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ERRATUM TO
“THE HOLDER CONTINUOUS SUBSOLUTION THEOREM
FOR COMPLEX HESSIAN EQUATIONS”

BY AMEL BENALI & AHMED ZERIAHI

Apstract. — The statement and the proof of Theorem B in [BZ20] are not complete, except
when the boundary datum g vanishes identically. We give here the correct version of the state-
ment as well as a complete proof.

Résumié (Erratum & « Le théoréme des sous-solutions Hélder continues pour les équations hes-
siennes complexes »)

L’énoncé et la preuve du théoréme B dans [BZ20] ne sont pas complets, sauf dans le cas ot
la donnée au bord g s’annule identiquement. Nous donnons ici la version correcte de 1’énoncé
ainsi qu'une démonstration compléte.
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1. InTRODUCTION

Let 2 € C" be a bounded domain and m an integer such that 1 < m < n. We deno-
te by SHn,(€2) the set of m-subharmonic functions on Q. The Dirichlet problem we
are concerned with is the following: find U € SH,,,(2) N C°(Q) such that

ddeU)™ A B = Q
(11) (dd°U)™ N 3 o on
U|aQ =g on 89,

where the boundary datum g € C°(99Q) and y is a positive Borel measure on  with
finite mass p(2) < 4o0.

MATHEMATICAL SUBJECT CLASSIFICATION (2020). 31C45, 32U15, 32U40, 32W20, 35J96.
Keyworps. — Complex Monge-Ampeére equations, complex Hessian equations, Dirichlet problem,
obstacle problems, maximal subextension, capacity.
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780 A. BenaLt & A. ZEriann

The Holder continuous subsolution problem asks basically if the Dirichlet prob-
lem (1.1) admits a Holder continuous solution when it admits a Holder continuous
subsolution, provided that the boundary datum g is Holder continuous.

This qualitative statement is true and was essentially proved in [BZ20, Th. B] and
is essentially correct when the boundary datum g belongs to C1'1(99). However its
proof in the general case relies on [BZ20, Lem. 4.2] whose proof is not complete (see
Lemma 2.2 below).

Here is the correct version of Theorem B of [BZ20].

Tueorem B’. Let Q@ &€ C™ be a bounded strongly m-pseudoconver domain
and i a positive Borel measure on Q with finite mass. Assume that there exists
0 € EY(Q)NC*Q) with 0 < a < 1 such that

(1.2) < (ddSo)™ A BT, weakly on 2, and log = 0.

Then for any boundary datum g Holder continuous on 0X), the Dirichlet problem
(1.1) admits a unique solution U = U, ,, which is Holder continuous on Q. More
precisely,

(1) if g € CHH(AN), then U € C* (Q) for any o such that
0<a' <29 (m,n,a)a™/2™,
where

m(m+ Da+ (n —m)[(2 — a)m + a)’

(1'3) ,y’(m’n’a) =

(2) if g € C2*(AN), then U € C*" (Q) for any o such that
0<a” <~"(m,n,a)a™/2™,

where

(1.4) Vm ) = e =@ —a)m T a]

The first statement of Theorem B’ is the same as that of [BZ20, Th. B] when the
boundary datum g € C*1(99), except for the exponent. In fact the one given in the
statement of [BZ20, Th. B] is not correct due to an unfortunate misprint at the end of
its proof in page 1005, where [BZ20, Prop. 2.20] was applied with a wrong exponent.

On the other hand, when ¢ is only assumed to be Holder continuous on 02, we
had to find a new argument because in this case we do not know if the bounds given
by (2.2) in Lemma 2.1 below still hold. This will be done in Lemma 2.2 below, but
unfortunately this leads to a worse exponent.

Acknowledgements. — We thank the referee for his careful reading of this note and
his useful suggestions that helped to improve the presentation of the mains results.
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2. A ~ew vErsioN or [BZ20, Lem. 4.2]

Here we will give a new version of [BZ20, Lem. 4.2] and its complete proof following
essentially the same scheme. Before stating this new version, we need to prove the
following result which provides the argument missing in the proof of [BZ20, Lem. 4.2].

Lemma 2.1. Let Q € C" be a bounded strongly m-pseudoconver domain and k an
integer such that 0 < k <m — 1.

(1) Assume that ¢ € SHp,(Q) N L>®(Q), u,v € SH,(Q) N L>®(Q) satisfy u < v
on Q and for any ¢ € 0, lim,_,¢(u(z) —v(z)) = 0. Then

(2.1) /Qddcv A (ddep)F A gkt € /Qddcu A (ddeyp)F A gkt

(2) Assume that g € C11(09). Then there exists a constant M’ = M'(m,n,g) > 0
such that for any ¢ € £9,(Q) and v € SH,(Q, R) with v|sq = g, we have

(2.2) /Qddcv A (ddeP)E A PR (R + M) Hy (49)F/™.

The first statement is well known and was stated in [BZ20, Cor. 2.9]. Since its proof
there was not complete, we will give a different proof here.

Proof

(1) Fix € > 0. From the hypothesis, the exists a compact subset K €  such that
u>v—econ QN K. Then v, := max{u,v — e} € SH;, () N L>(Q) and v. = v on
Q ~ K. We claim that

(2.3) / ddv. A (ddy)* A k=t = / ddu A (dd)* A grr=t,
Q Q
Indeed we have in the sense of currents on 2,
ddv. A (dd)* A BT — ddu A (ddy)F A B7FY = ddeT,

where T := (v, — u)(dd®y)F A gr=F—L.

Since T is a current of order 0 with compact support in €2, it follows that
Jq dd°T = 0, which proves (2.3). Now observe that (v.) increases to v as e decreases
to 0. Therefore, taking the limit in (2.3) as € — 0 and using the monotone continuity
of the Hessian operators, we obtain the inequality (2.1).

(2) Let us first assume that g|sq = 0. Then v|sq = 0 and we can apply Cegrell type
inequalities [BZ20, Lem. 2.8] and use the normalization mass condition, to conclude
that

Lo(0,9) < Hyn (0) V™ Ho(0)F™ < R Hpp (40)7,
This proves the inequality (2.2).

Now assume that g € CH1(99Q) and fix k such that 1 < k < m. There exists
G € C11(Q) such that G = g on 9. Since 2 is strongly m-pseudoconvex, it admits a
defining function p which is strongly m-subharmonic on 2. Then we can find a large
constant L > 0 such that w := Lp + G is m-subharmonic on ) and for 1 < k < m,

J.E.P.— M., 2021, tome 8



782 A. BenaLt & A. ZEriann

(dd“w)* A B~k < L' B™ pointwise almost everywhere in 2 for some uniform constant
L, >0.

By the bounded subsolution theorem ([Ngul2]) there exists vy € £2,(Q2) solution
to the equation (ddvg)™ A "™ = (ddv)™ A "~ ™ with boundary values vy = 0.
The function ¥ := vy + w is m-subharmonic and bounded on Q, (dd°D)™ A g™ >
(ddev)™ A L™ ™ on Q and ¥ = g = v on 2. By the comparison principle we get v < v
on . Therefore, by the formula (2.1) we conclude that

Ik(v’ w) < Ik?(i)ia w)

Tt suffices to estimate I (v,1) by a uniform constant. We have

I (0, %) = Ii(vo, ¥) + Ir.(w, ).

Since vg|an = 0, from the previous case it follows that

I(v0, ) < </Q(ddcv0)m Aﬂ"’”)l/m (/ﬂ(ddcwm Aﬂnm)’“/m

< Hpn ()Y ™R,
It remains to estimate Iy(w,). Since w € CH1(Q), it follows that dd°w < M3
pointwise almost everywhere on §2, hence by [BZ20, Lem. 2.8] , we have
/Q ddw A (dd°y)k A grF < MY /Q (ddp)* A gk
< M'Hpn ()M < M Hyn ()™,
where M’ = M’(g) > 0 depends on the uniform bound of dd°G. O

To state the main lemma which will replace [BZ20, Lem. 4.2], let us fix some nota-
tions.

Fix R > 1 and denote by SH., (2, R)) the set of bounded negative m-subharmonic
functions w on  such that [, (dd“w)™ A "™ < R™. On the other hand, we denote
by £9.(Q, R) = SH.n (2, R) N EL(Q).

Lemva 2.2, — Let Q @ C™ be a bounded strongly m-pseudoconvex domain and @ €
E2(Q)NC*(Q), with 0 < o < 1. Then for every k such that 1 < k < m, there exists
a constant Cy = 5(k,m,<p,Q) > 0 such that for every u,v € SH,(Q, R) such that
u =wv on N, we have

(2.4) / Ju— vl(dd°)* A B < Cp(1+ lu = o 27" R [llu = vlli]™
Q

provided that ||u — v||; < 1, where &y := of /m2F.

Furthermore if g € C11(9Q), for any k such that 1 < k < m, there exists a constant
Cr = C(k,m,,q,Q) > 0 such that for every u,v € SH,(Q R) with u =g = v on
o9, we have

(2.5) / fu — ol (dd°p)* A 8" < CuR [l — vll1]**
Q

provided that ||u — v||1 == [, |u—v| 8" < 1, where ay, := 2(a/2)*.

JIEP. — M., 2021, tome 8
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The proof follows the same scheme as that of [BZ20, Lem. 4.2]. More precisely, we
will first start by assuming glso = 0, since the proof is exactly the same in this case.
Then we will consider the case g € C*1(9€), which can be reduced to the previous
case using Lemma 2.1. Finally we will treat the general case by emphasizing the new
ingredient to be used to fill the gap in the proof of [BZ20, Lem. 4.2].

Proof. — Let us first recall the main steps of the proof of [BZ20, Lem.4.2]. We can
reduce to the case when u = v near the boundary 02 and v > v on (.

We approximate ¢ by smooth functions. As in [BZ20], we extend ¢ as a Holder
continuous function of order & on C™ and denote by ¢ (0 < § < dp) the usual smooth
approximants of ¢ on C". We know that p5 € SH,,(Qs) N C>(C™).

To prove the required estimates, we will argue by induction on & such that 0 <k <m.
Fix 0 <k <m—1and §p > 0 small enough and write for § such that 0 < § < dy,

/ (u =) (dd)" 1 A B = A(8) + B(9),
Q
where

A(9) = /(u —v)dd°ps A (dd°p)F A R

Q
and
B) = [ (1= 0)dd*(p — o5 — m6°) A (ddp) A 67,
Q
where we recall that ¢ — k6% < @5 < @ + k6% on by hypothesis.
The first term A(J) is estimated as follows. Observe that we have
ddps < Myk6°7f3

pointwise on 2, where M; > 0 is a uniform bound on the second derivatives of x.
Then since u > v we deduce that

(2.6) |A()] < Myk6™2 /Q(u — ) (ddp)k A pnE.

We now estimate the second term B(9) following the arguments of [BZ20, Lem. 4.2]
with a slight modification.

Since 4 — v = 0 near the boundary 99, i.e., on Q \ ', where ' € Q is an open
set, we can integrate by parts to get the following formula

B(6) = / (ps — @ + KOV)dd (v — u) A (ddc(p)k A 57L—k'—1’
Q/
and then, since 0 < 5 — ¢ + k6> < 2k0% on €, it follows that

|B(6)| < 2,%60‘/ ddcv/\ (ddCQD)k /\ﬂn_k_l.

’

Therefore, we get
(2.7) [B(6)] < 266° I} (v, ),

where I} (v, ) := [, dd°v A (dd°p)* A B"7*7! < +oo by Chern-Levine-Nirenberg
inequalities (see [Lul2]).

J.E.P.— M., 2021, tome 8



784 A. BENaLT & A. ZERIATT

The problem is to estimate the masses I} (v, ) by a uniform constant which does
not depend on Q' € Q. We could use the obvious inequality

/ dd®v A (ddp)* A gnF1 < / dd®v A (dd°p)* A gr=F1,
/ Q
to conclude under the finiteness full mass condition

I (v, p) == / ddv A (dd°)* A PR < oo,
Q

This is precisely the statement of Lemma 2.1 when g € C11(99), whose justification
was missing in the proof of [BZ20, Lem. 4.2].

So let us proceed to the proof the second statement of the lemma assuming that
g € CH1(99). By (2.7) and the formula (2.2) of Lemma 2.1 applied to v and ¢ = ¢,
we get
(2.8) |B(9)| < kd(m,n) R6%,

where d(m,n) = d(m,n, p,g) > 0 is a uniform constant.
For simplicity set a1, (¢) := (dd°¢)* A 7~ F. Combining the inequalities (2.6), (2.7)
and (2.8), we obtain for § such that 0 < ¢ < do,

(2.9) /Q(u —0)o+1(p) < Ml% /Q(u —v)o(p) + kd(m,n) R6.

To finish the proof of the last statement of the lemma, we argue by induction on k
for k£ such that 0 < & < m. When k£ = 0, the inequality is obviously satisfied with
Co=1and ag = 1.

Assume that the inequality holds for some integer 0 < k < m — 1, i.e.,

(2.10) [ = v0oe) < Ol =1
We will show that there exists Cgy1 > 0 such that
[ = 0)01() < CusaRlJu = o]0
Indeed (2.9) and (2.10) yields
/Q(u — 0)opir () < MyCpRk 0*2[[[u — vl[1]™* + d(m, n)rR6°.

We want to optimize the last estimate by a suitable choice of 4. Since ||u—v|; < 1,
we can take § = o[||u — v||1]**/? < &y in the last inequality to obtain

/Q(u —0)opt1(p) < (M1C + d(m,n)) kR (Jlu — q;||1]0“k/2)(l

< O Rf[Ju = wll1],

where ay11 := ag(a/2). This proves the last statement of the lemma.
We now proceed to the proof of the first statement. As we saw before the main
issue is to estimate uniformly the integrals like I} (v, ¢). We do not know whether

JIEP. — M., 2021, tome 8
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*
<t

the integrals Iy (v, ) are finite. We will rather estimate the following integrals which
behave much better:

Ik (u, v, ) = /Q(u —0)™(dd°p)* A BmF.

By Holder inequality, we have
(2.11) [ (= o)) A5 < 0l (a0
Q

where || is the volume of Q.
It is then enough to estimate Jy(u,v,). We will proceed by induction on k
(0 < k < m) to prove the following estimate

(2.12) Te(u,v) < CRR(L+ Jlu — o[ 2271 [lu — vl 7%,

where C}, = C}.(k,m,ng, g) > 0 is a constant.

If k=0, we have Jo(u,v) < ||u — v 27! |u — v||;. Assume the estimate (2.12) is
proved for some integer 0 < k < m — 1. To prove it for the integer k + 1, we write as
before for ¢ such that 0 < § < dg,

Jet1(u,v) = A'(8) + B'(4),
where
A'(6) := / (u — v)™dd ps A (dd°p)* A BTF,
and !
B'(d) := /Q(u —0)™dd (¢ — ps — KO*) A (dd°p)* A B7E.

The first term A’(d) is estimated as before using (2.12), i.e.,

KO
52
We need to estimate the second term B’(4). Since u—v = 0 near the boundary, we can
integrate by parts to get the following formula

Q1) B0 = [ (o5t w8 (<[l = o)) A (@A) A 57

If m = 1, then k = 0. Since ddu A "~ ! > 0 weakly on €, it follows that
—dd[(u—v) A BT < ddv AT

(2.13) |A'(6)] < My Ji(u,v).

weakly on Q. Since 0 < 5 — ¢ + k0% < 2k6%, it follows from (2.14) that
|B'(9)] < 2k0¢ /Q ddv A B < 2R K 6%
If m > 2, a simple computation shows that
—dd®[(u —v)™] = —m(u —v)™  dd(u — v)
—m(m —1)(u—v)" 2d(u — v) A d°(u —v)

< —m(u —v)" tdd(u — v),

J.E.P. — M., 2021, tome 8



786 A. BenaLt & A. ZEriann

Since ddu A (ddp)* A B"~F=1 > 0 weakly on €2, it follows that
—dd°[(u — v)™] A (dd°p)* A B < mi(u — 0)™ N ddCu A (ddCp)* A grTREL
weakly on Q. Since 0 < 5 — ¢ + k0% < 2k6%, it follows from (2.14) that

(2.15) |B'(8)| < 2m K 6* / (w — v)™Yddv A (dd°p)* A R
Q

Recall that 3 = ddiy, where 1g(z) := |2|*> — 73, where ry > 0 is chosen so that
1o < 0 on Q. Then the inequality (2.15) implies that

(216)  |B'(6)] < 2mmd® / (1 — )™ =1ddw A (dd°p)* A (ddp)™—F=1 A gr=m.
Q

Since v, @, 1o < 0 on §, repeating the integration by parts (m — 1) times, we deduce
from (2.16) that

(2.17) [B'(9)] < 2m! k8%l [l4hol [+ /Q(ddcv)m AR
Combining the inequalities (2.13) and (2.17), we obtain for ¢ such that 0 < ¢ < o,
/(u — )" y1(0) < Myk6“ 2Ty (u,v) 4+ d' (m, n) R6Y,
Q

where d'(m,n) = d'(m,n,p,g) > 0 is a uniform constant. Applying the induction
hypothesis (2.12), we get

[ =0 ona(e) € KM+ = ol — o+ d (RS
We want to optimize the last estimate. Since ||u — v||; < 1, we can take
§ = dolllu — v[]*/? < &
in the last inequality to obtain
/Q(u —0)"0k41 () < (KMyCr(1 + [lu — l|Z27Y) + Rd'(m, m) ([Ju —v[[§*/%)°
< Ot (L4 lu = ol R [Ju — ]| 77,

where ajy := ag(a/2) and and Cyyq = kM85 >Cy + d’(m,n). This proves the
estimate (2.12) for k + 1. Taking into account the inequality (2.11) we obtain the
estimate of the lemma with appropriate constants. This finishes the proof of the
second part of the lemma. O

3. Proor or THEOREM B’

We are now ready to prove Theorem B’ using Lemma 2.2.

Proof. — The strategy of the proof is the same as that of [BZ20, Th.B], but for
convenience of the reader we will recall the main steps.

We know that the Dirichlet problem (1.1) admits a unique bounded solution u €
SHm(2) N L>(Q) by [Ngul2].

JIEP. — M., 2021, tome 8
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To prove that u is Holder continuous with some exponent 0 < 6§ < 1, it is enough
to consider the standard regularization us := u x xg, for  such that 0 < § < dg and
to prove that there exists a constant L; > 0 and 0 < §; < g such that for any § such
that 0 < § < 61, and any z € 5, we have
(3.1) sup(us —u) < Co°,

Qs
provided we prove that u is Holder continuous near the boundary with the same
exponent 6. We refer the reader to [Zer20] for a complete proof of this fact.

Recall that us can be defined for ¢ such that 0 < § < &g (where dp > 0 is small
enough) by the following formula : for z € C",

us(z) = /Q (x5 (= — Q)ddan(©),

where Ao, is the Lebesgue measure on 2. Observe that us is smooth on C" and
m~subharmonic on 5.

The first step is to use the Holder continuity of the boundary datum g to construct
global barriers to show that u is Holder continuous near the boundary and to deduce
bounded m-subharmonic global approximants (us)o<s<s, of v on € which satisfy the
following inequalities:

(3.2) 0 <us(z) —ul(z) us(z) —u(z) < us(z) —u(z) + k6%, =z € Qy,

and @ > won Q and 45 = v on Q\ Qs for § such that 0 < § < dg. We refer to [BZ20]
for this construction.

Since us = u near the boundary 012, it follows from Stokes formula that for § such
that 0 < § < §p, we have

/ (ddCTis)™ A Bm = / (ddew)™ A B < () < oo,
Q Q

The second step is to use stability estimates. Since us = u on Q ~\ Qs and p <
(ddp)™ A ™™ on Q, we can apply [BZ20, Prop. 2.20] with the exponent 7 given in
[BZ20, Th. A], to deduce that for any ~ such that

mao
m(m + Da + (n —m)[(2 — a)m + a]’

0<vy<v(mn,a):=

there exists a constant D, > 0 such that any 0 < § < do,

(33) sup(is —u) < D, | (35— u)dn)

To prove (3.1), we need to estimate [(Zs — u)dp in terms of the integral
fﬂ(ﬂg — u)dAay,, where Ay, is the Lebesgue measure.

Since p < (dd®p)™ A L™~ ™, this is possible by applying Lemma 2.2 if we can ensure
that ||(ws — ul|1 :== fﬂ(% —u)dAan, < 1 for § > 0 small enough. This is clearly true
since us decreases to u as § decreases to 0, but we will need a quantitative estimate.

J.E.P.— M., 2021, tome 8



788 A. BenaLt & A. ZEriann

Indeed by [GKZ08] (see also [BZ20, Lem. 2.3]), we know that
(3.4) /(U5 —u)dAan < B||Au||q,6%.
Q

To complete the proof of our theorem, it suffices to estimate the mass ||Aullq, =
j;lg ddu A 71 in terms of §. We will consider the two cases separately.

(1) Assume first that g € C11(9Q). By the inequality (2.2) of Lemma 2.1, we have
for § such that 0 < § < dy,

[8ule, < [ ddoun 5" < dlm,n) (M + p(@)") < 4.
Q
Hence by (3.4) it follows that
lus — uljr = /(u5 —u)dXy, < C! 6% < 1,
Q

for § such that 0 < § < §; with 0 < §; < §p and small enough. Therefore, applying
the inequality (2.5) of Lemma 2.2, we get for § such that 0 < § < 41,

/Q(% —u)dp < Cm ( /Q (fts — u)(Z)d)\gn(z)>am
<Cp (/95 (us(z) — u(z)d)\Qn(Z)) %7

where the last inequality follows from (3.2). Using (3.4) we deduce that for § such
that 0 < § < 51,

(3.5) / (il — w)dp < C', 620
Q

It follows from (3.2), (3.3) and (3.5) that for § such that 0 < § < dy,

sup(ug — u) < sup(ug — u) + K&
Qs Q

< Ol §2om 4 g6°,

This proves the required estimate (3.1) with 6 = 2va, < a.

(2) In the general case we need to estimate ||Au||q, in a different way. Since the
defining function p of 2 is smooth and |Vp| > 0 on 99, it follows from Hopf’s lemma
that there exists a uniform constant ¢; > 0 such that —p(z) > ¢ dist(z,0Q) (see
[Zer20] for more details). Then

/ ddu A B <Gt / (—p)dd°u A B
Qs Q

We can assume that v < 0 on . Then by the integration by parts inequality (see
[BZ20, (2.5)]), it follows that

(3.6) / ddu A " < Gt / (—u)ddp A "1 < 36~ oscqu,
Qs Q

JIEP. — M., 2021, tome 8



Erratum 1o “TiE HOLDER CONTINUOUS SUBSOLUTION THEOREM™ 78()

where ¢3,¢3 > 0 are uniform constants. Hence by (3.4) and (3.6) we get

/(u5 —w)don, < C' 6 < 1
)

for § such that 0 < § < d2 with 0 < Jo < §; and small enough.
Therefore, applying the inequality (2.4) of Lemma 2.2, we get for § such that
0<d <o,

/(ﬂg—u <, < s — u)dAgn (2 ))
Q
C ( (us —u d/\2n> m,

where the last inequality follows from (3.2). ThlS implies that for § such that 0 <d < da,

(3.7) / (il — w)dp < " 50m.
Q
Therefore, taking into account (3.3) and (3.7), we get for § such that 0 < § < da,
sup(ug — u) < Cp, 87/ ™ 4 k6%,
Q

5
since ||ts — ul|co < 0scqu. This proves the required estimate (3.1) with 8 =~ya,,/m <a.
|
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