QOLYTEG,

o'\”v, INSTITUT

°

5.05 POLYTECHNIQUE
V@V DE PARIS

\d
og o®

ECOLE
POLYTECHNIQUE

r

ournal de I’Ecole polytechnique
M&ztbémariques

Xavier CARUSO
A theory of residues for skew rational functions

Tome 8 (2021), p. 1159-1192.

<http://jep.centre-mersenne.org/item/JEP_2021__8__1159_ 0>

© Les auteurs, 2021.
Certains droits réservés.

Cet article est mis a disposition selon les termes de la licence
LICENCE INTERNATIONALE D’ATTRIBUTION CREATIVE COMMONS BY 4.0.

https://creativecommons.org/licenses /by /4.0/

L accés aux articles de la revue « Journal de I’Ecole polytechnique — Mathématiques »
(http://jep.centre-mersenne.org/), implique 1’accord avec les conditions générales
d’utilisation (http://jep.centre-mersenne.org/legal /).

Publié¢ avec le soutien
du Centre National de la Recherche Scientifique

<
>

MERSENNE

Publication membre du
Centre Mersenne pour [’édition scientifique ouverte
WWwWw.centre-mersenne.org


http://jep.centre-mersenne.org/item/JEP_2021__8__1159_0
https://creativecommons.org/licenses/by/4.0/
http://jep.centre-mersenne.org/
http://jep.centre-mersenne.org/legal/
http://www.centre-mersenne.org/
http://www.centre-mersenne.org

%)ul*nal de I'Ecole polytechnique
C

Mathématiques
Tome 8, 2001, p. 11591192 DOI: 10.5802/jep.169
A THEORY OF RESIDUES FOR
SKEW RATIONAL FUNCTIONS
BY XAVIER CARUSO
AsstracT . — This paper constitutes a first attempt to do analysis with skew polynomials.

Precisely, our main objective is to develop a theory of residues for skew rational functions
(which are, by definition, the quotients of two skew polynomials). We prove in particular a
skew analogue of the residue formula and a skew analogue of the classical formula of change of
variables for residues.

Résumi (Une théorie des résidus pour les fractions rationnelles tordues)

Cet article constitue un premier pas en direction du développement de méthodes analytiques
pour les polynoémes tordus. Précisément, notre principal objectif est de développer une théorie
des résidus pour les fractions rationnelles tordues (qui sont, par définition, les quotients de
deux polynoémes tordus). Nous démontrons en particulier des analogues tordus de la formule
des résidus et de la formule classique de changement de variables.
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In 1933, Ore introduced in [14] a noncommutative variant of the ring of polyno-
mials and established its first properties. Since then, Ore’s polynomials have become
important mathematical objects and have found applications in many domains of
mathematics: abstract algebra, semi-linear algebra, linear differential equations (over
any field), Drinfel’d modules, coding theory, etc. Ore’s polynomials have been studied
by several authors: first by Ore himself [14], Jacobson [5, 6] and more recently by
Tkehata [3, 4], who proved that Ore’s polynomial rings are Azumaya algebras in cer-
tain cases, by Lam and Leroy [8, 10, 11] who defined and studied evaluation of Ore’s
polynomials, and by many others. Lectures including detailed discussions on Ore’s
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6o X. Caruso

polynomials also appear in the literature; for instance, one can cite Cohn’s book [2]
or Jacobson’s book [7].

In the classical commutative case, polynomials are quite interesting because they
exhibit at the same time algebraic and analytic aspects: typically, the Euclidean struc-
ture of polynomials rings has an algebraic flavor, while derivations and Taylor-like ex-
pansion formulas are highly inspired by analysis. However, as far as we know, analysis
with Ore’s polynomials has not been systematically studied yet. This article aims at
laying the first stone of this study by extending the theory of residues to the so-called
skew polynomials, which are a particular type of Ore polynomials.

Let K be a field equipped with an automorphism 6 of finite order r. We consider
the ring of skew polynomials K[X; 6] in which the multiplication is governed by the
rule Xa = 0(a)X for a € K. The first striking result of this article is the construction
of Taylor-like expansions in this framework: we show that any skew polynomial f €
K[X; 6] admits expansions of the form:

(1) FX) =) an-(X"=2)"
n=0

for any given point z in a separable closure of K. Moreover, when r is coprime with
the characteristic of K, we equip K[X; 0] with a canonical derivation and interpret the
coefficients a,, appearing in Equation (1) as the values at z of the successive divided
derivatives of f(X). All the previous results extend without difficulty to skew rational
functions, that are elements of the fraction field of K[X;#]; in this generality, Taylor
expansions take the form:

(2) FX) =Y an (X2 (veD)

These results lead naturally to the notion of residue: by definition, the residue of f(X)
at z is the coefficient a_; in the expansion (2). Residues at infinity can also be defined
in a similar fashion.

In the classical commutative setting, the theory of residues is very powerful be-
cause we have at our disposal many formulas, allowing for a complete toolbox for
manipulating them easily and efficiently. In this article, we shall prove that residues
of skew rational functions also exhibit interesting formulas, that are:

— (cf. Theorems 3.2.1 and 3.2.2) a residue formula, relating all the residues (at all
points) of a given skew rational function,

— (cf. Theorems 3.3.2 and 3.3.4) a formula of change of variables, making explicit
how residues behave under an endomorphism of Frac(K[X;6]).

Our theory of residues has interesting applications to coding theory as it allows for
a nice description of duals of linearized Reed-Solomon codes (including Gabidulin
codes) which have been recently defined by Martinez-Pefias [12]. This application will
be discussed in a forthcoming article [1].
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This article is structured as follows. In Section 1, we recall several useful algebraic
properties of rings of skew polynomials. Special attention is paid to the study of
endomorphisms of K[X; 0] and of its fraction fields. In Section 2, we focus on Taylor-
like expansions of skew polynomials and establish the formulas (1) and (2). Finally,
the theory of residues (including the residue formula and the effect under change of
variables) is presented in Section 3.

Convention. — Throughout this article, all the modules over a (possibly noncommu-
tative) ring 2 will always be left modules, i.e., additive groups equipped with a linear
action of 2 on the left. Similarly, a 2-algebra will be a (possibly noncommutative)
ring B equipped with a ring homomorphism ¢ : 2 — B. In this situation, B becomes
equipped with a structure of (left) A-module defined by a-b = p(a)b for a € A, b € B.

1. PRELIMINARIES

We consider a field K equipped with an automorphism 6 : K — K of finite
order r. We let F' be the subfield of K consisting of elements a € K with 6(a) = a.
The extension K/F has degree r and it is Galois with cyclic Galois group generated
by 6.

We denote by K[X;6] the Ore algebra of skew polynomials over K. By defini-
tion elements of K[X; 6] are usual polynomials with coefficients in K, subject to the
multiplication driven by the following rule:

(3) Vae K, X-a=060(a)X.

Similarly, we define the ring K[X*';0)]: its elements are Laurent polynomials over K
in the variable X and the multiplication on them is given by (3) and its counterpart:

(4) Vae K, X 'a=0"a)X"

In what follows, we will write &/ = K[X*1;0]. Letting Y = X", it is easily checked
that the center of & is F[Y*!]; we denote it by 2. We also set ¥ = K[Y*!]; it
is a maximal commutative subring of /. We shall also use the notations &/, €*
and 2t for K[X;0], K[Y] and F[Y] respectively.

In this section, we first review the most important algebraic properties of .7+
and ¢, following the classical references [14, 8, 10, 11, 2, 7]. We then study endomor-
phisms and derivations of 2/T, &/ and some of their quotients as they will play an
important role in this article.

1.1. EUCLIDEAN DIVISION AND CONSEQUENCES. — As usual polynomials, skew polyno-
mials are endowed with a Euclidean division, which is very useful for elucidating the
algebraic structure of the rings &+ and 7. The Euclidean division relies on the notion
of degree whose definition is straightforward.

Derinvirion 1.1.1. — The degree of a nonzero skew polynomial f =", a; X" € &/ is
the largest integer i for which a; # 0.
By definition, the degree of 0 € &% is —o0.

JE.P. — M., 2021, tome 8



1162 X. Caruso

Tueorem 1.1.2. Let A, B € & with B # 0.
(i) There exist Qright, Rright € &, uniquely determined, such that

A = Qright - B+ Riignt and  deg Ryignt < deg B.
(ii) There exist Qefs, Riers € &, uniquely determined, such that
A =B Qs + Riefy  deg Riery < deg B.

We underline that, in general, Quight 7# Qlefe and Rijght 7# Rierr- For example,
in C[X,conj] (where conj is the complex conjugacy), the right and left Euclidean
divisions of aX by X — ¢ (for some a,c € C) read:

aX =a-(X—c)+ac=(X—c) -a+ac.

Remark 1.1.3. — Without the assumption that 6 has finite order, right Euclidean
division always exists but left Euclidean division may fail to exist.

The mere existence of Euclidean divisions has the following classical consequence.
Cororrary 1.1.4. — The ring /% is left and right principal.

A further consequence is the existence of left and right ged and lem on &/ +. They
are defined in term of ideals by:

A f+og=o -RGCD(f,g); dfNg=o - LLCM(f,g)
fo +go/ =1LGCD(f,g) - o5 fo Ngo =RrLCM(f,g) - o

for f,g € &/T. A noncommutative version of Euclidean algorithm is also available and
allows for an explicit and efficient computation of left and right ged and lem.

1.2. Fracrion rieLp. For many applications, it is often convenient to be able to
manipulate quotient of polynomials, namely rational functions, as well-defined math-
ematical objects. In the skew case, defining the field of rational functions is more
subtle but can be done: using Ore condition [13] (see also [9, §10]), one proves that
there exists a unique field Frac() containing 2/ and satisfying the following universal
property: for any noncommutative ring 2 and any ring homomorphism ¢ : &/ — A
such that ¢(x) is invertible for all z € &/,  # 0, there exists a unique morphism
¥ : Frac(«/) — 2 making the following diagram commutative:

¥

o A
(5) J -

Frac(«)

Under our assumption that ¢ has finite order the construction of Frac(«/) can be
simplified. Indeed, we have the following theorem.

JIEP. — M., 2021, tome 8



A THEORY OF RESIDUES FOR SKEW RATIONAL FUNCTIONS n63

Turorewm 1.2.1. The ring Frac(Z) @ o/ ~ Frac(Z) @+ A+ containing & and
it satisfies the above universal property, i.e.,

Frac(#/) = Frac(2) @ » & = Frac(Z) Qg+ 7.
For the proof, we will need the following lemma.

Lemva 1.2.2. — Any skew polynomial f € o/ has a left multiple and a right multiple
in Z.

Proof. — If f =0, the lemma is obvious. Otherwise, the quotient <7/ f</ is a finite
dimension vector space over F'. Hence, there exists a nontrivial relation of linear
dependence of the form:

ao+a1Y +aY?+---+a,Y"E fof  (a; €F).

In other words, there exists g € &/ such that fg = N with N =ap+---+a,Y"™. In
particular fg € 2, showing that f has a right multiple in 2. Multiplying the relation
fg = N by g on the left, we get gfg = Ng = gN. Simplifying now by ¢ on the left,
we are left with gf = N, showing that f has a left multiple in 2 as well. |

Proofof Theorem 1.2.1. — Clearly Frac(Z') ® o/ contains . Let us prove now that
it is a field. Reducing to the same denominator, we remark that any element of
Frac(2) @ o can be written as D™! ® f with D € 2 and f € o/. We assume that
f # 0. By Lemma 1.2.2, there exists g € & such that fg € 2. Letting N = fg, one
checks that N~! ® gD is a multiplicative inverse of D! ® f.

Consider now a noncommutative ring 2 together with a ring homomorphism
p : &/ — Asuch that ¢(x) is invertible for all x € &7, x # 0. If ¢ : Frac(Z) Qe o — A
is an extension of , it must satisfy:

(6) V(D@ f) = (D)7 e(f).

This proves that, if such an extension exists, it is unique. On the other hand, using
that 2 is central in <7, one checks that the formula (6) determines a well-defined
ring homomorphism Frac(<7) — 2 making the diagram (5) commutative. O

The notion of degree extends without difficulty to skew rational functions: if f =
g/D € Frac(&/) with g € &+ and D € &, we define deg f = degg — deg D. This
definition is not ambiguous because an equality of the form ¢g/D = ¢'/D’ implies
gD’ = ¢’D (since D and D’ are central) and then degg + deg D' = deg g’ + deg D,
that is deg g — deg D = deg g’ — deg D’.

1.3. Enxpomorruisms oF ORE POLYNOMIALS RINGS. — The aim of this subsection is to
classify and derive interesting structural properties of the endomorphisms of various

rings of skew polynomials.
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1164 X. Caruso

1.3.1. Classification. Given an integer n € Z and a Laurent polynomial C' € €
written as C' = Y, a; X", we define 6(C) = >, 6(a;)X". The morphism 6 extends to
Frac(%). For n > 0 and C € Frac(%), we set:

N.(C)=C-0(C)---6"}(C)
and, when C # 0, we extend the definition of N,, to negative n by:
N.(C)=6"1CY)-072(C™)---om(CH).

We observe that No(C) = 1 and N1 (C) = C for all C' € €. Moreover, when n = r, the
mapping N, is the norm from Frac(€) to Frac(Z'). In particular N,.(C) € Frac(Z)
for all C € Frac(¥).

Turorem 1.3.1. Let v : @t — % (resp.v : & — &, resp.~y : Frac(«) —
Frac(«7)) be a morphism of K-algebras. Then there exists a uniquely determined ele-
ment C € €+ (resp. invertible?) element C € €, resp. nonzero element C' € Frac(%))
such that

(7) 7(Zaixi) =Y a(CX)' = Y aNi(C)xX".

Conversely any element of C as above gives rise to a well-defined endomorphism
of T (resp. &, resp. Frac(&)).

Remark 1.3.2. An endomorphism of Frac(«/) is entirely determined by Equa-
tion (7). Indeed, by definition, the datum of v : Frac(«/) — Frac(«/) is equivalent
to the datum of a morphism ¥ : & — Frac(«/) with the property that ¥(f) # 0
whenever f # 0. Moreover, in the above equivalence, 7 appears as the restriction of ~
to /. This shows, in particular, that v is determined by its restriction to 7.

Proofof Theorem 1.3.1. — Unicity is obvious since C' can be recovered thanks to the
formula C' = (X)X 1.

We first consider the case of an endomorphism of & *. Write y(X) = >, ¢; X" with
¢; € K. Applying 7 to the relation (3), we obtain:

Z cif'(a) - X' = Z cif(a) - X1

for all @ € K. Identifying the coefficients, we end up with ¢;0%(a) = ¢;0(a). Since this
equality must hold for all a, we find that ¢; must vanish as soon as ¢ Z 1 (mod 7).
Therefore, v(X) = CX for some element C' € €. An easy induction on ¢ then shows
that v(X?) = N;(C)X? for all 4, implying eventually (7). Conversely, it is easy to
check that Equation (7) defines a morphism of K-algebras.

For endomorphisms of &7, the proof is exactly the same, except that we have to
justify further that C is invertible. This comes from the fact that X v(X~!) has to
be an inverse of C.

(DWe notice that the invertible elements of € are exactly those of the form aY"™ with a € K,
a#0andn€Z.

JIEP. — M., 2021, tome 8



A THEORY OF RESIDUES FOR SKEW RATIONAL FUNCTIONS 165

We now come to the case of endomorphisms of Frac(«/). Writing y(X) = fD~!
with f € & and D € 2% and repeating the proof above, we find that fX ! € €.
Thus v(X) = CX with C € Frac(%). As before, C' cannot vanish because it admits
X 4(X 1) as an inverse. From the fact that v is an endomorphism of K-algebras,
we deduce that v, is given by Equation (7). Conversely, we need to justify that
the morphism v defined by Equation (7) extends to Frac(«/). After Remark 1.3.2,
it is enough to check that v(f) # 0 when f # 0, which can be seen by comparing
degrees. O

For C € Frac(€), C # 0, we let v¢ : Frac(«/) — Frac(«/) denote the endomor-
phism of Theorem 1.3.1 (X — CX). When C lies in " (resp. when C' is invertible
in €), ¢ stabilized &7/ (resp. «7); when this occurs, we will continue to write y¢ for
the endomorphism induced on &/t (resp. on &). We observe that vo takes Y to:

N, (C) - Y = Nerac(#)/ Frac(2)(C) - Y € Frac(2)

and, therefore, maps Frac(%) to itself. In other words, any endomorphism of K-alge-
bras of Frac(</) stabilizes the center. This property holds similarly for endomorphism
of o/ and endomorphisms of 7.

Prorosition 1.3.3. — For C € Frac(¥), the following assertions are equivalent:

(i) ve is a morphism of € -algebras,

(11) NFrac(%)/Frac(fF)(C) =1,

(iii) there exists U € Frac(%), U#0 such that vo(f)=U"1fU for all f € Frac().
Proof. — If y¢ is an endomorphism of €-algebras, it must act trivially on 27, implying
then (ii). By Hilbert’s Theorem 90, if C' € Frac(%) has norm 1, it can be written as
0(U)/U for some U € Frac(¥), U # 0; (iii) follows. Finally it is routine to check that
(iii) implies (i). O

For endomorphisms of &7+ and .o, Proposition 1.3.3 can be made more precise.

Prorosirion 1.3.4. For C € €, the following assertions are equivalent:
(i) ve is a morphism of € -algebras,
(i) Ng,2(C) =1,
(ii’) C € K and Ng/p(C) =1,
(iii) there exists u € K, u # 0 such that yo(f) = u=! fu for all f € Frac().

Proof. — The proof is the same as that of Proposition 1.3.3, except that we need to
justify in addition that any element C' € % of norm 1 needs to be a constant. This
follows by comparing degrees. O

Cororrary 1.3.5. Any endomorphism of € -algebras of @ (resp. o , resp. Frac(&))
s an isomorphism.

Proof. — The case of &/ (resp. o) follows directly from Proposition 1.3.4. For
Frac(«/), we check that if ¢ is an endomorphism of %-algebra then vyo-1 is also
(it is a consequence of Proposition 1.3.3) and v¢ 0 yc-1 = yo-1 0 y¢ = id. |

JE.P. — M., 2021, tome 8



166 X. Caruso

1.3.2. Morphisms between quotients. Let N € Z* be a nonconstant polynomial
with a nonzero constant term. The principal ideals generated by N in &+ and &
respectively are two-sided, so that the quotients &/ /N« and &/ /N.</ inherit a
structure of K-algebra. By our assumptions on N, they are moreover isomorphic.
We consider in addition a commutative algebra 2’ over 2. We let # act on Z T @4 €
by id ®0 and we extend the definition of v¢ to all elements C € 2’ ® » €. Namely,
for C as above, we define v¢ : &+ — 2T ®4 o by

70 > a:XT) = > ai(CX) =Y aN(O)X.

Turorem 1.3.6. — Let Ni, Ny € 2T be two nonconstant polynomials with nonzero
constant terms. Let v : of I[Ny o/ — &' Qo of [Noof be a morphism of K -algebras.
Then v = v¢ mod Na for some element C € %' Qo € with the property that N
divides yo(N1). Such an element C is uniquely determined modulo Na.

Moreover, the following assertions are equivalent:

(i) v is a morphism of €-algebras,

(11) Ng/@)g%/g/(c) =1 (mod Ng)

(iii) there exists U € 2" ® o € /No%, U invertible such that y(f) = U~ fU for all
fed/N1o.

Proof. The proof is entirely similar to that of Theorem 1.3.1 and Proposition 1.3.3.
Note that, for the point (iii), Hilbert’s Theorem 90 applies because the extension
Z' Q@ € /N2y€ of &' /NoZ' is a cyclic Galois covering. O

As an example, let us have a look at the case where &/ = 2 and N; and Ns
have Y-degree 1. Write Ny = Y — 23 and Ny = Y — 25 with 23 # 0 and 29 # 0.
By Theorem 1.3.6, any morphism v : &/ /N .o/ — o/ /Na2/ has the form X — c¢X for
an element ¢ € K with the property that:

(8) z1 = Ng/p(c) - 22

Obviously, Equation (8) implies that ¢ does not vanish. Hence, any morphism ~ as
above is automatically an isomorphism. Moreover, Equation (8) again shows that
21/72 must be a norm in the extension K/F. Conversely, if z1/2z9 is the norm of
an element ¢ € K, the morphism 7¢ induces an isomorphism between o /N1« to
&/ /Noo/. We have then proved the following proposition.

Prorosrrion 1.3.7. Let z1 and zo be two nonzero elements of F. There exists a
morphism o |(Y —z1) o — o | (Y —z2) if and only if z1/22 is a norm in the exten-
sion K/F. Moreover, when this occurs, any such morphism is an isomorphism.

1.3.3. The section operators. — For j € Z, we define the section operator o : o — €
by the formula:
g ( Z aiXi) = Z aj+iryi.
i
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For 0 < j < r and f € &/, we notice that o;(f) is the j-th coordinate of f in the
canonical basis (1,X,X?,...,X""1) of & over ¢. When j > 0, we observe that o;
takes &1 to €T and then induces a mapping &+ — €1 that, in a slight abuse of
notations, we will continue to call o;.

Lemva 1.3.8. — For f € o, C € € and j € Z, the following identities hold:
(i) f =200 05()X,

(i) 0;(fC) = 0;(f)0?(C) and o;(fX) = o;-1(f),
(iit) 0;(Cf) = C-0;(f) and 0;(Xf) = 0(0-1(f)),
(iv) ;- (f) =Y 0;(f).
Proof. — Tt is an easy checking. (|

Lemma 1.3.8 ensures in particular that og is ¢-linear and the o;’s are Z’-linear for
all j € Z. Consequently, for any integer j, the operator o, induces a Frac(%)-linear
mapping Frac(«/) — Frac(%). Similarly, for any N € 2 and any integer j, it also
induces a (Z'/N % )-linear mapping &/ /N« — € /N% . Tensoring by a commutative
Z-algebra 2, we find that o; induces also a (Z”//N Z')-linear mapping

Y @y IINS — ' Q@ €/NE.

In a slight abuse of notations, we will continue to denote by o; all the extensions of o;
defined above.

It is worth remarking that the section operators satisfy special commutation rela-
tions with the morphisms 7o, namely:

Levvia 1.3.9. — For C € Frac(%) (resp. C € &' Q¢ €) and j € Z, we have the
relation o 0oy = N;(C) - (y¢ © ;).

Proof. — Let f € &/T and write f = Y._, L oi(f)X*. Applying v¢ to this relation,
we obtain:

=3 e omilf) Ny (X) X
=0

Applying now ¢;, we end up with o o vo(f) = vo 0 0, (f) - N;(X). This proves the
lemma. g

Using Lemma 1.3.9, it is possible to construct some quantities that are invariant
under all v¢, that is, after Theorem 1.3.1 or 1.3.6, under all morphisms of K-algebras.
Precisely, for a tuple of integers (j1,...,Jm) € Z™, we define:

i =04, (07100,,) (6911200, ) - (01T HIm—10g, ) ¢ Frac(«/) — Frac(%).

Provosition 1.3.10. — Let v : & — & (resp. v: o — &, resp. v : Frac(«/) —
Frac(), resp. v : o [N\ — Z' Qo o [Nood with Z', N1, Ny as in Theorem 1.3.6).
Let (j1,-..,jm) € Z™.

(i) If v is a morphism of K-algebras, then v commutes with o, ., as soon as
i+t +Jm=0.

JE.P. — M., 2021, tome 8



168 X. Caruso

(if) If v is a morphism of € -algebras, then v commutes with o;, . ;. as soon as
j1+ -+ 7im =0 (mod r).

Proof. By Theorem 1.3.1 or 1.3.6, it is enough to prove the Proposition when
v = v¢ for some C. By Lemma 1.3.9, combined with the relation

Ny (C) = N;(C) - ¢ (N;+(C))
(for j,j' € Z), we find:

Tjrroim ©7C = Njipoj (C) - (v 0 051 i) -

The first assertion follows while the second is a direct consequence of the characteri-
zation of morphisms of @-algebras given by Proposition 1.3.4 or Theorem 1.3.6. [

1.4. Derivarions over ORE POLYNOMIALS RINGS. Given a (possibly noncommuta-
tive) ring 2 and a 2A-algebra B, we recall that a derivation 0 : 2 — B is an additive
mapping satisfying the Leibniz rule:

I(zy) = 0(x)y + z0(y) (z,y €A).

One checks that the subset € C 2 consisting of elements x with d(x) = 0 is actually
a subring of 2. It is called the ring of constants. A derivation 0 : 2l — B with ring of
constants € is €-linear.

1.4.1. Classification. As we classified endomorphisms of K-algebras in Section 1.3,
it is possible to classify K-linear derivations over Ore rings. For C € Frac(%¥), and

n € Z, we define:
C+O0C)+---+6m"HC ifn>0,
S NS (©)
-0~ YC)—-672(C)—---—0™(C) ifn<0.

We observe that Tr,. is the trace from Frac(%) to Frac(Z). In particular, it takes its
values in Frac(%).

Prorosirion 1.4.1. — Let 0 : o/t — o/t (resp. 0 : o — o, resp.  : Frac(«/) —
Frac(«)) be a K-linear derivation, i.e., a derivation whose ring of constants con-
tains K. Then, there exists a uniquely determined C € €% (resp. C € €, resp. C €
Frac(€)) such that:

(9) (D aix) = Tri(C) X",
i i
Conversely, any such C gives rise to a unique derivation of &/ (resp. o,
resp. Frac(/)).

Proof. — Unicity is clear since C' = 9(X)X L.

Let 0 be a K-linear derivation as in the proposition. Applying 0 to the equality
Xa=0(a)X (a € K), we get 9(X)-a =0(a)-0(X). Writing d(X) = >, ¢; X"?, we dedu-
ce c;0%(a) = ¢;0(a) for all index i, showing that c; has to vanish when i # 1 (mod r).
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Thus 9(X) = CX for some C € €" (resp. C € €). A direct computation then shows
that:

I(X?) =X-0(X)+09(X)X =XCX+CX?=(C+0(C))X? =Tr(C)X?

and, more generally, an easy induction leads to 9(X?) = Tr;(C) X" for all i > 0. In the
cases of & and Frac(/), we can also compute d(X?) when i is negative. For this,
we write:

0=0(1)=90(X'X)=0(X" HX + X 'OX
from what we deduce that
X H=-Xx""1C=-0'O)X'=Tr_,(O)X .

As before, an easy induction on i then gives 9(X*) = Tr;(C) X* for all negative 1.
We deduce that Equation (9) holds.

For the converse, we first check that Equation (9) defines a derivation on . In the
case of Frac(/), we need to justify in addition that J (given by Equation (9)) extends
uniquely to Frac(). This is a consequence of the following formula:

(f) D + fo(D)

o(f/p) = =2

(fed,De )

which holds true because D is central. O

Let O¢ : Frac(«/) — Frac(«/) denote the derivation of Proposition 1.4.1. We have:
8c(Y) = TI‘T(C) Y = TrFrac(%)/Frac(fZ’)(C) Y e Frac(,ff).

We deduce that d¢ stabilizes Frac(%) and Frac(2') and acts on these rings as the
derivation Treyac(%)) Frac(2)(C) - Y - d/dY .

Prorosition 1.4.2. — For C € Frac(¥), the following assertions are equivalent:
(i) O¢ is €-linear,

(ll) r‘[‘I‘Frac(‘f)/Frac(z@”) (C) =0,
(iii) there exists U € Frac(¥€) such that Oc(f) = fU = Uf for all f € Frac(«).

Proof. — The equivalence between (i) and (ii) is clear by what we have seen before.
If (ii) holds, then the additive version of Hilbert’s Theorem 90 ensures that C' can be
written as (U) — U with U € Frac(%€). Then

Oc(X) =T (0(U) - U)X =0 (U)X ~UX' = X'U -UX"

for all integer i. By K-linearity, we deduce that dc(f) = fU —Uf for all f € 7,
implying (iii). Finally, if (iii) holds, O¢ clearly vanishes on %, implying (i). O
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1.4.2. Fxtensions of the canonical derivation d/dY . An important case of interest
occurs when Trpyac(%)/ Frac(2) (C) = Y1, as ¢ then induces the standard derivation
d/dY on Frac(%). When p does not divide r, a distinguished element C' satisfying
this condition is C' = r~1Y 1.

Derinrion 1.4.3. — When p does not divide r, we set Oy can = 0,-1y-1. Explicitly:
6Y,can ( Z aiXi> =rt. Z ’L'G,iXi_r.
i i

An interesting feature of the derivation Oy, can is that its p-th power vanishes (as we
can check easily by hand). This property will be very pleasant for us in Section 2 when
we will define Taylor expansions of skew polynomials. Unfortunately, it seems that
there is no simple analogue of Oy can When p divides r, as shown by the following
proposition.

Prorosition 1.4.4. — Let C € Frac(€) with Trpvac(4)) Frac(z)(C) =Y 1 and 8% = 0.
Then p does not divide r.

Proof. — Our assumptions ensure that dc induces the derivation d/dY on Frac(%).
For i € {1,2,...,p}, we define C; = 95(X) X~ 1. A direct computation shows that:

dC;

(10) Ci=0C; Cip1= v

+ C; C.

In particular, we deduce that C; € Frac(¥) for all i. We claim that C has at most
a simple pole at 0. Indeed, if we assume by contradiction that C has a pole of order
v > 2 at 0, we would deduce that C; has a pole of order vi at 0 for i € {1,...,p},
contradicting the fact that C, vanishes. We can then write C = aY ! + O(1) with
a € K. The recurrence relation (10) shows that, for ¢ € {1,...,p}, we have C; =
a;Y =+ O(Y 1), where the coefficients a;’s satisfy:

ay =a; 11 = —ia; +a;a=a;-(a—1).

Hence ap = a-(a—1)--- (a—(p—1)) = a? —a. In order to guarantee that a, vanishes, we
then need a € F,, C F. Taking the trace, we obtain Trprac(cg)/Frac(g)(C) =raY '+
O(1). Thus ra =1 in F and p cannot divide r. O

Remark 1.4.5. — With the notation of the proof above, C), is the function by which
the p-curvature of the linear differential equation 3’ = Cy acts. With this reinterpre-
tation, one can use Jacobson identity (see Lemma 1.4.2 of [15]) to get a closed formula
for C, which reads:

ar=tc

v = ayr

+C".
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1.4.3. Derivations over quotients of Ore rings. Following Section 1.3, we propose to
classify K-linear derivations &7 /N14/ — 7 /Noo/. However, we need to pay attention
in this case that such derivations are only defined when &/ /Ny is an algebra over
o/ [N14/, that is when N; divides Na. As in Section 1.3, we consider in addition a
commutative Z-algebra Z’. We extend readily the definition of d¢ to an element
C e Z' ®y Frac(«).

Prorosrrion 1.4.6. Let N1, Ny € Z be two nonconstant polynomials with nonzero
constant terms. We assume that N1 divides No. Let 2 be a commutative Z -algebra.

Let0: o [N\ o/ — %' Qo of /[Noof be K-linear derivation. Then = ¢ mod No
for some element C € %' @ o € with the property that No divides Oc(N1). Such an
element C' is uniquely determined modulo Ns.

Moreover, the following assertions are equivalent:

(i) 90 is a €-linear

(ii) TI"QW@i,ch/gg’/(C) =0 (mod NQ)

(iii) there exists U € Z'Q@4 % /N2E such that O(f) = fU-US forall f € o [N1 .7 .

Proof. — Tt is entirely similar to the proofs of Propositions 1.4.1 and 1.4.2. O

2. TAYLOR EXPANSIONS

The aim of this subsection is to show that skew polynomials admit Taylor expansion
around any closed point of F' and to study its properties. Besides, when r is coprime
to p, we will prove that the Taylor expansion is canonical and given by a Taylor-like
series involving the successive divided powers of the derivation Ogay,.

2.1. THE COMMUTATIVE CASE: REMINDERS. By definition, we recall that the Taylor
expansion of a Laurent polynomial f € € around a point ¢ € K, ¢ # 0 is the series:

(11) NICE
n=0

where T is a formal variable playing the role of Y +¢ and the notation f["} stands for
the n-th divided derivative of f defined by:

(S-S (e e

We recall also that the n-th divided derivative satisfies the following Leibniz-type
relation:

(fo)h =" fimlgl=ml (£, e &™)
m=0

from what we deduce that the mapping 4 — K[T] taking a Laurent polynomial to
its Taylor expansion is a homomorphism of K-algebras. Even better, it induces an
isomorphism:

78 lim €/(Y )™ € ~ K[T].

c Z
m>

[}
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More generally, let us consider an irreducible separable polynomial N € %. Let
also ¢ € €/N¥ be the image of X, which is a root of N by construction. In this
generality, the Taylor expansion around c is well-defined and induces a homomorphism
of K-algebras € — (¢ /N%)[T], inducing itself an isomorphism:

€
Te

@ C/N™6 ~ (€/NC)[T].
m>0
The image of N under this isomorphism is a series of valuation 1. As a consequence,
twisting by an automorphism of (¢'/N%)[T], there exists an isomorphism of K-alge-
bras:

% ¢ m G/NTE ~ (G/NG)[T]

m>0

mapping N to T and inducing the identity map €/N€ — € /NE after reduction
modulo N on the left and modulo 7' on the right. Moreover 7% is uniquely determined
by these properties. In addition, we observe that when N =Y —c is a polynomial of
degree 1, the isomorphisms T{f_c and 7°¢ agree.

It turns out that the existence of the unicity of 7';\'”? continues to hold under the sole
assumption that N is separable; this can be proved by noticing that N factors as a
product of distinct irreducible factors Nj - -- N,;, and, then, by gluing the correspond-
ing T;\i using the Chinese Remainder Theorem. In this general setting, the inverse
of 7 can be easily described: it maps 7' to N and X € €/N% to the unique root
of N in @m>0 ¢ /N™% which is congruent to X modulo N. The existence and the
unicity of this root follows from Hensel’s Lemma thanks to our assumption that N is
separable: it can be obtained as the limit of the Newton iterative sequence:

N(X:)
N'(X;)

)(0:)(7 Xi-‘rl:Xi_

Of course, the above discussion is still valid when % is replaced by 2 (and K
is replaced by F' accordingly). For any separable polynomial F' € 2, we then have
constructed a well-defined isomorphism:

TN ¢ lim Z/N"Z =~ (Z/NZ)[T].
m>0

We note that N remains separable in ¢, implying that 7';6 is also defined. The unicity
property ensures moreover that the following diagram is commutative:

755
lim ' /N"™ —— (¢ /N%)[T]

m>0

(12) j
%

lim #/N"% — N (/N 2)[1]

3
=}

where the vertical arrows are the canonical inclusions.
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2.2. A TAYLOR-LIKE ISOMORPHISM FOR SKEW POLYNOMIALS. We now aim at complet-
ing the diagram (12) by adding a top row at the level of Ore rings. For now on, we
fix a separable polynomial N € 2. To simplify notations, we set:

Iy = lim o [N"o/; Gy = lim €/N™6; Zy=lim Z/N"Z.

m2>1 m2>1 m>=1

Here is our first theorem.

Tueorem 2.2.1

(i) There exists an isomorphism of K-algebras Ty : Ay (o /[N )[T] mapping
N to T and inducing the identity of o IN</ after quotienting out by N of the left
and T and the right.

(ii) Any isomorphism Ty satisfying the conditions of (i) sits in the following com-
mutative diagram:

(13) Iy — N (o IN)[T]

J . ]

Gy — s (% NE)[T]

Remark 2.2.2. If N is an irreducible polynomial in %, the polynomials a X™" N
(with a € F and n € Z) are also irreducible in .2 and they all generate the same ideal.
If 7 satisfies the conditions of Theorem 2.2.1, then a suitable choice for 7,x»rn is
Lo Ty, where ¢ is the automorphism of (& /N.&)[T] taking T to aX™ T.

In what follows, we shall say that a Laurent polynomial N € % is normalized if
N € &7, N is monic and N has a nonzero constant coefficient. With this definition,
any ideal of 2 has a unique normalized generator.

Proof of Theorem 2.2.1. — The general strategy of the proof is inspired by the char-
acterization of the inverse of 7y we gave earlier: we are going to construct the inverse
of 7y by finding a root of N in m//z\v Without loss of generality, we may assume that N
is normalized. Write N = ag + a1Y + -+ + aqY? with a; € F. For f € o7, we define:

N(f)=ao+ a1 f +aof? + - +agf® e o,

We also set N’ =dN/dY = ay + 2a2Y +--- + dagY% ! In addition, we choose and
fix an element a € K with Trg/p(a) = 1.

As in Hensel’s Lemma, we proceed by successive approximations in order to find
a root of N in &?;V Precisely, we shall construct by induction a sequence (Z,)m>1
of polynomials in Z* with Z; = 0, Z,,41 = Z, (mod N™) and N(X + aZ,,X) €
N™Z* for all m > 1. In what follows, we will often write C,,, for 1 + aZ,, € €.
We assume that 7, has been constructed for some m > 1. The second condition we
need to fulfill implies that Z,,+1 must take the form Z,,,1 = Z,, + aN"Z for some
Z € 2. The third condition then reads N(C,,11X) € N1+,
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Let us first prove that N(C,,+1X) lies in 2°t. For this, we observe that
(Cm+1X)7" = (1 + aZm+1) . (1 + Q(G)Zm+1) e (1 + Hr_l(a)Zerl) . XT.

The latter is obviously a polynomial in X" with coefficients in K. Since it is moreover
stable by the action of 6, its coefficients must lie in F' and we have proved that
(Crns1 X)" € 27T, The fact that N(Cpp1X) € Z follows directly.

It remains now to ensure that N(C,,+1X) is divisible by N™T! for a suitable
choice of Z. For any positive integer n, we have the following sequence of congruences
modulo N™+1:

rn—1
(Crn1 X)™ = (CnX)™ + Y (ConX)'aN™ ZX (Cpr, X) 1

i=0
rn—1 . .

= (CuX)™"+ > X'aN"ZX™"  (since Cpy =1 (mod N))
i=0
rn—1 .

= (CmX)Tn + Z ez(a)XTnNmZ
i=0

= (CpX)™ +nX"™N™Z (mod N™) (since Trg/p(a) =1).

Therefore N(Cp,11X) = N(CpnX) + X"N'N™Z (mod N™*H1). By the induction
hypothesis, N(C,, X) = N™S with S € ZT. We are then reduced to prove that
there exists a polynomial Z € 2+ such that S+ X"N’Z =0 (mod N), which follows
from the fact that X" N’ is coprime with N.

The sequence (Z,,)m>1 we have just constructed defines an element Z € 5’}\\[
We set C = 1+ aZ; it is an element of ?\N. Besides, by construction, CX is a root
of N, in the sense that N(CX) = 0. This property together with the fact that C is
invertible in ?\N ensure that the map ¢ : &/ /NoZ — @Z\v, X — CX is a well-defined
morphism of K-algebras (see also Section 1.3). Moreover, since C' = 1 (mod N),
¢ reduces to the identity modulo N. Mapping T to N, one extends ¢ to a second
morphism of K-algebras:

71 (o /NA)[T] — .
The latter induces the identity after reduction modulo T on the left and N on the
right. Since the source and the target are both separated are complete (for the T-adic
and the N-adic topology respectively), we conclude that 7 has to be an isomorphism.
We finally define 7y = 77! and observe that it satisfies all the requirements of the
theorem.

It remains to prove (ii). By Theorem 1.3.6, given a positive integer m, any morphism
of K-algebras & /INo/ — o [N™of takes € /N to € /N™E. Passing to the limit,
we find that any morphism of K-algebras &/ /No/ — o/ must send € /NE to En.
Therefore, any isomorphism 7y satisfying the conditions of (i) induces a morphism
of K-algebras (¢ /N€)[T] — %x which continues to map T to N and induces the
identity modulo T'. By the unicity result in the commutative case, we deduce that 7
coincides with 7 on (¢’/N€)[T], hence (ii). O
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2.2.1. About unicity. Unfortunately, unlike the commutative case, the isomor-
phism 7 is not uniquely determined by the conditions of Theorem 2.2.1. We never-
theless have several results in this direction.

Prorosition 2.2.3. Let Tn1, TN2 © ﬂ}J\V — (A /NA)[T] be two isomorphisms
of K-algebras satisfying the conditions of Theorem 2.2.1. Then, there exists V €
(€/NE)[T] with V=1 (mod T) such that Tn1(f) =V Y 1n2(f)V for all f € .

Proof. — Set v = 7-];712 o Tn,1; it is an endomorphism of K-algebras of . Besides,
thanks to the unicity result in the commutative case, 7n 1 and 7y 2 have to coincide
on ‘gN. This means that v is in fact a morphism of ?N—algebras. Applying Theo-
rem 1.3.6 and passing to the limit, this implies the existence of an invertible element
Ue %?N, U =1 (mod N) such that v(f) = UL fU for all f € @/71\\[ Applying 7y 2 to
this equality, we find that the proposition holds with V' = 7 2(U). O

CoroLrARry 2.2.4. Given f € o and N as before, the following quantities are
preserved when changing the isomorphism Ty :

(i) the T-adic valuation of TN (f),
(i) more generally, for j € Z, the T-adic valuation of o;(Tn(f)),
(i) the first nonzero coefficient of TN (f),
(ii") more generally, for j € Z, the first nonzero coefficient of o;(Tn(f)),
(iii) the 0-th section of Tn(f), namely oo(Tn(f)),

(iii") more generally, any quantity of the form oj, ;. (Tn(f)) with j1+---+jm =0
(mod 7).

Proof. — By Proposition 2.2.3, if 7 1 and 7y 2 are two suitable isomorphisms, there
exists an invertible element V € (¢ /N%)[T], V =1 (mod T) such that:
(14) ™Na(f) =V mna(f) - V.

The items (i) and (ii) follows. Let j € Z. By Lemma 1.3.8, applying o; to (14), we get:
] o) TN,I(f) = V_l * 0y o TN,2(f) . QJ(V),
which implies (i) and (ii’). Finally (iii) and (iii’) follow from Proposition 1.3.10. O

When p does not divide r, the situation is even better because one can select a
canonical representative for 7. Precisely, we have the following theorem.

Turorem 2.2.5. — We assume that p does not divide r.

(i) The homomorphism of K -algebras:

— C(YI\1/T
TN.can : I — (f INS)T], X — (TN; )) X
satisfies the conditions of Theorem 2.2.1.

(ii) The morphism TN can @5 the unique isomorphism Tn : oy — (/N )[T]
which satisfies the conditions of Theorem 2.2.1 and the extra property Tn(X) €
(Z/NOT] - X.
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Remark 2.2.6. Note that 7¢(Y) is an element of 2 which is congruent to Y
modulo 7. Therefore 7% (Y)/Y is congruent to 1 modulo 7" and raising it to the
power 1/r makes sense in (2°/N Z)[T] thanks to the formula:

(1—|—xT)1/r:i 1 1<1—1)<1—(n—1)) e

nl r \r T
n=0

Cn
Observe that all the coefficients ¢,,’s lie in Z[1/7] and so can be safely reduced modulo p
if p does not divide 7.

Proofof Theorem 2.2.5. — The first part of the theorem is easily checked. We now
assume that we are given two isomorphisms of K-algebras 7n1, Tn2 : J;]\V —
(o /INo/)[T] satisfying the conditions of the theorem. For i € {1,2}, we write
ni(X) = Z;X with Z; € (Z/NZ)[T]. By Proposition 2.2.3, we know that these
exists V € (¢/N€)[T] such that V =1 (mod T) and

Verna(f) = 1va(f) -V

for all f € JZZ\V In particular, for f = X, we get VZ1 X = Z; XV, implying VZ; =
0(V)Zs in (¢ /NE)[T]. Taking the trace from K to F, we end up with WZ; = WZ,
with W =V +0(V) + -+ 6"~ 1(V). Observe that W = r (mod T); therefore, it is
invertible in (Z2°/N.2)[T] and the equality WZ; = W Zs readily implies 7, = Zs,
that is TN,1 = TN,2- O

2.3. TAYLOR EXPANSIONS OF SKEW RATIONAL FUNCTIONS. — Recall that we have defined
in Section 1.2 the fraction field Frac(«/) of & and we have proved that Frac(«/) =
Frac(Z) ®# o (see Theorem 1.2.1).

2.3.1. Taylor expansion at central separable polynomials. — For a given separable
polynomial N € %2, the isomorphism 7y of Theorem 2.2.1 extends to an isomor-
phism Frac(Z) ® » @/ — (& /N</)(T)) and we can consider the composite:

TSy : Frac(/) = Frac( %) @ o — Frac(Z) @9 dy — (o /N)(T)),

where the first map is induced by the natural inclusion &/ — ,53/7]\\; By definition
TSN (f) is called the Taylor expansion of f around N. We notice that it does depend
on a choice of the isomorphism 75. However, one can form several quantities that are
independent of any choice and then are canonically attached to f € Frac(«/) and N
as before. Many of them are actually given by Corollary 2.2.4; here are they:

(i) the order of vanishing of f at N, denoted by ord x(f); it is defined as the T-adic
valuation of TSy (f),

(") for j € Z, the j-th partial order of vanishing of f at N, denoted by ordn_;(f);
it is defined as the T-adic valuation of o;(TSn(f)),

(ii) the principal part of f at N, denoted by Zn(f); it is the element of o/ /N.of
defined as the coefficient of T°" 4~ (/) in the series TSy (f),

(i") for j € Z, the j-th partial principal part of f at N, denoted by Pn ;(f); it is
the element of 4'/N€ defined as the coefficient of 7°74~:(/) in the series o, (TS (f)),
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(iii) the 0-th section of TSy (f), namely oo(TSN(f)),
(iii’) more generally, any quantity of the form

Ojrrim (TSN (f)) with j14+---+jn =0 (mod r).

The previous invariants are related by many relations, e.g.:

—ordn(f) = min(ordN’o(fL . ,ord]\;,r,l(f))7

- OrdN,j-‘rT(f) = Orthj(f)v'

= Pn(f)=22; Pn,;(f) X7, where the sum runs over the indices j€{0,1,...,7—1}
for which ordy ;(f) = ordwn(f),

= PNjr(f) = X" P i(f)s

—ordn(fg) = ordn(f)+ordy(g) and equality holds as soon as &7 /N &7 is a division
algebra,@)

~ Pn(fg) = Pn(f) - Pn(g) when ordn(fg) = ordn(f) + ordn(g)-

We say that f has no pole at N when ordy(f) > 0. It has a simple pole at N when
ordy(f) = —1. Generally, we define the order of the pole of f at N as the opposite

of ordy (f).

2.3.2. Taylor expansion at nonzero closed points. — In a similar fashion, one can define
the Taylor expansion of a skew rational function at a nonzero closed point z of F.
When z is rational, i.e., z € F, z # 0, we simply set TS, = TSy _,.

Otherwise, the construction is a bit more subtle. Let F*® be a fixed separable closure
of Fandlet z € F®, z # 0. Let also N € 2" be the minimal polynomial of z. We have
recalled in Section 2.1 that the Taylor expansion around z defines an isomorphism:

78 Gn = (€/NE)[T]

which is characterized by the fact that it sends Y to z + 7. In general, 7 does not
agree with 7% but there exists a series S, € (¢//N%)[T] such that 74 = ¢, o 75,
where ¢, is the endomorphism of (¢/N%)[I] taking T to S, (and acting trivially
on the coefficients). The latter extends to an endomorphism of (&7 /N.o7)[T], that we
continue to call ¢,. By construction, the following diagram is commutative:

iy —2Z2IN s (o N [T]

L

Gy —— = (G NE)[T]

whenever 7y : oy — (o /No/)[T] is an isomorphism satisfying the conditions of
Theorem 2.2.1.(i). It is worth noticing that the morphisms of the form ¢, o 7 can
be characterized without any reference of 7.

(2)This is the case for instance if K = C, 0 is the complex conjugacy and N = X2 + z with
FAS R>0.
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Prorosition 2.3.1. Given z € F®, z # 0, we have the following equivalence: a map-
ping T : A — (o /IN)[T] is of the form ¢, oTn (where Ty satisfies the condition
of Theorem 2.2.1) if and only if T, is a morphism of K -algebras, 7,(X) = X (mod T)
and 7,(Y)=2+T.

Proof. If 7. = ¢, o7, it follows from the conditions of Theorem 2.2.1 that 7,
is morphism of K-algebras which induces the identity modulo 7. Hence 7,(X) = X
(mod T). Moreover, by the second part of Theorem 2.2.1, we know that 7 coincides
with 7% on ‘g;l Therefore 7, has to agree with ¢, o 7% = 7¢ on ‘gN, implying in
particular that 7,(Y) =2+ T.

Conversely, let us assume that 7, satisfies the condition of the proposition. We have
to check that 7 = o 1 o7, satisfies the conditions of Theorem 2.2.1. The fact that 7
is a morphism of K-algebras is obvious. The assumption 7,(X) = X (mod T') ensures
that 7y acts as the identity modulo T'. Finally, the hypothesis 7, (Y) = z + T implies
that 7, coincides with Tf on CgN. Hence:

TN(N) = ¢ o (N) = ¢ ol (N) =7/ (N) =T

and we are done. O

Derinition 2.3.2. — Given z € F® z # 0 as before, we say that a morphism
T:9N — (' /NA)[T] is z-admissible if it satisfies the conditions of Proposi-
tion 2.3.1.

Remark 2.3.3. By Theorem 1.3.6, a homomorphism of K-algebras 7, : JZZ\V —
(o /[N<)[T] is entirely determined by the element C' = 7,(X) X! € (¢/N¥)[T].
Proposition 2.3.1 shows that 7, is z-admissible if and only if:

T
c=1 (mod T) and N(‘K/N‘f)[[Tﬂ/(QV/NQ")[[T]](C) = 1+;
Moreover any C € (¢ /N%)[T] satisfying the above conditions gives rise to an ad-

missible morphism 7.

From now on, we fix a choice of an z-admissible morphism 7,. Accordingly, we
define TS, as the composite:

TS, : Frac(#/) = Frac(%) @9 o — Frac(¥) @4 oy —2s (of INZ)(T)).

Like TSy, the morphism TS, depends upon some choices but some quantities attached
to it are canonical, as the order of vanishing at z, the principal part at z, etc. For
f € Frac(«/) and j € Z, we use the transparent notations ord.(f), ord. ;(f), Z.(f)
and 2. ;(f) to refer to them.

Prorosition 2.3.4. Let z€ F®5, 2# 0 and let N € 2T be its minimal polynomial.
Then:
(') rd.(f) = ordn(f),
G = ordN](f) forall j € Z,
f)=2n(f )
i (
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Proof. Everything follows from the facts that ¢, preserves the valuation, the prin-
cipal part and commutes with o;. O

2.3.3. Taylor expansion at 0. — Until now, we have always paid attention to exclude
the special point z = 0. Indeed, when z = 0, the situation is a bit different because,
roughly speaking, the ideal (V) ramifies in the extension @+ /% *. However, it is also
possible (and even simpler) to define Taylor expansions around 0. In order to do this,
we first define:

T = lm ot )Y st and oy = LY.
The elements of m/f(? can be viewed as power series in the variable X, that is infinite
sums of the form:

f=a+a X+ - +a, X"+,
where the coefficients a; lie in K. The multiplication on ;3/7; is driven by Ore’s rule
X -c=0(c)X for ¢ € K. Similarly, the elements of A are Laurent series of the form:

f=a, X" 4 ap 1 X"+ dag+ar X+ Fa, X",

where v is a (possibly negative) integer and the a;’s are elements of K. For this reason,
we will sometimes write K ((X;0)) instead of . Noticing that Frac(Z) canonically
embeds into F(Y)) C K(X;6)), we deduce that Frac(Z) Qg+ ,Q?O\’F ~ K(X;8)).
We are now ready the define the Taylor expansion at 0, following the construction
of TSy. We set:

TSo : Frac(#/) = Frac(%) @ g+ & — Frac(%) @4+ oy —> K(X;0).

Unlike TS, the morphism TS is entirely canonical and does not depend upon any
choice.

2.3.4. Taylor expansion and derivations. — In the commutative case, the coefficients
of the Taylor expansion of a function f around one rational point z are given by
the values at z of the successive divided derivatives of f (see Equation (11)). Below,
we will establish similar results in the noncommutative setting.

We consider an element z € F®, 2 # 0. Let N € 2% be the minimal polynomial
of z. Let 7, : oy — (o7 /N7 )[T] be any z-admissible morphism (see Definition 2.3.2).
We define C' = 7, (X)X~ € (¢/N¥%)[T]. It is congruent to 1 modulo T; in partic-
ular, it is invertible in (¢/N€)[T]. The codomain of 7., namely (o /N.<Z)[T], is
canonically endowed with the derivation d/dT. A simple computation shows that it
corresponds to the derivation J¢ on JZZ\V, where € is defined by:

11 dC "
¢=r (C d—T) € In.
The p-th power of J¢ vanishes since it corresponds to dP/dTP through the isomor-
phism 7,. Using 7., we can go further and define higher divided powers of O¢ by:

m_ -1 (1 d"
(16) o =7t (0 a) o™
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for all nonnegative integer n. With this definition, it is formal to check that:

o0
(17) () =Y %N T € (/NI
n=0
However, this result does not give much information because € is hard to compute
(and the 8?} ’s are even harder) and depends heavily on z. Typically, Proposition 1.4.4
shows that € cannot be rational unless r is coprime with p. Nevertheless, when p does
not divide r and 7, is well chosen, we shall see that the computation of € and 8@] can
be carried out and yields eventually a simple interpretation of the Taylor coefficients.
From now on, we assume that p does not divide r. By Theorem 2.2.5, we know
that there is a canonical choice for 7, called T, can. The corresponding element C is:

Tf(Y))l/T B (1 N T)l/r'

Y z

Cean = (

Therefore:

dC, 1 1 1
I AV | can) _ _—1(1 _
Cean =T (Ccan dT ) Tz (r T + z) rYy’

In particular, we observe that €., is rational and, even better, d¢_, is equal to the
canonical derivative O.an we introduced in Definition 1.4.3. Its divided powers (defined
by Equation (16)) also have a simple expression:

3&7;]11(22‘:%Xi> — Z %% (% _ 1) (% _ (n—l)) Ca; X

K3

Cn,i

where the coefficients ¢, ;’s all lie in Z[%] and, consequently, can be reduced modulo p
without trouble. With these inputs, Equation (17) reads:

o

(18) Tecan(f) = Y 0L () T" € (o /N)[T],

n=0

which can be considered as a satisfying skew analogue of the classical Taylor expansion
formula.

3. A THEORY OF RESIDUES

The results of the previous section lay the foundations of a theory of residues for
skew polynomials. The aim of the present section is to develop it: we define a notion
of residue at a closed point of F' for skew rational functions and then prove the residue
formula and study how residues behave under change of variables.

Throughout this subsection, we fix a separable closure F*® of F, together with an
embedding K — F*®. For z € F*® and C € Frac(%), we will write res,(C-dY") for the
(classical) residue at z of the differential form C-dY.
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3.1. DEFINITION AND FIRST PROPERTIES. We recall that, for z € F*, z # 0, we have
defined in Section 2.3 a (non canonical) morphism of K-algebras:

TS, : Frac(«/) — (& /N)(T)),

where N € 2 is the minimal polynomial of z. On the other hand, there is a natural
embedding Z/N% — F*® obtained by mapping Y to z. Extending scalars from F
to K, it extends to a second embedding

Lz €/NC¢ — K @p F*.

We observe that the codomain of ¢,, namely K ®p F*®, is naturally isomorphic to a
product of r copies of F*® via the mapping:

B:KQpF° — (F°)", c®xr— (cx,0(c)z,...,0m (c)z).

Derintrion 3.1.1. For z € F®, 2 # 0, and f € Frac(«), we define:

— the skew residue of f at z, denoted by sres.(f), as the coefficient of T~ in the
series TS, (f); it is an element of &/ /N7,

— for j € {0,...,r—1}, the j-th partial skew residue of f at z, denoted by sres. ;(f),
as:

L, o0 0sres;(f) € (K QF FS).

Here are two important remarks concerning residues. First, we insist on the fact
that both sres,(f) and sres, ;(f) do depend on the choice of the z-admissible mor-
phism 7, (used in the definition of TS,) in general. However, Corollary 2.2.4 shows
that sres,(f) and sres, ;(f) are defined without ambiguity when f has (at most) a
simple pole at z. Besides, when p does not divide r, there is a distinguished choice
for TS, (see Theorem 2.2.5), leading to distinguished choices for sres, and sres, ;.
In the sequel, we will denote them by sres, can and sres; j can-

Second, we observe that, the collection of all the partial skew residues sres, ;(f)’s
captures as much information as sres,(f), given that sres,(f) is determined by its
sections o;(sres,(f))’s with 0 < j < r thanks to the formula:

p—1
sres, (f) = Zaj o sres, (f).
j=0

3.1.1. Residues at special points. It will be convenient to define residues at 0 and oo
as well. For residues at 0, we recall that we have defined in Section 2.3.3 a canonical
Taylor expansion map around 0:

TSo : Frac(«) — K((X;0)).

Dermvition 3.1.2. — For f € Frac(«/) and j € {0,1,...,r—1}, we define the j-th
partial skew residue of f at 0, denoted by sres j(f), as the coefficient of X7~" in the
series TSo(f).
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Residues at infinity are defined in a similar fashion. Let X be a new variable and
form the skew algebra @7 = K[X*!;071]. Clearly </ is isomorphic to &/ by letting X
correspond to X ~!. We then get a map:

TSeo : Frac(#) ~ Frac(;z/fj, — K((X;071Y),
where the second map is the morphism TSy for o

Derinition 3.1.3. — For f € Frac(«/) and j € {0,1,...,r—1}, we define the j-th
partial skew residue of f at oo, denoted by sreso ;(f), as the opposite of the coefficient
of X"77 in the series TSoo(f).

Unlike sres, ;(f), the partial skew residues sresy ;(f) and sress ;(f) do not depend
on any choice and so are canonically attached to f.

3.1.2. Commutative residues. The skew residues we just defined are closely related,
in many cases, to classical residues of rational differential forms. In order to state
precise results in this direction, we need extra notations. We observe that the map
res, defines by restriction an F-linear mapping Z'dY — F*. Tensoring it by K over F,
we obtain a K-linear map p, : €dY — K®p F*®. Letting res : (¢/N€)(T)) — €/N€
be the map selecting the coefficient in T, one checks the two following formulas:

o (C-dY) =y, oresoTS, (C)
Bop, (C-dY) = (resz (C-dY),resz (H(C)dY), ...Tes, (Gr_l(C)-dY))
for all C' € Frac(%).

Prorosition 3.1.4. — For z € F* U {oo} and f € Frac(«/), we have sres, o(f) =
Pz (UO(f)dY)

Proof. — By definition, sres, o(f) = t.00¢osres,(f). Applying Lemma 1.3.9 and pass-
ing to the limit, we find that the isomorphism 7, commutes with oy. Hence o o sres,
is equal to the compositum:

Frac(e) ~2%s Frac(®) — 5% (€ /NG)(T) 5 € /NE.

Composing further by ¢, on the left, we get the proposition. O

Proposition 3.1.4 implies in particular that sres, o(f) does not depend on any
choice and thus is canonically attached to f and z. According to Corollary 2.2.4,
there are other invariants which are canonically attached to sres,(f). A family of
them consists of the oj, ;. (sres.(f))’s for j1,...,jm € Z with j1 + -+ 4+ jm, =0
(mod r). However, these invariants seem less interesting; for example, they do not
define additive functions on Frac(«).

Under some additional assumptions, other partial skew residues are also related to
residues of rational differential forms.
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Prorosirion 3.1.5. Let z € FeU{oo}, let f € Frac(«/) and let j € {0,1,...,r—1}.
If z € {0,00} orord, ;(f) > —1, then:

stes. ;(f) = p=(o;(f)-dY).

Proof. — When z € {0, 00}, the proposition can be easily checked by hand. Let us now
assume that ord, ;(f) > —1. By Lemma 1.3.9, we know that o;07, = N;(C)- (1, 00})
with C = 7,(X)X ! € (¢/N%)[T]. Moreover, from the fact that 7, induces the
identity modulo N, we deduce that C' = 1 (mod T'). Consequently 7, commutes
with o; modulo T". The end of the proof is now similar to that of Proposition 3.1.4. 0O

3.2. THE RESIDUE FORMULA. In the classical commutative setting, the theory of
residues is very powerful because we have at our disposal many formulas, allowing
for a complete toolbox for manipulating them easily and efficiently. We now strive to
establish analogues of these formulas in our noncommutative setting. We start by the
“commutative” residue formula.

Turorewm 3.2.1. For f € Frac(«), we have:
Z sres, o(f) = 0.

z€FsU{oo}
Proof. — Since § is an isomorphism, it is enough to prove that
Z B osres, o(f) =0.
zeFsU{oo}

Writing C = o¢(f) € €, Proposition 3.1.4 asserts that:
Bosres, o(f) =Bop, (C’) = (resz (C~dY),resz (9(0)~dY), ...,Tes, (Gr_l(C)-dY))
in (F®)". The theorem them follows from the classical residue formula applied to the

67(C)’s for j varying between 0 and r—1. O

The reader might be a bit disappointed by the previous theorem as it only con-
cerns 0-th partial skew residues and it reduces immediately to the classical setting.
Unfortunately, in general, it seems difficult to obtain a vanishing result involving
skew residues since the latter might be not canonically defined. There is however an
important special case for which such a formula exists and can be proved.

Tueorem 3.2.2. — Let f € Frac(«/). We assume that f has at most a simple pole at
all points z € F*®, z #0. Then:

Z sres, ;(f) =0

ze€FsU{oo}
forallj € {0,1,...,r—1}.

Proof. — Let j € {0,...,r—1} and set C; = o0;(f). By Proposition 3.1.5, we know
that:

Bosres. ;(f) = Bop.(C;) = (res.(C;-dY),res, (6(C;-dY)), ..., res. (67 (C;)-dY)).
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By the classical residue formula applied successively with C;,0(C}),...,0" 1 (C;), we
deduce that sres, ;(f) has to vanish. O

The case of canonical residues also deserves some attention. As before, the main
input is a formula relating the partial skew residues sres; j can(f) to classical residues.
We consider a new variable y and form the commutative polynomial ring K[y] and its
field of fractions K (y). We embed Frac(¥’) into K(y) by taking Y into y". We insist
on the fact that y is not X or, equivalently, K (y) is not Frac(&): our new variable y
commutes with the scalars. Since K (y) is a genuine field of rational functions, it carries
a well-defined notion of residue. For f € K(y) and z € F®, we will denote by res,(f-dy)
the residue at f of the differential form f-dy. Similarly the map p. extends to K(y)dy.
Performing the change of variable y — Y = 3", we obtain the relations:

res, (C-dY) =r-res,(y" ' C-dy),
Pzr (C : dY) =T-pPz (yril C- dy),
which hold true for any C' € € and any z € F*.

Prorosition 3.2.3. — We assume that p does not divide r. For f € Frac(«/), j €
{0,1,...,7r—1} and z € F*®, z # 0, we have:

Sresz,j,can(f) =T Cij PC (yj+r71 gj (f) : dy)v

where C is any r-th root of z.

Proof. Set Cean = Tz.can(X) X ~'. From Lemma 1.3.9, we know that:
(19) 034 OTzcan = Nj(Ccan) : (Tz,can o Uj)~
On the other hand, it follows from Theorem 2.2.5 that Cea, € (Z/NZ)[T]. Since
moreover Cean =1 (mod T), writing 7, can(Y) = 2+ T, we find Coan = (1 + T/z)l/r.
Plugging this in (19), we obtain:

TN\i/r
(20) 0j O Tzcan = (1 + ;) ’ (Tz,can o Uj)'
The main observation is that the twisting function (14 T/ z)j /" which is a priors
only defined on a formal neighborhood of T'= 0 (or, equivalently of Y = z) is closely
related to a function of the variable y which is globally defined. Precisely, consider
the local parameter t = y — ¢ on a formal neighborhood of (. The relation y" =Y
translates to (¢ +t)” = z + T'. Dividing by z on both sides and raising to the power

¢TIy = (1 + é)] =v(l+ §>j/r7

showing that our multiplier (1 + 7'/ z)j /™ is the Taylor expansion of the function ¢ 7y7.
Equation (20) then becomes o (TZ’Can(f)) = Ty.can (C‘jyj g (f)) . Taking the coefficient
in T7', we get:

stess, jcan(f) = p= (CT7y7 - 0 (f) - dY) =1 pc(CToy7 7 0y(f) - dy),

which is exactly the formula in the statement of the proposition. |

j/r, we obtain:
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Unfortunately, Proposition 3.2.3 does not give an interesting vanishing result for
canonical partial skew residues. Indeed, if we apply the residue formula to the differ-
ential form y/*"~1 o,(f)-dy, we end up with:

(21) E Cj . Srescr,jpan(f) = 0.
CEF®
¢#0

Actually, this formula does not give any information because the sum on the left hand
side can be refactored as follows:

5 (3 ¢ sescpenl))

z€F® (T=z
z#0

and each internal sum vanishes simply because ZCT:Z ¢J = 0. In other words, the
formula (21) holds equally true when sres¢r ; can(f) is replaced by any quantity depen-
ding only on (".

However, Proposition 3.2.3 remains interesting for itself and can even be used to
derive relations on partial skew residues of a skew rational function f. One way to
achieve this goes as follows. Let f € Frac(«#/) and j € {1,...,7—1}. We assume that
we know a finite set II = {z1,..., 2, } containing the points z € F®, z # 0 for which
ord ;(f) < 0. We assume further, for each index ¢, we are given an integer n; with
the guarantee that ord, ;(f) > —n;. For each ¢, we choose a r-th root ¢; of z;. Let
P € F3[y] be a polynomial such that, for all i, P(¢;) = ¢;’ and the derivative P’(y)
has a zero of order at least (n; — 1) at ¢;. This choice of P ensures that:

pe.(P(y) v " oy (f) - dy) = ¢ pe, (v as(f) - dy)

for all index i. Thanks to Proposition 3.2.3, we obtain:

Sresag‘,can(f) = P¢; (P(y) yj—i-r—l gj (f) ’ dy)

Now applying the residue formula with the function P(y) y/*"~! o,(f), we end up
with:

> stes. jean(f) = —po(P(W) v 05 (f) - dy) = poo (P(y) ¥/  0(f) - dy).
zEF®
z#0

The right hand side of the last formula can be computed explicitly on concrete ex-
amples (though determining a suitable polynomial P(y) might be painful if the or-
der of the poles are large). For example, when ord, ;(f) > 0, the first summand

po(P(y) ¥ ~1 o;(f) - dy) vanishes.

3.3. CHANGE OF vARIABLES. — In this final subsection, we analyze the effect of an
endomorphism v of Frac(%7) on the residues. According to Theorem 1.3.1, y(X) = CX
for some C' € Frac(%€) and we have:

Py(ZGiXi) = Zai Ni(C)Xi7
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where, by definition, N;(C) = C - 0(C)---0°~1(C). Define Z = v(Y'). We have:
Z = NT(C) Y = NFrac(?f)/Frac(Q")(C) ‘Y € F‘rac(f)

and v acts on Frac(%) through the change of variables Y +— Z.

Derinition 3.3.1. — Let v as above and let z € F®.

— We say that z is y-regular if Z has no zero and no pole at Y = z.
— When z is y-regular, we define v,z as the value taken by Z at the point Y = z.

For f € Frac(%) and z € F®, we have the formula
dz
resy, . (f-dY) = res, (’y(f)-dZ) =res, (v(f) d—y-dY).
The aim of this subsection is to extend this relation to any f € Frac(</), replacing

classical commutative residues by skew residues.

3.3.1. A general formula. Comparing skew residues at v,z and z is not straightfor-
ward because they do not live in the same space: the former lies in &7 /N;.o/, where N;
is the minimal polynomial of -y, z while the latter sits in &7 /No.o/, where Na is the min-
imal polynomial of z. We then first need to relate o/ /N1.o/ and o/ /Nogf. For this, we
remark that, as v acts through the change of variables Y +— Z on %, it maps N to a
multiple of Ny. Therefore it induces a morphism of K-algebras & /N1« — &/ [NooZ .

Turorem 3.3.2. — Let v : Frac(«/) — Frac(«/) be an endomorphism of K -algebras.
Let z € F®, 2z # 0 be a y-regular point.

(i) For any admissible choice of 7, . (see Definition 2.3.2) there exists an admis-
sible choice of T, such that:

dv(Y))

(22) 7y o sres,, »(f) = sres, (fy(f) IV

for all f € Frac(«).

(ii) A skew rational function f € Frac(e) has a single pole at v,z if and only if
~v(f) has a single pole at f. When this occurs, Equation (22) holds for any admissible
choices of T,. and T,.

The following lemma will be used in the proof of Theorem 3.3.2.

Lemma 3.3.3. Let Ne€ Z. Let S € (Z/NZ)[T] be a series with constant term 0.
Set

Vi (A INA)(T)) — (o /[N )(T)
ZaiTi — Zazsl
For all f € (&7 /N)(T)), we have the formula:

(23) res((f) ) = res().
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Proof. — When [ € (& /No/)[T], both sides of Equation (23) vanish and the
conclusion of the lemma holds. Moreover, since ¢ and res are both K-linear, it is
enough to establish the lemma when f = T% with i < 0. Equation (23) then reads
res(S%dS/dT’) = res(T") and is a direct consequence of the classical formula of change
of variables for residues. |

Proof of Theorem 3.3.2. — We begin by some preliminaries. As before, we define C' =
Y(X) Xt and Z = 4(Y) = Ngy»(C)-Y. We put z; = 7,z and z = z. For
i € {1,2}, we define N; as the minimal polynomial of z;. The quotient ring 2 /N; % is
an algebraic separable extension of F'; we will denote it by E; in the rest of the proof.
By construction, F; admits a natural embedding into F*® (obtained by mapping Y’
to z;). The fact that v acts on 2 by right composition by Z shows that v induces
a field inclusion F; — FEs, which is compatible with the embeddings in F®. In what
follows, we shall always view FE7 and Es as subfields of F*® with £ C FE.

For i € {1,2}, we recall that the Taylor expansion around z; provides us with a
canonical isomorphism 7;7 : 3'2’}\\[ 5 E;[T]. The latter extends by K-linearity to an
isomorphism 7% : Gn, 5 K @p E;[T]. We recall that Z(Y)=71F(Y) =2 +T. We
set S =752 (Z) — 2 and consider the mapping:

©Z : BE\[T] — Es[T]
ZaiTi — ZaiSi.
We extend it by K-linearity to a map ¢% : K @p E; [T] = K ®p E3[T]. We have:
el ol (V) =%+ T) =2+ S =7 (Z) =77 on(Y).

We deduce from this equality that the diagram

€
~ T
Cn, ———— K @p E1[T]

|,

X .
Cny ———— K @p Bo[T]
is commutative, i.e., 9% o7¢ = 7.f oy. Let us now consider a z;-admissible choice of 7.,
and call it 7; for simplicity. It is a prolongation of 7. Besides, by Theorem 1.3.6,
there exists C; € (€/N,1€)[T] ~ K®p E1[T] such that 71 (X) = C; X. The properties
of 7, ensure in addition that C; =1 (mod T') and that:
(Y T
1(Y) LT

Niorm e (C1) = =5~ =1+

(see also Remark 2.3.3). Applying ¢? to this relation, we find:
S £ (2)

(24) Niorm[r/ sy (97 (C1)) =1+ .
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Let C € € /N2% ~ K ®p E5 be the reduction of C' modulo No. We shall often view C
as a constant series in (&7 /Noo?)[T]. Since the norm of C in the extension ¢/% is
by definition Z Y !, we find:

. — 21
(25) Nisrmr)/E0r1(C) = Nkorm/5 (C) = .
and: »
1y _ T3 (2)
(26) Niermairl/eir) (75 (C) =75 (2Y7") = ==
Combining Equations. (24), (25) and (26), we obtain:
6 . (,0%(01) T
N — ) =1+ —.
K®FE2[[T]]/E2[[T]]( 7(C) ) + P

Set Cy = C- % (C1)/2(C) and let 7 : 42?1\\[2 — (& /N2o/)[T] be the morphism
mapping X to C3X. The above computations show that 75 is well-defined and coincide
with 75 on €y,. On the other hand, one checks immediately that Co =1 (mod Ny),
proving then that 7o induces the identity modulo Ns. As a consequence, 7o is an
isomorphism and it is a z-admissible choice for 7,. Moreover, it sits in the following
commutative diagram:

e, —— (o /N1 )[T]

’YJ rp

— T

iy~ (o [No [T
where ¢ is the extension of ¢ defined by ¢(3°; a;T") = Y, ¥(a;)S*. The first asser-
tion now follows from Lemma 3.3.3 together with the fact that dS/dT = 5% (dZ /dY).

The equivalence in assertion (ii) follows from what we have done before after notic-

ing that S has T-valuation 1 by the regularity assumption on z. The fact that Equa-
tion (22) holds for any ~,z-admissible choices of 7,,, and 7, in this case is a direct
consequence of the fact that skew residues do not depend on the choice of the Taylor
isomorphisms when poles are simple. (|

3.3.2. The case of canonical residues. — We recall that, when p does not divide 7,
there is a distinguished choice for 7, leading to a notion of canonical skew residues,
denoted by sres; can. After Theorem 3.3.2, one could hope that Equation (22) always
holds with canonical residues, as the latter are canonical. Unfortunately, it is not that
simple in general. However, there is an important case where our first naive hope is
correct.

Tueorem 3.3.4. — We assume that p does not divide r. Let v : Frac(«/) — Frac(&) be
an endomorphism of K -algebras. Let z € F®, z # 0 be a y-regular point. If v(X)X 1 €
Frac(%), we have:

dy(Y) )

Yo Sresv*z,can(f) = ST€Sz,can (V(f) dy

for all f € Frac(«/).

JIEP. — M., 2021, tome 8



A THEORY OF RESIDUES FOR SKEW RATIONAL FUNCTIONS 118()

Proof. After Theorem 3.3.2, it is enough to check that the admissible choice 7, » can
leads to the admissible choice 7, can. By Theorem 2.2.5, this reduces further to check
that Cs lies in (2°/NyZ)[T] as soon as Cj is in (2 /N, Z)[T] (with the notations of
the proof of Theorem 3.3.2). This is obvious from the definition of Cs. O

We now consider the general case. Proposition 2.2.3 tells us that different choices
of 7. are conjugated. As a consequence, sres,,.(f) and sres; can (Y(f)dy(Y)/dY)
should be eventually related up to some conjugacy. In the present situation, it turns
out that the conjugating function can be made explicit. From now on, we assume
that p does not divide r. As before, we consider an endomorphism of K-algebras
v : Frac(«/) — Frac(«/) and we define C' = v(X) X! € Frac(%). We introduce the
extension Z” of Frac(Z’) obtained by adding a r-th root of Ngyac(¢)/ Frac(2)(C) and
form the tensor products €' = 2’ ®# ¢ and &' = ' Q@ o/ . We emphasize that €’
is not a field in general but a product of fields. However, the extension ¢’/ %" is a
cyclic Galois covering of degree r whose Galois group is generated by the automor-
phism id ®6. Similarly, &/’ could be not isomorphic to an algebra of skew rational
functions. Nevertheless, we have the following lemma.

Lemma 3.3.5. — Given a y-regular point z € F® and its minimal polynomial N € ™,
any admissible isomorphism T, : o/ — (o /[N)[T] extends uniquely to an iso-
morphism:

7 H @y dy s (' [N (T))

inducing the identity after reduction modulo N on the left and modulo T on the right.

Proof. — Let us first prove an analogous statement for 7.2 : Iy — (Z/N2)[T].
For simplicity, set Zy = Nprac(#)/ Frac(2)(C) € 2 and let Z, be the reduction of Zg
modulo N. By the regularity assumption, Zy # 0. Hence 72 (Zp) has a unique r-th
root in (Z7//N2")[T] whose constant term is the image of /Zy in 2//N 2. This
basically proves the existence and the unicity of a prolongation 7.2 " of Z.

Now, a prolongation of 7, is given by 77 = 7z " ® 7., which proves the existence.
For unicity, we remark that, by unicity of 7.2 ', any isomorphism 7% ' satisfying the
conditions of the lemma has to coincide with 72" on 2 ® » P . Since 7" is a ring
homomorphism, we deduce that it necessarily agrees with Tz’mf "® 7, on its domain of
definition. Unicity follows. |

Lemma 3.3.5 shows that the function sres, can @ Frac(#/) — &//N.o/ admits a
canonical extension to ¥’. We will continue to call it sres, can in the sequel. We now
consider the element:

_ C
{/NFrac((g)/ Frac(2) (C)

By construction, it has norm 1 in the extension ¢’/%”. Hilbert’s Theorem 90 then
guarantees the existence of an invertible element U € €’ (uniquely determined up to

c’ € <.
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multiplication by an element of Z”) such that:

id ®0)(U)
2 ,_ (46 U)
(27) o= 120
Remark 3.3.6. Raising Equation (27) to the r-th power, we get:
(id ©0)(U") . Gden)(v) T oi(oyi
= () = with V= 1;[0 o' (c)

Therefore U™ € V2. This observation gives an alternative option for finding U: we
look for an element Z’ € 2 for which VZ’ is the r-th power in ¢’ and we extract its
r-th root.

Taeorem 3.3.7. With the above notations, we have:

Y
7Y O ST€S, 2 can(f) = Ut - STES, can (U YU le(Y )> U

for all y-reqular point z € F®, z # 0 and oll f € Frac().

Remarks 3.3.8

(1) When C € Frac(Z), the norm of C'is equal to 1, so that we have ¢’ = Frac(%)
and C’ = 1. In this case, one can take U = 1 and the statement of Theorem 3.3.7
reduces to that of Theorem 3.3.4.

(2) When f € Frac(%), v(f) also lies in Frac(%) and thus commutes with f. Hence,
the product U y(f) U~ reduces to (f). Similarly the skew residue

STeS; can (’Y(f) d’Y(Y)/dY)

is an element of € /N>% and thus also commutes with U. Finally, Theorem 3.3.7 reads
in this case:

dvy(Y
v o Sresfy*zpan(f) = SI'€Sz can (V(f) ’Zi(y' )>’

which is the usual formula for commutative residues.

Proof of Theorem 3.3.7. — We keep the notations of the proof of Theorem 3.3.4 and
assume in addition that the isomorphism 7., . we started with is 7, ; can, i.e.,
T\1/r
C, = (1 + 7) .
21

By the proof of Theorem 3.3.2, Equation (22) holds when 7, is defined by 7.(X) =

Cy X with:
C ST
C=e (142)

Here we recall that C is the image of C' in € /No% and S = 75(Z) — 29, where Z was
defined by Z = Npyac(%)/ Frac(#)(C) - Y. On the other hand, the isomorphism 7, can is
defined by:

T

1/r
Tocan(X) = (1 T 5) X.
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Let C' and U be the image of C’ and U in €’/Ny%"’ respectively. We consider the
ring homomorphism 7 : &' @ o5 — (' /N&/")[T] defined by:
(28) (f)=T -7, (UgU ). T

for g € JZ?J\V A simple computation shows that 7(X) = QX with:
deeU) U TN\Yr
Q=" n(irzamy) (14 3)

U " Tz,can id®9(U) g
Y/ NFrac(#)/ Frac(2)(C) T\
=C Tz,can( C (1 + 22) .

Raising this equality to the r-th power, we get:

Q= (@) T;K(NFrac(%)/CF‘;ac(Q")(C)) . (1 N z)

z2
—y (2 Y 1 T
=) (Y cr) (HZQ)'
Noticing that 74 (Y) = zp + T and 77 (Z) = 21 + S, we obtain:
—
r_ Z1 C T S

Now, observe that the identity (C')" = C"Y/Z gives (6/)7“ = C" 23/ after reduction
modulo Ns. Putting this input in Equation (29), we finally find:

@ = () (1+2)=cs

7 (C)
Besides, a direct computation shows that both series ) and C5 have a constant
coefficient equal to 1. Therefore, the equality Q" = C§ we have just proved im-

plies @ = Cy. In other words 7(X) = 7,(X). Since moreover 7 and 7, agree on
{/ NErac(%)/ Frac(#)(C), they coincide everywhere. Coming back to the definition of 7
(see Equation (28)), we obtain:

sres; (g) = [ stes, can(UgU ™) U =U"""sres, can(UgU ™) - U

for all g € Frac(&). Specializing this equality to g = v(f) dy(Y)/dY, we get the
theorem. 0O
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