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AN INTEGRAL MODEL OF
THE PERFECTOID MODULAR CURVE
By Juan EstEBAN RODRIGUEZ CAMARGO
AssTracT. — We construct an integral model of the perfectoid modular curve. Studying this

object, we prove some vanishing results for the coherent cohomology at perfectoid level. We use
a local duality theorem at finite level to compute duals for the coherent cohomology of the
integral perfectoid curve. Specializing to the structural sheaf, we can describe the dual of the
completed cohomology as the inverse limit of the integral cusp forms of weight 2 and trace
maps.

Résumi: (Un modele entier de la courbe modulaire perfectoide). — Nous construisons un modéle
entier de la courbe modulaire perfectoide. Avec cet objet nous montrons des résultats d’annula-
tion de la cohomologie cohérente au niveau perfectoide. Nous utilisons un théoréme de dualité
locale au niveau fini pour obtenir une dualité pour la cohomologie cohérente au niveau infini.
Finalement, en considérant le faisceau structural, nous obtenons une description du dual de
la cohomologie complétée en termes des formes modulaires cuspidales de poids 2 et des traces
normalisées.
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INTRODUCTION

Throughout this article we fix a prime number p, C, the p-adic completion of an
algebraic closure of Q,, and {{, }men C C,, a compatible system of primitive roots of
unity. Given a non-archimedean field K we let O denote its valuation ring. We let F,,
be the residue field of Oc, and Zp = W(F,) C C, the ring of Witt vectors. Let Z&¥*
and Zgyc denote the p-adic completions of the p-adic cyclotomic extensions of Z,

and Zp in C, respectively.

MATHEMATICAL SUBJECT CLASSIFICATION (2020). — 14G35, 14F17, 14G45.
Keyworps. — Perfectoid modular curve, completed cohomology, coherent cohomology.
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194 J. . Ropricuez Camarco

Let M > 1 be an integer and I'(M) C GL2(Z) the principal congruence sub-
group of level M. We fix N > 3 an integer prime to p. For n > 0 we denote by
Y (Np™)/SpecZ, the integral modular curve of level I'(Np™) and X (Np") its com-
pactification, cf. [KM85]. We denote by X(Np™) the completion of X (Np™) along its
special fiber, and by X(Np™) its analytic generic fiber seen as an adic space over
Spa(Qyp, Zp), cf. [Hub96).

In [Sch15], Scholze constructed the perfectoid modular curve of tame level I'(N).
He proved that there exists a perfectoid space X(Np>°), unique up to a unique iso-
morphism, satisfying the tilde limit property

X(Np>) ~ lim X(Np"),
see [SW13, Def. 2.4.1] and [Hub96, Def. 2.4.2].

The first result of this paper is the existence of a Katz-Mazur integral model of
the perfectoid modular curve. More precisely, we prove the following theorem, see
Section 2 for the notion of a perfectoid formal scheme.

Turorem 0.1. The inverse limit X(Np™) = Hm X(Np") is a perfectoid formal
scheme over Spt Z;Y whose analytic generic fiber is naturally isomorphic to the per-
fectoid modular curve X(Np*).

The integral perfectoid modular curve X(Np>) was previously constructed by Lurie
in [Lur20], his method reduces the proof of perfectoidness to the ordinary locus via
a mixed characteristic version of Kunz’s theorem. The strategy in this paper is more
elementary: we use faithfully flat descent to deduce perfectoidness of X(Np>) from
the description of the stalks at the E,—points. Then, we deal with three different kind
of points:

— The ordinary points where we use the Serre-Tate parameter to explicitly compute
the deformation rings, cf. [Kat81, §2].

— The cusps where we have explicit descriptions provided by the Tate curve,
cf. [KM85, §8-10].

— The supersingular points where even though we do not compute explicitly the
stalk, one can proves that the Frobenius map is surjective modulo p.

It is worth mentioning that the study of the ordinary locus in Lurie’s approach and
the one presented in this document are very related, see [Lur20, Prop. 2.2] and Propo-
sition 1.5 below.

As an application of the integral model we can prove vanishing results for the
coherent cohomology of the perfectoid modular curve. Let E5™ /X (N) be the semi-
abelian scheme extending the universal elliptic curve over Y (N), cf. [DR73]. Let
e: X(N)— E*™ be the unit section and wg = e*Q}Esm/X(N) the sheaf of invari-
ant differentials. For n > 0 we denote by wg,, the pullback of wg to X(Np™), and
D,, C X(Np™) the reduced cusp divisor. Let k € Z, we denote w’g’n = w%’kn and

w%,n,cusp = wg,n(_Dn)

JIEP. — M., 2021, tome 8
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Let w’?Em be the pullback of wk to X(Np>), and wlki,oo,cusp the p-adic completion of
the direct limit of the cuspidal modular sheaves w%,n,cusp' In the following we consider
almost mathematics with respect to the maximal ideal of Z;°.

N— — Wk k + 35 +
Tueorem 0.2, Let F = wi o 07 Wi o cusp 004 F ) = F Qo y o0y O . There

X(Np>)
s an almost quasi-isomorphism of complexes

RPan(DC(Npoo),?I) ~2 RT(X(Np™),F).
Moreover, the following holds

(1) The cohomology complex RT(X(Np>),F) is concentrated in degree O if k > 0,
degree [0,1] for k =0, and degree 1 if k < 0.

(2) Fork € Z and i,s > 0, we have H(X(Np>),F)/p* = H(X(Np>),F/p®) and
HY(X(Np*),T) = lim H'(X(Np>),F/p%).

(3) The cohomology groups H (X(Np>),TF) are torsion-free.

Next, we use Serre duality and Pontryagin duality to construct a local duality
theorem for the modular curves at finite level. In the limit one obtains the following
theorem

Taeorem 0.3. — Let X,, be the connected component of }I(Np”)Zp defined as the
locus where the Weil pairing of the universal basis of E[N] is equal to {n. We denote
Xoo =lim Xp. Let F = w,’%m or w%,wﬁcusp and F,, = W%,n or w’é,nycusp respectively.

There is a natural GL2(Q))-equivariant isomorphism

Homyeve (H' (Xoo, ), Z¥) = lim H'™/ (X, Ty @ W cusp):
n)ﬁTL

where the transition maps in the RHS are given by normalized traces, and F is the

dual sheaf of F,.

Finally, we specialize to the case § = Ox_ where the completed cohomology ap-
pears. Let X,, be a connected component of X (N p")Zp as in the previous theorem.
Let i > 0 and let H = m_lim H., (X, c,,Z/p°Z) be the completed i-th coho-
mology group, where X,, ¢, = X, XSpec ZplCyn] Spec C,,. Note that this is a slightly
different version of Emerton’s completed cohomology [Eme06], where one considers
the étale cohomology with compact supports of Y, ¢, C X, c,. Nevertheless, both
cohomologies are related via the open and closed immersions Y,, C X,, D D,,. Follow-
ing the same ideas of [Sch15, §4.2] one can show that H: ®Zp Oc, is almost equal to
Hi, (X c, ﬁ;goo), in particular it vanishes for i > 2 and H® = Z,. Using the theorem
above we obtain the following result.

Tueorem 0.4. — There is a GL2(Qp)-equivariant almost isomorphism of almost
Oc, -modules

Homo,, (H' &z, Oc,,0c,) =" lim H(X, ¢, 0% o cuep)-
n/Tr

n

J.E.P.— M., 2021, tome 8
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The outline of the paper is the following. In Section 1 we recall the construc-
tion of the integral modular curves at finite level; they are defined as the moduli
space parametrizing elliptic curves endowed with a Drinfeld basis of the torsion sub-
groups, we will follow [KM85]. Then, we study the deformation rings of the modular
curves at F,-points. For ordinary points we use the Serre-Tate parameter to describe
the deformation ring at level T'(Np™). We show that it represents the moduli prob-
lem parametrizing deformations of the p-divisible group E[p™], and a split of the
connected-étale short exact sequence

0 — E — E[p™] — E[p™]* — 0.

For cusps we refer to the explicit computations of [KM85, §§8 & 10]. Finally, in the
case of a supersingular point we prove that any element of the local deformation ring
at level I'(Np") admits a p-th root modulo p at level T'(Np"*1).

In Section 2 we introduce the notion of a perfectoid formal scheme. We prove
Theorem 0.1 reducing to the formal deformation rings at F,-points via faithfully flat
descent. We will say some words regarding Lurie’s construction of X(Np°). It is worth
mentioning that the tame level I'(N) is taken only for a cleaner exposition, by a result
of Kedlaya-Liu about quotients of perfectoid spaces by finite group actions [KL19,
Th. 3.3.26], there are integral models of any tame level.

In Section 3, we use Serre and Pontryagin duality to define a local duality pairing
for the coherent cohomology of vector bundles over an Ici projective curve over a finite
extension of Z,,.

In Section 4, we compute the dualizing complexes of the modular curves at finite
level. We prove the cohomological vanishing of Theorem 0.2 and its comparison with
the cohomology of the perfectoid modular curve. We prove the duality theorem at
infinite level, Theorem 0.3, and specialize to F = 0% _, to obtain Theorem 0.4.

Acknowledgments. — The construction of the integral perfectoid modular curve ini-
tiated as a problem of a mémoire of M2 in 2019. I should like to convey my special
gratitude to Vincent Pilloni for encouraging me to continue with the study of the
coherent cohomology at perfectoid level, and its application to the completed coho-
mology. I would like to thank George Boxer and Joaquin Rodrigues Jacinto for all the
fruitful discussions of the subject. I wish to express special thanks to the anonymous
referee for the careful proofreading of this paper, and for the numerous suggestions
and corrections that have notably improved the presentation of this text. Particularly,
for the remark that Theorem 0.3 holds for all the sheaves involved and not only for
the structural sheaf. This work has been done while the author was a PhD student
at the ENS de Lyon.

1. A BRIEF INTRODUCTION TO THE KATZ-MAZUR INTEGRAL MODULAR CURVES

Let N > 3 be an integer prime to p and n € N. Let T'(Np") C GL3(Z) be the
principal congruence subgroup of level Np™.

JIEP. — M., 2021, tome 8
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DRINFELD BASES. We recall the definition of a Drinfeld basis for the M-torsion of
an elliptic curve

Derinirion 1.1. — Let M be a positive integer, S a scheme and E an elliptic curve
over S. A Drinfeld basis of E[M] is a morphism of group schemes v : (Z/MZ)? —
E[M] such that the following equality of effective divisors holds

(1.1) EM]= Y 4(ab).

(a,b)e(Z/MZ)2

We also write (P, Q) = (¢(1,0),4(0,1)) for the Drinfeld basis .

Remark 1.2. The left-hand-side of (1.1) is an effective divisor of E'//S being a finite
flat group scheme over S. The right-hand-side is a sum of effective divisors given by
the sections ¥(a, b) of S to E. Furthermore, if M is invertible over S, a homomorphism
¢ : Z/MZ — E[M] is a Drinfeld basis if and only if it is an isomorphism of group
schemes, cf. [KM85, Lem. 1.5.3].

Prorosition 1.3. — Let E/S be an elliptic curve. Let (P,Q) be a Drinfeld basis of
E[M] and ey : E[M] x E[M] — pa the Weil pairing. Then ep (P, Q) € puy,(S) is a
primitive root of unity , i.e., a root of the M-th cyclotomic polynomial.

Proof. [KM85, Th.5.6.3]. O

Let M > 3. From [KM85, Th. 5.1.1 & Sch. 4.7.0], the moduli problem parametrizing
elliptic curves E//S and Drinfeld bases (P, Q) of E[M] is representable by an affine
and regular curve over Z. We denote this curve by Y (M) and call it the (affine)
integral modular curve of level T'(M). By an abuse of notation, we will write Y (M)
for its scalar extension to Z,.

The j-invariant is a finite flat morphism of Z,-schemes j : Y (M) — A%p. The
compactified integral modular curve of level T'(M), denoted by X (M), is the normal-
ization of P%p in Y'(M) via the j-invariant. The cusps or the boundary divisor D is the
closed reduced subscheme of X (M) defined by 1/5 = 0. The curve X (M) is projective
over Z,, and a regular scheme. We refer to X (M) and Y (M) simply as the modular
curves of level T'(M).

Let Euniv/Y (M) be the universal elliptic curve and (Puniy, a1 Quniv,ar ) the universal
Drinfeld basis of Eyniv[M]. Let ®5(X) be the M-th cyclotomic polynomial, and
let Z,[uy;] denote the ring Z,[X]/(®a(X)). The Weil pairing of (Puniv, M s Quniv, M)
induces a morphism of Z,-schemes

en Y (M) — SpecZy[py,)-

The map ejp; extends uniquely to a map eps : X (M) — SpecZy|py,] by normal-
ization. In addition, e); is geometrically reduced, and has geometrically connected
fibers.

J.E.P. — M., 2021, tome 8
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Taking N as in the beginning of the section, and n € N varying, we construct the
commutative diagram

o —— X(Np"*) —— X(Np") —— X(Np»™1) ——— -

| | |

+ = Spec(Zppy,ni1]) — Spec(Zylpy,n]) — Spec(Zylpy,ma]) — -+
the upper horizontal arrows being induced by the map
(Puniv,Np"Jrl ) Quniv,Np”Jrl) — (pPuniv,Np”Jrl7pQuniv,Np"+1) = (PuniV,Np" ’ QuniV,Np")7

and the lower horizontal arrows by the natural inclusions. In fact, the commutativ-
ity of the diagram is a consequence of the compatibility of the Weil pairing with
multiplication by p

ENpntl (pPurliv,Np"+17pQuniv,Np"+1) = ENpn (Puniv7Np" P Quniv,Np")py

cf. [KM85, Th.5.5.7 & 5.6.3].

DEFORMATION RINGS AT Fp-points. — Let k = F,, be an algebraic closure of F,,. Let
{{npn tnen be a fixed sequence of compatible primitive Np”-th roots of unity, set
Cpn = CJ]\\,’p,,L. Let Z, = W(k) denote the ring of integers of the p-adic completion
of the maximal unramified extension of Q,. In the next paragraphs we will study
the deformation rings of the modular curve at the closed points X (Np")(k). We let
X(N p")ZP denote the compactified modular curve over Z, of level I'(Np™). Proposi-
tion 8.6.7 of [KMS85] implies that X(Np”)zp = X (Np"™) Xspecz, Spec L.

There is an isomorphism Zp (] = 11 ke (Z/NZ)¥ Zp [Cpn] given by fixing a primitive
N-th root of unity in Z,. Let X (N p")% be the connected component of the modular

curve which corresponds to the root {y. In other words, X (Np")¢ is the locus of

= NPuniv,Np"

[e]
Zy
X(Np")zp where enpn (Paniv, Npn s Quniv, Npn ) = (npn. We denote Pézi)v
and Ql(:l)w = NQuniv,Np"~ N

Finally, given an elliptic curve E/S, we denote by E the completion of E along the
identity section.

The ordinary points. — Let Arty, be the category of local artinian rings with residue
field k, whose morphisms are the local ring homomorphisms compatible with the
reduction to k. Any object in Art, admits an unique algebra structure over ZP. Let
Zp[ﬁpn]- Arty denote the subcategory of Art, of objects endowed with an algebra
structure of Z,[Cpn] compatible with the reduction to k. Following [Kat81], we use
the Serre-Tate parameter to describe the deformation rings at ordinary k-points of
X(Np™)3, -

Let Ey be an ordinary elliptic curve over k and R an object in Artg. A deformation
of Eg to R is a pair (F,t) consisting of an elliptic curve E/R and an isomorphism
t: E®prk— Ey. We define the deformation functor Ellg, : Arty, — Sets by the rule

R+— {(E,.) : deformation of Ey to R}/ ~ .

JIEP. — M., 2021, tome 8
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Then Ellg, sends an artinian ring R to the set of deformations of Ey to & modulo
isomorphism.

Let @ be a generator of the physical Tate module T, Eq(k) = T,,(Eo[p™]¢"). Let G,
be the multiplicative group over Zp and G,, its formal completion along the identity.
We have the following pro-representability theorem

Tueorem 1.4 ([Kat81, Th. 2.1])
(1) The functor Ellg, is pro-representable by the formal scheme

~

HOIHZP (TpE()(k) X TpEO (k), Gm)

The isomorphism is given by the Serre-Tate parameter q, which sends a deformation
E/R of Ey to a bilinear form
Q(E/R;-,-) : TyEo(k) x TyEo(k) — Gyn(R).
By evaluating at the fized generator Q of T,Ey(k), we obtain the more explicit de-
scription
Ellg, = Spf(Z,[X]),

where X = q(Euniv/EHEo; Qv Q) -1

(2) Let Ey and E| be ordinary elliptic curves over k, let mg : Ey — E| be a
homomorphism and wl : E}, — Ey its dual. Let E and E’ be liftings of Ey and E} to R

respectively. A mecessary and sufficient condition for my to lift to a homomorphism
w: E — FE is that

a(E/R;a,7'(B)) = q(E'/R;m(a), B)

for every o € T,E(k) and 8 € T,E'(k).

We deduce the following proposition describing the ordinary deformation rings of
finite level:
Prorosition 1.5. — Let x € X(Np")% (k) be an ordinary point, say given by a triple
(Eo, Py, Qo), and write (Pén),Q(()")) = (NPy, NQo). Let A, denote the deformation
ring of X(Np")% at x. Then there is an isomorphism
(1.2) Ay 2 LG IXTT/ (L + T = (1+ X)) = Zy[Gn][T]
such that:

(i) the map (1.2) is Zp[(pn]—linear.
(ii) the variable 1 + X is equal to the Serre-Tate parameter q(Euniv/Az; Q, Q);
(iii) the variable 1+ T is equal to the Serre-Tate parameter

(Bl / Az, (1) 7H(Q), (7)7H(@))

of the universal deformation 7 : Eyniyy — E
with Cy = Eg[p™]%.

/
univ

of the étale isogeny mo : Eg — Eo/Co,

JE.P. — M., 2021, tome 8



1200 J. E. Robricuez CAMARGO

Proof. — The group scheme Ey[N] is finite étale over k, which implies that a defor-
mation of (Ey, Py, Qo) is equivalent to a deformation of (Ey, Pé"), (")) The group
SLy(Z/p"Z) acts transitively on the set of Drinfeld bases of Ey[p™] with Weil pair-
ing (pn. Without loss of generality, we can assume that Pén) = 0 and that Q((J") gen-

erates Eo[p"](k), see [KM85, Th.5.5.2]. Let Eyuiv denote the universal elliptic curve
(n)

univ’

over A, and C C Eupniv[p"] the subgroup generated by @ it is an étale group
lifting the étale group Cy = Ey[p"]t. The base ( univ7 Ql(;)w) provides a splitting of
the exact sequence
Qi
~ o
0 —— Funiv — Euniv[p"] —— Co —— 0.

Conversely, let R be an object in Z,[(,n - Arty, and E/R a deformation of Ey. Let C be
an étale subgroup of E[p"] of rank p™. Then there exists a unique Q™ € C reducing
to Q(()n) modulo the maximal ideal. By Cartier duality, there is a unique P EE[p”]
such that e(P(™ Q™) = (,n. The pair (P, Q™) is then a Drinfeld basis of E[p"]
lifting (PO"), ((Jn)) (cf. [KM85, Prop. 1.11.2]). We have proved the equivalence of func-
tors of Zy[Cypn]- Arty,

Deformations F of Ey and
Drinfeld bases of E[p"] / ~
with Weil pairing (pn
Deformations E of Ey and
{étale subgroup C C E[p"] of rank p"}/N

We also have a natural equivalence
{ Deformations E of Eo and } / N
étale subgroup C' C E[p"] of rank p™
{Deformations of the étale isogeny} / N
o : By — Eo/CO ’

Let E! ../ Zp [Cpn][T] denote the universal deformation of Ey/Cy. The universal étale

univ

point Qun)iv induces an étale isogeny of degree p™ over A,

7 EBupiy — E/

univ

lifting the quotient mg: Eg — Ey/Co. Furthermore, the dual morphism wt: B’ . — Fuuiy

univ

induces an isomorphism of the physical Tate modules 7t : T,E' . (k) = TpEuniv(k).

Let Q € T, Euniv(k) be the fixed generator, and Q" € T,E/, ;. (k) its inverse under 7.

Theorem 1.4 implies

4(Bunivi @ Q) = 4(Buniv; Q. 7(Q") = 4(Erniyi m(Q), Q') = a(Bluiys Q, Q)

We obtain the isomorphism
v = Lol [X, TY/ (L + TV = (1+ X)) = Zy[Gn][T],
where X = Q(Euniv; Q, Q) —land T = Q(Ellmiv; Qla Q/) -1 U

JIEP. — M., 2021, tome 8
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Remark 1.6. Let x € X(Np™)(k) be a closed ordinary point. The special fiber of
the map enpn : X (Np™) — Spec Z,[pinp»] is a union of Igusa curves with intersections
at the supersingular points [KM85, Th. 13.10.3]. The Igusa curves are smooth over F,,
[KM85, Th. 12.6.1], which implies that the deformation ring of X (Np™) at z is iso-
morphic to a power series ring Z,[T},] (cf. discussion after [Weil3, Rem. 3.4.4]). The
content of the previous proposition is the explicit relation between the variables T},
in the modular tower, see also [Lur20, Prop. 2.2].

The cusps. — Let Tate(q)/Zy((q)) be the Tate curve, we recall from [KM85, Ch. 8.8]
that it has j-invariant equal to

1/q+ 744+ -

We consider the ring Z,[q] as the completed stalk of IP%F at infinity. The Tate curve
provides a description of the modular curve locally around the cusps, for that reason
one can actually compute the formal deformation rings by means of this object, see
[KMS85] and [DR73]. In fact, let C/u\sm[F(N p™)] be the completion of the modular
curve X(Np")ip along the cusps. From the theory developed in [KM85, Ch.8& 10],
more precisely Theorems 8.11.10 and 10.9.1, we deduce the following proposition:

Prorosrrion 1.7. We have an isomorphism of formal Zp lq]-schemes
Cusps([['(Np")]) — | | SPE(Zy[Gpn]1a" NP7 ]).

A€eHomSurj((Z/NpnZ)?,Z/Np"Z)/+1
The morphism @[F(Np”‘“)] — @[F(Np")] is induced by the natural inclusion
9 n ¥ n+1
ZplGm]la" ™" ] — Zp[Gpni]lg /NP ]
on each respective connected component.

The supersingular points. Let (x, € X(IV p”)zp)neN be a sequence of compatible
supersingular points and Ey the elliptic curve defined over z,,. We denote by A, the
deformation ring of X (N p”)zp at x,,. Let Fyuniv/Az, be the universal elliptic curve and

(Péﬁ’i)v, Qfl:?w) the universal Drinfeld basis of Eypiv[p"]. We fix a formal parameter T' of

o~

FEniv- Since x, is supersingular, any p-power torsion point belongs to Euniv. We will
use the following lemma as departure point:

Lemma 1.8 ([KM85, Th. 5.3.2]). The mazimal ideal of the local ring Ay, is gener-
ated by T(P(n) ) and T(Q(n) ).

By the Serre-Tate theorem [Kat81, Th.1.2.1], and the general moduli theory of
1-dimensional formal groups over k [LT66], the deformation ring of X (N )Zp at a

supersingular point is isomorphic to Zp [X]. Moreover, the p-multiplication modulo p
can be written as [p](T) = V(T?) mod p, with V' € k[X][T] the Verschiebung map
V: Eép ) Ey. Without loss of generality we assume that V' has the form

V(T)=XT + - +u(X)TP +- -,

J.E.P. — M., 2021, tome 8



1202 J. E. Ropricuez CAMARGO

with V(T) = TP mod X. Using the Weierstrass preparation theorem we factorize
V(T) as

(1.3) VIT)=T(X +---+a(X)TP)(1 + XTR(X,T)),
where u(0) = 1 and R € k[X,T].

Prorosition 1.9. The parameter X is a p-power in A,, /p. Moreover, the genera-
tors T(P]Enw) and T(Qun)w) of the mazimal ideal of A,, are p-powers in A, ., /p.

Proof. — The second claim follows from the first and the equality [p](T) = V(T?)
mod p. Consider n = 1 and write P = Pérllzv and Q = Qumv Let F: Eyg — E(gp) and
V: E(()p ) FEy denote the Frobenius and Verschiebung homomorphisms respectively.
Using the action of GLo(Z/pZ), we can assume that P and F(Q) are generators of
ker F' and ker V respectively (cf. [KM85, Th.5.5.2]). We have the equality of divisors
on E(f}/(As, /p)

p—1
(1.4) ker V = Z[i F

The choice of the formal parameter T gives a formal parameter of Eun)1V such that

T(F(Q)) = T(Q)P. Therefore, from (1.4) we see that the roots of V(T)/T are
{[{1P(T(Q)P)}1<i<p—1 where [i]®P)(T) is the i-multiplication of the formal group of
E™)  We obtain from (1.3)

afiq y H 1P(T(Q)) = (pﬁlmm@)))p,

i=1

proving that X/u(X) is a p-power in A, /p. As k[X] = k[X/u(X)] we are done. O
Cororrary 1.10. The Frobenius ¢ : lim | Az, [p— lim Ay, [p is surjective.

Proof. — By induction on the graded pieces of the filtration defined by the ideal
(T(P™), T(Q™)), one shows that A, /pisin the image of the Frobenius restricted to

Awn+1 /p- O

Remark 1.11. The completed local ring at a geometric supersingular point T of
X (Np") is difficult to describe. For example, its reduction modulo p is the quotient
of the power series ring k[X,Y] by some explicit principal ideal which is written
in terms of the formal group law of E at T [KM85, Th.13.8.4]. Weinstein gives in
[Weil6] an explicit description of the deformation ring at a supersingular point of the
modular curve at level T'(Np>). In fact, Weinstein finds an explicit description of the
deformation ring at infinite level of the Lubin-Tate space parametrizing 1-dimensional
formal Og-modules of arbitrary height. In particular, he proves that the m,-adic
completion of the direct limit h&ln A, is a perfectoid ring. Corollary 1.10 says that
the p-adic completion of h_r)nn A, is perfectoid, which is a slightly stronger result.
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2. CONSTRUCTION OF THE PERFECTOID INTEGRAL MODEL

Perrecroip FormaL spaces. — In this section we introduce a notion of perfectoid for-
mal scheme which is already considered in [BMS18, Lem. 3.10], though not explicitly
defined. We start with the affine pieces

Derinition 2.1. —  An integral perfectoid ring is a topological ring R containing a
non zero divisor 7 such that p € 7P R, satisfying the following conditions:

(i) the ring R is endowed with the m-adic topology. Moreover, it is separated and
complete;
(ii) the Frobenius morphism ¢ : R/mR — R/#PR is an isomorphism.

We call 7 satisfying the previous conditions a pseudo-uniformizer of R.

Remark 2.2. — The previous definition of integral perfectoid rings is well suited
for p-adic completions of formal schemes. We do not consider the case where
the underlying topology is not generated by a non-zero divisor, for example, the
ring W(F,)[XY/P”,Y1/P"] which is the (p,X,Y)-adic completion of the ring
W (F,)[X'/P™,Y1/P™]. As is pointed out in [BMS18, Rem. 3.8], the notion of being
integral perfectoid does not depend on the underlying topology, however to construct
a formal scheme it is necessary to fix one.

Let R be an integral perfectoid ring with pseudo-uniformizer m, we attach to R the
formal scheme Spf R defined as the m-adic completion of Spec R. We say that Spf R is
a perfectoid formal affine scheme. The following lemma says that the standard open
subschemes of Spf R are perfectoid

Lemma 2.3, — Let f € R. Then R(f~') = @n R/7"([f~1] is an integral perfectoid
ring.

Proof. Let n,k > 0, as 7 is not a zero divisor we have a short exact sequence
s k +k k
0 — R/7" —— R/7x""™" — R/x"” — 0.
Localizing at f and taking inverse limits on n we obtain

0— R(f™) T, R(f™YY — R/7*[f '] — 0.

Then R{f') is m-adically complete and 7 is not a zero-divisor. On the other hand,
localizing at f the Frobenius map ¢ : R/m = R/7P one gets

¢ Rfx[f~'] — R/a’[f "] = R/x"[f 1],
which proves that R(f~!) is an integral perfectoid ring. a

Derinition 2.4. — A perfectoid formal scheme X is a formal scheme which admits an
affine cover X = J,; U; by perfectoid formal affine schemes.
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Let F be equal to Q, or F,((t)), Op denote the ring of integers of F' and w be
a uniformizer of Op. Let Jnt-Perf,, . be the category of perfectoid formal schemes
over Op whose structural morphism is adic, i.e., the category of perfectoid formal
schemes X/ Spf O such that w@x is an ideal of definition of Ox. Let Perfr be the
category of perfectoid spaces over Spa(F,Op).

Prorosirion 2.5. — Let R be an integral perfectoid ring and 7 a pseudo-uniformizer.
The ring R[1/7] is a perfectoid ring in the sense of Fontaine [Fonl3]. Furthermore,
there is a unique “generic fiber” functor

(=)y : Int-Perfy , — Perfp

extending Spf R ~~ Spa(R[1/w], RT), where R" is the integral closure of R in R[1/w].
Moreover, given X a perfectoid formal scheme over Op, its generic fiber is universal
for morphisms from perfectoid spaces to X. Namely, if Y is a perfectoid space and
Y, ﬁ;) — (X, 0%) is a morphism of locally and topologically ringed spaces, then
there is a unique map Y — X, making the following diagram commutative

(4, 67) —— (%,,0%)
NS

(xv ﬁ:{)

Remark 2.6. — The universal property of the functor (—), is Huber’s characterization

of the generic fiber of formal schemes in the case of perfectoid spaces, see [Hub94,
Prop. 4.1].

Proof. — The first statement is [BMS18, Lem. 3.21]. For the construction of the func-
tor, let X be a perfectoid formal scheme over Op. One can define X,; to be the gluing of
the affinoid spaces Spa(R[1/w]|,, RT) for Spf R C X an open perfectoid formal affine
subscheme, this is well-defined after Lemma 2.3.

We prove the universal property of the generic fiber functor. Let Y € Perf and
let f: (Y, ﬁg) — (X%, Ox) be a morphism of locally and topologically ringed spaces.
First, if Y = Spa(S,ST) is affinoid perfectoid and X = Spf R is perfectoid formal
affine, f is determined by the global sections map f* : R — S*. Then, there exists
a unique map of affinoid perfectoid rings f; : (R[1/w], R*) — (S, S") extending f*.
By gluing morphisms from affinoid open subsets for a general Y, one gets that X,, :=
Spa(R[1/w], RT) satisfies the universal property. For an arbitrary X, one can glue the
generic fibers of the open perfectoid formal affine subschemes of X. ]

We end this subsection with a theorem which reduces the proof of the perfectoidness
of the integral modular curve at any tame level to the level I'(Np™).

Turorem 2.7 (Kedlaya-Liu). — Let A be a perfectoid ring on which a finite group G
acts by continuous ring homomorphisms. Then the invariant subring A€ is a perfec-
toid ring. Moreover, if R C A is an open integral perfectoid subring of A then R is
an open integral perfectoid subring of AC.
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Proof. — The first statement is [KL19, Th. 3.3.26]. The second statement follows from
the description of open perfectoid subrings of A as p-power closed subrings of A°, i.e.,
open subrings of A° such that 2 € R implies 2 € R, see [Morl7, Cor. 2.2]. ]

ThE MaIN construcTiON. — Let X(Np>°) denote Scholze’s perfectoid modular curve
[Sch15]. Let ZY¢ be the p-adic completion of the p-adic cyclotomic integers
lim  Zp[ppr]. Let X(Np™) be the completion of X(Np") along its special fiber.
We have the following theorem.

Turorem 2.8. The inverse limit X(Np™) := lim X(Np") is a p-adic perfectoid
formal scheme, it admits a structural map to Spf Z;yc[mv], and its generic fiber is
naturally isomorphic to the perfectoid modular curve X(Np>°). Furthermore, letn > 0,
let Spec R C X(Np") be an affine open subscheme, Spfﬁ its p-adic completion and
Spf Roo the inverse image in X(Np>). Then Ry = (1/%00[1/}7])O and

(Spf Roo)n = Spa(Roo[1/p], Boo).

Remark 2.9. — The previous result gives a different proof of Scholze’s theorem that
the generic fiber X(Np>) is a perfectoid space by more elementary means.

Proof. — The maps between the (formal) modular curves are finite and flat. Then
X(Np>) = @n X(Np") is a flat p-adic formal scheme over Z,. Fix ng > 0, let
SpecR C X(Np™) and Spf R C X(Np™) be as in the theorem. For n > no,
let Spec R,, (resp. SpfR,,) denote the inverse image of SpecR (resp. Spf R) in
Spec X (Np™) (resp. X(Np™)). Let Ry = lim R, and let R be its p-adic comple-

tion.
Cramm. — Roo is an integral perfectoid ring, equal to (Reo[1/p])°.

Suppose that the claim holds, it is left to show that X(Np*), is the perfectoid
modular curve X(Np>). There are natural maps of locally and topologically ringed
spaces

(:X:(an) ﬁ;(an ) — (:{(an)7 ﬁx(an)).
We have X(Np™) ~ Hm X(Np™), where we use the notion of tilde limit [SW13,

Def. 2.4.1]. Then, by p-adically completing the inverse limit of the tower, we obtain a
map of locally and topologically ringed spaces

(END), 6 ) — (X(ND), Ox(Np™)).
This provides a map f : X(Np™) — (I{(Np‘x’)) . Since
(SPf Rog)y = Spa(Roc[1/p], R ~ lm m Spa(R,[1/p], B,

and the tilde limit is unique in the category of perfectoid spaces [SW13, Prop. 2.4.5],
the map f is actually an isomorphism. a
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Proof of the claim. — First, by [Heul9, Lem. A.2.2.3] the ring (R, [1/p])° is the inte-
gral closure of R, in its generic fiber. By [Bhal7, Lem.5.1.2] and the fact that R,
is a regular ring one gets that R, = (R,[1/ p]) for all n > ng. As R is faithfully
flat over R, for all n, one easily checks that Reo N Ry[1/p] = R,. Moreover, Ro is
integrally closed in its generic fiber, and by Lemma 5.1.2 of loc. cit. again one ob-
tains that Reo is integrally closed in Roo[1/p]. Let = € R,[1/p] be power bounded in

oo[l/p]7 then pz® € Ry for all s € N, in particular {pz®}sen C R,, which implies that
z € R,. This shows that lim R, is dense in (Roo[1/p])°, taking p-adic completions
one gets Rao = (Roo[1/p])°.

The Weil pairings evaluated at the universal Drinfeld basis (Puniv, Npn, Quniv, Np )
of E[Np"] induce compatible morphisms X(Np") — SpfZ,[unpn]. Taking inverse
limits one gets the structural map X(Np>) — Spf Z¥[uy]. In particular, there exists
me Roo such that 77 = pa with a € Z$Y>*. To prove that Roo is integral perfectoid
we need to show that the absolute Frobenlus map

¢:Roo/T — Roo/p

is an isomorphism. The strategy is to prove this fact for the completed local rings of
the stalks of Spec R, /p and use faithfully flat descent.

Injectivity is easy, it follows from the fact that R, is integrally closed in R [1/p].
To show that ¢ is surjective, it is enough to prove that the absolute Frobenius is
surjective after a profinite étale base change. Indeed, the relative Frobenius is an
isomorphism for profinite étale base changes. Let S = R®z, Z and let S = R®Z
be the p-adic completion of S. We use similar notation for S,, = R, ®z, Zp7 Sn7 S
and Soo. We have to show that the absolute Frobenius

©:Se/T — Soo/p
is surjective.

Let © = (2p,, Tng 1, s Ty -+) be a F,-point of Spf§ which is an inverse limit
of IF -points of Spf S Write x,,, simply by 2. Then, it is enough to show that ¢ is
surjective after taking the stalk at z. Let .S, 5, be the localization of S, at the prime z,,
and So z = hﬂn Sn,z, - Let S/nx\n be the completion of S, , along its maximal ideal.
Recall that the ring S, is finite flat over .S, this implies that S/nx\n = Sna, ®s,, §;

The scheme X (Np™) is of finite type over Z,, in particular every point has a closed

point as specialization. Thus, by faithfully flat descent, we are reduced to prove that
for every F,-point = € Spf S /p = @Spf Sn/p, the S, -base change of

()0 : Soo,w/ﬂ- — Soo,m/p

is surjective (even an isomorphism). We have the following commutative diagram

® id —
Soo,:z:/ﬂ— ®s, Sxo @_} Soo,z/p ®LP,SIO Sa:g
l l
liy S, 7 ——— lnn(S,0 /9, 5 S
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The ring R, is of finite type over Z,, so that the absolute Frobenius ¢ : R, /7 — R,,/p
is finite. This implies that S, ., /p is a finite S;,-module via the module structure
induced by the Frobenius. Then, the following composition is an isomorphism

e [P @y 57 Swg — WM S, /(0 mg") = Sia, /p,
m

where mg is the maximal ideal of S;,. Thus, we are reduced to prove that the absolute
Frobenius ¢ : lim S/nx\n/ﬂ' — lim S/nx\n/p is surjective. Finally, we deal with the
cusps, the supersingular and the ordinary points separately; we use the descriptions
of Section 1:

— In the ordinary case, the local ring gm\ is isomorphic to Z [Cp 1[X:]. From the
proof of Proposition 1.5, one checks that the inclusion S/nm\w — Sn+17xn+1 is given by
X, = (14 X,,41)P — 1. Then, one obtains the surjectivity of Frobenius when reducing
modulo p.

— The supersingular case is Corollary 1.10.

— Finally, if we are dealing with a cusp z, the ring S/nz\ﬂ is isomorphic to
Zp[Cpn][q*/NP"] and ﬁw\n — Sn:,g;\“ 41 is the natural inclusion by Proposition 1.7.
The surjectivity of ¢ is clear. |

Recarion witn Lurie’s stack. — In this subsection we make more explicitly the re-
lation between Lurie’s construction of X(Np™) and the one presented in this article.
The key result is the following theorem.

Turorem 2.10 ( [Lur20, Th.1.9]). — Let @ € Z,u,2] be a pseudo-uniformizer
such that w7 = ap where a is a unit. For n > 3 there exists a unique morphism
6 : X(Np™)/m — X(Np"~')/p making the following diagram commutative*)

X(Np™) /p —2— X(Np") /7

J/J

X(Np» 1) /p 2, X(Np™ 1Y) /7,
where @ is the absolute Frobenius.

This theorem can be deduced from the local computations made in Section 1.
Indeed, let z,, € X(Np")(F,) be a Fp-point and z,—1 € X(Np"~1)(F,) its image.
We have proved that there exists a unique map of the deformation rings at the points
Tp—1 and z,,

0" : ﬁ%(an—l)ﬁmn_l/p — é}(}vpn)@"/ﬂ'

(1)The assumption n > 3 is only to guarantee that O(X(Np™~1)) contains 7.
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making the following diagram commutative

*

o~ (p o~
Ox(Npr),an [P S Ox(Npn)o, /T

T =1

*

~ © ~
ﬁx(an,—1)7$n71/p — ﬁx(an—l))Inil/’/T.

This corresponds to Propositions 1.5, 1.7 and 1.9 for x,, ordinary, a cusp and a su-
persingular point respectively. Then, one constructs 6 using faithfully flat descent
from the completed local rings to the localized local rings at x,,, and gluing using the
uniqueness of 6*.

3. (:OHOMOLOGY AND LOCAL DUALITY FOR CURVES OVER OK

Let K be a finite extension of Q, and O its valuation ring. In this section we recall
the Grothendieck-Serre duality theorem for local complete intersection (lci) projective
curves over O, we will follow [Har66]. Then, we use Pontryagin duality to define a
local duality paring of coherent cohomologies.

Let X be a locally noetherian scheme and D(X) the derived category of &x-mod-
ules. We use subscripts ¢, qc on D(X) for the derived category of &x-modules with
coherent and quasi-coherent cohomology, the subscript fTd refers to the subcategory
of complexes with finite Tor dimension. We use superscripts +, —, b for the derived
category of bounded below, bounded above and bounded complexes respectively. For
instance, ch’(X )rra is the derived category of bounded complexes of &'x-modules
of finite Tor dimension and coherent cohomology. If X = Spec A is affine, we set
D(A) := Dgc(X), the derived category of A-modules.

Derintrion 3.1 — Let f: X — Y be a morphism of schemes.

(1) The map f is embeddable if it factors as X -+ S — Y where ¢ is a finite
morphism and S is smooth over Y.

(2) The map f is projectively embeddable if it factors as composition X - Py - Y
for some n > 0, where ¢ a finite morphism.

(3) The map f is a local complete intersection if locally on Y and X it factors as
X 5% S =Y, where S is a smooth Y-scheme, and ¢ is a closed immersion defined by
a regular sequence of S. The length of the regular sequence is called the codimension
of X in S.

Tueorewm 3.2 (Hartshorne). — Let f: X — Y be a projectively embeddable morphism
of noetherian schemes of finite Krull dimension. Then there exist an exceptional in-
verse image functor f': D(Y) — D(X), a trace map Tr: Rf.f' — 1 in D(J{C(Y), and
an adjunction

0:Rf.RAomx(F, f'G) — R Fomy R f.F,5)
for 7 € D (X) and 4 € DL(Y).
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Moreover, the formation of the exceptional inverse image is functorial. More pre-
cisely, given a composition X Ly 5 7 with f,9 and gf projectively embeddable,

there is a natural isomorphism (gf)' = f'g'. This functor commutes with flat base

change. Namely, let u : Y’ — Y be a flat morphism, f' : X' — Y’ the base change
of X to Y’ and v : X' — X the projection. Then there is a natural isomorphism of
functors v* f' = f’!u*.

Proof. We refer to [Har66, Th.II1.8.7] for the existence of f', its functoriality and
compatibility with flat base change. See Theorems I11.10.5 and II1.11.1 of loc. cit. for
the existence of Tr and the adjunction 6 respectively. O

ExamrrLe 3.3. — Let f: X — Y be a morphism of finite type of noetherian schemes
of finite Krull dimension.
(1) We can define the functor f* for finite morphisms as
f'F = f AR Homo, (f.Ox,F) for FeD(Y).

The duality theorem in this case is equivalent to the (derived) ®-Hom adjunction, see
[Har66, §111.6].

(2) Let f be smooth of relative dimension n, then one has f'F = F ® wy M)
where Wy = /\"Qﬁ(/y, see [Har66, §II1.2].

Lemwva 3.4. Let f : X — Y be an lci morphism of relative dimension n between
locally noetherian schemes of finite Krull dimension. Then f'Oy = wgqy[n] with
w;’{/y an invertible Ox -module.

Proof. — Working locally on Y and X, we may assume that f factors as X = S 5y,
where ¢ is a smooth morphism of relative dimension m, and ¢ is a regular closed
immersion of codimension m —n defined by an ideal .% = (f1,..., fm—n). Let Wy =
/\mQ}9 v be the sheaf of m-differentials of S over Y, then
floy =g'0y
=1 'R Aome, (LsOx, w5y [m])
=,7! R A omes(Os] I, wsy)m].
Let K(f) be the Koszul complex of the regular sequence f = (fi,..., fm—n). Then
K(f) is a flat resolution of Og/.7, its dual K(f)Y = Homes(K(f),Os) is a flat
resolution of (Og/.#)[—(m — n)]. Therefore
[1Oy ==t Homey (K(f), w5,y )m]
=1 K(f)Y ©wg,y[m]
~ 1705/ I @" wgyn))
= Wy /A)n]) = Cwg,y[nl,

which is an invertible sheaf of &'x-modules as required. O
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Remark 3.5. Let f : X — Y be a regular closed immersion of codimension n
defined by the ideal .#. From the proof of Lemma 3.4 one can deduce that f'Cy =
N f*(# ). #%)V[—n] is the normal sheaf concentrated in degree n.

The compatibility of f' with tensor products allows us to compute f'.Z in terms
of f*F and f' Oy

Prorosition 3.6 ([Har66, Prop.111.8.8]). — Let f : X — Y be an embeddable mor-
phism of locally noetherian schemes of finite Krull dimension. Then there are functo-
rial isomorphisms

(1) f'FQEL*G — f{(FQ"G) for F e DL(Y) and G € Db (Y )era-
(2) Rtomx (Lf*F, f'G)— f'(R Homy (F,9)) for FeD (Y) and GeDI(Y).

Moreover, if f is an lci morphism, then f'Oy is invertible and we have f'G =2
f'Oy @ Lf*S for G e DgC(Y)de. We call 'Oy the dualizing sheaf of f.

We now prove the local duality theorem for vector bundles over lci projective curves:

Prorosition 3.7. Let f : X — Spec Ok be an lci projective curve, and let wg(/oK

be the dualizing sheaf of f, i.e., the invertible sheaf such that W?{/OK 1] = f'Ok. Let T
be a locally free Ox-module of finite rank, then:

(1) R f.F is representable by a perfect complex of length [0,1];
(2) we have a perfect pairing
H(X,F® K/0k) x H(X,F @ w%)o,.) — K/Oxk
given by the composition of the cup product and the trace Tr : Rf*wg(/oK — Ok.
Proof. — As F is a vector bundle and f is projective of relative dimension 1, the co-

homology groups R’ f,F are finitely generated over O and concentrated in degrees 0
and 1. Then, R f,F is quasi-isomorphic to a complex

0— My -5 My — 0,

with M7 and Ms finite free O x-modules. Moreover, the complex

0 — My® K/O0x <221 0 @ K/0x — 0

is quasi-isomorphic to R f(F® K/Ok) in D(O), see [Mum08, Th.5.2].
The duality theorem 3.2 gives a quasi-isomorphism

R f(FY @ w0, 1] = R fu RAomx (F, f'Ok) ~ RHomo (R £.F,0k).

This implies that R f.(F¥ ® w/e ) is quasi-isomorphic to 0 — My’ 4 My — 0.
Finally, Pontryagin duality for O implies Homg, (ker(d ® 1), K/Og) = cokerd",
which translates in the desired statement. O

Remark 3.8. — The previous proposition relates two notions of duality. Namely, Serre
and Pontryagin duality. We can deduce the following facts:
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(1) The Og-module H*(X,F ® K/Ok) is co-free of rank r, that is isomorphic to
(K/Og)", if and only if H! (X, FV QWS /o, ) I8 free of rank r. In that case, the module
HY(X, ) is free and H°(X,JF)/p" — H(X,TF/p™) is an isomorphism for all n € N.
Furthermore, Serre duality provides a perfect pairing

HO(X,F) x H'(X,FY @ w0, ) — Ok.

(2) The Ox-module HY(X,F) (resp. H(X,F ® K/Of)) is free (resp. co-free) for
any finite locally free &'x-module.
(3) In the notation of the previous proof, Pontryagin duality implies

Homg , (coker(d ® 1), K/Of) = kerd",
which is equivalent to a perfect pairing

H'(X,F® K/0k) x H'(X, 5 @ w%/0,.) — K/Ok.

4. COHOMOLOGY OF MODULAR SHEAVES

Let N > 3 be an integer prime to p. Let X(Np™) be the modular curve over Z,
of level I'(Np™). Let Zp = W(F,) and let X(Np”)zp be the extension of scalars

of X(Np™) to Zp. We denote by X, := X(Np")7 the connected component of
X(Np")zp given by fixing the Weil pairing ey (Py, Q]I;) = (n, where (P, Q) is the
universal basis of F[N] and (y € Zp a primitive N-th root of unity. We also write
X = Xo. Let O,, = Z,[upn] be the n-th cyclotomic extension of Z,, O the p-adic
completion of hﬂn On, K, and K¢ the field of fractions of O,, and O%° respectively.
We set O = Z, and K = O[1/p]. Let 7, : X,, — Spec©,, denote the structural
map defined by the Weyl pairing of the universal basis of E[p"]. We also denote
Pn : Xn — X, 1 the natural morphism induced by p-multiplication of Drinfeld bases.

Let E*™/X be the semi-abelian scheme over X extending the universal elliptic
curve to the cusps, cf [DR73]. Let e : X — E" be the unit section and wg :=
e*QlEsm /X the modular sheaf, i.e., the sheaf of invariant differentials of E5™ over X.

For k € 7 we define wf, = w&* the sheaf of modular forms of weight k, we denote
by wgn the pullback of w¥ to X,,. Let D,, C X,, be the (reduced) cusp divisor and
w%,n,cusp = w%’n(—Dn) the sheaf of cusp forms of weight k over X,,. By an abuse of
notation we will also write D,, for the pullback p},, Dy, to Xp,41, by Proposition 1.7
we have that D,, = pD,11.

Finally, we let X,, be the completion of X,, along its special fiber and X, = @n Xn
the integral perfectoid modular curve, see Theorem 2.8. Let X,, be the analytic generic

fiber of X,, and X, ~ h_r)nn X,, the Scholze’s perfectoid modular curve.

DUALIZING SHEAVES OF MODULAR CURVES. Consider the tower of modular curves

e Xupi Xy — s Xy ———

lﬂ-nJr 1 lﬂ-n lﬂ-n —1

- — Spec(Op41) — Spec(0,,) —— Spec(OQp—1) — - -+

Pn+1
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Since X, is regular of finite type over O, it is a local complete intersection. This
implies that the sheaf w® := 7}, 0,, is invertible. The modular curve X /0O is smooth of
relative dimension 1, then we have that wg = Q;O/o, cf. Example 3.3(2). On the other
hand, the Kodaira-Spencer map provides an isomorphism K5 : w}, g, = QYo

Let X/ _; = Xpn—1 X8pec0,,_; Spec Oy, and by an abuse of notation p,, : X,, — X, _;
the induced map. Let «,_; : X]_; — O, be the structural map and pr; : X/, _; —
Xn—1 the first projection. We also write wgn_l for the pullback of w%,n_l to X/ .
Note that the compatibility of the exceptional inverse image functor with flat base

change (Theorem 3.2) implies that 7,! 0, = priwd ;, =w’ | ®o, , Op.
Prorosition 4.1. — There exists a natural isomorphism
n P (Wn_1)(Dn—1 — D) — wy,

induced by the normalized trace %Trn (0%, — piz Ox: .. Moreover, the composition
of &y o+ 0 & with the Kodaira-Spencer map gives an isomorphism w3, ,, sp = Wh.-

Proof. — By Proposition 3.6 we have an isomorphism
(4.1) &, :p!nﬁX;l71 ® Prwi_1 - Ppwin_y = wp.

The map p, is finite flat, then p,Ox: = p, ' Home,, (pn+Ox,,Ox:_,) by Ex-
e ", e

1
ample 3.3(1). By Lemma 3.4, the sheaf plnﬁX;l,l is invertible as X _, is an lci pro-
jective curve. We claim that the trace Tr, : Ox, — p\, O x/_, induces an isomorphism
%Trn : 0x,(Dn—1 — Dy) = p,0x: . 1t suffices to consider the ordinary points and
the cusps, indeed, the supersingular points are of codimension 2 in X,,.

Let € X, _;(F,) be an ordinary point. We have a cartesian square

Uy 0 SPE Ox, 0y —— Xo

(4.2) | J ’

Spf Ox/ o —— X!

n—1-
By Proposition 1.5 we have isomorphisms

Oxr 0 2 WE) G [Tnil, Ox, 0, = W(EF) ] [T0]

with relations (1+75,)P = 1+7T,,—1. Taking the different ideal of the finite flat extension
Ox, 2/ Ox: | one finds

%”omgx/ (ﬁAX

,T

1 ~
nyTm ) x) = 5 ﬁXn,zn : Trn .

n—1

On the other hand, let z € X/,_;(F,) be a cusp. We have a cartesian square (4.2)

n—1
and by Proposition 1.7 isomorphisms

Ox; 0 ZWE)Grlld"" ), Ox,yon = W(E)[Grlla" "]
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Taking the different ideal we obtain the equality

n—1 =

~ ~ 1 n
Hom g (Ox w0y Oxr  0) = =g /P 717 Gy - Try, .
X;, p

n—1°T n,Tn

L
The previous computations show that the trace of Ox,/0x, | induces an isomor-
phism of invertible sheaves

1

1 ~
—Tr, : Ox,(Dp_1— D,) —=p- Ox .
p "

Then, from (4.1) we have an isomorphism
&t Ox,(Dn—1 — Dy) @ prwn_q — wp,

with &, =&/ o (% Tr, ®1).
The isomorphism w%ymcusm = w? follows by a straightforward induction on the
composition &, o --- o0&y, and the Kodaira-Spencer map K S : w%pusp = Qﬁ(/o. g

Levmvia 4.2, Let # € X/,_,(F,) be an an ordinary point or a cusp. Let Tr,
P« Ox, (Dp—1 — Dy) — Ox: . be the normalized trace map I%Trn. Then the com-

pleted localization of ﬁn at x is surjective. Moreover, if F is a quasi-coherent sheaf

over X, _1, the composition F — py, .prF Ty F s multiplication by p.

Proof. — Localizing at = we find

Tr, = &(1Tra): @ Ox, 0, @ (@7 V") — Oxr o,
Tp =T
where ql/ P" " is invertible if z is ordinary, or a generator of D,,_; if it is a cusp. The
explicit descriptions found in the previous proposition show that ﬁn is surjective on
each direct summand. Finally, looking at an ordinary point x, it is clear that there
are p different points x,, in the fiber of x, this implies ﬁn(l) =p. |

VANISHING OF COHERENT COHOMOLOGY. In order to prove vanishing theorems for the
coherent cohomology over the perfectoid modular curve, we first need some vanishing
results at finite integral level. We have the following proposition

Prorosition 4.3. — For all n € N the following holds:

(1) HO(Xp,wh,, ®0, Kn/On) = H(X0,wh ,, cusp @0, Kn/On) =0 for k <0.

(2) H' (X, why ) = HY (X0, W ) cusp) = 0 for k> 2.

(3) H*(X,., Ox, (—Dy,) ®0, K./O0,) = Hl(Xn,w%vn) = 0 and H°(X,, Ox, ®o,
K’”«/On) = Hl(Xn7w2E,n,cusp) ®On (Kn/on) = K’n/on

Proof. — By Propositions 3.7 and 4.1, (1) and (2) are equivalent. Similarly, by
Remark 3.8(1), and Proposition 4.1, it is enough to show (3) for O, and Ox, (—D,,).

Let v, be the closed point of Spec O,, and w € O,, a uniformizer, we write v = 1 for
the closed point of Spec O. It suffices to prove H?(X,,, wgn/w) =HX,,,, wfijn) =0
for k < 0. Indeed, for s > 1, the short exact sequence

w
0 w%,n/wS w%,n/ws+1 oJ%‘,n/‘w' 0
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induces a left exact sequence in global sections
0 — HY(X,, wh ,,/@*) — H(X,, why /) — HO(X,,, wh /).

An inductive argument on s shows H° (Xn,wgyn/ws) =0forall s > 1.

Let A € H*(X,, ., ,wk ) be non-zero. Applying the action of SLy(Z/p"Z), we can
assume that \ is non-zero in an open dense subscheme of X, , . In fact, this
holds for some linear combination Z’YGSL2(Z/p"Zp) apY*\ with a, € E,. The norm
Nx,../x, (w,’%n) of wh  to X, is wif, where d = deg(Xy,,,/X,). Hence if k < 0,
the sheaf Ny /x, (w’fEn) has negative degree in the smooth curve X,. This implies
that

H°(X,,Nx, , /x,WE,)) =0 and Ny, /x,(A) =0,

a contradiction. Therefore H*(X, ,, ,w} ,) =0 for k <0. Since wg,n,cusp =why (=Dy),

we trivially deduce H*(X 0., w5 cusp) = 0-
The results for Ox, and Ox, (—D,,) are clear as X,,/0,, is proper, flat, geometri-
cally connected and has geometrically reduced fibers. O

Remark 4.4. Strictly speaking, we can apply Proposition 3.7 only for projective
curves over a finite extension of Z,,. However, as the formation of coherent cohomology
is compatible with affine flat base change of the base, the conclusion of loc. cit. holds
in the situation of the previous proposition.

CororLrary 4.5. — Let F = wgn or wgn’msp for k # 1, the following holds.

(1) The cohomology groups H°(X,,F @ K/O) and H*(X,,,F) are cofree and free
Oy, -modules respectively.

(2) We have a perfect duality pairing

HY(X,,T® K/0) x H'(X,,, 7Y @ w? .1en) — Kn/On.

n,cusp

Proof. — Part (2) is Proposition 3.7. Part (1) follows from Remark 3.8(1) and the
previous proposition. Indeed, if k& < 0, the vanishing of H*(X,,, ¥ ® K,,/0O,,) implies
that HY(X,,,J) is torsion-free. As the cohomology group is of finite type over O, it
is a finite free O,-module. The other cases are proved in a similar way. ]

Next, we will prove some cohomological vanishing results for the modular
sheaves wk and w,’%,cusp at infinite level. Particularly, we will show that the cohomol-
ogy of wk over X, is concentrated in degree 0 if k > 0. The case k > 2 will follow
from Proposition 4.3, one can also argue directly for k = 2. What is remarkable is
the vanishing for k£ = 1, in which case we use the perfectoid nature of X.

Let wp, ., be the pullback of wf, to Xs. Let m > n, note that we have an inequality
of divisors Dy, < D,,. Then, Ox, (—D,,) C Ox, (—D,,), and the pullback of w%,n,cusp
injects into Wi, uep- We define wh o as the p-adic completion of the direct

limit lim W}’%,n,eusm if k = 0 we simply write Ox__(—Ds,) for w0E,oo,cusp' The sheaf

k
O‘}E',oo,cusp

limit of line bundles which is not stationary at the cusps. One way to think about

is no longer a coherent sheaf over X ; its reduction modulo p is a direct
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. k . . . . . . k
an element in wy, o .., IS Via g-expansions: the completed localization of wy; . at a
cusp « = (g, 21, -+ ) € Xo is isomorphic to

09 [q"/7] = lim (lim 0°[¢"/7" ) / (9,0)".
bty
Then, an element f € w’g’oo’z can be written as a power series

f= Z amq™
meZ[1/p] >0
satisfying certain convergence conditions. The element f belongs to the localization
at = of w%oo’cusr’ if and only if agp = 0. For a detailed treatment of the cusps at
perfectoid level we refer to [Heu20], particularly Theorem 3.17.

Tueorem 4.6. — The following holds

(1) The cohomology complezes RT(Xo0, Wl o) and RT(Xoo,wh o cusp) @r€ con-
centrated in degree [0,1] for all k € Z.

(2) Forallm,i >0 andk € Z, we have Hi(.’foo,wgoo/pm) = lim | Hi(Xn,w%m/pm)
and HZ (xOO? w%,oo,cusp/pm) = h_H)ln Hl (Xn7 w%,n,cusp/pm)'

(3) The sheaves w%m and w%,oo,cusp have cohomology concentrated in degree O for
k > 0. Similarly, the sheaves wgm and w%yoo’cusp have cohomology concentrated in
degree 1 for k < 0.

(4) HY(Xs0, Ox (—Doo)) = 0 and HY (X, Ox ) = O%°.

Proof. — Let F = wg’oo or wgooycusp and F,, = W%,n or Wsz,n,cusp respectively.
We show (1) assuming part (2). By evaluating F at formal affine perfectoids of ¥
arising from finite level, one can use [Sch13, Lem. 3.18] to deduce that F = Rlim F /p°:

the case J = w%m is clear as it is a line bundle. Otherwise, we know that
F/p* =l %, /p° = (T, /p° ©x, Or.)

is a direct limit of €% _ /p®-line bundles, so that it is a quasi-coherent sheaf over X,
and the system {F/p®}sen satisfies the Mittag-Leffler condition on formal affine per-
fectoids. One obtains the quasi-isomorphism

RT (X0, F) = Ry%an“(%oo, F/p%)

whose cohomology translates into short exact sequences

(4.3)  0— R'ImH™ (Xe0, T/p°) — H'(X,F) — Im H'(Xoc, T/p°) — 0.
S S

But part (2) implies that H (X, JF/p*) = lim HY(X,,,F,/p°) for all s € N.
As X, is a curve over O, and F, /p° is supported in its special fiber, we know that
HY(X,,,F,/p°) = 0 for i > 2 and that the inverse system {H!(X,,, F,,/p®)}sen satisfies
the ML condition. This implies that H' (X, F/p®) = 0 for i > 2 and that the ML
condition holds for {H(X.,F/p*)}sen. From (4.3) one obtains that H (X, F) = 0
for i > 2.
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We prove part (2). Let 8 = {U, },c1 be a finite affine cover of X, let i, (resp. )
be its pullback to X,, (resp. X). As F/p® = lim Fn/p® is a quasi-coherent Ox__ /p°-
module, and the (formal) schemes X, and X,, are separated, we can use the Cech
complex of 4L, (resp. ) to compute the cohomology groups. By definition we have

G (oo, T/p°) = T 6 (L, /),

then (2) follows as filtered direct limits are exact.
The vanishing results of Proposition 4.3 imply (3) for ¥ < 0 and k& > 2. Let
k = 1,2 and p'/P € 09 be such that [p'/?| = |p|'/P. As X is integral perfectoid,
the Frobenius F : X0 /p — Xoo/p"/? is an isomorphism. Moreover,
F (@ o /07) = Wi /p - and F (W} o cusp/PV") = W g /P
(notice that F*(D,,) = pD,, = D,,_1). Then, Proposition 4.3(2) implies
(4.4) H (oo, 00 /p'/7) 2 B (R, oo /) = 0,

similarly for w}, _ ..+ By induction on s, one shows that H! (X, w}; oo/p®) = 0 and

that HO (X, wh oo /p*T") = H(Xeo,why oo /P*) is surjective for all s € N (resp. for
k

WE oo.cusp)- Laking derived inverse limits one gets
Hl(xm’wﬁ,m) - Hl (xooa wg,oo,cusps) = O
and Ho(xoovw%,oo) = @Ho(fomw%m/ps)

S

(resp. for w’?E7oo7cusp). This proves (3) for k =1, 2.
Finally, part (4) follows from part (2), Proposition 4.3(3), and the fact that

(X, Or..) = i B (oo, O /")

S

by (4.3) (resp. for Ox__(—Dx)). O

-

COROLLARY 4.7. Let F = wgoo or w%,oo,cusp for k € Z. Then H{(Xo,F)/p* =
HY (Xo0,F/p*) and H (X, F) = Jim HY (X o, F/p*) for all i,s > 0. In particular, the
cohomology groups H (X, F) are p-adically complete and separated. Moreover, they

are all torsion-free.

Proof. — The case k # 0 follows since the cohomology complexes RT'(X., F/p®) are
concentrated in only one degree, and RI'(X,F) = Rl'&ng RI(Xoo,F/p®). The case
k = 0 follows by part (4) of the previous theorem. Namely,

HO(%OQ7 Ox..(—Dw)/p°) =0 and HO(%OO, Ox_/p°) = 09¢/p*

for all s > 0. Hence, the inverse system of H'-cohomology groups satisfy the Mittag-
Leffler condition, and the R* @ appearing in the derived inverse limit disappears for
the H'-cohomology. O
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As an application of the previous vanishing theorem, we obtain vanishing results
for the coherent cohomology of the perfectoid modular curve. Let (X, ﬁ;oo) —
(X, 06 ) be the natural map of locally and topologically ringed spaces provided
by the generic fiber functor, see Proposition 2.5 and Theorem 2.8. We define

kA4 .k + k,+ .,k +
wE,n T wE,oo ®ﬁxoo ﬁxw and o"YE,Cusp,n T (“)E,oo,cusp ®ﬁxoo ﬁxw’

where the completed tensor product is with respect to the p-adic topology. As usual,
we denote ﬁ;gw(—Doo) = wOE’zuSp. In the following we consider almost mathematics
with respect to the maximal ideal of OY°.

Corovrrary 4.8. — The following holds.

(1) The cohomology complexes Rran(xoo;wg:;) and RFan(DCoo,w%IuSpm) of
almost O%°-modules are concentrated in degrees [0, 1] for all k € Z.

(2) The sheaves WZ’J:; and w%’:uspm have cohomology almost concentrated in de-
gree 0 for k > 0. Similarly, the sheaves w%; and wg:usp’n
concentrated in degree 1 for k < 0.

(3) HY, (Yoo, 05 _(~Duc)) = 0 and HY, (Xoo, 6 _) = 0.

have cohomology almost

Proof. We first prove the corollary for F = wgm. Let fr"flr denote the pullback
of F to (X, ﬁ;m). Let 4 = {U;};er be an open cover of X, given by formal affine
perfectoids arising from finite level such that wg o |y, is trivial. By Theorem 2.8, the
generic fiber U;, of U; is an open affinoid perfectoid subspace of Xo. Let i, :=
{W; 5 }ier, note that &, is a covering of X, and that the restriction of 3",4,' to Usy,
is trivial. By Scholze’s Almost Acyclicity Theorem for affinoid perfectoids, ?f{ lu, ., is

almost acyclic for all i € I. The Cech-to-derived functor spectral sequence gives us
an almost quasi-isomorphism

‘f’(ﬂmff:{) ~ RI‘an(DComfﬂJ]’).
On the other hand, by the proof of Theorem 4.6 there is a quasi-isomorphism
¢ UTF)~RT (X, F).

But by definition of F,7, and the fact that €y (U;,) = Ox,(U;) by Theorem 2.8,
we actually have an almost equality €*(i,, F,F) =** €* (4, F). In other words, there
is an almost quasi-isomorphism R Tap(Xoo, Fjf) ~* RT (X0, F).

Let Feusp = wgoo,cusp and g, , its pullback to (X, ﬁ;w). To prove that

R»Fan(xooa?+ ) e RF(:{oougjcusp)a

cusp,n

we argue as follows: note that we can write Feusp = F Qg Ox (—Doo). To apply
the same argument as before we only need to show that ﬁ;w (= Do) is almost acyclic
over affinoid perfectoids of Xoo. Let V(Ds) C Xoo be the perfectoid closed subspace
defined by the cusps. Note that Oy (—Ds) is the ideal sheaf of V (D), see the
proof of [Sch15, Th.IV.2.1] or the explicit description of the completed stalks at the

JE.P.— M., 2021, tome 8



1218 J. E. Ropricuez CAMARGO

cusps of the integral perfectoid modular curve. Then, we have an almost short exact
sequence for all s € N

(4.5) 0 — Ox_ (Do) /p* — OF _[p° — OF p_/p° — 0.

As the intersection of an affinoid perfectoid of X, with V(D) is affinoid perfectoid,
and the second map of (4.5) is surjective when evaluating at affinoid perfectoids of X,
Scholze’s almost acyclicity implies that ﬁ;w(fDm) /p® is almost acyclic in affinoid
perfectoids. Taking inverse limits and noticing that {ﬁ;w (—Dwo)/p® }sen satisfies the
ML condition in affinoid perfectoids, we get that ﬁ;oo(—Doo) is almost acyclic in
affinoid perfectoids of X,,. The corollary follows from the vanishing results at the
level of formal schemes. |

Remark 4.9. — As it was mentioned to me by Vincent Pilloni, the cohomological van-
ishing of the modular sheaves at infinite level provides many different exact sequences
involving modular forms and the completed cohomology of the modular tower (to be
defined in the next subsection). Namely, the primitive comparison theorem permits to
compute the Cp-scalar extension of the completed cohomology as H}, (Xoo c,, Ox.. )

On the other hand, the Hodge-Tate exact sequence
0— wEl Qe é’\x — TPE®ZZ, ﬁx — WE @@y é’\x — 0
gives a short exact sequence over X,
-1 ©2
(4.6) 0 —wg, — Ox_ ¢ —wgy —0

via the universal trivialization of T,E. Then, taking the cohomology of (4.6) one
obtains an exact sequence

0= CP? = HY, (Yoo, wrm) — Hiy (Yoo g, wp ) — Hap(Xoso ,, O )2 = 0.

Another is example is given by tensoring (4.6) with wg and taking cohomology. One
finds

0—Cp = HY, (Xo e, wrn)®? — HY (Xoo g, wh ) — Hin(Xooc,s Ox.) — 0.
It may be interesting a more careful study of these exact sequences.

i . —— — Lk k — Lk
DuALITY AT INFINITE LEVEL. Let F = wp o OF Wi o cusp fOT k € Z, let Fy = wip,

or w’g’musp respectively. Let C' be a non archimedean field extension of K¢ and O¢
its valuation ring. Let X ¢ be the extension of scalars of the integral modular curve
to O¢. Corollary 4.7 says that the cohomology groups H* (X, F) are torsion-free, p-
adically complete and separated. In particular, we can endow H! (X ¢, F)[1/p] with
an structure of C-Banach space with unit ball H' (X ¢, F). The local duality theorem
extends to infinite level in the following way.
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Tueorem 4.10. Let F and F, be as above, and let F) = Homey, (Fn,Ox,) be
the dual sheaf of F,,. There is a GL2(Q,)-equivariant isomorphism of topological Oc-
modules

(4'7) Homoc(Hi(ch, ‘rf)v OC) = I&H Hl_i(XmOcagjv\i ® WQE,n,cusp)'

The LHS is endowed with the weak topology, the RHS is endowed with the inverse
limit topology, Tr, are the normalized traces of Proposition 4.1, and the extension of
scalars is given by Xpn 0o = Xn Xspec 0, SpecO¢.

Remark 4.11

(1) We could restate the previous theorem using w® = 7,0, instead of w%,nycusp,
the trace Tvrn would be replaced by the Serre duality trace relative to the morphism
Xn+1,06 = Xn,0o- Note that even though the ring O¢ is not noetherian, all the
objects involved are defined as pullbacks of objects which live over a finite extension
of Zy, see Remark 4.4.

(2) Let F;f =F ®p, 0% be the pullback of F to X, denote F,, = F,"[1/p]. By
Corollary 4.8 we know that

H' (Yoo, Fy) = H (Xoo, )[1/]-

Thus, H (X ¢, F,;) can be endowed with an structure of C-Banach space. Its dual is
given by

H' (Xoo,cr Fy)* = (im H' ™ (X005 9w cuep) ) [1/0):
m,Tr,
(3) Let Ry, : Zp[(N]®°® — Z,[{npn] denote the n-th normalized Tate trace, and let
X! be the connected component of X (N, P")z,¢x] corresponding to (y. There is a
natural injective map

: 1—i 2 : 1—i 2
1&1’1 H Z(‘XY’ZL,ZP [Cn]oves ?7\{ ® wE,mcusp) — @ H Z(X;L’ ‘rfx ® wE,mcusp)'
m,Tr,, n,R,,0Tr,
However, this map is not surjective in general; the RHS is profinite while the LHS is
not compact.

Before proving Theorem 4.10 let us say some words about the inverse limit of (4.7),
it can be described as the kernel of the map

—1 1 - /T\;n —1
HHl (XTI,OC??X ®w?3,n,cusp) HH1 (Xn,oc7‘rf7\: ®w%’,n,cusp)'

n n
Moreover, Corollary 4.7 says that the factors in the products are p-adically complete,
separated and torsion-free. The following lemma implies that the inverse limit is
always p-adically complete and separated

Levmma 4.12. — Let N, M be torsion-free, p-adically complete and separated Z,-mod-
ules, and f : N — M a Zp-linear map. Then ker f is torsion-free, p-adically complete
and separated.
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Proof. It is clear that ker f is torsion-free. The map f is continuous for the p-adic
topology, in particular ker f C N is a closed sub-module. Since M is torsion-free, one
has that ker f Np* N = p*ker f for all s > 1. Then,

ker f = @(kerf/(kerf Np°N)) = gnkerf/ps ker f,

S

proving the lemma. O

Next, we recall the GL2(Q,)-action in both sides of (4.7). Without loss of generality
we take C' = K. Let x : Gal(0%¢/0) 5 Z* be the cyclotomic character. We define
¥ GLa(Q,) — Gal(0%¢/0) to be ¥(g) = Xfl(p*vp@etg) det g), where v, : Q) — Z
denotes the p-adic valuation. Fix ¢ € GL2(Q,) and n > 0. Let m > 1 be such that
L(p™) c T(p™) Ngl'(p™)g~!, write ¢, : GL2(Q,) — GLQ(QP) for the conjugation
z — gxg~'. We denote by X (Np").(4) be the modular curve of level I'(N) NL(p™) N
gl (p™)g1, let Xin,e(g) be the locus where the Weil pairing of the universal basis
of E[N] is equal to {y € Z We let w® be the dualizing sheaf of X, .(y), i.e., the

exceptional inverse image of O, .(g) = = H(X, ), Ox ) over X, .

n,c(g)
The maps

T(p™) — D) N gL g~ —2— g~ IT(p")g NT(p") —> T(p")

induce maps of modular curves

q1

X —)Xn ,e(g) i)Xn ,c(g—1) LXH,

with g an isomorphism. Notice that the modular sheaves w¥, are preserved by the

pullbacks of g1, g2 and g. Let F and F,, be as in Theorem 4.10, we have induced maps
of cohomology

RT(X,, F/p*) —2 28 RD(X,0, Fon /1),

Taking direct limits we obtain a map

RT(Xoo, F/p°) -2 RT(X oo, F/p°).

Finally, taking derived inverse limits one gets the action of ¢ € GL2(Q,) on the
cohomology RT'(Xo0, F).

The action of GL2(Q),) on cohomology is not O%°-linear. In fact, it is ¢-semi-linear;
this can be shown by considering the Cartan decomposition

GLa(Qy) = | | ClLaz ( pi) CLy(Z,)

niy=na

and using the compatibility of the Weil pairing with the determinant.

The action of GL2(Q,) on lim | = H'™ (X, 0eve, Fy) @WE ,, cusp) 18 defined in such

a way that the isomorphism (4. 7) is equivariant. Namely, there is a commutative
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diagram of local duality pairings provided by the functoriality of Serre duality
(4.8)
Hlii(Xm,ocycv g"r\il X w%,m,cusp) X HZ (quo"ycv Fm ® K/O) — KCyC/OCyC

fTvrq1 Q@ T

H' (X e(g),00v¢5 (90 @2) Ty, @ w®) x H (X, 0(g),00v¢, (9 0 q2)*Fn @ K/O) » KV /O°

lg‘” g*T wwﬁ

H' (X, cg-1),00v¢: BT @ w®) x H(X,, o(g-1),00ve, 3F @ K/O) —— KV /OV¢

fTTrq2 qﬂ H

Hl_i(Xnyocy':, gj,)l/ (2] w%ﬂn,cusp) X Hi(Xnyocyc, Fn ® K/O) _ KCyC/OCyC.

The maps ﬁql and ﬁqz are induced by the Serre duality traces of ¢; and gs respecti-
vely, cf. Remark 4.11(1). Thus, the right action of g € GL2(Q,) on a tuple f = (f,) €
@n,ﬁn H' (X, 00ve, F)) @ W, cusp) 18 given by flg = ((flg)n)nen, where

(ilg)n = /ﬂqz Og_l* Oﬁm (fm)

for m big enough, and ¢, g2 as in (4.8).

Proof of Theorem 4.10. — Without loss of generality we take C'=K%°. Let F=w},
or wg,oo,cusp' By Corollary 4.7 we have
H (X, F) @ (K/0) = H (X0, T @ K/0).
Therefore
Homgeye (H (Xoo, F), 09¢) = Hompeye (H (X o0, F) @ K/OQ, KV /OV°)
= Homgeye(H (X oo, T ® K/0O), K%Y /%),
On the other hand, we have
H (X0, T ® K/O) = ling HY (X, 00ve, Fn @ K/0),
n,py,
where the transition maps are given by pullbacks. By local duality, Proposition 3.7,
we have a natural isomorphism
Homgeye (H (X0, F), OYC) = lim Homgeye (H (X, 0eve, Fpp @ K/Q), KY€/ O9°)
n,p;‘L
= %il’l Hl_i(XmOCyc’?'r\{ ® w%,n,cusp)'
n,Tr,
The isomorphism is GL2(Q))-equivariant by the diagram (4.8). O
We end this section with an application of the local duality theorem at infinite
level to the completed cohomology. We let X, pro-6t be the pro-étale site of the finite

level modular curve as in [Sch13, §3], and X pro-¢; the pro-étale site of the perfectoid
modular curve as in [SW20, Lect. 8].
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Derintrion 4.13. Let ¢ > 0. The ¢-th completed cohomology group of the modular
tower {X,, }rn>0 is defined as

ﬁi = @ hﬂ Hét(xn,(c,n Z/pSZ)

Remark 4.14. — The previous definition of completed cohomology is slightly different
from the one of [Eme06]. Indeed, Emerton consider the étale cohomology with compact
support of the affine modular curve Y,,. Let j : Y,, — X, be the inclusion and
¢t : D, — X, be the cusp divisor, both constructions are related by taking the
cohomology of the short exact sequence

0 — j(Z/p°Z) — Z)p°Z — 1" Z/p°Z — O.

Moreover, the cohomology at the cusps can be explicitly computed, and many inter-
esting cohomology classes already appear in H'.

We recall some important completed sheaves in the pro-étale site. Let W denote X,,
or Xoo

— We denote Zp = @S Z/p°Z, the p-adic completion over Wy, ¢ of the locally
constant sheaf Z.

— Let 5{){7 = @s ﬁ%/ps be the p-adic completion of the structural sheaf of
bounded functions over Wy ¢t
By [Schl13, Lem. 3.18] the sheaf ﬁ?{v is the derived inverse limit of the projective
system {ﬁ’{fv /p°}s. On the other hand, the repleteness of the pro-étale site and [BS14,
Prop. 3.1.10] implies that Zp is also the derived inverse limit of {Z/p°Z};. We have
the following proposition

Prorosition 4.15. — Let i > 0, there is a short exact sequence
0 — R'im HY ' (Xoo ¢, Z/p°Z) — Hyg (XYoo g, Zp) — H — 0,

S

Proof. — As Zp = R@S Z./p°Z, the Grothendieck spectral sequence for derived lim-
its gives short exact sequences for ¢ > 0

0 — R'ImHL L (Yoo ¢, 2/D°2) — Hio 60(Xoo e, Zy)

pro-ét pro-ét
s

— I'LnHérO—ét(xoo,(cp7 Z/pSZ) — 0.

Lemma 3.16 of [Sch13] implies that H! . (Xooc,,Z/p*Z) = Hi (Xooc,. Z/P°T).

pro-ét

On the other hand, [Sch12, Cor. 7.18] gives an isomorphism
Hét (xooy(cp7 Z/pSZ) = h_n>lHét(xn7(va Z/pSZ)v
the proposition follows. O

Next, we relate the completed cohomologies Hi with the coherent cohomology
of Xs via the Primitive Comparison Theorem. This strategy is the same as the one
presented by Scholze in [Sch15, Ch.IV] for Emerton’s completed cohomology. In the
following we work with the almost-setting with respect to the maximal ideal of Oc, .
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Prorosirion 4.16 ([Sch15, Th.1V.2.1]). There are natural almost isomorphisms

(49)  H'®z,0c, =" Hi,u(Xooc,, 05 ) = H (X, Ox_) Boeve Oc,.

pro-ét

In particular, Hi =0 fori > 2, the R! @ng of Proposition 4.15 vanishes, and the Hi
are torsion-free, p-adically complete and separated.

Proof. — By the Primitive Comparison Theorem [Sch13, Th.5.1], there are almost
quasi-isomorphisms for all n,s,7 € N

He(Xnc,, Z/p°Z) @z, Oc, = Hy(Xnc,, 0%, /P°)-
Taking direct limits on n, and using [Sch12, Cor.,7.18] one gets
(4.10) He(Xooc,, 2/0°Zp) @2, Oc, =" Hey(Xooc,, Ox_ /D°).

Namely, we have ﬁ;m /p® = %nn ﬁ;gn /p° as sheaves in the étale site of X. In fact,
let Uy, be an affinoid perfectoid in the étale site of X, which factors as a compo-
sition of rational localizations and finite étale maps. By [Sch12, Lem. 7.5] there ex-
ists ngp>0 and an affinoid space U,, € X, ¢ such that U, = X X X, U,,. For
n = ng denote the pullback of U,, to X, ¢ by U,, then Uy ~ @n>no U,, and
0+ (Ux)/p® = H_r)nn>n0 o+ (Un)/p°.

The sheaf ﬁ;m /p® is almost acyclic on affinoid perfectoids, this implies that the
RHS of (4.10) is equal to H., (X, , ﬁ;x /p®). Then, the proof of Corollary 4.8 allows

us to compute the above complex using the formal model X,
(4.11) H.,(Xoo,c,, Of_/p°) =*° H'(Xoo, O [P°) ®oere O,

Corollary 4.7 shows that the inverse system {H!(X.., Ox_ /p®)}s satisfy the Mittag-
Leffler condition. As Oc,/p® is a faithfully flat Z/p°Z-algebra, the inverse system
{H,,(Xoo,c,. Z/p°Z)}s also satisfies the Mittag-Leffler condition. One deduces from
Proposition 4.15 that

(4.12) Hi o (Xeoc,, Zy) = H'.

pro-ét

We also obtain that H'/p* = Hi (Xoo c,,Z/p*Z) for all i € N. Taking inverse limits
in (4.10), and using (4.11) and (4.12) one obtains the corollary. O

We obtain a description of the dual of the completed cohomology in terms of
cuspidal modular forms of weight 2:

Tueorem 4.17. — There is a GLa(Qp)-equivariant isomorphism of almost Oc, -
modules
Homocp (Hl ®Zp on’ OCP> = %in H' (Xn,ocp ) W125‘,7z,cusp)'
n,Trn,
Proof. — This is a consequence of Proposition 4.16 and the particular case of Theorem
4.10 when F = Ox__ and C = C,,. 0
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