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SYMMETRIC KHOVANOV-ROZANSKY LINK HOMOLOGIES

BY Lours-HapriEN RoBERT & EMmANUEL WAGNER

Asstract. — We provide a finite-dimensional categorification of the symmetric evaluation of
sl -webs using foam technology. As an output we obtain a symmetric link homology theory
categorifying the link invariant associated to symmetric powers of the standard representation
of sly. The construction is made in an equivariant setting. We prove also that there is a spectral
sequence from the Khovanov-Rozansky triply graded link homology to the symmetric one and
provide along the way a foam interpretation of Soergel bimodules.

Riésumic (Homologies d’entrelacs de Khovanov—Rozansky symétriques). — On donne une caté-
gorification de ’évaluation symétrique des toiles sl en utilisant les mousses. On en déduit des
théories homologiques d’entrelacs qui catégorifient les invariants quantiques d’entrelacs associés
aux puissances symétriques de la représentation standard de sln. Ces théories sont obtenues
dans un cadre équivariant. On montre qu’il existe des suites spectrales de ’homologie triple-
ment graduée de Khovanov-Rozansky vers ces homologies symétriques. On donne aussi une
interpretation des bimodules de Soergel en terme de mousses.
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1. INnTRODUCTION

In [RW17], we provided a combinatorial evaluation of the foams underlying the
(exterior) colored Khovanov-Rozansky link homologies [CK08a, CK08b, MS09, Sus07,
MSV09, Wul4, Yonll]. See [MW18] for an overview. This formula was the keystone
to provide a down-to-earth treatment of these homologies, completely similar to the
one in Khovanov’s original paper [Kho05] or in his sl3 paper [KhoO4]. Immediate
consequences of this formula were used by Ehrig-Tubbenhauer-Wedrich [ETW18] to
prove functoriality of these homologies.

The present paper grew up as an attempt to provide a similar formula for foams
underlying link homologies categorifying the Reshetikhin-Turaev invariants of links
corresponding to symmetric powers of the standard representation of quantum sly.
Providing manageable definitions of these link homologies is one of the keys of the
program aiming at categorifying quantum invariants of 3-manifolds.

The first such link homologies were provided by Khovanov for the colored Jones
polynomial [KhoO5] (see as well [BWO08]). There are nowadays many definitions of
link homologies, e.g. using categorified projectors [SS14, FSS12, CK12, Roz14, Caul5,
CH15] or using spectral sequences [Caul7] (see below for more details concerning this
last one). They also fit in the higher representations techniques developed by Webster
[Web17].

In addition, it has been conjectured in [GGS18] that there exist symmetries be-
tween the categorification of Reshetikhin-Turaev invariants arising from exterior pow-
ers and symmetric powers of the standard representation of quantum sly. It has been
proved by Tubbenhauer-Vaz-Wedrich at a decategorified level [TVW17]. Moreover the
work of Rose-Tubbenhauer [RT16], Queffelec-Rose [QR18] and Queffelec-Rose-Sartori
[QRS18] made clear that the planar graphical calculus underlying the description of
the symmetric powers of the standard representation of quantum sly is for a large
part similar to the one for to the exterior powers. In the exterior case it was devel-
oped by Murakami-Ohtsuki-Yamada [MOY98] (called in this paper the exterior MOY
calculus). Queffelec, Rose and Sartori proved that the invariants only differ by the
initializations on colored circles [QR18, QRS18]. They work in an annular setting. We
call it the symmetric MOY calculus.

An attentive reader may have noticed that we spoke about an attempt. Let us
explain why one cannot provide such a formula in the symmetric case at the level of
generality we had in [RW17] and therefore need to restrict the setup.

Foams are 2-dimensional CW-complexes which are naturally cobordisms between
trivalent graphs (see below for an example). The closed formula of [RW17] provided
a singular TQFT using the universal construction [BHMV95]. In this construction a
facet of the foam is decorated with elements of a Frobenius algebra which is attached
to the circle colored with the same color. Since the work of Bar-Natan and Khovanov
the existence of the non-degenerate pairing on the algebra is rephrased in a topological
type relation, known as the neck-cutting relation. Moreover, the TQFT feature also
forces the evaluation of a planar graph times a circle to be the dimension of the vector
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SymMETRIC KHOVANOV-ROZANSKY LINK HOMOLOGIES 575

space, the universal construction associates to the planar graph. We emphasized in
[RW17] that if such a construction works, not only circles are associated Frobenius
algebras but all planar graphs which have a symmetry axis. In addition, the co-unit,
for degree reasons, should be non-zero only on the maximal degree elements. All the
previous properties would be forced if one could obtain a closed formula providing a
categorification of the symmetric MOY calculus. Elementary computations show that
a functor categorifying the symmetric MOY calculus cannot satisfy such properties
essentially for degree reasons.

This is why we work in an annular setting. The drawback is that we cannot deal
with general link diagrams. The benefit is that we can use part of the technology
developed by Queffelec-Rose [QR18]. We obtain an evaluation in this restricted case
and apply a restricted universal construction to obtain the following result:

Turorem. — There exists a finite-dimensional categorification of the symmetric MOY
calculus yielding a categorification of the Reshetikhin-Turaev invariants of links cor-
responding to symmetric powers of the standard representation of quantum sl .

We call these link homologies symmetric (colored) Khovanov-Rozansky link ho-
mologies. The construction applies in particular to the case where the representation
is the standard representation of quantum sl . As shown on an example (Section 6.3),
it provides in this case a different categorification of the (uncolored)-sly-link invari-
ants than those of Khovanov and Khovanov-Rozansky. This observation is due to
Queffelec-Rose-Sartori; actually they discuss in [QRS18] how the annular link homolo-
gies constructed by Queffelec and Rose in [QR18] can be specialized to be invariant
under Reidemeister I and give link invariants in the 3-sphere.

Whereas the definition of the link homologies can be made only using the language
of foams and symmetric polynomial, the proof of invariance at the moment requires a
more algebraic treatment. This algebraic treatment uses Soergel bimodules and makes
explicit the comparison with the work of Cautis [Caul7].() Cautis constructs a dif-
ferential dy on the Hochschild homology of Soergel bimodules compatible with the
differential of the Rickard complex such that the total homology provides a categori-
fication of Reshetikhin-Turaev invariants of links corresponding to symmetric powers
of the standard representation of quantum sly. We provide here an explicit version
of the additional differential in an equivariant setting. The non-equivariant case is
studied by Cautis [Caul7] and investigate by Queffelec-Rose-Sartori [QRS18]. Hence,
one consequence of our proof of invariance is the following.

Turorem. — There exists a spectral sequence whose first page is isomorphic to
the (unreduced) colored triply graded link homology converging to the symmetric
Khovanov-Rozansky link homologies.

() This strategy of proof was discussed with H. Queffelec and D. Rose.
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576 L..-H. RoserT & E. WAGNER

We would like to stress that one can also see on the same picture the spectral
sequences converging to the (exterior) colored Khovanov-Rozansky link homology
[Ras15, Wed19]. Hence in some sense the only differential missing from the perspective
of the work of Dunfield-Gukov-Rasmussen is dy which seems to be tackled by Dowlin
[Dow17].

The definition of the link homologies in this paper, starts with the links presented
as closures of braids, hence regarding functoriality questions it only makes sense to
consider braid-like movie moves. It is an immediate consequence of our definitions
and the work of Ehrig-Tubbenhauer-Wedrich concerning functoriality of the (exterior)
colored Khovanov-Rozansky link homologies that the following holds.

TaeoREM. The symmetric Khovanov-Rozansky link homologies are functorial with
respect to braid-like movie moves.

One very important feature it that our construction works in an equivariant setting
and will allow with a little more work to define Rasmussen type invariants for braids.
In another direction, the fact that we are restricted to braid closures naturally sug-
gest that one will obtain Morton-Franks-Williams type inequalities in this case (see
Wu [Wul3]). The interactions between the two previous directions seem to us worth
pursuing.

To conclude, the construction is done over rationals and we think the following
question deserves attention.

Question. — Can one make the content of this paper work over integers?

The main obstruction so far is that in our proof of invariance we need to invert 2,
just like for the stabilization in the triply graded homology [Roul7, WW17]. The
strategy adopted by Krasner [KralOb] might be a starting point.

Outline of the paper. The paper is divided as follows. In the Section 2 we develop
the symmetric MOY calculus. In the Section 3 we provide the needed definitions
of the restricted class of foams we will be working with: disk-like and vinyl foams.
We also give an overview on foams and the closed formula of [RW17]. In Section 4
we explain how to think of Soergel bimodules as spaces of disk-like foams and part of
their homologies as vinyl foams. In Section 5 we define an evaluation of vinyl foams,
providing a categorification of the symmetric MOY calculus. The rest of the section
is devoted to rephrasing it in terms of an additional differential on the Hochschild
homology of Soergel bimodules. The algebraic description is used in Section 6 to prove
the invariance of the link homologies. The link homologies are constructed using the
well-known Rickard complexes.

There are as well three appendices. The first one deals with the representation
theory of quantum gl,. The second is a reminder on Koszul resolutions and contains
some technical homological lemmas. The third one present some inspiring algebraic
geometry.
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2. MOY cGrapus

Derinition 2.1 ([MOY98]). — An abstract MOY graph is a finite oriented graph
I' = (Vr, Er) with a labeling of its edges : £ : Er — Ny such that:

— the vertices are either univalent (we call this subset of vertices the boundary of T'
and denote it by OI') or trivalent (these are the internal vertices),

— the flow given by labels and orientations is preserved along the trivalent vertices,
meaning that every trivalent vertex follows one of the two models (merge and split
vertices) drawn here.

a+b a+b

A A

a b a b
The univalent vertices are either sinks or sources. We call the first positive boundary
points and the later negative boundary points.

Remark 2.2

(1) Sometimes it will be convenient to allow edges labeled by 0. However, this
edges should be thought as “irrelevant”. We simply delete them to recover the original
definition.

(2) Each internal vertex has three adjacent edges. The label of one of these edges
is strictly greater than the other two. This edge is called the big edge relative to this
vertex. The two other edges are called the small edges relative to this vertex.

Derinition 2.3, — A MOY graph is the image of an abstract MOY graph T' by a
smooth embedding in the [0,1] x [0, 1] such that:

— All the oriented tangent lines at vertices are equal.(?)
a+b a+b

e A

a b a b
— The boundary of T' is contained in [0, 1] x {0,1}.
-10,1[x{0,1} NnT" = aT".
— the tangent lines at the boundary points of I' are vertical, (that is, collinear
with (9)).

)1 pictures which follows we may forget about this technical condition, since it is clear that we
can always deform the embedding locally so that this condition is fulfilled.
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In what follows it will be convenient to speak about the tangent vector at a point p
of the graph I' (or more precisely of its image in [0, 1] x [0,1]). By this we mean the
only vector which is tangent to I', has norm 1 and whose orientation agrees with
the one of I'. Note that the condition on the embedding on vertices ensure that it is
well-defined everywhere.

Noration 2.4. — In what follows, k always denotes a finite sequence of integers (the
empty sequence is allowed). If k = (ky, ..., k¢), € is the length of k and Zle k; is the
level of k. If k is a sequence of length 1 and level k, we abuse notation and write k
instead of k.

If we want to specify the boundary of a MOY graph I', we will speak about k;-MOY
graph-k, (see the example in Figure 1 to understand the notations). If a MOY graph
has an empty boundary we say that it is closed.

If T is an k,-MOY graph-k,, we denote by —T" the (—k;)-MOY graph-(—k,), which
is obtained from I' by reversing all orientations.

Remark 2.5. — MOY graphs are regarded up to ambient isotopy fixing the boundary.
This fits into a category where objects are finite sequences of signed and labeled
points in ]0, 1[, and morphisms are MOY graphs. The composition is then given by
concatenation and rescaling (see Figure 1).

Figure 1. Examples of a MOY graphs: a (4,3,1)-MOY graph-
(2,3,1,2), a (—2,2,5,3)-MOY graph-(4,3,1) and their concatena-
tion.

Derinimion 2.6. — Let T' be a closed MOY graph. The rotational of T' is the sum of
the rotational of the oriented circles appearing in the cabling of I'. The rotational of a
circle is +1 if it winds counterclockwisely and —1 if it winds clockwisely. It is denoted
by rot(I"). This definition is illustrated in Figure 2.

2.1. MOY cavcuLr. In their seminal paper, Murakami, Ohtsuki and Yamada
[MOY98] gave a combinatorial definition of the colored U,(sly) framed link in-
variant. For clarity we refer to this construction as exterior MOY calculus since it
calculates the Reshetikhin-Turaev invariant of a framed link labeled with exterior
powers of V' the standard representation of U,(slx). We denote by (s) \ this invariant
(or simply by () when there is no ambiguity about N). This goes in two steps.
We consider a framed link diagram labeled with integers between 0 and N (one

JE.P.— M., 2020, tome 7



SymMETRIC KHOVANOV-ROZANSKY LINK HOMOLOGIES 579

e

Ficure 2. The rotational of the closed MOY graph depicted on the

left is equal to 2 — 2 = 0.
should think about an integer a as representing AZV) and we replace every crossing
by a formal Z[q, ¢~ !]-linear combination of planar graphs following the formulas:

n+k—m
7:7,\ n> m B B "A
(2.1) < / = Z (=)™ FgF ™ (e m—k
\ k=max(0,m—n) s
/ R n+k—m 4
(2.2) < \ > = Z (—1)mkgm—k <n+k mk>
/ k=max(0,m—n) < k

The first crossing in the formula is said to have type (m,n,+), the second to have
type (m,n, —).

Finally we can evaluate these planar graphs (which are closed MOY graphs) using
the following identities and their mirror images:

A

(2.7) <mfm+:1><1‘ m>+[Nm1]<mY>
‘m“;n /\m

JE.P.— M., 2020, tome 7



580 L..-H. RoserT & E. WAGNER

4 m
A A £ m L m
(28) Z+n‘ ‘mfn _|:m1:| -1 +[ml] t4m
i— n T n—1
L 1 m+e-1 1 m+4+e-—-1
m+£—1
m n+£ m n+ £

m B J
(29) <n+k‘ ‘m+£k>: Z |:kfj:|<m]‘ ‘n+g+]’>

j=max (0,m—n)

In the previous formulas, we used quantum integers and quantum binomials. These

k —k
=929 and
a—q

are symmetric Laurent polynomials in ¢ defined by [k] :

a0 Ele-i T
LJ_HZUC[]'] where [2}!:};[1[]]-

The first formal proof that these relations are enough to compute has been written
by Wu [Wul4] and is based on a result of Kauffman and Vogel [Kaul3, App.4]. In
particular, this shows that there is a unique evaluation of MOY graphs which satisfies
these relations. The coherence of these relations follows from the representation theo-
retic point of view. For more details we refer to [MOY98, MS09] and to Appendix A.

As pointed out by [TVW17], a similar story applies when one think about the
integers labeling the strands of a link (which are now only required to be positive)
as representing g-symmetric powers of V' (i.e., Sym; V). We denote by () this
invariant (or simply by () 5 when there is no ambiguity about N). This yields what
we call the symmetric MOY calculus.

NG m o ey

(2.10) <</>> = Z (—1)™ qum<<n+k m_k»
\ N k=max(0,m—n) < :

" ™o N
N " Lo

o [3CY- £ ome b T
/ N k=max(0,m—n) -

" ™ N

The formulas for evaluating MOY graphs become:

(-]
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e A
" (=00 -1~
S R R
o QR AT e
(2.17) <<“";z ijm"»

LU D )
PO O Y

Remark 2.7

(1) The proof of computability and uniqueness of Wu [Wul4] still works in the sym-
metric case. As before consistency follows from the representation theoretic point of
view. We describe explicitly in Appendix A the U, (gl )-intertwiners between products
of symmetric powers of the standard U,(gly)-module. One can check by brute force
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589 L..-H. RoserT & E. WAGNER

computation that these morphisms satisfy the identities defining the symmetric MOY
calculus.

(2) We choose a normalization making the polynomial associated by the symmetric
MOY calculus with any planar graph a Laurent polynomial with positive coefficients.
The skein formula we use for the crossings is not compatible with the choices made
for the exterior MOY calculus. The braiding in the exterior MOY calculus is given
by an R matrix of Uy(sly), while for the symmetric MOY calculus it is given by
its inverse. Hence the two calculi we present here cannot be merge into one bicolor
calculus as it is done in [TVW17].

(3) In [TVW17], there is an overall sign which we choose to remove here. For
recovering this sign one should multiply our symmetric evaluation of a MOY graph I’
by (—1)**™) (see Definition 2.6).

(4) Up to this sign the formulas are actually the same as the ones of the exterior
MOY calculus applied to —N. Since they do not involve N, the identities (2.4), (2.5),
(2.8) and (2.9) of the exterior MOY calculus are the same as the identities (2.13),
(2.14), (2.17) and (2.18) of the symmetric MOY calculus.

(5) In order to turn the framed invariants (s), and (), into invariants of un-
framed links, one needs to renormalize them. For any link diagram D, we define:

A
RT{ (D) = (=1)*P¢*" PV (D)
S
and RT3 (D) =¢" P (D),
where e(D) (resp. k*(D), resp. k%(D)) is the sum over all crossing = of D of e,
(resp. k2, resp. k2) defined by:
(m(N+1—=m),—m(m+ N —1),—m) if z is of type (m, m,+),
(KX kD ey) = (—m(N+1—m),m(m+ N —1),4+m) if zis of type (m,m,—),
(0,0,0) else.
While the case N = 1 is trivial in the exterior MOY calculus, it is not in the

symmetric MOY calculus. However, the symmetric evaluation of a MOY graph T for
N =1 is especially simple.

Lemma 2.8. — Let T be a MOY graph. For every vertex v of T', let us denote by W (v)
the element of N[q,q~ '] given by the formulas:

a-+b a+b

v /\ - [a+b] W ,)\
a

a b a b

The following identities hold in Z[q,q ']

1/2
Mhyer= ] W = ] W(v)z( I W(v>) .

v split v merge v vertex of T
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Sketch of the proof.. — We only treat the “merge” part of the statement. Since there
is a unique polynomial satisfying the symmetric MOY calculus for N = 1. It is
enough to check that W(I') := [[, ,erqe W (v) satisfies the symmetric MOY calculus
of N = 1. For instance, to prove that W satisfies identity (2.18), one shows the
following g-binomial identity:

[T D i ] P i

j=max(0,m—n)

which can be done by induction on n 4+ m. 0

Another identity holds both in the exterior and the symmetric MOY calculi.

Lemva 2.9, The following local identities and their mirror images hold:
kE—nr L+ k—r L4+
A A
(2.19) < k] 1 >: [T+S}< >
. s s
A s A
k+s L —s k+s L — s
k—nr L+ k—r L+
A
L . > S r+ s
k+s L — s N k+s ¢ — s N
Sketch of proof. — For the exterior calculus: it is a consequence of identity (2.4), its
mirror image and identity (2.5). For the symmetric calculus: it is a consequence of
identity (2.13), its mirror image and identity (2.14). O
2.2. Bram-Like MOY crarus. In this section we introduce a special class of MOY

graphs which contains in particular the ones appearing in the expansion of braids
when using identities (2.1) and (2.2) to get rid of crossings. We call these graphs
braid-like.

Derinition 2.10. — A MOY graph T' is braid-like if the scalar products of all its
tangent vectors with () are strictly positive. In Figure 1, the leftmost MOY graph
is braid-like, while the two others are not.

Remark 2.11

(1) Braid-like MOY graphs are regarded up to ambient isotopy fixing the boundary
and preserving the braid-like property. They fit into a category which is a non-full
subcategory of the one described in Remark 2.5.

(2) The braid-likeness of a MOY graph T" implies that boundary points of T' on
10, 1[x{0} are negative, while the one on ]0,1[x{1} are positive.

JE.P.— M., 2020, tome 7



584 L..-H. Rosert & E. WacNER

(3) Every braid-like MOY graph can be obtained as vertical concatenation of MOY
graphs of type:

TT Ci\{f TT and TT ;j\l; TT

(4) If T is a k;-MOY graph-k,, then the sum of the element of k; is equal to the
sum of the element of k,, we call the number the level of T'.

The following lemma, although quite elementary and completely combinatorial, is
one of the keystones of this paper.

Lemva 2.12. Let k be a positive integer and k be a finite collection of positive
integers of level k. We consider M the Z|q, ¢~ ] module generated by braid-like k-MOY
graphs-(k) and modded out by ambient isotopy and relations (2.4) and (2.5) (or (2.13)
and (2.14)). The module M is generated by a braid-like tree. Moreover all braid-like
trees are equal in M.

Proof. — Let T be a braid-like k-tree-k, that is, a braid-like k-MOY graph-k which is
a tree. Thanks to the relation (2.4), it is clear® that all braid-like k-tree-k are equal
in M.

It is enough to show that any braid-like k-MOY graph-k T" is equal in M to P
(a Laurent polynomial in ¢) times a braid-like k-tree-k. We show this simultaneously
on all finite sequences of integers of level k by induction on the number of merge
vertices. If there is no merge then I' is a tree and there is nothing to show. If T’
contains a merge, we cut I' horizontally into two parts, just below its highest merge.
We obtain I'top, and I'yoe. The latter is a k’-MOY graph-k and has one merge vertex
less than T'. Hence we can use the induction hypothesis to write I'yoy = P(¢)7T and
choose the tree T to have a split vertex on its top part which is symmetric to the
merge vertex below which we cut I'. We now stack I'y,, onto T, and reduce the digon
thanks to the relation (2.5), we obtain that T' is equal in M to a Laurent polynomial
times a braid-like k-tree-k. O

Remark 2.13

(1) Note that with the representation theoretic interpretation of MOY-graph, this
results should be interpreted as: the multiplicity of A’;V (resp. Sym’; V) in ®f=1 A’;iV
(resp. ®f:1 Sym];i V') is one (see Appendix A).

(2) This lemma says, that for any braid-like (k1,...,k¢)-MOY graph-(k) T, there
exists a Laurent polynomial (I"), such that I' = #(I")T" in the skein module, where T’

(3)This is similar to saying that the associativity of a product allows to remove parentheses in
arbitrary long product. Indeed the first relation can be seen as an associativity property and a tree
as a (big) product.
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is a braid-like tree. From the proof, one deduces that

a+b
r(T) = | | [ . ] )
veV ()
v merge of type (a,b,a + b)

For a latter use it will be convenient to have a preferred tree.
Derintrion 2,14, Let k be a finite sequence of positive integers which add up to k.
We denote by T}, the braid like k-tree-k which is obtained by this inductive definition:

— T}, is a single vertical strand,
= Tly,....ke) is obtained from Ty, .k, .,
into two strands labeled by k,—; and ky.

ke_1+ke) DY splitting its rightmost strand

This is probably better understood with the following figure:

2.3. VinvL grapus. — We denote by &7 the annulus {z € R?|1 < |z| < 2} and for
all z = (34) in &, we denote by t, the vector (%2). A ray in R? is a half-line which
starts at O, the origin of R?.

Derinirion 2.15. — A wvinyl graph is the image of an abstract closed MOY graph T’
in o/ by a smooth® embedding such that for every point z in the image of T', the
tangent vector at this point has a positive scalar product with t,. The set of vinyl
graphs is denoted by ¥". We define the level of a vinyl graph to be the rotational of
the underlying MOY graph. If k is a non-negative integer, we denote by ¥ the set
of vinyl graph with rotational equal to k. Vinyl graphs are regarded up to ambient
isotopy preserving ..

Ficure 3. A vinyl record and a vinyl graph of level 7.

(4)The smoothness condition is the same as the one of Definition 2.3.
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Remark 2.16. Let T" be a vinyl graph with rotational k, and D be a ray which does
no contain any vertices of I'. Then the condition on the tangent vectors of I', implies
that:

— the intersection points of the ray D with I' are all transverse and positive,
— the sum of the labels of edges which intersects I' is equal to k.

Informally, the level counts the numbers of tracks of a vinyl graph.
Of course, a natural way to obtain vinyl graphs is by closing braid-like MOY graphs.

Notration 2.17. — Let k be a finite sequence of integers and I" be a braid-like --MOY
graph-k. Then we denote by I' the vinyl graph obtained by closing up I'. The level
of ' equals the level of k.

Iicure 4. The vinyl graph T is obtained by closing up the braid-like
MOY graph I

The following theorem from Queffelec and Rose shows that the MOY relations (2.3),
(2.4), (2.5), (2.9) and (2.19) (resp. (2.12), (2.13), (2.14), (2.18) and (2.20)) defines
uniquely the exterior (resp. symmetric) MOY calculus for vinyl graphs.

Treorem 2.18 ([QR18, Lem. 5.2]). Let Sy be the Z[q,q ']-module generated by
vinyl graphs of level k modded out by the relations (2.4), (2.5), (2.9) and (2.19). The
module Sy is generated by vinyl graphs which are collections of circles of level k.

The proof of this result is constructive. Queffelec and Rose give an algorithm
which reduces a vinyl graph using (2.4), (2.5), (2.9) and (2.19). Their algorithm
produces a linear combination of collection of circles. Hence adding relation (2.3)
(resp. relation (2.12)) we obtain the exterior (resp. symmetric) evaluation of any vinyl
graph.

In what follows we categorify the symmetric MOY calculus of vinyl graphs. We
construct a category TLFy whose objects are vinyl graphs. Suppose that % is a functor
from the category TLFy to a category ¢ with a grading, such that the relations (2.4),
(2.5), (2.9) and (2.19) are compatible with .# (i.e., linear combinations translates into
directs sums of objects with degree shifts). From the algorithm of Queffelec and Rose,
we can deduce the following proposition:
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Prorosirion 2.19 ([QR18, Proof of Prop. 5.1]). For any vinyl graph T, there exist
two N[gq, q~*]-linear combinations of collections of circles >, a;C; and > b;C5 such
that:

F(0) & @ F(C){a} ~ @ F(C)b}

In particular, if € is a category of modules over an algebra A and collections of circles
are mapped to finitely generated projective modules, then F(T') is finitely generated
and projective. Moreover, if A is a polynomial algebra, then F(T) is free and rela-

tions (2.4), (2.5), (2.9) and (2.19) are satisfied by the graded rank of the modules.

3. Foawms

Foams have been introduced in the realm of link homologies by Khovanov [Kho04].
They have been used by Blanchet [Bla10] to fix functoriality of link homologies. They
are now widely used [QR16, LQR15, EST17].

3.1. Derintrions. — In the first two subsections we summarize some of the results of
[RW17]. However we think that familiarity with [RW17] is essential to fully understand
the constructions done in Sections 3.3, 3.4 and 5.1.1. We fix a positive integer N.

DeriNtrion 3.1, — An abstract foam F is a finite collection of facets F(F) = (X;)icr,
that is, a finite set of oriented connected surfaces with boundary, together with the
following data:

— A labeling ¢: (3;);er — {0,..., N},

— A “gluing recipe” of the facets along their boundaries such that when glued
together using the recipe a neighborhood of a point of the foam has three possible
local models:

a-+b

The letter appearing on a facet indicates the label of this facet. That is we have facets,
bindings (which are compact oriented 1-manifolds) and singular points. Each binding
carries:

— an orientation which agrees with the orientations of the facets with labels a
and b and disagrees with the orientation of the facet with label a + b.

— a cyclic ordering of the three facets around it. When a foam is embedded
in R3, we require this cyclic ordering to agree with the left-hand rule® with

(5)This agrees with Khovanov’s convention [KhoO4].

JE.P.— M., 2020, tome 7



588 L..-H. RoserT & E. WAGNER

respect to its orientation (the dotted circle in the middle indicates that the
orientation of the binding points to the reader, a crossed circle indicates the

—
&%

The cyclic orderings of the different bindings adjacent to a singular point should be
compatible. This means that a neighborhood of the singular point is embeddable in R3
in a way that respects the left-hand rule for the four bindings adjacent to this singular

other orientation, see Figure 6):

point.

Remark 3.2. — Les us explain shortly what is meant by “gluing recipe”. The bound-
aries of the facets forms a collection of circles. We denote it by .. The gluing recipe
consists of:

— For a subset ./ of ., a subdivision of each circle of .¥’ into a finite number of
closed intervals. This gives us a collection .# of closed intervals.

— Partitions of £ U (7 \ .¥’) into subsets of three elements. For every subset
(X1, X5, X3) of this partition, three diffecomorphisms ¢; : Xo — X3, ¢o : X5 = X7,
¢3 X1 — X such that ¢3 ¢} ¢2 o ¢1 = IdX2~

A foam is obtained by gluing the facets along the diffeomorphisms, provided that the
conditions given in the previous definition are fulfilled.

DerintTion 3.3. A decoration of a foam F is a map f — P which associates
with any facet f of F' an homogeneous symmetric polynomial Py in ¢(f) variables.
A decorated foam is a foam together with a decoration.

From now on all foams are decorated.

DeriNirion 3.4. A closed foam is a smoothly embedded abstract foam in R3.
Smoothness means that the facets are smoothly embedded and the different oriented
tangent planes agree on bindings and singular points as depicted here

@

a
‘b\ b?+b a+b+c

a+b
a

Just like for MOY graphs (see Definition 2.3), we will usually not care too much about
the smoothness on bindings and singular points when drawing foams.
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2 N1

3—— 3

5 / 2
Ficure 5. Example of a foam. The cyclic ordering on the central
binding is (5, 2, 3).

The notion of foam extends naturally to the notion of foam with boundary. The
boundary of a foam has a structure of a MOY graph. We require that the facets and
bindings are locally orthogonal to the boundary to be able to glue them together.
Probably the most local framework is given by the concept of canopolis of foams. We
refer to [BN05, ETW18] for more details about this approach. In what follows we will
consider:

— Foams in R? x [0, 1] where the boundary is contained in R? x {0,1} (see Defini-
tion 3.5);

— Foams in the cube [0, 1]?, where the boundary is contained in [0, 1]? x {0,1} U
{0,1} x [0,1)? (see Section 3.3);

— Foams in the thickened annulus &7 x [0, 1] where the boundary is contained in
o/ x {0,1} (see Section 3.4).

Derinition 3.5. — The category Foam consists of the following data:

— Objects are closed MOY graphs,

— Morphisms from I'y to I'; are (ambient isotopy classes relatively to the bound-
ary of) foams in R? x [0, 1] whose boundary is contained in R? x {0, 1}. The part of
the boundary in R? x {0} (resp. R? x {1}) is required to be equal to —Tg (resp. I'y).
Composition of morphisms is given by stacking foams and rescaling in the vertical
direction.

Derinition 3.6. — If F is a foam (possibly with boundary), a sub-surface is a collec-
tion of oriented facets F' such that their union is a smooth oriented surface ¥ whose
boundary is contained in the boundary of F.

3.2. REMINDER ON THE EXTERIOR EVALUATION OF FOAMS. The combinatorial evalua-
tion can be thought of as a higher dimensional state sum formula of the state sum of
Murakami-Ohtsuki-Yamada [MOY98] for evaluating MOY graphs.

Derinition 3.7. — A pigment is an element of P = {1,..., N}. The set P is endowed
with the natural order.
A coloring of a foam F is a map ¢: Z(F) — Z(P), such that

— For each facet f, the number of elements #c¢(f) of ¢(f) is equal to £(f).
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— For each binding joining a facet f; with label a, a facet fo with label b, and a
facet fs with label a + b, we have ¢(f1) U ¢(f2) = ¢(f3). This condition is called the
flow condition.

A colored foam is a foam together with a coloring. For a given foam F', the set of all
its colorings is denoted coly (F').

A careful inspection of the local behavior of colorings in the neighborhood of bind-
ings and singular points gives the following lemma:

Leyma 3.8

(1) If (F,c) is a colored foam and i is an element of P, the union (with the iden-
tification coming from the gluing procedure) of all the facets which contain i in their
colors is a surface. It is called the monochrome surface of (F, ¢) associated with i and
is denoted by F;(c). The restriction we imposed on the orientations of facets ensure
that F;(c) is oriented.

(2) If (F,c) is a colored foam and i and j are two distinct elements of P, the
union (with the identification coming from the gluing procedure) of all the facets which
contain i or j but not both in their color set is a surface. It is called the bichrome
surface of (F, c) associated with ¢,j. This the symmetric difference of F;(c) and F;(c)
and is denoted by F;(c). The restriction imposed on the orientations of facets ensures
that Fy;(c) can be oriented via taking the orientation of facets containing i and the
reverse orientations on facets containing j.

(3) Leti < j and consider a binding joining the facets fi, fo and f3. Suppose that
i€c(fr),j€c(fz) and {i,5} C c(f3). We say that the binding is positive with respect
o (4,7) if the cyclic order on the binding is (f1, f2, f3) and negative with respect to
(4,7) otherwise. The set Fy(c)NF;(c)NF;;(c) is a collection of disjoint circles. Each of
these circles is a union of bindings; for every circle the bindings are either all positive
or all negative with respect to (i,7).

Please note that the previous lemma contains the definition of monochrome and
bichrome surfaces.

Examrere 3.9 ([RW17, Ex.2.7]). — Suppose N = 4 (and therefore P = {1,2,3,4})
and consider the colored foam (F, ¢) given by the figure below

JE.P.— M., 2020, tome 7



SymMETRIC KHOVANOV-ROZANSKY LINK HOMOLOGIES 5.()1

where the big digits represent labels. Note that the orientation of every facet can be
deduced from the orientations of the bindings. Tables 1 and 2 describe the mono-
chrome and bichrome surfaces as well as the values of Hjj(c) for this colored foam.

ieP H Monochrome Surface F;(c) H In words ‘
1 Sphere (on the right)
2 Sphere (on the left)
3 Empty set
4 Sphere (on the left)
TasrLe 1. The monochrome surfaces of Example 3.9.
(i,) €
P 1 2 3 4
1 Torus Sphere . Torus
(on the right)
Sphere
2 2 E 3
(on the left) mpty set
Sphere
s 0 0 (on the left)
4 2 0 0

TasLe 2. The bichrome surfaces (top right) and the 9;; (bottom left)
of Example 3.9.

Remark 3.10. — Monochrome surfaces of (F) ¢) are sub-surfaces of F' while, in general,
bichrome surfaces are not in the sense of Definition 3.6.

Derinition 3.11. — Let (F, ¢) be a colored foam and i < j be two pigments. A circle
in F;(c) N Fj(c) N Fyj(c) is positive (resp. negative) with respect to (4, j) if it consists
of positive (resp. negative) bindings. We denote by 9; (¢)r (vesp. 8;;(c)r) or simply
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0;’; (c) (resp. 0;;(c)) the number of positive (resp. negative) circles with respect to
(4,7). We set as well 0;;(c) = 9;;(0) +0;;(c). See Figure 6 for a pictorial definition.

i J J i

{i,7}
J i i J
positive positive negative negative

Ficure 6. A pictorial definition of the signs of the circle, we assume
i < j. Recall that a dotted circle in the middle indicates that the
orientation of the binding points to the reader and a crossed circle
indicates the other orientation.

Derinirion 3.12. The degree deg% of a foam F is the sum of the following contri-
butions:

— For each facet f with label a, set deg(f) = a(IN —a)x(f), where x stands for the
Euler characteristic;

— For each interval binding e (i.e., not circle-like binding) surrounded by three
facets with labels a, b and a + b, set deg(e) = ab+ (a + b)(N — a — b);

— For each singular point p surrounded with facets with labels a, b, ¢, a + b, b + ¢,
a+ b+ c, set deg(p) = ab+ bc+ cd + da + ac+ bd with d =N —a—b— ¢

— Thus,

degy (F) == deg(f) + > _deg(e) — Y deg(p) + Y _ deg(Py),
f e P f

where the variables of the polynomials P, have degree 2.

Remark 3.13

(1) The degree is additive with respect to the composition of foam. This is the same
degree as in [QR16], but since we are not in a 2-categorical setting, the contributions
of I'p and I'; to the degree are equal to O.

(2) The degree can be thought of as an analogue of the Euler characteristic. The
degree of the foam of Figure 5 is equal to —16 when N = 6.

DeriNition 3.14. — If (F,¢) is a colored foam, define:
N
s(Fo) =Y ix(Fi(e)/2+ ), 65(F.o0),
i=1 1i<j<N
PR = T Pre), QFE= T (w—a)¥Fur
f facet of F 1<i<j<N
P(F,c)
F,¢) = (—=1)s@Fa) 2
T
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In the definition of P(F,c), Ps(c(f)) means the polynomial P evaluated on the vari-
ables {Z;}icc(s)- Since the polynomial Py is symmetric, the order of the variables does
not matter. A facet f is called trivially decorated, if Py = 1. Define the evaluation of
the foam F by:

(Fy:= > (Fo).

¢ coloring of F'

Remark 3.15. Let F' be a foam and denote by A the product of all decorations
of facets of label 0. Consider F’ the foam obtained from F by removing the facets
with label 0. There is a one-one correspondence between the colorings of F' and the

colorings of F’. For every coloring ¢ of F' and its corresponding coloring ¢’ of F’, we
have (F,c) = A (F’,c), and consequently (F) = A (F').

Prorosition 3.16 ([RW17]). — Let F be a foam, then (F) is an homogeneous element
of Q[z1,...,xN]N of degree degh (F).

Prorosition 3.17 ([RW17]). — The following local identities and their mirror images
hold:

(3.1)
(3.2) = Z (—1)laHNN+1) /2 < > .
a€T (a,N—a) @ T
b o—e T8 b y—e
a+b \ a+b
(3:3) < y 4—“—7T>\>:ZCO¢B< w ‘>’
a,B
o < Ta g
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™o~
e Y
(3. < >= ) <—1>a'< >
a€T(a,b) A
o,

Ta

(3.5) <

)= > o

a€T (b,N—a-D)

G i
wﬁje’" Sl

0—s

< ntk +——4 ) I > — Z (71)\a\+(6—k+j)(mfj) <F(]x> ,

j=max(0,m—n),...,m
a€T(k—j,b—k+j)

A
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where

n+k
= m+{4—k
B
m—j
FS e B
a = CB1B2Cy172 T2
B1,82 m —— 782
V1,72
- {—k
n+k +—1 L met
\\ n+k—m |
n k 7,
L— %
n+j—m

Moreover, in identities (3.1), (3.4), (3.5), (3.6) and (3.7), the terms on the right-hand
sides are mutually orthogonal idempotents. In the previous formulas T(a,b) denotes
the set of all Young diagram contained in the rectangle of size a X b, 7wy denotes the
Schur polynomial associated with A and c:, denote the Littlewood-Richardson constant.
Further explanations of notations and conventions can be found in [RW17, App.1].

In identity (3.7), (») needs to be extended linearly to formal Q-linear combinations
of foams.

Using this evaluation and the universal construction idea (see [BHMV95]), we
define a functor .y from the category of foams to the category of Q[xy, ...,z |-
module.

If T is a MOY graph, consider the free graded Q[z1, ...,z x]®~-module spanned
by Hompeam (@, T'). We mod this space out by

N Ker(HomFoam(Q,F) —>(@[x1,...,a:N]GN)

GEHompoam (T, 2) Fr—(GoF)

We define .#n(I') to be this quotient. The definition of .#x on morphisms follows.
From Proposition 3.17, we deduce that the functor .%y categorifies the exterior MOY
calculus.

Cororrary 3.18 ([RW17]). — Let ' be a closed MOY graph, then Fn(I') is a free
graded Q[z1,...,zN]%Y -module of graded rank equal to (T') .

In Sections 3.3 and 3.4 we will work with elements of .#5(T'). Such elements are
represented by Q[z1,...,7x]®¥-linear combination of foams bounding T. Since it is
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more convenient to work with representatives of classes than with the classes them-
selves, we introduce the following terminology.

Derinirion 3.19

(1) Let > ; \iFi and >, p;Gj be two elements of the free graded Q[z1, . . . ,TN|CN-
module spanned by Homgoam (&, ). We say that they are N-equivalent if they repre-
sent the same element in Fy (T).

(2) Let >, \jF; and ) ; #jG; two elements of the graded Q-vector space generated
by Homgoam (9, T"). We say that they are oo-equivalent if they are N-equivalent for
all N in N.

(3) Define % (I") the graded Q-vector space generated by Homgeam (2, ') modded
out by co-equivalence.

Remark 3.20. — The local identities (3.1), (3.3), (3.4), (3.6) and (3.7) can be trans-
lated into co-equivalences, while the local identities (3.2) and (3.5) can only be trans-
lated into N-equivalences.

3.3. Disk-Like roams (or HOMPLYPT roawms). For this section we fix a non-
negative integer. We will work in R? and we denote by P the plane spanned by
([ (1]

We consider the cube C = [0, 1]® and will use the following parametrization of its
boundary:

Sp = [O, 1]2 X {0}

Sh s¢ = [0,1]% x {1}

P
5 sy = 10,1 x {0} x [0,1]
¢ sp, =1[0,1] x {1} x [0,1]
Sf se = {0} x [0,1]?

s = {1} x [0,1]2

Sb
The symbols s, denote the 6 squares of the boundary of C and the letters
fyh, £,r, bt stand for front, hidden, left, right, bottom and top. The plan P is
parallel to the square s¢ and sy,.

Derinition 3.21. Let F' be a foam with boundary embedded in C. Suppose that
the boundary of F' is contained in s U s, U s, U s¢, and that the MOY-graphs F'N sy,
F sy, FNsy and F N sy are all braid-like. We say that F is disk-like if for every
point x of F', the normal line of the foam F' at x is not parallel to P.

We say that F' is a rooted I'-foam of level k if additionally:
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— the restriction of F' on sy is a single strand labeled k,
— the restriction of F' on s; is a braid-like MOY graph T,
— the restriction of F on s; and s, are standard trees (see Definition 2.14).

Remark 3.22. The notion of level (see Remark 2.11) extends to disk-like foams.
The name disk-like comes from the following lemma.

Lemma 3.23. — Let F be a disk-like foam. Every mnon-empty connected subsurface
of F is a disk whose boundary circle intersects each of the four squares sy, s, Sp
and s¢ non-trivially.

Proof. We consider a non-empty subsurface ¥ of F'. The condition on the normal
vector of disk-like foams implies that the projection on the second (resp. the third)
coordinate provides a Morse function with no critical points. This implies that X
is diffeomorphic to its intersection with s, (resp. sp) times the interval. Since X is
non-empty and connected sy N X is an interval. Finally, ¥ is a disk which intersects
non-trivially the four squares sy, s,, sp and s;. O

Remark 3.24. — Let F be a disk-like foam. The condition on the normal vector
implies that for all ¢ in [0, 1] the intersection of {t} x [0,1]? (resp. [0,1] x {t}) with F’
is transverse. Moreover, if {t} x [0, 1]2 (resp. [0, 1] x {t}) does not contain any singular
point of F, {t} x [0,1]> N F (resp. [0,1] x {t} N F) is a braid-like MOY graph. A very
similar result (Corollary 3.37) is given a proper proof in the next subsection.

DeriNtrion 3.25. Let us fix a non-negative integer k. The 2-category DLFj of
disk-like foams of level k consists of the following data:

— Objects are finite sequences of positive integers of level k.

— A l-morphism from k, to k; is a braid-like k;-MOY graph-k, (it has level k).
Composition is given by concatenation of braid-like MOY graphs.

— A 2-morphism from a braid-like k;-MOY graph-k I'yot to a braid-like k;-MOY
graph-k, I'iop is an ambient isotopy class (relative to the boundary) of a disk-like
foam F' in the cube C such that:

— the intersection of F' with s, is equal to —I'pet,

— the intersection of F' with s; is equal to I'tp,

— the intersection of F with s, is equal to —k, x [0, 1],

— the intersection of F' with s, is equal to k; x [0, 1].
Compositions are given by stacking disk-like foams and re-scaling. This is illustrated
in Figure 7.

The 2-category [ﬁ.?k is constructed as follows:

— Start from the 2-category DLFy.

— Linearize the 2-hom-spaces over Q.

— Mod out every 2-homspace by oo-equivalence (disk-like foams are considered as
foams from & to the boundary vinyl graph).
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Ficure 7. Vertical (top) and horizontal (bottom) compositions of
2-morphisms in DLF.

Derinirion 3.26. — Let ky and k; be two objects of the DLF; and I'yot and I'yop two
1-morphism from k, to k. The degree of a 2-morphism F': I'or — I'top is given by

formula ) )
k k
degD(F):deg(l)\(F)_ ||—0|| ;H-l” ,
where deg) (F) is the degree of F' as an exterior O-foam (see Definition 3.12) and if
k= (k1,...,k¢) is a finite sequence of non-negative integers, ||k||? := Zle k2.

Let I' a 1-morphism from k, to k;. The degree of a rooted I'-foam F' is given by:
Bl + Ik |1 + 2k

1 .
Remark 3.27. — One easily checks that with these definition the degree of 2-mor-

deg’ (F) = degy (F)

phisms is additive with respect to vertical and horizontal compositions. In particular,
the degrees of identity 2-morphisms are 0. Since the relations defining the oco-equi-
valence are homogeneous, this degree induces a grading on the 2-homspaces of D/I_F;c
Moreover, the composition of a rooted I'yo-foam with an element of hom(T'bot, Ttop)
is a rooted I'top-foam, and the degree is additive with respect to this composition.

Derinirion 3.28. — Let T' be a braid-like MOY-graph, and F' be a rooted I'-foam.
We say that F is tree-like, if {t} x [0,1]> N F is a tree for all ¢ in [0, 1]. In particular,
if {t} x [0,1]? does not contain any singular point of F, then {t} x [0,1]2 N F is a
braid-like tree.

From Lemma 2.12 we derive the following lemma which tells us that disk-like foams
are combinatorially very simple:

Lemva 3.29. — Let k be a non-negative integer, I' be the braid-like k-MOY graph-k
consisting of one single strand labeled by k and F be a rooted T'-foam (that is, a
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disk-like foam which bound a circle with label k). Then F is co-equivalent to a disk
with label k decorated by (—1)k<k+1)/2<F>k, where F' is the foam obtained from F by
capping it with a disk labeled by k.

~

Note that this makes sense since <F> is a symmetric polynomial in k& variables.

k
Proof. — Let us denote by D the disk with label k decorated by (—1)k(k+1)/2<ﬁ>k.
It follows directly from the definition of the sli-evaluation of foams, that F' is k-
equivalent to D. The sign comes from the term Zle ix(F;(c))/2 in the definition of
s(F,c) (see Definition 3.14). If N < k, then both D and F are N-equivalent to 0.

If N > k, we will see that the N-equivalence between F' and D follows from their
k-equivalence. We need to prove that for any foam G bounding a circle with label &,
(FoG)y = (DoG)y. First note that thanks to identity (3.2), we can suppose that G
is a decorated disk of label k. In this case, Do G is a decorated sphere of label k. Let ¢
be a coloring of DoG. The coloring ¢ is given by the color I(c) = {i1(c),...,ix(c)} CP
of this sphere. We have:

(Do Gy (Tiy () - - ~%<c>).

[1 i€l(c) (iﬁj — ;)
JEPNI(c)

(3.8) (DoG,c)y =

Note the foam DoG being a sphere, it admits only one sli-coloring. It can be obtained
from ¢ by replacing i,(c) by a in I(c) for all @ € {1,...k}.

Similarly, if ¢ is a coloring of F o G, it gives to the facet containing G a color
I(c) = {i1(c),...,ix(c)}. Let us denote by f : I(c) = {1,...,k} the one-to-one map
given by f(i,) = a and f(c) the slg-coloring of F' o G induced from ¢ by f. We have:

<F oG, f(c)>k (xil(c)a s a‘rik(C))
[ ier (zj — ) '

jeP~T

(3.9) (FoG,c)y =

Combining (3.8) and (3.9) and keeping the same notations, we get:

(FoGy= > (FoGady=> >  (FoGuay

cecoly (FoQG) #ZIQP’k CGCOEN)(FOG)
= I(c)=1I

=Y > (DoGy=(DoG)y. 0

ICP cecoly(DoG)
#I=k  [I(c)=I

Lemva 3.30. — A rooted I'-foam F is oco-equivalent to a Z-linear combination of
tree-like foams.

Proof. — First, assume that I is a braid-like £~-MOY graph-k. We will show that F is

oo-equivalent to a Z-linear combination of foams which are superposition of a tree-like
I’-foam on top of a disk-like foam which bounds a circle and conclude by Lemma 3.29
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Assume further that I' has the form:

m+n
m n

m+n
Then, this is the content of identities (3.4).

If T is a braid-like k-MOY graph-k, the result is obtained by induction using
repeatedly identities (3.1) and (3.4). See Figure 8 for an illustration.

=

_\ m::'ﬁ ,,,, /_

Ficure 8.

This induction can be thought of a categorified implementation of the algorithm
described in Lemma 2.12.

The general case follows. The foam F' is embedded in the cube. Consider on sy the
following curve

and S the surface embedded in the cube obtained as a product of the previous curve
with a unit interval. The intersection of a thickening of this surface with the foam F
along is diffeomorphic to a k-MOY graph-k for which the first case applies. |

Remark 3.31. — Using the dots migration identity (3.3), we obtain that a tree-like
rooted I'-foam is oo-equivalent to Z-linear combination of tree-like rooted I'-foams,
where all non-trivial decoration are on facets which intersect I'. These facets are the
leaves of the rooted I'-foam.

Lemma 3.32. — Let F and F' be two tree-like rooted I'-foams with non-trivial decora-

tions only on their leaves. Suppose furthermore that these decorations are the same'®

for F and F'. Then F is co-equivalent to F’.

(6)The fact that the non-trivial decoration are only on the leaves allows to see the decoration as
a function associating a symmetric polynomial with every edge of I'. We require that these functions
to be the same for F and F’.
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Proof. This follows directly from the definition of the exterior evaluation of foams.
The set of colorings of F' and of F’ are in one-to-one correspondence (because they
are both in one-one correspondence with the set of colorings of their boundary). Let
us denote ¢ and ¢’ two corresponding colorings of F and F’. The monochrome and
the bichrome surfaces of (F,c¢) and (F’,c’) are diffeomorphic. The oriented arcs in
(F,c) and (F’,c) are in one-one correspondence preserving their orientation. Finally
the condition on the decorations of F' and F’ ensures that their contributions to the
evaluation are equal. O

3.4. VINYL FoAms (OR syMMETRIC FoaMs). — In this part, we work in the thickened

annulus 7 x [0,1]. If z := (%3) is an element of & x [0, 1], we denote by ¢, the vector
3

( _rgg ) , by v the vector (?) ,and by P, the affine plane containing x and spanned by ¢,

cos 6

and v. If 6 is an element of [0, 27|, Py is the half-plane { (Zsin@ )’ (p,t) € Ry x R}.
t

I P,
P, P
Derinition 3.33. — Let k be a non-negative integer and I'g and I'y two vinyl graphs

of level k. Let F be a foam with boundary embedded in & x [0, 1]. Suppose that
Fn(o x{0}) =—-Tgand FN (e« x {1}) =Ty. We say F is a vinyl I'y-foam-T'y of
level k if for every point x of F', the normal line of F' at x is not contained in P,. See
Figure 9 for an example.

Remark 3.34. — Note that if we cut a vinyl foam F' along a half plane Py, we obtain
a disk-like foam.

Derinition 3.35. — The category TLFy of vinyl foams of level k consists of the fol-
lowing data:

— the objects are elements of ¥}, i.e., vinyl graphs of level k,

— morphisms from T’y to I'y are (ambient isotopy classes of) vinyl I';-foams-T'y.
Composition is given by stacking vinyl foams together and rescaling. In the category
TLFj we have one distinguished object which consists of a single essential circle with
label k denoted by Si. The degree deg” (F) of a vinyl foam F is equal to deg) (F).
Note that the degree is additive with respect to the composition in TLFy.
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Ficure 9. An example of a vinyl foam

The name vinyl comes from the following lemma.

Lemva 3.36. — Let F be a vinyl I'y-foam-T'g. Then any non-empty connected subsur-
face ¥ of F is an annulus. Moreover, for every t in [0,1], XN/ x {t} is an essential
circle in &/ x {t}. Such annuli are called tubes.

Proof. — The condition on the tangent plane of vinyl foams implies that the projec-
tion on the last coordinate is a Morse function for ¥ and that it has no critical points.
The result follows. O

Corovrrary 3.37. — Let F be a vinyl 'y -foam-Tg.

(1) Let t be an element of [0,1] such that the intersection of &/ x {t} and F is
generic (i.e., & x {t} does not contain any singular points of F' and the intersection
of o x {t} with the bindings of F is transverse). Then F N/ x {t} is a vinyl graph.

(2) Let 6 be an element of [0,27[ and assume that the intersection of F with Py is
generic. Then the intersection of F' and Py is braid-like.

Before proving the statements, let us emphasize that there are only finitely many t’s
(resp. €’s) for which the intersection of F' and &7 x {t} (resp. Fy) is not generic.

Proof. First note that every point of F' is contained in a connected subsurface
which intersects <7 x {0, 1} non-trivially. Indeed we can cable foams just like we can
cable MOY graphs (see Figure 2). This gives us a collection of sub-surfaces of F’

which covers it. Let us prove the first part. Let z = (%) be a point in F and ¥ a
connected subsurface of F' containing z. Since F' is vinyl, the scalar product of ¢, with
the tangent vector of F'N ./ x {t} is non-zero. Since ¥ is connected, this quantity is
either always positive or always negative on X. The graphs I'y and I'y being vinyl, it
is positive. This proves that F N .o/ x {t} is vinyl.

The second part is similar but we consider the scalar product of Py N F with

o= (i) :

JE.P.— M., 2020, tome 7



SymMETRIC KHOVANOV-ROZANSKY LINK HOMOLOGIES 603

The notion of tree-like foams developed in Section 3.3 extends mutatis mutandis
to the concept of foams in the thickened annulus. The analogues of rooted I'-foams
are I'-foams-S;. We have analogues of Lemmas 3.30 and 3.32:

Lemva 3.38. — Let T’ be a vinyl graph of level k and F a vinyl T'-foam-Sy,. Then F
is co-equivalent to a Z-linear combination of tree-like foams.

Proof. — First we choose a 6 in [0,27] such that the intersection of Py with the
foam F is generic. Thanks to Corollary 3.37, we know that this intersection is a
braid-like k-MOY graph-k B for some finite sequence k of positive integers. We can
suppose that F' is locally diffeomorphic to B x [e,e]. The algorithm described in
Lemma 2.12 and the local identities (3.1) and (3.4) tells us that F' is co-equivalent
to a Z-linear combination of vinyl foams such that the intersection with Py is the
canonical k-tree-k. If we cut these foams along Py, we can apply Lemma 3.30 on each
of these foams. Gluing back the result along the canonical k-tree-k gives us a Z-linear
combination of tree-like I'-foams-S; which is co-equivalent to F. |

Remark 3.39. — Just like for the disk-like context, thanks to the dot migration iden-
tity (3.3), we can move all non-trivial decorations of a tree-like foam on its leaves.

The proof of Lemma 3.32 can be easily adapted to the annular case. This gives the
following lemma.

Lemyva 3.40. — Let T be a vinyl graph and F and F' be two tree-like I'-foams-S;, with
non-trivial decorations only on their leaves. Suppose furthermore that these decora-
tions are the same for F and F'. Then F is co-equivalent to F’.

4. SOERGEL BIMODULES

In this section we prove that for any braid-like MOY graph I' the space of rooted
I'-foams regarded up to co-equivalence is isomorphic to the Soergel bimodule associ-
ated with I'.

4.1. SOME POLYNOMIAL ALGEBRAS
Notation 4.1

(1) We denote the graded ring Q[T1,...,Txn]®Y by Ry, where the indetermi-
nates T, are homogeneous of degree 2. This is the g-degree.

(2) Denote by C the category of Z-graded finitely generated projective Rpy-mod-
ules. If M is an object of C, M¢' denotes the same object where the degree has
been shifted by ¢. This means that (Mq'); = M;_;. If P(q) = >, a;q" is a Laurent
polynomial in ¢ with positive integer coefficients, M P(q) denotes the module

D (M)

3
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(3) Let k = (kq,...,ke) be a finite sequence of positive integers of level k (if k =0
the empty sequence is allowed). The group Hle Gy, is denoted by &j. We define the
algebra Ay:

AE = RN[xl, ce ,xk]Gﬁ.

The indeterminates x, are homogeneous of degree 2. If £ = (k) (that is, if k£ has
length 1), we write Ay instead of A .

(4) If T is a vinyl graph, denote by .#ZL(I')g the graded Q-vector space gener-
ated by vinyl I'-foams-S; modded out by co-equivalence (see Definition 3.19). Define
FI(T) = FL(T)g ®g Ry Since for all k, the exterior sli-evaluation of foams is
homogeneous, the Ry-module .#Z (T) is naturally graded.

Before dealing with Soergel bimodules, we state the following lemma which relates
the algebra Aj with vinyl foams.

Lemma 4.2. Let k := (k1,..., k) be a finite sequence of positive integers and Sy be
the vinyl graph which consists of £ oriented circles with labeling induced by k. Then
FL(Sy) is isomorphic to Ay, as a graded Ry-module.

Proof. — Let k = Zf k; and T be the canonical k-tree-(k). For ¢ in {1,...,¢} and \;

denotes a Young diagram with at most k; lines. Denote ﬂ'g\i) the Schur polynomial

i

associated with A; in the variables x14r,,..., Tk 4+r, Where r; = 22;11 kj.
A Ry-base of Ay is given by (ﬂf\ll), e ,wf\?) =: mx where the \;’s take all possible
shapes. Being given A = (A1,...,As) a sequence of of Young diagrams as described

above, define Fy to be the foam T x S! where the ith leaf of F' is decorated by the
Schur polynomial 775\?.

Let us prove that the Ry-linear map sending mx € Ay to Fx € FL(Sy) is bi-
jective. It is surjective because of dots migration (3.3). Let Z?:1 px;Tx; be a linear
combination of monomials mapped to 0. Let ¢, be the maximal length of all lines
appearing in the Young diagrams of all the size of the Young diagram of (A;)j=1, . p.
For M = lpaq(k + 1), the foams Fy, precomposed by a cup labeled by k are linearly

independent in %y (Sy). Hence the coefficients px; must be all equal to 0. O

4.2. SiNncurLar SoerGeL BimopuLes. — We introduce singular Soergel bimodules. See
for instance [Soe92, Str04, Kho07, Willl] or [Wed19] for a pictorial description close
to ours.

Derinirion 4.3. — Let I' be a braid-like k;-MOY graph-k,. If I' has no trivalent
vertices, we have k, = k; and we define (') to be equal to Ay as a A -module-Ay, .
If T has only one trivalent vertex (which is supposed to be of type (a,b,a+ b)), then:

— if the length of k; is equal to the length of k, plus 1, we define #(I") to be
flElq_aZ’/2 as a A -module-Ay ;

— if the length of k, is equal to the length of k; plus 1, we define B(T") to be
A /% as a Ay -module-Ay, ;
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If T has more than one trivalent vertex, if necessary we perturb(”) T' to see it as a
composition:

I'= Ft Oﬁrt_l Opt—1 -+ Oﬁrl Oﬁro,

where T'; is a braid-like k**'-MOY graph-k* with one trivalent vertex, for all i in
{0,...,t}. The symbols oy mean that I'; and I';_; are glued along k. We have
k° = ky and k'™ = k,. We define

B(L) = B(s) @a,, BTi-1) @y, - @4, B(L1) @4, B(Lo).

The space #(I') has a natural structure of Ay -module-Ay . It is called the Soergel
bimodule associated with T'. Note that the grading of Z(I") takes values either in Z or
in 1+ 7Z.

2

Exampre 4.4. — The singular Soergel bimodule associated with

is the following Az 1 2)-module-A(; 21 1)

A(271)2) ®A(2a3) A(273) ®A<2!3) A(272)1) ®A(4,1) A(4»1) ®A(4a1) A(37171)

® A1 14(1,2,1,1)(1713/2
~ A19) O A1) @ag,, Aazand 2
Remark 4.5. — For Definition 4.3 to be valid, the isomorphism type of the bimod-
ule #(T") should not depend on the decomposition of T'. This is clear since two such
decompositions are related by the “commutation of faraway vertices” for which the
isomorphism is clear (see as well Remark 4.13). The purpose of the grading shift
introduced in the previous definition is to ensure compatibility of gradings in Propo-
sition 4.15. In order to keep track of this overall shift, define

s(I) = > %b

v vertex of I'
of type (a,b,a + b)

(M1n other words, we choose an ambient isotopy of the square such that the images of the trivalent
vertices of I' have distinct y-coordinate.
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4.3. A 2-FUNCTOR. The relationship between Soergel bimodules and foams has al-
ready been investigated, see for instance [RW16, Wed19]. However, we develop in
this section a foam interpretation of Soergel bimodules themselves and not only of
morphisms between them.

Derinition 4.6. — Let T be a braid-like k;-MOY graph-k,. We set Z2(T) to be the
free Ry-module generated by the set of rooted I'-foams modded out by co-equivalence.
If F is in 2-Hompyf, (To,I'1), we denote by FL2(F) the map FL2(Ty) — FL2(I)
induced by F'. It is a map of graded Ry-modules. Given two objects k, and k; of
DLFy, this defines a functor #2 from 1-Hompyf, (kg, k;) to the category of graded
R y-modules.

Lemma 4.7, Let k = (k1,...,ke) be a finite sequence of positive integers. The space
FL(kxTI) has a natural structure of Ry -algebra. As an algebra it is isomorphic to Ay.

Proof. — The algebra structure is induced by concatenation of disk-like (k x I')-foams
along the standard tree. The unit is the standard tree times the interval, with each
facets trivially decorated. Note, that there is an isomorphism of Ry-algebras:

4
AE =~ ® RN[:EM o axki]Gki :
i=1

It is convenient to use this description of Ay to define the isomorphism between Ay
and ZL(kxI). For P = P;®---®P, a pure tensor in Ay, we define ¢(P) to be the (oo-
equivalence class of the) standard tree times the interval with decorations Py,..., P,
on its leaves and trivial decorations on the other facets. This is clearly an algebra
morphism and it is surjective thanks to Lemma 3.30. We now focus on injectivity.
Both Z2(k x I) and Ay have natural structures of Ag-modules. For Aj, this comes
from the injection of Ay in Ay. For #L2(k x I), this comes by decorating the “root”
facet, that is, the facet which bounds the edge k x I (which it self is in s;). The map ¢
respects these structures of Aiz-modules because the dots migration identity (3.3) is
part of the co-equivalence (see Remark 3.20). Thanks to identity (3.4) (which is as well
compatible with the co-equivalence) used (k—1) times, we know that Z2 (kxI) is free
of rank [, ¥ , ]. The algebra Ay is as well a free Ap-module of rank [, % 1.
This is enough to conclude that ¢ is indeed an isomorphism. O

CoroLrary 4.8. Let T be a braid-like k,-MOY graph-ky. The space FZ2(T') has a
natural structure of A -module-Ay . Let us define rs and ry, the two Laurent poly-
nomials by the formulas:

ro(T) i= I [“ Z b] and 1 (T) i= I [“ I b] .

veV () split veV () merge
v of type (a,b,a +b) v of type (a,b,a +b)

a D

The space FL(I') is a free Ay, -module of graded rank (DT and a free mod-
ule-Ay, of graded rank r (I)g—*M).
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Proof. — The algebras Ay and Ay, are isomorphic to .F2 (ko x I) and Z2(k; x I)
and the action of Ay and Ay, are given by concatenating disk-like (ko x I)-foam
and (k; x I) along s, and sy. The statement about the freeness and the rank follows
directly from Lemma 2.12, Remark 2.13 and the fact that the identities (3.1) and
(3.4) holds in the co-equivalence setting (see Remark 3.20.) O

Remark 4.9

(1) Note that this corollary implies, that for any braid-like k,-MOY graph-k, T',

we have:

rs(I) dim? A, = rm(I) dim;Q A, -
where dimg W (€ Z[[q]]) denotes the graded dimension of a W as a graded Q-vector
space provided each graded piece is finite-dimensional.

(2) Recall that ZL2(k, x I) and ZL2(k, x I) are spanned by decorated versions
of the interval times the standard k,-tree and the standard k;-tree respectively. This
implies that the action of Ay and Ay, on ZP(T) can be thought of as multiplying
decoration on facets adjacent to the standard k,-tree (contained in the square s;) and
on the standard k;-tree (contained in the square s,.) respectively.

Cororrary 4.10. — Let us consider Iy, the braid-like k,-MOY graph-k, and 'y the
braid-like ky-MOY graph-k, given by

a+b

and FS:T... T Y TT

a+b

Then FZ(L) isomorphic to Ay, as a Ap -module-Ay, and F2(Ty) isomorphic
to Ay, as a graded Ag -module-Ay . This makes sense, since Ay, is a sub-algebra
Of AEO‘

Proof. — We only prove the statement for T, (the proof for 'y is similar). Denote £
the length of k, and let us fix F' a rooted tree-like I';,,-foam. We want to define a
map ¥ from Ay to F2(Iy). An element of Ay is a finite sum of elements of the
form P := Hle P; where P; is a symmetric polynomial on k} variables. Define ¥(P)
to be the foam F' with decorations of that facets adjacent to the leaves of the k-tree
given by the P,’s. Pictorially, for k, = (a,b,¢) and k; = (a + b, ¢), this looks like
Figure 10.

This map is clearly a bimodule map and it has degree —s(I';,). Thanks to
Lemma 3.30, the map ¥ is surjective. We conclude with Corollary 4.8 which implies
that up to an overall grading shift of —s(I'y,), .Z2(I',) and Ay have the same
graded dimension. |
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Py

gus

Ficure 10.

a-+b

Levmva 4.11. Let T'y and I'y be two braid-like k,-MOY graphs-k, and F be an
element of 2—hompyg(Iy, Ty). The linear map F2(F) is a map of Ay, -modules-Ay, .

Proof. — The structures of Ay -modules-Ay of F2(I') and FL(T}) is given by
multiplying the decoration of facets of foams adjacent to the ky-tree (contained in
the square s¢) and the k;-tree (contained in the square s,). Recall that the boundary
foam F in the square s, (resp. in the square s,.) is kyx I (resp. k; xI). Hence stacking F'
over a rooted I'p,-foam does not change the nature of the boundary in the squares s,
and s,. In particular, acting with Ay, or Ay, before or after stacking F' produces the
same foam. Hence the actions of Ay, and Ay, commute with FL(F). g

Levva 4.12. — Let Ty be a braid-like k{-MOY graph-k, and I'y be be a ky-MOY
graph-k;. Then we have the following isomorphism of Ay,-module-Ay, :

folg(Fl OE1 FQ) ~ ngolo)(l_‘l) ®Aﬁ1 90[0)(1_‘2)

Proof. — We have an Ay -bilinear morphism of Ay -module-Ay from Z2(T'1) x
FL(T3) (where 1" = (1,...,1)) to FL(I'y o, T3) given by concatenating foams
along the standard tree for k,. This induce a map ¥ : Z2(I'y) @Ay, F2(1y) —
FR (T o, I's). We now prove that ¥ is bijective.

The surjectivity is easy. Indeed, thanks to Lemmas 3.30 and 3.32 every element
of ZL(I'y Ok, I';) is a linear combination of decorated tree-like foams F; and we can
choose the shape of these tree-like foams. Hence we can suppose that at the locus
where I'; and I's are glued together, the intersection of the foams F; with a vertical
plane are equal to the standard trees. Hence every Fj is in the image of ¥ and their
sum as well.
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To conclude, we argue with graded Q-dimensions since every graded piece is finite-
dimensional. We have:

dim(fz2 (Z2(11) S Ay F2(T2))

Tm(Fl)Ts (F2> dlmg Aqu_s(r‘l)q—s(f‘r‘,)
= Tm(rl)/rm(FQ) dll’n‘;Q Akzq—s(lﬁ)—s(l“z)
=1 (' o, T'a) dim? AE2q—S(F1)—s(F2)
= dim? (FE(I1 o, T2)). -

Remark 4.13. Note that from this lemma, we can re-obtain the fact that the
bimodule #(T") is well-defined. See Remark 4.5.

Derinition 4.14. — For every k, we denote by BimSy the 2-category of singular
Soergel bimodules of level k. More precisely:

(1) The objects of %y, are finite sequences of positive integers which sum up to k.

(2) The category of 1-morphisms from k, to k; is the smallest abelian full sub-
category of Ay -module-Ay containing the Ay -module-Ay Z(T") for any braid-like
MOY graph I'. Note that thanks to Corollary 4.8, all objects of this category are
projective (and therefore free) as Ay -modules and as modules-Ay, , and are finitely
generated for both of these structures.

From Lemmas 4.7 and 4.12 and Corollaries 4.8 and 4.10, we deduce the following
proposition:
Prorosition 4.15. — We have a 2-functor

FL . DLF, — BimS,
k—k
r— Z2(I)
F— Z2(F).

which factorizes through the 2-category Ii?k

Actually, based on evidence given by Stosi¢ [Sto08], we conjecture the following:

Consecture 4.16. — The 2-functor .#2 induces an equivalence of 2-categories be-
tween DLF; and BimSy.
4.4. HocuscuiLp nomorocy. — If A is an algebra and M an A-module-A, the

Hochschild homology of A with coefficients in M is denoted by HH,(A, M).

Levva 4.17. — LetT be a braid-like k1 -MOY graph-kq and I be a braid-like ky-MOY
graph-ky, then HH,(Ag , B(I" oy, ') and HH,(Ag,, B(T o, I")) are canonically iso-
morphic.
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Proof. — This follows from Corollary 4.8 and Lemma 4.12. Let us write M = Z2(T)
and M’ = .Z2(I"). Let C,(M) be a projective resolution of M as Ay -module-Ay .
Since M’ is projective as module-Ay , C,(M) ®4,, M’ is a projective resolution of
M®a,, M"as Ag -module-Ay, . Similarly, M’ ®4, C.(M) is a projective resolution of
M'®a,, M as Ag -module-Ag . We have a canonical isomorphism of chain complexes

Ag, @ag (M' @4, C(M)) = A, ®agn (Co(M) @a,, M').

The result follows because HH, (A, , B(I" oy, T')) and HH,(Ay, , B(I o, I")) are the
homology groups of these two chain complexes. (|

Prorosition 4.18. — Let I be a braid-like k-MOY graph-k and denote by T its clo-
sure and by FL(T) the space of vinyl I'-foams modulo oo-equivalence. The space

HHo(Ag, F2(T)) is canonically isomorphic to fi(f)

Proof. — Closing up rooted I'-foams into vinyl T-foams provides a well-defined map
7 : . F2() — ZZL(T). The action of Ay can be seen as concatenating foams (see proof
of Corollary 4.10). Hence, 7 factories through Z2(T)/[Ay, Z2(T)] which is equal to
HHo(Ag, Z2(I')). We now denote by 7 the induced map from HHo(Ay, Z2(T)) to
ﬂm(f) This map is surjective thanks to Lemma 3.30. Instead of proving that = is
injective, we prove that spaces HHo(Ag, Z2(T)) and FL () have the same graded
dimension (and each of their homogeneous parts is finite-dimensional). Thanks to
Lemma 4.17, HHo(Ag, Z2(T)) only depends on I'. Hochschild homology is compatible

with direct sum of bimodules in the sense that:
HH,(A,M & N) ~ HH,(A, M) & HH,(A,N).

Hence, thanks to Proposition 2.19, it is enough to prove the statement for T a col-
lection of circles. If T' is a collection of circles labeled by k := (k1,...,ke), then
we have #L2(I') = Aj. Lemma B.1 implies that the space HHo(Ay, Z2(I')) is iso-
morphic to Aj. On the other hand, ZZ(T) is isomorphic to Ay, as well thanks to
Lemma 4.2. |

5. ONE QUOTIENT AND TWO APPROACHES
5.1. A FOAMY APPROACH

5.1.1. Evaluation of vinyl foams

Norartron 5.1. The set of Young diagrams with at most a rows and at most b
columus is denoted by T'(a,b) and the set of Young diagrams with at most a rows is
denoted by T'(a,oc0). The rectangular Young diagram with a rows and b columns is
denoted by p(a,b).

Noration 5.2. — Recall that Ry denotes the ring of symmetric polynomials with
coefficients in Q.
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(1) Denote the graded algebra Ry[z1,...,2x]®* by Ag, by Jn i the ideal of
Rylz1,...,xk] generated by

{ﬁ(iji) ‘jl,...,k},

i=1
Note that elements of this set are indeed symmetric in the 7,. Denote by My j the
Ry-algebra

A/ (Ine N Ag),

seen as an Ry-module. The indeterminates x, have degree 2, just like the indetermi-
nates T, appearing in the definition of Ry (end of Section 3.4).

(2) If A = (A,..., ) is a Young diagram with at most k rows, define &* :=
Hf 1 a: ¢, Denote by m,\(xl, ..., ) the symmetric polynomial ), ', where \ runs
over all distinct permutations of A. Denote by my(z1,...,z) the symmetric polyno-
mial ), x*', where X' runs over all permutations of . The family (MA)reT(k,00) 18
a Z-basis of the ring of symmetric polynomials in k variables with coefficients in Z
(see [Mac15]). The family (mx)er(k,00) is a Q-basis of the ring of symmetric polyno-
mials in k variables with coefficients in Q.

Lemwma 5.3. — The Ry-module My j, is free and has a basis given by images in
MN,k Of

(ma(21, ... ,l‘k)),\eT(k,Nq)

seen as element of Ay.

Proof. — The Ry-module My j, is isomorphic to
(Rn[z1, ... 21)/Ing) S
Indeed, the Ry-linear maps
Ap — Ry[z1,...,21] —» By[z1,. .. 2k /In g — (By[z1, .. 2i) /TN ) "

is surjective because if P+ Jy, € (Ry[21,- .. ,a:k]/JN,k)Gk, one can assume that P is
itself Gy-invariant since the ideal Jy  is &p-invariant. The kernel of this morphism
is Jn,x N Apg, hence it induces an isomorphism of Ry-modules between My and
(RN[JZl, NN ,l‘k]/JNVk)Gk.

The Ry-module (Ry[z1,. .. ,xk]/JMk)G"' is isomorphic to

sy (ls] / (f[( -1)))

The Ry-module Ry|x ]/(H \(z —T)) is a free Ry module of rank N and has
a natural Ry-basis given by (2%)o<i<n—1. Therefore, (mx(x1,...,2x))rerk,N—1) IS &
RN—bas1s of (RN[xl, - l‘k]/JN k) k O
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Denote en, the following morphism of Rpy-modules defined on the basis A €
T(k,N —1):

ENE * MN,k — RN

1 if A= p(k,N — 1),
m
0 if X% p(k, N —1).

Exampre 5.4. Suppose k£ = 1, then we have:
N N
N . Z-: n; ! .
@)= Y (uSheon S o gy
n1,...,nn =0 | | P

SN in;=0—N+1
In particular, one has:
eni(@)=0if 6 <N -1, eni1(z¥ ) =1, eni(z™)=ei(T1,...,Tn)
and en (2N = e (Th,..., Tn)? — ea(Th, ..., Tn).

Suppose now that k is arbitrary and A = (A1,..., Ax) is a Young diagram with at
most k rows, then

k
enk(my) =k [ ena(a™).
i=1
Prorosition 5.5. — The Ry-linear map ey endows the Ry-algebra My, with a

structure of symmetric algebra. In particular, My 1 is a commutative Frobenius alge-
bra.

Proof. — Tt is enough to check that the composition of £y j with the multiplication
is a non-degenerate pairing. This follows from the following fact:

(K2 if A = pe,

enk(mymy,) =
Nk () {0 if |\ + |u| < k(N — 1) and A # pe.

Indeed, this implies that the pairing matrix in the bases (mx)xer,n—1) and
(Mye) wer(k,N—1) suitably ordered has the following form:

(k1)?
(k)2 0
? (k)2
(k1)?
and is clearly invertible. Hence the pairing is non-degenerate. (|
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Denote Ty the composition of the projection from Ay to My i with ey . Let F
be a vinyl Sj-foam-S;. In R3, we can cap and cup F with two disks labeled by k, to
obtain a (non-vinyl) foam cl(F).

Derintrion 5.6. The equivariant symmetric evaluation of a vinyl Si-foams-Sy, F' is
given by:

(Fhy = Tng (cl(F))y)

where (s), denotes the sl;-evaluation of closed foams (see Definition 3.14).

Remark 5.7. — We can make the symmetric evaluation more explicit: let F' be a vinyl
Sk-foam-Sy, then (F))y is equal to the coefficient of m,, y—1) (in the basis (my))
of (cl(F)),. Alternatively it is equal to k! times the m,,, y_1)-coefficient in the basis
(mx) of (cl(F)),.

Examrere 5.8. — Using Example 5.4, one can easily compute the evaluation of some
simple vinyl foams.

(1) Suppose F is the foam S; x [0,1] decorated by x‘, then the foam cl(F) is a
sphere labeled by 1 decorated by z* and (cl(F)), = —X{. Hence

N N
N . i=1 TV ! n,
(Fy = —enaa) = 3 (oo Gt W T oy,
n1,eynn 20 [Tz ! i

SN ini=f—N+1
(2) If F is a foam S x [0, 1] decorated by a polynomial my, then
(F)y = (=) FFD ey ().

The basis (my) is convenient because of the following lemma which is the key
ingredient for the proof of monoidality of our construction.

Levma 5.9. Let k1 and ko be two non-negative integers, A (resp. ) be a Young
diagram with at most k1 (resp. ko) rows and A be a set of k1 + ko variables. We have

Y (A (A2) = ix(A).

where X - p is Young diagram corresponding to the union of the partition of \ and p.
In particular, for any integer N, X+ = p(k1 + ko, N) if and only if A = p(k1, N) and

Lemma 5.9 implies a nice behavior of the evaluation with respect to disjoint union
as illustrated in the following example.

Exampre 5.10. — Let k; and ks be two non-negative integers, A (resp. i) be a Young
diagram with at most k; (resp. k2) rows. Denote by F' (resp. G) the foam Sy, x [0, 1]
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(resp. Sk, x [0,1]) decorated by my (resp. m,,). From Example 5.8, one deduces:

k1
(F)y = (—1) kD 2e o () = (—1)F D21 HfNJ(xAi) and

i=1
k2
(@) = (1)t Py () = (1) D2t T Ten ().
i=1
Set k = k1 + ko and consider H the (Sg, Sk )-vinyl foam obtained by pre-composing
FUG by Y,fl”€2 and post-composing it by /K’,:hkz where:
k‘l k/’g kl + k2

k1,k 1 k 1
Ykl 2. xS and /{khkz = X ST

ki + ko k1 ko
In other words, H is vinyl foam equal to a digon labeled by ki, ks and k times S
decorated by my and m,. The foam H is oo-equivalent to Sy X [0, 1] decorated by

M., Hence, one has:

(H)y = (DD ey ()

k] kg

= ()P T Tena (@) ] enva (@)
i=1 j=1

k

— (_1)k(k+1)/2—k1(k1+1)/2—k2(k‘2+1)/2 (
k1

) (FYy (C)n

k
=1 (L) Fdy (6
The following lemma proves that this evaluation does not really depend on k.

Lemva 5.11. — Let F be a vinyl Si-foam-Sy, then it is oco-equivalent to the foam
Sk x [0,1] decorated with <(—1)k(k+1)/201(F)>k. The decoration makes sense since

<(71)k(k+1)/201(F)>k is a symmetric polynomial in k variables.

Proof. — Let us denote by T the foam

We need to show that T and F are N-equivalent for all N. If N < k, this is clear,
since all Si-foams-S; are N-equivalent to 0. If N = k this is clear as well since
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the identity (3.2) has a very simple form in this case: we can apply it on the top
and on the bottom of F' and T, the result follows immediately. Let us now pick an
integer N greater than k. Thanks to the definition of .#x (and its monoidality, see
Corollary 3.18), the N-equivalence is equivalent to saying that for any (G1,Gs2) in
Hompgoam (Sk, @) X Homgoam (9, Sk ), we have:

(G2oFoGy)y =(GaoToGy)y.

If N = k, the result holds by hypothesis. Since F' is vinyl, for any slj-coloring ¢ of
G2 o F o G1, the induced coloring on the two circles which form the boundary of F'
are the same, hence it induces a coloring ¢’ on G 0T o GG;. Since the difference of the
Euler characteristics of monochrome and bichrome surfaces as well as the parity of
the difference of numbers of positive circles can be computed locally, the quantity
(GaoFoGy,c)y
(GaoT oG, )y

only depends on the restrictions of ¢ and ¢ to F and T. Since F and T are vinyl,
there are exactly k pigments appearing in the restrictions of ¢ and ¢ to F and T.
Hence if these pigments are 1,...,k and if we sum over all colorings ¢ of Gy 0 F' o Gy,
which induce ¢’ on G2 o T o G; we obtain (thanks to the case k = N):

Z (GaoFoGy,c)y
(GaoToGh,d)y o

c induces ¢’

Since permuting the pigments boils down to permuting the variables x1,...,zy (see
[RW17, Lem. 2.16]), we obtain:
Z (GaoFoGy,c)y = Z (G20T0G1,c) - O
¢ coloring of ¢’ coloring of
Go0FoG, G20ToGq
5.1.2. Universal construction. We will use the evaluation defined in Definition 5.6

and a universal construction a la [BHMV95] in order to define a functor 7 ny :
TLFx — C, where C is the category of Z-graded finitely generated projective Ry-
modules.

If T is a vinyl graph of level k, we consider the free graded Ry-module generated
by HomTir, (Sk, T)g *V=1. We mod this space out by

ﬂ K r<H0mT|—Fk (Sk,I‘) — RN )
GEHOmTLFk (F,Sk) F — <<G © F>>N

We define .7 v (I') to be this quotient. The definition of .#%; xy on morphisms follows
naturally.

5.1.3. Categorified identities

Prorosition 5.12. The Ry-module %) n(Sk) is isomorphic to Mvaqfk(N’l) (see
Notation 5.2). In particular, we have
k+N-—-1
kI (SN (Sk)) = [ L ] )
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Proof. Define ¢ : A, — S n(Sk) the Ry-linear map which maps any symmetric
polynomial in k variables P to the cylinder Sy x [0,1] decorated by P. Thanks to
Lemma 5.11, this map is surjective. By the very definition of the equivariant sym-
metric evaluation Jy N Ay is in the kernel of this map. Hence it induces a Ry-linear
map My — yk,N(Sk) denoted by ¢'.

The map ¢’ is injective. Indeed, let « be a non-zero element of My j. Since My i
is a Frobenius algebra there exists y in My j such that ey p(zy) # 0. Let X and YV
be two Ry-linear combinations of vinyl Si-foams-Sy representing ¢’(x) and ¢'(y) in
Z%,N(Sk). By definition, (X oY)y = e(xy) # 0. Hence ¢'(zy) = ¢'(x) 0 ¢'(y) # 0
and ¢'(x) # 0. It follows that ¢’ is an isomorphism. Note that it is homogeneous of
degree —(N — 1)k. O

From the definition of the evaluation of vinyl foams, we immediately deduce that
the identities of Section 3.2 which can be expressed by vinyl foams are still valid. This
gives the following proposition.

Prorosition 5.13. — Let k be a non-negative integer and N be a positive integer,
then the functor S/} n satisfies the following local relations:

7 J k 7 J k
(5.1) TN \Pﬂk ~ SN ;\J</
i+ji+k i+j+k
m+n
m+n
(5.2) kN m | 2SN [|man
m
m 4 n A
m n+£
A A
n+k—m
")
(53) yk,N n+k m+£L—k
k
n m+ £
m n+ £
A A
J
m ) 14
~ &P SN | m-i n+l+j
j=max (0,m—n) nti—mt k— J
n m + £
k—1r L+ k—r L+
A A
™
Y *) r+s
(54) YkN k L Zyk]\/ .
’ N ’ 7'+5I S
'y s A
k+ s L — s k+s L —s
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5.1.4. Monoidality. — The category TLF) does not have a notion of disjoint union,
hence for a fixed k we cannot have monoidality of the functor .#% y. However, if we
consider the disjoint union TLFy of the categories TLF for k in N, then we can speak
about disjoint union, and this obviously endows TLFy with a structure of a monoidal
category. The empty vinyl graph seen as an object of TLFj is the monoidal unit. Note
that in this category I'y LI T's is in general not isomorphic to I's LIT';.

We consider the functor #y n: it is given by the functor . ny on TLF; for all
k € N. In order to fix notations, set

| | TRk x TLFy, — TLFk, 4,
k1,k2

which sends pairs of objects (resp. morphisms) onto their (rescaled) disjoint union.
This is illustrated on object below:

Proposition 5.14. Let Ty (resp. T'y) be a vinyl graph of level ky (resp. ko). Suppose
that Sy, n(T'1) and S, N(T2) are free Ry-modules, then S, i, n (g, 1, (I'1,T2))
is isomorphic to S, N(I'1) @y Ty, n(T2). In particular, S, r, N (g, 1, (T1,12))
s a free Ry-module.

Proof. — Let us fix two vinyl graphs T'; and T's of level k; and ks. We denote
|_]khk2 (T'1,T2) by I and k1 + k2 by k. We will define a map ¢r, r, from %, v(IT'1)Qr,
Fo.N(L2) to LSW;QJF;Q,N(|_|,€1),€2 (T'1,T2)). It is enough to define ¢r, r, on pure tensors.
Let vy (resp. v2) be an element of 7, n(I'1) (resp. S, n(I'2)). We can suppose
that vy is represented by a I'j-foam-Sy, Fy and ve by a I's-foam-Sg, F». We define
¢r, 1, (V1 ® v2) to be the element of .7 n (I') obtained by re-scaling Fy and F», tak-
ing their disjoint union (this gives an element of Homrf, <|_|,€17k2 (Sk,, Sk,) ,F) and
pre-composing it with the foam

ki ke
vk = x S

k1 + ko
We extend this definition linearly. We now need to show that:
(1) this is well-defined,
(2) this is an isomorphism,
(1) In order to prove that ¢r, r, is well-defined, we only need to show that if for all
vinyl T's-foam-Sy, Fy (resp. I'1-foam-Si, Fi) and Rpy-linear combination of vinyl I';-
foams-Sy, Y, a;Fy (vesp. I'a-foams-Sy, >, bjF3) representing 0 in ., n(I'1) (vesp. in
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Fra,n(F2)), we have ér, v, (32, a;[F{]®[Fb]) =0 (resp. ¢r, r, (3, ai[F{]®[F]) = 0).
By symmetry we only prove

ér, T (Z a; [Fi] ® [F2}> = 0.

The square brackets stand for “the element of the appropriate graded Rpy-module
represented by this foam”.

Suppose that the element Y, a;[F}{] is equal to 0. This means that for any vinyl
Sk, -foam-T'y G, Y, a; <<G1 ) Ff»N = 0. In other words, the coefficient of m,, ny—1)
(in the base (M) xer (k. n—1)) Of Y_; ai (cl(G1 o FY)), is equal to 0.

We want to prove that for any vinyl Sg-foam-I" G,

> a; <<G o (Fi U Fy) oY1k >>N = 0.

K2

Thanks to Lemmas 3.38 and 3.40, we might suppose that G is tree-like and that it
can be obtained by re-scaling the disjoint union of a tree-like Sy, -foam-I'y G and
a Sk,-foam-I's G2 composed with /{il,kz (which is the foam Y,f“kz turned upside
down). Thanks to Lemma 5.11, for all ¢, Gy o F} is co-equivalent to Sg, x [0,1]
decorated with (cl(Gy o Ff))kl and Gy o Fy is oo-equivalent to Sy, x [0, 1] decorated

with (cl(Gg o Fy)),_ . Hence Y7, a;G o (F{ U Fy) o Ykkl’k2 is oo-equivalent to

k1 + k2

3, ag(—1)k1(k1+1)/2 <<;1(c1 o 1r{)>kl \‘/\A/ (—1)k2(k2+1)/2 (61(G o Fa))y,

k1 + k2

x St

Following Example 5.10, one deduces that for all 4:

k

(Gorium)oyit) = (—1ht (k ) (GroFi), (Gao )y,

1

and therefore

> ai <<G o (Fj U Fy) o Y™H >>N:(—1)klk2 (: ) (GaoBo)y Y ai (Gro By =0.

- 1 :
[ [

(2) Let Fy (resp. F») be a trivially decorated tree-like I'1-foam-Sy, (resp. I'a-foam-
Sk, ). The foam F obtained by pre-composing Fj LI F» with the foam Ykkl’]€2 described
in the construction of ¢r, r, is in the image of ¢r, 1, as well as its decorated version
with non-trivial decoration on leaves. Thanks to Lemma 3.38 and 3.40 the R y-vector
space .7 n (I') is spanned by elements represented by foams of this type. This proves
the surjectivity.

To prove injectivity, we first pick bases (Bj)ics and (B3)jes of #, n(T'1) and
Sko,N(T2) and their dual bases (Bj!)ic; and (B}?)jes. All these elements can be
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represented by (Ry-linear combinations of) tree-like foams. Denote these (Ry-linear
combinations of) tree-like foams by F}, F ]2, Fr'and F ;‘2. Suppose that

Zaij(Fil U sz) o Ykkl’]€2 =0.

i€l
jeJ

Let us fix an ¢¢ in I and a jy in J. The hypothesis implies that
* * k1,k

> aij (Ak w0 (B U B2 o (FlUFY) o ViR =0,

iel

jeJ
In the previous expression, ((s), has been Ry-linearly extended to makes sense on
Ry-linear combinations of foams. Thanks to Lemma 5.9, the m,(;, x—1)-coefficient in
the base (mx)xer(k,00) Of

> i (U AL, 1y 0 (B UB}2) o (FLUF2) 0 V)
&

k

is equal to a;,;,. However, this coefficient should be equal to 0. This prove injectivity.
O

Tueorem 5.15. — The functor SN n is monoidal.

Proof. — First of all, since the only vinyl foam of level 0 is the empty set, it is clear
that S~ (11Lr,) = Ry = 1c (1 denotes the unital object of monoidal categories).
We need to construct a natural isomorphism (¢F17F2)F17F2€Ob(TLFN) from A N (s) @Ry
v () to S (L, ).

This isomorphism is provided by (the proof of) Proposition 5.14. In order to use it,
we only need to show that for any vinyl graph ', n n(17LF,) is a free Ry-module.

If T is a collection of circles we can argue by induction on the number of circles.
If ' consists of only one circle, we can use Proposition 5.12. If it consists of more
than one circle, we can use the induction hypothesis and Proposition 5.14. We deduce
the general case from the case of collection of circles thanks to Proposition 2.19 and
Proposition 5.13. O

Remark 5.16. Formally we should have checked the compatibility of associators.
Since we did not write down them explicitly, we cannot be very precise here. However,
this compatibility trivially holds because the foams

i J k i J k
'\/ 1 \/ 1
i+k XS and i+ X S

it+j+k it+j+k

are oo-equivalent, (because they are both tree-like with only trivial decorations (see
Lemma 3.40)).

We can now prove that the functor ./ n categorifies the symmetric MOY calculus.
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Turorem 5.17. The functor N N : TLFy — € satisfies for every vinyl graph T'.
tkg™ (S (D) = (D) y -

Proof. — We have already seen in the proof of Theorem 5.15, that the Ry-module
N (T) is free for every vinyl graph I'. Thanks to Theorem 5.15 and Propositions 5.12
and 5.13 we obtain that the function rkf’” (S, N (+)) satisfies identities (2.12), (2.13),
(2.14), (2.18) and (2.19). We conclude by Theorem 2.18. O

5.2. AN ALGEBRAIC APPROACH

5.2.1. Hochschild and Koszul homologies. — Koszul homology has been formalized in
[BLS18]. If R is a unital commutative ring, A an R-algebra and M a A-module-A, it
associates with the pair (A4, M) a sequence KH,(A, M) of R-modules in a functorial
way. If A is Koszul (and this will be our case), then KH,(A, M) = HH(A, M). We
do not aim to discuss Koszul homology in details, we refer to [BLS18] and references
therein for a nice presentation. We will use Koszul homology instead of Hochschild
homology because it enables to have more structure: in fact an extra differential.

Norarion 5.18. — In what follows, k = (k1,...,ke¢) is a finite sequence of positive
integers of level k, Ay is the polynomial algebra Ry|[z1,...75]%% and Ay denotes

Rylx1,...2,]%%. Note that Ay is a polynomial algebra over Ry. For i in {1,...,/¢}

(
J i—1

variables z,,41,..., %y, +k;, Where r; = Zz;l k:. It is standard that we have (see for

example [Lan02, Chap.IV, §6]):

and j in {1,...,k;}, we set e ? to be the jth elementary symmetric polynomial in

1 1) (2 2 ¢ ¢
A = RN[eg ),...,eél),eg )...,61(62),...7€g)...7622)] C Ajx,
where Alk = A(l,...,l) = RN[xl, ce ,.Z‘k].
Derinirion 5.19. — The Koszul resolution of Ay is the complex
L ks i i ) ei.i)®1—1®e;i) i i
Cu(A) = @ @ (Rulel’] © Rule)”]g” Ryl @ Rulel"]).
i=1j=1

The homological degree of C,(Ay) is called the H-degree.

It is convenient to think of this complex in this way: let Vj be the Ry-module gen-

erated by (egi)) i=1,....¢ (with (ey)) having degree 2j). Then C,(Ax) = A @AV, @ Ay,
i=1,...,k;
with the differential:

d%: C,(Ag) — C.(A)
¢
a®v1/\~--/\W®bHZ(—1)i+1(avi®v1/\---/\{)\i/\---/\w®b

i=1
—a®@U A AU A+ ANvg @ v;b).
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It is standard that it is a projective resolution of Ay as Ai-module-Aj. Hence, for any
Aji-module-A;, M, we have:

HH, (A, M) ~ H(C\(Ax) ®ag» M) =: KH(Ag, M).

From now on, when speaking about Hochschild homology, we mean Hochschild
homology computed in this way. Of course this precision is irrelevant when we only
look at the homology groups. But we will shortly introduce an extra differential dy
on C,(Ag). It will equip the Hochschild homology with a structure of chain complex.
As far as we understand, the differential d can be thought as an equivariant version
of the extra differential introduced by Cautis in [Caul7]. Some proofs are postponed
to Appendix B.

5.2.2. An extra differential. — Let N be a positive integer.

Noration 5.20. We denote by Dy the following derivation on Aqx:

D{\{;: Alk — Alk

P(xy,..., %k »—>ZH T;)0y, P(x1, ..., xk).

i=1 j=1

We denote by d]EV the following map A-linear-A; map on Co(Ay):

dy + Cu(Ax) — Cu(Ar)
¢
1@ui A Avg @1 — Y (=)D () @i A AT A ANog@ 1.
i=1
note that this is H-homogeneous of degree —1 and g-homogeneous of degree 2(N —1).
When the context is clear we will drop the subscript k.

Lemva 5.21. — For any finite sequence of positive integers k, the map dJEV anti-
commutes with d& and is a differential on Ce(Ay).

Since we have this extra structure, we need a refined version of Lemma 4.17. The
following lemma should be compared to [Caul7, Lem. 6.2].

Levmvia 5.22. — LetT be a braid-like k,-MOY graph-k, andI" be a braid-like k,-MOY
graph-k,, then the complexes

(HH,(Ag,, (I ox, T)),diy ) and  (HH,(Ay,, F2(T ox, I')), di)
are isomorphic.

This is proved in Appendix B where we restrict to the special case where I" contains
only one vertex. Note that this is actually enough to conclude in general. We define an
explicit homotopy equivalence ¢ between two complexes computing the Hochschild
homology. Finally we prove that ¢ o dN — div o ¢ is null-homotopic. Note that the
previous lemma shows that the complex (HH, (Ak, ZP2(T1)),d™) only depends on the
vinyl graph r.
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In order to make the differential dy of g-degree 0, we shift HH, (A, M) by 2i(N —1)
in ¢-degree. Note that this adjustment does not change HHy(Ag, M). We denote this
normalization by HHY (Ag, M)

The following proposition should be compared to [Wed19, Lem. 3.23].

Prorosirion 5.23. Let T be a vinyl graph. The homology of (HHYN (Ay, Z2(T)),d™)
(denoted by HN, ) is concentrated in H-degree 0.

Proof. — Thanks to Queffelec-Rose’s algorithm (see Theorem 2.18), it is enough to
show the statement when I' is a collection of circles. Suppose that I' is a collec-
tion of circles labeled by k. The result follows from the regularity of the sequence

(DN(e§i))) 1<i<]f seen as polynomials in x1, ...,z with coefficients in Ry. The reg-
IIXF

ularity of this sequence follows from that of the sequences (DN (egi)))l <ihi
ery ¢ because they involve different sets of variables. Hence, from now on, we can
;1)) The regularity of a
sequence is equivalent to the fact that the set Z of common zeroes of these polyno-
mials is 0-dimensional. Note that {71, ...,Tn}* is a subset of Z. One shall see that
Z={Ty,...,Tn}*.

Let us consider the ideal I of Ry|[x1,...,z3]* generated by the polynomials

for ev-

suppose that £ = 1 and we write D" (e;) instead of DV (e

k N
PT:ZH(xi—Tj)x;" for0<r<k-—1.
i=1j=1

Note that I is equal to the ideal generated by (DN(ej))1gj<k'

Let (y1,...,yr) € R% be a common zero of the polynomials (P,)o<r<k—1. Some of
the the y.’s might be equal. Let s be the cardinal of {y1,...,yx}. By symmetry, one
can assume that the first yi,...,ys are pairwise different. For i € {1,...,s}, let us
write m; = {a € {1,...,k} |y, = v;}. For 0 <r < s — 1, one has:

s N
Prlyr,--ue) =y mi [ [ (i = Ty)yy =0,
i=1  j=1
in other words:
N
11 .1 my [[2 (1 = T5)
YiooY2 .- Ys mQHj-il(yz—Tj) o
s.—l s—1 5;1 N '
Y1 Yo s Ys Mg Hj:l(ys 7Tj)
This implies that for every ¢ € {1,...,s}, we have y; € {T1,...,Tn}. Hence Z C
{Ty,...,Tn}*. O
Remark 5.24. — The previous proof remains valid over Ry ®7;.,, C, for any choice

of z,’s. It is adapted from the elegant proof of [CKW09, Prop. 2.9] which treats the
case where all the z; are 0.
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In next section, we will need a primality result concerning the polynomials
(DN(eg-Z))) 1<i<e - As in the previous proof, we start with the case ¢ = 1.
1<j<ki
Lemwva 5.25. For1 <i <k, let e; be the ith elementary symmetric polynomial in

Z1,...,Tk. The polynomials (DN(el-)) are pairwise co-prime in A (= Aﬁ")

1<i<k

Proof. — We work by induction on k. For 1 < i < k, we write P, := DV (e;) with e;
symmetric in k variables and Pi?k := DN(€;)|1,=...c1y—0- For k = 1, there is nothing
to show. For k = 2, we have:

0 N N 0 N N N-1 N-1
Pro=a7 +x3 and Py =217y + 221y =zza(z] " H+ay )

which are co-prime since 23 "' + 2! and 2 + 22 are co-prime as polynomial in x;
with coefficients in Q[zz]. If @ is a non-trivial homogeneous element of Ay which
divides P12 and P2, then Q1 —...—1y— is of degree 0. Since @ is not equal to 0 it
has degree 0 which proves that P; o and P59 are co-prime. Suppose now that k > 3.
If P is a polynomial in Ay, P(xx = 0) denotes the polynomial of Ajx_; obtained
by specializing the variable z;, to 0 in P. From the very definition of DV, we have:

k
0 N ~
P = E z; ei1(T1, .., Ty, T).
J=1

Hence if 1 <4 <k —1, P (z, =0) = P, ;. Let 1 < i1 < iy <k — 1. Suppose that
a polynomial @) in A« divides P;, ; and /Piz’k. The polynomial Q° := Q1 =...=Tx=0
is homogeneous and Q(z; = 0) divides Piohk_1 and P&k_l. By induction, we know
that Q°(zx = 0) has degree 0. This implies that Q° and therefore @) has degree 0.
Hence P;, j, and P, ;, are co-prime.

It remains to show that for 1 < ¢ < k—1, P and Py are co-prime. Let @) be a
polynomial of Ay which divides P; ; and Py .

Pl?,k = zlxgumk(lev_l +~~+sz_1) = ek(zl,...,xk)(zi\’_l +~~~+x;€v_1).

The polynomial ey, is prime in Ay and does not divide P, j, since P; (z; = 0) is not
equal to 0. Hence Q° divides ;ci\Pl + -+ xivfl =: pr.N—1. Since Q° divides pr y_1
and Pi?k, it divides (in Ay)

Py —peN—1Zpei—1(T1, ..., Th_1).

Hence its xj-degree is at most equal to 1. Since Q° is symmetric in the z,, if it does
not have degree equal to 0, it is a multiple of 1 + - - - + z = e;. But for e; to divide
Pk.N—1, one must have k = 2 and N — 1 odd. But we supposed k > 3. Hence Q°
has degree 0. This implies that @) has degree 0 and finally that F;, ; and P;, ;. are

co-prime. O

CoroLrAry 5.26. — The polynomials (DN(e§i))) 1<ige are pairwise co-prime in Ay.
1<k

Proof. — First note that DN(e;i)) is a polynomial in the variables @, 41,..., Zr, i,

and T4, ...,Tn. It is homogeneous and has degree N — 1 + j which is bigger than 1.
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Hence for i1 # i9, 1 < j1 < ky, and 1 < jo < dg, if DN(eg»il)) and DN(egiz)) would
have a non-trivial common divisor, they would have an homogeneous divisor in the
variables T,. However DV (eﬁl)) is not divisible by any non-trivial homogeneous poly-
nomial in the variables 7,, because evaluating all theses variables to 0 in DY (egil))
does not give the 0 polynomial. The case i; = i3 follows from Lemma 5.25. ]

Noratiox 5.27. — IfTisa vinyl graph of level k, denote ﬂN(f), the space
HNo(HH Y (A, F2(T)))g "N Y

for a braid-like k-MOY graph-k T'" whose closure is equal to . This is legitimate
thanks to Proposition 5.23.

5.3. WHEN ALGEBRA MEETS FOAMS. The aim of this section is to compare Zy(T)
and Ay, N(f), namely to prove that these spaces are isomorphic.

Let us consider a braid-like k-MQOY graph-k I and denote T the closure of I'. We
know, thanks to Proposition 4.18, that there is a canonical isomorphism ¢ from .# L (f)
to HHy(Ag, B(T')). The space yN,N(f) is a quotient of ZZL (T')g~*™=1 while the
space Zy(T) is a quotient of HHy(Ag, B(T))qg* =1 (thanks to Proposition 5.23).
Using the isomorphism ¢, we can think of (') and A, ~(T') as being both quotients
of HHy(Ap, %(f))q‘kw_l). The rest of the section is devoted to proving the following
proposition:

Prorosition 3.28. — The spaces I (L) and YN,N(f) are isomorphic.

Thanks to the Queffelec-Rose algorithm and Proposition 4.15, it is enough to prove
the statement when T is a collection of circles labeled by k. Since the spaces ﬂN(f)
and .y v (I') are both quotients of HHy (A, Z(T))q~ "™ =1 which is itself isomorphic
to Aﬁqik(Nil), let us write ﬂN(f) = Aﬁqfk(Nil)/Il and YNN(f) = Aﬁqik(Nil)/IQ.

With these notations, we only need to show that the spaces I; and I of Akq’k(Nfl)

are equal.

Lemva 5.29. — The space I is generated by the polynomials (DN(ey))) 1<i<e - For-
\j\ki

getting about the action of the variables T,, it is a graded vector space. Its graded
dimension over Q is equal to:

£ ky
dimg I = ¢ FN=1) (1 — H H(l — q2(i+N_1))> dim(g Ap.

b=11i=1

Proof. — The first statement is obvious. The second one follows from the fact that
¢

the polynomials (DN (ej ))) 1<ige are pairwise co-prime. Indeed this implies that

<j<ks
(DN (el ) 1, DDV (5, M- N (DN (),

J J2 Ja "

_ <DN(6§‘7;1)) . DN(egéz)) .. 'DN(eg'ia)»Ak'
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Since the polynomial D ( gz)) is homogeneous of degree 2(N + j — 1), we have:

dimq<DN( (“)) D%(e (12)) " DN(G;ZG)»A,C :q_k(N_l)(dimgA&)HCI2('“+N_1).
- =1

The space I; is the sum of all spaces <DN(e§i))>A . This implies:

dim?[lzq_k(Nl( TITIG - - ))dimgAk. 0

b=11i=1

The proof of Proposition 5.28, follows from next lemma.
Lemwva 5.30. The spaces I and Is are equal.

Proof. — Tt is clear that I; is in I because the polynomials (D¥ (egi))) 1<i<e are
\j\ki

all in I (this follows from the definition of the evaluation of vinyl foams). We know
thanks to Lemma 5.3 that #iy v associates with a circle labeled k; a free Ry-module
of graded rank

ky, g~ im(N=1) _ gi+N-1 B —kb(N—l)ﬁ 1 — 2(+N=1)
qﬂ' _ qi =4

i=1
Thanks to the monoidality of this functor, we obtain that the graded rank of .y n(I")

is equal to
2(1,+N 1)

g HN 1) H H

b=1i=1
But Akq’k(Nfl) has a graded rank over Ry equal to:

Hence we have:

¢ ky
dimg Iy = ¢ F(N=1) dim(g A — g *FW=D H H(l — qz(”N*l)) dimg Ag
b=11i=1

L ky
— q—k(N—l) (1 _ H H(l _ q2(i+N—1))> dim? A&

b=11i=1
=dim? 1. O

6. LLINK HOMOLOGIES

In this section, we define the symmetric Khovanov-Rozansky homology on diagrams
of braid closures and prove that they are indeed links invariants. The definition is of a
purely foamy nature. However for proving the invariance we need to use the dictionary
developed in Section 4. We derive the invariance of the symmetric homologies from
the invariance of the triply graded homology [KR08]. We use the description of this
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homology as Hochschild homology of complexes of Soergel bimodules due to Khovanov
and Rouquier [Kho07, Roul7]. We show that the extra differential introduced in
Section 5.2.2, is compatible with their construction. Finally, we prove that when taking
the homology with respect to this extra differential, one gets the same link homology
as the one obtained by applying the foamy functor of the previous sections. This link
homology categorifies the Reshetikhin-Turaev link invariant associated with g-sym-
metric powers of the standard representation of Ug(sly). We call it the symmetric
Khovanov-Rozansky homology.

6.1. THE CHAIN COMPLEXES. The idea of the construction is somewhat classical. We
follow the normalization used in [Rasl5]. Let D be a diagram of a braid-closure of
level k, and X (D) be its set of crossings. For z in X (D) we define a finite set I, by
the following rules:

ifx:myn and m < n then I, = {—m,...,—1,0},
AN
ifx:my and m > n then I, = {—n,...,—1,0},

if x = ‘\nandm n then I, = {0,1,...,m},
/
if x = Nandm>nthen[m:{0,1,...,n}.

In the first two cases, we say that x is of type (m,n,+) and in the last two cases of
type (m,n,—). If z is a crossing and i is an element of I, we define
(m+i,—i—m) if z is of type (m,n,+), and m < n
(n+i,—i—mn) if x is of type
(nm,ia Hz,i) ==
( ,and m < n

(

(m,n,+), and m > n,
i—m,m—1i) if z is of type (m n,—)

(m,n,—) and m > n.

(i —n,n—1) if = is of type

We set 1(D) to be [, ¢« (p Lo and call the elements of I(D) the states of D. With
every state s = (s3),e x (p) of D we associate a vinyl graph D of level k by replacing
every crossing z of X (D) according to the rules given by Figure 11.

If s is a state, we define

= g Nes, and kKg= E K, s,

ze X z€ X

and we set Dy to sit in topological degree 7, and to be shifted in ¢-degree by k.

If s = (82)5e x (p) and 8" = (8},) e x (p) are two states which are equal on all but
one of their coordinate z, for which s/, = s, + 1, we write (s = s’) (or (s = ,5') to
be precise). In this case, we define Fpp s, ¢ to be the vinyl Dy -foam-D,, which is the
identity everywhere but in a neighborhood of z, where it is given by Figure 12.
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if = is of type (m,n,+) and m < n,

if = is of type (m,n,+) and m > n,

if x is of type (m,n,—) and m < n,

if z is of type (m,n,—) and m > n.

Ficure 11.

Remark 6.1. — If z is of type (1,1,4) or (1,1,—), the set I, has two elements and
the foam Fp s_, s simplifies upon removing 0-labeled facets:

Fp s—,s for x of type (1,1,4), Fp s—,s for  of type (1,1, —).

We define an hyper-rectangle R(D) of graded Rpy-modules. The vertices of this
hyper-rectangle are labeled by states and the edges by pair of states (s, s’) for which
s — s'. With every state s = (Sfr):vex we associated the graded Ry-module V; :=
k.~ (Ds)g" and we declare that it has homological degree ;.

With every edge (s — s'), we associate the map ds—, s :=5% N(Fp s—s) 1 Vs— V.
One easily checks that all these maps are g-homogeneous of degree 0 (thanks to the
degree shift ¢"<) and increase the homological degree by 1. Hence we call them pre-
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N

3 P T
m—sz_n
n—s, 74: _—1 s
- M —sS
n+s; +—1
- m+s;
N
ol /
T Mm—Sg
A\ ntse =g |,
=¥ m+s, \,‘in | »
n n =
/ / <

if z is of type (m,n,+) and m < n, if x is of type (m,n,—) and n < m,

N

m+s;—n ™
A n+sl, —
—t - m+s'z -
n—s, +—4+§
F m—s
Y
/ n+sz
T m+ss
n—se T—W
\&“ L = m—s,
Ler—l,

if z is of type (m,n,+) and m > n, if x is of type (m,n,—) and n < m.

Ficure 12. Tt is worth noting that this has ¢-degree 1.

All squares in R(D) commute because of the TQFT nature of the functor . n.
Furthermore, if the composition of two pre-differentials ds_. and ds _ s+ does not fit
into a square in R(D), this means that we have (s — ,¢') and (s’ — ,s”) for the
same x in X. In this case dg ¢+ 0 ds_,s» = 0 because the foams of Figure 13 are
oo-equivalent to 0. Indeed, given a closure F' of one of this two foams, one can gather
the colorings of F' in canceling pairs. Given a coloring c of F', the two facets labeled 1
must carry different pigments, say ¢ and j. One can locally exchange the pigments ¢
and j. This produces a new coloring ¢’ and the contributions of ¢ and ¢ in the
evaluation formula (Definition 3.14) cancel each others. Hence if we add®) some signs

(8)There are many ways to do it, but all possibilities produce isomorphic chain complexes. In
order to get functoriality of the construction announced in the introduction, one should be careful in
this choice. This boils down to endowing the set X with a total order as detailed in [ETW18]. A more
systematical construction is given in [Blal0] making use of the exterior algebra generated by X. This
last approach works only for uncolored links, but can be easily adapted to the colored case.
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n+k+2 —|
n—k —=g F m+k
Fm—k—2
n+k+1
F m+k—1
and et
Fm—k—1
n+k
n—k+2 g ¥ o m+k—2
—— m—k
Ficure 13.

to the pre-differential to turn the commutativity of squares into anti-commutativity
we can flatten the hyper-rectangle R(D) and obtain a complex of graded Ry-modules
S** (D).

Finally we set $**(D) to be equal to $**(D)g~ (P, where

—m(m+ N —1) if z is of type (m,m,+),
k' (D) = Z ki, and kKL, =< m(m+N—1) ifxis of type (m,m,—),
z€ X 0 else.

Turorem 6.2. — The homology of §"'(D) is a link invariant which categorifies the
symmetric Reshetikhin-Turaev invariant.

Norarion 6.3. — In what follows, we deal with three different differentials: the
Hochschild one (dgr), the topological one (dr) and the extra one (dV). We denote by
HH (+) (vesp. HT'(+), HN(+)), the homology taken with respect to dg (resp. dr, d™)
and by HNT(s) the homology taken with respect to the total complex(®) built out of
the bicomplex with bi-differentials (d”V,dr). The Hochschild homology is computed
using the Koszul complex (as explained in Section 4.4 and Appendix B). Moreover,
for the Hochschild homology, we will often drop the algebra in the notation: writing
HH(M) instead of HH (A, M). As explained in Section 5.2.2, we denote by HH” the
Hochschild homology with an additional g-degree shift making the extra differential
of g-degree 0.

Note that homological degree for HH and HN coincide. We denote by [+] g and [¢]7
grading shifts("?) with respect to the H and the T-degree. When considering the total
complex built out of the bicomplex with bi-differentials (dV,dr), the homological
degree shift is denoted by [¢]7s. Let us recall that grading shifts with respect to the
q-degree are denoted by ¢°.

(9Note that dV is a differential of chain complex (it has H-degree —1) while dr is a differential
of cochain complex (it has T-degree +1), the total complex we consider is a complex of cochain
complex: the total homological degree is equal to the T-degree minus the H-degree.

(10)\We use the homological convention for grading shifts: If V = @,V;, we have (V[k]); = V;_.
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Proof of Theorem 6.2. — The fact the graded Euler characteristic of §**() is indeed
the symmetric Reshetikhin-Turaev invariant follows from Theorem 5.17 and from
the construction of the hyper-rectangle which is clearly designed to categorify the
identities (2.10) and (2.11). In order to prove invariance, we proceed in two steps:

(1) First, we prove that if D is a diagram of a knotted vinyl graph (that is, a
diagram of a knotted MOY graph which satisfies the same condition on tangent than
vinyl graph), then the homotopy type of complex S**(D) (up to a g-grading shift)
only depends on the isotopy type of knotted graph in the annulus.

(2) Then we prove that we have a stabilization property. Namely, we will show, that
for any diagram of knotted braid-like k.-MOY graph-k I', the complexes associated
with the following three diagrams

‘ - ‘ C

have the same homology. We write I'; (resp. I'_) for the two knotted braid-like
k’-MOY graph-k’ obtained from I' by adding one strand labeled by 1 on the right
and a positive (resp. negative) crossing on the top of it.

Note that in our stabilization, we only deal with a strand labeled by 1. Thanks to a
trick due to Mackaay-Stosié-Vaz [MSV11] (see as well [Wuld] and [Caul7, Fig.1]),
this implies (together with the homotopy equivalences (6.1)) that we actually get the
stabilization property for any labels. Using this trick requires that we actually deal
with knotted vinyl graphs in step (1) (and not only with links). Finally thanks to
Markov theorem, we can conclude that S**(D) is a link invariant.

a-+b

a+b a+b
(6.1) q s /; ~ S )\ ~ ¢S g\
~ -~
a b a b

a b

The proof of step (1) is quite standard. One first consider the case where all strands
involved in the braid relations have label 1. This case is treated in terms of foams
in [Vaz08, Figs. 5.14 & 5.16]. The case with strands of arbitrary labels follows from
the first case and the invariance under the so-called fork slide moves (see Figure 14).

Indeed, one can blist (see Figure 15) each strands and use the fork slide moves
and the 1-labeled braid relation to deduce the arbitrary labeled braid relations. See
[WW17, MSV09, Wul4] for similar arguments. Proof of invariance for the fork slide
move using foam is quite standard see for instance [QR16, Proof of Prop.4.10] or
[ETW18, §3.3]. But let us briefly sketch how it works on the fork slide move on the
top left move of Figure 14. We consider the diagram on the left-hand side of the
move and its associated complex in Figure 16. The space on the first line can be
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\Y A/ ] ) K
SO fo: % / n

n 1

n 1
*
n41 m m
“I | 7\
n 1 n 1

Freure 14. Fork slide moves

Iicure 16. For simplicity we dropped the symbols ..
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Ficure 18.
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decomposed using the isomorphisms (5.1) and (5.3). The space on the second line
can be decomposed using isomorphisms (5.1) and (3.4). This gives the diagrams in
Figure 17. One can check that the vertical maps injective on the second term of the
direct sum. We can use them to simplify the complex. The complex is homotopy
equivalent to that in Figure 18. The second line turns out to be exact (thanks to
isomorphism (5.3)) except on the rightmost (corresponding to j = 0) term if n < m.
If the line is exact we can simplify and obtain that the complex is homotopy equivalent
to that corresponding to the right-hand side diagram of the for slide move we are
interested in.

If n < m, we can cancel out the second line except the rightmost term which
becomes:

n+1 m

Hence the whole complex is homotopy equivalent to that corresponding to the right-
hand side diagram of the for slide move we are interested in.

The invariance under braid relations can as well be deduced from the algebraic
setting using Soergel bimodules, see [WW17]. The proof of step (2) is more involved.
We need to use the dictionary between Soergel bimodules and vinyl foams developed
in Section 5 and a stabilization result which holds for Soergel bimodules.

First note that if D has braid index equal to k,

S(D) = HT(HN(HH} (#(R(D)))))q "™,
thanks to Proposition 5.28. We claim that we have
HNT(HH.Y (%(R(D)))) = HT (HN(HH," (#(R(D))))).

We consider HHY (%(R(D))). It is a bi-complex which we temporarily denote by C'.
Proposition 5.23 tells us that HN(C) is concentrated in H-degree equal to 0. This
implies that the spectral sequence E(C') induced by the bi-complex structure with
HT'(HN(C)) on the second page has only trivial differentials on this page. This spectral
sequence converges to HNT(C') because the bi-complex is bounded. Hence, we have

HNT(HH[Y (#(R(D)))) = E*(C) = E*(C) = HI'(HN (HH' (#(R(D)))))-

The stabilization result for Soergel bimodules is given by Lemma 6.5 and its proof
occupies Section 6.2. It tells us that:

HT(HH,(#(C+)))[-r[-1]nq™" ~ HT(HH,(%(T0))) ~ HT (HH.(#(T-)))q".
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Using HH" instead of HH and collapsing the T-grading and the H-grading to their
difference, we get:

HT(HH]Y (B(T'+)))g >NV~ ~ HT(HH (B(Ly))) =~ HT(HHY (B(I-)))q".

Moreover these isomorphisms preserve the extra-differential dV. We shift by ¢~ *(N -1,

This proves that
HN(HT(HHN (2(14)))g N g~ * W0 ~ AN(HT(HEY (#(T0))))g F Y
~ BN (HT(HHY (B(0 ) [1rsrg g+ D),
Since homological degrees are all finite, there is a spectral sequence with
HN (HT (HH, Ay, %(+)))

on the second page converging to HNT'(HH,Ay, %(+)). The previous isomorphisms
descend to the spectral sequences and to their limits. Hence we have:

HNT(HH} Ay, (C4))q" ¢ "YW= ~ ENT(HH]Y (Ag, B(Lo))g "N~V
o~ HNT(HH.Y (Ay, B(-))g~ Vg~ *THED,
This implies that S(D)¢" ~ S(Dg) ~ S(D_)q~¥, and finally that
S(Dy) ~ S(Dy) ~ 8§(D_). O

Remark 6.4. — Note that the previous proof can be adapted to disk-like foams up
to oo-equivalence. Then it turns out to be a rewriting of the invariance of the triply
graded homology very close to [Roul7] (see also [KR08, Rasl15]).

6.2. STABILIZATION. The aim of this section is to prove the stabilization move for
Soergel bimodules. This basically follows from Rouquier [Roul7]. However, since for
further use we need to be careful with some additional structures going on, we repeat
the proof. Note, however, that the framework in which the results of [Roul7] are
stated is more general™) than ours.

Let k be a positive integer and k™ := (ki,...,ks_1,1,1) be a finite sequence of
positive integers of level k. We define k? = (k1,...,ke—1,2) to be the same sequence
where the last two 1s has been merged kl := (k1,...,ke—1,1) to be the same sequence
where the last 1 has been dropped, and finally k° := (k1,...,ke—1) to be the same
sequence where the last two 1s has been dropped. We consider the algebras A :=
AE117 A2 = Akz and Al = AEI.

We consider M a complex of A'-modules-A' which is projective as an A'-module
and as a module-A', and we define MI := M ® Ry[zi]. It has a natural structure
complex of AM-modules-A" and these modules are projective as A'-modules and as a
modules-A'. We denote by 6 the A"-module-A" A" ® 42 A"¢~!. Note that with the

ul)Namely, he deals with arbitrary Coxeter groups, while we only consider the type A.
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1 1

notations of Section 4, # is the Soergel bimodule associated with E and the A-
1 1

module-A™ A is the Soergel bimodule associated with 1} (1 . Finally we consider
two morphisms of A"-modules-AY.
s: 0 — AY and m: A" — 9
P®Q— PQ P+— Pr_1®1—P®xyg
The notation may seem confusing: m is for merge and s is for split. We define
F:=0—0-"5 A%¢ ! — 0,
Fli=0— A% ™0 —0.

In F~! and F, 6 is in T-degree 0, A'¢~"! in T-degree 1 and A'q in T-degree —1.

Note that in the language of Section 4, m and s are the maps induced by the foams

given in Remark 6.1.
The following lemma should be compared to [Caul7, Lem. 6.3].

Lemwva 6.5. — The homology of the complexes
(HH.(A', M),dr), (HH.(A"Y, MI®n F)[-1]7[-1]gq ", dr),
(HH. (A", MI @ an F~")q", dr)

are isomorphic as triply graded Rpy-modules. Moreover we can choose the isomor-
phisms to commute with the extra-differentials d .

Proof. — We will deal with complexes carrying three different differentials: the
Hochschild differential dg, the topological differential d and the additional differen-
tial V.

C(A") = C(A") @ry X,
where

Tk Q1 —-1Qz

X := Ryl[xi] ®.RN[$k]q2 Ry[zr] ® Ry (k)

N
Ty, Oy,

Hence
C(Au) & (A1 )en (MI & An F) ~ C(Al) &(A1)en (M X A1 (X ®RN[wk]cn F)),

where B denotes the algebra B ®pr B°PP for any R-algebra. We have, focusing on
X ®RN[$k]e" F,

9q2 i Aﬂq

-

-1

X ®RN["I:R;]SH F ~ T ®1— 1®xkl

0 —— Alq
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In 0, the elements 2(x ®1—1®x) and (xp —xp—1) @1 —1® (zr —xk—1) are equal.
Hence, we have the following exact sequence of bicomplexes (for dp and dg ) of graded
A%-modules-A" in Figure 19. Note that this is not a sequence of tri-complexes: it does

0
2(zp — Tp—1) v
A11q3 A]_lq
v
j J Yl
(g —2K-1)®1 -
+1® () —zp—1) 0 0 Id
0q> -5 Alg
R v
zp®1—1 :'}\\ . JO F QQay]en X
a®b— aocg_1(b) +> Allq—l
21d Al ——— 0 21d
v
o @ — TR 1 o
T e ® (2 — apNg) J Y,
0 ———— Allq™!
v
0

Frcure 19. Here A'Y is equal to AM as a A"-module and has a right
AU-action twisted by the transposition o,_; which exchanges z, and

Tp—1-

not respect the differential d”¥. The dotted arrows represents the part of dV appearing
in X. In each topological degree, this sequence splits as a sequence of complexes (for
the Hochschild differential) of

¢(p(x1a s 7xk2)x§€—lxi) = p(xh e 7xk2)x§€—1 Y $i71'

(12)

We now take the homology with respect with the Hochschild differentials. It im-

plies, that for each ¢ in N, that we have the sequence of graded complexes:

0 — HH;(C(A") ®(aryen (M ®41Y1)) — HH;(A", MI ® F)
— Hfl(C(Al) ®(A1)en (M & A1 Yg)) — 0.

(12)Here, we abuse a little bit the appellation Hochschild differential: in Y7 and Y2 the vertical
arrows are part of the Hochschild differential, while the horizontal ones are part of the topological
differential.
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We have a short exact sequence of complexes of A"'-modules-A!:

a—a(zy—rr-1)®1—a® (T —Tr—1)

0— AMq 0 > A%qg™t — 0.

This implies that for all i, the complex HH; (C(A')®a1yen (M ® 41Y2)) is homotopically
trivial (with respect to dr). It follows that:

HT(HH; (A", M1 ® F~')) ~ HT(HH;(C(A") ®(a1yen (M @41 Y1))).

This implies that the part of the differential d coming from X is equal to 0 in
HT(HH;(A", MT ® F~1)), and therefore that this isomorphism commute with d*.
The complex (HH;(C(A') @(aryen (M ®a1 Y1)),dr) has the same homology as
the complex (HH;(C(A') ®@(aryen (M @41 A'q"))[+1]g,dr) which itself is equal to
Iﬂfz(Al,M)[—Fl}qu

The argument for F~! is similar, with the following short exact sequence of bi-

complexes:
0
Y
Z1
(zp —wp_1)a®1
21d o e
4 2
. . y
F QQay]en X OJ e 2r &L — 1® zp
L.-" ¢// "._J
Al T’\>9 a® b aoy_1(b)
\
\
\
\
N
A
Id 0—— A/llq Id
Y
T —Tp—1)a®1
2 J Ja —a® (T — @p—1)
u
Atq——— 0

Y

O

6.3. AN EXAMPLE OF COMPUTATION. In this section, we compute the homology of
the positive uncolored Hopf link in the non-equivariant setting (i.e., evaluating the
variables T, on 0).

First remark (see Remark 6.1) that the pre-differential given by the foam Fp s_,
for = of type (1,1, +) (resp. of type (1,1, —)) is always surjective (resp. injective). This
implies in particular that if an uncolored braid diagram D has n crossings, then the
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~

homological length (for the topological degree) of H(S(D) is at most n. If D contains

~

both positive and negative crossings then H(S(D) has length at most n — 1.
The complex of resolutions of the positive uncolored Hopf link is given by:

{z]i€{0,1}}

{mA|XeT(2,N—-1)}

{mx|XeT(1,N—-1)}

\{"m IAeT(1,N—1)}
{mA|A€T(2,N-1)} \ /
{a'lic{0,1}} {a*ie{0,1}} W

{mx|A€T(2,N—-1)}
{z'i€{0,1}}

In this picture, the red labels are meant to represent a basis. For a given diagram I,
pick a I'-tree-like foam and decorate it with the elements given by red sets. The blue
quantum numbers are meant to represent the quantum dimension of the spaces.

Observe that the two spaces in the middle are isomorphic and that the pre-
differential on the left are equal up to this isomorphism, and therefore have the same
kernel. On the other hand, the pre-differential on the right are surjective. Taking care
of the different grading shifts, this gives:

Q[N][N + 1]~ 2N+ if i =0,
Hy(S(D,)) = Hi(S(Dy))g~ ™ = { Q[N]g~(N+D ifi=1,

0 else.

Remark 6.6

(1) Note in particular that the symmetric uncolored homology of links is not triv-
ial for N = 1 (for which the corresponding polynomial invariant is always 1). We
expect that a simple combinatorial description of this homology is achievable since
the polynomial invariant of MOY graph has an especially simple form for N =1 (see
Lemma 2.8).

(2) For N = 2, this gives a different homology than the Khovanov homology and
odd Khovanov homology.
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AprPENDIX A. (QUANTUM LINK INVARIANTS AND REPRESENTATIONS OF Uqy(gly)

In this appendix we provide details about the relation between the graphical MOY
calculi defined in Section 2.1 and the representations of U, (gl ). The aim is to give ex-
plicit definitions the Reshetikhin-Turaev functors which associate with a MOY graph
an intertwiner of U, (gl )-representations. We will define two such functors: one sends
an edge labeled & onto the identity of A’;Vq where V; is the standard representation
of Uy(sly). This yields the exterior MOY calculus.(® The other one associates with
such an edge the identity of Sym’; Vg. This yields what we call the symmetric MOY
calculus.

A.1. Tue QuantuM crour Uy (gly). We first recall the definition of U, (gly ). For a
general presentation of quantum groups we refer to [Lus10].

Derinition A.1. — Let N be a positive integer. The quantum general linear algebra
U,(gly) is the associative, unital C(q)-algebra generated by L;, L', Fj and E;, with
1<i< Nand1l<j<N —1subject to the relations

LiL;=L;L;, LL;'=L'L;=1,
LiF;=q 'FL;, LinF, =qFLiy, LiE;=qEL;, Lis1E;=q "E;Li,
L]'Fi = FiLj, LJEZ = EZLJ fOI‘j 75 i, 1+ ].,
LL7Y —L7'L,
EiF; — FjE; = §;;—— 21 10
q—dq
2|, F;F;F; = F2F; + F;F? if i — j| =1,
[21,E:E;E; = E?E; + E;E?  if|i—j| =1,

Prorosrrion A.2. Defining A : Uy(gly) — Uy(gln)®2, S : Uy(gly )PP — Uy(gly)
and € : Ug(gly) = C(q) to be the C(q) algebra maps defined by:

ALY =L e L, S(LF) = LT, s(LF) =1,
AF)=F,®1+L;'Liy1 ® F;, S(F) = —LiL; | F;, e(Fy) =0,
A(E) =E;®1+L;L;}!, ® E;, S(F;) = —E;L; 'Ly, e(E;) =0,

endow Uy(gly) with a structure of Hopf algebras with antipode. Furthermore the cat-
egory of finite-dimensional Uy(gly)-modules is braided.

(13)This is the “classical” MOY calculus. MOY stands for Murakami-Ohtsuki-Yamada who gave
the identities described in Section 2.1 in [MOY98].
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Prorosition A.3. We define V, to be an Nth dimensional C(q)-vector space with
basis (b;)i=1,.. n. The formulas:

.....

Lib; = gbi, L' = q 'b;, L' =b; j#14,
Ei_1b;=b;_1 Eib; =0, ifi#j—1,
Fib; = bit1 Eib; =0, ifi # 7,

endow Vg, with a structure of Ug(gly)-modules.

Following [ST19] we now consider the tensor algebra 7V, This algebra is naturally
graded and endowed with an action of U,(gly) which preserve the grading (i.e., for
every integer a, T%V, is a U,(gly)-submodule of T*V,.). We consider two two-sided
ideals E2Vq and Squ inside this algebra T'V:

EV;] = <qbz & bj - bj & bi|for 1< ]>
and SVy := (b @ b, b; ® bj + gb; ® b;|for all m and for i < j).

Since these two ideals are homogeneous the quotient
AV :=T°V,/SV, and Sym;V,:=T*V,/EV,

inherits a grading from 7*V,. One easily checks that £V, and S?V, are stable under
the action of Uy(gly) over T*V,. This implies that for any non-negative integer a,
AV and Symg V, inherit structure of U, (gly)-modules. One can show that for ev-
ery integer a, AgV, and Symg V; are simple modules. The image of a pure tensor
1 ® -+ ® 1z, is denoted by

T1 A ATy in Aqu and by 71 ® - ®x4in Symqu.
The C(q) vector space AgV; has dimension () and is spanned by the vectors
(biy Abiy A-- - Abig)1in<in < <ia <N
fl<ii<ig< - <ig<NandI= {il,...ia}, we write by :bi1 /\biz/\"'/\bia-
Derintrion A4, Let X be a set. A multi-subset of X isamap YV : X — N. If
Y zex Y(x) < oo, the multi-subset Y is said to be finite and the sum is its cardinal

(denoted by #Y'). If = is an element of X, the number Y (z) is the multiplicity of =
mY.

The C(g) vector space Symg V, has dimension (¥*2=1) and is spanned by the
vectors
(biy ®biy @+ @ bi, )1<iy <in < <ia <N -

If1 <iy <ig < -+ <ig < N and 7 is the multi-subset of Iy := {1,..., N} {i1,... 40},
we write b7 = by, ® by, ® - @ by, .
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A.2. Exrerior MOY carcurus. In this subsection we work in the full subcate-
gory Uq(gly)-moda of finite-dimensional Uy(gly)-modules generated (as a monoidal
category) by the modules A7V, for 0 < a < N and their duals. We define a few
morphisms:

a Aa,b a a Ya,b a
ALV, @ AbV, — NSV, APV, — A2V, @ ALV,
—lI<Ilp if INJ =@,
br®by — 9 o7t b —> Z q|I<J|b[®bJ7
0 else, LTk
U n
Clg) — AgVe ® (AGVy)” (AgVe)" @ AgVy — C(q)
1— Y brab;, fez— f(z),
#I=a
U A
Clg) — (AQVe)" ® MGV, AGVe ® (AgVg)" —* C(q)
L Y g IsIvitI<dlps g b, by @ by — g <INI=lIn<lg,
#I1=a

We should explain what |J < I| and |I < J| mean here. If A and B are two subsets
of an ordered set C', we define

|A < B|:=#{(a,b) € A x Bla < b}.
Using the Reshetikhin-Turaev functor one can interpret any MOY graph as a mor-

phism in U, (gly)-mody,. Using identities (2.1) and (2.2) we can extend this interpre-
tation to MOY graph with crossings.

A.3. Symmerric MOY carcurus. — In this subsection we work in the full subcate-
gory Uq(gly)-mods of finite-dimensional U,(gly )-modules generated (as a monoidal
category) by the modules Symg V, for a in N and their duals. We define a few mor-
phisms:

A Y,
Symg V, ® Symz Vq _fab Syngrb v, SymZH’ v, _eb, Sym¢ V, ® Sym AZVq

b, — ¢ 7<) b — Y (L T]q” <10 @ b,
IuJj=K
= —
Clg) 20 symd V@ (Symi Vo) (Sym Vo)® @ Syl V, — % C(g)
L— > g™l @ (b)), fezr— f(z),
#I1=a
= —
C(g) —% (Sym¢ V)* ® Sym{ V,, Sym¢ V, @ (Sym? V,)* Day c(g)
1—s Z q—\1<1N|+|1N<1|(b/I>* Qb by @ ()" —s q|1<1N\_|1N<1\5”.
#I=a
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We should explain what |J < I|, [I < J|, and [I, J] mean here. If A and B are two
multi-subsets of an ordered set X, we define

A(x) + B(x
[A<Bl:== [] Aw@B(), [AB=]] {A((m)) B((m))] :
r<yeX reX
Using the Reshetikhin-Turaev functor one can interpret any MOY graph as a mor-
phism in U,(gly)-mods. Using identities (2.10) and (2.11) we can extend this inter-
pretation to MOY graph with crossings. Note that this is not consistent with the
exterior MOY calculus: the braiding has been changed for its inverse.

APPENDIX B. KoszuL RESOLUTIONS OF POLYNOMIAL ALGEBRAS

In this appendix we recall the definition of the Koszul resolution of polynomial al-
gebras. Then we describe a way to construct other differentials on the Koszul complex
which anti-commute with the Koszul differential.

For an introduction to Koszul resolution see [Lod98, §3.4] and [Kas04, BLS18].

B.1. KoszuL resorutions. — Let R be an unitary commutative ring and V a free
R-module of rank k. Let us fix an ordered basis (z1,...2x). We denote by A the
symmetric tensor algebra SV and we will think of A as the polynomial algebra
R[zq,...,z,). The algebra AV is naturally graded (we speak of H-grading): the non-
zero elements of V' seen in AV have H-degree equal to 1. Let C(A) be the A-module-A
AR AV ® A. It inherits an H-grading from AV. We consider the following endomor-
phism of A-module-A on (C(A),):
d: C(A) — C(A)
¢
1@ui A Avg@L— Y (D) (1, @01 A AT A Ao @1
i=1
—“1QUIA- - AN ANV Q).

Lemva B.1. — The map d is a differential on C(A),, and (C(A),,d) is a projective

resolution of A as an A-module-A. The complex C(A), is called the Koszul resolution
of A.

Proof. — If V has dimension 1, then A = R[z4]. It is easy to check, that the short
exact sequence
0— A A B8N, A9 A Ty A —0
is exact. This proves that
0— ApA 2280, A4

is a projective resolution of A. If V is k dimensional, then C'(A) is by definition the
complex
C(Rlz1]) ® C(Rz2]) @ - - - @ C(R[xx]),

and we deduce the result from the one-dimensional case. O
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Remark B.2. The vector space V' could be graded, we speak of g-grading. In this
case we suppose that the basis (z1, ..., zy) is homogeneous. The H-grading of C'(A) is
not influenced by the g-grading. On the contrary, g-grading of V' induces a ¢ grading
on A. Hence if all the x;’s have positive ¢-degree, we have:

b 1
Ry _
rkqA_il;[ll—qdegq“.

B.2. AN HOMOTOPY EQUIVALENCE. We consider the algebra A:=Ax =R[x1,...,zk].
For consistency with the rest of the paper, we set the indeterminate z;’s to have
g-degree equal to 2. If k = (k',... k") is a finite sequence of positive integers of
level k, we set Ay := AS: where Gy, is equal to G X -+ x &)« and acts naturally
on the indeterminates x1,...,x;. Note that the algebras A, can be thought of as
polynomial algebras as well. One only need to consider some appropriate elementary
symmetric polynomials.

Let us fix two finite sequences k, = (k},..., k%) and ky = (k3,..., kb?) of positive
integers of levels k. We suppose furthermore, that k, is obtained from k, by merging
two of consecutive elements of k;. For instance:

El = (2a37 1, 17574) and EQ = (2,4, 1,574)

For simplicity of notations we will actually suppose that k; = (a,b) and k, = (a + b)
with a,b > 1. In what follows we will be interested in A' := Ay and A% := A .

Since A? is a sub-algebra of A!, A! can be consider as a A%-module-A'. As a
module-A' it is free of rank 1, as a A%-module, it is free of rank (azb). Hence it is
both a projective module-A' and a projective A%2-module. This implies that

Cli=A' o0 C(AY), ~C(AY), and C? :=C(A?), @42 A

are both projective resolutions of A' as A2-module-A'. Hence we know that these two
complexes are homotopic. We denote by d! (resp. d?) the differential of C! (resp. C?).

We want to give an explicit homotopy equivalence of complexes of A2-module-A!
¢ : C? — Cl. We consider the vector space Vi := (f1,..., fa,01,---,96)r and
Vo :={(e1,...,€eqtp). The element f; (resp. g;, resp. e;) is meant to represent the ith
elementary symmetric polynomials in the first a variables (resp. the last b variables,
resp. a + b variables).

Thanks to some standard argument of homological algebra (see e.g. [Bro82,
Chap. 1, Lem. 7.3]) we know that if ¢ is a chain map such that

0.2 NN Al
(B.1) e| de,ﬂ
c! Al

™
commutes, then ¢ is an homotopy equivalence. By definition we have:
Cl=A"@AVi ® A' and C? =A@ AV, ® A
Since C? is a free A%-module-A! with a basis given by elements of the form
laz®esy, Ao Ney, @141,
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with0 </ <a+band iy <is <--- <1y, we only need to define ¢ on these elements.
For ¢ = 0, we define:

50(1,42 ®1R®1A1) = 1A1 ®1R®1A1-
For ¢ = 1, we define:

i
Pl @e;@1a) =Y fi ;@9 @1l +1a @ f; @9,
j=1
with the convention that the jth elementary polynomial in ¢ variables is equal to 0

whenever j > c. For £ > 1 we set:
¢

90(1A2 ®ej N Neg, @ 1A1) = H 90(1A2 ® €j), @ 1141)
h=1

and extend this map A? ® (A1)°PP-linearly. In the last formula, the space AQ AV ® A
is endowed with the algebra structures given by:
(a1 @v1 ®@b1) - (a2 @2 @ b2) = a1az ® v1 A v2 ® bybs.

Note however that the product is ordered and that ¢ is not an algebra morphism.

Prorosrrion B.3. The map ¢ is a morphism of complexes of A%-modules-A' such
that the diagram (B.1) commutes.

Proof. — Thanks to the definition of p(142 ® 1g ® 141), the diagram (B.1) obvi-
ously commutes. It remains to show that ¢ is indeed a chain map. Thanks to the
A% @ (AY)°PP_linearity, it is enough to consider elements of the form

]-A2 ®6i1 /\"'/\61'Z ®1A1~
Let us consider the case ¢ = 1. We have
P(*(12e;R]1)=R1IpR1-1R 1R

and _
d'(p(l@e;@1) =) (fi;9;@1r®1—fi; ®1r®g;)
j=1 i
+> (fi®1r@gi; — 1®1r @ figi—;)
% j=1
=> (figi-; ®1lp®1— 1®1Rj®fjgifj) = ®1IpR1-1®1r®e;.

§=0
If £ > 1, we have:
oo e o) =d ([[siee, 1)

h=1

¢ k—1 l
I (H o1 e @ 1)) (1 e, 1))( [[eie, e 1))
k=1 h=1 h=k+1
Y/ k—1 ¢
=Y (—1)kH (H o(1®e;, ® 1)) (p(d*(1® e, @ 1))( [[e®e, @ 1))
k=1 h=1 h=k+1

=p(d®*1®@ey, A Ne, ®1)). O
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B.3. AN ADDITIONAL DIFFERENTIAL

Norarion B.4. — Suppose D : A — A is a derivation on A which lets Aj stable for
any finite sequence of positive k integers of level k. We consider the endomorphisms
0x of C(Ay) given by:
0 C(Ax) — C(Ag)
¢

(B.2) 1@ui A Ao @1 > (=)' D) @vi A AG A Avg® 1.

i=1
Both these maps are H-homogeneous of degree —1. For simplifying notations we
denote the maps on C(A') and C(A?) by 6! and §2.
If we fix a positive integer N and if R = Ry, an example of such a derivation is
given by
DNZ Alk — Alk
kE N
P(oy,.ap) — Y [ [ (@i = T5)0, P, ... ).
i=1j=1

The maps defined with DV by the formula (B.2) are denoted d]g . These are precisely
the differentials considered in Section 5.2.2.

Lemma B.5. For i = 1,2, the map §° anti-commutes with d* and is a differential
on C(AY).
Proof. — The fact that 6' and 6% are differentials follows as usual from the signs

which forces every square to anti-commute. To check that d* and 6° anti-commute is
an easy computation. We assume ¢ = 1. We have:

SHd' 1 @v A Avp @ 1))
= > (=)0, D) @ i A AT A AT A Avp @1

1<i1<i2<[ — —~
Vig ) QUL A= ANV A= AVjy A Aug @ vy,

Vi iy QU A= AU Ao - ANy Ao Ap @1

-D
-D
+ D) QUi A=AV, Ao AUy Ao+ Avg @ vg,)

(
(
(
and  d'(0'(1@vi A~ Av®@1))
= > (=)D (v, vi, @0y A ATy A A A Ay @ 1

1<i <ia <l - _
—D(0i)) QUi A - ANV Ao N0y A=+ Avg @ vy,

— 0, D(vi,)) QUi A AOGZ Ao AT A - Aog @ 1
+ D) @ui A=AV Ao AUy Ao+ Avg @ 4,)
=-8'd'(1®v A Ao @l)). O

We define 1 : C? — C! to be the A2 ® (A)°PP-linear map defined by:
n(l@eil ARERWAY TS @1) =D ®Idyy ®Ida: ((p(l@(ﬁil N Neg, ®1))
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Note that we have:
¢ k-1 ¢
n(l®e;, A+ Ne;, ®@1) = Z(H o(l®e,, ®1)>77(1®6m ®1)( H p(l®e,, ®1)>7
k=1 “h=1 h=k+1

This follows from the fact that D is a derivation. We can write a (complicated) explicit
formula for #:

¢
n1@es, A Aej, ®@1) = Z Z Z (—1)/B<Al

Jitji=i1 k=0 AUB={1,....0} |A|=k
L A={a1<-<ap}
Jetie=te B={b1<--<brx_s}
- D(f)., "'fjak)®gj«'z1 N Ngg, A Loy Ao A fi,, ® g5, 9,
where |B < A] := #{(b,a) € A x B|b < a}.

Lemva B.6. — We have the following identity:
pod?—6top=nody+djon.
Proof. Suppose £ = 1. On the one hand, we have
(pod?=6top)1®e; ®1)

=D(e)®1@1=> (fir;D(g)) ®1@1+ D(f;) ®1® g;—))

Jj=1

= Z D(fj)gjfi ®R1I®1+ ij(gj,l-) ®1®1
=0

- (Z fiD(gi—j)) @ 1@ 14+ D(f;) ®1® g¢j>
. =1

=Y " D(f)g @101 D(f;) ©@1® gi_y.

j=1 j=1
On the other hand, we have:
nod*(l®e;@1)=n(e;®1el)—nlelwe)=0

and

d'onl®e; ®1) =d* (ZD(fJ) ® gi, ® 1)
j=1

=Y D(f))g;, ®1®1—D(f;) ®1@g;_;
j=1

=(pod?—lop)(1®e;®1).
Suppose now that ¢ > 1. We have:
(pod? —top)(1®ey, N---Aey, @1)

14 h—1 V4
— Z(_1)h+1 H e(1®@e;, @1)(pod? -5 op)(1®e;, ®1) H o(l®e;, ®1)
h=1 k=1 k=h-+1
14 h—1 14
=> () ][e@e, @) (d oniee, 1) J[ edee, @1).
h=1 k=1 k=h+1
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On the other hand, we have:

n0d2(1®€i1/\"'/\€u®1)

14 h—1 4
= n(Z(—l)h“ H(l ®e;, @1)d*(1®e;, @1) H (1®e, ® 1))

h=1 k=1 k=h+1
¢ h—1 j—1
= (—l)thl H (p(l e @ 1)7}(1 X €i; ® 1)
h=1j=1 k=1
h—1 ¢
I eee, @pd1we, 1) J[ Qoe 1)
k=j+1 k=h+1
4 4 h—1
+Y Y )M e @ e, @ De(d(1®e;, @1))
h=1j=h+1 k=1
i-1 ¢
II G@e,@miee, e1) [ cee, 1)
k=h+1 k=j+1
h—1 j—1
= Z (-1 H p(l®e,, @1n(l®e; @ 1)
h=1 j=1 k=1
h—1 V4
I p@e, @Dd (el e, ®1) [[ 1ee, @1)
k=j+1 k=h+1
l 4 h—1
+ Z Z (=)t H P(1® ey, ©1)d (p(1® ey, ® 1))
h=1j=h+1 k=1
j-1 ¢
II Cee,@niee, o1) J] elee, @1)
k=h+1 k=j+1

and
dlor](1®eil/\~-~/\eie®1)

’ h—1 ’
=d! (Z(_l)h-&-l H o(l1®e;, RNl e;, ) H e(1®e;, ® 1))

h=1 k=1 k=h+1
=-nod*(1®ej, N---Neg, @1)

V4 h—1 14
+Y ()" [ el @e,@)d (i1 @e,2) [[ vl@e, @1)
h=1 k=1 k=h+1

=-nod*(1®ey A---Nej, @1)

14 h—1 L
+Y D) [ el @en) - (pod® =5 op)1@e, @ 1) [[ el @es ®1)
h=1 k=1 k=h+1

=-nod’(1®@ey, A" Nej, 1)+ (pod? —dlop)1®ey A Ne, ®1). O
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ApPENDIX C. A PINCH OF ALGEBRAIC GEOMETRY

Algebraic geometry has been a very useful guideline for the definition of the (ex-
terior) Khovanov-Rozansky homologies. The exterior sly-invariant of the unknot la-
beled by k is equal to [1,\6’ ] , which is the graded Euler characteristic of the cohomology
ring of Gre(k, N) the Grassmannian variety of k-spaces in C up to an overall grad-
ing shift. Indeed the Frobenius algebra associated with the unknot labeled by & in the
Khovanov-Rozansky homology is isomorphic to H*(Gre(k, N)). This can be extended
to an equivariant®) setting see [KralOa, RW17].

The symmetric sl invariant of the unknot with a label k is equal to [N +,f*1 ] . This
is (up to an overall grading shift) the graded Euler characteristic of Gre(k, k+ N —1).
However, this does not seem to be the correct point of view when categorifying the
symmetric sly-invariant.('®) Indeed, in an equivariant setting, one expect to have a
natural action of Q[T}, ... Tx] or Q[T},...Tx]®" on the Frobenius algebra associated
with the unknot labeled by k. Instead, we believe that it is better to consider the
space S* (Grc(1, N)) of collections of k lines (counted with multiplicity) in CV:

S* (Gre(1,N)) = (Gre(1, N))* /6.

There is a natural action of GLx on this space and its (non-equivariant) cohomology
ring is isomorphic(!9) to that of Gre(k, k + N — 1):

Tueorem C.1 ([ES02, Th.2.4]). — There is a birational map f : (Gre(1,N))F —
Gre(k, k+ N — 1) such that the correspondence induced by the graph T'y of f induces
an isomorphism

(Ty)*: H*(Gre(k,k+ N —1),Q) — H* (S* (Gre(1,N)), Q)
of graded Q-algebras.

As stated before, we are interested in the equivariant version of the cohomology
ring of S*(Gr(1, N)).

The group G := G Ly acts naturally on Gr(1, N) and diagonally on S*(Gr(1, N)).
Since H*(BG,Q) ~ Q[T},...Tx]®N =: Ry as a ring, the equivariant cohomologies of
both Gr(1, N) and S*(Gr(1, N)) have structures of graded Ry-algebras (the degrees
of the variables T, are all equal to 2). There exists a presentation of Hg(Gr(1, N)):

Leyya C.2 ([Ful07, Lect. 3, Ex. 1.2]). — The Ry-algebra Hg(Gr(1,N), Q) is isomor-
phic to Ry[z] /JNn1, where x has degree 2 and Jy 1 is the ideal of Ry[x] generated

by [Tiey (z — T5).

It follows immediately that Hg(Gr(1,N),Q) is a free graded Ry-module and
that the family (1,x,...,2V 1) forms an homogeneous Ry-basis of this space. The

(14)This motivates the term “equivariant” slpy-homology.
(15)This remark is due to Francois Costantino.

(16)Note that if N = 2, these two varieties are actually isomorphic.
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space My considered in Section 5 is isomorphic to

Sym" (Hg (Gr(1,N),Q)).

We believe that this is the same as

H,(Sym*(Gr(1,N)),Q))

but could not locate such a statement in the literature.
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