)h(y) du(y).
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Use the notation z = ®(r,¢) and y = ®(s, ) and note that h(®(t,0)) = rh(c) and
h(®(s,p)) = sh(p) thanks to (4.9). Then (4.17) writes

1 e 25242 d 4t
g [ e i) dsaut)
0

(4.18)  rh(o) = (art)er?

Since
i (e(—r2+2rscos(gi(g,f)))/%) _ (71 + SCOS(Q@(Q, f)))e(—rz+2rscos(gi(g,f)))/%
dr 2t 2t ’

differentiating (4.18) with respect to r and evaluating at r = 0 gives

1 +oe 752/415 8a+1
h(g) = (dnt)or |, € TR ds §COS(Q§(27 ©))h(p) dr(p).
A direct computation using the change of variable £ = s2/4t shows that

“+o0 a+1
1 ! / R ds — 1 _ o -
(4rmt)e/2 [, 2t wa  v(9)

Set W = {ﬁ\s : h € V}. Note that (4.9) implies that the restriction map V — W is
a bijection, hence dim W = ¢. We introduce the operator X: L?(S,dv) — L?(S,dv)
defined by

xmm:ggﬁmw@@mwa

for any f € L?(S,dv) and p-a.e. ¢ € S. Since for any o,0’ € S,
cos(ds(a,0’)) = Blo,o’) = B(H(®(1,0)), H(®(1,0')) = Y B(xi, z;)h;(0)hy (),
6, J

then the image of X is contained in W and according to (4.16), we have
Xf=f for every f € W.

Hence X is the orthogonal projection onto W and if k4, ..., k, form an orthonormal
basis of W for the L?(S,v) scalar product, then for any f € L?(S,dv):

This implies

(4.19) oS cos(dg(a, p)) =

for v @ v-a.e. (g,¢) € S x S. Since for any 4, the function k; admits a continuous
representative — still denoted by k; — defined by

&@:Lm@@@w@M@
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for any ¢ € S, then (4.19) holds for all (¢g,¢) € S x S. In particular, we can take
g = g in (4.19) to get

¢
@
e = > ki(0)®.
TS
Integrating over S with respect to v gives oo = £.

4.4. CONCLUSION. From the previous subsections, we get that H is an isometric
embedding of (X,d) into (R, dg) or, as explained at the beginning of this section, into
(R?,d.). Therefore, H(X) equipped with the restriction of d. is geodesic. Minimizing
geodesics in (R’,d.) being straight lines, this implies that H(X) is convex. Being also
closed, H(X) is equal to its closed convex hull that is equal to R’ by the proof of
Claim 4.2, hence Theorem 1.1 is proved.

5. ALMOST RIGIDITY RESULT FOR THE HEAT KERNEL

In this section, we show how our rigidity result (Theorem 1.1) provides an almost
rigidity result (Theorem 1.2). We fix a positive constant 7' > 0, a positive integer n,
and we recall that B} stands for an Euclidean ball in R™ with radius r > 0 (where
this ball is centered as no importance), and dgy for the Gromov-Hausdorff distance.

We begin with the following lemma:

Lemva 5.1, — If (X,d, p) is a complete metric measure space endowed with a sym-
metric Dirichlet form € admitting a heat kernel p such that for some v > 1,

-1

Y —yd(z,) /4t Y )/ vt

1 —_— < p(@,y,t) <
o) (i) 72 © N e

forallz,y € X andt € (0,T), then there exists positive constants c(n,vy),C(n,y) such
that for any v € X and r < VT,
e(n, ) T < (B () < Clm,y) 1™

Remark 5.2. — The upper bound is quite classical, the novelty is the lower bound
which was nonetheless known for stochastically complete spaces (see [Gril0, Th. 2.11]).

Proof. — For any ¢ € X and r > 0, integrating the lower bound in (5.1) gives

e_'Yr2/4t'u (Br(J?))) < / ( )e—vd2(x,y)/4t d,u(y) < 7(471‘2&)"/2,
B, (x

hence u (By(z))) < 7(47rt)”/26VT2/4t for any ¢ € (0, T]. Consequently, when 7 < /T,
choosing t = r? provides

(5:2) p (Br(x)) < ety (dm)"/2 o,
while when r > /T, choosing t = T gives
(5.3) 1 (B () <y (AnT)"/2 Y7 /4T,
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Note that (5.2) is the desired upper bound. Take ¢ € (0,7/2]. Combining (5.1) with
the Chapman-Kolmogorov formula, we get

-1

Y 2 Y
—— <K = <
(8’/Tt)n/2 \p($,$72t> /Xp(x7y7t) du(y) = (47Tt)n

hence

(54) ’Y73 (27T)n/2 tn/2 g /;7d2(z’y)/2yt dﬂ(y) g ,U(Br(z))—F/)( Be(,c)i?'(m,y)/QYt d,u(y)

/ e~ /2t 4y (y),
X

From now on, assume r < v/T. By Cavalieri’s principle and the estimates (5.2)
and (5.3), we get

¥ (a T 2oyt P
65) [ ey = [ e L, ) dp
X~\B,(z) r 2

ﬁ 2 oo 2 2
< (47T)n/2ev/4/ P /2yt P P dp + (47TT)”/2/ P12yt P yp® /4T dp.
,. t JT t
A direct computation shows that for any n € N, there exists Cy > 0 depending only
on n such that for any A > 1,

Too 2 2
/ 675 /2€n+1 df < COAnefA /2.
A

Therefore, using the change of variable £ = p/1/Yl to get

VT, P too P oo 2
/ e P /2yt 7pn dp < / e P /QVt,p” dp _ ,y(n/2)+1tn/2/ e—f /2£n+1 dg’
r ¢ r ¢ r/VAE

we obtain that r > /yt implies

ﬁ 2 p 2
(5.6) / e /QW—t Pt dp < Coyre ™ /2t

T

To bound the second term in (5.5), assume ¢ < T'/y2. Then a straightforward compu-
tation shows that —p? /2yt + vp? /4T < —p?/4~t holds, thus

e 2 /9yt P 2 /4T e
(5.7) / e P /2vt 2 yp®/ dp < /
VT t VT

Combining (5.5), (5.6) and (5.7), we get existence of a constant C' > 0 depending only
on n such that if 72 > 42t (this implies both r > /7% and t < T//¥?), then

e_p2/4yt g dp — ZYE_T/4‘Yt.

/ e—dZ(z7y)/2yt d,LL(y) < C(YeY/47'n€_T2/2yt +YTn/2€_T/4yt).
X\ B, (x)

Then (5.4) implies
y73 (2m)V2 /2 < (B, (x)) + C(yey/d‘r"e*’”z/%’t + yTn/Qe*T/ﬁwt)
for any t € (0,72/42), what can be rewritten as

¢ (n, N < p(Br(@)) + CE2 (v UF (2 /1) + yG(T /1)),
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where ¢ (n,7) := v~ (27)? and F(s) := s"/2e~%/?7, G(s) := s"/?e~%/* for any
s > 0. The function G is decreasing on (2n7, +o0) so if 72/t > 2nry, since r2 < T,
we get G(T/t) < G(r?/t). As lim,_, o0 F(5) = lims_, o G(s) = 0, then there exists
s(n,v) > 0 such that if s > s(n,7),
¢(n,7)

5
Then for any ¢ > 0 such that 72/t > max(y?, 2nv, s(n,v)) =: 0(n,v), we get

C(ye"/*F(s) +vG(s)) <

@ /2 < (B, (z)).

Choosing t = t(r) such that 6(n,y)t < 2 < 20(n,)t, we get

d(n,7) n
2031, )2 < (B (). O

We shall also need the next proposition.

Prorosirion 5.3. — Let (X, d, ) be a measure metric space satisfying the local doubling
condition, namely there exists r, > 0 and Cp > 0 such that u(Ba,) < Cpu(B,.) for
any r € (0,7,), and such that for some o > 0, we have

/ 1 —d@/a__ L d(zy)/as du(z) = 1 o (2.9)/4(t+5)
X

(4mt)o/2 ‘ (4ms)e/2 T (An(t+ s))e/?

for all x,y € X and t,s € (0,T). Then there exists a symmetric Dirichlet form & on
(X,d, n) admitting an a-FEuclidean heat kernel.

Proof. — By [Carl9, Lem. 3.9], the space (X,d,u) satisfies pu(Bgr(z))/pu(Br(z)) <
coe B/ for any © € X, r € (0,7,) and R > r, where ¢, and ¢; depend only on Cp.
For any C' > 0 and z € X, applying (3.3) with ©(A) = A2¢~%*" and g(y) = d(z,y)
yields to

“+oo
/e—CdQ(z,y) d,u(y):/ QC)\e_C’\Qu(B/\(y))d)‘
X 0

r 5 +oo 2
(58) < / 20Xe N AN + / 2CAc,e” N CWTdA) (B (y))
0 r

< c2p(Br(y))

for any r € (0,r,), where ¢o depends only on r, Cp and C. For any z,y € X and
t € C~ {0}, we set

. 1 —d?(z,y)/4t
]P)a(xayyt) = W e (z9)/ .

Take z,y € X and t € (0,T). By assumption, the identity
/ Pa(l’, Z,t)67d2(z’y)/4s d,u(z) _ ( S )a/267d2(z,y)/4(t+s)
X t+s
is valid for any s € (0,7 — t). However both expressions are holomorphic in s €
C4 :={z € C: Rez > 0} (the left-hand side can be proved holomorphic by a suitable
application of the dominated convergence theorem using (5.8)), thus the identity holds
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for any s € C4. Freezing s and letting ¢ be variable, we can apply the same reasoning
to get the identity valid for any s,¢ € C,. In particular, we obtain:

/ Po(z, 2, )Py (2, ¥, 8) dp(z) = Po(x, y,t + 5) Vs,t>0.
b

Thus for any z € X and ¢t > 0,

/Xl}”a(x,z,t) dp(z) = (4t)*/? /)((WedZ(m’z)/gt>2du(z)
= (167t)*/? /X P, (z,z,2t)* du(2)
= (167715)‘1/21}”@(3:,3:, 4t) =1
This easily implies that for any f € L*(X, p), if fi(z) = [y Pa(z, 2,t) f(2) dp(2), then

i I fllze = 0.

Then by a standard procedure described for instance in [Gril0, §2], we can build a
symmetric Dirichlet form whose heat kernel is P,,. (|

We can now prove Theorem 1.2.

Proof. — The metric spaces considered in this proof are all complete. Assume that
the result is not true. Then there exists some € > 0 such that for any & > 0 we can
find:

—T5 >0,
— a metric measure space (Xs,ds, us) endowed with a symmetric Dirichlet form &g
admitting a heat kernel ps satisfying

(1-35) W e~ A @AM < pi(ay t) < (1+0) W e (@)/40+0)

for any z,y € X5 and t € (0, Ts],
— x5 € X5 and 15 € (0,4/Ts] such that dey (B,,ZS (zs5), B ) €rs.

By a rescaling of the distance and of the measure, we can assume that rs = 1 and
Ts = 1. It follows from Lemma 5.1 that the set of pointed metric measure space

{(Xs,ds, s, 75) }se(0,1/2)

satisfies a uniform local doubling condition, thus it is precompact for the pointed
measure Gromov-Hausdorff topology. Therefore, we can consider an infinitesimal
sequence {8;}¢ C (0,1/2) and a sequence of pointed metric measure spaces

{(va dfvﬂ@a Ig)}g

converging to some pointed metric measure space (Xoo, doos floos Too) Such that for
any /:
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— the space (Xy,dg, 1¢) is endowed with a symmetric Dirichlet form €, admitting a
heat kernel p, satisfying

1 —d2 () JA(1—8)t
(5.9 (1=8) e ™ < pe(zs )

1
< (1 + 6[) W e*dg(z,y)/4(1+6£)t

for any z,y € X, and t € (0,1],
— den (Bi(zg),BY) > e.

In particular, letting ¢ tend to 400 gives:
(510) dGH (Bl(-roo)v]B?) 2 €.

Since for any £ we have
/ pe(@, 2, 0)pe(2,y, 8)dpe(z) = pe(t + s, 2,y)
Xe

for all x,y € Xy and t, s > 0, we deduce from (5.9) that when t + s < 1,

(1 —5§,)/2+1 1-5, /
ASul AR —_— < P, (z,z,t)P, (2, v,

(1+ 8,)n+1 n<x,y7 1+ o, (t—i—S)) ” (z, 2, )P (2, v, s)dpe(2)
and

(14 8,)(/2+1 1+ 8

From this, we obtain for any z,y € X and any ¢,s > 0 with t + s < 1,

/ Po(@, 2, )P (24, 8)dpioo (2) = P2, 4.t + ).
Xoo

/ Po(2, 2, )P (2,5, 8)dpe(2) <
X

Then Proposition 5.3 and Theorem 1.1 imply that (X, dso) is isometric to (R™,d.).
But this is in contradiction with (5.10). O

6. A NEW PROOF OF COLDING’S ALMOST RIGIDITY THEOREM

In this section, we show how our almost rigidity result (Theorem 1.2) can be used to
give an alternative proof of the almost rigidity theorem for the volume of Riemannian
manifolds with non-negative Ricci curvature (Theorem 1.4). Here again n is a fixed
positive integer and B is an Euclidean ball in R™ with radius 7 > 0.

We recall that whenever (M", g) has non-negative Ricci curvature, the Bishop-
Gromov comparison theorem states that the function r — w, r="vol(B,(z)) is
non-increasing for any x € M and the quantity
(6.1) o= 1im YUB(D)

r—+oo Wy r"
does not depend on z. When 0 > 0, we say that (M™, ¢g) has Euclidean volume growth,
in which case one has

(6.2) vol(B,(x)) = Ow,r"
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for any z € X and r > 0. Note that a manifold satisfying (1.2) has Euclidean volume
growth with 8 > 1—4. Our proof of Theorem 1.4 is a direct application of Theorem 1.2
together with the following heat kernel estimate.

Tueorem 6.1. — There exists a functiony: [0,1] — [1,00) satisfying limg_, ;- y(8) =1
such that whenever (M™,g) is a complete Riemannian manifold with non-negative
Ricci curvature and Euclidean volume growth, then the heat kernel p of (M™, g) satisfies

1

—d?(z,y) /4t L —d@y)/ve)
@y © < pla,y,t) <v(0)

(4mt)n/? ¢

for all x,y € M and t > 0, where 0 is given by (6.1).

Remark 6.2. — Our proof of the above heat kernel upper bound follows the arguments
of P. Li, L-F. Tam and J. Wang [LTW97].

Proof. — The lower bound is the comparison theorem of J. Cheeger and S-T. Yau
[CY81]: for any ¢t > 0 and z,y € M, we have

(63) Pn(l',y,t) gp(x7y’t)7

where P, (z,y,t) = (47rt)*”/2e’d2(xvy)/4t. Consequently we only need to prove the
upper bound.

Take z,y € X and t > 0. We shall need the following estimates from P. Li and S-T.
Yau (see [LTW97, Form. (2.1)]): for any r,7 > 0,

1 2
p(z, z,7)dvol(z) 2/ S — . AT
/B,(w) B (47‘(7’)”/2
and
1 2
6.4 / p(z,z,7)dvol(z g/ TS
( ) M~ B, (z) ( ) ( ) R”~B7 (47‘(‘7’)"L/2

For § > 0 to be precisely chosen later, set r := (1 + &)~ 'd(z,y) and 7 := (1 + d)t.
Note that B,.(z) N Bs,(y) = @. By the Harnack inequality of P. Li and S-T. Yau
[LY86], we have

n/2
p(z,y,t) < G) ACW AT (g 2 1)

for every z € M, so that averaging over the ball By, (y) gives

T

n/2
p(z,y,t) < 8’7 /A(r=1) (7> ][ p(z, z,7)dvol(z)
¢ By ()

(6.5) o
< T (@)/4(1+6)% (Z) ][ p(x, z,7) dvol(z).
B&T'(y)

t
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Now

/ p(x, z,7)dvol(z)
Bsr(y)

:/M\BT(x)p(x,z,T)dvol(z)—/ p(x,z,7)dvol(z)

M\(Br(x)UB5r(y))

1
< / 726_”5"2/47 d§ — P, (x,z,7)dvol(z)
reBp (47T)"/ M~(B,(2)UBs,(y)

thanks to (6.4) and (6.3). Continuing,

1
p(x, z,7)dvol(z S/ —_—
/BM(ZJ) ) R™~\B? (47”-)”/2

- / P, (z,z,7)dvol(z) + / P, (z,z,7)dvol(z)
M~ B,(x)

Bé'r(y)
1 2
< = elerar g
/]RW\IB%;? (47T7-)n/2 e 3

1
— / P, (z,z,7)dvol(z) + vol(Bs,(y)) T ——1 e (d(@y)—5r)? /47
M~ B, (z) (471'7')

e lEIP/ar e

By Cavalieri’s principle and (6.2), we have

+oo 1 2 s
Pn y 2, d 1 = - —st/AT 2 1 BS d
/M\Br(z) (@, 2,7) dvol(z) _/T (4mr)n/2 € 57 VO (Bs(x))ds

1

e—|\€|\2/47 de,

+o00
1 )
> / _— 6_52/4Ti¢9wns" ds=20
, ( 27 R™~B? (4mT)n/2

AT )n/2

hence

(6.6) /B ( )p(x,z,T)dvol(z)

1 2 1 2
<(1-6 = lelF/ar g 1(Bs, () ———— e~ (d(@y)=0r)7 /47
a-0 [ o T €+ vol(Bir (1) 7 ©

As pointed out in [LTW97, Form. (2.6)], direct computations show that there exists a
constant C' = C(n) > 0 such that

/ o e IEP/4mqe < © (1 + (r/\/ﬁ)n) e /AT,
R™\B7 ( /

4T )n/2

This together with (6.6) and (6.5) yields to

n —r2 T 2 x 2 n/2 1
plz,y,t) < (1-0)C (1 + (r/V4nT) )e /47 68 (w,y) /4(1+6)%t G) e

1 2 2 2
—(d(z,y)—=67)" /47 ,6d% (z,y) /4(1+5)"¢
+ (47rt)"/2 e e .
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It is easily checked that —r2 /47 = —(d(x,y) — 07)2 /4T = —d?(z,y)/4(1 + §)3t hence
p(z,y,1)

3 , o n n/2 1 1
< |@=0)C (1 (V)" ) (40" s +(47Tt)”/2}
N———r

<1/(0w,dmrm)

o~ (1=6=6%)d% (2,9) /4(1+8)°t

(4rm)?/2 1 N 1
(4mt)/2 w,6nrn | (4at)n/2
o~ (1=3=8%)d*(2,y) /4(1+0)°t

' —1)C (1 + (r/\/ﬁ)”)

N

=[(e"1-1) (1 + (r/\/zﬁ)") w%

(4T )n/? 1
g (4mt)n/2
o= (=622 (2.9 /4(14+6)°t

Now we distinguish two cases. According to [LTW97, Form. (2.4)], if d(z,y) < 6%,
then

11 :
<= (zy)/4t 07 /4
p(z,y:) < (dmtyn2 © e

If d(z,y) = 6v/t, then r/\/7 = §/(1 + 6)?, thus
n (47r7')"/2 B (471'7')”/2 n )2 6+ 1\2n 1\7™
(o ) B2 (o () )
Therefore, if § < 1/2, we get
n/2
(1+ (r/Vamr)") 7(4:;2" <R,

where C’ depends only on n, which yields to

1 2y 42 3
) < 01— DHAS 2"+ 1 —(1—6—-06%)d*(z,y)/4(1+0)"t
p(xvyv ) [( ) + :I (47rt)n/2 € ’

where A := CC’/w,, depends only on n. Now we choose
1 n
5 = 6(6) := min {2 (6 —1)A)e *”} ,

so that when ((67! —1) A)l/(QnH) < 1/2 then
§(0) = (67" —1)As(8) ",
hence

00) + 1 (1-6(0)=5(0)2)e2 (w4 /4(1+5(0))*

t) <
p(z,y,t) Aty

and when ((6’1 — 1) A) 1/(@n+1) > 1/2 — which corresponds to the case 6 < 1— ¢,
with €, := (1 +22"*1A)~! depending only on n — then §(#) = 1/2 implies

(071 — DAZ" + 1 _(15(0)—5(0))d (a.y) /4(1+6(0))*t

t) <
p(z,y,t) (mt)n /2
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Note that §(6) — 0 when 6 — 1. Therefore, setting
F(0) == (1+4(0))°/(1 - 6(0) - 5(6)?)

(0) = max(1 +4(0), F(0)) ifl—e,<0<1,
T max(22°A(07 = 1) + 1, F(8)) if0<0<1—ep,

and

we get the result. a
For completeness, let us provide a short proof of Theorem 1.4.

Proof. — Take € > 0. By Theorem 1.2, there exists &' = §’(n,€) > 0 such that if
(M™, g) is complete and satisfying Ric > 0 and (1.1) with ¢ replaced by ¢’, then any
ball with radius r in M is (er)-GH close from a ball with same radius in R™. But
Theorem 6.1 implies that there exists 6 = §(n,d’) = d(n, €) > 0 such that if 1 —§ < 6
holds, then v(#) — 1 < ¢ and thus (1.1) is true. The result follows. O

7. CASE OF A SPHERICAL HEAT KERNEL

In this section, for any Riemannian manifold (M™, g), we define the operator L
acting on L?(M) as the Friedrich extension of the operator L defined by the formula:

_ /M(mv: /M<w,w> Vu,v € C(M).

The spectral theorem implies that L generates a semi-group (e*’);~ which admits a
smooth heat kernel.

The heat kernel of (e/*);~o on the sphere S equipped with the canonical spherical
metric gs» admits a well-known expression, namely

K™ (dsn (,))
for any z,y € S™ and t > 0, where dg» is the Riemannian distance canonically
associated with gs» and

+o00
(7.1) KM () =" Mo (r)
=0

for any r > 0, with
Nio=—i(i+n—1) and C™():=2i+n—1)(n—1)"o;'G" % (cos())

for any ¢ € N. Here the functions G¢ are the Gegenbauer polynomials (see e.g. [AH12]).
For our purposes, it is worth mentioning that

1 1
C’én) (r)=— and C{n)(r) _rntl

cos(r)
On On

for any r > 0. Moreover, the sum in (7.1) converges uniformly in C([0, +00)).

Turorem 7.1. Let (X,d,u) be a complete metric measure space equipped with a
Dirichlet form & admitting a spherical heat kernel p, that is
(72) plr.y.t) = K" (d(z,y))

for any x,y € X and t > 0. Then (X,d) is isometric to (S™,dgn).
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Proof. Let L be the self-adjoint operator canonically associated with & and (P;)¢>
the associated semi-group. Assumption (7.2) implies that for any ¢ > 0 and f €
L*(X, ),

+oo +oo
[ eaumn =Y [ cde e ) duta) duty)
— 0 X

holds, where (f, Eyf) is the projection-valued measure of L associated with f, see
e.g. [RS80, p. 262-263]. Uniqueness of the map f — (f, E\f) implies that the spectrum
of L is given by Ao, A1, Aa, ... and that the projection operators P; : L*(X,u) — E; :=
Ker(L — )\;Id), for any i € N, have a kernel p; such that for any =,y € X,

Since P; commutes with L for any i, we have P;Lg = \;P;g for any g € D(L), thus

(pi(z,-), Lg)r2 = \i(pi(x,+),g) 2 for any x € X. This implies p;(z, ) € D(L) with
Lpi(z,-) = \ipi(, -)

for any z € X. In case i = 0, as A\g = 0 and po(z,y) = Co(d(z,y)) = 1/0, for any

z,y € X, we get L1 = 0 thus Py1 = 1. This implies [y po(z,y) du(y) = 1 for any
r € X, hence

(7.3) w(X) =op.
In case i = 1, we have \{ = —n and
pi(e,y) = Ci(d(ey) = " cos(d(z. )
for any z,y € X, hence
(7.4) L, cos(d(z,y)) = —ncos(d(z,y)).
Let ¢1,...,¢; be continuous functions forming a L?(X, uu)-orthogonal basis of E;.

Observe that

(15 Puf(x) = /X p(2,9) F () dpu(y) = /X ntl

On

cos(d(z,y)) f(y) du(y)

and
¢

Pif(x) =) (/ i (y) f (y) du(y)> pi(z) = /X [Z w(y)so(w)}f(y) dp(y)

j=1 WX j=1
holds for any f € L?(X, u) and x € X. This implies

4
S () = 2
=1

On

for any = € X, hence integration over X and (7.3) provides
{=n+1.

Setting
V := Span{cos(d(z,-)) : z € X},
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we get V C FEj thanks to (7.4). Since F is the image of L?(X,u) by Py, the reverse
inclusion follows from (7.5), hence

V= FE.
Acting as in Section 4.1, we can show that there exist x1,...,2,41 € X such that
{021+ -,04,,,} is a basis of V* whose associated basis {h1,...,hpq1} of V permits
to write
n+1
(7.6) cos(d(x,y)) = Y cijhi(@)h;(y)
ij=1

for any z,y € X, where ¢;; := cos(d(z;,x;)) for any 4, j. Let 8 be the bilinear form

defined by
n+1

BEE) =D &t

ij=1
for any € = (&1,...,&ny1), & = (&, ..., &, 41) € R and @ the associated quadratic

form. Set
X — Rn—i—l

H:
x+— (hi(x),..., hpy1(x)).
Then (7.6) writes as
cos(d(z,y)) = B(H(x), H(y)).
Choosing y = z implies H(z) € ¥ := {£ € R"1: B(¢,€) = 1}, so H(X) is a subset
of ¥. A direct computation provides:
Q(H(x) — H(y)) = 4sin® (d(z,y)/2) Yo,y € X,

from which follows that H is an injective map. Writing R**! = E, & E_ @ Ker 3
where E, E_ are subspaces of R"*! where 3 is positive definite and negative definite
respectively, we can proceed as in Section 4.3, Step 1 (using the same notations) to get
that H, is a bi-Lipschitz embedding of (X, d) onto its image in (F4,qy). Therefore,
dim(E,) is greater than the Hausdorfl dimension of X.

Cramm 7.2. — The Hausdorff dimension of X is n.

Proof. — The short-time expansion of the heat kernel on Riemannian manifolds
[MP49] and the Cheeger-Yau estimate [CY81] implies that for some C' > 0 and ¢, > 0,
1 2 O 2
L e £ e K(”) < = T/t

(4mtyn2 © SES) S g ©

holds for any r € (0,7) and t € (0,¢y). Therefore, proceeding as in the proof of
Lemma 5.1, we get existence of a positive constant C such that for any z € X and

any r € (0, /o),
C™ 4™ < (B (x)) < Or™.

Hence the claim is proved. |
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Thus n 4+ 1 > dim(E4) > n, so dim(E;) = n + 1. This shows that § is positive
definite, thus the distance d¢ is well-defined. The associated length distance 0 on ¥ is
then given by:

do(&:€) =2sin(4(£,€)/2) V& €,
so that one eventually has:
0(H(z),H(y)) =d(z,y) Va,yeX,
i.e., H is an isometric embedding of (X, d) into ¥ equipped with §. Since
lim —4tlog K\ (r) = 12
Jim —dtlog K, (r) =17,

we get from Remark 3.5 that (X,d) is a geodesic space. Then H(X) is a closed
totally geodesic subset of ¥, meaning that minimizing geodesics joining two points in
H(X) are all contained in H(X). We assume that there exists p € ¥ \ H(X) and set
r:=d(p, H(X)).

Cramv 7.3. — We have r < /2.
Proof. — Assume r > 7/2. Then H(X) is contained in the hemisphere

{o € X:B(o,p) <0}

Set A\(&) = B(&,p) for any € € R*™. Then Ao H : X — R is non-positive, and
Ao H(xz) = 0if and only if H(x) = 0, which is impossible, so Ao H is actually negative.

But A o H is a linear combination of hq,...,h, thus it is an element of V. Since
functions in V = E; are L2-orthogonal to constant functions, we reach a contradiction,
namely [, Ao Hdu = 0. O

In fact, the same reasoning can be used to prove that H(X) is contained in no
hemisphere of 3.

We are now in a position to conclude. Since H(X) is closed there exists ¢ € H(X)
such that 0(p,q) = r. The convexity of H(X) implies that any minimizing geodesic
of length < 7 starting at ¢ and passing through the open ball B,.(p) cannot meet
H(Y). But the union of these minimizing geodesics is an open hemisphere, so H(X)
is contained in the complementary hemisphere, hence a contradiction. |
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