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CRITICAL TIME FOR THE OBSERVABILITY OF
KOLMOGOROV-TYPE EQUATIONS

BY JEREMI DARDE & JuLten Rover

Asstract . — This paper is devoted to the observability of a class of two-dimensional Kolmo-
gorov-type equations presenting a quadratic degeneracy. We give lower and upper bounds for
the critical time. These bounds coincide in symmetric settings, giving a sharp result in these
cases. The proof is based on Carleman estimates and on the spectral properties of a family of
non-selfadjoint Schrédinger operators, in particular the localization of the first eigenvalue and
Agmon type estimates for the corresponding eigenfunctions.

Riésumi (Temps critique pour Pobservabilité d’équations de type Kolmogorov)

Nous nous intéressons a ’observabilité d’équations de type Kolmogorov bi-dimensionnelles
présentant une dégénérescence quadratique. Nous donnons un majorant et un minorant du
temps critique. Dans une configuration symétrique, ces bornes coincident et donnent alors
précisément le temps critique d’observabilité. La preuve est basée sur des estimées de Carleman
et sur I’étude des propriétés spectrales d’une famille d’opérateurs de Schrédinger non auto-
adjoints, en particulier la localisation de la premiére valeur propre et des estimées de type
Agmon pour les fonctions propres correspondantes.
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1 . IV\TROI)L,CTIO\J

We study the observability properties of two-dimensional Kolmogorov-type equa-
tions with a quadratic degeneracy. Let £, ¢_ > 0. Weset I = ]—¢_, ¢, [and Q = Tx1,
where T is the one-dimensional torus R/(27Z). All along the paper, a generic point
in © will be denoted by (z,y), with z € T and y € I.
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860 J. Darp¥ & J. RovEr

We consider ¢ € C3(I,R) such that

q(0)=0 and ming (y) > 0.
yel

In particular, ¢(y) # 0 for y # 0. The model case is ¢(y) = y.
Then, for T > 0, we consider on 2 the Kolmogorov-type equation

ou+ q(y)20,u — Oyyu =10, on]0,T[x Q,
(1.1) u(t,-) =0, on 99, for all t € 0, T,
U"tzo S L2(Q)

We are interested in the observability properties of the problem (1.1):

Derintrion 1.1
(i) We say that (1.1) is observable in time T through an open subset w of € if there
exists C' > 0 such that for any solution w of (1.1) we have

T
(1.2) (T 20y < C / ()2 ., d.

(ii) We say that (1.1) is observable in time 7' through an open subset I' of the
boundary T x {—¢_, ¢} of  if there exists C' > 0 such that for any solution u of
(1.1) we have

T
(1.3) (T[22 < C / 10,u(t)]| =y .

Null-controllability and observability properties of non-degenerate parabolic equa-
tions have been investigated for several decades now, since the pioneering works
[Ego63] and [FR71] which proved independently the null-controllability of the one-
dimensional heat-equation. Then [LR95] and [FI196] independently generalized this
result in any dimension, showing that the heat equation is observable through any
(interior or boundary) observation set, in any positive time, in any geometrical setting.

This is not the case for degenerate parabolic equations, which are a more recent
subject of study. These equations may or may not be observable, depending on the
location and the strength of the degeneracy, the geometrical setting, and the time
horizon T'. The case of a degeneracy of the equation at the boundary of the domain is
now fairly well-understood (see [CMV16] and the references therein). In general, this
type of degenerate equations are observable for weak degeneracy, and are not when
the degeneracy becomes too strong.

In the case of interior degeneracy, there is no general theory, and equations are for
the moment studied one after another. Interestingly, the known results show that, for
precise strength of the degeneracy, a minimal time appears, under which observability
is lost.

Among parabolic equations with interior degeneracy, the Grushin equation is so
far the best understood: the two-dimensional case is now almost completely under-
stood, and some partial results have been obtained in multi-dimensional settings

JIEP. — M., 2021, tome 8



CRITICAL TIME FOR THE OBSERVABILITY OF KOLMOGOROV-TYPE EQUATIONS 861

[BCG14, BMM15, Koel7, Lis19, BDE20, DK20, ABM20]. Other equations have also
been studied, such as the heat equation on the Heisenberg group [BC17].

Finally, we highlight that a minimal time condition for observability might also
appear for systems of parabolic equations, degenerate or not (see, among others,
[AKBGBAT16, Dupl17, BBM20]), for degenerate Schréodinger equations [BS19, LS20],
and appears naturally for the wave equation (see [RT74, BLR92]). We point out that
the closely related problem of approximate controlability is investigated in [LL17] for
a large class of degenerate parabolic and hyperbolic equations.

Regarding the Kolmogorov equation (1.1), observability properties have already
been investigated in the case ¢(y) = y, that is for the system

Ayu + y?0,u — Byyu =0, on]0,T[x Q,
(1.4) u(t,) =0, on 99, for all t € ]0,T7,
uje—o € L*(Q).

It is proved in [Beald] that a critical time  appears for the observability through
an open set of the form w =T x ]a,b[ if 0 ¢ |a, b[:

Turorewm 1.2 ([Beald]). Let w =T X Ja,b] with —0_ <a <b< L.

(i) If a < 0 < b, then the problem (1.4) is observable through w in time T for any
T>0.
(ii) If a > 0 there exists 7 > a®/2 such that
—if T > T then (1.4) is observable through w,
—if T < T then (1.4) is not observable through w.

The model studied in [Beal4] also includes the equation
Ot + y7 0w — Oyyy =0

with v = 1. In that case, it is proved that the problem is observable through any
open set w, for any T' > 0, generalizing the previous study [BZ09] where the sets of
observation were horizontal strips. Theorem 1.2 corresponds to the case v = 2. The
case 7 = 3 is studied in [BHHR15]. It is proved that if 0 < a < b < £ then the
problem is not observable through T x (a,b) in any time 7" > 0.

The fact that the observation domain w is a horizontal strip of €2 may seem quite
restrictive. However, the recent study [Koe20] shows that it is a quasi-necessary con-
dition for (1.4) to be observable.

Tueorewm 1.3 ([Koe20]). Let w = wy X I, where wy 1s a strict open set of T. Then
(1.4) is not observable through w in any time T > 0.

Furthermore, it is shown that a minimal time is needed for the system to be possibly
observable for most of observation sets w.

J.E.P.— M., 2021, tome 8



862 J. Darp¥ & J. RovEr

Tueorewm 1.4 ([Koe20]). Let w be an open subset of T x I. Suppose that there exists
z €T and a > 0 such that

{@,y) : y€ (~a,a)} Nw=2.

Then the system (1.4) is not observable through w in any time T < a?/2.

In the present paper, we investigate the observability properties of (1.1) with a
more general coefficient ¢(y)2, when the domain of observation is the boundary
Fr=900=Tx{—(_,¢,}.
We could similarly consider observation through an open subset w given by horizontal

strips of . Our main result is the following:

Tueorem 1.5. — We set

Toin = q/(lo)min</0[+ a(s) ds,/i lq(s)| ds>,
T = q,zo)max( /O " sy ds, | Z la(s) ds).

There exists T € [Tiin, Tmax] such that

(i) if T > 7, the problem (1.1) is observable through T',
(ii) of T < , the problem (1.1) is not observable through T .

and

In particular, in any configuration for which Tpax = Tmin, We obtain the critical
time needed for observability of equation (1.1) to hold. This is in particular the case
for symmetric configurations:

Taeorem 1.6. — Suppose £_ = €y and q is odd. Let

1 [
= 700 /0 q(s)ds.
Then

(i) if T > T the problem (1.1) is observable through T,
(ii) if T < J the problem (1.1) is not observable through T'.

Note that in the case ¢(y) = y, the critical time is .7 = ¢2 /2. This is the analog for
the observation from the boundary of the time a?/2 which appears in Theorems 1.2
and 1.4. Theorem 1.6 is, up to our knowledge, the first result giving the precise value of
the critical time for the observation of a two-dimensional Kolmogorov-type equation.

Remark 1.7. — By a classical duality argument, Theorem 1.5 is equivalent to contro-
lability properties for the adjoint equation, with a boundary Dirichlet control acting
on I'. We refer to [TW09] for details on this equivalence.

JIEP. — M., 2021, tome 8
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Outline of the paper. — The article is organized as follows. After this introduction,
we give in Section 2 the main ideas for the proof of Theorem 1.5. The details are
then given in the following two sections. In Section 3 we discuss the well-posedness
of the problem (1.1) and we prove some spectral properties for the non-selfadjoint
Schrédinger operator K,, = —0y, + inq(y)? which naturally appears in the analysis.
We prove Agmon-type estimates for the first eigenfunction, which gives the negative
result for T < Ty, and we estimate the decay of the corresponding semigroup.
Finally, in Section 4, we prove a Carleman estimate and deduce an observability
estimate in arbitrarily small time which depends on the frequency n with respect

to . Together with the decay properties of e~ % this will give the observabililty
of (1.1) for T > Thax-
Aknowledgements. — We express our gratitude to Karine Beauchard, for enriching

discussions on this work.

2. STRATEGY OF THE PROOF

In this section we describe the strategy for the proof of Theorem 1.5. We only give
the main ideas, and the details will be postponed to the following two sections.

2.1. WELL-POSEDNESS AND FOURIER TRANSFORM OF THE KOLMORGOROV EQUATION

Before discussing the properties of the solutions of (1.1), we check that this problem
is well-posed.

Provosition 2.1. — Let u, € L*(Q). Then there exists a unique
ue CO([0,T], L*(2)) N C°(J0,T], H*(2) N H(2)) N C*(]0,T], L* ()
which satisfies (1.1) with w(0) = u,.

Notice in particular that the equation is regularizing, so we do not have to impose
any regularity on the initial condition to get a solution in the strong sense.

Many argument in our analysis, including the proof of Proposition 2.1, will be
based on a Fourier transform. All along the paper, the Fourier coefficients are taken
with respect to the variable z € T. Given u € L?(f2), we denote by u,, € (*(Z, L*(I))
the sequence of Fourier coefficients of wu:

) = S e, ualy) = 3= [ e ulay) do

nez
The same applies if u (and then the u,, n € Z) are also functions of the time ¢.
For n € Z we consider the problem

Optn, — Oyyun + ing(y)*u, =0, on]0,T[ x I,
(2.1) U (t, —0_) = uy,(t,l4) =0, for t €]0,T7,
u, (0) € L(1).

Then the Fourier coefficients of a solution of (1.1) are given by the solutions of (2.1).

JE.P.— M., 2021, tome 8



864 J. Darpt & J. Rover

Prorosition 2.2. Let u be a solution of (1.1) and let u,, n € Z, be the correspond-
ing Fourier coefficients. Then for all n € Z we have
u, € C°([0,T),L*(I)) N C°(J0,T], H*(I) N H{(I)) n C*(]0,T], L* (1)),

and uy, s the unique solution of (2.1) with u,(0) = Uon, where uq y, is the n-th Fourier
coefficient of uo = u(0).

An important property of the problem (2.1) is the following exponential time decay.
Prorosition 2.3. — Let
7(0)
75
There exists C > 0 such that for n € Z, a solution u, of (2.1) and 01,02 € [0,T] with
01 < 03, one has

un(02) 1721y < Cexp(=2y V/[n] (02 — 01)) lun(01) |72 1)-

The proofs of Propositions 2.1 and 2.2 will be given in Section 3.1. Proposition 2.3
will be discussed in Section 3.3.

v <

2.2, POSITIVE RESULT: UPPER BOUND FOR THE CRITICAL TIME. We begin the proof of
Theorem 1.5 with the first statement and prove observability for (1.1) when T > Thax.

With the trace theorems, the regularity of the solution ensures that the right-hand
side of (1.3) makes sense, even if it could be equal to +oo if the initial condition is
not regular enough. In fact, we are going to prove the following stronger result for
observability (note that with 71 chosen positive, the right-hand side of (2.2) is finite).

Prorosition 2.4. — Let T > Tyax and 71 € |0, T — Tiax|- Let 7o € |71, T). Then there
exists C > 0 such that for any solution u of (1.1) we have

(2.2) (T |20 < C / 1) 200 .

T1

Obviously, Proposition 2.4 implies (1.3). The fact that we observe during an arbi-
trarily small time 75 — 71 might seem contradictory with the minimal time condition.
It is not the case, since only the state at time T > T;,4, is controled by the obser-
vation on the time interval [71, 72]. As we will see below, the dissipation effect of the
Kolmogorov equation plays a key role in obtaining (2.2). Roughly speaking, we have
to wait long enough for the dissipation to fully play its role, and inequality (2.2) to
be true.

By Proposition 2.2 and the Parseval identity, Proposition 2.4 is equivalent to an
observability estimate for (2.1) uniform with respect to the Fourier parameter n.
In other words, it is equivalent to prove the following result.

Prorosition 2.5. — Let T, 7 and 7 be as in Proposition 2.4. There exists C > 0
such that for any n € Z and any solution u, of (2.1) one has

(2.3) et (T) |22y < c/ (18, (£, —0_ )2 + [Byun (£, £)]?) dt.

JIEP. — M., 2021, tome 8



CRITICAL TIME FOR THE OBSERVABILITY OF KOLMOGOROV-TYPE EQUATIONS 865

Note that it is sufficient to prove (2.3) for n € N. The case n € Z then follows by
complex conjugation of (2.1).

The difficulty in Proposition 2.5 is the uniformity with respect to the parame-
ter n. For n fixed, it is already known that the one-dimensional heat equation with a
complex-valued potential is observable through the boundary in any positive time:

Prorosition 2.6. — Let T > 0 and n € N. Let 11,75 € ]0,T] with 71 < T2. There
exists Cy, > 0 such that for any solution u, of (2.1) we have

(2.4) lun (T) 251, < cn/ (Byttn(t, —£_)2 + 9yun(t, £4)[?) dt.

A proof of Proposition 2.6 will be given in Section 4.2. With this result, it is now
enough to prove Proposition 2.5 for n large. To do so, we first obtain a precise estimate
of the constant C,, in the asymptotic n large.

Prorosition 2.7. Let 11,70 €0, T] with 11 < 72 and

k> max(ji / "y as. =/ Z l9(s)] ds) - ‘”fg) T

There exist ng € N and C > 0 such that for n = ng and a solution u, of (2.1) one
has

T2
||un(TQ)H2L2(1) < Cexp(2/<;\/ﬁ)/ (10yun (t, —L2)|* + [0yun (t, £4)[?) dt.
T1

The proof of this proposition is based on carefully constructed Carleman estimates,
in the spirit of [BDE20]. We refer to Section 4.4 for the details.

The observability estimate of Proposition 2.7 is valid for any non-trivial interval
of time, but it is not uniform with respect to n. As said above, the dissipation ef-
fect has to be taken into account here. More precisely, the second ingredient for the
proof of Proposition 2.5 is the estimate given by Proposition 2.3, which precisely
counterbalances the loss observed in Proposition 2.7 if we wait long enough.

Proof'of Proposition 2.5, assuming Propositions 2.3, 2.6 and 2.7. — Let § € ]0,1[ be so
small that
(14 8)Tmax < (1 —8)*(T — ).
Then we set
¢(0)
Nk

q'(0)
k=146 Tnax; =(1-9
Proposition 2.3 applied with 62 =T and
0, = min(ﬁ +0(T - 7'1),72)

gives a constant C7 > 0 such that for all n € N and u,, solution of (2.1) we have

lan (D221 < C1 exp(=2yv/m (1 = )(T = 71)) un (92) 221

J.E.P.— M., 2021, tome 8



866 J. Darp¥ & J. RovEr

By Propositions 2.6 and 2.7, there exists Co > 0 such that for all n € N and u,
solution of (2.1) we have

01
[un(01))1 721y < Co eXP(Qﬁ\/ﬁ)/ (18yun (8, =€) * + |0yun(t, £4)]?) ds.

T1
Since

q'(0)

k—y1=0)(T—-1)= (1 +6)Tmax — (L = 8)*(T — 1)) <0,

these two inequalities give

T2

lun (D22 1y < 0102/ (10yun(t, =€) + |0yun(t, 4)]?) dt,

T1

and the proposition is proved. O

We recall that Proposition 2.5 implies Proposition 2.4 and hence the first statement
of Theorem 1.5. Thus, it is enough to prove Propositions 2.3, 2.6 and 2.7 to get the
observability of (1.1) through I" for T > T}.x. These proofs are postponed to Sections 3
and 4.

2.3. NEGATIVE RESULT: LOWER BOUND FOR THE CRITICAL TIME. — In this paragraph we
discuss the second statement of Theorem 1.5 about the non-observability of (1.1)
if T" < Tiin- The proof relies on the construction of a particular family of solutions
of (1.1) for which the estimate (1.3) cannot hold if 7" < Tin. In Section 3, we will
prove the following result.

Provositiox 2.8. — For all n € N, there exist A, € C and ¢, € H*>(I) N H(I) such
that ||wn”L2(I) =1,

(2.5) A=V (0)e™* 4+ o (Vn),
and

(_ayy + an(y)2)¢n = )\nwrr
Moreover, for any € > 0 there exists C' > 0 such that, for alln € N,

(2.6) [0, (—L) P + [, (€47 < On exp(—v2n(1 — €)q’(0) Tonin).

With this proposition we now prove that we cannot have observability through I'
in time T < Tin.

Proof of Theorem 1.5.(ii), assuming Proposition 2.8. — Assume that (1.3) holds. For
meN, t€[0,T],z€ T and y € I we set

um(t, @, y) = e e Y, (y),

where A, and 1, are given by Proposition 2.8. This defines a solution w,, of (1.1).
Then (1.3) gives

2Re (An) < C(ATRO) 1) ([0, (~0) + [ (€)1,

JIEP. — M., 2021, tome 8
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Let € > 0. By Proposition 2.8 there exists C; > 0 such that
(V24/(0) + o(1))Vm < Crmexp(V2mq/(0) [T = (1= &) Tin + 0(1))).

This implies
T 2 (1 — E)Tmin.

Since this holds for any € > 0, this implies that T > Tn, and the conclusion follows.
O

3 SPECTRAL PROPERTIES OF THE KOLMOGOROV EQUATION

In this section we prove Propositions 2.1, 2.2, 2.3 and 2.8.

3.1. WELL-POSEDNESS AND FOURIER TRANSFORM OF THE KOLMOGOROV EQUATION

We begin with the well-posedness of the problems (1.1) and (2.1) for all n € Z.
We also show that if u is a solution of (1.1) then its Fourier coefficients w,, n € Z,
are solutions of (2.1). We set

Hg, () = {u e L*(Q) : oyu € L*(Q), u(x,l+) = 0 for almost all = € T}.
By the Poincaré inequality, this is a Hilbert space for the norm defined by
||U||§{57y(sz) = ||5yu||%2(9)~
We consider on L?(2) the operator K defined by
Ku = —0y,u+ q(y)?0,u
on the domain
Dom(K) = {u € H; () : Ku e L*(Q)},
where Ku is understood in the sense of distributions. Similarly, for n € Z we consider
on L?(I) the operator

(3.1) K, = =0y, +1inq(y)?,
defined on the domain (independent of n)
(3.2) Dom(K,) = H*(I) N H(I).

We notice that K is just the usual Dirichlet Laplacian on I. In particular, it is
selfadjoint and non-negative. However, the operators K and K, for n # 0 are not
symmetric. We will show that they are at least accretive. For K this means that

Vu € Dom(K'), Re(Ku,u)r2q) > 0.

In fact, they are even maximal accretive. This means in particular that any z € C
with Re(z) < 0 belongs to the resolvent set of K.

Prorosrrion 3.1
(i) The operator K is maximal accretive on L?(12).
(i) For all n € Z, the operator K,, is mazimal accretive on L*(I).

JE.P.— M., 2021, tome 8



868 J. Darp¥ & J. RovEr

(iii) Let w € Dom(K) and let (un)nez be the Fourier coefficients of u. Then uy,
belongs to Dom(K,) for all n € Z and the Fourier coefficients of Ku are the Kpu,,
n € 7.

Proof
— We begin with the second statement. It is easy to see that for n € Z and u €
Dom(K,,) we have

(3.3) Re (K u,u) = HUIH%Q(I) 20,

which means that K, is accretive. Then K, is an accretive and bounded perturbation
of the selfadjoint operator Ky, so it is maximal accretive.

— Now let u € Dom(K) and v = Ku € L?*(Q2). We denote by (un)nez, (Vn)nez €
(2(Z, L*(I)) the sequences of Fourier coefficients of u and v, respectively. Let n € Z,
¢n € C°(I) and ¢ : (x,y) = € ¢, (y). By the Parseval identity we have

" . 1
<una _¢n - ZnQ(y)2¢n>L2(I) = % <u7 _ayyqS - Q(y)zaz¢>L2(Q)
1

= o <’U, ¢>L2(Q) = <Un7 ¢n>L2(I)-

This implies that u/, € L*(I) (hence u,, € H*(I)) and
_u;: + inQ(y)Qun = Un-

On the other hand, it is clear from the definition of w, that u,(—¢-) = u,(¢4) =0,
s0 u, € Dom(K,,). Then we can write K,u, = v,. This gives the last statement of
the proposition.

— As above we can see that the Fourier coefficients of 0,u are the u;,, n € Z. Then,
by (3.3) and the Parseval identity we get

(34.) ||8yu||%2(9) =27 Z ||’U/{n||%2(1) = 27 Re Z<’Un,un> = Re <’U,u> = Re <K’U/7’U,>
neZ neZ

— We check that the operator K is closed. Let (4, )men be a sequence in Dom(K)
such that u,, — u and Ku,, — v in L?*(Q), for some u,v € L*(). In the sense of
distributions we have

(3.5) — Oyyu+q(y)?0pu = lm (=0yyum + q(y)*0pun) = v € L*(Q).

m——+oo

For m,p € N we have u,, — u, € Dom(K), so by (3.4) we have

2 _ 2
lwm = upllary (@) = Re(K (um = up), tm — up)2(q) =7 0-
This implies that the sequence (u, )men has a limit in H&yy(Q), which is necessarily u.
By the trace theorem, we see that u,, also goes to u in L?(99), so u vanishes on 9.
Finally, we have proved that u belongs to Dom(K) and, by (3.5), Ku = v. This proves
that K is closed.

JIEP. — M., 2021, tome 8



CRITICAL TIME FOR THE OBSERVABILITY OF KOLMOGOROV-TYPE EQUATIONS 86()

— By (3.4) the operator K is accretive on L2(f2). Then, for u € Dom(K) we have
(36) 1K+ Dullbagy > 1KullZa) + ula).
so (K + 1) is injective with closed range. Now let v € L?(2) be such that

Yu € Dom(K), ((K+ 1)u,v)=0.
Then, in the sense of distributions we have
—0yyv — q(y)?0pv +v = 0.
As above we can check that the operator K = —0yy — q(y)? 0y, defined on the domain
Dom(K) = {u € H ,(Q) : Ku € L*(Q)},

is accretive. This implies that v = 0 (in fact, K is the adjoint of K). Thus
Ran(K + 1)+ = {0} and (K + 1) is invertible. By (3.6), its inverse is bounded.
This proves that —1 belongs to the resolvent set of K, and hence K is maximal
accretive. U

By the Lummer-Philipps theorem (see for instance [EN00]), the operator (—K)
generates a contractions semigroup (e *%);5¢ on L%(Q). Given u, € Dom(K), the
function u : t — e~ *Fu belongs to C°(Ry,Dom(K)) N C*(R,, L*()). This gives a
strong solution of (1.1). More generally, for u, € L?(f2), the function ¢ + e *u,
belongs to C°(R ., L?(Q)). This gives a weak solution of (1.1). The same applies on
L?(I) to K,, and (2.1) for any n € Z. In particular, if u,, is a solution of (2.1) then

for all ¢1,to € [0, T] such that t; < to we have
3.7) [un(t2) 1221y < lun(t) 22 r)-
Now, we show that the solutions of (2.1) for n € Z give the Fourier coefficients of

a solution of (1.1).

Prorosirion 3.2. Let uo € L*(Q). For t > 0 we set u(t) = e *u, € L?(Q).
We denote by (ton)nez and (un(t))nez the Fourier coefficients of uo and u(t), t > 0,
respectively. Then for alln € Z and t > 0 we have

Un (t) = e g,

Proof. — First assume that u, € Dom(K). Let n € Z and ¢ > 0. By differentiation
under the integral sign and Proposition 3.1 we have in L?(I), for h > 0,

un(t+h) —u,(t) 1 / p—ine u(t + h,z) —u(t, )
T

h ~on h du

1 _
—— —— [ " Ku(t,z) de = —K,u,(t).
h—0 27 Jp
The conclusion follows in this case.

In general, since Dom(K) is dense in L?(f), we can consider a sequence (u),en
in Dom(K) which converges to u, in L?(). For m € N we denote by u™,, n € Z,

0,n’

J.E.P.— M., 2021, tome 8



870 J. Darp¥ & J. RovEr

the Fourier coefficients of ug*. Then u, goes to u,, in L*(I) for all n € Z and, by
continuity of e=*X and e~*%» in L2(Q) and L?(I) respectively,

1 —inx (,—tK : 1 —1 —tK
= — = 1 _ mnx t m
U (t) 5 /Te (e o) (z) dx im o Te (e ud")(z) dx
o mgI}kloc € tKnug?n =e€ tKnuom
The proposition is proved. O

Before we can state Theorem 1.5, we still have to check that the right-hand side
of (1.3) makes sense (one would not have this difficulty with observabililty through an
open subset of Q). To do so, we investigate the regularizing effect of equation (1.1),
and prove that even if the initial condition u, merely belongs to L?(2), the solution
is smooth enough for the right-hand side of (1.3) to be well defined. The proof of this
result relies on Proposition 2.3, which will be proved in Section 3.3 below.

Provosition 3.3. — For u, € L2() and 7 > 0 we have

e Ku, € H2(Q) N HY(Q) € Dom(K).

Proof’
— For t > 0 we set u(t) = e ¥ u,. We denote by u, , and u,(t), n € Z, the Fourier
coefficients of u, and u(t), respectively. For n € Z and t > 0 we have uy, (t) = e "y, ,

by Proposition 3.2.
— By Proposition 2.3 there exists ¢ > 0 such that for 7 > 0 and k € N we have

c
(3.8) nlun (7) | 221y < 5 luomllza )

This implies in particular that u(7) € C*°(T, L3(I)).

— Let 7 > 0. Assume that u, € C§°(2) C Dom(K?). Then u € C*([0, 7], Dom(K))
and u,, € C1([0,7],Dom(K,)) for all n € Z. Let n € Z. Since (9; + K,)u, = 0 we
have

27
0=Re / (t = 7)((Br + K )tin (), Oyt (£)) 21 dt

27

2T
— [ P @ eyt [ ) el (0 0Oz .

Since

1d
Z 57 Oy un(t), un(t)) — nlgl1% un (O)]][|83un (£)]]

1d 2 llgllSllun () [|0kun ()|
> -2 _ _
Z9dt Re <Knun(t)7 n(t)> 9 D) s
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with (3.7) this gives

[t

1

2T 2
<-3 Re/T (t — T)%(Knun(t),un(t» dt + ”

n272]| g5 [l un (7)
4

An integration by parts gives

2T
~Re / (t— T)%(Knun(t),un(t»dt

2T

— 7 Re (Kt (27), un(27)) + / Re (K (£), un (1) dt

T

1 [*d n(7)]12 2(27)12

) dt 2 2

On the other hand, since the function ¢t — Gyu,,(t) is also a solution of (1.1), its norm
is non-increasing, so

1

2T 2 2
,/ (t — 7)|| Ot (£) |2 dt > M

2 4

Finally, with (3.8) we get

2
10¢un (27)]1* + +n?[lql 5 llun (1)

20jun(20) 1> _ 2fun(r)]
T2 S 72
2| o, ? n gl tom

<
T2 T4

Hence, by the Parseval identity,

2||uo|”

Allallslluoll?
T2 '

(3.9) 1K u(2r)|?* = |0:u(27) 1720 < o

+

— Let up, € L3(Q) and (uom)men be a sequence in C§°(Q) which goes to u, in
L2(2). For 7 > 0 we set u(1) = e ®uy and up (1) = e " Kug,,, m € N. Let § > 0.
Um (t) converges to u(t) for any ¢ > 0 and the function ¢t — u/,(¢t) has a uniform limit
on [6,+o0o[. This implies that the function u belongs to C*(]0, +oo[, L?(€2)). Then,
since —K is the generator of the semigroup e ', wu(t) belongs to Dom(K) for all
t>0and v (t) = —Ku(t).

~ Finally, for u, € L*(Q) and 7 > 0 we have (—0y, — q(y)?0,)u(r) € L*(Q2)
and d,u(r) € L?(Q), so —9,,u(r) € L*(Q). Since we also have d,,u(r) € L*(Q), this
proves that u(7) belongs to H?(£2). The fact that u(7) is also in H{ (£2) is a consequence
of the fact that it is in Dom(K) C Hj (), and the proof is complete. O

%2 (,;ENERAL SPECTRAL PROPERTIES FOR NON-SELFAJDOINT S(IHR(“)DINGER OPERATORS

In the rest of this section, we prove Propositions 2.3 and 2.8. They can both be
rewritten in terms of the operator K,, defined by (3.1)-(3.2).

We have seen in Proposition 3.1 that K, is a maximal accretive operator on L?(I).
In particular, the resolvent set of K, is not empty. And since Dom(K,,) is compactly
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embedded in L?(I), the resolvent of K,, is compact. This implies that the spectrum
of K, consists of eigenvalues which have finite algebraic multiplicities.

We have already said that (—K,,) generates a contractions semigroup on L?(I) (see
(3.7)). However, this is not enough for Proposition 2.3. For n = 0, the operator K is
selfadjoint and the decay of the corresponding semigroup is given by the functional
calculus. If we denote by Ag the first eigenvalue of Ky, then Ag is positive and for all
t > 0 we have

e 0| o (r2(ry) < e .

For n # 0, the operator K, is not selfadjoint, and the link between the exponential

~tKn and the real parts of the eigenvalues of K, is not that direct.

decay of e

The purpose of the rest of this section is then to give some spectral properties for
the non-selfadjoint operator K,. We are interested in the location of the spectrum
(and in particular the eigenvalue with the smallest real part), the size of the resolvent
(K,, — 2)~! for z outside this spectrum (for a non-selfadjoint operator, the resolvent
can have a large norm even for z far from the spectrum) and then an estimate of the
propagator e~ 5~ for t > 0.

The properties of the operator K,, will be deduced from analogous results for the
classical complex harmonic oscillators and the complex Airy operators.

With the Agmon estimates (see Section 3.4 below), we will see that for large n the
eigenvectors of K, associated to “small” eigenvalues should be in some sense localized
close to 0. And near 0 we have

2 2

ing(y)® ~ ing'(0)*y”.

Thus, it is expected that, at least for a small spectral parameter, the spectral prop-
erties of K, for large n should be close to those of the harmonic oscillator

(310) Hn = _8yy + inq'(0)2y2,
defined on the domain
Dom(H,,) = {u € H*(R) : yu € H'(R), y*u € L*(R)}.

It is known (see for instance [Hell3, §14.4]) that H,, defines for all n € N* a maximal
accretive operator on L?(R). Its spectrum consists of a sequence of (geometrically and
algebraically) simple eigenvalues, given by

(2k — 1)v/ng (0)e™* ke N,
and for each k € N*, a corresponding eigenfunction is given by
(3.11) y — Py Bay)e=(@v)*/2VD—(iay)*/2V2) o = pl/4g/(0)1/2,

where Py is a polynomial of degree k. In particular,

: Vnq'(0)
f Re(o)= Y2~
UESlFrJl(Hn) () V2
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This is not enough to get a decay estimate for the propagator e=*f~, t > 0. However,
it is also known that for v < ¢/(0)/+/2 there exists ¢ > 0 such that
c
(3.12) swp(Ha — 2) oy < —=
Re(2)<vv/n ) Un
(in fact we have more precise resolvent estimates [HSV13, KSTV15]). Then we deduce
(see for instance [EN0O, Th. V.1.11]) that there exists C' > 0 such that for all ¢ > 0

we have
(3.13) ||€_tH" ||$(L2(R)) < Ce_t’y\/ﬁ.

Proposition 2.3 precisely says that we have a similar estimate for the propagator
generated by K,,, while Proposition 2.8 shows that for large n the first eigenvalue of K,
is close to the first eigenvalue of H,,. The decay of the corresponding eigenfunction has
the same form as in (3.11), but it depends on the values of ¢ on the whole interval I,
and not only on its behavior in a neighborhood of 0.

For the proofs, we will also compare K, to some complex Airy operators. Near
Yo € I ~ {0}, the potential ing(y)? looks like inq(yo)? + 2inq(vo)q (yo)(y — vo), with
q(y0)q'(yo) # 0. It is then useful to recall the properties of Schrodinger operators with
linear purely imaginary potentials.

Given a € R~ {0}, we consider on L?(R) the operator

(3.14) Aqu = —0yyu + iayu,
defined on the domain
Dom(Ay) = {u € L*(R) : (—u" + iayu) € L*(R)}.

This complex Airy operator is now well understood, see for instance [Helll, KS15]
and references therein. We notice that for a > 0 we have
_ _ 1 o3y —1
0, (A, —2)7 e, = W(Al — 2« 2/3) ,

where O, is the unitary operator defined on L?(R) by
(Oau)(y) = a'/Cu(a'/?y).
Moreover, A_,, = A’. Then, from the properties of A; we deduce the following result.

Prorosition 3.4
(i) The spectrum of A, is empty for any o € R~ {0}.
(ii) Let v € R. Then there exists ¢ > 0 such that for all a € R \ {0} we have
c

sup [[(Aa = 2) 7 <
Re (2)<y|a?2/3 “ h |a|2/3

To understand the behavior of K,, near the boundary points ¢, we introduce the
complex Airy operator on R,. For a € R\ {0} we consider on L?*(R,) the operator
defined by

Afu = —0yyu +iayu,
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on the domain
Dom(AY) = {u e L*(Ry) : (—u” + iayu) € L*(R;) and u(0) = 0}.

To prove the following proposition, we use in L?(R) the same dilation ©, as above
and we apply [Helll, Lemma 5.1]. For the properties of the Airy function we refer for
instance to [VS10].

Prorosirion 3.5
(i) Let o > 0. The spectrum of AL consists of a sequence of simple eigenvalues.
These eigenvalues are given by

M=o By, ke N

where -+ < pp < -+ < po < p1 < 0 are the zeros of the Airy function.
(ii) Let v < |p1]/2. There exists C > 0 such that for all o € R\ {0} we have

_ C
swp(Af -7 < —.
Re ()< a?/3 |

Of course, we have similar properties on L?(R_) for the operator

Ayt u— —0yyu + ioyu,

defined on the domain
Dom(A;) = {u € L*(R_) : (—u” + iayu) € L*(R_) and u(0) = 0}.

3.3. RESOLVENT ESTIMATES. In this paragraph, we prove Proposition 2.3 (see Propo-
sition 3.7 below) and the first part of Proposition 2.8, about the eigenvalue A, (see
Proposition 3.9). The estimate of a corresponding eigenfunction at the boundary will
be given in the next paragraph.

We prove estimates for the resolvent (K, —z)~! when z has real part smaller than
~v+v/n, with « as in Proposition 2.3. More precisely, we estimate the difference between
(K, — z)~! and the model resolvent (H, — z)~!, in a suitable sense. By the theory
of semigroups, this will give Proposition 2.3. This will also give the existence of an
eigenvalue \,, which satisfies (2.5).

To compare (K,, — z)~! and (H,, — 2z)~!, we follow the ideas of [Hen14]. Our one-
dimensional setting is simpler than the general case considered therein so, for the
reader convenience, we provide a complete proof adapted to our problem. Notice also
that (2.5) is not contained in the results given in [Henl4], where the imaginary parts
of the eigenvalues are not an issue.

We denote by 1; the operator which maps u € L?(R) to its restriction on I:
1u = u|; € L*(I). Then 1% maps a function v € L?(I) to its extansion by 0 on R.

Prorosition 3.6
(i) Let v €]0,4'(0)/v2]. There exist ng € N* and ¢ > 0 such that for n > ng and
z € C with Re(2) < v4/n we have z € p(K,) and

_ c
H(Kn - Z) 1H=’£(L2(I)) < %
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(ii) We have
17K, = Hy ey = o (1/Vn).

n—-+oo

Proof. — The proof consists in using localized versions of the resolvents of the com-
plex harmonic operator H,, and of Airy-type operators to construct an approximation

Qn(2) of the resolvent (K, — 2)~!. We first introduce suitable cut-off functions, then

we define Q,,(z) and finally we check that it is indeed an approximation of (K, —z)~!

up to a uniformly bounded operator. The proposition will then follow from estimates
on @Qn(z). For n € N* we set

C,, ={z€C : Re(z) < vv/n}.
— For n € N* and z € C,; we set
R, (2) =1;(H, —2) "1},

This defines a bounded operator on L?(I). Our purpose is to prove that R, (z) gives
an approximate inverse of (K, — z) near 0, in the following sense. We consider

p€]1/6,1/4],
a cut-off function x € C§°(R, [0, 1]) supported in I and equal to 1 on a neighborhood
of 0, and for n € N* and y € I we set
Xn(y) = x(ny).
Then we set
Tn(z) = Rn(z)Xn(Kn - Z) - Xn-
We prove that T),(z) extends to a bounded operator on L?(I) and

(3.15) I Tn (2 z2y) —=2 0,

n——+4oo

where the convergence is uniform with respect to z € C;,.
Let u € Dom(K,,). For n € N* we have x,u € Dom(K,,) and 15x,u € Dom(H,).
For y € I we set

Then for z € C,; we have
R, (2)(Kpn — 2)Xnt = Xnu + inRy (2)rxau.
This gives
(3.16)  Rn(2)xn(Kpn — 2)u = xnu+ inRy,(2)rxnu — Ry (2)xmu + 2R, (2) (X)) .
Since |7(y)xn(y)| < n 73", we have by (3.12)
IR (2)rXnll 2 (r2(ryy S nt 730712 — =0
We also have
IRn(2) X0l 221y S 72 ——— 0.

n—-+oo
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For the last term we observe that for v € L?(R) we have
* —\ — 2 * —\ — * —\ —
0y — )02, ) = Re (v (g =)~ 0) 1o gy + Re(2) 10 = ) 02y
||U||%2(R)

NG

Taking the adjoint gives

HRn<Z)8y(X;lu)HL2(1) < H(Hn - Z>_lay(]1}XITLu)HL2(R)
S n VNl e S 0l ey,

and (3.15) follows.
— Then we consider

pell+2p)/6,(1—p)/3[
In particular, p > p. For n € N* we denote by v, the integer part of 14 (¢4 +£¢_)nP,
and for j € {0,...,v,} we set

0y +0_
A
Un

We also consider § € C5°(R) supported in | —2/3,2/3[, equal to 1 on [ —1/3,1/3]
and such that 0(—y) =1 —6(1 —y) for y € [0,1]. Then for all y € R we have

Zﬁ(y—m)zl.

mEeEZ

For n € N*, 5 € {0,...,v,} and y € T we set

0jn(y) = 0((y — a;j.n)/0n) (1 = xn) (¥)-

For n € N* large enough and j € {1,...,v, —1} such that 6;,, # 0 we have
la;n| 2 n~P, and in particular a;, # 0. We define A4; ,, by

Ajnu = =dyyu +ing(ajn)*u + 2inq(ajn)d (a;0)(y — ajn)u
on the domain
Dom(A;,) = {u € H*[R) : yu € L*(R)}.
With the notation (3.14) we have
Ajin = Tayn A2n(aa’) (@) T + 00(050)%,

where 71, , is the usual translation operator: (714, ,u)(y) = u(y F a;,,). Thus A;,
satisfies the properties of Proposition 3.4 with a = 2n(gq’)(a; ). We similarly set

Ao,n - T—ffA;rn(qq')(—Z,)Téf + an(_e_)Q

and Ay 0= Tg+A;n(qq,)(€+)T,g+ +ing(£y)?.
Notice that Ao, and A, , are operators on L?(—¢_, +00) and L?(—o0, ), respec-

tively. They satisfy the same properties as the model operators (see Proposition 3.5).
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For j € {1,...,v, — 1} we set 1; = 1;. We also denote by 1, the operator which
maps u € L?(—¢_,+00) to its restriction on I, and by 1,, the operator which maps
u € L*(—00,f4) to its restriction to I. For z € C;; we set

—1 *
Rjn(z) =1;(Ajn —2) 1]
and Tjn(2) = Rjn(2)0n(Kn —2) — 6 0.
We proceed as above. For j € {0,...,v,} we have

R;n(2)0;0(Ky —2)u =0 yu+inR; ,(2)0; nrjnu— R;n(2)07 ,u+ 2Rj7n(z)6y(9;7nu),

jon
where

rin(¥) = (W) = ¢*(ajn) =2 (Y = ajn)q (@jn)q(ajn).
Let n € N* and j € {0,...,v,} such that 0;,, # 0. Then we have 2n¢'(a;)|q(a;n)| 2
n'= and hence, for z € C, (in particular Re(z) < yn'/? <« n(2/301=r)) Proposi-
tion 3.5 gives
(3.17) 1R (2) |l 2(L2(ry) S m~ 3PP,

Then, as above we have |7, (y)0;.,(y)] < n~2" so

| R (2)T50050 | 2(r2(ry) S 72~ #/3A=P) 0.

n—-+o0o

Moreover,
1R ()07l p2ry S 0P~ DO ]| 2y,
1R (2)(0 ) |2y S 0P~ DO ] oy
All these estimates being uniform with respect to j € {0,...,v,}, we finally get

3.18 su su T (2 2 — 0.
(3.18) Zec}; o2 1 T5n ()2 L2y 7=

— For u € L3(I) we write

U= XU+ Z 0;nu,
j=0
We want to sum (3.15) and the estimates (3.18), for j € {0,...,v,}, to get an ap-
proximate inverse for (K, — z). We have seen that each contribution goes to 0, but
the number of terms grows with n.
Let 6 € C§° (R, [0,1]) be equal to 1 on [—2/3,2/3] and supported in ] —1,1[. Then
forneN* je{l,...,v,} and y € I we set

0in(y) =0((y—ajn)/0n),

and then
(3.19) Qn(2) = Ru(2)xn + 3 010 Rjin(2)05.0-
j=0

For u € Dom(K,,) and z € C,; we have 0; ,u = Hj’ngjynu and

9]‘7"(}(” — Z)(l — Gj,n)u = O,
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SO
> 00T (2)0

j=0

1Qn(2)(Kn = 2)u = ull 20y < I Tw(2)ullL2(r) +

L2(1)

Moreover gj,ngk,n = 0 whenever |j — k| > 2, so by almost orthogonaly (twice) we can

write
Vn _ 2 Un _
> 050 Tjn(2)0; nu S 5T (2)05mull 721y
=0 L2(I)  j=0
< sup ”Tj,n('z)H?%(L?(I))Z||0j,nu”%2(1)
0<j<vn =

S sup T2y lullZz -
0<j<vn

This proves

(3.20) sup sup  ||Qn(2)(Kn — 2)u —ul[g2(;) ——— 0.
2€C;; uE€Dom(K,,) n—+00
HuHLZ(I):l

Thus for n large enough the operator K, has no eigenvalue and hence no spectrum
in C,,;. Moreover for z € C,; we have

(3.21) (Kn — Z)il = By, (2)Qn(2),
where
~1
Bn(2) = (14 (Qn(2)(Kn —2) — 1))
is bounded on L?(I) uniformly in 2z € C,; and n large enough.

— Let w € L?(I) and z € C,,. By (3.17), and using again the almost orthogonality,
we obtain

LIPS 2 [[ul?-
)
Bn(2) ) 0jnRjn(2)0;nu S i
LECDSURCETRY e
S0
1
—1
(3.22) (K —2)"" = Bn(z)Rn(z)XnH_g(Lz(I)) N NCYE CRmE

With (3.12), this gives the first statement of the proposition.
— We now consider the case z = 0 to prove the second part of the proposition.
By (3.20) we have

1Bn(0) = 1]l 22y = || (1 4+ (@n(0) K, — 1)) " =1
so (3.22) and (3.12) give

(3.23) K, — 1 H,  Uixnll 22y = 0 (1/v/n).

n——+oo

0,

2ZL(L*(I)) n—s+oo

On supp(1l — x») we have |y| 2 n~? and for v € Dom(H}) we have

(ny*v,v) = [Im (Hv, ),
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so for u € L*(I) we can write

(1= xn) L1 (Hy) " L ju

2 *\ — * *\ — *

|L2(I) Sf n2p<y2<Hn) 11[’&, (Hn) 1]lIU>L2(]R)

S 02 Im (L, () ™ L w) L) |
||“||2Lz(1)

S LG22

Taking the adjoint gives
L7 H M 151~ xn)

L(L2(D) = 0 (1/\/ﬁ>

n—-+oo

With (3.23), the proof is complete. O

Now we are in position to prove Proposition 2.3. It is a direct consequence of the
following result.

Proposition 3.7. — Let v < ¢'(0)/v/2. There exist ng € N* and C > 0 such that for
n = ng andt >0 we have

le™ | 2y < Ce™ V™

Proof. Let np € N* and ¢ > 0 by given by Proposition 3.6. For n > ng we set

K, = —K, + vv/n. Then for n > ng and z € C with Re(z) > 0 we have z € p(K,,)

and
c

H(f(n - Z)_1H$(L2(I)) S Jn

Moreover for ¢ > 0 we have

HetK" < et'y\/ﬁ.

Then we apply [EN0O, Th. V.1.11 p. 302] to the operator K,,. With the notation used
in the proof therein, we have wy < vy/n, M < ¢/v/n and L = 27. We obtain that the
semigroup (etf{")@o is bounded uniformly in ¢ > 0 and n > ng, so there exists C' > 0
such that for all n > ng and ¢ > 0 we have

—tKn || — e—t'y\/ﬁ H@tK"' < Ce—t'y\/ﬁ.

lle

We also refer to [HS10] to get bounds on a semigroup from bounds on the resolvent
of the corresponding generator. |

Now we turn to the proof of (2.5). A more general version of the following result
is given in [Kat80, §IV.3.5].

Prorosition 3.8. Let T be a closed operator on a Hilbert space 7. Let A € C. As-
sume that X is an isolated eigenvalue of T'. Let (By,)men be a sequence of bounded oper-
ators on J such that || By, || 2y — 0 as m — +oo. Form € N we set Ty, =T + B,,.
Let ¢ > 0. Then for m large enough the operator T,, has an isolated eigenvalue A,
such that [Ny, — M| < e.
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Proof. — We set € = {¢ € C : [ — A\ = e}. Without loss of generality, we can
assume that € > 0 is so small that X is the only point of Sp(T) in the disk D(}, 2¢).
We set M = supecq (T —¢) 7] Since

T —C=(T=¢)(1+(T—¢) "' Bn),

we see that € N Sp(T,,) = @ as soon as M||B,,|| < 1/2. Moreover, in this case, we
have for ¢ € €,

(T — ¢)7' < 2M.

We set
1
P=_— [ (T-¢7tdC
im0
We similarly define P, by replacing T by T},. Then we have by the resolvent identity

1 _ _
||Pm—P||—H2mlg(T—z) B (T — )71 dC|| < 2eM?|| B,y

Thus for m large enough we have || P,, — P|| < 1. By [Kat80, §1.4.6] this implies that
dim(Ran(P,,)) = dim(Ran(P)) € N*.

This proves that T, has an eigenvalue A, such that |\ — \,,| < e. O
Prorosition 3.9. — For n € N* large enough there exists an eigenvalue N\, of K,
such that

Ap — ™ (0)Vn|= o (Vn).

n—-+o0o
Proof. We consider on L?(R) the unitary operator ©,, which maps u to
Onu : & — n/Su(n/4z).
Then we have ©,'H, 0, = \/n H;. By Proposition 3.6,

|[vno,'15K, 1,0, — 0.

| g oy 7

We set A = e”/‘lq’(O). Then ;v = A~ ! is an eigenvalue of Hfl. By Proposition 3.8,
there exists an eigenvalue u,, of \/n©, 14K, 1,0,, such that p, goes to p as n goes
to +0c. Then n='/2y,, is an eigenvalue of 13K, 17, and hence an eigenvalue of K, !.
We conclude the proof by setting \,, = /n ., *. O

3.4. Aemon EsTiMaTES. — To conclude the proof of Proposition 2.8, it remains to
prove the estimate (2.6) for an eigenfunction t,, of K, corresponding to the eigen-
value \,,.

This estimate is given by an Agmon estimate. The Agmon estimates measure how
the eigenfunctions corresponding to the smallest eigenvalues of a Schrédinger operator
concentrate near the minimum of the potential. Exponential decay of eigenfunctions
and precise Agmon estimates are classical results for real-valued potentials (see for
instance [Agm85, Hel88]). We refer to [KRRS17] for Agmon estimates for a general
non-selfadjoint Laplacian.
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Here, it is expected that for large n an eigenfunction corresponding to the first
eigenvalue ), of K, will concentrate near 0, where the potential ¢? reaches its min-
imum. In particular, such an eigenfunction will be small at the boundary, so it is
indeed a good candidate to break an observability estimate like (2.4) when T' < Tpin.

Prorvosition 3.10. — Let E >0 and e €]0,1[. Forn € N and y € I we set

= " Jnals —Va(E +2)), ds|.

where for o € R we write o4 for max(0,0). There exists C > 0 such that for n € N,
u € Dom(K,,) and \ € C with

(3.25) |[Re(N)| + |[Im(N\)| < Evn,

(3.24) Whe(y) =

we have
C
e ew|[Fapy + Ve eull oy < OV lulliag + i e (= Mg -

This result is proved with more generality in [KRRS17]. For the reader convenience
we recall a proof in our 1-dimensional setting.

Proof. — We denote by Q,, the quadratic form corresponding to K. It is defined for
f.g € Hy(I) by
Qn(f.9) = /f’§’+z‘n/q2f§.
I I
— Let u € Dom(K,,). For ¢ € Wh*°(I,R), we have
<U/, (C2u)/>L2(1) = <Cul7 2</U + CUI>L2(]) = <(<U)/ - CIU7 (CU)/ + C/U>L2(])7
SO
Re (v, (¢*u)") 21y = 1(Cw)' 122y — 1€l 721y
— Let W € WH°°(I,R). Applied with ¢ = ", this equality gives
Re (Qu(u, 2 w)) = Re (e, (2 ) 1o ) = I u) [Bagry — IW/e™ ullZa(p,
On the other hand, a direct computation shows that
Im (Qn(u, e"'u)) = Im(«/, QW/62WU>L2(1) +nllge™ ull 2 gy
Let « € 10, 1]. Since
[ (', 2W e ) pa | = 2 Im ((e'u), W eV u) p2(p)|
<al @) |2z +a W eV a2 ),
we have

Im (Qn(u, e®u)) = nllge™ ull7zy — all€Vuw) |72 — = IWeWul 224,
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and hence
Re (Qn(u,e®™'w)) +Im (Qy (u, e*Vu))

> (1= a0 [y + [ (6 = (10 W) VP
Finally,

||(€WU)'||2L2(1) 2 ||6Wu/||%2(1) + HWl@WUHQm(I) - 2||8WU/||L2(1) ”W/eWU'HL?(I)
> 1M By — W7V ullfaqr,
soifweset B=2+a ! —aand e = (1—a)/2, we get
(3.26)  Re(Qn(u,e®"w)) +Im (Qn(u, e*"u))
> €1||6WU/H%2(I) + /I (ng® — pW'?) [ ul?.
— On the other hand, for A € C we have
Qn(u,e®Vu) = Ale"ullFa(ry + {(Kn = Nu, V) 2.

We take the real and imaginary parts of this equality. With (3.26) this gives

3.27) eille™ |72 + /1 (ng> — W —Re(X) — Im(N)) [e" ul?
<2l (K = Mullz2nlle” ullzr.-
— Now assume that (3.25) holds. Let §;F € ]0, 4] be such that
(=001 ={y €T : nq(y)” < Vn(E+e)}.

Let W, be given by (3.24). We choose « € ]0, 1] in such a way that

On [—6,,,6,5], W, . and hence W},

s O 1, vanish, so

AW (y)? +Re(A) +1Im(\) — nq(y)? < Ev/n,
while on I \ [—4,,, 6] we have

BW), .(y)* = nq(y)* — Vn(E +¢),
SO

nq(y)®> — BW), .(y)> —Re(A) —Im(X) > ev/n.
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Then, by (3.27),

Al s $ S

5t
< 2leme (K, — /\)“HLZ(I)HeW"’E“HLZ(I) + Eﬁ[a* uf

evn o
2 9 n
< Sl o e (= Nl + BV [

and finally,
1w [ gy + vl UIILQ

evn 5t
2 2 n
< S e gy + o e K= gy + (B e [l

The proposition is proved. |

For e € ]0,1] and y € I we set

Prorosition 3.11. — Let E > 0 and € € ]0,1]. There exists C. > 0 such that for
n €N and y € I we have

(3.28) \/ﬁﬂe(y) —C: < Wn,5/2(y) < \/77'“5/2(2/)'

Proof. — The second inequality is clear. It is enough to prove the first for n large.
Let a > 1 to be fixed large enough later. For n large enough we consider n; € ]0, (4]
such that

1952 = X (B4 ¢/2).
) = e (e
We have
777::: = 0 (n71/4)v
n—-+oo
and hence

Vike(Fn) = o (1)

n—-+oo
In particular, for n large enough the first inequality in (3.28) holds for y € [—n, , ;"]
if C¢ is chosen large enough, since then the left-hand side is negative. On the other
hand, for y > n," we have

/y\/nq(s) —(E+2/2)ynds > mf/ ds.

ks "
Then
Woeraly) > /T T in) + 0 (1)
For « large enough this gives (3.28). We proceed similarly for y < —n,, . |
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Combining Propositions 3.10 and 3.11 we obtain the following version of the Agmon
estimates:

Prorosirion 3.12. Let E > 0 and € € ]0,1]. There exists C > 0 such that for
n €N, u € Dom(K,) and A € C with | Re(A\)| + | Im (\)| < Ev/n we have

C
He\/ﬁK/EUIHi2(I) _|_\/ﬁ ||e\/ﬁ"5u||iz(l) < C\/ﬁ ||UH%2([) + ﬁ He\/ﬁfﬁa/z (Kn —)\)uHiz(I)

Proof. — If we denote by C > 0 the constant given by Proposition 3.10, then by
Proposition 3.11 we obtain the estimate of Proposition 3.12 with C' = e%=C. O

From Proposition 3.12 we deduce the pointwise estimate (2.6).

Prorosrrion 3.13. Let E > 0 ande € )0,1[. There exists C > 0 such that forn € N,
an eigenvalue p, of K, with Re(u,) + Im(u,) < Ev/n and ¥, € ker(K, — p,), we
have

ey < Collnl

Proof. — By Proposition 3.12 we have

(3'29) He\/ﬁnawnuiz(m 5 H"/)TLH%?(I)v “eﬁﬁsw;“iz(j) g \/EH'(/}TLH%?(I)-
— We prove
(3.30) e w1320y S ¥ WonlE2 .

We have ¢! = ing®y,, — pntb,. With (3.29) we get

n Ke 2
eV patbull oy S il 1v0allEe ) S mllnllZeqry-

For the other term we have by an integration by parts

neK 2 nKe
ﬁ(l-g)“ef Enq2¢nHL2(I) :/12\/7;"4562f n3/2q3|¢n|2dy

=- / V=032 (367G [vnl® + 2¢° Re (Vnthy)) dy.
I

On the one hand we have

nekK nKe 2
/Ie2f En3/23q2ql|wn2dy‘ g n3/2He\f wnH[;(]) 5 ”3/2|Wn||%2(1)
On the other hand,

/162‘/5'“%3/22(]3 Re (4n97,)) dy‘ S QHQ\/HHE”‘I%”HH(I)quﬁﬂs\/ﬁwgumm

2
< Q= engt gy + M oo g 2

This gives (3.30).
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— For uw € H(I) we have

1
[ullFoe (1) < ol lullZe(ry + 2llullz2 1/l L2y

so, by (3.29) and (3.30),

e <[ 1y S PllonllFacry:

This completes the proof. O

Notice that (3.30) is better than the naive estimate obtained from (3.29) and the
expression of ¢!/, In fact we do not have to be optimal here, since the power of n
in the right-hand side of (2.6) is not important for the proof of the second part of
Theorem 1.5.

4. THE OBSERVABILITY ESTIMATE IN SMALL TIME

In this section we prove Propositions 2.6 (see Section 4.2) and 2.7 (see Section 4.4).
The proofs rely on some Carleman estimates and the construction of a suitable weight
function.

In this section we will not use an index n for a solution u of (2.1). No confusion
will be possible since we will never consider a solution of the initial z-dependent
problem (1.1). Moreover, we use an index for the partial derivatives, so u; stands for
Oru, uyy for Oyyu, ete.

4.1. A ceEneric CARLEMAN ESTIMATE. — We begin our analysis with a generic Carle-
man estimate. In the following statement, ¢ is a Carleman weight function. It will be
applied to w = e~%u, where u is a solution of a problem of the form (2.1), possibly
with a source term (see (4.12) below). We also impose that w vanishes at initial and
final times.

Prorosition 4.1. Letn € N, 74,79 > 0 with ;. < T2, a,b € R with a < b, and
g € L*(Jr1, m2[x]a,b]). Let ¢ € C*(]71, 72| x [a,b],Ry). We consider

w € CO[ry, 2], H*(a, b)) N C*([11, 7], L*(a, b))

such that

(4.1) wi — wyy + ing(y)*w + ¢rw — 20w, — Grw — dyyw = g.
We assume that w also satisfies the Dirichlet boundary condition
(4.2) Vit €lr, ], w(t,a)=w(tb) =0,

and the initial and final conditions

(43) Vy € ]av b[’ w(Tla y) = U)(Tg,y) = Oa wy(Tlvy) = wy(TQa y) = 0.

Then we have

T2 b T2 T2 b
b 1
// (®olw|? + 1w, |*) dy dt < —/ [¢y|wy|2]adt+§/ 9| dy dt,
T1Ja T a

1 T1
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where

_ 2 brt | Dyyyy n3/2q2q’
(4.4) by = —2¢y¢yy -5 + 5 + 204y 0y — T
and
(4.5) Dy = —2¢,, — V2nq'.

Proof. — We can rewrite (4.1) as
(fwyy + <I>w) + (wt — 204wy — Pyyw + inqzw) =g,
where ® = ¢; — QSZ. The identity 2 Re(a3) < |a + (| then gives, after integration,

T2 b
(4.6) Re / / (—wyy + Pw) (Wy — 20,Wy — ¢y — ing*w) dy dt

1 T2 b
< 7/ lg|? dy dt.

N
2 S Ja

We estimate the left-hand side with integrations by parts, using (4.2) and (4.3). The

terms involving w; give
T2 b
Re/ / (—wyy )Wy dy dt =0
T1va

T2 b T2 b
2 1 2
Re/ / (@w)mdydt:—i// ®y|w|* dy dt.

On the other hand, for all ¢ € |11, 72[ we have

and

b b
__ b
Re/ (_wyy)(_2¢ywy)dy: [¢y|wy|2]a_/ ¢yy|wy|2dy’
b b 1 b
Re/ (_wyy)(_(ﬁyym) dy:—/ €i7yy|wy|2 dy—|—§/ ¢yyyy|w‘2dy7

b b
Re / (—wyy)(—ing*w) dy = 2n / qq' Im (w,w) dy,

and

b b
Re/ (¢w>(_2¢y@_¢yym)dy:/ (I)yq§y|w|2dy,

b
Re / (®dw)(—ing*®w) dy = 0.

We integrate these five equalities over ¢ € |71, 72[, and then (4.6) gives

T T2 rb
2 b 2 @
/ [¢y|wy|2]adt+// (5 + 2 4 0y, ) wf? dy dr
T2 b

T2 b T2 b 1
—2/ ¢yy|wy\2dydt+2n/ / qq' Im (w,w) dy dt < 5/ lg|? dy dt.
TV a T1Ja T

1Ja
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Since 3 ,
/
w
2nqq’ Im (w,@) > —V2v/n ¢ |w,|* — LH,
V2
the conclusion follows. |
4.2, OBSERVABILITY INEQUALITY FOR A FIXED FOURIER PARAMETER. — In this paragraph

we prove Proposition 2.6 about observability for a fixed Fourier parameter n € N.
As already said, this is nothing but the observability inequality for a heat equation
with a (complex) potential. Nevertheless, we recall a proof of this well-known result
to enlighten the construction of the refined weight function in the next paragraphs.

The proof of Proposition 2.6 relies on Proposition 4.1. For the time dependence of
the weight ¢, we will use the function 6 given in the following lemma.

LevMa 4.2. Let 71,19 > 0 with 71 < 12. There exists 0 in C®(]1y, 72[) such that
(i) 0=1on]|m,m,0=1on [(27'1 +72)/3, (11 + 272)/3],
(ii) limy—yr, 0(¢) = limy—, ., O(t) = 400,
(iii) there exists a constant C > 0 such that for allt € |1, T2],
0'(8)] < CO(t)?, 10" (1)] < CO(t)°.

Proof. — Let x € C5°(]71,72[,[0,1]) be equal to 1 on (271 + 72)/3, (11 + 272)/3]. For
t € |11, 2| we set
1—x(t)
(t—mi)(r2—t)
Then 6 satisfies all the required properties. O

o(t) =1 +

Now we can prove Proposition 2.6:

Proof of Proposition 2.6. — For y € T we set
. 2y —+ 6_ — E_A,_

v = (S
(the sign in front of 27 is not important here, but it has to be chosen carefully if we

only observe from one side of the boundary, as will be the case in Proposition 4.4
below). In particular, for some ¢y > 0 we have on T

(47) ’(/}N < —Co, |1/)/| > €o, ¢ = Co-

Let u be a solution of (2.1). Let s > 1 to be chosen large enough later. For ¢t € |11, 72|
and y € I we set

2
). where wi(n) =~ £2+3, nel-L1]

o(t,y) = s0(t)Y(y),

where 0 is given by Lemma 4.2, and

w(t,y) = u(t,y)e *EY).

Then w satisfies (4.1)-(4.3) with a = —¢_, b = ¢4 and g = 0. Therefore, Proposi-
tion 4.1 gives

T2 .
[ ol ey v < = [ foshon)_at
1

T1
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with
9//1)[} 91/)(4) 29/0(w/)2 n3/2q2q/
4. P, = 3 _9 3 N2 _
(8) 0 S( e(w)w 252 252 s 83\/5)
and
/ /
(4.9) o) = s(—zew” - 2:q )

Thus, by Lemma 4.2 and (4.7) we can fix s so large that ®; > 1 and ®; > 1 on
|71, 72| x I. This gives

|t ayar s [ (ot~ + 00 at,

1

and then, since =1 on [(271 + 72)/3, (11 + 272)/3] and + is bounded away from 0,

(T14+272)/3 ) To ) )

/ [t P dyde s [ (uy e )P +luy 00 de.
(2114+72)/3 I 1

We have ||“(T)||2L2(1) < ||u(t)||2Lg(I) for all t € [(271 + 72)/3, (11 + 272)/3]. After inte-

gration this gives

3 (T1+2T2)/3 To
e < o [ O ey 5 [t~ b))

X
T2 — 271+472)/3 1

which ends the proof. O

Notice that in this rough proof we have not tried to control the dependence of C,
with respect to n. It is the purpose of the next paragraph to get a precise estimate
of the cost of observability for (2.1). The interest of Proposition 2.6 is that it is now
enough to consider only large values of n.

To obtain estimates in the high frequency regime, we will use the same strategy,
but we will choose more carefully the parameter s and the phase function ¢ (both
should be chosen as small as possible).

From (4.8), we see that s> has to be at least of order n*/2, while in (4.9), s has to
be of order y/n. From these observations, we deduce that the correct scaling should
be s ~ /n.

Finally, with s = y/n, it is then the choice of 1) that will make ® and ®; positive
for n large enough. We see from (4.8)-(4.9) that 1 should satisfy

2.7
(4.10) —2(¢') 2 — % >0 and —2¢" —V2¢ > 0.

This leads to the construction of the weight function given in the next paragraph.
Remark 4.3. — The strategy we develop in the following sections shares certain sim-
ilarities with the strategy developped in [Bak12] to obtain a sharp upper bound on

the vanishing order of solutions to Schrédinger equations with smooth potentials. The
correct scaling s ~ /n is natural in view of the main result of this work.
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4.3. A REFINED CARLEMAN ESTIMATE. In this paragraph we prove a refined version
of Proposition 4.1 for n large and a suitable choice for . As discussed at the end of
Section 4.2, we will choose ¢ proportional to /n. The choice of ¢ satisfying (4.10)
will be discussed in Proposition 4.5.

Provosition 4.4. — Let a,b € I with a < b and ¢ € C*([a,b],R). We assume that for
some € > 0 we have on [a,b]:

>e, -2 —V2q¢ >e

_ N2, 00
v=ze, 20007 7

Let 11,79 €10, T) with i < 2. Fort € |1, 72 and y € [a,b] we set o(t,y) = 0(t)Y(y),
where 0 is given by Lemma 4.2. Let n € N and u in

(4.11) C°([r1,72), H*(a,b) N Hy(a,b)) N C*([r1, 72], L*(a,b)).
We set

(4.12) f=ur —uyy + in‘J(y)2U,

and

w=ue V¥ g:fef\/ﬁw.

)

Then there exist N € N and C' > 0 such that the following statements hold if n > N.
(i) If " >0,
T2 b T2 T2 b
/ / (n3/20%|w|? + V/n 0wy |?) dy dt < c\/ﬁ/ \wy(t,a)|2dt+c/ lg|* dy dt.
T1Ya T1 T1Ya
(i) f ' <0,
T2 b T2 T2 b
/ / (026 w|? + v/ 0w, ) dy dt < C/m / oy (£, B)|? dt + c/ 1912 dy dt.
T1Ya T1 T1YaQ
Proof. — We observe that ¢ belongs to C*(]r1, T2[ x [a, b]), the functions f and g are

in C°([r1, 2], L?(a, b)), w extends to a function in (4.11) and we have

wy — wyy + nq(y)*w + VR — 2¢/1 pyw, — mpzw —Vnpyw = g.

Moreover, w satisfies the boundary conditions (4.2) and the initial and final condi-
tions (4.3). Then, by Proposition 4.1 applied with ¢ = /n ¢, we have

T2 b T2 T2 b
b 1
//(n3/2¢0\w|2+\/ﬁ<1>1|wy|2) dydté—\/ﬁ/ [gpy|wy\2]adt+§/ lg|? dy dt,
T1 a T1 T1va

where y
B 2 T4 P Pyyyy | 2Py
Y R T T

and
Dy = —2p,, — V2¢.
The properties of 6 and the boundedness of the derivatives of i give, for n large

enough,
3

Do(t,y) = % and  Dq(t,y) = 6.
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Thus,

Tgb

5 T2 b T2 b 1
5/ / (n3/20%|w|* +/n Olwy|?) dy dt < —v/n / [goy\wy|2]adt+§/ lg|* dy dt.
T1va T1

T1Yva
Notice that the assumptions on % imply that 1’ does not vanish. If 1)’ takes positive
values then we have

T2
—\/ﬁ/ oy (t,b)|w, (t,0)]*dt <0
T1

which gives the first inequality. Otherwise ¢’ < 0 and we similarly get the second
estimate. ]

44 PRE(JISE ESTIMATE OF THE COST OF OBSERVATION IN SMALL TIME FOR T LARGE

In this paragraph we finish the proof of Proposition 2.7. We could apply directly
Proposition 4.4 and observe from one side of I only. However, we can reduce the cost
of observability if we observe from both sides.

More precisely, the part of u in [0, 1] will be controled by the values of u, at ¢4,
and the part of u in [—¢_, 0] will be controled by the values of u, at —¢_. Thus, with
the notation of the previous paragraph, we have to choose 1 such that ¢’ < 0 on the
right and ¢’ > 0 on the left. Since ¥’ does not vanish, we have to apply Proposition 4.4
separately on the right and on the left.

Prorosition 4.5. — Let 71, 7o and k be as given by Proposition 2.7. There exist
NeN* pe CO(]Tl,TQ[ X T,]R) and C > 0 such that
(4.13) Vt € [(2m1 +72)/3, (11 +272)/3], Vy €1, 0<p(t,y) <k

and for anyn > N and any solution u of (2.1) we have
/ /(n3/2|u\2 + Vg ) e 2V dy dt < C\/ﬁ/ (Juy (t, =) + Juy (¢, £4)]%) dt.
T1 I T1

Proof’
— Let B> 1/v/2 and &g > 0 be such that

(4.14) €0 + ﬂmax(/ohr (q(s) + 3e0) ds, /O (lg(s)| + 3e0) ds> < K.

Let § € 10, min(¢_, ¢4 )] be such that max(|g(—3)|,¢(d)) < go. For y € [0, 4] we set

Z+
Py ( —50+ﬁ/ +350 ds+cy,
with ¢4 > 0 to be chosen later. Then we have

¢+ €0, 1//+ = _ﬁ( + 350) 2ﬁ507 i = _ﬂq/a
SO
_¢d

V2

=2y =28%(q + 3e0)%q —

((q+320)*> = ¢°) = egmin(q)

JIEP. — M., 2021, tome 8



CRITICAL TIME FOR THE OBSERVABILITY OF KOLMOGOROV-TYPE EQUATIONS 8()]

and

20! 3¢ > 2(p - %)q >9(5 - %) min(q).

Thus 1, satisfies the assumptions of Proposition 4.4 on [—4d, ¢4 ]. Then, for ¢ € |1y, 79|
we set

(4.15) e+ (ty) = 0() Y4 (y),

where 6 is given by Lemma 4.2.
— We consider x; € C*(1,[0,1]) such that xy; = 1 on [0,/;] and x; = 0 on
[—¢_,—0]. Then we set uy = yu. It satisfies

Vit €lrm, ], uy(t,—d) =uy(t,04) =0

and
Vt € |, 2, Vy € [0, 4], (8t — Oyy + inqz)qu(t,y) = fi(t,y),
where
fr==Xfu—2x} uy.

In particular, fy(t,-) is supported in [—4,0]. We set

wy =use VP and gy = fre VY.
We have

VB Pe VR < R 0yws P+ 1wy 20(t)

Then, by the second case in Proposition 4.4, we obtain
T2 €+
(4.16) / / (713/2|u+|2 + \/ﬁ|8yu+|2)e_2\/ﬁw+ dy dt
T1 0
T2 é+
5/ / (n3/20%|wi|? + Vi |0yw|?) dy dt
T1 0
T2 T2 0
svi o tnPder [ [ jguPayar
T1 T1 76

T2 T2 0
s [Cloustteof s [ [ ifPe ey,
T1 T1J =6
— For y € [—4_, 0] we set
Yy
Vo) =0+ 8 [ (lals)| + 3y ds + e
—0_

with c_ > 0 to be chosen later, and for ¢ € 10,77,

p—(t,y) =0()y—(y).

Let x_ € C*°([—¢_,£4],[0,1]) such that x_ =1 on [-¢_,0] and x— =0ony € [, {4].
We set u— = x_u and f_ = —x"u — 2x_u,. Then, as above, but using the first

J.E.P.— M., 2021, tome 8
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statement in Proposition 4.4, we obtain
T2 0

(4.17) / / (032 u_ > + Vi |0yu_|?)e 2P dy dt
T J—4_

T2 T2 5
Vi [Clou P [T 15 pe Ve dyar
T1 T1J0

- We set ¢y = max(0,¢) and c— = max(0, —c) where

0 I
e=5( [ Gal+3z0)as— [ lato) + 3e0)ds).
so that 1, (0) = 1_(0). Then for ¢ € |71, 72[ and y € T we set

o_(t,y) ify<O,
y=0

#lhy) = {w(t, y) if

In particular, by construction, ¢ is continuous on |7y, 72[x I and satisfies (4.13). More-
over, Y4 > @ on [757 O]v p— 2 pon [036] and7 on [ida 5]3

[fel 4 11 S Tul 4 uy |-

Then, by summing (4.16) and (4.17),
T2

/ /(713/2|u|2 + \/ﬁ|uy|2)672\/ﬁ"o dy dt
T1 I

T2 T2 5
SV [ (=)t ()Rt [ (P P dya

For n large enough, the last term is smaller than one half of the left-hand side, and
the conclusion follows. g

We can now prove Proposition 2.7.

Proof of Proposition 2.7. — Let N be given by Proposition 4.5 and n > N. Let u be a
solution of (2.1). Let ¢ be given by Proposition 4.5. By (4.13) we have in particular

(T1+272)/3 Ce2rvn [T
/ / ful? dy dt < / (g (£ — )2 + oty (8, £) %) d.
(2T1+T2)/3 I n T1

By (3.7) we have ||u(72)||%2(1) < ||u(t)||%2(1) for all t € ](2m + 72)/3, (71 + 272) /3], so

3Ce2Vn [T
lu(m2)l[Z2(r) < ( / (luy (8, =) + [uy (1, €4) ) dt,

To —T1)N Jo,

and Proposition 2.7 is proved. |
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