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ON THE DENSITY OF SUPERCUSPIDAL POINTS OF
FIXED REGULAR WEIGHT IN LOCAL DEFORMATION
RINGS AND GLOBAL HECKE ALGEBRAS

BY MaTTHEW EMERTON & VyTAUTAS PASKUNAS

Asstract. — We study the Zariski closure in the deformation space of a local Galois repre-
sentation of the closed points corresponding to potentially semi-stable representations with
prescribed p-adic Hodge-theoretic properties. We show in favourable cases that the closure con-
tains a union of irreducible components of the deformation space. We also study an analogous
question for global Hecke algebras.

Riésumi: (Sur la densité des points supercuspidaux de poids régulier fixé dans des anneaux locaux
de déformations et des algebres de Hecke globales)

Nous étudions la cloture de Zariski, dans ’espace des déformations d’une représentation
galoisienne locale, des points fermés correspondant & des représentations potentiellement semi-
stables avec des propriétés de théorie de Hodge p-adique prescrites. Nous montrons, dans les
cas favorables, que la cloture contient une réunion de composantes irréductibles de ’espace des
déformations. Nous étudions aussi une question analogue pour les algebres de Hecke globales.
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338 M. EmERTON & V. PASKUNAS

representations with prescribed properties. We show in a number of cases that the
closure contains a union of irreducible components of the deformation space. Our re-
sults are most novel in the case when the family consists of potentially semi-stable
representations with fixed Hodge-Tate weights and their Weil-Deligne representations
correspond to supercuspidal representations via the classical local Langlands corre-
spondence; we call such points supercuspidal. We also obtain similar results in the
setting of global Hecke algebras, and thus, in certain circumstances, namely those to
which the results of [23] apply, in global Galois deformation rings as well.

Let us explain our results in more detail. Let F' be a finite extension of Q, and
let G be its absolute Galois group. Let L be a further finite extension of Q, with
the ring of integers &, a uniformiser w and residue field k. Let p : Gp — GL,, (k)
be a continuous representation and let p” : Gp — GL, (R") be the universal framed
deformation of p. In particular, R” is a complete local noetherian &-algebra with
residue field k. If x is a maximal ideal of R™[1/p] then its residue field x(z) is a finite
extension of L; we denote its ring of integers by O (,). By specialising PP at x we
obtain a representation p, : Gp — GLy(k(x)). Moreover, its image is contained in
GL,(Oy(y)) and by reducing the matrix entries modulo the maximal ideal of &,
we obtain p. If p, is potentially semi-stable then we can associate to it p-adic Hodge
theoretic data: a multiset of integers wt(p,) called the Hodge-Tate weights and Weil-
Deligne representation WD(p,, ), which is a representation of Wg (the Weil group of F)
together with a nilpotent operator satisfying certain compatibilities. The following
theorem is a representative example of our results.

Tarorem 1.1. — Assume that p does not divide 2n and p admits a potentially crys-
talline lift of regular weight, which is potentially diagonalisable. Let E be an exten-
ston of F' of degree n, which is either unramified or totally ramified, and fix reqular
Hodge-Tate weights k. Let & be the subset of mazimal ideals of R™[1/p] consisting of
x € m-Spec RP[1/p], such that p, is potentially semi-stable, wt(p,) = k, WD(p,) is
irreducible as a representation of Wg and is isomorphic to an induction from Wg of a
1-dimensional representation. Then the closure of 3 in Spec RP contains a non-empty
union of irreducible components of Spec RE.

Remark 1.2. — If Homg, (p, (1)) = 0 then the deformation problem of 5 is unob-
structed and thus RF is formally smooth over ¢, so the theorem implies the density
of ¥ in the whole of Spec R".

Remark 1.3. — The proof of the theorem uses a global input: the patched module
M constructed in [10]. In the process we identify G with a decomposition group at
a prime p of an absolute Galois group of a totally real field K, and p as a restriction
to Gp of a global automorphic representation of Gg. In the general case, we obtain
precisely those components of Spec RP which contain a closed point corresponding to
the restriction to G of a global automorphic representation of the kind considered
in [10, §2.4] which is crystalline at p.
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Remark 1.4. The assumption p t 2n comes from our use of the patched module
M constructed in [10] and the assumptions made there. We also have a version
of Theorem 1.1, when the field extension F/F is wildly ramified. In that case, the
condition on WD(p,) is more complicated to describe; it can be phrased in terms of
Bushnell-Kutzko classification of supercuspidal representations of GL,,(F) in terms of
types. If we identify GL,,(F) = Auty(E), then WD(p,) is required to correspond to a
supercuspidal representation 7, under the classical local Langlands correspondence,
such that 7, contains a simple stratum [, n/,0,«| with E = F[a]. Moreover, it is
enough to consider those supercuspidals where « is minimal over F.

Remark 1.5. — The assumption that p admits a potentially crystalline lift of regular
weight, which is potentially diagonalisable, also comes from our use of the patched
module M. It has been conjectured in [18] and it will be shown in the forthcoming
joint work of Toby Gee and ME that such lift always exists. We refer the reader to
[2, §1.4] for the notion of potential diagonalisability.

Remark 1.6. — The first result of this flavour for arbitrary F and n was proved by
Hellmann and Schraen in [24], for the family of crystabelline representations with
fixed Hodge-Tate weights (i.e., those representations, which become crystalline after
a restriction to the Galois group of a finite abelian extension of F.) We also handle
this case; in fact our arguments allow us to mix both cases.

1.1. A~ 1pEA oF THE PrROOF. — The proof of Theorem 1.1 uses in a crucial way the
patched module M, constructed in [10]. We will recall some properties of M.: it is
an R, [G]-module, where R, is a complete local noetherian R™-algebra with residue
field k, obtained as part of the patching construction, and G := GL, (F). We let
K = GL,,(OF). As part of the construction of M., we know that the action of the
group ring R[K] C Rx[G] on M extends to the action of the completed group
ring Roo[K], which makes M., into a finitely generated R [K]-module. This allows
us to equip Mo with a canonical topology with respect to which the action of R [K]
is continuous. Moreover, M, is a projective O[K]-module in the category of linearly
compact O[K]-modules.

The proof then breaks up into two parts. In the first part we work in an abstract
setting, by axiomatising the properties of M., mentioned above, and develop a theory
which we call capture. This abstract setting applies both to M., and to the zero-th
completed homology of a symmetric space, when the group is compact at oo, see
Section 5.1. In fact the setting applies to the completed homology of more general
symmetric spaces associated to a reductive group G defined over Q, whenever p occurs
only in one homological degree. Conjecturally this holds whenever p is irreducible and
lo = 0, see [17, Conj. 3.3]; the invariant ly vanishes if for example G is semi-simple
and has discrete series.

The output of the theory says that for certain well chosen families {V;};¢s of finite
dimensional representations of K on L-vector spaces the R..-annihilator of the family
of Reo-modules M, ®g[x] Vi, for i € I, annihilates M. This abstract theory is then
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340 M. EmerTON & V. PASKUNAS

applied with the family {V;};c; consisting of Bushnell-Kutzko types for supercuspi-
dal representations, tensored with a fixed irreducible algebraic representation W of
Resgp GL, /F evaluated at L and restricted to K. Properties of M, proved in [10]
allow us to convert the automorphic information given by the Bushnell-Kutzko types
and the algebraic representation W into the Galois theoretic information defining the
set 2.

If f,g : N — N are functions, which tend to infinity as n goes to infinity, then
we write f ~ g, if log f(n) = logg(n) + O(1) as n tends to infinity. The following
proposition is a key tool in the abstract setting considered above; see Section 2.4 for
the definition of the J-dimension.

Prorosition 1.7. Let K be a uniformly powerful pro-p group. Let M be a finitely
generated k[ K]-module, let dim M be the d-dimension of M as k[K]-module, and let
dim K be the dimension of K as a p-adic manifold. For each n > 1 let K,, be the
closed subgroup of K generated by the p™-th powers of the elements of K. Then

dimy, MKn ~ (K . Kn)dim M /dim K7

where My, denotes the space of K, -coinvariants.

A weaker version of this proposition has been proved by Harris in [21], see also [22].
In the second part of the proof carried out in section 6 we show:

Tarorem 1.8. — The support of My in Spec Ry is equal to a union of irreducible
components of Spec Ry .

We follow the approach of Chenevier [11] and Nakamura [29], who proved that the
crystalline points are Zariski dense in the rigid analytic generic fibre (Spf R)™® of
Spf RP. Indeed, we prove the following result, which implies the preceding theorem.

Taeorem 1.9. The Zariski closure in (Spf Rs )™ of the set of crystalline points ly-
ing in the support of My is equal to a union of irreducible components of (Spf Ruo )'®.

The argument of Chenevier and Nakamura uses “infinite fern”-style arguments. In
order to modify these arguments so as to be sensitive to the support of M., we use
the locally analytic Jacquet module of [14], which provides a representation-theoretic
approach to the study of finite slope families. Breuil, Hellmann, and Schraen [3] have
made a careful study of the theory of the Jacquet module as it applies to M., and
we use their results.

The argument outlined above proves the analog of Theorem 1.1 with R replaced by
R... The statement for R is deduced from this by a commutative algebra argument
using that Re = R” ®4 A, where A is a complete local noetherian @-algebra, which
is O-flat.

JE.P.— M., 2020, tome 7
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1.2. HiSTORICAL REMARKS. Since we have been talking about the results of this pa-
per since the workshop on the p-adic Langlands correspondence in the Fields Institute
in 2012, some historical comments seem to be in order. At the beginning our focus
was to prove such density theorem for the global deformation ring of an absolutely
irreducible representation p : Gal(Q/Q) — GLy(k), which we assume to be modu-
lar. The strategy was to apply representation theoretical techniques in the spirit of
Proposition 1.7 to the completed homology of modular curves localised at the ideal
of the Hecke algebra corresponding to p. So the first part of the proof was essentially
the same as it is now. For the second part of the proof one needed to show that the
completed homology of modular curves localised at the ideal of the Hecke algebra
corresponding to p is supported on a union of irreducible components of the global
deformation ring of p, which amounted to producing a lower bound on the dimension
of the Hecke algebra, see the discussion of [17, §3.1.1]. The bound was obtained by
showing that the Krull dimension of the Hecke algebra is at least the J-dimension of
the completed homology, which is equal to 5, minus the §-dimension of the fibre, which
we knew to have dimension 1: the fibre is determined by results of [16] (see also [34,
Lem. 5.8] for a different argument based on the results of [32]), and its §-dimension is
equal to 1; our original argument is explained in the proof of [34, Lem. 5.14].

Such arguments have since appeared in the paper of Gee-Newton [19] in a more
general context; in particular they also prove a kind of converse theorem called ‘miracle
flatness’, which we did not know at the time, by working systematically with Cohen-
Macaulay modules.

We also proved density results for the local deformation rings of p : Gal(@p /Qp) —
GL2(k) by using results of [32] and the p-adic Langlands correspondence for GL2(Q,).

Then a paper of Hellmann-Schraen appeared [24], proving the density result dis-
cussed in Remark 1.6. While studying their paper, we realised that the second part
of our proof can be obtained using the ‘infinite fern’ arguments by constructing what
is now known as the patched eigenvariety. The construction of this patched eigenva-
riety appeared in the paper by Breuil-Hellmann-Schraen [3], although both ME and
Hellmann explained their ideas to VP independently at around the same time.

Finally a paper of Scholze [36] has appeared, in which he has a much simpler proof
of one of the consequences of our theory, discussed in [17, 3.3.2]. We adapt and explain
his argument in Section 4. And although our abstract theory is more general, the two
key arithmetically interesting examples are covered by this simpler argument due to
Scholze, which avoids counting dimensions, required by our criterion for capture.

In recent preprints [37], [38] Shen-Ning Tung has used our result on the support of
M4 to obtain a new proof of the Fontaine-Mazur conjecture for GLy /Q, obtaining
new cases of the conjecture when p = 3 and p = 2. This was one of the motivations
to finally finish this paper.

1.3. Tue STRUCTURE OF THE PAPER. — In Section 2 we develop the theory of cap-
ture in an abstract setting. Some of the results of Section 2.1 have appeared in [12,
§2.4], but we recall the proofs for the convenience of the reader. The main result
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342 M. EmerTON & V. PASKUNAS

is Proposition 2.23, which establishes a numerical criterion for a family {V;};cs of
smooth irreducible representations on finite dimensional L-vector spaces of a compact
p-adic analytic group K, which does not contain any torsion, to capture every projec-
tive linearly compact &'[K]-module in the sense of Definition 2.1. The key proposition
which establishes the link between the growth of coinvariants and dimension is proved
in Section 2.4.

In Section 3 we exhibit two examples where our general theory applies, by taking K
to be a sufficiently small compact open subgroup of GL,,(F') and, in the supercuspidal
case in Section 3.4, the family {V;};cs inductions of simple characters in the sense of
Bushnell-Kutzko theory. The main work is then to verify that our numerical criterion
holds, which amounts to counting types and their dimensions. We also handle the
principal series case in Section 3.3.

In Section 4 we explain that both of these examples can be dealt with in an easier
way by adopting an argument of Scholze in [36]. This argument still uses Bushnell-
Kutzko theory, but avoids the counting arguments.

In Section 5 we apply the theory developed above to the zero-th completed homol-
ogy of a symmetric space, when the group is compact at infinity.

In Section 6 we show that the support of M, is equal to a union of irreducible
components of R...

Acknowledgements. — This paper has its germ in conversations between the authors
during the Workshop on Galois Representations and Automorphic Forms at the TAS
in March 2011. We would like to thank the organisers for the invitation. VP would
like to thank Michael Harris and Peter Schneider for their comments after his talk
in January 2014, Représentations des groupes réductifs p-adiques et applications,
Luminy and Eugen Hellmann for explaining his work during his visit to Essen. The
authors thank Toby Gee for his detailed comments on an earlier version of the paper,
Gaétan Chenevier for answering our questions about his work, Gabriel Dospinescu
for pointing out a simplification in the proof of Proposition 2.18, Yongquan Hu for
pointing out a gap in the proof of the same proposition in an earlier draft, and Shen-
Ning Tung for his comments on Section 6.

2. GENERALITIES

2.1. Caprure. — Let K be a pro-finite group with an open pro-p subgroup. Let O K]

be the completed group algebra, and let Mod};°(&) be the category of compact linear-

topological [K]-modules. Let {V;};¢cs be a family of continuous representations of K
pro

on finite dimensional L-vector spaces, and let M € Mod}:°(€). We will denote by V;*
the L-linear dual of V;.

Derinirion 2.1, — We say that {V;}ier captures M if the smallest quotient M —» Q
such that Homyy (Q, V;*) = Homgyy (M, V;*), for all i € I, is equal to M.

The following equivalent characterisations of capture can be easily verified, see [12,
§2.4] for details.
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ON THE DENSITY OF SUPERCUSPIDAL POINTS 343

LeEmma 2.2. Let
N = Ker ¢,
¢

cont

where the intersection is taken over all ¢ € Homgry(M,V;*), for all i € I. Then
{Vitier captures M if and only if N = 0.

Lemma 2.3. Let M € Mod¥:°(0) be O-torsion free, let TI(M) := Hom@™ (M, L)
be the associated L-Banach space equipped with its supremum norm. Then {V;}icr
captures M if and only if the image of the evaluation map

@HomK(W,H(M)) ®p Vi — (M)
i
is a dense subspace.
Our next lemmas describe various simple aspects of the notion of capture.
Lemma 2.4, — If {V;};er captures M, then M is O-torsion free.

Proof. — Any O-torsion element is in the kernel of any morphism M — V;* for any
1 € I; the lemma then follows from Lemma 2.2. O

Lemma 2.5, — If {M;}jes is a collection of objects of Mod}:°(0), then the family
{Vi}ier captures the product [];c ; M; if and only if it captures each of the M.

Progf. — Noting that []; M; is O-torsion free if and only if each M; is O-torsion
free, we see from Lemma 2.4 that it is no loss of generality, when proving the lemma,
to assume further that each M; is O-torsion free. We note also that

I([]; M;) := HomZ™ ([],; M;, L) = &; Hom @™ (M, L) =: &;T1(M;),
where the completed direct sum is taken with respect to the sup norm on each sum-
mand, and where we are using the notation from the statement of Lemma 2.3. Thus
the evaluation map @, Hompg (Vi,H(Hj M;)) @ V; — I(I]; M;) may be rewritten
as the map @, ®; Homy (V;, II(M;)) — &,II(M;). This has dense image if and only
if each of the evaluation maps @, Homg (V;, II(M;)) — II(M;) has dense image. The
present lemma thus follows from Lemma 2.3. (|

Lemva 2.6. — Let W be a continuous representation of K on a finite dimensional
L-vector space, and let © be a K -invariant O-lattice in W. If {V;}icr captures M ® 60O
then {V; @, W}ier captures M.

Proof. — For each i € I we have a natural isomorphism
(1) Hom{ii (M ®¢ ©,V;") 2 Homgyy (M, (Vi @ W)*).
Thus if @Q is a quotient of M, such that
Homjy; (M, (Vi @ W)*) = Homgjy (Q, (Vi @ W)*),
for all ¢ € I, then we deduce from (1) that
Homgjy (M ®¢ ©,V;") = Hom@[)(Q @ ©,V/"),

JE.P.— M., 2020, tome 7



344 M. EmerTON & V. PASKUNAS

for all ¢ € I. This implies that M ®4 0 = Q ®¢ O, as {V; }ics captures M ®4 O by
assumption. Since O is a free &-module we deduce that M = Q. O

Levwa 2.7. — Assume that {V;}ier captures M and let ¢ € End%)[[n}(]] (M). If ¢ kills
Hom?ﬁ}t{ﬂ (M, V) for alli € I then ¢ = 0.

Proof. — The assumption on ¢ implies that
Hom%)[[nlt(]] (Coker ¢, V;*) = Homf;[f}t(]] (M, V"), Viel.
Since {V;}ier captures M, we deduce that M = Coker ¢ and thus ¢ = 0. |

Lemmva 2.8. — The following assertions are equivalent:

(i) {Vitier captures every indecomposable projective in Mod}r°(0);
pro

(if) {Vitier captures every projective in Mody°(0);
(iii) {Vi}ier captures O[K].

Proof. — This follows from Lemma 2.5 and the fact that every projective object in
Mod%°(€) is isomorphic to a product of indecomposable projective objects, which
in turn are precisely the indecomposable direct summand of #[K]. A version of this
argument appears in [12, Lem. 2.11]. O

Lemva 2.9, — Let W be a continuous representation of K on a finite dimensional
L-vector space. If {Vi}ier captures every projective in Mod%:°(&) then the same holds
for {Vi®L Wtier.

Proof. Let © be a K-invariant &-lattice in W. If K, is an open normal subgroup
of K, which acts trivially on ©/w", then the map g®v +— g® g~ 1v, where g € K/K,
and v € ©/w™ induces an isomorphism of K-representations:

O/w"[K/Kn] @ O/w" = O/w"[K/Ky] ® 0/w",

where K acts diagonally on the left hand side and only on the first factor on the right
hand side of the isomorphism. By passing to a limit we deduce that

OlK] ®¢ © = O[K]®?

as O[K]-module, where d = dimy W. In particular, O[K] ®¢ © is projective in
Mod}°(€), and hence is captured by {V;};cr by assumption. Lemma 2.6 implies that
{Vi @, W}ier captures O[K] and the assertion follows from Lemma 2.8. O

2.2. Density. — Let K and M and {V;};cs be as above, but we additionally assume
that K is p-adic analytic. In the applications K will be an open subgroup of GL,,(F),
where F' is a finite extension of Q,. Let R be a complete local noetherian &-algebra
with residue field k. We assume that we are given a faithful, continuous &-linear
action of R on M, which commutes with the action of K. In other words, we assume
that M is a compact R[K]-module, such that the action of R is faithful. For each
i € I let a; be the R-annihilator of Hom%?f;{]] (M, V).

Levva 2.10. — If {V;}ier captures M then (),c;a; = 0.

i€l
Proof. — This follows from Lemma 2.7. O
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Let m-Spec R[1/p] be the set of maximal ideals of R[1/p]. If € m-Spec R[1/p]
then its residue field x(x) is a finite extension of L, and we denote by O, ;) the ring
of integers of x(x). Then O,y ®r M is a compact O[K]-module and we define

1L, := Homfﬁont(ﬁﬁ(l) SR M,L)

Then II, equipped with the supremum norm is a unitary L-Banach space represen-
tation of K.

Prorosition 2.11. —  Assume that M is a finitely generated R[K]-module, that
{Vi}ier captures M, and that there exists an integer e such that (\/a;)¢ C a; for all
1 € I. Then the set

Y :={a € m-Spec R[1/p] : Homg (V;,11,)) # 0 for some i € I}
is dense in Spec R.

Proof. For each ¢ € I we choose a K-invariant bounded #-lattice ©; in V;. It
follows from [33, Prop. 2.15] that

M (;) := (Homgpyy (M, 7)),
where ()¢ := Hom%™ (x, 0), is a finitely generated R-module. Moreover, it follows
from [33, Eqn. (11) and Rem. 2.18] that for a fixed ¢ € I the annihilator of M(©;)
in R is equal to a; and it follows from [33, Prop. 2.22] that the set

Y, .= {z € m-Spec R[1/p] : Homg (V;,1I,) # 0}

d

is precisely m-Spec(R/a;)[1/p]. Since M (©;) is O-torsion free, R/a; is O-torsion free,
and thus the intersection of all maximal ideals in 3; with R is equal to /a;. Thus the
intersection of all maximal ideals in ¥ with R is equal to [;c; \/a;. Note that R is
O-torsion free since by assumption it acts faithfully on an &-torsion free module M.
Our assumption (y/a;)¢ C a; for all ¢ € I implies that the e-th power of this ideal
is contained in (,.; a;, which is zero by Lemma 2.10. Thus X is Zariski dense in
Spec R. O

Remark 2.12. If M is a finitely generated &'[KJ-module then Hom‘é’ﬂn}t{ﬂ (M, V")
is a finite dimensional L-vector space. If for each i € I the action of R[1/p] on
Hom}?ﬁ}t(]] (M,V;*) is semi-simple then we can conclude that R/a; is reduced, and

hence /a; = a;, so that the conditions of Proposition 2.11 are satisfied.

Remark 2.13. — The set-up of Proposition 2.11 can be relaxed to allow non-
noetherian rings as follows. Let A be a projective limit of local Artinian R-algebras
with residue field k& with transition maps homomorphisms of local R-algebras.
Then A is a local R-algebra with residue field k, which need not be noetherian.
Assume that the action of R[K] on M extends to a continuous action of A[K] for
the projective limit topology on A. For each i € I let A; be a quotient of A, which
acts faithfully on M (©;). Since R is noetherian and M (©;) is a finitely generated
R-module, we deduce that the rings A; are noetherian for all 4 € I. Thus the proof
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346 M. EmErTON & V. PASKUNAS

of Proposition 2.11 shows that if A; are reduced for all ¢ € I and A acts faithfully
on M then J;; m-Spec A;[1/p] is dense in Spec A.

2.3. RartonaLity. — From the representation theory point of view it is convenient
to work over L, the algebraic closure of L. However this causes trouble from the
p-adic functional analysis point of view, see for example the proof of Lemma 2.5. The
purpose of this section is to deal with this problem.

Levva 2.14. — IfV is a finite dimensional L-vector space with a continuous K -action
then there is a finite extension L' of L contained in L and o finite dimensional K -in-
variant L' -subspace W of V', such that the inclusion W — V induces an isomorphism
WepL-—V.

Proof. — We may rephrase the problem as follows: if p : K — GL, (L) is a contin-
uous group homomorphism then its image is contained in GL, (L) for some finite
extension L' of L contained in L. Such statement is proved in Lemma 2.2.1.1 in [4],
with K equal to the absolute Galois group of Q,. However, only compactness of the
group is used in the proof, so their argument applies in our setting. (|

Lemma 2.15. — Let L' be a finite extension of L contained in L. Let W be a finite
dimensional L'-vector space with a continuous K-action. Then we have a natural
isomorphism

(2) HomY5q (M, W) @1, L — Homygy (M, W @1 L).
Proof. — Since Homfgﬁ(ﬂ (M, %) commutes with finite direct sums, the isomorphism

in (2) holds if we replace L by a finite extension L” of L' contained in L. We thus
obtain

Hom Sy (M, W) @1/ L — Homfky (M, W @ L") — Hom{fiy (M, W @ L).
By passing to a direct limit we obtain an injection
Hom{fi; (M, W) ® 1 L — Homfi (M, W @, L).

In order to prove surjectivity we have to show that if ¢ : M — W ®p. L is a con-
tinuous map of @-modules then its image is contained in W ®;. L” for some finite
extension L of L'. This can be proved in the same way as Lemma 2.2.1.1 in [4] using
the compactness of M. O

Let {V;}ier be a family of continuous representations of K on finite dimensional
L-vector spaces, and let M € Mod%°(&) as in the previous section. We make the
analogous definition to Definition 2.1.

Derinition 2.16. — We say that {V; }ier captures M if the smallest quotient M —» Q,
such that Homyy (Q, V;*) = Homgyy (M, V;*) for all i € I is equal to M.
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Levmva 2.17. Let {V;}ier be a family of continuous representations of K on finite
dimensional L-vector spaces. For eachi € I let L; be a finite extension of L contained
in L and let W; be a K-invariant L;-subspace of Vi given by Lemma 2.14, so that
W, ®r, L = V; is an isomorphism of K-representations. Then {V;}icr captures M
in the sense of Definition 2.16 if and only if {W,;}icr captures M in the sense of
Definition 2.1.

Proof. — The assertion follows from Lemma 2.15. g

2.4. GROWTH OF COINVARIANTS. — In this subsection we let K be a uniformly pow-
erful pro-p group; such groups are discussed in great detail in [13, §4]. We note that
uniformly powerful pro-p groups are p-adic analytic and every compact p-analytic
group contains an open uniformly powerful subgroup, so the assumption is harmless.
We denote by dim K the dimension of K as a p-adic manifold. Finitely generated
modules over k[K] have a good dimension theory, generalising the Krull dimension,
see [1], [39]. The purpose of this section is to relate this dimension to the growth of
coinvariants by certain open subgroups of K.
Let M be a finitely generated k[K]-module. We let

codimygp (M) 1= min{i : Extjpz (M, k[K]) # 0},
dimy g (M) := dim K — codimy g (M).

We will refer to dimppgy(M) as the o-dimension of M. For n > 0 let K, := K"
be the closed subgroup generated by the p™-th powers of elements of K. Since K is
uniformly powerful, K, is open in K and we have
(3) (K : Kp) = pndmE) - yp >0

If f,g : N — N are functions, which tend to infinity as n goes to infinity, then we
write f ~ g, if log f(n) = log g(n) + O(1) as n tends to infinity.

For example, if F' is a finite extension of Q,, U is the group of units of its ring of
integers, and U’ is the n-th congruence subgroup of Ug then (Up : U%) ~ ¢}, where
qr is the number of elements in the residue field of F'.

Prorosrrion 2.18. Let d = dimk[[K]] M. Then there are real numbers a > b > 1/d!
such that

bp™ + O(p“=I") < dimy My, < ap™ + O(p!*~D").
In particular, dimy Mg, ~ (K : K,,)3m3)/din(K)
Proof. — Let g1,..., gm be a minimal set of topological generators of K, let m be the
maximal ideal of k[K]. Then there is an isomorphism of graded rings

gre (K[K]) = klz1, ..., 2m],
which sends g;—1+m? to x;, see [1, Th. 3.4]. Since K is uniformly powerful gfn, o gE

is a minimal set of generators of K?" [13, Th. 3.6 (iii)]. Thus if we let I,, be the closed
two-sided ideal of k[K] generated by ¢! —1,...,g% — 1, then

(4) My, = M/I,M — M /mP" M.
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1

Let A and M be the localisations of gre (k[K]) and gry, (M) at the ideal gr°(k[K])
respectively, and let n be the maximal ideal of A. Then

n—1
(5) dimy, M/m"M =" dimy,(m' M/m"+' M) = ((M /" M).

i=0
Proposition 5.4 of [1] implies that the Krull dimension of grg, (M), and hence of M,
is equal to d. We know that for large n, E(M/n”M) is a polynomial in n of degree d
and leading coefficient e/d!, where e is the Hilbert-Samuel multiplicity of M , see [26,
§14]. In particular,

(6) (/M) = S p™ + O,
The surjection M — Mg, induces a surjection of graded modules
gr (M) —» gry (Mk,, ).

Since g " act trivially on Mg, , the surjection factors through

(7) g (M)/ (2 ... ahy) gren (M) — grin(Mr,,).
Let nl?"] be the ideal of A generated by x?" for all € n. If ay,...,a,, is a system
of parameters of A then nlP"l = (a} ... a2') as A is a regular ring. Hence, the

localisation of grs, (M) /(a2 ..., aP ) grs, (M) at gr2°(k[K]) is equal to M /alP"1 71
and we obtain

8) dimy (gry (M) /(2. ) gri (M) = (M /nlP"107).

The main result of [27] says that there is a real number ¢, called the Hilbert-Kunz
multiplicity, such that

(9) (Il IAT) = ¢'p™ 4 O(p "),

Actually, as G. Dospinescu pointed out to us, we don’t require the full strength of [27].
Indeed, since m is generated by m generators, we have n™" C nlP"] and so (just using
the theory of the Hilbert-Samuel multiplicity), we find that

(10) E(M/n[;D"]M) g Z(M/nmpnﬁ) _ d' d dn =+ O( d 1)77,),

which suffices for our purposes.
In any event, we conclude from (4), (5), (7), and (8) that

(
O(M /n?" M) < dimyg My, < 6(M/nlP"101).
The assertion then follows from (6) and (9) (or its variant (10)). O
Remark 2.19. Proposition 2.18 asserts that
(11) dimy Mg, ~ (K : K,)3m30/dim(€),

However, we caution the reader that the analogous statement might not hold for an
arbitrary filtration of K by open normal subgroups. For example, let K = Z, ¢ Z,,
and let M = k[Z,], on which K acts via the projection onto the second factor, let
K, = p"Z, ® p*"Z,. Then dimj, Mg, = p*" and (K : K,) = p"*t?", dim M = 1
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and dim K = 2, so that (11) does not hold. One should modify the statement of
[9, Th. 1.18] accordingly. The authors of [9] claim that a stronger version of Proposi-
tion 2.18 is proved in [1, §5], however we have not been able to verify this.

Remark 2.20. — A weaker version of this statement follows from Theorem 1.10 in [21],
see also [22].

2.5. NUMERICAL CRITERION FOR CAPTURE. — From now on we assume that K is a p-adic
analytic group, which doesn’t have any torsion. This allows for more general groups K
than considered in the previous section. As already noted every such K contains an
open subgroup K’, which is a uniformly powerful pro-p group, see [13, Th.8.23].
For a finitely generated [K]-module M we let dimgpgy(M) := dimgx(M). This
definition does not depend on the choice of K’ see [1, §5.4]. Since the identity in K has
a basis of open neighbourhoods consisting of open uniformly powerful pro-p subgroups,
this implies that dimgxy(M) = dimgpgj(M) for any open subgroup K" of K.

Our assumption on K implies that K is pro-p and the completed group algebras
k[K] and O[K] are integral domains, see [1, Th.4.3].

Levma 2.21. Let M be a cyclic k[K]-module. If dimygj(M) = dim K then the
surjection k[K] — M is an isomorphism.

Proof. — Let A = k[K]. Then dimp M = dim K if and only if Homp (M, A) # 0.
Since M is cyclic, it is enough to prove that Homy (A/Ay, A) = 0 for all non-zero y in
the maximal ideal of A. This follows by applying the functor Homy (*, A) to the exact
sequence A —% A — A/Ay — 0, and using the fact that our assumptions on K imply

that A is an integral domain, so that multiplication with y induces an injective map
from Homp (A, A) to itself. O

Let {K,}n>1 be a basis of open neighbourhoods of 1 in K consisting of normal
subgroups. We assume that there is ng > 0, such that K, is a uniform pro-p group,
and for each m > 1 there is an n(m), such that K2 = K, (). Let (K, L) be the
space of continuous L-valued functions on K. Since K is compact the supremum norm
defines a Banach space structure on %(K, L); it is an admissible unitary L-Banach

space representation of K for the K-action given by right translations.

Levva 2.22. — Let 1T be a closed K -invariant subspace of € (K, L). If dimy IT%» ~
(K:K,) thenTl=%(K,L).

Proof. — Let © be the unit ball in IT with respect to the supremum norm on € (K, L).
The map K — O[K], g — g induces an isomorphism %' (K, L) = Hom%" (O[K], L)
[35, Cor. 2.2]. Thus, if we let ©¢ := Hom (0, &) then Schikhof’s duality induces a sur-
jection of O[K]-modules, O[K] — ©% [35, Th. 3.5]. We claim that the surjection is an
isomorphism. By dualising back, the claim implies the Lemma. Since ©¢ is &-torsion
free, it is enough to show that k[K] — ©?/w is an isomorphism. Lemma 2.21 im-
plies that it is enough to show that dimypr(©%/@) = dim K. Since the dimen-
sion does not change if we pass to an open subgroup, it is enough to show that
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dimy [k, | (0¢/w) = dim K,,,. Proposition 2.18 implies that it is enough to show that
dimy, ((0%/@) k) ~ (Kny : Kp).
Since O%/w = (0/w)Y, we get that (0/w)k, = ((©/w)%)V. Thus
dimy, ((0%/w)k, ) = dimy,((0/w)" ") > ranks ©F" = dim, TT*" ~ (K : K,,).
On the other hand
dimy, ((0%/w)k,) < dimy, k[K]k, = (K : K,).
Since (K : K,) ~ (K, : K,) we obtain the claim. O

Let {V;}icr be a family of pairwise non-isomorphic, smooth irreducible L-represen-
tations of K. Let
d(n) ==Y (dimg V;*")2.
iel
We will show in the course of the proof of the next proposition that only finitely many
terms in the sum are non-zero, so that d(n) is finite.

Prorosition 2.23. — If d(n) ~ (K : K,,) then {V;}icr captures O[K] and hence
every projective in Mody:°(0).

Proof. — Let O[K] — M be the smallest quotient such that
(12) Hom%)ﬁ(]](ﬁ[[K]], V)= Hom‘é)ﬁt(]] (M, V7)), Viz=D0.

Then M is O-torsion free, and IT := Hom %™ (M, L) is a closed K-invariant subspace
of (K, L). Lemma 2.22 and Schikhof duality imply that it is enough to show that
dimy, 5" ~ (K : K,). Let I(n) := {i € I : V" # 0}. Since V; are absolutely
irreducible and K, are normal in K, ViK"’ =V, for all ¢ € I(n). In particular, such V;
are representations of a finite group K/K,. Thus, I(n) is a finite set and d(n) is finite.
Thus for a fixed n there is a finite extension L,, of L, such that all V;, i € I(n) are
defined over L,,. Alternatively, we could use Lemma 2.14.

Since (I, )%» = (II%»), , after extending the scalars to L, we may assume that
L,, = L. Schikhof duality [35, Th. 3.5], together with (12), implies that

(13) Homg (V;,II) 2 Homg (V;, € (K, L)) 2 V;*, VieI(n)

K2

(the second isomorphism holding by Frobenius reciprocity). This implies that
D vieV”

i€l(n)

occurs as a subspace of 1% and so dimy, IT¥» > d(n). Since ITX" is a subspace of
€ (K, L)X, dim; %" < (K : K,,). Since d(n) ~ (K : K,,) by assumption, we deduce
that dimy, [T%» ~ (K : K,,). It follows from Lemma 2.22 and Lemma 2.3 that {V;};cs
captures O[K]. The last assertion follows from Lemma 2.8. O
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3. EXAMPLES OF CAPTURE

3.1. LOCALLY ALGEBRAIC REPRESENTATIONS. — Let G be an affine group scheme of finite
type over Z, such that Gy, is a split connected reductive group over L. Let Alg(G)
be the set isomorphism classes of irreducible rational representations of G, which we
view as representations of G(Z,) via the inclusion G(Z,) C G(L).

Prorosirion 3.1. Alg(G) captures every projective object in Modlg(ozp)(ﬁ).
Proof. — See [12, Prop. 2.12]. O

Cororrary 3.2. — Let W be any finite dimensional L-representation of G(Z,), such
that the action factors through a finite quotient. Then {V @1 W }yecaig(q) captures

pro

every projective object in MOdG(Z,,)(ﬁ)'
Proof. — This follows from Proposition 3.1 and Lemma 2.9. g

3.2. SusGroups AND FILTRATIONs. — Let F' be a finite extension of Q, with the ring of
integers O, the maximal ideal pr and a uniformiser wr. Let V' be an N-dimensional
F-vector space. Let A = Endp(V) and let G = Autp(V). A lattice chain & is a set
of Op-lattices in V, {L; : i € Z}, such that L;;1 C L; for all i € Z and there is an
integer e = e(.¥), called the period of .Z, such that wpL; = L;1., for all ¢ € Z. To
a lattice chain we associate a hereditary order, 2 := {a € A : aL; C L;,Vi € Z}. If
n € Z then let P" := {a € A: aL; C Li1,,Vi € Z}. Then P := P! is the Jacobson
radical of 2, and LP" = P+, for all n,m € Z. Let

U@ :=TU%) =A%, U™A):=1+P", Vn>1

Then U(2) is a compact open subgroup of G and {U"(2)},>0 is a basis of open
neighbourhoods of 1 by normal subgroups of U(2().

Exawrere 3.3, — If & = {whLg : Vi € Z}, then U() = Autg,(Lo) and U () is
the kernel of the natural map Aute, (Lo) —» Aute, (Lo/whLo).

Leymma 3.4, — Let e(Z)|Qp) = e(L)e(F|Qp) and if p > 2 then let ¢ = e(ZL|Qp), if
p =2 then let ¢ = 2e(ZL|Q,). Then U™(A)P = Um+e(Z1)(2A) for all n > c.

Proof. — If x € P" then (1 + z)? € 1+ pP" = U*H(ZI®)(A). This yields one
inclusion. For the other inclusion, we observe that the series defining exp converges
on p2l = P, if p > 2, and on 42 = P°, if p = 2, to give a homeomorphism exp :
Be — UC(A), with the inverse map given by the series for log. If y € PnTe(Z1%) and
n 2 ¢, then log(1+y)/p € P", and hence exp(log(1+y)/p) € U™(2) is a p-th root of
1+y. U

Prorosition 3.5. — Let ¢ be the constant defined in Lemma 3.4. If n > ¢ then U™ ()
s a uniform pro-p group.
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Proof. If 2n > m then the map g — g — 1 induces an isomorphism of groups
(14) U™ (20) /U™ (%) — F" /P,

where the group operation on the right-hand-side is addition, and so both groups are
abelian. Lemma 3.4 implies that the derived subgroup [U™(2), U™(2()] is contained in
U ()P, if p > 2 and in U™ (2A)* if p = 2. Hence, U"(A) is powerful. It follows from (14)
and Lemma 3.4 that U™ () /U™ (A)P is finite. Since U™ () is a pro-p group, this implies
that U™(2A) is finitely generated. Since exp(ma) = exp(a)™, for m € Z, and P is a
torsion free Z,-module, the homeomorphism exp : P = U™(A) implies that U™(A)
is torsion free. Theorem 4.5 of [13] implies that U™(2) is uniformly powerful. O

3.3. Princiear series Tvpes For GL(N, F'). — We keep the notation of the previous
subsection, but fix a basis of V and identify G = GL(N, F). Let Up := U% := 04
and U% = 1+ pt for i > 1. Let T the subgroup of diagonal matrices in G and let T;
be the subgroup of T with all diagonal entries in U%,.

For n > 1 let I"™ be the inverse image in GL(N, ) of unipotent upper-triangular
matrices in GL(N, O /p%) under the reduction map. Then I™ is a compact p-adic
analytic group.

Lemma 3.6. — There is ng such that I™ is torsion free for all n > ng.
Proof. Let ¢ be a diagonal matrix with diagonal entries t;; = wg,N_i)m, 1<i< N,

with n > Nm. A matrix in g € tI"t~! is congruent to 1 modulo w'?. It follows from
the last part of the proof of Proposition 3.5 that if m is large enough then g cannot
be a torsion element unless it is equal to the identity. ]

We choose ng, such that I is torsion free and ny > N. We say that a smooth
character x : Up — T” has conductor 1, if x is trivial on U%H and nontrivial on U%,.
For n > ng let X (n) be the set of ordered N-tuples (x1, ..., xn) of smooth characters
of UZ°, such that x; has conductor n — ¢ + 1. Then for n > ny + N we have

N
(15) X (n)] = LU /U = [UR JUE]) ~ g
i=1
Let
erLv Or ... ... Or
p?;‘ p?ﬂ_l ﬁp ﬁp
propt o L pp N

If x,y € J" then = 4+ y and zy lie in J". Hence,
Jri=14+3"

is an open subgroup of G normalised by T°. We may interpret an element of X (n) as
a character of 7™, which maps a diagonal matrix (dy,...,dn) to x1(d1) ... xn(dn).
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Given such y € X(n) we may extend it to a character of 7™ J" ! by letting x(tk) =
x(t) for all t € T™ and k € J" L. Let

Vy = Indr{p?:fo Jnt1 X
Prorosition 3.7. If 7 is a smooth irreducible L-representation of G then
Homyno (Vy,m) #0 <= 7w = Ind% ¢
with Y|rme = x1 @+ @ XN -

Proof. — Let X : T — T be any character of T°, such that X|lrno = x and let
Wy := Ind%o jui1 X, where K = GLy(OF). It follows from [8], see [24, Prop. 3.10],
that W5 is an irreducible representation of K and is a type for the inertial Bernstein
component [T, ¥]. This implies that Homg(Wy,7) # 0 if and only if 7 = Ind$ ¢
with 1|70 = X. Since

0 yn+1
(16) Indzag Vi = Indging gusr X = Indgo yss (Indgd yuin x) = @ Wy,
X

where the sum is taken over all ¥ : 70 — fx, such that X|r=o = x, the assertion
follows from Frobenius reciprocity. ]

Derintrion 3.8. X =, X(n).

Leymma 3.9. — The representation V,, is irreducible. If x1,x2 € X are distinct then
VXl % VXz'

Proof. — Let x1 € X(n1) and x2 € X(n2) and let X1 and X2 be characters of T°
extending x1, and x2, respectively. We use the notation introduced in the proof of
Proposition 3.7. If Homg (Wg,, Wy,) # 0 then Wy, = Wy,. Since these represen-
tations are types for the components [T°, 1] and [T°, X2] respectively, we conclude
that X1 = Xa2. It follows from (16) and Frobenius reciprocity, that if x; # x2 then
Homjno (Vy,, Va,) = 0, and if x1 = x2 = x then
dimy Hom g (Ind g jni1 X, Ind5ng yusa X) = dimy Homg (Ind i, Vi, Indf, Vi)

is equal to the number of characters Y : T — fx, such that X|rno = x, which is
equal to

|TO/Tn0| _ ‘Tno Jn+1\TOJn+1/Tnan+1|.

Since T°J"*+1 is contained in the K-intertwining of y, we deduce that the K-inter-
twining of x is equal to T°J"*!. Since ™o NTOJ*+1 = T70 Jn+1 we deduce that the
I™o-intertwining of x is equal to 770 J"*! and so V, is irreducible. O

For n > 1 let K,, be the n-th congruence subgroup in GL(N, OF).

Lemvia 3,10 — 3 (dim VE 92 ~ (L 2 Kppa).

xeX
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Proof. — If x € X(n) then K, 1 acts trivially on V}, and K,, does not act trivially
on V,, and, since V,, is irreducible, VXK" = 0. Hence, it is enough to check that

(17) > (dimVy)? ~ (I 2 Kppa).
xX€X(n)
Let U~ be the subgroup of unipotent lower triangular matrices in G. Then
dimV, = (I" : T J" ™) = (" nU~ : J""'nU")
(18) = N—?)(n—no—1 nN(N—
:Hq% )(n—no )NqF (N-1)/2
=1

Since | X (n)| ~ ¢ by (15) the right-hand-side of (17) grows as q}?N2. Since

(19) (1" Kpos) = q}n+1—no)N(N—1)/2q§:‘n+l—no)NqET‘n-‘rl)N(N—l)/Q N q};l\fz7
we deduce that (17) holds. O
Prorosirion 3.11. — The set {V, }yex captures every projective object in ModY., (©).

Proof. — The assertion follows from Proposition 2.23 applied with K = I and K,
as in Example 3.3 with Ly = ﬁ’;‘?}v, using Lemma 3.10. O

3.4. SurercuspipaL TYPES FOR GL(N, F'). — Let F' be a finite extension of Q, and
let E be a field extension of F' of degree N. Let f = f(E|F) and e = e(E|F) denote
the inertial degree and the ramification index of E over F' respectively.

Derinrion 3.12 ([7, (1.4.14)]). An element o € F is minimal over F' if e is prime

to vg(a) and wF)E(a)ae + pp generates the field extension kg /kp.

Remark 3.13. — If « is minimal then E = Fla], since the fields have the same
ramification indices and inertial degrees over F.

Remark 3.14. — If o is minimal over F' then « + a is also minimal over F for all
a € E with vg(a) > vg(a).

In general, not every extension F will contain an element which is minimal over F,
as the following example shows.

Exavrere 3.15. — Let f be an even integer, e = pf/2 + 1, F = Q, and let E be the
compositum of Q, (p'/¢) and the unramified extension of Qp of degree f. If x € (kj)°
then 2?’/* = x, and hence x cannot generate kg over kp. Any o € F will be of the
form p"/¢¢ for some € € 0’ and the image of w™"a® in kg will be equal to the image

of £°, and hence cannot generate kg over kp.

However, there are plenty extensions that do. For example, let F’ be a finite un-
ramified extension of F, and let f(z) = 2¢ + - -+ + wprf be an Eisenstein polynomial
in F'[z], such that & + pps generates kg /krp then E = F'[z]/(f(z)) is a field and
x + (f(x)) is minimal over F. In particular, all unramified or totally ramified exten-
sions will contain a minimal element.
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Lemma 3.16. If a« € E is minimal over F then o™ is also minimal over F for
all m prime to e(qg — 1).

Proof. — If x € kg then z generates kg over kp if and only if it is not contained in
any proper subfield, which is equivalent to the order of  in the group kj not dividing
q% — 1 for all divisors d of f with d < f. If m is prime to q}; — 1 then x and =™ have
the same order, which implies the assertion. O

From now on we assume that E contains an element that is minimal over F. It
follows from Lemma 3.16 that for any n > 0 there exists « € E minimal over F', such
that vg(a) < —n.

Let A =Endp(F) and G = Autp(FE), so that G 2 GL(N, F), E C Aand E* C G.
Let 2 be the hereditary @p-order in A associated to the lattice chain {p%, : i € Z}
and let B be its Jacobson radical. Then P" = {a € A : ap’;, C pg‘",Vi € Z} for all
n € Z. We let U®RL) = U%(2A) = 2AX and U*(A) = 1 +P" for n > 1. Then for all
n > 0, U™(2) is a normal subgroup of U(2) normalised by E*.

Let o € E be minimal with respect to E/F with vg(a) = —n < 0. Then [2(,n, 0, a]
is a simple stratum in the sense of [7, (1.5.5)]. For m > 0, we let

H™(a) := UpU2H@), g™ () == UpuletD/20 ),

Since « is minimal and [E : F] = N, these groups coincide with those defined in
[7, (3.1.14)]. If it is clear that vg(«) is fixed and is equal to —n then we will write H™
and J™M.

We fix an additive character ¢ : F' — fx, which is trivial on pp and non-trivial
on Op. If b € Athen b, : A — L™ is the function a — 1p(tr4(b(a—1))). The restric-
tion of 1, to UM/2+1(2A) defines a character, which is trivial on U"1(2l) and non-
trivial on U™(21). Let € (m, ) be the set of characters 6 : H™ (o) — L™, such that
the restriction of 6 to U/2+1() is equal to 9),. Since « is minimal and [E : F] = N,
%' (m, ) is the set of simple characters defined in [7, (3.2.1)]. If § € €(m,«) then
the G-intertwining of 6 is equal to EXJ™ " (a). It follows from [5, (8.3.3)], using
[7, (3.4.1)], that there is a unique irreducible representation 7(#) of J™*!(a), such
that Hom gm1(4y(6,1(6)) # 0. Thus,

(20) Indjy,, ) 0.2 (),

H7n+1 (Dt

where a is an integer such that adimn(f) = (J™*(a) : H™1(a)). It is shown in
[5, (8.3.3)] that

(21)  (dimn(9))* = (J™ T (a) : H™H (@) = (UIOHD2 (1) - U/ (1)),

In particular, a = dimn(6) and is equal to 1 if n is odd, and is equal to /(2 : P) if n
is even.
Derinirion 3.17. — V(a,6) := mdY,,, @ n(0).

Jm+1 ()

Lemma 3.18. V(a, 0) is an irreducible representation of U™ (L),
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Proof. — Tt follows from (20) that the G-intertwining of n(#) is equal to the G-inter-
twining of 6. Hence, the U™ (2)-intertwining of 7(#) is equal to

U™t N EXJ" () = J™ M (a).

Hence, V(«, 0) is irreducible. O

Prorosition 3.19. If 7 is a smooth irreducible L-representation of G then
(22) Homym+1(ay (V(e, 0),7) #0 <= 7= c-IndG jo(q) A,

where A is an irreducible representation, such that Al gm+1(q) is isomorphic to a direct
sum of copies of 0. In particular, © is supercuspidal.

Moreover, if E is a tame extension of F and p is the N-dimensional representation
of Wg corresponding to m via the local Langlands correspondence, then (22) is equiv-
alent to p = Ind%g ¥, where ¢ : Wi — L" isa character, such that if we identify
Wab = EX then 1)

m+1 =0.
Ug

Proof. — Since « is minimal over F and [E : F] = N, [7, (3.2.5), (3.3.18)] im-
ply that Indgjnﬂ 9 =~ @6, where the sum is taken over all § € €(0,a), such that
0] gm+1 = 6. It follows from (20) that Indﬁl 0 = 1()®*. Theorem (5.2.2) of [7] implies
that Indﬁ n() = @, xk ® o, where £ is an irreducible representation of J°, such that

k|1 2 n(0), the so called S-extension, and the sum is taken over all characters o of
Ug /UL, which we inflate to J° via the isomorphism J°/J! 2 Ug/UL. Thus

(23) Ind}ymss 02 (@A),

where the sum is taken over all simple types A, [7, (5.5.10)], associated to a simple
stratum [, n, 0, o], such that A|gm+1 is a direct sum of copies of 6. If Hom jo (A, 7) # 0
then  is supercuspidal and there is a unique irreducible representation A of E*.J°,
such that A jo 2 X and 7 2 c-Ind$.« ;o A, [7, (6.2.2)]. The first part of the Proposition
now follows from (20) and Frobenius reciprocity. The second part follows from [6]. O

Lemma 3.20. U™ Y(A) acts trivially on V (a,0). The space of U™()-invariants in
V(a, 0) is zero.

Proof. — This follows from the fact that the restriction of V' (a, ) to UM/2+1(2() is
isomorphic to a direct sum of copies of 9,,. |

Lemma 3.21
(U™ (1) : U241 o)
(Ut U2 dim ()

dim V(a, 0) = ~ (UL (L) - U™L(0)) 2052

Proof. — Tt follows from the definition of V(a,8) as induced representation that its
dimension is equal to (U™HL(2A) : J™*1(a))dimn(). The Lemma follows from this
using (21). O
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We fix an additive character v : E — fx, which is trivial on pg and nontrivial
on 0. There exists a unique map s : A — E such that

(24) Ya(ab) = Yg(s(a)h), Yaec A, VbeE.

Moreover, s is an E x E-bimodule homomorphism, such that s(") = p for all
m € Z, [7, (1.3.4)]. Since E is maximal in A and E is separable over F, try/p(E) =
trg/p(E) = F. It follows from (24) that s(1) # 0. We let 6 := vg(s(1)).

Lemma 3.22. Let n, r be natural numbers with n — 6 > r. Let ay, a0 € E be
minimal over F with vg(a1) = vp(a) = —n. If a; — s € pg””“ and o + P77 =
zragr~t + P for some x € U(A) then a; — g € pg’“*‘s.

Proof. — Since pp" 0t € PO+ we have
as +§’B—n+5+1 = _’_g’p—n-‘ré-l-l — 1'0[21'_1 _"_m—n-&-é-l-l.

Since ao is minimal it follows from [25, Th.2.4] that x = uy with v € E* and
y € UL (QA). Then zasz™ = yasy ' and so a; + P~" = yagy~ ' + P~". Thus
a1y — yags € P~7. By applying s, we get s(y)(a1 — a2) € s(P~") = pg". Since
y € UML), we have s(y) € s(1) + s(P°H1) = s(1) + p%™, hence vg(s(y)) = § and
a1 — Qg € pgrf‘;. O

Lemma 3.23. — Fori = 1,2 let a; € E be minimal over F with vg(a;) = —n and
n > 29, and let 0, € €(m, ;). If a1 — s € pE”HH and o —ag & p];["ﬂ]_é then 61

and 0y do not intertwine in G.

Proof. — 1If g € G intertwines #; and 6y then there exists z € U() normalising
H™*! such that 6 = 65, [7, (3.5.11)]. By considering the restrictions of §; and 5 to
Ul/2+1(9() we obtain that 1, = ¥Z, = 1h,a,,-1 as characters of UM/2+1(2A(). Hence,
Ya((y — zagr™1)a) =1 for all a € pl/2+1 which implies oy — zaga~! € P-/2,

[7, p- 22]. Lemma 3.22 implies that a1 —aq € p;j[n/ﬂ—é, leading to a contradiction. [J

Levva 3.24. Let a € E be minimal with vg(a) = —n, where n > 2m > 0. Then
1€ (m, )| = (URT! Ugg/2]+1) ~ qg/z. Moreover, distinct 01,02 € €(m,a) do not
intertwine.

Proof. — The set €(m, ) is non-empty, [7, (3.3.18)]. If § € € (m, «) then all the other
characters in € (m, a) are of the form 0, where p is any character of UEH/UES/Z]'*_1
inflated to H™*!. This implies the first assertion. The second assertion follows from
the proof of [31, Prop. 7.3]. Namely, if ¢ intertwines 6 and 6y then it will intertwine
their restrictions to Ul*/2+1(20), which are both equal to ¥, It follows from [7, (3.3.2)]
that g € EXUL+D/2(2(). Any such g will normalise H™*!, and so the intertwining

maybe rewritten as
(25) Ou(h) = 0(ghg™), Vhe H™

By applying [7, (3.3.2)] again, we get that g will also intertwine 6 with itself. It then
follows from (25) that pu(h) =1 for all h € H™*L, O
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We fix m > 0. For n > 2m, let I(n) be the set of isomorphism classes of the
representations of the form V(a,6), where 6 € € (m, ) with @ € E minimal over F'
and vg(a) = —n.

Prorosirion 3.25. [I(n)| ~ q.

Proof. — Let us note that it follows from Lemma 3.16 that there exists o € F
minimal over F with n := —vg(a) arbitrarily large. It is enough to show that
g(n)<|I(n)| < f(n), with f(n) ~ g(n) ~ ¢%. For the upper bound we observe that

)] < U, % (m,a)| < € (m, )l [p5" /5" ~ a3,
where the union is taken over all minimal o« € FE with vg(a) = —n. In the above
estimates we use Lemma 3.24 and the fact that if oy — s € pg[n/z] then Yo, = Ya,
on UlM/2+1(2A) and hence € (m,a;) = €(m, ). For the lower bound we choose a
set of representatives {a;}; of pE"+5+1/p];[n/2]75 and let «; := o + a;. Then each «;
is minimal over F', a; — oj € pg"‘%“ and o —a; = a; —aj ¢ p];[nm]*é if i £ j.

Lemmas 3.24 and 3.23 imply that distinct 61,0, € |J, €(m,a;) do not intertwine.
This implies that Homym+1 (g (Indg:rl(m 91,Ind21:(m 62) = 0, and (20) implies

that V(a, 61) 2 V (¢, 03). Hence
—n —[n/2]—-6 n
[I(m)] = [U; € (m, ai)| = [€(m, a)| [p" 0+ o270 ~ g,
where we use Lemma 3.24 again. (|

We let I = U,2, {(n) and for each i € I we fix a representative V; of the
isomorphism class <.

Prorosition 3.26. — Let m be large enough, so that U™TY(A) is torsion free. Then
the set {V;}ier captures every projective object in Mod%rﬁﬂ(m)(ﬁ).

Proof. — We will deduce the assertion from Proposition 2.23 with K = U™L(2A)
and K, = U"1(2). Proposition 3.5 and Lemma 3.4 imply that {K,},>m satisfy
the conditions of Proposition 2.23. Lemma 3.20 implies that ¢ € I(n) if and only if
U™HL(A) acts trivially on V; and U™(2() acts nontrivially on V;. Thus it is enough to
show that
> (dimVi)® ~ (UTHHRL) U ().
i€l(n)
This follows from Lemma 3.21 and Proposition 3.25. ]

4. CAPTURE A LA SCHOLZE

The following section is motivated by the proof of Corollary 7.3 in [36]. Let K be a
pro-finite group and let {K,},>1 be a basis of open neighbourhood of 1 consisting of
normal subgroups of K. We assume that K, is pro-p for all n > 1. Let ¢, : K,, — A
be a smooth character for all n > 1.

Let R be a complete noetherian local &-algebra with residue field k. Let M be a
finitely generated R[K]-module.
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Prorosirion 4.1. Assume M is projective as O[K]-module. If ¢ € End%’fltq](M)
kills Hom‘é)[f}t(n]](M7 W) for allm > 1 then ¢ kills M.

Proof. — Since 1, is smooth, ¥, (K,) is a finite subgroup of L". Since K,, is pro-p,
the order of v, (K,) is a power of p. Hence, we may assume that v, takes values
in 0,
adding some p-power roots of unity to L. Let €, (¢}) be a free €,,-module of rank 1,
on which K, acts by ¢%. Since 0, (¢%) is an O[K,]-submodule of ¢} we have an

n
injection

where 0, is the ring of integers of a finite extension L, of L obtained by

Hom{py, ) (M, On(¢5,)) — Homie (M, ¢r).
Moreover, this is an injection of End%)[[n}t(]] (M)-modules. Thus ¢ annihilates
Hom{pye, (M, On(47))

for all n > 1. Let w, be a uniformiser in &,,. Then the residue field is equal to k and
all the p-power roots of unity in &, are mapped to 1 in k. We have an exact sequence
of K, -representations

(26) 0 — On (1) —2 6,(17) — k — 0

with the trivial action of K, on the quotient. Since M is projective as an O[K]-
module, it is also projective as an O[K,]-module and by applying Hom‘g’ﬁ}nﬂ(M ) %)
to (26) we see that Hom%’[’f}'}nﬂ (M, k) is a quotient of Hom‘g’f}nﬂ (M, ,(v¥r)) and thus
is killed by ¢. This module is isomorphic to the continuous k-linear dual of K-
coinvariants of M/wM, which we denote by (M/wM ), . Using Pontryagin duality
we conclude that ¢ acts trivially on (M/wM)k,, .

Let m be the maximal ideal of R and let I, , = m™R[K] + I(K,)R[K], where
I(K,) is the augmentation ideal of O[K,,]. Since M is finitely generated as R[K]-mod-
ule, its topology coincides with the topology defined by the ideals I, ., see [30,
(5.2.17)]. Thus

M/wM = @(M/wM)/Imm(M/wM).
n,m
Since (M/wM)/I(K,)(M/wM) = (M/wM)k,, by the previous part we deduce
that ¢ kills all the terms in this projective limit. Thus ¢ kills M /@wM and so ¢(M) is
contained in wM.

If ¢ is non-zero then there is a largest integer n such that ¢(M) is contained in
@™ M and not contained in " ! M. We may replace ¢ by (1/@™)¢ in the argument
above to obtain a contradiction. ]

CoROLLARY 4.2, Let M be as in Proposition 4.1 and assume that R acts faithfully
on M. Let {V;}icr be the family of irreducible subquotients of IndIIgn Py for alln > 1.
For each i € I let a; be the R-annihilator of Hom%’ﬁ}t{]](M, Vi*). Then ;e a; = 0.

Proof. — This follows from Proposition 4.1 by observing that Indﬁn ¥, is a finite
direct sum of some V;’s with some multiplicity and then using Frobenius reciprocity
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to obtain an isomorphism of R-modules
Hom{p (M, 5;) 2 Hom§pi (M, (Indj ¢n)*). O

Remark 4.3. Although the theory outlined in Section 2 is more general, all the
smooth examples in Section 3 are covered by Corollary 4.2, which avoids all the
intricate counting arguments. For example in the supercuspidal case, considered in
Section 3.4, it is enough to apply Corollary 4.2 with K = U(2) and consider families
(UI/2H1(90) 4h,,), for all n > 1, such that [, n,0,q] is a simple stratum, E = F[a]
and « is minimal over F'.

~ .
5. APPLICATIONS

5.1. GLOBAL APPLICATIONS. Let G be a reductive group over Q with the property
that the maximal Q-split torus in the centre of G is a maximal R-split torus in G.
This means that G(R) is compact modulo its centre, and that if the level K is small
enough, then G(Q) acts with trivial stabilisers on G(A)/AS K3 Ky. We let

Y(Ky) = G(Q\G(A) /AL K K.

Here we use the usual notation that A, is the group of real points of the maximal
Q-split torus in the centre of G, and K, denotes a choice of maximal compact sub-
group of G(R); and, of course, the superscript © denotes the connected component of
the identity.

We are in the situation of [15, (3.2)]. In particular, we may consider the completed
cohomology H 9(KP) with O-coefficients, for some choice of tame level K?; recall that
this is defined as

HO(K?) := limlim HO(Y (K, K?), 6 /w*),
s K,

where K, runs over all compact open subgroups of G(Q,). We may also consider the
completed homology, with &-coefficients, which we denote by M it is defined as

M :=lim Hy (Y (K, K"), 0).
KI’

We then have that M is finitely generated and (if K? is small enough) free over O[K],
and

(27) H°(KP) = Homy™ (M, 0),

where K is a compact open subgroup of G(Q,).

For each K, let T(K,) denote the commutative algebra of endomorphisms of
Hy(Y(K,KP?), 0) generated by the spherical Hecke operators at the primes £ # p at
which KP is unramified (i.e., at which G is unramified and K is of the form KP‘K,,
where K, is maximal compact hyperspecial). We then define

T := limT(K,);

H
KP
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this is an algebra of G-equivariant endomorphisms of M. We endow each T(K,) with
its w-adic topology, and endow T with its projective limit topology. Then T is a pro-
Artinian O-algebra (indeed, since each T(K,) is finitely generated as an &-modules,
we may describe T as the projective limit of (literally) finite &-algebras), and is the
product (as a topological ring) of finitely many local pro-Artinian &-algebras, these
local factors being in bijection with the maximal ideals of T; we let T,, denote the
factor corresponding to a given maximal ideal m. The local factor T, is naturally
identified with the m-adic completion of T as an abstract ring; note, though, that the
topology on T, coincides with the m-adic topology if and only if Ty, is Noetherian. In
fact, because of the anticipated relationship with Galois deformation rings, we expect
that T, and hence each Ty,, is Noetherian, but as far as we know, this is not proved
in the generality that we consider here. If V' is any locally algebraic representation
of K, then it follows from (27) and Schikhof duality [35, Th. 3.5] that

Hom{fy (M, V*) = Homg (V, H*(K?)),

and the target is isomorphic to the space of algebraic automorphic forms on G with
values in V* [15, Prop.3.2.4]. In particular, the action of T ® L on this space is
semi-simple.

Now, let m be a maximal ideal of T. We may form the localisation M,; this is
a direct summand of M, and so projective as an &[K[]-module. It has a commut-
ing action of the local ring T,,. The space Hom%)ﬁ(]] (M, V*) is a finite-dimensional
L-vector space. The action of T, on this space factors through an order in the finite-
dimensional L-algebra generated by the Hecke operators.

Remark 2.12 applies, and so Proposition 2.11 together with Remark 2.13 shows
that if the set {V;}ies captures M, then the systems of Hecke eigenvalues arising

cont

in the spaces of algebraic automorphic forms Homgpy (M, V;*) are Zariski dense in
Spec T,.

5.2. HECKE ALGEBRAS AND FUNCTORIALITY. — Let us suppose that we have two
groups 1 and Gy as in the previous subsection. We keep the notation of the previous
section, except that we add the index 1 or 2 to indicate with respect to which group
the objects are defined. Assume that both Hecke algebras T and Ty are completions
of the quotients of the same universal Hecke algebra T"™", which is a polynomial
ring over ¢ with variables corresponding to the Hecke operators at the unramified
places for both groups. Let m be a maximal ideal of T"™V and assume that m is a
maximal ideal of both T; and Ty. Then both T and T are quotients of the
m-adic completion of T"V, which we denote by TE{“V

Let {V;}ier be a family of irreducible locally algebraic representations of K7, which
captures Mj. As explained above, a maximal ideal € m-Spec Tg“i"[l /p] in the sup-
port of Hompg, (Vi, I?O(Kf)m) corresponds to an algebraic automorphic form on Gj.
Let us further assume that functoriality between G; and G, is available and we may
transfer such automorphic forms on G to automorphic forms on Gs. More precisely,
we assume that for such € m-Spec T2 [1/p], the map TV — k(z), where r(z) is
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the residue field of z, fits into a commutative diagram:

’I[“I'Iilnlv ) Tl,m

|

Tom — K(2).

Let ¥ be the subset of m-Spec T,‘;“i"[l /p] consisting of maximal ideals contained in
the support of Homg, (‘/;7I§O(Kf)m) for some i € I. Since {V;};cr captures M it
will also capture its direct summand M . Hence, the image of T&“iv = [Lex ()
is equal to T; . The commutativity of the above diagram implies that this map
factors through Tj . Thus we obtain a surjection Ty, —# Tin and so the Hecke
algebra T3 1, acts on the completed cohomology H O(KD).

The meta-argument outlined above can be modified to give a different proof of
Corollary 7.3 in [36], where the functoriality is given by the (classical) Jacquet-
Langlands correspondence, by taking {V;}icr to be a family of supercuspidal types
considered in subSection 3.4 and using Proposition 3.26 together with Proposi-
tion 3.19. A similar example has been discussed in [17, §3.3.2].

5.3. THE CASE OF DEFINITE UNITARY GROUPS. — In the case when G = GU(n), we
let T/, denote the subring of Ty, topologically generated by spherical Hecke opera-
tors at unramified primes ¢ which are furthermore split in the appropriate quadratic
imaginary field. The ring T}, is a subring of Ty, and (assuming that m corresponds
to an irreducible ) is a quotient of a global deformation ring Rz. (See [10, §2.4] for
an indication of what exact kinds of Galois representations R parametrises.)

Thus we get the Zariski density in Spec T}, of the collection of Galois representa-
tions arising from the various spaces Hom‘é)ﬂr}tq] (M, V).

We formulate this discussion into a theorem to make it more concrete. We freely
use the notation of [10]. Let R be the Hecke algebra denoted by Ti‘;(U", O)w in [10]

before Corollary 2.11 and let M = §5,T(Up,ﬁ)ﬁ1. It follows from the proof of [10,
Prop. 2.10] that §57T(Up, 0)¢ is a finitely generated projective O[GL,,(Or)]-module,
where p is a fixed place above p of totally real field denoted by F+in [10] and F is a
finite extension of @, such that F' is the p-adic completion of F+.

Let X! be the subset of m-Spec R[1/p] corresponding to the Hecke eigenvalues
corresponding to the classical (algebraic) automorphic forms on the unitary group
considered in [10, §2.3]. To each z € X! one may associate a Galois representation,
which is potentially semi-stable at p. For each embedding xk : F' — @p we fix an
n-tuple of distinct integers k., := (kx1 > k2 > -+ > ki) and let k be the multiset
{ki}... Fog,- et Y (k) be the subset of X! corresponding to the automorphic forms
such that the restriction of the associated Galois representation at the decomposition
group at p has Hodge-Tate weights equal to k.

To each classical automorphic form we may associate an automorphic represen-
tation. Let s be the subset of X such that the local factor of the automorphic
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representation at p is a principal series representation of GL, (F). In terms of Galois
representations the subset ¥ correspond to those automorphic forms such that the
restriction of the associated Galois representation at the decomposition group at p
becomes crystalline after a restriction to the Galois group of a finite abelian extension
of F.

We fix either a totally ramified or unramified extension F of F' of degree n and
identify GL,, (F') with Autp(E). More generally we could take any extension E of F of
degree n, which is generated by a minimal element in the sense of Section 3.4. Let g
be the subset of ¥ such that the local factor of the automorphic representation at p
is a supercuspidal representation of GL,,(F') containing a minimal stratum [, m, 0, o]
with E' = Fla]. If E over F is tamely ramified and p is a Galois representation associ-
ated to an automorphic form in X then the Weil-Deligne representation associated
to the restriction of p to the decomposition group at p is isomorphic to the induction
from Wg to Wr of a 1-dimensional representation; the requirement for [, m, 0, a] to
be minimal imposes further restrictions on the 1-dimensional representation of Wg.

Tueorem 5.1. — The sets (k) N Bps and X(k) N Xge are both Zariski dense inside
Spec ']I‘?f;(Up, O)m.

Proof. — We will carry out the proof in the supercuspidal case. The proof in the
principal series case is the same using the results of Section 3.3. Out of the multiset k
one may manufacture a highest weight and hence a corresponding irreducible algebraic
representation of G’ := Res(gp GL,, /F, see section [10, §1.8]. Let W be its evaluation
at L and restriction to GL,,(F) via GL,(F) = G'(Q,) — G/'(L).

We will now apply the theory developed in Section 3.4 with R = ']I‘?f’T(U P OVm
and M = S(UP,0)¢. Let K := U™HL(20). Since M is projective as O[GL,(OF)]-
module it is also projective as O[K]-module. It follows from Lemma 2.6 and Propo-
sition 3.26 that the family {W ® V(«,)}q,0, where a runs over the elements of E,
such that £ = F|a] such that [2,7n/,0, ] is a simple stratum with n’ > 2m and «
is minimal over F' and # runs over all simple characters § € ¥ (m, «), captures M.
Since the Hecke algebra acts faithfully on the module by construction we only have
to understand the R-annihilator of Hom%’f}}ﬂ(M , (W ®V(a,0))*) and then the as-
sertion follows from Proposition 2.11. We first note that since M is finitely gen-
erated over O[K] and both W and V(«,8) are finite dimensional L-vector space
Hom%)[f}t(]] (M, (W ®V(a,8))*) is a finite dimensional L-vector space. By Schikhof du-
ality we get that

Homcg[f}tq] (M, (W o V(a,0)*) 2 Homg (W @ V(a, 0),S(UP, O)m ®¢ L),

where S(UP, 0)n ®¢ L = Hom%™ (M, L) is an admissible unitary L-Banach space
representation of GL,(F). Since W ® V(«,0) is a locally algebraic representation
of K, the image of a K-invariant homomorphism will be contained in the subspace of

locally algebraic vectors (S(UP, 0)n ®¢ L)8. It follows from [15, Prop. 3.2.4] that the

representation (S(UP, 0)n® e L)™8 can be computed in terms of classical automorphic
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forms. In particular, it follows from [20, Prop.6.11] that the action of R[1/p] on
(§(U P O)m ®¢ L) is semi-simple, and (essentially by definition) the support is
equal to X¢. Moreover, if 2 € X and m, is the corresponding maximal ideal of
R[1/p] then the subspace of (S(U?, €)m @ L)*# annihilated by m, is isomorphic to
Ta,p @ Wy, where 7, , is the local component at p of the automorphic representation
associated to x, and W, is the restriction to GL,,(F') of the algebraic representation
of G’ encoding the Hodge-Tate weights of the Galois representation attached to z.
Thus the action of R[1/p] on Homg (W @V (e, 0), (S(U?, ) ®¢ L)) is semisimple
and the support is equal to a finite subset of 3¢ consisting of = such that W = W,
and Homg (V (e, 6),7m4,) # 0. The first condition implies that # € ¥(k), the second
condition implies that x € Y. via Proposition 3.19. O

Remark 5.2. — In the recent paper [23], Hellman, Margerin and Schraen have proved
a “big R equals big T theorem” in the context of definite unitary groups. We refer to
their paper for the precise details, but note here that, when their result applies, we
may rephrase Theorem 5.1 as a statement about the Zariski density of certain sets of
points in the Spec of a global Galois deformation ring.

5.4. LLOCAL APPLICATION. By applying the theory of capture to M, of the six author
paper [10], we will get density in the support of M. This support will equal the full
local deformation space, provided that this latter space is irreducible. The proof of
this is the subject of the next section.

Let RY be the framed deformation ring of p : G — GL, (k). If R is a local noe-
therian R™-algebra with residue field k then to 2 € m-Spec R[1/p] one may associate
Galois representation p, : Gp — GL,(k(x)) by specialising the universal framed de-
formation along the map R — R — k(x). We will define the local analogs of the sets
rel Y(k), Eps and X defined in the previous section.

Let 3PS be the subset of m-Spec R[1/p] consisting of those x for which the repre-
sentation p, is potentially semi-stable. Let (k) be the subset of ¥Pst such that the
Hodge-Tate weights of p, are equal to k. Let Xs be the subset of Pt such that p,
become crystalline after a restriction to the Galois group of an abelian extension of F'.
Alternatively ¥, can be described as those z € P such that the Weil-Deligne rep-
resentation associated to p, corresponds to a principal series representation via the
classical local Langlands correspondence. Let E be either a totally ramified or an
unramified extension of F' of degree n as in the previous section. We let ¥y, be the
subset of P! consisting of those = such that the Weil-Deligne representation asso-
ciated to p, corresponds to a supercuspidal representation 7, via the classical local
Langlands correspondence, such that 7, contains a simple stratum [2,n’, 0, a], such
that E = F[a] and « is minimal over F.

Recall that in [10] we have constructed a local noetherian R"-algebra R., with
residue field k£ and an arithmetically interesting Roo[GL, (F)]-module M,. We assume
that p does not divide 2n and that p admits a potentially crystalline lift of regular
weight, which is potentially diagonalisable, since this is assumed in [10]. As noted
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in Remark 1.5, this last assumption will become redundant in the future. We recall
that M is projective as an O[K]-module. (This follows from [10, Prop. 2.10], which
shows that M, is projective over So.[K], where Sy is a certain formal power series
ring in a finite number of variables over &.)

Tueorem 5.3. If a denotes the Ry -annihilator of Mo, then (k) NX,sNV(a) and
Y(k) N Xse NV (a) are both Zariski dense subsets of V(a).

Proof. — We will treat the supercuspidal case, since the principal series is similar
(and easier). The proof is essentially the same as the proof of Theorem 5.1. We only
need to verify that Ro, /a4, is reduced and all the maximal ideals of (R /aq,9)[1/p]
lie in X (k) N X, where a4 9 is the Ro-annihilator of Hom%’[f}t(]] (Moo, WRV(a,0))*).
This is proved in the same way as part 1 of [10, Lem. 4.17] by using Proposition 3.19
together with local-global compatibility. O

Lemva 5.4. — Let A and B be complete local noetherian O-algebras with residue
field k. Assume that B is a flat A-algebra. Let ¥ be a subset of m-Spec A[1/p] and
let X' be its preimage in m-Spec B[1/p]. If the closure of ¥’ in Spec B is a union
of irreducible components of Spec B then the closure of ¥ in Spec A is a union of
irreducible components of Spec A.

Proof. — Let Bt be the maximal p-torsion free quotient of B. The map p — p N Byt
induces a bijection between the minimal primes of B[1/p] and Byt and we will identify
both sets. Moreover, every minimal prime of By is also a minimal prime of B: if p
is a minimal prime of By then the quotient By/p is p-torsion free, as p is regular
on Bys. If q is a minimal prime of B then either B/q is p-torsion free in which case q
is a minimal prime of B or p is zero in B/q in which case B/q cannot have B¢ /p as
a quotient. Thus it is enough to study the question after inverting p.

Let b be an ideal of B[1/p] such that V(b) is the closure of ¥’ and let
a=bNA[1l/p]. Then V(a) is equal to the closure of ¥. By assumption we may
write V(b) =V (gq1) U---UV(q,), where q; are minimal prime ideals of B[1/p]. We
may assume that b =¢; N---Ngq,. Since B is A-flat the going down theorem implies
that p; := q; N A[1/p] is a minimal prime of A[1/p]. Since a = bNA[1l/p] =p1N---Np,
we have V(a) =V (p1)U--- UV (p,). O

Cororrary 5.5. — Let a be the Roo-annihilator of Mw,. If V(a) is equal to a union
of irreducible components of Spec Ry, then the Zariski closure of X(k) N T (resp.
(k) N Xps) in Spec R contains a non-empty union of irreducible components of
Spec RE.

Proof. — Given Lemma 5.4 and Theorem 5.3, it is enough to verify that R, is flat
over R”. Now R, is formally smooth over the ring denoted by R'°¢ in [10, §2.6], and
R'°¢ = RI @4 A, where A is a completed tensor product over & of some deformation
rings at a finite number of places away from p. All them are O-torsion free, see
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[10, §2.4], thus A is O-torsion free and hence ¢-flat, which implies that R°¢ is flat
over RU. O

The condition on V(a) in Corollary 5.5 will be verified in the next section.

6. Tue suprorT OF My

We begin with a definition.

Derinition 6.1, — If A is a complete Noetherian local O-algebra, and M is a
finitely generated A[K]-module, then we define the support of M in Spec A, denoted
Supp 4 M, as follows: Supp 4 M := V(a), where a is the A-annihilator of M.

Since a finitely generated A[K]-module is typically not finitely generated as an
A-module, it is not immediately clear that defining its support in the above manner is
sensible. However, the following lemma gives us assurance that the preceding definition
does in fact give a reasonable notion of support.

Lemma 6.2, If my,...,m, are generators of M as an A[K]-module, and M’ is the
A-submodule of M generated by myq,...,m,, then Supp M’ = Supp M.

Proof. — Let a be the A-annihilator of M and let a’ be the A-annihilator of M’. Since
M' € M we have a C a’. On the other hand, since the actions of A and K on M
commute, we see that a’ annihilates A[K]M' = M. O

The main goal of this section is to prove the following theorem.

Turorem 6.3. The support of My, in Spec Ry is equal to a union of irreducible
components of Spec Ry .

Proof. — Tt follows from Proposition 3.1 that, if £ runs over all the algebraic repre-
sentations of G, then the support of M, is equal to the Zariski closure of the unions of
the supports of the various modules M (§). (See [10] for a discussion of these patched
modules.) The support of each My, (§) is reduced [10, Lem. 4.17], and so it follows
from Theorem 6.5 below that the support of M[1/p] in Spec Roo[1/p] is equal to a
union of its irreducible components. Since M, is p-torsion free by construction, the
support of My, is equal to a union of irreducible components of Spec R ¢, where
Spec R t+ denotes the maximal p-torsion free quotient of R... As explained in the
proof of Lemma 5.4 these are also irreducible components of Spec R. ]

Remark 6.4. Typically RP is a formally smooth &-algebra and thus irreducible.
In such cases, our theorem together with Corollary 5.5 implies that M, is supported
on all of Spf RP. We expect that M, is in fact always supported on all of Spf R",
but it seems a priori possible that this is not the case, when Spf R” has more than
one irreducible component.
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Turorem 6.5. The Zariski closure in (Spf Reo )8 of the set of crystalline points
lying in the support of My is equal to a union of irreducible components of
(Spf Roo )8,

We follow the approach of Chenevier [11] and Nakamura [29], who proved (under
various technical hypotheses) that the crystalline points are Zariski dense in the rigid
analytic generic fibre (Spf R™)"® of Spf R".

The arguments of Chenevier and Nakamura use “infinite fern”-style techniques. In
order to modify these arguments so as to be sensitive to the support of M, we use
the locally analytic Jacquet module of [14], which provides a representation-theoretic
approach to the study of finite slope families. Breuil, Hellmann, and Schraen [3] have
made a careful study of the theory of the Jacquet module as it applies to M, and
we will use their results.(")

Following the notation of [3], we write Il := Hom®™ (M, L); then I, is an
R..-admissible Banach space representation of G. We may pass to its R.o-locally
analytic vectors, see [3, §3.1], and then form the locally analytic Jacquet module
Jp(ITE=-an) The continuous dual Jg (ITf=-21)" of Jp(T[Z=-21) may naturally be re-
garded as the space of global sections of a coherent sheaf .#,, on the rigid analytic
space (Spf Ry)™8 x T. We let Xo denote the support of .#s; then Xo is a Zariski
closed rigid analytic subspace of (Spf Roo)"& x T. If 2 is a closed point of Spec Roo[1/p]
and m, is the corresponding maximal ideal, then II(x) is a closed subspace of Il
consisting of elements in Il killed by m,.

We recall again from [3], see their Definition 2.4, that there is another important
Zariski closed rigid analytic subspace

X' (Spf Ruo)™ x T,

which by definition is the Zariski closure of the set of points
(z,8) € (Spf Roo)"® x T' ",
where 0 is the parameter of a triangulation of the Galois representation r,, see
3, §2.2].
We then have the following key result of [3].

Tueorem 6.6 ([3, Th.3.21]). — There is an inclusion Xoo C X2, and X oo is further-

oo 7

more a union of irreducible components of X .

We also need to recall the key point of the infinite fern argument of [11] and [29],
in a form that is well-suited to our argument.

Derinition 6.7. — If k is a system of labelled Hodge-Tate weights, then we let RY
denote the reduced and &-flat quotient of R, characterised by the property that

D1 fact, they work with a slightly different version of Moo to us (which is literally the construc-
tion of [10]), but all their arguments and results apply equally well in our setting, and we will cite
and apply them without further discussion of this issue.
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a point z € (Spf Roo )™ lies in (Spf R%o)rig if and only if r, is crystalline with labelled
Hodge-Tate weights given by k.

Let f :=[Fy : Qp] be the degree of the maximal unramified subextension of F'.

Derinition 6.8, — We say that a crystalline representation r of Gg with regular
Hodge-Tate weights k is benign if the following hold:

(i) the eigenvalues of the linearisation of the crystalline Frobenius o/ of r are
pairwise distinct;

(ii) all the refinements of r are non-critical;

(iii) the ratio of any two eigenvalues in (i) is not equal to p*7.

We refer the reader to [3, §2.3] for the terminology used in (i) and (ii). Our definition
coincides with the definition of benign in [29, Def.2.8]. It is more restrictive than
[3, Def. 2.8], since we additionally impose the condition (iii). Let WD(r) be the Weil-
Deligne representation associated to r. The condition (iii) implies that the smooth
representation m, of GL, (F') associated to WD(r) via the classical local Langlands
correspondence is an irreducible unramified principal series representation.

Prorosition 6.9. — If k is any reqular system of labelled Hodge-Tate weights, and C
is any irreducible component of (Spf R%o)rig, then the set of points x € C' for which r
is benign forms a non-empty Zariski open subset of (Spf R%o)rig.

Proof. — This is a result of Chenevier [11, Lem. 4.4] in the case when K = Q, and
Nakamura [29, Lem. 4.2] in the general case. O

Tarorem 6.10. Let z be a benign crystalline point of Spec R -
(1) If (2,0) is a point of X'I' which lies over z, then (z,6) is a smooth point of X 1.
(2) The tangent space T(spf r.yrie - s spanned by the images of the tangent spaces
Txwi (2,6), a5 (2,0) runs over all points of XU lying over z.

Proof. — The first claim follows by combining Corollary 2.12 and Theorem 2.6 (iii)
of [3]. The second claim follows from [11] in the case that K = Q, and [28, Th. 2.62]
in general once we note that the image of T'xui (. 5) In T(spt g )ris,» coincides with the
closed subspace of T(gy¢ g__yris » classifying trianguline deformations of (z,d). See e.g.
the discussion of this in the proof of [3, Th. 2.6]. O

With the preceding results recalled, we are now in a position to study the support
of M.

If £ is an irreducible algebraic representation of G, and if k is the system of labelled
Hodge-Tate weights corresponding to &, then (as already recalled in the proof of
Theorem 6.3), we may form the R, [1/p]-module M, (§) as in [10], whose support is
a union of some number of irreducible components of Spec Rgo[l /p], or, equivalently,
a union of some number of irreducible components of (Spf R%o)rig . In particular, if
Moo (€) is non-zero, then Proposition 6.9 implies that its support contains a Zariski
dense open subset of points x for which r, is benign.
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Lemwva 6.11. If € is an algebraic representation of G, if x is a point lying in the
support of My (€) for which v, is benign, and if (x,0) is a point of X% lying over x,
then (z,9) € Xoo.

Proof. — We see from [3, Cor.2.12] that the ¢ is necessarily a triangulation of r,.
The fibre of .#,, over (z,0) is dual to the eigenspace Jp (H(x)an)T:5 in the Jacquet
module of TI(z), where an denotes the subspace of locally analytic vectors in the
Banach space II(z), see [3, Prop.3.7]. Thus in order to show that (z,d) lies in Xo,
it suffices to show that for every parameter § describing a triangulation of r,, the
corresponding eigenspace in the Jacquet module of TI(z)?" is non-zero.

To see this, note that local-global compatibility shows that II(x) contains a locally
algebraic representation m, ® &, with m, the parabolic induction of an unramified
character, see [10, Th.4.35]. Note that the condition (iii) in Definition 6.8 ensures
that m, is irreducible and hence generic, so that the conditions of [10, Th. 4.35] are
satisfied. The representation m, ® £ equipped with the finest locally convex topology
is a locally analytic subrepresentation of II(z)*". Since the Jacquet-functor is left
exact we have an inclusion Jg(m, ® £) C Jp(II(z)™™). Moreover, [14, Prop.4.3.6]
implies that Jp(m, ® €) = (m,) v ® £V, where N is the unipotent radical of B. Hence,
Jp(mp,®@&) consists of n! characters which fill out all the necessary eigenspaces. (These
correspond to the n! possible orderings of the Frobenius eigenvalues, which in turn
match with all the possible triangulations.) |

Turorem 6.12. — The Zariski closure, in (Spf Rso)™®, of the union of the supports
of the modules M, (§), as & ranges over all the irreducible algebraic representations
of G, is equal to a mon-empty union of components of (Spf Rs)™8.

Proof. To ease notation, write Y := (Spf Ry)™8, and let Z < Y the Zariski
closure under consideration in the statement of the theorem. We note that M. (&) is
non-zero for at least one choice of £, so that Z is non-empty. Since Z is furthermore
a reduced rigid analytic space over a field of characteristic zero, its smooth locus
Z™ is a non-empty and open subset. Thus the correspondence V — U =V N Z5™
induces a bijection between the irreducible components V' of Z and the irreducible
(or, equivalently, connected) components U of Z™; one recovers V from U by taking
the Zariski closure of U in Z (or, equivalently, in Y).

We next note that the points of X, of the form (z, §) with z lying in the support of
one of M, (&) are actually Zariski dense in X .. Indeed, this follows from [3, Th. 3.19],
since any (z,0) € X, which is strongly classical in the sense of [3, Def.3.15], is
classical in the sense of [3, Def.3.17] and hence will have z lying in the support of
Moo (€), where the highest weight of £ corresponds to the algebraic part of 4. This
implies that the image of X, in Y under the composition 7 : Xoo C Y X T Y is
contained in Z, as 771(Z) is a closed subset of X, containing a dense set of points.

As noted above, if k is the system of labelled Hodge-Tate weights corresponding to
an algebraic representation &, then the support of My, (€) is a union of some number of
components of (Spf R%o)“g, each of which contains a Zariski dense subset of points z
for which r, is benign. Thus Z is equal to the Zariski closure of the set B of such
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points, i.e., the set B of points z lying in the support of some M (&), and for which r,
is benign. Thus if V' is an irreducible component of Z, and if U := V N Z% (which, as
we noted above, is Zariski dense in V'), then we find that the B N U is Zariski dense
in U; in particular, it is non-empty.

Choose a point z € BNU. If (z,4) is any point of X! lying over z, the point (z,§)
lies in the smooth locus of X%, by Theorem 6.10 (1). Lemma 6.11 shows that any
such point (z,4) in fact lies in Xo. We then conclude from Theorem 6.6 that (z,0) is
a smooth point of X, and that the closed immersion X,, — X% is an isomorphism
at any such point (z,9).

Combining this last conclusion with the inclusion 7(X) C Z that was proved
above, we thus find that T , = Ty . contains the image of the tangent space Txui (. 5y,
for each choice of (z, d) lying over z. Since Theorem 6.10 (2) shows that the images of
the various tangent spaces T'xui (. 5) span Ty,., we find that Ty, = Ty,., and hence
that U and Y coincide locally at z. This implies that the Zariski closure V' of U,
which is an irreducible component of Z, is also an irreducible component of Y, as

required. O
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