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Li-PENALIZATION IN FUNCTIONAL LINEAR
REGRESSION WITH SUBGAUSSIAN DESIGN

BY Vrvapivmir KorrtcHiNsKIT & STANtsLAV MINSKER

Asstract. — We study functional regression with random subgaussian design and real-valued
response. The focus is on the problems in which the regression function can be well approxi-
mated by a functional linear model with the slope function being “sparse” in the sense that it
can be represented as a sum of a small number of well separated “spikes”. This can be viewed
as an extension of now classical sparse estimation problems to the case of infinite dictionaries.
We study an estimator of the regression function based on penalized empirical risk minimiza-
tion with quadratic loss and the complexity penalty defined in terms of Li-norm (a continuous
version of LASSO). The main goal is to introduce several important parameters characterizing
sparsity in this class of problems and to prove sharp oracle inequalities showing how the La-error
of the continuous LASSO estimator depends on the underlying sparsity of the problem.

Riésumic (Pénalisation L en régression fonctionnelle linéaire avec design sous-gaussien)

Nous étudions la régression fonctionnelle linéaire avec design sous-gaussien et la réponse a
valeurs réelles. Nous nous concentrons sur les problémes ou la fonction de régression est bien
approchée par un modeéle fonctionnel linéaire dont la pente est « sparse » dans le sens ou elle
peut étre représentée comme une somme d’un petit nombre de « pics » séparés. Nous pouvons
considérer ce probléme comme une extension du probléeme classique d’estimation « sparse » au
cas d’un dictionnaire infini. Nous étudions un estimateur de la fonction de régression basé sur
la minimisation du risque empirique pénalisé avec une perte quadratique et avec une pénalité
de complexité définie en termes de la norme L; (une version continue du LASSO). L’objectif
principal est d’introduire certains parameétres importants qui caractérisent la « sparsité » dans
cette classe de problemes et de prouver des inégalités d’oracle « sparses » montrant comment
l’erreur L2 de la version continue du LASSO dépend de la sparsité sous-jacent du probléme.
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1. INTRODUCTION

Let (X,Y) be a random couple defined on a probability space (€,3,P), where
X = {X() : t € T} is a stochastic process with parameter set T and Y is a real
valued response variable. In what follows, it will be assumed that the process X is
subgaussian. Denote

(1.1) dx(s,t) == \/Var (X(s) — X(t)), s,teT.
It will be also assumed that the space T is totally bounded with respect to pseudo-
metric dx and, moreover, it satisfies Talagrand’s generic chaining conditions ensuring

that there exists a version of the process X (t), t € T that is a.s. uniformly bounded
and dx-uniformly continuous. In what follows, we assume that X (t), ¢ € T is such

a version. Let p be a finite measure on the Borel g-algebra %1 of the pseudometric
space (T, dx).
Consider the following regression model

where f,.(X) = E(Y|X) is the regression function and ¢ is a random noise with E¢ = 0
and variance Var(¢) = 0'? independent of the design variable X. We will be interested
in estimating the regression function f.(X) under an underlying assumption that
f+(X) can be well approximated by a functional linear model (“oracle model”)

Fra(X) =at / X(OMB)u(dr),
T

where A € Lq(u) is the “slope” function and a € R is the intercept of the model. More
precisely, we will focus on the problems in which the oracle models are “sparse”
in the sense that the slope function A\ is supported in a relatively small subset
supp(A) := {t € T : A(¢t) # 0} of parameter space T such that the set of random
variables {X (¢) : t € supp(A)} can be well approximated by a linear space of a small
dimension. Often, A will be a sum of several “spikes” with disjoint and well separated
supports. Such models might be useful in a variety of applications, in particular, in
image processing where, in many cases, only sparsely located regions of the image
are correlated with the response variable. In what follows, II denotes the marginal
distribution of X in the space Cpy(T;dx) of all uniformly bounded and uniformly
continuous functions on (T;dx), and P denotes the joint distribution of (X,Y) in
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L1 -PENALIZATION IN FUNCTIONAL LINEAR REGRESSION 271

Cpu(T;dx) x R. Let (X1,Y7),...,(X,,Y,) be a sample consisting of n i.i.d. copies
of (X,Y) defined on (Q2,%,P). The regression function f, is to be estimated based
on the data (X1,Y7),...,(X,,Y,). Our estimation method can be seen as a direct
extension of (a version of) LASSO to the infinite-dimensional case. Namely, let D be
a convex subset of the space Ly (u) such that 0 € D. Consider the following penalized
empirical risk minimization problem:

~ (1 &
(1.2) (Ae,@.) == argmin [ ST = el X)) +ellAllL
XeD,acR [T =

where

I = WAl = | Ol
T

and € > 0 is the regularization parameter. The function f;mas will be used as an
estimator of the regression function f,.

When the parameter set T is finite, (1.2) defines a standard LASSO-estimator of
the vector of parameters of linear regression model (see [40]). This estimator is among
the most popular in high-dimensional statistics and it has been intensively studied
in the recent years (e.g., see [9], [16], [25], [6], [26], [4], [27]; see also the book by
Bithlmann and van de Geer [8] for further references).

We will be more interested in the case of uncountable infinite parameter sets T
(functional linear models). In such problems, standard characteristics of finite dictio-
naries used in the theory of sparse recovery (restricted isometry constants, restricted
eigenvalues, etc) are not directly applicable. Our goal will be to develop proper para-
meters characterizing sparsity in the case of functional models and to prove oracle
inequalities for the Ly (Il)-error || f5_; — f« 13, (my of continuous LASSO-estimator in
terms of these sparsity parameters. We concentrate on the case of subgaussian random
design (that, of course, includes an important example of Gaussian design processes)
since, in this case, we can rely on a number of probabilistic tools from the theory of
subgaussian and empirical processes. In particular, we extensively use in the proofs
recent generic chaining bounds for empirical processes due to Mendelson [33], [32].

It should be emphasized that there is vast literature on functional regression (see,
e.g., [35], [36] and references therein). A commonly used general idea in this literature
is to estimate the eigenfunctions of the covariance operator and to project the un-
known slope function onto the linear span of the “principal components” correspond-
ing to the largest eigenvalues (see [34], [10] and references therein). Under smoothness
assumptions on the slope function, a natural approach to its estimation is to use a
regularization penalty (see [14] for construction of estimators based on smoothing
splines and [42] for a more general reproducing kernel Hilbert space approach).

The problem studied in our paper is much closer to the theory of sparse estimation
in high-dimensional statistics and can be viewed as an extension of this theory to the
case of functional models and uncountable dictionaries. Our approach is similar in
spirit to [24], [26] where such characteristics as “alignment coefficient” (used below
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272 V. Kovreminskir & S. MiNskeRr

for functional models) were introduced and studied in the case of finite dictionaries,
and [28] which extended some of these results to the case of infinite dictionaries. For
a review of some modern methods in functional data processing and their connections
to various notions of sparsity, we refer the reader to [21]. A recent paper by James,
Wang and Zhu [22] is similar to the present work in terms of motivation and approach,
however, the theoretical analysis in [22] is performed under the assumptions on the
design distribution that might not hold if X has smooth trajectories.

It is important to note that in practice we never observe the whole trajectory
of X but rather its densely sampled version. In this case, the natural choice for p
is a uniform measure on the sampling grid, whence (1.2) becomes the usual LASSO
once again. However, there is often no reasons to assume that Gram matrix of the
design satisfies RIP [13] or restricted eigenvalue type conditions [6, 23] in this case.
Although LASSO might not perform well as a variable selection procedure in such a
framework, we will provide examples showing that prediction power of an estimator
can still benefit from the fact that the underlying model is (approximately) sparse. In
particular, oracle inequalities with error rates depending on sparsity can be derived
from the general results of our paper. Other interesting approaches to theoretical
analysis of LASSO with highly correlated design were proposed in [17], [19]. For
instance, in [17] (see, in particular, Corollary 4.2) the authors show that in the case
of highly correlated design, it is often possible to choose the regularization parameter
to be small ¢ < n~/? and achieve reasonable error rates.

It should be also mentioned that in a number of very important applications one has
to deal with sparse recovery in infinite dictionaries with random designs that are not
subgaussian, or with deterministic designs. For instance, in [12], the authors develop a
theory of super-resolution. In this case, the dictionary consists of complex exponentials
et t € T ¢ RY, the design is deterministic and the estimation method is based
on minimizing the total variation norm of a signed measure A on T subject to data
dependent constraints. Although the results of our paper do not apply immediately
to such problems, it is possible to extend our approach in this direction.

We will introduce several assumptions and definitions used throughout the paper.

Derintrion 1.1, — A closed linear subspace .Z C Lo(P) will be called a subgaussian
space if there exists a constant I' > 0 such that for all n € £

s I's?02
Ee®" < e ® %, sekR,

where o7 := Var(n).

It is well known that En = 0,7 € £ and that s-and Ls-norms are equivalent
on . (more precisely, they are within a constant ~ I'). Also, if .# is a closed linear
subspace of Ly (IP) such that {n : n € £} are jointly normal centered random variables,
then % is a subgaussian space with I' = 1. Another example is the closed linear span
of independent centered subgaussian random variables {n,} such that

2

) T'o? .
Ee <e 7%, seR, j>1
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for some I' > 0 :
L = {Zj% ciny Z]}l 072] cf < +oo}
For instance, one can consider a sequence {7, } of i.i.d. Rademacher random variables
(that is, n; takes valued +1 and —1 with probability 1/2). In the case of a single
random variable 7, its linear span is a subgaussian space if and only if 7 is subgaussian.
In what follows, a subgaussian space . and constant I" will be fixed. All the
constants depending only on I' will be called absolute.

Assumrtion 1.1. — Suppose that
(1.3) X(t)-EX(t)eZ forallteT.

Denote by Zx the closed (in Lo and, as a consequence, also in the t¢9-norm) linear
span of {X(¢) —EX(¢) : t € T}.

This assumption easily implies that the stochastic process Z(t) := X(t) — EX (),
t € T, is subgaussian, meaning the for all t,s € T, Z(t)— Z(s) is a subgaussian random
variable with parameter I'd% (t, s).

Next, we recall the notion of Talagrand’s generic chaining complexity (see [39] for
a comprehensive introduction). Given a pseudo-metric space (T, dx), let {A,} be a
nested sequence of partitions such that Card Ag = 1 and Card A,, < 22", For s € T,
let A, (s) be the unique subset of A, containing s. The generic chaining complexity
~v2(T;dx) is defined as

T;dx) := inf su 22D ,
72T dx) = {An}selq?;) (s)

where D(A) stands for the diameter of a set A. Let

6) :=v(T;dx;d) = inf su 2”/2 A6
¥2(8) 1= a2 (T; dux; n}teTpZ n(t)) A G).

If dy is another metric on T such that dy(¢,s) < dx(t,s) for all t,s € T, and
sup, ser dy (t,8) < 6, then clearly

(1.4) Y2(T; dy) < 72(9).

This bound will be often used below. Our main complexity assumptions on the design

distribution are the following:

Assumprion 1.2. — Pseudometric space (T,dx) is such that v2(T;dx) < oo and,
moreover,
v2(T;dx;0) — 0 as d — 0.

Under these assumptions, the process 7 = X — EX has a version that is uni-
formly bounded and dx-uniformly continuous a.s. Moreover, H | X —EX ||OOH vy <
(in particular, all the moments of | X — EX ||, are finite). It what follows, we will

denote
S(T) := S(T,dx) = mf\/Var ) + Ly2(T;dx).
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Note that Theorem A.2 implies that there exists a numerical constant L > 0 such
that
(1.5) Esup | X (t) — EX ()] < S(T).
teT
We will also need the following assumptions on the regression function f, and the
noise £ :

Assumprion 1.3. Suppose that f,(X) —Ef.(X) € £ and € € Z.

Since Ef,(X) = EY, this assumption also implies that ¥ — EY € .Z. Note that
if {X(¢), t € T}U{Y} is a family of centered Gaussian random variables and . is
its closed linear span, then £ is a subgaussian space and f.(X) is the orthogonal
projection of Y onto the subspace Zx. Thus, f.(X) € Xx C Z.

Acknowledgements. — We want to thank the anonymous Referees for carefully read-
ing the paper and for providing constructive feedback that helped us to improve the
quality of results and presentation.

The authors are very thankful to Mikhail Lifshits and Mauro Maggioni for insightful
discussions and their valuable input.

2. APPROXIMATION ERROR BOUNDS, ALIGNMENT COEFFICIENT AND SOBOLEV NORMS

Recall that P is the joint distribution of (X,Y’) and let P, be the empirical dis-
tribution based on the sample (X1,Y7),...,(X,,Y,). The integrals with respect to P
and P, are denoted by

1
Pg:=Eg(X,Y), P,g:= ZZQ(X%Y;)
=1

In what follows, it will be convenient to denote £(y,u) := (y — u)?, y,u € R and

(e f)(x,y) = Ly, f(2)) = (y = f(x))*.
We also use the notation ¢ (y, u) for the derivative of quadratic loss £(y, u) with respect
to u: ¢'(y,u) = 2(u — y). Throughout the paper, (-,-) denotes the bilinear form

(f.g) = / oroney
T

Let
Fo(Aa) = Po(lefaa) +ellMli,  F(Aa) == P(lefra) +e[[Al1-

Denote also

YVoi=n'Y Y, Xut)=n"'Y X;(t), teT.
=1 i=1

Note that
a()\) := argmin F,,(\,a) =Y, — (\, X,,),
(21) (IER'
a(A) := argmin F(\,a) = EY — (\,EX).
a€R
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The following penalized empirical risk minimization problem

(2.2) (Ae,@c) == argmin F,()\;q)

AED,aER
is exactly problem (1.2) written in a more concise form. Note that (2.2) is the empirical
version of
(2.3) (Ae,ae) = argmin F'(\, a).

AeD,a€R
Due to convexity of the loss, both (2.3) and (2.2) are convex optimization problems.
It will be shown (Theorem A.l in the appendix) that, under certain assumptions,
they admit (not necessarily unique) solutions A, A.

Assumprion 2.1. — It is assumed throughout the paper that the solutions (A, ac) of
(2.3) and (A, @) of (2.2) exist.

It might be also possible to study the problem under an assumption that (A¢, ac)
and (Xe,as) are approximate solutions of the corresponding optimization problems,
but we are not pursuing this to avoid further technicalities.

The goal of this section is to determine the parameters responsible for the size of
the Lo(IT) risk of fi, 4., where (A, ac) is the (distribution-dependent) solution of the
problem (2.3), and to find upper bounds on these parameters in terms of classical
Sobolev type norms. Later on, it will be shown that the same parameters affect the
error rate of empirical solution fia a.

Recall that D C Ly (p) is a convex subset that contains zero. It immediately follows
from (2.3) that we can take a. = a(\:) and also that

2 I : 2
@D o = Fldym <a©) = ot [Ifna = Lol + M)

Clearly, ¢ is a non-decreasing concave function (concavity follows from the fact that it
is an infimum of linear functions). Therefore, g(g)/¢ is a non-increasing function. Note
also that ¢(¢) < [|fs — ILfil|Z, ) (take A = 0, a = EY = Ef.(X) in the expression
under the infimum) and

q(e) < el Al

provided that f. = f, 4., where A\, € D, a, € R (take A = A, a = a,). The infimum
in the definition of ¢(¢) is attained at (A, ac) (a solution of problem (2.3) that is
assumed to exist). Then, in addition to the bound || f, .. — f*H%Z(H) < q(e), (2.3)
also implies

q(e)

Aelly < =
€

We will be interested, however, in other bounds on || fx, 4, — f« ||2L2(H), in which the

e,Qe
“regularization error” is proportional to &2 rather than to ¢ (as it is the case in the
bounds for ¢(¢)). To this end, we have to introduce some new characteristics of the

oracles A € .
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Let k(s,t) := Cov(X(s), X(t)), s,t € T be the covariance function of the stochas-
tic process X. Clearly, under Assumption 1.2, [[k%(s,t)u(ds)u(dt) < oo and the
covariance operator K : Lo(T, u) — Lo(T, 1) defined by

(Kv)(s) = / ks, £)o(t)u(d).
T
is Hilbert—Schmidt. For u € Lo(T), define

(2.5) Jull = sup (u,0).
(Kv,w)<1
Remark 2.1. — In the case when T is finite, operator K is represented by the Gram

matrix of a finite dictionary and standard “restricted isometry” and “restricted eigen-
value” type constants are defined in terms of K and are involved in oracle inequalities
for LASSO and other related estimators.

Note that (Kv,v) = Var(f,(X)), where f,(X) := [, v(t)X (t)u(dt). The set
H(K) i= {u € Lo(T) : [lull,c < o0}
is a reproducing kernel Hilbert space of the covariance kernel k.
We will need the following description of the subdifferential of the convex func-
tion ||-||1:
(2.6) M1 ={w:T+[-1,1]: p— as. w(t) =sign(A(t)) whenever A(t) # 0} .
It follows from the general description of the subdifferential of a norm ||-|| in a Banach
space X:
Sl = {{x* €x: ol =1, a*(@) = o}, =40,
e x*: a7 <1, 5 =0,
where X* is the dual space. For details on our specific example, see [20, §4.5.1].
Note that, in standard examples (such as T C R?), the “canonical” version of the
subgradient of ||All1, w(t) = sign(A(¢)), t € T, lacks smoothness and RKHS-norms are
often large or infinite for such a choice of w. It will be seen below that existence of
smoother versions of the subgradient is important in such cases. Given a measurable
w: T [-1,1], let T, = {t € T: |w(t)| > 1/2}. For smooth w, T,, will play a role
of support of A. Given b € [0, oc], define the cone C’f,,b ) by

(2.7) ol = {u € Li(p) : / luldp < b (w, u) }
T\Ty
Note that, for w € 9||A||1, we have |w(t)| < 1, t € T. Therefore, u € C implies that

[ tuldn < [ fuld
T

T\T.

Roughly, this means that, for functions u € C’l(ub), T, is a “dominant set”. Let

(2.8) a®(w) i=sup {(w,u) : we CP, | fullum =1}

JE.P. — M., 2014, tome1
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Such quantities were introduced in the framework of sparse recovery in [24], [26] and
its size is closely related to the RIP and restricted eigenvalue-type conditions. In some
sense, a(®) (w) characterizes the way in which the vector (function) w is “aligned” with
eigenspaces of the covariance operator of the process X and, following [24], it will be
called the alignment coefficient. Clearly, we always have the bound a® (w) < ||w]|x,
however, it can be improved in several important cases, see Section 4.4. Note that
a® (w) is a nondecreasing function of b. For b = oo, we have ci = Ly(u). In this
case, a(®)(w) = ||w||x, so the alignment coefficient coincides with the RKHS-norm
associated to the covariance function k. For b = 0, we have

C’fuo) ={ueLi(p):u=0as on T\ Ty}

so the cone C’&O) coincides with the subspace of functions supported in T,,. In this
case, a(o)(w) is the RKHS-norm associated with restriction of the kernel k to T,,.
In what follows, it will be convenient to take b = 16 and denote a(w) = a% (w)
(although in the statement of Theorem 2.1 below a smaller value b = 2 could be used).
We will be interested in those oracles A for which there exists a subgradient
w € O||A|lx such that a(w) is not too large and T, is a “small” subset of T. Such
functions provide a natural analogue of sparse vectors in finite-dimensional problems.

Tarorem 2.1. — The following inequality holds:

1
inf W Fill? —e2q2 )
AED,wed] Al [HfA’ Flzaqm + 4= (w)
a€R

2
(2.9) 1 Fre.ae — f*||L2(H) <

Remark 2.2, — Tt easily follows from the proof of this theorem that for all A € D,
w € 0|1, a €R,

4 1
[ el < 2 I = ol + 30|

T\T.,
The intuition behind these results is the following;: if there exists an oracle (A, w, a)
with a small approximation error || fx,, — f*HQLZ(n) (say, of the order o(¢)) and not

very large alignment coefficient a(w), then the risk ||fx, . — f*||iZ(H) is also small
and A is “almost” concentrated on the set T,,.

As we show below, in some cases ||-||x and a(-) can be bounded in terms of Sobolev-
type norms.

Since self-adjoint integral operator K with kernel k is Hilbert—Schmidt, it is com-
pact, and the orthogonal complement to its kernel possesses an orthonormal system
of eigenfunctions {f;}72,
well-known that

(2.10) H(K) = {w() = Sy wifi() s Jwlf = X525 w?/v; < oo}

However, one might want to find a more direct characterization of H(K'). One way to
proceed is to use the so-called Factorization theorem:

C Lo(T, ) corresponding to positive eigenvalues v;. It is
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Tueorem 2.2 ([30], Theorem 4 in Section 9). Assume that there exists a Hilbert
space V and an injective linear operator L : V — 0o (T) such that K = LL*, where L*
is the adjoint of L. Then H(K) = L(V), and (Luy, Lug)g gy = (u1, u2)y-

The most obvious choice is V = ker(K)* and L = K2 whence ||w|x =
|K=Y%w|1,,(,) which again gives (2.10). Other choices often lead to more insightful
description. For example, if X is the standard Brownian motion on [0,1], then
one can check [30] that V = L5[0,1] with the standard Lebesgue measure and
(Lz)(t) := fot x(s)ds satisfy the requirements. It immediately implies

Corovrrary 2.1. — The reproducing kernel Hilbert space associated with the Brownian
motion is defined by

(2.11) H(K) = {h € Ly[0,1], h(0) = 0, ||h]|% := /1 (W(s))* ds < oo} c W10, 1],
where 0
W0,1] = {h € Lo[0,1], h is abs. continuous,

Il = | [0+ 00007 s < )
is the Sobolev space.

In particular, it means that a(w) < ||w|wz.:. Suppose now that T C R™ is a
bounded open subset and, for some C' > 0 and 5 > 0,

(2.12) a?(w) < CllwlFyzs-

Let A € Lyi(T,u) be a “sparse” oracle such that supp(\) := U;i:l T;, where T,
j=1,...,d, are disjoint sets. Moreover, assume that the distance between T; and T},
is positive for all j # k. In other words, A has d components with well separated
supports and it is zero in between. In this case, one can find w € 9||Alj; such that
w = Z?Zl w; and wj, j = 1,...,d, are smooth functions (from the space W2# to be
specific) with disjoint supports. For any such function w, we have

d
@ (u) < Clulfis < O Y- luslis < Cud s s
=
and the bound of Theorem 2.1 implies that
2 2 C

(2.13) 1£xcae = £l m < ey = Fell Ly + 71 dfgﬁé{d w;152.5”.
Thus, the size of the error explicitly depends on the number d of components of
“sparse” oracles A approximating the target.

In Section 4, we will show that bound (2.12) holds for a number of stochastic
processes X and, moreover, there are other ways to take advantage of sparsity in

the cases when the domain T of X can be partitioned in a number of regions T},
j=1,...,N, such that the processes {X (t), t € T;} are “weakly correlated”.
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3. BASIC ORACLE INEQUALITIES

In this section, we present general oracle inequalities for the Lo-risk of estima-
tor fXa,aa' The main goal is to show that if there exists an oracle (A, w,a), A € D,
w € O||All1, @ € R such that the approximation error || fxq — f*|\2L2(H) is small, the
alignment coefficient a(w) is not large and A is “sparse” in the sense that the set of
random variables {X (¢) : t € T, } can be well approximated by a linear space L C Zx
of small dimension, then the Ly-error || f5_ 5 — f« ”%2(1'1) of the estimator f5_; can be
controlled in terms of the dimension of L and the alignment coefficient a(w). To state
the result precisely, we have to introduce one more parameter, an “approximate di-
mension”; providing an optimal choice of approximating space L. Thus, the degree of
“sparsity” of the oracle will be characterized by the alignment coefficient that already
appeared in approximation error bounds of Section 2 and also by “approximate di-
mension” d(w, A) introduced below.

We start, however, with a “slow-rate” oracle inequality that does not depend on
“sparsity”. The inequalities of this type are well known in the literature on sparse re-
covery, in particular, for LASSO estimator in the case of finite dictionaries, see [4], [31].

Recall that D C L;(u) is a convex set and 0 € D. Recall also the definition of g(¢)
(see 2.4) and its properties. Note that

(3.1) o} = Var(£.(X)) + 02 = |f. Tl + 02

Tueorem 3.1. There exist absolute constants €, ¢ and D such that the following
holds. For any s > 1 with 3 := s + 3log(logsn + 2) + 3 < ¢y/n/logn and for all €
satisfying
S(T
(3.2) e>p 2@
vn

S

with probability at least 1 — e~
3 = 3 o3

2 : 2 Y
(3:3) Nfs &~ Lellioan + 15H>\e||1 </\€]II»I}£€R [||fA,a—f*||L2(n) + 55”)\”1} +&—.

As was mentioned earlier, our main goal is to obtain sharper bounds which would
demonstrate connections between the risk of fXE,a and the degree of sparsity of an
underlying model. Our next result is a step in this direction. We will need the notion
of Kolmogorov’s d-width of the set of random variables C' C Zx defined as follows:

C):= inf sup||P, .
pa(C) o, negH LH7||L2(1P>)
dim(L)<d

It characterizes the optimal accuracy of approximation of the set C by d-dimensional
linear subspaces of Zx. Given T/ C T, let

Xp ={X(t)-EX(t): t € T'}.
Recall that T, := {t € T : |w(t)| > 1/2}. Given an oracle A € D and w € 9||A||1, let

pa(w) = pa (Xr,) -
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The following number will play a role of approximate dimension of the set of random
variables Xt :

o _do¥ Y2 (pa(w))
(3.4) d(w, ) = mm{d>o.T > HAHI#}.

Turorem 3.2. — There exist absolute constants €, ¢ and D such that the following
holds. For any s > 1 with 3 := s + 3log(logyn + 2) + 3 < ¢/n/logn and for all €
satisfying

oy S(T)v/'s
(3.5) ezD Jn

S

with probability at least 1 — e~

2
L (1T)

(3.6) Hfia,aa —

ydw,\) | ARS*(T) 035
< . 2 2 2 Oy ) 1 9ys
< inf [1fxa = Fl7 ) + 26%%(w) + € e |+e -

weI| Al
a€R

Under an additional assumption that ||[A|; is not too large, it is possible to prove
the following modified version of Theorem 3.2 without the term €||A||2S2(T)/n in the
oracle inequality.

TaeEOREM 3.3. Assume that conditions of Theorem 3.2 hold. If D is such that

Dc {)\ e Li(p): ML < ‘z{)ﬁ}

for some absolute constant ¢ > 0, then with probability > 1 —e™*

2
3.7) ||fX5,aE - f*HLQ(H) 2w \) )
. 9 o3 d(w, A 035
< /{Ielﬂf) {Hf)\,a — fellp,m + 2¢%a% (w) + ¢YT} + €%~
weD| Al
a€R
The proof of this result follows from the proof of Theorem 3.2, see remark 7.1 for
more details.

Remark 3.1. — Note that the oracle inequality of Theorem 3.2 is sharp, meaning that
the constant in front of || fx o — f«|lz, () (the leading constant) is 1. It is possible to
derive an oracle inequality with the leading constant larger than 1 which might yield
faster rates when the variance of the noise o’? is small. Define the following version of
the “approximate dimension” (compare to (3.4)):

ddg > ”/\”1'72 (Pd(w)) }

doe (w0, \) = min{d >0: W NG
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Then, under the assumptions of Theorem 3.2, the following inequality holds with

S.

probability > 1 —e™°:

2
Hfis,as - f*||L2(n)

. 2 2.2
< inf o [20faa = follfm + 25502 w) + €
weD| A,
ac€R

0Zdg. (w, \) +¢||)\||§52(’]1‘)} +¢@.
n n n

The proof of this result uses arguments similar to the proof of Theorem 3.2, so we
omit the details.

Inequality (3.6) above depends on rather abstract parameters (such as the align-
ment coefficient and the approximate dimension) that have to be further bounded
before one can get a meaningful bound in concrete examples. This will be discussed
in some detail in the following sections.

4. BOUNDING THE ALIGNMENT COEFFICIENT

First, we discuss the bounds on the alignment coefficient in terms of Sobolev-type
norms in some detail. After this, we turn to the problem of bounding the alignment
coefficient in the cases when there exists a weakly correlated partition for the design
process X.

4.1. SAcks-YLVISAKER CONDITIONS. — In the univariate case T = [0, 1], it is possible
to determine whether (a certain subspace of) the Sobolev space can be continuously
embedded into H(K') based on the smoothness of the covariance function k(- , -). Exis-
tence of such an embedding is given by the so-called Sacks-Ylvisaker conditions [38].
This provides a way to bound the RKHS norm ||-||x generated by the covariance
function of X (and, thus, also the alignment coefficient) in terms of a Sobolev norm.
Definitions and statements below are taken from [37], Section 3.

Set Oy = {(s,1) € (0,1)?: s>t} and Q_ := {(s,t) € (0,1)* : s < t}. Let G be
a continuous function on Q4 U Q_ such that the restrictions G|Qj are continuously
extendable to the closures cl(€;), j € {+,—}. G; will stand for the extension of G
to [0,1]? which is continuous on cl(Q2;) and on [0,1]% \ cl(€;). Set R*®V(s,t) =
%R(s7 t). Then, the covariance kernel k(- ,-) defined on [0, 1]? satisfies the Sacks-
Ylvisaker conditions of order r € N if the following holds true:

(A) k€ C™([0,1]?), the partial derivatives of G = k(™) up to order 2 are contin-
uous on 4 UQ_ and are continuously extendable to cl(£24) and to cl(Q_).

(B) ming<r<t (G0 (t, 1) — GV (8, 1)) > 0.

(®) Gf’o)(t, -) belongs to the RKHS with reproducing kernel G and

sup [|GPO(t, )]l < oo
telo,1]

(D) In the case r > 1, k(%) (- 0) =0 for 0 < j <r — 1.
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Let Wi be the subspace of W2+ defined by
Wg,r-i-l ={fe W2t f0)(0) = fO(1) =0 for 0 < j < rh.

Tueorem 4.1 (Corollary 1 in [37]). — Assume k(-,-) satisfies the Sacks-Ylvisaker
conditions of order r. Then Wa' ™' < H(K) and the embedding Wo™t — H(K) is
continuous.

As a result, we have the bound |w||x < C||w||wz.+1 that holds for all w with some
constant C' > 0.

It is well-known that the covariance function ki(s,t) = s At of the Brownian mo-
tion and ky(s,t) = e~1*~* of the Ornstein-Uhlenbeck process satisfy Sacks-Ylvisaker
conditions of order r = 0.

Cororrary 4.1. — Let X (t), t € [0,1] be the Ornstein-Uhlenbeck process and let H(K)
be the associated reproducing kernel Hilbert space. If w € W?%0,1] is such that
w(0) =w(1) =0, then w € H(K) and

lwllx < Cllwllwe1(0,1)-

This should be compared to the exact description of H(K), the kernel of the
Ornstein-Uhlenbeck process, which is known to be

w2 w2
H(K) = {w € L0 1] : [w] = 2O Fw (1)

+le/(le2(t)dt+/()l (w’(t))th<oo}.

4.2, DiscrRETE SOBOLEV NORMS AND THE BRoOwNIAN morion. — In this example, we
look back at the case when the design process is a Brownian motion (it was already
discussed in Section 2). However, this time we make the more realistic assumption
that the design processes are observed only at discrete points.

Assume that {X(¢), t € [0,1]} is a standard Brownian motion released at zero,
that is, X (t) = Z+ W (t), where Z is a standard normal random variable independent
of W. Suppose that we observe n iid copies of X, X;,...,X,, on a grid T = ¥y =
{0<# <+ <ty <1}. Let u be a counting measure on T. If, for example, the grid
is uniform with mesh size 1/N for some large N, with high probability the adjacent
columns of the design matrix (X;(t;)), <nj<n Will be almost collinear. To the best of
our knowledge, a direct analysis based on the restricted eigenvalue type conditions [6]
provides unsatisfactory bounds in such cases. On the other hand, results that hold
true without any assumptions on the design (e.g., [27], first statement of Theorem 1)
only guarantee “slow” rates of convergence (of order n~'/2, where n is the size of a
training data set).

The covariance function k(-,-) of X satisfies k(¢;,t;) = 1 +¢t; At;. Let K =

(1 +t A tj)jvjzl be the associated Gram matrix and let K = LL” be its Cholesky
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factorization. Note that

VIt 0 0
I VIFt Via—t1 0 :

: " 0
VI+t Vi —t1 ... VIN —tn_1

By the Factorization theorem (or a straightforward argument), for any w € RY,

|w||x = ||L’1w||2. If w = Lwv, then a direct computation shows
2 N s )2

4.1 2 w2 = (w; = wym1)”,

(4.1) loll3 = llewll% 1+h+g;%_w4

The latter expression can be seen as a discrete analogue of the Sobolev norm. For
example, let the grid ¥n be uniform, that is, t; = (j —1)/N, j = 1...N, and let
A : 9y — R be sparse in the following sense: supp(\) = {t;, < t;, < --- < 1;,} so that
|[supp(A)] = s and
221!@125 |tik - tik—1| =0> %

It is clear from (4.1) that inf,co)y, |w]x < C\/s/o for some absolute constant
C > 0 (e.g., take a vector whose entries linearly interpolate the sign pattern of \)
while the trivial choice w(t;) = sign(\(t;)) leads to |Jw||x > ¢v/Ns.

Note also that if w; := w(t;), j = 1,..., N, for a smooth function w € W1([0, 1])
(with a slight abuse of notation, we write w both for the vector in RY and for the
function), then, by Cauchy-Schwarz inequality,

2

t; !
(wj —wj—1)® _ (w(ty) —w(tj-1))* _ <ft;71 . (8)d8> /tj [w'(s)|*ds
tj—tjia tj—tj— ti =t ' |

j—1

N

It immediately implies that |w||% < |w(0)]* + fol |w’(s)|2ds, so the discrete Sobolev
norm needed to control the alignment coefficient is bounded from above by its con-
tinuous counterpart. As a matter of fact, we have that

1
ol < int|[OP + [ 13 (0)Fas].

where the infimum is taken over all functions w € W21([0, 1]) such that w(t;) = w;,
j=1,...,N.
These observations allow one to characterize the prediction performance of the

LASSO estimator in terms of s and o, in particular, rates faster than n=/2 can be
deduced from Theorem 3.2.
4.3. STATIONARY PROCESSES. — In this subsection, we derive Sobolev norm bounds on

the alignment coefficient in the case when X is a stationary process (or a stationary
random field).
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Let T C RY be a bounded open set and let i be the Lebesgue measure. Consider
a stationary random field {X t), te Rd} with continuos covariance function k :

k(t —s) = Cov(X(t), X(s)), t,s€R%
By Bochner’s theorem, there exists a finite Borel measure v such that
(4.2) k(t) = / ety (du), te R
Ra

called the spectral measure of X. In what follows, we assume that v is absolutely
continuous with spectral density v : R? s R

Prorosition 4.1. Suppose that

c
4.3 v(t) 22—, t€ R?
(43) O Gy

for some p > d/2 and ¢ > 0. For w defined on T, let
Qw) = {w: RY—R: w(t) =w(t), t € T}.

Then

[wlx <C aeigfw) 0 |lw2.p (may-

Note that condition (4.3) could not hold for p < d/2 since this would contradict
integrability of the spectral density v.

Proof. — Given u € L1(R%) N Ly(R%), let 4 be its Fourier transform. Observe that

Var(f, (X // (t—s)u dtds-/|u )o(z

For u supported in T and w € Q(w), this gives

~

(W, ) om0y = (0, W) mey = <a’ A>L2(Rd) <\f u\f>
<C H(l + |x|2)P/2f5HL2(Rd) Var(fu (X)),

hence ||w|x < C||(1 + |=|?)P/?w

;UHLQ(Rd)' It remains to note that by the properties of

Fourier transform

|+ le2ees| < Cllle g, =

Ly (R4)

We now turn to the case of stationary processes observed at discrete points. Let
{X(t), te Rd} be a (weakly) stationary random field, and let X,...,X,, be i.i.d.
copies of X observed on the grid T = 9y = {t; = 2mj/N, j € {1,...,N}?} for some
even N. In this case, functions on T can be identified with vectors in RY . We also
assume that p is the counting measure on T.
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AssumpTion 4.1. Suppose the following condition on the spectral density v of the
process X holds:
(4.4) c1 (#)p <o(t) < 02(#>p for some p > d

14 |t)? 14 |t)? 2’

where 0 < ¢ < ¢ < 00.

Provosirion 4.2, — Given w = (w1, ..., wya)" € A||\||1, let
Qn (W) = {w e WPR?) : w(2rj/N) =w;, j €2},
where w; are defined arbitrarily for j ¢ {1,... ,N}d. Under the above-stated assump-

tions,

[Bllc <C it uwllwecae.
weQN (W)

The proof is outlined in section 7.5. Implications of this result for the risk of Xa are

presented in Theorem 6.3 below. In particular, we show that rates faster than n~—1/2
are often possible.
4.4. SPARSE MULTIPLE LINEAR MODELS AND WEAKLY CORRELATED PARTITIONS. — In this
section, we assume that

N
(4.5) Y=a+ Z /X(”(tj)dAj(tj) +¢,

i=1 g,
where a € R, Ty, ..., Ty are measurable spaces equipped with o-algebras %1, ..., BN
and finite measures pu1, ..., un, X1, ..., X(N) are subgaussian stochastic processes
on Ty,..., Ty, Ay,...,An are signed measures on spaces Tq,..., Ty with bounded
total variations, and € is a zero-mean random variable independent of X ... X (N),

Suppose %; = %1, (Borel o-algebra in the semimetric space (T;,dx))). Without
loss of generality, we can assume that the sets Ty, ..., Ty form a partition of the space
T:= U;V:1 T; equipped with a o-algebra % and a measure y such that the measures p;
are restrictions of y on T;. Similarly, signed measures A; become restrictions on T
of a signed measure A, on (T,%). We will set X (¢) := XW(t),t€T;,j=1,...,N,
and, finally, we can assume that 8 = %y is the Borel g-algebra in the semimetric
space (T,dx).

We are interested in the situation when the processes {X(j)(t), teT;}, j =
1,..., N, are weakly correlated (in particular, they can be independent). The num-
ber of predictors N can be very large, but Y might depend only on X(j)(t), te Ty,
jeJc{l,...,N}, where Card(J) < N, whence Card(J) naturally represents the
degree of sparsity of the problem. Another interpretation of the model is to assume
that the domain T of the stochastic process X can be partitioned in disjoint sets T}
so that {X(¢) : t € T;}, j = 1,..., N, are “weakly correlated”, but only few of the
elements of partition are correlated with the response variable Y. It is important to
emphasize that the results of the following sections concerning the estimator (1.2) are
adaptive with respect to the partitions, in particular, we do not need to know the
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“weakly correlated” parts in advance, but the estimator adapts to such a structure
(given that it exists).

Let K; be the covariance operator of X ) and k; its kernel (the covariance function
of X)), Our next goal is to understand how to control the alignment coefficient a(-)
associated with the process X in terms of the RKHS-norms |[|-||x,;, j =1,...,N.

Without loss of generality, assume that X0 j = 1,..., N, are centered. Given
u € Lq(T, u), it can be represented as u = Z;V:1 u;j with supp(u;) € T;. Given v > 0,
define

Cyy = {U € Ly(T, p) : ng] ”fuj HLz(H) < 'YZjeJ Hfu, ||L2(H)}

and ,Bgf)(,]) = inf {ﬁ > 0: Eje] H.fuj”QLz(n) < ﬁzllqu%?(H)7 u e CW7J} .

Clearly, if XU)(t),t € T, j = 1...N are uncorrelated, then 557)(J) = 1 for any
nonempty J C {1,..., N}. More generally, we have the following result:

Proposition 4.3. For oll J C {1,...,N} and all w = > . ;w; such that

jeJ
supp(w;) € T; and |lw;|| x; < 0o, we have
(4.6) a®(w) < 40 (X Iyl )
JjeJ
where
_ 1/2
v =b max [lhjllo” maxuwlx;
Progf. — Note that since w =}, ; w; with supp(w;) C T;,
T, C UTJ and T~\T, D UT]
JjeJ J¢J
For all u € CY (defined in (2.7)), we have
1/2
S W lewty < s 5122 3 s
igd JigJ
< 1/2 1/2 _
< max 142 [ fuldn < b a2 (w0
T\Ty
Since
(w,u) = Z w;, uj) Z llw;ll ., ||fu;HL2(n) meafnwinKj Z ||f“jHL2(H)’
jeJ jeJ jeJ

we can conclude that

D sy <0 11 152 maac e e, S [ s

J¢J jeJ
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We proved that c C,.y for v := bmaxigj<n ||kj||<1xé2 max;c s ||wj| k. For all
u € ng,b) C C,, 7, we have

()= Y (ws) < (Xl )" (X 1 loac)

JjeJ jeJ Jjed 1/2
D (X willE,) " Ml -

jeJ
implying that
a®(w) < 57 () (3 sl )
jeJ
Wlth Y= bmaXlgjgN ||kj||(1>é2 manej ||w]||KJ O

Next, we will relate 5(7)( J) to the size of restricted isometry [13] constants asso-
ciated with partition Ty,...,Ty. Given an integer d > 1, we define the restricted
isometry constant d; as the smallest § > 0 with the following property: for any
J C {1,...,N} with Card(J) = d, any u;, j € J such that supp(u;) C T; and
Var(fy, (X)) = 1, the spectrum of the d x d matrix (Cov(fy,(X), fu, (X)))i,jeJ be-
longs to [1 —4§,1+ 4].

Prorosition 4.4. — The following inequality holds for all J C {1,...,N} with
Card(J) < d:
14 doqg

()
J) < .
2 (J) (1 —624)? — 7034

In particular, it means that 59) can be bounded by a constant as soon as d3g <
1/(2+7).

Proof. — The argument is similar to Lemma 7.2 in [26], the details are included in
Appendix A.6 for the reader’s convenience. O

5. ORACLE INEQUALITIES AND WEAKLY CORRELATED PARTITIONS

First, we will state a corollary of Theorem 3.2 concerning the model of weakly
correlated partitions discussed in Section 4. Let A := {Ty,...,Tx} be a partition of
the parameter space T into N > 1 measurable disjoint sets. Let .7 be the set of all
such partitions. Let X () denote the restriction of stochastic process X to the set T,
and let K; be the covariance operator of the process X; and k; be its covariance
function. Consider an oracle A € L;(u) and denote

Jyi={j=1,...,N: T, nsupp()) # @}.

Also, denote N()A) := Card(Jy). Usually, we assume that N is very large and N(\)
is much smaller than N, so, N(\) plays the role of “sparsity parameter” in this
framework. Let w = >, ; w; € 9||Al1 be a subgradient such that supp(w;) C T;,
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J € Jx. In what follows, denote #) A the set of all such subgradients w. Recall the
definition of the quantity 55”) (J) (Section 4) and denote

— 5 — 11/2 ;
Blw.A) = B (), o= 16 max |42 mas a1,

Proposition 4.3 implies that

(5.1) a(w) < Alw, ) (3 ||wj||§<j)1/2.

JEJIA
We will also need the following quantities that would play the role of “approximate
dimensions” of the sets of random variables Xr,, , j € J (local versions of d(w, A)):

moy Y2 (pm (w;5))
. ; := mi >0: Y > LA .
(5.2) 3, (w, \) mm{m 05 =0 2 A P }
Prorosition 5.1. — Under the above notations, the following bound holds:
d(w,\) < Y 0;(w, A).
JEJIN

Proof. — Denote m; :=0;(w, \). Then,

2 (w5
% VA G CrL) R

n Vn ’
and, for all j € Jy and ¢ > 0, there exist L; C Zx such that dim(L;) < m; and

Sup 1P, (X () = EX ()l () < prm, (wj) +6.

Denote L := 1.s.(UjeJA L;). Then,
sup [|[Pp (X (t) = EX(t))l 2oy < max sup [|Pg (X (8) — EX(t))l| 2 m)
teT, JEIN LT,

< (w; 1)

Max P, (w;) +

and

V2 (maneJx Pm; (wj))

Jn

> (Al

2 .
Oy z:j.gJk m;
n

Since dim(L) < > m; :=m, we have

JEJIN
pm(w) < sup [|[Pi(X () = EX (1))l 1, (1) < max p, (w;) + 6.
tETy JE€EIN
It follows that )
oym Y2 (pm(w) — )
B gy 2Pl 2 0)

N

Since § > 0 is arbitrary, this yields

2
oy m Y2 (pm(w))
T SRR > Pl L S
n Il N

and the result follows. O
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As a very simple example, let I1,..., Iy be disjoint finite subsets of the set N of
natural numbers and let

kel;
where qﬁ,(cj), k € I; are bounded measurable functions on T;, 7 = 1,..., N, and
{n,(f) :kel;,j=1,...,N} are centered jointly normal random variables. Denote

m;j := Card(l;), j=1,...,N. Let A € D and w € #) a. Obviously,
0](’11}7)\) < myj, .7 S J)n

so, we have a simple bound
d(w, \) < Z m;j.
JEIN
The next statement immediately follows from Theorem 3.2, Proposition 5.1 and
bound (5.1).

Cororrary 5.1. — Suppose that assumptions and notations of Theorem 3.2 hold.
There exists an absolute constant € > 0 such that with probability at least 1 —e™*

2 . 2
63 5.5~ Pl < o 80, [0 = £l
wEnya,aER

re?f

o2 S 0 (w, A 262
+25252(w>)\)2j€h”w]’”%ﬁ +¢ YZJEJ; ot )+¢ H)\Hlf @

n

The term ||A\||252(T)/n that depends on ||A||? can be dropped if ||A||1 is not too
large (see Theorem 3.3). In general, this term can be controlled in terms of sparsity
parameter N () and [|A||z,(,. To this end, note that, by Cauchy-Schwarz inequality,

1/2
=3 [ wans ([ wea) )

JEJIA JEIA
1/2 1/2
< (Z/ |)‘|2d”> (Z M(Tj)> < A2y ) Ig%,xul/Q(Tj) N(A).
jedy T JETN =0

For an arbitrary oracle A € T, arbitrary partition A € .7, arbitrary subgradient
w € ¥y, 7 and for

oyS(T)y/s
Voo
we have the following inequality that holds with probability at least 1 —e™* :

2 N(\)  ois
Lo (11) +c Q(’LU,)\,A)T + T P

e=D

2
L (IT) < Hf)\,a()\) - f*

(54) fo@ -/
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where
Q(’LU, A, A) = U%S(T)252(w’ )‘) max ”wj ”%(5 + 032’ maxo; (w’ )‘)
JEJN / JEJIN
2 2
+ ST ML, () max u(T;).

Thus, if there is an oracle A € D for which the approximation error HfA»a(A) — fy HZ(H)
is small and the quantity Q(w, A\, A) is of a moderate size, then the error of the es-
timator (:\\E,ag) is essentially controlled by the quantity N(\)/n (up to log factors).
Since N () can be viewed as a degree of sparsity of the oracle A, this explains the con-
nection of the oracle inequality of Corollary 5.1 and now classical bounds for LASSO
in the case of large finite dictionaries. Once again, it is important to emphasize that
the estimation method (1.2) does not require any knowledge of a “weakly correlated
partition” A. The method is adaptive in the sense that, if there exists a partition A
such that 8(w, \) and other quantities involved in the definition of Q(w, A, A) are not
large, then the size of the error depends on the degree of sparsity N(A) with respect
to the partition of oracles A that provide good approximation of the target.

In the simplest example, T := {1,..., N} and the partition A := {{1}, e {N}}
(so, T is partitioned in one point sets). Let p be the counting measure. Thus, X
is an N-dimensional subgaussian vector and we are in the framework of standard
high-dimensional multiple regression model. For simplicity, assume that X is scaled
in such a way that EX(¢t) = 0, EX?(¢) = 1. The estimator (1.2) becomes a version
of usual LASSO-estimator. Then, it is easy to check that S(T) < C+/log N. Also,
in this case RKHS-spaces H(Kj;), j = 1,..., N, are one-dimensional and we have
lwjllr; = |w(j)|, s =1,...,N. For an oracle A € D,

N(A) = Card(Jy), Jyx =supp(A) ={1 <j < N: )\ #0}.

In this case, we can set w(j) = sign(A\(j)), 7 = 1,..., N. Also, we obviously have
0,(w,A) = 1. Finally, in this case the quantity [3;’)((] ) coincides with standard “cone
constrained” characteristics frequently used in the literature on sparse recovery (see,
e.g., [26], Section 7.2.2). We will use () = B(w, \) = 516)(%\). Then, Corollary 5.1
takes the following form.

CororLrAry 5.2. — There exist absolute constants €, ¢ and D such that the following
holds. For any s > 1 with 3 := s+ 3log(logyn + 2) + 3 < ¢y/n/logn and for all €
satisfying

(5.5) e> pyvslosN
. = \/E 9,

with probability at least 1 — e™°

2 ; 2 2 2
Lo S 3 B ([1Fxe = FellLymy + 287 (ON (Ve

(5.6) HfXa,aa —

L eANQ) |, AR NT | obs
n n

¢
n
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More generally, assume that T is a finite set with a counting measure p and consider
an arbitrary partition A = {Ty,..., Ty} of T. Denote

m;j = u(T;) = Card(T;), j=1,...,N

and m := p(T) = Card(T). As before, X is subgaussian and EX (t) = 0, EX?(¢) = 1.
Then, we have S(T) < C'v/logm. In this case, covariance operators K; are acting in
m;-dimensional Euclidean spaces and we have

—1/2 .
lwjllze, = 1K wyll2, j=1,...,N.

Clearly, we also have d,(w,\) < m;. Thus, the oracle inequality of Corollary 5.1
implies that

2 . 2
(57) foa;aa - f* LQ(H) < Ae'gl’f)‘\e]m’ ||f/\yll - f*||L2(H)
MG’W)\,A,GGR
_ 02>, m; A2 logm 23
+2ﬁ2(w7>\)zj€J>\”Kj 1/2wj||§€2 + ¢ Y Jgedx ' + ¢ H Hl g + Q:O'Y )

This holds with probability at least 1 —e™* for all e satisfying ¢ > Doy+/slogm/\/n.

6. STATIONARY AND PIECEWISE STATIONARY PROCESSES

Suppose T is a bounded subset of R¢ with Lebesgue measure p and let A =
{Ty,..., Ty} be a measurable partition of T.

Assumprion 6.1. — Suppose that each set T; is contained in a ball of radius r. In
what follows, we assume that 7 > N~1/? Tt is easy to see that there exists a constant
k > 2 depending only on d such that the e-covering numbers of T with respect to the
standard Euclidean distance satisfy the condition

d
(6.1) N(T;e) < (f) VN, e€(0,R),

where R = kN/dp.

Let XU), j =1,..., N, be centered stationary subgaussian processes on R? and let
N .
X(t)=> XU (), (t), teT.
j=1

Thus, we can view the process X as “piecewise stationary”. Let K; denote the covari-
ance operator and v; denote the spectral density of X0, j=1,...,N (we assume
that the spectral densities exist).

Assumprion 6.2. — Suppose that, for some constant B > 0 and some p > d/2,

1 1
- <v;(t) < B

- teR? j=1,...,N.
B(1+[t]?) /

1
(6.2) T
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We use the notations Jx, N(A) = Card(Jy) and B(A\) = B(w, ) introduced in
Section 5. Let A € D be an oracle such that, for each j € J) we either have that
A(t) = 0 for all t € T;, or A(t) < 0 for all ¢ € T;. Thus, A does not change its sign
inside the elements of the partition. Denote DA the set of all such oracles in .

Finally, denote R(\) = x(N(X\))"/4r. Clearly, r < R(\) < R (we assume that
N(A) > 1) and condition (6.1) holds for the covering numbers of the set |J T,
with R(\) in place of R.

JEJIA

Taeorem 6.1. There exist constants €, ¢ and D depending only on B, p,d such that
the following holds. For any s > 1 with 5 := s+ 3log(logyn+2) + 3 < ¢y/n/logn, for
all e satisfying
s(log N Vlogr)

/n )

oy
e>D

S

with probability at least 1 — e~

2 . 2
(6.3) foaﬁa — fu Lo (1) < Ae]]]gl,faeR ||fA,a - f*HLQ(H)
2p—d ”)\||2d/(2;v+d)N(}\)(prd)/(2p+d) ) N(\)
2 ..d\2p d/(2p+d 1 Y
+Q:(O'Yr )2 +dL/(P ) n2p/(2p+d) +Q: -

AM[2(log N V|1 23

+Q:’]"d(].+T_p)2ﬂ2()\)N()\)€2+€|| ||1(0g | Og’l"‘ +Q:0-YS7

n n

where L :=log N Vlogn V |logoy|V |logr|.

We will now consider a stationary subgaussian random field X (¢), t € R?, observed
in a ball T = {¢: |t| < R} of radius R > 2.

Assumprion 6.3. — Suppose that X has a spectral density v(t), t € R? and, for some
constant B > 0 and some p > d/2,

11 1
<B——rs, teRL

(64) EW < ’U(t) B (1 n |t|2)p’

Let A € D be an oracle such that supp(A\) can be covered by a union of N(X)
disjoint balls B(t1;7), ..., B(ty();r) of radius r < R/2. Moreover, let us assume that
the balls in this covering are well separated in the sense that the distance between any
two distinct balls is at least 2r. In addition to this, assume that A does not change
sign on each of the sets B(t;;r) Nsupp(A), j =1,...,N(A). Let D, denote the set of
all such oracles A € D.

Then, the following theorem holds.

Turorem 6.2, There exist constants €, ¢ and D depending only on B, p,d such that
the following holds. For any s > 1 with 3 := s+ 3log(logy n+2) 4+ 3 < ¢y/n/logn, for
all e satisfying
oy+vslog R
D ——F—,
Vn

WV
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S

with probability at least 1 — e~

2 . 2
(6.5) ||fx5,ag — f*HLz(H) < AG]I%)?,EGR ||f/\,a - f*HLQ(H)

?d/(2p+d) N()\) (2p—d)/(2p+d)
12p] (2p+d)

5 d\EHS ra/epta Al
+Q:(Uyr )2p+dL/ P

oy N(N)

27
+ET L Gl (L 4 PPN + € sl

A3 log R
MR8 R] | o b5
n n

where L :=logn V |logoy|Vlog RV |logr]|.

Note that in Theorems 6.1 and 6.2 the error rate depends on “sparsity parame-
ter” N(A) (its meaning is somewhat different in these two cases). Moreover, the error
rate involves a “nonparametric term” O(n_2p/ (2p+d)). Thus, p > d/2 plays a role of
smoothness parameter in this problem.

Often, it is natural to assume that the target f.(X) can be approximated by fa (X),
where A is a discrete signed measure supported on a “well-separated” subset of T, so
that fa(X) = 2V N X (1), where

‘min_|t; — ;] = 36(A) >0
1<i<j<N(A)

and 6(A) is large enough. Such a discrete oracle A can be further approximated by a
linear combination of continuous “spikes” supported in well separated disjoint balls
of radius » > 0. This can be done for an arbitrary r < §(A) and optimizing the
bound of Theorem 6.2 with respect to r would lead to a bound with a faster error
rate. We will implement this in a special (and practically important) case when the
design processes X;, j = 1,...,n are observed on a discrete grid in R?. Specifically,
assume that T = Yy = {tj =2mj/N, je€{1,.. .,N}d} and it is equipped with the
counting measure p, see section 4.3 for more details. Note that in this case we are in
the framework of a standard high-dimensional linear regression with highly correlated
design. Functions A on T can be identified with vectors in R * and we will assume
that D := RV". Suppose that Assumption 6.3 holds and let A be an oracle such that
J(\) =supp()\) C {1,...,N}¥¢, N()) := Card(J()\)), and
li—dl 1

=:2 = FVE
50 >

min

ijel(\)i#i N

where |i — j| stands for the usual Euclidean distance in R?. We are mainly interested

in the oracles A with “well-separated” non-zero elements, meaning that 6(\) > 1/N.
In this setting, the following result holds.

Turorem 6.3. — There exist constants €, ¢ and D depending only on B, p,d such that

the following holds. For any s > 1 with 5 := s+ 3log(log, n + 2) + 3 < ¢y/n/logn, let

s:DUY\/g.
Vn
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S

Then with probability at least 1 — e~

N(\)s

2 . 2 d—2p 2
Hf}a,aa - f*HL2(H) < AeRmf " ||f)\,a - f*||L2(n) + @(5()\) pUY

d
N ae

d/(2p+2a) N(A)P/ e+ MR, o83
@)@ Tod) te

+ o/ P (ST N|?)
where L =logn V1eg N V |logoy]|.

7. PROOFS OF THE MAIN RESULTS

7.1. PreLiviNaries. — Recall that
EF,(Na) = P,(lefra) +elMl1, F(A a) :=Plefra) + ||

In the proofs of the main results, we will use necessary conditions for the min-
ima in problems (1.2), (2.3) that will be stated now. Given a convex functional
H:Li(u) x R— R, define its directional derivative at a point (A\,a) € Li(p) x R
in the direction u = (u1,u2) € L1(u) x R as

. H((M\a)+tu)— H(\a)
DH(\ a)(u) := ltlf(r)l , .

Prorosition 7.1. — For any A1, Ao € D and a1,a2 € R,

DF,(M,a1)(A2 = A1, a2 — a1) = Po('s fa,a,) (Fasias = Farar) + & (wi, Aa = A1)
for some wy € J||A1||1 that depends on Aa. Similarly,

DF (A1 a1)(A2 — Myaz —ar) = P(Cefaya10)(Fasias — farar) + € (w1, Ae — Ap).

Proof. — The treatment of the terms P, (€sf) q), P(lsfx,qa) is straightforward, so it
only remains to examine the Li-penalty term. Let v := Ay — A;. Since the function
(0,1) 3 s = |A1(t) + sv(t)| is convex, we have that

+so(®)] = [ ()]

S

(0,1) 3 s — A ()

is nondecreasing. Given a decreasing sequence {Sﬂ}n>0 C (0,1) such that s,, — 0, the
sequence of functions
_ M)+ sav(®)] = (M ()]

S n

gn(t) :
monotonically converges to

)= {Signul(t) Jo(t), Aa(t) #0
sign(v(t))v(t), else.

Moreover, g, (t) are integrable, and the monotone convergence theorem implies that

lim [ ghdp = /gdu: /wludu7
n—oo
T T T

where |wi(t)] < 1, t € T and wy(t) = sign(A(¢)), A\i(¢) # 0. In particular, wy €
A Al O
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When A\; = A. (which minimizes F,), the corresponding directional derivatives
must be nonnegative for any Ay € D.

7.2. Proor or Turorem 2.1. — Let (\,w, @) be a triple that minimizes the right-hand

side of (2.9). If the infimum is not attained, one can consider the triple for which the

right-hand side is arbitrarily close to the infimum and follow the argument below.
Since (¢, ac) minimizes F'(\,a) over D x R, the directional derivative

DF(Ae,a.)(A— Ao, @ — a.)

is nonnegative for any A € D, @ € R. By Proposition 7.1, this is equivalent to the
following: there exists we € 9||A:||1 such that

(7.1) P(lsfra)(frae — frz) + (we, e = X) <0
Let w € 9||A||1. Since
(e frca) (@) = 2(fx. 0. (2) — ¥)
and also Y = f.(X) + &, where E(£|X) = 0, we have
P(l'efa.a)(Frcae = f52) = 2E(fa. 0. (X) = Y)(fao 0. (X) = fr5(X)
=2(facac — [ o — frg) L)
Thus, (7.1) can be rewritten as
(7'2) 2<f>\57a5 — fo Faciae — fX7a>L2(H) +e€ <w5 — W, A\e — X> <€ <@, Ae — X> .
Note that
2 frcae = Fos Proae = g o = 1 Frcae = Fell Ty + 1 eae = Fxzlliom
— 1z = Fllz,m

and
(0o — WA —N) > & / Al
2
T~ To
Hence
(13) Mo = B + s = Sl + 5 [ il

T\Tw
<fsa = el +e (@A = A).
Consider two cases: first, if
5
frcae = Flay + 5 [ el < 5 = £l
T\Tw
then inequality (2.9) clearly holds. Otherwise, (7.3) implies that

[ eda= [ = Xdn < 4 wr - 5).

T\Tw T\ Tw
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Hence, \. — X € Cg) and

1 _
e (@2 = %) < el P = Frall pamyo® < 3E°C@) + 1o = Frallimy

where we used the definition of a(w) and a simple inequality ab < a + b2. Substi-
tuting this bound into (7.3) gives the result.

7.3. Proor or Turorem 3.2. Throughout the proof, C,Cy, ¢, ¢1, etc. denote abso-
lute constants whose values may change from line to line.

Step 1. Reduction to empirical processes. — Let (A, W, @) be a triple that minimizes the
right-hand side of bound (3.6). Clearly, @ = a()), see (2.1). If the infimum is not
attained, it is easy to modify the argument by considering a triple for which the
right-hand side is arbitrarily close to the infimum. Since 0 € D and, for A = 0, one
can also take w = 0 and a = EY = Ef,(X), we have that

(7.4) I3z — FellZoamy < Ife = TLfllT, ) = Var(fu(X))
and

IIfs = Hf*”%z(n)n

(75) NI <

~

We will write in what follows A = A. and set a = a(A). Since (X a) minimizes F), (A, a)
over D x R, the directional derivative DF}, ( a) (A — )\,6 — @) is nonnegative. Here

and in what follows, we use the “optimal” value @ = a(\), see (2.1). By Proposition
7.1, this is equivalent to the following: there exists w € 9||A||; such that
(7.6) Po(l'sf50)(fra — Fra) + (@A = X) <0

Since w € J||A|1, (7.6) can be rewritten as
(71.7) P(Ufs ) (50— fxm) + (@ — W, A=)
(@ X =) + (P = P) (3 ) (Fza = Fra):
Denote 7(z,y) :=y — f5 5(x). Observe that
(Uef52) (0r9) = —2(y — f5.a(2)) = —20(2,9) + 2(F5.2(2) — Frn(®))
and, since Y = f,.(X) + &, E(¢|X) =0,
P50~ fra)] = ~En(XY) (f5.2(X) — f(X)
= —E(§ + fu(X) — f2(X) (f32(X) = fra(X) = (fra = Fo e — Fa) oy
Therefore, we get the following bound:
2<fX,a = [ fX,a - fXa>L2(n) + QHfXa - fXaHiQ(n) + 5< —w, A X>
<R =R) +20P = Pl 0 = Fr0) + 20~ L) (f5 5 — f )"

JE.P. — M., 2014, tome1



L1 -PENALIZATION IN FUNCTIONAL LINEAR REGRESSION 297

Using the fact that

2fxa—Fofra— fX,a>L2(n) =fra— fell 2 — If5a— FralZaam
- HfX,a - f*HQLg(H)v

it can be rewritten as

(78) sz = fo B + sz — Fraldam +(@ - 8.3 - %) < Iz~ Sl
< = 2
(@A = A) +2(Py = P)(fs5— fra) 20— 10) (f54 — fxa)
The main part of the proof deals with bounding the empirical processes in the right-
hand side of (7.8). In what follows, L denotes a subspace of the subgaussian space
Zx C Ly(P) (the closed linear span of {X(¢t) — EX(¢) : ¢t € T}). Let d := dim(L)
and let Py, P be the orthogonal projections onto the subspace L and its orthogonal

complement L+ C Zx, and

(7.9) p:=p(L):= sup [P (X () —EX ()1, @) -

Step 2. Bounds for (P, — P)[n(f54 — fX,a)]' — Let f() == faa(*) — IIfxq, which
clearly satisfies II fg = 0. Observe that the following decomposition holds:

(710)  fra—fra=f— 24V, —EY + A-XEX - X,,) + (A EX - X,,).
This implies

(Pn = P)n(f52 = fxa) = (Po = P(f = f3) + (Po = P)n(Y,, —EY)
T (Pa = Py (= TL)(f2 — f2) + (P — Py (LEX — X,.)

Denote
AGAR) = {A €D 8~ Bl <5 [ Wi < &AL < R,
T\Tw
an(0; 8 R) = sup|(Pn = P)n(fX = 3],
AEA(S,A,R)
(@A R) = sup (I —ID(fX = /)]
AEA(S,AR)
Then

(T11) [P = Philf5z — Fra)

<an(||f§f£||L2(n>, / |A|du,||A||1)

T\Tw

|V —EY|-|(Pa — Pl + |(Pa — Pl 'Tn(||f§ - Blew. [ W ||A||1)
T\Tw
+\(Pn—P)n|-|<X,EX—Yn>|.

To provide upper bounds on each of the terms in the right-hand side of (7.11) we
need several lemmas.
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Lemmya 7.1, Let {Y (t), t € T} be a centered subgaussian process such that
EY ()Y (s) = Cov(X(t), X(s)), t,s€T.
There exists a constant C > 0 such that

E sup  [(V,A=X)| < C[oVaV (R+ [N)(p) v AS(T)).
AEA(8,A,R)

Proof. — Denote % the closed linear span of {Y(t , t € T}, the subgaussian space
of the process Y. Clearly, the mapping X (¢t) — EX(¢) — Y (¢), t € T can be extended
to an Lo(P)-isometry of the spaces .Zx, % C Lo(P). Let L be the image of the
subspace L under this isometry. For all A € A(J, A, R) and for u := X — ),

(112)  (Yiu) = Po(Y,u) / \u(dt) + / Pe, Y (t)u(t)u(dr).
TTz
We will use this representation and bound separately the supremum of each term to
control
sup{(Y, A=A : A € A(5,A,R)}.
For the first term, let &7, ...,&, be an orthonormal basis of L. Note that for u = A -\,
A € A(0, A, R), we have E(Y, u)® = || f2]|7, 1) < 6°. Therefore,

Esup {|Pz(Y,A = X)[: A€ A(6,A, R)} < Esup {P;(Y,u) : E(Y,u)* < 6%}

< Esup {‘ZZ:l akﬁk‘ : Zzzl ai < 62} =J0E (22:1 f,%) i < 6Vd.

For the second term, observe that for u = A — A\, A € A(§, A, R)

e

Denote U(t) := P;.Y(t),t € T. Clearly, U is a centered subgaussian process such
that

< sup [Pp Y ()|[Jully < (R +[|All1) sup [P, Y (2)]-

teTw teTw

E(U(t)—U(s))* <E(Y(t) - Y(s))?, tseT

and, as a consequence, ||U(t) —U(s)|y, < c||Y(¢) =Y (s)]|y, with an absolute constant
¢ > 0. Moreover, since the spaces %y, L are isometric images of the spaces Zx, L, we
also have that

sup EU?(t) = sup E|P;, Y (t)]> = sup E|P,. (X —EX)(t)]* = p%,

teTw t€Tw t€Tw
which implies that sup;cp_ ||[U(t)|ly, < cp. Then, it follows from the upper bound on
sup-norms of subgaussian processes in terms of generic chaining complexities (in par-
ticular, (1.4)) that

E sup [Pz Y (t)] < Cv2(p)
teTw
and

E  sup / PrLY ()0 = N(Ou(dt)| < C(R+ [M1)r2(p)-
)\EA(tS,A,R)T

w
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with an absolute constant C' > 0. Finally, for the third term, note that for u = X — X,
A€ A6, A R)

[ Prvououan| <swipp o) [ ldes Asplpr v,

T\Tw T\T=

where we used the fact that A(t) = 0, u(t) = A(t) for t € T \ Ts. By an argument
similar to the one used for the second term of (7.12), we get

[ PryOo-Douan| < cas)

E sup
AEA(5,A,R)

which implies the bound of the lemma. O

Lemva 7.2. — There exists a constant C > 0 such that, for all 6 > 0,A >0, R > 0,

us)

vcwgvmv 131 22 VA\(/E)F

Proof. — Let F := F(5,A,R) := {f) — f3: X € A(J, A, R)}. We use a recent result
by S. Mendelson (see Theorem A.4, statement (i)) which implies that, for all §, A, R,

(7.13) Ean (5, A, R) < C[Hﬂ“ww\j%ﬁ;%) v Vg(i; wg)]’

for an absolute constant C' > 0. Since {f(X) : f € Z(5,A,R)} C & and Z is
a subgaussian space, we have that [|f[ly, < cilfllz,an),f € F(6,A, R) for some
constant c¢;. Therefore,

Ean(6,8,R) < C (55— folleaam V o) [\f VRV [])

V2 (Z; |-lys) < 172 (F; La(1)) .

Let G(t), t € T be a centered Gaussian process with the same covariance as the pro-
cess {X(¢), t € T}. Then the stochastic processes v — (G, u) has the same covariance
asu— (X —EX,u) = TSO)(X), that is, B (G, u1) (G,uz) = (f2,, f3,), Loy BY Tala-

Uy’ J u2
grand’s generic chaining theorem for Gaussian processes (Theorem 2.1.1 in [39]), this
implies
Y2 (Z,Lo(I)) < c2 Esup{[{G, A = N)| : A € A(6,A,R)}.
Using Lemma 7.1, we get the following bound on 7, (Z, ||-||4,) :
(7.14) 12 (%, |[lox) < C8VAV (R + [M1)32(0) v AS(T)|.
Next, note that
(X, Y) =Y = fx5(X) = fo(X) + € = fx5(X).

We also have Ef.(X) = EY and

Ef5a(X)=EY - (MEX)+E(\ X) =EY
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which implies that En(X,Y) = 0. The random variable f,(X) — f5 ;(X) belongs to
the subgaussian space .¢, implying that

(7.15) [7llge = [1f(X) = f55(X) + &llys < Nf(X) = (X lws + [1€]42
I f5a = felloam + [1€llw.

Cllxa
with an absolute constant ¢ > 0. In view of (7.13), (7.14) and (7.15) easily imply the
bound of the lemma. O

<
<

Our next goal is to derive an upper bound on «a, (5, A, R) that holds uniformly in
0€[6_,04], Ae[A_,Ay], Re [R_,R,] for some 6_ < §4,A_ <A, R_ < Ry to
be determined later. Let

Ty = llogy (04 /6)] + 1, Ja i= [logy (A4 /AL)| +1, Jy := [logy (R /R_)] + 1
and, given s > 0, let

S5:=s+log ((J1 +1)(J2+1)(J3 +1)).
Finally, denote

dlm( ) 22(p(L) \, A S|

VRV [[X]1) 2 Jr VAL

where the infimum is taken over all finite dimensional subspaces L C . and p(L) is
defined in (7.9).

(7.16) v (0, A, R) := Llélfg {5

Lemwva 7.3. There ezists a constant C > 0 with the following property. With prob-
ability at least 1 — e™*%, the following inequality holds uniformly for all § € [6_,04],
A€ [Af,A+], R e [R77R+].'

(5.8 < (55~ Pl v els) [ S v o m]| verz am,

Proof. — First, we use Adamczak’s version of Talagrand’s inequality (A.7) to de-
duce an exponential bound on a,, (5, A, R) from the bound on E«,,(d, A, R) (for fixed
0, A, R > 0). To this end, observe that, by the properties of Orlicz norms and sub-
gaussian spaces,

(2 = B ey < Mllacey 162 = £ oy < cllmllon (12 = ARy <
<o (Mxa = Fellaan + el ) 172 = 220,
where we used (7.15) to bound ||7||y,. For all A € A(d, A, R), this implies

I3 = P zacry < @6 (Ifxz = Fellnam + €]z -
Using (A.3), we will also estimate the envelope of the class .#(d, A, R) as follows:

| s e y)Re0 - ge||
AEA(5,AR)

< C”n(Xv Y)”U&

g
S(upAR)|f)\ ( )| P2
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Recall that L is a subspace of the subgaussian space . with dim(L) = d and
p = sup [|Pp (X(t) = EX ()1, -

Let (i,...,(q be an orthonormal basis of L C Ly(P). For u = A — A, the following
decomposition holds:

F(X) — FAX) = (u, X —EX) = Pp(u, X — EX)

n / Ppu(X —EX)()u(t)p(dt) + / Ppu (X — EX)()u(t)u(dt).

Tw T\Tw

We have
H sup ’PL A—AX —EX) ‘H < Hsup{|2i=1 aka| :ZZ=1 o < 52}’

AEA(S,A,R)
J 1/2 1y 1/2
<oVl (i), <ovilzi g,

< 6Vdmax <r<d HC;?II:/IQ < 6Vdmaxi<r<a ||Celly, < COVd.

2

We also easily get

sup /PLLX EX)()(A — 2) (B (dt)‘

AEA(5,A,R) ba
< R+ W) | sup Py (X - EX)(t)\ C(R + [N )ralp)
w P2
and
sup / P (X — EX)(t)(A — )\)(t)u(dt)’ < Allsup Py (x - ]EX)(t)’
AEAGAR) I e teT Ve
< CAS(T).
It implies that
@17 | sw (R00 - REO|| <[V R+ Mo + AS(T)].

AEA(S6,A,R)

Thus,
| s ey - o)
MEA(S,AR)

c (Ilfxa = fullam + I€llvs ) [8V + (B +1[X1)92(0) + AS(T)]
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It follows from Adamczak’s bound (A.7) and the second statement of Proposition A.1
that, with probability at least 1 —e™%,

S
n(88,R) < B0, R) + (15~ - lac + €)=

— slogn
+ (s = Fllaam + 161 [V + (R4 [l ralo) + AST) 7.
Combining this with the bound of Lemma 7.2, taking the infimum of the right-
hand side with respect to L C .Z and recalling that, according to our assumptions,
slogn/+/n is bounded by an absolute constant, we derive the following inequality:

(7.18)  an(5, A, R) < 8a(6, A, R: s)
= Cllsa = Ml ¥ 1€l |53/ Vo680 v O26.8.

that holds with probability at least 1 —e™°.

We still need to make the last bound uniform in § € [6_,d0,], A € [A_,A4],
R € [R_, Ry]. To this end, define §;, := 6,279, A, :== A;2792 and Rj, := R, 277
for j1 = 0,1,...,J1, j2 = 0,1,...,J5, and j5 = 0,1,...,Js. Using bound (7.18) for
each 0;,,Aj,, R;, with s replaced by 3 := s+log((J1+1)(J2+1)(J3+1)) and applying
then the union bound, we get that with probability at least 1—e™* a,,(6;,, Aj,, Rj,) <
Bn (851, 4, R;,;5) for all ji, =0,...,Jk, k=1,2,3. By monotonicity of the functions
Qp, Bn in their variables this easily implies that with the same probability

(5.8, < (55~ Pl v eles) [/ S Vit o m] verdo am,

for all § € [6_,04], A € [A_,AL], R € [R_, Ry] and for a large enough constant
¢ >0. O

Bounding the last three terms in the right-hand side of (7.11) is easier. Since
n(X,Y) is a subgaussian random variable (its mean is equal to zero and its 1o-norm
is finite) and (7.15) holds, we have the following tail bound:

119) 1B Phrl = |n S 00| € g = Fllsaan ¥ Nellea)y >
j=1

with probability at least 1 — e™* and with some constant C' > 0. Moreover, using
the representation Y — EY = f,(X) — Ef.(X) + £ and the assumption that f.(X) —
Ef.(X) € £, we get

[Y = EY [y, < [1fe(X) = Efa(X) gy + €]l
e[ fe(X) = Efe(X) | om) + 1€l

=c|fv — Hf*”Lz(H) + ”waz

2

<
<
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Since Y — EY is subgaussian, it is easy to deduce that

n

305 - EY)| < OO~ Wl v el 2

j=1

(7.20)  |[Vn—EY|=n

with probability at least 1 — e™* and with some constant C' > 0. Therefore,
(7'21) |?n - EY‘ : |(Pn - P)ﬂ| s
<O (Ife = Mfldam Y Mg = foldaa VIR, ) =

with probability at least 1 —2e™%. Since <X, X; —EX j> are i.i.d. subgaussian random
variables, their average <X, X, -EX > is also subgaussian. This easily yields the bound

(7.22) |(\, X, —EX)|
< OBl [ < € (I~ Wil V sz~ ) /2

that holds with probability at least 1 — e™® and with some C' > 0. Therefore, with
probability at least 1 — 2e™*

(7.23)  |(\, X, —EX)| (P, — P)n
2 2 2 ) S
C (e = TWhell sy V g = Felldacm V 1N, ) =

The proof of the next lemma is a simplified version of the proofs of Lemmas 7.2,
7.3. Together with (7.19) it will be used to control the term

Pu = Pl (1 = Blaaw. [ Wl 311
T\Tw
in the right-hand side of (7.11).

Lemvia 7.4. — There exists a constant C' > 0 such that the following holds. Under
the notations of Lemma 7.3, with probability at least 1 — e™* and with

Si=s+log ((J1 +1)(J2+1)(J3+ 1))
satisfying the condition 5v/logn < \/n,
7a(0, A, R) :sup{|(Hn —I)(fY — )| : A € A, A, R [ \f\/un 5,A R]
uniformly for all 6 € [0—,04], A€ [A_,AL], R€ [R_,R+].

Step 3. Bounds for (I1-11,, ) ( fra—rfx a) . We will need the following representation
(that is a consequence of (7. 10))

(724) (I-IL)(f55 — fra)®
= (= IL)(f = f)? + 20 = L) (ff = ) (Vs — EY)

£ IL) (/2 — f2) (MEX — X,) + 2 - 1) - )]
= (1= 1L) (2 = £ + (V).
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1

Using bounds (7.20), (7.22) and Lemma 7.4, it yields that with probability at least
1 — 3e~* for the same 6, A, R

(7.25) sup{|§n()\)| A€ A6, A, R [ \f\/un 5, A R]

V(152 =Tl ¥ g~ ol V1) 2[5y Vit )

Next, we have to estimate

Un(8AR) = s |(, (L - 722.
AEA(S,A,R)
Lemma 7.5. — There exists a constant C > 0 such that the following holds. Under

—S8

the notations of Lemma 7.3, with probability at least 1 — e

Vn(0,A, R) < C6 {5\/5 V (6, A, R)} \/ Cv2(5,A, R)
uniformly for all § € [0_,04], A € [A_,A4], R€ [R_,R4].

Proof. — The proof is based on the inequality due to S. Dirksen and W. Bednorz (see
Theorem A.5 in the appendix). To this end, we need to estimate several quantities
appearing in that bound. First, note that, since {f(X) : feF(6A, R)} is a subset
of a subgaussian space,

sup | flly, < sup  [[fllL,am <
feZ(8,A,R) feZ(8,A,R)

Together with the bound (7.14) on v (%;12), Theorem A.5 implies that with prob-
ability > 1 —e™%,

Unld, A R) < [\fVRvnAn 722yl

VC[\fVRvHAn 20y ﬂ ves[\/2v 2]

It remains to combine the discretization argument as in the proof of Lemma 7.3
with an application of the union bound to get an estimate for v, (5, A, R) that holds
uniformly in §, A, R with a high probability. As a result, we get that

Yn(6,A,R) < C§ {5\/5\/ vn (9, A, R)} \ Cv2(3,A, R)

with probability at least 1 —e™® for all 6 € [0_,d4], A € [A_,A,], R € [R_,R4]
uniformly, and for a large enough constant C' > 0. |
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Step 4. Upper bound on Al

Lemvia 7.6. — There exist constants C, D > 0 such that the following holds. For all
s > 1 and e satisfying the assumptions slogn < \/n and € = D|[&]|y,S(T)\/s/n, with
probability at least 1 — 5e™*,

~ 2
A gc(q(s)+oys).
£ ne

Proof. By the definition of :\\, forall A\ e D,a € R
(7.26) Po(tof55) + el Ml < Paltefaa) + €M1

We will take a = a(A) = EY — (A, EX) everywhere below. Let {(z,y) = y — f«()
(then’ Ej = g(XJv ij))

E.f&\,a — E'f)\,a = ('fxﬁ + f)\,a - 2f* - 25)(]{.&& - f)x,&);

it is easy to conclude that

Po(lefsa) = Pa(lefra) = Iz = Fillim,) = [ Fxa = STy, — 2Paé(F56 = fra)-
Thus, (7.26) implies that

(7.27) Nf5a— Fll3 o, >+e||X||1
<fna = Folld i + (Mo = I (faa — £)? + 2P, [é(fx,a—fx,a)]Jrallx\lll-

Using Bernstein’s inequality for the random variable with finite ||-||,,-norm (see [26],
section A.2) we get that with probability at least 1 — e™*, for s < n

(0 = I = 571 < Callfna = £l [ 2V 2]

< Cillfaa f*|L2(n)\/>
where we also used the fact that

1(fra = £ llwr = 1xa = FullZy < ellfra = FillZ, -

Next, we apply representation (7.10) to term f5 - — faa in Pré(f5 5 — faa) to get the
following bound:

. Since

(7.28)

(7.29) |Put(f5 — Fra)| < IX= Al Hfz,gj . —EX) H

+ ‘n;@‘ ¥, —EY + (LEX — X,).

To bound the first term in the right-hand side of (7.29), we use a general multiplier
inequality (see [41], Lemma 2.9.1):

k
HfoJX )| <2valtlan 2] 72 >0 -
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where [|€]|2,1 := [y~ v/P{¢ > u} du. Note that the process

1 k
— ]z:; e (X;(t) — EX(#))

is subgaussian for every k with respect to the distance dx. Therefore,
k
H Z (X; — EX) H < C15(T),

which yields

S(T)

(7.30) Z@ x;-x)| < caliel, 52,

where we also used the bound ||{||2,1 < ¢||§]]y,-
Adamczak’s inequality (A.7) implies that with probability > 1 —e

—S

(7.31) Hi ifj(Xj - ]EX)HOO

C{K'%S;(/’? + o¢ ilelg Var (X(t))\/er |§|w25(,]r)sl(7)lgn}

< Clelles [0, /2 v SIEL) < Clel,smy 2.

where we also used the bound

(7.32) sup\/Var(X (t)) < EY?sup | X (t) — EX(t)]* < CS(T).
teT teT

To estimate the second term in (7.29), we use inequality (7.20) and also the following

tail bounds: with probability at least 1 —e™%,

(7.33) EIIE C|£||¢2\/§
j=1

and, with the same probability,

(7.34) X, —EX|, < CS(T) /=

Together with (7.20), these bounds imply that, for some C' > 0, with probability at
least 1 — 3e™*°

(7.35) ‘% 3¢
j=1

Y, —EY + \EX — X,,)|

(s =T full o V 1€l )s
n

S o~
S Cllellve | ST) AL+
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It follows from bounds (7.27), (7.28), (7.29), (7.31) and (7.35) that with probability
at least 1 — 5e™°

~ S
el < llfxa = felliam + Cillfaa = fell Lo/ — tellAll

S~ S~
+ el 2R = Al + Cllel SO Rl
o U7 = T oy v €1, )s

n

If constant D in the assumption on € is large enough and s < n, it implies that with
some C' > 0

- (I = TLL 3 V 13,8
IR0l < Cllfra = FollZuam + 261N +C© S el

and the result immediately follows. (|

Step 5. Putting all the bounds together . We have all the necessary estimates to com-
plete the proof. Let E denote the event on which the bounds of Lemma 7.3, Lemma
7.4, Lemma 7.5 and also bounds (7.19), (7.20), (7.22), (7.28), (7.31), (7.33) and (7.34)
hold. The probability of this event is at least 1 — 10e™°. In what follows, we assume
that event E occurs. Note that in this case the bound of Lemma 7.6 also holds. Denote

5= 172 = £l oy A= / Mdu, B = [3h.
T\T.,,
Suppose that

(7.36) se[b_,64], Ae[A_,A], Re[R_, Rl
It follows from bound (7.11), Lemma 7.3 and bounds (7.21) — (7.23) that

(731 &= P) [0 (fiz Fra)]
< (”fX,a_ ”Lz(H \ ||£||w2)|: \/7\/Vn(8\a37§):|
V2@ AR (I = Tl V xR v 1€12,)

7
V (1 = Pl V1) 2 52 V3.5,

for some absolute constant C' > 0. Similarly, Lemma 7.5 and bound (7.25) imply that

(738) é(n - Hn)(fxwa - fxa)2 < ZS\lig\/i\/ Vn(gv 37 ﬁ):| \/ Vi(gv ﬁv ﬁ)

V (e = Tl V sz = Folzac v €], ) \f 52V

R)
vF‘ZV%@A }
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The last two inequalities will be replaced by simplified upper bounds. To this end, we
use elementary inequalities such as ab < (a?/2c) + (¢b?/2), for instance:

~ |5 207 5 1
Cllfxz = fillboam Vv ||§|¢2)5\/; < T(HfXa FllZ,m Vv ||§Hw2)g ggz-

Also recall that by (7.4), (3.1) and the assumption that £ € .Z,

I1fe =il V 15z = Fellaan V IEllw, < oy

Whenever it is more convenient, we can replace the maximum \/ by the sum, or
vice versa (with a proper change of constant C), we can drop repetitive terms in
the maximum, etc. With such simple transformations, it is easy to get the following
bound (with some constant C' > 0 and under the assumption that 5§ < n):

(7.39)  (Pn—P)n(f5, —fM) (I1 e — fra )?
+c@¢+aw%3zja+cyﬁaza+c.

Note that

%@£J®=£§F VM B vf”vﬁfg]<ﬁhwwn%?,

where we used the bounds A < R, 72(p) < S(T) and computed the expression in the
right-hand side of the definition of v, for a trivial subspace of zero dimension. Using
Lemma 7.6, we get the following bound:

~ — 5 2g —
R IRl < o 2DV ) v,

3

which holds with probability at least 1 — e™®. Therefore,

~ o~ A~ 2 S(T) ~ o~ A —. S(T) ~~ o~ o~
2 < q(e) , oys
v2(0,A,R) \c<€ Ve ) Jm A R + IRl \/ﬁ va(3,A, R)

bc»

and inequality (7.39) easily yields

(0) (P~ Pilfia— Fra) + (= TL)(fy 5~ o) < A8+ B[
+ Cdyl/n(g A R) + C’<q(€) \ J%S) —yn(g, A, R)

3 ne

L o IBSAT) ot
n n

Remark 7.1. — Note that under an additional assumption that

%)

c{re Ll Il <
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(in particular, ||XHl < Coy/n/S(T)), we have

o~ o~ o~ 2 AN~ o~ — o~ o~ -~
268 R <oy 5D, R Ry 20,65 )

e Vo) m o/

q(e) , 035\ S(T) ~~ = PO
< - = )| —Z
<oy o) w38, R) 4 Coyva(6. A, R),

so that the term |[A||252(T)/n disappears from (7.40). In this case, the remainder of
the proof yields Theorem 3.3.

Under the assumption (3.5) on ¢ and the inequality s < ¢n (which easily follows

from the the main conditions of the theorem), we have
soy S(T
sov S0

ne +/n

with some constant ¢; > 0. Also, condition (3.5) and the inequality
q(e) < |Ife = Hf*||L2(H JY
i) SO _

imply that —= < coy. Hence, with some constant C' > 0 and for any subspace
n

LcCZx Wlth dim(L) = d and p(L) = p,

(7.41)  (Po = P)i(f55 — fxa) + M=) (f55 — fxa)”
;3‘2+08‘2\f+00y[\f\/3v|x| \(f)\/A %)
IS ot

We will now substitute (7.41) in the right-hand side of bound (7.8). Recall
that T = {¢t : w(t) > 1/2}. Since, by monotonicity of subdifferentials, we have
(@(t) —w(t))(A(t) = A(t)) = 0 for all t € T, and W, @ take their values in [—1,1] by
definition, we also have that

~ _ 1 N
(7.42) <1E—E,)\—)\>>§ / ||
T\Tw

Taking this into account, we get

(743) Nfza = Felloqn +lf50 = frall

~ 1 5

+CUY[3 SRV IR 22 A
I35
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Note also that

X < X+ (@, X = X) + (@ — 1, X = A),

which will be used to control RV [|[X]|; = ||X||1 V |[All1- Then, bound (7.43) implies the
following (with a different value of C):

€, _~ = €~
(144) sz~ Flldum + s~ Fralam + S(@ - @3- %) + 54
-~ 1 S
< foa_f*H%ﬂH)+€<@,)\—)\>+18\2+08\2 o
ol - S(T
+ C% +Cay||)\||1ryf/(§) +AC Y\(/ﬁ)
Y2(P) (/o 20~ 5%
C A=A V0)+C —wW, A — A
+ Y NG (< ) > )+ Y NG <’LU w, >
NI2S2(T 2=
L o IEsA@ ot
n n
If constant D in the condition on € is large enough, we have
2(p) S5(T)
Coy —= < Coy —= < ¢/8,
oy \/ﬁ gy \/ﬁ 6/
which implies
2 2 C/e = S_T\ . &R
(7.95) Wz = flun + sz — Fralaa + (@ - @3- %) + 24
9 ., - = 1 s
< ||fx7a_f*H%2(H)+§5(<w,)\—)\>\/0)+18\2+082 ﬁ
2d _ X 252 T 2z
+0 B oy 7, 20 | o PBFD | AT
n vn n n

Finally, note that 5= ||f§ - fgan(H) < fsa— fX,aHLQ(H). Because of this, under the
assumption that C,5 and n are such that C'\/% < 1/4, we get from (7.45)

1 €, _ =~ = € ~
(7.46) || f5a — fellZ,am + §||fx,a — Frallloam + 1<w —WA =)+ 2 / [Aldp

8
T\ Tw
9 S o2d
< HfX,E - f*H%g(H) + §€ <<w,)\ — )\> VO) + C%
B NI2S2(T 2=
Vn n n

First, assume that

T 5 3 oyd < 2(p) [AlIFS*(T) o3
A4 - — >0 X L Y=,
(7.47) 86(<w,)\ A Vo) =C =+ Coy |l Y + O +C=
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In this case, bound (7.46) implies that

1 € =~
(143) Wfsa = S + 515z~ Frallfae + 5 [ ida
T\Tw
< sz — Felldpan +2e(@ A = X).
If || f5 5 f*HLQ(H) 1 f5a f*||2L2(H), the inequality of the theorem trivially holds.
Otherwise, (7.48) implies that

which means that X — A € CL1 % and
<E’X7>\> HfA f)\HLz < Cl )Hf)\a fX,E”L?(H)
by the definition of a(-) = a(16)(~). Therefore, we have
1 € ~
foﬁ - f*||2L2(H) + 5”]03\,5 - fX,EH%Q(H) + 8 / | Aldp
T\Tw
7.49 _
(749 <fsm = £l +200@)l 50 = Srallza
_ 1
<|fsa— f*||%2(n) +20*(w)e® + §HfX,a - fxa”%g(n)
which again implies the bound of the theorem.

If condition (7.47) does not hold, then bound (7.46) implies that with some constant
>0

€ ~ o2d

(150) sa—Flbn + 5 [ P < 5z~ foll o + € 2
T T2 @2 2
_ Al|$S5(T s
Vn n n

which gives the bound of the theorem in this case. To complete the proof, it remains
to choose the values of quantities 0_,d,A_, Ay and R_, R, and to explain how to
establish the bound of the theorem in the case when conditions (7.36) do not hold.
We will choose the values

04 := Cioy/n, o_ = C\l/%yv
_ _ Cioyy/n B _ Cyoy
AT TN B =8 =5

where (1 is a large enough constant. Recall that 5§ = s+log((J1 +1)(J2 +1)(J5+1))
and, for our choice of 6_,01,A_, Ay, R_, Ry we have J; = J, = J3 = |logyn| + 1.
Therefore, 5 = s + 3log(|logs n] + 2). Since q(g) < ||f« — Hf*||L2 (n)» it easily follows
from Lemma 7.6 that

. 2
IR < o[22 4 22

2
e s gQCUlgCUiY <R
+n5} 2 35(,]1,)\/5 +5
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provided that constant C is large enough. It is also easy to see from (7.5) that
X1 < Ry. Thus, RV |[A||l; < Ry, and also A < R < Ry = A, In addition,

o~ o~ —_ 2 ~ p—
0 =12 = 2, =E*(A =X X —EX)" <A =L sup /Var(X (¢

< Cy(RV[[A[1)S(T) < Cg%\/ﬁS(T) <0y,
again, provided that constant Cy is large enough. Here, we also used the bound (7.32)
to estimate sup,cr v/ Var(X (t)).

Thus, conditions 5 < 04, A< Ay, R < R, hold on the event E. If some of the
conditions >6_, A >A_, R > R_ are violated, we can still use bound (7.44) with
quantities g, 3, R that fall outside the intervals being replaced in its right-hand side
by the corresponding upper bound d_,A_, R_. It is easy to check that the inequality
of the theorem still holds in this case with a proper constant C.

It now remains to replace s by s + 3 (so that P(E) > 1—10e 573 > 1 —¢e7%) to
get that the bound of the theorem holds with probability at least 1 —e™%.

7.4. Proor or Turorem 3.1. Most of the necessary ingredients have been already
developed in the proof of Theorem 3.2. Let (A, @) be a couple that minimizes the
right-hand side of bound (3.3). As before, if the infimum is not attained, the proof
can be easily modified. We also have that (plugging (0,IIf,) in the right-hand side of

(3.3))
2 [fs = Hf*”i(l‘[)

sz = Felluay < Ife =T, W <5

The following inequality is equivalent to (7.8):
(751) |fss— FellZp oy + If5z— Fxalltomm + (@A =A) <llfxz = fellZ,m
2
+2(Py = P)n(f55 — fra) + 200 =10 (f55 — fra)
Note that
(7.52) e(w, A=Ay = (Al = [Allh)-

To bound the empirical processes on the right-hand side of (7.51), we use inequalities
(7.37) and (7.38) which imply that (see (7.41) above for details) with some constant
C > 0 and for any subspace L C .Z with dim(L) = d and p(L) = p,

(7.53)  (Po—P)n(fz5— fra) + (=1L (f55 — fxa)?

<5 +03\2\[+C"Y[\fVRV'A' VAT
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holds on the event E (defined in the proof of Theorem 3.2) of probability at least
> 1—10e™*, where

5= [ ngLg(H) <|lfza - fX,aHLQ(n)v A= / Mg, R = Al
T\Ty

and we assume that bounds (7.36) hold. Using the inequalities v2(p) < S(T), A < R
and choosing L to be the trivial subspace of dimension 0, we get

(7.54) (Pa— P(fs — fra) + (= TL)(f5 4 — fr0)”

1 3 - ~ S(T
<832+032\/;+00y<||A||1v||As||1> M

NG
Y2 QT 2=
Lo S ® | (ot

)

Substituting (7.54) and (7.52) back in (7.51), we get that with some C' > 0

(7.55) | fsa— fellioam + e — Fra .
+el| Al + ZHfXa - fX,EHLZ(H) + Cfoa _ f/\aHLg(n)\[

A S ST A|2S2(T o235

+ Cop (I + )2 4 o ST oy

N0 e A

If the constant D in condition (3.2) is large enough, we have CoyS(T)/\/n < e/4
and, since ||A||1 < 2[|f« — Hf*HLZ(H /3e < 20% /3,

C||X\|§s2(1r) < 2l fe = TLflT, ) S*(T)
n

E J—
< Ce|A|L 37 < Al

Moreover, if C'\/5/n < 3/4, (7.55) yields

O' s
15,5 = fellZam + €||)\ h <5z = flioam + 5 EII/\||1+C -

The case when (7.36) does not hold can be handled exactly as at the end of the proof
of Theorem 3.2.

7.5. Proor or Prorosirion 4.2, For simplicity, we consider the case d = 1. Exten-
sion to arbitrary dimension follows the same proof pattern.
Note that by (4.2),

N
dz.

(7.56) Var(Zj‘v:1UjX(tj)>: Z k(t; — t)uju, =
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Clearly, the function ¢(z) = |Z et u]‘ is periodic with period 27 N; let I :
fffTVN q(z)v(z)dz and 0 ;é m € Z. Together with (4.4), this gives

2ermN+7N 2rmN+n7N

v(2)
q(z)v(z)dz / q(z)v(z — 2rmN) oz = 20mN) dz
2mrmN—n N 2mrmN—n N
( ) TN c
vy
< sup 7/qzvzdz<7~l.
ly—27mN|<7N ’U(y - 27rmN) N ( ) ( ) (|m| - 1/2)2

Hence

TN N 2

/ Zezt zu / it Zu dz

j=1

—T

it
ity dz.

CZW/

—mN

Ca

Recall that our goal is to bound |[w|| g for w € 9||A|j; where A € RN. It will be con-
venient to represent w = (w(t1),...,w(ty))T as a restriction of a smooth, compactly
supported function w(t), t € R on a grid ¥y. Clearly, w(¢) is not unique, and we will
be interested in the interpolation of “minimal energy”, as explained below.

Note that the map

1 3
l3(Z) > v — Ty € Lo([-7N, 7N, dy), Zn(y) = — ije”y/N
2m

is an isometry. With the convention u; =0, j ¢ {1,..., N}, this implies

27j ~
(3,7, = 3 0(Z )y = (@) v

(B )

Lo([-7N, 7rN] dy)

aN 1/2
/'“’N dy/N|uN v()y)
TN

(

SN

1
—nmN —nmN
C

<l
e

° 1/2
[ asrioswra [ NmN(y)%(y)dy) ,

—nmN —o0

=

hence by (7.56)

=12

(7.57) lw0][% <

=l

TN
/ (1+ 2 |on ()] dy.
—aN
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Next, define wy (y) := \/217771\/ f:]N e~ YN (t)dt. A simple direct computation gives

wn(y) = Y w( L) sine(nN(y — j/N)),

jEL
where sinc(z) = (sinx)/z. In other words, wy (y) is the spectral approxzimation of w(y).
Define

X TN
W)= [ e
T —7mN

(note that for p € N this is just the p’th derivative of wx(y)). By the isometric
property of Fourier transform, this gives

TN
1
v [ eriavora=c [ w@ora.
N R

—mN

hence (7.57), together with the triangle inequality, implies
2
(7.58) 1011 % < Crllwn 2 @) < 2C1 (lwllfzn @) + v = wn o) )-

We will need the following important fact (it will be used for m = p):

Turorem 7.1 ([3], Theorem 5.4). — Assume that w € W?P(R) and m < p. Then
[l = ™| gy < CEmINTET™ flw]ly ) ,

where C(p,m) is independent of w and N.

Together with (7.58) this implies the claim of the proposition.

7.6. Proors or Turorems 6.1, 6.2 anp 6.3. — Recall that for every A € Da, for each
J € Jx we either have that A(t) > 0 for all t € T; (in this case, set o; = +1), or
A(t) <0 forall t € T; (set o; = —1). Clearly, the function

w = E U]‘I'ﬂ‘j
jEJA

satisfies the conditions |w(t)| < 1, t € T and w(t) := sign(A(t)) if A(t) # 0. Therefore,
w € J||A||1. In what follows, we will use such w as a version of subgradient of A € Da.
We will start by providing upper bounds on RKHS-norms of w;, j € Jj.

Lemwma 7.7. — Suppose that, for each j =1,..., N, the set T; is contained in a ball
B(t;;r) with some center t; € R? and of radius r. Suppose also that

(7.59) vi(t) > ¢ ¢ teRY j=1,...,N.

L+ [t2)p’
Then
willx, < Cri2(1+r7P), j€Jy.
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Proof. Note that for arbitrary functions w; defined on T},

(7.60) Il <O dnf s woqae,

where Q(w;) is the set of all extensions of w; onto R (see Proposition 4.1). To control
the RKHS-norms of wj, consider an arbitrary nonnegative C*°-function ¢ supported
in the unit ball {¢: [t < 1} such that [, ¢(t)dt = 1. Denote ¢, (t) := r~%¢(t/r) and
let

w;(t) := o, /d Or(t — 8)I gt 2m) (5)ds = 0(dr % I, 2n)(t), t€RL
R
It is immediate that for ¢t € T;, w;(t) = w;(t), so, w; € Q(w;). Thus, we have
1w, CNT; w2 ay = Cllgrrp(e, 2 w2 @ay C'||(LHE)P 200 Inr, 20 | 1, ey

Since, by an easy computation,

150,20, < niBE;2r) <
and
1 4+ [¢]2 P/Q/: <C —d/2(1 -p
|aripres], . <onase),
we conclude that ||w;||x, < Cr¥/?(1+7r7P), j € J for some constant C. O

The next lemma provides bounds on S(T,dx) and ~2(0;dx).

Lemma 7.8, — Let T be a bounded measurable subset of R and let X (t), t € R be
a centered subgaussian stationary random field with spectral measure v and spectral
density v. Suppose that bound (6.1) holds for some R > 1. Suppose also that

B
(1 + [t?)P
for some p > d/2, B > 0. Then, there exists a constant C > 0 depending on d,p, B

(7.61) o(t) <

such that
S(T;dx) < Cy/log N V |logr|
and
CR(@—d/2)A1
Y2(T; dx; ) < Cdy/log — Vlog N.
Proof. — By the spectral representation of covariance, for all t;,t; € RY and for
A >0,
(7.62)  d%(t1,t2) = Var(X () — X(t2)) = [ |e't7%2) —1|v(s)ds

]Rd
Els 1
< Bt — t2|2/ — s+ B S —
1sj<a (1+1s2)P 1sj>a (1+]s[*)P
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If 2p > d + 2, we take A = oo and get d%(t1,t2) < C'|t1 — ta]? for some C’ > 0
that depends on p and d. If 2p = d + 2, a simple computation of the integrals in the
right-hand side of (7.62) and minimizing the resulting bound with respect to A yields
dg((tl, t2) < Cl|t1 - t2|2(10g (é) \/ 1) .
|ty — t2]
Finally, if 2p < d + 2, then a similar argument yields the bound

d% (t1,t2) < Ot — o P71
Using bound (6.1), it is easy to show that in each of these three cases we have

CR(P—d/2)A1

log N(T;dx;e) < C(IOg V log N), e € (0, CRP=4/211),

The bound on ¥2(T; dx; §) now follows by controlling the generic chaining complexity
in terms of Dudley’s entropy integral. We also have that, under condition (7.61), the
diameter D(T;dx) admits the following estimate:

D?*(T;dx) < 2sup Var(X(t)) = 2/ v(s)ds < C",
teT Rd

where C” is a constant depending on d,p, B. The bound on S(T;dx) now follows
from the bound on v5(T;dx; d) by substituting § = vC". |

We will also need a bound on Kolmogorov’s width of the set of random variables Xt
given in the following lemma.

Levma 7.9. — Let T be a bounded measurable subset of R¢ satisfying condition (6.1)
and let X(t), t € R? be a centered subgaussian stationary random field with spectral
measure v and spectral density v. Suppose that

B
T+
for some p > d/2, B > 0. Then, there exists a constant C > 0 depending only on d,p
and B such that for all m > CN

(7.63) o(t) <

R )P—d/Q'

(7.64) pm(X1) < C(W

Remark 7.2. — Note that bound (7.64) is sharp (up to a constant). A matching lower
bound can be proved via an argument based on replacing the spectral density v by a
smaller density v that is constant in a cube of a proper size and zero outside of the
cube. For such a smaller density, it is possible to find a grid of points of sufficiently
large cardinality m such that the values of the stationary random field with spectral
density v at the points of the grid are uncorrelated. Bounding the corresponding Kol-
mogorov’s width from below can be now reduced to bounding Kolmogorov numbers
of the embedding of ¢7* into £5*, see Gluskin [18] for the solution of the last problem.
The authors are very thankful to M. Lifshits for pointing out this beautiful argument.
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Proof. We will construct an approximation of the set of random variables Xt =
{X(t) : t € T} by a finite dimensional subspace of subgaussian random variables
L C Zx. Since X is a stationary random field, the following spectral representation
holds

X(t) = / &9 7(ds),
Rd
where Z is an orthogonal random measure such that
EZ(A)Z(B) =v(ANB),A, B € Ppa.

By a standard isometry argument, to approximate the random variable X (¢) in the
space Ly(IP), it is enough to approximate the function e>™(t) in the space Lo(R%, v/).
For § < r, consider a §-net of the set T that consists of N < (R/§)? points 71, ..., 7n.
To construct an approximation of the exponential function, we will use Taylor expan-
sion of order [ in a d-neighborhood of each of the points 7. We use the the following
standard bound on the remainder of Taylor expansion:

In!|s|! — #(h, s)!

(7.65) [ — Qulhis)] < = Qulhis) =

For ¢t € B(7;9),
ei(t,s) — ei(‘rk,s)ei(t—Tk,s} — 8i<7k’s>Ql(t — Ty S) + ei(Tk,s> (ei<t—7k,s) _ Ql(t _ Tk;S)).

Denote (for some A > 0 to be chosen later)

G0 = e[| o Quhss) 1011 < 4572005 )
Rd

By spectral isometry (using the fact that X is real valued), we get that for all k =
1,...,N"and all t € B(7;0) (thus, for all t € T)
2

(7.66) E|X(t) - l(k)(t—Tk)|2<IE’X(t)—/
Rd

Qi 5)I(15] < A61)Z(ds)|
< !ei(t,s> _ ei{‘rk,s)Q (t . 2
< ! i 8)| v(s)ds + v(s)ds.
|s|<As—1 |s|>As—1
Under condition (7.63) and the assumption p > d/2, using (7.65), we get that with
some constant C' > 0 depending only on B,d and for all k = 1,...,N" and [ >
2p—d)Vv1

o 52!
|ei(0:5) — i) Q¢ — 1y 5)|Pu(s)ds < e / 5|20 (s)ds
|sl<A5-1 " L sl<as -
) |s] §4P—
<B—— —————ds < C :
(2 / 1+ [sP)r ™ S ¥ A2=d=2(2 — 2p + a)(I1)2

[s|<As—1
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We also have
ds < B L <o
< T ds S C o
[ vom<n [ Gt < g
|s|>A8—1 |s|>A8—1
We will now set
A=Ay = (20)YE @

Then, (7.66) easily implies that with some constant C' depending only on p and d

J \ 2p—d
E[X(t) - Pt -7 < O(I) .
l
Using Stirling’s approximation, it is easy to see that A; > [/e, implying that
I\ 2p—d
(7.67) E[X(t) — Pt —m)f < 0(7) :

Note that @;(h;-) is polynomial of degree [ — 1 of d variables, hence, the family of
functions

{eTIQuhs )I(] | < A5Y) b € RY)

belongs to a (complex) linear space of dimension (l_};d) < (I +d — 1)%. This im-
mediately implies that the family of random variables {Cl(k)(h) : h € R?} belongs
to a linear subspace of #x whose dimension is at most 2(I + d — 1)%. Therefore,
{(l(k)(t — ) 1t € B(tg;0),k =1,...,N’} belongs to a subspace of . of dimension
<2(+d—-1)N' <2(l+d—-1)*R/§)L Let m > 2(1 +d —1)% and let
R
_ 9l/d _
d=2"%l+d 1)m1/d'
Assuming that m > CyN, where C; := 2(I +d — 1)?s%, we have § < r. Then
2(1+d—1)4(R/5)? = m and it follows from (7.67) that
l+d—1\p—d/2 Rp—d/2
l ) mp/d—1/2"
with some constant C' depending on B, d, p. The claim of the lemma follows by sub-
stituting the smallest I > (2p — d) V d. O

pm(XT) < C(

We will now provide an upper bound on the “approximate dimension” d(w;\)
needed to complete the proof of the theorem. To this end, recall that we assume that
forall j =1,..., N the set T; belongs to a ball of radius r > NV and R = kNYdy,
R > 2. Also, for an oracle A\, R(\) = x(N(\)Y%, so, we have r < R(\) < R.
In what follows, C,C’, etc are constants depending on B,d,p. First, let us upper
bound Y2 (pm(w)) = v2(pm(Xr,)). Using Lemmas 7.8 and 7.9, we get that for all

(R()\))Pd/Z\/ g(Cde/Zmp/d1/2

(7.68) Y2(pm(w)) < C Topld—172 (R(\))p—d/2 ) Vlog N.
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Since R/R(\) = le/dr/n(N()\))l/2r < N2 it is easy to conclude that

(R(\))P—4/2 (\)P—4/?
72(pm(w)) SC——=75— /d 12V log \/C mp/d—1/2 \% 10gN'
To provide an upper bound on d(w, A), we first find the smallest m satisfying the
inequality

2 d/2 p—d/2
oym o~ ML (B(A)P~ |/\||1 R(}))
n =0 NG mp/d 5 Viegm VC mp/d—1/2

This is equivalent to the bound

v/log N.

nd/(2p+d) H)\H?d/@l)‘f‘d)R()\)d(?pfd)/(Qerd)
4d/(2p+d)
Oy

(7.69) m=C
- ((togm)"/Cr O\ (10g NYY/Cr+0)
Note that in the oracle inequality of Theorem 3.2, it is enough to restrict oracles A to
the ball
Al < Cl e = Tyt

for some constant C’ > 0 (see bound (7.5) in the proof of this theorem). Recall that
also

N-Yidr g RN < R= KNy,
Therefore, bound (7.69) easily implies that

o (IAIR)Y PO R(A)2Cr— D/ Crtd
4d/(2p+d)
Oy

(7.70) m=C

d/(2p+d)
~<logN\/10gn\/|10gUy\\/|10gr|> .

It easily follows from the definition of d(w, A) that either we have d(w, \) < C1N(A),
or d(w,\) < m for any m satisfying (7.70). Therefore, with some constant C' > 0
(7.711)  d(w;N) < CN(N)

v ¢ ARV PO R G0/ Gt
4d/(2p+d)
Oy

d/(2p+d)
<logN\/logn\/|logay\\/|logr|> .

To complete the proof, it is enough to substitute this bound on d(w;\) in the oracle
inequality of Theorem 3.2. Bounds (5.1) and Lemma 7.7 should be used to control
the alignment coefficient a(w).

As to the proof of Theorem 6.2, the main difference is in the bounds on
the alignment coefficient a(w). For a given oracle A € D, and a covering
B(t1;r),...,B(tny;r) of supp(A), let o be the sign of A on B(t;;r) Nsupp(A) and
wj = 0j(¢r*Ip(t;52r)), J = 1,. .., N()) (see the notations of the proof of Lemma 7.7).
It is easy to see that > ., w; is an extension of a subgradient w € 9|A[[1. Thus, by
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Proposition 4.1,
N\

>

j=1

2
a(w) < Jwlk <

W2.p

Since functions w; have disjoint support, we can further bound this using Proposi-
tion A.2 and of Lemma 7.7 as
N(A) 1 N \)
(0) < | 1T s + sz D 1] €€ 004 727) VO,
j=1 j=1

Finally, to prove the result of Theorem 6.3, we need to bound the alignment coef-
ficient a(w) as follows. Let ¢ be an arbitrary nonnegative C'*°-function supported in
the unit ball {t : |t| < 1} such that for all t € RY, ¢(t) < ¢(0) = 1. Given A € D and
r < (M), let

. . t .

w; = 51gn()\j)qb( ), jeJ).
Clearly, restriction of w = ZjeJ(A) w; to the grid ¥y is an element of 9||A||;. By
Proposition 4.2, we have

N

>

j=1

2
a(w) < wlk <

W2.p
By Proposition A.2 and a simple computation is spirit of Lemma 7.7
a®(w) < C (r* +7r4722) N(N).

It is easy to see that y2(pm(w)) and d(w; A) can be bounded above by their “contin-
uous” counterparts for T = [0, 27]%, in particular, inequalities (7.68) and (7.71) hold.
To complete the proof, it is enough to substitute bounds on d(w; \) and a?(w) in the
oracle inequality of Theorem 3.2 and optimize the resulting expression with respect
to r. Choose 7.(A) as r«(A) = min(7, §(\)) with 7 defined as

Y

i _ (M)‘“ (ap+2d) g3/ 4D Cptd)/Cp+2d)

n (L|A2)Y @GP

where L =logn V1og N V |log oy |. The claim now follows from simple algebra.

AI’I’ENI)IX A TECHNIC:\I, BACKGROUND AND REMAINING PROOFS

A.1. EXISTENCE OF SOLUTIONS OF OPTIMIZATION PROBLEMS. — We provide below suffi-
cient conditions for existence of solutions to the problems (2.3) and (1.2).

Tarorem A.1. Let D be a convex, weakly compact subset of Li(u). Then

(1) F(\ a), Fo(\ a) are weakly lower semicontinuous;
(2) Solutions to problems (2.3) and (1.2), denoted by Ae and A, exist.
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Proof. — We prove the statement for F'()), and the result for F,,()) follows similarly.
The functional A — ||A||; is continuous. Assume ||Ap — Aol — 0. Using Hoélder’s
inequality, we get

P(lofry ain) — Pl fro.at00) = EY = Frpaonn) (X)) = E(Y = fro.an)(X))?

= E[ (2Y = fapa) (X)) = Fagiarno) (X)) /()\o — ) (X — EX)du}
T

2
< El/Q(/()\o — M) (X — ]EX)d#> EY? (2Y — (fapan) + on,a(Ao))(X))2

< Ik = Mol EY2IX — EXI%, (2¢/Var(Y) + A + Aol lE2|X — EX|IZ,) — 0,

where in the last step we used the fact that
\ [roexo - EX(t))u(dt)‘ < Il sup X () — EX().
T

Thus, F(A) is continuous, hence it is lower semi-continuos. In turn, this is equivalent
to the fact that the level sets .4 = {\: F(\) <t} are closed. Moreover, they are
convex since F' is. Mazur’s theorem (see [29], Theorem 2.1) implies that they are also
closed in weak topology, so F' is weakly lower semi-continuous.

Now it is easy to show existence of solutions. Given a minimizing sequence
{\r} C D, we can extract a weakly convergent subsequence

Aoy =2 Ao

It remains to note that by weak compactness and lower semi-continuity A\, € D and
—00 < F(Aso) < liminf;, o F (Ag,), which means that A is the solution. O

When T is finite, then one can clearly take D = L (T, 1) € RITI and Theorem A.1
is not needed to prove existence of 3\\5. However, in general the unit ball in L (T, ) is
not weakly compact, so one way to proceed is to choose D to be uniformly integrable
(which implies weak compactness, see Theorem 4.7.18 in [7]). A possible choice is

D= {)\ : ’T/max(|)\(t)| log [A(t)], 0) du(t)‘ < L} for some L > 0.

A.2. Orricz Nnorms. — Let ¢ : Ry — Ry be a convex nondecreasing function with
$(0) = 0.
Derinirion AT, The Orlicz norm of a random variable 1 on a probability space

(2, %, P) is defined via

Il == f{C >0: E¢(|n|/C) <1}
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2

By [|llg1s |I-ll» We denote the Orlicz norms for ¢ (z) := e —1 and s (x) := €™ —1,
respectively; the following inequalities are elementary:

(A1) 11llg, < V/10g 2|7l
(A.2) 1721wy = NIl
(A-3) 1€y < 1€l 1]l -

It is easy to check from the definition that every subgaussian random variable n
2.2
(meaning that Ee” < e'97%"| s € R) satisfies the following property:

(A4) In|l7, < 8To7.

In what follows, we use the same notations for Orlicz norms on other probability
spaces (for instance, Cy, (T; dx ) with its Borel o-algebra and probability measure II).

A.3. BOUNDS FOR SUBGAUSSIAN PROCESSES AND TALAGRAND’S GENERIC CHAINING COMPLEX-
ITIES
Tueorem A.2. — Let {Z(t), t € T} be a centered subgaussian process. Then, for all
uz0, tg €T,
(1) P (sup, (Z(1) = Z(to)) = 2u-75(T,dz)) < Ce™*/4,
(2) EllZllcc <E[Z(to)| + Ly2(T, dz),

where dz(t,s) = \/Var(Z(t) — Z(s)).

Proof. — See Chapter 1.2 in [39]. O
A simple corollary is the following inequality:

(A.5) P(|1Zlloe > CVE(32(T.dz) + inf Var(Z(1))) ) < e ™.

We mention another result which is useful in our investigation:

Prorosition A.1. Let Z be a centered subgaussian stochastic process such that
Y2(T,dz) < o0
and let Zv,...,Z, be iid copies of Z. Then for any tog € T
(1) (og2) |1 Zllcll, < [1Zlo]l,,, < 12 (¢t0)llys + Lya(T, dz),
(@) || maxjo..n |1 Zllucl],, < Clogn][|Z]1wl],,

Proof. First statement is a straightforward corollary of Talagrand’s result and
integration-by-parts formula. For the proof of the second claim, see [41], Lemma
2.2.2. |

In the case when Z(t),t € T is a centered Gaussian process, a famous result of

Talagrand (see Theorem 2.1.1 in [39]) states that
1
(A.6) ?72(’11‘; dz) <Esup Z(t) < Kv2(T; dz)
teT
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for some universal constant K. Moreover, the upper bound also holds for the centered
subgaussian process Z.

In practice, a useful way to estimate the generic chaining complexity v2(T; dz) and
its “local version” 42(d) is to evaluate Dudley’s entropy integral:

Turorem A.3. — The following inequality holds for all § < sup; sep dx (2, 5):

)

72(8) < (2v2 — 1)’1/\/logN(’]I‘,dZ,5/4)d5,

0

where N(T,dz,e) is the minimal number of balls of radius € required to cover T.

Proof. — This well-known bound can be obtained by repeating the argument of
Proposition 1.2.1 in [39]. O

The following immediate corollary covers two important examples.

Corovrrary A.1

(1) If Card(T) = N, then

v2(0) < Cd+/log N;

(2) If the covering numbers grow polynomially, i.e. N(T,dx,e) < Cy (A/e)Y, then
Y2(6) < C20+/V 1og(A/9).

A.4. Empiricar processes. — We state a version of generic chaining bounds for em-
pirical processes due to S. Mendelson, S. Dirksen and W. Bednorz which are used
in our proofs. Let % be a class of functions defined on a measurable space (.S, .%).
Suppose .Z is symmetric, that is, f € .# implies —f € .# (in applications, we of-
ten deal with the classes that do not satisfy this assumption and then replace .# by
F U—-%). Let (X,§),(X1,8),...,(Xn, &) be iid. random variables with values in
S x R such that Ef(X) =0, f € .% and £ is a subgaussian random variable. Let IT
be the marginal distribution of X. It will be used as a measure on (S, .27).

Tueorem A.4. There exists an absolute constant C' > 0 such that
e V2(F;2) |, 13 (F ;)
B sup |~ 30610%) - Bef()] < e v .
fez ; s IV n

This inequality follows from Corollary 3.9 in [32]. We will often combine it with
a version of Talagrand’s concentration inequality for unbounded function classes due
to Adamczak [1] (stated in a convenient form for our purposes). Let % be a class
of functions defined on a measurable space (S, ) and let X, X;,...,X, be ii.d.
random variables sampled from distribution P on (5,«7). Let F' be a measurable
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envelope for , that is F' is a measurable function on S such that |f(x)| < F(x),
xeS, feFx. Then, there exists a universal constant K > 0 such that

(A. sup‘ Zf >] [Esup‘ Zf >]

fez fez
/s s
+ sup / Var(f + H max |F( j)|’ ]
fesz 1<jsn P N

with probability > 1 —e™*.

Finally, we state a recent sharp bound for the empirical processes due to
S.Dirksen [15] and W.Bednorz [5] (earlier versions of exponential generic chaining
bounds for similar empirical processes are due to Mendelson [33], [32]). Assume that
{f(X), f € Z} is a subset of the subgaussian space .Z.

Turorem A.5. — There exists an absolute constant C' > 0 such that

(F;¢2) _1_722(9;1#2)
Vn n

j=1
9 s S)
— \/ —

S

n

fez

with probability > 1 — e~

For a proof and discussion of this bound, see Theorem 5.5 in [15]. Note that in (ii),
the generic chaining complexity v2(%;12) in the right-hand side is for the class &
itself rather than .%2.

A.5. SOBOLEV NORMS. For any p € R, define the Sobolev space W2?(R%) as

VPR = {1 € PR 5 By = [ (14 1HEPIFOPe < o0
Rd
where fis the Fourier transform of f. It is well known that for p € Z ., this coincides
with another definition of Sobolev spaces (in terms of partial derivatives)
Assume that f € W2P(RY) for p € Z, is such that f = Z?:l fj, where f;,
j = 1...k have disjoint supports. Clearly, in this case we have ||f||§v2,p(Rd) =

Z?:l I1£5 H%vz,p(Rd). When p is not an integer, we will use the following proposition.

Prorosition A2, Assume that p € Ry, a :=p — [p] > 0 and f € WP(R?) 4s
such that f = Z?:1 fj, where f;, j =1...k, have disjoint supports and

1<1}1<1§1< dist(supp(f;),supp(f;)) = r >0,

where dist is the FEuclidean distance. Then

k
1
17 Wiy < Ol [Z 167 + 725 3 Willninim |
=1
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Proof. We will need to use equivalence of certain norms defined on Sobolev spaces
W2P(RY). Let

(@™ f(x) — 9" f(y))*
U By = 1V + e [ [ 2022 lm} D Gy,

Re x R4

where we use the usual multi-index notation. It is known that ||-||wz.» and ’||-||w2.»

W w
are equivalent (e.g., see [2] p. 219). Let f = E?:l fi satisfy the conditions of the
proposition. Making the change of variables x = ¢t + u, y = u in the expression of
/H'||W2,p(Rd)’ we have

Uf B = 1+ e [ [ @7 (e +0) =07 )

R4 x R4
k
=S U max | [ @) - o)
J=1 Rdx B(0,r)
=[] @ e -0 ) dug |
R x B(0,r)

It remains to notice that

/ (9mf (t+u)—0"f(u )) |t‘2a+d

R4x B(0,r)
dt
S S| R )

i= %RdXB(Or

(0™ f; () — 0™ f;(y))”
Z// J|x_ |2a+dj dady
= ﬁ"xR

and, since (f(t+u) — f(u))? < 2f2(t + )+2f2< )s

[ @ st = o) duig <2007 e [ e
RIXB(0,r) .
=Cy(d Q)L AN
where C1(d, a) = 27%2(d + 2a)) /aT'(d/2), and the claim easily follows. O

A.6. Proor or Prorosition 4.4. — Let Jq, Jo be two disjoint subsets of {1,..., N},
and define

< ZjEJ1 fu7' ) ZjEJQ fv.?' >L2(H)
\/Zyeh ”f“J ” Lo (TT) Zjer va,- ”%Q(H)

r(Ji; Ja) = Sup
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where the supremum is taken over all

Uu = E Uj, V= E (]

JEJ JEJ2

such that

supp(u;) € T, supp(v;) CT; and Y [l fu 1,00 # 0, D 1o, 17, #0-
JjE€J1 JEJ2

Next, let
pa =max {r(Jy;J2) : J1NJy =, Card(Jy) + Card(J2) < 3d}.

In what follows, we set A(u;) := || fu, ||L2(H) and h(u;) = fu, /|l fu; | Lo 1)-
Lemva AT The following inequality holds: pg < 034-
Proof. — See Lemma 2.1 in [11]. O

Set Jo := J, A0 == {\(u;), j € Jo}, and let (A(ur(1)), -, AMtry_,)) be the vector
(AMuyj), j € J§) sorted in the decreasing order, so that 7 is some permutation. We
further define J; := (n(1),...,7(d)), J2 := (n(d + 1),...,7(2d)), etc., and \*) =
(AMuy), j € Ji). Everywhere below, ||-[|1, [|||2 denote the usual vector p-norms.

First, we will show that

(A.8) STy < BIAO |y =0y /3 5 A (wy).

k>2

Indeed, for all j € Ji, k > 2 we have |A(u;)| < ézieJk,l |A(u;)|, implying that
[AE) || < %H)\(kfl)ﬂl. Summing up, we get

SO < % S )| < jg S AGwy)l,

k>2 j¢Jo j€Jo

where the last inequality follows from the definition of the cone Cj ;. Inequality (A.8)
follows since % Diedo MU < by /D7 e g0 A (uy).
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Let Py be the Lo (IT)-orthogonal projection onto L, the linear span of {h(u;), j€ J}.
The following sequence of inequalities establishes the claim of Proposition 4.4:

N N
> Auj)h(uy) HPJoqu > Aug)h(uy)
=1 Lo (II) j=1 Lo (IT)
>\ >0 AMuy)h(uy) = MPsus > Mui)h(ug)ll Ly
jEJOUJL Lo(I)  g>2 j€Jk
>0 Auy)h(uy) —pa Yy APl sup [v]l2
jEJoUL Lo(IT) E>2 veLjgurpsllvllLy =1
<1/(1—62a)
> Y Awhla)| - S A®,
jEJoUS Ly (IT) 2d 1>
034b
> >0 AMuy)h(uy) - > jeqoun ANug)
ieTod La(IT) 1 — doyg \/ j€JoUJ1
034b
P Z A(uj)h(uy) (1 _35 Z Aluj)h
jeJoud Lo (T0) 2d) jeJoud Lz(H)
=(1—-03g——= 3 Z )\ uj
( 1 o 52d ) jeJoUJ1 L2(H)
> (1 — (53,1 ) — 024) jeJO )‘2(uj)7

hence 33" (J) < (1 52d) / [(1 - 52d) — bsq].

It remains to show that d34 < 1/(2 4 b) is sufficient for Béb) < 00. Since dog < 34,
it is enough to show that d34 < 1/(2+ b) implies (1 — d34)% — bdzq > 0. The latter
is satisfied whenever 854 < 22(1 — /1 —4/(2+b)?). The elementary inequality
VI—z <1-2/2, 2 €[0,1], gives 2:2(1 — /1 —4/(2+b)?) > 1/(2+1b), and the
result follows.

InpEX
Pseudometric dx (-, ), 270 Covariance operator K, 275
fA,a(')’ 270 Norm |- |k, 276
Distributions P, II, 270 O\, 276
Subgaussian space ., Zx, 273 Cone Cz(ub), 276
Generic chaining complexity v2(T;dx), v2(8), Alignment coefficient a(®) (w), 276
273 02,279

S(T), 273 3, 279
Empirical distribution Py, 274 Kolmogorov’s d-width pq(-), 279
Loss function ¢, 274 d(w, X), 280

F(\a), Fn(\a), 274 Cy,J, 286
Xn, ¥, 274 () (1), 286

a(N), a(N), 274 Restricted isometry constant 4, 287
q(e), 275 T, 287
Covariance function k(s,t), 275 I, N(N), 287
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