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NEW COUNTEREXAMPLES TO STRICHARTZ ESTIMATES
FOR THE WAVE EQUATION ON
A 2D MODEL CONVEX DOMAIN

By Oana Ivavovicr, GiLLes LEBEAU & FaBricE Prancron

ApsTtracT . — We prove that the range of Strichartz estimates on a model 2D convex domain
may be further restricted compared to the known counterexamples from [3, 4]. Our new family
of counterexamples is built on the parametrix construction from [7] and revisited in [8]. Inter-
estingly enough, it is sharp in at least some regions of phase space.

Résumé (Nouveaux contre-exemples aux estimations de Strichartz pour 1’équation des ondes
dans un domaine convexe modele bidimensionnel)

Nous démontrons que le domaine de validité des estimations de Strichartz sur un domaine
convexe modele bidimensionnel peut étre encore restreint par rapport aux contre-exemples
déja connus (3, 4]. Notre nouvelle famille de contre-exemples s’appuie sur la construction de
parametrix élaborée dans [7] et revisitée dans [8]. Cette construction est en sus optimale dans
certaines régions de I’espace des phases.
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1. INTRODUCTION AND MAIN RESULTS
Let us consider the wave equation on a domain 2 with boundary 02 ,
(02 — A)u(t,z) =0, = €Q
(1) ult=o0 = uo, Opult=o = u1,
Bu=0, =z €.
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134 O. Ivavovicr, G. Leseau & F. Prancron

Here, A stands for the Laplace-Beltrami operator on Q. If 9Q0 # @, the boundary
condition could be either Dirichlet (B is the identity map: ulsq = 0) or Neumann
(B = 0,, where v is the unit normal to the boundary.) We will take B = Id but the
argument may be adapted to Neumann.

The so called Strichartz estimates aim at quantifying dispersive properties of the
solutions to this linear wave equation: for given data in the natural energy space, the
solution will have better decay for suitable time averages. This is of value for several
applications, of which we quote only two:

— nonlinear problems, where Strichartz may be used as a tool to improve on Sobolev
embeddings and allow for better nonlinear mapping properties of solutions;

— localization properties of (clusters of) eigenfunctions of the Laplacian (through
square function estimates for the wave equation which are closely related to Strichartz
estimates).

On any compact Riemannian manifold with empty boundary, the solution to (1)
is such that, at least for a suitable ty < +o0, for all h < 1,
2) W2 IxX(hDe)ull La(—to,t01,27) < C ([u(0, )| 2 + | hDyul|2),

where x € C§° is a smooth truncation in a neighborhood of 1. Let d be the spatial
dimension of €, then rescaling dictates that 5 =d(1/2 —1/r) —1/q, where (¢g,7) is a
so-called admissible pair:
X 5 ) 2.
q 2 ) 7=

(3) 2 r

On non compact manifolds, one would have to assume suitable geometric assumptions
to allow these estimates to hold globally: when (2) holds for tg = +o0, it is said to
be a global in time Strichartz estimate. For Q = R? with flat metric, the solution
uga(t,z) to (1) with initial data (ug = d4,,u1 = 0) has an explicit representation

1<(d71)<1 1

formula
uga (t, ) = . /cos(1f|£\)ei(‘"’3_g“°)E d¢
’ (2m)?
and by usual stationary phase methods one gets dispersion:
(4) IX(hDyuga(t, )| Lo ey < C(d)h™ min{1, (h/t) =172}

Interpolation between (4) and energy estimates, together with a duality argument,
routinely provides (2) ([14], [11], [2]). On any (compact) Riemannian manifold without
boundary (€2, g) one may follow the same path, replacing the exact formula by a
parametrix, which may be constructed locally (in time and space) within a small
ball, thanks to finite speed of propagation ([9], [10]). By routine computations, one
may deduce from the semi-classical estimate (2) standard estimates involving mixed
Lebesgue-Besov norms on the left-hand side and Sobolev spaces on the right-hand
side; these are better suited to dealing with nonlinear problems.

On a manifold with boundary, the geometry of light rays becomes much more com-
plicated, and one may no longer think that one is slightly bending flat trajectories.
There may be gliding rays (along a convex boundary) or grazing rays (tangential to a
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NEW COUNTEREXAMPLES TO STRICHARTZ ESTIMATES FOR THE WAVE EQUATION 35

convex obstacle) or combinations of both. Strichartz estimates outside a strictly con-
vex obstacle were obtained in [12] and turned out to be similar to the free case (see [6]
for the more complicated case of the dispersion). Strichartz estimates with losses were
obtained later on general domains, [1], using short time parametrices constructions
from [13], which in turn were inspired by works on low regularity metrics [15]. Most
of these works focus either on compact domains with boundary or exterior domains,
although one may combine existing results to deal with unbounded domains with
suitable control over geometry at infinity.

In our work [7], a parametrix for the wave equation inside a model of strictly
convex domain was constructed that provided optimal decay estimates, uniformly with
respect to the distance of the source to the boundary, over a time length of constant
size. This involves dealing with an arbitrarily large number of caustics and retain
control of their order. Our dispersion estimate from [7] is optimal and immediately
yields by the usual argument Strichartz estimates with a range of pairs (g,7) such
that

Lo Dyl by sy
q 2 4)\2 "¢
where, informally, the new 1/4 factor, when compared to (3), is related to the 1/4
loss in the dispersion estimate from [7], when compared to (4). On the other hand,
earlier works [3, 4] proved that Strichartz estimates on strictly convex domains can
hold only if, when r > 4, (1/¢,1/r) are below a line connecting the pair (1/q4,1/4)
(from free space) and (1/¢s0,0) such that

2 4

q4 2

i_(d—l)(l 1) 1 ((d—l) 1);

and qTo = 7 13
We will restate the exact result later on as we provide a simplified proof for it.
Our main purpose in the present work is to improve upon the negative results in
dimension d = 2; improvements on the positive side were obtained in [8]. In par-
ticular, for suitable microlocalized solutions we close the gap between known es-
timates and known counterexamples, providing a near complete picture in a spe-
cific location in phase space. Before stating our main results, we start by describ-
ing our convex model domain. Our Friedlander model is the half-space, for d > 2,
Q4 = {(z,y) | * > 0,y € R¥!} with the metric gr inherited from the following
Laplace operator, Ap = 02 + (1 + x)Aszl, with Dirichlet boundary condition on
x = 0. The domain (g4, gr) is easily seen to be a strictly convex set, as a first order
approximation of the unit disk D(0,1) in polar coordinates (r,6): set r = 1 — x/2,
0=uy.

We start by stating our results for d = 2 and later provide the general statement
in higher dimensions, using the same reduction as [4] to take advantage of the 2D
setting.

J.E.P. — M., 2021, tome 8



n36 O. Ivavoviar, G. Leseau & F. Prancnon

Taeorewm 1. Strichartz estimates (2) may hold true on the domain (Q2, gr) only if
possible pairs (q,r) are such that

1 1 1\/1 1
» G- RG-D)

q 2 10/\2 r
In particular, for r = 400, we have q = 5.

Remark 1.1. Theorem 1 improves on the results from [3]: the range of admissible
pairs is further restricted as 1/12 is replaced by 1/10 in the admissibility condition.
Moreover, we no longer have a restricted range of r, unlike [3].

In [8], we obtained the following positive results:

Turorem 2 ([8]). — Strichartz estimates (2) hold true on (Qa,gr) for (q,r) such that

1 1 1y,/1 1
» LeG-DG-H

q 2 9/\2 r
In particular, for r = 400, we have ¢ > 5+ 1/7.

A gap remains between negative results (1/10 in (5)) and positive results (1/9
in (6)).

Remark 1.2, Besides the full Laplacian, both —92 and z+(—0d2) "' (—02) commute
with the wave flow. In [8] we obtain that, whenever the data is moreover restricted to
10y ~ h~! and @ + (—02)~1(—92) ~ h!/3, then Strichartz estimates hold for ¢ > 5.
Hence, in this region of phase space, Theorem 1 is optimal except for the endpoint
q=>9.

Counterexamples in [3] were constructed by carefully propagating a cusp starting in
a suitable position around (a,0) € Q9, with a ~ h'/2. Here we start with a smoothed
out cusp, which may be seen as a wave packet around a ~ h'/3 and let it propagate,
estimating the resulting solution with the parametrix and proving it saturates the
bound with a set of exponents satisfying (5). Our special solution may be seen as a
sum of consecutive wave reflections, and at any given point in space-time we see at
most one of these waves. Each wave has its peak around a specific location related to
the number of reflections, and we can estimate the area (in (x, y)) where the amplitude
of the wave remains close to its peak value, allowing to lower bound any of its physical
Lebesgue norms. The time norm is then estimated taking advantage of the separation
between any two different wave reflections.

From the 2D construction, we can easily follow the strategy from [4], and construct
a good approximate d-dimensional wave by tensor product: retain our 2D wave in a
given spatial tangential direction and multiply by a Gaussian of width A'/? in all
other tangential directions. Such a wave packet will then provide a special solution
that saturates some d-dimensional estimates. However, it turns out that we do not
recover better counterexamples than the ones from [4]: in fact, we recover the exact
same set of exponents, albeit for a slightly different class of examples. As such we
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NEW COUNTEREXAMPLES TO STRICHARTZ ESTIMATES FOR THE WAVE EQUATION 1137

state the result and its proof for the sake of completeness as well as providing a much
simpler argument than both [3, 4].

TurorEM 3. For d = 3,4,5, Strichartz estimates (2) may hold true on the domain
(Qa, gr) only if possible pairs (q,r) are such that

(T )G

Note that we get the same dimension restriction out of necessity: we have an

additional condition r > 4 that restricts meaningful ranges to lower dimensions.

Finally, we comment on dealing with only a model case: Theorem 1 should be seen
as a better version of the results from [3]. Counterexamples from [3] do not directly
provide counterexamples for a generic convex domain, and it required further treat-
ment in [4]. We believe that the present construction is a lot simpler than that of [3],
mostly thanks to the use of the exact parametrix from [8]. As such, constructing a
generic counterexample will be easier, using in turn the parametrix obtained in [5] and
following the present work as a blueprint. In fact, we suggest to any interested reader
to start with the present paper, followed by [8], [5] and only afterward, if inclined to,
[3], [4] and [7].

In the remaining of the paper, A < B means that there exists a constant C' such
that A < CB and this constant may change from line to line but is independent of
all parameters. It will be explicit when (very occasionally) needed. Similarly, A ~ B
means both A < B and B < A.

Acknowledgements. — The authors thank all referees for their careful reading and
constructive remarks and suggestions.

2. THE HALF-WAVE PROPAGATOR:
SPECTRAL ANALYSIS AND PARAMETRIX CONSTRUCTION

2.1. DicressioN on Ay Funcrions. — Before dealing with the Friedlander model,
we recall a few notations, where Ai denotes the standard Airy function (see e.g. [16]
for well-known properties of the Airy function), Ai(z) = 5= [5 ¢! /3+92) 4o define

(7) As(z) = €T3 Ai(eF/32) = —et2m/3 Aj(eF27/3(—2)), for z € C,

then one checks that Ai(—z) = A1 (z) + A_(z) (see [16, (2.3)]). The next lemma is
proved in the appendix and requires the classical notion of asymptotic expansion:
a function f(w) admits an asymptotic expansion for w — 0 when there exists a
(unique) sequence (¢, ), such that, for any n,

lim w— ("t <f(w) - Z cnw") = Cpi1-
0

w—0

We will denote f(w) ~qy >, crw™.

JE.P.— M., 2021, tome 8
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Lemma 1. Define L(w) = n+ilog(A_ (w)/ A4 (w)) forw € R, then L is real analytic
and strictly increasing. We also have

4
(8) L(O)=7/3, lim L(w)=0, L(w)=-w?+ g — B(W%?), for w>1,

w——00 3
with the following asymptotic expansion for B, with by > 0 and (by)k>1 € RY,
(9) B(u) ~1/u Z bku_k.
k>1

Finally, let {—wi}k>1 denote the zeros of the Airy function in decreasing order,
(10) L(wg) =27k, L'(wg) = 271'/ A (z — wy) da.
0

2.2. SPECTRAL ANALYSIS OF THE FRIEDLANDER MODEL. — Recall
Q= {(z,y) €R? |z >0,y €R} and AF:8§+(1+9:)8§

with Dirichlet boundary condition. After a Fourier transform in the y variable, the
operator —A g is now —92+ (1+42)02. For 0 # 0, this operator is a positive self-adjoint
operator on L?(R ), with compact resolvent and we have explicit eigenfunctions and
eigenvalues (the proof of the next lemma is, again, postponed to the appendix):

Levva 2. — There exist orthonormal eigenfunctions {ey(z,0)}x>0 with their corre-
sponding eigenvalues \,(0) = |0]? + wi|0|*/3, which form an Hilbert basis of L*(Ry).
These eigenfunctions have an explicit form

/5= 1011/3
:ﬂAi

02/3 . ,
L’(wk) (| | T Wk)

(11) ex(,0)
where L' (wy) is given by (10), which yields |lex(.,0)|2r,) = 1.

In a classical way, for a > 0, the Dirac distribution §,—, on R} may be decomposed
as
Op—q = Z er(z,0)ex(a,0).
k>1
Then if we consider a data at time ¢ = s such that uo(z,y) = ¥ (hDy)0z=q,y=b, Where
h € (0,1) is a small parameter and ¢ € C§°([1/2,2]), we can write the (localized in )
Green function associated to the half-wave operator on {25 as

(12) Gi((eyb),(ab,s) =3 / H VA D0y (1) e (2, 0)ex (a, 0) do.
R

k>1

2.3. Amry-Porsson FORMULA. We briefly recall a variant of the Poisson summation
formula, introduced to deal with a parametrix construction for the general case of a
generic strictly convex domain in [5] and used in [8] to improve Strichartz estimates in
the model case. It will turn out to be crucial to analyze the spectral sum defining Gf
and map it to a sum over reflections of waves.

JIEP. — M., 2021, tome 8



NEW COUNTEREXAMPLES TO STRICHARTZ ESTIMATES FOR THE WAVE EQUATION 113()

Lemma 3. In 7'(Ry,), one has
. 1
—iNL(w) _ —
Ze iNL(w) — 9n Z o) d(w — wg).
NezZ keN*
In other words, for ¢p(w) € C§°,

(13) Z /e—iNL(w)¢(w) dw =27 Z %Wk) d(wg)-

NezZ keN*

The lemma is easily proved using the usual Poisson summation formula followed
by the change of variable x = L(w) and we provide details in the appendix.

3. COUNTEREXAMPLES

Asrecalled in the introduction, counterexamples in [3] were constructed by carefully
propagating a cusp starting at a distance a ~ h'/2? from the boundary. In this section,
a is a parameter to be optimized later on, which is to be thought as the distance
between the boundary and the peak value of the data (and later, repeatedly in time,
of the solution itself). Recall that a (2D) Strichartz estimate is

(14) l[l| Lao,rol, @)y S B8 lwol| L2 ()

where 8 =d(1/2 — 1/r) — 1/q with d = 2 (scaling condition). We also define o to be
such that 1/¢ = «(1/2 — 1/r) and recall that in free space, « = (d —1)/2 =1/2.

3.1. RESCALED VARIABLES. Let a be small enough, such that h?/? < a < 1. From
our knowledge from the parametrix construction in [7] (see also [8]), where the source
point is (z = a,y = 0), we rescale as follows: set A\ = a®/2?/h and let M, = a=1/2,

(15) t=a'’T, z=0aX, y=—-tv1+a+d?Y, UT,X,Y) =u(t,z,y).
If F(X,Y) = f(aX,a*?Y — T\/ay/T + a), then

1E(X, Y )y

X>0,Y

—a /e

Lisoy
and
|U(T, X, Y)”L‘I([O,Ma],LT) _ ail/(2q)75/(27ﬂ)||U||L‘1(0,1;LT)-
Since h = M;3X7!, in rescaled variables, (14) becomes
Ma_l/q_s/rHU”L‘?([O,M(L],LT) S AME)Y a2 g4 Uy | e
hence we are reduced to

(16) WUl za(o,ma0,07) S ATV a=2/r /2= =214 ) e

JE.P.— M., 2021, tome 8



1140 O. Ivavovicr, G. Leseau & F. Prancron

3.2. SETUP FOR THE PARAMETRIX. Let us consider our model equation,

(0F — (24 (L+2)0))u(t,z,y) =0 onz>0,y€eR
with Dirichlet boundary condition uj;—g = 0. We will seek solutions u under the
following form, where the Fourier variable 6 associated to y is rescaled with n = ho,

u(t,z,y) = —/ei("/h)yv(t,a:,n/h)z/}(n) dn,

2wh

where ¢ € C§°, ¢ =1 for 3/4 < n < 3/2 and ¥ = 0 outside [1/2,2]. Therefore, as a
function of y, u is band-limited and its Fourier variable 6 ~ 1/h. If we set h = h/n
and v (t,x) = v(t, z, 1/h), vy is a solution to

(R0 + (—h%02 + (1 +2))op(t,x) =0 for x >0,

with vpjz—¢ = 0. Recalling from Lemma 2 that the eigenmodes are e(z, h~1) and
using (11), we select a datum vy = vo(x, a,1/k) (to be suitably chosen later), decom-
pose it over the eigenmodes and write the corresponding half-wave propagator, with
an additional spectral cut-off xo(wy)x1(wrh?/?),

i IEYENY, _
vn(t, ) = D MO )y (wih?)ep (o, 1)

E>1
x/ ex(z, i Yvg(z,a, b 1) dz
(17) z>0
omh—2/3 .
_ Z 77/7 ez(t/h)(1+wkh2/3)1/2X0(wk)xl(wkhZ/S) Ai(h72/3x o Wk)
=1 L)

X / Ai(h™232 — wp)vo(z,a, K1) dz.
z>0

It turns out to be convenient to localize v with respect to the Laplacian. Recall that

V=h202 + (1 + ) e (2, h) = V1 +wph?/3 ez, i),

which explains why we added a spectral cut-off x; (wph?/?), with x1(¢) = 0 for ¢ < —1
and ¢ > 2, x1(¢) =1 for 0 < ¢ < 1. We also insert xo(w) = 1 for w > 2, xo(w) =0
for w < 1: obviously xo(wg) = 1 for all k, as w; > 2. With both cut-offs, the sum
over k in (17) is reduced to a finite sum k < h™!, owning to the asymptotics of
the zeroes of the Airy function, which are strictly positive and behave like k2/3 for
large k. Alternatively, we may use the Green function formula (12) and apply it to our
datum vy (after inserting the same spectral cut-off in the Green function). We point
out that our choice of 4 sign in the half-wave propagator is arbitrary and does not
play any important role beside setting a direction of propagation (to the left of the x
axis in the upper plane) when returning to U(¢, z, y).

Using the Airy-Poisson formula (13), we transform the sum of eigenmodes (over k)
into a sum over N € Z; its summands will be later seen to be waves corresponding to

JIEP. — M., 2021, tome 8
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the number of reflections on the boundary, indexed by N:

— o w i Wh2/3)1/2
v(t,x, h 1) // INL(w) p=2/3 it/ ) (1+wh™™) Xo(w )Xl(h2/3 )
NezZ >0
x Ai(h h2/3g — w) Ai(h h2/3, — w)vg(z,a,1/h) dz dw.
Recall that

1 : 3 2/3
E—2/3,. _ (i/h)(0° /340 (xz—h"""w))
ARz — w) Sy /e do.

If we rescale with C = h?/3w, we get
v(te i) = == 3 / / /W 0 (h2/3¢)x1 (Ovo (2, a, hY) dz ds dodC,
27Th Nez R3

where

_ 3 3
Sy = % Yoz —CO)+ ‘% +s(z—¢) = NRL(R~2/3¢) + ty/T+ C

and therefore, with ¢y = Dy + y, we find

e = g [ a0

NEZL
€ 2

h2
Let us rescale now like we did in (15), t = a'/2T, z = aX, y = —t/1+ a + a®/?Y,
with moreover

Y(n)ve(z,a,n/h)dzds do d¢ dn.

(=aBE, s=da’?S, o=d"?%, 2=aZ,
then u(t,z,y) becomes U(T, X,Y), where, for A = a®/?/h as before, we have

1 T,X,Y) MY +YN) (7 N
(18) U 2WgthejZ//Z Vo(Z. )
X X (E6(n) dZ dS dS dE di,
where x$(E) = xo0(n*/*X\2/3E)x1(aF). Here the phase function is given by
3 53 N T(E - 1)
Uy="+%X-E)+ 5 +5Z-E) - — L(\)**E) + :
v =gl )+ g s )= MOt e T e

The last term comes from the time propagator and takes into account the change of

variable in y that includes a time translation.

We conclude this introduction to the parametrix with an important lemma, in
effect reducing the sum over N in (18) to a finite sum (with a very large number or
terms).

Levva 4. Assume Vo is a smooth function and Vo(Z,pu) € Ly?Ly. In the sum
defining U(T,X,Y) in (18), the only significant contributions arise from N'’s such
that [N| < h=1/3.

J.E.P.— M., 2021, tome 8



1142 O. Ivavovicr, G. Leseau & F. Prancron

Proof. We will rely on non stationary phase in either E, S or . We have 9sV¥Uy =
S24+7Z—Fand 0sVy = X2+ X —E. If either | S| = 3N'/10EY2 or |2 > 3N /100 F1/2,
integration by parts in one of these variables, say S, provides a factor A=1{0s¥|~! <
N—1/50\=1/3 ysing the lower bound on E from its support. By non stationary phase,
we get both enough decay to sum in N and a bound [[V[[L1 O(A™*) (the (E,n)
integral is bounded by support considerations and the Z integral is bounded from
Vo € LY). Using (8) to expand L(w),

T 14+aE++V1+aEV1+a+a/2)
(V1i+aE++V1+a) (14+aE++1+aEV1+a)

—5-%- 2NE1/2(1 - %B’(,\nE?’/?)),

8E\I’N =

where the B’ term is small compared to 1, if AE3/? is sufficiently large (> 2 is
already enough). Note that the coefficient of T' is bounded from above and below
by fixed constants, as E > 0 and aE < 1. If sup(|S|, |Z]) < 3NV00EY/2 then, for
|N| > 100, ¥ will not be stationary in E provided that |T'| < (N — 3N1/190)p1/2
and non-stationary phase in E provides, again, decay to sum in N and an O(A~°)
contribution. With the lower bound E > \~2/3, the cardinal N of the set of N’s
that contribute is bounded by |T|A=Y3. As T = t/a'/?, A = ¢*/?/h and a > h?/3,
4N < h'/3/a < h=1/3. Moreover, any O(A~>°) is also an O(h™). O

3.3. CnoosiNG THE INITIAL DATA. — We pick vg(z,a,n/h), which is now Vy(Z, \n),
to be

(19) Vo(Z, An) = /ei/\’fl((Z—l)S+s3/3+i52/(2M))dS.

While we do not have Vjz—o = 0, this will turn to be irrelevant for our purposes:
the spectral cut-off x; insures that the datum v;(0,z) is such that v;(0,0) = 0 as
a finite sum of Airy functions Ai(—wy). Here M is large and will be chosen later in
this section, depending on a, h, while 7 ~ 1 through the () cut-off and therefore
harmless. Defined in this way, V; is (microlocally) concentrated around {Z = 1} and
the corresponding Fourier direction {Z = 0}: we may explicitly compute V; as follows,
with X = Anand T = A/3s:

/emn((Z—l)ersS/3+i32/(2M)) ds — (1/}\'1/3)/ei(73/3+X2/37(Z—1)+(i/2M)X1/37'2)dT
_ (1/X1/3>/ei((1/3)(T-&-(i/QM)Xl/S)S—&-XZ/ST(Z—1+1/(4M2))+iX/(24M3)) dr

_ (1/X1/3)6(X/2M)(Z—1+1/(6M2))27T Ai(XQ/?)(Z — 14 1/4M?)).

We select 1 < M < A: this will be our first condition on M. For Z — 1 > 1/10,
the exponential decay of | Ai(z)| ~ exp(—Cz%/2) for large z offsets the growth of the
exponential factor in front of it, while for Z — 1 < —1/10, we get exponential decay
in term of X/M from the front factor while Ai is bounded. In particular, for Z = 0,
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we get

/ei)\n((Z—l)s+s3/3+i52/(2M)) ds
Z=0
_ ﬁ e~ (/20 (1-1/ M) A2/ (—1 1 1/4M2)),

which is O(A=>) as 1 — 1/(6M2) > 0 and A/(2M) > A° for a suitable (small) & > 0,
provided that 1 <« M < A. Moreover, with such a choice of M, we even have

(20) Vzeo = [ eMUED L0 4|~ OG),

We can then compute explicitly the Fourier transform of Vj, with 1 < M < A:
e N = [ e M2 (2.5) dz

(21) _ //eiX(sfﬁ)ZeiX(sa/375+isz/(2M))dZdS

GINE® /3—E+i6? /(2M)

> =

3.4. L? NORM OF THE INITIAL DATA. — Define
1 .
uo(x,y) = E/e’("/h)yvo(%a, n/h)(n) dn,

our initial data «(0,z,y) will be the projection of ug over a finite number of spec-
tral modes, through (17). By Bessel inequality, [|u(0,-)||z2(q,) < |uollr2(0,), and
using (20), we have

(22) luoll 22y = lluollz2(aq) + O(A™).

We therefore compute the Fourier transform of ug, or its rescaled version: for z = a X,
we set vg(z,a,n/h) = Vo(X, A\n) with Vj defined by (19), and

Ua(X.Y) i= ul0..9) = & [ ™ VolX Aot dn
The Fourier transform of Uy is obtained by a direct computation,
ol = [ eieXemn o [ My, (X A7) (q) didx ay
(25) = oy [ B @V A di

= v )Va(¢ ).
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We now estimate the L2 norm of Uy, using the explicit form of ‘70 we already obtained:

2
0.,

— G2, = [ 106l(¢.0) dcas

1 —
- )\/ h2)\2 ¢2(77)|Vo|2(c,>\17) d¢ dn
1 —
=55 [ m)[Vol*(ng, M) d€ diy

1
= W/n_lﬂ’z(ﬂ)
1 (n)eMEM dg dn

(24)
(M€ /3-gxie?/ ) e g

T2
5 h72)\75/2M1/2,

. o —1y\—5/4)1/4
where we used (23) and (21). Recalling (22), this yields HU0||L.2X20,Y < hTIATY/AM/A,

3.5. ComputinG THE PARAMETRIX U. — In the remainder of this section, we restrict
ourselves to a > h'/2. For a suitable chosen M, we prove Strichartz estimates (16)
to hold but with a loss in the parameter a: o < 1/2 — 1/10. We start by computing
the L* norm of U, followed by its L4(]0, 1], L°®) norm ; next, we balance lower bounds
on space-time norms with our upper bound on the data, proving that if (16) holds for
r = oo, this forces ¢ > 5, which is equivalent to the aforementioned loss on «. This
provides our counterexample for the endpoint Strichartz estimate (g, +00). We then
compute the L” norm of U to recover other exponents, and this is ultimately useful
in higher dimensions as well.

The phases Uy in the sum defining U (in (18)) are all linear in Z: we replace Vp
given by (19) in (18) and, using Lemma 4, we restrict (up to an O(h*) term) to a
finite sum over |[N| < h~'/3 (note that Vy € L}, from the previous pointwise bounds
we obtained). In this finite sum, we may add the same integrals but with Z < 0: these
add up to the O(h*) term, as V} is asymptotically small for Z < 0. The inner integral
over Z € R yields

: 27
iAnZ(s+5S) 7 —
/e A7 =3, 805 +5)

therefore we get

A i a
@) VXY= iy 3 [
IN|Sh-1/3
x Y(n)ndndsdL dE + O(h™),

where @y is the (complex) phase

E—-1 N RCEED 3
(26) o :T\/1+(CLE+\)/1+Q_A77 L) P E)+s(B-1)+i oot - +5(X ).
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We start by eliminating the s variable in the integral from (25) with complex phase
function ¢y defined in (26). We have

/eiAn(s(E71)+is2/(2M)) ds — ij VI e~ MM(E=1)%/2
n

and therefore (25) becomes

AL/2 172 ) ~
o) U@ xY) = 3 [t e)

(27)3/2h
IN|Sh=1/3
x h(n)n'/? ds dE dn + O(h™)
with phase
_ (E—1) N 2/3 M(E-1)2 3
2 = -—L E)+i————~L +— 1%(X—F).
(28) G =T e = S L)Y E) 41 2 S 4 (X - )

Recall that L(w) = § + 3w*/? — B(w®?), where B(u) ~1/4 Y., bau™", hence

N N /4 4 N

— (L(M)YPE)—7n/2) = — (= E3? —B(ME®*?)) = = NE3¥? - — B(ME®/?).
Sy (LM TEE) = m/2) /\n(3n (An )) 3 Ny BAIET)
Remark 3.1. — For values h'/? < a, the factor exp (iNB) in our phase does not

oscillate anymore: indeed, the phase @y given in (26) is stationary in E only when
N ~ T ~t/y/a and for E near 1 (which is forced by the imaginary part of the phase)
to o

va o oad3/? ™ a?

Therefore, when h'/? < a we can actually bring the expiNB(-) factor in the symbol
rather than leave NB(-) in the phase (in order to do explicit computations).

NB(AE?/?) ~ % ~

We have, from (28),

_ M(E —1)?
Im(apN)zi( 5 )

Ospn =2°+X —F

_ (E—1) N s
Oppyn =T0 - L'((On)¥*E
e E(\/l+aE+\/l+a) Gy (AIEE)

+i%(E—l)—E.

Therefore, the set {Im(¢n) =0, V(s g)y@n = 0} coincides with
T N
2v/I+a (/3
In the (T, X) plane, this is the trajectory moving to the right from X =1, ¥ = 0.
We introduce the following notations: let &,, >0, m€{0,1,2} be small, J€Z and set

I; = 4JV1 4 a+ (—2¢9,2e),
Ry={Tel;, |X—-1<e, |Y —4J/3| <ea}.

{E:1, S = L'(n)?'?), X:1722}.
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From now on we will focus on U restricted to a set #Z; on which we obtain a lower
bound of its L norm. We first need the following result, which states that, if for
a given J we consider only points (T, X,Y) € Z;, then in the sum (27) defining
U(T, X,Y) indexed over the number of reflections N there is only one single integral
that provides a non-trivial contribution, corresponding to N = J.

Prorosition 1. — For all n € N*, there exists Cy, such that for all 0 < J < M, for
alll < M < X and for all (T, X,Y) € %, the following holds

AL/2pp1/2

U(T7X7Y)—W

/ei)\n(Y‘F&J)XK(E)pr(n)?’]l/Q dXdEdn| < CpA™".

Proof. — Let 0 < J S M, and let (T, X,Y) € Z;: we can write
T=AJ+2T)W1+a, X=1+X, where|T|<c, |X|<er.

We also change variable E = 1+ (1 + a)E: from the Gaussian nature of Gy, E has
to stay close to 1. Using Remark 3.1, we may move expiNB(-) in the symbol and
relabel the phase to remove the harmless factor iN7/2; with new variables X and E,
the relabeled ¢y reads

TEVT 4 ~
Py = T2 AN+ (14 @B

YN = — (F/— —
1+V1+aE 3

>3 < ~ g ~
+ 5 HEX = (1 a)k) + %M(1+a)2E2.

The derivatives with respect to E , 2 are
({92{5]\] = 224-)?— (1+G)E

1 aE
8~¢N:T\/1+a — — — —
s (1+\/1+aE 2\/1+aE(1+\/1+aE)2)

—2N(1+a)(1+ (1 +a)E)/? = (14 )L +iM(1 + a)*E.

Obviously the set {Im(py) =0, V(55PN = 0} is given by

{E:o, X+¥2=(1+a)E=0, E(Q(?MQN)},

and therefore, imposing \)Z'| < 7 implies |¥] < 51/2 which yields

T ~ 1/2
———— —2N|=]2J4+T —-2N|<&/".
= | =
From |T| < ey, we get that for o; < 1/4, the last inequality forces N = .J. This
proves Proposition 1 as for N # J, we can perform non stationary phase, gaining
powers of A, and the sum is finite with at most A~/ terms. O
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NEW COUNTEREXAMPLES TO STRICHARTZ ESTIMATES FOR THE WAVE EQUATION II/|"

Using Proposition 1 and Remark 3.1 we may rewrite, for (T, X,Y) € %, recalling
that O(A=>°) = O(h™) as a > h'/2,

(1+a)VAM

(29) U(A4J+2T0)V1+a,1+X,Y) = T (=)’

x / MY HIMtIE) 6 (B, ) dE dE dy + O(h™),

where @, was replaced by () + JF(E): in the new variables, ¢y, and F are
respectively

2TE(1+a)

1+v1+ aE
~ 4B(1+a) 4
FE)= ——==Xt— -
1+V1+aE 3
and the symbol is UJ,,\(E(E), n) with E(E) =1+ (14 a)E and
aiA(E,n) = XK (E)n'/*¢(n) exp(iN B(ApE>'?)).

~ ~ o~ ~ 3 ~ ~
Iu(T,B5) = vl apE e 2 n® - 0 ab),

(14 (1+a)E)>?,

Since Im(iZM) =0 only at E = 0, we expand F' near E = 0,

F0)=—3, F(0)=0, F'(0)=—(1+a)l+2a),
F(E):_g_%2(1+a)(1+2a)+0(153).

Our new phase function 1; wm + JF depends on two large parameters: M, to be chosen
such that 1 < M < X and J, taking all values from 1 to M, = a~'/2, depending on
the region #Z; containing (7', X,Y).
Let us take J < M, < M: in the phase /\n({Z;M + JF), we consider the large
parameter to be M A and, for A = MA(1+ a), we get
3
M(nr + JF) = /\n(z— + 35X b

4 2T

a2 5)E

3 3 14+ V1+aE M
i ~ J

L +a)E - F2(1+2 ( E3)
+2(+a) i (+a)+OM
Remark 3.2. — In the integral (29), we may localize on |E| < A~1/2 using the imag-
inary part of the phase; indeed, for larger values of E the phase is exponentially

decreasing ; we can then localize near the critical points in ¥, and ¥? = (1 + a)E - X
hence ¥ becomes uniformly bounded and

1 oT

— | ————= —%| € O(1/M).
M1+ V1+aB
Moreover, for J < M, < M, the imaginary phase factor exp (iAn(1 + a)O((J/M)E?))

does not oscillate for values |E| < A2 (ie., for E such that the contribution of the
integral is not exponentially small).
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148 O. Ivavovicr, G. Leseau & F. Prancron

Remark 3.3. Writing, for small E ,
2T B
1+V1+aE

we obtain the first few terms of the Taylor expansion in E of the phase with large

T(1— (a/4)E + O(a*E?)),

parameter An as follows

~ E i = J =3 _ (] aT’
(T-%) 1+ 5 vk +O(ME), ya_1+a+z(M(1+2a)+2M>.

Remark 3.4. — We are still carrying a symbol o x; we may safely discard its x$(E)
component as F is now localized near E = 1, and therefore the contributions coming
from (1 —x1(aFE)) and (1 — xo((A\n)?/3E)) are harmless by non stationary phase, and
the remaining &5, (E,n) = exp(iJB(AE?/?)) is elliptic, close to 1 near E = 1 and
J/A < 1.

We rewrite the integral in F,¥ in (29) as
/ eMOMTIE) 6 )\ ] dY)

_ /ei)\n(Eg/BJrE)?leJ/S)eiAn((sz)E/MJriuaEQ/2+O((J/M)ES))gJ’A dE s + O(h™)

and apply stationary phase in E with complex phase

. E i - J =
(T -%) 1+ 3 vE +0(ME)

and large parameter An. The second derivative’s absolute value equals

‘1—&—2'%4—0((1)’4—0(%5‘) N\/1+A‘]722+O(%A‘1/2) ~1 forJ< M, <M,

and stationary phase yields

(30) /ei)\ﬂ('lZM-‘rJF)o,J)\ dE 45 — /eikn(23/3+22?—4¢]/3)

27 v 2 3
X 4/ TA?) e(An a/2)(Ec+O(Ec))ULC]))\ d% + O(h™),

where the critical point is E, = F,(3) = i(T — )/(Mva)(1 + O(|T — %|/M)) and
oy, 1(E,n) is an elliptic symbol with an asymptotic expansion over A~1, with leading
order contribution 5,]7>\(E(EC(E)), n).

Remark 3.5. — Using Remark 3.2, if |E.(X)] = A~(=9)/2 for some ¢ > 0, then the
integral in the right hand side term in (30) is exponentially small. On the other hand,
for |E.| < 1, E(E.) = 1+(14a)E, stays close to 1 hence X‘}\(E(EC)) vanishes together
with all its derivatives. Therefore, for all & such that [T — %|/M|v,| < 1 we have

(31) oo (1) = oI BONE(Ee(2))*?) (14 O((J/AN)) ¥ (n).
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In particular, (31) holds for |E.| < A=(179)/2 ic., where the integral in the RHS term
of (30) is not exponentially decreasing.

Since A = AM (1 + a), we have, at T = (4J—|—2Tv)\/1 Ta, X=1+X,
(32) |U(T,X,Y)]

1 ; ; %) ¢
N 5 ’/eL)\n(Y—4J/3+zM(1+a)VaP2(1+O(P))/2+23/3+EX)O,§’>\(27n) ds dn

with P = (T — X)/(Mwv,). We are now left with the ¥ integration:
() IT. X = [ 0BT 005, (5, s
where ¢ , is elliptic,

T - %

<1
Mv,|

05\ (5,m) = e BATEE ) (1 L O(J/AN)(n) for |P| =

and
i(1+a)

_ R _—
o, LD (L+0(T - D)/ Mr)) + = +EX.

(34)  GE,T,X)=

We first discard the O(P) term, as it may be seen later as an harmless perturbation,
and forget about the symbol for now: consider

(35) I(T, X, m) zw(n)/e“"c")@-'m) dx,
with phase

~ _z(l-i—a) ~ 9 23 S - ) 23 ~
(36)  Go(T,X) = Zap= (T =5+ 5 + 52X =1(T - 5)" + - + 32X,

where we have set v :=i(1 + a)/2Mu,, i.e.,

1

T M+ id +ia(] + T/2)/(1+ a)

We are after lower bounds for the L norm of U, hence we seek values of X where Iy
reaches its maximum. Write

Go(Z, T, X) =v(v* + 29T = X) +7T% = */3+ (Z+7)3/3 = (S +7) (2 + 29T — X).

The last two terms (the only ones depending on ) may be seen as an Airy phase
function, and therefore we have

IO<Ta jza 77)

(37) — w(n)eix(v(vﬂ%T*f(HvW*73/3) /eix((2+v)3/3*(2+7)(v2+2’ﬁ*)~f)) 4

= (A" L3AOC AT T =/3) Aj(_32/3(42 4 24T — X)).
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Recall Ai(0)=1/(3%°T(2/3))>3/10; moreover there exists a small constant c€ (0,1)
such that | Ai(z)| > 1/10 for all z € C with |z| < ¢. We can therefore bound from
below the modulus of the Airy function in (37) as follows:

o~ ~ o 1
(38) |AI(=N*3(7* + 29T — X))| > o

for all 7, (T, X) such that |[A\2/3(y2 +2yT — X)| < c. Here T, X are real, while v takes
complex values and satisfies
- s o@l 7
12(M+iJ+0(a))l M
Taking M > 4XY/3/c it follows that (38) holds true for all T < 1/A'/3 and all | X| <
¢/2)%/3. We now study the behavior of the exponential factor in (37). For T, X such
that (38) holds we have

Ay(y? + 29T = X)| < APy < 1/4.
For |y| ~ 1/M < ¢/4\Y/3 and T < 1/AY/3 the remaining term in the exponential
factor of the Airy integral in (37) can be bounded as follows

(39) AT =72 /3] < A3y + AP /3 < ¢/3 < 1/3.

for J < M, < M.

ol

Revark 3.6. — The condition A'/3 < M must hold in order for (38) to hold and the
term [A\y?| in the exponential factor to stay bounded. For such M, to get [297 — X| <
/\_2/3 we require |T] < M/X?/3 and |X| < A~2/3. On the other hand, the condition
My|T? < 1 gives |T| < /M/X; as M/A*3 > \/M/X for all M > A3 in order to
have |Io(T, X)| ~ A~1/3 we must ask

(40) ANBSM, T SVM/A, X[ S A5

In particular, taking M ~ A3 yields |T| < A=1/3,

Let us assume for a moment that the part of phase function depending on ¥ in (32)
is Gy (instead of G) and there is no symbol:

U((4T + 2T)V1+ a,1+ X,Y)| ~ % / (Y =41 /3+Go(BT.X) g () 45 dn‘.

Then, using (37), we would immediately get

T o 1
(M) V(T + 2T T a1+ EY) ~ o

/ei)\n(Y—4J/3+'yf“2—'y3/3)

x emIOTHAT=X) Aj(—(n) 23 (7% + 20T — X))~ /34 (n) dn,

and from the discussion above, for T, X and M like in (40), the factor from the second
line in (41), eI (7? 2 T=X) Ai(—(n\)2/3(42 + 29T — X)), may be seen as part of the
symbol (it does not oscillate). With (39) holding, we move e T*=7"/3) into the
symbol as well. The (remaining) phase in (41) is npA(Y —4.J/3) and therefore Y takes
values in a ball of center 4J/3 and radius A~

JIEP. — M., 2021, tome 8



NEW COUNTEREXAMPLES TO STRICHARTZ ESTIMATES FOR THE WAVE EQUATION 11

We now fix the heuristic assuming that G could be replaced by Gy and there is no
symbol; note that we obtained an additional condition on M, that is \'/3 < M. In the
next lemma we prove the difference between I(T', X, 1) in (33) and /B (T, X n)
with Io(T, X, n) given in (35) to be lower order:

Lemva 5. — The following holds
I(T, X, n) = e?BOD (T, X, ) + O(M2 /A~ (1729,

Remark 3.7. — In the next section we will take M ~ A3, and later M < A, both of
which produce a lower order remainder for all 0 < e < 1/6.

Proof. — Let us define €(X) = |T — %|/(M|v,]) < A~179)/2 with small ¢ > 0.
From (33) and Remark 3.5,
T X = [ eMOET 05, (o) a5+ O ),
(D) ’
Replacing ¢ , in the last integral by (31) yields

I(T,X,n) = ¥(n) / MG X) i BOnEB (X)) (1 4 O(J/AN)) dS + O(A).
€(2)

The last integral can be re-arranged as follows

(42) w(n)eiJB()\n)/ emnco(z,i)?)emn(afco)(z,i)?)
€(%) -
% eiJ(B(AnE(Ec(E))?’/Z)—B(/\n))(1 +O(J/AN)) d2

_ ¢(n)eiJB(An) / ei,\nco(z,if{)
€(%)

% [ei/\n(G—Go)(E,f,)?)ez‘J(B(AnE(EC(Z))S/z)—B(/\n))(1 +O(J/AN)) — 1} s

+ w<n)eiJB()\n)/ ez’AnGo(z,i)?) ds.
€ (%)

As

BE K =) [ 0T 54 007),

the third line of (42) is nothing but ¢”’BOM (T, X, n) + O(A~>). It remains to
evaluate the integral in the second line of (42). Using (34) and (36), we have, as
Vo] ~ 1, A= M2,

oy (k) B2 (AT -3\ 1T -3\
_G(ET.X) = ~A '
|G = Gol(5,T,X) =M 2 M|v,| O( M|v,| ) ( M )

For |T — S|/ M|v,| < A~(179)/2 we therefore have

’eikn(GfGo)(E/f,)?) _ 1’ 5 A<|T]—WE‘)3 5 A7(173E)/2'

J|BOWE(E(%))*?) — B(\n)| ~
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z, ul

ya_t

I 12 ] \n AR

— f —

Ficure 1. Wave packet scales in space-time
we get
| BOEB(2)* )= BOw) _ 1| %Afufs)/z.

Therefore, with P := A(=)/2(T — %) /(Mw,), the integral in the second line of (42)
is bounded with

~ J ~ J ~
A[A—(l—a)/Z/ A PA—(I—E)/Z 3 e PA—(I—&)/Q) dP

M M
S j= AT+ /N ~
as J < M < A\, A = AM. We conclude as M/A'=2¢ = M2/ 12, O

3.6. Cuoice oF M AND STRICHARTZ NORMS FOR U. Let M > 4\'/3/c¢ and \T| <
M/, as well as | X| < A3 |[Y]:=|Y —4J/3] < A7 from (41) we get

MU (4T + 2T)V1 + a,1+ X, 4J/3 +Y)| = A7V/3,

Recall that in the sum over N defining U there are at most M, terms: summing
over M, intervals Iy of size \/M/\ gives

”hU”L‘?(O,MQ;L’}’aY) > (Mg/M/X)YINTY3,

Asking moreover M,/ M /X > 1 gives M2 > N\/M, M > M,. Recalling (16) and (24),
we get a condition on A:

(Mam)l/qA_l/B 5 )\1_1/th§1/2_2/11))\_5/4M1/4

and it turns out that the best choice of parameters in order to maximize g is a ~ h'/3,
M ~ M, ~ \'/3 which yields, for large \, ¢ > 5, e.g. & < 2/5 and a loss 8 > 1/10 at
the endpoint (5, c0).
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We now compute the L’ y norms for r < +oo while retaining the chosen values
of a and M: for |T| S A\Y3, T =4J + T, we get that

/ \WU(T, X,Y)|" dX dY > \WU(T, X,Y)|" dX dY
XY

|X|<A—2/3
Y —4J/3|<A71

2 fgiaaen  ATPAXAY

Y —4J/3|<A™t
Z )\—5/3—7"/3-

Then, we have
a/r a/r
/(/ |hU(T,X,Y)|’"dXdY) dT>/ (/ |hU(-~-)7"dXdY) dr
I; \UX)Y IT|<A-1/3 \JX,Y
> \"1/B3)\784/(Br)—a/3,

and

q/r
Z/ (/ |hU(T,X,Y)TdXdY> dT > M A~ Y/3 =54/ (r)=a/3,
7 JI1 XY

Ma q/r
/ ( / \WU(T, X,Y)|"dX dY> dT > \~54/Br)=a/3,
0 XY

Recalling (16), we get
AT5/Br=1/3 < \1=1/q=2/r\(1/2-1/r=2/4)/3 \~5/1)1/12

which translates into

5 2
211k,
q r
which is our statement (5). This proves Theorem 1. O

We now consider a different choice of parameters: assume a ~ h'/2=¢ and retain
M ~ M, = h=/47¢/2_ Then M ~ h*\, we still have |X| < A72/3 and [YV] < A1,
but now |f| < he. Therefore we now get a condition on A that reads

)\l/qhs/q % )\75/(37’)71/3 5 )\171/q72/7’)\1/271/r72/q)\75/4)\1/4h25(3/471/r73/q)

)
this turns out to match exactly the requirements from [3] (see Remark 1.7): for (¢,)
such that r > 4, we necessarily have, with a positive C() in the meaningful range,

3 1 15

-+ -< = —¢C(e,q,r).

PRy (e,q,7)
One may take e to zero and rewrite this condition on (g,r) to highlight its distance
to the free space requirement:

1<<1 1—4/r )(1 1)

g \2 12-24/r/\2 r

making clear the restriction r > 4 to be relevant as well as the loss (1/12 for the
(g, 00) pair, e.g. ¢ = 24/5 > 4.)
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3.7. HIGHER DIMENSIONS. In this section we prove Theorem 3 by taking advantage
of the 2D example we just constructed: consider for simplicity, for d > 3, the isotropic
model convex domain Q4 = {(z,y) € R1*4|,z > 0,y € R} and Ap = 92+ (1 +2)A,
with Dirichlet boundary condition (one may without loss of generality replace zA,
by zQ(y), where @ is a constant coefficient second order elliptic operator). De-
note by wu(t,x,y1) the solution to the 2D equation we previously constructed (in
unscaled variables), and let ¢ be a smooth function from R?2 to R such that ¢
is positive, has compact support in a ball of size one and ¢ = 1 near the origin.
We may moreover select such a bump function so that, for |y/| < 1, ¢(y') = 1/10.
Set ¢ (y') = h=(@=2/4¢(y' /v/h), which is L?—normalized.
We seek a solution to the d-dimensional wave equation of the form
’U(tv Z,Y1, y/) = U(t, Zz, y1)¢h(y/) + ’U)(t, Z, y)v
with w(0, z,y) = 0. Plugging our ansatz into the wave equation, we get
(07 — Ap)w + ¢n(y) (07 — (92 + (14 2)0; Ju — u(t, z,y1)(1 + ) Ay ¢y = 0.
The middle term vanishes: u is a solution to the 2D wave equation, and Ay ¢y (y') =
én(y')/h, where ¢y, is again L?—normalized. Therefore,

(02 — Ap)w = %u(t,x,yl)(l + x)gﬁh(y’)

If we denote by F' the source term, w is the solution given by the Duhamel formula:
if the wave equation satisfies an homogeneous Strichartz estimate with exponents
(g,7), then

T
W2 |x(hDewll o).y S B / .
0

and therefore we have
WP Ix(hDy)wl| Lo, 1y, S T'sup ut, 2, 51) (1 + 2)én ()22,

S Tllu(0, 2, y1) | 2

I,yll
We are left with computing the Ly, norm of ¢: from its construction, we have
l|¢l|z» ~ 1 and by rescaling,

|| ~ h=@=D/AREA=2)/2r _ (1/r=1/2)(d=2)/2,

From
lullzger, Ionllzy, = lelzery , < llolloser,

and our computation from the 2D case in the case where a ~ h'/272, together with
A\~ h~1/4=32/2 e eventually get the limiting condition

in other words

< () G r)

which is the desired condition.
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Remark 3.8. The general philosophy is that of the usual Knapp counterexample:
the main propagation is in the direction y;, and our wave packet has no time to
decorrelate in transverse directions. A similar argument was used in [4] to extend
the previous counterexamples from the 2D model to the general case of any strictly
convex domain in higher dimensions.

Remark 3.9. — If one plugs the other case, a ~ h'/3 and M ~ A'/3 in the higher
dimensional setting, it does not provide any interesting condition. The main difference
appears to be that in that later case, the 2D counterexample is reaching its peak on
very small subintervals (size A~1/3) whereas in the limiting sense, for a ~ h'/? and
M ~ A, the constructed example maintains its peak on the whole time interval, like
the usual Knapp counterexample.

/‘\PPEN])IX. COM]’LEMENTS ON ATRY AND RELATED FUNCTIONS

Well-known properties of Airy functions, including A4 may be found on classical
textbooks on special functions. The recent reference [16] provides an extensive review
of such functions.

A.1. Proor or LLemma 1. — From A, being analytic with values in C and never
vanishing on the real line, there exist unique analytic functions p(w) > 0 and #(w) €R
such that A, (w) = p(w)e??™@). Then one has A_(w) = p(w)e ) and, from its
definition, L(w) = 7 + 26(w) is real on the real axis. Using (7), at w = 0 we find
A4 (0) = eF™/3 Ai(0) which yields A_(0)/A,(0) = e=29(0) = ¢27/3 hence L(0) =

T+ 20(0) = 7/3. As Ai(—w) = >, A+ (w) = 2p(w)cos((w)), [16, (2.87), (2.104),
(2.106)] yields asymptotic expansions for 6 and p as w — +oo:
w2 (2p(w))? ~1 /0 = Zakw ;oo =1,
7T —
0(w) + 1 gw /kazoﬁkw . Bo=1, B =-5/32.

The last formula yields L(w) = 7 + 20(w) = %oﬁ/Q +7/2 — B(w?/?), where we set
4 _
B(w3/2) ~1/u _§w3/2 Zﬁkw 3k

k>1

Setting bop_1 := —7ﬁk and boy, = 0 yields (9) with b; = 5/24 > 0. From [16, (2.95)]
we have moreover (2p(w))260’(w) = 1/m: this yields L' (w) = 20'(w) = 1/27p%*(w) > 0,
hence L is strictly increasing. Set A(w) = Ai(—w), then A(w) = 2p(w) cos(f(w)).
Therefore, A(w) = 0 is equivalent to 6(w) = 7/2 + ¢w, { € Z, which is equivalent to
L(w) = 27(1 + ¢). From L being a diffeomorphism from R onto (0, c0), one has that
for all integer k > 1, Ai(—wy) = 0 if and only if L(wy) = 27k.

Finally, using the Airy equation A”(z)+2A(z) = 0 and integrating by parts, we get

/OOO A (z — w)dz = /w A%(2)dz = wA?(w) — /w 22A(2)A(2) dz

— 00 — 00

= wA*(w) + /w 2A"(2)A(2) dz = wA? (W) + A% (w).

— 00
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From A'(wg) = 2p'(wg)cos(0(wk)) + 2p(wi)0’ (wg) sin(0(wg)), as well as A(wg) =
2p(wy) cos(B(wk)) = 0 (therefore sin(f(wy)) € {£1}), we get using (2p(w))?¢’ (w) =
1/m, L'(w) = 26 (w

0'(wr) _ L'(wi)

)
| ARG = de = 4200 = AT () = 4P ) = T = S,

T 27
thus the last assertion in (10) holds true. The proof of Lemma 1 is complete. O
A.2. Proor or LEvma 2. Using the Airy equation we just recalled, one easily

checks that (ey) are the eigenfunctions of —92 + (1 + x)6? with Dirichlet boundary
condition at z = 0, associated with eigenvalues A (6). It will be enough to prove that
they form an orthogonal family on L?(Ry). In order to do so, we use well-known
formulas for Airy functions: in particular, it follows from [16, (3.53)]) that

d {Ai’(a(x + 31)) Ai(a(z + B2)) — Ai(a(z + 1)) A (a(z + B2)))
dx a?(B1 — f2)

= Ai(a(z + f1)) Ai(a(z + f2))-
Taking o = 1, B1 = —wy, B2 = —w; with k # j, we can therefore compute explicitly
f0+°° Ai(z — wg) Ai(z — w;) dz to get vanishing traces at « = 0 and « = +o00, hence

(exsej)r2r,) =0,

and this holds for all k(# j). O

A.3. Proor or LEmma 3. — Consider ¢(w), a smooth, compactly supported, function
defined for w € R. The function L(w) defines a one to one map from R to R;. Now
define ¢(x) for x € Ry with

1
We may extend ¢ to be zero for x € R_ and still retain a smooth, compactly supported
function: there exists w” such that ¢(w) = 0 if w < w”, and we have o(z) = 0 for
r < L(w), e.g. ¢ is always supported on R’ . We apply the usual Poisson summation

formula to ¢, which reads
S o) = 5 3 [ e
keZ T Nez
Since ¢ vanishes on R_, this becomes
1 —iNx
> terh) = 5o > [ e Np(a)da,
keN* Nez’ R+
and we can now change variables with = L(w):
> lenk) = 5= 3 / SINL) (L (w) I () dov,
keN* T Nez
and recalling that L(wk) =27k thls reads

Z 90 Z/ —zNL(w) ))L/( )dw.

keN* NEZ

JIEP. — M., 2021, tome 8



NEW COUNTEREXAMPLES TO STRICHARTZ ESTIMATES FOR THE WAVE EQUATION 1157

Finally, with oo L = ¢/L’,

¢ —1 w)
ZL/OLZ_%Z/ TS do

keN* NezZ

which is the desired formula. O

(1]
(2]
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